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Chapter 1

Introduction

1.1  Research Motivation

Let ai,az,...,a, (n > 2) beintegers. Any expression of the form cia; +caas+. ..+
cnan, Where ¢q,ca, ..., ¢, are integers, is called a linear combination of ay, as, ..., a,. Given
positive integers ai, as,...,a, (n > 2) with gcd(ay,...,a,) = 1, the Frobenius Problem is
a problem to determine the largest positive integer g(as,...,a,) that cannot be repre-
sentable as a nonnegative integer combination of a4, ...,a,. The number g(a,...,a,)

is called the Frobenius number.

Definition 1.1. The Frobenius number of ay,as,...,a,, denoted by g (ai,as,...,a,), is
the largest integer Z such that Z # cia; + caaz + ... + c,a, for all nonnegative integers

C1,C2y...,Cp.

The Frobenius Problem is well known as the coin problem that asks for the
largest monetary amount that cannot be obtained using only coins in the set of coin
denominations which has no common dividor greater than 1. This problem is also re-
ferred to as the McNugget number, that was introduced by Henri Picciotto. For the
applications of Frobenius Problem; we can use this problem to obtain upper bounds
for the running time of the fundamental sorting Shellsort algorithm, to study tiling prob-
lem and to investigate Algebraic Geometric codes.

Let a1,...,a, be positive integers. We denote by R = R(a,...,a,) the n-
dimensional rectangle of sides a;, thatis, R = {(z1,...,2,) ER*" [0 < z; < a;, i=1,...,n}.
A n-dimensional rectansgle R is said to be tiled with tiles (n-dimensional rectangles)
Ry,..., Ry, if R can be filled entirely with copies of R;, 1 <i < k (rotations are not al-
lowed). The main result of this problem is given by Theorem 1.1 (below) stating that a
sufficiently large n-dimensional rectangle can be tiled with a set of n+ &k — 1 tiles if any
k-subset of the set of 1-coordinates (set of the first lengths) of the tiles are relatively
primes and the set of j-coordinates (set of the j'* lengths) of the tiles are pairwise
relatively prime for each j =2,...,n.

Theorem 1.1. ([8]). Let k > 2and n > 1 be integers. Let R;(z},...,2%), i=1,...,n+k—1

be integers formed with integers 2% > 2 such that
(@) gcd(z, ..., z%) =1 for any {iy,...,ix} C {1,...,n+k—1} and

(b) gcd(af,2?) =1 forany {iy,iz} C{1,...,n+k—1}andany j =2,...,n.



Let g1 = max{g(z{ ,...,xz} ) {ir,....ir} C{1,...,n+k—1}} and
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foreachi=2,...,n.

Then R(ay,...,a,) can be tiled with tiles Ry, ..., Ryyr—1 if a; > max {g:} for all j.

Example 1.2. Let Ry = (22,3,3), Re = (14,5,5), R3 = (21,2,2), Ry = (15,7,7) and
Rs = (55,11,11). In this case, we have k =n = 3.
g1 = max{g(22,14,21), g(22, 14, 15), g(22, 14, 55), 9(22, 21, 15), (22, 21, 55), 9(22, 15, 55),
g(14,21,15), g(14, 21, 55), (14, 15, 55), g(21, 15, 55)}
= max{139,91,173, 181,243, 97, 288,151,179} = 288.
With I = 2 we obtain
g2 = max{g(3-5,32,52), 9(3-5,3-7,57), g(3-5,3-11, 5:11), g(3:2, 3-7,2-7), g(3-2, 3-11, 2-11),
9(3-7,311,7:11), g(52,5:7,2:7), 9(52,5-11,2-11), ¢(5-7, 5-11, 7-11), g(2-7, 211, 7-11)}
= max{g(15,6,10), g(15,21, 35), g(15, 33,55), ¢(6, 21, 14), ¢(6, 33, 22), g(21, 33, 77),
(10, 35,14), g(10, 55, 22), (35, 55, 77), g(14,22,77)}
— max{29, 139, 227,43, 71, 331,81, 133,603, 195} = 603.
And with [ =3
g3 = max{g(3-5-2,3-5:7,3-2:7,52:7), ¢(3-5:2, 3511, 3-2-11,5:2:11), ¢(3-5-7, 3-5-11, 3-7-11, 5-7-11),
¢(5:2:7,5-2:11,5-7:11, 2.7-11)}
— max{g(30,105, 42, 70), 9(30, 165, 66, 110), g(105, 165, 231, 385), (70, 110, 385, 154)}
= max{383, 619, 2579, 1591} = 2579.
Therefore, Theorem 1.1 implies that R(a;,a2,as) can be tiled with tiles Ry,..., Rs if
ay,as,az > Max{gr, g2, g3} = {288,603, 2579} = 2579.

The origin of this problem for n = 2 was proposed by Sylvester (1884) [15], which
its solution was solved by Curran Sharp (1884) [2] :

glay,az) = (a1 —1)(az — 1) — 1 = a1as — a1 — as. (1.1)

Roberts (1956) [13] found the Frobenius number of an arithmetical sequence :

g(a,a+d,...,a+kd)ar J+d(a1). (1.2)

For n = 3, Selmer and Beyer (1978) [14] solved Frobenius Problem by using a
continued fraction algorithm. Then Roédseth (1978) [12] improved their result. Green-
berg (1988) [5] found another algorithm.

In 21°' century, the Frobenius Problem is still an interesting problem. There are
several works about this problem as follows. Marin et al. (2007) [9] investigated the
Frobenius number of Fibonacci numbers F;, F; o, Fi, . for integers i,k > 3 where F, is
the nt" term of the Fibonacci sequence defined by F,, = F,, 1 + F,, 5, n >3 with F; =1



and F, = 1. They found that

(F; —1)Fyy0 — Fy(rF_2 + 1), ifr=0o0rr>1and
g(FivFi+27Fi+k) = Fr oF; < (Fi _rFk)FZ’+27
(rFy —1)Fyp0 — F;((r —1)Fr_2 + 1), otherwise.

where r = {FF—TJ for i,k > 3. Later on, Ylhan and Kyper (2008) [18] established the
Frobenius number involving Lucas numbers L,, defined by L,, = L,,_1 + L,,_2, n > 3 with

Ly =1 and L, = 3. They found the formulae for

g(LiwLi+17I%+k):: Lilq+q —’14 —’Li+1 ﬁDr i,k 2ﬁ2
L;—2
g(Li,Li+2,Li+3) =] { 12 J + L1+1(L1 — ].) for i >3
(L3i)? .
9(Lsi, Lgi +2,2Ls; +1) =~ + Ly, — 1 for i > 1.

