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Abstract

SIPSFMJOF FWPMVUJPO QSFEJDUJPO JT VTFE UP JOWFTUJHBUF UIF CFBDI UPQPHSBQIZ JO UIF
GVUVSF. TIFSF BSF UISFF QIFOPNFOB HJWF B MBSHF FGGFDU UP UIF DPBTUBM TUSVDUVSF TVDI BT UIF
FSPTJPO, UIF BDDSFUJPO BOE UIF XBUFS MFWFM DIBOHFT. IO UIJT SFTFBSDI, XF JOUSPEVDF B HPW-
FSOJOH FRVBUJPO PG B POF-EJNFOTJPOBM TIPSFMJOF FWPMVUJPO NPEFM. TIF JOUSPEVDFE NPEFM
JT B USBOTJFOU POF-MJOF NPEFM. TIF NBOJQVMBUJPO PG QIZTJDBM QBSBNFUFST GPS UIF NPEFM JT
QSPQPTFE. TIF TFUUJOH NFUIPE PG UIF JOJUJBM DPOEJUJPO BOE UIF CPVOEBSZ DPOEJUJPOT UFDI-
OJRVFT BSF BMTP QSPQPTFE. TIF USBEJUJPOBM GPSXBSE UJNF DFOUFSFE TQBDF NFUIPE BOE UIF
VODPOEJUJPOBMMZ TUBCMF SBVMZFW ųOJUF EJGGFSFODF NFUIPET BSF FNQMPZFE UP BQQSPYJNBUF
UIF TIPSFMJOF FWPMVUJPO JO FBDI ZFBS. TIF QSPQPTFE OVNFSJDBM NPEFMT HJWF QSBDUJDBMMZ
TJNVMBUJPO GPS MPOH-UFSN TIPSFMJOF FWPMVUJPO JOWFTUJHBUJPO.
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J

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



Acknowledgements

I XPVME MJLF UP UIBOL UIF NBOZ QFPQMF XIP IFMQFE NF SFBDI UIJT QPJOU. MZ
BEWJTPS ATTU. PSPG. DS. NPQQBSBU PPDIBJ, GPS UBLJOH NF PO BT B TUVEFOU, JOUSPEVDJOH NF
UP NBUIFNBUJDT BOE NFUIPEPMPHZ LOPXMFEHF BOE FOEVSJOH NZ GSFRVFOU USBEJOFTT. ATTU.
PSPG. DS. NPQQBSBU PPDIBJ, GPS HJWF NF B TDIPMBSTIJQ. MZ GBNJMZ OP NBUUFS XIFSF I IBWF
HPOF, IPNF IBT BMXBZT CFFO XJUI ZPV. MZ DMBTTNBUF GPS PVS GSJFOETIJQ, TVQQPSUJWFOFTT
BOE IFMQJOH NF ųOE NZ XBZ UISPVHI HSBEVBUF.

PJEPL UOZBQPUJ

JJ

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



Table of Contents
Page

ACTUSBDU JO EOHMJTI....................................................................................................................................... J
ADLOPXMFEHFNFOUT .................................................................................................................................... JJ
TBCMF PG CPOUFOUT ....................................................................................................................................... JJJ
LJTU PG TBCMFT................................................................................................................................................. W
LJTU PG FJHVSFT................................................................................................................................................ WJJ
Chapter 1. Introduction ........................................................................................................................ 1

1.1 RFTFBSDI MPUJWBUJPO ................................................................................................. 1
1.2 LJUFSBUVSF RFWJFX ....................................................................................................... 3
1.3 OCKFDUJWFT PG UIF TUVEZ ........................................................................................... 4
1.4 SDPQFT PG UIF TUVEZ.................................................................................................. 4
1.5 MFUIPEPMPHZ ............................................................................................................... 5
1.6 BFOFųUT PG UIF TUVEZ ................................................................................................ 5
1.7 PMBO PG UIF UIFTJT ....................................................................................................... 5

Chapter 2. Shoreline evolution model ......................................................................................... 7
2.1 GPWFSOJOH FRVBUJPO................................................................................................... 7
2.2 PIZTJDBM QBSBNFUFST ................................................................................................. 8
2.3 PIZTJDBM QBSBNFUFST TFUUJOH UFDIOJRVFT............................................................ 9
2.4 IOJUJBM BOE CPVOEBSZ DPOEJUJPOT TFUUJOH............................................................. 11

2.4.1 SUSBJHIU INQFSNFBCMF HSPJO TZTUFN ....................................................... 11
2.4.2 SUSBJHIU INQFSNFBCMF UXJO-HSPJO TZTUFN ............................................. 12

2.5 NVNFSJDBM UFDIOJRVFT .............................................................................................. 12
2.5.1 EWFO GSJE SZTUFN.......................................................................................... 13
2.5.2 TSBEJUJPOBM GPSXBSE UJNF DFOUFSFE TQBDF UFDIOJRVFT..................... 16
2.5.3 AO VODPOEJUJPOBMMZ SBVMZFW ųOJUF EJGGFSFODF UFDIOJRVFT.............. 16

Chapter 3. A long term shoreline evolution with a single groin structure and
their numerical precision testing ...................................................................................................... 17

3.1 SIPSFMJOF FWPMVUJPO NPEFM .................................................................................... 17
3.2 NVNFSJDBM UFDIOJRVFT GPS TIPSFMJOF FWPMVUJPO NPEFM ................................ 17

3.2.1 TSBEJUJPOBM GPSXBSE UJNF DFOUFSFE TQBDF UFDIOJRVFT BQQMJFE
UP TIPSFMJOF FWPMVUJPO NPEFM ...................................................................... 17

3.2.2 AO VODPOEJUJPOBMMZ SBVMZFW ųOJUF EJGGFSFODF UFDIOJRVFT BQ-
QMJFE UP TIPSFMJOF FWPMVUJPO NPEFM........................................................... 18

3.3 IOJUJBM BOE CPVOEBSZ DPOEJUJPOT TFUUJOH............................................................. 19
3.3.1 SUSBJHIU INQFSNFBCMF HSPJO TZTUFN ....................................................... 19

3.4 NVNFSJDBM FYQFSJNFOUT............................................................................................ 21

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



Chapter 4. A long term shoreline evolution with a twin groins structure and
their parameter setting techniques ................................................................................................. 29

4.1 SIPSFMJOF FWPMVUJPO NPEFM .................................................................................... 29
4.2 NVNFSJDBM UFDIOJRVFT GPS TIPSFMJOF FWPMVUJPO NPEFM ................................ 30

4.2.1 TSBEJUJPOBM GPSXBSE UJNF DFOUFSFE TQBDF UFDIOJRVFT BQQMJFE
UP TIPSFMJOF FWPMVUJPO NPEFM ...................................................................... 30

4.2.2 AO VODPOEJUJPOBMMZ SBVMZFW ųOJUF EJGGFSFODF UFDIOJRVFT BQ-
QMJFE UP TIPSFMJOF FWPMVUJPO NPEFM........................................................... 31

4.2.3 TIF FNQMPZNFOU PG USBEJUJPOBM GPSXBSE UJNF DFOUFSFE TQBDF
UFDIOJRVFT UP UIF MFGU BOE UIF SJHIU CPVOEBSZ DPOEJUJPOT ............... 32

4.3 IOJUJBM BOE CPVOEBSZ DPOEJUJPOT TFUUJOH............................................................. 32
4.3.1 SUSBJHIU INQFSNFBCMF UXJO-HSPJO TZTUFN ............................................. 32

4.4 PIZTJDBM QBSBNFUFST TFUUJOH UFDIOJRVFT............................................................ 33
4.5 NVNFSJDBM FYQFSJNFOUT............................................................................................ 35

Chapter 5. Discussion and Conclusion.......................................................................................... 44
5.1 DJTDVTTJPO...................................................................................................................... 44
5.2 CPODMVTJPO.................................................................................................................... 45
5.3 FVSUIFS TUVEZ ............................................................................................................... 45

RFGFSFODFT ..................................................................................................................................................... 46
AQQFOEJY/AQQFOEJDFT ............................................................................................................................... 48
AQQFOEJY A .................................................................................................................................................... 49
AVUIPS BJPHSBQIZ......................................................................................................................................... 55

JW

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



List of Tables
Table Page

2.1 PBSBNFUFST PG TBOE USBOTQPSU SBUF [19], [20], [21], [22]. ............................................ 9
2.2 TIF XBWF HSPVQ WFMPDJUZ BOE UIF XBWF IFJHIU [23]. ................................................. 10
2.3 TIF BNQMJUVEF PG UIF MPOH-TIPSF USBOTQPSU SBUFT BOE UIF MPOH-TIPSF USBOT-

QPSU SBUFT.................................................................................................................................... 10
2.4 A DPNQBSJTPO CFUXFFO BOBMZUJDBM BOE OVNFSJDBM TPMVUJPO [25]. .......................... 13

3.1 TIFPSFUJDBM TPMVUJPO PG TIPSFMJOF FWPMVUJPO. ................................................................ 23
3.2 AQQSPYJNBUFE TIPSFMJOF FWPMVUJPO BMPOH 15 ZFBST VTJOH UIF USBEJUJPOBM GPS-

XBSE UJNF DFOUFSFE TQBDF UFDIOJRVFT (∆x = 100 (m ) , ∆t = 1 (day)). ................ 24
3.3 AQQSPYJNBUFE TIPSFMJOF FWPMVUJPO BMPOH 15 ZFBST VTJOH UIF SBVMZFW UFDI-

OJRVFT (∆x = 100 (m ) , ∆t = 1 (day)). ............................................................................... 25
3.4 ACTPMVUF FSSPS PG TIPSFMJOF FWPMVUJPO XIFO UIF USBEJUJPOBM GPSXBSE UJNF

DFOUFSFE TQBDF UFDIOJRVFT BOE SVBMZFW UFDIOJRVFT BSF VTFE 1-9 ZFBST. ........ 26
3.5 ACTPMVUF FSSPS PG TIPSFMJOF FWPMVUJPO XIFO UIF USBEJUJPOBM GPSXBSE UJNF

DFOUFSFE TQBDF UFDIOJRVFT BOE SVBMZFW UFDIOJRVFT BSF VTFE 10-15 ZFBST. ... 27
3.6 TIF DPNQBSJTPO PG UIF TUBCJMJUZ JO FBDI HSJE TQBDJOH TJ[FT..................................... 28

4.1 PBSBNFUFST PG TBOE USBOTQPSU SBUF [19], [20], [21], [22]. ............................................ 34
4.2 TIF XBWF HSPVQ WFMPDJUZ BOE UIF XBWF IFJHIU [23]. ................................................. 34
4.3 TIF BNQMJUVEF PG UIF MPOH-TIPSF USBOTQPSU SBUFT BOE UIF MPOH-TIPSF USBOT-

QPSU SBUFT.................................................................................................................................... 35
4.4 AQQSPYJNBUFE TIPSFMJOF FWPMVUJPO BMPOH 15 ZFBST VTJOH UIF USBEJUJPOBM GPS-

XBSE UJNF DFOUFSFE TQBDF UFDIOJRVFT L JT 100 N..................................................... 40
4.5 AQQSPYJNBUFE TIPSFMJOF FWPMVUJPO BMPOH 15 ZFBST VTJOH UIF SBVMZFW ųOJUF

EJGGFSFODF UFDIOJRVFT L JT 100 N...................................................................................... 40
4.6 AQQSPYJNBUFE TIPSFMJOF FWPMVUJPO BMPOH 15 ZFBST VTJOH UIF USBEJUJPOBM GPS-

XBSE UJNF DFOUFSFE TQBDF UFDIOJRVFT L JT 200 N..................................................... 40
4.7 AQQSPYJNBUFE TIPSFMJOF FWPMVUJPO BMPOH 15 ZFBST VTJOH UIF SBVMZFW ųOJUF

EJGGFSFODF UFDIOJRVFT L JT 200 N...................................................................................... 41
4.8 AQQSPYJNBUFE TIPSFMJOF FWPMVUJPO BMPOH 15 ZFBST VTJOH UIF USBEJUJPOBM GPS-

XBSE UJNF DFOUFSFE TQBDF UFDIOJRVFT L JT 300 N..................................................... 41
4.9 AQQSPYJNBUFE TIPSFMJOF FWPMVUJPO BMPOH 15 ZFBST VTJOH UIF SBVMZFW ųOJUF

EJGGFSFODF UFDIOJRVFT L JT 300 N...................................................................................... 42
4.10 AQQSPYJNBUFE TIPSFMJOF FWPMVUJPO BMPOH 15 ZFBST VTJOH UIF USBEJUJPOBM GPS-

XBSE UJNF DFOUFSFE TQBDF UFDIOJRVFT L JT 400 N..................................................... 42

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



4.11 AQQSPYJNBUFE TIPSFMJOF FWPMVUJPO BMPOH 15 ZFBST VTJOH UIF SBVMZFW ųOJUF
EJGGFSFODF UFDIOJRVFT L JT 400 N...................................................................................... 43

WJ

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



List of Figures
Figure Page

1.1 WBTIBXBZ BFBDI TIPSFMJOF [1]........................................................................................... 1
1.2 BSFBLXBUFS [2]........................................................................................................................... 2
1.3 TFBXBMM [2] .................................................................................................................................. 2
1.4 GSPJO [2] ...................................................................................................................................... 3

2.1 BSFBLJOH XBWF DSFTUT JNQBDU BOHMF................................................................................... 8
2.2 SIPSFMJOF QIZTJDBM QBSBNFUFST........................................................................................... 9
2.3 IOJUJBM TIPSFMJOF XJUI DPOųHVSBUJPO TUSBJHIU JNQFSNFBCMF HSPJO ............................ 11
2.4 IOJUJBM TIPSFMJOF......................................................................................................................... 11
2.5 IOJUJBM TIPSFMJOF XJUI DPOųHVSBUJPO TUSBJHIU JNQFSNFBCMF UXJO-HSPJO .................. 12
2.6 IOJUJBM TIPSFMJOF......................................................................................................................... 12
2.7 AO FWFO HSJE-TQBDJOH TZTUFN............................................................................................... 14
2.8 DJSFDU BQQSPYJNBUJPOT PG EFSJWBUJWFT. .............................................................................. 15

