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Chapter 1

Introduction

1.1 Research Motivation

Let M be an n-dimensional smooth manifolds. Denote by T M the tangent
space atzin M, and TM := U, )T M the tangent bundle of M. Riemannian manifold
is n-dimensional smooth manifolds M equipped with an inner product on the tangent
space T, M at each point 2. In more general, a Finsler manifolds is a smooth manifolds
where each tangent space is equipped with a Minkowski norm, that is, a norm that is
not necessarily induced by an inner product.- The main difference is that the metric
itself and all Finsler geometric quantities depend not.only on the point z € M of
the manifold, but also on the direction u € T, M the tangent space at z in M, where
(z,y) are the canonical coordinates of the tangent bundle TM. This directional de-
pendence reveals many hidden geometrical features that are usually obscured by the
quadratic form in the y-variable of a Riemannian metric: On the other hand, most of
the geometrical properties of Finsler spaces are highly nonlinear, this is the case with
the non-linear connection or the parallel displacement, making most of the traditional
Riemannian methods unapplicable.

Itis well-known that one of the most important problems in differential geom-
etry and calculus of variations is the time minimizing travel between two points on a
Riemannian or Finsler manifold. The problem of finding these time minimizing paths
goes back to Caratheodory ([5]) and Finsler himself.

An important insight in to the problem is due to Shen ([13]) who related the
Zermelo’s navigation problem to the geometry of Randers metrics, Indeed, it is now
clear that the time minimizing travel paths on a Riemannian manifold (M,v) under
the influence a mild wind W ¢ 71, [Wll. < 1, are-exactly the geodesics of a Randers
metric F' = o+ g uniquely determined by the navigation data (v, W) (see [4] for details).
Moreover, a singular solution of the Zermelo's navigation problem can be found in the

.»B

Ly

ISR Heoud i edbe.ongikapesiacommum i sa/ e mekc_erguion.er <oratant vt pog
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Figure 1.1: Zermelo Navigation with velocity V' under constant wind w

case [[Wll, = 1, namely the geodesics of a Kropina metric ([16]). The Randers metrics
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F = o + g and the Kropina metrics F = “Tz belong to a larger class of Finsler metrics
called (a, 8)- metrics since they are obtained by deformations of a Riemannian metric
by means of a linear 1-form g — bi(z)y' on TM. The common characteristic is that
they are obtained by rigid translation of a Riemannian unit sphere by a vector field
W. The local and global geometries of these Finslerian metrics have been extensively
studied ([12]).

Another interesting but much less studied problem is the Matsumoto’s slope
metric F = 22

Based on a letter of P. Finsler (1969), M. Matsumoto considered the following
problem:

Suppose a person walking on a horizontal plane with velocity ¢, while the grav-
itational force is acting perpendicularly on this plane. The person is almost ignorant
of the action of this force., Imagine the person walks now with same velocity on the
inclined plane of angle &to the horizontal sea level. Under the influence of gravita-
tional forces, what is the trajectory the person should watk in the center to reach a
given destination in the shortest time?

Based on this, he has formulated the following Slope principle ([91,[10)).

With respect to the time measure, a plane () with an angle = inclination can
be regarded as a Minkowski plane. The indicatrix curve of the corresponding Minkowski
metric is a limagon, contained in this plane, given by

T =1e+ acosh,

in the polar coordinates (r,0) of (), whose pole is the origin O-of (7) and the polar
axis is the most steepest downhill direction, where q = #sine, and g is the acceleration
constant.

Figure 1.2: Picture show that the person walk in direction on the inclined plane of angle ¢ to
the horizontal sea level

From calculus of variations it follows that for a hiker walking the slope of a
mountain under the influence of gravity, the most efficient time minimizing paths are
not the Riemannian geodesics, but the geodesics of the slope metric F = GL_-Z

More recently, it was shown that the fire fronts evolution can be modeled
by Finsler merics of slope type and their generalizations (see [8)). In this setting the
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geodesics befaviour and the cut locus have real interpretations and concrete applica-
tions for the firefighters activity as well as preventing of wild fires. All these applica-
tions show that slope metrics deserve a more detalied study making in this way the

motivation of the preseant paper.

1.2 Objectives of the study

1) We show that there are some examples of surfaces admitting globally defined

slope metrics.

2) We describe in some detail the geometry of the surface of revolution endowed

with a slope metric.

3) We study the geometry of Finsler surface by using the geometry of algebraic

curve,

1.3 Scopes of the study

1) We suppose in this work that the mountain is represent by some surface of

revolution.

2) We specialize to Riemannian surfaces of revolution admitting globally defined
slope metrics.

3) We construct explicitly the slope metric on a surface of revolution and show that
there are some such surfaces admitting globally defined strongly convex slope
metrics.

4) We turn to study of geodesics of slope metrics on a surface of revolution.

1.4 Benefits of the study

1) To develop the theorem of geometry on the slope of the mountain in terms of
finsler metrics.

2) To find new Finsler metric and slope metric in high dimensional.

1.5 Research Methodology
1) Study Finsler geometry and Matsumoto metric.
2) Study the form of surfaces of revolution that admit a slope metrics.
3) Study the pedal curve of algebraic curve.

4) Summarize a results and writing the theorem,



Chapter 2

Preliminaries

2.1  Elementary Riemannian geometry

2.1.1 Riemannian surface and tangent bundle

Definition 2.1. (see e.g. [11]) A surface in B3 is a subset A/ of R?® such that each point
p of M there exists a one-to-one mapping X : D c R* — R3, where image contain a

neighbourhood of p in 1.

Definition 2.2. A Riemannian metric on a surface M is defined by
ds® = g,;dr*dr’

where z' is the local coordinate of M.

Definition 2.3, The pair (M, &) is called a Riemannian surface whenever M is a surface
in R? and h is a Riemannian metric on Ar.

Definition 2.4. (see eg. [15]) The tangent space over a point = on M is a vector
space with the basis (;2)., 4 =1,...,n such that for every tangent vectory ¢ 7, M, we
can write it in the form of the linear combination

n ; 0 1 a
y= ZU () (m) S
i=1 ' :

Definition 2.5. The set of all tangent vectors on a surface M is called the tangent
bundle of M and denoted by

TM={(xy) |z Mye ToMYy — M.

2.1.2 Surface of revolution

We will show one example of Riemannian surface which is a surface of rev-
olution. The surface of revolution M —s R3 can be parametrized as M — R3 can be
parametrization as

(u,v) = (z = m(u) cosv, y = m(u)sinv, z = u) (2.1)

where u € (0,0), v € [0,27]. Here m : (0,20) — (0, o0) is @ smooth function such that
m'(0) = 1 (see [14] for details). It is known that a curve u = u(t), v = vg: constant is
called a meridian, and v = u,: constant, v = v(t) is called a parallel.
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Figure 2.1: surface of revolution

The induced Riemannian metric is

(@) 2 (1 Em) () . ) : (2.2)

0 m?(u)

2.1.3  Examples of surfaces of revolution

1. Cylinder. The surface revolution by rotating line (r,0, £) around z-axis parametrized
as

(rcosd, rsing,t).

Figure 2.2: Cylinder.

2. Cone. The surface revolution by rotating line (t,0,t) around z-axis parametrized
as

(tcose, tsing,t).



Figure 2.3: Cone.

3. Hyperboloid . The surface revolution by rotating line (¢,0,12) around z-axis
parametrized as

(L. t* cosd,42 sin ).

Az

m X
AU

Figure 2.4: Hyperboloid.

2.2 The curvature of a plane curve

Let ¢ : [a,b] — R2 ¢ 5 o(t) = (x(t),y(t)), be a plane curve endowed with the
arbitrary parameter ¢. Observe that
ljde(t Ji )2
{ dt

where we denote by #(t) = 4. The unit tangent vector is defined by

T =it
By computation in components we obtain
1) - —G050)
VE()? +y(t)?
1(t) = BOEOIO — 20i0). 6000 - i) (23)

(&(6)2 + y(t)2)3/2
e — 2O = §(0Ew)
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The definition for the unit normal vector is that N is orthonormal to T, that is we
have the formulas

Since T(t) = —(M)— it follows that
£(2)% + g(t)?

(=u(t),#(t))
VIR + ()2

Hence, from the first formula, 7" and T are orthogonal, and since T and N are or-

j\r(t] =

thonormal, it follows that 7 must be multiple of N, that is, there exists some function
k(t) such that

T(t) = k()N (t).
In the same way, from the third formula it follows that N and N are orthogonal, and
since T and N are orthonormal, it follows that &’ must be multiple of T, that is, there
exists some function k() such that

N(t) = k()T (2).
By substituting these formulas in the second formula, we have
D) NEHTE) N E) = NN L R fom 0,
therefore k = “k, and the moving equations of the orthonormal frame {T(t),N(t)} are

T roremivg

dN (t)
dt

(2.5)

= —k{Ee()IT (1),
where
E()y(t) — ylt)a(t)
k(t) .= 20
()2 + (1)

or, in vectorial representation

& = [T fdt|| T 236

' llde/dt]| _Jjelf3/2"
Hence k(t) is called the curvature of 3 curve ¢
Remark 2.1. Observe that if the curve ¢ is arclength parameter with an arclength
parameter s, that is

for every s € [a,4]. Then we can write
'y — 'y =k
Yy + 2’2" =0
where we denote by ' — 2'(s) = 4£. By solving this algebraic system we get

' = —ky', Y = ko',



2.3 The convexity of a plane curve

Definition 2.6. A convex curve is a curve in the Euclidean plane which lies completely

on one side of each and every one of its tangent lines.

Definition 2.7. A strictly convex curve is a convex curve that does not contain any
line segments. Equivalently, a strictly convex curve is a curve that intersects any line

in at most two points,

We recall that, for an arclength parameterized curve c(s), parametrized coun-
terclockwise, the original meaning of the curvature k(s) is the variation of the angle ¢
measured counterclockwise of the tangent line to the curve with the z-axis, that is
di

(S e, 2.7,
k(s) 7 (2.7)
Indeed, a computation to show that
dT dp
=N ==,
. ds ds

In this case, it folows that a curve ¢ is convex if it is counterclockwise parameterized
and the angle ¢ is increasing along the curve (i.e. & > 0). Observe that the curve
is counterclockwise parameterized if and only if e(s) x ¢(s) > 0, that is =y’ — yr' > 0.
Hence, the conditions for the curve to be strongly convex are

e(s) xé(s) >0, k>0 (2.8)

These conditions do not depend on the parameterization, so in general, for an arbitrary
parameterized curve ¢(t) the criterion for strong convexity, in vectorial representation,
is

c(s) x.¢(s) >0, éxé>0. (2.9)
On the other hand, if the curve is parameterized clockwise, then the convexity of it
means & < 0, hence in this case, the strong convexity criterion is

c(s) xé(s) <0, éxé<D (2.10)

Observe that we can unify this conditions in

éx ¢

- (2.11)
C X
If we write this formula in coordinates we have
£xe_zy—gx > 0. (2.12)

eX¢é  xy—yx
2.4  Finsler metric

We introduce the definition of Finslerian norm. Let (M, F) be a smooth n-
dimensional differentiable manifold (see, e.q., [15] for details of manifold) endowed
with a Finslerian norm F: 77 — [0, 00) with properties



1. Fis positive and differentiable on 731,

2. F is 1-positive homogeneous, that is F(x,Ay) = AF(z,y) for any A > 0 and for all
3. Hessian matrix g,;(z,y) := 125 is positive definite on TH7.
Then (M, F) is called a Finsler manifold, F is called the Finsler metric.

Definition 2.8. For dim M = 2, (M, F) is called Finsler surface. We denote the indica-
trix (unit tangent bundle) of F by

Ir={yeTM : Fly) =1} c TM.

2.5 Slope metrics

In this section we will show that slope metric can be obtained as a movement
on a Riemannian surface under the influence of the gravity attraction force. Let us
consider a surface S embedded in the Euclidean space R’ parametrized by

SR (z.y) v (2,y,2 = f(z,p)), (2.13)

that is S is the graph of smooth function » — (z,y). The tangent plane Th= 7,8 at
point p = (z,y, f(r,y)) € S is spanned by the vector fields

Orti=A1, 0542, 9y 1= (0, L, f),

where [, and f, are the partial derivative of f with respect to.z-and , respectively.
It follows that the induced Riemannian metric from R3 on the surface § is

N (DI YVLE
N oSl

It is customary to dencte this Riemannian metric by . If ¥ € 17,M is an arbitrary
tangent vector to S, ie. ¥ = 8,40 - d,, then the Riemannian length of v is given by

[Y2:=a(Y,Y)=u2 + 42 + (u-fz4+v- f)2
We will construct the slope metric on the surface M by considering

¢ the plane z,y to be the sea level;
e the z > 0 coordinate to be the altitude above the sea level;

o the surface M : > = f(z,y) to be the mountain.

