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Chapter 1
Introduction

1.1 Research Motivation
LFU a1, a2, . . . , an (n ≥ 2) CF JOUFHFST. AOZ FYQSFTTJPO PG UIF GPSN c1a1+c2a2+ . . .+

cnan XIFSF c1, c2, . . . , cn BSF JOUFHFST, JT DBMMFE B MJOFBS DPNCJOBUJPO PG a1, a2, . . . , an. GJWFO
QPTJUJWF JOUFHFST a1, a2, . . . , an (n ≥ 2) XJUI HDE(a1, . . . , an) = 1, UIF FSPCFOJVT PSPCMFN JT
B QSPCMFN UP EFUFSNJOF UIF MBSHFTU QPTJUJWF JOUFHFS g(a1, . . . , an) UIBU DBOOPU CF SFQSF-
TFOUBCMF BT B OPOOFHBUJWF JOUFHFS DPNCJOBUJPO PG a1, . . . , an. TIF OVNCFS g(a1, . . . , an)
JT DBMMFE UIF FSPCFOJVT OVNCFS.

Definition 1.1. TIF FSPCFOJVT OVNCFS PG a1, a2, . . . , an, EFOPUFE CZ g (a1, a2, . . . , an), JT
UIF MBSHFTU JOUFHFS Z TVDI UIBU Z ̸= c1a1 + c2a2 + . . . + cnan GPS BMM OPOOFHBUJWF JOUFHFST
c1, c2, . . . , cn.

TIF FSPCFOJVT PSPCMFN JT XFMM LOPXO BT UIF DPJO QSPCMFN UIBU BTLT GPS UIF
MBSHFTU NPOFUBSZ BNPVOU UIBU DBOOPU CF PCUBJOFE VTJOH POMZ DPJOT JO UIF TFU PG DPJO
EFOPNJOBUJPOT XIJDI IBT OP DPNNPO EJWJEPS HSFBUFS UIBO 1. TIJT QSPCMFN JT BMTP SF-
GFSSFE UP BT UIF MDNVHHFU OVNCFS, UIBU XBT JOUSPEVDFE CZ HFOSJ PJDDJPUUP. FPS UIF
BQQMJDBUJPOT PG FSPCFOJVT PSPCMFN, XF DBO VTF UIJT QSPCMFN UP PCUBJO VQQFS CPVOET
GPS UIF SVOOJOH UJNF PG UIF GVOEBNFOUBM TPSUJOH SIFMMTPSU BMHPSJUIN, UP TUVEZ UJMJOH QSPC-
MFN BOE UP JOWFTUJHBUF AMHFCSBJD GFPNFUSJD DPEFT.

LFU a1, . . . , an CF QPTJUJWF JOUFHFST. WF EFOPUF CZ R = R(a1, . . . , an) UIF n-
EJNFOTJPOBM SFDUBOHMF PG TJEFT ai, UIBU JT, R = {(x1, . . . , xn) ∈ Rn |0 ≤ xi ≤ ai, i = 1, . . . , n}.
A n-EJNFOTJPOBM SFDUBOHMF R JT TBJE UP CF UJMFE XJUI UJMFT (n-EJNFOTJPOBM SFDUBOHMFT)
R1, . . . , Rk JG R DBO CF ųMMFE FOUJSFMZ XJUI DPQJFT PG Ri, 1 ≤ i ≤ k (SPUBUJPOT BSF OPU BM-
MPXFE). TIF NBJO SFTVMU PG UIJT QSPCMFN JT HJWFO CZ TIFPSFN 1.1 (CFMPX) TUBUJOH UIBU B
TVGųDJFOUMZ MBSHF n-EJNFOTJPOBM SFDUBOHMF DBO CF UJMFE XJUI B TFU PG n+ k− 1 UJMFT JG BOZ
k-TVCTFU PG UIF TFU PG 1-DPPSEJOBUFT (TFU PG UIF ųSTU MFOHUIT) PG UIF UJMFT BSF SFMBUJWFMZ
QSJNFT BOE UIF TFU PG j-DPPSEJOBUFT (TFU PG UIF jth MFOHUIT) PG UIF UJMFT BSF QBJSXJTF
SFMBUJWFMZ QSJNF GPS FBDI j = 2, . . . , n.

Theorem 1.1. ([8]). LFU k ≥ 2 BOE n ≥ 1 CF JOUFHFST. LFU Ri(x
i
1, . . . , x

i
n), i = 1, . . . , n+k−1

CF JOUFHFST GPSNFE XJUI JOUFHFST xi
j ≥ 2 TVDI UIBU

(B) HDE(xi1
1 , . . . , xik

1 ) = 1 GPS BOZ {i1, . . . , ik} ⊂ {1, . . . , n+ k − 1} BOE

(C) HDE(xi1
j , xi2

j ) = 1 GPS BOZ {i1, i2} ⊂ {1, . . . , n+ k − 1} BOE BOZ j = 2, . . . , n.
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LFU g1 = NBY{g(x1
i1
, . . . , x1

ik
) |{i1, . . . , ik} ⊂ {1, . . . , n+ k − 1}} BOE

gl = NBY
{
g(

xi1
l · · ·xil+k−2

l

x
il+k−2

l

, . . . ,
xi1
l · · ·xil+k−2

l

xi1
l

) |{i1, . . . , il+k−2} ⊆ {1, . . . , n+ k − 1}

}

GPS FBDI l = 2, . . . , n.
TIFO R(a1, . . . , an) DBO CF UJMFE XJUI UJMFT R1, . . . , Rn+k−1 JG ai > NBY

1≤l≤n
{gl} GPS BMM j.

Example 1.2. LFU R1 = (22, 3, 3), R2 = (14, 5, 5), R3 = (21, 2, 2), R4 = (15, 7, 7) BOE
R5 = (55, 11, 11). IO UIJT DBTF, XF IBWF k = n = 3.

g1 = NBY{g(22, 14, 21), g(22, 14, 15), g(22, 14, 55), g(22, 21, 15), g(22, 21, 55), g(22, 15, 55),
g(14, 21, 15), g(14, 21, 55), g(14, 15, 55), g(21, 15, 55)}

= NBY{139, 91, 173, 181, 243, 97, 288, 151, 179} = 288.

WJUI l = 2 XF PCUBJO
g2 = NBY{g(3·5, 3·2, 5·2), g(3·5, 3·7, 5·7), g(3·5, 3·11, 5·11), g(3·2, 3·7, 2·7), g(3·2, 3·11, 2·11),

g(3·7, 3·11, 7·11), g(5·2, 5·7, 2·7), g(5·2, 5·11, 2·11), g(5·7, 5·11, 7·11), g(2·7, 2·11, 7·11)}
= NBY{g(15, 6, 10), g(15, 21, 35), g(15, 33, 55), g(6, 21, 14), g(6, 33, 22), g(21, 33, 77),

g(10, 35, 14), g(10, 55, 22), g(35, 55, 77), g(14, 22, 77)}

= NBY{29, 139, 227, 43, 71, 331, 81, 133, 603, 195} = 603.

AOE XJUI l = 3

g3 = NBY{g(3·5·2, 3·5·7, 3·2·7, 5·2·7), g(3·5·2, 3·5·11, 3·2·11, 5·2·11), g(3·5·7, 3·5·11, 3·7·11, 5·7·11),
g(5·2·7, 5·2·11, 5·7·11, 2·7·11)}

= NBY{g(30, 105, 42, 70), g(30, 165, 66, 110), g(105, 165, 231, 385), g(70, 110, 385, 154)}
= NBY{383, 619, 2579, 1591} = 2579.

TIFSFGPSF, TIFPSFN 1.1 JNQMJFT UIBU R(a1, a2, a3) DBO CF UJMFE XJUI UJMFT R1, . . . , R5 JG
a1, a2, a3 > NBY{g1, g2, g3} = {288, 603, 2579} = 2579.

TIF PSJHJO PG UIJT QSPCMFN GPS n = 2 XBT QSPQPTFE CZ SZMWFTUFS (1884) [15], XIJDI
JUT TPMVUJPO XBT TPMWFE CZ CVSSBO SIBSQ (1884) [2] :

g(a1, a2) = (a1 − 1)(a2 − 1)− 1 = a1a2 − a1 − a2. (1.1)

RPCFSUT (1956) [13] GPVOE UIF FSPCFOJVT OVNCFS PG BO BSJUINFUJDBM TFRVFODF :

g(a, a+ d, . . . , a+ kd) = a

⌊
a− 2

k

⌋
+ d(a− 1). (1.2)

FPS n = 3, SFMNFS BOE BFZFS (1978) [14] TPMWFE FSPCFOJVT PSPCMFN CZ VTJOH B
DPOUJOVFE GSBDUJPO BMHPSJUIN. TIFO RöETFUI (1978) [12] JNQSPWFE UIFJS SFTVMU. GSFFO-
CFSH (1988) [5] GPVOE BOPUIFS BMHPSJUIN.