3.1 SUFODJM EJBHSBN PG GPSXBSE DFOUSBM TQBDF ųOJUF EJGGFSFODF UFDIOJRVF................ 18
3.2 SUFODJM EJBHSBN PG SBVMZFW ųOJUF EJGGFSFODF UFDIOJRVF............................................ 18
3.3 IOJUJBM TIPSFMJOF XJUI DPOųHVSBUJPO TUSBJHIU JNQFSNFBCMF HSPJO ............................ 19
3.4 IOJUJBM TIPSFMJOF......................................................................................................................... 19
3.5 IOJUJBM TIPSFMJOF......................................................................................................................... 20
3.6 FVODUJPO...................................................................................................................................... 20
3.7 SIPSFMJOF FWPMVUJPO 0-7 ZFBST ............................................................................................ 22
3.8 SIPSFMJOF FWPMVUJPO 8-15 ZFBST .......................................................................................... 22

4.1 SUFODJM EJBHSBN PG GPSXBSE DFOUSBM TQBDF ųOJUF EJGGFSFODF UFDIOJRVF................ 31
4.2 SUFODJM EJBHSBN PG SBVMZFW ųOJUF EJGGFSFODF UFDIOJRVF............................................ 31
4.3 IOJUJBM TIPSFMJOF XJUI DPOųHVSBUJPO TUSBJHIU JNQFSNFBCMF UXJO-HSPJO .................. 33
4.4 IOJUJBM TIPSFMJOF......................................................................................................................... 33
4.5 IOJUJBM TIPSFMJOF......................................................................................................................... 34
4.6 SIPSFMJOF FWPMVUJPO XJUI EJTUBODF CFUXFFO HSPJO L = 100 m 0-7 ZFBST ............. 36
4.7 SIPSFMJOF FWPMVUJPO XJUI EJTUBODF CFUXFFO HSPJO L = 100 m 8-15 ZFBST........... 36
4.8 SIPSFMJOF FWPMVUJPO XJUI EJTUBODF CFUXFFO HSPJO L = 200 m 0-7 ZFBST ............. 37
4.9 SIPSFMJOF FWPMVUJPO XJUI EJTUBODF CFUXFFO HSPJO L = 200 m 8-15 ZFBST........... 37
4.10 SIPSFMJOF FWPMVUJPO XJUI EJTUBODF CFUXFFO HSPJO L = 300 m 0-7 ZFBST ............. 38
4.11 SIPSFMJOF FWPMVUJPO XJUI EJTUBODF CFUXFFO HSPJO L = 300 m 8-15 ZFBST........... 38
4.12 SIPSFMJOF FWPMVUJPO XJUI EJTUBODF CFUXFFO HSPJO L = 400 m 0-7 ZFBST ............. 39
4.13 SIPSFMJOF FWPMVUJPO XJUI EJTUBODF CFUXFFO HSPJO L = 400 m 8-15 ZFBST........... 39

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



Chapter 1
Introduction

1.1 Research Motivation
TIBJMBOE IBT EJTUBODF PG TIPSFMJOF JT 3,148.23 LJMPNFUFST. WIJDI IBT CFFO VTFE JO

UIF BSFB PG BDUJWJUJFT TVDI BT UPVSJTN, ųTIFSZ, BRVBDVMUVSF BOE DPNNVOJUZ TPVSDF. BFBDI
BSFB JT JNQPSUBOU UP QFPQMF’T EBJMZ MJGF BOE UPVSJTN CVTJOFTT. IG CFBDI BSFBT BSF DIBOHFE,
JU XJMM BGGFDU UIF QFPQMF MJWF JO UIF BSFB BOE UPVSJTN CVTJOFTT. IO 30 ZFBST BHP UIF FOUJSF
DPBTUBM BSFB PG TIBJMBOE IBT CFFO FSPEFE JO B UPUBM PG 180.8672 TRVBSF LJMPNFUFS. TIF
SBUF PG DPBTUBM FSPTJPO PO UIF GVMG PG TIBJMBOE BOE UIF AOEBNBO BWFSBHF PG NPSF UIBO
5.0 NFUFST QFS ZFBS. BFBDI FSPTJPO JT JNQPSUBOU QSPCMFN. BFBDI FSPTJPO JT B OBUVSBM
QSPDFTT XIJDI PDDVST XIFOFWFS TFB XBWFT PS XJOE NPWFT UIF NBUFSJBM PGG UIF TIPSFMJOF.
TIF OBUVSBM QSPDFTTFT BGGFDUJOH DPBTUBM FSPTJPO JT SJTJOH TFB MFWFMT. TIF FSPTJPO PG UIF
DMJGGT IBT EFDSFBTFE IBT SFEVDFE UIF BNPVOU PG NBUFSJBM JOUP TIPSFMJOF, TFWFSF XJOE XBWF
BCOPSNBM, XBUFS DVSSFOU IBT DIBOHFE OBUVSBMMZ BOE UIF EJSFDUJPO PG UIF XBWF DIBOHFT.

(a) JVOF 1990 (b) SFQ 2011

(c) AVH 2016

Figure 1.1: WBTIBXBZ BFBDI TIPSFMJOF [1]
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IO PSEFS UP QSFWFOU CFBDI FSPTJPO BOE CFBDI EFQPTJUJPO TP JU IBT EFWJTFE B CSFBL-
XBUFS, TFBXBMM BOE HSPJO.

Figure 1.2: BSFBLXBUFS [2]

A CSFBLXBUFS JT TUSVDUVSF CVJMU PVU JOUP UIF TFB XJUI UIF QVSQPTF PG DSFBUJOH B
TBGF IBSCPS, NBSJOB PS BODIPSBHF GPS ųTIJOH WFTTFMT, BOE QSPUFDUJOH UIF DPBTU GSPN QPX-
FSGVM TXFMMT BOE XBWFT. BSFBLXBUFS BSF PGUFO DPOTUSVDUFE OFBS UIF DPBTU JO QBSBMMFM PS
QFSQFOEJDVMBSMZ.

Figure 1.3: TFBXBMM [2]

A TFBXBMM JT B MBSHF CBSSJFS CVJMU BMPOH UIF TIPSFMJOF UP QSPUFDU DPBTUBM DPNNVOJUJFT
BHBJOTU ŴPPEJOH BOE NJUJHBUF UIF FGGFDUT PG FSPTJPO.
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Figure 1.4: GSPJO [2]

A HSPJO JT B NFEJVN-TJ[FE BSUJųDJBM TUSVDUVSF CVJMU QFSQFOEJDVMBS UP UIF TIPSFMJOF.
IU JT CVJMU JO TFSJFT UIBU XPSL UPHFUIFS UP DBUDI TFEJNFOUT JO UIF TVSG [POF CSPVHIU CZ
MPOHTIPSF ESJGU.

1.2 Literature Review
IO [3], UIFZ QSPQPTF NPEFSO BQQSPBDI UP GVODUJPOBM HSPJO EFTJHO JT EFNPOTUSBUFE

CZ VTJOH UIF GENESIS TIPSFMJOF SFTQPOTF NPEFM UP TJNVMBUF UIF BDUJPO PG TJOHMF BOE NVMUJ-
QMF HSPJOT. TIF SFQPSU QSFEJDUJPOT BSF UFTUFE JO SFQSPEVDJOH TIPSFMJOF DIBOHF PCTFSWFE BU
UIF 15 HSPJOT BU WFTUIBNQUPO, LPOH ITMBOE, NFX YPSL. IO [4] SFQPSUFE PO DIBOHFT JO CFBDI
QSPųMF EVF UP UIF DPOTUSVDUJPO PG TJOHMF [JH[BH UZQF PG QPSPVT HSPJOT OBNFE GROPOZAG. IO
[5], UIFZ QSPQPTFE UIF ONELINE NPEFMJOH TZTUFN BOE TIPX JUT DBQBCJMJUJFT UISPVHI NPEFM
UFTUJOH BOE DBTF TUVEJFT. TIJT PVUMJOFT UXP DBTF TUVEJFT JO XIJDI DPNQMFY DPOųHVSBUJPOT
PG UIF CFBDI TZTUFN BSF TJNVMBUFE. TIF ųSTU POF GFBUVSFT B HSPJO ųFME BU SFB ITMF CJUZ,
NFX JFSTFZ BMPOH UIF EBTU CPBTU PG UIF UOJUFE SUBUFT. TIF TFDPOE JT BMPOH UIF NJMF DFMUB
CPBTU JO EHZQU. IO [6], UIFZ QSPQPTFE POF-MJOF NPEFMJOH DPODFQU IBT CFFO FYUFOEFE UP
BDIJFWF MPOH-UFSN DPBTUMJOF FWPMVUJPO QSFEJDUJPOT, BT XFMM BT UP TVQQPSU BOE EFMJWFS CFU-
UFS DPBTUBM FOHJOFFSJOH TPMVUJPOT UP DPOUSPM FSPTJPO. TIF NPEFM IBT CFFO BQQMJFE UP UXP
PPSUVHVFTF OPSUIXFTU DPBTUBM TUSFUDIFT: AWFJSP BOE FJHVFJSB EB FP[. TIF SFTVMUT BMMPX UIF
LFZ QPUFOUJBM DPOTFRVFODFT PG DPOUJOVJOH FSPTJPO UP CF FWBMVBUFE RVBMJUBUJWFMZ.

IO PSEFS UP JOWFTUJHBUF PG CFBDI FSPTJPO BOE CFBDI EFQPTJUJPO JT OFFEFE RVBMJUB-
UJWF VOEFSTUBOEJOH PG JEFBMJ[FE TIPSFMJOF SFTQPOTF UP UIF HPWFSOJOH QSPDFTT. AOBMZUJDBM
TPMVUJPO PSJHJOBUJOH GSPN B NBUIFNBUJDBM NPEFM XIJDI EFTDSJCFT UIF CBTJD QIZTJDT JT UIF
POF UPPM UP VOEFSTUBOEJOH JU. MBOZ BVUIPST PCUBJOFE BO BOBMZUJDBM TPMVUJPO UP TIPSFMJOF
FWPMVUJPO CZ VTJOH B TJNQMF NBUIFNBUJDBM GPSNVMB. TIF POF-MJOF UIFPSZ XBT JOUSPEVDFEThis material is reserved for educational use only, not allowed for commercial use. 
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CZ NBOZ BVUIPST, TFWFSBM DPOUSJCVUPST JO UIF BOBMZUJDBM TPMVUJPO PG TIPSFMJOF FWPMVUJPO
JODMVEF GSJKN [7], [8], BBLLFS BOE EEFMNBO [9], BBLLFS [10], LF MBIVUF BOE SPMEBUF [11],
WBMUPO BOE CIJV [12], BOE LBSTPO FU BM. [13]. TIF BOBMZUJDBM TPMVUJPO DBOOPU CF FYQFDUFE
UP QSPWJEF RVBOUJUBUJWFMZ BDDVSBUF TPMVUJPOT UP QSPCMFNT JOWPMWJOH DPNQMFY CPVOEBSZ DPO-
EJUJPOT BOE XBWF JOQVUT. IO UIF SFBM TJUVBUJPO, B OVNFSJDBM NPEFM PG TIPSFMJOF FWPMVUJPO
XPVME CF NPSF BQQSPQSJBUF.

A HFOFSBM FYQSFTTJPO GPS UIF MPOH-TIPSF TBOE USBOTQPSU SBUF XBT EFWFMPQFE CZ
UIF US ASNZ CPSQ [14]. TIF FNQJSJDBM QSFEJDUJWF GPSNVMB GPS UIF BNQMJUVEF PG UIF MPOH-
TIPSF TBOE USBOTQPSU SBUF QSFTFOUFE CZ L. X. HPBO [15]. IO [16], UIFZ IBWF FYBNJOFE
BOE QSFTFOUFE UXP OVNFSJDBM TDIFNFT PG TIPSFMJOF FWPMVUJPO GPS TJNQMJųFE DPOųHVSBUJPO
CFBDI. IO [17], [18], UIFZ IBWF VTFE UIF DPOEJUJPOBMMZ TUBCMF FYQMJDJU ųOJUF EJGGFSFODF
NFUIPET UP BQQSPYJNBUF UIFJS NPEFM TPMVUJPOT.

IO UIJT SFTFBSDI, UIF HPWFSOJOH FRVBUJPO PG B POF-EJNFOTJPO TIPSFMJOF FWPMVUJPO
NPEFM JT JOUSPEVDFE. WF XJMM BMTP QSPQPTF UFDIOJRVFT PG QIZTJDBM QBSBNFUFST, UIF JOJUJBM
DPOEJUJPO BOE CPVOEBSZ DPOEJUJPOT TFUUJOH. FJOJUF EJGGFSFODF UFDIOJRVFT XJMM CF VTFE UP
BQQSPYJNBUF UIF NPEFM TPMVUJPO.

1.3 Objectives of the study
1) WF XJMM JOUSPEVDF B TIPSFMJOF FWPMVUJPO NPEFM.

2) WF XJMM JOUSPEVDF B TIPSFMJOF FWPMVUJPO NPEFM JO MPOH QFSJPE PG UJNF.

3) WF XJMM JOUSPEVDF QBSBNFUFST TFUUJOH.

4) WF XJMM QSPQPTF OVNFSJDBM NFUIPET UIBU JT VTFE UP BQQSPYJNBUF TPMVUJPO PG BO
JOUSPEVDFE TIPSFMJOF FWPMVUJPO JO MPOH QFSJPE PG UJNF.

5) SFWFSBM TIPSFMJOF FWPMVUJPO TDFOBSJPT XJMM CF TJNVMBUFE.

1.4 Scopes of the study
1) OOF-EJNFOTJPOBM JO TQBDF NPEFM PG TIPSFMJOF FWPMVUJPO JT GPDVTFE.

2) TIF BWFSBHF CFSN IFJHIU PG UIF DPOTJEFSFE TIPSFMJOF BSF HJWFO.

3) TIF BWFSBHF DMPTVSF EFQUI PG UIF DPOTJEFSFE TIPSFMJOF BSF HJWFO.

