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Abstract

Water pollution is one of the most important environmental problems. The
major water sources are contaminated with dirt and undesirable substances which
affects quality of life and economic and social developments.

In- this research, mathematical models of water quality measurement, the
hydrodynamic model and the dispersion model are introduced. The hydrodynamic
model provides the velocity and elevation of water flow. The dispersion model
describes the concentration pollutants. The hydrodynamical and dispersion models
are formulated in one-dimensional equations. We first calculate the velocity fields of
flow form. The velocity field is used as the input of the dispersion model. Several finite
difference methods are proposed to solve the dispersion model. The explicit methods,
the implicit methods, the Crank-Nicolson methods, the modified Siemieniuch-Gladwell
methods, the four points explicit upwind methods, the third order Crank-Nicolson
methods, the four points implicit upwind methods, the explicit upwind methods, and
the Lax-Wendroff methods are used to find the pollutant concentration. The numerical
simulation indicates that the proposed finite difference methods give difference

aspects of each problem concerned in the study.

Keywords : hydrodynamic model, dispersion model, water-quality, finite difference

methods, river
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Chapter 1

Introduction

1.1 The water pollution problem

Nowadays, when talking about the environment, people often experience
anxiety. This is due to the current environment having deteriorated and heavy
pollution being created. Whether it is due to water pollution, air pollution, noise
pollution, or even soil pollution, when a toxic environment occurs, it will affect the
health of the body and mind of humans; day by day, various pollution problems tend
to increase.

Currently, water pollution is one of the most important environmental
problems in a country when compared to other forms of pollution. Water pollution
often occurs in big cities. A country's major water sources are contaminated with dirt
and substances. This pollution makes it impossible to make full use of the water
source, which affects quality of life and economic and social development.

Water pollution is mainly caused by sewage from residences, which often
contains organic substances as well. Such wastewater is often the cause of the black
color and putrid odor of water with toxic residues, such as water from agricultural
sources that contain fertilizer, and pesticides, effluents containing heavy metals
contaminated by industrial plants, etc. These substances will accumulate in the food
chain orbit of aquatic animals and subsequently affect humans.

From the above problems, it is found that the various effects of water pollution
are numerous. These days, the increases in industrial occupation and number of
peoples are the principal reasons for the quality of water used being deteriorated.
Therefore, if we know the value of the concentration of pollution that is from sources
of emissions, such as from littering down river, we might be able to control the
concentration of water pollution in that area and prevent it from exceeding the
standard. As has already been mentioned, we recognize that the importance of water

pollution, so it is interesting to study.



1.2 Literature review

Mathematical simulation is an important method to detect water quality
assumption in a considered area. The numerical solution technique is a finite
difference method which may be easily applied to mathematical simulation flow and
transport modeling. The theory and solution techniques of the finite-difference
method can be found in many textbooks [1-6]. There are many examples of using
the numerical scheme for approximating direction advection-diffusion equation (ADE)
by using the finite difference method. In [7], a two - dimensional advection-diffusion
equation was solved by using the split-operator method. In [8], two-dimensional
diffusion with an integral condition was solved by using the explicit finite difference
method. The numerical test was obtained by using standard forward time central
space (FTCS) method and fully explicit technique to give acceptable results and to
suggest convergence to the exact solution.

[9] developed and compared for solution a one-dimensional advection-
diffusion equation with a constant coefficient, with comparison of the errors
associated with the equations, and provided a means to develop more accurate finite
difference schemes. [10] presented a one-dimensional advection-diffusion equation
with the finite differences method using implicit spreadsheet simulation (ADEISS), for
use with the backward time central space (BTCS), upwind and Crank-Nicolson
schemes. The numerical results of the Crank-Nicolson scheme was in good
agreement with the analytical solution. [11] studied the numerical solution of the
advection-diffusion equation with a third-order upwind scheme by using spreadsheet
simulation (ADE-TUSS). The solution of the advection-diffusion equation could be
obtained for explicit, implicit, and Crank-Nicolson schemes by only changing the
values of the temporal weighted parameter. The results showed that use of the high-
order schemes in the spreadsheet simulation was very applicable for the numerical
solution of the advection-diffusion equation, and the Crank-Nicolson scheme was in
good agreement with the analytical solution. [12-14] proposed the higher-order
upwind difference be used for the convective terms of the convection-diffusion
equation.

[15-16] the finite element method to solve a one-dimensional convection-
diffusion equation. [17] used a non-linear hydrodynamic model to simulate the water

current and the elevation in a uniform reservoir, with the Lax-Wendroff technique



being used to approximate the solutions for optimal control of water treatment in
the system to achieve minimum cost. [18] presented a numerical simulation of a
one-dimensional advection-diffusion-reaction equation with boundary condition
functions by using the Saulyev finite difference technique. The numerical result was
dependable. [19] showed two mathematical models used to simulate pollution; the
first was a hydrodynamic model that provided the velocity field and elevation of a
water flow by using the Crank—Nicolson method, and the second was a dispersion
model. The governing equation was a one-dimensional advection-dispersion-reaction
equation that gave the pollutant concentration using the Crank-Nicolson method.
[20] used the finite difference scheme to solve and identify the effect of non-uniform
water flows in a stream. Two mathematical models were used to simulate pollution;
the first was a hydrodynamic model gave the velocity field and elevation of a water
flow by using the Crank-Nicolson method, and the second was an advection-
dispersion-reaction that gave the pollutant concentration to obtain explicit schemes,
the forward time central space and Saulyev schemes.

[21 developed a new scheme that guaranteed the positivity of the solutions
for a one advection-diffusion-reaction equation in one spatial dimension. [22]
simulated water quality by two mathematical models for one-dimensional equations.
The first model was a hydrodynamic model that provided the velocity field and the
elevation of water using the Crank-Nicolson method, which input of values of velocity
of the second model. The second model was an advection-dispersion-reaction model
that gave pollutant concentration using traditional MacCormack method and the
modified MacCormack method. The results of the MacCormack modified method
were more accurate than the compared traditional MacCormack method. [23]
focused on one-dimensional water quality by using two models, a hydrodynamic
model (WHYSWESS-HD) and an advection-dispersion-reaction model. The results
showed a good water quality model when compared with to that relying on MIKE 11.
[24] proposed an analytical solution for the non-dimensional equation of a two-
dimensional hydrodynamic model with generalized boundary condition and initial
conditions; this model explained the elevation of water in an open uniform reservoir.

Recently, [25] simulated a one-dimensional equation for water quality in a
non-uniform flow stream by using two models. The first model was a hydrodynamic

model that provided the velocity field and the water elevation; the Crank-Nicolson



methods were used. The second model was an advection-diffusion-reaction model
that provided the pollutant concentrations; a new fourth-order scheme and a
Saulyev scheme was used. The results of the new fourth-order scheme coupled to

the Saulyev method was more accurate when compared with traditional methods.

1.3 Objectives of the thesis

1) To simulate the water current of a river by using a hydrodynamic model.

2) To apply the advection-diffusion-reaction equation of a dispersion model to
describe water pollutant concentration by using finite difference methods.

3) To apply the hydrodynamic model and advection-diffusion-reaction equation
to water pollutant measurement by using finite difference methods.

4) To simulate and approximate the numerical solution of water current and
water pollutant concentration by using the proposed finite difference

methods.

1.4 Scopes of the thesis
1) To find the numerical solutions of advection-diffusion-reaction equations
by using finite difference methods.
2) To consider a dimensionless equation of the hydrodynamic model.
3 To calculate the approximated pollutant concentration only in a one-
dimensional domain in space.
4) To compare the calculated solutions of the water quality model by explicit

and implicit methods.

1.5 Plan of the thesis

The thesis describes the mathematical modeling of water pollution
measurement. We divide this into two, which are the water quality measurements in
a uniform flow stream and in a non-uniform flow stream. There are two mathematical
models used to simulate water quality in uniform flow stream andpollutant
concentration proposed. There are two mathematical models used to simulate water
quality in non-uniform flow systems; the first is a hydrodynamic model that provides

the velocity field and the elevation of water. The second is a dispersion model that



gives the pollutant concentration field. A couple of models are formulated in one-
dimensional equations. At each step, the calculated flow velocity fields of the first
model are input into the second model as the field data.

The first part of the description gives details of the basic knowledge about
shallow water and a mathematical model for water quality, measurement, and control,
by defining the domain of a problem in the thesis and domain of the study case.

The second part studies a numerical method for solving a one-dimensional
hydrodynamic model and a one-dimensional dispersion model.

The third part is the computation of the velocity of water and elevation of
water for the hydrodynamic model. In this process of simulation, we consider in one
dimension and use the Crank-Nicolson technique for solving the velocity of water and
elevation of water.

The fourth part is computation of water pollutant concentration related to the
dispersion model. We input the velocity of water from the hydrodynamic into the
dispersion model. In this process of simulation, we use several finite difference
methods for solving the concentration of pollution.

Finally, we propose the concentration of pollution and compare numerical
solutions from several finite difference methods in one-dimensional advection-
dispersion-reaction.

Moreover, in this thesis, the research is divided into 3 works. In work 1, we are
inspired by Dehghan [9] in 2004 and Karahan [11] in 2007, in which velocity of water is
assumed to be constant and does not have chemical reactions in the advection-
diffusion equation, but in our work, it is assumed that there are chemical reaction term
in the advection-diffusion equation; see figure 1.2. Work 2 was inspired by Dehghan [9]
in 2004 and Karahan [11] in 2007, but our work assumes that there are chemical
reaction terms in the advection-diffusion equation, and we also find the velocity of
water that can be interpolated from the hydrodynamic model; see figure 1.3. Work 3
was inspired by Dehghan [9] in 2004 and continues from work 2. We assume that there
are chemical reaction terms in the advection-diffusion equation, that velocity of water
can be interpolated from the hydrodynamic model, and there is no stability
computational aspect but, in work 3, we obtain more computational stability; see

figure 1.4.
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1.6 Expected results
1) To apply a model for water pollution assessment water quality.
2) To predict the occurrence of water pollution problems.

3) To develop mathematical models for real-world problems.

The contexts of the chapters of this thesis are as follows:

In chapter 2 (basic concepts and preliminaries), a preliminary, one-dimensional
hydrodynamic model, the governing equations of water pollution concentration
corresponding to the finite difference approximations, and the model of a one-
dimensional advection-diffusion-reaction equation are presented.

In chapter 3 (water quality measurement model in a uniform flow stream), the
finite difference techniques are introduced for calculating water pollutant
concentration. The one-dimensional advection-diffusion-reaction equation is solved by
using the explicit methods, the implicit methods, the Crank-Nicolson methods, and
the modified Siemieniuch-Gladwell methods. In this chapter, we compare the
approximate solution of water pollutant concentrations with the analytical solution.

Chapter 4 (water quality measurement model in a non-uniform flow stream) is
divided into two sections. Firstly, a numerical simulation of a one-dimensional
hydrodynamic model, using the Crank-Nicolson methods to describe the elevation of
water and velocity of water, is presented. Secondly, numerical simulation of a one-
dimensional water pollution measurement model is obtained, using the four points
explicit upwind methods, the third order Crank-Nicolson methods, the four points
implicit upwind methods for section 4.2, and the four points explicit upwind methods,
the explicit upwind methods, and the Lax-Wendroff methods for section 4.3.

Chapter 5 (discussion and conclusion) discusses the numerical simulation of
the one-dimensional water quality model in chapter 3. The discussion of the numerical
simulation of the one-dimensional hydrodynamic model and the numerical simulation
of the one-dimensional dispersion model in chapter 4 for sections 4.2 and sections

4.3, is presented.



Chapter 2

Basic Concepts and Preliminaries

2.1 Water pollution

2.1.1 Definition of water pollution

A Ry ¥

Figure 2.1 Water Pollution

(https://inwfile.com/s-cf/4csc0g.jpg)

Some specific definitions of water pollution are given, as per the following:

The Environment Act of 1980 defines water pollution as “Any direct or indirect
alteration of the physical, thermal, chemical, biological, or radioactive properties of
any part of the environment by discharge, emission or deposit of wastes so as to affect
any beneficial use adversely or to cause a condition which is hazardous to public
health, safety or welfare of animals, birds, wildlife, aquatic life or to plants of every
description.”

The National Institute of Environmental Health Sciences defines water pollution
as “any contamination of water with chemicals or other foreign substances that are
detrimental to human, plant, or animal health.”

The World Health Organization (WHO) has defined water pollution as “inclusion
of any foreign material either from natural or other sources into a water body, thereby
changing the natural qualities of water and making it unusable for its intended

purpose.”


https://inwfile.com/s-cf/4csc0g.jpg
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The Environmental Pollution Center defines water pollution as “the presence
in groundwater of toxic chemicals and biological agents that exceed what is naturally
found in the water and may pose a threat to human health and/or the

environment.”

2.1.2 Substances that cause water pollution

2.1.2.1 Biological agents are organisms that cause wastewater or
deterioration, such as bacteria, protozoa, or viruses in the water. Examples include
Vibrio, which causes cholera, Shigella, which is the cause of dysentery, typhoid,
enteritis, etc. Algae will grow in water sources that have a lot of nutrients. Algae
multiplies rapidly, causing death to and the rotting of aquatic animals, which in turn
causes sewage and water sources to lack oxygen.

2.1.2.2 Organic substances are waste from the food industry, such as
sugar factories, flour, beer, slaughterhouses, canned food factories, etc. It also includes
waste from houses. The wastes released are proteins, carbohydrates, and fats.

2.1.2.3 Inorganic substances include water containing nitrates and
phosphate salts from agriculture; high levels of nitrates and phosphates help algae
and aquatic plants erow and multiply rapidly.

2.1.2.4 Heavy metal is found in water sources and includes arsenic, lead,
mercury, cadmium, zinc, chromium, nickel, manganese, etc. For example, in Thailand,
people in Ron Phibun district, Nakhon Si Thammarat Province, were exposed to black
fever, because the drinking water contained high quantities of arsenic.

2.1.2.5 Surface float suspensions and sediments- surface-water floats
are oil, oil stains, and other substances, some of which are flammable. Therefore, these
cause danger to aquatic animals; in addition, they also block light from entering the
water and prevent oxygen from being able to spread. Examples are leaves, twigs, foam
sheets, plastic bags, cans, and suspensions.

2.1.2.6 Radioactive substances include uranium, strontium, cesium,
iodine, etc. Such radioactive substances can pass into the water by various methods,
such as follow:

- from the production of uranium

- from washing the clothes of radioactivity laboratory personnel

- from waste from a radioactivity laboratory

- from waste from hospitals that has been examined and treated by



11

radioactivity
- from water from atomic power plants

- from radioactive dust caused by nuclear weapons experiments.

2.1.3 Effects of water pollution
The important effects of water pollution consist of those affecting human
health and the environment.
2.1.3.1 Public health wastewater is a source of disease spread. It causes
outbreaks of diseases such as cholera and typhoid, and allows for mosquito breeding
grounds, which are carriers of many diseases.
2.1.3.2 In fisheries, water pollution causes various aquatic animal
decreases until they may eventually become extinct, because they cannot live and
breed normally due to the oxygen used in respiration.
2.1.3.3 Consumption water that has a lot of additives must add more
dirt removal systems to produce standardized water. This causes a higher cost of
quality water for consumer use.
2.1.3.4 In agriculture, the wastewater is acidic and alkaline, and is not
suitable for cultivation in most parts. In addition, such water may be toxic to pets in
agricultural areas.
2.1.3.5 Water pollution destroys natural beauty, affecting human mental

health.

2.1.4 Sources of water pollution

Sources of pollution that affect water quality in water sources can be divided

into 2 major types, which are point sources and non-point sources.
2.1.4.1 Point sources are localized sources such as community sources,
industrial factories, wastewater from community sources, discharged wastewater from
dwellings, etc. For example, discharged wastewater from washing clothes contains an
amount of mineral phosphates. Common detergents cause plants to grow and cover
a lot of water, resulting in the oxygen in the air being unable to dissolve, causing
wastewater and aquatic animals to die, as well as littering the river. Industrial
wastewater is created from the raw material washing process. Production processes
such as factory cleaning include wastewater that has not been treated or wastewater

which is still not in accordance with the industrial effluent standards. The composition
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of wastewater from industrial plants is different. It depends on the effluent flow rate,

type, and size of the factory. Examples of point sources are shown in figure 2.2.

Figure 2.2 Water pollution from industrial wastewater

(https://usercontent2.hubstatic.com/8789343 520.jpg)

2.1.4.2 Non-point sources include wastewater from agricultural activities
and Animal husbandry. The wastewater from cultivation is high in nitrogen,
phosphorus, potassium, and various toxic substances. Most impurities are found in the

form of organic matter. Examples of non-point sources are shown in figure 2.3.

Figure 2.3 Water pollution from agricultural activities
(https://upload.wikimedia.org/wikipedia/commons/thumb/9/95/Runoff of soil %26 f
ertilizer.jpg/1024px-Runoff of soil %26 fertilizer.jpg)


https://upload.wikimedia.org/wikipedia/commons/thumb/9/95/Runoff_of_soil_%26_fertilizer.jpg/1024px-Runoff_of_soil_%26_fertilizer.jpg
https://upload.wikimedia.org/wikipedia/commons/thumb/9/95/Runoff_of_soil_%26_fertilizer.jpg/1024px-Runoff_of_soil_%26_fertilizer.jpg
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2.1.5 The characteristics of water pollution
The characteristics of water pollutant can be divided into 3 parts. Polluted
water has different water quality components from good water. These components
can be separated into 3 major characteristics, which are as follows:
2.1.5.1 Physical characteristics mean the characteristics of water
pollution that can be perceived by the five senses. There are important physical
indicators, such as the following:

- Temperature is one of the factors that directly and indirectly
influence the life of aquatic animals.

- Color checking of water is sometimes popular, due to being
able to provide a rough overview of the production capacity, environment, and
suspended solids contained in the water source.

- The turbidity of water will show how much of a suspended
substance is present. Suspensions contain materials such as fine soil, organic matter,
inorganic substances plankton, and small organisms; these substances will spread and
prevent light from penetrating the water.

- Odors from wastewater are usually gases which are caused by
the decomposition of organic substances in the wastewater.

- Taste can be an indicator, as natural clean water has no taste.
The taste of water is different due to the presence of organic or inorganic substances,
such as brackish water. This is because a large amount of chloride salt is dissolved in
the water.

2.1.5.2 Chemical characteristics refer to the characteristics of water
pollution caused by the presence of chemicals in the water that causes chemical
conditions in the water. There are important chemical image indices which are the
following:

- Conductivity is a characteristic of water that indicates the
desire for water to flow.

- Potential of Hydrogen ion value (pH) in natural water has a pH
value between 6.5 - 8.5; the difference in pH depends on the characteristics of many

landscapes and the environment.
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- Dissolved Oxygen (DO) means the value that indicates the
amount of dissolved oxygen in the water. Oxygen is very important to aquatic life. In
natural water sources, dissolved oxygen is between 5 - 7 milligrams per liter.

- Biochemical Oxygen Demand (BOD) is a value that indicates
the amount of oxygen that is used to decompose organic species. The BOD
measurement is also used for water quality monitoring in rivers and canals.

- Chemical Oxygen Demand (COD) is a value that indicates the
amount of oxygen needed to oxidize organic matter in water. COD is therefore an
indicator of water pollution as well as BOD.

2.1.5.3 Biolosical characteristics mean the characteristics of water
pollution caused by the presence of any type of organism mixed in water and which
can be toxic to humans and aquatic animals. Biological indicators include
phytoplankton, bacteria that cause communicable diseases through water and food,

viruses, fungi, and various helminths.

2.2 Finite difference approximations

We introduce the finite difference expression and describe the basic concepts
and methods for approximating solutions. A typical grid point is given by x, =iAx,
i=01,2,..,M, and ¢, =nAt, n=0,1,2,..;N, where Ax and At are the grid spacing or
grid size or step size in the space and time coordinates, respectively, and i, and n are
integers. Note that ~#=Ax and approximate C(xi,tn) by C, value of the difference
approximation of C(x,7). The derivatives of the function are approximated using a
Taylor series.

The finite difference time erid:

C(x,t +at)

Al

I I @ I I
C(x,1)

Figure 2.4 The time grid of finite difference



The finite difference space grid:

C(x=h,t) C(x,t) C(x+h,t)

@h%eﬁ

Figure 2.5 The space grid of finite difference

The Taylor series for a function C(x,?):

oC h@C h63C h@C h@SC

G AZC +h~<—

3 S
C . =C - ha_Ch(’iC h@C h@C h@C

A +
J ox— 21 ox° 3‘ ox’ 4' ox* 5' ox°

Oox 5 ox? 3! ox’ 4! ox? 5! ox’

2.2.1 Forward difference in space

ceey
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(2.1)

(2.2)

From equation (2.1) and rearranging equation to isolate the first derivative,

2 A2 3 A3 4 ~4
ha_C:CM_Ci_ﬁ ag_ﬁ a?_ﬁ a?‘---,
ox 20 ot 3l o’ 4l ox
0C_ G G [ hOC h'FC W IC,
ox “h ok DI BE TN 7 b/ S\
@_(:H-l C O(h),
Ox h
ac Cl”+1 C”
6x Ax

2.2.2 Backward difference in space

From equation (2.2) and rearranging this equation to isolate the second

derivative,
ha_c_c —C .+ h@C h8C+h 8C
Ox 2' ot 3 o 4 ot
GC C C L h62C h 63C+h 84C
o b b (20ax? 3 ad 4t )
8C C C., O(h),
6x
oC C” C"

8x Ax

(2.3)

(2.4)
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2.2.3 Central difference in space for first derivative

Subtracting the second equation

equation (2.2)],

(2.2)],

from the first equation [equation (2.1) -

aC 2n’&C 2h o°C

C,—-C =2h—+— — .
o 3 a5 &
3 5
o, -2 OC_WIC_
ox 31 a¢ 5! &
aC _ & CHJr ne’c h' 65C
ox  2h  2h 3o’ St )
ac Cz+1 Cz O(l’lz),
o 2h
&L L=l (2.5)
o 2Ax '
2.2.4 Central difference in space for second derivative

Adding the second equation to t

Cy +C. =2C+ 2h &k
2' ox*

2 ~2

PE a—fzc,+l C._,-2C

2! oOx

o€ G 26 Gy

P e

o°C Cz+1 2q+ci—1+0

ox® h?

o’C L Ch=207 + ¢

o (&)

2.2.5 Forward difference in s

he first equation [equation (2.1) + equation

2t o'C
+ +
4! oxt
2n Q.
4! ox'
207 8'C

41 ot

(7).

ceey

(2.6)

pace for first derivative

From equation (2.1) and substituting forward difference in space,

ha—C—C B haC ha3C haC
ax T o a3 a4 ot T
o _Cy G_hFc [(nFc_ndc
o h h 2137 3o 4 &t )
a_CZCl+1_CYl_£8(2:’+0(h2),
ox h 21 Ox
% Cz+1 Ci _ﬁg( i+1 Clj+0(h2),
ox h 21 0x h
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ac C 1_ . 2
ox h 2 ox e GG ( )
8@5 C1+1h C _%( Ci+2 ;CH] _ Ci+1h_ Cij+0(h2),

oc Cm C_(Cf+2_Cf+1_Ci+1_Cij+O(h2)
; )

o 2h

8_C Cz+1 C _ CVt+2 _2Ct+l _Ci +O(h2)
ox h 2h ’
6C 2Cz+1 ZC Cz+2+2C:+1 C +0(h2),
o 2h

8C _3C +4Cl+| Ci+2 +0(h2),

o 2h

ac _3Cl'r,lj k i 4Ctr-l+1 - Cl’:»2

o 2Ax

2.2.6 Backward difference in space for first derivative

From equation (2.2) and substituting backward difference in space,

2Cic_c S0 Sk 7l |
ox T\ OGN B L DEL
PG frermt N>R & CoulaTh SN N feie
N e S T WAANAT Y B ey
ox h h 21 ox? 31 ox” 4! ox

2,
& C Cin +£a§+0(h2),
6x h 2! ox

& Qa0 ﬁg(g—ql]w(hz)
ﬁx h 2! 0x h S
oC GGy 120
——(Cc=C_)+o(n
A & 2a( ) ( )

5Cp CmC NI R B e - o),
2 h

ﬁx h h
aC 6= CLI16-Cii—C. +c,.2)+0(h2)
ax h 2h ’
6C C C Ly C/. —ZC[_I +C[_2 +0(/’l2),
6x h 2h

2 2 2
6C C-2C_ +C-2C_+C_, O(hz),
o 2h
oc G, 4G, +3C ~o(r?),
ox 2h

Ox 2Ax

8C _Cl,—4C!, +3C;
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(2.7)

(2.8)



2.2.7 Forward difference in space for second derivative

From forward difference in space,

’C 8 (acj

o o\ ox
3C_9(C.,-C

ox’ N&( Ax j’

82C~ 1 Ci+2_Ci+1 Ci+1_Ci
o’ ~E( A Ax ]
82C~ 1 Ci+2_Ci+l_Ci+l+Ci
ox’ ~E( Ax j’

o’C 1 (CM -2C,,, +c,)
o' Ax Ax ’

O’ —2C;, +CR

i+1 i+2

a? (Ax)’

2.2.8 Backward difference in space for second derivative

From backward difference in space,

0’C @ (acj

o oxlox

?C _a(c-C,

ot 5( Ax J’

L 4|\ & - Aoty 4F, AR
o’ Ax 2Ax L 2A% j
FTYDT & 240 + 86y (62 47 862,
o Ax 2AX J
GC,  N\(34 &€/ +5C r\62)

o Ax 2Ax )
8°C._3CI-7C!, +5C!, —CI,

N 2(Ax) '

2.2.9 Two backward difference in space for second derivative

From backward difference in space,
o’C_a(aC
)
’C _o9(C-C,
ox’ ~5( Ax j’

’*C 1 (C. -C,, _ci3—4c,.2+3c,.1j

~ l
~

Ax 2Ax

ox’  Ax
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(2.9)

(2.10)
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~

’C 1 ( 2C, -2C,, ~C, , +4C, , -3C,, j

o’ Ax 2Ax
>’C 1 (2C =5C,,+4C,,-C,,
X’ Ax 2Ax ’

o’C _[2C'=-5C! +4C!, - C],
o’ 2y |

2.3 The one-dimensional hydrodynamic model

19

(2.11)

The one-dimensional hydrodynamic model describes water current and

elevation by using a system of shallow water equations as the conservation of mass

and conservation of momentum. It is obtained by integrating the Navier-Stokes

equations over the flow depth under the assumptions as hydrostatic pressure

distribution and small bottom slope. The governing equation of the hydrodynamic

describes the behavior of the reservoir. Figure 2.6 shows a shallow water system.

Water surface

Lx Bottom topography

Figure 2.6 The shallow water system

We derive a simple form of the one-dimensional hydrodynamic by assuming

the continuity and momentum balance; that is, we assume that the Coriolis, shearing

stresses, and surface wind are small [19, 28-29] and # is a flat bottom topography [26].

We obtain the one-dimensional shallow water equations as follows:

9% 0 _
at+6x[(h+g“)u] 0,

a_u_|_ a_—()
ot gax ’

(2.12)

(2.13)
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where x is the longitudinal distance along a stream (m), time t (s),
h(x) is the depth measured from the mean water to the bed of the reservoir
(m),
£(x,1) is the elevation from the mean water level to the temporary water
surface (m/s),
g is the acceleration due to gravity,

u(x,t) are the velocity components in x direction (m/s),

forall (x,r)[0,L]x[0,T]. We assume that # is a constant and ¢ < & . Then equations

(2.12) - (2.13) become;

a—g-l-ha—u:(), (2.14)
ot Ox
6_u+g8_§=0. (2.15)
ot ox

2.4 A one-dimensional dispersion model
2.4.1 Mass transfer
2.4.2.1 Advection
Advection is the transfer of heat or cold in the atmosphere by the flow
in the horizontal movement of an air mass. Advection, in general, moves matter from
one position in space to another. The transportation of matter by the advection shown

in figure 2.7.

0839,
¥
2%,
0829,
A
o32
:';ﬂu'

Figure 2.7 The transport by advection
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2.4.2.2 Diffusion

Diffusion is the movement or the spread of mass in air or dissolved
substances. Diffusion, in general, moves matter from regions of higher concentration
to regions of lower concentration. The movement of mass will mix until they are

evenly distributed in the concentration. The transportation of matter by diffusion

shown in figure 2.8.

[-]
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Figure 2.8 The transport by diffusion

2.4.2.3 Advection-diffusion (Dispersion)

Advection-diffusion is a system in which particles are dispersed
continuously. It is the transfer of particles inside a system, due to two processes, the

combination of the advection and diffusion. The transportation of matter by dispersion

are shown in figure 2.9.

Figure 2.9 The transportation of dispersion
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2.4.2.4 Reactions

Reactions refer to the mass gained or lost by transformations of the
substances within the volume. Reactions either add mass, by changing another
constituent into the substance being modeled, or remove mass, by transforming the

substance into another constituent. The reaction is shown in figure 2.10.

Figure 2.10 Reaction

2.4.2 Fluid flow
Fluid is a substance that can move or flow continuously when treated with a
shear force which is parallel to the plane in which the fluid flows, recardless of the
size of the shear.
2.4.2.1 Characteristics of fluid flow
Fluid flow is divided into 2 characteristics.

1. Laminar flow, or consistent flow, is a form of flow in which
fluid particles move in an orderly manner There is no mixing between the fluid layers
in flow characteristics like this. In general, it occurs with high viscosity fluids and low
velocity flows, or where the diameter of the pipe that the fluid flows through is very
large when compared to the amount of fluid flowing inside the pipe.

2. Turbulent flow, or disorderly flow, generally occurs with low
viscosity fluids and high velocity flows, or where the diameter of the pipe that the fluid
flows through is small compared to the amount of fluid flowing inside the pipe. Fluid
flow patterns have unpredictable directions and speeds and there is a mixture of fluid

layers while moving. Laminar flow and turbulent flow are shown in figure 2.11.
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laminar flow

turbulent flow

—w

—— > oo

Figure 2.11 The turbulent flow and the laminar flow
(https://diffzi.com/wp-content/uploads/2018/11/Laminar-Flow-vs.-Turbulent-Flow-
768x701.png)

2.4.2.2 Reynolds number
The Reynolds number (Re) is a number that shows the relationship

between fluid properties that change with temperature and pressure. It is determined

by

Sepia v (2.16)
/Y.
where U is velocity (m/s),

L is characteristic linear dimension (m),

M is dynamic viscosity of fluid (kg /m),

v is kinematic viscosity (m?* /s),

p is density of the fluid (kg /m?).
Fluids flowing in turbulent tubes have high Reynolds numbers, with the Reynolds
number crisis as an indicator of the change in fluid flow characteristics:

- If the Reynolds number is less than or equal to 2000 (Re <2000), the

fluid will have a laminar flow.