IO 21TU DFOUVSZ, UIF FSPCFOJVT PSPCMFN JT TUJMM BO JOUFSFTUJOH QSPCMFN. TIFSF BSF
TFWFSBM XPSLT BCPVU UIJT QSPCMFN BT GPMMPXT. MBSíO FU BM. (2007) [9] JOWFTUJHBUFE UIF
FSPCFOJVT OVNCFS PG FJCPOBDDJ OVNCFST Fi, Fi+2, Fi+k GPS JOUFHFST i, k ≥ 3 XIFSF Fn JT
UIF OUI UFSN PG UIF FJCPOBDDJ TFRVFODF EFųOFE CZ Fn = Fn−1 + Fn−2, n ≥ 3 XJUI F1 = 1
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BOE F2 = 1. TIFZ GPVOE UIBU

g(Fi, Fi+2, Fi+k) =


(Fi − 1)Fi+2 − Fi(rFk−2 + 1), JG r = 0 PS r ≥ 1 BOE

Fk−2Fi < (Fi − rFk)Fi+2,

(rFk − 1)Fi+2 − Fi((r − 1)Fk−2 + 1), PUIFSXJTF.

XIFSF r =
⌊
Fi−1
Fk

⌋
GPS i, k ≥ 3. LBUFS PO, ÝMIBO BOE K¿QFS (2008) [18] FTUBCMJTIFE UIF

FSPCFOJVT OVNCFS JOWPMWJOH LVDBT OVNCFST Ln EFųOFE CZ Ln = Ln−1+Ln−2, n ≥ 3 XJUI
L1 = 1 BOE L2 = 3. TIFZ GPVOE UIF GPSNVMBF GPS

g(Li, Li+1, Li+k) = LiLi+1 − Li − Li+1 GPS i, k ≥ 2

g(Li, Li+2, Li+3) = Li

⌊
Li − 2

2

⌋
+ Li+1(Li − 1) GPS i ≥ 3

g(L3i, L3i + 2, 2L3i + 1) =
(L3i)

2

2
+ L3i − 1 GPS i ≥ 1.

MPSFPWFS, OOH BOE PPOPNBSFOLP (2008) [10] TPMWFE UIF FSPCFOJVT PSPCMFN GPS
TFUT PG UIF GPSN {mk,mk−1n,mk−2n2, . . . , nk}, XIFSF m,n BSF SFMBUJWFMZ QSJNF QPTJUJWF
JOUFHFST :

g(mk,mk−1n,mk−2n2, . . . , nk) = nk−1(mn−m− n) +
(n− 1)m2(mk−1 − nk−1)

m− n
(1.3)

GPS BOZ JOUFHFS k.
GJM FU BM. (2015) [4] GPVOE UIF FSPCFOJVT OVNCFS PG QSJNJUJWF PZUIBHPSFBO

USJQMFT :

g(m2 − n2, 2mn,m2 + n2) = (m− 1)(m2 − n2) + (m− 1)(2mn)− (m2 + n2). (1.4)

RFDFOUMZ, TSJQBUIJ (2017) [17] HBWF FYBDU GPSNVMBF GPS g(a1, a2, a3) , XIFSF a1, a2, a3

BSF QBJSXJTF DPQSJNF QPTJUJWF JOUFHFST. HJT SFTVMUT BSF EJWJEFE JOUP TFWFSBM DBTFT BOE BSF
DPNQMJDBUFE, TP XF EP OPU SFDPSE UIFN IFSF.

IO UIJT XPSL, XF JOWFTUJHBUF UIF FSPCFOJVT OVNCFS g(Li, Li+2, Li+l) GPS JOUFHFST
i ≥ 3, l ≥ 4 CZ VTJOH UIF JEFB PG MBSíO FU BM.’T XPSL (2007) [9] BOE HFOFSBMJ[FT UIF XPSL
PG ÝMIBO BOE K¿QFS (2008)[18]. OVS XPSL OFFET UIF XFMM-LOPXO TIFPSFN PG BSBVFS BOE
SIPDLMFZ (1962) [1] UIBU TUBUFT BT GPMMPXJOH :

Theorem 1.3. ([1]). LFU 1 < a1 < . . . < an CF JOUFHFST TVDI UIBU HDE(a1, . . . , an) = 1. LFU
B = {c1a1 + ...+ cnan | ci ∈ N ∪ {0} GPS BMM i = 1, 2, . . . , n}. TIFO

g(a1, . . . , an) = NBY
l∈{1,2,...,a1−1}

{t∗l } − a1

XIFSF t∗l JT UIF TNBMMFTU QPTJUJWF JOUFHFST DPOHSVFOU UP l NPEVMP a1 BOE t∗l ∈ B.

NPUF UIBU TIFPSFN 1.3 DBO HJWF UIF WBMVF GPS g(a1, . . . , an) ; IPXFWFS, UIF GPS-
NVMBF JT OPU JO UIF DMPTFE GPSN BOE JU JT EJGųDVMU UP ųOE t∗l GPS FBDI l. IO PVS XPSL, XF
BSF BCMF UP HJWF BO FYQMJDJU GPSNVMBF GPS g(Li, Li+2, Li+l).This material is reserved for educational use only, not allowed for commercial use. 
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1.2 Objectives of the study
TP QSPWF UIF GPSNVMBF UIBU DBO CF VTFE UP ųOE UIF SFTVMUT PO UIF FSPCFOJVT

OVNCFST PG DFSUBJO LVDBT OVNFSJDBM TFNJHSPVQT XIJDI BSF HFOFSBUFE CZ LVDBT OVNCFST.

1.3 Scopes of the study
1) SUVEZ UIF FSPCFOJVT QSPCMFN.

2) SUVEZ UIF FSPCFOJVT OVNCFS JO UISFF WBSJBCMFT.

3) IOWFTUJHBUF UIF FSPCFOJVT OVNCFS JO SFMBUJWFMZ QSJNF UISFF LVDBT OVNCFST.

1.4 Benefits of the study
TP PCUBJO B OFX GPSNVMBF GPS TPMWJOH UIF FSPCFOJVT OVNCFS GPS OVNFSJDBM TFNJ-

HSPVQT HFOFSBUFE CZ LVDBT OVNCFST.

1.5 Research methodology
1) SUVEZ QSFMJNJOBSJFT PG FSPCFOJVT QSPCMFNT.

2) SUVEZ SFTFBSDI QBQFST BOE UFYUCPPL DPODFSOJOH FSPCFOJVT OVNCFS.

3) SUVEZ EFųOJUJPOT BOE QSPQFSUJFT PG FJCPOBDDJ OVNCFS, LVDBT OVNCFS BOE FSPCF-
OJVT OVNCFS.

4) DFUFSNJOF UIF PCKFDUJWFT BOE TDPQFT PG UIF SFTFBSDI.

5) SUVEZ BEWBODFE UPQJDT JO FSPCFOJVT OVNCFS JO UISFF WBSJBCMFT.

6) SUVEZ UIF XPSLT PG MBSíO FU BM. [9] BOE ÝMIBO BOE K¿QFS [18].

7) PSPWF UIF GPSNVMBF GPS TPMWJOH UIF FSPCFOJVT OVNCFS JO SFMBUJWFMZ QSJNF UISFF
LVDBT OVNCFST.

8) CPODMVEF UIF SFTVMUT, NBLF TVHHFTUJPOT GPS GVSUIFS XPSLT BOE XSJUF UIF UIFTJT.

This material is reserved for educational use only, not allowed for commercial use. 
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Table 1.1: TIF SFTFBSDI TDIFEVMF

TJNF GSBNF
ADUJWJUZ 2016 2017 2018 2019

AVH.-SFQ. ODU.-DFD. JBO.-MBZ. JVO.-AVH. SFQ.-DFD. JBO.-MBZ. JVO.-AVH. SFQ.-DFD. JBO.-AQS.
SUFQ 1 −→

SUFQ 2 −→

SUFQ 3 −→

SUFQ 4 −→

SUFQ 5 −→

SUFQ 6 −→

SUFQ 7 −→

SUFQ 8 −→
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Chapter 2
Preliminaries

TIF QVSQPTF PG UIJT DIBQUFS JT UP DPMMFDU MFNNBT, EFųOJUJPOT, UIFPSFNT BOE
UFSNJOPMPHZT GPS VTFE UISPVHIPVU PG UIF UIFTJT.

2.1 Necessary results
Definition 2.1. Fibonacci numbers BSF UIF OVNCFST JO UIF JOUFHFS TFRVFODF EFųOFE
CZ UIF SFDVSSFODF SFMBUJPO

Fn = Fn−1 + Fn−2

GPS JOUFHFS n ≥ 2 XJUI F0 = 0 BOE F1 = 1.