For a given point p € S, we consider the tangent plane 7, = (0z,8,) and con-
struct an a-orthogonal basis e, e, in ™ by choosing e, to point on the steepest downhill
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direction of ,. The normal vector on § at a point p is 7, = (f., f,, 1), and that the
tangent plane at § through p = (zo, yo, 20 = f(x0, y0)) I

Ty - fx,(-T - -Tu) + fy(?f - %) — (z— 30) =0.

Since we have chosen the plane zy to be the sea level, the gravitational force F acts
perpendicular on the plane xy and it is given by

€3 = ([).ﬂ. —1)

In order to get the steepest downhill direction on mp from p we compute the projection
of (’;;lp on Ty that is

up = ﬁp X (e.‘iln X 'ﬁp) = _(.fhfy-f,? E o fj) = _f.r : OJ‘ - fy - a?}'

Remark that —(f,, £,) is the projection of e3 ON m, regarded as vector in m,. It follows
that its Riemannian length is
f“lg = ait; ff G 20’]2 : ft'fy tazg - fﬁ
= (T E I+ 2 (e 12 12
(W2 1) (2 + 120

and we obtain the a-unit vector

A (i)
O+ 25 272 4 72)
= L (10 + f0,)
Va2 02+ 1D

The orthogonal vector on « is, clearly

Up = (=fyi £ 0= ~1,0: + f20,,.

The Riemannian length of u, is

luy |2 =ay; Sy —2a)5¢ Jofy +asa- f2
= (1 + ) P et 7 £
=Rt - B =1y o

and hence we obtain the unit vector
1

€ = _‘+(ﬁf?11fzs0)
s+ 1
= _I'—(-fyaz +fxay)-
WOER I

Clearly ey, e, is an a-orthonormal basis in 7p- AN arbitrary tangent vector v € m, will be
written:

:J:X€1+Y92:ci:81+yjay, (2.14)
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where relation between the coordinates (X,Y) in the basis {e;,e;} and the canonical
coordinates (#,7) read

fx Jr Y

Tr=— X - - = - ¥4
I+ f24 f2f2+ §2 T2 r
VO 2+ B+ ’ (2.15)
y:_ f!'} 'A’+ JrJ.' 'Y.
VL+ B+ )2+ 12) s

The equality of the 374 component is now an identity.

S
/ S =

Figure 2.5: Picture show that the person walk in direction on the inclined plane of angle ¢ to

the horizontal sea level

In the tangent plane mp With origin p = (0,0) and (X, ¥} in the basis {e1,e2}, the
slope principle tells us that the time minimizing trajectory of a hiker on the plane ,
is given by walking in the direction given by the limacon

r=v+a-cosd, (2.16)

where (r,6) are the polar coordinates of the xy plane, v is the velocity of the hiker
on the flat plane xy, a = 2 -sine is constant for fixed p € S. Taking into account the

parametrization

X(t) = (v+acost)-cost, (2.17)
Y(t)= (v+acost)-sint,

we obtain the implicit equation of the limagon
X 4+Y=y/X2+ Y2440 X, (2.18)

in the coordinates (X, Y) of the adapted Riemannian frame €1, ez. By Okubo's method
we obtain the Minkowski metric

X?4y?
WXZ+Y24+q0.X'

We rewrite this in the canonical coordinates (i,y) of ,. From (2.15) a computation

F(X,Y) =

shows

[+ : Sy .

X _ 2 2 ff+f,, s my
vl =" LA dr+ 12 5 . v -
N Ry vy L CEN Ry yid
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and hence we obtain
X2+Yﬂ:(1+L5ﬂ441+1jw2+2n@¢g
= d:2 + ;1]2 + (fI-T + fyy)Q

The limacon equation (2.18) now reads in canonical coordinates

1+ 2+ 1
Jit 1

We recall from the slope principle that ¢ = §sine, where ¢ is the angle of plane =,

5%+ (o 4 [y9)° = 0\[82 4+ 92 + (fui + £5)? - a (fet + fyy). (2.19)

and zy. Since m, is smoothly move on §, the angle ¢ and therefore a will depend on
the coordinates (z,y, f(z,y)) of pe &.

From the construction of the Riemannian orthonormal frame {ey,e,} on S it is
clear that we can write

(e, (0,0,=1)) = es]|(0,0, =T} Cos(F ~e),

that is
/ TR o
Sine='—o - o0 0
Beb KT
Then
>\ L5 Yl
a(m’y)_55fn°“§——’
I X\E 1
that is
VAT KA
i g g . 5
AT Y ) = =, X g=tl” _ 3 w = [ ).
(2,9) TR Tate g e E 1y 9)

Using this formula, the indicatrix equation (2.19) reads

&+ 9%+ (fabt fy5)2 = v fa2 b P A (Lo + f10)? - g Sz +1,9), (2.20)

or, equivalently

where
o =./(1+ a2+ 2fp fuag + (1 + £2)2
v (14 (2.21)
JB = fw«r “ fyU
Okubo’s method gives
__9
X = 2(1 167
()f2
F(z,y,%,9) =

va — £3°

where v is the speed of the hiker on the ground and g is the gravitational acceleration
constant.



13

We recall that the limagon r = v+ acosé is convex if and only if v > 2a, that is

in our case
& ‘/ +if I+
2 u ‘h+f2+ﬂ ,h+fz+ﬂ
i.e. ) . .
14 .
-——--—JF“'"JF,,“:1+——1 5.2
2+ 12 27 2
that is

1 92 _ ,02
P R I
8+ 13 v
This is the necessary and sufficient condition for F to be a positive defined Finsler

metric.

Remark 2.2. It is customary to normalize the formula for £ We can further assume v =
3, L.e. the speed of the hikeron flat ground is exactly half of gravitational acceleration
constant, i.e. v = %8 = 4.9, In this case we obtain the Finsler metric

a?

F= with a and 3 given in (2.21). [2.22)

Y - B

The strongly convexity condition of the limacon reads

TN )’ L e f2+f’~’~<l (2.23)
z y g2 = ,;L"’ 3’ N Y 3 ’
The metric 22 will be called the slope metric. The normalized slope metric

F can be extended eventually to a more general setting by simply by taking a to be
an arbitrary Riemannian metric on an n-dimensional manifold M and 8 = b,dzr' to be
any 1-form on M. This type of Finsler metric is usually called a Matsumoto metric.

2.6 The pedal curve of a plane algebraic curve

Let us recall that (C) be an algebraic curve in plane given by f(z,y) = 0, if
J(z,y) is a real polynomial in‘the variables Ty, e

f(i?'»?;') =% Zﬂ‘ijmiT ja

]

where the sum is finite and a;; are real numbers. If we write (C) in parametric form
() : ' ‘ (2.24)

then, at regular values of the parameter ¢, the tangent line to (C) is
O yt) -z —i(t) y+ {at) - y(t) —xz(t) - y(t)} =0, (2.25)

where dots represent the derivative of a function of one variable with respect to ¢.
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Definition 2.9. Let (C) be a regular curve as in (2.24) and let P(z0,30) be a fixed point,
called the pedal point. Then the pedal curve of the curve (C) with respect to P
is the parametrized curve obtained by associating to the parameter ¢ the orthogonal
projection p(t) of P onto the tangent line at ¢ (see Figure 2.6, and [7] for details on

algebraic curves).

Figure 2.6: The pedal curve of (C) with respect to P(zq, ya).

The pedal curve are curves considered important in geometrical optics and
kinematics. For the curve (€) in the parametrization (2.24), the unit tangent vector
and the unit normal vectors are

() = defdt /(@ (8), y(8))
ldefdt] /HDZ ¥ g2

N(t)= (=g(t),a(1))

Valt)? + )2

respectively. Here |- | is the usual Euclidean norm in R2. It is known that the moving

(2.26)

equation of the Frenet frame (T'(t). N(t)) along (C) are given by

dT’

= le@)) ke N

dN J
H T— 71(,' (t)! = kc . T(t)‘

where |'(t)] = /Z(1)Z + g(1)? is the speed of (C) and
ko (0, N (1))
‘ e’ (£)]2
is the curvature of the curve (C). Here (-,-) is the usual inner product of the Euclidean
plane. The tangent line (¢) to (€) at a point (z(t),y(t)) € C is given by (2.25) and the
orthogonal line on (¢) through a point P(zq. yp) is given by

(e)l' : y*yu:—%(i—ﬁo)-

It follows
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Theorem 2.3. [7] Let (¢) be an algebraic plane curve in parametric form (2.24) and
P(zo,y0) an arbitrary point in R?, P ¢ (C). Then the pedal curve of (¢) with respect to
the point P is given by

p(t) ={(e,N) N + {r,T) - T, (2.27)
where we denote by r, the position vectors of the point P(zq, y).

Proof. Recall that if @ and & are two vector in R? with the some origin O, then the
projection of 5 on @ is given by

—

by = prab = (b, T a) - d. (2.28)

We consider first the special case where P = 0 is the origin of R2. In this case, it is

=l

trivial to observe that the position vector of the pedal curve point 7,(t) is just the
projection of the vector &(t) on the normal direction of N, hence we see that

Po = (¢, N)-N. (2.29)
1 y
(w/ ) (c)/-
clt a
150({‘ ﬁu(f. (f
p(t)
R=0 & 0O *T
N
P(J?u,yo)

Figure 2.7: The pedal curve of a plane curve with pedal point at the origin (left) and at an
arbitrary point P(zs,y0) (right).

Let us consider now the general case when P is not origin, and P is not on the
curve (C) either. Observe that in this case

plt) = po(t) +d, (2.30)
where d'is the vector with origin in the foot of the projection of origin on the tangent
line, and tip at the point on the pedal curve. We can see that 4 is actually the
projection of 7, on the tangent direction, i.e.

d= (7, T) - T, (2.31)

and hence using (2.28), (2.29) in (2.30) we obtain the desired conclusion.

d
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Remark 2.4. Observe that 7, can be written as the sum of projection on T and pro-
jectionon N, i.e.
7o = (ro,N) N + (ro,T) - T.
Hence formula (2.27) can be written as
p(t) = (e, N) +ro — (rg, N} - N

={c—ro,N) N +rq.

2.7 The pedal surface

We are going to extend our considerations from curves of surfaces. Instead to
the curve (C), we are going to consider a smooth surface S — R? embedded in R3

with parametric equations

T = x(u,v)
(S):i gy = y(u, v) (2.32)
z=2(u,v),

Observe that, at any resular vector (u,v) of the parameters, the tangent plane of S at
(z(u,v), y(u,v), 2(u,v)) € S is

, (= (e,
) D= stum) + 5 O R s
where
6(y’ Z) 1 ’ gu. .g_? yu y'u
N u, v) \ g_; g_z J”; 3

and so on. The normal vector to (m) at a peint (u,v) is given by

Z = Yy (. A
ANyz) — Hlzax) Alx,y) °
O(a,v) A(u,v m

Let (S) be a regular surface parametrized on in (2.32) and let P(xq,yo,20) be a fixed

()

point, the pedal point. Then the pedal surface of the surface (S) with respect to
the point P is the parametrized surface obtained by associating to the parameter (u,v)
the orthogonal projection p(u, v) of P onto the tangent plane () at S(u,v), see Figure
2.8.

The tangent plane () is generated by the vectors

Ty Ty
o Yy and §, = Yo ;
Zy 2y

while the unit normal vector to (8) is
o SuxS 1 (a(y,z) O(z,z) Oz,y)\"
80 x Sull (180 x Sull \ 3w, v)’ O(u,v)’ d(u,v)
A straightforward computation gives




L7

-\P(ﬂfo,yo, zp)

Figure 2.8: The pedal surface of (8) with respect to P(wo, ya, 20).

Theorem 2.5. [7] Let (o) be asmooth surface embedded in R* and P(zq, o, 20) an
arbitrary point in R?, P ¢ 4. The pedal surface of the surface (8) with respect to the
point P is given by

p(u,u) = (S — 1o, N) " N + rp. (2.33)

Proof. The proof is similar to the proof of Theorem 2.3. Indeed, consider first the case
when P = 0 is the origin of R3.

z
S(u,v) T
._’ S(u,v)
N | oy
I—)‘U(ur?—})
P=0 2| §
i
Y
(7)

P(xo,y0, 2o

Figure 2.9: The pedal surface of a surface with pedal point at the origin (left) and at an arbitrary
point P(xo, yo, zo) (right),

Since f is in the normal direction, it is perpendicular on (7) and hence on any
line in plane. It follows that Po(u,v) is given just the projection of # on the normal
direction i.e.

Po(u,v) = (S(u,v), N(u,v)) - N(u,v).

We consider the general case when P(zo,y0,z0) is not origin, and not on the surface
(S). Observe again that

Plu,v) = Py + d{u,v),
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where d'is the same in proof of theorem 2.3, In this case, we can see that d'is the pro-
Jection of 7 on (7). If we decompose 7, by the component d C = and its component
in the normal direction, it is clear that the latter is given by the projection of 7 on the

normal direction, i.e.

hence

Finally, we get

P=po+d=(S, N} N +719 — (ro, N), that is the fomula in the theorem.