4) TIF BNQMJUVEF PG UIF MPOH-TIPSF TBOE USBOTQPSU SBUF PG UIF DPOTJEFSFE TIPSFMJOF BSF
HJWFO.

5) SBOE USBOTQPSU SBUF GVODUJPO PG UIF DPOTJEFSFE TIPSFMJOF BSF HJWFO.

6) TIF NFBTVSFE JOJUJBM TIPSFMJOF GVODUJPO BSF HJWFO.

7) TIF NFBTVSFE HSPJO TZTUFN EJNFOTJPO BSF HJWFO.
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1.5 Methodology
1) TP SFWJFX SFMBUFE SFTFBSDI BSUJDMFT.

2) TP GPDVT UIF NFBOJOH PG SFMBUFE QBSBNFUFST.

3) TP FNQMPZ OVNFSJDBM NFUIPE TVDI BT ųOJUF EJGGFSFODF NFUIPE.

4) MATLAB QSPHSBNJOH XJMM CF DPOTUSVDU.

5) TIF TJNVMBUJPO PG TIPSFMJOF FWPMVUJPO JO EJGGFSFOU TDFOBSJPT BSF UFTUFE.

6) NVNFSJDBM TPMVUJPO WJTVBMJ[BUJPO XJMM CF JMMVTUSBUFE.

1.6 Benefits of the study
1) WF DBO NFBTVSF TIPSFMJOF FWPMVUJPO JO MPOH SVO.

2) WF DBO GPSFDBTU WBMVF PG HSPJO TZTUFN.

1.7 Plan of the thesis

CIBQUFS 1 : RFTFBSDI NPUJWBUJPO BOE MJUFSBUVSF SFWJFX.
CIBQUFS 2 : SIPSFMJOF FWPMVUJPO NPEFM.
CIBQUFS 3 : NVNFSJDBM NFUIPET.
CIBQUFS 4 : SIPSFMJOF FWPMVUJPO TJNVMBUJPO.
CIBQUFS 5 : DJTDVTTJPO BOE DPODMVTJPO.
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Chapter 2
Shoreline evolution model

2.1 Governing equation
IO UIF POF-MJOF NPEFM, UIF CFBDI QSPųMF JT BTTVNFE UP NPWF MBOEXBSE BOE TFB-

XBSE XIJMF SFUBJOJOH UIF TBNF TIBQF, JNQMZJOH UIBU BMM CPUUPN DPOUPVST BSF QBSBMMFM.
CPOTFRVFOUMZ, VOEFS UIJT BTTVNQUJPO JU JT TVGųDJFOU UP TQFDJGZ UIF IPSJ[POUBM MPDBUJPO PG
UIF QSPųMF XJUI SFTQFDU UP CBTFMJOF, BOE POF DPOUPVS MJOF DBO CF VTFE UP EFTDSJCF DIBOHFT
JO UIF CFBDI QMBO TIBQF BOE WPMVNF BT UIF CFBDI FSPEFT BOE BDDSFUFT. TIF NBKPS BT-
TVNQUJPO PG UIF NPEFM JT UIF TBOE JT USBOTQPSUFE BMPOHTIPSF CFUXFFO UXP XFMM-EFųOFE
MJNJUJOH FMFWBUJPOT PO UIF QSPųMF. OOF DPOUSJCVUJPO UP UIF WPMVNF DIBOHF SFTVMUT JG UIFSF
JT B EJGGFSFODF JO UIF BMPOHTIPSF TBOE USBOTQPSU SBUF BU UIF MBUFSBM TJEFT PG UIF TFDUJPO BOE
UIF BTTPDJBUFE UIF TBOE DPOUJOVJUZ. TIF QSJODJQMFT PG NBTT DPOTFSWBUJPO NVTU BQQMZ UP UIF
TZTUFN BU BMM UJNFT. BZ DPOTJEFSJOH BCPWF EFųOJUJPOT, UIF GPMMPXJOH EJGGFSFOUJBM FRVBUJPO
GPS TIPSFMJOF FWPMVUJPO JT PCUBJOFE,

∂y

∂t
=

1

DB +DC

(
−∂Q

∂x

)
, (2.1)

XIFSF x JT UIF BMPOHTIPSF DPPSEJOBUF (m); y JT UIF TIPSFMJOF QPTJUJPOT (m) BOE QFSQFOEJDVMBS
UP Y-BYJT; t JT UJNF (day); Q JT UIF MPOH-TIPSF TBOE USBOTQPSU SBUF (m3/day); DB JT UIF BWFSBHF
CFSN IFJHIU (m) BOE DC JT UIF DMPTVSF EFQUI(m) BT TIPX JO FJH 2.2.

IO PSEFS UP TPMWF UIF ER (2.1), OFDFTTBSZ UP TQFDJGZ BO FYQSFTTJPO GPS UIF MPOHTIPSF
TBOE USBOTQPSU SBUF (Q). TIJT RVBOUJUZ JT DPOTJEFSFE UP CF HFOFSBUFE CZ UIF XBWF PCMJRVFMZ
JODJEFOU UP UIF TIPSFMJOF. A HFOFSBM FYQSFTTJPO GPS UIF MPOH-TIPSF TBOE USBOTQPSU SBUF XBT
EFWFMPQFE CZ UIF US ASNZ CPSQ [14] :

Q = Q0 TJO(2αb), (2.2)

XIFSF Q0 JT UIF BNQMJUVEF PG UIF MPOH-TIPSF TBOE USBOTQPSU SBUF. αb JT UIF BOHMF CFUXFFO
CSFBLJOH XBWF DSFTU JNQBDU BOHMF BOE MPDBM TIPSFMJOF. TIF FNQJSJDBM QSFEJDUJWF GPSNVMB
GPS UIF BNQMJUVEF PG UIF MPOH-TIPSF TBOE USBOTQPSU SBUF JT [15] :

Q0 =
ρ

16
(H2

b cgb)
K

(ρs − ρ)(1− n)
, (2.3)

XIFSF UIF TVCTDSJQU b EFOPUFT WBMVF BU UIF QPJOU PG CSFBLJOH, cg JT UIF XBWF HSPVQ WFMPDJUZ,
H JT UIF XBWF IFJHIU, ρs JT UIF EFOTJUZ PG UIF TFEJNFOU (kg/m3), ρ JT UIF EFOTJUZ PG UIF
TFB XBUFS, n JT UIF QPSPTJUZ BOE K JT UIF EJNFOTJPOMFTT DPFGųDJFOU XIJDI JT B GVODUJPO PG
QBSUJDMF TJ[F. TIF RVBOUJUZ αb JT UIF BOHMF CFUXFFO CSFBLJOH XBWF DSFTU BOE MPDBM TIPSFMJOF,
BOE NBZ CF XSJUUFO BT :

αb = α0 − UBO−1

(
∂y

∂x

)
, (2.4)
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XIFSF α0 JT UIF BOHMF CFUXFFO CSFBLJOH XBWF DSFTUT BOE UIF Y-BYJT. FPS CFBDIFT XJUI NJME
TMPQF, JU DBO CF BTTVNFE UIBU CSFBLJOH XBWF BOHMF UP UIF TIPSFMJOF JT TNBMM.
IO UIJT DBTF,

TJO(2αb) ≈ 2αb, (2.5)
BOE

UBO−1

(
∂y

∂x

)
≈ ∂y

∂x
. (2.6)

SVCTUJUVUJOH ER (2.4) JOUP UIF ER (2.2), BOE BTTVNJOH UIF CFBDI XJUI NJME TMPQF ZJFMET :

Q = Q0

(
2αb − 2

∂y

∂x

)
, (2.7)

SVCTUJUVUJOH ER (2.7) JOUP UIF ER (2.1) BOE OFHMFDUJOH UIF TPVSDFT PS TJOLT BMPOH UIF DPBTU
HJWFT :

∂y

∂x
= D

∂2y

∂x2
, (2.8)

GPS BMM(x, t) ∈ (L, T ), XIFSF
D =

2Q0

DB +DC
. (2.9)

ER (2.8) JT BOBMPHPVT UP UIF POF-EJNFOTJPOBM IFBU EJGGVTJPO FRVBUJPO, JU DBO CF TPMWFE
BOBMZUJDBMMZ GPS WBSJPVT JOJUJBM BOE CPVOEBSZ DPOEJUJPOT.

2.2 Physical parameters
PIZTJDBM QBSBNFUFS PG UIF NPEFM DBO CF JMMVTUSBUFE BT TIPX JO FJHVSFT 2.1-2.2 UIBU

BSF MJTUFE CFMPX.
α0 JT UIF JNQBDU BOHMF CFUXFFO CSFBLJOH XBWF DSFTUT BOHMF XJUI UIF Y-BYJT.
Q0 JT UIF BNQMJUVEF PG UIF MPOH-TIPSF TBOE USBOTQPSU SBUF.
DB JT UIF BWFSBHF CFSN IFJHIU.
DC JT UIF BWFSBHF DMPTVSF EFQUI.
L JT BMPOHTIPSF.
T JT UJNF PG TJNVMBUJPO.

Figure 2.1: BSFBLJOH XBWF DSFTUT JNQBDU BOHMF
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Figure 2.2: SIPSFMJOF QIZTJDBM QBSBNFUFST

2.3 Physical parameters setting techniques
ATTVNJOH UIBU UIF EFOTJUZ PG UIF TFEJNFOU (ρs) [19], UIF EFOTJUZ PG TFB XBUFS (ρ)

[20], UIF QPSPTJUZ (n) [21], UIF EJNFOTJPOMFTT DPFGųDJFOU XIJDI JT B GVODUJPO PG QBSUJDMF TJ[F
(K) [22], UIF BWFSBHFE CFSN IFJHIU (DB) BOE UIF DMPTVSF EFQUI (DC ) BSF MJTUFE CFMPXT.

Table 2.1: PBSBNFUFST PG TBOE USBOTQPSU SBUF [19], [20], [21], [22].

TIF EFOTJUZ PG UIF TFEJNFOU (ρs (kg/m3)) 1700
TIF EFOTJUZ PG TFB XBUFS (ρ (kg/m3)) 1020

TIF QPSPTJUZ (n) 0.406
TIF EJNFOTJPOMFTT DPFGųDJFOU XIJDI JT B GVODUJPO PG QBSUJDMF TJ[F (K) 0.375

TIF BWFSBHFE CFSN IFJHIU (DB (m)) 2
TIF DMPTVSF EFQUI (DC (m)) 28
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TIF XBWF HSPVQ WFMPDJUZ (cg) BOE UIF XBWF IFJHIU (H) JO FBDI NPOUI BMPOH B ZFBS JT
NFBTVSFE CZ ųFME EBUB BU HVMG PG TIBJMBOE TVDI UIBU EBUB BSF DPMMFDUFE CZ GFP-IOGPSNBUJDT
BOE SQBDF TFDIOPMPHZ DFWFMPQNFOU AHFODZ (PVCMJD OSHBOJ[BUJPO) (GISTDA) [23] BT MJTUFE
CFMPXT.

Table 2.2: TIF XBWF HSPVQ WFMPDJUZ BOE UIF XBWF IFJHIU [23].

MPOUI cg (m/day) H (m)

JBO 2019 8951.04 1.5
FFC 2019 6998.4 1.5
MBS 2019 5866.56 0.5
AQS 2019 6920.64 1.5
MBZ 2019 5719.68 0.5
JVO 2019 5546.88 0.5
JVM 2018 8225.28 1.5
AVH 2018 9357.12 1.5
SFQ 2018 13711.68 1.5
ODU 2018 15085.44 2.5
NPW 2018 10877.76 1.5
DFD 2018 11396.16 1.5

TIF BNQMJUVEF PG UIF MPOH-TIPSF USBOTQPSU SBUFT (Q0) BSF PCUBJOFE CZ ER (2.3) BOE
UIF MPOH-TIPSF USBOTQPSU SBUFT (D) BSF PCUBJOFE CZ ER (2.9) BT MJTUFE CFMPXT.

Table 2.3: TIF BNQMJUVEF PG UIF MPOH-TIPSF USBOTQPSU SBUFT BOE UIF MPOH-TIPSF USBOTQPSU SBUFT.

MPOUI Q0 (m/day) D (m/day)

JBO 2019 1191.99 79.4659
FFC 2019 931.96 62.1307
MBS 2019 86.80 5.7869
AQS 2019 921.61 61.4403
MBZ 2019 84.63 5.6420
JVO 2019 82.07 5.4716
JVM 2018 1095.34 73.0227
AVH 2018 1246.07 83.071
SFQ 2018 1825.95 121.7301
ODU 2018 5580.26 372.017
NPW 2018 1448.57 96.5710
DFD 2018 1517.60 101.1233

WF TFUUJOH QBSBNFUFST GPS VTF JO UIF GVMG PG TIBJMBOE.
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2.4 Initial and boundary conditions setting
TIF JOJUJBMT TIPSFMJOF JT BTTVNFE UP CF QBSBMMFM UP UIF Y-BYJT. TIF CPVOEBSZ DPOEJ-

UJPOT DBO CF DMBTTJųFE JOUP UXP DBTFT.

2.4.1 Straight Impermeable groin system
SUSBJHIU INQFSNFBCMF HSPJO TZTUFN BT TIPX JO FJHVSF 2.3. ATTVNJOH UIBU UIF CSBLJOH

XBWF BOHMF UP UIF TIPSFMJOF JT BT TIPX JO FJHVSF 2.4. IU GPMMPXT UIBU UIF TBOE USBOTQPSU SBUF
BMPOH UIF TIPSFMJOF JT VOJGPSN. TIF HSPJO JT JOTUBOUBOFPVTMZ BEEFE BU BT TIPX JO FJHVSF
2.4. TIFTF NFBOT UIBU UIF JOJUJBM DPOEJUJPO CFDPNFT

y(x, 0) = h1(x), (2.10)

CPVOEBSZ DPOEJUJPOT BSF BMTP BTTVNFE CZ

y(0, t) = f1(t), (2.11)

BOE
y(L, t) = g1(t), (2.12)

XIFO h(x), f1(t) BOE g1(t) BSF HJWFO GVODUJPOT.

