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Chapter 1
Introduction

1.1 Inception and Importance
MFUSJD TQBDFT, TZNNFUSJD EJTUBODFT BSF VTFE JO EJGGFSFOU ųFMET PG QVSF NBUIF-

NBUJDT MJLF BOBMZTJT, HFPNFUSZ BOE TP PO, BT XFMM BT JO BQQMJFE NBUIFNBUJDT, GPS JOTUBODF
JO DPNQVUFS TDJFODF, CJPJOGPSNBUJDT, EBUB BOBMZTJT BOE TP PO. TIFTF BSF UIF OBUVSBM HFO-
FSBMJ[BUJPO PG EVDMJEFBO BOE RJFNBOOJBO TQBDFT. OO UIF PUIFS IBOE, OPO-TZNNFUSJD
EJTUBODFT, MJOLPXTLJ OPSNT, BOE FJOTMFS NFUSJDT BSF BMTP XJEFMZ VTFE JO UIF BOBMZTJT,
EJGGFSFOUJBM HFPNFUSZ, EBUB BOBMZTJT BOE TP PO.

WF DMBJN UIBU TZNNFUSJD EJTUBODFT, EVDMJEFBO BOE RJFNBOOJBO NFUSJDT BSF KVTU
DPOWFOJFOU BQQSPYJNBUJPOT (VTVBMMZ PCUBJOFE CZ BWFSBHJOH) PG UIF SFBM XPSME. TIF SFBM
XPSME, CBTFE PO SFBM EBUB NFBTVSFNFOUT JT IJHIMZ OPO-TZNNFUSJD BOE OPO-MJOFBS. OG
DPVSTF, QSPWJOH TVDI B GBDU JO JUT NPTU HFOFSBMJUZ JT B WFSZ DPNQMFY BOE EJGųDVMU UBTL,
CFZPOE UIF QVSQPTF PG UIJT SFTFBSDI. HPXFWFS, XF XJMM BSHVF IBWF UIBU UIF TJNJMBSJUZ
JOEVDFE CZ UIF EZOBNJD QSPHSBNNJOH BMHPSJUIN NFFEMFNBO-WVOTDI JT BDUVBMMZ FRVJW-
BMFOU JO NBUVSF UP OPO-TZNNFUSJD EJTUBODFT (TP-DBMMFE RVBTJ-EJTUBODFT) BOE FJOTMFS NFU-
SJDT.

IOEFFE, PVS NBJO TUBUFNFOU JO UIJT SFTFBSDI JT UIBU UIF GPMMPXJOH NPUJPOT BSF
FRVJWBMFOU JO NBUVSF :

• SZNNFUSJD TJNJMBSJUZ GVODUJPO,
• WFJHIUFE RVBTJ-EJTUBODF,
• FJOTMFS NFUSJDT PG RBOEFST UZQF XJUI SFWFSTJCMF HFPEFTJDT.

IO [12> BVUIPS TIPXFE FWFSZ XFJHIUFE RVBTJ-NFUSJD TQBDF DBO CF JEFOUJųFE XJUI
B TVCTQBDF, XIJDI JT DPOTUSVDUFE GSPN B NFUSJD TQBDF BOE QSFTFOUFE B NFUIPE UP
DPOTUSVDU B XFJHIUFE RVBTJ-NFUSJD TQBDF, XIJDI JT UIF HSBQI PG GVODUJPO EFUFSNJOFE
PO NFUSJD TQBDF, BOE TIPXFE FWFSZ XFJHIUFE RVBTJ-NFUSJD TQBDF PDDVS JO UIJT XBZ.
IO [6> TIPXFE UIF SFMBUJPO CFUXFFO XFJHIUFE RVBTJ-NFUSJD TQBDFT BOE FJOTMFS TQBDFT
BOE QSFTFOUFE UIF JOEVDFE NFUSJD PG B RBOEFST TQBDF XJUI SFWFSTJCMF HFPEFTJDT JT B
XFJHIUFE RVBTJ-NFUSJD TQBDF. IO [7> BVUIPS TUVEZ TPNF JNQPSUBOU HFPNFUSJD QSPQFSUJFT
PG XFJHIUFE RVBTJ-NFUSJD TQBDF BOE EJTDVTT UIF FNCFEEJOH PG RVBTJ-NFUSJD TQBDFT XJUI
HFOFSBMJ[FE XFJHIU.

TIF UPQJD TUVEJFE JO UIF QSFTFOU SFTFBSDI JT WFSZ JNQPSUBOU GPS BOBMZTJT, HF-
PNFUSZ, DPNQVUFS TDJFODF, EBUB BOBMZTJT, CJPJOGPSNBUSJDT BOE TP PO CFDBVTF JU TIPXT
UIBU BU MFBTU QBSUJBMMZ, UIF SFBMJUZ XF BSF MJWJOH JO, JT OPO-TZNNFUSJD, OPO-MJOFBS, OPO-
IPNPHFOFPVT, BOE UIF TUVEZ PG EBUB TFUT GSPN UIF SFBM XPSME JT BDUVBMMZ FRVJWBMFOU
UP UIF VTF PG XFJHIUFE RVBTJ-NFUSJDT PO UPQPMPHJDBM TQBDFT, PS PG B FJOTMFS NFUSJD PGThis material is reserved for educational use only, not allowed for commercial use. 
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RBOEFST UZQF PO TNPPUI NBOJGPMET.
OVS SFTFBSDI JT PSHBOJ[FE BT GPMMPXT. IO TFDUJPO 2 XF JOUSPEVDF UIF TJNJMBSJUZ

GVODUJPO PO B UPQPMPHJDBM TQBDF X BOE TUVEZ JUT HFPNFUSJDBM QSPQFSUJFT. TIFO, JO TFDUJPO
3 XF TUVEZ UIF SFMBUJPO XJUI FNCFEEJOHT BOE CVOEMF, BOE ųOBMMZ FJOTMFS NFUSJD. IO
UIF ųOBM TFDUJPO, XF TIPX UIF SFMBUJPO PG UIF NBUIFNBUJDBM DPODFQUT JOUSPEVDFE BOE
TUVEJFE JO UIF QSFWJPVT TFDUJPOT XJUI DPNQVUFS TDJFODF BOE CJPJOGPSNBUJDT. HFSF JT
XIFSF XF PCUBJO PVS NBJO DPODMVTJPO UIBU UIF XPSME JT PG FJOTMFS UZQF.

1.2 Objectives of the Study
1) TP TUVEZ XFJHIUFE RVBTJ-NFUSJD BOE EJTUBODFT.

2) TP TUVEZ TJNJMBSJUZ GVODUJPO PO B UPQPMPHJDBM TQBDF BOE TUVEZ JUT HFPNFUSJDBM QSPQ-
FSUJFT.

3) TP TUVEZ UIF SFMBUJPO XJUI XFJHIUFE RVBTJ-NFUSJD TQBDF BOE FJOTMFS NFUSJD.

4) TP TUVEZ UIF SFMBUJPO XJUI BJPJOGPSNBUJDT BOE DPNQVUFS TDJFODF.

1.3 Scope of the Study
WF JOWFTUJHBUF UIF HFPNFUSJDBM BOE QSPQFSUJFT PG B UPQPMPHJDB TQBDF, DPODFSO-

JOH XFJHIUFE RVBTJ-NFUSJD BOE TJNJMBSJUZ GVODUJPO. AMM FJOTMFS TQBDFT DPOTJEFSFE JO UIJT
SFTFBSDI BSF RBOEFST UZQF.

1.4 Benefits of the Study
1) TP EFWFMPQ B OFX NBUIFNBUJDBM UIFPSZ PG XFJHIUFE RVBTJ NFUSJD TQBDFT.

2) TP PCUBJO UIF SFMBUJPO PG TJNJMBSJUZ GVODUJPO XJUI XFJHIUFE RVBTJ-NFUSJD.

3) TP PCUBJO UIF SFMBUJPO PG TJNJMBSJUZ GVODUJPO XJUI FJOTMFS NFUSJDT.

4) TP PCUBJO UIF SFMBUJPO PG TJNJMBSJUZ GVODUJPO XJUI BJPJOGPSNBUJDT BOE DPNQVUFS TDJ-
FODF.

1.5 Research Methodology
1) SUVEZ UIF HFPNFUSZ PG NFUSJD TQBDFT.

2) SUVEZ UIF TJNJMBSJUJFT BOE EJTUBODFT.

3) SUVEZ UIF XFJHIUFE RVBTJ NFUSJD TQBDF JOEVDFT B TZNNFUSJD TJNJMBSJUZ GVODUJPO.