Observe that
Pu = (S — ’."g,f\",_,) W (S - ro, N> Ny,
Po =4S 70, N - N+ (S 2o V)N

By denoting ® = § — r, hence the first fundamental form of the pedal surface of (S)

reads
(_[): EF _ (I’tupu) (]’Ju,p?.)
= {PusPe) B py)
S0, )% @ Ny I AN M) L BN (@)
(qJ,Nu) (‘I).JV,') ’ (Nu.Nu) I‘IVI‘F
2 r
+(q, ,N“)‘) INuf (-‘ u.f\.) ' :
{-N.n ) Arv) l.l\rt, ’2 [
Since
NN Ny, : \
I i ( 1) — U\,YUIZIJVHIJ - leIQJNuIQCOSZON £ >0
(N”.N,) ,j\r{,|2 N,
and

(@,N) (B, N,) |
(N Ny [N 2

|jvuf2 <Af“ » jvu)
(@, Nu) (B, V,)

(P, N,) + (P, N,,)

=((®, No}Nu — {2, Ny} Ny, (B, N,)N,, — (B, N,)N,)
:“‘1)1 Ntl)Nu - ((I)s JV“_>IVT_.|2

> (),

it results that the first fundamental form is positive. Likewise,
Puu(u,v) = (Sy, NN + (P, Nuu) N + (@, Ny,)Ny + (&, Ny)Ny + (D, N)N,,,,

Puv(u,v) = (S, NN + (@, Nup)N + (2, NN, + (D, N,)N,, + (®, N)Nyy,
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Pyo(u,v) = (S,, N,)N + (@, Now)N + (&, N,)N, + (&, Ny)Ny + (@, N)N,,.
Hence to the second fundamental form of the pedal surface of (o) is

L M
M N

(Puwr V) (Puvs V)
(pum V) (pm': 1/,)

where V .= WH;% This determinant can be explicitly written down, but the formulas
are too long to be written here. The convexity condition of the pedal surface is

(Puus V) (puva V)
(Pur, V) (Pivs V)

(pu«ihm) (1)1-‘!1)1')

> 0,

(Pusbw)={py Pu)

or equivalently,
(PuwsPu X o) (Puvy Pu X Do)
(puu: Pu X pv) (‘pwnpu x pv)

> 0. (2.34)




Chapter 3
The slope metric on a surface of revolution

In section 2.5 we introduce the slope metric for a general case. In the same
way, by similar computation with the general construction of the slope metric show
that we can define the slope metric for surface of revolution. Let us consider the
surface of revolution M with the parametrization (2.1) and induced Riemannian metric

(2.2). Indeed surface of revolution is parametrized by
(u,v) = (m(u) cosv, m(u) sinv, u).

The tangent plane 7, M at point p ¢ - is spanned by the vector fields

3 . d .
50— = (m'(u) cosv,m'(u) sinwv, 1), FYoa (=m(u) sinv,m(u) cosv,0),
u v

with the normal vector as a point p
fip = (=m(u) COs v, —m(u) sinw, m(u)m’(u) cos? v+ m{u)m’ (u) sin? v).

Following again Matsumoto’s stope principle, same with the general case, the gravita-
tional F acts perpendicular on zy-plane and it is given by

ez = (0,0,-1).
Then the projection of e; on T,M is given by

= 1 . a
Up =1y X (€3], X Ap)=(~m*m’ cosv, —m?m’ sinv. ~m?) = -mza—.
u
Observe that the orthonormal frame in T,M at a given p is

a

€] = ——— .

| ( 1
VIR +1 aw T m
and here, the relation between the coordinates (X,Y) of T,M with respect to {e1,e2}

and the canonical coordinates (i,0) is
X = — /TP (i) V"= . 5.

The limagon implicit equation (2.20) reads now

[1 + (m'}g] W2+ m?. g% = ('\/[1 + (m/)2] 2 + m292 — a\/1+ (m')2 . 4.

We obtain the slope metric in the form (2.22) with

a=+[1+(m)[a® +m2?, B=q. (3.1)

Moreover, the parametrization (2.13) of an arbitrary surface can be adapted to the
case of surfaces of revolution by putting

SR (z,y) (z,y,2 = d(Vx? + y2)). (3.2)
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The induced Riemannian metric is

1+¢2  ¢.0,
a;i(z,y) =
R

( 1+ &' (a2 +y?)ia? ¢’ (/a2 +y?) oy )

EERETE i y?

"WV a?+y?)ay i 4 @' (v z24+y2)?y?
——

Tty <ty

provided % + 4% # 0, where

¢_2¢’(\/I2+y2}r and ¢ _ #f2? +y)J
! Vvr? 42 v v+ y?

and 3 = ¢,i + ¢,5. Thus we can define the slope metric F for surface of revolution in

term of function .

3.1 Main Result

Theorem 3.1. Let'S < R be a surface of revolution. Then the following statements
are equivalent:

() S admits a strongly convex slope metric:
(i) [#/'(s)] < 1 where 5 R? (zyp) = (2,02 = ¢(s))and s = /22 + o2
(iii) [m'(u))? >3 where § = R3 - (,v) = (m(u) cos v, m(u)sinv, u).

Proof. First, we shall prove (i) « (ii), Note that for the surface of revolution S : » =

¢(+/22 + y?), we have

2 2
2 - \V) I" f ! \/ I 1 _‘—y
= (¢J(\f12+y2))2.

Recall from 2.23 that an equivalent condition for § to admit a strongly convex slope

metric is the inequality
‘ 1
(¢’f)2 == (@y)z < 3

Thus the assertions (i) and (ii) are equivalent.
Next, we shall show the equivalence between (¢i) and (iii). Indeed, we can
parametrize the surface of revolution by using trigonometric functions, that is

S - R3, (z =m(u) cosv,y = m(u) - sinv, z = w). (3.3)

This surface of revolution is obtained by rotating the curve z = m(z) along the z axis.
Applying the parametrization (3.2) to (3.3) yields

% 4y = m?(u) cos® v + m?(u) sin® v = m?(u),
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and hence
z=¢(vVa? +y?) = ¢(|m(u))).

For the sake of simplicity we consider here only the case +m(u). Since z = u it follows
that ¢(m(u)) = u. Substituting s = /22 + 42 yields s = m(u) and thus

m(o(s)) = m(¢(m(u))) = m(u) = s.

Hence, » and m are inverse function of each other. From the inverse function theorem,

we have
m () = —1
E) =
¢I(S) s=mu)
or, equivalently
-1y o 1 o = 1
T = i) < =l
and from here it is clear that
! - H. 41_ =
P = | ]

The condition [¢'(s)]" < 1 is now equivalent to [m/(u)]? > 3.

3.2 Examples

3.2.1 Two-sheeted hyperboloid

Two-sheeted hyperboloid of revolution é(s) can be defined by

d(s) =av/s? +b, a >0, b > 0.

we can see that
t

Since s < V52 +band =t «/s2¥bort > —vs2+ b, it follows that

1

,7151.

S

Figure 3.1: Hyperboloid of two sheeted
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3.2.2 Cone

Cone M(¢) can be defined by
&(s) =as, a>0.

Since ¢'(s) = a, by Theorem 3.1 its slope metric is strongly convex if and only if

ac (f\}g,—lg).

Figure 3.2 Cone

3.23 Elipsoid

Ellipsoid can be defined by

@(s):fm, a >0, c> 0.
a

e —

Then ¢'(s) = &+ o=—=. Iherefore this surface admit strongly convex slope metric on

§ aE
the interval s € (0. )

Figure 3.3: Ellipsoid

3.2.4 One-sheeted hyperboloid
One-sheeted hyperboloid can be defined by
d(s) =av's?—b

Putting ¢(s) = u, we have
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It follows that

/ 2_i _ b
= [,

and thus the strongly convex condition for this surface is a € (—oo, —%) U (==, 00).

Figure 3.4: Hyperboloid of one sheeted

3.2.5 The elliptic paraboloid

Consider the elliptic paraboloid § — R3, (z,y) > (2,y,2 = f(z,y) = 100— 22 —y2).
In this parametrization, the convexity condition'is f2 + f2 = 4(a? + y?) < 5ie 2?2 4+y? <
15, hence the strongly convexity condition is satisfied only on a circular vicinity of
height & units of the hilltop.

Figure 3.5: The elliptic paraboloid (a)

If we consider the parametrization (3.2) then we get (z,y) — (z,y, z = ¢(\/22 + )
where ¢(s) = 100 — s2. The strongly convexity condition [¢/(s)]? < 3 is equivalent to

s e _ 1 1 i
s? < 15, that is 75 <8< 75 and hence we obtain the same result as above.



d(s) = 100 — 52

\|_/
Figure 3.6: The elliptic paraboloid (b)

Finally, in the trigonometric parametrization we have
se€R®,  (u,v)m (z= m(u) COsv, y =m(u)sinv,z=u) - for “wue (—o,a],

in this case a = 100.

25

v e [0,2m)

This surface of revolution is obtained by rotating the curve z = m(z) around
the z axis. We compute the inverse of é(s) = 100 = s* = u =s= +/I00 —u, with

u € (—o0,100]. For simplicity we consider only s = 100 — 4,

100 \rk 100 u

— mlu) = /100 —u

~—/"Y

Figure 3.7: The elliptic paraboloid (c)

here
’ _ e P 1 ! . 1
m'(u) = (V100 — u) N = [m'(u)]* = 1100 — ) ” > 3,
that is

1
100 — = < u < 100,

l.e. the convexity domain is the same as before,

3.2.6 The Gauss function

Let us consider the surface of revolution
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(z,y) - (T,y‘ z= f(z,y) = ﬁe—x’—;ﬁ)

or

(,y) = (z,9,2 = (Va2 + y2)),  ¢(s) = %E—S?'

~#*(s%). Since e’ = 1+ % + S +...>sthus 1> se-*
therefore the slope metric is globally strong convex on this surface.

We have ¢'(s)? = ze

;% o (12

Figure 3.8: The Gauss function (a)

Observe that ¢(s) is bijective for s ¢ (0,00), and by putting ¢(
this equation and get

s) = u we solve

miu) = i__—_,—2log(24u?)= foru e (0, L) )

2

m(u) _ v —21n(24u2)

2

U

=~

mifa) = — Y2463

2

Figure 3.9: The Gauss function (b)

and compute



1

uy/—210g(24u?)

m'(u) = —

We denote u(u) = [m'(

is in the interval (0. ﬁg) Same computation shows that

o=

1
L e =~ 32.6 > 3,
' (2\/6 )

l.e. the convexity condition is globally verified.

27

w)]?, for u e (0, ﬁg) and compute the min of u(u).
The solution of x/(u) = 0 are +57—7 and observe that only ¥8 ¢~

1

20,1202



Chapter 4

Pedals and Finsler metrics

4.1 Some properties of the pedal on a plane curve

Proposition 4.1. If (¢) is a continuously differentiable closed curve in plane, then
its pedal curve (P) : p = p(t) with respect to a point P(xg,y0) is also a continuously
differentiable closed curve in plane.

Proof. From hypothesis, after some rescaling of the parameter ¢, we have

c(0) = ¢(2m), é(0) = &(2x),
and hence

T(0)=T(m),\N(0) =N(x).
Using now (2.27) it follows

p(0) = p(27),
i.e. pis also periodic with the some period as (C). Moreover, p(0) = 2m, where by
derivation of (2.27) we get
P(t) = ke || [{rg = ¢, T} - N + (ro— ¢, N - 7). (4.1)

O]

We will-ask now the question if the pedal curve p(t) goes though the origin
0(0,0) of R% This is equivalent to asking if the vectorial equation

p(t) = (e, N) N+ 7, TY{T & (0,0)*

has a solution. Since N and T are linearly independent, this equation is equivalent to
the system of equations,
(e, N} =0,
(4.2)
(TU, AN> — U

From here we have the following conclusion:

Lemma 4.2. Let the pedal point P be the origin. Then (P) passes through origin if
and only if (C) also passes through origin.

Proof. Assume that (P) passes the origin. Then there is a ¢; € R such that p(to) = (0,0).
By (2.27) we get

C1 Cp

(C(to),N) = — =0.

¢1  éa
Conversely, assume that (¢) passes though origin, i.e., c(t) = (0,0) for some ¢, € R.
Form (2.27), we get p(ty) = (0,0). Thatis, e(to) = (0,0), or (C) passes through origin. [
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Lemma 4.3. Let the pedal point P be a point in R? which is not the origin. Suppose
(C) passes through the origin, i.e, there is a t; € R such that c(ty) = (0,0). Then (P)
passes through origin if and only if », and 7T'(t,) are orthogonal.