Definition 2.2. Lucas numbers BSF UIF OVNCFST JO UIF JOUFHFS TFRVFODF EFųOFE CZ
UIF SFDVSSFODF SFMBUJPO

Ln = Ln−1 + Ln−2

GPS BO JOUFHFS n ≥ 2 XJUI L0 = 2 BOE L1 = 1.

Theorem 2.1. ([16]). FPS B OPOOFHBUJWF JOUFHFS n, XF IBWF

(B) HDE(Ln, Ln+1) = 1,

(C) HDE(Ln, Ln+2) = 1.

Theorem 2.2. ([7]). IG n BOE m BSF JOUFHFST, UIFO Ln = LmFn−m+1 + Lm−1Fn−m.

A MJOFBS DPNCJOBUJPO JT BO FYQSFTTJPO DPOTUSVDUFE GSPN B TFU PG UFSNT CZ NVM-
UJQMZJOH FBDI UFSN CZ B DPOTUBOU BOE BEEJOH UIF SFTVMUT.

Definition 2.3. LFU a1, a2, . . . , an (n ≥ 2) CF JOUFHFST. AOZ FYQSFTTJPO PG UIF GPSN c1a1 +

c2a2+. . .+cnan XIFSF c1, c2, . . . , cn BSF JOUFHFST, JT DBMMFE B MJOFBS DPNCJOBUJPO PG a1, a2, . . . , an.

Definition 2.4. LFU a BOE b CF JOUFHFST BOE MFU m CF B QPTJUJWF JOUFHFS. WF TBZ a JT
congruent UP b NPEVMP m , XSJUUFO

a ≡ b (NPE m),

JG BOE POMZ JG m |(a− b ).

This material is reserved for educational use only, not allowed for commercial use. 
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Theorem 2.3. ([11]). LFU m CF B QPTJUJWF JOUFHFS.

(B) FPS BMM JOUFHFST a XF IBWF a ≡ a ( NPE m ).

(C) FPS BMM JOUFHFST a BOE b XF IBWF a ≡ b ( NPE m ) JG BOE POMZ JG b ≡ a ( NPE m ).

(D) FPS BMM JOUFHFST a, b BOE c XF IBWF UIBU JG a ≡ b ( NPE m ) , b ≡ c ( NPE m ),
UIFO a ≡ c ( NPE m ).

(E) IG a JT BOZ JOUFHFS, UIFO m |a JG BOE POMZ JG a ≡ 0 ( NPE m ).

Definition 2.5. LFU m CF B QPTJUJWF JOUFHFS. IG x ≡ a ( NPE m ), UIFO a JT DBMMFE B residue
PG x NPEVMP m. IG 0 ≤ a ≤ m− 1, UIFO a JT DBMMFE UIF least residue PG x NPEVMP m.

Definition 2.6. AOZ TFU PG m OVNCFST UIBU JT DPOHSVFOU UP FYBDUMZ POF PG UIFTF MFBTU
SFTJEVF JT DBMMFE B complete residue system NPEVMP m.

Definition 2.7. AO JOUFHFS g JT TBJE UP CF B common divisor PG UIF JOUFHFST a BOE b JG
g |a BOE g |b . TIF MBSHFTU POF PG UIFTF DPNNPO EJWJTPST JT DBMMFE the greatest common
divisor (HDE) BOE JT EFOPUFE CZ HDE(a, b).

MPSFPWFS, UIF HSFBUFTU DPNNPO EJWJTPS PG JOUFHFST a1, ..., an. TIF HSFBUFTU DPN-
NPO EJWJTPS PG n(≥ 2) QPTJUJWF JOUFHFST a1, ..., an JT UIF MBSHFTU QPTJUJWF JOUFHFS UIBU EJWJEFT
FBDI ai. IU JT EFOPUFE CZ HDE(a1, ..., an).

Theorem 2.4. ([7]). LFU a1, a2, ..., an CF n(≥ 2) QPTJUJWF JOUFHFST. TIFO

HDE(a1, a2, ..., an) = HDE(HDE(a1, a2, ..., an−1), an).

Definition 2.8. TXP JOUFHFST a BOE b BSF TBJE UP CF relatively prime PS coprime, JG UIF
POMZ QPTJUJWF JOUFHFS UIBU EJWJEFT CPUI PG UIFN JT 1. CPOTFRVFOUMZ, BOZ QSJNF OVNCFS
UIBU EJWJEFT POF EPFT OPU EJWJEF UIF PUIFS. TIJT JT FRVJWBMFOU UP UIFJS HDE CFJOH 1.

Definition 2.9. TIF JOUFHFST a1, a2, . . . , an BSF DBMMFE pairwise relatively prime JG HDE(ai, aj) =
1 GPS BMM i ̸= j.

IO UIF DBTF PG NPSF UIBO UXP JOUFHFST, B EJTUJODUJPO IBT UP CF NBEF CFUXFFO
SFMBUJWFMZ QSJNF BOE QBJSXJTF SFMBUJWFMZ QSJNF.

Definition 2.10. IG x JT B SFBM OVNCFS, UIFO ⌊x⌋ EFOPUFE the greatest integer GVODUJPO
PG x. IU JT UIF MBSHFTU JOUFHFS MFTT UIBO PS FRVBM UP x. IO PUIFS XPSET, JU JT UIBU JOUFHFS n
TVDI UIBU n ≤ x < n+ 1.

Theorem 2.5. ([7]). LFU a BOE b CF UXP JOUFHFST XJUI b > 0. TIFO UIFSF FYJTU VOJRVF
JOUFHFST q, r TVDI UIBU a = qb + r, XIFSF 0 ≤ r < b. TIF JOUFHFS q BOE r BSF DBMMFE UIF
RVPUJFOU BOE UIF SFNBJOEFS, SFTQFDUJWFMZ.
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Definition 2.11. A semigroup JT B QBJS (S, ∗) XIFSF S JT B OPO-FNQUZ TFU BOE ∗ JT BO
BTTPDJBUJWF CJOBSZ PQFSBUJPO PO S. [J.F. ∗ JT B GVODUJPO S × S −→ S XJUI (a, b) 7−→ a ∗ b

BOE GPS BMM a, b, c ∈ S XF IBWF a ∗ (b ∗ c) = (a ∗ b) ∗ c].
Definition 2.12. LFU a1, . . . , an CF B TFU PG QPTJUJWF JOUFHFST (n ≥ 2) TVDI UIBU HDE(a1, . . . , an) =
1. TIF numerical semigroup HFOFSBUFE CZ a1, . . . , an JT UIF TFU {c1a1 + . . .+ cnan} XJUI
c1, . . . cn CF OPOOFHBUJWF JOUFHFST, XIJDI XF TPNFUJNFT SFGFS UP BT ⟨a1, . . . , an⟩.

2.2 Literature reviews

2.2.1 The work of Marín et al. ([9])
Theorem 2.6. LFU i, k ≥ 3 CF JOUFHFST BOE MFU r =

⌊
Fi−1
Fk

⌋
,

g(Fi, Fi+2, Fi+k) =


(Fi − 1)Fi+2 − Fi(rFk−2 + 1), JG r = 0 PS r ≥ 1 BOE

Fk−2Fi < (Fi − rFk)Fi+2,

(rFk − 1)Fi+2 − Fi((r − 1)Fl−2 + 1), PUIFSXJTF.
Example 2.7. LFU i = 3 BOE k = 5. TIFO r =

⌊
F3−1
F5

⌋
= 0, BOE CZ TIFPSFN 2.6 , XF IBWF

g(F3, F5, F8) = g(2, 5, 21) = (F3 − 1)F5 − F3((0)F3 + 1) = 5− 2(1) = 3.

WF XPVME MJLF UP DPOųSN UIF WBMVF PG g(2, 5, 21) CZ UIF XFMM-LOPXO TIFPSFN 1.3.
NPUF UIBU g(F3, F5, F8) = g(2, 5, 21) = NBY

k∈{1}
{t∗k} − 2.

TIFO XF IBWF UP ųOE t∗k GPS k = 1, XIFSF t∗k JT UIF TNBMMFTU QPTJUJWF JOUFHFS DPOHSVFOU
UP k NPEVMP F3 = 2 BOE t∗k ∈ B.
WF HFU t∗1 = 5. TIVT g(F3, F5, F8) = 5 − 2 = 3 XIJDI JT UIF TBNF WBMVF PCUBJOFE CZ
TIFPSFN 2.6.
Example 2.8. TBLF i = 4 BOE k = 3. TIFO r =

⌊
F4−1
F3

⌋
= 1, BOE F1F4 < F4 − ((1)F3)F6.

TIVT g(F4, F6, F7) = g(3, 8, 13) = (F4 − 1)F6 − F4((1)F1 + 1) = 10.
OO UIF PUIFS IBOE, CZ VTJOH TIFPSFN 1.3, g(F4, F6, F7) = g(3, 8, 13) = NBY

l∈{1,2}
{t∗k} − 3.