Moreover, Ong and Ponomarenko (2008) [10] solved the Frobenius Problem for
sets of the form {m* m*~1n,m*=2n2 ... nk}, where m,n are relatively prime positive
integers :

(=1)m? (mP=L Snk—-1)

m—-n

(1.3)

k*l(

g(m* m*n,m*"22 nF)y=n mn —m —n)+

for any integer k.
Gil et al. (2015) [4] found the Frobenius number of primitive Pythagorean
triples :

g(m? — n?%,2mn, m*> + n?) = (m — 1)(m? — n?) + (m = 1)(2mn) — (m? +n?). (1.4)

Recently, Tripathi (2017) [17] gave exact formulae for g(ay, a2, a3) , where ay, as, a3
are pairwise coprime positive integers. His results are divided into several cases and are
complicated, so we do not record them here.

In this work, we investigate the Frobenius number g(L;, L2, L;4;) for integers
i > 3,1 > 4 by using the idea of Marin et al.’s work (2007) [9] and generalizes the work
of Ylhan and Kyper (2008)[18]. Our work needs the well-known Theorem of Brauer and
Shockley (1962) [1] that states as following :

Theorem 1.3. ([1]). Let 1 < a; < ... < a, be integers such that gcd(ay,...,a,) = 1. Let
B ={cia; + ...+ cpa, | ; e NU{0} foralli=1,2,...,n}. Then

A1y ey y) = max t'}—a
9l n) le{1,2,..., a1—1}{l} !

where ¢ is the smallest positive integers congruent to I modulo a; and ¢ € B.
Note that Theorem 1.3 can give the value for g(as,...,a,) ; however, the for-

mulae is not in the closed form and it is difficult to find ¢; for each I. In our work, we

are able to give an explicit formulae for g(L;, Lit2, Li+1).



1.2  Objectives of the study

To prove the formulae that can be used to find the results on the Frobenius

numbers of certain Lucas numerical semigroups which are generated by Lucas numbers.

1.3 Scopes of the study

1) Study the Frobenius problem.
2) Study the Frobenius number in three variables.

3) Investigate the Frobenius number in relatively prime three Lucas numbers.

1.4  Benefits of the study

To obtain a new formulae for solving the Frobenius number for numerical semi-

groups generated by Lucas numbers.

1.5 Research methodology

1) Study preliminaries of Frobenius problems.
2) Study research papers and textbook concerning Frobenius number.

3) Study definitions and properties of Fibonacci number, Lucas number and Frobe-

nius number.
4) Determine the objectives and scopes of the research.
5) Study advanced topics in Frobenius number in three variables.
6) Study the works of Marin et al. [9] and Ylhan and Kyper [18].

7) Prove the formulae for solving the Frobenius number in relatively prime three

Lucas numbers.

8) Conclude the results, make suggestions for further works and write the thesis.



Table 1.1: The research schedule

Activity

Time frame

2016

2017

2018

2019

Aug.-Sep. | Oct.-Dec.

Jan.-May.

Jun.-Aug.

Sep.-Dec. | Jan.-May.

Jun.-Aug.

Sep.-Dec.

Jan.-Apr.

Step 1

—

Step 2

Step 3

Step 4

Step 5

Step 6

Step 7

Step 8




Chapter 2
Preliminaries

The purpose of this chapter is to collect lemmas, definitions, theorems and

terminologys for used throughout of the thesis.

2.1  Necessary results

Definition 2.1. Fibonacci numbers are the numbers in the integer sequence defined

by the recurrence relation
Fo,=F, 1+ F, >
for integer n > 2 with Fy =0 and F; = 1.

Definition 2.2. Lucas numbers are the numbers in the integer sequence defined by

the recurrence relation
Ly,=Ly,_1+L,_5
for an integer n.> 2 with Ly =2 and L; = 1.
Theorem 2.1. ([16]). For a nonnegative integer n, we have
(@) gcd(Ln, Lygy) =1,
(b) gcd(Ly, Lni2) =1.
Theorem 2.2. ([7]). If n and m are integers, then L, = L., Fy_ i1+ Ly 1Fn_mm-

A linear combination is an expression constructed from a set of terms by mul-

tiplying each term by a constant and adding the results.

Definition 2.3. Let a1, as,...,a, (n > 2) be integers. Any expression of the form cja; +

Coas+. . .+cpa, Where ey, ea, ..., ¢, are integers, is called a linear combination of ay, as, . . ., ap.

Definition 2.4. Let a and b be integers and let m be a positive integer. We say a is

congruent to b modulo m , written
a=b (modm),

if and only if m|(a —b).



Theorem 2.3. ([11]). Let m be a positive integer.
(a) For all integers a we have a = a ( mod m ).
(b) For all integers a and b we have a=b( mod m ) if and only if b =a ( mod m ).

(c) For all integers a,b and ¢ we have thatifa=b(modm ), b=c(modm),

then a = ¢ ( mod m ).
(d) If a is any integer, then m |a if and only if a =0 ( mod m ).

Definition 2.5. Let m be a positive integer. If z = a ( mod m), then a is called a residue
of x modulo m. If 0 < a <m — 1, then « is called the least residue of = modulo m.

Definition 2.6. Any set of m numbers that is congruent to exactly one of these least

residue is called a complete residue system modulo m.

Definition 2.7. An integer ¢ is said to be a common divisor of the integers a and b if
gla and g|b. The largest one of these common divisors is called the greatest common
divisor (gcd) and is denoted by gcd(a, b).

Moreover, the greatest common divisor of integers ay, ..., a,. The greatest com-
mon divisor of n(> 2) positive integers ay, ..., a,, is the largest positive integer that divides

each a;. It is denoted by ¢cd(ay, ..., an).