- If the Reynolds number is greater than or equal to 4000 (Re > 4000), the

fluid will have turbulent flow characteristics.


https://diffzi.com/wp-content/uploads/2018/11/Laminar-Flow-vs.-Turbulent-Flow-768x701.png
https://diffzi.com/wp-content/uploads/2018/11/Laminar-Flow-vs.-Turbulent-Flow-768x701.png
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2.4.3 Governing equation for one-dimensional dispersion model
The concentration of water pollutants can be described by the
advection-diffusion-reaction equation (ADREs). A simplified representation, by averaging

the equation over the depth, is shown in [9, 20, 26-27, 30-31],

%—fw-vczv-(]?@vc)—]{a (2.17)

where C(x,t) is the water pollutant concentration at point x and at time ¢ (kg /).

V:@if is matrix multiplication. The vector ¥ is the velocity field (m/s), K is
X

dispersion tensor (m’/s) and K describes the chemical reaction being creating or

destroying. Therefore equation (2.17), can be rearranged as follows:
a—C+V-[£f jc x)z(if j E@(ﬁ? JC(x) - KC
ot ox Ox

ﬁ?j' K(x)@(a—cj ~KC,

Ox ox

(

2
Eﬂ,a_cz Kx%—KC. (2.18)
ot ox ox

We set D=K_, . Then, the one-dimensional advection-diffusion-reaction

equation in-equation (2.18) can be written as,

%
& wSXXP0L) Ser (2.19)
ot ox Ox

where u(x,t) is the velocity in x direction (m/s),
D is the diffusion coefficient (m?* /s),
K is the mass decay rate,

with the potential pollutant concentration as the initial condition,
C(x,O):f(x), 0<x<L, (2.20)
and the released pollutant concentration on the left boundary and the right boundary,
C(0,t)=g(1), 0<t<T, (2.21)

C(L,t)=h(t), 0<t<T, (2.22)
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where f(t),g(t),h(t) are known functions. The domain for one-dimensional equations

are illustrated in figure 2.12; we consider domain only the x-direction.

Figure 2.12 The domain for one-dimensional equations

Moreover, we consider the domain on two-dimensional and three-dimensional
equations, seen in figure 2.13 and figure 2.14, respectively. From figure 2.13, we can
see that, for two-dimensional equations consider domain in the x-direction and the
y— direction. From figure 2.14, we consider domain in the x- direction, the y-

direction, and the z-direction.

Figure 2.13 The domain for two-dimensional equations
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Chapter 3

Water Quality Measurement Model

in a Uniform Flow Stream

In this chapter, the numerical computations of a water-quality model in a
uniform flow stream are proposed. The governing equation, which is a one-dimensional
advection-diffusion-reaction equation, is approximated by using a finite difference
technique. The explicit methods, the implicit methods, the Crank-Nicolson methods,
and modified Siemieniuch-Gladwell methods are used to approximate the pollutant
concentration at each point at all times on a uniform flow stream. The accuracy of the
proposed computation technique is compared with the analytical and approximated

solutions shown in the examples.

3.1 The finite difference techniques of the third-order upwind schemes
From [10], we get the following discretization, with the time derivative ¢=nAt
by using forward-difference,

aC / Cin+1 - qn

> , (3.1)
ot At

to approximate the advective term in the advection-diffusion-reaction equation which

incorporate temporal weight parameter, (¢), near the left boundary, for i=2,

u[;—(; z&c[;ﬁ(q 1C/* +18CY —9Cr) +2C1) (3.2)
+(1=g)(-11¢7 +18CL, -9C7, +2CL,) ],
interior nodes of the solution domain, for i=3,...M =2,
6C u n+ n+ n+ n+
ua ~ E[¢(szl _6Q—11 +3C L+ 2Ci+11) (3.3)
+(1=9)(Cr, —6C), +3C) +2C1, )|
near right boundary, for i=M -1,
aC ~ L . n+l n+l n+1 n+1
u—-= 6Ax[¢( 201 +9C ~18C! +11C) (3.0)

+(1-¢)(-2C7, +9C7, ~18CF, +11C7 ) |,

and to approximate the diffusive term by using central-difference scheme,
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2
poc zi[q’_l 20" +C”

: ; s (3.5)
ox (Ax)

Next, we can assume each term by substituting equations (3.1-3.5) into equation (2.19)
and, by incorporating temporal weight parameter, we obtain the computed solution
as follows.

Near the left boundary for i =2, we substitute equations (3.1-3.2) and equation

(3.5) into equation (2.19) and, rearranging, we have

GG g siscr o +2cr)
+(1 - ¢)(_1 1Cin i 18Cin+1 - 9Ci'12 + 2Cin+3 )}
= (Axi)z[cinl N\ 2Cin + Cin+1 :| » Kcin ’

n+ n U(At) n+ n+ n+ n+
- +m{¢(—11q L+18Cr - 9C + 20 )

i+2 i+3

+(1-g)(-11C] +18C}, =9C),, +2C7. )}

Cr =2 Crlp(-uiCr s1scr =z +2C7)
+(1=9)(~11C} +18C1, -9C, +2CLs )|
=%[C,-"_1 TR L ]—K(At)Ci",
e

i i+l

i+l i+2

i C - 1 CrC™ + 18 Crpn % CréC"™ + %Cr¢Cﬁ§l

_%cr(1_¢)q" +%Cr(l—¢)Ci”ﬂ _%cr(l_gj)c;z +§cr(1_¢)c;3
=gc;11 —220,,” +gc;1+l -K(Ar)C!,
Pe Pe Pe

i+1

:QC}; —QQC[” +2Ci'fH —K(At)Ci” +C’ +2Cr(1—¢)Ci”
Pe Pe Pe 6

30 (1-g)C? +%Cr(1—¢)CﬁQ—%Cr(l—qﬁ)C’i’iS,

{1 —%erﬁ} C +3CrgCr! —%erﬁc,i;l + %CMCZ’S

i+l

i+l

il

Pe Pe

+[2_3cy(1_¢)}c" +§cr(1—¢)c." _lCr(1—¢)C” :
Pe i+l 7 i+2 3 i+3

[1 - % Cr¢} C +3Cr¢Cr - % CroCry + %Cr(/ﬁCl.”j;

K(Ar) +%Cr(1 —¢)} C’ (3.6)
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Interior node for i=3,...M -2, we substitute equation (3.1), equation (3.3),

and equation (3.5) into equation (2.19), and we get

Cin+l _ C,-n N u
At 6Ax
+(1-g)(Cr,—6Cr, +3C) +2C )|

D n n n
= W[C’i—l —2CG7+ G,

lp(cry-6cr +3¢ + 201

i+1

{g(cry —6cr +3¢ +2¢1)

|-«&cr,

C.ﬂ+l _C'+ U(Af)
o6
+(1-¢)(Cr, -6C!, +3C +2C1" )}

i+li
g2 — g
(ax) =

i+1

|-k (ar)Cy,

i i+l

i+l

s % CrgCrt = CroCi + %Cr¢Cl."“ ; %erﬁC-"*‘
+ < Crl= )Gl ~Cr(1-4)CLy 4 Cr(1=9)CT

+%Cr(1—¢)C.” :

i+li

AR en /]
Pe

C' —K(At)C?
Pe (t)"

Pe [ H5 b

éerﬁCi"_*; ~Crécl + {1 + % cw} i B % CréC!

i+l

+%Cr(l—¢)Cl.”_2 =Cr(1=¢)C, +%Cr(l—¢)Cl."

+%Cr(l—¢)C." f

i+li

e 297, 57
Pe Pe

CL —K(Ar)C'-Cr,
Pe

i+l

SCrCr =Cryc + [l *%Cw}c,-"“ 3 CroCy

o 28 Lenk(af)cr e
1Pe Pe Pe A

= Cr(1-9)CL+Crl=)C!, ~ Cr(1-9)C;

-SCr(1-9)CLy,

écmﬁc,."j —CroCly' + [1 + % Cr¢} '+ %Cr¢Cl.”fll

1 " Cr B .

——gCI’(l—¢)Ci72 +|:P_e+cr(1 ¢):|Ci1
Cr 1 n

+ 1—K(At)—2ﬁ—acr(l_¢):|ci

Cr 1
——=Cr(1- .
+ 7o 3Cr( ¢)}Cx+1

(3.7)
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Near the right boundary for i =M —1, we substitute equation (3.1), equation
(3.4), and equation (3.5) into equation (2.19), and we have

n+l _ n
S g(-acr vocr —1scr +11C)

+(1-¢)(-2Cr5 +9C;, —18C), +11C; )}
J-kcr,

D n n n
(Ax)2 [Ci—l —2C7 + G

n+ n u (At) n+ n+ n+ n+
o +E{¢(_2C"‘; +9C ~18C +11C))

+(1-g)(-2C1, +9C7, ~18C7, +11C) |

- LAZ)[C[’,I -2C"+C7, ] -K(At)C!,
(Ax)
n+l n 1 n+l 1 n+l 1 n+l 1 n+l
Cr! =Gl =22 CrgCl +9--CrgCll —18--Crg !+ 11 -CrgC,

—2%Cr(1—¢)CI.”3+9éCr(1—¢)C,."2—18%Cr(1—¢)Cl.”l

i

+11%Cr(1—¢)C”

i AeTe ) AVEVA Mok
Pe Pe Pe
n+l 1 n+l 3 n+l n+l 1 1 n+l1
a —ECr¢C,._3 +ECV¢Ci_2 =3Cr¢C’, +€Cr¢Cj
11
_écr(1_¢)c:3 +%Cr(1—¢)Cl."2 ~30r(1-g)CL,+ . Cr(1-9)C;
=Qc,."_1 —zgc,." +gc,."+1 -K(Ar)Cl +C7,
Pe Pe Pe

—% CrgC' + % CrgCr) =3CrgC' + [1 + 1—61Cr¢} . §
SOy Cr Gy,

=—C —2LC'+—C, -~ K(A)Cl+C!

{De Pe 3 Pe
+§Cr(1—¢)Ci"_3 —Ecr(1—¢)c,."_2 +3Cr(1-¢)C!,
—%Cr(l—qﬁ)C;’,

—% CrgC! + %erﬁc,"j —-3Cre¢C' + [1 + %C}%} cr

1 . 3 e .
:gCr(1—¢)CH —ECr(l—gb)CH +[P—:+3Cr(1—¢)}c,.1 (3.8)

Cr 11 Cr
1-2——— 1-9)-K(A Ty —C"
12 er(i-g)-k () o+ S,
Ax
where Cr=M and Pezu.

(x)



3.1.1 The upwind explicit methods
From equations (3.6 — 3.8) substituting ¢ =0, we then have

near the left boundary,

e 2o 1Y kan+Ber o[ € saer o
i i-1 i i+l
Pe Pe 6 Pe

3 1

+=CrC,—-CrC
2 3

i+2 i+3°

at interior node,

erH»l :—éCI”C,‘n_z +|:%+Cr}qn_l +[1—K(At)—22—lCr}C[’1
e

Pe 2
+|:2—1C}’:|C£1,
Pe 3

near the right boundary,

Clt o= lCrCi'i3 —ECI’Cl.’i2 ci> &
3 2 P

+ I—ZQ—ECI"—K(Af C.”+2C.”
Pe 6 Pe

3.1.2 The Crank-Nicolson methods
From equations (3.6) — (3.8) substituting ¢=0.5, we then have

near the left boundary,

[1 X, 1—61 crﬂ (G % Cr¢C — % CroC + % CroCl)

i+1 i+2 i+3
Cr

C Cr 3

-G+ 1—2—r—K(At)+£Cr CH ———CrJCI.”+1
Pe Pe 12 Pe 2
e, Lo,
4 6
at interior node,
1 n+l 1 n+l 1 n+l 1 n+l
—CrC —=CrC + | 1+=Cr |C7 +=CrC]
12 2 4 6
=—iCrClﬁ2+ 2+1Cr c’,
12 Pe 2
+ 1—K(At)—2g—lCr c'+ g—lCr}le“ﬂ,
Pe 4 Pe 6

near the right boundary,
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(3.9)

(3.10)

(3.11)

(3.12)

(3.13)
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LYoo o Zdorem - [1 A Cr} cr
6 4 2 12
Lo, 2o+ [2 . ECF}C[’_ 1 (3.14)
6 4 2

Pe

+[1—22—ECF—K(A0]C;’ +gctil'
Pe 12 Pe

3.1.3 The upwind implicit methods
From equations (3.6 — 3.8) substituting ¢ =1, we then have

near the left boundary,

1- P Cr|CM +3CrCl — 3 CrCc! + e CnC
6 # 2

i+1 i+2 i+3

(3.15)
o129 g (anyler+ Eony
Pe Pe Pe
at interior node,
1 n+l n+1 1 n+l 1 n+l1
—CrC=, —CrCHy 4+ 1+=Cr |C +=CrCy
C Cr - Cr3 Cr (3.16)
=—C" +|1-K(Ar)-2—|C" +—C],
Pe Pe Pe
near the right boundary,
1 n+l 3 n+l n+l 11 n+l1
——CrCl +=CrC”, =3CrC" +|1+—Cr |C;
2 A C o L (3.17)
=—Ch%F 1—2——K(At) Cc'+—C!,.
Pe Pe Pe

3.2 The modified Siemieniuch-Gladwell implicit methods
The modified Siemieniuch-Gladwell technique [9] for solving the one-

dimensional advection-diffusion-reaction equation (2.19) is as the following:

Cr i Cr
5_C ~ ZE o Cin—T — Cin—l + - Zﬁ o Cin+1 — Ci”
ot 4 At 2 At
2g - Cr Cn+1 —C"
+ Pe i+l i+l , (318)
4 At

n__ m n+l i+l
%z Ga—CL " Ga —CG5) ’ (3.19)
ox 4Ax 4Ax
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2 n+l n+l n+l n n n
oc N au-aqr a1 Lm0+ C | (3.20)
a2 (Ax) 20 (&)

substituting equations (3.18 - 3.20) into equation (2.19), and rearranging, we have,

Cr
25 - CI” Cln_-il-l _ Cln_l . 2 27 + Cr Cn+l Cn
At

4 [
Cr
2 D Cl" n+ n n n n+ Vl+
+ Pe CH—ll CH—I CH—] _C (:H—l1 C 1
4 At

n+l n+l n+1 no_ n n
:D[Z(Cﬂrl C C [CHI 2C 2+C ]]_an,

1 Cr 1 Cr
2 _ ‘n+1 il n 2 — 2 .n+l _ .n
frow (At)[ . Cr}(q1 CH)+—2 (At)[ ot Cr}(C, cr)

e
L =€ Zal LS ral P\, W
m 2P_Z C}(le Cl+1) Ax(CHl Ci CH—II Ci—ll)
2D G AT i Y50 KN ) - KC7
2(ax)
[2%—&}(@? =Cly )+ {4 49+2c,*r}(q”+1 -C7)
e
+[2%—c}(c;:l Ciu)+ “(Ax)(c;:l—C" o)
N2 (=2 + €t +Cr - 267 +C)
(Ax)’
—4K (Ar)C/,

22_(; }Cf“ [22—0 }Ci”l+[4—42+2Cr 4
Pe Pe Pe

a2 Cing C!'+ 250 cit - 5l C!, +CrCl,
Pe Pe Pe
-CrC!', +CrC' = CrC!

i+l

Cr

Cremi Cr Cr Cr
Pe '

2_ Cin+1 Z_Cn _ 4_Cr1
Pe

C Cr1+1
i+l i
Pe

P i+l
+2 C—c,,"_l —4K (Ar)C!,
Pe

[ZQ—ZC }Ci”“ [22—2Cr}C {4—42+2Cr}@”“

Pe Pe Pe
—[4—42 +2Cr }C” + 2C—c,”jl1 oL C[_’H
Pe
C C‘::l C Cvin+l + 2C_ Cln+1 2gqn+1 42 Cvln
Pe Pe

C n n
+ Fec"‘l —-4K (Ar)C!,
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25 gcr chl+ 4-45 o0y q."“+2gc,.';§'—2gc;;'
Pe Pe Pe Pe
+4g Cin+1 _ chl’zl
Pe Pe c C c
=25 Cl, — 4D Ol 4220 Cl 4K (A1)
_PCe _Pe _ PeC c
2= 2cr |+ 4—aL120r |Cr 22,
| Pe i L Pe Pe
—2CrCH +[4+2Cr|C )
_14& o0y '+ 4—82+2Cr—4K(At)}C;’
| Pe ) L Pe
+49C,.”H,
Pe

—CrCl.”fl1 + [2 +Cr C,'M

Cr Cr
X ol 4l 2—a rer=2k (A1) |C
o }H [ . ( )}, (3.21)

i+12

+22C_”
Pe

A u(Ax
forall 1<i<M -1 and 0<n< N, where Crth) and Pe:M.

(Ax) D

At left boundary, where i =0, then equation (3.21) has unknown value. We
can approximate C'T' ~C"", C", ~C!' and, substituting them into equation (3.21),

we obtain

—CFC,-"“ +[2+CF]CI.”H :[22—Cr:|cin
Pe
+[2—42+CV—2K(At)]Cin +22Ci’il’
Pe Pe

TORS [2 —2%— 2K(AZ)}C;’ + 2%@’;. (3.22)
e e

At right boundary, where i = M , then equation (3.21) has unknown value. We
can approximate C/' ~ C'"™' C!', ~C!' and substituting them into equation (3.21), we
obtain

-CrC +[2+Cr]C = {2% - 2Cr:| cl,
e

+[2—42+Cr—2K(At)}CI.” +2gC,.”,
Pe Pe
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—Crr +[2+ Cr]Cr = [2%-2&}@” 1
¢ (3.23)

{2—2g+ Cr—ZK(At)}Ci",
Pe

3.3 Numerical experiments and results

There are two simulations for approximation the pollinating concentration at
each point at all times on a uniform flow stream with analytical solution by using the
upwind explicit methods equations (3.9 - 3.11), the Crank-Nicolson methods equations
(3.12 - 3.14), the upwind implicit methods equations (3.15 - 3.17), and the modified
Siemieniuch-Gladwell methods equations (3.21 — 3.23) in an advection-diffusion-
reaction equation (2.19). For simulation A and simulation B, we show some simulations
by using initial and boundary conditions from [9] = [11] and [11] — [12], respectively.

The solution domain of the problem is covered by a mesh of grid point x(x,.z,)
by x, =iAx, i=0,1,2,..,M, and ¢, =nAt, n=0,1,2,..,N, where x, and ¢, are parallel
to the space and time coordinate axes. We can approximate C(x,,z,) by C/, value of
the difference approximation of C(x,?). The constant spatial and time increment grid-
spacings are Ax=L/M and At=T/N.

3.3.1 Simulation A

We approximate the pollutant concentration [11]

1 \2
a 0.025 - (x+0.5-1) (3.20)
J0.000625 + 0.02¢ (0.00125+0.004¢)
with the initial condition,
(x+0.5)
c(x,0) =exp| ————— |, (3.25)
N [ 0.00125
the left boundary condition,
_ 2
(0.1 = 0.025 expl - 0.5—1) , (3.26)
J0.000625 +0.02¢ (0.00125 +0.004¢)

and the right boundary condition,

_ 2
=292 o570 . (3.27)
J0.000625 + 0.02¢ (0.00125+0.0047)
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In the analysis conducted in this simulation, the various parameters used are D=0.01
(m*/s), u=1 (m/s). The stream is meshed into 50 elements with the space step

and time steps as Ax=0.02 m and Ar=0.002 s, respectively.

The comparison of approximated solution levels after 1 second has passed of
the explicit methods, the Crank-Nicolson methods, the implicit methods, and the
modified Siemieniuch-Gladwell methods with an advection-diffusion-reaction equation
is shown in tables 3.1 - 3.6 and figures 3.1 - 3.6. Figure 3.1 shows that the water
pollutant concentrations from various finite difference methods with K =0. Figure 3.2
shows that the water pollutant concentrations from various finite difference methods
with K =-0.05. Figure 3.3 shows that the water pollutant concentrations from various
finite difference methods with K =-0.2. Figure 3.4 shows that the water pollutant
concentrations from various finite difference methods with K =0.05. Figure 3.5 shows
that the water pollutant concentrations from various finite difference methods with
K =0.2 and figure 3.6 shows that the water pollutant concentrations from various

finite difference methods with K =1.



Table 3.1 The water pollutant concentration at 7'=1 for K =-0.05

Solution technique

Concentration (kg /m’)

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Explicit 0.000406 | 0.003385 | 0.018659 | 0.065392 | 0.142262 | 0.187282 | 0.144763 | 0.063166 | 0.014691 | 0.001653 | 0.000406
Implicit 0.000406 | 0.003361 | 0.018474 | 0.062210 | 0.129532 | 0.167233 | 0.133530 | 0.065392 | 0.019328 | 0.003351 | 0.000406
Crank-Nicolson 0.000406 | 0.003326 | 0.018141 | 0.058737 | 0.117647 | 0.149500 | 0.122514 | 0.065397 | 0.022838 | 0.005208 | 0.000406
Siemieniuch-Gladwell | 0.000406 | 0.003501 | 0.019702 | 0.068194 | 0.141744 | 0.177657 | 0.137057 | 0.066920 | 0.021305 | 0.004554 | 0.000406

Table 3.2 The water pollutant concentration at 7'=1 for K =-0.2
Concentration (kg/m’)
Solution technique

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Explicit 0.000406 | 0.003464 | 0.019445 | 0.069096 | 0.151915 | 0.201607 | 0.156784 | 0.068716 | 0.016031 | 0.001806 | 0.000406
Implicit 0.000406 | 0.003410 | 0.018924 | 0.062064 | 0.125558 | 0.160833 | 0.132665 | 0.071199 | 0.024977 | 0.005718 | 0.000406
Crank-Nicolson 0.000406 | 0.003442 | 0.019264 | 0.065738 | 0.138284 | 0.179970 | 0.144613 | 0.071176 | 0.021121 | 0.003674 | 0.000406
Siemieniuch-Gladwell | 0.000406 | 0.003581 | 0.020528 | 0.072069 | 0.151402 | 0.191282 | 0.148459 | 0.072820 | 0.023265 | 0.004986 | 0.000406

LE



Table 3.3 The water pollutant concentration at 7'=1 for K=0

Solution technique

Concentration (kg /m’)

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Explicit 0.000406 | 0.003359 | 0.018404 | 0.064204 | 0.139186 | 0.182741 | 0.140966 | 0.061418 | 0.014270 | 0.001604 | 0.000406
Implicit 0.000406 | 0.003299 | 0.017888 | 0.057669 | 0.115125 | 0.145906 | 0.119308 | 0.063570 | 0.022166 | 0.005049 | 0.000406
Crank-Nicolson 0.000406 | 0.003334 | 0.018219 | 0.061078 | 0.126742 | 0.163194 | 0.130029 | 0.063571 | 0.018765 | 0.003250 | 0.000406
Siemieniuch-Gladwell | 0.000406 | 0.003475 | 0.019434 | 0.066952 | 0.138667 | 0.173337 | 0.133456 | 0.065062 | 0.020690 | 0.004418 | 0.000406
Analytical 0.000406 | 0.003599 | 0.019642 | 0.066010 | 0.136603 | 0.174078 | 0.136603 | 0.066010 | 0.019642 | 0.003599 | 0.000406

Table 3.4 The water pollutant concentration at 1'=1 for K =0.05
Concentration (kg /m’)
Solution technique

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Explicit 0.000406 | 0.003333 | 0.018154 | 0.063038 | 0.136179 | 0.178312 | 0.137270 | 0.059718 | 0.013861 | 0.001557 | 0.000406
Implicit 0.000406 | 0.003307 | 0.017967 70.059968 0.124014 | 0.159254 | 0.126621 | 0.061801 | 0.018218 | 0.003153 | 0.000406
Crank-Nicolson 0.000406 | 0.003272 | 0.017638 | 0.056622 | 0.112658 | 0.142399 | 0.116186 | 0.061795 | 0.021515 | 0.004894 | 0.000406
Siemieniuch-Gladwell | 0.000406 | 0.003449 | 0.019171 | 0.065733 | 0.135658 | 0.169125 | 0.129951 | 0.063256 | 0.020092 | 0.004286 | 0.000406

8¢



Table 3.5 The water pollutant concentration at 7'=1 for K=0.2

Solution technique

Concentration (kg /m’)

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Explicit 0.000406 | 0.003258 | 0.017424 | 0.059674 | 0.127552 | 0.165668 | 0.126759 | 0.054899 | 0.012703 | 0.001425 | 0.000406
Implicit 0.000406 | 0.003193 | 0.016913 | 0.053597 | 0.105578 | 0.132382 | 0.107307 | 0.056763 | 0.019673 | 0.004458 | 0.000406
Crank-Nicolson 0.000406 | 0.003230 | 0.017235 | 0.056763 | 0.116186 | 0.148005 | 0.116929 | 0.056782 | 0.016672 | 0.002876 | 0.000406
Siemieniuch-Gladwell | 0.000406 | 0.003372 | 0.018403 | 0.062212 | 0.127028 | 0.157100 | 0.119984 | 0.058136 | 0.018400 | 0.003915 | 0.000406

Table 3.6 The water pollutant concentration at 7'=1 for K =1
Concentration (kg /n')
Solution technique

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Explicit 0.000406 | 0.002888 | 0.014035 | 0.044649 | 0.090158 [ 0.112096 | 0.082979 | 0.035075 | 0.007981 | 0.000887 | 0.000406
Implicit 0.000406 | 0.002807 | 0.013551 | 0.041568 | 0.076406 | 0.090235 | 0.069339 | 0.034930 | 0.011565 | 0.002711 | 0.000406
Crank-Nicolson 0.000406 | 0.002850 | 0.013840 | 0.042445 | 0.082216 | 0.100285 | 0.076549 | 0.036173 | 0.010395 | 0.001764 | 0.000406
Siemieniuch-Gladwell | 0.000406 | 0.002994 | 0.014829 | 0.046483 | 0.089629 | 0.106168 | 0.078483 | 0.037093 | 0.011517 | 0.002414 | 0.000406

6¢
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3.3.2 Simulation B

We approximate the pollutant concentration [11] centered at x, =1,

c(x,0) = exp[—%} (3.28)

with boundary and initial condition following, the initial condition,

2
c(x,0) = exp[—m} , (3.29)
D
the left boundary condition,
1 (=1 —ut)’
0.2) = c(0.7) = [ 27 3.30
7 S me"p{ D(4t+1)} 430

and the right boundary condition,

c(9,t) =

1 (@ ~ut)’
5. P exp{ D(4t+1)} (3.31)

In the analysis conducted in this simulation, the various parameters used are
D=0.005 (m’/s), u=0.8 (m/s).The stream is meshed into 450 elements with the

space step and time step being Ax=0.02 and Ar=0.002, respectively.

The comparison of approximated solutions levels after 1 second has passed of
the explicit methods, the Crank-Nicolson methods, the implicit methods and the
modified Siemieniuch-Gladwell methods with an advection-diffusion-reaction equation
is shown in tables 3.7 -3.10 and figures 3.7 - 3.10. Figure 3.7 shows the water pollutant
concentrations from various finite difference methods with K =—0.05 . Figure 3.8 shows
the water pollutant concentrations from various finite difference methods with
K=-0.1. Figure 3.9 shows the water pollutant concentrations from various finite
difference methods with K=0.05 and figure 3.10 shows the water pollutant

concentrations from various finite difference methods with K =0.1.



Table 3.7 The water pollutant concentration at 7'=1 for K =-0.05

Solution technique

Concentration (kg /m’)

4 4.2 4.4 4.6 4.8 5 5.2 5.4 5.6 5.8 6
Explicit 0.000000 | 0.000054 | 0.002060 | 0.024374 | 0.111734 | 0.214841 | 0.178885 | 0.064490 | 0.009704 | 0.000550 | 0.000009
Implicit 0.000001 | 0.000119 | 0.002982 | 0.028284 | 0.114272 | 0.207918 | 0.174831 | 0.068160 | 0.012051 | 0.000908 | 0.000025
Crank-Nicolson 0.000004 | 0.000216 | 0.004034 | 0.031996 | 0.116215 | 0.201696 | 0.171027 | 0.071265 | 0.014413 | 0.001361 | 0.000055
Siemieniuch-Gladwell | -0.000001 | 0.000130 | 0.009482 | 0.091693 | 0.287705 | 0.384570 | 0.253154 | 0.090124 | 0.018553 | 0.002324 | 0.000184

Table 3.8 The water pollutant concentration at 7'=1 for K =-0.1
Concentration (kg /m’)
Solution technique

4 4.2 4.4 4.6 4.8 5 5.2 5.4 5.6 5.8 6
Explicit 0.000000 | 0.000070 | 0.002654 | 0.031370 | 0.143658 | 0.275942 | 0.229519 | 0.082651 | 0.012421 | 0.000703 | 0.000011
Implicit 0.000005 | 0.000277 | 0.005179 | 0.041079 | 0.149219 | 0.258984 | 0.219602 | 0.091501 | 0.018504 | 0.001747 | 0.000070
Crank-Nicolson 0.000002 | 0.000153 | 0.003834 | 0.036354 | 0.146815 | 0.267008 | 0.224408 | 0.087441 | 0.015451 | 0.001163 | 0.000032
Siemieniuch-Gladwell | -0.000001 | 0.000168 | 0.012197 | 0.117854 | 0.369570 | 0.493760 | 0.324900 | 0.115624 | 0.023795 | 0.002980 | 0.000236

12%



Table 3.9 The water pollutant concentration at 7'=1 for K =0.05

Solution technique

Concentration (kg /m’)

4 4.2 4.4 4.6 4.8 5 5.2 5.4 5.6 5.8 6
Explicit 0.000000 | 0.000033 | 0.001241 | 0.014714 | 0.067589 | 0.130225 | 0.108658 | 0.039260 | 0.005922 | 0.000337 | 0.000005
Implicit 0.000001 | 0.000072 | 0.001803 | 0.017119 | 0.069225 | 0.126068 | 0.106111 | 0.041413 | 0.007331 | 0.000553 | 0.000015
Crank-Nicolson 0.000002 | 0.000131 | 0.002448 | 0.019409 | 0.070488 | 0.122328 | 0.103729 | 0.043227 | 0.008744 | 0.000826 | 0.000033
Siemieniuch-Gladwell | -0.000001 | 0.000078 | 0.005729 | 0.055500 | 0.174353 | 0.233278 | 0.153687 | 0.054753 | 0.011279 | 0.001414 | 0.000112

Table 3.10 The water pollutant concentrationat 7'=1 for K =0.1
Concentration (kg /n')
Solution technique

4 4.2 4.4 4.6 4.8 5 5.2 5.4 5.6 5.8 6
Explicit 0.000000 | 0.000025 | 0.000963 | 0.011431 | 0.052566 | 0.101385 | 0.084683 | 0.030631 | 0.004626 | 0.000263 | 0.000004
Implicit 0.000002 | 0.000102 | 0.001907 | 0.015117 | 0.054895 | 0.095264 | 0.080781 | 0.033665 | 0.006810 | 0.000643 | 0.000026
Crank-Nicolson 0.000001 | 0.000056 | 0.001402 | 0.013318 | 0.053878 | 0.098164 | 0.082664 | 0.032280 | 0.005718 | 0.000432 | 0.000012
Siemieniuch-Gladwell | 0.000000 | 0.000061 | 0.004453 | 0.043178 | 0.135725 | 0.181682 | 0.119744 | 0.042676 | 0.008794 | 0.001103 | 0.000088

Gb
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Chapter 4
Water Quality Measurement Model

in a Non-uniform Flow Stream

In this chapter, the hydrodynamic model and dispersion model are used to
describe water flow and water pollutant concentration. A couple of mathematical
models are used to simulate water quality in the problem. The stream has a simple
one space dimension averaging the equation over the depth; discarding the term due
to Coriolis force, it follows that the one-dimensional shallow water and advection-
diffusion-reaction equations are applicable. The first model is the hydrodynamic model
that provides the velocity fields and elevation of water. The Crank-Nicolson methods
are used in the hydrodynamic model. At each step, the flow velocity fields calculated
from the first model are input into the second model as the field data. The second
model is the dispersion model that provides the pollutant concentration fields. We
use the four points explicit upwind methods, the third order Crank-Nicolson methods,
the four points implicit methods, the explicit upwind methods, and the Lax-Wendroff

methods to approximate the concentration from the dispersion models.