Proof. Let the pedal point P be not the origin, i.e. xg # 0 or yy # 0. The curve (C)
passes through origin, i.e. there exists t, to such that c(to) = (0,0). We have to show
that p(to) = 0 if and only if (ry, T(ty)) = 0. Note that

p(fn) = (C(tu), f\r(fu)>;\r(fo) + (T‘[],Y‘(f[)})T(tu}

= (ro, T'(to)) T (lo).
Since T(to) # (0,0), we have p(ty) = 0 if and only if (ro, T(to)) = 0. ]

Lemma 4.4. If P is not the origin and (€) does not pass through origin, then (P) does
not pass origin either,

Proof. Suppose (P) passes origin. Then there exists a to-€ R such that p(ty) = 0. Then
(2.27) reads

(e, N)N 4 (ro, T)T = (0,0)
Since N and T are linearly independent, this equation is equivalent to the system of
equation,

(BN~ 0, {ro,T) =0,

This is impossible, since (€) is smooth curve, ¢(t) cannot be parallel to 7y(t). ]

Theorem 4.5. The pedal curve (P) is strongly convex if and only if

A-,.{—ch(rg o= T)2 + <'f‘0 —o® fV) — 2}63(7‘0 <, }V>2}

(e, N)(ro, N ) (c; T){ro, T) = (&, N)2 2 (ro, T)2 >0 (4.3)

for all ¢ € [0, 27).

Proof. By formula(2.12) we know that a curve p = p(t) is strongly convex if and only if

p(t) x p(t)
p(t) x p(t)

Here the cross product of two vectors 4 = (a;6) and v = (¢, d) in R? is given by

> 0. (4.4)

b
c d

= ad — be.

U XY=

Observe that the strongly convex condition is independent on the parametrization of
p(t). Recall from Theorem 2.5 we have
p(t) ={c,N)-N + (r,T)-T
B(t) = — ke |el*{{c,T)- N + (¢, N} - T}
B(t) = [(kelé))'(ro — ¢, T) + keé?[-1 + 2ke(ro — e, N}]] - N
+ [(kelél) (ro — ¢, N) — 2k2)¢J? - (ro—¢,T)] - T.



30

For convenience, we denote
v = (¢, N},
ug = (ro, T),
v1 = —ke - |¢*(c, T),
ur = —ke - [é[*(c, N},
va = [(kelé)(ro — €, T) + kelé]?[=1 + 2ko(ro — c, N,
ug = [(kclé]){ro — ¢, Ny — 22|62 - (ro — e, T)] .

Hence

uy uz

PXp _
pxp

Vg™ Uy

Uy
{fo—=eT) =1+ 2k (rg—c, N)
{ro — ¢, N) —2kc{rg — ¢, T)

(e, VY A(rg ~ ¢, N)
(ro,T) [y~ T)

kel [S2kelro ¢, TV (ro < e/ Ny —2kalro~ & N)?|
% (e, N)(rg — e/ N~ (rg, THrg = e, T)

keléf?

Therefore, the pedal curve (P) is strongly convex if and only if

ke{—2ke(ro =, T)2 % (rog — e, N) — 2k (r =, NY?Y
(e, N)(royN) + (e, TY(ro, T — (e, NY2 — (rg, T)?

>0

for all t € [0, 2x). ]

Remark 4.6. In the case when the pedal paint P is the origin, formula (4.3) simplifies
to

ke [2ke (6, 1) + Ao N) + 2k (e, N)?] >0. (4.5)

Moreover, observe that the position vector ¢(t) can be decomposed in the
orthonormal basis {T, N} as

e(t) = {e(t), T)T(t) + (c(t), N(£))N(t),

hence
{e(t), e(t)) = (e(t), T(1))? + (c(), N (£))2.

Thus the formula (4.5) is equivalent to

ke [2kele]l + (e, N)] > 0.
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4.2 Examples of pedals and their corresponding Finsler metrics

4.2.1 The slope metric whose indicatrix is a limacon

Let us consider the curve (C) is the circle (z - k)2 + y? = a® with parametric
equations

x(t) = k+acost
() ; ; t e [0,2n),
y(t) = asint

then the Frenet frame along (C) is

—sint ) — COSt
T(t) = ., N@) = . ,
cost —sint

and |¢'| = a, k.= 1. Using ro =1(0,0), the equation (2.27) gives the pedal curve
p(t) =< (e, N) /N,
with parametric equations

p1(t) = (a+ kcost) - cott

p2(t) = (a+ kcost)-sint.
This is equivalent with the polar equation
r=a+ k- COsH,
where (r, ) are polar coordinate in R?, or the implicit equation
(® +y* = k)2 = a® (2% 4 7). (4.6)

The curvature of the limacon reads now

a’ + 3ak cost + 2k2

8P, (a + kcost)2

and the condition k,(t) > 0 is therefore equivalent to
a® + 3ak cost + 2k2 > 0.
Observe that the minimum of this expression is obtained for cost = —1, hence
a® 4+ 3abcost + 2k > a2 — 3ab + 242 > 0,

for a > 2k. This is the convexity condition for the pedal p(t) in this case.

By applying the Okubo method for the pedal (p) it follows that the correspond-
ing Minkowski norm in R? js
z2 + y2

Fz,y) = ——0o—,
b\/z? + y? + azx
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0s

Figure 4.1: A limagon curve for e = 1, b = 3. (left), and the non-convex case fora =1, b = 1
(right).

that is a Minkowski slope metric (see [8]). By smoothly moving this Minkowski norm

on a 2- dimensional smooth manifold M we get the usual slope metric on M

where « is a Riemanninan metric M and 5 a linear 1-form

In conclusion ([5], [8]):

Proposition 4.7. The Finsler metric on a two-dimensional manifold Af whose indicatrix

is given by the pedal curve of a circle (z - &)? + y? = a® with origin as pedal point is a

slope type metric F = 2. This Finsler metric is strongly convex for a > 2k.

a—3°

4.2.2 The pedal curve of an ellipse

Consider is an ellipse (C), i.e. ie.

r=k+acost
(O k>0, 0>0, a>0, a#b,

y=bsint

and P(zg,yo) an arbitrary point.
The Frenet frame is

1 —asint 1 —bcost
T(t) = — , Nt = ;
I\ bcost Il \ —asint

ab

|C’|2 =b%.cos?t +a?- 5i|"'|2 L ke= e
(b2 - COS2 ¢t + a2 - Sinzt)

The pedal curve of (C) with respect to the pedal point P(zo, yo) is

i bcost . —asint
p(t) = —5 { b(kcost + a) + (—xp-asint + ypb - COSt) .
|| asint bcost
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For simplicity, we consider the case when P = O is the origin. Therefore the
pedal curve has the parametric equations
pi(t) = Fpb?(kcost + a) cost

p2(t) = Frab(k cost + a)sint,
and from here it follows the implicit equation
a’z? + by’ = (2® + y* — k)2,

Recall that a curve p = p(t) is convex if and only if k.[2k.|c[> + (¢, N)] > 0. So,
we compute this equation and get the condition

cos? t(k cost + 3a)(a® — b%)+3d*kcost —a® + 2ak? + 2ab? > 0.
Finally we obtain the strongly convexity

N =" 3 7T
a>b> ﬁ\/:mk+a2—2k2.

By apply Okubo’s method, we obtain the Minkowski norm
. W v

a%a? 4 622 + ke

with the strongly convexity condition a > b > 5 V3ak + a% — 2k%._Observe that this
gives the Finsler metric on M

F (4.8)

2
e n“'ﬁ, (4.9)
=

where a,, a; are two different Riemannian metrics. In the case a; = a», we obtain the

usual slope metric.

0s 08 -06 -04 -02 02 04 06 0K

-1 -1

Figure 4.2: The convex curve in (4.7) for a = 10, b= 9, k = 2 (left), and the non-convex case for
a=10, b= 6, k= 2 (right).
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4.23 The pedal surface of a 2-sphere
Consider the 2-sphere (o) in R® with center (k,0,0) and radius r, i.e.
x=k+rsinvcosu
(@): §y=rsinvsinu (4.10)
z =rCosv.

Then the unit normal vector is
Ty X 0Oy
[low » aul|

n 3 . t
B (r2 sinfvcosu r2sin®usinu r2siny COS’U)
VrtsinTy | Vit sing v Vrtsin?y
and hence the pedal surface of the 2-sphere (o) centered at (k,0,0) with respect to
the pedal point P = 0 (origin of R3) is
r(u,v) = sinv(r + kCoswusinv) cosu
P(u, v) = ¢ y(u,v) = Sinw(r + k cos usin v)Sinu
z(u,v) = COSv(r + kCOSu SN v).
The implicit equation of p(u, v) is
i O TR B v PR +y? 4 22 4+ k.

A straightforward computation gives

(u, v) = cos u((£ R(u, v)) sinv + R(u, v)cosv)
Po(Wv) = § ylu,v) = sinu((L R(u,v)) sinu + R(u,v)sinv)
z(u,v) = (ZR(u,v)) cosu — R(u,v)sinv,

when we put R(u,v) = r + kcosusiny, and R, = 9B(w1)  etc. We obtain

= (Pu, Pu) ==R(u,v)2 cos?u+ ((:_}—(1-1‘%(%1;))2 + R(u,v)?

d u

= (Porpa) = (- R(u,))? + R{u,0)?,

E :
F = (puapi) = (5 RO )R, 0)
£ v

and hence

2

2
EG — F? = R(u,v)*sin*v + R(u,v)? (%R(u, v)) siny 4 R(u,v)? (%R(u, v)) + R(u,v)*.
Therefore EG — F2 > ¢, Likewise, we compute
z(u,v) = — sin(v){4 sin(v) cos(u)k + cos(u)r — 2sin(v)k}
Pun(t,v) = ¢ gy, v) = —sin(v) sin(u){4 cos(u) sin(v)k +r}

z(u,v) = — cos(v) cos(u) sin(w),
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z(u,v) = — Cos(v) sin(u){4 cos(u) sin(v)k + r}
Puv(u,v) = { y(u, v) = cos(v){4sin(v) cos(u)k + cos(u)r — 2sin(v)k}

z(u,v) = —sin(u)k{2 cos(v)? — 1},

#(u, v) = cos(u){4cos(v)? cos(u)k — 2cos(u)k — sin(v)r}
Puu(tt,v) = € y(u, v) = sin(u) {4 cos(v)? cos(u)k — 2 cos(u)k — sin(v)r}

z(u,v) = — cos(v){4 cos(u) sin(v)k + r}.
If we denote Vv .= m%}‘j—” it follows

L := (pyu, V)
= — [sin(v)*(2 cos(v)* cos(u)®k® =2 cos(v)? Cos(u)*k =5 cos(v)? cos(u)? sin(v)k2r—
2cos(v)? cos(u)k® —4 cos(v)? cos(u)kr? + 3 cos(u)? sin(v)k*r+ 2 cos(u)k3+
4cos(u)kr? + 2sin(v)kr + sin(v)r)]
[~ sin(v)?(2cos(v)? cos(u)? sin(v) & r + COS(v)? cos(u)2k* + 5 cos(v)? €O (u) 2k2r?
2 cos(u)* sin(v)k3r — cos(u)®k? — 5 cos(u) 2k — 2 cos(u) sinfv)k>r
—4cos(u) sin(v)kr? = k%2 = r#)] i
M := (puy, V)
= — [2cos(v) sin(w) sin(v) cos(u)k?(cos(v)? cos(u)k — cos(u)k — sin(v)r)] ./
[~ sin(v)?(2 cos(v)? cos(u)? sin(v)k3r 4+ cos(v)® cos(u)?k* + 5 cos(v)? cos(u)k?r?—
2cos(u)? sin(v)k®r — cos(u)k* — 5cos(u)2k?r? — 2 cos(u) sin(v)k3r
—4cos(u) sin(v)kr® — k22 — )] L=\
N = (pv, V)
= [sin(v)(3 cos(v)? cos(u)?k2r — 2 cos(u) sin(v)k® — 5 cos(u)2k2r
—4.cos(u) sin(v)kr? ~¢?)]
[ sin(v)?(2 cos(v)? cos(u)? sin(u)k*r + cos(v)? cos(u)?k* + 5 cos(v)? cos(u)2k?r? —
2cos(u)? sin(v)k®r — cos(u)®k* — 5 cos(u) k22 — 2cos(u) sin(v)k3r

—4cos(u) sin(v)kr® — k22 — T4)] 1/21

LN — M* = (-6 cos(v)? cos(u)® sin(v)k®r — 4 cos(v)? cos(u)?k* — 11 cos(v)? cos(u)?k?r2
+ 6.cos(u)? sin(v)k®r + 4 cos(u)2k* + 11 €os(u)?k*r? + 6 cos(u) sin(v)k>r
+6.Cos(u) sin(v)kr? + 2k*r® + 1) sin(v)2 /(2 sin(v)kr cos(u) + k% + r?)
= (6cos(u)?® sin(v)3k3r — 4cos(u)?k*(cos(v)? — 1) — 11 cos(u)?k*r?(cos(v)? — 1)
+6cos(u) sin(v)kr(k® +r?) + 2k2r2 + ) sin(v)2 (2 sin(v)kr cos(u) + &2 + r?)

_ (2cos(u) sin(w)k + r)(cos(u) sin(v)k + r)(3 sin(v)kr cos(u) + 2k2 + r2)
N 2sin(v)kr cos(u) + k2 + r2
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By assuming that the pedal point O is inside the sphere, i.e. k < r, it follows
2sin(v)kr cos(u) + k? + r? > 0, cos(u)sin(v)k +r > 0.
Hence, the strong convexity reads
(2cos(u) sin(v)k + r)(3sin(v)kr cos(u) + 2k + r?) > 0.
Denote cos(u)sin(v) = A. Then
(2Ak + 7)(3Akr + 2k* + %) > 0.