4) DFųOF FJOTMFS NFUSJD JOEVDFE CZ B TJNJMBSJUZ GVODUJPO.
This material is reserved for educational use only, not allowed for commercial use. 
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5) WF JOUSPEVDF UIF TJNJMBSJUZ GVODUJPO PO B UPQPMPHJDBM TQBDF BOE TUVEZ JUT HFPNFU-
SJDBM QSPQFSUJFT.

6) SIPX UIBU UIF SFMBUJPO XJUI FNCFEEJOHT BOE CVOEMF, BOE SFMBUJPO UP FJOTMFS NFUSJD.

7) SIPX UIBU UIF SFMBUJPO XJUI BJPJOGPSNBUJDT BOE DPNQVUFS TDJFODF.

8) CPODMVEF UIBU XF IBWF TPMWFE UIF QSPCMFN UIBU NPUJWBUFT UIJT SFTFBSDI, NBLF
TVHHFTUJPOT GPS GVSUIFS XPSLT BOE XSJUF UIF UIFTJT.

Table 1.1: TIF SFTFBSDI TDIFEVMF
TJNF GSBNF (NPOUI PG ZFBS)

ADUJWJUZ 2018 2019 2020
8-10 11-12 1-2 3-4 5-6 7-8 9-10 11-12 1-3 4-5

SUFQ 1 ←−−→

SUFQ 2 ←−−−−−−−−−→

SUFQ 3 ←−−−−−−−−−→

SUFQ 4 ←−−−−−−−−−→

SUFQ 5 ←−−−−−−−−−→

SUFQ 6 ←−−−−−−−−−→

SUFQ 7 ←−−−−−−−−−→

SUFQ 8 ←−−→
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Chapter 2
Preliminaries

TIF QVSQPTF PG UIJT DIBQUFS JT UP QSPWJEF CBTJD DPODFQUT BOE UPPMT BT XFJHIUFE
RVBTJ-NFUSJD TQBDF, TJNJMBSJUZ GVODUJPO BOE FJOTMFS NFUSJDT VTFE JO UIF SFTFBSDI.

2.1 Weighted quasi-metric spaces
IO UIJT TFDUJPO, XF SFDBMM UIF NBJO HFPNFUSJDBM SFTVMUT PG XFJHIUFE RVBTJ-NFUSJDT

(TFF [6>, [12>). IO TQFDJBM XF DBMM UIF BUUFOUJPO UP UIF CVOEMF SFQSFTFOUBUJPO PG XFJHIUFE
RVBTJ-NFUSJD, B GVOEBNFOUBM OPUJPO GPS UIF HFOFSBMJ[BUJPO GPMMPXJOH.

Definition 2.1. LFU X CF B OPO-FNQUZ TFU BOE d B SFBM-WBMVFE GVODUJPO d : X ×X → R

UIBU TBUJTųFT:

(J) PPTJUJWFOFTT : d(x, y) ≥ 0 BOE d(x, x) = 0 JG BOE POMZ JG x = y,

(JJ) SZNNFUSZ : d(x, y) = d(y, x),

(JJJ) TSJBOHMF JOFRVBMJUZ : d(x, y) ≤ d(x, z) + d(z, y),

GPS BOZ x, y, z ∈ X , UIFO (X, d) JT DBMMFE B metric space.

Example 2.2. (J) LFU R CF UIF TFU PG BMM SFBM OVNCFST BOE d : R×R→ R CF B GVODUJPO
EFųOFE BT

d(x, y) = |x− y|, ∀x, y ∈ R. (2.1)

TIFO d JT B NFUSJD PO R.

Figure 2.1: EVDMJEFBO EJTUBODF JO 1-EJNFOTJPO

(JJ) LFU Rn = {(x1, ..., xn) : xi ∈ R, i = 1, 2, ..., n} CF UIF TFU PG BMM O-EJNFOTJPOBMT PG SFBM
OVNCFST BOE d : Rn × Rn → R CF B GVODUJPO EFųOFE BT

d(x, y) =

(
n∑

i=1

(xi − yi)
2

)1

2
, ∀x = (x1, x2, ..., xn), y = (y1, y2, ..., yn) ∈ Rn. (2.2)

TIFO d JT B NFUSJD PO Rn DBMMFE UIF Euclidean metric PO Rn.
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Figure 2.2: EVDMJEFBO EJTUBODF JO 2-EJNFOTJPOT

Definition 2.3. LFU X CF BO BSCJUSBSZ TFU BOE ρ : X × X → R CF B SFBM-WBMVF GVODUJPO
TBUJTGZJOH UIF GPMMPXJOH QSPQFSUJFT GPS BMM x, y, z ∈ X :

(J) PPTJUJWFOFTT : ρ(x, y) > 0 JG x ̸= y, ρ(x, x) = 0.
(JJ) TSJBOHMF JOFRVBMJUZ : ρ(x, y) ≤ ρ(x, z) + ρ(z, y).

(JJJ) SFQBSBUJPO BYJPN : ρ(x, y) = ρ(y, x) = 0⇒ x = y.
TIFO (X, ρ) JT DBMMFE B quasi-metric space.

Example 2.4. (J) LFU X = [0, 1] BOE d : X ×X → R CF B GVODUJPO EFųOFE BT

d(x, y) =

 ]Y-Z] , JG x, y ∈ X BOE y ̸= 0 PS x = y = 0,
1 , JG y = 0 BOE 0 < x ≤ 1.

GPS BMM x, y ∈ X . CMFBSMZ (X, d) JT B RVBTJ-NFUSJD TQBDF CFDBVTF
d(0, 0.5) = |0− 0.5| = 0.5, XIJMF d(0.5, 0) = 1.

Figure 2.3: d EJTUBODF JO TQBDF X = [0, 1]

(JJ) TIF uL− EJTUBODF JO R JT EFųOFE BT

uL : R×R→ R, uL(x, y) := max{x− y, 0}.

GPS BMM x, y ∈ R. CMFBSMZ UIJT JT B RVBTJ-NFUSJD CFDBVTF
uL(1, 2) = max{−1, 0} = 0, XIJMF uL(2, 1) = max{1, 0} = 1.
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Figure 2.4: uL-EJTUBODF JO 1-EJNFOTJPO

MPSFPWFS, BO JNQPSUBOU DMBTT PG RVBTJ-NFUSJD TQBDF BSF UIF TP-DBMMFE weighted
quasi-metric space.
Definition 2.5. A XFJHIUFE RVBTJ-NFUSJD TQBDF JT B USJQMF (X, ρ,w), XIFSF X JT B OPO-
FNQUZ TFU, ρ : X × X → [0,∞) BOE w : X → [0,∞) TBUJTGZJOH UIF GPMMPXJOH DPOEJUJPOT
:

(J) ρ(x, y) > 0 JG x ̸= y, ρ(x, x) = 0. GPS BOZ x ∈ X ,

(JJ) ρ(x, z) ≤ ρ(x, y) + ρ(y, z) GPS BOZ x, y, z ∈ X ,

(JJJ) JG ρ(x, y) = ρ(y, x) = 0, UIFO x = y GPS BOZ x, y ∈ X ,

(JW) ρ(x, y) + w(x) = ρ(y, x) + w(y) GPS BOZ x, y ∈ X .
TIF GVODUJPO ρ JT DBMMFE quasi-metric, BOE w JT UIF weight function.

Example 2.6. (J) TIF uL NFUSJD SFTUSJDUFE UP [0,∞), J.F. uL : [0,∞)× [0,∞)→ R,

uL(x, y) =

 Z-Y , JG x ≤ y

0 , JG y < x

WF DBO TFF UIBU UIJT NFUSJD uL JT B RVBTJ-NFUSJD, XJUI UIF XFJHIU GVODUJPO w(x) := x.
IOEFFE, POF DBO FBTJMZ TFF UIBU JG x ≤ y, UIFO uL(x, y) ̸= uL(y, x) BOE

uL(x, y) + w(x) = y − x+ x = y

uL(y, x) + w(y) = 0 + y = y.

Figure 2.5: uL-EJTUBODF JO 1-EJNFOTJPO

(JJ) TIF NFUSJD JOEVDFE CZ B FJOTMFS NFUSJD PG RBOEFST UZQF F = α+ β,
XIFSF α(x, y) :=

√
aij(x)yiyj , α(x, y) RJFNBOOJBO NFUSJD PO X,β(x, y) := bi(x) · yi BO

FYBDU MJOFBS 1-GPSN PO X .
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Definition 2.7. IG (X, ρ) JT B RVBTJ-NFUSJD TQBDF UIFO UIF GVODUJPO d : X × X → [0,∞)

HJWFO CZ

d(x, y) :=
1

2
[ρ(x, y) + ρ(y, x)] , ∀x, y ∈ X, (2.3)

JT DBMMFE the symmetrization PG ρ.