Figure 2.3: IOJUJBM TIPSFMJOF XJUI DPOųHVSBUJPO TUSBJHIU JNQFSNFBCMF HSPJO

Figure 2.4: IOJUJBM TIPSFMJOF
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2.4.2 Straight Impermeable twin-groin system
SUSBJHIU INQFSNFBCMF UXJO-HSPJO TZTUFN BT TIPX JO FJHVSF 2.5. ATTVNJOH UIBU UIF

CSBLJOH XBWF BOHMF UP UIF TIPSFMJOF JT BT TIPX JO FJHVSF 2.6. IU GPMMPXT UIBU UIF TBOE
USBOTQPSU SBUF BMPOH UIF TIPSFMJOF JT VOJGPSN. TIF HSPJO JT JOTUBOUBOFPVTMZ BEEFE BU BT
TIPX JO FJHVSF 2.6. TIFTF NFBOT UIBU UIF JOJUJBM DPOEJUJPO CFDPNFT

y(x, 0) = h2(x), (2.13)

CPVOEBSZ DPOEJUJPOT BSF BMTP BTTVNFE CZ
∂y(0, t)

∂x
= − UBO(α0), (2.14)

BOE
∂y(L, t)

∂x
= − UBO(−α0), (2.15)

XIFO h2(x) BSF HJWFO GVODUJPOT.

Figure 2.5: IOJUJBM TIPSFMJOF XJUI DPOųHVSBUJPO TUSBJHIU JNQFSNFBCMF UXJO-HSPJO

Figure 2.6: IOJUJBM TIPSFMJOF

2.5 Numerical techniques
AT JO PUIFS NBUIFNBUJDBM QSPCMFNT, PDET DBO CF TPMWFE FJUIFS BOBMZUJDBMMZ PS

OVNFSJDBMMZ. DVF UP UIF DPNQMFY OBUVSF PG PDET, WBSJPVT BOBMZUJDBM UFDIOJRVFT TVDI BT
UIF NFUIPE PG TFQBSBUJPO PG WBSJBCMFT BOE UIF JOUFHSBM USBOTGPSNT DBO POMZ CF BQQMJFE UPThis material is reserved for educational use only, not allowed for commercial use. 
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TPNF TJNQMF DBTFT. TBCMF 2.4 TIPXT UIF OBUVSF PG UIF BOBMZUJDBM BOE OVNFSJDBM TPMVUJPOT.

Table 2.4: A DPNQBSJTPO CFUXFFO BOBMZUJDBM BOE OVNFSJDBM TPMVUJPO [25].

AOBMZUJDBM TPMVUJPO NVNFSJDBM TPMVUJPO

SPMVUJPO JT DPOUJOVPVT, J.F. TPMVUJPO BU
BOZ WBMVFT PG UIF JOEFQFOEFOU WBSJBCMFT
DBO CF GPVOE.

SPMVUJPO DBO POMZ CF PCUBJOFE BU
EJTDSFUF HSJE QPJOUT. IOUFSQPMBUJPOT BSF
OFDFTTBSZ UP PCUBJO UIF TPMVUJPO
CFUXFFO UIF HSJE QPJOUT.

EYBDU PS WFSZ BDDVSBUF. AQQSPYJNBUF OVNFSJDBM FSSPST IBWF UP CF
DPOUSPMMFE QSPQFSMZ GPS BDDVSBDZ.

PSPWJEF QIZTJDBM JOTJHIUT JOUP UIF
QSPCMFNT. FPS JOTUBODF, GSFRVFODJFT
BOE NPEF TIBQFT PG WJCSBUJPOT DBO CF
PCUBJOFE FBTJMZ.

PIZTJDBM JOGPSNBUJPO JT NPSF EJGųDVMU
UP CF PCUBJOFE.

DP OPU FYJTU GPS NPTU PG UPEBZ’T
QSBDUJDBM QSPCMFNT EVF UP UIFJS
DPNQMFYJUJFT.

CBO CF PCUBJOFE GPS DPNQMJDBUFE
QSPCMFNT EVF UP UIF BEWBODF JO
DPNQVUFS UFDIOPMPHZ BOE UIF
BWBJMBCJMJUZ PG NPSF TPQIJTUJDBUFE
OVNFSJDBM BMHPSJUINT

TIF MBTU EJGGFSFODF, UPHFUIFS XJUI UPEBZ’T NPSF FDPOPNJDBM DPNQVUFS UFDIOPMPHZ,
IBT NBEF OVNFSJDBM NFUIPET JNQPSUBOU BOE JOEJTQFOTBCMF. TIFSF BSF UXP NBJO HSPVQT
PG OVNFSJDBM NFUIPET GPS TPMWJOH PDET - OBNFMZ UIF ųOJUF-EJGGFSFODF NFUIPE BOE UIF
ųOJUF-FMFNFOU NFUIPE. TIF GPSNFS JT GPS HFOFSBM QVSQPTF XIJMF UIF MBUUFS JT QSJNBSJMZ GPS
TUSVDUVSBM BOBMZTJT QSPCMFNT BMUIPVHI JU XBT SFDFOUMZ FYUFOEFE UP PUIFS OPO-TUSVDUVSBM
BQQMJDBUJPOT TVDI BT ŴVJE ŴPX QSPCMFNT BOE FMFDUSPNBHOFUJTN QSPCMFNT.

IO PVS DPOUFYU, UIF ųOJUF-EJGGFSFODF NFUIPET BSF NBJOMZ DPOTJEFSFE XJUI UIF JODMV-
TJPO PG UIF DMBTTJDBM NFUIPE PG DIBSBDUFSJTUJDT GPS IZQFSCPMJD FRVBUJPOT XIJDI JT OFJUIFS B
ųOJUF-EJGGFSFODF NFUIPE OPS B ųOJUF-FMFNFOU NFUIPE.

2.5.1 Even Grid System
CPOTJEFS BO FWFO HSJE-TQBDJOH TZTUFN JO XIJDI∆x =DPOTUBOU= h BOE∆y =DPOTUBOU=

k BT TIPXO JO FJHVSF 2.7
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Figure 2.7: AO FWFO HSJE-TQBDJOH TZTUFN.

TIF TBZMPS TFSJFT GPS B GVODUJPO u(x, y) FYQBOEFE BCPVU xi BU (xi + h) BOE (xi − h)

BSF SFTQFDUJWFMZ,

u(x+ h, y) = u(x, y) + h
∂u(x, y)

∂x
+

h2

2!

∂2u(x, y)

∂x2
+

h3

3!

∂3u(x, y)

∂x3
+ ... (2.16)

u(x− h, y) = u(x, y)− h
∂u(x, y)

∂x
+

h2

2!

∂2u(x, y)

∂x2
− h3

3!

∂3u(x, y)

∂x3
+ ... (2.17)

XIFSF h, DBMMFE UIF HSJE TJ[F, HSJE TQBDJOH PS TUFQ TJ[F, JT TVGųDJFOUMZ TNBMM GPS UIF TFSJFT UP
CF DPOWFSHFOU.

IOUSPEVDJOH UIF EPVCMF-TVCTDSJQU OPUBUJPO JO XIJDI UIF ųSTU TVCTDSJQU EFOPUFT UIF
x-QPTJUJPO BOE UIF TFDPOE TVCTDSJQU EFOPUFT UIF y-QPTJUJPO, UIF BCPWF FYQSFTTJPOT DBO
CF XSJUUFO BT

ui+1,j = ui,j + h
∂ui,j

∂x
+

h2

2!

∂2ui,j

∂x2
+

h3

3!

∂3ui,j

∂x3
+ ... (2.18)

ui−1,j = ui,j − h
∂ui,j

∂x
+

h2

2!

∂2ui,j

∂x2
− h3

3!

∂3ui,j

∂x3
+ ... (2.19)

FSPN ER 2.18,
∂ui,j

∂x
=

ui+1,j − ui,j

h
− h

2!

∂2ui,j

∂x2
− h2

3!

∂3ui,j

∂x3
+ ... (2.20)

∂ui,j

∂x
=

ui+1,j − ui,j

h
+O(h) (2.21)

LJLFXJTF, GSPN ER 2.19,
∂ui,j

∂x
=

ui,j − ui−1,j

h
− h

2!

∂2ui,j

∂x2
− h2

3!

∂3ui,j

∂x3
+ ... (2.22)

∂ui,j

∂x
=

ui,j − ui−1,j

h
+O(h) (2.23)

HFODF, JG UIF UFSNT DPOUBJOJOH UIF TFDPOE-PSEFS BOE IJHIFS-PSEFS EFSJWBUJWFT BSF
USVODBUFE JO UIFTF FYQSFTTJPOT, XF HFU UIF GPSXBSE EJGGFSFODF BOE CBDLXBSE EJGGFSFODF
BQQSPYJNBUJPOT SFTQFDUJWFMZ GPS UIF ųSTU-PSEFS EFSJWBUJWF. AT h NVTU CF TVGųDJFOUMZ TNBMM
TP UIBU UIF TFSJFT DPOWFSHF, UIF TFDPOE BOE PUIFS USVODBUFE UFSNT BSF NVDI TNBMMFS UIBO
UIF ųSTU USVODBUFE UFSN BOE BMM USVODBUFE UFSNT BSF UIVT XSJUUFO JO UFSNT PG UIF PSEFS PG
NBHOJUVEF PG UIF ųSTU USVODBUFE UFSN. TIFSFGPSF UIF BQQSPYJNBUJPO FSSPST, IFODF LOPXO
BT UIF USVODBUJPO FSSPST, JO ER 2.21 BOE ER 2.23 BSF PG UIF PSEFS PG h BOE BSF XSJUUFO BTThis material is reserved for educational use only, not allowed for commercial use. 
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O(h). TIJT JNQMJFT UIBU UIF USVODBUJPO FSSPST BSF BQQSPYJNBUFMZ QSPQPSUJPOBM UP h CFDBVTF
BMM EFSJWBUJWFT BSF ųYFE GPS B HJWFO QSPCMFN. TIF USVODBUJPO FSSPST BSF UIVT BQQSPYJNBUFMZ
IBMWFE JG h JT IBMWFE. TIFTF ųOJUF-EJGGFSFODF FYQSFTTJPOT BSF TBJE UP CF ųSTU-PSEFS BDDVSBUF.
PIZTJDBMMZ, UIF USVODBUJPO FSSPS SFQSFTFOUT UIF EJGGFSFODF CFUXFFO UIF FYBDU WBMVF PG UIF
EFSJWBUJWF BOE JUT ųOJUF-EJGGFSFODF WBMVF.

IG XF UBLF ER 2.18 - ER 2.19 BOE SFBSSBOHF, XF HFU UIF DFOUSBM EJGGFSFODF
∂ui,j

∂x
=

ui+1,j − ui−1,j

2h
− h2

3!

∂3ui,j

∂x3
+ ... (2.24)

∂ui,j

∂x
=

ui+1,j − ui−1,j

2h
+O(h2) (2.25)

BOE UIF USVODBUJPO FSSPS JT O(h2) BOE JT BQQSPYJNBUFMZ QSPQPSUJPOBM UP h2. TIF DFOUSBM EJG-
GFSFODF JT TFDPOE-PSEFS BDDVSBUF. IO UIJT DBTF, IBMWJOH UIF HSJE TJ[F h XPVME BQQSPYJNBUFMZ
SFEVDF UIF USVODBUJPO FSSPS UP B RVBSUFS PG UIF QSFWJPVT FSSPS. TIF DFOUSBM EJGGFSFODF JT
UIVT NPSF BDDVSBUF UIBO UIF GPSXBSE PS CBDLXBSE EJGGFSFODFT XIJDI NBZ CF TFFO HFP-
NFUSJDBMMZ JO FJHVSF 2.8 JO XIJDI UIF DFOUSBM EJGGFSFODF JT DMPTFTU UP UIF BDUVBM UBOHFOU
SFQSFTFOUJOH UIF ųSTU-PSEFS EFSJWBUJWF.

Figure 2.8: DJSFDU BQQSPYJNBUJPOT PG EFSJWBUJWFT.

IG XF UBLF ER 2.18 + ER 2.19 BOE SFBSSBOHF, XF HFU UIF DFOUSBM EJGGFSFODF GPS UIF
TFDPOE-PSEFS EFSJWBUJWF

∂2ui,j

∂x2
=

ui+1,j − 2ui,j + ui−1,j

h2
+

2h2

4!

∂4ui,j

∂x4
− ... (2.26)

∂2ui,j

∂x2
=

ui+1,j − 2ui,j + ui−1,j

h2
+O(h2) (2.27)

BOE UIF USVODBUJPO FSSPS JT O(h2).
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SJNJMBSMZ,GPS UIF y-EFSJWBUJWFT, XF IBWF
∂ui,j

∂y
=

ui,j+1 − ui,j

k
+O(k) (2.28)

∂ui,j

∂y
=

ui,j − ui,j−1

k
+O(k) (2.29)

∂ui,j

∂y
=

ui,j+1 − ui,j−1

2k
+O(k2) (2.30)

∂2ui,j

∂y2
=

ui,j+1 − 2ui,j + ui,j−1

k2
+O(k2) (2.31)

2.5.2 Traditional forward time centered space techniques
TIF GPSXBSE UJNF DFOUFSFE TQBDF TDIFNFT JT FNQMPZFE. CPOTFRVFOUMZ, UIF ųOJUF

EJGGFSFODF BQQSPYJNBUJPO CFDPNFT [24]

y ∼= yni , (2.32)
∂y

∂t
∼=

yn+1
i − yni

∆t
, (2.33)

∂y

∂x
∼=

yni+1 − yni−1

2∆x
, (2.34)

∂2y

∂x2
∼=

yni+1 − 2yni + yni−1

(∆x)2
, (2.35)

2.5.3 An unconditionally Saulyev finite difference techniques
TIF SBVMZFW TDIFNF JT FNQMPZFE. CPOTFRVFOUMZ, UIF ųOJUF EJGGFSFODF BQQSPYJNB-

UJPO CFDPNFT [17]

y ∼= yni , (2.36)
∂y

∂t
∼=

yn+1
i − yni

∆t
, (2.37)

∂2y

∂x2
∼=

yni+1 − yni − yn+1
i + yn+1

i−1

(∆x)2
, (2.38)
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Chapter 3
A long term shoreline evolution with a single groin
structure and their numerical precision testing
TIJT DIBQUFS QSPQPTFT TIPSFMJOF FWPMVUJPO NPEFM. WF UBLF UXP OVNFSJDBM NFUI-

PET, UIF USBEJUJPOBM GPSXBSE UJNF DFOUFSFE TQBDF BOE UIF SBVMZFW NFUIPET, UP DPNQBSF
XJUI UIF BOBMZUJDBM TPMVUJPO UIBU GPSNT UIF HPWFSOJOH FRVBUJPO CZ CPVOEBSZ DPOEJUJPO
TUSBJHIU JNQFSNFBCMF HSPJO TZTUFN.