Taking into account that —1 < A < 1, and .k > 0 it results that the pedal surface is
strongly convex for r > 2k.

The Minkowski metric associated is obtained by Okubo’s method
z? + 1;2 +z%

Ity + 22 + k'

that is a slope metric are F' = -2, on the surface M.

F =

Figure 4.4: The pedal surface of sphere for k = 1, r = 1. This surface is not convex.
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By smoothly moving this Minkowski norm on a 3- dimensional smooth manifold
M we get the usual slope metricon M F = ai‘_’—ﬁ where o is a Riemanninan metric M

and 3 a linear 1-form.

4.2.4 The Pedal surface of an ellipsoid

As more general of the sphere case, we can consider the Finsler metric on a
surface M whose indicatrix is the pedal surface of an ellipsoid.

The parametric equations of an ellipsoid can be written as
r=Fk+asinvcosu,
(S):$y=bsinvsinu, i k>0,a>0 b>0, c>0.
z=cCOSv
The unit normal reads
besin v Ccosu

_ Sy X 8, o 1
16 x Sull ~ ISy x S]]

acsinvsinu |,

abcos v

where

. 2 °E . kS, . . y
(8, x/Sull/= \/c262 Sin® v —c2b2sin® v sin u + 242 i 1 SIN® u +a2b2 — a2h2 sin2 v

By formula (2:33), the pedal surface of S with respect the pedal point P(zq, yo, z0)

is
besinw cosu
. (be(k — ) SiNvCOS u+ al—cyg SiNw sinu — bzp COSv + be ) .
p(u,v) =sinv H*‘(; S, ) aeSinvsinu
43 u
abCosv
+ (%o, Y0, 20)%
(4.11)

Finding the explicit strongly convexity condition of the surface (4.11) implies some
long computations, so we will consider the case when P = O is the origin. In this case

we obtain

i ] = b c?(k cosusinw + a) I —

| R e
be<(kcosusiny + . .
Plu,v): gy, v) = 26 (”5 s ”2" % sirusing (4.12)
v u

s ab’c(k cosusinu + a) da

’ 15, % Sul? "

From (4.12) we can see that

a*b et (k cosusinu + a)?

2.2 2 2 38
a“r® + b y° + c°2¢ =
|8y % Syll*

(4.13)
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On the other hand,

ab*c*(kcosusinv + a)

|8y X Sy|? ’ (4.14)

?+yi+2 k=

and by comparing (4.13) and (4.14) we get the implicit equation of the pedal surface:
(2 + 9% + 22 — k2)? = a®2? + bPy? + 222 (4.15)

Finding general conditions for the strongly convexity of the ellipsoid pedal is to
complicate. Some numerical simulations show that for instance, in the case k = 1/3,

a=b=2,c=6, we indeed obtain a strongly convex surface; see Figure 4.

Figure 4.6: The pedal surface of an ellipsoid for for k = 1/3, a = b = 2, ¢ = 4. This surface is not

convex.



39

By applying Okubo’s method to (4.15) we obtain the Minkowski norm

2 4 gy? 4 22

F =
Varo? + b2y + 0222 + ko

that is clearly the generalization of (4.8).

The Finsler metric corresponding to this indicatrix surface is of the type (4.9),
where «y, a, are two different Riemannian metrics.
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Chapter 5

Conclusions and Suggestions

Conclusions

From a slope metric on a surface of revolution section, we have obtained the

conclusion that we can define the slope metric F for surface of revolution in term

of function ¢. Then We obtain conditions for any surface of revolution to admit a

strongly convex slope metric.

From the pedal and Finsler metric section, we have obtained the following

conclusions:

1

3:2

The Finsler metric on a two dimensional manifold A whose indicatrix is given by

the pedal curve of the ellipse with origin as pedal point is of type F = ﬁ%

- The Finsler metric on a three dimensional manifold i whose indicatrix is given

by the pedal surface of a sphere with origin as pedal point.is a slope type metric
Fi= ;’T’ﬁ This Finsler metric is strongly convex for r > 2k. Observe that a quick

look at the computation show that the same is true for the arbitrary dimensional
case as well,

. The Finsler metric on a three dimensional manifold A whose indicatrix is given by

the pedal surface of the ellipsoid with origin as pedal point is of type F = i

az—f3"

where oy, a0 are two different Riemannian metrics and 3 is a linear form in 7M.
This Finsler metric is strongly convex subject to some conditions for a, b, ¢ and .

. The Finsler metric on an n-dimensional manifold M whose indicatrix is given by

the pedal hypersurface of an ellipsoid with origin as pedal point is a slope type
metric F = ﬁid where a;, ey are two different Riemannian metrics on M and 3
a linear one form on TM. This Finsler metric is strongly convex for some further
conditions on the constants giving the axes of the ellipsoid and the coordinates
of its center.

Suggestions

There are some open problems following from this thesis, e.g.

. We need to know more about geometrical meaning for equation (4.3),

- We can study more property of the Finsler metric that obtain by pedal curve and

surface to know about new Finlser metric and high dimensional slope metric.
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SURFACES OF REVOLUTION ADMITTING STRONGLY
CONVEX SLOPE METRICS

Pattrawut Chansangiam', Pipatpong Chansri? and Sorin V. Sabau®

Abstract

This paper discusses the geometry of a surface endowed with a slope metric.
We obtain necessary and sufficient conditions for any surface of revolution to ad-
mit a strongly convex slope metric. Such conditions involve certain inequalities for
the derivative of the associated function on the Cartesian coordinate and the po-
lar coordinate. In particular, we apply this result to certain well-know surface of
revolution.

Keywords : slope metric; surface of revolution; strong convexity
2000 Mathematics Subject Classification : 53A04; 53A05 (2000 MSC )

1 Introduction and Preliminaries

Optimal transport and optimal control problems are important topics in pure and
applied mathematics. For instance, it is well-known that the minimizing time travel in
the Euclidean space is the straightline. Moreover, when traveling from a point A to a
point B in the Euclidean space, the distance and hence the time is the same as when
traveling from B to A.

However, in real life problems, applications to engincering, industry, etc., there are
external forces acting on the traveling object in Euclidean space, like magnetic fields,
gravitational fields, winds, etc. For the sake of simplicity, let us assume we need to travel
by a ship in an open sea from a point A to a point B, say from the pier to an island. In
the absence of any wind or tnarine currents the shortest traveling time is the straighline,
however if a mild wind comes up, then we arrive to the following control problem.

Consider a ship sailing in the open sea in calm waters. Suppose a mild wind comes up.
How must the ship be steered in order to reach a given destination in the shortest time?

This problem was considered for the first time by E. Zermelo in 1931 ([10]) when he
assumed that the open sea was the Euclidean plane R? with the Euclidean metric.

The first thing to remark is that, when travelling with constant speed under the action
of a mild wind, the minimial time needed to travel from A to B is different from the time
needed to travel from B to A. Indeed, the time minimal paths and the travel times are
different when sailing against the wind and when sailing in the same direction with the

'Department of Mathematics, Faculty of Science, King Mongkuts Institute of Technology Ladkrabang,
Thailand, email: pattrawut.ch@kmitl.ac.th

?Department of Mathematics, Faculty of Science, King Mongkuts Institute of Technology Ladkrabang,
Thailand, email: chansri38416@gmail.com

3Department of Biology, Tokai University, 5-1-1-1 Minamisawa, Minamiku, Sapporo 005-8601, Japan,
email: sorin@tokai.ac.jp : corresponding author
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wind. This is called nowadays the Zermelo’s navigation problem (see [3] for details and
generalizations).

The simple example above suggests that there are other types of distances and metrics,
called Randers metrics, that give different minimial time trajectories from the canonical
Euclidean metric. Randers metrics are widely used in optimal control, Physics, Biology
and many other fields of pure and applied mathematics ([1], [8]). Randers metrics belong
to a more general family of metrics, called Finsler metrics (see [1], [2] for basics on Finsler
metrics).

This paper has no intention to be an introduction to Finsler metrics. We will recall only
that Finsler geometry is just the Riemannian geometry without the quadratic restriction
([4]). Indeed, what we call today a Finsler norm was actually introduced by B. Riemann
in his famous Habilitation disertation from 1854, namely a metric function

ds = F(x!, 227 satrdrirds® ")

:

that depends on the position (', 22, ... 2") of the point and direction. Such a metric
is determined by a function F defined on the tangent bundle TM of an n-dimensional
smooth manifold M having the properties:

1. F(z,y) is positive on T'M \ {0};
2. F(z,y) it is 1-homogeneous in y, that is F(x, Ay) = AF(z,y), for all constants A > 0;

3. the Hessian matrix
L 10Fa,y)

7 3y (1.1)

Gij
is positive definite on TM \ {0}.

The most important special case is the case when F? = g, (z)y'y’, in other words F
1s a quadratic form in the variable y. This is what we call today a Riemannian metric.
Therefore, rather than regarding the Finsler geometry as Just a generalization of Rieman-
nian geometry, it is more appropiate to say that Finsler geometry is just the Riemannian
geometry without the quadratic restriction ahove.

The Randers metrics naturally appearing from the Zermelo’s navigation problem are
deformations of Riemannian metrics in the sense F' = o + B, where o = \/a;;(z)y'y?, and
B = b'(x)y', where a;; is a Riemannian metric.

Another type of Finsler metric is the so-called slope metric introduced by M. Mat-
sumoto in 1989 (see [6]) based on a letter of P. Finsler, the foundator of Finsler geometry.
The control problem is the following

Suppose a person walking on a horizontal plane with velocity c, while the gravitational
force is acting perpendicularly on this plane. The person is almost ignorant of the action
of this force. Imagine the person walks now with same velocity on the inclined plane of
angle £ to the horizontal sea level. Under the influence of gravitational forces, what is the
trajectory the person should walk in the center to reach a gwen destination in the shortest
time?

The metric giving the shortest travelling paths was called therefore the slope metric
([6], [7]). Obviously the problem described above it is important for applications to the
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real world in industry, constructions, or when transporting somethig on an a slope. It
was shown by M. Matsumoto (see [6], [7]) that the corresponding Finsler metric is also a
deformation of a Riemannian metric o by a linar form 3 by the formula

o?

B = -2

Another important reason to consider the slope metrics is the fight against wild fires
([5]). Almost everyday we hear news about wildfires in different regions of the Earth.
In order to deal with it, the firefighters need to act promptly based on a proper under-
standing, predicting and modelling the evolution of wildfires. The slope metric is one of
he most appropiate mathematical models for predicting the evolution of wildfires, hence
the mathetical study of such metrics might become in the future vital for predicting,
controling and successfully fighting the wildfires (see [5] and references within for details).

Let us remind that the study of shortest paths in a Riemannian or Finsler space is
related to the calculus of variations. A variational problem determined by a Finsler metric
F'is non-degenarate when the Hessian (1.1) is regular matrix. Moreover, the extremal
paths are minimizing when the metric is positive definite, and this happens in the case
when the unit circle in the tangent space T, M is strongly convex (see [2] for a very detailed
exposition of the calculus of variations for Finsler spaces).

Based on the discussion above, we can formulate the problem we are going to study
in the present paper.

The wildfires can happen across geographically very complicated terrain including forests,
glasslands, rice fields, etc. On what kind of surfaces, the wildfire evolution can be mod-
eled as the variational problem of the slope metric F = o? /(e — B)? In other words, on
which surfaces there are naturally induced slope metrics whose Hessian matrices (1.1) are
positive defined?

In the present paper we will give some general conditons for a slope metric to have
positive definite Hessian and we will give some examples of inclined surfaces where the
wildfires behaviour can be predicted and eventually controled.

(a) The unit circle of the slope metric (b) the slope of a wildfire on slope of
in the case of walking in the slope of a  a mountain.
mountain.