WF HFU t∗1 = 13 BOE t∗2 = 8. TIVT g(F4, F6, F7) = NBY {13, 8} − 3 = 10 XIJDI JT UIF TBNF
WBMVF BT BCPWF.
Example 2.9. TBLF i = 11 BOE k = 6. TIFO r =

⌊
F11−1
F6

⌋
= 11, BOE F4F11 > (F11−11F6)F13.

TIVT g(F11, F13, F17) = g(89, 233, 1597) = (11F6 − 1)F13 − F11(10F4 + 1) = 17, 512.

2.2.2 The work of Ýlhan and Kýper ([18])
Theorem 2.10. LFU S = ⟨Ln, Ln+1, Ln+k⟩ GPS n, k ≥ 2. TIFO, UIF FSPCFOJVT OVNCFS PG
LVDBT OVNFSJDBM TFNJHSPVQ S JT g(S) = LnLn+1 − Ln − Ln+1.
Example 2.11. LFU n = 3 , k = 2 BOE XF DPNQVUF g(L3, L4, L5) CZ VTJOH TIFPSFN 2.10.
WF HFU g(L3, L4, L5) = g(4, 7, 11). TIVT

g(L3, L4, L5 = g(4, 7, 11) = L3L4 − L3 − L4 = 4(7)− 4− 7 = 17.This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



9

Theorem 2.12. LFU S = ⟨Ln, Ln+2, Ln+3⟩ GPS n ≥ 3. TIFO, UIF FSPCFOJVT OVNCFS PG LVDBT
OVNFSJDBM TFNJHSPVQ S JT g(S) = Ln(

⌊
Ln−2

2

⌋
) + Ln+1(Ln − 1), XIFSF ⌊x⌋ JT UIF HSFBUFTU

JOUFHFS BOE TNBMMFS UIBO x, GPS B SFBM OVNCFS x.

Example 2.13. LFU n = 3 BOE XF DPNQVUF g(L3, L5, L6) CZ VTJOH TIFPSFN 2.12.
WF HFU g(L3, L5, L6) = g(4, 11, 18). TIVT

g(L3, L5, L6 = g(4, 11, 18) = L3

(⌊
L3 − 2

2

⌋)
+ L4(L3 − 1) = 4

(⌊
4− 2

2

⌋)
+ 7(4− 1) = 25.

Theorem 2.14. LFU S = ⟨L3n, L3n + 2, 2L3n + 1⟩ GPS n ≥ 1. TIFO, UIF FSPCFOJVT OVNCFS
PG LVDBT OVNFSJDBM TFNJHSPVQ S JT g(S) = (L3n)

2

2 + L3n − 1.

Example 2.15. LFU n = 2 BOE XF DPNQVUF g(L6, L6 + 2, 2L6 + 1) CZ VTJOH TIFPSFN 2.14.
WF HFU g(L6, L6 + 2, 2L6 + 1) = g(18, 20, 37). TIVT

g(L6, L6 + 2, 2L6 + 1) = g(18, 20, 37) =
(L6)

2

2
+ L6 − 1 =

(18)
2

2
+ 18− 1 = 179.
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Chapter 3
Necessary Lemmas

IO UIJT DIBQUFS, XF HJWF OFDFTTBSZ MFNNBT UP QSPWF PVS NBJO UIFPSFN. BZ
TIFPSFN 2.1 (B), XF IBWF HDE(Li, Li+1) = 1, UIVT HDE(Li, Li+1, Ll) = 1 GPS BOZ JOUFHFS
l ≥ i+ 2. BFDBVTF Ll GPS l ≥ i+ 2 DBO CF XSJUUFO BT B DPNCJOBUJPO PG Li BOE Li+1 UIBU JT
Ll = Li+m = Li+1Fm + LiFm−1, UIVT

g(Li, Li+1, Ll) = g(Li, Li+1) = LiLi+1 − Li − Li+1

XIFO l = i+m GPS TPNF JOUFHFS m ≥ 2.
IO UIJT XPSL XF XJMM DPOTJEFS g(Li, Li+2, Li+l) GPS JOUFHFS l ≥ 3, CZ TIFPSFN 2.1

(C), XF IBWF HDE(Ln, Ln+2) = 1, IFODF HDE (Ln, Ln+2, Li+l) = 1 GPS BOZ JOUFHFS l ≥ 3.
IO UIF DBTF l = 3, XF IBWF

g(Li, Li+2, Li+3) = g(Li, Li + Li+1, Li + 2Li+1)

GPS BMM i ≥ 1.
BFGPSF JOWFTUJHBUJOH UIF WBMVF PG g(Li, Li+2, Li+l) GPS l ≥ 4, XF FTUBCMJTI TPNF

MFNNBT. BZ TIFPSFN 1.3, GPS ųYFE JOUFHFS l ≥ 4, XF HFU

g(Li, Li+2, Li+l) = NBY
k∈{1,2,...,Li−1}

{t∗k} − Li (3.1)

XIFSF t∗k JT UIF TNBMMFTU QPTJUJWF JOUFHFS DPOHSVFOU UP k NPEVMP Li BOE t∗k = xLi+2+yLi+l

GPS TPNF x, y ≥ 0.
TIFO XF TIBMM DPOTUSVDU UIF UBCMF, EFOPUFE CZ T1, IBWJOH FOUSJFT tx,y = xLi+2 +

yLi+l GPS JOUFHFST x, y ≥ 0.

Table 3.1: TBCMF T1 : SIPXJOH tx,y = xLi+2 + yLi+l GPS TPNF x, y ≥ 0

Y\Z 0 1 2 . . .

0 0 Li+l 2Li+l . . .

1 Li+2 Li+2 + Li+l Li+2 + 2Li+l . . .

2 2Li+2 2Li+2 + Li+l 2Li+2 + 2Li+l . . .

3 3Li+2 3Li+2 + Li+l 3Li+2 + 2Li+l . . .

... ... ... ...
Fl − 2 (Fl − 2)Li+2 (Fl − 2)Li+2 + Li+l (Fl − 2)Li+2 + 2Li+l . . .

Fl − 1 (Fl − 1)Li+2 (Fl − 1)Li+2 + Li+l (Fl − 1)Li+2 + 2Li+l . . .

Fl FlLi+2 FlLi+2 + Li+l FlLi+2 + 2Li+l . . .

Fl + 1 (Fl + 1)Li+2 (Fl + 1)Li+2 + Li+l (Fl + 1)Li+2 + 2Li+l . . .

... ... ... ...
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Table 3.2: TBCMF T1 : SIPXJOH tx,y = xLi+2 + yLi+l GPS TPNF x, y ≥ 0 (DPOUJOVJOH)

Y\Z . . . r − 1 r . . .

0 . . . (r − 1)Li+l rLi+l . . .

1 . . . Li+2 + (r − 1)Li+l Li+2 + rLi+l . . .

2 . . . 2Li+2 + (r − 1)Li+l 2Li+2 + rLi+l . . .

3 . . . 3Li+2 + (r − 1)Li+l 3Li+2 + rLi+l . . .

... ... ...
Fl − 2 . . . (Fl − 2)Li+2 + (r − 1)Li+l (Fl − 2)Li+2 + rLi+l . . .

Fl − 1 . . . (Fl − 1)Li+2 + (r − 1)Li+l (Fl − 1)Li+2 + rLi+l . . .

Fl . . . FlLi+2 + (r − 1)Li+l FlLi+2 + rLi+l . . .

Fl + 1 . . . (Fl + 1)Li+2 + (r − 1)Li+l (Fl + 1)Li+2 + rLi+l . . .

... ... ...

SJODF

Li+l = Li+2Fl−1 + Li+1Fl−2 = Li+2(Fl − Fl−2) + (Li+2 − Li)Fl−2 = FlLi+2 − Fl−2Li,

XF HFU

tx,y = xLi+2 + yLi+l = xLi+2 + y(FlLi+2 − Fl−2Li) = (x+ yFl)Li+2 − yFl−2Li.

TIVT UIF UBCMF T1 DBO CF SFQSFTFOUFE BT UIF UBCMF T2.

Table 3.3: TBCMF T2 : SIPXJOH tx,y = (x+ yFl)Li+2 − yFl−2Li GPS TPNF x, y ≥ 0

Y\Z 0 1 2 . . .

0 0 FlLi+2 − Fl−2Li 2FlLi+2 − 2Fl−2Li . . .

1 Li+2 (1 + Fl)Li+2 − Fl−2Li (1 + 2Fl)Li+2 − 2Fl−2Li . . .

2 2Li+2 (2 + Fl)Li+2 − Fl−2Li (2 + 2Fl)Li+2 − 2Fl−2Li . . .

3 3Li+2 (3 + Fl)Li+2 − Fl−2Li (3 + 2Fl)Li+2 − 2Fl−2Li . . .

... ... ... ...
Fl − 1 (Fl − 1)Li+2 (2Fl − 1)Li+2 − Fl−2Li (3Fl − 1)Li+2 − 2Fl−2Li . . .