3.1 Shoreline evolution model
TIF POF-EJNFOTJPOBM TIPSFMJOF FWPMVUJPO NPEFM :

∂y

∂x
= D

∂2y

∂x2
, (3.1)

GPS BMM(x, t) ∈ (L, T ) .XIFSF D = 2Q0

DB+DC
.

3.2 Numerical techniques for shoreline evolution model

3.2.1 Traditional forward time centered space techniques applied to shoreline
evolution model
TIF GPSXBSE UJNF DFOUFSFE TQBDF TDIFNFT JT FNQMPZFE. CPOTFRVFOUMZ, UIF ųOJUF

EJGGFSFODF BQQSPYJNBUJPO CFDPNFT

y ∼= yni , (3.2)
∂y

∂t
∼=

yn+1
i − yni

∆t
, (3.3)

∂y

∂x
∼=

yni+1 − yni−1

2∆x
, (3.4)

∂2y

∂x2
∼=

yni+1 − 2yni + yni−1

(∆x)2
, (3.5)

XIFSF A = D∆t
(∆x)2 .

SVCTUJUVUJOH ERT (3.2)-(3.5) JOUP ER (3.1), XF PCUBJO,
yn+1
i − yni

∆t
= D

(
yni+1 − 2yni + yni−1

(∆x)2

)
, (3.6)

GPS 1 ≤ i ≤ M − 1 BOE 0 ≤ n ≤ N − 1. ER (3.6) DBO CF XSJUUFO JO BO FYQMJDJU GPSN PG ųOJUF
EJGGFSFODF BT GPMMPXT,

yn+1
i = Ayni+1 + (1− 2A)yni +Ayni−1, (3.7)

GPS 1 ≤ i ≤ M − 1 BOE 0 ≤ n ≤ N − 1.
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Figure 3.1: SUFODJM EJBHSBN PG GPSXBSE DFOUSBM TQBDF ųOJUF EJGGFSFODF UFDIOJRVF

3.2.2 An unconditionally Saulyev finite difference techniques applied to
shoreline evolution model
TIF SBVMZFW NFUIPE JT FNQMPZFE. CPOTFRVFOUMZ, UIF ųOJUF EJGGFSFODF BQQSPYJNB-

UJPO CFDPNFT

y ∼= yni , (3.8)
∂y

∂t
∼=

yn+1
i − yni

∆t
, (3.9)

∂2y

∂x2
∼=

yni+1 − yni − yn+1
i + yn+1

i−1

(∆x)2
, (3.10)

XIFSF A = D∆t
(∆x)2 . SVCTUJUVUJOH ERT (3.8)-(3.10) JOUP ER (3.1), XF PCUBJO

yn+1
i − yni

∆t
= D

(
yni+1 − yni − yn+1

i + yn+1
i−1

(∆x)2

)
, (3.11)

GPS 1 ≤ i ≤ M − 1 BOE 0 ≤ n ≤ N − 1. ER (3.11) DBO CF XSJUUFO JO BO FYQMJDJU GPSN PG ųOJUF
EJGGFSFODF BT GPMMPXT,

yn+1
i =

1

1 +A
(Ayni+1 + (1−A)yni +Ayn+1

i−1 ), (3.12)

GPS 1 ≤ i ≤ M − 1 BOE 0 ≤ n ≤ N − 1.

Figure 3.2: SUFODJM EJBHSBN PG SBVMZFW ųOJUF EJGGFSFODF UFDIOJRVF
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3.3 Initial and boundary conditions setting
TIF JOJUJBMT TIPSFMJOF JT BTTVNFE UP CF QBSBMMFM UP UIF Y-BYJT.

3.3.1 Straight Impermeable groin system
SUSBJHIU INQFSNFBCMF HSPJO TZTUFN BT TIPX JO FJHVSF 3.3.

Figure 3.3: IOJUJBM TIPSFMJOF XJUI DPOųHVSBUJPO TUSBJHIU JNQFSNFBCMF HSPJO

ATTVNJOH UIBU UIF CSBLJOH XBWF BOHMF UP UIF TIPSFMJOF JT BT TIPX JO FJHVSF 3.4. IU
GPMMPXT UIBU UIF TBOE USBOTQPSU SBUF BMPOH UIF TIPSFMJOF JT VOJGPSN. TIF HSPJO JT JOTUBOUB-
OFPVTMZ BEEFE BU BT TIPX JO FJHVSF 3.4.

Figure 3.4: IOJUJBM TIPSFMJOF

TIFTF NFBOT UIBU UIF JOJUJBM DPOEJUJPO CFDPNFT

y(x, 0) = h1(x), (3.13)

CPVOEBSZ DPOEJUJPOT BSF BMTP BTTVNFE CZ

y(0, t) = f(t), (3.14)

BOE
y(L, t) = g(t), (3.15)

XIFO h1(x), f(t) BOE g(t) BSF HJWFO GVODUJPOT BT TIPX JO FJHVSF 3.5
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Figure 3.5: IOJUJBM TIPSFMJOF

TIFJS HJWFO GVODUJPOT JO ERT (3.13) - (3.15) BSF BSDIJWFE CZ B OVNFSJDBM JOUFSQPMBUJPO
NFUIPE TVDI BT UIF MBHSBOHF JOUFSQPMBUJPO UFDIOJRVFT, FUD BT TIPX JO UIF FJHVSF 3.6.

Figure 3.6: FVODUJPO
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3.4 Numerical experiments
IO PSEFS UP JOWFTUJHBUF UIF TIPSFMJOF FWPMVUJPO JO UIF MPOH-UFSN TDBMF. TIF OV-

NFSJDBM SFTVMUT PG UIF EJGGFSFOU CFBDI TJUVBUJPO BSF DPOTJEFSFE BOE UIF TPMVUJPO UIF JEF-
BMJ[FE QSPCMFN JT QSFTFOUFE. DVSJOH UIF TJNVMBUJPOT, BTTVNJOH UIBU UIF MFOHUI PG DPO-
TJEFSFE TIPSFMJOF JT L = 5000 m. TIF BNQMJUVEF PG UIF MPOH-TIPSF USBOTQPSU SBUF JT
Q0 = 7500 m2/day. UIF BWFSBHFE CFSN IFJHIU DB = 2 m. UIF DMPTVSF EFQUI DC = 28 m. UIF
CSFBLJOH XBWF JNQBDU BOHMF α0 = 0.02 TIF TJNVMBUJPO TFUUJOH JT JMMVTUSBUFE JO FJHVSF 3.4.

WF XJMM FNQMPZ UIF USBEJUJPOBM GPSXBSE UJNF DFOUFSFE TQBDF UFDIOJRVFT ER (3.7)
BOE UIF SBVMZFW ųOJUF EJGGFSFODF UFDIOJRVFT ER (3.12) UP BQQSPYJNBUF UIF NPEFM TPMVUJPO.
TIF DBMDVMBUFE SFTVMUT BSF TIPXO JO FJHVSF 3.7-3.8 BOE TBCMF 3.2-3.3. TIF FYBDU TPMVUJPOT
PG UIF TJNVMBUJPO JT [16]

y(x, t) = UBOα0

√
4Dt

π

(
e

x2

4Dt − x
√
π

2
√
Dt

erfc

(
x

2
√
Dt

))
, (3.16)

XIFSF UIF WBMVFT PG UIFN BSF TIPX JO TBCMF 3.1. TIF BQQSPYJNBUFE TPMVUJPOT PG UIF
USBEJUJPOBM GPSXBSE UJNF DFOUFSFE TQBDF UFDIOJRVFT HJWFT BQQSPYJNBUFE TPMVUJPOT JO TBCMF
3.2. SBVMZFW UFDIOJRVFT HJWFT BQQSPYJNBUFE TPMVUJPOT JO TBCMF 3.3.
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Figure 3.7: SIPSFMJOF FWPMVUJPO 0-7 ZFBST

Figure 3.8: SIPSFMJOF FWPMVUJPO 8-15 ZFBST
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Table 3.1: TIFPSFUJDBM TPMVUJPO PG TIPSFMJOF FWPMVUJPO.

TJNF
(ZFBST)

DJTUBODF(N)
0 1000 2000 3000 4000 5000

0 0.00 0.00 0.00 0.00 0.00 0.00
1 9.56 0.47 0.00 0.00 0.00 0.00
2 13.53 1.99 0.10 0.00 0.00 0.00
3 16.58 3.72 0.43 0.02 0.00 0.00
4 19.15 5.43 0.95 0.10 0.01 0.00
5 21.41 7.09 1.60 0.24 0.02 0.00
6 23.45 8.68 2.35 0.45 0.06 0.01
7 25.33 10.20 3.14 0.72 0.12 0.01
8 27.08 11.65 3.98 1.05 0.21 0.03
9 28.72 13.04 4.83 1.43 0.33 0.06
10 30.28 14.39 5.70 1.84 0.48 0.10
11 31.76 15.68 6.57 2.29 0.66 0.15
12 33.17 16.93 7.44 2.77 0.86 0.22
13 34.52 18.14 8.31 3.27 1.09 0.31
14 35.83 19.32 9.17 3.78 1.34 0.41
15 37.08 20.46 10.03 4.31 1.61 0.52
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Table 3.2: AQQSPYJNBUFE TIPSFMJOF FWPMVUJPO BMPOH 15 ZFBST VTJOH UIF USBEJUJPOBM GPSXBSE UJNF DFO-
UFSFE TQBDF UFDIOJRVFT (∆x = 100 (m ) , ∆t = 1 (day)).

TJNF
(ZFBST)

DJTUBODF(N)
0 1000 2000 3000 4000 5000

0 0.00 0.00 0.00 0.00 0.00 0.00
1 9.56 0.48 0.00 0.00 0.00 0.00
2 13.53 1.99 0.11 0.00 0.00 0.00
3 16.58 3.72 0.43 0.02 0.00 0.00
4 19.15 5.44 0.95 0.10 0.01 0.00
5 21.41 7.09 1.61 0.24 0.02 0.00
6 23.45 8.68 2.35 0.45 0.06 0.01
7 25.33 10.20 3.15 0.72 0.12 0.01
8 27.08 11.65 3.98 1.05 0.21 0.03
9 28.72 13.04 4.83 1.43 0.33 0.06
10 30.28 14.39 5.70 1.84 0.48 0.10
11 31.76 15.68 6.57 2.29 0.66 0.15
12 33.17 16.93 7.44 2.77 0.86 0.22
13 34.52 18.15 8.31 3.27 1.09 0.31
14 35.83 19.32 9.17 3.78 1.34 0.41
15 37.08 20.46 10.03 4.31 1.61 0.52
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Table 3.3: AQQSPYJNBUFE TIPSFMJOF FWPMVUJPO BMPOH 15 ZFBST VTJOH UIF SBVMZFW UFDIOJRVFT (∆x =

100 (m ) , ∆t = 1 (day)).

TJNF
(ZFBST)

DJTUBODF(N)
0 1000 2000 3000 4000 5000

0 0.00 0.00 0.00 0.00 0.00 0.00
1 9.56 0.50 0.00 0.00 0.00 0.00
2 13.53 2.01 0.11 0.00 0.00 0.00
3 16.58 3.74 0.45 0.03 0.00 0.00
4 19.15 5.46 0.97 0.10 0.01 0.00
5 21.41 7.12 1.63 0.25 0.02 0.00
6 23.45 8.70 2.37 0.46 0.06 0.01
7 25.33 10.22 3.17 0.74 0.12 0.01
8 27.08 11.67 4.00 1.07 0.22 0.03
9 28.72 13.06 4.86 1.45 0.34 0.06
10 30.28 14.41 5.72 1.86 0.49 0.10
11 31.76 15.70 6.59 2.31 0.67 0.15
12 33.17 16.95 7.46 2.79 0.87 0.22
13 34.52 18.16 8.33 3.29 1.10 0.31
14 35.83 19.34 9.19 3.81 1.36 0.41
15 37.08 20.48 10.05 4.34 1.63 0.52

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



26

Table 3.4: ACTPMVUF FSSPS PG TIPSFMJOF FWPMVUJPO XIFO UIF USBEJUJPOBM GPSXBSE UJNF DFOUFSFE TQBDF
UFDIOJRVFT BOE SVBMZFW UFDIOJRVFT BSF VTFE 1-9 ZFBST.

TJNF
(ZFBST) DJTUBODF (N) ACTPMVUF FSSPS

FTCS SBVMZFW

1

1000 0.5300× 10−2 0.2420× 10−1

2000 0.3277× 10−3 0.1100× 10−2

3000 0.7868× 10−6 0.2748× 10−5

4000 0.1224× 10−9 0.7012× 10−9

2

1000 0.3782× 10−2 0.2883× 10−1

2000 0.1876× 10−2 0.8632× 10−2

3000 0.1314× 10−3 0.4934× 10−3

4000 0.1872× 10−5 0.6734× 10−5

3

1000 0.2594× 10−2 0.2783× 10−1

2000 0.2587× 10−2 0.1580× 10−1

3000 0.5741× 10−3 0.2671× 10−2

4000 0.4017× 10−4 0.1625× 10−3

4

1000 0.1891× 10−2 0.2617× 10−1

2000 0.2674× 10−2 0.2041× 10−1

3000 0.1059× 10−2 0.5963× 10−2

4000 0.1654× 10−3 0.7785× 10−3

5

1000 0.1450× 10−2 0.2458× 10−1

2000 0.2527× 10−2 0.2319× 10−1

3000 0.1417× 10−2 0.9403× 10−2

4000 0.3576× 10−3 0.1942× 10−2

6

1000 0.1155× 10−2 0.2317× 10−1

2000 0.2314× 10−2 0.2480× 10−1

3000 0.1636× 10−2 0.1252× 10−1

4000 0.5646× 10−3 0.3494× 10−2

7

1000 0.9473× 10−3 0.2195× 10−1

2000 0.2097× 10−2 0.2571× 10−1

3000 0.1747× 10−2 0.1516× 10−1

4000 0.7477× 10−3 0.5216× 10−2

8

1000 0.7946× 10−3 0.2089× 10−1

2000 0.1895× 10−2 0.2617× 10−1

3000 0.1784× 10−2 0.1733× 10−1

4000 0.8890× 10−3 0.6929× 10−2

9

1000 0.6787× 10−3 0.1996× 10−1

2000 0.1714× 10−2 0.2634× 10−1

3000 0.1771× 10−2 0.1906× 10−1

4000 0.9852× 10−3 0.8517× 10−2

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



27

Table 3.5: ACTPMVUF FSSPS PG TIPSFMJOF FWPMVUJPO XIFO UIF USBEJUJPOBM GPSXBSE UJNF DFOUFSFE TQBDF
UFDIOJRVFT BOE SVBMZFW UFDIOJRVFT BSF VTFE 10-15 ZFBST.