Figure 1

Let us formulate the above problem in the Riemannian geometry formalism. Consider
a surface S embedded in the Euclidean space R? parametrized by

S =R (z,y) = (z,9,2 = f(z,y)), (1.2)
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for a smooth function f, that is S is the graph of the function z = f(z,y). It is well known
that S is a 2-dimentional differential manifold. It follows that the induced Riemannian
metric from R? on the surface S is represented by the matrix

a:(1+f;f fxfy)
N Lofy 1417 )

where f; and f, are the partials derivative of f with respect to x and y, respectively. We
consider the tangent plane 7, spanned by two vectors

8;1: T (laoafﬂf)a ay = (Oﬂ 1f1})

We can construct an a-orthogonal basis ¢, e5 in T, by choosing e, to point on the steepest
downhill direction of m,. In the plane 7, with origin p = (0,0) and (X,Y) in the basis
{e1, €2}, the slope principle by Matsumoto [6] tells us that the time minimizing trajectory
of a hiker on the plane 7, is given by walking in the direction given by the limagon

r =00 \cos (1.3)

where (r, §) are the polar coordinate of the XY plane, v is the velocity of the hiker on the
flat plane zy, a = £ -sine where g is gravitational constant for fixed p € S and ¢ is the
incline angle to the sea level. Moreover any vector of 7, can be written as 78, + y0y. By
using the relation between the coordinates (X, Y) in the basis {e;,e,} and the canonical

component (Z, ) we obtain the implicit limacon equation h(z,7) = 0 where

h(iay) = :bz ¥ yQ ol (f:rT 1) fyy)2 a1 & \/3';2 + .yz - (fzx T fyy)z 'Y g 1 (f:c-rﬂ i fyy)

From this, by use Okubo’s method (see [1] for detail), we can describe the surface S via
the fundamental function F : T'S — [0, 00) such that

Ty
h(—=, =) =0.
(F1 F)
By solving this equation we received
2
v
e ——
vg = 245
where
a = \/ani? + 2a12&y + azy? is the induced Riemannian metric on S, and (1.4)
B = f2+ fy. '
By normalization, we get the usual form of the slope metric
2
e
F= : 1.5
— (1.5)

1t is well known that the function F induces a Finsler norm on the surface S if and only if
the h is a convex (see [2] for detail). In this case (S, F) becomes a Finsler manifold. The
next theorem provides a necessity and sufficiency condition for A to be strongly convex.



Surfaces of revolution admitting slope metrics 5

Theorem 1.1 [9] A 2-dimensional differential manifold M endowed with the fundamental
function (1.5) is a Finsler manifold if and only if 2 + f} < 1.

In the present work, we will focus on a well known class of 2-dimensional differential
manifolds generated by rotating a curve (called the profile curve) around an axis of ro-
tation, called a surface of revolution. Indeed, for each smooth function ¢ : [0,00) — R
that is extensible to a smooth even function around 0, the surface of revolution in the
3-dimensional Euclidean space is defined by the equation z = ¢(1/22 + y?).

There are several ways of introducing local coordinates on such a surface. The
parametrization (1.2) of an arbitrary surface can be adapted to the case of surfaces of
revolution by putting

S—oR, (z,9) - (2,9, 2 = ¢(/22 + 42)) (1.6)

The induced Riemannian metric is

1+ ¢2 ¢,

(w'(\/xz+y7))2:r2 ii’(\/:zz-#yz))za:y
T2

1+

= :1:2+3,r22 T2ty 2
fé’(\/ﬂr”’yz)) Ty (¢’(\/x2+y’) v
Tty 1 g T°+y

provide z? + y? # 0, where

o ST ST Py

and 8 = ¢.2 + ¢y, then we can define the slope metric F for surface of revolution in
term of function ¢.

Our main work in this paper is to investigate necessary and sufficient conditions for
any surface of revolution to admit a strongly convex slope metric. Such conditions rely on
certain inequalities for the derivative of the profile curve on the Cartesian coordinate and
the polar coordinate. In particular, we apply this result to classical well-known surfaces
of revolution.

and ¢, =

2 Convexity conditions for the slope metric on sur-
face of revolution

Theorem 2.1 Let S — R? be a surface of revolution. Then the following statements are
equivalent:

(i) S admits a strongly convex slope melric;
(i) [¢'(s)]? < 3 where S -5 R¥: (z,y) — (z,y,2 = P(s)) and s = \/x2 + 32;

(i1i) [m'(u)]* > 3 where S — R3: (u,v) — (m(u) cos v, m(u) sinv, u).
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Proof. First, we shall prove (i) < (i7). Note that for the surface of revolution S : z =

d(+/7? + y?), we have
2 2
2 L N2 / LEZ . T / - Yy
(¢2)° + (¢y)° = (é(\/ +y2)—\/m) + (¢(vrz+y2)——>
= (¢(VFrR)

Recall from Theorem 1.1 that an equivalent condition for S to admit a strongly convex
slope metric is the inequality

| =

((f)_,,,)2 -+ (q)y)Q <

Thus the assertions (i) and (i) are equivalent.
Next, we shall show the equivalence between (i7) and (#i). Indeed, we can parametrize
the surface of revolution by using trigonometric functions, that is

S —R% - (z=m(u) cosv,y = m(u) sinv,z = u). (2.1)
This surface of revolution is obtained by rotating the curve z = m(z) along the z axis.
Applying the parametrization (1.6) to (2.1) yields

2

z* + y* = m*(u) cos® v + m?(u) sin® v = m3(u),

and hence

z= oo + 1%) = g(lm(u)]).
For the sake of simplicity we consider here only the case +m(u). Since z = u it follows
that ¢(m(u)) = u. Substituting s = y/2? + 42 vields s = m(u) and thus

m(é(s)) = m(¢(m(u))) = m(u) = s.

Hence, ¢ and m are inverse function of each other. From the inverse function theorem,
we have

1
m’(u) = =
¢ (S) s=m(u)
or, equivalently
1 1

-1y _ Y _
[m ] (S) - nl’(m—l(s)) =@ (‘5) - m,(u) s
u=¢(s

and from here it is clear that

?'(
The condition [¢/(s)]* < § is now equivalent to [m/(u)]? > 3.

' (u)]? = {%} ;
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3 Classical surfaces of revolution admitting strongly
convex slope metrics

In this section, we investigate several classical surfaces of revolution to admit convex slope
metrics. Here are our main worked out examples.

3.1 The Elliptic paraboloid

Consider the elliptic paraboloid S — R3, (z,y) — (z,y,z = f(z,y) = 100 — 22 — y?) this
surface was firstly studied by Bao, Robles (sce [3]). In this parametrization, the convexity
condition is f2 + f2 = 4(2? + y?) < 1/3, i.e. 2% +y® < 1/12, hence the strongly convexity
condition is satisfied only on a circular vicinity of height 1/12 units of the hilltop.

A

100

Figure 2

Putting this surface into the parametrization (1.6), we have z = ¢(s) where ¢(s) =
100 — 5. The strongly convexity condition [¢'(s)]* < 1/3 is equivalent to —1/4/12 < s <

1/V12.

z
#(s) = 100 — 52
1 s
~1~
Figure 3

Finally, in the trigonometric parametrization we have

(u,v) = (z = m(u) cosv,y = m(u)sinv, z = u) for u € (—00,100], v € [0,27).
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This surface of revolution is obtained by rotating the curve z = m(z) around the z
axis. The inverse of ¢ is given by the function s = /100 — u for u € (—oc, 100]. For
simplicity, we consider only s = /100 — v. We have [m/(u)]? = 1/(4(100 — u)) > 3, or

S

_—m 100 u

e m(u) = —/100 — u

A T

Figure 4

100 — (1/12) < u < 100, i.e. the convexity domain is the same as before.

Corollary 3.1 For the elliptic paraboloid z = ¢(s) = 100 — 5%, its slope metric (1.5) is
strongly convez on the open domain {(z,y) € S| \/22 +y* < 1//12}.

3.2 The Cone

Consider a cone, that is, a surface of revolution defined by

S o Rs: (:c,y) <5 (3’#}: T=rayl s +y2) , fora>0. (3,1)

We can write z = ¢(s) '= as. Since ¢/(s) = a, by Theorem 2.1 its slope metric is strongly
convex on the whole surface if and only if a € (0,1/v/3). We obtain

Corollary 3.2 The slope metric (1.5) defined en the cone S given by (3.1) is strongly
convez if and only if a € (0,1//3).

3.3 The Ellipsoid

Consider a Ellipsoid, that is, a surface of revolution defined by

(z,y) — (:1:, = E\/a2 — - y2) , fora>0. (3.2)
a
Write 2 = ¢(s) := cv/a? — s2/a. Then ¢'(s) = —<2:s/(a\/a2 — s?), and thus the strongly
2

convexity condition is satisfied only for s € (— T Tz )

Corollary 3.3 The slope metric (1.5) defined on the ellipsoid S given by (3.2) is strongly
convex on the open domain {(z,y) € S| /22 + 12 < 7;%}
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3.4 The Two-sheeted hyperboloid

Consider the surface of revolution
(z,y) — (r y,z=ay/r*+y* + b2) ¢ for a0, (3.3)

We can write z = ¢(s) := av/'s? + b2 Then ¢/(s) = as/(v/s* + b?), and thus the strongly
convexity condition of the slope metric for this surface is a € (0,1/v/3).

Corollary 3.4 The slope metric (1.5) defined on the hyperboloid S given by (3.3) is
strongly conver if and only if a € (0,1/v/3).

3.5 The One-sheeted hyperboloid

Consider the surface of revolution
(z,y) = (:L Y, 2=a St k2 4 b2) , fora >0, (3.4)

Putting 2 = ¢(s) := av/s® — b%, we get ¢'(s) = as/(v/s2 — b?). Thus, the strongly convex-

ity condition is satisfied only for s € (—oc, = \/1151302) u (m‘fisaﬂ ,00) where 1 — 3a? > 0.

Corollary 3.5 The slope metric (1.5) defined on the hyperboloid S given by (3.4) is

strongly conver on the open domain {(z,y) € S | 3/22 + y2 > |b|/v/1=3a2}, where
0<a<1/V3.

3.6 The surface of revolution generated by the Gauss function

Recall that the Gauss function h(z) = ¢~*° is frequently used in statistics and it gives the
shape of the normal distribution. Let us consider the surface of revolution

(z,y) = (:E,y, 2 = flz,y) = %e*z'yz) . (3.5)

We can write z = ¢(s) := 8*32/(2\/6). Since se~** < 1 for any s >0, the slope metric is
globally strong convex on this surface.
Observe that ¢(s) is bijective for s € (0,oc), and by putting ¢(s) = u and we get

L V/2I(Zha) 1
m(u) = :I:——z— for u € (0, m) ,

We denote p(u) = [m/(u)]* for (0,1/(2v/6)) and compute the minimum of p(u). The
only critical point of x in (0,1/(2v/6)) is €2 /(2v/6). Since

wl=

1
t| —=e 27 ) =326 >3,
g (2\/6 )

the convexity condition is globally verified.
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Figure 5

-21 u?
m(u) = o, Bb ;(24 :

u

1AV N

= 6,2
AT Cy/—2l2au?)

2

Figure 6

Corollary 3.6 For the surface of revolution z = ¢(s) = e~ /(2v/6), its slope metric
(1.5) is globally strongly convex on a surface.
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Finslerian indicatrices as algebraic curves and
surfaces

P. Chansri, P. Chansangiam and S. V. Sabau

Abstract. We show how to construct new Finsler metrics, in two and
three dimensions, whose indicatrices are pedal curves or pedal surfaces of
some other curves or surfaces. These Finsler metrics arc generalizations
of the famous slope metric, also called Matsumoto metric,

M.S.C. 2010: 53C60, 14H50.
Key words: algebraic curves; pedal curves and surfaces; Finsler manifolds; curvature,

1 Introduction

Finsler manifolds arc natural generalizations of Riemannian manifolds in the same re-
spect as normed spaces and Minkowski spaces are generalizations of Euelidean spaces.

In the case of the Euclidean space, or more general, of Riemannian manifolds,
the space looks uniform and isotropic, that is, the same in all direction. However,
our daily experiences as well as the metrics and distances naturally appearing in
applications to real life problems in Physics, Computer science, biology, ete. show
that the space is not isotropic, there exists same preferred directions (see (1], [5], [7],
[11]).

To be more precise, we recall that a Finsler metrie (M, F) is given by specifying a
Finsler norm /7 : TM — R defined on the tangent space (T'M, M) of an n-dimensional
manifold M. A Finsler norm has the following properties

1. Fis C® on TM :=TM \ {O}, where O is the zero section:

2. Fis 1- positive homogencous, i.e. F(zx,\y) = A-Flz,y), YA >0, (x,y) € TM;

3. Fis strongly.c-c_))nvcx, Le. the Hessian g;; = %%ﬁ—g‘%(l,y) is positive defined for
any (z,y) € TM.

Observe that the fundamental function F determines and it is determined by its

indicatrix (the unit tangent bundle) ¥ := {(z.y) € TM : F(z,y) = 1}, which is
a smooth hypersurface of TM. For cach point z € M, we can define the indicatrix

Balkan Journal of Geometry and Its Applications,
© Balkan Society of Geometers, Geometry Balkan Press.



2 P. Chansri, P. Chansangiam and S. V. Sabau

at  as Xy = {y € TM : F(z,y) = 1} = £ N T, M, which is a smooth, closed,
strictly convex hypersurface in T, M. It is thercfore important to remark that to give
a Finsler structure £ on a manifold M is equivalent to giving a smooth hypersurface
¥ = TM for which, the canonical projection 7 : ¥ — M is a surjective submersion
with the property that, for each = € M, the 7-fiber & = n=1(z) is a strictly convex
hypersurface in T; M enclosing the origin. If (M, F) is a Finsler manifold, then the
restriction of I to each tangent space T, M induce a Minkowski norm in T.M. To
give such a Minkowski norm is equivalent to giving the indicatrix 3, at z. A Finsler
structure on M is a family of Minkowski norms (£, T, M) moving smoothly on the
manifold.