Theorem 2.4. ([7]). Let ay,as, ..., a, be n(> 2) positive integers. Then
gcd(as, ag, ..., a,) = gcd(gcd(ay; az, ..., an_1), an)-

Definition 2.8. Two integers a and b are said to be relatively prime or coprime, if the
only positive integer that divides both of them is 1. Consequently, any prime number

that divides one does not divide the other. This is equivalent to their gcd being 1.

Definition 2.9. The integers a;, as, . .., a,, are called pairwise relatively prime if scd(a;, a;) =
1 for all 4 # .

In the case of more than two integers, a distinction has to be made between

relatively prime and pairwise relatively prime.

Definition 2.10. If z is a real number, then |z| denoted the greatest integer function
of z. It is the largest integer less than or equal to z. In other words, it is that integer n

suchthatn <z <n+1.

Theorem 2.5. ([7]). Let a and b be two integers with b > 0. Then there exist unique
integers ¢,r such that a = ¢b +r, where 0 < r < b. The integer ¢ and r are called the

quotient and the remainder, respectively.



Definition 2.11. A semigroup is a pair (S,*) where S is a non-empty set and x is an
associative binary operation on S. [i.e. x is a function § x § — S with (a,b) — a*b

and for all a,b,c € S we have a x (b*c) = (a*b) *c|.

Definition 2.12. Let a4, ...,a, be a set of positive integers (n > 2) such that ecd(ay,...,a,) =
1. The numerical semigroup generated by a4, ...,a, is the set {cia; + ...+ cpa,} with

c1,...c, be nonnegative integers, which we sometimes refer to as {(ay,...,a,).

2.2 Literature reviews

2.2.1  The work of Marin et al. ([9])

Theorem 2.6. Let i,k > 3 be integers and let r = {FF—;lJ,

(F; — V) Fyy0 ~ Fy(rFi_s + 1), if r=0o0rr>1and
9(F;, Figo, Fiyy) = F_oF; < (F; —rEFy)Fiyo,
(rFy — 1)Fyy0 — F;((r — 1)F,_2 + 1), otherwise.

Example 2.7. Leti=3and k=5. Thenr = LE‘}?J =0, and by Theorem 2.6 , we have
g(F3,F5,F8) = 9(2,5,21) = (Fg 77 1)F5 = Fg((O)Fg + 1) = 5 — 2(1) = 3

We would like to confirm the value of ¢(2,5,21) by the well-known Theorem 1.3.
Note that g(Fs, F5, Fs) = ¢(2,5,21) = Igrew%{t;;} Ay

Then we have to find ¢; for k = 1, where ¢} is the smallest positive integer congruent
to k modulo F5 =2 and t; € B.

We get ¢ = 5. Thus g(Fs, F5,Fs) = 5 — 2 = 3 which is the same value obtained by
Theorem 2.6.

Example 2.8. Take i =4 and k = 3. Thenr = [FglJ =1, and 1 F, < Fy — ((1)F3)Fs.
Thus g(Fy, Fs, Fy) = 9(3,8,13) = (Fy —1)Fs — Fy((1)Fy + 1) = 10.

On the other hand, by using Theorem 1.3, g(Fy, Fg, F7) = ¢(3,8,13) = lg{wié}{t;} - 3.

We get t; = 13 and t3 = 8. Thus g(Fy, Fs, Fr) = max {13, 8} — 3 = 10 which is the same

value as above.

Example 2.9. Take i = 11 and k = 6. Then r = {%J =11, and FyFyy > (Fiy — 11Fs) Fug.
Thus g(Fu, F13, F17) = 9(897 233, 1597) = (llF(, — ].)F15 — F11(10F4 + ].) =17,512.

2.2.2 The work of Ylhan and Kyper ([18))

Theorem 2.10. Let S = (L, Ln11, Lyyx) for n,k > 2. Then, the Frobenius number of
Lucas numerical semigroup S'is g(S) = LyLpt+1 — Ly, — Lyy1.

Example 2.11. Let n =3, k = 2 and we compute g(Ls, L4, L5) by using Theorem 2.10.
We get g(Ls, Ly, Ls) = g(4,7,11). Thus

g(L3,L4,L5 == g(47 7, 11) = L3L4 — L3 = L4 == 4(7) —4—-7=17.



Theorem 2.12. Let S = (L,,, L,12, L4 3) forn > 3. Then, the Frobenius number of Lucas
numerical semigroup S is g(S) = Ln(|£52]) + Lys1(L, — 1), where |z] is the greatest

integer and smaller than z, for a real number z.

Example 2.13. Let n = 3 and we compute g(Ls, Ls, Lg) by using Theorem 2.12.
We get g(Ls, Ls, L¢) = g(4,11,18). Thus

9(Ls,Ls,Lg = g(4,11,18) = L QL?’Q_QD + Ly(Ls—1)=4 <{4;2D +7(4—1) = 25.

Theorem 2.14. Let S = (L3, L3, + 2,2L3, + 1) for n > 1. Then, the Frobenius number
of Lucas numerical semigroup S is ¢g(S) = (L?’;)Q + L3, — 1.

Example 2.15. Let n = 2 and we compute g(Lg, Ls + 2,2Lg + 1) by using Theorem 2.14.
We get g(Lg, Lg + 2, 2Lg +1) = g(18,20, 37). Thus

VY 18)2
g(Lg,L6+2,2L6+1):g(18,20,37):%+L6—1:%+18—1:179.



Chapter 3
Necessary Lemmas

In this chapter, we give necessary lemmas to prove our main theorem. By
Theorem 2.1 (a), we have gcd(L;, Liy1) = 1, thus gcd(L;, Liy1, L;) = 1 for any integer
I >i+42. Because L; for I > i+ 2 can be written as a combination of L; and L;; that is
Ly =Litm = Lis1Fy + L;Fyy_1, thus

Q(Li7 Li+1; Ll) = Q(Li7 Li+1) = LiLi+l —L; — Li+1

when [ =i +m for some integer m > 2.