TJNF
(ZFBST) DJTUBODF (N) ACTPMVUF FSSPS

FTCS SBVMZFW

10

1000 0.5881× 10−3 0.1913× 10−1

2000 0.1554× 10−2 0.2632× 10−1

3000 0.1726× 10−2 0.2043× 10−1

4000 0.1041× 10−2 0.9919× 10−2

11

1000 0.5156× 10−3 0.1840× 10−1

2000 0.1413× 10−2 0.2617× 10−1

3000 0.1659× 10−2 0.2147× 10−1

4000 0.1062× 10−2 0.1111× 10−1

12

1000 0.4562× 10−3 0.1774× 10−1

2000 0.1413× 10−2 0.2593× 10−1

3000 0.1659× 10−2 0.2224× 10−1

4000 0.1062× 10−2 0.1209× 10−1

13

1000 0.4063× 10−3 0.1713× 10−1

2000 0.1175× 10−2 0.2562× 10−1

3000 0.1492× 10−2 0.2279× 10−1

4000 0.1034× 10−2 0.1287× 10−1

14

1000 0.3637× 10−3 0.1658× 10−1

2000 0.1074× 10−2 0.2527× 10−1

3000 0.1401× 10−2 0.2314× 10−1

4000 0.9966× 10−3 0.1347× 10−1

15

1000 0.3265× 10−3 0.1610× 10−1

2000 0.9811× 10−3 0.2490× 10−1

3000 0.1300× 10−2 0.2330× 10−1

4000 0.9499× 10−3 0.1390× 10−1
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Table 3.6: TIF DPNQBSJTPO PG UIF TUBCJMJUZ JO FBDI HSJE TQBDJOH TJ[FT.

∆x ∆t
SUBCJMJUZ

FTCS SBVMZFW

0.50
25 TUBCMF TUBCMF
50 TUBCMF TUBCMF
100 TUBCMF TUBCMF

1.00
25 VOTUBCMF TUBCMF
50 TUBCMF TUBCMF
100 TUBCMF TUBCMF

2.00
25 VOTUBCMF TUBCMF
50 TUBCMF TUBCMF
100 TUBCMF TUBCMF

4.00
25 VOTUBCMF TUBCMF
50 VOTUBCMF TUBCMF
100 TUBCMF TUBCMF
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Chapter 4
A long term shoreline evolution with a twin groins
structure and their parameter setting techniques

TIJT DIBQUFS QSPQPTFT TIPSFMJOF FWPMVUJPO NPEFM. WF UBLF ųFME EBUB BU HVMG PG
TIBJMBOE UP DPNQBSF UIF MPOH-TIPSF USBOTQPSU SBUF (D) JO FBDI NPOUI BMPOH B ZFBS. WF
UBLF UXP OVNFSJDBM NFUIPET, UIF USBEJUJPOBM GPSXBSE UJNF DFOUFSFE TQBDF BOE UIF SBVMZFW
NFUIPET CZ CPVOEBSZ DPOEJUJPO TUSBJHIU JNQFSNFBCMF UXJO-HSPJO TZTUFN.

4.1 Shoreline evolution model
IO UIF POF-MJOF NPEFM JT PCUBJOFE,

∂y

∂t
=

1

DB +DC

(
−∂Q

∂x

)
, (4.1)

XIFSF x JT UIF BMPOHTIPSF DPPSEJOBUF (m); y JT UIF TIPSFMJOF QPTJUJPOT (m) BOE QFSQFOEJDVMBS
UP Y-BYJT; t JT UJNF (day); Q JT UIF MPOH-TIPSF TBOE USBOTQPSU SBUF (m3/day); DB JT UIF BWFSBHF
CFSN IFJHIU (m) BOE DC JT UIF DMPTVSF EFQUI(m) BT TIPX JO FJH 2.2.

IO PSEFS UP TPMWF UIF ER (4.1), OFDFTTBSZ UP TQFDJGZ BO FYQSFTTJPO GPS UIF MPOHTIPSF
TBOE USBOTQPSU SBUF, Q . TIJT RVBOUJUZ JT DPOTJEFSFE UP CF HFOFSBUFE CZ UIF XBWF PCMJRVFMZ
JODJEFOU UP UIF TIPSFMJOF. A HFOFSBM FYQSFTTJPO GPS UIF MPOH-TIPSF TBOE USBOTQPSU SBUF XBT
EFWFMPQFE CZ UIF US ASNZ CPSQ [14] :

Q = Q0 TJO(2αb), (4.2)

XIFSF Q0 JT UIF BNQMJUVEF PG UIF MPOH-TIPSF TBOE USBOTQPSU SBUF. αb JT UIF BOHMF CFUXFFO
CSFBLJOH XBWF DSFTU JNQBDU BOHMF BOE MPDBM TIPSFMJOF. TIF FNQJSJDBM QSFEJDUJWF GPSNVMB
GPS UIF BNQMJUVEF PG UIF MPOH-TIPSF TBOE USBOTQPSU SBUF JT [15] :

Q0 =
ρ

16
(H2

b cgb)
K

(ρs − ρ)(1− n)
, (4.3)

XIFSF UIF TVCTDSJQU b EFOPUFT WBMVF BU UIF QPJOU PG CSFBLJOH, cg JT UIF XBWF HSPVQ WFMPDJUZ,
H JT UIF XBWF IFJHIU, ρs JT UIF EFOTJUZ PG UIF TFEJNFOU (kg/m3), ρ JT UIF EFOTJUZ PG UIF
TFB XBUFS, n JT UIF QPSPTJUZ BOE K JT UIF EJNFOTJPOMFTT DPFGųDJFOU XIJDI JT B GVODUJPO PG
QBSUJDMF TJ[F. TIF RVBOUJUZ αb JT UIF BOHMF CFUXFFO CSFBLJOH XBWF DSFTU BOE MPDBM TIPSFMJOF,
BOE NBZ CF XSJUUFO BT :

αb = α0 − UBO−1

(
∂y

∂x

)
, (4.4)

XIFSF α0 JT UIF BOHMF CFUXFFO CSFBLJOH XBWF DSFTUT BOE UIF Y-BYJT. FPS CFBDIFT XJUI NJME
TMPQF, JU DBO CF BTTVNFE UIBU CSFBLJOH XBWF BOHMF UP UIF TIPSFMJOF JT TNBMM.
IO UIJT DBTF,

TJO(2αb) ≈ 2αb, (4.5)This material is reserved for educational use only, not allowed for commercial use. 
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BOE
UBO−1

(
∂y

∂x

)
≈ ∂y

∂x
. (4.6)

SVCTUJUVUJOH ER (4.4) JOUP UIF ER (4.2), BOE BTTVNJOH UIF CFBDI XJUI NJME TMPQF ZJFMET :

Q = Q0

(
2αb − 2

∂y

∂x

)
, (4.7)

SVCTUJUVUJOH ER (4.7) JOUP UIF ER (4.1) BOE OFHMFDUJOH UIF TPVSDFT PS TJOLT BMPOH UIF DPBTU
HJWFT :

∂y

∂x
= D

∂2y

∂x2
, (4.8)

GPS BMM(x, t) ∈ (L, T ), XIFSF
D =

2Q0

DB +DC
. (4.9)

4.2 Numerical techniques for shoreline evolution model

4.2.1 Traditional forward time centered space techniques applied to shoreline
evolution model
TIF GPSXBSE UJNF DFOUFSFE TQBDF TDIFNFT JT FNQMPZFE. CPOTFRVFOUMZ, UIF ųOJUF

EJGGFSFODF BQQSPYJNBUJPO CFDPNFT

y ∼= yni , (4.10)
∂y

∂t
∼=

yn+1
i − yni

∆t
, (4.11)

∂y

∂x
∼=

yni+1 − yni−1

2∆x
, (4.12)

∂2y

∂x2
∼=

yni+1 − 2yni + yni−1

(∆x)2
, (4.13)

XIFSF A = D∆t
(∆x)2 .

SVCTUJUVUJOH ERT (4.10)-(4.13) JOUP ER (4.8), XF PCUBJO,
yn+1
i − yni

∆t
= D

(
yni+1 − 2yni + yni−1

(∆x)2

)
, (4.14)

GPS 1 ≤ i ≤ M − 1 BOE 0 ≤ n ≤ N − 1. ER (4.14) DBO CF XSJUUFO JO BO FYQMJDJU GPSN PG ųOJUF
EJGGFSFODF BT GPMMPXT,

yn+1
i = Ayni+1 + (1− 2A)yni +Ayni−1, (4.15)

GPS 1 ≤ i ≤ M − 1 BOE 0 ≤ n ≤ N − 1.
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Figure 4.1: SUFODJM EJBHSBN PG GPSXBSE DFOUSBM TQBDF ųOJUF EJGGFSFODF UFDIOJRVF

4.2.2 An unconditionally Saulyev finite difference techniques applied to
shoreline evolution model
TIF SBVMZFW NFUIPE JT FNQMPZFE. CPOTFRVFOUMZ, UIF ųOJUF EJGGFSFODF BQQSPYJNB-

UJPO CFDPNFT

y ∼= yni , (4.16)
∂y

∂t
∼=

yn+1
i − yni

∆t
, (4.17)

∂2y

∂x2
∼=

yni+1 − yni − yn+1
i + yn+1

i−1

(∆x)2
, (4.18)

XIFSF A = D∆t
(∆x)2 . SVCTUJUVUJOH ERT (4.16)-(4.18) JOUP ER (4.8), XF PCUBJO

yn+1
i − yni

∆t
= D

(
yni+1 − yni − yn+1

i + yn+1
i−1

(∆x)2

)
, (4.19)

GPS 1 ≤ i ≤ M − 1 BOE 0 ≤ n ≤ N − 1. ER (4.19) DBO CF XSJUUFO JO BO FYQMJDJU GPSN PG ųOJUF
EJGGFSFODF BT GPMMPXT,

yn+1
i =

1

1 +A
(Ayni+1 + (1−A)yni +Ayn+1

i−1 ), (4.20)

GPS 1 ≤ i ≤ M − 1 BOE 0 ≤ n ≤ N − 1.

Figure 4.2: SUFODJM EJBHSBN PG SBVMZFW ųOJUF EJGGFSFODF UFDIOJRVF

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



32

4.2.3 The employment of traditional forward time centered space techniques to
the left and the right boundary conditions
TIF GPSXBSE UJNF DFOUFSFE TQBDF NFUIPE JT FNQMPZFE. CPOTFRVFOUMZ, UIF ųOJUF

EJGGFSFODF BQQSPYJNBUJPO CFDPNFT

y ∼= yni , (4.21)
∂y

∂t
∼=

yn+1
i − yni

∆t
, (4.22)

∂y

∂x
∼=

yni+1 − yni−1

2∆x
, (4.23)

∂2y

∂x2
∼=

yni+1 − 2yni + yni−1

(∆x)2
, (4.24)

XIFSF A = D∆t
(∆x)2 .

SVCTUJUVUJOH ERT (4.21)-(4.24) JOUP ER (4.8), XF PCUBJO,
yn+1
i − yni

∆t
= D

(
yni+1 − 2yni + yni−1

(∆x)2

)
, (4.25)

FPS i = 0, TVCTUJUVUJPO PG UIF BQQSPYJNBUF VOLOPXO WBMVF PG UIF MFGU CPVOEBSZ CZ B
USBEJUJPOBM DFOUSBM EJGGFSFODF BQQSPYJNBUJPO XJUI UIF LOPXO EFSJWBUJWF UIF MFGU CPVOEBSZ
DPOEJUJPO HJWFT

yn−1 = yn1 − 2(∆x)(− UBO(α0)), (4.26)

SVCTUJUVUJOH ER (4.26) JOUP ER (4.25), XF PCUBJO

yn+1
i = (1− 2A)yni + 2Ayni+1 − 2A(∆x)(− UBO(α0)), (4.27)

FPS i = M , TVCTUJUVUJPO PG UIF BQQSPYJNBUF VOLOPXO WBMVF PG UIF SJHIU CPVOEBSZ CZ B
USBEJUJPOBM DFOUSBM EJGGFSFODF BQQSPYJNBUJPO XJUI UIF LOPXO EFSJWBUJWF UIF SJHIU CPVOEBSZ
DPOEJUJPO HJWFT

ynM+1 = ynM−1 + 2(∆x)(− UBO(−α0)), (4.28)

SVCTUJUVUJOH ER (4.28) JOUP ER (4.25), XF PCUBJO

yn+1
i = 2Ayni−1 + (1− 2A)yni + 2A(∆x)(− UBO(−α0)), (4.29)

TIF ER (4.27) BOE ER (4.29) DBO CF VTFE UP DBMDVMBUF UIF WBMVFT yni PO HSJE QPJOUT PG UIF
TPMVUJPO EPNBJO.