From now on, we are going to regard Finsler and Minkowski norms as hypersur-
faces in TM and T, M, respectively. With this image in mind, constructing examples
of Finsler manifolds or Minkowski norms reduce to the effective construction of the
hypersurfaces ¥ and X, respectively. Observe that the central symmetric spheres
or ellipsoids give Riemannian metrics since they are all quadratic forms in the fiber
coordinate y of T, M, hence we need to construct simple hypersurface which are not
quadratic forms in 3's.

Even though there exists already a lot of literature about Finsler manifolds and
indicatrices ([10]), as well as about the pedal curves ([9]) and algebraic curves in
general ([4]), our approach, we reconsider this topic in modern terminology, aiming
to provide new insights into the theory of Finsler spaces.

For instance, recall that the Randers and Kropina metrics are obtained by a rigid
translation of the unit sphere such that the origin nis enclosed by it or it is included
in its boundary, respeetively. We point out that Kropina metrics are actually conic
Finsler metrics (sce [11], [3] for details).

Another similar example of Finsler metric is the slope metric (see (3], [6]), where, in
the 2 dimensional case, the curve indicatrix is a limagon. The associated Finsler norm

L=3

is written in the general form F = ;H—EB and called the slope metric (or a Matsumoto

metric), where a = v @ijy'y’ is a Riemannian metric and 3 = b;37 is a linear 1-form.
In [3] we have studied the geometry of the slope metrie globally induced on a surface
of revolution.

On the other hand, let us observe that a limagon is an algebraic curve obtained
as the pedal curve of a circle with respect to the origin. This insight opens a new
perspective on indicatrices ie. Finsler metrics, as algebraie curves, In the three (or
higher) dimensional case it is also possible to regard indicatrices as hyper-surfaces.

In the present paper we study the following problems:

1. How to construct two dimensional Finsler metrics whose indicatrices are pedal
curves of some algebraic curves as generalization of the slope metric and point
out the convexity conditions of the pedal curves. In special we will consider the
case of pedal of conics.

2. How to extend this study to the three dimensional case (and arbitrary dimen-
sional case). This study is new in the sensc that indicatrices of three dimensional
slope metrics are studied for the first {ime. From algebraic point of view the
geometry of pedal surfaces is also an interesting topic.

Arbitrary dimension Finsler metrics whose indicatrices are pedal hypersurfaces can
be studied in a similar manner, but the concrete computations can be quite messy.
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Finally, we point out that our approach is important because it illustrates and
clarifies the geometrical meaning of three (and higher) dimensional slope metrics,
called Matsumoto metrics in the arbitrary dimensional case. Indeced, initially, the
two-dimensional slope metric was defined by Matsumoto as the Finsler metric whose
indicatrix is a limagon (see [6]). After seeing that these Finsler metrics are of the type
F= %, where @ is a Riemannian metric and 3 a linear one form, they were simply
generalized to the arbitrary dimensional case without any further considerations on
the geometrical meaning. By using our pedal curves and surfaces approach one can
see that the higher dimensional Matsumoto metrics are those Finsler metrics whose
indicatrices arc pedal hypersurfaces of spheres.

2 The pedal curve of a plane algebraic curve

Let us consider a plane algebraic curve (C) given in parametric form

(2.1) €)r x=a(t), y=uyt),

then, at regular values of the parameter ¢, the tangent line to (C) is

(2.2) (6)r gty ez —a(t)-y+ {at) - y(t) - z(t) §{H)} =0,
and the orthogonal line to () through a point P(xq,y0) is given by
0% My d :~-J_:(—.1;ka; :
(€) Y- Yo y(t)( 0):

where dots represent the derivative of a function of one variable with respect to {.

For a regular plane algebraic curve (C), and a fixed point P(z9,y0), called the
pedal point, the pedal curve of the curve (€) with respect to P is the parameterized
curve obtained by associating to the parameter ¢ the orthogonal projection p(t) of
P onto the tangent line at ¢ (see [4], [9] for details on algebraic curves). The pedal
curves are considered important in geometrical opties and kinematics.

We recall that the moving equation of the Frenet frame (T'(t), N(t)) along (C) are
given by

ari iy . O
5= 1 (0 kIN ()
dN ' .

— = =l @) ke T(t),

where (T'(t), N(t)) are the unit tangent and normal vectors along c, respectively,

lc'(t)] = /&(t)2 + y(t)? is the speed of (€) and

_ (W, N ()
T TemE

is the curvature of the curve (C). Here (-, ) is the usual inner product of the Euclidean
plane.
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A straighforward computation shows that the pedal curve of (C) with respect to
the point P is given by

(2.3) p(t) ={c—ro,N)-N +rg,
where we denote by 1y the position vectors of the point. P(xq, o).

Proposition 2.1. If (C) is a conlinuously differentiable closed curve in plane, then
uts pedal curve (P) : p = p(t) with respect to a point P(xo,y0) is also a continuously
differentiable closed curve in plane.

Proof. From hypothesis, after some rescaling of the paramcter £, we have ¢(0) =
c(2m), ¢(0) = ¢(2m), and hence T(0) = T(x), N(0) = N{m). Using now (2.3) it
follows p(0) = p(2m), i.e. p is also periodic with the some period as (C). Moreover,
p(0) = 2, where by derivation of (2.3) we get

(2.4) PEY= ke 1| [(ras & TS N+ {rs =& NY - 1.
m

We will ask now the question if the pedal curve p(t) goes though the origin 0(0,0)
of R%. This is equivalent to asking if the vectorial equation

p(t) = (¢, N) - N A (ro,T) - T'="(0,0)", where t deniote the transposed matrix.

has solution. Since N and T linearly independent, this equation is equivalent to the
system of equation,

(25) (C! N> fr 01 (T‘l]! N) = U
We consider

Case 1. Assume the pedal point is origin, i.c. rg = (0,0). In this case we get only the
equation
C (&)

(C!A‘>:— él (-:2 =09

and observe that for a continuous differentiable curve this is possible il and only
if (C) passes through origin.

Hence, in this case (P) passcs through origin if and only if (C) passes through
origin.

Case 2. Assume the pedal point P is not the origin, i.e. xp # 0 or yy # 0. Then we
consider further the cases:

2.1 The curve (C) passes through origin, i.e. there exists to to such that ¢(ty) =
(0,0), é(ta) # (0,0). In this case we obtain (ro,T(to)) = 0, i.c. rg and T'(tg)
are orthogonal.

2.2 The curve (C) do not pass through the origin, i.e. both conditions in (2.5)
must be simultaneously verified, but this is impossible. Indeed, since ()
is continuously differentiable curve, ¢(t) cannot be collinear to T(t), nor rg
can be always orthogonal to T since (C) is a closed curve.
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We conclude:

Theorem 2.2. Let C) be a plane algebraic curve with parametric equation (2.1) and
P(zxo,y0) a point in R?, P ¢ (C).

® If P is the origin, then (P) passes through origin if and only if (C) also passes
through origin.

e If P is not the origin, and (C) passes through the origin then (P) passes through
origin of and only if ro and T'(tg) are orthogonal, where iy is the value of the
parameter t such that e(ty) =(0,0).

* If P is not the origin, and (C) does not pass through origin, then (P) does not
pass origin either.

Next, we will study the convexity condition of the pedal curve (P) in (2.3). We
recall that a curve p = p(¢) is strongly convex if and only if

p(t) x p(t)
p(t) x p(t)
where the cross product of two vector v = (a.b), v = (e,d) is given by ux v = ad — be,

(see for instance [2], page 88). Observe that this condition is independent on the
parameterization of p(t). A straightforward computation gives

(2.6) > 0,

= U ‘ kel {ro — C'T) —1 42k {rg = ¢, N) }
pXp uy Up {ro — ¢, N) —2kc(rg —c,T)
pxp  |woltr ] (& N) (g =, V)
Uy Uy ‘ {to, T} ~Are/— c, T)
ke cl* [—2kc(-r0 —e,T)? + {ro —'¢, Ny — 2k.(ro ~c, N)Q]

(e, N)(ro=\c/N)= (ro/TH{ro==c; T} ’
where we have used p(t) = ~ke« |¢[2{{c, T) N +c, N)-T%}. Hence, we obtain
Theorem 2.3. The pedal curve (P) is strongly conver if and only if

) o Kl 2ke(ro = € 1) + (ro —le, N) — 2k (rg = ¢;N)2}
BT B = N SR E T T = (N —Tro T}

>0,

for all t € [0, 2m).

Remark 2.1. In the case when the pedal point P is the origin, formula (2.7) simplifies
to

(2.8) ke [2ke(e, TV + (¢, N) + 2k.{c, N¥ >0

Moreover, observe that the position vector c(t) can be decomposed in the orthonor-
mal basis {T, N} as c(t) = (e(t), T(t))T(t) + (c(t), N(t))N(t), hence {c(t),c(t)) =
(c(t), T()) + (e(t), N(t))2. It is now casy to see now that the formula (2.8) is equiv-
alent to k. [2k.|c|? + (c, N)] >0.
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3 Some remarkable pedal curves and their corre-
sponding Finsler metrics

3.1 The slope metric whose indicatrix is a limagon
3.1.1 The pedal curve

It is easy to sce that the pedal curve of the cirele with center (0, %) and radius a with
respect to the origin of R? is a limagon.
Indeed, the curve (C) is the cirele (z — k)2 + y2 = a2, then the equation (2.3) gives
the pedal curve
pi(t) = (a+ kcost)-cott
pa(t) = (a + kcost) -sint.

This is equivalent with the polar equation v = a + k - cos §, where (7,0) are the polar
coordinates in R?, or the implicit equation

(3.1) AT TR T

Observe that the pedal pedal curve (P) is not passing through origin (Theorem 2.2).
Moreaver, the curvature of the limagon reads now

a’+ 3ak cost 4 2k2

Bopedl= i
n(t) a2 + 2ak cost + k2

and since a? + 2akcost + k2 > a? - 2ak + k2 = (@— k)>.> 0, for a £k, the
condition kp(t) > 0 is thercfore cquivalent to a? + 3akcost + 2k2 > 0. Observe that
the minimum of this expression is obtained for cost = —1. hence a® 4 3ak cost+2k? >
a® — 3ak + 2k? = (a — EY(a —12k) =0, for a'> 2k.

This is the convexity condition for the pedal p(t) in this case (see Figure 1).

|«

Figure 1: A convex limagon curve for a = 3, k = | (left) and a non-convex limagon
curve for a = 1, k =1 (right).
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3.1.2 The Finsler metric

The Finsler metric whose indicatrix is given as a curve in each tangent space can easily
determined. Indeed, observe that the limacon implicit equation (3.1) is equivalent to

z? +y?
a\/T% + y? + kz

hence the corresponding Minkowski norm in R? is

=1,

2+ P
av/x? + 2 + kz’
that is a Minkowski slope metric (see [6], this approach is sometimes called the
Okubo’s method).” By smoothly moving this Minkowski norm on a 2- dimensional
smooth manifold M we get the usual slope metric on M F = a"‘Tzq where o is a

Flay) =

Riemanninan metric M and A a linear 1-form (sce our recent paper [3] for a study of
the slope metric on a surface of revolution).
In conclusion ([2], [6], [3)):

Proposition 3.1. The Finsler metric on a two dimensional manifold M whose in-
dicatriz is given by the pedal curve of a circle (z— k) +y* = a® with origin as pedal
[2 3

point is a slope type metric F = a5 [This Finsler metric is strongly convez for
a > 2k.

Remark 3.1. We obscrve that a similar result can be obtained when (C) is the unit
circle and P(a,0) a point on the z-axis. By a similar computation as in the case
above, we obtain the pedal curve parametric equations
t) = (1 —acost)-cost+a
(3.2) pi(t) = ( ) '
p2(t) = (1 —acost) -sint.

Observe that this curve can be regarded as a limagon with parameters (—a, 1) with
center translated from origin to (g, 1). The convexity condition reads —% Fa < %

We obtain that the Finsler metric on a two dimensional manifold M whose indi-
catrix is given by the pedal curve of a unit circle 22 + 2 = 1 with pedal point (a,0)
is of type

r)'2

B = (e=B)2P;

where « is a Riemannian metric and 81, 2 are the linear form in TM. This Finsler

metric is strongly convex for a € (ﬁ% %)

iy

3.2 The pedal curve of an ellipse
3.2.1 The pedal curve

Remark 3.2 (Motivation). Let us recall that two polynomials P, @ in x,y with real
coefficients are equivalent if there exists a non zero A € R such that P = X\ . Q.
This is an equivalence relation on the set of polynomials and an equivalence class
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is called an affine plane curve. Moreover, two affine curves (e1) = flz,y) = 0,
(e2) + glx,y) = 0 are called affinely equivalent if there exists an affine map ¢ on R?
and a scalar A # 0 such that g(z,y) = X- f(¢(z, y)). Since the set of affine maps on R?
is a group (Aff(2),0), with the operation of composition, affine equivalence defines
an equivalence relation for plane curves in R?. Obscrve that the degree d of a curves
is an affine invariant. Clearly d = 1 gives straight lines, so they are not interesting
for us.