Lemma 2.8. IG (X, ρ) JT B RVBTJ-NFUSJD TQBDF BOE d JT TZNNFUSJ[BUJPO PG ρ, UIFO (X, d) JT
B NFUSJD TQBDF.

Proof. LFU x, y, z ∈ X . WF WFSJGZ UIF DPOEJUJPOT JO EFųOJUJPO (2.1).

(J) PPTJUJWFOFTT:
d(x, y) =

1

2
[ρ(x, y) + ρ(y, x)]

SJODF, ρ(x, y) ≥ 0 BOE ρ(y, x) ≥ 0, JU JT DMFBS UIBU d(x, y) ≥ 0.
HFODF, ρ(x, x) = 0, TP

d(x, x) =
1

2
[ρ(x, x) + ρ(x, x)] = ρ(x, x) = 0.

(JJ) SZNNFUSZ:

d(x, y) =
1

2
[ρ(x, y) + ρ(y, x)]

=
1

2
[ρ(y, x) + ρ(x, y)]

= d(y, x).

(JJJ) TIF USJBOHMF JOFRVBMJUZ :

d(x, y) =
1

2
[ρ(x, y) + ρ(y, x)]

≤ 1

2
[ρ(x, z) + ρ(z, y) + ρ(y, z) + ρ(z, x)]

=
1

2
[ρ(x, z) + ρ(z, x)] +

1

2
[ρ(z, y) + ρ(y, z)]

= d(x, z) + d(z, y).

TIFSFGPSF, (X, d) JT NFUSJD TQBDF.

Proposition 2.9. UTJOH UIF TZNNFUSJ[BUJPO d PG XFJHIU PG RVBTJ-NFUSJD ρ XJUI UIF XFJHIU
GVODUJPO w : X → [0,∞) XF IBWF

ρ(x, y) = d(x, y) +
1

2
[w(y)− w(x)], ∀x, y ∈ X (2.4)

MPSFPWFS, XF IBWF
1

2
|w(x)− w(y)| ≤ d(x, y), ∀x, y ∈ X (2.5)This material is reserved for educational use only, not allowed for commercial use. 
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IOEFFE, XF IBWF

ρ(x, y) + w(x) = ρ(y, x) + w(y)

ρ(x, y)− ρ(y, x) = w(y)− w(x)

2ρ(x, y)− (ρ(x, y) + ρ(y, x)) = w(y)− w(x)

ρ(x, y) =
1

2
[ρ(x, y) + ρ(y, x)] +

1

2
[w(y)− w(x)]

d(x, y) = ρ(x, y) +
1

2
[w(y)− w(x)].

Proposition 2.10. IG (X, ρ,w) JT B XFJHIUFE RVBTJ-NFUSJD TQBDF, UIFO UIF QFSJNFUFS MFOHUI
PG BOZ HFPEFTJD USJBOHMF PO X EPFT OPU EFQFOE PO UIF PSJFOUBUJPO, UIBU JT ∀x, y, z ∈ X

ρ(x, y) + ρ(y, z) + ρ(z, x) = ρ(x, z) + ρ(z, y) + ρ(y, x). (2.6)

Figure 2.6: TIF QFSJNFUFS PG UIF USJBOHMF △xyz JT JOEFQFOEFOU PG UIF PSJFOUBUJPO.

Proof. LFU x, y, z ∈ X BOE w CF XFJHIU GVODUJPO.
FSPN B XFJHIU BCJMJUZ, XF IBWF

ρ(x, y) + w(x) = ρ(y, x) + w(y) (2.7)
ρ(y, z) + w(y) = ρ(z, y) + w(z) (2.8)
ρ(z, x) + w(z) = ρ(x, z) + w(x). (2.9)

TIFO (2.7)+(2.8)+(2.9), XF IBWF

ρ(x, y) + ρ(y, z) + ρ(z, x) = ρ(x, z) + ρ(z, y) + ρ(y, x).

TIFSFGPSF, UIF QSPPG JT DPNQMFUF.

Remark 2.11. IU TIPVME CF DMFBS UIBU OPU BOZ RVBTJ-NFUSJD TQBDF JT XFJHIUBCMF. IO GBDU,
JU DBO CF TIPXO UIBU UIF DMBTT PG XFJHIUBCMF RVBTJ-NFUSJD TQBDFT BSF FYBDUMZ UIPTF
RVBTJ-NFUSJD TQBDFT UIBU TBUJTGZ SFMBUJPO (2.6)(TFF [6>).
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IG (X, q, w) BOE (Y, p, u) BSF UXP XFJHIUFE RVBTJ-NFUSJD TQBDFT, B morphism PG
(X, q, w) JOUP (Y, p, u) JT B NBQQJOH φ : X → Y TVDI UIBU

p(φ(x), φ(y)) ≤ q(x, y), ∀x, y ∈ X (2.10)
u(φ(x)) ≤ w(x), ∀x ∈ X. (2.11)

WF TBZ UIBU UIF NPSQIJTN φ JT BO isometric morphism JG JO (2.10), XF IBWF
FRVBMJUZ; JO UIJT DBTF w BOE u ◦ φ EJGGFS CZ B DPOTUBOU POMZ.

Figure 2.7: DJBHSBN PG NPSQIJTN PG XFJHIUFE RVBTJ-NFUSJD TQBDFT.

MPSFPWFS, BO isomorphism PG XFJHIUFE RVBTJ-NFUSJD TQBDFT (X, q, w) BOE (Y, p, u)

JT B CJKFDUJWF GVODUJPO φ : X → Y UIBU QSFTFSWFT CPUI UIF RVBTJ-NFUSJD BOE UIF XFJHIU
GVODUJPO, J.F.

p(φ(x), φ(y)) = q(x, y), ∀x, y ∈ X (2.12)
u(φ(x)) = w(x), ∀x ∈ X. (2.13)

Figure 2.8: DJBHSBN PG JTPNPSQIJTN PG XFJHIUFE RVBTJ-NFUSJD TQBDFT.

FJOBMMZ, BO embedding PG (X, q, w) JOUP (G,Q,W ) JT BO JTPNPSQIJTN PG (X, q, w)

POUP B TVCTQBDF PG (G,Q,W ). HFSF, B subspace (Y, p, u) of a weighted quasi-metric
space(G,Q,W ) JT B TVCTFU Y ⊂ G, UIF GVODUJPO p BOE u BSF UIF SFTUSJDUJPO PG Q BOE W

UP Y × Y BOE Y , SFTQFDUJWFMZ.
This material is reserved for educational use only, not allowed for commercial use. 
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Example 2.12. (TIF QSPEVDU PG B NFUSJD TQBDF XJUI B IBMG SBZ). LFU VT DPOTJEFS B NFUSJD
TQBDF (X, d) BOE UIF JOUFSWBM I := [0,∞). TIFO UIF QSPEVDU TQBDF G := X × I JOIFSJUT B
OBUVSBM TUSVDUVSF PG (HFOFSBMJ[FE) XFJHIUFE RVBTJ-NFUSJD TQBDF (G,Q,W ), XIFSF

Q : G×G→ I, Q(a, b) := d(x, y) + η − ξ,

W : G→ I, W (a) = 2ξ,
(2.14)

GPS BOZ a = (x, ξ), b = (y, η) PO G = X × I .
IOEFFE, MFU a = (x, ξ), b = (y, η), c = (z, ζ) ∈ X × I , UIFO

(J) IU JT DMFBS UIBU

Q(a, a) = Q((x, ξ), (x, ξ)) = d(x, x) + ξ − ξ = 0.

(JJ) TSJBOHMF JOFRVBMJUZ :

Q(a, b) = Q((x, ξ), (y, η))

= d(x, y) + η − ξ

≤ d(x, z) + d(z, y) + η − ξ

= Q((x, ξ), (z, ζ)) + ξ − ζ +Q((z, ζ), (y, η)) + ζ − η + η − ξ

= Q((x, ξ), (z, ζ)) +Q((z, ζ), (y, η))

= Q(a, c) +Q(c, b),

SP, Q(a, b) ≤ Q(a, c) +Q(c, b).

(JJJ) SVQQPTF UIBU Q(a, b) = 0 BOE Q(b, a) = 0, UIBU JT

Q(a, b) = Q((x, ξ), (y, η)) = d(x, y) + η − ξ

Q(b, a) = Q((y, η), (x, ξ)) = d(y, x) + ξ − η

CZ BEEJOH UIFTF UXP FRVBMJUZ XF HFU, 2d(x, y) = 0, XIFODF x = y, TP UIBU ξ = η.