Fl FlLi+2 2FlLi+2 − Fl−2Li 3FlLi+2 − 2Fl−2Li . . .

Fl + 1 (Fl + 1)Li+2 (2Fl + 1)Li+2 − Fl−2Li (3Fl + 1)Li+2 − 2Fl−2Li . . .

... ... ... ...
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Table 3.4: TBCMF T2 : SIPXJOH tx,y = (x+ yFl)Li+2 − yFl−2Li GPS TPNF x, y ≥ 0 (DPOUJOVJOH)

Y\Z . . . r − 1 r . . .

0 . . . (r − 1)FlLi+2 − (r − 1)Fl−2Li rFlLi+2 − rFl−2Li . . .

1 . . . (1 + (r − 1)Fl)Li+2 − (r − 1)Fl−2Li (1 + rFl)Li+2 − rFl−2Li . . .

2 . . . (2 + (r − 1)Fl)Li+2 − (r − 1)Fl−2Li (2 + rFl)Li+2 − rFl−2Li . . .

3 . . . (3 + (r − 1)Fl)Li+2 − (r − 1)Fl−2Li (3 + rFl)Li+2 − rFl−2Li . . .

... ... ...
Fl − 1 . . . (rFl − 1)Li+2 − (r − 1)Fl−2Li ((r + 1)Fl − 1)Li+2 − rFl−2Li . . .

Fl . . . rFlLi+2 − (r − 1)Fl−2Li (r + 1)FlLi+2 − rFl−2Li . . .

Fl + 1 . . . (rFl + 1)Li+2 − (r − 1)Fl−2Li (r + 1)FlLi+2 − rFl−2Li . . .

... ... ...

FSPN OPX PO, XF EFųOF UIF TFU TFl−1,∞ UP DPOUBJO UIF ųSTU Fl − 1 FOUSJFT PG BMM
DPMVNOT JO UIF UBCMF T2. TIBU JT

TFl−1,∞ = { tx,y | 0 ≤ x ≤ Fl − 1 BOE y ≥ 0 }.

TISPVHIPVU UIF QBQFS, XF TFU r =
⌊
Li−1
Fl

⌋
BOE Li − 1 = rFl + q GPS TPNF JOUFHFS 0 ≤ q ≤

Fl−1. LFU TFl−1,r CF UIF TFU UIBU DPOUBJOT UIF ųSTU Fl−1 FOUSJFT PG DPMVNOT 0, 1, 2, . . . , r−1

BOE UIF ųSTU q FOUSJFT PG DPMVNO r, J.F.,
TFl−1,r = { tx,y | 0 ≤ x ≤ Fl − 1 BOE 0 ≤ y ≤ r − 1 } ∪ {t0,r, t1,r, . . . , tq,r}.

Lemma 3.1. (J) TIF TFU TFl−1,r JT B DPNQMFUF SFTJEVF TZTUFN NPEVMP Li.
(JJ) IO UIF UBCMF T1, tm,n ≤ tj,k GPS BMM m ≤ j BOE n ≤ k. MPSFPWFS, tm+1,n < tm,n+1 GPS

BMM 0 ≤ m,n ≤ Fl − 2.
Proof. (J) FPS FBDI tx,y = (x + yFl)Li+2 − yFl−2Li ∈ TFl−1,r, XF IBWF 0 ≤ x + yFl ≤

q + rFl = Li − 1. SJODF HDE(Li, Li+2) = 1 , TFl−1,r JT B DPNQMFUF SFTJEVF TZTUFN
NPEVMP Li.

(JJ) RFDBMM UIBU tm,n = mLi+2 + nLi+l BOE tj,k = jLi+2 + kLi+l.

IU JT PCWJPVT UIBU GPS m ≤ j, UIFO
mLi+2 ≤ jLi+2,

mLi+2 + nLi+l ≤ jLi+2 + nLi+l,

tm,n ≤ tj,n,

BOE GPS n ≤ k, UIFO
nLi+l ≤ kLi+l,

mLi+2 + nLi+l ≤ mLi+2 + nLi+l,
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TIFSFGPSF, tm,n ≤ tj,k GPS m ≤ j BOE n ≤ k.
FPS 0 ≤ m,n ≤ Fl − 2, XF IBWF

tm,n+1 − tm+1,n = (mLi+2 + (n+ 1)Li+l)− ((m+ 1)Li+2 + nLi+l)

= (mLi+2 − (m+ 1)Li+2) + ((n+ 1)Li+l − nLi+l)

= Li+l − Li+2 > 0.

TIFSFGPSF, tm+1,n < tm,n+1 GPS BMM 0 ≤ m,n ≤ Fl − 2.

WF EFųOF tx ,GPS x = 0, 1, 2, . . . , BT GPMMPXT:

t0 = t0,0 tFl
= t0,1 t2Fl

= t0,2 ļ trFl
= t0,r ļ

t1 = t1,0 tFl+1 = t1,1 t2Fl+1 = t1,2 ļ trFl+1 = t1,r ļ
t2 = t2,0 tFl+2 = t2,1 t2Fl+2 = t2,2 ļ trFl+2 = t2,r ļ

... ... ... ...
tFl−1 = tFl−1,0 t2Fl−1 = tFl−1,1 t3Fl−1 = tFl−1,2 ļ t(r+1)Fl−1 = tFl−1,r ļ

TIF FMFNFOUT PG TFl−1,∞ DBO CF SFQSFTFOUFE BT tx = xLi+2 −
⌊

x
Fl

⌋
Fl−2Li GPS x = 0, 1, . . ..

Lemma 3.2. LFU tu,v CF BO FOUSZ PG T1 BOE tu,v /∈ TFl−1,r. TIFO UIFSF FYJTU tx,y ∈ TFl−1,r

TVDI UIBU tu,v ≡ tx,y (NPE Li) BOE tu,v > tx,y.

Proof. BZ UIF EFųOJUJPO PG tx BT EFųOFE BCPWF, UIF TFU TFl−1,r DBO CF XSJUUFO BT

TFl−1,r = {t0, . . . , tFl−1, tFl
, . . . , t2Fl−1, t2Fl

, . . . , t3Fl−1, . . . , trFl
, . . . , trFl+q = tLi−1}.

WF XJMM DPOTJEFS UXP DBTFT BT GPMMPXT.
CBTF 1: tu,v ∈ TFl−1,∞\TFl−1,r

TIFO tu,v = taLi+b GPS TPNF JOUFHFS a ≥ 1 BOE 0 ≤ b ≤ Li − 1. WF TFF UIBU

taLi+b = (aLi + b)Li+2 −
⌊
aLi + b

Fl

⌋
Fl−2Li

≡ bLi+2 −
⌊
b

Fl

⌋
Fl−2Li (NPELi)

≡ tb (NPELi ).

SJODF 0 ≤ b ≤ Li − 1, tb = tx,y ∈ TFl−1,r GPS TPNF x, y.
TIBU JT, tu,v ≡ tx,y (NPE Li ).
NFYU, XF XJMM TIPX UIBU tu,v > tx,y, J.F., taLi+b > tb.
SJODF taLi+b ≥ tLi+b GPS a ≥ 1, JU JT FOPVHI UP TIPX POMZ UIBU tLi+b > tb.
RFDBMM UIBU r =

⌊
Li−1
Fl

⌋
BOE Li − 1 = rFl + q GPS TPNF 0 ≤ q ≤ Fl − 1.

WF XJMM DPOTJEFS JOUP UXP TVCDBTFT EFQFOEJOH PO UIF WBMVF PG r.
SVCDBTF 1.1: SVQQPTF r = 0. SJODF Li − 1 < Fl, JU JNQMJFT UIBU Li ≤ Fl.This material is reserved for educational use only, not allowed for commercial use. 
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SJODF 0 ≤ b ≤ Li − 1, XF IBWF Li + b ≤ Li + Li − 1 TP Li + b ≤ 2Fl − 1.
IG 0 ≤ Li + b ≤ Fl − 1, UIFO CPUI tb BOE tLi+b BSF JO UIF ųSTU DPMVNO PG UIF UBCMF T1.
BZ LFNNB 3.1 (JJ), XF PCUBJO tLi+b > tb.

SVQQPTF UIBU Fl ≤ Li + b ≤ 2Fl − 1. TIFO tb BOE tLi+b BSF JO UIF ųSTU BOE TFDPOE
DPMVNOT PG UIF UBCMF T1, SFTQFDUJWFMZ.
IG Li <

Fl

2 , UIFO Li + b < Fl

2 + Fl

2 = Fl, B DPOUSBEJDUJPO.
HFODF XF IBWF Fl−2 ≤ Fl

2 ≤ Li.
FJOBMMZ, XF IBWF

tLi+b − tb = LiLi+2 − Fl−2Li

= Li (Li+2 − Fl−2)

> Li (Li − Fl−2)

> 0.