4.1 Finite difference techniques for the hydrodynamic model

The hydrodynamic model provides the velocity field and elevation of the
water. Then, the results are input from the hydrodynamic model into the dispersion

model, which provides the pollutant concentration field.

4.1.1 The non-dimensional equation for the hydrodynamic model
For ease of calculation finite difference method, we transform equations
(2.14 - 2.15) to the non-dimensional form of the hydrodynamic model by letting
U=u/\Jgh, X=x/1, Y=y/l, Z=¢/h,and T=t/gh /L.

Since Z:%,g:Zh, (4.1)
from equation (2.14) and equation (4.1) we consider %:@:hi—z,
t t t

by using chain rules, then we have % = h(a—za—T)
ot oT ot
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a{Jg_h J
/
it can be obtained that a—gzha—z — 2|,
ot or Ot
it follows that %=ha—z @ ;
o0 oT\ 1
that is % hﬁ(azj (4.2)
ot oT
0(Zh
From equation (2.15) and equation (4.1) we consider % _ ( ) ha—Z
ox ox Ox
by using chain rules, then we have a_gzh(a_zag)
ox 0X Ox
oo 3)
it can be obtained that —gzh— —
Cx— & GX [~6%
it follows that ki ha—Z(lj {
ox oX \l
that is gee h[azj (4.3)
ox [\oX
Since R
e
then, we get  u =UJg7t, (4.4)
from equation (2.14) and equation (4.4) we consider
(R aX’
by using chain rules, then we have a—u _\/—(8U an
oX 0o
8 f
it can be obtained that a—u—\/_
oxX ax ’
it follows that \/_ U( j ( j
oX I \oX
that is \/7( j (4.5)
ox /
U
from equation (2.15) and equation (4.4) we consider 8a_u_ ( f) gh a_T’
t

by using chain rules, then we have o h(

8U6Tj
ot

oT ot



. . ou oU [
it can be obtained that —=\gh| ————2 |,
a V& or T
it follows that —=./g [ [ . D h(an,
[ \oT
that is ou _gh (an
ot [ \ oT

Substituting equation (4.2) and equation (4.5) into equation (2.14), we have

substituting equation (4.3) and equation (4.6) into equation (2.15), we have

ot ox

a2 )
[\ oT I\ oX

oU az]
= =0,
oT oxX

50

(4.6)

(4.7)

(4.8)

equation (4.7) and equation (4.8) are called non-dimensional from of shallow water

equation. By changing the variables U,Z to U# and d , respectively, we obtain that

od au
8t 8x

ou 8d

ot 8x

<07

(4.9)

(4.10)

[19, 30, 32], introduced a damping term into equation (4.8). We now introduce a

damping term —KU to represent frictional forces due to the drag of sides of the

stream, thus equation (4.8) became;
82 6U
8T 8X
ou oz
_+_
oT oX

2

=—KU,

(4.11)

(4.12)

where 0<K <1, with the initial conditions at =0 and 0< X <1 being specified:

Z =0 and U =0. The boundary conditions for >0 are specified: Z = f(x) at X =0
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and S—)Z(:O at X=1.In order to solve damped equation in [0,1]x[0,T] , for

favorable using u,d for U and Z , respectively;
ou od
=+ =

L (4.13)
ot 0Ox
od  ou_, (4.10)
ot oOx

with the initial conditions u=0,d=0 at =0, and the boundary conditions
d(0,t)= f(¢) and %:0 at x=1.
ox
Next, we will transform the initial conditions and the boundary conditions to

dimensionless for equation (4.13) and equation (4.14) by change to variables v=¢"u.

Consider d(0,1)=f(t),

then, we get %zg, (4.15)
ot ot

from equation (4.15) and equation (4.14), we have
@-ﬁ-@ = 0,
ot ox
that is a—u=—q, (4.16)
ox ot
from equation (4.14), we get @:e"'a_”,
X Ox

a_u — eikt @
ox ox’
represent equations (4.17) into equation (4.16), we obtain that

e_kt@__g
ox - ot

vl
o e( GJ’ (4.18)

thus (4.17)

which £ (¢) is the Wave Maker function. In this study, we choose f'(7)=sin(¢). Then

equation (4.18) became,

ov __ekt[ésin(t)}’

o ot
v _ —e" cos(t), (4.19)
Ox

can describe the initial conditions and boundary conditions as shown in figure 4.1.
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!

z ,
d(0.1)=sin(r) ‘A - ad_,
a—v=—e“’cos .f)/ ? (:x
ox ; [~ %:0

Z 2

7 7z

d=0,v=0

Figure 4.1 The initial conditions and the boundary conditions of dimensionless form

4.1.2 Crank-Nicolson method for the hydrodynamic model
To find the water velocity and water elevation from (4.13) and (4.14), we make
the following change to variables v =e“u and substitute them into equation (4.13)
and equation (4.14).

Since v=e"u, (4.20)

then we have

v G(ektu)
o ot
kt
@zek’a—u+kuai
ot ot ot
kt
ek,(?_u_ﬁv i Oe

’

)

=——fku :

ot ot ot
a—u:e’k’@—ku, (4.21)
ot ot

substituting equation (4.21) into equation (4.13), then we get

e o ku + o _ —ku,
ot Ox
e™ o + o _ 0,
ot Ox
) (6.22)
X
oy G(ek‘u)

from (4.20) we consider, —=
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therefore ou _ et o (4.23)

ox ox’

substitute equation (4.23) into equation (4.14), then we get

od v
+e ' —=

_= 0. (4.24)
ot Ox

From equation (4.22) and equation (4.24) we can write in matrix follow as

AR MR

thatis U, +4U_ =0,

can be written as

a—“+Aa—”=o, (4.25)
ot ox
ov ov
ft ) o
WhereA=0 e’U:v’vzat,v:ax'
oo " Nafla), " ea [\a) 7| e
ot Oox

We discretize equation (4.25) by dividing the interval [0, 1] into M
subintervals, such that MAx=1, and the interval [0, T] into N subintervals, such
that NAz=T. We can then approximate d(x,,t,) by d/, value of the difference
approximation of d(x,z) at point x=iAx and r=nAt , where 0<i<M and
0<n<N,and similarly defined for v/ and U;". The grid points (x,,z,) are defined by
x, =iAx for all i=0,1,2,...,M and ¢, =nAt for all »=0,1,2,...,N, in which M and
N are positive integers. The Crank-Nicolson method [22] for solving equation (4.25)

are as the following:

et Y o
a_UzUl—l, (4.26)
ot At

no_ n n+l _ n+l
a_UzUi—l Ui+1 +Ui—1 Ui+1 , (4.27)
ox  4(Ax) 4(Ax)

substituting equations (4.26 — 4.27) into equation (4.25), we have

Uin+1 _Uin s A_[]i”_1 _U:H N Uin—-'l—l _Uir-l:l—l ] _ O’
Al | 4(Ax) 4(Ax) |
U;z+1_U;1 +A—Uin—1_Uin+1 U;:II_U,‘TZI_ZO’
Iy | 4(aw) 4(Ax) |
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Uy UL =L U -ug
At)——— + A(A i-1 i+l il tha =0
2 o) i o
Uin+l _Ui" +l A(At) (U;il —U;Ll + Uinjl _Uin;;l): 0 ’

4 (&)

U -y +%/1AU{11 —i/lAU" +%1AU;;1 —i}tAUf”l =0,

i+1 i+l

LYy unl+1ut - LYy Ul = Laa U, +10! + LYy ur,, (4.28)
4 4 4 4
since AU =U" =U", (4.29)
and VxUl.” zUin —U;il , (4.30)
substituting equations (4.29 — 4.30) into equation (4.28), we obtain that
1 1
{1 L w)}w“ i {1 Laa(acs vX)}U; |
prs —iﬂA(Ax -Vx)UM' =U; + %/?,A(Ax +Vx)U;,
U= i/IA(Ax)U,.”“ —im(w)uy“
U7+ AA(A)U7 5 2A(VE) UL,
n+l1 1 n+1 n+1 n+l n+l
we get U Z/lA(UM ~ur (Ut =)
=U’ + .7, UL ~Ur-(Ur+UL)),
4
n+l 1 n+l n+l\ _rrn 1 n n
then U —ZM(U,.+1 +U )=V, JrZﬂLA(UI.+1 ~U),
n+l 1 n+l l n+l n 1 n 1 n
U™ S AU + S QAU = U + — AAU" =~ 24U",
4 4 4 4
H 1 n+l n+l 1 n+l 1 n n 1 n
that is Zﬂ,AUH +U; —Z/?LAU,.+1 Z—Zﬂ«AUH +U] +Z/1AU,.+1, (4.31)

v

where A4 =£,U=
Ax d

0 kt
}Az{ » 60} and I is the unit matrix. with the initial and
e

boundary conditions given in equations (4.13 - 4.14), the general form can be obtained

as the following;

At the left boundary condition for i=0, we approximate V"' by using forward

time central space method in equations (4.19), and we have
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vt =—e" (Ax)cos(t)+ V",

Vi =y - et (Ax)cos(r), (4.52)
when ¢, =nAt,
that is 7y =1 =&Y (Ax)cos(r). (4.33)

At the right boundary conditions for i=M , we approximate d!:' by using

i+l

backward time in space,

od ou
ince —=0 and —=0,
since o an o

then we have

n+l n+l
di _di+ =0,
Ax
diy=d", (4.34)
thatis dp'=d",, (4.35)

next, we approximate V"' at the right boundary conditions from equation (4.14),

i+1

where %:0 then equation (4.13) became Z—uzo ,which u=ve™, we get
X

6(\/67]([ ) 3
ox

’

S

0, (4.36)
Ox

using the back ward in space in equation (4.36), then we have

Vn+1 — I/in+1 , (437)

i+l
thatis V" =y (4.38)

Applying the initial conditions u=0,d =0 at +=0 and boundary conditions
given in equation (4.33) at x=0, equation (4.35), and equation (4.38) at x=1, the
general form can be obtained;

AU =B"U" +F". (4.39)



where
i 1 ktnﬂ
1 0 0 ——Ae
4
1
" Ae K 1 —— e Fm 0
1 kt
0 Z Aer 1 0
An+1 — 1
— Qe Fm 0 0 1
0 0 0
0 0 Ly
L 4
1 0 0 R de
4
- % Ae™™ 1 % Qe 0
JT=="-
0 — Z Ae™ 1 0
B4 —%le"" 0 0 1
0 0 0
0 0 _L et
L 4
U1n+l
U,, _ U2n+1
U3n+1
[ 1 Aefi sin (7 ) ~l et sin (t )
4 n+l 4 n
—%le""”” (Ax)e" cos(,.,) - i/le’k’” (Ax)e" cos(r,)
Fﬂ — O
0
0
| 0

which 7, =n(Ar)

forall n=0,1,2,3,....N.

1
) lekt"
4
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4.1.3 Numerical experiments and results for the hydrodynamic model
In this section, we use the Crank-Nicolson equation (4.39) for the
hydrodynamic model to find the water velocity and water elevation. The water
velocity at the discharge point can be described as a function sin(z) for all >0, and
the elevation is not changed at x =1 km, after 20 seconds have passed, with the initial

conditions u=0,d =0 at t=0, and the left boundary conditions &(0,¢)=sin(7) and

adz—e"' cos(¢) at #>0,and the right boundary conditions %zo and @zo at

5 Ox ox

x=1. In the analysis conducted in this experiment, the stream is meshed, using
Ax=0.04, time increment with  Az=0.02, and the physical parameter of the stream
system is diffusion coefficient D =0.02 m?%s. Using equation (4.39) for k=-0.03, we
obtain the elevation and the velocity of water, as shown in table 4.1 and figure 4.2,
respectively. The elevation and the velocity of water at k=0 are shown in table 4.2
and figure 4.3, respectively. The elevation and the velocity of water at £=0.02 are
show in table 4.3 and figure 4.4, respectively. In figure 4.8, we compare the elevation
of water at £ =-0.03,0,0.02, and in figure 4.9, we compare the velocity of water at
k=-0.03,0,0.02; we can see that if we take the damping term into our system, the

velocity and elevation of water levels decreases.



Table 4.1 The elevation of water flow at k£ =-0.03 when after passed 20 s

t(seq), X (km) x=0 x=0.1 | x=02 x=03 x=04 =0 x=06 | x=07 | x=08 x=09 x=1
q 0.611858 | 0.037478 | 0.446197 | -1.342895 | -1.906452 | -2.150119 | 0.611858 | 0.037478 | -0.446197 | -1.342895 | -1.906452
8 0.998543 | -0.096256 | 0.414760 | -0.975464 | -0.984584 | -0.846551 | 0.998543 | -0.096256 | -0.414760 | -0.975464 | -0.984584
12 0.693525 | -0.125120 | 0.597865 | -0.936429 | -1.188795 | -1.135280 | 0.693525 | -0.125120 | -0.597865 | -0.936429 | -1.188795
16 0.091907 | -0.103638 | 0.371701 | -0.474762 | -0.488828 | -0.679358 | 0.091907 | -0.103638 | -0.371701 | -0.474762 | -0.488828
20 0.813674 | 0458255 | -0.146138 | -0.682372 | -1.038682 | -1.265647 | 0.813674 | 0.458255 | -0.146138 | -0.682372 | -1.038682
Table 4.2 The velocity of water flow at £ =0 when after passed 20 s
t (sec), X (km) x=0 x=0.1 x=02 x=03 x=04 x=0.5 x=0.6 x=0.7 x=0.8 x=09 x=1
q 0.611858 | 0.069780 | -0.399759 | -1.262317 | -1.802668 | -2.036578 | 0.611858 | 0.069780 | -0.399759 | -1.262317 | -1.802668
8 0.998543 | -0.003519 | 0.286033 | -0.784644 | -0.763727 | -0.619346 | 0.998543 | -0.003519 | -0.286033 | -0.784644 | -0.763727
12 0.693525 | 0.023939 | -0.370754 | -0.668179 | -0.898352 | -0.850130 | 0.693525 | 0.023939 | -0.370754 | 0.668179 | -0.898352
16 0.091907 | 0.032294 | 0.126321 | -0.133233 | -0.112515 | -0.253000 | 0.091907 | 0.032294 | -0.126321 | -0.133233 | -0.112515
20 0813674 | 0.553929 | 0.094939 | -0.305544 | -0.572990 | -0.757749 | 0813674 | 0.553929 | 0.094939 | -0.305544 | -0.572990
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Table 4.3 The elevation of water flow at £ =0.02

when after passed 20 s

t (seq), X (km) x=0 x=0.1 | x=02 x=03 x=0.4 ¥=0,5 x=06 | x=0.7 x=08 x=09 x=1
4 0.611858 | 0.090496 | -0.369888 | -1.210499 | -1.735996 | -1.963668 | 0.611858 | 0.090496 | -0.369888 | -1.210499 | -1.735996
8 0.998543 | 0.053618 | -0.206849 | -0.667735 | -0.628946 | -0.480901 | 0.998543 | 0.053618 | -0.206849 | -0.667735 | -0.628946
12 0.693525 | 0.109890 | -0.239834 | -0.513468 | -0.730758 | -0.685905 | 0.693525 | 0.109890 | -0.239834 | -0.513468 | -0.730758
16 0.091907 | 0.104850 | 0.005978 | 0.052524 | 0.093228 | -0.018826 | 0.091907 | 0.104850 | 0.005978 | 0.052524 | 0.093228
20 0.813674 | 0.602512 | 0.219480 | -0.114184 | -0.336661 | -0.498905 | 0.813674 | 0.602512 | 0.219480 | -0.114184 | -0.336661
Table 4.4 The velocity of water flow at K =-0.03 when after passed 20 s
t (sec), X (km) x=0 x=0.1 x=0.2 x=03 x =04 |} =05 =0.6 | X=07 x=0.8 x=0.9 x=1
4 2.610971 | 2.583252 | 2.390045 | 2.227666 | 1586067 | 0.998144 | 2.610971 | 2.583252 | 2.390045 | 2.227666 | 1.586067
8 1.042248 | 1.056271 | 1.121407 | 1.145663 | 0.984761 | 0.678741 | 1.042248 | 1.056271 | 1.121407 | 1.145663 | 0.984761
12 0.080940 | 0.068841 | -0.078776 | -0.154091 | 0.108119 | 0.225758 | 0.080940 | 0.068841 | -0.078776 | -0.154091 | 0.108119
16 2.153967 | 2.325972 | 2.034130 | 1.777823 | 1.357201 | 0.964549 | 2.153967 | 2.325972 | 2.034130 | 1.777823 | 1.357201
20 1.564799 | 1.426789 | 1.206481 | 1.006457 | 0.656912 | 0.454190 | 1.564799 | 1.426789 | 1.206481 | 1.006457 | 0.656912
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Table 4.5 The velocity of water flow at £k =0 when after passed 20 s

t (sec), X (km) x=0 x=01 | x=02 ¥=03 | x=04 | x=05 | x=06 | x=07 | x=038 x=09 x=1
4 2.783345 | 2.758803 | 2.555691 | 2.383197 | 1.683867 | 1.040888 | 2.783345 | 2.758803 | 2.555691 | 2.383197 | 1.683867
8 1.027512 | 1.043821 | 1.131175 | 1.184130 | 1.043308 | 0.723322 | 1.027512 | 1.043821 | 1.131175 | 1.184130 | 1.043308
12 -0.303511 | -0.334005 | -0.507012 | 0573429 | -0.145513 | 0.077422 | 0.303511 | -0.334005 | -0.507012 | -0.573429 | -0.145513
16 2.860197 | 3.145580 | 2.767857 | 2.406631 | 1.797891 | 1.207349 | 2.860197 | 3.145580 | 2.767857 | 2.406631 | 1.797891
20 1.952418 | 1.766613 | 1.437037 | 1.124076 | 0.655525 | 0.378875 | 1.952418 | 1.766613 | 1.437037 | 1.124076 | 0.655525

Table 4.6 The velocity of water flow at & =0.02 when after passed 20 s

t (sec), X (km) x=0 x=0.1 x=0.2 x=0.3 x=04 | x=05 | x=06 | x=07 x=0.8 x=0.9 x=1
4 2.905499 | 2.883536 | 2.673649 | 2.494080 | 1.753150 | 1.070405 | 2.905499 | 2.883536 | 2.673649 | 2.494080 | 1.753150
8 1.005656 | 1.023729 | 1.129304 | 1.206807 | 1.086476 | 0.760053 | 1.005656 | 1.023729 | 1.129304 | 1.206807 | 1.086476
12 -0.660111 | -0.708516 | -0.900420 | -0.955795 | -0.378749 | -0.0590% | -0.660111 | -0.708516 | -0.900420 | -0.955795 | -0.378749
16 3.530340 | 3.926561 | 3.473736 | 3.013550 | 2.222936 | 1.440886 | 3.530340 | 3.926561 | 3.473736 | 3.013550 | 2.222936
20 2.297546 | 2.071018 | 1.632631 | 1.205647 | 0.636155 | 0.295197 | 2.297546 | 2.071018 | 1.632631 | 1.205647 | 0.636155

09
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Figure 4.2 The elevation of water flow at k£ =-0.03 when after passed 20 s
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Figure 4.3 The elevation of water flow at £ =0 when after passed 20 s
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Figure 4.4 The elevation of water flow at k£ =0.02 when after passed 20 s
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Figure 4.5 The velocity of water flow at £ =-0.03 when after passed 20 s

62



Velocity (v)

8 0.6
0.4

Time (t) 0o " Distance (x)

Figure 4.6 The velocity of water flow at k=0 when after passed 20 s
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Figure 4.7 The velocity of water flow at £=0.02 when after passed 20 s
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Figure 4.8 The comparison elevation of water flow at k =-0.03,0,0.02

when after passed 20 s
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Figure 4.9 The comparison velocity of water flow at k=-0.03,0,0.02

when after passed 20 s
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4.2 Finite difference techniques for the dispersion model by using

third-order upwind schemes

We proposed the numerical techniques in [11], obtain the explicit schemes and
implicit schemes for the advection-dispersion-reaction equation which provides the
pollutant concentration field. We can approximate C( X, ,1) by C, the value of the
difference approximation of C(x,t) at point x=iAx and t=nA¢, where 1<i<M ,
and 0<n<N. The grid point ( X, n) is defined by x, =iAx for all i=0,1,2,...,M, and
t, =nAt forall n=0,1,2,...,N in which M and N are positive integers.

In this section, we consider the numerical techniques using the forward times

central space scheme for the time derivatives and the central difference for the second

times derivative, respectively, as follows;

n+l n
A (4.40)
6t At
aZC 1 n n n
=E T (Ax)2 [Cz -2¢, +Cz+1] (4.41)

4.2.1 The four points explicit upwind methods
Consider the explicit schemes for the advection-dispersion-reaction equation
(2.19), we approximate the spatial derivative, following discretization:

for near left boundary,

L L[ NSRS

5 ha +2C ], (4.42)
X

for interior node,

a—CzL[c —6Cy, +3C) +2C, |, (4.43)
ox 6Ax
for near the right boundary,
o —[ -2C7, +9C), -18C), +11C7 . (4.40)
Oox

Near the left boundary, substituting equations (4.40 - 4.41) and equation (4.42) into
equation (2.19), we then obtain

Cr = BC, +[1-28—(A)K +11y] |C)

i ) ; (4.45)
+[ﬂ_187i ]CH-I _971 Ct+2 _27/1 Cz+3’
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for i=0,we plug the known value of the left boundary by arranging C!, =C!" —(Ax) f
in equation (4.45) on the right-hand side. We obtain;
Cr =[1-B—(A)K +11y) |Cr +[ p-18y7 ]C, (4.46)
=97/ClL, =2yCls - B(x) f,
At interior, substituting equations (4.40 - 4.41) and equation (4.43) into equation (2.19).
We obtain,

Ci"+l = _)/in Cz‘riz + [ﬁ + 671')1 :| Cin—l

+[1-2p8-3y] —=(A)K |C +[ B-2¢7 | CL. (4.47)

forall 1<i<M -1 and 0<n<N.
Near the right boundary substituting equations (4.40 - 4.41) and equation (4.44) into

equation (2.19), we obtain

C'' =2BCH, + [IB e 9}/;1:|C,~”_2 +18yCL, (4.48)
+[1=28—(A1)K =11y |C +7/Clys

for i=M , the known value of the right boundary conditions is approximated as

c’

i+

=C’" +(Ax) f in equation (4.48) and, by rearranging, we obtain;

Ciy' =26C3 s +[ B=97i |Gy, +187,,C

AN (4.49)
+[1=28—(A)K =107}, |Cy, + 73 (%),
At A L] : Y, .
where f=D——=, y'=u’——, and u=~u; which % are obtained by the Crank-
(Ax) 6Ax

Nicolson method with the hydrodynamic model.

4.2.2 The third-order Crank-Nicolson methods

Consider the Crank-Nicolson schemes [11], for the advection-dispersion-
reaction equations (2.19), we approximate the spatial derivative, following
discretization:

for near the left boundary,

oC 1

— r~——|-11C"" +18C™' —9C™? +2C™]

ax 12AX|: i + i+1 i+2 + i+3 (450)
—~11C} +18C}, -9Cp,, +2C, |,

for interior node,
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6C 1 n+l n+l n+l n+1

—r——| C" —-6C"" +3C" +2C!

ox  12Ax [ 2 . : ™ (4.51)
+C1, —6CL, +3C) +2C7, ],

for near the right boundary,

ac 1
ox 12Ax

(-2 +ocy —18Cr +11C
~2C7,+9C], —18C], +11C} |.

(4.52)

Near the left boundary, substituting equations (4.40 - 4.41) and equation (4.50) into

equation (2.19), we then obtain;

[1-11y; |G + 18yl =971 Cry + 29/ CLY
=BC;, +[1-28—(A)K +11y]"]C] (4.53)
+|:ﬂ ~ 187/1'” :| Ci’:-I H 971'”Ci’:2 P 27/1'an’13'

For i=0, we plug the known value of the left boundary by arranging C", =C!" —(Ax) f

in equation (4.53) on the right-hand side. We obtain;

=11y C + 18y Gt =9y Cry 4+ 27 Gty

i+1 i+2 i+3

=+[1-B-(A)K +11y]C] (4.54)

1

+[8'-18y,/| Cli #9771 €, =241 Cil L (Ax) f
At interior, for all 1<i<M —1 substituting equations (4.40 - 4.41) and equation (4.51).

into equation (2.19), then we obtain;,

C-[s L7,-”]CZ’_2+67,-”C,-”_1 ( (4.55)
+[1=28—(A)K =3y |C! +[ B-2y]]CLs.

YICry =6y Cr = [1=3yr]Cr w 2p0Cry

Near right boundary substituting equations (4.40 - 4.41) and equation (4.52) into

equation (2.19), we obtain

1 1 1

=2y;CL =97/ CL, + :BC;M (4.56)

i —

+[1—2,8—(At)K—11;/l.”jCi”+[,8+187/i”:|C.”

=2y Cl + 9y Ol 18yt + [ 1+ 11y ] ¢

i+1°

for i=M, the known value of the right boundary conditions is approximated as

n
CVM+1

=C,, +(Ax) f in equation (4.56), and by rearranging, we obtain;

=2y Gty + 975 ity =18y, Gt +[ 1+ 113, ] O
= 271?/1CX/1—3 - 97;4(::4—2 + ﬂC]};r—ll (4.57)
+[1=B—(At)K +7y;, |Cyy +(Ax) £,
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where ﬂzDiz, ;/l.”:u;’ﬁ, and u=u which @' are obtained by the Crank-
(Ax) 6Ax

Nicolson method with the hydrodynamic model.

4.2.3 The four points implicit upwind methods
Consider the implicit schemes from [11] for the advection-dispersion-reaction
equations. we approximate the spatial derivative, following discretization:

for near the left boundary,

aC " 1 n+l n+l n+2 n+l

= @[—1 1C +18Cr =9CHs +2C7 (4.58)
for interior node,

o . Cr5 —6C! +3C +2C0 . (4.59)

ox 6Ax

for near the right boundary,

Z—C £ é[—zcﬁ? #9C15 = 18€ FLICH: (4.60)
X

Near the left boundary, substituting equations (4.40 - 4.41) and equation (4.58) into
equation (2.19), we then obtain;

= BCr 4128~ (ADK + 1157 |C)

28 Al It (4.61)
+|::B—187/i:|Ci+1—97ici+2—27/ici+3’

for i=0,we plug the known value of the left boundary by arranging C”, =C!" —(Ax) f
in equation (4.61) on the right-hand side. We obtain;
. 4O n n 4 n n
R p fAQKt+£U9]C}+[ﬂ 18y |cr, 4.62)
2 Ci+2 _27/f Ci+3 _ﬂ(Ax)f

At interior, for all 1<i<M —1 substituting equations (4.40-4.41) and equation (4.59)
into equation (2.19), we obtain,

yICr =6y, Cl +[1-3y7 |G+ 2y Cr!

' i+1
:ﬂcin_l +[1—2ﬂ—(A[)K:| Cin +ﬂc;:.1- (463)

Near the right boundary substituting equations (4.40-4.41) and equation (4.60) into

equation (2.19), we obtain

. n i+l nentl n i+l n n+l
2M@Wﬁb1MQﬁﬁﬂﬂ% 4.60)
= BC +[1-28-(Ar)K |C! + BC,

i+l
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for i=M, the known value of the right boundary conditions is approximated as
Cy,., =(Ax) f+Cy, in equation (4.64) and, by rearranging, we obtain,

273Gy + 97 Gy =185, G + [ 111y, ] @.65)
=pCy +[1-B—(A)K|Cy, + B(Ax) £, ‘

A At - . - .
where ﬂzD—tz, vy =u'——, and u~iu; which @' are obtained by the Crank-
(Ax) 6Ax

Nicolson method with the hydrodynamic model.

4.2.4 Numerical experiments and results

Suppose that the measurement of pollutant concentration C(x,t) (km/m®)
in a uniform stream at time ¢ (sec) is considered. A stream is aligned with longitudinal
distance, 1.0 km total length. There is a plant which discharges waste-water into the

stream, and the pollutant concentration at the end of the river is assumed in 3 cases;

case 1; C(0,/)=04+sin(z) km/m’> at x=0 for all >0, and aa—c(l,t)z—O.S
X

km/m’at x=1 forall >0, and C(x,0)=0 km/m’at t=0.

case 2; C(0,£)=0.4+sin(r) km/m’ at x=0 forall £>0, and Z—C(l,t)zo km | m®
X

at x=1 forall >0, and C(x,0)=0 km/m’at +=0.

case 3; C(0,/)=0.4+sin(¢z) km/m’ at x=0 for all >0, and Z—C(l,t)zl km | m®
X

at x=1 forall >0, and C(x,0)=0 km/m’at +=0.