4.3 Initial and boundary conditions setting
TIF JOJUJBMT TIPSFMJOF JT BTTVNFE UP CF QBSBMMFM UP UIF Y-BYJT.

4.3.1 Straight Impermeable twin-groin system
SUSBJHIU INQFSNFBCMF UXJO-HSPJO TZTUFN BT TIPX JO FJHVSF 4.3.This material is reserved for educational use only, not allowed for commercial use. 
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Figure 4.3: IOJUJBM TIPSFMJOF XJUI DPOųHVSBUJPO TUSBJHIU JNQFSNFBCMF UXJO-HSPJO

Figure 4.4: IOJUJBM TIPSFMJOF

ATTVNJOH UIBU UIF CSBLJOH XBWF BOHMF UP UIF TIPSFMJOF JT BT TIPX JO FJHVSF 4.5. IU
GPMMPXT UIBU UIF TBOE USBOTQPSU SBUF BMPOH UIF TIPSFMJOF JT VOJGPSN. TIF HSPJO JT JOTUBOUB-
OFPVTMZ BEEFE BU BT TIPX JO FJHVSF 4.5.

TIFTF NFBOT UIBU UIF JOJUJBM DPOEJUJPO CFDPNFT

y(x, 0) = h2(x), (4.30)

CPVOEBSZ DPOEJUJPOT BSF BMTP BTTVNFE CZ
∂y(0, t)

∂x
= − UBO(α0), (4.31)

BOE
∂y(L, t)

∂x
= − UBO(−α0), (4.32)

XIFO h2(x) BSF HJWFO GVODUJPOT BT TIPX JO FJHVSF 4.5

4.4 Physical parameters setting techniques
ATTVNJOH UIBU UIF EFOTJUZ PG UIF TFEJNFOU (ρs) [19], UIF EFOTJUZ PG TFB XBUFS (ρ)

[20], UIF QPSPTJUZ (n) [21], UIF EJNFOTJPOMFTT DPFGųDJFOU XIJDI JT B GVODUJPO PG QBSUJDMF TJ[F
(K) [22], UIF BWFSBHFE CFSN IFJHIU (DB) BOE UIF DMPTVSF EFQUI (DC ) BSF MJTUFE CFMPXT.
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Figure 4.5: IOJUJBM TIPSFMJOF

Table 4.1: PBSBNFUFST PG TBOE USBOTQPSU SBUF [19], [20], [21], [22].

TIF EFOTJUZ PG UIF TFEJNFOU (ρs (kg/m3)) 1700
TIF EFOTJUZ PG TFB XBUFS (ρ (kg/m3)) 1020

TIF QPSPTJUZ (n) 0.406
TIF EJNFOTJPOMFTT DPFGųDJFOU XIJDI JT B GVODUJPO PG QBSUJDMF TJ[F (K) 0.375

TIF BWFSBHFE CFSN IFJHIU (DB (m)) 2
TIF DMPTVSF EFQUI (DC (m)) 28

TIF XBWF HSPVQ WFMPDJUZ (cg) BOE UIF XBWF IFJHIU (H) JO FBDI NPOUI BMPOH B ZFBS JT
NFBTVSFE CZ ųFME EBUB BU HVMG PG TIBJMBOE TVDI UIBU EBUB BSF DPMMFDUFE CZ GFP-IOGPSNBUJDT
BOE SQBDF TFDIOPMPHZ DFWFMPQNFOU AHFODZ (PVCMJD OSHBOJ[BUJPO) (GISTDA) [23] BT MJTUFE
CFMPXT.

Table 4.2: TIF XBWF HSPVQ WFMPDJUZ BOE UIF XBWF IFJHIU [23].

MPOUI cg (m/day) H (m)

JBO 2019 8951.04 1.5
FFC 2019 6998.4 1.5
MBS 2019 5866.56 0.5
AQS 2019 6920.64 1.5
MBZ 2019 5719.68 0.5
JVO 2019 5546.88 0.5
JVM 2018 8225.28 1.5
AVH 2018 9357.12 1.5
SFQ 2018 13711.68 1.5
ODU 2018 15085.44 2.5
NPW 2018 10877.76 1.5
DFD 2018 11396.16 1.5

TIF BNQMJUVEF PG UIF MPOH-TIPSF USBOTQPSU SBUFT (Q0) BSF PCUBJOFE CZ ER (4.3) BOE
UIF MPOH-TIPSF USBOTQPSU SBUFT (D) BSF PCUBJOFE CZ ER (4.9) BT MJTUFE CFMPXT.This material is reserved for educational use only, not allowed for commercial use. 
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Table 4.3: TIF BNQMJUVEF PG UIF MPOH-TIPSF USBOTQPSU SBUFT BOE UIF MPOH-TIPSF USBOTQPSU SBUFT.

MPOUI Q0 (m/day) D (m/day)

JBO 2019 1191.99 79.4659
FFC 2019 931.96 62.1307
MBS 2019 86.80 5.7869
AQS 2019 921.61 61.4403
MBZ 2019 84.63 5.6420
JVO 2019 82.07 5.4716
JVM 2018 1095.34 73.0227
AVH 2018 1246.07 83.071
SFQ 2018 1825.95 121.7301
ODU 2018 5580.26 372.017
NPW 2018 1448.57 96.5710
DFD 2018 1517.60 101.1233

4.5 Numerical experiments
IO PSEFS UP JOWFTUJHBUF UIF TIPSFMJOF FWPMVUJPO JO UIF MPOH-UFSN TDBMF. TIF OVNFS-

JDBM SFTVMUT PG UIF EJGGFSFOU CFBDI TJUVBUJPO BSF DPOTJEFSFE BOE UIF TPMVUJPO UIF JEFBMJ[FE
QSPCMFN JT QSFTFOUFE. DVSJOH UIF TJNVMBUJPOT, BTTVNJOH UIBU UIF MFOHUI PG DPOTJEFSFE
TIPSFMJOF JT L = 100, 200, 300 BOE 400 m. UIF CSFBLJOH XBWF JNQBDU BOHMF α0 = 0.02 TIF
TJNVMBUJPO TFUUJOH JT JMMVTUSBUFE JO FJHVSF 4.5.

WF XJMM FNQMPZ UIF USBEJUJPOBM GPSXBSE UJNF DFOUFSFE TQBDF UFDIOJRVFT ER (4.15)
BOE UIF SBVMZFW ųOJUF EJGGFSFODF UFDIOJRVFT ER (4.20) UP BQQSPYJNBUF UIF NPEFM TPMVUJPO.
TIF DBMDVMBUFE SFTVMUT L = 100, 200, 300 BOE 400 m BSF TIPXO JO FJHVSF 4.6-4.13

TIF BQQSPYJNBUFE TPMVUJPOT PG UIF USBEJUJPOBM GPSXBSE UJNF DFOUFSFE TQBDF UFDI-
OJRVFT HJWFT BQQSPYJNBUFE TPMVUJPOT JO TBCMF 4.4-4.7. SBVMZFW UFDIOJRVFT HJWFT BQQSPYJ-
NBUFE TPMVUJPOT JO TBCMF 4.8-4.11.
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Figure 4.6: SIPSFMJOF FWPMVUJPO XJUI EJTUBODF CFUXFFO HSPJO L = 100 m 0-7 ZFBST

Figure 4.7: SIPSFMJOF FWPMVUJPO XJUI EJTUBODF CFUXFFO HSPJO L = 100 m 8-15 ZFBST
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Figure 4.8: SIPSFMJOF FWPMVUJPO XJUI EJTUBODF CFUXFFO HSPJO L = 200 m 0-7 ZFBST

Figure 4.9: SIPSFMJOF FWPMVUJPO XJUI EJTUBODF CFUXFFO HSPJO L = 200 m 8-15 ZFBST
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Figure 4.10: SIPSFMJOF FWPMVUJPO XJUI EJTUBODF CFUXFFO HSPJO L = 300 m 0-7 ZFBST

Figure 4.11: SIPSFMJOF FWPMVUJPO XJUI EJTUBODF CFUXFFO HSPJO L = 300 m 8-15 ZFBST
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Figure 4.12: SIPSFMJOF FWPMVUJPO XJUI EJTUBODF CFUXFFO HSPJO L = 400 m 0-7 ZFBST

Figure 4.13: SIPSFMJOF FWPMVUJPO XJUI EJTUBODF CFUXFFO HSPJO L = 400 m 8-15 ZFBST
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Table 4.4: AQQSPYJNBUFE TIPSFMJOF FWPMVUJPO BMPOH 15 ZFBST VTJOH UIF USBEJUJPOBM GPSXBSE UJNF DFO-
UFSFE TQBDF UFDIOJRVFT L JT 100 N.

TJNF
(ZFBST)

DJTUBODF(N)
0 20 40 60 80 100

1 0.5679 0.2604 0.1206 0.1206 0.2604 0.5679
5 1.6102 1.2902 1.1302 1.1302 1.2902 1.6102
10 2.8905 2.5705 2.4104 2.4104 2.5705 2.8905
15 4.1708 3.8507 3.6907 3.6907 3.8507 4.1708

Table 4.5: AQQSPYJNBUFE TIPSFMJOF FWPMVUJPO BMPOH 15 ZFBST VTJOH UIF SBVMZFW ųOJUF EJGGFSFODF UFDI-
OJRVFT L JT 100 N.

TJNF
(ZFBST)

DJTUBODF(N)
0 20 40 60 80 100

1 0.5682 0.2607 0.1208 0.1206 0.2602 0.5676
5 1.6103 1.2903 1.1303 1.1302 1.2902 1.6103
10 2.8906 2.5705 2.4105 2.4105 2.5705 2.8906
15 4.1708 3.8508 3.6908 3.6908 3.8508 4.1708

Table 4.6: AQQSPYJNBUFE TIPSFMJOF FWPMVUJPO BMPOH 15 ZFBST VTJOH UIF USBEJUJPOBM GPSXBSE UJNF DFO-
UFSFE TQBDF UFDIOJRVFT L JT 200 N.

TJNF
(ZFBST)

DJTUBODF(N)
0 20 40 60 80 100

1 0.8036 0.4664 0.2455 0.1176 0.0551 0.0369
5 1.9445 1.5846 1.3050 1.1054 0.9858 0.9459
10 3.2256 2.8655 2.5855 2.3854 2.2654 2.2254
15 4.5058 4.1458 3.8657 3.6657 3.5457 3.5057

TJNF
(ZFBST)

DJTUBODF(N)
120 140 160 180 200

1 0.0551 0.1176 0.2455 0.4664 0.8036
5 0.9858 1.1054 1.3050 1.5846 1.9445
10 2.2654 2.3854 2.5855 2.8655 3.2256
15 3.5457 3.6657 3.8657 4.1458 4.5058
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Table 4.7: AQQSPYJNBUFE TIPSFMJOF FWPMVUJPO BMPOH 15 ZFBST VTJOH UIF SBVMZFW ųOJUF EJGGFSFODF UFDI-
OJRVFT L JT 200 N.

TJNF
(ZFBST)

DJTUBODF(N)
0 20 40 60 80 100

1 0.8043 0.4671 0.2463 0.1182 0.0555 0.0369
5 1.9449 1.5850 1.3053 1.1057 0.9859 0.9460
10 3.2257 2.8656 2.5856 2.3855 2.2655 2.2255
15 4.5059 4.1459 3.8658 3.6658 3.5458 3.5058

TJNF
(ZFBST)

DJTUBODF(N)
120 140 160 180 200

1 0.0549 0.1172 0.2449 0.4656 0.8029
5 0.9857 1.1053 1.3047 1.5843 1.9442
10 2.2655 2.3855 2.5855 2.8655 3.2255
15 3.5458 3.6658 3.8658 4.1458 4.5059

Table 4.8: AQQSPYJNBUFE TIPSFMJOF FWPMVUJPO BMPOH 15 ZFBST VTJOH UIF USBEJUJPOBM GPSXBSE UJNF DFO-
UFSFE TQBDF UFDIOJRVFT L JT 300 N.

TJNF
(ZFBST)

DJTUBODF(N)
0 20 40 60 80 100 120 140

1 0.9857 0.6370 0.3858 0.2179 0.1145 0.0560 0.0143 0.0143
5 2.2700 1.8974 1.5796 1.3162 1.1067 0.9503 0.7947 0.7947
10 3.5593 3.1860 2.8660 2.5993 2.3860 2.2260 2.0661 2.0661
15 4.8398 4.4664 4.1463 3.8796 3.6663 3.5062 3.3462 3.3462

TJNF
(ZFBST)

DJTUBODF(N)
160 180 200 220 240 260 280 300

1 0.0264 0.0560 0.1145 0.0143 0.2179 0.3858 0.6370 0.9857
5 0.8464 0.9503 1.1067 0.7947 1.3162 1.5796 1.8974 2.2700
10 2.1194 2.2260 2.3860 2.0661 2.5993 2.8660 3.1860 3.5593
15 3.3996 3.5062 3.6663 3.3462 3.8796 4.1463 4.4664 4.8398
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Table 4.9: AQQSPYJNBUFE TIPSFMJOF FWPMVUJPO BMPOH 15 ZFBST VTJOH UIF SBVMZFW ųOJUF EJGGFSFODF UFDI-
OJRVFT L JT 300 N.

TJNF
(ZFBST)

DJTUBODF(N)
0 20 40 60 80 100 120 140

1 0.9869 0.6382 0.3869 0.2190 0.1153 0.0567 0.0268 0.0145
5 2.2709 1.8983 1.5805 1.3170 1.1073 0.9508 0.8468 0.7948
10 3.5597 3.1863 2.8663 2.5996 2.3863 2.2263 2.1196 2.0662
15 4.8399 4.4665 4.1465 3.8798 3.6664 3.5064 3.3997 3.3463

TJNF
(ZFBST)

DJTUBODF(N)
160 180 200 220 240 260 280 300

1 0.0143 0.0261 0.0556 0.1138 0.2170 0.3847 0.6359 0.9846
5 0.7946 0.8462 0.9499 1.1062 1.3156 1.5789 1.8967 2.2692
10 2.0661 2.1194 2.2259 2.3859 2.5991 2.8657 3.1857 3.5591
15 3.3463 3.3996 3.5062 3.6663 3.8796 4.1463 4.4663 4.8397

Table 4.10: AQQSPYJNBUFE TIPSFMJOF FWPMVUJPO BMPOH 15 ZFBST VTJOH UIF USBEJUJPOBM GPSXBSE UJNF
DFOUFSFE TQBDF UFDIOJRVFT L JT 400 N.