SVCDBTF 1.2: SVQQPTF UIBU r ≥ 1.
CPOTJEFS

tLi+b − tb =

(
(Li + b)Li+2 −

⌊
Li + b

Fl

⌋
Fl−2Li

)
−

(
bLi+2 −

⌊
b

Fl

⌋
Fl−2Li

)
= ((Li + b)Li+2 − bLi+2)−

(⌊
Li + b

Fl

⌋
Fl−2Li −

⌊
b

Fl

⌋
Fl−2Li

)
= ((Li + b)− b)Li+2 −

(⌊
Li + b

Fl

⌋
−

⌊
b

Fl

⌋)
Fl−2Li

= Li

(
Li+2 − Fl−2

(⌊
Li + b

Fl

⌋
−
⌊
b

Fl

⌋))
.

WSJUF b = mFl + n XIFSF 0 ≤ n ≤ Fl − 1.
SJODF Li − 1 = rFl + q XJUI 0 ≤ q ≤ Fl − 1, JU GPMMPXT UIBU⌊

Li + b

Fl

⌋
−
⌊
b

Fl

⌋
=

⌊
Li − 1 + b+ 1

Fl

⌋
−m

=

⌊
rFl + q +mFl + n+ 1

Fl

⌋
−m

≤ r + 1.

IU JT FOPVHI UP TIPX UIBU Li+2 > (r + 1)Fl−2.
TP UIJT FOE, XF TFF UIBU, GPS r ≥ 1,

Li+2 − (r + 1)Fl−2 = Li + Li+1 − (r + 1)Fl−2

= rFl + q + 1 + Li+1 − (r + 1)Fl−2

= r (Fl − Fl−2)− Fl−2 + q + 1 + Li+1

= rFl−1 − Fl−2 + q + 1 + Li+1 > 0.

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



15

CBTF 2: tu,v /∈ TFl−1,∞

BZ LFNNB 3.1 (J), TFl−1,r JT B DPNQMFUF TZTUFN PG SFTJEVF NPEVMP Li, UIFSF FYJTUT
tx,y ∈ TFl−1,r TVDI UIBU tu,v ≡ tx,y (NPE Li ).
TIFO 0 ≤ x ≤ Fl − 1 < u.
IG v ≥ y, CZ LFNNB 3.1 (JJ), tx,y ≤ tx,v < tu,v.
SVQQPTF v < y. TIFO tu,v ≡ tx,y (NPELi ) JNQMJFT u+ vFl ≡ x+ yFl (NPELi ).
FSPN LFNNB 3.1 (J), 0 ≤ x+ yFl ≤ Li − 1, UIVT u+ vFl > x+ yFl.
SJODF −vFl−2Li > −yFl−2Li, XF IBWF tu,v > tx,y.
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Chapter 4
Formulae of the Frobenius number for three

relatively prime Lucas numbers
IO UIJT DIBQUFS, XF QSPWF UIF GPSNVMBF GPS TPMWJOH UIF FSPCFOJVT OVNCFS GPS

OVNFSJDBM TFNJHSPVQT HFOFSBUFE CZ Li, Li+2 BOE Li+l.
Theorem 4.1. LFU i ≥ 3 , l ≥ 4 CF JOUFHFST BOE r =

⌊
Li−1
Fl

⌋
. TIFO

g(Li, Li+2, Li+l) =


(Li − 1)Li+2 − (1 + rFl−2)Li, JG 1.) r = 0,

PS 2.) r ≥ 1 BOE (Li − rFl)Li+2 > Fl−2Li,

(rFl − 1)Li+2 − (1 + (r − 1)Fl−2)Li, PUIFSXJTF.
Proof. LFU T ∗ = {t∗0, t∗1, ..., t∗Fi−1}. NPX XF XJMM DPOTJEFS t∗k GPS k = 1, 2, . . . , Li − 1 XIFO
t∗k JT UIF TNBMMFTU QPTJUJWF JOUFHFS DPOHSVFOU UP k NPEVMP Li BOE t∗k DBO CF XSJUUFO BT
xLi+2 + yLi+l GPS TPNF JOUFHFST x, y ≥ 0.
RFDBMM UIBU tx = xLi+2 −

⌊
x
Fl

⌋
Fl−2Li GPS x = 0, 1, . . ..

IG r = 0, CZ LFNNB 3.2, XF IBWF UIBU tx JT UIF TNBMMFTU QPTJUJWF JOUFHFS DPOHSVFOU UP k

NPEVMP Li GPS TPNF JOUFHFS 0 ≤ k ≤ Li − 1 BOE XF TFF UIBU tx DBO CF SFQSFTFOUFE BT B
MJOFBS DPNCJOBUJPO PG Li+2 BOE Li+l.
HFODF TFl−1,r = T ∗.
IG r ≥ 1, CZ LFNNB 3.1 (JJ), UIFO

tFl−1,i = NBY
0≤x≤Fl−1

{tx,i | tx,i ∈ TFl−1,r } GPS FBDI i = 0, 1, . . . , r − 1,

tFl−1,r−1 = NBY
0≤i≤r−1

{tFl−1,i | tFl−1,i ∈ TFl−1,r },

BOE

tk,r = NBY
0≤x≤k

{tx,r | tx,r ∈ TFl−1,r }.

WF XJMM ųOE UIF OFDFTTBSZ DPOEJUJPO GPS tk,r > tFl−1,r−1.
IU JT USVF JG BOE POMZ JG (Li − 1)Li+2 − Fl−2Li > (rFl − 1)Li+2 − (r − 1)Fl−2Li UIBU JT (Li −

rFl)Li+2 > Fl−2Li.

HFODF XF DBO DPODMVEF UIF SFTVMU PG UIJT UIFPSFN.

Example 4.2. LFU i = 3 BOE l = 5. TIFO r =
⌊
L3−1
F5

⌋
= 0, BOE CZ PVS NBJO UIFPSFN,

XF IBWF

g(L3, L5, L8) = g(4, 11, 47) = (L3 − 1)L5 − (1 + (0)F3)L3 = 3(11)− 1(4) = 29.

WF XPVME MJLF UP DPOųSN UIF WBMVF PG g(4, 11, 47) CZ UIF XFMM-LOPXO TIFPSFN 1.3.
SJODF g(L3, L5, L8) = g(4, 11, 47) = NBY

k∈{1,2,3}
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TIFO XF IBWF UP ųOE t∗k GPS FBDI k = 1, 2, 3, UIBU t∗k JT UIF TNBMMFTU QPTJUJWF JOUFHFS
DPOHSVFOU UP k NPEVMP L3 = 4 BOE t∗k ∈ B.
WF HFU t∗1 = 33 , t∗2 = 22 BOE t∗3 = 11.
TIVT g(L3, L5, L8) = NBY {33, 22, 11} − 4 = 29 XIJDI JT UIF TBNF WBMVF PCUBJOFE CZ PVS
SFTVMU.

Example 4.3. TBLF i = 4 BOE l = 4. TIFO r =
⌊
L4−1
F4

⌋
= 2, BOE (L4 − 2F4)L6 > F2L4.

TIVT g(L4, L6, L8) = g(7, 18, 47) = (L4 − 1)L6 − (1 + 2F2)L4 = 87.
OO UIF PUIFS IBOE, CZ VTJOH TIFPSFN 1.3,

g(L4, L6, L8) = g(7, 18, 47) = NBY
l∈{1,2,3,4,5,6}

{t∗k} − 7.

WF HFU t∗1 = 36, t∗2 = 65, t∗3 = 94, t∗4 = 18, t∗5 = 47 BOE t∗6 = 83.
TIVT g(L4, L6, L8) = NBY {36, 65, 94, 18, 47, 83} − 7 = 87 XIJDI JT UIF TBNF WBMVF BT
BCPWF.

Example 4.4. TBLF i = 13 BOE l = 7. TIFO r =
⌊
L13−1

F7

⌋
= 40, BOE (L13−40F7)L15 < F5L13.

TIVT g(L13, L15, L20) = g(521, 1364, 15127) = (40F7 − 1)L15 − (1 + 39F5)L13 = 605, 800.
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Chapter 5
Conclusions

IO UIJT UIFTJT, XF ųOE UIF GPSNVMBF PG UIF FSPCFOJVT OVNCFS GPS UISFF SFMB-
UJWFMZ QSJNF LVDBT OVNCFST Li, Li+2 BOE Li+l GPS JOUFHFST i ≥ 3 BOE l ≥ 4 EFOPUFE CZ
g(Li, Li+2, Li+l). WF VTF UIF JEFB PG MBSíO FU BM.’T XPSL [9].