In the analysis conducted in this experiment, meshes the stream, using
Ax=0.02, and time increment with Ar=0.002, the physical parameter of the stream
system is diffusion coefficient D =0.02 m%s for above 3 case. The approximate water
velocity from the hypodermic model in section 4.1 can be plugged into the dispersion
model to obtain the four points explicit upwind methods in equations (4.46), (4.47)
and, (4.50); the third order Crank-Nicolson methods in equations (4.54), (4.55) and,
(4.57), and the four points implicit methods in equations (4.62), (4.63), and (4.65). The
approximation of pollutant concentration at K =-1 of the four points explicit
methods, the third order Crank-Nicolson methods, and the four points implicit
methods in the above 3 cases are shown in table 4.7, table 4.8, and table 4.9,
respectively. The approximation of pollutant concentration at K =-0.05 of the four

points explicit methods, the third order Crank-Nicolson methods, and the four points
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implicit methods in the above 3 cases are shown in table 4.10, table 4.11, and table
4.12, respectively. The approximation of pollutant concentration at K =0 of the four
points explicit methods, the third order Crank-Nicolson methods, and the four points
implicit methods in the above 3 cases are shown in table 4.13, table 4.14, and table
4.15, respectively. The approximation of pollutant concentration at K =0.05 of the
four points explicit methods, the third order Crank-Nicolson methods, and the four
points implicit methods in the above 3 cases are shown in table 4.16, table 4.17, and
table 4.18, respectively. The approximation of pollutant concentration at K =1 of the
four points explicit methods, the third order Crank-Nicolson methods, and the four
points implicit methods in the above 3 cases are shown in table 4.19, table 4.20, and
table 4.21, respectively.

The comparison of the approximated pollutant concentrations, for the above
3 cases at K =—1 of the four points explicit upwind methods, the third order Crank-
Nicolson methods, and the four points implicit methods are shown in figure 4.10, figure
4.11, and figure 4.12, respectively. Similarly, comparison K =-0.05 is shown in figures
4.13 - 4.15, for K =0 is shown in figures 4.16 - 4.18, for K =0.05 is shown in figures
4.19 - 4.21 and, for K =1 is shown in figures 4.22 - 4.24.



Table 4.7

The pollutant concentration at K =—1 of the four points explicit methods when after passed 20 s

t (sec) Concentration C(x,7) Kg/m’
x(km) | x=0 x=0.1 x=02 x=0.3 x=04 x=05 x=0.06 x=0.7 x=0.38 x=09 x=1

4 | 059866933 | 0.13388683 | 0.01275161 | 0.00042256 | 0.00000480 | 0.00000002 | 0.00000007 | -0.00000821 | -0.00034787 | 0.00543974 | -0.03342089
8 | 078941834 | 0.27603853 | 0.06635899 | 0.01027764 | 0.00095667 | 0.00004886 | 0.00002855 | -0.00041859 | 000345410 | -0.01718876 | -0.05318134
Case 12 | 096464247 | 041556165 | 0.13773746 | 003450134 | 0.00635247 | 0.00081604 | 000024938 | -000211319 | 000959469 | -0.03090974 | 007178201
' 16 | 1.11735609 | 0.56290780 | 0.22489454 | 007217117 | 0.01843115 | 0.00351607 | 000070911 | -0.00549082 | 001828731 | 004636889 | -0.09096688
20 | 1.24147098 | 0.71802159 | 0.33000427 | 0.12473063 | 0.03892169 | 0.00933274 | 000122330 | -001073596 | 002939539 | 006373023 | -0.11170083
4 | 059866933 | 0.13388683 | 0.01275161 | 0.00042256 | 0.00000480 | 0.00000002 | 000000000 | 0.00000000 | 0.00000000 | 0.00000000 | 0.00000000
8 | 078941834 | 0.27603853 | 0.06635899 | 0.01027764 | 0.00095670 | 0.00005012 | 000000148 | 0.00000003 | 0.00000000 | 0.00000000 | 0.00000000
case 12 | 096464247 | 041556165 | 0.13773746 | 003450149 | 0.00635520 | 0.00085173 | 0.00007932 | 0.00000493 | 0.00000021 | 0.00000001 | 0.00000000
? 16 | 111735609 | 056290782 | 0.22489484 | 0.07217476 | 0.01846441 | 0.00375356 | 0.00059688 | 0.00007412 | 0.00000691 | 0.00000047 | 0.00000004
20 | 1.24147098 | 0.71802199 | 033000804 | 0.12475905 | 0.03909469 | 0.01018633 | 0.00219268 | 0.00038945 | 0.00005640 | 0.00000669 | 0.00000099
4 | 059866933 | 0.10707942 | 0.00947651 | 0.00030656 | 0.00000347 | 0.00000001 | 0.00000010 | 0.00001182 | 0.00050910 | 0.00834603 | 0.05751333
8 | 078941834 | 0.18531137 | 0.03701062 | 0.00534897 | 0.00048741 | 0.00002651 | 000003126 | 0.00043902 | 0.00384194 | 0.02126083 | 0.07945003
case 12 | 096464247 | 023419964 | 0.05693291 | 0.01231541 | 0.00213883 | 0.00031219 | 0.00027075 | 0.00167183 | 0.00834309 | 0.03139476 | 0.09322770
> 16 | 111735609 | 0.26628388 | 0.06810515 | 0.01717734 | 0.00391074 | 0.00089314 | 0.00084964 | 0.00337644 | 001262528 | 0.03904641 | 0.10273526
20 | 1.24147098 | 0.28749832 | 0.07327205 | 0.01951271 | 0.00508813 | 0.00156861 | 0.00176434 | 0.00538854 | 0.01635231 | 0.04474852 | 0.10992325

1L



Table 4.8 The pollutant concentration at K =—1 of the third-order Crank-Nicolson methods when after passed 20 s

t (sec) Concentration ((x,7) Kg/m’
x(km) | x=0 x=0.1 x=02 | x=03 x=0.4 x=0.5 x=06 | x=07 x=08 x=0.9 x=1

a 059866933 | 0.13360251 | 001274288 | 000042270 | 000000481 | 000000002 | -000000007 | -000000821 | -000034787 | 000543974 | 003342089

8 078941834 | 027492798 | 006615308 | 001025488 | 000095551 | 000004883 | -000002855 | -000041859 | 000345410 | 001718876 | 005318134

Case 12 | 096464247 | 041368256 | 013716398 | 003437414 | 000633224 | 0.00081396 | -000024950 | -000211319 | 000959469 | 003090974 | 007178201
' 16 | 111735609 | 056051384 | 022388996 | 007185689 | 001835477 | 000350166 | -000071116 | 000549097 | 001828728 | 004636889 | -009096658
20 | 124147098 | 071541185 | 032858690 | 012416455 | 003874295 | 000928675 | 000123312 | 001073767 | -002939522 | -006372994 | -0.11170082

aq 059866933 | 013360251 | 001274288 | 000042270 | 000000481 | 0.00000002 | 000000000 | 0.00000000 | 000000000 | 000000000 | 0.00000000

8 078941834 | 027492798 | 006615308 | 001025488 | 0.00095554 | 0.00005010 | 000000148 | 000000003 | 000000000 | 000000000 | 0.00000000

case 12 | 096464247 | 041368256 | 013716398 | 003437429 | 000633497 | 000084965 | 000007920 | 000000493 | 000000021 | 0.00000001 | 0.00000000
2 16 | 111735609 | 056051386 | 022389026 | 007186049 | 001838805 | 0.00373919 | 0.00059485 | 0.00007392 | 0.00000689 | 000000047 | 0.00000004
20 | 124147098 | 071541225 | 032850068 | 012419301 | 003891606 | 001014058 | 000218317 | 000038787 | 000005620 | 0.00000667 | 0.00000099

aq 059866933 | 010677687 | 000946791 | 000030664 | 000000347 | 000000001 | 000000010 | 000001182 | 000050910 | 000834603 | 005751333

8 078941830 | 018389995 | 003683186 | 0.00533240 | 000048659 | 000002649 | 000003126 | 000043902 | 000384194 | 0.02126083 | 007945003

case 12 | 096464247 | 023125814 | 005643951 | 001223858 | 000212867 | 000031120 | 0.00027069 | 000167182 | 000834309 | 0.03139476 | 009322770
> 16 | 111735609 | 026164172 | 006723897 | 001701652 | 000388245 | 000088863 | 0.00084904 | 000337634 | 001262523 | 003904641 | 0.10273526
20 | 124147098 | 028123266 | 007204122 | 001926582 | 000503916 | 000155921 | 000176283 | 000538834 | 001635193 | 004474830 | 0.10992325

clL



Table 4.9 The pollutant concentration at £ =-1 the four points implicit methods when after passed 20 s

t (sec) Concentration C(x,7) Kg/m’
x (km) | x=0 x=0.1 x=02 | x=03 x=04 x=05 x=0.6 x=0.7 x=0.8 x=09 x=1

4 | 059866933 | 0.13331809 | 001273417 | 000042284 | 000000481 | 0.00000002 | -0.00000007 | -000000821 | 000034787 | 000543974 | -003342089
8 | 078941834 | 0.27381193 | 006594694 | 001023213 | 000095434 | 0.00004881 | -000002855 | -0.00041859 | -0.00345410 | -001718876 | -005318134
Case 12 | 096464247 | 041178680 | 0.13658783 | 0.03424678 | 0.00631203 | 0.00081188 | -000024962 | 000211320 | -000959469 | 003090974 | 007178201
' 16 | 111735609 | 055809229 | 022287787 | 007154139 | 001827832 | 0.00348726 | -000071220 | 000549113 | -001828725 | 004636889 | 009096688
20 | 124147098 | 0.71276793 | 032715595 | 0.12359495 | 0.03856364 | 0.00924072 | 000124293 | 001073937 | 002939506 | 006372964 | -0.11170082
4 | 059866933 | 0.13331809 | 001273417 | 000042284 | 0.00000481 | 0.00000002 | 000000000 | 000000000 | 000000000 | 000000000 | 000000000
8 | 078941834 | 027381193 | 006594694 | 001023213 | 0.00095437 | 0.00005008 | 000000148 | 000000003 | 000000000 | 000000000 | 000000000
case 12 | 096464247 | 041178680 | 0.13658789 | 003424693 | 0.00631476 | 0.00084757 | 0.00007907 | 000000492 | 0.00000021 | 0.00000001 | 0.00000000
2 16 | 111735609 | 055809231 | 0.22287817 | 0.07154499 | 001831162 | 0.00372483 | 0.00059283 | 0.00007373 | 0.00000688 | 0.00000047 | 0.00000004
20 | 124147098 | 071276834 | 032715975 | 0.12362345 | 0.03873687 | 001009481 | 0.00217368 | 0.00038631 | 0.00005599 | 0.00000665 | 0.00000099
4 | 059866933 | 0.10647424 | 000945931 | 000030672 | 0.00000348 | 0.00000001 | 0.00000010 | 0.00001182 | 0.00050910 | 0.00834603 | 0.05751333
8 | 07800183 | 018288000 | 003665290 | 0:00531586 | 000048577 | 0.00002647 | 000003126 | 000043902 | 0.00384198 | 002126083 | 0.07945003
case 12 | 096464247 | 0.22827903 | 005594316 | 0.01216167 | 000211853 | 0.00031021 | 0.00027063 | 0.00167182 | 0.00834309 | 0.03139476 | 0.09322770
> 16 | 111735609 | 0.25690984 | 0.06636256 | 0.01685482 | 0.00385414 | 000088412 | 0.00084845 | 0.00337624 | 0.01262519 | 0.03904641 | 0.10273526
20 | 124147098 | 027480950 | 0.07078863 | 0.01901629 | 0.00498995 | 0.00154982 | 0.00176132 | 000538814 | 001635156 | 0.04474808 | 0.10992326

¢l



Table 4.10 The pollutant concentration at K =-0.05 of the four points explicit methods when after passed 20 s

,'/
P

t(sec) Concentration C(x,r) Kg/m’

/X (km) x=0 x=0.1 x=0.2 x=03 x=04 x=05 x=0.6 x=0.7 x=0.38 x=0.9 x=1
q 0.59866933 | 0.13388683 | 0.01275161 | 0.00042256 | 0.00000480 | 0.00000002 | -000000007 | 000000821 | 000034787 | 000543974 | 003342089
8 0.78941834 | 0.27603853 | 0.06635899 | 0.01027764 | 0.00095667 | 0.00004886 | 000002855 | 000041859 | 000345410 | -001718876 | 005318134
Case 12 0.96464247 | 041556165 | 0.13773746 | 003450134 | 0.00635247 | 0.00081604 | 000024938 | 000211319 | -000959469 | -003090974 | 007178201
' 16 1.11735609 | 056290780 | 0.22489454 | 0.07217117 | 0.01843115 | 0.00351607 | -000070911 | 000549082 | -001828731 | 004636889 | -0.09096683
20 1.24147098 | 0.71802159 | 0.33000427 | 0.12473063 | 0.03892169 | 0.00933274 | 000122330 | 001073596 | 002939539 | 006373023 | 011170083
q 0.59866933 | 0.13388683 | 0.01275161 | 0.00042256 | 0.00000480 | 0.00000002 | 0.00000000 | 0.00000000 | 0.00000000 | 0.00000000 | 0.00000000
8 0.78941834 | 0.27603853 | 0.06635899 | 0.01027764 | 0.00095670 | 0.00005012 | 0.00000148 | 0.00000003 | 0.00000000 | 0.00000000 | 0.00000000
case 12 0.96464247 | 041556165 | 0.13773746 | 0.03450149 | 0.00635520 | 0.00085173 | 0.00007932 | 0.00000493 | 0.00000021 | 0.00000001 | 0.00000000
? 16 1.11735609 | 056290782 | 0.22489484 | 0.07217476 | 0.01846441 | 0.00375356 | 0.00059688 | 0.00007412 | 0.00000691 | 0.00000047 | 0.00000004
20 1.24147098 | 0.71802199 | 0.33000804 | 0.12475905 | 0.03909469 | 0.01018633 | 0.00219268 | 0.00038945 | 0.00005640 | 0.00000669 | 0.00000099
4 0.59866933 | 0.10647424 | 0.00945931 | 0.00030672 | 0.00000348 | 0.00000001 | 0.00000010 | 0.00001182 | 0.00050910 | 0.00834603 | 0.05751333
8 0.78941834 | 0.18248000 | 0.03665294 | 0.00531586 | 0.00048577 | 0.00002647 | 0.00003126 | 0.00043902 | 0.00384194 | 0.02126083 | 0.07945003
case 12 0.96464247 | 022827903 | 0.05594316 | 0.01216167 | 0.00211853 | 0.00031021 | 0.00027063 | 0.00167182 | 0.00834309 | 0.03139476 | 0.09322770
> 16 1.11735609 | 0.25690984 | 0.06636256 | 0.01685482 | 0.00385414 | 0.00088412 | 0.00084845 | 0.00337624 | 0.01262519 | 0.03904641 | 0.10273526
20 1.24147098 | 0.27480950 | 0.07078863 | 0.01901629 | 0.00498995 | 0.00154982 | 0.00176132 | 0.00538814 | 0.01635156 | 0.04474808 | 0.10992326
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Table 4.11 The pollutant concentration at K =-0.05 of the third-order Crank-Nicolson methods when after passed 20 s

t (sec) Concentration C(x,7) Kg/m’
x(km) | x=0 x=0.1 x=02 | x=03 x=0.4 x=0.5 x=0.6 x=0.7 x=038 x=009 x=1

4 | 059866933 | 013360251 | 001274288 | 0.00042270 | 0.00000481 | 0.00000002 | 000000007 | -000000821 | 000034787 | 000543974 | -003342089
8 | 078941834 | 0.27492798 | 006615308 | 0.01025083 | 0.00095551 | 0.00004883 | 000002855 | -000041859 | -000345410 | -001718876 | -005318134
Case 12 | 096464247 | 041368256 | 013716398 | 0.03437414 | 000633224 | 000081396 | 000024950 | 000211319 | 000959469 | 003090974 | -007178201
' 16 | 111735609 | 056051384 | 0.22388996 | 0.07185689 | 001835477 | 0.00350166 | 000071116 | 000549097 | 001828728 | 004636889 | -009096683
20 | 124147098 | 071541185 | 032858690 | 0.12416455 | 003874295 | 000928675 | -000123312 | -001073767 | 002939522 | 006372994 | -011170082
4 | 059866933 | 0.13360251 | 001274288 | 000042270 | 0.00000481 | 0.00000002 | 0.00000000 | 0.00000000 | 0.00000000 | 0.00000000 | 0.00000000
8 | 078941834 | 027492798 | 0.06615308 | 001025483 | 0.00095554 | 0.00005010 | 0.00000148 | 0.00000003 | 0.00000000 | 0.00000000 | 0.00000000
case 12 | 096464247 | 041368256 | 013716398 | 003437429 | 0.00633497 | 0.00084965 | 0.00007920 | 0.00000493 | 0.00000021 | 0.00000001 | 0.00000000
2 16 | 111735609 | 056051386 | 0.22389026 | 0.07186049 | 0.01838805 | 0.00373919 | 0.00059485 | 0.00007392 | 0.00000689 | 0.00000047 | 0.00000004
20 | 124147098 | 071541225 | 032859068 | 0.12419301 | 0.03891606 | 0.01014058 | 0.00218317 | 000038787 | 0.00005620 | 0.00000667 | 0.00000099
4 | 059866933 | 0.10677687 | 000946791 | 000030664 | 0.00000347 | 0.00000001 | 0.00000010 | 0.00001182 | 0.00050910 | 0.00834603 | 0.05751333
8 | 078941834 | 0.18389995 | 003683186 | 000533240 | 000048659 | 0.00002649 | 0.00003126 | 0.00043902 | 0.00384194 | 0.02126083 | 0.07945003
case 12 | 096464247 | 023125814 | 005643951 | 001223858 | 0.00212867 | 0.00031120 | 0.00027069 | 0.00167182 | 0.00834309 | 0.03139476 | 0.09322770
> 16 | 111735609 | 026164172 | 006723897 | 0.01701652 | 0.00388245 | 0.00088863 | 0.00084904 | 0.00337634 | 0.01262523 | 0.03904641 | 0.10273526
20 | 124147098 | 028123266 | 007204122 | 0.01926582 | 0.00503916 | 0.00155921 | 0.00176283 | 000538834 | 001635193 | 004474830 | 0.10992325
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Table 4.12 The pollutant concentration at K =-0.05 of the four points implicit methods when after passed 20 s

t (sec) Concentration C(x,r) Kg/m’
x(km) | x=0 x=0.1 x=02 | x=03 x=0.4 x=0.5 x=0.6 x=0.7 x=0.8 x=009 x=1

4 | 059866933 | 0.13331809 | 001273417 | 0.00042284 | 0.00000481 | 0.00000002 | -000000007 | -000000821 | -000034787 | -000543974 | 003342089
8 | 078941834 | 027381193 | 006594694 | 001023213 | 000095434 | 000004881 | 000002855 | -000041850 | 000345410 | 001718876 | 005318134
Case 12 | 096464247 | 041178680 | 013658788 | 003424678 | 0.00631203 | 000081188 | 00002492 | -000211320 | -000959469 | -003090974 | 007178201
' 16 | 111735609 | 055809229 | 0.22287787 | 007154139 | 001827832 | 0.00348726 | 000071220 | 000549113 | -001828725 | -004636889 | -009096683
20 | 124147098 | 0.71276793 | 032715595 | 0.12359495 | 0.03856364 | 0.00924072 | -000124293 | -001073937 | -002930506 | -006372964 | -011170082
4 | 059866933 | 0.13331809 | 001273417 | 000042284 | 0.00000481 | 0.00000002 | 0.00000000 | 000000000 | 0.00000000 | 0.00000000 | 0.00000000
8 | 078941834 | 027381193 | 006594694 | 001023213 | 000095437 | 0.00005008 | 0.00000148 | 0.00000003 | 0.00000000 | 0.00000000 | 0.00000000
case 12 | 096464247 | 041178680 | 013658789 | 003024693 | 0.00631476 | 0.00084757 | 000007907 | 0.00000492 | 0.00000021 | 0.00000001 | 0.00000000
2 16 | 111735609 | 055809231 | 0.22287817 | 0.07154499 | 0.01831162 | 0.00372483 | 0.00059283 | 0.00007373 | 0.00000688 | 0.00000047 | 0.00000004
20 | 124147098 | 071276834 | 032715975 | 0.12362345 | 003873687 | 001009481 | 0.00217368 | 000038631 | 0.00005599 | 0.00000665 | 0.00000099
4 | 059866933 | 010647424 | 000945931 | 000030672 | 0.000003d8 | 0.00000001 | 0.00000010 | 000001182 | 0.00050910 | 0.00834603 | 0.05751333
8 | 078941834 | 0.18248000 | 003665294 | 000531586 | 0.00048577 | 0.00002647 | 0.00003126 | 0.00043902 | 0.00384194 | 0.02126083 | 0.07945003
case 12 | 096464247 | 022827903 | 005594316 | 001216167 | 000211853 | 0.00031021 | 0.00027063 | 0.00167182 | 0.00834309 | 0.03139476 | 0.09322770
> 16 | 111735609 | 0.25690984 | 006636256 | 001685482 | 000385414 | 000088412 | 000084845 | 0.00337624 | 001262519 | 0.03904641 | 0.10273526
20 | 124147098 | 027480950 | 0.07078863 | 0.01901629 | 0.00498995 | 0.00154982 | 0.00176132 | 0.00538814 | 0.01635156 | 0.04474808 | 0.10992326
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Table 4.13 The pollutant concentration at K =0 of the four points explicit methods when after passed 20 s

t (sec) Concentration C(x,/) Kg/m’
x(km) | x=0 x=0.1 x=02 | x=03 x=0.4 x=0.5 x=0.6 x=0.7 x=0.8 x=09 x=1

4 | 059867000 | 0.13389000 | 0.01275200 | 0.00042256 | 0.00000480 | 0.00000002 | -000000007 | 000000821 | -000034787 | 000543970 | -003342100
8 | 078942000 | 027604000 | 0.06635900 | 0.01027800 | 0.00095667 | 0.00004886 | -000002855 | 000041859 | -000345410 | 001718900 | -005318100
Case 12 | 096464000 | 041556000 | 013774000 | 0.03450100 | 000635250 | 0.00081604 | -000024938 | -000211320 | -000959470 | -003091000 | -007178200
' 16 | 111740000 | 056291000 | 022889000 | 007217100 | 001843100 | 000351610 | 00000911 | 00059080 | -OOIEZBTO0 | 00463600 | -009096700
20 | 1.24150000 | 0.71802000 | 0.33000000 | 0.12473000 | 0.03892200 | 0.00933270 | -000122330 | -001073600 | 002939500 | -006373000 | -011170000
4 | 059866933 | 0.13388683 | 001275161 | 000042256 | 0.00000480 | 0.00000002 | 0.00000000 | 000000000 | 0.00000000 | 0.00000000 | 0.00000000
8 | 078941834 | 027603853 | 0.06635899 | 0.01027764 | 000095670 | 0.00005012 | 000000148 | 0.00000003 | 0.00000000 | 0.00000000 | 0.00000000
€ 712 | oosaeaza7 | 041556165 | 013775706 | 003050149 | 000635520 | 000085175 | 000007932 | 000000495 | 000000021 | 000000001 | 000000000
? 16 | 111735609 | 056290782 | 022489484 | 0.07217476 | 001846441 | 0.00375356 | 0.00059688 | 0.00007412 | 0.00000691 | 0.00000047 | 0.00000004
20 | 124147098 | 071802199 | 033000804 | 0.12475905 | 0.03909469 | 001018633 | 0.00219268 | 000038945 | 0.00005640 | 0.00000669 | 0.00000099
4 | 059866933 | 010707942 | 000947651 | 0.00030656 | 0.00000347 | 0.00000001 | 0.00000010 | 0.00001182 | 0.00050910 | 0.00834603 | 0.05751333
8 | 078941834 | 0.18531137 | 003701062 | 0.00534897 | 000048741 | 0.00002651 | 000003126 | 0.00043902 | 000384194 | 0.02126083 | 0.07945003
€ 712 | oosaeazat | 023019968 | 005693291 | 001231541 | 000213883 | 000031219 | 000027075 | 000167185 | 000834309 | 003139476 | 009322770
> 16 | 111735609 | 026628388 | 006810515 | 001717734 | 000391074 | 000089314 | 0.00084964 | 0.00337644 | 001262528 | 0.03904641 | 0.10273526
20 | 124147098 | 0.28749832 | 0.07327205 | 001951271 | 000508813 | 0.00156861 | 0.00176434 | 000538854 | 0.01635231 | 004474852 | 0.10992325
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Table 4.14 The pollutant concentration at K =0 of the third-order Crank-Nicolson methods when after passed 20 s

t (sec) Concentration C(x,/) Kg/m’
x(km) | x=0 x=0.1 x=02 | x=023 x=0.4 x=0.5 x=0.6 x=07 x=038 x=009 x=1

4 | 059866933 | 013360251 | 001274283 | 000042270 | 0.00000481 | 0.00000002 | -000000007 | -000000821 | -000034787 | -000543974 | 003342089
8 | 078941834 | 0.27492798 | 006615308 | 0.01025088 | 0.00095551 | 0.00004883 | -000002855 | -000041859 | -000345410 | 001718876 | 005318134
Case 12 | 096464247 | 041368256 | 013716398 | 003437414 | 000633224 | 000081396 | 000024950 | 000211319 | -000959469 | -003090974 | -007178201
' 16 | 111735609 | 056051384 | 0.22388996 | 007185689 | 001835477 | 000350166 | 000071116 | 000549097 | 001828728 | 004636889 | -009096683
20 | 124147098 | 0.71541185 | 032858690 | 0.12416455 | 0.03874295 | 0.00928675 | 000123312 | -001073767 | -002939522 | -006372994 | -011170082
4 | 059866933 | 013360251 | 001274283 | 000042270 | 0.00000481 | 0.00000002 | 0.00000000 | 000000000 | 0.00000000 | 0.00000000 | 0.00000000
8 | 078941834 | 0.27492798 | 0.06615308 | 001025488 | 0.00095554 | 0.00005010 | 0.00000148 | 0.00000003 | 0.00000000 | 0.00000000 | 0.00000000
case 12 | 096464247 | 041368256 | 013716398 | 003437429 | 000633497 | 0.00084965 | 0.00007920 | 0.00000493 | 0.00000021 | 0.00000001 | 0.00000000
2 16 | 111735609 | 056051386 | 0.22389026 | 0.07186049 | 001838805 | 0.00373919 | 0.00059485 | 0.00007392 | 0.00000689 | 0.00000047 | 0.00000004
20 | 124147098 | 0.71541225 | 032850068 | 0.12419301 | 0.03891606 | 0.01014058 | 0.00218317 | 0.00038787 | 0.00005620 | 0.00000667 | 0.00000099
4 | 059866933 | 010677687 | 000946791 | 000030664 | 0.00000347 | 000000001 | 0.00000010 | 000001182 | 0.00050910 | 0.00834603 | 0.05751333
8 | 078941834 | 0.18389995 | 003683186 | 0.00533240 | 0.00048659 | 0.00002649 | 000003126 | 000043902 | 0.00384194 | 0.02126083 | 0.07945003
€ 712 | oosaazar | 023125810 | 005643951 | 001223858 | 000212867 | 000031120 | 000027069 | 000167182 | 000834309 | 003139476 | 009322770
> 16 | 111735609 | 026164172 | 006723897 | 001701652 | 0.00388245 | 0.00088863 | 0.00084904 | 0.00337634 | 001262523 | 0.03904641 | 0.10273526
20 | 1.24147098 | 028123266 | 007204122 | 0.01926582 | 0.00503916 | 0.00155921 | 0.00176283 | 0.00538834 | 0.01635193 | 0.04474830 | 0.10992325
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Table 4.15 The pollutant concentration at K =0 of the four points implicit methods when after passed 20 s

t (sec) Concentration C(x,7) Kg/m’
x(km) | x=0 x=0.1 x=02 | x=03 x=0.4 x=0.5 x=0.6 x=0.7 x=08 x=009 x=1

4 | 059866933 | 0.13331809 | 001273417 | 000042284 | 0.00000481 | 0.00000002 | 000000007 | -000000821 | -000034787 | 000543974 | -003342089
8 | 078941834 | 027381193 | 006594694 | 001023213 | 000095034 | 0.00004881 | 000002855 | 000041859 | 000345410 | 001718876 | 005318134
Case 12 | 096464247 | 041178680 | 0.13658788 | 0.03424678 | 0.00631203 | 000081188 | 000024962 | 000211320 | -000959469 | 003090974 | -007178201
' 16 | 111735609 | 055809229 | 0.22287787 | 007154139 | 001827832 | 0.00348726 | 000071320 | 000549113 | -001828725 | 004636889 | -009096683
20 | 124147098 | 0.71276793 | 032715595 | 0.12359495 | 003856364 | 000924072 | 000124293 | 001073937 | 002939506 | -006372964 | -0.11170082
4 | 059866933 | 013331809 | 001273417 | 000042284 | 0.00000481 | 0.00000002 | 0.00000000 | 000000000 | 0.00000000 | 0.00000000 | 0.00000000
8 | 078941834 | 0.27381193 | 006594694 | 001023213 | 000095437 | 0.00005008 | 0.00000148 | 0.00000003 | 0.00000000 | 0.00000000 | 0.00000000
case 12 | 096464247 | 041178680 | 0.13658789 | 0.03424693 | 0.00631476 | 0.00084757 | 0.00007907 | 0.00000492 | 0.00000021 | 0.00000001 | 0.00000000
2 16 | 111735609 | 055809231 | 0.22287817 | 0.07154499 | 0.01831162 | 0.00372483 | 0.00059283 | 0.00007373 | 0.00000688 | 0.00000047 | 0.00000004
20 | 124147098 | 0.71276834 | 032715975 | 0.12362345 | 0.03873687 | 0.01009481 | 0.00217368 | 0.00038631 | 0.00005599 | 0.00000665 | 0.00000099
4 | 059866933 | 010647424 | 000945931 | 000030672 | 0.00000348 | 0.00000001 | 0.00000010 | 0.00001182 | 0.00050910 | 0.00834603 | 0.05751333
8 | 078941834 | 0.18248000 | 0.03665294 | 000531586 | 0.00048577 | 0.00002647 | 0.00003126 | 0.00043902 | 0.00384194 | 0.02126083 | 0.07945003
case 12 | 096464247 | 022827903 | 005594316 | 001216167 | 000211853 | 0.00031021 | 0.00027063 | 0.00167182 | 0.00834309 | 0.03139476 | 0.09322770
> 16 | 111735609 | 0.25690984 | 0.06636256 | 0.01685482 | 0.00385414 | 000088412 | 0.00084845 | 0.00337624 | 0.01262519 | 0.03904641 | 0.10273526
20 | 1.24147098 | 027480950 | 0.07078863 | 0.01901629 | 0.00498995 | 0.00154982 | 0.00176132 | 0.00538814 | 0.01635156 | 0.04474808 | 0.10992326
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Table 4.16 The pollutant concentration at K =0.05 of the four points explicit methods when after passed 20 s

t(sec) Concentration C(x,r) Kg/m’
x (km) x=0 x=0.1 x=02"| x=03 x=04 | x=05 | x=06 | x=07 | x=08 | x=09 x=1