(JW) LFU W (a) = 2ξ, XF IBWF

Q(a, b) +W (a) = Q((x, ξ), (y, η)) +W (x, ξ)

= d(x, y) + η − ξ + 2ξ

= d(x, y) + η − ξ

= d(y, x) + ξ − η + 2η

= Q((y, η), (x, ξ)) +W (y, η)

= Q(b, a) +W (b).

TIFSFGPSF, (G,Q,W ) JT B HFOFSBMJ[FE XFJHIUFE RVBTJ-NFUSJD TQBDF.
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Remark 2.13. TIF HFOFSBMJ[FE XFJHIUFE RVBTJ-NFUSJD TQBDF (G,Q,W ) DPOTUSVDUFE JO
EYBNQMF (2.12) JT TPNFUJNFT DBMMFE the bundle over (X, d)(TFF [6>).

Theorem 2.14. ([6>) EWFSZ XFJHIUFE RVBTJ-NFUSJD TQBDF (Y, p, w) JT FNCFEEBCMF JO B
CVOEMF PWFS B TVJUBCMF NFUSJD TQBDF (X, d).

Proof. LFU NFUSJD TQBDF (X, d) := (Y, q) UIF TZNNFUSJ[BUJPO PG (Y, p, w).
TIFO, B XFJHIUFE RVBTJ-NFUSJD TQBDF (G,Q,W ) UIF DPSSFTQPOEJOH CVOEMF, XIFSF G :=

Y × [0,∞). DFųOF B NBQQJOH φ : Y → G BT GPMMPXT:

φ(x) :=

(
x,

1

2
w(x)

)
, x ∈ X. (2.15)

WF XBOU UP TIPX UIBU UIJT JT BO FNCFEEJOH.
TIFO, GPS FWFSZ x, y ∈ Y , XF IBWF

Q(φ(x), φ(y)) = Q

((
x,

1

2
w(x)

)
,

(
y,

1

2
w(y)

))
= d(x, y) +

1

2
w(y)− 1

2
w(x)

= q(x, y) +
1

2
w(y)− 1

2
w(x)

= p(x, y)− 1

2
w(y) +

1

2
w(x) +

1

2
w(y)− 1

2
w(x)

= p(x, y).

CMFBSMZ XF BMTP IBWF W (φ(x)) = W
(
x, 1

2w(x)
)
= 2

(
1
2w(x)

)
= w(x), ∀x ∈ Y .

TIVT, φ JT BO FNCFEEJOH.

Example 2.15. (TIF GSBQI PG B GVODUJPO). WF DPOTJEFS UIF DBTF PG UIF HSBQI PG B
OPO-OFHBUJWF WBMVFE GVODUJPO f : X → [0,∞) EFųOFE PO B NFUSJD TQBDF (X, d).

IOEFFE, JG XF EFOPUF UIF HSBQI PG f CZ Gf := {(x, f(x)) : x ∈ X} UIFO (Gf , Q,W )

JT B OBUVSBMMZ JOEVDFE XFJHIUFE RVBTJ-NFUSJD TQBDF TUSVDUVSF EFųOFE CZ

Q : Gf ×Gf → [0,∞), Q(a, b) := d(x, y) + f(y)− f(x),

W : Gf → [0,∞), W (a) = 2f(x),
(2.16)

GPS BMM a = (x, f(x)), b = (y, f(y)) ∈ Gf .
IOEFFE, MFU a = (x, f(x)), b = (y, f(y)), c = (z, f(x)) ∈ Gf XF IBWF

(J) IU JT DMFBS UIBU

Q(a, a) = Q((x, f(x)), (x, f(x))) = d(x, x) + f(x)− f(x) = 0.
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(JJ) TSJBOHMF JOFRVBMJUZ :

Q(a, b) = Q((x, f(x)), (y, f(y)))

= d(x, y) + f(y)− f(x)

≤ d(x, z) + d(z, y) + f(y)− f(x)

= Q((x, f(x)), (z, f(z))) +Q((z, f(z)), (y, f(y)))

= Q(a, c) +Q(c, b),

SP, Q(a, b) ≤ Q(a, c) +Q(c, b).

(JJJ) SVQQPTF UIBU Q(a, b) = 0 BOE Q(b, a) = 0, UIBU JT

Q(a, b) = Q((x, f(x)), (y, f(y))) = d(x, y) + f(y)− f(x)

Q(b, a) = Q((y, f(y)), (x, f(x))) = d(y, x) + f(x)− f(y)

CZ BEEJOH UIFTF UXP FRVBMJUZ XF HFU, 2d(x, y) = 0, XIFODF x = y.
SP UIBU f(x) = f(y).

(JW) LFU W (a) = 2f(x), XF IBWF

Q(a, b) +W (a) = Q((x, f(x)), (y, f(y))) +W (x, f(x))

= d(x, y) + f(y)− f(x) + 2f(x)

= d(x, y) + f(y)− f(x)

= d(y, x) + f(x)− f(y) + 2f(y)

= Q((y, f(y)), (x, f(x))) +W (y, f(y))

= Q(b, a) +W (b).

TIFSFGPSF, (Gf , Q,W ) JT B HFOFSBMJ[FE XFJHIUFE RVBTJ-NFUSJD TQBDF.

Definition 2.16. ([7>) LFU (X, d) CF B NFUSJD TQBDF. AOZ GVODUJPO f : X → [0,∞) JT TBJE UP
CF B 1-Lipschitz function JG JU TBUJTųFT

|f(x)− f(y)| ≤ d(x, y), ∀x, y ∈ X. (2.17)

Theorem 2.17. ([6>)
1. LFU (X, d) CF B NFUSJD TQBDF BOE f : X → [0,∞) B 1-LJQTDIJU[ GVODUJPO. TIFO UIF

HSBQI PG f JT B XFJHIUFE RVBTJ-NFUSJD TQBDF (Gf , Q,W ).

2. CPOWFSTFMZ, FWFSZ XFJHIUFE RVBTJ-NFUSJD TQBDF (Y, p, w) DBO CF DPOTUSVDUFE JO UIJT
XBZ.This material is reserved for educational use only, not allowed for commercial use. 
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Proof. FPS ųSTU QBSU, CZ EYBNQMF (2.15). SJODF f JT B 1-LJQTDIJU[ GVODUJPO, XF IBWF
Q((x, f(x)), (y, f(y))) ≥ 0.
TIFSFGPSF, (Gf , Q,W ) JT B XFJHIUFE RVBTJ-NFUSJD TQBDF XJUI HFOFSBMJ[FE XFJHIU W .
FPS UIF TFDPOE QBSU, MFU (Y, p, w) CF B XFJHIUFE RVBTJ-NFUSJD TQBDF.
LFU B NFUSJD TQBDF (X, d) := (Y, q), XIFSF q JT UIF TZNNFUSJ[BUJPO PG p.
DFųOF B GVODUJPO f : X → [0,∞) BT GPMMPXT :

f(x) :=
1

2
w(x), x ∈ X, (2.18)

UIFO f JT B 1-LJQTDIJU[ GVODUJPO, GPS BOZ x, y ∈ X , XF IBWF

|f(x)− f(y)| = 1

2
|w(x)− w(y)|

≤ d(x, y) (CZ PSPQPTJUJPO (2.9))

BZ ųSTU QBTU, XF IBWF (Gf , Q,W ) JT B XFJHIUFE RVBTJ-NFUSJD TQBDF XJUI HFOFSBMJ[FE XFJHIU
W , XIFSF Gf = {(x, f(x)) : x ∈ X} JT UIF HSBQI PG f BOE EFųOFE B NBQQJOH

Q : Gf ×Gf → [0,∞), Q((x, f(x)), (y, f(y))) := d(x, y) + f(y)− f(x),

W : Gf → [0,∞), W ((x, f(x))) = 2f(x),

GPS BMM x, y ∈ X .
NPX, CZ TIFPSFN (2.14), UIFSF JB BO FNCFEEJOH φ : Y → G HJWFO CZ

φ(x) =

(
x,

1

2
w(x)

)
, x ∈ X, (2.19)