The next simple case is d = 2, i.e. conic, the circle being affinely equivalent to
real ellipse, which is the only closed and convex conic.

[t is therefore naturally to consider the general case when the curve (C) is an
ellipse, i.e.

(C): x=k+acost, y = bsint, k>0, b>0 a>0 a#b,

and P(xq,y0) an arbitrary point.
The pedal curve of (C) with respect to the pedal point P(xg,y0) is

1 ~) A . —asini
p(t)_w{b(kc0&.t+a,)( DN . )+(—mg-abmt+ygb-cost)( g )}

For the sake of simplicity, we consider the case when P = O is the origin. In this
case, the pedal curve has the parametric equations
L p2
pi(t) = —==b(kcost+ a)cost
(3.3) 1(t) Er! ( ) .
) ab(kcost + a)sint,

of

3

LN
=
4

Il

and from here it follows the implicit equation a2z? + b2y? = (@£ o= kz)2.

Recall that a curve p = p(t) is convex if and only if ke[2k.|cl2+ (c, NY)-> 0,50 we
compute this equation and get the condition

—a® + 20k 4 2ab% + (a* = b?) cos? t(kcost + 3a) + 3ka® cost > 0.

Again for simplicity we can consider a > b, then we have to check that
3a’kcost — a®+ 2ak? + 2ab? S 302k — a® + 2ak® +2ab? > 0,

then strongly convexity reads (see Figure 2)

1
(3.4) a>b>ﬁ\/3ak+a2—2k2.

3.2.2 The Finsler metric

If we apply Okubo’s method we obtain the Minkowski norm

B z? +y?
Va2z? + 0%y? + kz'

(3.5) F
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with the strongly convexity condition a > b > 7—\/ 3ak + a? — 2k2. Observe that this
gives the Finsler metric on M

2
o

ay — 3’

(3.6) F=

where ay, oy are two different Riemannian metrics. In the case ) = ay we obtain
the usual slope metric.

“\ 2T\

-8 -0b -04 -0 0 064 o0& 0=
—/ \—f‘——.—.—

-1

Dt |

Figure 2: The convex curvein (3.3) fora = 10, b =9, k =2 (left), and the non-convex
case for a = 10, b= 6, k = 2 (right).

We summarize

Theorem 3.2. The Finsler metric on a two rﬁmemional manifold M whose indicatriz
s given by the pr’(iui curve of the ellipse (r L )z+ (f) = 1 with origin as pedal point is

of type F = ——j—, where ay, ag are two different Riemannian metrics and B is a linear
Jorm in TM. This Finsler metric is strongly conver Jora>b> ﬁ\/.ﬁ’»nk + a? = 22,

Remark 3.3. Observe that if put @ = b in theorem (3.2) we obtained the Finsler
2.2 1 :
metric F' = —2 44 , with strongly convexity condition @ > —/3ak + a2 — 242,
av/z24y? $ka : \/5

or, equivalently
(3.7) 20° > 3ak+.a* =2k = (a — k)@= 2k)'S 0.

Therefore we obtain a > 2k, that is same result as in Proposition 3.1.

4 The pedal surface
We are going to extend our considerations from curves of surfaces. Instead of the

curve (C), we are going to consider a smooth surface § < R? embedded in R? with
parametric equations

(4.1) (8)rx=2z(u,v), y=gy(uv), z= 2(u,v),
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and observe that, at any regular vector (u, v) of the parameters, the tangent plane to
(8) at (x(u,v),y(u,v), z(u,v)) € § is given by

o Owz) Blent) ot gy a BB
(M Gy @ =20 0) + 5 -yl ) + 2B~ w0 =0
where
0y,2) | Skl g o |
A u,v) _‘ %-f—‘ %—f Ty

and so on. The normal to (7) at a point (u, v) is given by

y z

x =
s Oe) | 0@g)
a(u,u O, d(u,v

Let (S) be a regular surface parameterized on in (4.1) and let P(zg, 0, z0) be a fixed
point, the pedal point. Then the pedal surface of the surface (8) with respect to the
point P is the parameterized surface obtained by associating to the parameter (u,v)
the orthogonal projection p(u,v) of P onto the tangent plane (7) at S(u,v).

(L)

The tangent plane (7) is generated by the vectors S/ = (T yub 2. rand=s,) =
(Zos Yu» 22)", while the unit normal vector o (8) is

N SuxSy A (a(y,z) 0z 2) B(z,y) )’
I8 x Sl |8 x Sl \ 3w, v)’ 3w, v) A(u, v/

Similarly with the plane curve’s case. a straightforward computation shows that the
pedal surface of the surface (S) with respeet to the point P is given by

(4.2) plusv) =S —rg, N).. N +rq.

The convexity condition of the pedal surface is given by the condition K > 0,
there K is the Gauss curvature, that is,

(4 3) (pumpu X Pu) (PuwT’u A pu) >0
' (Pulupu X pr) (Pvr-Pu X Pu) '

The formula can be quite complicate in the general case, but we will consider some
examples.

Remark 4.1. In the same way we can define the pedal hypersurface of an n-dimensional
surface § < R"*!. The formula (4.2) is clearly true for any dimensions, but the
sectional curvature computations and the determination of the strongly convexity
condition becomes more difficult. Nevertheless, in the case of the n-sphere the com-
putations are quite straightforward as we shall sce.
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5 Some remarkable pedal surfaces and the corre-
sponding Finsler metrics

5.1 The pedal surface of a 2-sphere
5.1.1 The pedal surface
The casicst case is in the case where (S) in the 2-sphere §2 < R? with center (k,0,0)
and radius r, i.e.
(8): 2 =k+rsinvcosy, y=rsinvsinu, z= recosv, k>0, r>0.

Then the exterior oriented unit normal vector is

855080, 4 { : t
1 = (cos usin v, sin usinv, cosv)"

IS,y % Sy
and hence the pedal surface of the 2-sphere (S) center at (k,0,0) with respect to the
pedal point P = O (origin of R?) is

x(u,v) = sinv(r + k cosusin v) cos u
p(u, v) ¢ y(u,v) = sinv(r + kcos usin v) sinu
z{w,v) = cosv(r + k cos usinwv).

The implicit equation of p(u,v) can be written in the form flz,y,z) = 0 where

SEy 2y =22 +4°% 4 22 =/ a? + P F 2% =k

This surface can be called the limacon surface, or the two dimensional limagon.

We recall that a surface is called strongly convex when LN = M? > 0, where
L = (Pyuy V)oN = (Do, V) and M= (py,, V). Then, the unit normal vector is given
by V' := Vf/||V f||, hence the strongly convexity condition reads {Puas V ) (PoieV f) =
(Puv, V)2 >0, and a straightforward computation gives

p t (2Ak +7m)A — k
Cp (g,ﬂ,ﬂ) = (2Ak+ r)sinusinv | |
Oz a2 (24K +r) cosv
where 4 1= cosusinwv.
Moreover, we have

(Puu, Vf) = [(—4kA? —rd +2k sin® v)(24%k + 74 — k) — (4kA+7)(2kA + r) sin? vsin® u
—kA(2Ak + 7) cos?v]
(Poo, Vf) = [(—4kA? — 1A + 2k cos® u) (2A4%k + rA — k) + 2kA(2Ak + r)sin? u
—(4kA+7)(2kA +1)(1 — A?))
(Puv, Vf) =24k cos vsinu.
The strongly convexity condition reads now
(Pusis VNP, V) = (pus, V)? = sin® v(3Akr + 2k + r2)(Ak + r)(24k + 1) > 0.

Taking into account that —1 < A < 1, and r,k > 0 it results that the pedal
surface is strongly convex for r > 2k. This condition is consistent with the condition
obtained in the case of the pedal curve of the circle (sce Figure 3).
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5.1.2 The Finsler metric

The Minkowski metric associated can be ecasily obtained by Okubo’s method

%+ y"" + 22

F=———— ;
rva? +y? 4+ 22 + kr
that is a slope metric F = 2= on the surface M.

Figure 3: The convex pedal surface of the sphere, with pedal point in origin, for
k=%, 7 =1(lcft), and the non-convex case for k = 1, r = | (right).

By smoothly moving this Minkowski norm on a 3- dimensional smooth manifold
M we get the usual slope metric on M F = n—“_f—, where o is a Riemanninan metric
M and £ a linecar 1-form.

In conclusion we get:

Theorem 5.1. The Finsler metric on a three dimensional manifold M whese indi-
catriz is given by the pedal surface of a sphere (x — k)? +y* + 22 = r? with OTLGIT. A8

) ; 2 ‘ 3 . .
pedal point is a slope type metrie F = ==, where o is @ Riemannian metric on M
* r
and [ a linear one form on TM. This Finsler metric is strongly convex forr > 2k.
Remark 5.1. Without giving here the concrete computations, a quick look at the
formulas above show that the same is true for the arbitrary dimensional case as well.
We only formulate here without preof the following

Theorem 5.2. The Finsler metric on an n > 2-dimensional manifold M whose
indicatriz is given by the pedal hypersurface of ann=1-sphere (z,—k)2 + 23+ +22 =
r? with origin as pedal point is a slope type metric F = G“TZ where a is a Riemannian
metric on M and 3 a linear one form on TM. This Finsler metric is strongly convex
forr > 2k.

5.2 The Pedal surface of an ellipsoid

As a generalization of the Section 3.2, we can consider the Finsler metric on a surface
M whose indicatrix is the pedal surface of an ellipsoid. The computations are quite
long, so we give only some ideas of the construction in this section.
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5.2.1 The pedal surface

The parametric equations of an ellipsoid can be written as
(8):z =k+asinvcosu, y=bsinvsinu, z=ccosv, k>0,a>0 b>0 c>0.
The exterior oriented unit normal reads

besinvcosu

; S, X 8, 1 . :
= = acsin v sin u
[|Sy x Syl [18 xSl RS 1)
where ||S, x S,|| = V/c2b? sin? v cos? u + ¢2a? sin? v sin? u + a2b2cos2 0.
By formula (4.2), the pedal surface of S with respect the pedal point P(z0,y0, 20)
is
(5.1)

besin v cosu
acsin v sinu
abcosv

(be(k — xo) sinwcosu + a(—cyy sin vsin u — bzgcos v + be))
Sy x 8ull?

p(u,v) =sinv

+ (w0, yorza)"-

This general case implies some long computations, but we can again consider the
case when P = O is the origin. In this case we obtain

b2e?(k cos usinv + a)

Tlupv),= TREEHE sinwv cos
be? (k cos u si
(5.2) plu,v) ylu,v) = g (||§:}qu;1r|1; i) sinwsinu
YA ab?c(k cosusinv + a) o
z(u,v) = AL CoS V.

From (3.4) we can see that

2344 ; 2
5% . a“b'e! (kcosusinv + a)
5.3 a%a? ¥hy? + 2% =

(5:3) 4 |8y x Sl

On the other hand,

ab*c*(kcosusinv + a)

5.4 x? 242 —kr=
(5.4) T+ Yy + T T

and by comparing (5.3) and (5.4) we get the implicit cquation of the pedal surface:
(5.5) (@® + y* + 2% — k2)? = a®2? + b%y? + 222

Finding an explicit form of general conditions for the strongly convexity of the
ellipsoid pedal involves some long computations, that we omit. Some numerical sim-
ulations show that for instance, in the case & = 1/3, a = b =2, ¢ = 6, we indeed
obtain a strongly convex surface, see Figure 4.
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Figure 4: The convex pedal surface of an cllipsoid, with pedal point at origin, for
k=1/3,a=b=2, ¢= 6 and the non-convex case for k = 1/3;a=b=2c=4.

5.2.2 The Finsler metric

] % , (e i kho v low I i 22 fyts?
Applying Okubo’s method to (5.5) we obtain the Minkowski norm F = T R

that is clearly the generalization of (3.5).

The Finsler metric corresponding to this indicatrix surface is of the type (3.6),
where ay.ay arc two different Ricmannian metrics. This the gencralization of the
discussion in Section 3.2.

We can summarize

Theorem 5.3. The Finsler metric on a three dimensional manifold M whose indi-
catriz is gwen by the pedal surface of the ellipsoid ("'_k)z + (%)2 + (5)2 = 1 with

a (]

2
origin as pedal point is of type F = 3313, where oy, o are two different Riemannian
metrics and 3 is a linear form in TM. This Finsler metric is strongly convez subject
to some conditions fora, b, ¢ and k.

Remark 5.2. Similarly with the sphere case, without giving here the conerete com-
putations, one can easily sce that the same formulas are true for the arbitrary dimen-
sional case as well.

The Finsler metric on an n-dimensional manifold M whose indicatrix is given by
the pedal hypersurface of an ellipsoid with origin as pedal point is a slope type metric
B = f_l?, where o, oy are two different Riemannian metrics on M and 2 a linear
one form on TM. This Finsler metric is strongly convex for some further conditions
on the constants giving the axes of the cllipsoid and the coordinates of its center.
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