4 | 059866933 | 0.13388683 | 001275161 | 000042256 | 000000480 | 000000002 | 000000007 | -0.00000821 | -000034787 | 000543974 | -003342089
8 | 078941834 | 027603853 | 0.06635899 | 001027764 | 0.00095667 | 0.00004886 | -000002855 | -000041859 | -000345410 | 001718876 | -005318134
Case 12 | 096464247 | 041556165 | 013773746 | 0.03450134 | 0.00635247 | 0.00081604 | 000024938 | -000211319 | -000959469 | 003090974 | -007178201
' 16 | 111735609 | 056200780 | 022889450 | 0.07217117 | 001843115 | 000351607 | 000070911 | 000589082 | -Qo1es731 | -0oaeaeesy | -oooooeess
20 | 1.24147098 | 0.71802159 | 033000427 | 0.12473063 | 003892169 | 0.00933274 | 000122330 | -001073596 | -002939539 | 006373023 | -011170083
4 | 059866933 | 0.13388683 | 001275161 | 0.00042256 | 0.00000480 | 000000002 | 0.00000000 | 0.00000000 | 0.00000000 | 0.00000000 | 0.00000000
8 | 078941834 | 027603853 | 006635899 | 0.01027764 | 0.00095670 | 0,00005012 | 0.00000148 | 0.00000003 | 0.00000000 | 0.00000000 | 0.00000000
case 12 | 096860247 | 01556165 | 013773746 | 0.03a50149 | 0.00635520 | 000085173 | 0.000079%2 | 000000493 | 000000021 | 0.00000001 | 0.00000000
? 16 | 111735609 | 056290782 | 022489484 | 0.07217476 | 0.01846441 | 000375356 | 0.00059683 | 0.00007412 | 0.00000691 | 0.00000047 | 0.00000004
20 | 124147098 | 0.71802199 | 0.33000804 | 0.12475905 | 0.03909469 | 0.01018633 | 0.00219268 | 0.00038945 | 0.00005640 | 0.00000669 | 0.00000099
4 | 059866933 | 0.10707942 | 000947651 | 0.00030656 | 0.00000347 | 0.00000001 | 0.00000010 | 0.00001182 | 0.00050910 | 0.00834603 | 0.05751333
8 | 078941834 | 0.18531137 | 003701062 | 000534897 | 0.00048741 | 0.00002651 | 0.00003126 | 0.00043902 | 0.00384194 | 0.02126083 | 0.07945003
case 12 | 096464247 | 023019964 | 005693291 | 0.01231541 | 000213883 | 000031219 | 0.00027075 | 0.00167183 | 0.00834309 | 0.03139476 | 009322770
> 16 | 111735609 | 026628388 | 006810515 | 0.01717734 | 000391074 | 0.00089314 | 0.00084964 | 0.00337644 | 001262528 | 0.03904641 | 0.10273526
20 | 124147098 | 0.28749832 | 0.07327205 | 001951271 | 0.00508813 | 0.00156861 | 0.00176434 | 000538854 | 0.01635231 | 004474852 | 0.10992325
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Table 4.17 The pollutant concentration at K =0.05 of the third-order Crank-Nicolson methods when after passed 20 s

t(sec) Concentration C(x,/) Kg/m’
x(km) | x=0 x=0.1 x=02 | x=023 x=0.4 x=0.5 x=0.6 x=07 x=038 x=009 x=1

4 | 059866933 | 013360251 | 001274283 | 000042270 | 0.00000481 | 0.00000002 | -000000007 | -000000821 | -000034787 | -000543974 | 003342089

8 | 078941834 | 0.27492798 | 006615308 | 0.01025088 | 0.00095551 | 0.00004883 | -000002855 | -000041859 | -000345410 | 001718876 | 005318134

Case 12 | 096464247 | 041368256 | 013716398 | 003437414 | 000633224 | 000081396 | 000024950 | 000211319 | -000959469 | -003090974 | -007178201
' 16 | 111735609 | 056051384 | 0.22388996 | 007185689 | 001835477 | 000350166 | 000071116 | 000549097 | 001828728 | 004636889 | -009096683
20 | 124147098 | 0.71541185 | 032858690 | 0.12416455 | 0.03874295 | 0.00928675 | 000123312 | -001073767 | -002939522 | -006372994 | -011170082

4 | 059866933 | 013360251 | 001274283 | 000042270 | 0.00000481 | 0.00000002 | 0.00000000 | 000000000 | 0.00000000 | 0.00000000 | 0.00000000

8 | 078941834 | 0.27492798 | 0.06615308 | 001025488 | 0.00095554 | 0.00005010 | 0.00000148 | 0.00000003 | 0.00000000 | 0.00000000 | 0.00000000

case 12 | 096464247 | 041368256 | 013716398 | 003437429 | 000633497 | 0.00084965 | 0.00007920 | 0.00000493 | 0.00000021 | 0.00000001 | 0.00000000
2 16 | 111735609 | 056051386 | 0.22389026 | 0.07186049 | 001838805 | 0.00373919 | 0.00059485 | 0.00007392 | 0.00000689 | 0.00000047 | 0.00000004
20 | 124147098 | 0.71541225 | 032850068 | 0.12419301 | 0.03891606 | 0.01014058 | 0.00218317 | 0.00038787 | 0.00005620 | 0.00000667 | 0.00000099

4 | 059866933 | 010677687 | 000946791 | 000030664 | 0.00000347 | 000000001 | 0.00000010 | 000001182 | 0.00050910 | 0.00834603 | 0.05751333

8 | 078941834 | 0.18389995 | 003683186 | 0.00533240 | 0.00048659 | 0.00002649 | 000003126 | 000043902 | 0.00384194 | 0.02126083 | 0.07945003

€ 712 | oosaazar | 023125810 | 005643951 | 001223858 | 000212867 | 000031120 | 000027069 | 000167182 | 000834309 | 003139476 | 009322770
> 16 | 111735609 | 026164172 | 006723897 | 001701652 | 0.00388245 | 0.00088863 | 0.00084904 | 0.00337634 | 001262523 | 0.03904641 | 0.10273526
20 | 1.24147098 | 028123266 | 007204122 | 0.01926582 | 0.00503916 | 0.00155921 | 0.00176283 | 0.00538834 | 0.01635193 | 0.04474830 | 0.10992325

18



Table 4.18 The pollutant concentration at K =0.05 of the four points implicit methods when after passed 20 s

t (sec) Concentration C(x,/) Kg/m’
x(km) | x=o0 x=0.1 x=02 | x=03 x=0.4 x=0.5 x=0.6 x=0.7 x=0.8 x=09 x=1

4 | 059866933 | 0.13331809 | 001273417 | 000042284 | 0.00000481 | 000000002 | -000000007 | 000000821 | -000034787 | 000543974 | -003342089
8 | 078941834 | 027381193 | 006594694 | 001023213 | 000095434 | 0.00004881 | -000002855 | -000041859 | -000345410 | 001718876 | -005318134
Case 12 | 096464247 | 041178680 | 013658788 | 0.03424678 | 000631203 | 000081188 | -000024962 | -000211320 | 000950469 | -003090974 | -007178201
' 16 | 111735600 | 055800229 | 022987787 | 007154130 | 001827832 | 000348726 | 000071320 | Q009113 | 00188725 | Q04636889 | 009096688
20 | 1.24147098 | 0.71276793 | 032715595 | 0.12359495 | 003856364 | 000924072 | -000124293 | -001073937 | 002939506 | -006372964 | -011170082
4 | 059866933 | 0.13331809 | 001273417 | 000042284 | 0.00000481 | 0.00000002 | 0.00000000 | 000000000 | 0.00000000 | 0.00000000 | 0.00000000
8 | 078941834 | 027381193 | 006594694 | 001023213 | 000095437 | 0.00005008 | 0.00000148 | 0.00000003 | 0.00000000 | 0.00000000 | 0.00000000
%€ 712 | oosaeaza7 | 041178680 | 013655789 | 003024695 | 000631476 | 000084757 | 000007907 | 000000492 | 000000021 | 000000001 | 000000000
? 16 | 111735609 | 055809231 | 022287817 | 007154499 | 001831162 | 0.00372483 | 000059283 | 0.00007373 | 0.00000688 | 0.00000047 | 0.00000004
20 | 124147098 | 071276834 | 032715975 | 0.12362345 | 0.03873687 | 001009481 | 0.00217368 | 000038631 | 0.00005599 | 0.00000665 | 0.00000099
4 | 059866933 | 010647424 | 000945931 | 000030672 | 0.00000348 | 0.00000001 | 0.00000010 | 0.00001182 | 0.00050910 | 0.00834603 | 0.05751333
8 | 078941834 | 0.18248000 | 003665294 | 000531586 | 000048577 | 0.00002647 | 000003126 | 0.00043902 | 000384194 | 0.02126083 | 0.07945003
€ 712 | oosaeazar | 022827905 | 005594316 | 001216167 | 000211853 | 000031021 | 000027063 | 000167182 | 000834309 | 003139476 | 009322770
> 16 | 111735609 | 025690984 | 006636256 | 001685482 | 000385414 | 000088412 | 000084845 | 0.00337624 | 001262519 | 0.03904641 | 0.10273526
20 | 124147098 | 027480950 | 0.07078863 | 001901629 | 000498995 | 000154982 | 0.00176132 | 000538814 | 0.01635156 | 004474808 | 0.10992326
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Table 4.19 The pollutant concentration at K =1 of the four points explicit methods when after passed 20 s

t (sec) / Concentration C(x,7) Kg/m’
X (km) | x=0 x=0.1 x=02 | x=03 x=04 x=0.5 x=0.6 x=0.7 x=0.8 x=09 x=1
4 | 059866933 | 0.13388683 | 001275161 | 0.00042256 | 0.00000480 | 000000002 | -000000007 | 000000821 | -000034787 | 000543974 | -003342089
8 | 078941834 | 027603853 | 0.06635899 | 0.01027764 | 000095667 | 000004886 | -000002855 | 000041859 | -000345410 | 001718876 | -005318134
Case 12 | 096464247 | 041556165 | 013773746 | 0.03450134 | 000635247 | 000081604 | -000024938 | -000211319 | 000950469 | -003090974 | 007178201
' 16 | 1.11735609 | 056290780 | 022489454 | 007217117 | 001843115 | 0.00351607 | -000070911 | -000549082 | 001828731 | 004636889 | 009096688
20 | 124147098 | 071802159 | 033000427 | 0.12473063 | 0.03892169 | 0.00933274 | 000122330 | 001073596 | 002939539 | 006373023 | -011170083
4 | 059866933 | 0.13388683 | 001275161 | 000042256 | 0.00000480 | 0.00000002 | 0.00000000 | 0.00000000 | 0.00000000 | 0.00000000 | 0.00000000
8 | 078941834 | 027603853 | 0.06635899 | 001027764 | 0.00095670 | 0.00005012 | 0.00000148 | 0.00000003 | 0.00000000 | 0.00000000 | 0.00000000
%€ 712 | oosasazar | 041556165 | 013775706 | 003050149 | 000635520 | 000085175 | 000007932 | 00000049 | 000000021 | 000000001 | 000000000
2 16 | 1.11735609 | 056290782 | 022489484 | 0.07217476 | 001846441 | 0.00375356 | 0.00059688 | 0.00007412 | 0.00000691 | 0.00000047 | 0.00000004
20 | 124147098 | 071802199 | 0.33000804 | 0.12475905 | 0.03909469 | 0.01018633 | 000219268 | 000038945 | 0.00005640 | 0.00000669 | 0.00000099
4 | 059866933 | 0.10707942 | 000947651 | 0.00030656 | 0.00000347 | 000000001 | 0.00000010 | 0.00001182 | 0.00050910 | 0.00834603 | 0.05751333
8 | 078941834 | 0.18531137 | 003701062 | 0.00534897 | 000048741 | 0.00002651 | 000003126 | 0.00043902 | 0.00384194 | 0.02126083 | 0.07945003
€ 712 | oosasazar | 025a199a | 005693291 | 001231541 | 000213883 | 000031219 | 000027075 | 000167185 | 000834309 | 003139676 | 009322770
> 16 | 111735609 | 026628388 | 006810515 | 001717734 | 000391074 | 0.00089314 | 0.00084964 | 0.00337644 | 0.01262528 | 0.03904641 | 0.10273526
20 | 124147098 | 028749832 | 0.07327205 | 001951271 | 0.00508813 | 0.00156861 | 0.00176434 | 000538854 | 0.01635231 | 004474852 | 0.10992325
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Table 4.20 The pollutant concentration at K =1

of the third-order Crank-Nicolson methods when after passed 20 s

e

t(sec) Concentration C(x,/) Kg/m’
x (km) | x=o0 x=0.1 x=02 x=023 x=0.4 x=0.5 x=0.6 x=07 x=0.28 x=09 x=1
4 | 059866933 | 013360251 | 001274283 | 000042270 | 0.00000481 | 0.00000002 | -000000007 | -000000821 | -000034787 | -000543974 | 003342089
8 | 078941834 | 027492798 | 006615308 | 0.01025488 | 0.00095551 | 0.00004883 | -000002855 | -000041859 | -000345410 | 001718876 | -005318134
Case 12 | 096864247 | 041368256 | 013716398 | 003437414 | 000633224 | 000081396 | 000024950 | 000211319 | -000959469 | -003090974 | -007178201
' 16 | 111735600 | 056051388 | 022388996 | 007185689 | 001835477 | 000350166 | 000071116 | Q009007 | 00ISZBT28 | Q04636889 | -009096688
20 | 124147098 | 071541185 | 032858690 | 0.12416455 | 003874295 | 000928675 | -000123312 | -001073767 | 002939522 | -006372994 | -011170082
4 | 059866933 | 0.13360251 | 001274288 | 0.00042270 | 0.00000481 | 0.00000002 | 0.00000000 | 0.00000000 | 0.00000000 | 0.00000000 | 0.00000000
8 | 078941834 | 0.27492798 | 0.06615308 | 0.01025488 | 0.00095554 | 0.00005010 | 0.00000148 | 0.00000003 | 0.00000000 | 0.00000000 | 0.00000000
case 12 | 096464247 | 041368256 | 013716398 | 003037429 | 0.00633697 | 000084965 | 0.00007920 | 0.00000493 | 0.00000021 | 0.00000001 | 0.00000000
? 16 | 1.11735609 | 056051386 | 0.22389026 | 0.07186049 | 001838805 | 0.00373919 | 0.00059485 | 0.00007392 | 0.00000689 | 0.00000047 | 0.00000004
20 | 1.24147098 | 071541225 | 032859068 | 0.12419301 | 003891606 | 001014058 | 0.00218317 | 0.00038787 | 0.00005620 | 0.00000667 | 0.00000099
4 | 059866933 | 0.10677687 | 000946791 | 0.00030664 | 0.00000347 | 000000001 | 0.00000010 | 0.00001182 | 0.00050910 | 0.00834603 | 0.05751333
8 | 078941834 | 0.18389995 | 003683186 | 0.00533240 | 000048659 | 0.00002649 | 0.00003126 | 000043902 | 0.00384194 | 0.02126083 | 0.07945003
case 12 | 096464247 | 023125814 | 005643951 | 001223858 | 0.00212867 | 0.00031120 | 0.00027069 | 0.00167182 | 0.00834309 | 0.03139476 | 0.09322770
> 16 | 111735609 | 026164172 | 006723897 | 001701652 | 0.00388245 | 0.00088863 | 0.00084904 | 000337634 | 001262523 | 0.03904641 | 0.10273526
20 | 1.24147098 | 028123266 | 0.07204122 | 001926582 | 000503916 | 0.00155921 | 0.00176283 | 0.00538834 | 0.01635193 | 004474830 | 0.10992325
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Table 4.21 The pollutant concentration at K =1 of the four points implicit methods when after passed 20 s

t (sec) Concentration C(x,/) Kg/m’
x (km) | x=0 x=0.1 x=02 | x=03 x=0.4 x=0.5 x=0.6 x=0.7 x=038 x=009 x=1

4 | 059866933 | 0.13331809 | 001273417 | 000042284 | 0.00000481 | 0.00000002 | 000000007 | -000000821 | -0.00034787 | -000543974 | 003342089
8 | 078941834 | 027381193 | 006594694 | 0.01023213 | 000095434 | 0.00004881 | 000002855 | -000041859 | -000345410 | -001718876 | -005318134
Case 12 | 096464247 | 041178680 | 0.13658788 | 003424678 | 0.00631203 | 0.00081188 | 000024962 | 000211320 | -000959469 | -003090974 | -007178201
' 16 | 111735609 | 055809229 | 0.22287787 | 007154139 | 001827832 | 0.00348726 | 000071320 | -000549113 | 001828725 | 004636889 | -009096683
20 | 124147098 | 0.71276793 | 032715595 | 0.12359495 | 003856364 | 0.00924072 | -000124293 | 001073937 | -002939506 | -006372964 | -011170082
4 | 059866933 | 0.13331809 | 001273417 | 000042284 | 0.00000481 | 0.00000002 | 0.00000000 | 0.00000000 | 0.00000000 | 0.00000000 | 0.00000000
8 | 078941834 | 027381193 | 006594694 | 001023213 | 0.00095437 | 0.00005008 | 0.00000148 | 0.00000003 | 0.00000000 | 0.00000000 | 0.00000000
case 12 | 096464247 | 041178680 | 0.13658789 | 003424693 | 000631476 | 0.00084757 | 0.00007907 | 0.00000492 | 0.00000021 | 0.00000001 | 0.00000000
2 16 | 111735609 | 055809231 | 0.22287817 | 0.07154499 | 001831162 | 0.00372483 { 0.00059283 | 0.00007373 | 0.00000683 | 0.00000047 | 0.00000004
20 | 124147098 | 071276834 | 032715975 | 0.12362345 | 003873687 | 0.01009481 | 0.00217368 | 0.00038631 | 0.00005599 | 0.00000665 | 0.00000099
4 | 059866933 | 010647424 | 000945931 | 000030672 | 0.00000348 | 0.00000001 | 0.00000010 | 0.00001182 | 0.00050910 | 0.00834603 | 0.05751333
8 | 078941834 | 0.18248000 | 003665294 | 000531586 | 0.00048577 | 0.00002647 | 000003126 | 0.00043902 | 0.00384194 | 0.02126083 | 0.07945003
case 12 | 096464247 | 022827903 | 005594316 | 001216167 | 000211853 | 0.00031021 | 0.00027063 | 0.00167182 | 0.00834309 | 0.03139476 | 0.09322770
> 16 | 111735609 | 0.25690984 | 006636256 | 0.01685482 | 000385414 | 000088412 | 0.00084845 | 0.00337624 | 0.01262519 | 0.03904641 | 0.10273526
20 | 1.24147098 | 027480950 | 0.07078863 | 0.01901629 | 0.00498995 | 0.00154982 | 0.00176132 | 000538814 | 0.01635156 | 0.04474808 | 0.10992326
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—&— derivative{C(1,t},x} =-0.5
—+&—derivative{C(1,t),=x} =0
derivative(C(1,t),x) =1
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Figure 4.10 The comparison of pollutant concentrations for 3 cases at K =-1

of the four points explicit upwind methods when after passed 20 s
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Figure 4.11 The comparison of pollutant concentrations for 3 cases at K =-1

of the third-order Crank-Nicolson methods when after passed 20 s
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——&——derivatives(C{1,t),x)} = -0.5
—e=—derivatives(C(1,t),=x}=0
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Figure 4.12 The comparison of pollutant concentrations for 3 cases at K =-1

of the four points implicit upwind methods when after passed 20 s
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Figure 4.13 The comparison of pollutant concentrations for 3 cases at K =-0.05

of the four points explicit upwind methods when after passed 20 s



Concentration {kgf’mB]

Figure 4.14 The comparison of pollutant concentrations for 3 cases at K =-0.05
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Figure 4.15 The comparison of pollutant concentrations for 3 cases at K =-0.05
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——&——derivatives(C{1,t),x)} = -0.5
—e=—derivatives(C(1,t),=x}=0
derivatives(C(1 t),x)=1
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Figure 4.16 The comparison of pollutant concentrations for 3 cases at K =0

of the four points explicit upwind methods when after passed 20 s

147

—5—— derivatives(C(1,t),x)=-0.5
—+=— derivatives(C(1,t),=x}=10
= — derivatives(C(1,t},x}=1

Concentration {kgf’mle

—DZ i i i i i i i i i i
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Distance (0<=x<=1000m)

Figure 4.17 The comparison of pollutant concentrations for 3 cases at K =0

of the third-order Crank-Nicolson methods when after passed 20 s
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Figure 4.18 The comparison of pollutant concentrations for 3 cases at K =0

of the four points implicit upwind methods when after passed 20 s
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Figure 4.19 The comparison of pollutant concentrations for 3 cases at K =0.05

of the four points explicit upwind methods when after passed 20 s
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Figure 4.19 The comparison of pollutant concentrations for 3 cases at K =0.05

of the third-order Crank-Nicolson methods when after passed 20 s
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Figure 4.20 The comparison of pollutant concentrations for 3 cases at K=0.5

of the four points implicit upwind methods when after passed 20 s
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——&——derivatives(C{1,t),x)} = -0.5
—e=—derivatives(C(1,t),=x}=0
derivatives(C(1 t),x)=1
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Figure 4.21 The comparison of pollutant concentrations for 3 cases at K =1

of the four points explicit upwind methods when after passed 20 s
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Figure 4.22 The comparison of pollutant concentrations for 3 cases at K =1

|of the third-order Crank-Nicolson methods when after passed 20 s
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Figure 4.23 The comparison of pollutant concentrations for 3 cases at K =1

of the four points implicit upwind methods when after passed 20 s
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4.3 Finite difference techniques for the dispersion model by using

explicit methods

We propose the numerical techniques in [9] and [11] and obtain the explicit
schemes for the advection-dispersion-reaction equation which provides the pollutant
concentration field. The explicit methods can be obtained so that the technique is not
required to generate any systems of linear equations. We can see that the application
of the technique is an example of economical computer implementation. We can
approximate C(xl.,tn) by C/, the value of the difference approximation of C(x,t) at
point x=iAx and r=nAr, where 1<i<M , and 0<n<N. The grid point (xl.,tn) is
defined by x;, =iAx for all 1=0,1,2,...,M, and ¢, =nAt for all n=0,1,2,...,N in which

M and N are positive integers.

4.3.1 The four points explicit upwind methods
Consider the numerical techniques form [11] for the advection-
dispersion-reaction equation using the forward times central space scheme for the
times derivatives and the central difference for the second times derivatives,
respectively, approximate the spatial derivative, following discretization:

ac I qn+1 _qn

= ) (4.66)
ot At

o°Cc 1 : —
axz ~ W[Ci—l ) 2q & Ci+1 :' ’ (467)

for near the left boundary,

IONNL ; ; ; g
=" @[_1 1! HI8CT (3 9C; )+ 2Cs], (4.68)

for interior node,

1
C L, -6c,+3¢ +2C

ox  6Ax J (4.69)

for near the right boundary,

oc 1 \ . ) ;
== @[—2@3 +9C7, ~18C;, +11C7 ]. (4.70)

Near the left boundary, substituting equations (4.66 - 4.67) and equation (4.68) into

equation (2.19), we then obtain;



95

Cr* = BC), +[1-28—(A)K +11a] |C)

4.71
+[ B-18a] |C}, 92/ Cl, - 20/ C], (470

i+l i i+32
for i=0,we plug the known value of the left boundary by arranging C!, =C —(Ax) f
in equation (4.71) on the right-hand side. We obtain;

' =[1-p-(a)K +11a ]C +[ p-1847|CL, (4.72)
—-9a/C!", =20/ Cl, — B(Ax) f. |

i+2 i+3
At interior, substituting equations (4.66 - 4.67) and equation (4.69) into equation (2.19),
we obtain,

C" =—a!Cly+ [ B+ 64 |CL
+[1=2p-3a] —(At)K |C! +[ B=2a] |C!

i+1°

(4.73)

forall 1<i<M—1and 0<u<N.

Near the left boundary substituting equations (4.66 - 4.67) and equation (4.70) into
equation (2.19), we obtain

C/" =2BC), +[ B-9a] |C], +18a'C],
+[1-28~(At)K ~11a] |C} +/'C}

i+12

(a.74)

for i=M, the known value of the right boundary conditions is approximated as

c

i+1

=C" +(Ax) f inequation (4.74) and, by rearranging, we obtain,

Cit' E2BC;, +| B=9ag; |Cyyy+18a T

a.75
+[1-28~(Ar) K ~10a}, |C}, + o}y (Ax), (4.75)
At =N S\ AL = )) Jetn p
where f=D——, ' =u——,and u~u; which & are obtained by the Crank-
(Ax) 6Ax

Nicolson method with the hydrodynamic model.

4.3.2 The upwind explicit methods
Consider the numerical techniques form [9] for the advection-dispersion-
reaction equation; the upwind explicit scheme is considered by the following

discretization;

n+l _ n
oc .G -G (4.76)
ot At
oc Gi-Ch , @.77)

o Ax
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o°C 1
o’ (Ax)

(e, -2cr+cr ], (4.78)

substituting equations (4.76 - 4.78) into equation (2.19), we then obtain;

' =(a + B)CL, +(1-a —28-(At)K)C] + BCL,, (4.79)
forall 1<i<m 1.

For i=0, we plug the known value of the left boundary by arranging C”, =C" —(Ax) f
in equation (4.79) on the right-hand side. We obtain;

Cn+1 [1 0! =283 - At K]C”+[3ﬂ+0[ ]Cﬁrl

i ) (4.80)

Similarly, for the right boundary condition, for i=M", the known value of the right
boundary conditions is approximated as C,,,, =Cy,_, +(Ax) f in equation (4.79) and,

by rearranging, we obtain;

n+l n n
Ct =] +2B) Crrey H 1=0) ~ 28~ (A)K |C, @.81)
+B(Ax) f,
At n n At ~n . ~n .
where f=D——, A" =u’'—  and u~u which u; are obtained by the Crank-
(Ax) Ax

Nicolson method with the hydrodynamic model.

4.3.3 The Lax-Wendroff methods
Consider the numerical techniques form [9] for the advection-dispersion-
reaction equation; the Lax-Wendroff scheme is considered by the following

discretization;

8C Cin+l _Crin

TR (4.82)
8C li,, (Cin _Cin—l) +(l_/1i,,)(ciil _Cin—l) ’ (4.83)
o Ax 2Ax

’C 1 . 0w,

. = — [ -2+, (4.84)

substituting equations (4.82 — 4.84) into equation (2.19), we then obtain;
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crl = %[a[” (e ) +2/3} Cl+[1-a) —28-(A)K]C;

’ i 2 (4.85)
+3|28-ar~(ar) |l

forall 1<i<Mm —1.
For i=0, we plug the known value of the left boundary by arranging

L =0

i+1

—(Ax) f in equation (4.85) on the right-hand side. We obtain;

cr =[1 (e —2ﬂ—(m)1<]q" +[2p]C,
_%[a;’ —(a) + 2ﬁ](Ax)f.

(4.86)

Similarly, for the right boundary condition, for i=M, the known value of the right
boundary conditions is approximated as Cj,,, =C;,_, +(Ax) f in equation (4.85) and,
by rearranging, we obtain;,

cri=[2p]cr, +[1 —(a{’ )2 _2ﬂ—(At)K]Cin

1 n n 7 n (4.87)
+5|:2ﬂ_ai _(ai ) ]Ci+1’
At AV =7 Y. ¥ .
where f=D——, A" =u’'—, and u~u which u are obtained by the Crank-
(Ax) Ax

Nicolson method with the hydrodynamic model.

4.3.4 Numerical experiments and results

We use the velocity of water from the hypodermic model in section 4.1 as
input for the dispersion model to for approximate the pollutant concentration, and
obtain the four points explicit upwind methods in equations (4.72), (4.73), (4.75), the
upwind explicit methods in equations (4.79 - 4.81), and the Lax-Wendroff methods in
equations (4.85 — 4.87). We suppose that the measurement of pollutant concentration
(km / m3) in a non-uniform stream at time (sec) is considered. A stream is aligned with
longitudinal distance, 1.0 km total length. There is a plant which discharges waste
water into the stream, and the pollutant concentration at discharge point with the

initial condition and the boundary conditions are agreeable as C(0,7)=0.4+sin(¢)
km/m® at x=0 for all >0, and Z—C(l,t)zl km/m® at x=1 for all £>0, and
x

C(x,0)=0 km / m’at t=0. In the analysis conducted in this experiment, we use the
physical parameter of the stream system as being diffusion coefficient D =0.02

(mz/s). The approximation of pollutant concentrations of all methods, where
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Ax=0.2, Ax=0.1and Ax=0.05, are shown in figure 4.25, figure 4.26, and figure 4.27,
respectively. It can be seen that the trend of results from the three methods are
similar; when we choose a small Ax, the graph will gradually smooth upwards. Table
4.22 shows the stable of the four points explicit upwind methods, the upwind explicit
methods, and the Lax-Wendroff methods. We can see that, if we choose Ar=0.2 and
Ax=0.06, then the solution of the four points explicit upwind methods and upwind
explicit methods are unstable but the Lax-Wendroff methods is stable. Consequently,
the Lax-Wendroff methods gives better results than the four points explicit upwind

methods and upwind explicit methods.