XIFSF G = Y × [0,∞) JT B HFOFSBMJ[FE CVOEMF PWFS (X, d) XJUI B XFJHIUFE RVBTJ-NFUSJD
HJWFO CZ

Q′ : G×G→ [0,∞), Q′((x, ξ), (y, η)) := d(x, y) + η − ξ,

W ′ : G→ [0,∞), W ′((x, ξ)) = 2ξ,

GPS BMM x, y ∈ X, ξ, η ∈ [0,∞).
SJODF

φ(Y ) = {φ(x) : x ∈ Y = X}

= {(x, f(x)) : x ∈ X}

= Gf

BOE Q,W BSF SFTUSJDUJPOT PG Q′,W ′ UP Gf × Gf BOE Gf SFTQFDUJWFMZ, UIFSFGPSF, φ JT BO
FNCFEEJOH PG (Y, p, w) POUP (Gf , Q,W ), B TVCTQBDF PG (G,Q′,W ′) J.F. XF DBO JEFOUJGZ
(Y, p, w) XJUI (Gf , Q,W ).
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2.2 Finsler metrics
IO UIJT TFDUJPO, XF XJMM JOUSPEVDF FJOTMFS TQBDFT. FJOTMFS TQBDFT BSF WJFXFE BT

SFHVMBS NFUSJD TQBDFT(TFF [1>, [8>).
FJOTMFS NFUSJD JT B EJGGFSFOUJBCMF NBOJGPME M XIFSF B MJOLPXTLJ GVODUJPO F (x,−)

JT QSPWJEFE PO FBDI UBOHFOU TQBDF TxM , UIBU FOBCMFT POF UP EFųOF UIF MFOHUI PG BOZ
TNPPUI DVSF γ : [a, b]→M BT

L(γ) =

∫ b

a

F (γ(t), γ̇(t))dt.

FJOTMFS NFUSJDT BSF NPSF HFOFSBM UIBO RFNBOOJBO NFUSJDT TJODF UIF UBOHFOU OPSNT CF
OPU CF JOEVDFE CZ JOOFS QSPEVDUT. EWFSZ FJOTMFS NFUSJD CFDPNFT BO JOUSJOTJD RVBTJ-
NFUSJD TQBDF XIFO UIF EJTUBODF CFUXFFO UXP QPJOUT JT EFųOFE BT UIF JOųNVN MFOHUI
PG UIF DVSWFT UIBU KPJO UIFN.

TIF UBOHFOU CVOEMF PG B EJGGFSFOUJBCMF NBOJGPME M JT B NBOJGPME TM XIJDI
BTTFNCMFT BMM UIF UBOHFOU WFDUPST JO M . AT B TFU,

TM = {(x, y)|x ∈M,y ∈ TxM},

XIFSF TxM EFOPUFT UIF UBOHFOU TQBDF UP M BU UIF QPJOU x. SP, BO FMFNFOU PG TM DBO
CF UIPVHIU PG BT B QBJS (x, v), XIFSF x JT B QPJOU JO M BOE v JT B UBOHFOU WFDUPS UP M BU
x.

Figure 2.9: TBOHFOU TQBDF UP M BU UIF QPJOU x

Definition 2.18. A GVODUJPO F : TM → [0,∞) JT DBMMFE B Finsler metric JG JU IBT UIF
GPMMPXJOH QSPQFSUJFT :

(J) F JT C∞ PO TM \ 0,
(JJ) F (x, λy) = |λ|F (x, y), GPS BMM λ > 0 BOE (x, y) ∈ TM ,
(JJJ) GPS FBDI (x, y) ∈ TM \ 0, UIF TZNNFUSJD CJMJOFBS GPSN gij PO TM JT QPTJUJWF EFųOJUF,

XIFSF

gij :=
1

2

∂2

∂yi∂yj
[F (x, y)]2 |yi=yj=0 .
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TIFO UIF QBJS (M,F ) JT DBMMFE B Finsler space. A FJOTMFS NFUSJD F JT TBJE UP CF SFWFSTJCMF
JG F (−x,−y) = F (x, y) GPS BMM (x, y) ∈ TM .

Example 2.19. (RJFNBOOJBO NFUSJD) LFU g = {gx}x∈M , XIFSF gx JT B QPTJUJWF EFųOJUF
TZNNFUSJD CJMJOFBS GPSN JO TxM TVDI UIBU JO MPDBM DPPSEJOBUFT (xi),

gij(x) = gx

(
∂

∂xi
|x,

∂

∂xj
|x
)
,

BSF C∞ GVODUJPOT. g JT DBMMFE B Riemannian metric. LFU

Fx(y) =
√
gx(y, y), y ∈ TxM. (2.20)

TIFO F DBMMFE B FJOTMFS NFUSJD PO M .

Example 2.20. (RBOEFS NFUSJD) LFU α(y) = √aij(x)yiyj BOE β(y) = bi(x)y
i CF B RJFNBO-

OJBO NFUSJD BOE 1-GPSN PO B NBOJGPME M . ATTVNF UIBU

∥β∥x = TVQ
y∈TxM

β(y)

α(y) = 1
< 1, x ∈M.

LFU B GVODUJPO F : TM → [0,∞) EFųOF CZ

F (y) := α(y) + β(y), ∀y ∈ TM, (2.21)

JT B FJOTMFS NFUSJD PO M . WF DBMM F = α+ β B Randers metric.

2.3 Similarity function
IO UIJT TFDUJPO, XF HJWF EFųOJUJPO BOE TPNF QSPQFSUJFT BCPVU TJNJMBSJUZ GVODUJPO

(TFF [10>).

Definition 2.21. LFU X CF B UPQPMPHJDBM TQBDF. IG s : X ×X → R JT B DPOUJOPVT NBQQJOH
TVDI UIBU

(J) s(x, x) > 0 GPS BOZ x ∈ X ,

(JJ) s(x, x) ≥ s(x, y) GPS BOZ x, y ∈ X ,

(JJJ) s(x, y) = s(x, x) BOE s(y, x) = s(y, y), UIFO x = y GPS BOZ x, y ∈ X ,

(JW) s(x, y) + s(y, z) ≤ s(x, z) + s(y, y) GPS BOZ x, y, z ∈ X .

TIFO s JT DBMMFE B similarity function PO X .

TIF SFMBUJPO XJUI RVBTJ-NFUSJDT JT XFMM-LOPXO(TFF [9>, [10>).
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Example 2.22. LFU X = [0,∞) BOE s : X ×X → R CF B GVODUJPO EFųOFE BT

s(x, y) = (1 + x)−NBY{x− y, 0}, ∀x, y ∈ X. (2.22)

TIFO s JT B TJNJMBSJUZ GVODUJPO PO X .
IOEFFE, MFU x, y, z ∈ X . WF WFSJGZ UIF DPOEJUJPOT JO UIF EFųOJUJPO (2.21).

(J) IU JT DMFBS UIBU s(x, x) = (1 + x)−NBY{x− x, 0} = 1 + x > 0.

(JJ) WF XJMM TIPX UIBU s(x, x)− s(x, y) ≥ 0, XF IBWF

s(x, x)− s(x, y) = (1 + x)−NBY{x− x, 0} − (1 + x) +NBY{x− y, 0}

= NBY{x− y, 0}

≥ 0

SP, s(x, x)− s(x, y) ≥ 0, J.F. s(x, x) ≥ s(x, y).

(JJJ) SVQQPTF UIBU s(x, y) = s(x, x) BOE s(y, x) = s(y, y), XF IBWF

s(x, y) = s(x, x) ∧ s(y, x) = s(y, y)

−NBY{x− y, 0} = −NBY{x− x, 0} ∧ −NBY{y − x, 0} = −NBY{y − y, 0}

−NBY{x− y, 0} = 0 ∧ −NBY{y − x, 0} = 0

x− y ≤ 0 ∧ y − x ≤ 0

WF DBO TFF UIBU x− y ≤ 0 BOE x− y ≥ 0, UIFO x = y.

(JW) WF XJMM TIPX UIBU s(x, y) + s(y, z) ≤ s(x, z) + s(y, y)

SJODF x− z = (x− y) + (y − z) ≤NBY{x− y, 0}+NBY{y − z},
BOE 0 ≤NBY{x− y, 0}+NBY{y − z}.
SP, NBY{x− z, 0} ≤NBY{x− y, 0}+NBY{y − z}, XF IBWF

s(x, y) + s(y, z) = (1 + x)−NBY{x− y, 0}+ (1 + y)−NBY{y − z, 0}

≤ (1 + x)−NBY{x− z, 0}+ (1 + y)

= (1 + x)−NBY{x− z, 0}+ (1 + y)−NBY{y − y, 0}

= s(x, z) + s(y, y)

TIFSFGPSF, s JT B TJNJMBSJUZ GVODUJPO PO X .

Figure 2.10: SJNJMBSJUZ EJTUBODF GVODUJPO JO 1-EJNFOTJPO
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Proposition 2.23. ([10>) IG s : X×X → R JT B TJNJMBSJUZ GVODUJPO PO X , UIFO d : X×X → R

EFųOFE CZ

d(x, y) := s(y, y)− s(y, x), GPS BMM x, y ∈ X. (2.23)

JT B RVBTJ-NFUSJD PO X .