In this work we will consider g(L;, L;.2, L;+;) for integer I > 3, by Theorem 2.1
(b), we have ¢cd(Ly, L,+2) =1, hence gcd (L., L1 2, Lit;) = 1 for any integer [ > 3.
In the case [ = 3, we have

9(Li, Liyo, Li3) = g(Li, Ly + Lit1, Ly +2Li41)

foralli > 1.
Before investigating the value of g(L;, Liys, Liy) for I > 4, we establish some

lemmas. By Theorem 1.3, for fixed integer | > 4, we get

9(Li, Liya, Lity) = max (3.1)

k€{1,2,...,Li71}{t;;} e
where ¢; is the smallest positive integer congruent to k modulo L; and ¢} = L, o+yLit
for some z,y > 0.

Then we shall construct the table, denoted by 7y, having entries ¢, , = L2 +

yL;1, forintegers =,y > 0.

Table 3.1: Table Ty : Showing t,., = ®L;42 + yLi1; for some z,y >0

X\y 0 1 2

0 0 Ly 2L

1 Lito Livo+ Lit Litvo+2L;4

2 2Li4 0 2Li40 + Ligy 2Li40 + 2L,

3 3Li4o 3Liyo + L 3Li12+ 2Ly
Fy—2 | (F—=2)Liyo | (Fi —2)Liya+ Liyy | (Fy —2)Lite + 2Ly
Fy—1| (FF—=1)Liy2 | (F1—=1)Liyo+ Liyg | (Fi —1)Lito + 2Ly

F FiLiyo FiLiyo+ Ly FiLiyo +2L;y
F+1 | (Fi+1)Liyo | (Fi+1)Lijo+ Liy; | (F1+1)Ligo+ 2L,




Table 3.2: Table Ty : Showing t,, = xL;+2 + yLi1; for some z,y > 0 (continuing)

x\y . r—1 r
0 (r—=1)Liw rLiyi
1 Livo+ (r—1)Liyy Lito+7rLiy
2 | .. i 10 + (r — 1) Lits ;10 + Ly
3 3Liyo+ (r—1)Liyy 3L;yo+ 1Ly
Fr—=2| ... | (F1=2)Liva+ (r—=1)Liy | (Fr —2)Lita +7Liy
Fo—1| ... | (F1—=1)Lijo+ (r—1)Liy; | (F} —1)Ligo +1rLiqy
F co FiLiyo+ (r —1)Liyy FiLiyo+rLig
F+1|...| (FF+1)Liso+(r—1)Liy | (Fr+1)Ligyo+7rLiyy

Since
Liyi = LigoFy 1 + L1 Fy_o = Liyo(Fy — Fi_o) + (Lo — Lg) Filoo = F1Lijys — Fi_sL;,
we get
toy = xLizo +yLiyy = cLiyo + y(FLiyo — Fi—oL;) = (x + yF1)Liyo — yFi_oL;.
Thus the table 77 can be represented as the table Ts.

Table 3.3: Table 75 : Showing t,., = (z + yF})Lit2 —yF—2L; for some x,y > 0

x\y 0 1 2
0 0 FiLiio — Fi_oL; 2F ) Lijto —2F)_oL;
1 Lio (L+F)Ligo — Fi_oL; | (14+2F)Liys = 2F_oL;
2 2012 2+ Fi)Liyo — Fi_oL; | (24 2F)Lizo —2F_oL;
3 3L o 3+ F))Liyo — Fi_oL; | (3+2F))Liyo —2F;_3L;

Fr—1| (Fi—1)Liy2 | (2F1 —1)Lixo — Fy_oL; | (3F1 —1)Lipo — 2F;_oL;
I FiLiyo 2F Lo — Fi_oL; 3E Lo — 2F oL,
Fi+1 | (Fi+1)Liyo | (2F; +1)Lizo — Fi2L; | (3F; +1)Lijpp — 2F, oL,
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Table 3.4: Table T : Showing t, ., = (z + yFi)Lit2 — yFi—»L; for some z,y > 0 (continuing)

x\y .. r—1 r
0 (r—=1)FiLiy2 — (r — 1)Fi_2L; TELiys —rF_2L;
1 1+ —1DF)Lite— (r—1)F2L; (I+7rF)Liy2 — 1oL,
2 2+ (r—=1F)Live — (r—1)F2L; (2+7rF)Liya —rF_oL;
3

B+ —=1)F)Lite— (r—1)F_oL; (B3+7rE)Liyo—rF_oL;

F—-11... (rFy = 1)Liyo — (r = 1)F2L; ((r+1)F —1)Litg —rF2L;
F - rFiLiyo — (r —1)F_oL; (r+1)FiLijo —rF_oL;

Fl +1 NN (TF[ + I)LH_Q o (7‘ == 1)E_2LZ (T’ + 1)ELL+2 — ’I‘Fl_gLi

From now on, we define the set T, « to contain the first F, — 1 entries of all

columns in the table 7y. That is

TFL_17oo={tm,y|0§$§Fl—landy20}.

Throughout the paper, we set r = {LglJ and L; — 1 = rF, + ¢ for some integer 0 < ¢ <
F,—1. Let TF, 1., be the set that contains the first £, —1 entries of columns 0,1,2,...,7r—1

and the first ¢ entries of column r, i.e,,
Tr ar={teyl0<a<F-1and0<y<r—13} U {to,t1r - tqr}-
Lemma 3.1. (i) The set T, 1, is a complete residue system modulo L;.

(i) In the table Ty, tym., <t;x forall m < jand n < k. Moreover, t,i1mn < tmni1 fOr

alo<m,n < F —2.

Proof. (i) For each t,, = (¢ + yE)Liv2 — yFi—2L; € Tr-1,, We have 0 < z + yF, <
q+rE = L;— 1. Since gcd(L;, Liy2) = 1, Tp -1, is a complete residue system

modulo L,.

(i) Recall that t,,,, = mLito+nLiy and tj,, = jLivo + kLij.
It is obvious that for m < j, then

mLiia < jLiyo,
mLiyo +nLiy < jLiyo +nliyy,
tman < tjn,
and for n <k, then
nLiyi < kLiti,
mLiio+nLiy; <mLiio+nLiq,

tm,n < tm,k:~
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Therefore, t,,,, <t form <jand n <k.

For 0 < m,n < F; — 2, we have

tm,nJrl - thrl,n = (mLi+2 + (n + 1)Lz+l) - ((m + 1)Li+2 + nLi+l)
= (mLit2 — (m+1)Liy2) + ((n + 1) Liys — nliyr)

- Li+l - Li+2 > 0

Therefore, ty11,n < tmnt1 forall 0 <m,n < F — 2.