Table 4.1 stability of the three methods appoximate solutions

Af Ax four points explicit | upwind explicit | Lax-Wendroff
0.2 stable stable stable
0.1 stable stable stable
0.005
0.05 stable stable stable
0.02 stable stable stable
0.2 stable stable stable
0.1 stable stable stable
0.05
0.05 unstable stable stable
0.04 unstable unstable stable
0.2 stable stable stable
0.2 0.1 unstable stable stable
0.06 unstable unstable stable
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Chapter 5

Discussion and Conclusion

5.1 Discussion

For the water quality measurement model in a uniform flow stream, there were
two simulations of released water pollutant concentration. [11] had a numerical
solution of the advection-diffusion equation with a third-order upwind scheme, which
is different from our work. In this study, to simulate the one-dimensional water quality
model, we assume that there is a mass decaying rate (K ) for the absorber of the
pollution concentration. We consider water pollutant concentration that decreased
the mass decaying rate in our system problem, increased the mass decaying rate in
our system problem, or did not change the mass decaying rate in our system problem.
The comparison of approximated solutions of the explicit methods, the Crank-Nicolson
methods, the implicit methods, and the modified Siemieniuch-Gladwell methods with
advection-diffusion-reaction show that the explicit methods and the modified
Siemieniuch-Gladwell methods are in ¢ood agreement with the analytical solutions, as
shown in table 3.3 and figure 3.1 for simulation A. In simulation B, the explicit methods
are in good agreement with the analytical solutions. The approximate solution and the
exact solution for the ideal problem are compared. It turns out that the numerical
computations give good agreement solutions by the illustrated examples. In simulation
A, from figure 3.4 -3.6 for K =1, the concentration is lower than K =0.05, K =0.06.

In simulation B, from figure 3.9 — 3.10 for K =0.1, the concentration is lower than

K =0.05.
For the water quality measurement model in a non-uniform flow stream, finite

difference techniques for the hydrodynamic model, we use the speed from the
hydrodynamic model due to the hydrodynamic model describing water current and
elevation by using the system of shallow water equations as the conservation of mass
and conservation of momentum, which corresponds to real-world problems. We input
velocity of water from the hydrodynamic model into the dispersion model. For the
numerical simulation of the hydrodynamic model, we used the Crank-Nicolson
methods and assume the mass decaying rate in our system problem corresponds to

real-world problems. The comparison of the elevation of water and the velocity of



102

water with various mass decaying rates are shown in figure 4.8 and figure 4.9; we can
see that the velocity of water levels decreases when 20 seconds have passed. Real-
world problems require small amounts of time intervals in order to obtain accurate
solutions. Unfavorably, the analytical solutions of the hydrodynamic model can not
be found over every domain. This also implies that the analytical solutions of the
dispersion model can not work out at any point in the entire domain in either [20] and
[22].

Finite difference techniques for the dispersion model are conducted by using
third-order upwind schemes; the water pollutant concentration model is presented
and the velocity of water from the hydrodynamic model is used. We divide the water
pollutant concentration data into three cases. In Case |, we assume that at the end of
the river there is a decrease in the rate of change of pollution concentration, such as
may be caused by a septic tank at the end of the river. In Case Il, we assume that at
the end of the river there is no rate of change of pollution concentration (rate of
change = 0). In Case lll, we assume that at the end of the river there is an increase in
the rate of change of pollution concentration, such as may be caused by factories
releasing waste water at the end of the river, causing increased pollution
concentration. In the three Cases, for a more realistic problem, the mass decaying rate
is added in to the domain. The finite difference methods, such as the four points
explicit upwind methods, the third order Crank-Nicolson methods, and the four points
implicit upwind methods are used so, by figure 4.12 - 4.24, we can see that the mass
decay rate of pollutant matter can reduce the concentration in a non-uniform stream.

Finite difference techniques for the dispersion model are conducted by using
explicit methods; the water pollutant concentration model is presented. We input the
velocity of water from the hydrodynamic model into the dispersion model. The finite
difference methods, such as the four points explicit upwind methods, the upwind
explicit methods, and the Lax-Wendroff methods, can be used to estimate the water
pollutant concentration. Also, it is appealing that the grid spacing is different, so the
Lax-Wendroff methods are chosen because, when making comparisons with the four
points explicit upwind methods and the upwind explicit methods, in some cases, the
solutions for the four points explicit upwind methods and the upwind explicit methods

are unstable, while the solutions for the Lax-Wendroff methods are stable. Hence,
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the Lax-Wendroff methods provide a better result than the four points explicit upwind

methods or the upwind explicit methods.

5.2 Conclusion

The finite diference techniques for the one-dimensional water quality model
are proposed. The approximate solutions and the analytical solutions for the problem
are compared. It turns out that the numerical computations are in resonable
agreement with the solutions obtained using illustrated simulations. Figures 3.1 - 3.10,
show that, when the mass decay rate increaces, the concentration in a uniform flow
stream can reduce.

We then combine the hydrodynamic model and the convection-diffusion-
reaction equation for an approximation of the pollutant concentration in a stream
when the velocity of the current is non-uniform. With the technique in this thesis, the
solution at each point in the stream when using the velocity of water and the pollutant
concentration at the discharge point can be computed. The technique constructed in
this study can respond to the aspects of the stream in two varied external inputs,
which are the level of water and the pollutant concentration at the end of the river.
All of the four points explicit upwind methods, third order Crank-Nicolson methods,
and four points implicit methods can be used in the dispersion model; we consider
that the proposed technigue is applicable and economical due to its simplicity to
program and the straightforwardness of the implementation. It is also possible to find
tentative better locations and better periods of time for the different discharge points
in the stream.

We have employed explicit finite difference methods to the dispersion model
in a stream while there are two different external factors, the velocity of water and
the discharged pollutant. Three explicit finite difference techniques are economical. It
is shown that the Lax-Wendroff methods are more stable than the upwind explicit

methods and the four points explicit methods.
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1 Introduction

The mathematical simulation is an important method to detect the water
quality assumption in consideration area. There are many people using the nu-
merical scheme for approximating direction advection diffusion reaction equation
by using the finite difference method [I]. [2], [3], [], [3] and [6]. The numerical
techniques for solving the uniform flow of stream water quality model, especially
the one-dimensional advection diffusion reaction equation, are presented in [7]-[111.
In the recent year, the water quality model in a nonuniform flow of stream, one-
dimensional hydrodynamic advection diffusion reaction equations is presented in
[12] by using the fully implicit schemes are propose. In this research, we used the
finite difference technique to approximate the pollutant concentration in a uniform
flow stream using an upwind implicit scheme.

2 The governing equation

A one-dimensional water quality model is described the mass transport and
diffusion processes. It can be modeled in the advection-diffusion-reaction equations
(ADRES).

de % 9%

- MR = Jid ; : T 2.
5t+u5m Dam2 Ke, S BGON N gt T (2.1)

where ¢ (, ) is the pollutant concentration (kg/m?) of water at the displacement
xz (m) and time ¢ (s) for all (z.1) € (0, L) x (0,7, w(z,t) is the velocity in =
direction (m/s), D is the diffusion coeflicient (m?/s) and K is the mass decaying
rate (s~1) with the potential pollutant concentration as the initial condition,

c (e R/ 0 s 570 (2:2)
and the released pollutant concentration on the left boundary and the right bound-
ary

(0,t)y =g (1), R b< T, (2.3)
(Bf) =h{t); s iy (2.4)

the initial condition and the boundary conditions are illustrated in Fig. 1.

3 Numerical Techniques

We consider both implicit and explicit methods to approximate the solution
of the advection-diffusion-reaction equations (ADRESs).
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ol0.1) = g(1) ! ! o(L.1) = hir)

elx.0) = flx)

Figure 1: The initial condition and boundary conditions.

3.1 A third-order finite difference schemes

The solution domain of the problem is covered by a mesh of grid point « (w;, {y,)
by z; = Az, ¢ =0,1,2, ..M, and t,, = nAt, n =0,1,2, ..., N, where =, and 1,
are parallel to the space and time coordinate axes. We can approximate e (x;, t,,)
by ¢, value of the difference approximation of e(2,t). The constant spatial and
time inerement grid-spacing are Az = L/M and At = T'/N. From [T3], we get the
lollowing discretization, the time derivative { = nd(l by using forward-difference,
AT JirkL 1
WA i (3.1)
o At
to approximate the advective term in the advection diffusion reaction equation
which incorporate temporal weight parameter (¢), near the lelt boundary, for
1=12,

de U 0 < & - ‘
u% == @[@(-11(5 S} 18(:_3-':1' — 9(:1-_;_"21 + 2(:5'_:'3')
+(1 —d)(=11ef+ 18ey 4 — 90 o & 2(:‘;‘_'_3)]? (3.2)
interior nodes of the solution domain, for i =3, ..., M — 2,
e u :
ug R s lP(EF HBe o e i 2
+(1 — ®)eimg = beiq + 37 £.2¢7,)], (3.3)

near right boundary, for i = M — 1

e 1
u% ~ ﬁ[@(—zc?_ji + 9L — 1800+ 41104
+(1 — @) (—2ci 5 + 9 5 — 18c] ; +11c}')], (3.4)
the diffusive term by using central-difference scheme,
82 ¢ D Ti T T b
r = 6 4 =267 6514 (3.5)
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We can assumable each term by substituting Eqs.([3.1{3.5) into Fq.(2.1), we obtain

the computed solution near left boundary, for i = 2,

gt = (1 - KAt - —(“r[o(l&’:_'ll =9l + 2t

(]

+ (1 —¢)(-11c} + 18}y, — 9eyn + 2"-?;+;s)J

Cr 11
B[y = 260 EE /(1= Crg). (3.6)

+

Interior nodes of the solution domain, for i =3, ... M — 2,

s
G = (1 —EAt)e) = 2Crlo(e]; =674 +2¢ 7

+ (1 =) (e 5 =6 | + 3 4 2¢ )]
Cr

+ P—[ B 2 e N M %wa‘;). (3.7)

Near the right boundary, for i = M — 1,
, 1
AT = (1 — KAt)e! — EC rlo(—2e) + 9 — 181
+(1=p)(=2c 4 + 9, — 18('}" 11

C.Ib T k3 s ¥
Pe o=—2c /¢ 1+1])/(1 ‘l‘ C’“O) (3.8)

“T‘M 18 Peclet number

where Cr = uA—‘}‘f is Courant number (dimensionless), Pe =
(dimensionless) and ¢ € {0,0.5,1}.

3.2 The modified Siemieniuch-Gladwell implicit scheme

The modified Siemieninch-Gladwell technique for solving the one-dimensional
advection diffusion reaction Eq.(2.1) following:

de (2%{ —C-r) ( gl c:._’-_|> (2—2%’ v m) ( e ﬂzgt)
T | N At
ot 4 At 2 At
g Cr +1 o
+ zﬁ -Cr ;L—Fl £+] . (:_;AQ)
4 At

de O il —ebh
— = ; 3.10
dx ( 4Ax 3 4Ax (#10)

i‘?" g i C?:l] T n.+1 +Cu+1 + } (—'?4»1 —2¢ ” + (4, 1) ! [3.11)
z2 2 (Aa,) 2 (A;L)
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substituting Eqs.(3.943.11)) into Eq.(2.1), we have

i LG Cr ] Cr -
—Crel 4+ (24 Pe) ' = (QPT) A+ (2 A Fo—2K A) c
)
+ (2 P: - Pe.) B s (3.12)

fori=1,2,...,.M —1.

4 Numerical Experiments

Example 1. The analytical solution to the one-dimensional advection-diffusion in
a region bounded 0 <z <1 is taken from [I3] and given,

0.025 (2405 1)?
(2,1) = e | — e | Al
e(z?) 0‘000525+0‘02z“qj[ (0.00125 4 0.004t) | (4.9

the initial condition

21 AN, (24 0.5)? 5
RO SAD [ 0.00125 |’ (4%
and the boundary conditions
0.025 (05 — )2
ik \/0‘000625—#0.02{,6)([)[ (0.00125 + 0.004%) | ° (48]
0.025 (15— )2
(1, 1) = wep | — . 4.4
A ¢) \/0,0006254—(].0260){[)[ (0.00125 + 0.004%) )

In the analysis conducted in this study the various parameters used are D =
0.01 m?/s, w = 1 m/s, meshes the stream into 50 elements with the space step
and time step are Az = 0.02 m and At = 0.002 s, respectively. Using a third
order finite difference scheme Eqs. and the modified Siemieniuch-Gladwell
method Eq. to obtain the pollutant concentration (e, t) in each point at all
time on a uniform flow stream. As can see from Eqs.(3.043.8]), ¢ = 0 the formula
corresponding to the explicit expansion of the advective term, ¢ = 1 the formula
corresponding to the explicit expansion and ¢ = 0.5 the formula corresponding
to the Crank-Nicolson scheme. The approximation of pollutant concentrations ¢
of all schemes are shown in Table 1- Table 4. The comparison of approximated
solutions of an explicit, an implicit, the Crank-Nicolson schemes, the modified
Siemieniuch-Gladwell with advection diffusion reaction are shown in Fig. 2.
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Table 1: The computed pollutant concentrations c(x,t) (kg/m?®) when K
=0.01 (s71).

The concentrations at T=1 s

Solution technique 0.00 0.20 0.40 0.50 0.60 0.80 1.00

Explicit 0.0004 0.0184 0.1392 0.1827 0.1410 0.0143 0.0004
Implicit 0.0004 0.0179 0.1151 0.1459 0.1193 0.0222 0.0004
Crank-Nicolson 0.0004 0.0182 0.1267 0.1632 0.1300 0.0188 0.0004
Siemieniuch-Gladwell ~ 0.0004  0.0194  0.1387 0.1733 0.1335 0.0207 0.0004

Table 2: The computed pollutant concentrations c(z, t) (kg/m?) when K
=01 (s,

The concentrations at T=1 s
Solution technique 0.00 0.20 0.40 0.50 0.60 0.80 1.00

Explicit 0.0004 0.0194 0.1386 0.1733  0.1334  0.0207 0.0004
Tmplicit 0.0004  0.0194 0.1386 0.1733  0.1334 0.0207  0.0004
Crank-Nicolson 0.0004 0.0194 0.1386 0.1733  0.1334  0.0207 0.0004
siemieniuch-Gladwell — 0.0004 0.0189  0.1327 0.1650 0.1265 0.0195 0.0004

Table 3: The computed pollutant concentrations c(z,t) (kg/m?) when K
= 0.5 )

The concentrations at T=1 s
Solution technique 0.00 0.20 0.40 0.50 0.60 0.80 1.00

Explicit 0.0004  0.0161 0.1119 0.1430 0.1081 0.0107  0.0004
Tmplicit 0.0004  0.0156  0.0928 0.1144 0.0915 0.0165  0.0004
Crank-Nicolson 0.0004  0.0159  0.1020 0.1279 0.0997 0.0140 0.0004
Siemieniuch-Gladwell 0.0004 0.0170 0.1114  0.1356 ~ 0.1023 0.0154  0.0004

Table 4: The computed pollutant concentrations c(at) (kg/m®) when K
=%l ¥

The concentrations at T=1 s
Solution technique 0.00 0.20 0.40 0.50 0.60 0.80 1.00

Explicit 0.0004 0.0140 0.0902 0.1121 0.0830 0.0080  0.0004
Tmplicit 0.0004 0.0136 0.0748 0.0898 0.0703 0.0122 0.0004
Crank-Nicolson 0.0004 0.0138 0.0822 0.1003 0.0765 0.0104 0.0004
Siemieniuch-Gladwell  0.0004 0.0148 0.0896 0.1062 0.0785 0.0115 0.0004
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Example 2. The analytical solution to the one-dimensional advection-diffusion
equation of a Gaussian pulse of unit height, centred at g = 1 in a region bounded
0 < a < 9is taken from [I4] and given,

1 (2 — mg — ut)?
clet) = —exp | ————+-—""—| . 4.5
L p[ Dt+1) | (25)

the initial condition

e(2.0) = exp [-@} ; (1.6)

and the boundary conditions

c(U, 1) =

1 : (—1— dt)?
w, =) ) [‘m} ’ N\

: B 10 aes. / FEED ut)? .
¢(l,t) = \/‘u—_f—l\,}cp [ D{t+ 1)} ) (4.8)

The values of the various parameters used D = 0.005 m?/s, u = 0.8 m/s, meshes
the stream into 450 elements with the space step and time step are Az = 0.02 m
and At = 0.002 s, respectively. The approximation of pollutant concentrations ¢
of all schemes are comparison,the solution are obtain an explicit, an implicit, the
Crank-Nicolson schemes and the modified Siemieninch-Gladwell with advection
diffusion reaction are shown in Fig. 3.

5 Discussion and Conclusion

The one-dimensional advection-diffusion-reaction equation can be used to de-
scribes the pollutant concentration in a uniform water channel. The cross sectional
average of pollutant concentration for each point in the flat bottom is considered
in this research. Finite difference techniques for the one-dimensional water-cuality
model are propose. The approximate solution and the exact solution on the ideal
problem are compared. [t turn out that, the numerical computations give good
agreement solutions by illustrated examples.

Acknowledgement : This paper is supported by the Centre of Excellence in
Mathematies, the Commission on Higher Education, Thailand. The authors greatly
appreciate valuable comments received from the anonymous reviewers.
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A Couple Mathematical Models of the Water
Quality Measurement in a Stream using Upwind

Implicit Methods

Piyada Phosri, Nopparat Pochai

Abstract— Two mathematical models arc used to simulate
water quality in a non-uniform flow stream. The first model is
a hydrodynamic model, which provides the velocity ficlds and
elevation of water by using the Crank-Nicolson methed. The
second model is a dispersion model, where the governing factor
uses advection-dispersion-reaction equations to provide the
pollutant concentrations. The first model and second model are
formulated as one-dimensional equations. At each step, the
first calculated flow velocity fields of the hydrodynamic model
are the input into the dispersion model. The finite difference
methods are proposed to solve the dispersion model a four
points explicit upwind schemes, a third order Crank-Nicolson
schemes, and a four points implicit methods, which give the
approximated pollutant concentrations. Finally, we present a
numerical simulation of all schemes, so as to illustrate their
applicability to real-world problems. The proposed technique
is applicable and economical to be used in real-world problems
due to its simplicity to program and the straight-forwardness
of the implementation. It is also possible to find tentative better
locations and better periods of time for the different discharge
points of a stream.

Index Terms—
dimensional,
reaction,

Finite differences, water quality, one-
hvdrodynamic  model, advection-dispersion-

1. INTRODUCTION

ATER pollution is a major problem; everyone should

be aware of this problem. Monitering water quality
can be achieved by field measurement and calculation of
data of water current in cach position and time. Another way
is a mathematical simulation. A water quality model in a
non-uniform flow stream must include velocities and
clevations. The modeling used in a non-uniform (low strcam
is hydrodynamic model in a one-dimensional shallow water
cquation, and a dispersion model in an advection-dispersion
equation.

There arc many numerical techniques available for
solving such modcls. [1] presented a hydrodynamic modcl
and a dispersion model with the finite element method to
solve a steady water pollution control to achieve minimum
cost. [2], finite element methods were used in a
hydrodynamic model and a dispersion model to simulate
pollution in the Bay of Santander. In 2009, [26] presented

Manuscript received September 30, 2019; revised March 27, 2020,
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Ladkrabang, Bangkok 10520, Thailand and Centre of Excellence in
Mathematics, Commission on Higher Fducation (CHE), Si Ayutthaya
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a thrce-dimensional numerical model with the turbulent
Reynolds Stress Model (RSM) and a non-uniform  grid
system was used to examine the effects of a double tandem
obstacle cubic on the development of the incoming flow.
The results obtained configuration make possible the
description of the dynamic and masscs features and the
determination of the velocity ratio effect on the pollutant
distribution. Tn 2010, [27] studicd Pad¢ schemes for the
numerical solution of two-dimensional diffusion equations
with nonlocal boundary conditions, The numerical results
show that these Padé schemes are efficient and provide very
accurate results, In 2015, |28] mathematical model is used to
air flow and pollutant dispersion in an Urban Street Canyon
with Steady Wind Boundary Conditions (SWBC) and
developed the Fluctuating Wind Boundary Conditions
(FWBC). Three dimensional (3D) numerical simulations are
performed using Large Eddy Simulation (LES), the results
of FWBC produces more realistic results when compared to
the frequently employed SWBC. In 2018, [29] proposed
numerical developments on the coal combustion and
gasification by using CFD (Computational Fluid Dynamics)
techniques with an Eddy Break Up (EBU) model. The
results of the simulation show that the H2 and CH4 products
from the gasification are significantly higher than those
from the combustion. This particle model can thus be
considered for [further investigalion for various coal
combustion and gasification applications. |3-7], proposed
numerical techniques 1o solve a uniform flow of slream
water quality model, especially the one-dimensional
advection-dispersion-reaction equation.

Most non-uniform flow models require data concerned
with the velocity of a current at any point and any time in a
domain. The hydrodynamics model provides flow velocity
fields and elevation of the water. In |1, 9-13|, the
hydrodynamics model was used Lo approximate the velocity
of water currents, and the advection-dispersion equation to
simulate pollutant concentration in bays, uniform reservoirs,
and streams. In all the numerical techniques, the explicit
finitc differencc methods and implicit [initc dilfcrence
metheds are mostly used for one-dimensional domains such
as in longitudinal stream systems |14, 15].

Mathematical models are used to simulate water quality
in a non-uniform water flow systems. The first is a
hydrodynamic model that provides velocity field and
clevation of waler, and the second is a dispersion model that
gives the pollutant concentration. Twin models are
formulated in one-dimensional equations. The traditional



Crank-Nicolson mcthod is also uscd in the hydrodynamic
model. At each step, the flow velocity fields calculated from
the first model are the input into the second model as the
field data, presented by [10-13, 16-17]

In [11], numerical techniques were used to solve the non-
uniform flow of stream water quality model with one-
dimensional advection-dispersion-reaction equation by
using the fully implicit scheme: Crank-Nicolson method for
the hydrodynamic model, and backward time central space
(BTCS) for the dispersion model. [16], used the Crank-
Nicolson method to solve the hydrodynamic model, and the
explicit Saulyev scheme used to solve the dispersion model.
In [17], the Crank-Nicolson mcthod was used in the
hydrodynamic model and a modified MacCormack method
used in the dispersion model for one-dimensional advection-
dispersion-reaction equation,

Most researches on finite difference method have
considered numerical accuracy and stability. There are
several high-quality numerical schemes; [18] proposcd a
numerical  dispersion by introducing an  up-stream
interpolation method, namely, QUICK (Quadratic Upstrecam
Interpolation Convective Kinematics), for one-dimensional
unsteady flow. [4] proposed simple revisions to these
schemes that make them more accurate without significant
loss of computation efficiency. [19] presented a third-order
upwind difference that is used for the convection terms of
the convection-diffusion equation. |20|, proposed a third-
order upwind scheme [or the convective terms ol shallow
water momentum equations. [21] used a third-order upwind
scheme for the advection-diffusion equation using a simple
spreadsheets simulation.

The data of the water flow velocity derived from the
hydrodynamic model arc used for the dispersion model with
advection-dispersion-reaction equation, which provides the
pollutant concentration field. The term of friction forces,
due to the drag of sides of the stream, is considered. The
theoretical solution of the model at the end point of the
domain, which guarantecs the accuracy of the approximale
solution, is presented in [10-11, 16-17].

In this research, the hydrodynamic model and dispersion
model are used to describe water flow and water pollutant
concentration. A couple of mathematical models are used to
simulate water-quality in the problem. The stream has a
simple onc spacc dimension, as shown in Fig. 1; avcraging
the equation over the depth, discarding the term due to
Coriolis force, it follows that the one-dimensional shallow
water and advection-diffusion-reaction equations are
applicable. The first model is the hydrodynamic model that
provides the velocity ficlds and clevation of water. The
Crank-Nicolson method is used in the hvdrodynamic model.
Al cach slep, the Mlow wvelocily ficlds calculated [rom the
first model arc the input into the sccond model as the field
data. The second model is the dispersion model that
provides the pollutant concentration fields. We use a four
points explicit upwind schemes, a third order Crank-
Nicolson schemes, and a four points implicit schemes to
approximatc the concentration [rom the dispersion modecls.
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Water surface

Bottom topography

Fig. 1. The shallow water system
1. MODEL FORMULATION

A. The Hyvdrodynamic Model

The continuity and momentum equations are governed by
the hydrodynamic behavior of the stream, which are
described by one-dimensional shallow water equations
obtained by integrating the Navier-Stokes equations over the
flow depth; under the assumptions discarding diffusion of
momentum due to turbulence and discarding the terms due
lo [riction and wind [1, 10-14, 22], wc obtain the one-
dimensional shallow water equations;

7.4 A

ARy [(h+¢mu]=0, (1
du ac

M o

7, T @

where x is the longitudinal distance along a stream (m),
time ¢ (s), h(x) is the depth mcasured from the mean
waler 1o the bed of reservoir (m), £(x,#) is the clevation

from the mean water level to the temporary water surface
(m/s), and u(x.r) are the velocity components (m/s), for all

xe[0.4.] We assume that # is a constant and <<h .
Then (1) and (2) become;

,‘
cn—g+h4£:0, 3)
of ox
uac
—+g—==0 4
= T8 (4)

We will transform (3) and (4) into non-dimensional [23], by

letting /' =uiyfgh, Y=yil, X=x/I, Z=¢/h and
T=t/gh /1. Substituting into (3) and (4) leads lo;
oz ou
—_— =0, 5
o - ax )
oU o8z
+—=0. 0
ar " ax ©

|10 — 11, 16], introduced a damping term —U into (6). We
now introduce a damping term -KU (6) to represent
frictional forces duc to the drag of sides of the stream, thus;

8Z U

—+—=0, 7
ar  ox @



U B
U 2 i,

ar ex ®

where 0< K <1, with the initial conditions at r=0 and
0< X <1 being specified: Z=0 and U =0, The boundary
conditions for />0 are specified: Z=¢" at X =0 and
oz .

cE:o at X =1. The system of (7) and (8) is called the

d
damped hydrodynamic equations.

B. A Non-dimensional form of the Damped Hydrodynamic
Model

In order to solve damped cquation in [0.1]x[0,T], for

favorable using wu,d for U and Z , respectively;

ou  od

DT o, 9
R ©
o Oy, (10)
ot cx

with the initial conditions u=0,d=0 at t=0, and the

boundary conditions d(0.7)= f(¢), and %:0 Al T=1]

C. Dispersion Model

The stream water qualily model can be described by one-
dimensional advection-dispersion-reaction equations (ADREs).
A simplificd representation by averaging the cquation over
the depth is shown in [3 -5, 7, 11 = 13] as;

A = 52
of § &3 5F

- oo 2
it v A

- KC, (11)

where C(x,t) is the concentration averaged in depth at
the point x and af time ¢, D is the diffusion coefficient,
K is the mass decay ratc, and wu(x,?) is the wvelocity
component, for all x E[U,L]. We will consider conditions in

this model following. The initial condition C(x.0)=0 at
t=0 for all x>0, The boundary conditions C(0,1) =, at

o N, .
x=0,and P Y C, at x=1 where C, is a conslani.
a

ITI. CRANK-NICOLSON METHOD FOR
THE HYDRODYNAMIC MODEL

The hydrodynamic model provides the velocity field and
clevation of the watcr. Then, inpul the results from the
hydrodynamic model into the dispersion model, which
provides the pollutant concentration field. In this section, we
will follow the numerical techniques of [10]. To find the
water velocity and water elevation from (9) and (10), we

make the following change to variables v=¢"u  and
represent into (9) and (10). Then we have,

& ,6d

a2 o

e =0, (12)

ad . év

— —=0. 13

a ¢ (13)

From (12) and (13) can be writien in the mairix form
v 0 v 0
[l Je) ) a9
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That is
U, + AU, =0, (13)
where
0 &
A=L i 0}’ (16)
& &
U= "J. Y= & {” = &, an
dl\a), |ad|\a) |ad
it o

with initial condition &,»=0 at 1=0. The left boundary

conditions for x=0,/>0 is specified: d(0,/)=sins and
%=—e*’cosr. and the right boundary conditions [or

ad

x=Lt>0 is specified: F_ZO and v(0.6)=0. We now
X

discretize (15) by dividing the interval [0, 1] into M
subintervals, such that MAx =1, and the interval [0‘ T] into
N subintervals, such that NAr=T. We can then
approximate d(x,,) by d', valuc of the difference
approximation of (x.t) at point x=iAx and ¢ =nAt, where
0<i<M and 0<p<N, and similarly defined for v and
0. The grid points (x,.z,) are defined by x =iAx for all
i=012...M and t, =nAl for all #=0,12,....N, in which
M and N are positive integers. Using the Crank-Nicolson

mcthod [ 23] with (15), the following finilc diffcrence
cqualion can be oblained;

] 1 1 n
[I—ZKA[{A‘_ +V, ) o ]:[Hzm[(/\, +V )], } (18)
where

K
o :{ ¢ J AU =T =07 Nt =10 =T, a9

"
&

i p ; At i
and [ is the unit matrix of order 2, and K=§. Applying

the initial and boundary condilions given in (12) - (13), the
general form can be obtained;

(;!rll{?"f! - E" Ij—n A% F"") (20)
where
1 0 0 x [r]”'l 0 0
4
%a;‘” 1 —Ea;’* 0 0 0
0 K I 0 0 K an
4 4
('\u¢l -
d En;’” 0 0 1 Eg
0 0 0 %a;”l 1
0 o Eam 0 0
L 4
(21




1 o 0 & o0 o0
4
——a 1 —d, 0 0 0
& g 1 b 0o Eg
4
=5 Es @ 0 1 Xy o0 ,
; 2%
o o o “Ex o1 Ey
4 4
o o Xz o o 1
L 4 J
I'Jr-‘"”
ni+l
gn o U:
Lyjnll
(22)
I A A Ko 1
y 7 'sin(z, )- a sini, )
~ K Axe cos(l, l)ffa;mce " eos(l,)
r § sl [y
= 0 v
0
L J
(23)

where a' =¢™  al=¢ and t =nAt forall n=012,- N,

IV. FINITE DIFFERENCE TECIHNIQUES
FOR THE DISPERSION MODEL

In this section, we consider the numerical techniques in
[21] for the advection-dispersion-reaction equation which
provides the pollutant concentration field. We can
approximate C(x.t,) by €7, the value of the difference

approximation of C(x./) at point x=iAx and ¢=nAi,
where 1<i<M, and 0<n<N. The grid point (x.z,) is
defined by x, =iAx for all i=0,1,2,...M, and r =nAr for
all n=0,1,2,...,N in which M and N are positive integers.