Proof. LFU x, y, z ∈ X . WF WFSJGZ UIF DPOEJUJPOT JO UIF EFųOJUJPO PG UIF RVBTJ-NFUSJD.

(J) PPTJUJWFOFTT :
d(x, y) = s(y, y)− s(y, x)

SJODF s(y, y)− s(y, x) ≥ 0, JU JT DMFBS UIBU d(x, y) ≥ 0.
BOE d(y, y) = s(y, y)− s(y, y) = 0.

(JJ) TSJBOHMF JOFRVBMJUZ :

d(x, y) = s(y, y)− s(y, x)

= s(y, y)− s(y, z) + s(y, z)− s(y, x)

≤ s(y, y)− s(y, z) + s(z, z)− s(z, x)

= d(z, y) + d(x, z)

= d(x, z) + d(z, y)

(JJJ) SFQBSBUJPO BYJPN :

d(x, y) = 0 ∧ d(y, x) = 0 =⇒ x = y

s(y, y)− s(y, x) = 0 ∧ s(x, x)− s(x, y) = 0 =⇒ x = y

s(y, y) = s(y, x) ∧ s(x, x) = s(x, y) =⇒ x = y

TIFSFGPSF, (X, d) JT B RVBTJ-NFUSJD PO X .

Proposition 2.24. LFU s : X×X → R JT B TJNJMBSJUZ GVODUJPO PO X . IG s JT B TZNNFUSJD, J.F.
s(x, y) = s(y, x) GPS BMM x, y ∈ X , UIFO (X, d) JT B XFJHIUFE RVBTJ-NFUSJD TQBDF XJUI XFJHIU
GVODUJPO w : X → R, w(x) = s(x, x).

Proof. BZ QSPQPTJUJPO (2.23) XF IBWF d(x, y) = s(y, y)− s(y, x).
LFU x, y, z ∈ X . WF WFSJGZ UIF DPOEJUJPOT JO EFųOJUJPO PG XFJHIUFE RVBTJ-NFUSJD.

(J) PPTJUJWFOFTT :
d(x, y) = s(y, y)− s(y, x)

SJODF s(y, y)− s(y, x) ≥ 0, JU JT DMFBS UIBU d(x, y) ≥ 0.
BOE d(y, y) = s(y, y)− s(y, y) = 0.
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(JJ) TSJBOHMF JOFRVBMJUZ :

d(x, y) = s(y, y)− s(y, x)

= s(y, y)− s(y, z) + s(y, z)− s(y, x)

≤ s(y, y)− s(y, z) + s(z, z)− s(z, x)

= d(z, y) + d(x, z)

= d(x, z) + d(z, y)

(JJJ) SFQBSBUJPO BYJPN :

d(x, y) = 0 ∧ d(y, x) = 0 =⇒ x = y

s(y, y)− s(y, x) = 0 ∧ s(x, x)− s(x, y) = 0 =⇒ x = y

s(y, y) = s(y, x) ∧ s(x, x) = s(x, y) =⇒ x = y

(JW) LFU w : X → R, w(x) = s(x, x), XF IBWF

d(x, y) + w(x) = s(y, y)− s(y, x) + s(x, x)

= s(y, y)− s(x, y) + s(x, x)

= s(x, x)− s(x, y) + s(y, y)

= d(y, x) + w(y)

TIFSFGPSF, (X, d) JT B XFJHIUFE RVBTJ-NFUSJD TQBDF.

WF XJMM DPOTJEFS JO UIF GPMMPXJOH POMZ TZNNFUSJD TJNJMBSJUZ GVODUJPO.

Remark 2.25. (1) OCTFSWF UIBU UIF RVBTJ-EJTUBODF d BOE UIF XFJHIU GVODUJPO w BSF
EFUFSNJOFE POMZ CZ UIF TJNJMBSJUZ GVODUJPO s.

(2) LFU XF BTTVNF UIF RVBTJ-EJTUBODF d JT BDUVBMMZ B EJTUBODF GVODUJPO, J.F. d(x, y) =

d(y, x) GPS BMM x, y ∈ X , JU GPMMPXT

s(y, y)− s(y, x) = s(x, x)− s(x, y) (2.24)

BOE JG XF UBLF JOUP BDDPVOU UIBU s JT TZNNFUSJD, UIFO XF PCUBJO

s(x, x) = s(y, y) GPS BMM x, y ∈ X. (2.25)

IO PUIFS XPSET, UIF RVBTJ-EJTUBODF JOEVDFE CZ B TJNJMBSJUZ GVODUJPO JT B EJTUBODF JG
BOE POMZ JG UIF TJNJMBSJUZ JT UIF TBNF PO UIF EJBHPOBM.

(3) TIF TZNNFUSJ[FE EJTUBODF JOEVDFE CZ B RVBTJ-EJTUBODF d JT

ρ(x, y) :=
1

2
[d(x, y) + d(y, x)] =

1

2
[s(x, x) + s(y, y)]− s(x, y). (2.26)This material is reserved for educational use only, not allowed for commercial use. 
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CPOWFSTFMZ, B XFJHIUFE RVBTJ-NFUSJD TQBDF JOEVDFT B TZNNFUSJD TJNJMBSJUZ GVOD-
UJPO. IOEFFE, XF IBWF UIF GPMMPXJOH QSPQPTJUJPO IPME

Proposition 2.26. LFU (X, d) JT CF B XFJHIUFE RVBTJ-NFUSJD TQBDF XJUI UIF XFJHIU GVODUJPO
w : X → (0,∞). TIFO UIF NBQQJOH s : X ×X → R,

s(x, y) := w(x)− d(y, x) GPS BMM x, y ∈ X, (2.27)

JT B TZNNFUSJD TJNJMBSJUZ GVODUJPO PO X .

Proof. LFU x, y, z ∈ X . WF WFSJGZ UIF DPOEJUJPOT JO EFųOJUJPO (2.21), XF IBWF

(J) SJODF w : X → R JT XFJHIU GVODUJPO, UIFO w(x) > 0

BOE d(x, x) = 0

IU JT DMFBS UIBU s(x, x) = w(x)− d(x, x) = w(x) > 0

(JJ) WF XJMM TIPX UIBU s(x, x)− s(x, y) ≥ 0, XF IBWF

s(x, x)− s(x, y) = w(x)− d(x, x)− w(x) + d(y, x)

= −d(x, x) + d(y, x)

= d(y, x)

SJODF d(y, x) ≥ 0

SP, s(x, x)− s(x, y) ≥ 0, J.F. s(x, x) ≥ s(x, y).

(JJJ) SVQQPTF UIBU s(x, y) = s(x, x) BOE s(y, x) = s(y, y), XF IBWF

s(x, y) = s(x, x) ∧ s(y, x) = s(y, y)

w(x)− d(y, x) = w(x)− d(x, x) ∧ w(y)− d(x, y) = w(y)− d(y, y)

d(x, x)− d(y, x) = w(x)− w(x) ∧ d(y, y)− d(x, y) = w(y)− w(y)

d(y, x) = 0 ∧ d(x, y) = 0

TJODF d(x, y) = 0 = d(y, x), UIVT x = y.

(JW) WF XJMM TIPX UIBU s(x, y) + s(y, z) ≤ s(x, z) + s(y, y), XF IBWF

s(x, y) + s(y, z) = w(x)− d(y, x) + w(y)− d(z, y)

= w(x) + w(y)− d(z, y)− d(y, x)

≤ w(x) + w(y)− d(z, x)

= w(x)− d(z, x) + w(y)− 0

= w(x)− d(z, x) + w(y)− d(y, y)

= s(x, z) + s(y, y)

TIFSFGPSF, (X, s) JT B TZNNFUSJD TJNJMBSJUZ GVODUJPO PO X .
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Example 2.27. LFU VT DPOTJEFS UIF NFUSJD TQBDF (S, ρ) BOE UIF JOUFSWBM I := (0,∞). IU
JT LOPXO UIBU UIF QSPEVDU TQBDF G := S × I JOUFSJUT B OBUSVSBM TUSVDUVSF PG HFOFSBMJ[FE
XFJHIUFE RVBTJ-NFUSJD TUSVDUVSF (G,Q,W ), XIFSF

Q : G×G→ [0,∞), Q(a, b) := ρ(x, y) + η − ξ,

W : G→ [0,∞), W (a) = 2ξ,
(2.28)

GPS BOZ a = (x, ξ), b = (y, η) PO G = X × I .
TIF TJNJMBSJUZ GVODUJPO φ : G × G → R JOEVDFE CZ UIF XFJHIUFE RVBTJ-NFUSJD TUSVDUVSF
(G,Q,W ) JT HJWFO CZ

φ(a, b) := −ρ(x, y) + ξ + η, ∀a = (x, ξ), b = (y, η) ∈ G. (2.29)

CMFBSMZ UIJT JT B TZNNFUSJD TJNJMBSJUZ GVODUJPO PO G.
IOEFFE, MFU a = (x, ξ), b = (y, η), c = (z, ζ) ∈ G, UIFO

(J) IU JT DMFBS UIBU

φ(a, a) = φ((x, ξ), (x, ξ)) = −ρ(x, x) + ξ + ξ = 2ξ > 0.