We define t, ,for z =0,1,2,..., as follows:
to = to,0 tp, =101 top, = to2 trp, = tor
t1 =1t1,0 tr+1 =111 tom4+1 = 12 trr 1 = t1r
to =ta2 tp42 = to1 top 4o = t22 trr+2 = lar
tr—1=1tm-10 tor-1=tr-11 t3m-1=1tp-12 - terF-1=1tFR-1pr

The elements of Tr -1, can be represented as t, = xL;12 — {%J F_oL;forz=0,1,....

Lemma 3.2. Let ¢,, be an entry of 7} and ¢, & Tr,—1,-. Then there exist t, , € Tr_1,

such that ¢, , = t,, (Mod L;) and &y, > t4,y.

Proof. By the definition of ¢, as defined above, the set Tr, 1, can be written as

Tr-1,r={to,---stE—1:tF, - s tam—1, t2F s - o E3E =15 - - s brFys o s trF g = tL,—1}

We will consider two cases as follows.
Case 1: tyw € Tr—1,00\TF —1.r
Then ¢y, = tar,+» for some integer a > 1 and 0 < b < L, — 1. We see that

al; +b
l

tan,+b = (aL; +b)L; o — L J Fi_sL;

= bLiJrQ - [bJ F‘172Li (mOd Lz)
F
=1, (modL;).

Since 0<b< L;—1,t, =t,, € Tp_1, fOr some z,y.
That is, tu, = t., (Mod L;).
Next, we will show that ¢, > t, 4, i.€., tar,+6 > to.

Since tur, 46 > tr, 4 fOr a > 1, it is enough to show only that ¢, > .

Recall that r = V;ﬂ and L, —1=rF, +qforsome 0<q¢< F, — 1.

We will consider into two subcases depending on the value of r.
Subcase 1.1: Suppose r = 0. Since L; — 1 < Fy, it implies that L; < F,.
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Since0<b<L,—1,wehave L;+b< L;+L;,—1s0 L, +b<2F —1.
If0<L;+b<F —1,then both t, and tr,, are in the first column of the table T3.
By Lemma 3.1 (i), we obtain tr, s > t.
Suppose that F; < L; + b < 2F, — 1. Then t, and ¢, 4, are in the first and second
columns of the table T3, respectively.
If L; < £, then L; + b < £t + £L = [}, a contradiction.
Hence we have Fj_, < L < L,.

Finally, we have

tri4b —to = LiLiio — Fi_oL;
=L; (Liyo — F_9)
> L; (Li — Fios)

> 0.

Subcase 1.2: Suppose that r > 1.
Consider

L;+b b
tn,+o —th = ((Li +b)Lit2 — { 2 J Fl2Li) < (bLi+2 - {EJ FlzLi)

l

L;+b b
=((Li+b)Liy2 —bL;19) — <{ i J el {FJ Fl—QLi>
l l

e s (4] e

e (D)

Write b = mF; +n where 0 < n < Fj — 1.

Since L; — 1 =7rF, + ¢with 0 < ¢ < F; — 1, it follows that

L;+b N i | L 2D /
i3 AN A s

_ VF;—I—q—&-mFl-i-n—i—lJ £
= P

<r+41.

It is enough to show that L, o > (r +1) Fj_s.
To this end, we see that, for » > 1,

Liyo = (r+ 1) Fio=Li + Liy1 — (r+ 1) Fl»
=rFi+q+14+ Ly —(r+1)F_»
=r(F—Fl_2)—F_o+q+1+Liy

:rﬂ,l—F‘z72+q+l+Li+1>0.
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Case 2: tyw ¢ Tr—1,00

By Lemma 3.1 (i), Tr,_1, is @ complete system of residue modulo L;, there exists
tyy € Tr -1, such that ¢,, =t,, (mod L;).

Then0<z < F,—1<u.

If v >y, by Lemma 3.1 (ii), t,y <ty < tu.o.

Suppose v < y. Then t,., = t,, (ModL;) implies u+ vF, =z + yF, (mod L; ).

From Lemma 3.1 (), 0 < z + yF; < L; — 1, thus u + vF} > = + yFj.

Since —vF,_oL; > —yF,_3L;, we have t, , > t,,. L]



Chapter 4

Formulae of the Frobenius number for three

relatively prime Lucas numbers

In this chapter, we prove the formulae for solving the Frobenius number for

numerical semigroups generated by L;, L2 and L;4;.

Theorem 4.1. Let i >3, [ >4 be integers and r = {LleJ Then

(L1 — 1)L1+2 — (1 + TE_Q)Li, |f 1) T = O,
g(Li7 LH—Qa Li+l) = or 2) r>1 and (Ll — rFl)Li+2 > Fy_oL;,
(rFy —1)Liyo — (1 + (r — 1)F,_5)L;, otherwise.

Proof. Let T* = {5, t},...,t%, 1 }. Now we will consider ¢; for k= 1,2,...,L; — 1 when
ty is the smallest positive integer congruent to ¥ modulo L; and ; can be written as
xLiyo + yL;y, for some integers x,y > 0.

Recall that t, = 2L; 5 — [%J E_oL; forz=0,1,....

If =0, by Lemma 3.2, we have that ¢, is the smallest positive integer congruent to &
modulo L; for some integer 0 < k < L; — 1 and we see that ¢, can be represented as a
linear combination of L;,, and L;;.

Hence Ty 1, =T".

If » > 1, by Lemma 3.1 (ii), then

tr—1,i=_Max {tsi|ts; €Tr_1,} foreach i=0,1,...;,r -1,
OS.’L‘SFL—l

tR—1pe1=-MaX {tr_1:ltr L1 €Tr-1,4},
0<i<r—1

and

tk,r - O@zagxk{tzm | tm,r € TFl—l,r }

We will find the necessary condition for ;. > tp_1,—1.
It is true if and only if (L; — 1)Liyo — Fy_oL; > (rF} — 1)Liyo — (r — 1)Fy_oL; that is (L; —
rFy)Lito > Fi_oL;.