A Third-Order Upwind Schemes

We consider the numecrical techniques [21], using the
forward times central space scheme for the times derivatives
and the central difference for the sceond times derivatives,
respectively, as follows;
oc _ -t

it~ At 24)
il 1
—e——q,-2G+C, ], (25)
using a third-order scheme for the spatial derivative of
advection-dispersion-reaction equations, as given in [15].
For the boundary points, a four-point upwind formula may
be writlen, such that cither point to the Icfl or to the right is
considered in the finite difference approximation. Next, we
approximalte the spatial derivative for a [our points explicit
upwind schemes, a third order Crank-Nicolson schemes, and
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a four points implicit schemes at left boundary conditions,
respectively, as lollows;

ac 1
— =—| 117 +18C, —9C), + 2, |, 26
o = o[ UG +18C;, - 9G], + 2, ] (26)
ac _ 1 |-G +18CKT -9CTT + 2G5 o7
ax T 12Ax| 110 +18C2, —9C, +2¢0, |
oc 1 , ¢ p .
= 110 £ 18C™ - 90 £ 200 . 28
— =[G IR 90T 421 ] 28)
Al the interior nodes, as [ollows, respectively,
ac 1
—=—| ", =060, +3C"+ 207, 29
- S Ol = 6CH +3G7 42, ] 29
ol _gemrt L 30 oo
45:C EL g = i1 i NG (30)
B 12Ax[+C), —6CT +3CT +2C7,
aC‘J 1 m+1 i+l m+l T+l
== E[(“ -6 +3C + 2015 3D
At right boundary conditions, as follows, respectively,

aC 1 4

=—|-2C" , + 964, =18C", +11C" |, 32
= [ 20 + 96, ~I8C), +11CT ] (2)
oc § 1 =207 +9C7 =18C + 110 33)
& | 12Ax| 207, +9C7, —18C, +11C! o
oL 4 el h
s =2 1 9Cm —18C e 1N |. 34
éx 6Ar[ e e ':I G4

Ao A Four potnts Explicit Upwind Method
A four points explicit upwind schemes can be obtained so
that the technique does not rcquire the systems of lincar
equations. This technique is economical computer
implementation. Now, we take the explicit [inite dillerence
technique [21] into (11).
Al the lefi boundary, substituting (24) — (25) into (11), then
we obtain that;
Wil n "
oy N WG 1scm ol A4 ]
Az 6Ax (33)
<D G20 + G ] R
(Ax)”

where C= (7, u=a' and # are obtained by the Crank-
Nicolson method with the hydrodynamic model of (9), for

S S 0y oSO Mt p-D-2C  aa
(Ax)y

At
o _ g DL 15 p
A= saled (35) becomes;
CrH=pC +[1-2B-(Ank+ 1187 |C;
+[ﬁ—13[7’,"](1'21 —opCT,—2p'CP,

For i=0, plug the known value of the left boundary by
arranging C, =C; in (36) on the right-hand side. We

(36)

obtain;
G =[1-p-@ank+ 118 |C; +[ p-188, |C)
—95C - 25

Al interior, substituting (24) — (25) and (29) into (11). Then,
we obtain;

G = +[ﬁ + 5/;,"} 2l
+[1-28-38" - (Ak |G +[ B-28"|C..

At the right boundary, substituting (24) — (25) and (32) into
(11). Then we obtain;

(3N

(38)



O =280 +[ B-9B7|C, +188'CL,
+[1-2B-(ADk-118"|C} + BIC],..
For i=M , unknown value of the right boundary by
boundary conditions, we can let Cj,,, =C}, in (39) and, by
rearranging, wc oblain;
Cot=pnCy ool B-9HE 10
+I85Cry +[1- B—(ADK +118, ] C.

(39

(40)

B. A Third Order Crank-Nicolson Method

Consider the Crank-Nicolson method for the advection-
dispersion-reaction cquations. Take the Crank-Nicolson
scheme in [21] in (11).
At the left boundary, substituting (24) — (25) and (27) into
(11), then we have

G- [F1CT 8GR0 + 2(';’;;}
A 12Ax| —11C* o _ge "
! . Le? (180T, -9Cr, +2C7, @1
S ; (Gt —20 +Cr, | -kCy

where C=C7, w=a' and & arc obtaincd by the Crank-
Nicolson method with the hydrodynamic model of (9), for

At
all 1<isM and 0<as<N. Let f=D——  and
(Ax)
=] , 50 (41) becomes,
12Ax
(18118 16N+ 180 biaptenet 28/C
=fC; #1228~ (A)k+ s |C; (42)
+[p= 18 |CL 92 Cly - 267

For the left boundary condition, /=0, the known value on
the left boundary are approximated ', = C; in (42), we can
see that;
[1- R C¥ 180 o TR 4,20 X
= ACH+[1-28— (A +11eg | C) (43)
+[ 18 | C7 +9a)C - 20
At interior, substituting (24) — (25) and (30) into (11). Then
we oblain;
&/l =67 [1=30) | P + 2013
=[B-a |G, +60Cl,
+[1-28-(ar)k=3ar]C +[ B-24 |

(44)
(RN
Similarly. the right boundary condition, substituting (24) —
(25) and (33) into (11). Then, we get;
“2a)C +9alCl ~18a)C + [1411a) |7
=2aCT = 9" CTy + ACT
+1-28-(A) k-1 CF +[ B+18a | CL..
(45)
For i =M |, the known value on the right boundary condition
arc approximated C,,,, =C,, in (45), and by rcarranging, we
oblain;
RO AR, ~18e G, 4 [ 1 Tleg, |
=2l Ch . —9anCls + BCLY
+[1- B (AN)k +Ta, | C.

(46)
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C. A Four points Implicit Upwind Method

Consider the implicit method for the advection-
dispersion-reaction equations. Take the implicit scheme in
[21]in (11).
For the left boundary, substituting (24) — (25) and (28) into
(11). Then, we have;

G =G A e g ]
At GAx

D

Ty

47

[Cr—2¢7+C -k

H

where C=C, w=d and &' are obtained by the Crank-

Nicolson method with the hydrodynamic model of (9), for

Ar
all 1<isM, and 0<an<N. Let f=D——=, and
(Ax)”
gl=u At 50 (47) becomces;
i T12Ax ¥
=118 lem 18 _HC;:A?Q el g gl
[-T1ger +184°Cly 94 Cry +28/Cry _—

= BC +[1-28~(A0)k]Cr + BCL,.
For i =0, substituting the approximate unknown value of
the lefi boundary, we can let 7, =C) in (48), and by
rearranging, we obtain;
D ) lﬁa}]('l;w»l + lﬁﬂ[;'("]"“ e 9[)';(7;“ B 2ﬂé‘(:r+l
=[1=B=(A)k]| €] + .
At interior, substituting (24-25) and (31) into (11). Then we
obtain;
u(w_ljl —6 ),‘.rr(j;i\l_‘_ ]_3 i;” [ 1 +2 ;.(1;;\1
e 1eAC T ERIsm e 28 dL 50)
= BC +[1-2p—(M)K]C + C,
Similarly, the right boundary condition, substituting (24) —
(25) and (34) into (11). Then we get:
_2[1"(_-»;.-; g gﬁu("v'-n-w:l _lsﬁluqn_—-iw 4 I:l +1 lﬁ.u]('r;n-]
= O+ [1-28= (AK€ + BCT,.

(49)

(51

For i=M | the known value on the right boundary condition
are approximated €, = C), in (51), and by rearranging, we
oblain;

2y + 9B Gy ~ 18BUCL +[1+116, ]G 55
= POy +[1-B—(An)k]Cl.

V. NUMERICAL EXPERIMENTS

Suppose that the measurement of pollutant concentration
C (Kg/m¥) in a uniform stream at tme ¢ (sec) is
considered. A stream is aligned with longitudinal distance,
1.0 km total length. There is a plant which discharges waste
water into the stream, and the pollutant concentration at
discharge point is assumed in to 3 case;
case 1; C(0.1) =04 +sin(1) Kg/m® at x=0 forall >0, and

g(l,t):—o.ﬁ Kg/m® at x=1 forall />0, and C(x,0)=0
X

Kg/mial i=0.



case 2; C(0,1)=04+sin(r) Kg/m* al x=0 for all r>0,
and a—ﬁ;(u)ﬂ) Kgm? at x=1 forall />0, and C(x,0)=0
L&

Kgm®al (=0
case 3; C(0.£)=04+sin(s) Kg/m* at x=0 for all r>0,

ol
and 76(1,r)=1 Kg/m?® at x=1 forall >0, and C(x,0)=0
cx

Kg/m®at r=0,

The velocity of water at the discharge point can be described
as a function d(0.¢) :f(f]:0.4+|sin(t)| for all ¢>0, and
the elevation is not changed at x=1 km. In the analysis
conducted in this study, meshes the stream, using Ar=0.02,
and time increment with Ar=0.002. Using (20); for k=0,
we obtained the clevation of waler d(x,¢) in Table 1 and
Fig. 2. For k=-0.03, k=0, and k£ =0.02, can be obtained
the velocity of water u (x,z) in Table 24, and Fig, 3-5. The
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comparison of elevation and velocity at k=-0.03, k=0,
and k=002 are show in Fig. 6-7, respectively. The
physical parameter of the stream system is diffusion
coefficient D =0.02 m%/s.

Next the approximate water velocity can be plugged into
implicit and explicit methods such as four points explicit
upwind methods, third order Crank-Nicolson methods, and
four points implicit methods in (37, 38, 40), (43, 44, 46),
and (49, 50, 52), respectively. The approximation of
pollutant concentration C of all schemes at k=-1, k=0,
and k=002 are shown in tables 5-7, respectively. The
comparison of approximated pollutant concentrations, for
the above 3 cases at k=-1 of a four points explicit upwind
methods, a third order Crank-Nicolson methods, and a four
points implicit methods are show in Fig. 8-10, respectively.
Similar, for k=0, k=1 arc shown in Figs. 11-13, and 14-
16, respectively, [or the above 3 cases.

‘Table. 1. The elevation of water flow d(x,:] m/s whete Av=0.02, Ar=0.002 and k=0

1(sec),

x (km) =1} x=01 x=02 x=03 x=04 x=05 x=0.0 x=0.7 x=08 x=09 x=1.0
4 0.611858 0069780 -0.399759 -1.262317  -1.802668 -2.036578 0611858  0.069780 -0.399759  -1262317  -1.802668
3 0998543  -0.003519 -0.28G033  -0.784644 ~ -0.763727  -0.619346 0998543  -0.003519  -0.286033 -0.784644  -0.763727
12 0.693525 0.023939  -0.370754 -0.668179  -0.898352  -0.830130 0.693525 0.023939 0370754 -0.668179  -0.898352
16 0091507 0032294 0126321 0133233 0112515 0253000 0091907 0032294 -0126321 0133233  -0.112515
20 0813674 . 05539290 0.094939 -0305544 -0572990 -0.757749 0813674  0.553929  0.094939 -0305544  -0.572990

Table. IL. The water of velocity flow u (x, F) mts where Av=0.02, Ar=0.002 and k =-0.03

;(:z:) =0 g ol =02 $=03 1=04 SR NxL06 Wd07 =08 x=09 x=1.0
4 2610971  2.583252 2390045 2227666 1586067  0.998144  2.610971 = 2.583252  2.390045 = 2227666  1.586067
8 1042248 1056271 1121407 1145663 0984761 0678741 1042248 1056271 1121407  L145663  0.984761

12 0080940 0068841  -0.098776 -0.154091  0,108119  0.225758  0.080940  0.063841 -0.078776 -D.154091  0.108119

16 2.153967 © 2325972 2034130 1777823 | 1357201  0.964549 2153967 2325972 . 2.034130 = 1.777823  1.357201

20 1564799 1426739 1206481 1006457 0.656912 0454190 1564799 1426789 1206481 1006457  0.656912

‘T'able. 111. The water of velocity flow u {x,r} m/is where Ax=0.02, Ar=0.002 and k=0

:(;‘(‘2) x=0 =01 x=02 =03 Va=04 A x=05 x=06 =07 =08  x=09  x=10
4 2783345 2758803 2555691 2383197 1683867  1.040888  2.783345 2758803 2555691 2383197  1.683867
8 1027512 1043821 1431175 1184130 1043308 0723322 1027512 1043821 1131175 1184130  1.043308
12 -0.303511 -0.334003 —-0‘5(512 -—0.?373_42; L 11455 l.; _0.077;22 _-0.303511— -0—334005 =0.507012 0573429 0.145513
16 2860197 3145580 2767857 2406631 1797891 1207340  2.860197  3.145580 2767857 2406631  1.797891
20 1952418 1766613 1437037 1124076 0.655525 0378875 1952418 1766613 1437037  1.124076  0.655525

Table. IV. The water of velocity flow w(x,/) m/s where Ax=0.02, Ar=0.002 and & =0.02

ey *=U x=01  x=02  x=03  x=04  x=05 x=06  x=07 x=08  x=09  x=10
4 2905499 2883536 2673649 2494080 1753150  1.070405 2905499  2.883536  2.673649 2494080 1753150
8 1005656 1023729 1.129304 1206807  1.086476  0.760053  1.005656  1.023729 1129304 1206807  1.086476
12 0660111  -0.708516  -0.900420 -0.955795 -0.378749  -0.059094 -0.660111 -0.708516 -0.900420 -0.955795 -0.378749
16 3.530340 3.926361 3.473736 3.013550 2.222936 1.440886 3.530340 3.926561 3.473736 3.013550 2.222936
20 2.297546 2.071018 1.632631 1.205647 0.636155 0.295197 2.297546 2071018 1.632631 1.205647 0.636155
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Table. 5. The pollutant concentration €'(x,¢) Kg/ m’ where Av=0.04, Ar=0.2 and k =-1 of all methods for the above 3 cases.

t(sec), x (km) %= x=0.1 x=02 203 r=04 x=035 x=0.6 x=0.7 x=08 x=09 x=10
4 0.59866933 0.13388683 0.01275161 0.00042256 0.00000480 0.00000002 -0.00000007 -0.00000821 -0.00034787 -0.00543974 -0.03342089
case 8 0.78941834 0.27603853 0.06635899 0.01027764 0.00095667 0.00004886 -0.00002855 -0.00041859 -0.00345410 -0.01718876 -0.05318134
1 12 0.96464247 0.41556165 0.13773746 0.03450134 0.00635247 0.00081604 -0.00024938 =0.00211319 -0.00959469 -0.03090974 =0.07178201
16 1.11735609 0.56290780 0.22489454 0.072¥7117 0.01843115 0.00351607 =0.00070911 =0.00549082 -0.01828731 -0.04636889 =0.09096688
20 1.24147098 0.71802159 0.33000427 0.12473063 0.03892169 0.00933274 -0.00122330 -0.01073596 -0.02939539 -0.06373023 -0.11170083
four 4 0.59900000 0.13400000 0.01280000 0.00042300 0.00000480 0.00000002 0.00000000 0.00000000 0.00000000 0.00000000 0.00000000
points 8 0.78941800 0.27603900 0.06640000 0.01030000 0.00095700 0.00005010 0.00000148 0.00000003 0.00000000 0.00000000 0.00000000
explicit cazse 12 0.96464200 0.41556200 0.13773700 0.03450000 0.00636000 0.00085200 0.00007930 0.00000493 0.00000021 0.00000001 0.00000000
upwind 16 1.11735600 0.56290800 0.22489500 0.07217500 0.01850000 0.00375000 0.00059700 0.00007410 0.00000691 0.00000047 0.00000004
methods 20 1.24147100 0.71802200 0.33000800 0.12475900 0.03910000 0.01020000 0.00219000 0.00038900 0.00005640 0.00000669 0.00000099
4 0.59900000 0.13400000 0.01280000 0.00042300 0.00000480 0.00000002 0.00000014 0.00001640 0.00069600 0.01090000 0.06680000
8 0.78941800 0.27603900 0.06640000 0.01030000 0.00095700 0.00005260 0.00006160 0.00083700 0.00691000 0.03440000 0.10600000
c:;se 12 0.96464200 0.41556200 0.13773700 0.03450000 0.00636000 0.00092300 0.00073700 0.00424000 0.01920000 0.06180000 0.14400000
16 1.11735600 0.56290800 0.22489500 0.07218200 0.01850000 0.00423000 0.00321000 0.01120000 0.03660000 0.09270000 0.18200000
20 1.24147100 0.71802300 0.33001600 012481600 0.03940000 0.01190000 0.00902000 0.02260000 0.05900000 0.12700000 0.22340500
4 0.59900000 0.13300000 0.01270000 0.00042300 0.00000481 0.00000002 =0.00000007 -0.00000821 -0.00034800 -0.00544000 -0.03340000
case 8 0.78941800 0.27408500 0.06610000 0.01020000 0.00095500 0.000048580 -0.00002850 -0.00041900 -0.00345000 -0.01720000 -0.05320000
1 12 0.96464200 0.41168500 0.13672800 0.03430000 0.00632000 0.00081300 -0.00025000 ~0.00211000 -0.00959000 -0.03090000 -0.07180000
16 1.11735600 0:55727900 0.22289700 0.07162600 0.01830000 0.00350000 -0.00071200 -0.00549000 -0.01830000 -0.04640000 -0.09100000
20 1.24147100 0.71107600 0.32687400 0.12364400 0.03860000 0.00926000 -0.00124000 -0.01070000 -0.02940000 -0.06370000 -0.11170000
third 4 0.59867000 0.13350000 0.01274100 0.00042268 0.00000481 0.00000002 0.00000000 0.00000000 0.00000000 0.00000000 0.00000000
order 8 0.78942000 0.27408000 0.06605000 0.01024700 0.00095519 0.00005009 0.00000148 0.00000003 0.00000000 0.00000000 0.00000000
Crank- cc;se 12 0.96464000 0.41169000 0.13673000 0.03430600 0.00632720 0.00084902 0.00007916 0.00000493 0.00000021 0.00000001 0.00000000
Nicolson 16 1.11740000 0.55728000 0.22290000 0.07162900 0.01834700 0.00373340 0.00059422 0.00007387 0.00000689 0.00000047 0.00000004
methods 20 1.24150000 0.71108000 0.32688000 0.12367000 0.03872000 0.01011600 0.00217930 0.00038736 0.00005614 0.00000666 0.00000099
4 0.59867000 0.13350000 0.01274100 0.00042268 0.00000481 0.00000002 0.00000014 0.00001641 0.00069575 0.01087900 0.06684200
8 0.78942000 0.27408000 0.06605000 0.01024700 0.00095525 0.00005262 0.00006155 0.00083725 0.00690820 0.03437800 0.10636000
caqse 12 0.96464000 0.41169000 0.13673000 0.03430600 0.00633270 0.00092040 0.00073656 0.00424120 0.01919000 0.06182000 0.14356000
: 16 1.11740000 0.55728000 0.22290000 0.07163700 0.01841300 0.00420850 0.00320620 0.01120400 0.03659500 0.09273900 0.18193000
20 1.24150000 0.71108000 0.32689000 0.12373000 0.03913700 0.01182400 0.00901190 0.02263800 0.05895900 0.12748000 0.22340000
4 0.59866900 0.13311200 0.01272900 0.00042300 0.00000500 0.00000000 0.00000000 -0.00000800 -0.00034800 -0.00544000 -0.03342100
case 8 0.78941800 0.27213300 0.06574200 0.01021700 0.00095400 0.00004900 =0.00002900 =0.00041900 -0.00345400 -0.01718900 -0.05318100
1 12 0.96464200 0.40781100 0.13572100 0.03411100 0.00629700 0.00081100 -0.00025000 -0.00211300 -0.00959500 -0.03091000 -0.07178200
16 1.11735600 0.55165200 0,22090200 0.07108200 0.01819600 0,00347600 -0.00071400. -0.00549100 -0.01828700 -0.04636900 -0.09096700
20 1.24147100 0.70413100 0.32374700 0.12256000 0.03831400 0.00919200 -0.00125100 -0.01074000 -0.02939500 -0.06373000 -0.11170100
4 0.59867000 0.13311000 001272900 0.00042280 0.00000481 0.00000002 0.00000000 0.00000000 0.00000000 0.00000000 01.00000000
r".'" 8 0.78942000 0.27213000 0.06574200 0.01021700 0.00095368 0.00005006 0.00000148 0.00000003 0.00000000 0.00000000 0.00000000
i:::;:::?il cazse 12 0.96464000 0.40781000 0.13572000 0.03411100 0.00629940 0.00084632 0.00007900 0.00000492 0.00000021 0.00000001 0.00000000
sncthods 16 1.11740000 0.55165000 0.22090000 0.07108500 0.01822900 0.00371330 0.00059158 0.00007362 0.00000687 0.00000047 0.00000004
20 1.24150000 0.70413000 0.32375000 0.12259000 0.03848700 0.01004600 0.00216590 0.00038529 0.00005589 0.00000664 0.00000099
4 0.59867000 0.13311000 0.01272900 0.00042280 0.00000481 0.00000002 0.00000014 0.00001641 0.00069575 0.01087900 0.06684200
8 0.78942000 0.27213000 0.06574200 0.01021700 0.00095374 0.00005259 0.00006155 0.00083725 0.00690820 0.03437800 0.10636000
ca:e 12 0.96464000 040781000 0.13572000 0.03411100 0.00630490 0.00091770 0.00073640 0.00424120 0.01919000 0.06182000 0.14356000
: 16 1.11740000 0.55165000 0.22090000 0.07109300 0.01829600 0.00418850 0.00320360 0.01120300 0.03659500 0.09273900 0.18193000
20 1.24150000 0.70413000 0.32376000 0.12265000 0.03883400 0.01175400 0.00899910 0.02263700 0.05895800 0.12748000 0.22340000

LT



Table. 6. The pollutant concentration €'(x,t) Kg/ m’ where Ar=0.04, Ar=0.2 and k=0 of all methods for the above 3 cases.

t(sec), x (km) x=0 x=0.1 x=02 =03 x=04 x=0.5 x=0.6 x=0.7 x=08 x=09 x=10
4 0.59867000 0.13389000 0.01275200 0.00042256 0.00000480 0.00000002 -0.00000007 -0.00000821 -0.00034787 -0.00543970 -0.03342100
case 8 0.78942000 0.27604000 0.06635900 0.01027800 0.00095667 0.00004886 -0.00002855 -0.00041859 -0.00345410 -0.01718900 -0.05318100
1 12 0.96464000 0.41556000 0.13774000 0.03450100 0.00635250 0.00081604 -0.00024938 <0.00211320 -0.00959470 =0.03091000 -0.07178200
16 1.11740000 0.56291000 0.22489000 0.07217100 0.01843100 0.00351610 <0.00070911 =0.00549080 -0.01828700 =0.04636900 -0.09096700
20 1.24150000 0.71802000 0.33000000 0.12473000 0.03892200 0.00933270 -0.00122330 -0.01073600 -0.02939500 -0.06373000 -0.11170000
four 4 0.59867000 0.13389000 0.01275200 0.00042256 0.00000480 0.00000002 0.00000000 0.00000000 0.00000000 0.00000000 0.00000000
points 8 0.78942000 0.27604000 0.06635900 0.01027800 0.00095670 0.00005012 0.00000148 0.00000003 0.00000000 0.00000000 0.00000000
explicit cazse 12 0.96464000 0.41556000 0.13774000 0.03450100 0.00635520 000085173 0.00007932 0.00000493 0.00000021 0.00000001 0.00000000
upwind 16 1.11740000 0.56291000 0.22489000 007217500 0.01846400 0.00375360 0.00059688 0.00007412 0.00000691 0.00000047 0.00000004
methods 20 1.24150000 0.71802000 0.33001000 0.12476000 0.03909500 0.01018600 0.00219270 0.00038945 0.00005640 0.00000669 0.00000099
4 0.59867000 0.13389000 0.01275200 0.00042256 0.00000480 0.00000002 0.00000014 0.00001641 0.00069575 0.01087900 0.06684200
8 0.78942000 0.27604000 0.06635900 0.01027800 0.00095676 0.00005265 0.00006155 0.00083725 0.00690820 0.03437800 0.10636000
c:;se 12 0.96464000 0.41556000 0.13774000 0.03450200 0.00636070 0.00092311 0.00073672 0.00424120 0.01919000 0.06182000 0.14356000
16 1.11740000 0.56291000 0.22490000 0.07218200 0.01853100 0.00422850 0.00320880 0.01120400 0.03659500 0.09273900 0.18193000
20 1.24150000 0.71802000 0.33002000 0.12482000 0.03944100 0.01189400 0.00902460 0.02264000 0.05896000 0.12748000 0.22340000
4 0.59867000 0.13350000 0.01274100 0.00042268 0.00000481 0.00000002 -0.00000007 -0.00000821 -0.00034787 -0.00543970 -0.03342100
case 8 0.78942000 0.27408000 0.06605000 0.01024700 0.00095516 0.00004883 -0.00002855 -0.00041859 -0.00345410 -0.01718900 -0.05318100
1 12 0.96464000 041169000 0.13673000 0.03430600 0.00632450 0.00081333 -0.00024954 -0.00211320 -0.00959470 -0.03091000 -0.07178200
16 1.11740000 0.55728000 0.22290000 0.07162600 001831300 0.00349590 -0.00071179 -0.00549100 -0.01828700 -0.04636900 -0.09096700
20 1.24150000 0.71108000 0.32687000 0.12364000 003861700 0.00926220 -0.00123700 -0.01073800 -0.02939500 -0.06373000 -0.11170000
third 4 0.59867000 0.13350000 001274100 0.00042268 0.00000481 0.00000002 0.00000000 0.00000000 0.00000000 0.00000000 0.00000000
order 8 0.78942000 0.27408000 0.06605000 0.01024700 0.00095519 0.00005009 0.00000148 0.00000003 0.00000000 0.00000000 0.00000000
Crank- cuzse 12 0.96464000 041169000 0.13673000 0.03430600 0.00632720 0.00084902 0.00007916 0.00000493 0.00000021 0.00000001 0.00000000
Nicolson 16 1.11740000 0.55728000 0.22290000 0.07162900 0.01834700 0.00373340 0.00059422 0.00007387 0.00000689 0.00000047 0.00000004
methods 20 1.24150000 0.71108000 0.3: 0.12367000 0.03879000 0.01011600 0.00217930 0.00038736 0.00005614 0.00000666 0.00000099
4 0.59867000 0.13350000 0.01274100 0.00042268 0.00000481 0.00000002 0.00000014 0.00001641 0.00069575 0.01087900 0.06684200
8 0.78942000 0.27408000 0.06605000 0.01024700 0.00095525 0.00005262 0.00006155 0.00083725 0.00690820 0.03437800 0.10636000
c:;se 12 0.96464000 0.41169000 0.13673000 0.03430600 0.00633270 0.00092040 0.00073656 0.00424120 0.01919000 0.06182000 0.14356000
; 16 1.11740000 0.55728000 0.22290000 0.07163700 0.01841300 0.00420850 0.00320620 0.01120400 0.03659500 0.09273900 0.18193000
20 1.24150000 0.71108000 0.32689000 0.12373000 0.03913700 001182400 0.00901190 0.02263800 0.05895900 0.12748000 (.22340000
4 0.59867000 0.13311000 0.01272900 0.00042280 0.00000481 0.00000002 -0.00000007 -0.00000821 -0.00034787 -0.00543970 -0.03342100
case 8 0.78942000 027213000 0.06574200 0.01021700 0.00095364 0.00004880 -0.00002855 -0.00041859 -0.00345410 -0.01718900 -0.05318100
1 12 0.96464000 0.40781000 0.13572000 0.03411100 0.00629670 0.00081063 -0.00024969 -0.00211320 -0.00959470 -0.03091000 -0.07178200
16 1.11740000 0.55165000 0.22090000 0.07108200 0.01819600 0.00347570 -0.00071445 -0.00549120 -0.01828700 -0.04636900 -0.09096700
20 1.24150000 0.70413000 0.32375000 0.12256000 0.03831400 0.00919190 -0.00125070 -0.01074000 -0.02939500 -0.06373000 -0.11170000
4 0.59867000 0.13311000 0.01272900 0.00042280 0.00000481 0.00000002 0.00000000 0.00000000 0.00000000 0.00000000 0.00000000
fnlllr 8 0.78942000 0.27213000 0.06574200 0.01021700 0.00095368 0.00005006 0.00000148 0.00000003 0.00000000 0.00000000 0.00000000
i:l‘l‘;::li:!il ca;e 12 0.96464000 0.40781000 0.13572000 0.03411100 0.00629940 0.00084632 0.00007900 0.00000492 0.00000021 0.00000001 0.00000000
sociliods 16 1.11740000 0.55165000 0.22090000 0.07108500 0.01822900 0.00371330 0.00059158 0.00007362 0.00000687 0.00000047 0.00000004
20 1.24150000 0.70413000 0.32375000 0.12259000 0.03848700 0.01004600 0.00216590 0.00038529 0.00005589 0.00000664 0.00000099
4 0.59867000 0.13311000 0.01272900 0.00042280 0.00000481 0.00000002 0.00000014 0.00001641 0.00069575 0.01087900 006684200
8 0.78942000 0.27213000 0.06574200 0.01021700 0.00095374 0.00005259 0.00006155 0.00083725 0.00690820 0.03437800 0.10636000
caqse 12 0.96464000 0.40781000 0.13572000 0.03411100 0.00630490 0.00091770 0.00073640 0.00424120 0.01919000 0.06182000 0.14356000
i 16 1.11740000 0.55165000 0.22090000 007109300 0.01829600 0.00418850 0.00320360 0.01120300 0.03659500 0.09273900 0.18193000
20 1.24150000 0.70413000 0.32376000 0.12265000 0.03883400 0.01175400 0.00899910 0.02263700 0.05895800 0.12748000 0.22340000
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Table. 7. The pollutant concentration C'(x,t) Kg/m’ where Ax=0.04, Ar=0.2 and k =1 ofall methods for the above 3 cases