LFU r =
⌊
Li−1
Fl

⌋
. IG UIF WBMVF PG r JT FJUIFS r = 0 PS r ≥ 1 BOE (Li−rFl)Li+2 > Fl−2Li,

UIFO g(Li, Li+2, Li+l) = (Li − 1)Li+2 − (1 + rFl−2)Li. OUIFSXJTF , g(Li, Li+2, Li+l) =

(rFl − 1)Li+2 − (1 + (r − 1)Fl−2)Li.
WF OPUF UIBU PVS XPSL FYUFOET POF UIFPSFN JO ÝMIBO BOE K¿QFS’T XPSL [18] BT

TIPXO JO TIFPSFN 2.12 JO CIBQUFS 2.
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Abstract 

In this paper, we find the explicit formulae of the Frobenius number for 

numerical semigroups generated by relatively prime three Lucas numbers 2,i iL L   and 

i lL   for given integers 3i  , 4l  . 

Keywords: Frobenius number, Lucas numbers, Fibonacci numbers. 

 

1. Introduction  

Let
1 2, , , ( 2)na a a n  be integers. Any expression of the form 

1 1 2 2 n nc a c a c a  where 1 2, , , nc c c  are integers, is called a linear combination of 

1 2, , , na a a . Given positive integers 
1 2, , , ( 2)na a a n  with 

1gcd( , , ) 1,na a  the 

Frobenius Problem is a problem to determine the largest positive integer that cannot be 

representable as a nonnegative integer combination of 1, , na a .  

Definition The Frobenius number of 1 2, , , na a a , denoted by  1 2, , , na a ag , is the 

largest integer   such that 1 1 2 2 n nc a c a c a     for all nonnegative integers 

1 2, , , nc c c . 

For example,    3,5 7 , 6,9,20 43. g g  
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 The Frobenius Problem is well known as the coin problem that asks for the 

largest monetary amount that cannot be obtained using only coins in the set of coin 

denominations which has no common divisor greater than 1 . This problem is also 

referred to as the McNugget number introduced by Henri Picciotto.  There are several 

applications of the Frobenius Problem, for example, obtaining upper bounds for the 

running time of the Shell-sort algorithm, studying partitions of vector spaces and 

investigating algebraic geometric codes; see Ramíres Alfonsín (2005). 

 The origin of this problem for 2n   was proposed by Sylvester (1884), which its 

solution was solved by Sharp (1884): 

1 2 1 2 1 2 1 2( , ) ( 1)( 1) 1 .a a a a a a a a      g  

Roberts (1956) found the Frobenius number of an arithmetical sequence: 

2
( , , , ) ( 1).

a
a a d a kd a d a

k

 
     

 
g  

For 3,n   Selmer and Beyer (1978) solved Frobenius Problem by using a continued 

fraction algorithm. Then Rӧdseth (1978) improved their result. Greenberg (1988) found 

another algorithm. 

 In 21
st
 century, the Frobenius Problem is still an interesting problem. There are 

several works about this problem as follows. Marín et al. (2007) investigated the 

Frobenius number of Fibonacci numbers 2, ,i i i kF F F   for integers , 3i k   where 
nF  is the 

thn  term of the Fibonacci sequence defined by 
1 2 , 3n n nF F F n     with 

1 1F   and 

2 1F  . They found that 

2 2

2 2 2

2 2

( 1) ( 1), if 0 or 1 and

( , , ) ( ) ,

( 1) (( 1) 1), otherwise,

i i i k

i i i k k i i k i

k i i k

F F F rF r r

F F F F F F rF F

rF F F r F

 

   

 

    


  
    

g  

where 
1i

k

F
r

F

 
  
 

 for , 3r k  . Later on, Ýlhan and Kýper (2008) established the 

Frobenius number involving Lucas numbers 
nL  defined by 

1 2 , 3n n nL L L n     with 

1 1L   and 
2 3L  . They found following the formulae : 

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 

https://eudml.org/search/page?q=sc.general*op.AND*l_0*c_0author_0eq%253A1.%25C3%259Dlhan%252C+Sedat&qt=SEARCH


 

1 1 1

2 3 1

2

3
3 3 3 3

( , , ) for , 2,

2
( , , ) ( 1) for 3,

2

and , 2,2 1 1 for 1.
2

i i i k i i i i

i
i i i i i i

i
i i i i

L L L L L L L i k

L
L L L L L L i

L
L L L L i

   

  

   

 
    

 

     

g

g

g

 

Moreover, Ong and Ponomarenko (2008) solved the Frobenius Problem for sets of the 

form 1 2 2{ , , , , }k k k km m n m n n   ,  where ,m n  are relatively prime positive integers: 

  
2 1 1

1 2 2 1 ( 1) ( )
( , , , , ) ( )

k k
k k k k k n m m n

m m n m n n n mn m n
m n

 
    

    


g   

for any positive integer .k  Gil et al. (2015) found the Frobenius number of primitive 

Pythagorean triples: 

  2 2 2 2 2 2 2 2( ,2 , ) ( 1)( ) ( 1)(2 ) ( ).m n mn m n m m n m mn m n        g   

Recently, Tripathi (2017) gave an exact formula for 1 2 3( , , )a a ag , where 1 2 3, ,a a a  are 

pairwise coprime positive integers. His results are divided into several cases and are 

complicated, so we do not record them here. 

 In the recent paper, we investigate the Frobenius number 
2( , , )i i i lL L L g  for 

integers 3i  , 4l   by using the idea of Marín et al.’s work (2007) and generalize the 

work of Ýlhan and Kýper (2008). Our work needs the well-known Theorem of Brauer 

and Shockley (1962) that states as follows: 

Theorem A Let 11 na a    be integers such that 1gcd( , , ) 1na a  . Let

1 1{ {0} for all 1,2,..., }n n iB a x a x x i n     . Then 

1

1 1
{1,2, , 1}

( , , ) max { }n l
l a

a a t a
 

 g , 

 where lt  is the smallest positive integers congruent to l  modulo 1a  and .lt B  

 Note that Theorem A can give the value for 1( , , )na ag ; however, the formula is 

not in the closed form and it is difficult to find lt  for each l . In our work, we are able to 

give an explicit formula for  2, ,i i i lL L L g . 

2. Necessary Lemmas 

 Before investigating the value of 
2( , , )i i i lL L L g  for 3i  , 4l  , we establish 

some lemmas. By Theorem A, for fixed integer 3i  , 4l  , we get 
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*

2
{1,2, , 1}

( , , ) max { }
i

i i i l k i
k L

L L L t L 
 

 g  

where *

kt  is the smallest positive integer congruent to k  modulo 
iL  and  

*

2k i i lt xL yL    for some , 0x y  . Then we shall construct the table, denoted by 1T , 

having entries  
, 2x y i i lt xL yL    for integers , 0.x y   Since  

2 1 1 2 2 2 2 2 2 2( ) ( )i l i l i l i l l i i l l i l iL L F L F L F F L L F F L F L                  , 

we get 

, 2 2 2 2 2 2( ) ( ) .x y i i l i l i l i l i l it xL yL xL y F L F L x yF L yF L               

Thus the table 1T  can be represented as the table 2T . 

From now on, we define the set 1,lFT    to contain the first 1lF   entries of all 

columns in the table 2T . That is 

    1, ,{ | 0 1 and 0 }.
lF x y lT t x F y         

Throughout the paper, we set 
1i

l

L
r

F

 
  
 

 and 1i lL rF q    for some integer 

0 1lq F   . Let 1,lF rT   be the set that contains the first 1lF   entries of columns 

0,1,2, , 1r   and the first q  entries of column r , i.e.,  

   1, , 0, 1, ,{ | 0 1 and 0 1} { , , , }.
lF r x y l r r q rT t x F y r t t t           

Lemma 1 (i)  The set 1,lF rT   is a complete system of residues modulo iL . 

(ii)  In the table 1,T  , ,m n j kt t  for all m j  and .n k  Moreover, 1, , 1m n m nt t   for all 

0 , 2.lm n F    

Proof. (i) For each , 2 2 1,( ) ,
lx y l i l i F rt x yF L yF L T       we have 0 1l l ix yF q rF L      . 

Since 2 1,gcd( , ) 1 ,
li i F rL L T   is a complete system of residues modulo iL .  

(ii) Recall that , 2m n i i lt mL nL    and , 2 .j k i i lt jL kL    It is obvious that for ,m j  

, ,m n j nt t  and for ,n k  , , .m n m kt t  Therefore, , ,m n j kt t  for all m j  and .n k  For 

0 , 2,lm n F    we have , 1 1, 2 2( 1) 0.m n m n l i l it t F L F L         □ 

We define xt  as follows: 
This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



  

0 0,0 0,1 2 0,2 0,

1 1,0 1 1,1 2 1 1,2 1 1,

2 2,0 2 2,1 2 2 2,2 2 2,

1 1,0 2 1 1,1 3 1 1,2 ( 1) 1 1, .

l l l

l l l

l l l

l l l l l l l l

F F rF r

F F rF r

F F rF r

F F F F F F r F F r

t t t t t t t t

t t t t t t t t

t t t t t t t t

t t t t t t t t

  

  

        

   

   

   

   

  

The elements of 1,lFT    can be represented as 2 2x i l i

l

x
t xL F L

F
 

 
   

 
 for 0,1,x  . 