(JJ) WF XJMM TIPX UIBU φ(a, a)− φ(a, b) ≥ 0, XF IBWF

φ(a, a)− φ(a, b) = −ρ(x, x) + ξ + ξ + ρ(x, y)− ξ − η

= −ρ(x, x) + ρ(x, y) + ξ − η

= ρ(x, y) + ξ − η

= ρ(y, x) + ξ − η

= Q((y, η), (x, ξ))

= Q(b, a)

≥ 0

SP, φ(a, a)− φ(a, b) ≥ 0.

(JJJ) SVQQPTF UIBU φ(a, b) = φ(a, a) BOE φ(b, a) = φ(b, b), UIBU JT

φ((x, ξ), (y, η)) = φ((x, ξ), (x, ξ)) ∧ φ((y, η), (x, ξ)) = φ((y, η), (y, η))

−ρ(x, y) + ξ + η = −ρ(x, x) + ξ + ξ ∧ −ρ(y, x) + η + ξ = −ρ(y, y) + η + η

ρ(x, x)− ρ(x, y) + η − ξ = 0 ∧ ρ(y, y)− ρ(y, x) + ξ − η = 0

CZ TVCUSBDU UIFTF UXP FRVBMJUZ XF HFU, ρ(x, x)− 2ξ = ρ(y, y)− 2η, XIFODF ξ = η, TP
UIBU x = y. HFODF a = b.
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(JW) WF XJMM TIPX UIBU φ(a, b) + φ(b, c) ≤ φ(a, c) + φ(b, b), XF IBWF

φ(a, b) + φ(b, c) = φ((x, ξ), (y, η)) + φ((y, η), (z, ζ))

= −ρ(x, y) + ξ + η − ρ(y, z) + η + ζ

= −ρ(x, y)− ρ(y, z) + ξ + ζ + η + η

≤ −ρ(x, z) + ξ + ζ + η + η

= −ρ(x, z) + ξ + ζ − ρ(y, y) + η + η

= φ((x, ξ), (z, ζ)) + φ((y, η), (y, η))

= φ(a, c) + φ(b, b)

AOE XF XJMM TIPX UIBU φ JT B TZNNFUSJD, J.F. φ(a, b) = φ(b, a).

φ(a, b) = φ((x, ξ), (y, η))

= −ρ(x, y) + ξ + η

= −ρ(y, x) + η + ξ

= φ((y, η), (x, ξ))

= φ(b, a)

TIFSFGPSF, φ JT B TZNNFUSJD TJNJMBSJUZ GVODUJPO PO G.

Example 2.28. LFU (S, ρ) CF B NFUSJD TQBDF BOE f : S → (0,∞) JT B LJQTDIJU[ GVODUJPO
XJUI SFTQFDU UP ρ. TIFO JU JT LOPXO UIBU UIF HSBQI PG f , J.F. Gf = {(x, f(x)) : x ∈ X} IBT
B XFJHIUFE RVBTJ-NFUSJD TQBDF TUSVDUVSF (Gf , Q,W ) HJWFO CZ

Q : Gf ×Gf → [0,∞), Q(a, b) := ρ(x, y) + f(y)− f(x),

W : Gf → [0,∞), W (a) = 2f(x),
(2.30)

GPS BOZ a = (x, f(x)), b = (y, f(y)) PO Gf .

IU GPMMPXT UIBU UIF GVODUJPO φf : Gf ×Gf → R HJWFO CZ

φf (a, b) := −ρ(x, y) + f(x) + f(y), (2.31)

GPS BOZ a = (x, f(x)), b = (y, f(y)) ∈ Gf , JT B TZNNFUSJD TJNJMBSJUZ GVODUJPO PO Gf .
IOEFFE, MFU a = (x, f(x)), b = (y, f(y)), c = (z, f(z)) ∈ Gf , UIFO

(J) IU JT DMFBS UIBU

φf (a, a) = φf ((x, f(x)), (x, f(x))) = −ρ(x, x) + f(x) + f(x) = 2f(x) > 0.
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(JJ) WF XJMM TIPX UIBU φf (a, a)− φf (a, b) ≥ 0, XF IBWF

φf (a, a)− φf (a, b) = −ρ(x, x) + f(x) + f(x) + ρ(x, y)− f(x)− f(y)

= −ρ(x, x) + ρ(x, y) + f(x)− f(y)

= ρ(x, y) + f(x)− f(y)

= ρ(y, x) + f(x)− f(y)

= Q((y, f(y)), (x, f(x)))

= Q(b, a)

≥ 0

SP, φf (a, a)− φf (a, b) ≥ 0.

(JJJ) SVQQPTF UIBU φf (a, b) = φf (a, a) BOE φf (b, a) = φf (b, b), UIBU JT

φf (a, b) = φf (a, a) ∧ φf (b, a) = φf (b, b)

−ρ(x, y) + f(x) + f(y) = f(x) + f(x) ∧ −ρ(y, x) + f(y) + f(x) = f(y) + f(y)

ρ(x, x)− ρ(x, y) + f(y)− f(x) = 0 ∧ ρ(y, y)− ρ(y, x) + f(x)− f(y) = 0

CZ TVCUSBDU UIFTF UXP FRVBMJUZ XF HFU, ρ(x, x) − 2f(x) = ρ(y, y) − 2f(y), XIFODF
f(x) = f(y), TP UIBU x = y. HFODF a = b.

(JW) WF XJMM TIPX UIBU φf (a, b) + φf (b, c) ≤ φf (a, c) + φf (b, b), XF IBWF

φf (a, b) + φf (b, c) = φf ((x, f(x)), (y, f(y))) + φf ((y, f(y)), (z, f(z)))

= −ρ(x, y) + f9x) + f(y)− ρ(y, z) + f(y) + f(z)

= −ρ(x, y)− ρ(y, z) + f(x) + f(z) + f(y) + f(y)

≤ −ρ(x, z) + f(x) + f(z) + f(y) + f(y)

= −ρ(x, z) + f(x) + f(z)− ρ(y, y) + f(y) + f(y)

= φf ((x, f(x)), (z, f(z))) + φf ((y, f(y)), (y, f(y)))

= φf (a, c) + φf (b, b)

AOE XF XJMM TIPX UIBU φf JT B TZNNFUSJD, J.F. φf (a, b) = φf (b, a).

φf (a, b) = φf ((x, f(x)), (y, f(y)))

= −ρ(x, y) + f(x) + f(y)

= −ρ(y, x) + f(y) + f(x)

= φf ((y, f(y)), (x, f(x)))

= φf (b, a)

TIFSFGPSF, φf JT B TZNNFUSJD TJNJMBSJUZ GVODUJPO PO Gf .
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WF DBO DPODMVEF UIBU B NFUSJD TQBDF (X, ρ) XJUI B LJQTDIJU[ GVODUJPO f : X → R

JOEVDFT B TJNJMBSJUZ GVODUJPO PO X .
TIF TJNJMBSJUZ TQBDF (Gf , φf ) DPOTUSVDUFE IFSF JT DBMMFE UIF CVOEMF PWFS UIF

NFUSJD TQBDF (S, ρ).
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Chapter 3
Embedding and relation to Finsler spaces

IO UIJT DIBQUFS, XF TUVEZ UIF SFMBUJPO UIF TJNJMBSJUZ GVODUJPO XJUI FNCFEEJOHT
BOE CVOEMF, BOE XJUI FJOTMFS TQBDF, XF TUVEZ UIFJS GVOEBNFOMBJ QSPQFSUJFT BOE TIPX
UIBU UIF SFMBUJPO XJUI XFJHIUFE RVBTJ-NFUSJD. AMM UIF DPOUFOU PG UIJT TFDUJPO JT OFX BOE
NBLFT UIF DPSF PG UIF SFTFBSDI.