Hence we can conclude the result of this theorem. []

Example 4.2. Leti =3 and [ =5. Then r = {%J =0, and by our main theorem,

we have
g(L3, Ls,Lg) = g(4,11,47) = (L3 — 1)Ls — (1 + (0)F3) L3 = 3(11) — 1(4) = 29.

We would like to confirm the value of g(4,11,47) by the well-known Theorem 1.3.
Since g(Ls, Ls, Lg) = g(4,11,47) = kerpl%g}{tk} —4.
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Then we have to find t; for each k¥ = 1,2,3, that ¢; is the smallest positive integer
congruent to £k modulo Ly =4 and ¢} € B.

We get t5 =33, t; =22 and t} = 11.

Thus g(Ls, Ls, Lg) = max{33,22,11} — 4 = 29 which is the same value obtained by our
result.

Example 4.3. Take i =4 and I =4. Then r = L%J =2,and (Ly — 2F,)Lg > FyLy.
Thus g(L4, Lg, Ls) = g(7,18,47) = (Ly — 1)Lg — (1 + 2F5) Ly = 87.
On the other hand, by using Theorem 1.3,

g(Ly4, Lg, Lg) = g(7,18,47) = le{lgwgiw}{t;} —T.
We get t1 = 36,15 = 65,5 = 94,t5 = 18,tf = 47 and t§ = 83.
Thus g(L4, Le, Lg) = max {36, 65, 94, 18, 47, 83} — 7 = 87 which is the same value as
above.

Example 4.4. Takei =13and [ =7. Thenr = F%:—lJ =40, and (L3 —40F;) L5 < F5L13.
Thus g(Lys, L1, Lao) = g(521,1364,15127) = (40F; — 1)Ly5 — (1 + 39F5)Ly3 = 605, 800.



Chapter 5
Conclusions

In this thesis, we find the formulae of the Frobenius number for three rela-
tively prime Lucas numbers L;, L;1o and L;,, for integers i > 3 and [ > 4 denoted by
g(Li, Liyo, Liy;). We use the idea of Marin et al.’s work [9].

Letr = {LglJ. If the value of ris eitherr =0 orr > 1and (L;—rF)Lire > Fi_oL;,
then g(Li, Liy2, Liv1) = (Li — 1)Liyo — (1 + 7Fi2)L;. Otherwise , g(Li, Liy2, Liy1) =
(rFy = 1)Liyo — (1+ (r — 1)F_5)L;.

We note that our work extends one theorem in Ylhan and Kyper’s work [18] as

shown in Theorem 2.12 in Chapter 2.
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Abstract

In this paper, we find the explicit formulaec of the Frobenius number for

numerical semigroups generated by relatively prime three Lucas numbers L, , L, and
L., for given integers i >3, [>4.

Keywords: Frobenius number, Lucas numbers, Fibonacci numbers.

1. Introduction

Let a,a,,....,a, (n>2) be integers. Any expression of the form
qa,+c,a, +...+c,a, where ¢,c,,...,c, are integers, is called a linear combination of
a,,a,,...,a, . Given positive integers a;,a,,...,a, (n>2) with gcd(a,,...,a,)=1, the

n

Frobenius Problem is a problem to determine the largest positive integer that cannot be
representable as a nonnegative integer combination of «,,...,a,.

Definition The Frobenius number of a,,a,,...,a,, denoted by g(a,,a,.,...,a,), is the
largest integer Z such that Z#ca, +c,a,+...+c,a, for all nonnegative integers

C5ChsennsC,

ne

For example, g(3,5)=7, g(6,9,20)=43.



The Frobenius Problem is well known as the coin problem that asks for the
largest monetary amount that cannot be obtained using only coins in the set of coin
denominations which has no common divisor greater than 1. This problem is also

referred to as the McNugget number introduced by Henri Picciotto. There are several

applications of the Frobenius Problem, for example, obtaining upper bounds for the
running time of the Shell-sort algorithm, studying partitions of vector spaces and

investigating algebraic geometric codes; see Ramires Alfonsin (2005).

The origin of this problem for n=2 was proposed by Sylvester (1884), which its
solution was solved by Sharp (1884

9(a,a,)=(a,—1)a, - -1=aa, —a, —a,.
Roberts (1956) found the Frobenius number of an arithmetical sequence:

a}:2J+d(a—1).

g(a,a+d,...,a+kd):a{

For n=3, Selmer and Beyer (1978) solved Frobenius Problem by using a continued
fraction algorithm. Then Rédseth (1978) improved their result. Greenberg (1988) found

another algorithm.

In 21% century, the Frobenius Problem is still an interesting problem. There are
several works about this problem as follows. Marin et al. 2007) investigated the
Frobenius number of Fibonacci numbers F£,F,,.F,, for integers i,k >3 where F, is the

n" term of the Fibonacci sequence defined by F,=F , +F, ,, n>3 with F =1 and
F, =1.They found that

(F.-1)F,, - F.(rF,_, +1), ifr=0orr=1and
g(F.F.,.F. )= F,,F, <(F, - 1F,)F,,.
(rF, —=DF,, — F.((r =1)F,_, +1), otherwise,

where FZLF}‘:IJ for r,k>3 . Later on, Ylhan and Kyper 2008) established the

k
Frobenius number involving Lucas numbers L, defined by L =L ,+L, ,, n>3 with

L =1 and L, =3. They found following the formulae :


https://eudml.org/search/page?q=sc.general*op.AND*l_0*c_0author_0eq%253A1.%25C3%259Dlhan%252C+Sedat&qt=SEARCH

g(L.L..L,)=LL

i+1° i+

L-L

i+1

for i,k >2,

[_

9(L;, L., Li.s) ZL[{ J""Lm (L =1) for i23,

2
and g(L3i,L3l.+2,2L3,.+1)=%+L3,—1 for i>1.

Moreover, Ong and Ponomarenko (2008) solved the Frobenius Problem for sets of the

form {m*,m" 'n,m*?n’,...,n*}, where m,n are relatively prime positive integers:

(n_l)m2(mk—l _nk—l)

m-—n

g(m* ,m" 'n,m"2n*,. 0" =" (mn—m—n)+

for any positive integer k. Gil et al. 2015) found the Frobenius number of primitive

Pythagorean triples:
g(m* —n* . 2mn,m* + n*) = (m—1)(m*> —n*) + (m—1)2mn) — (m* +n*).