Lemma 2 Let ,u vt  be an entry of 1T  and , 1,lu v F rt T  . Then there exist , 1,lx y F rt T   such that 

, , (mod )u v x y it t L  and , ,u v x yt t . 

 Proof. By the definition of xt  as  defined above, the set 1,lF rT   can be written as 

   1, 0 1 2 1 2 3 1 1{ , , , , , , , , , , , , }.
l l l l l l l l iF r F F F F F rF rF q LT t t t t t t t t t             

We will consider two cases as follows. 

Case 1: , 1, 1,\
l lu v F F rt T T    

Then , iu v aL bt t   for some integer 1a   and 0 1ib L   . We see that  

  2 2 2 2( ) (mod ).
i

i
aL b i i l i i l i b i

l l

aL b b
t aL b L F L bL F L t L

F F
    

   
        

   
  

Since 0 1ib L   , , 1,lb x y F rt t T    for some ,x y .  That is, , , (mod )u v x y it t L . Next, we 

will show that , ,u v x yt t , i.e., 
iaL b bt t  . Since 

i iaL b L bt t   for 1a  , it is enough to show 

only that 
iL b bt t  . Recall that 

1i

l

L
r

F

 
  
 

 and 1i lL rF q    for some 0 1lq F   . We 

will consider into two subcases depending on the value of r . 

Subcase 1.1: If  0r  , then 1i lL F   , so 2 1i lL b F   . If 0 1,i lL b F     then 

both 
bt  and 

iL bt   are in the first column of the table 1T . By Lemma 1(ii), we obtain 

iL b bt t  . 
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Suppose that 2 1.l i lF L b F    Then 
bt  and 

iL bt   are in the first and second 

columns of the table 1,T  respectively. If ,
2

l
i

F
L   then ,

2 2

l l
i l

F F
L b F     a 

contradiction. Hence we have 2 .
2

l
l i

F
F L    Finally, we have 

   2 2 2 2 2 0.
iL b b i i l i i i l i i lt t L L F L L L F L L F              

 Subcase 1.2: Suppose that 1.r   Consider 

2 2 .
i

i
L b b i i l

l l

L b b
t t L L F

F F
  

     
          

     

 

Write 
lb mF n   where 0 1ln F   . Since 1i lL rF q    with 0 1lq F   , it follows 

that 

1 1 1
1.i i l l

l l l l

L b L b rF q mF nb
m m r

F F F F

              
             

       
 

It is enough to show that  2 21 .i lL r F    To this end, we see that 

   

 

 

2 2 1 2

1 2

2 2 1

1 2 1

1 1

1 1

1

1 0

i l i i l

l i l

l l l i

l l i

L r F L L r F

rF q L r F

r F F F q L

rF F q L

   

 

  

  

     

     

     

     

 

since 1r  . 

Case 2: , 1,lu v Ft T    

Since 1,lF rT   is a complete system of residue modulo 
iL , there exists , 1,lx y F rt T   such that 

, , (mod )u v x y it t L . Then 0 1lx F u    . If v y , by Lemma 1(ii), , , ,x y x v u vt t t  . Suppose 

v y . Then , , (mod )u v x y it t L  implies (mod )l l iu vF x yF L   . From Lemma 1(i), 

0 1l ix yF L    , and thus  ( )l lu vF m x yF     for some integer 1.m   Hence 

l lu vF x yF   . Since 2 2l i l ivF L yF L    ,  we have , ,u v x yt t . □ 
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3. Main Theorem 

Theorem  Let 3 , 4i l   be integers and 
1i

l

L
r

F

 
  
 

. Then 

2 2

2 2 2

2 2

( 1) (1 ) , if  1.) 0,

( , , ) or 2.) 1 and ( ) ,

( 1) (1 ( 1) ) , otherwise.

i i l i

i i i l i l i l i

l i l i

L L rF L r

L L L r L rF L F L

rF L r F L

 

   

 

   


   
    

g     

Proof. From Theorem A, now we have to consider *

kt  for 1,2, , 1ik L   when *

kt  is the 

smallest positive integer congruent to k  modulo iL  and *

kt  can be written as 2i i lxL yL                      

for some integers , 0x y  . Since 2 2x i l i

l

x
t xL F L

F
 

 
   

 
 for 0,1,x  . 

 If 0r  , by Lemma 2, we have that xt  is the smallest positive integer congruent 

to k  modulo iL  for some integer 0 1ik L   . And we see that xt  can be represented as 

a linear combination of 2iL   and i lL  . Hence *

1, { 1,2, , 1}
lF r k iT t k L     . If  1r  , by 

Lemma 1(ii), then 

   1, , , 1,
0 1
max { }

l l
l

F i x i x i F r
x F

t t t T 
  

      for each  0,1, , 1,i r   

   1,r 1 1, 1, 1,
0 1
max{ },

l l l lF F i F i F r
i r

t t t T    
  

    

and 

   , , , 1,
0
max{ }.

lk r x r x r F r
x k

t t t T 
 

   

We will find the necessary condition for , 1, 1lk r F rt t   . It is true if and only if 

2 2 2 2( 1) ( 1) ( 1)i i l i l i l iL L F L rF L r F L          that is 2 2( ) .i l i l iL rF L F L   Hence we can 

conclude the result of this theorem. □ 
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Example 1 Let 3i   and 5l  . Then 3

5

1
0

L
r

F

 
  
 

, and by our main theorem, we have   

  3 5 8 3 5 3 3( , , ) (4,11,47) ( 1) (1 (0) ) 3(11) 1(4) 29L L L L L F L       g g . 

We would like to confirm the value of (4,11,47)g  by the well-known Theorem A. Since 

*

3 5 8
{1,2,3}

( , , ) (4,11,47) max { } 4k
k

L L L t


  g g . Then we have to find *

kt  for each 1,2,3k  , that 

*

kt  is the smallest positive integer congruent to k  modulo 3 4L   and 
*

kt B . We get 

* *

1 233, 22t t   and 
*

3 11t  . Thus 3 5 8( , , ) max{33,22,11} 4 29L L L   g  which is the same 

value obtained by our result. 

Example 2  Take 4i   and 4l  . Then 4

4

1
2

L
r

F

 
  
 

, and 4 4 6 2 4( 2 )L F L F L  .  

Thus 4 6 8 4 6 2 4( , , ) (7,18,47) ( 1) (1 2 ) 87L L L L L F L     g g . On the other hand, by using 

Theorem A, *

4 6 8
{1,2,3,4,5,6}

( , , ) (7,18,47) max { } 7k
k

L L L t


  g g . We get 
* * *

1 2 336, 65, 94,t t t  

*

4 18,t  *

5 47t   and 
*

6 83t  . Thus 4 6 8( , , ) max {36, 65, 94, 18, 47, 83} 7 87L L L   g  which is 

the same value as above. 
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0 1 2  r   

0 0 i lL   2 i lL 
  i lrL 

  

1 2iL   2i i lL L   2 2i i lL L    2i i lL rL    

2 22 iL 
 22 i i lL L   

22 2i i lL L    22 i i lL rL    

3 23 iL   23 i i lL L   23 2i i lL L    23 i i lL rL    

       

2lF   2( 2)l iF L   2( 2)l i i lF L L    2( 2) 2l i i lF L L     2( 2)l i i lF L rL     

1lF   2( 1)l iF L   2( 1)l i i lF L L    2( 1) 2l i i lF L L     2( 1)l i i lF L rL     

lF  2l iFL   2l i i lFL L   2 2l i i lFL L    2l i i lFL rL    

1lF   2( 1)l iF L   2( 1)l i i lF L L    2( 1) 2l i i lF L L     2( 1)l i i lF L rL     

       

 

Table 1T  : , 2x y i i lt xL yL    for , 0x y   
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0 1 2  r   

0 0 2 2l i l iFL F L   2 22 2l i l iFL F L    2 2l i l irFL rF L    

1 2iL   2 2(1 )l i l iF L F L    2 2(1 2 ) 2l i l iF L F L     2 2(1 )l i l irF L rF L     

2 22 iL   2 2(2 )l i l iF L F L    2 2(2 2 ) 2l i l iF L F L     2 2(2 )l i l irF L rF L     

3 23 iL   2 2(3 )l i l iF L F L    2 2(3 2 ) 2l i l iF L F L     2 2(3 )l i l irF L rF L     

       

1lF   2( 1)l iF L   2 2(2 1)l i l iF L F L    2 2(3 1) 2l i l iF L F L       2 2( 1) 1l i l ir F L rF L      

lF  2l iFL   2 22 l i l iFL F L   2 23 2l i l iFL F L    2 2( 1) l i l ir FL rF L     

1lF   2( 1)l iF L   2 2(2 1)l i l iF L F L    2 2(3 1) 2l i l iF L F L       2 2( 1) 1l i l ir F L rF L      

       

 

Table 2T  : , 2 2( )x y l i l it x yF L yF L     for , 0x y   
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