t(sec), x (km) =0 x=01 r=02 2203 x=04 x=075 x=006 x=07 x=08 xr=09 x=10
4 0.59867000 0.13389000 0.01275200 0.00042256 0.00000480 0.00000002 -0.00000007 -0.00000821 -0.00034787 -0.00543970 -0.03342100
case 8 0.78942000 0.27604000 0.06635900 0.01027800 0.00095667 0.00004886 -0.00002855 -0.00041859 -0.00345410 -0.01718900 -0.05318100
1 12 0.96464000 0.41556000 0.13774000 0.03450100 0.00635250 0.00081604 -0.00024938 =0.00211320 -0.00959470 -0.03091000 =0.07178200
16 1.11740000 0.56291000 022489000 0.0721Y7100 0.01843100 0.00351610 -0.00070911 ~0.00549080 -0.01828700 -0.04636900 0.09096700
20 1.24150000 0.71802000 0.33000000 0.12473000 0.03892200 0.00933270 -0.00122330 -0.01073600 -0.02939500 -0.06373000 -0.11170000
four 4 0.59867000 0.13389000 0.01275200 0.00042256 0.00000480 0.00000002 0.00000000 0.00000000 0.00000000 0.00000000 0.00000000
points 8 0.78942000 0.27604000 0.06635900 0.01027800 0.00095670 0.00005012 0.00000148 0.00000003 0.00000000 0.00000000 0.00000000
explicit cazse 12 0.96464000 0.41556000 0.13774000 0.03450100 0.00635520 0.00085173 0.00007932 0.00000493 0.00000021 0.00000001 0.00000000
upwind 16 1.11740000 0.56291000 0.22489000 0.07217500 0.01846400 0.00375360 0.00059688 0.00007412 0.00000691 0.00000047 0.00000004
methods 20 1.24150000 0.71802000 0.33001000 0.12476000 0.03909500 0.01018600 0.00219270 0.00038945 0.00005640 0.00000669 0.00000099
4 0.59867000 0.13389000 0.01275200 0.00042256 0.00000430 0.00000002 0.00000014 0.00001641 0.00069575 0.01087900 0.06684200
8 0.78942000 0.27604000 0.06635900 0.01027800 0.00095676 0.00005265 0.00006135 0.00083723 0.00690820 0.03437800 0.10636000
casse 12 0.96464000 0.41556000 0.13774000 0.03450200 0.00636070 0.00092311 0.00073672 0.00424120 0.01919000 0.06182000 0.14356000
16 1.11740000 0.56291000 0.22490000 0.07218200 0.01853100 0.00422850 0.00320880 0.01120400 0.03659500 0.09273900 0.18193000
20 1.24150000 0.71802000 0.33002000 0.12482000 0.03944100 0.01189400 0.00902460 0.02264000 0.05896000 0.12748000 0.22340000
4 0.59867000 0.13350000 0.01274100 0.00042268 000000481 0.00000002 =0.00000007 -0.00000821 -0.00034787 -0.00543970 -0.03342100
case 8 0.78942000 0.27408000 0.06605000 0.01024700 0.00095516 0.00004883 -0.00002855 -0.00041859 -0.00345410 -0.01718900 -0.05318100
1 12 0.96464000 0.41169000 0.13673000 0.03430600 0.00632450 0.00081333 -0.00024954 ~0.00211320 -0.00959470 -0.03091000 -0.07178200
16 1.11740000 0.55728000 0.22290000 0.07162600 0.01831300 0.00349590 -0.00071179 -0.00549100 -0.01828700 -0.04636900 -0.09096700
20 1.24150000 0.71108000 0.32687000 0.12364000 0.03861700 0.00926220 -0.00123700 -0.01073800 -0.02939500 -0.06373000 -0.11170000
third 4 0.59867000 0.13350000 0.01274100 0.00042268 0.0000048 1 0.00000002 0.00000000 0.00000000 0.00000000 0.00000000 0.00000000
order 8 0.78942000 0.27408000 0.06605000 0.01024700 0.00095519 0.00005009 0.00000148 0.00000003 0.00000000 0.00000000 0.00000000
Crank- cnzse 12 0.96464000 041169000 0.13673000 0.03430600 0.00632720 0.00084902 0.00007916 0.00000493 0.00000021 0.00000001 0.00000000
Nicolson 16 1.11740000 0.55728000 0.22290000 0.07162900 0.01834700 0.00373340 0.00059422 0.00007387 0.00000689 0.00000047 0.00000004
methods 20 1.24150000 0.71108000 0.32688000 0.12367000 0.03879000 0.01011600 0.00217930 0.00038730 0.00005614 0.00000666 0.00000099
4 0.59867000 0.13350000 0.01274100 0.00042268 0.00000481 0.00000002 0.00000014 0.00001641 0.00069575 0.01087900 0.06684200
8 0.78942000 0.27408000 0.06605000 0.01024700 0.00095525 0.00005262 0.00006155 0.00083725 0.00690820 0.03437800 0.10636000
c:;se 12 0.96464000 0.41169000 0.13673000 0.03430600 0.00633270 0.00092040 0.00073656 0.00424120 0.01919000 0.06182000 0.14356000
) 16 1.11740000 0.55728000 0.22290000 0.07163700 0.01841300 0.00420850 0.00320620 0.01120400 0.03659500 0.09273900 0.18193000
20 1.24150000 0.71108000 0.32689000 0.12373000 0.03913700 0.01182400 0.00901190 0.02263800 0.05895900 0.12748000 0.22340000
4 0.59867000 0.13311000 0.01272900 0.00042280 0.00000481 0.00000002 =0.00000007 =0.00000821 -0.00034787 -0.00543970 =0.03342100
case 8 0.78942000 0.27213000 0.06574200 0.01021700 0.00095364 0.00004880 -0.00002855 -0.0004 1859 -0.00345410 -0.01718900 -0.05318100
1 12 0.96464000 0.40781000 0.13572000 0.03411100 0.00629670 0.00081063 -0.00024969 -0.00211320 -0.00959470 -0.03091000 -0.07178200
16 1.11740000 0.55165000 0.22090000 0.07108200 0.01819600 0.00347570 -0.00071445 -0.00549120 -0.01828700 -0.04636900 -0.09096700
20 1.24150000 0.70413000 0.32375000 0.12256000 0.03831400 0.00919190 -0.00125070 -0.01074000 -0.02939500 -0.06373000 -0.11170000
4 0.59867000 0.13311000 001272900 0.00042280 0.00000481 0.00000002 0.00000000 0.00000000 0.00000000 0.00000000 0.00000000
foll" 8 0.78942000 0.27213000 0.06574200 0.01021700 0.00095368 0.00005006 0.00000148 0.00000003 0.00000000 0.00000000 0.00000000
i::;‘:::?i! cazse 12 0.96464000 0.40781000 0.13572000 0.03411100 0.00629940 0.00084632 0.00007900 0.00000492 0.00000021 0.00000001 0.00000000
sicthody 16 1.11740000 0.55165000 0.22090000 0.07108500 0.01822900 0.00371330 0.00059158 0.00007362 0.00000687 0.00000047 0.00000004
20 1.24150000 0.70413000 0.32375000 0.12259000 0.03848700 0.01004600 0.00216590 0.00038529 0.00005589 0.00000664 0.00000099
4 0.59867000 0.13311000 0.01272900 0.00042280 0.00000481 0.00000002 0.00000014 0.00001641 0.00069575 0.01087900 0.06684200
8 0.78942000 0.27213000 0.06574200 0.01021700 0.00095374 0.00005259 0.00006155 0.00083725 0.00690820 0.03437800 0.10636000
ca‘se 12 0.96464000 0.40781000 0.13572000 0.03411100 0.00630490 0.00091770 0.00073640 0.00424120 0.01919000 0.06182000 0.14356000
i 16 1.11740000 0.55165000 0.22090000 0.07109300 0.01829600 0.00418850 0.00320360 0.01120300 0.03659500 0.09273900 0.18193000
20 1.24150000 0.70413000 0.32376000 0.12265000 0.03883400 0.01175400 0.00899910 0.02263700 0.05895800 0.12748000 0.22340000
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VI. DISCUSSION

The approximation of the pollutant concentrations of
finite difference methods, a four points explicit upwind
methods, third order Crank-Nicolson mecthods, and four
points implicit methods at #=-1 are shown in Table 5 and,
at k=0 are shown in Table 6, at #=1 are shown in Table 7,
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of the above 3 cases, respectively. For the comparison of the
approximaied pollutant concentrations of all schemes where
k=-1, k=0, k=1, of thc above 3 cases arc shown in Fig. 8-
10, Fig. 11-13, and Fig. 14-16, respectively. The implicit
schemes show excessive dispersion effects for large time
and space step lengths, significantly decreasing the
efficiency of the implicit schemes. In addition, implicit
methods still generaic a lot of large systems of lincar
equations. The four points explicit upwind scheme is
cconomical to use. The proposed method shows a good
agreement in accuracy, the implicit schemes becomes less
clficient than the explicit schemes. Real-world problems
require a small amount of fime interval in obtaining accurate
solutions. Unfavorably, the analytical solutions of the
hydrodynamic model cannot be found over every domain.
This also implies that the analytical solutions of dispersion
model could not work out at any point on the entire domain
cither [16] and [17].

By Fig. 6-8, 9-11 and 12-14, we can see that the mass
decay rate of pollutant matter can reduce the concentration
in a non-uniform stream. If sewage effluent with a low mass
decay rate has discharged into a non-uniform flow stream,
then the water quality will be lower than the discharging of
mass decay rate of other pollutant matters.

VII, CONCI.USIONS

In this paper, we combine the hydrodynamic model and
the convection-diffusion-reaction  equation for an
approximation of the pollutant concentration in a stream
when the velocity of the current is not uniform. With the
technique in this paper, the response of the strcam to the
different external inputs; the velocity of water and the
pollutant concentration at the discharge point can be
obtaincd. The lcchnique constructed in this study is (o
respond the aspects of the stream in two varied external
inputs, which are the level of water and the pollutant
concentration at the discharge point. In terms of the explicit
finite difference formulations, it is believed that the
implemented technique is practical and applicable. All of
four points explicit upwind methods, third order Crank-
Nicolson methods, and four points implicit methods can be
used in the dispersion model; we consider that the proposed
technique is applicable and economical to be used in real-
world problems duc to ils simplicily (o program and the
straight-forwardness of the implementation. It is also
possible to find tentative better locations and better periods
of time for the different discharge points of a stream.,
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Abstract— Currently, water pollution is onc of the most important environmental problems in Thailand. Pollution makes it
impossible to make full use of the water source, which affects the quality of life and economic and social development. Therefore, if
we know the value of the concentration of pollution that is from sources of emissions, such as from littering down the river,
we might be able to control the concentration of water pollution in that area and prevent it from exceeding the standard.
The mathematical simulation is an important method to detect the water quality assumption in consideration area. In this research,
the hvdrodynamic model and dispersion model are used to describe water flow and water pollutant concentration. A couple of
mathematical models are used to simulate water-quality in the problem. The first model is the hydrodynamic model that provides
the velocity fields and elevation of water. The Crank-Nicolson method is used in the hydrodynamic model. At each step, the flow
velocity fields calculated from the first model are the input into the second model as the field data. The second model is the
one-dimensional dispersion model that provides the pollutant concentration fields. We use the four points explicit upwind methods,
the upwind explicit method and and the Lax-Wendroff methods to approximate the concentration from the dispersion models.
The comparison three methods and the simulations of pollutant concentration are proposed. The results obtained indicate that the

Lax-Wendroff method provides a better result than four points explicit npwind methods and upwind explicit method.

Keywords- Finite differences; water quality; one-dimensional; hydrodynamic model; advection-dispersion-reaction

I. INTRODUCTION

A waler quality model in a non-uniform flow stream
must include velocities and elevations. The modeling used in
a non-uniform flow stream is the hydrodynamics model in a
one-dimensional shallow water equation and a dispersion
model in an Advection-Dispersion Equation (ADE).

There are mamy numerical techniques available for
solving such models. [1| presented a hvdrodynamic model
and a dispersion model with the finite element method to
solve a steady water pollution control to achieve minimum
cost. [2]. finite eclement methods were used in a
hydrodynamic model and a dispersion model to simulate
pollution in the Bay of Santander. |3-7]. proposed numerical
techniques to solve a uniform flow of strcam water quality
model,  especially  the  one-dimensional — Advection-
Dispersion-Reaction Equation (ADRES).

Mathematical models are used to simulate water quality
in a non-uniform water flow system. The first is a
hydrodynamic modcl that provides velocity ficld and
clevation of waler, and the sccond is a dispersion model that
gives the pollutant concentration. Twin models are
formulated in one-dimensional equations. The traditional
Crank-Nicolson method is also used in the hydrodynamic
model. At each step, the flow velocity fields calculated from

the first model are the input into the second model as the
field data, presented by [8-13]

In [9], numerical techniques were used 1o solve the
non-uniform flow of stream waler quality modcl with one-
dimensional Advection-Dispersion-Reaction equation by
using the fully implicit scheme: Crank-Nicolson method for
the hvdrodvnamic model. and Backward Time Central
Space (BTCS) for the dispersion model. In [12] they used
the Crank-Nicolson method to solve the hydrodynamic
model, and the explicit Saulyev scheme used to solve the
dispersion model. In [13], the Crank-Nicolson method was
used in the hydrodvnamic model and a modified
MacCormack mcthod used in the dispersion model for one-
dimensional advection-dispersion-reaction cquation. In [14]
they presented a third-order upwind difference that is used
for the convection terms of the convection-diffusion
equation. In [15] they proposed a third-order upwind
scheme for the convective terms of shallow water
momentum  ¢quations, [16] used a third-order upwind
scheme for the Advection-Diffusion Equation (ADE) using
a simple spreadsheets simulation.

In this research, the hydrodynamic model and dispersion
modcl arc uscd Lo describe waler flow and waler pollutani



concentration. A couple of mathematical models are used to
simmlate water-quality in the problem. The first model is the
hydrodynamic model that provides the velocity ficlds and
elevation of water. The Crank-Nicolson method is used in
the hvdrodynamic model. At each step, the flow velocity
[iclds calculated From the first model arc the input into the
sccond modcl as the ficld data. The sccond modcl is the
dispersion model that provides the pollutant concentration
fields. We use the four points explicit upwind methods, the
upwind explicil method and, the Lax-WendrolT methods to
approximete the concentration from the dispersion models.

1. MoDEL FORMULATION

The modeling used in a non-uniform flow stream is the
hvdrodynamics model in a one-dimensional shallow water
equation, that provides the velocity fields and elevation of
water, and a dispersion model in an Advection-Dispersion-
Reaction Equation (ADREs), that provides the pollutant
concentration,

A. The Hydrodynamic Model

The continuily and momentum equations are governed by
the hydrodynamic behavior of the stream which describes
by one-dimensional shallow water equations obtained by
integrating the Navier-Stokes equations over the flow depth
under the assumptions discarding dillusion of momentum
duc to turbulence and discarding the terms duc to friction
and wind [L. 8-11. 17]. we obtain the one-dimensional
shallow water cquations:

s W R AR 1
F‘*‘a[( +u]=0, (H
it es

bkt P X 2
o € ar §

where x s the longitudinal distance along a strcam (m),
time ¢ (s7). h(x) is the depth measured from the mean
water to the bed of reservoir (m). <£(x.#) is the elevation
from the mean water level to the temporary water surface
(m/s), and «(x.¢) are the velocity components (m/s). for all

xe[0.7.] We assume that 4 is a constant and </ .
Then Eq. (1) and Eq. (2) become

3 a
£ inl =, 3)
i ox
Gt 8
—+g—==0. 4
o Cox )

‘We will transform Eq. (3) and Eq. (4) into non-dimensional
(18], by letting U=ul\gh, Y=ypil, X=xil
Z=¢/h and T=tgh /I . Substituting into Eq. (3) and

=0, ®)
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U &z

—_—t=

e X
In |8 -9, 12]. they introduce a damping term -U/ into Eq.
(6). We now introduce a damping term —-KU Eq. (6) to
represent frictional forces duc to the drag of sides of the
stream. thus

oz ou

—

0, ©

=0, ik
ar  ax M
[l S

— -KU, 8
ar o ax ' ®

where 0<K <1, with the initial conditions at /=0 and
0=X =1 being specified: Z =0 and U/ =0. The boundary
conditions for (>0 are specified: Z=¢" at X' =0 and
vz
ex

called the damped hydrodynamic equations.

=0 at X =1. The system of Eq. (7) and Eq. (8) is

B. A Nen-dimensional form of the Damped Hydrodynamic
Model

In order to solve damped equation in [0.1]<[0.7'], for
favorable using #.d for ' and Z . respectively:

i
" i )
g « Ox
o)
S, (10)
et Jrox

with the initial conditions #=0,d=0 at =0, and the

-

boundary conditions #(0.z) = /(7). and 9;;{-20 at x=1.
®

' Dispersion Model
The stream water quality model can be described by one-
dimensional  Advection-Dispersion-Reaction  Equations
(ADREs). A simplificd rcpresentation by averaging the
equation over the depth is shown in [3 -5, 7, 9 — 11] as;
B L S50C_ S (11)

fil] ox o

where C(x.f) is the concentration averaged in depth at

the point x and at time ¢, D is the diffusion cocfTicient,

K is the mass decay rate, and u(x.f) is the velocity

compeonent. for all x E[(J,L]. ‘We will consider conditions in

this model following. The initial condition C(x.0)=0 at

t=0 for all x>0, The boundary conditions C(0.1)=C, al
c

: G
x=0_and av

=C, at x=1 where C, is a constant.

III.  MODEL FORMULATION CRANK-NICOLSON METHOD
FOR THE DYDRODYNAMIC MODEL

The hydrodynamic model provides the velocity field and
clevation of the water. Then, input the results from the
hvdrodvnamic model into the dispersion model, which



provides the pollutant concentration ficld. In this section, we
will follow the numerical techniques of [8]. To find the
waler velocily and waler clevation from Eq. (9) and Eq.
(10), we make the following change to variables v =e"s and
represent them into Eq. (9) and Eq. (10). Then we have,

; &
D (12)
ar ox
s L (13)
ot ox
From Eq. (12) and Eq. (13) can be wrillen in the matrix
form Gt
5 ke N )
L 0 e |fv) y 0 (14
d), |e* 0 \d). |0
That is
U, +AU, =0, (15)
where
0 e
A= g 16
|:().—h 0:| ( ))
(B ar | (v fx
= = : = . 17
el e @
at Ox

with initial condition d.v=0 at r=0. The left boundary
conditions for x=0>0 arc specilicd: d(0.f)=sms and
Fan

o —¢"cost . and the

right boundary conditions for
C.

o
x=1z>0 are specilicd: tﬂ—:(l and v(0.1)=0. We now

&x
discretize Eq. (15) by dividing the interval |:U, 1] into A
subintervals, such that MAx =1 and the interval [0, 7] into
N subintervals, such thal  NAr=7. We can (hen
approximate d(rr} by d". value of the difference
approximation of d(x.z) at point x =iAv and r=nAt . where
0<i<M and 0<p< N, and similarly defined for v and
Ur. The grid points (x,.2,) are defined by x =iAr for all
i=012....M and ¢ =nN for all n=012,....N, in which
M and N are positive integers. Using the Crank-Nicolson
method [ 18] with Eq. (15), the following finite difference
equation can be obtained:

[I &m[(_.\r + \"-r)]l’;',""] :[1 %m[(;\r +v,]][5"}. (18)

where
v
d"

At
and I is the unit matrix of order 2, and K=;. Applying

Up = J MU =UL, ~ULYaU =UF UL, (19)

the initial and boundary conditions given in Eqs. (12) - (13),
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the general form can be obtained:;

(ju—'l Em—'\ i Eu I?u +F” : (2[))
where
[ K
1 0 0 —2a™ 0
7
Ean 1 K% 4 0 0
4 4
0 ;uf"l 1 0 o K
= Ea.;n 0 0 1 Eaf” 0
3= Pl
0 0 0 Ky P kg
4 4
0 o Earooo 0 1
L 4
@1
1 gd o —;al” 00
R\ o) O A\ o
4 4
) B Ao 0 DY Eo
, 4
Y[ L afidytls 0 vl b ]
1 4
NG Bl ga;'
U/ TNeaSof Jo 1
L 4 - J
UIH
]| {;;Fid—W
fitz| A (22)
r e iy 4 ]
-74 H sm(t“_,l)—zrg sin(z,, )
- K ™ Ave™ cos(t, )~ —al Ave™ cos(t,)
4 4
F= 0 : (23)
0
L 0 .
where af =e* | af=e¢™ and r,=nAt forall n=012-N

IV. FINITE DIFFERENCE TECHNIQUES
FOR THE DISPERSION MODEL
In this section, we consider the numerical techniques in
[16] for the Advection-Dispersion-Reaction FEquation
(ADREs) which provides the pollutant concentration [icld.




We can approximate C(x,.z,) by (7. the value of the
difference approximation of C(x.t) at point x=iAx and
t=nAt, where 1<i<M , and 0<n<N. The grid point
(x.t,) is defined by x =iAc for all i=0,1,2....,A4. and
t=nAt for all n=0.1.2....N in which &/ and N arc
positive integers.

A. Four Points Explicit Upwind Method

We consider the numerical techniques [16], using the
forward time ceniral space scheme for the time derivalives
and the central difference for the second time derivatives,
respectively. as follows:

v+l i
L e o 4)
it Al
a6 .
(¢ & Ao SN 25
- (m o r+Cu) 25)

using a third-order scheme for the spatial derivative of
Advection-Dispersion-Reaction  Equations (ADREs). as
given in |19]. For the boundary points. a four-point upwind
formula may be written, such that either point (o the left or
to the right is considered in the finite difference
approximation. Next, we approximate the spatial derivative
for four points explicit as follows:

aC 1 .

—=——|=1ICH+I18C —9C", +2C]) 20

P¥ 5 LCY £ L il (26)
At the interior nodes, as follows.

ac 1

—_=z C!,=6CT +3CH+2CH, |, 27

=[G 60T 302G ] @n
At right boundary conditions. as follows

dCHA R

20 ST 186 WIS |s 28
6x ()‘l\‘l: -3 =1 i :I ( )

A four points explicit upwind schemes can be obtained
so that the technique does not require the systems of linear
cquations. This technique is an cconomical compuier
implementation. Now. we take the explicit finite difference
technique [16] into Eq. (11).

At the left boundary. substituting Eqs. (24) — (26) into Eq.
(11), then we obtajn that;

~1n=-1 el
; I: 11C%4 RO =08 g+ 2C
At
D (29)
e (€ -2C) + Ol | e,
where C=C/. w=#! and @ are obtained by the Crank-
Nicolson method with the hydrodynamic model of Eq (9),
for all 1<i<M and 0<n<N . Let f=D—— (;) and
B =ul Sk , 50 Eq. (29) b
) e qQ. eCoMmes;
€= ey +[1-28-(Ank +118"|C; oy
+[ 1887 \C, ~9BES - 25]CTs. ‘
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For i=0, plug the known valuc of the Ieft boundary by
arranging C", =C; in Eq. (30) on thc right-hand sidc. Wc
obtain,
G =[1-p-(ank+118 |Cy +[ B-188; ]!
—9ACY 2G5
At interior, substituting Eqs. (24) —
Eq. (11). Then, we obtain:

' =-gc, +[ B+68'|Cl
+1-28-38" - (MoK [Cr+[ B-287 |G

At the right boundary. substituting Eqs. (24) — (25) and Eq.
(28) into Eq. (11). Then we obtain:

Crt =2pCr, +[B-98; |Cr, +186,CL,
+[1=28- (A= 1187 |C!' + B .

For i=M .
boundary conditions, we can let C},_

(31

(25) and Eq. (27) into

(32)

(33)

unknown value of the right boundary by
= fAx+Cy; in Eq.
(33) and, by rearranging, we obtain;

wll =24C5 +|:ﬁ _9)6,4;](‘,1’; 2

(34)
FIBALCY  +[ 1=~k + 118 |Cry + By /v

B.  The Upwind Fxplicit Method

The upwind cxplicit scheme is considered by the
following discretization:
6(- 4 (-1;“1 7(::!

= ) 35
ot At (3%)

O (36)

ox Ax

A (1

- =207 s 37

= oL 2 Rau ] 37
Substituting Eqs. (35) — (37) into Eq. (11), then we obtain
that;

G = (A + )T +(1- A-28 - RN)C! + ACT,. (38)
For i=0 . plug the known value of the left boundary by

arranging C, =C"—(fAx) in Eq. (38) on the right-hand
side. We obtain;
CM =[5 28 — s ]|@F +[38+ A]C),
—[Zﬁ + ft]{f,ﬁr]
Similarly, the right boundary condition, for i=M _ the
known walue of the right boundary conditions are
approximated Cy;,, =Cyy  + f(Ax) in Eq. (38) and, by

(39

rearranging, we obtain;
Col =(A+28)C)  +[1-2-25 -k (M) ]C)

40
+/’)’(.)‘:\r). G

The slabilily of upwind explicit scheme is [20]
» - ) <ps< < __ 1)



C. The Lax-Wendroff Method

The Lax-Wendroff scheme
following discretization:

is considcred by the

il i
i = & -G X -
ot At

S (S O e
%E;{,( / i l)+(].—/1)( il ”} (43)
oX Ax TAx
& 1 = = |
T (Ax)f[(""' = Gl 6l ] -

Substituting Eqs. (42) — (44) into Eq. (11), then we obtain
that;
i _ 1 . 3 i n
G ‘=E[2+12+2ﬂ}(7,_1+[1—i -28-x(A)]C; |,
q (45)
+-2-[257,17/:1jc:w
For i=0, plug the known value of the lefi boundary by
arranging C), =C'}, - fAv in Eq. (45) on the right-hand
side. We obtain;
et =[1-22 2p - (M) G+ 2810
1 g (46)
| A=A 2 Ax
S[ A= 2B 1)
Similarly, the right boundary condition, for i=Af | the
known valuc of the right boundary conditions arc
approximated C,,, =C)._ + f(Ax) in Eq. (46) and. by
rearranging, we obtain:
et =2p1cr, #1- 22 -2 R(N) |Gr

1 -y La2.
+E[2[f 5
The stability of upwind explicit scheme is [20]
0<ﬁ<1_2"". 48)

V.  NUMERICAL EXPERIMENTS
Suppose that the measurement of pollutant concentration
C (Kg/m’) in a uniform stream at time ¢ (sec) is
considered. A stream is aligned with longitudinal distance.
1.0 km total length, There is a plant which discharges wasic
water into the stream, and the pollutant concentration at
discharge point is assumed as; C(0.1) =4 0+sm(r) Kg/m’®

al x=0 forall >0 and E,‘(I,r)=%=0 Kg/m3 al ¥=1 for
[

all >0, and C(x.0)=0 Kg/mat +=0.

The velocity of water at the discharge point can be
described as a function a’(UJ):f(t):(J,4+|sin(r)| for all
t>0, and the elevation is not changed at x=1 km. In the
analysis conducted in this study, meshes the stream, using
Av=002, and time increment with Ar=0.002. Using Eq. (20);
for k=0, we obtained the clevation of water d(x.f) as

show in Figurel when after pass 20, and velocity of water
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flow u(x,r) as show in Figure 2 when after pass 20. The

physical parameter of the stream system is diffusion
coefficient D =002 m?/s,

Next the approximate water velocity can be plugged into
explicit methods such as four points explicil upwind
methods., upwind explicit method and, Lax-Wendroff
methods in Eqs. (31. 32. 34). Egs. (38-40), and Eqgs. (45-47).
respectively. The approximation of pollutant concentration C
of all schemes at k=0where Ax=02, Ax=005and
Ax =0028591 are shown in Figure 3-5. respectively. It can
see that the trend of results from three methods in the same
way. Table I show the stable of four points explicit upwind
method. upwind explicit method and. Lax-Wendroff method.
We can see that, if we choose Ar=02 and Av=0.06 then
the solution of the four points explicit upwind methods and
upwind explicit method are unstable but the Lax-Wendroff
method is stable. Consequently, Lax-Wendroff method gives
better than the four points explicit upwind methods and
upwind explicit method.

TABLEL THE STABLE OF THREE METHOD APPOMIMALE
SOLUTIONS
s R four points upwind Lax-
explicit explicit Wendroff
0.2 stable stable stable
0.005 0.1 stable stable stable
\ T 750.0a stable stable stable
0.02 stable stable stable
0.2 stable stable stable
0.05 0.1 stable stable stable
=S| A6 unstable stable stable
0.04 unstable unstable stable
0.2 stable stable stable
0.2 0.1 unstable stable stable
0.06 unstable unstable stable

Elevation of water (m/s)

50 - 20
~ =
i 10
O=<t<T (] Dex<t

Figure 1. The clevation of water flow of{x.¢)m/s at k=0 when
aller pass 20




velocity of water {mis)
o

100

D<t<T 0 o D<x<1

Figure 2. The velocity of waler low w(x.7)m/s at k=0 when aller

pass 20
ot K=0(s"), D=02 AT =0.02, AX = 0.2 and Round = 300
] Four Pint Expliit Method
0357 |~ Upwind Expiit et
& Lax-Wendroff Method
03
7
& 025
E '
2 o2 =
c e &
£ 015+ P
= Hi Y2
@ 01 i
5 | M B —
O 005 | \
|
o P
-0.08 -
01!
1 2 a 4 5 6

Distance (0==x<=1000m)
Figure 3. Comparison of water pollutant concentration of the four points
explicit upwind methods, the upwind explicit method and,
the Lax-Wendroff methods Ax = (.2

. K=0 [l"], D=0.2, AT =0.02, AX =0.05 and Round = 300
= —Fu\;ﬁmni éxphnil N‘Ietha!
Upwind Explicit Mathod
Lax-Wendroff Method

Concantration {kg/m°)
e & & o &8 o
- ha w = tn Y

o

&

02 . . .
[ 5 10 15 20 25
Distance {0<=x<=1000m}
Figure 4. Comparison of water pollutant concentration of the four points
explicit upwind methods, the upwind explicit method and,
the Lax-WendrofT methods /o = 0.03
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K=0(s"), D =02 AT =0.02, AX = 0.028571 and Round = 300

05
Four Paint Explicit Mathod
— Upwind Explicit Method
0.4 Lax-Wendroff Method
% 03f Z
£
£ o2
i
=
g
S 0.1
oF |\
\
-
0.1 S
0 5 10 15 20 25 30 L} 40

Distance (0<=x<=1000m)

liipure 5. Comparison of watcr pallutant concentration of the four points
explicit upwind methods, the upwind cxplicit method and,
the Lax-Wendroff methods Av =0.028591

VI,  Discussion

In this research, the water pollutant concentration model
is presented. The finite difference methods such as four
points explicit upwind methods, upwind explicit method and,
Lax-Wendroff methods can be used to estimate the water
pollutant concentration. Also, it is appealing that the grid
spacing is different so Lax-Wendroff method has been
chosen because when making comparisons four points
explicit wpwind methods. the upwind explicit method in
some cascs, the solution for four points explicit upwind
methods and the upwind explicit method are unstable while
the solution for Lax-Wendroff method is stable. Hence, Lax-
Wendroff' method provides a better result than four points
explicit upwind methods and the upwind explicit method.

VII. CONCLUSIONS

We have emploved explicit finite difference methods to
the dispersion model in a stream while there arc two different
cxiernal factors such as the clevation ol water and the
discharged polltant. Three explicit finite difference
techniques are economical to be used in the real-world
problem due to its simplicity to program and the
straightforwardness of the implementation. We can see that
the Lax-Wendroff explicit method and the upwind explicit
method provides better stability conditions than the condition
of the four points explicit method.
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