TJNF
(ZFBST)

DJTUBODF(N)
0 20 40 60 80 100 120

1 1.1392 0.7836 0.5136 0.3198 0.1886 0.1051 0.0553
5 2.5781 2.1998 1.8647 1.5723 1.3220 1.1127 0.9434
10 3.8917 3.5117 3.1718 2.8721 2.6125 2.3929 2.2134
15 5.1733 4.7933 4.4533 4.1532 3.8932 3.6732 3.4932

TJNF
(ZFBST)

DJTUBODF(N)
140 160 180 200 220 240 260

1 0.0274 0.0130 0.0064 0.0046 0.0064 0.0130 0.0274
5 0.8130 0.7207 0.6656 0.6473 0.6656 0.7207 0.8130
10 2.0738 1.9741 1.9143 1.8944 1.9143 1.9741 2.0738
15 3.3532 3.2532 3.1932 3.1732 3.1932 3.2532 3.3532

TJNF
(ZFBST)

DJTUBODF(N)
280 300 320 340 360 380 400

1 0.0553 0.1051 0.1886 0.3198 0.5136 0.7836 1.1392
5 0.9434 1.1127 1.3220 1.5723 1.8647 2.1998 2.5781
10 2.2134 2.3929 2.6125 2.8721 3.1718 3.5117 3.8917
15 3.4932 3.6732 3.8932 4.1532 4.4533 4.7933 5.1733
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Table 4.11: AQQSPYJNBUFE TIPSFMJOF FWPMVUJPO BMPOH 15 ZFBST VTJOH UIF SBVMZFW ųOJUF EJGGFSFODF
UFDIOJRVFT L JT 400 N

TJNF
(ZFBST)

DJTUBODF(N)
0 20 40 60 80 100 120

1 1.1407 0.7852 0.5152 0.3212 0.1899 0.1061 0.0560
5 2.5796 2.2012 1.8661 1.5737 1.3232 1.1138 0.9443
10 3.8924 3.5124 3.1726 2.8728 2.6131 2.3935 2.2138
15 5.1737 4.7937 4.4536 4.1536 3.8935 3.6735 3.4935

TJNF
(ZFBST)

DJTUBODF(N)
140 160 180 200 220 240 260

1 0.0280 0.0134 0.0066 0.0046 0.0064 0.0128 0.0270
5 0.8138 0.7213 0.6659 0.6474 0.6655 0.7203 0.8124
10 2.0741 1.9744 1.9145 1.8944 1.9142 1.9739 2.0735
15 3.3534 3.2534 3.1933 3.1733 3.1932 3.2532 3.3531

TJNF
(ZFBST)

DJTUBODF(N)
280 300 320 340 360 380 400

1 0.0546 0.1042 0.1874 0.3184 0.5121 0.7821 1.1376
5 0.9425 1.1117 1.3208 1.5711 1.8634 2.1984 2.5768
10 2.2130 2.3925 2.6120 2.8716 3.1712 3.5110 3.8910
15 3.4931 3.6730 3.8930 4.1530 4.4530 4.7930 5.1731
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Chapter 5
Discussion and Conclusion

5.1 Discussion
IO DIBQUFS 3, UIF TIPSFMJOF FWPMVUJPO JO FBDI ZFBS DBO CF PCUBJOFE CZ UIF USBEJ-

UJPOBM GPSXBSE UJNF DFOUFSFE TQBDF NFUIPE BOE UIF SBVMZFW NFUIPE. TIF BQQSPYJNBUFE
TIPSFMJOF FWPMVUJPOT PG CPUI OVNFSJDBM NFUIPET BSF DMPTFE. HPXFWFS, UIF QSFDJTJPO PG UIF
USBEJUJPOBM GPSXBSE UJNF DFOUFSFE TQBDF NFUIPE JT RVJUF CFUUFS UIBO UIF SBVMZFW NFUIPE
BT TIPXO CZ UIF BCTPMVUF FSSPS JO TBCMF 3.4, 3.5. AMUIPVHI, UIF SBVMZFW NFUIPE HJWFT
CFUUFS UIF TUBCJMJUZ DPOEJUJPO UIBO UIF USBEJUJPOBM GPSXBSE UJNF DFOUFSFE TQBDF NFUIPE.

TIFTF NFBO UIBU UIF SBVMZFW NFUIPE HJWFT B QSBDUJDBM OVNFSJDBM TJNVMBUJPO EVF
UP UIF QSFDJTJPO SFRVJSFNFOU PG UIF EJTQMBDFNFOU XIFO UIF UJNF JODSFNFOU CFDPNFT
MBSHF.

IO DIBQUFS 4, XF NFBTVSF UIF MPOH-TIPSF TBOE USBOTQPSU SBUF (D) JO FBDI NPOUI
BMPOH B ZFBS CZ ųFME EBUB. WF PCUBJO UIF MPOH-TIPSF TBOE USBOTQPSU SBUF(D) GSPN ERVB-
UJPO (4.9). TIF BWFSBHFE CFSN IFJHIU (DB), UIF DMPTVSF EFQUI (DC ), UIF EFOTJUZ PG UIF
TFEJNFOU(ρs), UIF EFOTJUZ PG TFB XBUFS (ρ), UIF QPSPTJUZ (n) BOE UIF EJNFOTJPOMFTT DPFGų-
DJFOU XIJDI JT B GVODUJPO PG QBSUJDMF TJ[F (K) BT TIPX JO TBCMF 4.1. TIF XBWF HSPVQ WFMPDJUZ
(cg) BOE UIF XBWF IFJHIU (H) JO FBDI NPOUI BMPOH B ZFBS JT NFBTVSFE CZ ųFME EBUB BT TIPX
JO TBCMF 4.2. TIF BNQMJUVEF PG UIF MPOH-TIPSF USBOTQPSU SBUFT (Q0) GSPN ERVBUJPO (4.3) BOE
UIF MPOH-TIPSF TBOE USBOTQPSU SBUF (D) BT TIPX JO TBCMF 4.3.

TIF TIPSFMJOF FWPMVUJPO JO FBDI ZFBS DBO CF PCUBJOFE CZ UIF USBEJUJPOBM GPSXBSE
UJNF DFOUFSFE TQBDF UFDIOJRVFT BOE UIF SBVMZFW ųOJUF EJGGFSFODF UFDIOJRVFT JO UIF MFOHUI
PG DPOTJEFSFE TIPSFMJOF JT 100N BT TIPX JO TBCMFT 4.4, 4.5 BOE FJHVSFT 4.6, 4.7. TIF EJTUBODF
GSPN UIF GBSUIFTU TIPSFMJOF FWPMVUJPO JT 4.1708 N. TIF TIPSUFTU EJTUBODF GSPN UIF TIPSFMJOF
FWPMVUJPO JT 3.6707 N.

TIF MFOHUI PG DPOTJEFSFE TIPSFMJOF JT 200 N BT TIPX JO TBCMFT 4.6, 4.7 BOE FJHVSFT
4.8, 4.9. TIF EJTUBODF GSPN UIF GBSUIFTU TIPSFMJOF FWPMVUJPO JT 4.5059 N. TIF TIPSUFTU
EJTUBODF GSPN UIF TIPSFMJOF FWPMVUJPO JT 3.5707 N.

TIF MFOHUI PG DPOTJEFSFE TIPSFMJOF JT 300 N BT TIPX JO TBCMFT 4.8, 4.9 BOE FJHVSFT
4.10, 4.11. TIF EJTUBODF GSPN UIF GBSUIFTU TIPSFMJOF FWPMVUJPO JT 4.8398 N. TIF TIPSUFTU
EJTUBODF GSPN UIF TIPSFMJOF FWPMVUJPO JT 3.3396 N.

TIF MFOHUI PG DPOTJEFSFE TIPSFMJOF JT 400 N BT TIPX JO TBCMFT 4.10, 4.11 BOE FJHVSFT
4.12, 4.13. TIF EJTUBODF GSPN UIF GBSUIFTU TIPSFMJOF FWPMVUJPO JT 5.1737 N. TIF TIPSUFTU
EJTUBODF GSPN UIF TIPSFMJOF FWPMVUJPO JT 3.1732 N.

TIF BQQSPYJNBUFE TIPSFMJOF FWPMVUJPOT PG CPUI OVNFSJDBM NFUIPET JO 4 MFOHUI PG
DPOTJEFSFE TIPSFMJOF BSF DMPTFE.
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5.2 Conclusion
IO DIBQUFS 3, B HPWFSOJOH FRVBUJPO PG B POF-EJNFOTJPOBM TIPSFMJOF FWPMVUJPO NPEFM

JT JOUSPEVDFE UIF NBOJQVMBUJPO PG QIZTJDBM QBSBNFUFST GPS TIPSFMJOF FWPMVUJPO JO QSBDUJDBM
TJNVMBUJPOT BSF QSPQPTFE TVDI BT UIF JNQBDU BOHMF CFUXFFO CSFBLJOH XBWF DSFTUT XJUI
Y-BYJT, UIF BNQMJUVEF PG UIF MPOH-TIPSF TBOE USBOTQPSU SBUF, UIF BWFSBHFE CFSN IFJHIU BOE
UIF DMPTVSF EFQUI. TIF TFUUJOH PG UIF JOJUJBM DPOEJUJPO BOE UIF CPVOEBSZ DPOEJUJPOT UFDI-
OJRVFT BSF BMTP JOUSPEVDFE UIF USBEJUJPOBM GPSXBSE UJNF DFOUFSFE TQBDF BOE UIF VODPOEJ-
UJPOBMMZ SBVMZFW ųOJUF EJGGFSFODF NFUIPET BSF VTFE UP BQQSPYJNBUF UIF NPEFM TPMVUJPOT.
TIF BQQSPYJNBUFE TPMVUJPOT PG CPUI OVNFSJDBM UFDIOJRVFT BSF DPNQBSFE XJUI UIF JEFBM
FYBDU TPMVUJPO. UIF USBEJUJPOBM GPSXBSE UJNF DFOUFSFE TQBDF NFUIPE HJWFT NPSF BDDVSBUF
TPMVUJPOT UIBO UIF SBVMZFW BQQSPYJNBUFE TPMVUJPOT. WIFO UIF UJNF JODSFNFOU JODSFBTFE
GPS UIF USBEJUJPOBM GPSXBSE UJNF DFOUFSFE TQBDF NFUIPE DBOOPU IBOEMF TPMVUJPO GPS NBOZ
DBTFT. HPXFWFS, UIF SBVMZFW NFUIPE TUJMM DBO IBOEMF OVNFSJDBM TPMVUJPO GPS BOZ DBTFT
EVF UP UIFSF BSF OP MJNJUBUJPO PG UIF TUBCJMJUZ DPOEJUJPO. TIFTF NFBO UIBU UIF QSPQPTFE
SBVMZFW NFUIPE JT B QSBDUJDBM OVNFSJDBM NFUIPE GPS UIF TIPSFMJOF FWPMVUJPO NPEFM.

IO DIBQUFS 4, IO UIJT TUVEZ, XIFO B DPVQMF PG HSPJOT BSF JOTUBMMFE XF JOUSPEVDF B
HPWFSOJOH FRVBUJPO PG B POF-EJNFOTJPOBM NPEFM PG TIPSFMJOF FWPMVUJPO. TIF JNQMFNFOUFE
NPEFM JT B POF-MJOF NPEFM, XIJDI JT USBOTJFOU. TIF NPEJųDBUJPO JT JNQMFNFOUFE PG QIZT-
JDBM QBSBNFUFST GPS UIF NPEFM. TIF JOJUJBM DPOEJUJPO TFUUJOH BQQSPBDI BOE UIF CPVOEBSZ
DPOEJUJPOT UFDIOJRVFT XIJMF BMTP QSPQPTJOH TPNF HSPJO TUSVDUVSF FGGFDU. TIF DMBTTJDBM
GPSXBSE-UJNF DFOUFSFE-TQBDF NFUIPE BOE UIF VODPOEJUJPOBMMZ TUBCMF SBVMZFW ųOJUF EJGGFS-
FOUJBM NFUIPET BSF VTFE UP NFBTVSF UIF JODSFNFOUBM NPEFM JO FBDI ZFBS. TIF QSPQPTFE
OVNFSJDBM NPEFMT HJWF QSBDUJDBMMZ TJNVMBUJPO GPS MPOH-UFSN TIPSFMJOF FWPMVUJPO JOWFTUJHB-
UJPO. TIF TJNVMBUJPO QSPQPTFE DBO CF VTFE UP QSFEJDU UIF FGųDJFODZ PG DPOTUSVDUJOH B
HSPJO OFUXPSL BU B MPDBM CFBDI. TIF DMBTTJDBM GPSXBSE-UJNF DFOUFSFE-TQBDF NFUIPE QSP-
WJEFT NPSF QSFDJTF TPMVUJPOT UIBO UIF TPMVUJPOT BQQSPYJNBUFE CZ UIF SBVMZFW. FPS NBOZ
DBTFT, XIFO UIF UJNF JODSFNFOU GPS UIF DMBTTJDBM GPSXBSE-UJNF DFOUFSFE-TQBDF NFUIPE IBT
JODSFBTFE, TPMVUJPO DBO OPU CF IBOEMFE. HPXFWFS, UIF SBVMZFW NFUIPE DBO TUJMM IBOEMF
OVNFSJDBM TPMVUJPO GPS BOZ DBTF CFDBVTF UIF TUBCJMJUZ DPOEJUJPO JT OPU MJNJUFE. TIJT NFBO
UIF SBVMZFW NFUIPE QSPQPTFE JT B GVODUJPOBM DPNQVUBUJPOBM BQQSPBDI GPS UIF DPODFQU PG
TIPSFMJOF FWPMVUJPO.

5.3 Further study
1) WF XJMM DIBOHF JOJUJBM TIPSFMJOF CZ JOUFSQPMBUJPO.

2) WF XJMM DIBOHF HSPJO EFTJHO.

3) WF XJMM TJNVMBUF 2D, 3D TIPSFMJOF FWPMVUJPO NPEFM.
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