Recently, Tripathi 2017) gave an exact formula for g(q,,a,,a;), where q,,a,,a, are
pairwise coprime positive integers. His results are divided into several cases and are

complicated, so we do not record them here.

In the recent paper, we investigate the Frobenius number g(L.L.,,L ) for
integers i >3, />4 by using the idea of Marin et al's work (2007) and generalize the
work of Ylhan and Kyper 2008). Our work needs the well-known Theorem of Brauer

and Shockley (1962) that states as follows:

Theorem A Let 1 <q, <...<a, be integers such that gcd(a,,...,a,)=1.Let

B={ax +...+a,x,|x eNU{0} forall i=1,2,...,n}.Then

n-n

9(a,....,a,)= 1412}%,_1;{6} >@%

where ¢, is the smallest positive integers congruent to / modulo g, and ¢, € B.

Note that Theorem A can give the value for g(a,,...,a,) ; however, the formula is

not in the closed form and it is difficult to find ¢, for each /.In our work, we are able to

give an explicit formula for g(Z,L.,.L,,).
2. Necessary Lemmas

Before investigating the value of g(Z,L,,,L.,) for i>3, />4, we establish

i+2°

some lemmas. By Theorem A, for fixed integer i >3, />4, we get
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gﬂ;LHDLH)— max {t,} -1,

ke{l,2,....L,—1}

where ¢, is the smallest positive integer congruent to & modulo Z, and

=xL

i+2

+yL,,, for some x,y>0.Then we shall construct the table, denoted by T,

havmg entries 7, =xL,

t+2 z+l

for integers x, y >0. Since

Ly =LoF +LoF, =Ly (F ~F )+ (L, ~L)F = FL, ~FL,

T+ i+1
we get

L,

ir T VL, = s y(FL —F.,L)=(x+yF)L,,—yF_,L.

z+2

Thus the table 7] can be represented as the table 7, .

From now on, we define the set 7, to contain the first 7, 1 entries of all

columns in the table 7,.That is

Tohe =1t )|0Sx<F -land y203.

i

L -1 .
Throughout the paper, we set r:L’T} and L —1=rF +¢g for some integer

0<g<F-1.Let 7., be the set that contains the first F;—1 entries of columns

0,1,2,...,r—1 and the first ¢ entries of column r, ie,

T, ., ={t,, |0Sx<F~1and 0< y<r <1} Uity b, 00t,, }-
Lemma 1 (i) The set 7, ,, is a complete system of residues modulo Z, .
(i) In the table 7|, ¢, <t for all m<; and n<k. Moreover, ¢, 6 <t, . for all

0<m,n<F -2.

Proof. () For each 7, =(x+yF)L

vo —VE L €T, ,, we have 0<x+yF, <q+rF;=L —1.

1,

Since ged(L;,L,,,)=1,T,_,, is a complete system of residues modulo L, .

1,r

i) Recall that ¢, =mL ,+nL,, and t,, =jL, ,+kL,

T+l

It is obvious that for m<j,

t,.<t;, and for n<k, ¢ <t . Therefore, <t,, for all m<; and n<k. For

m,n Jj.n m,n m,n

0<m,n<F -2, we have ¢

mpn+l m+1 n

=(F =D)L, —F_,L>0. N

We define ¢, as follows:



ly=1lyy lp =1y, L =ty - Ly =l,

L=t lpa =1, Lga =h, Lpa=h,
L=t L =y Lo =h, L=,
lp =g 10 L =gy Lra=lhay o lowypa =lg,

X

—1,0

The elements of 7., , can be represented as ¢, =xL,., —{ JF,ZLI. for x=0,1,....

/

Lemma 2 Let ¢,, be an entry of 7} and ¢, ¢7, ,,. Then there exist 7., €T, ,, such that

t,,=t., (modL) and ¢, >t

SV

Proof. By the definition of 7, as defined above, the set 7, . can be written as

Y C R Fios EANOVASN JLY o o S ) T S
We will consider two cases as follows.
Casel: s, €7, , \T; ,,

Then ¢,,=t, ., for some integer a>1 and 0<b<L —1 We see that

i +bJE—2Li =bL,, _\\%Jﬁzlﬁ =1, (modL,).

i
/

taL,. b = (aLi + b)Li+2 [ \‘

l

Since 0<b<L -1, t,=t €T, ,, for some x,y. That is, 7z, =t  (modL ). Next, we

will show that 7, >t

x,y.2

ie, t,., >t Since ¢, ., >t for a>1, it is enough to show

L -1
only that 7, , >, Recall that r:{ : J and L, —1=rF, +q for some 0<g<F,—-1. We

/

will consider into two subcases depending on the value of r.

Subcase 1.1: If »=0, then L —1<F,, so L, +b<2F —1.1f 0<L +b<F, -1, then
both ¢, and ¢, , are in the first column of the table 7. By Lemma ldi), we obtain

t

L;+b > tb'



Suppose that F; <L, +b<2F —1.Then ¢, and ¢, are in the first and second

columns of the table T

. F F K
', respectively. If Li<?1, then Li+b<E’+?Z=F,, a

contradiction. Hence we have F,_, <

<L,. Finally, we have

N |2

t,—ty=LL,—F,L=L(L,-F,)>L(L-F_)>0.

L+b - i i i i 1=

Subcase 1.2: Suppose that » >1. Consider

L +b b
Z‘L1+h -1, = L,- [Liu N\ F;Az U‘ITJ _\‘FJJJ
7 !

Write b=mF,+n where 0<n<F,—1.S8ince L —1=rF +q with 0<g<F —1, it follows

that

L+b b - PND A rF+q+mF, +n+1
i W el Y 0 (i I s ' Y 'S —m<r+l.
F | |F A F

/

It is enough to show that L, >(»+1)F,_,. To this end, we see that

L,—-(r+)F,=L+L, ~(r+1)F_,
=rF+q+1+L, —(r+1)F_,
ZV(E _F;fz)_F;fz"'Q"'l"'Lm
=rk,~F5+q+1+L >0

i+1

since r>1.
Case2:1,,¢7T, .,

Since T}, ,, is a complete system of residue modulo Z,, there exists ¢, , €7, ,, such that
t,,=t., (modZ;) Then 0<x<F —l<u.If v>y, by Lemma lab, ¢, <t , <t,, . Suppose
v<y . Then ¢, =t  (modL ) implies u+vF, =x+yF (modl,) . From Lemma 1,
0<x+yF, <L -1, and thus wu+vF=m(x+yF,) for some integer m>1. Hence

u+vk >x+yF.Since —vF, ,L, >-yF ,L,, wehave ¢, >t . O



3.Main Theorem

. L -1
Theorem Let i>3,/>4 be integers and r :{ . J.Then
!
(L, =1L, —(1+rF_,)L, if 1.)r=0,
g(L,L,,,L. )= or2.)r>land (L, —rF)L, ,>F, ,L,
(rF, =1L, —(A+(r—-1F_,)L,, otherwise.

Proof. From Theorem A, now we have to consider ¢, for k=1,2,...,L —1 when ¢, is the

smallest positive integer congruent to k£ modulo L, and #, can be written as xZ,, + VI,

i+l

X

for some integers x,y>0.Since ¢, =xL,,, —{ JF,ZL,. for x=0,1,....

!
If =0, by Lemma 2, we have that ¢, is the smallest positive integer congruent

to k& modulo L, for some integer 0<k <L —1.And we see that ¢ can be represented as

a linear combination of L, and L, . Hence 7, ,, =1 |k=12,...L, =1} If r>1, by

Lemma 1i), then

lp i = O?&E},Xl{tx,i’ t,€T,,,} foreach i=0,1...r-1,
<x<Fi-

Uy = Max {tF,—l,i| Il € TF}—l,r}’

0<i<r-1
and

t/( = max{tx,r ‘ tx,r € TF,*l,r}'

2 0<x<k

We will find the necessary condition for ¢, >¢,,,, . It is true if and only if

(L =D)Ly ~FL, > (F DL, —(r=1)F L, that is (L, —rF)L

i+2

>F, ,L.Hence we can

conclude the result of this theorem. 0



Example 1 Let ;=3 and /=5.Then r= {% — IJ =0, and by our main theorem, we have

5
9(Ly, Ls, L) = g(4,11,47) = (L; =D L; = (1+(0)F) Ly =3(11) = 1(4) =29.
We would like to confirm the value of g(4,11,47) by the well-known Theorem A. Since

9(L;.L;, L) = g(4,11,47) = max {r;}~4. Then we have to find t, for each k=1,2,3, that
€{1,2,3}

t, is the smallest positive integer congruent to & modulo L, =4 and ¢, € B. We get
t; =33,6,=22 and t, =11. Thus g(L,,Ls,L;) =max {33,22,11} —~4 =29 which is the same

value obtained by our result.

Example 2 Take i =4 and /=4.Then r:{L‘};lJ:2 ,and (L, —2F)L, > F)L,.

4

Thus g(L,,L.L,) =g(7,18,47) = (L, —1)L, —(1+2F,)L, =87 . On the other hand, by using

Theorem A, g(L,,L.,L)=9(7,18,47)= max {r}—7 . We get  =36,t, =65,t, =94,

kef{l1,2,3,4,5,6}
t,=18, ¢, =47 and t, =83 . Thus g(L,,L,,L,)=max {36, 65,94, 18, 47, 83} —7=87 which is
the same value as above.
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0 1 2 r
0 L., 2L, . rL,.,

L., L,+L, L. ,+2L,, ... L.,+rL
2L, 2L, +L.,, 2L, +2L, 2L, +7L.,,
3L, 3L, + L, = oY ... 3L, +rL,

(F =D)L | (F=2)Ly, +Ly, | (F-DL,+2L, | ... | (F=2)L,+7L,
(F=DL,, | (F-DLg+L, | (F=DLy+2Ly | ... | (F-DLy,+rL,
o F o2 le Y2 \T2h £ 2 KL, +rL,
(FDE s ~AF D2l AL= N [ (BRI AT 2L 4 2525 2K Do, BHRL.

Table 7, : ¢, =xL ,+ YL, for x,y>0




) ¢ 0 1 2 .
0 0 FL.,—F,L 2F L., -2F,L . rE L., —rF, L
1 L., (1+F)L,—F_ L | (1+2F)L-2F_ L | .. (1+1F)L,,, —rF_L,
2 2L, (2+F)L.,—F_,L | Q+2F)L,,—2F L | ... Q2+rF)L,, —rF_L
3 3L, G+F)L.,—F_L | 3+2F)L,~2F L | ... (B+rF)L,, —rF_L,
F-1 | (F-DL, | QE-DL,-F,L | GF-DL,-2F,L | ... | (¢+DE-1)L,,—-rF_L
F, FL,, 2EL,, =F L 3L, —2F 1 (r+DFL,,—rF L
F+1 | (F+DL,, | @QF+DL,~F L | GE+VL,-2F L | .. | (r+DE+1)L,,—rF L,

Table T, : ¢, =(x+yF)L,, —yF_,L for x,y >0




Author Biography

Name Miss. Ratchanok Bokaew

Date of Birth 27 July 1993

Address 201(1) , Viangtan, Hangchat, Lampang, 52190.

Education (2010) Bachelor of Science in Applied Mathematics GPA 3.34

King Mongkut’s Institute of Technology Ladkrabang
(2013) Master of Science in Applied Mathematics GPA 3.45
King Mongkut’s Institute of Technology Ladkrabang
Academic Publication
1. Bokaew, R., Yuttanan, B. and Mavecha, S. 2019. "Formulae of the

Frobenius number in relatively prime three Lucas numbers”

Songklanakarin Journal of Science and Technology.



	2-18 ปกใน-ภาคผนวก.pdf
	Abstract in English
	Acknowledgements
	Table of Contents
	List of Tables
	Introduction
	Research Motivation
	Objectives of the study
	Scopes of the study
	Benefits of the study
	Research methodology

	Preliminaries
	Necessary results
	Literature reviews
	The work of Marín et al. (Marin)
	The work of Ýlhan and Kýper (Ylhan)


	Necessary Lemmas
	Formulae of the Frobenius number for three relatively prime Lucas numbers
	Conclusions
	References
	Appendix 
	Author Biography