LFU (X, q, w) BOE (Y, p, u) BSF UXP XFJHIUFE RVBTJ-NFUSJD TQBDFT, UIF GVODUJPO
φ : X → Y XJUI UIF QSPQFSUJFT

p(φ(x), φ(y)) = q(x, y), ∀x, y ∈ X (3.1)
u(φ(x)) = w(x), ∀x ∈ X. (3.2)

JT DBMMFE embeddings PG XFJHIUFE RVBTJ-NFUSJD.

Figure 3.1: DJBHSBN PG FNCFEEJOH PG XFJHIUFE RVBTJ-NFUSJD TQBDFT.

LFU (X,σ) BOE (Y, τ) CF UXP UPQPMPHJDBM TQBDFT XJUI TJNJMBSJUJFT GVODUJPOT σ BOE
τ , SFTQFDUJWFMZ. A DPOUJOVPVT NBQQJOH φ : X → Y JT DBMMFE B similarity embedding JG

τ(φ(x), φ(y)) = σ(x, y), (3.3)

GPS BMM x, y ∈ X .

Figure 3.2: DJBHSBN PG TJNJMBSJUZ FNCFEEJOH.
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Proposition 3.1. LFU (X, q, w) BOE (Y, p, u) CF UXP XFJHIUFE RVBTJ NFUSJD TQBDFT XJUI UIF
BTTPDJBUFE TJNJMBSJUJFT σ BOE τ , SFTQFDUJWFMZ. TIF DPOUJOVPVT GVODUJPO φ : X → Y JT B
TJNJMBSJUZ FNCFEEJOH JG BOE POMZ JG JU JT BO FNCFEEJOH PG XFJHIUFE RVBTJ TQBDFT.
Proof. WF BTTVNF UIBU φ : (X,σ)→ (Y, τ) JT B TJNJMBSJUZ FNCFEEJOH, J.F.

τ(φ(x), φ(y)) = σ(x, y), ∀x, y ∈ X.

TIF XFJHIUFE RVBTJ-NFUSJD (d,w) BTTPDJBUFE UP UIF TJNJMBSJUZ GVODUJPO σ PO X JT HJWFO CZ

d(x, y) = σ(y, y)− σ(y, x), ∀x, y ∈ X.

w(x) = σ(x, x), ∀x ∈ X.

TIF XFJHIUFE RVBTJ-NFUSJD (d̂, ŵ) BTTPDJBUFE UP UIF TJNJMBSJUZ GVODUJPO τ PO Y JT HJWFO CZ

d̂(x, y) = τ(y, y)− τ(y, x), ∀x, y ∈ Y.

ŵ(x) = τ(x, x), ∀x ∈ Y.

WF DPNQVUF

d̂(φ(x), φ(y)) = τ(φ(y), φ(y))− τ(φ(y), φ(x))

= σ(y, y)− σ(y, x)

= d(x, y),

GPS BMM x, y ∈ X . LJLFXJTF,

ŵ(φ(x)) = τ(φ(x), φ(x)) = σ(x, x) = w(x),

BOE IFODF JU SFTVMUT UIBU φ : (X, d,w) → (Y, d̂, ŵ) JT BO FNCFEEJOH PG XFJHIUFE RVBTJ-
NFUSJDT.

CPOWFSTFMZ, XF BTTVNF UIBU φ : (X, d,w)→ (Y, d̂, ŵ) JT BO FNCFEEJOH PG XFJHIUFE
RVBTJ TQBDFT, J.F.

d̂(φ(x), φ(y)) = d(x, y),

ŵ(φ(x)) = w(x),

GPS BMM x, y ∈ X . UTJOH OPX SFMBUJPOT

σ(x, y) = w(x)− d(y, x), ∀x, y ∈ X.

τ(x, y) = ŵ(x)− d̂(y, x), ∀x, y ∈ Y.

WF IBWF

τ(φ(x), φ(y)) = ŵ(φ(x))− d̂(φ(y), φ(x))

= w(x)− d(x, y)

= σ(x, y)

GPS BMM x, y ∈ X ,UIFSFGPSF φ : (X,σ)→ (Y, τ) JT B TJNJMBSJUZ FNCFEEJOH.
This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



26

Theorem 3.2. EWFSZ TQBDF XJUI B TZNNFUSZ GVODUJPO (X, s) JT FNCFEEBCMF JO B CVOEMF
PWFS B TVJUBCMF NFUSJD TQBDF (S, ρ).

Proof. LFU B NFUSJD TQBDF (X, ρ) BOE MFU (X, s) CF B TQBDF XJUI B TZNNFUSZ GVODUJPO s.
BZ, PSPQPTJUJPO (2.23) BOE (2.24) XF IBWF (d,w) JT XFJHIUFE RVBTJ-NFUSJD XJUI UIF TJNJ-
MBSJUZ GVODUJPO s HJWFO CZ

d(x, y) = s(y, y)− s(y, x), ∀x, y ∈ X,

w(x) = s(x, x), ∀x ∈ X,

BOE UIF TZNNFUSJ[FE BTTPDJBUFE EJTUBODF s HJWFO CZ

ρ(x, y) =
1

2
[s(x, x) + s(y, y)]− s(x, y), ∀x, y ∈ X.

TIFO, TJNJMBSJUZ TQBDF (Gf , φf ) UIF DPSSFTQPOEJOH CVOEMF, XIFSF Gf := {(x, f(x)) : x ∈ X}

BOE f(x) :=
1

2
w(x).

DFųOF B NBQQJOH φ : (X, s)→ (Gf , φf ) BT GPMMPXT:

φ(x) :=

(
x,

1

2
w(x)

)
.

WF XBOU UP TIPX UIBU UIJT JT BO FNCFEEJOH.
TIFO, GPS BOZ x, y ∈ X , XF IBWF

φf (φ(x), φ(y)) = φf

((
x,

1

2
w(x)

)
,

(
y,

1

2
w(y)

))
= −ρ(x, y) + 1

2
w(x) +

1

2
w(y)

= −1

2
[s(x, x) + s(y, y)] + s(x, y) +

1

2
s(x, x) +

1

2
s(y, y)

= s(x, y)

TIFSFGPSF, φ JT BO FNCFEEJOH.

Theorem 3.3. 1 LFU (S, ρ) CF B NFUSJD TQBDF BOE f : S → (0,∞) B LJQTDIJU[ GVODUJPO
PO UIJT NFUSJD TQBDF. TIFO UIF HSBQI PG f BENJUT B TJNJMBSJUZ GVODUJPO φ : Gf×Gf →

R UIBU EFQFOET PO ρ BOE f POMZ.

2 CPOWFSTFMZ, FWFSZ TJNJMBSJUZ TQBDF (X, s) DBO CF DPOTUSVDUFE JO UIJT XBZ.

Proof. FPS TUBUFNFOU (1), MFU (S, ρ) CF B NFUSJD TQBDF BOE f : S → (0,∞) B LJQTDIJU[
GVODUJPO PO UIJT NFUSJD TQBDF.
LFU (Gf , Q,W ) JT B XFJHIUFE RVBTJ-NFUSJD TQBDF, XIFSF Gf = {(x, f(x)) : x ∈ S} JT UIF
HSBQI PG f BOE EFųOFE B NBQQJOH

Q : Gf ×Gf → [0,∞), Q(a, b) := ρ(x, y) + f(y)− f(x),

W : Gf → [0,∞), W (a) := 2f(x),
(3.4)
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GPS BOZ a = (x, f(x)), b = (y, f(y)) PO Gf .
IU GPMMPXT UIBU UIF GVODUJPO φf : Gf ×Gf → R HJWFO CZ

φf (a, b) := −ρ(x, y) + f(x) + f(y), (3.5)
GPS BOZ a = (x, f(x)), b = (y, f(y)) ∈ Gf .
NPX, XF XJMM TIPX UIBU φf JT B TZNNFUSJD TJNJMBSJUZ GVODUJPO PO Gf .
IOEFFE, MFU a = (x, f(x)), b = (y, f(y)), c = (z, f(z)) ∈ Gf , UIFO

(J) IU JT DMFBS UIBU
φf (a, a) = φf ((x, f(x)), (x, f(x))) = −ρ(x, x) + f(x) + f(x) = 2f(x) > 0.

(JJ) WF XJMM TIPX UIBU φf (a, a)− φf (a, b) ≥ 0, XF IBWF
φf (a, a)− φf (a, b) = −ρ(x, x) + f(x) + f(x) + ρ(x, y)− f(x)− f(y)

= −ρ(x, x) + ρ(x, y) + f(x)− f(y)

= ρ(x, y) + f(x)− f(y)

= ρ(y, x) + f(x)− f(y)

= Q((y, f(y)), (x, f(x)))

= Q(b, a)

≥ 0

SP, φf (a, a)− φf (a, b) ≥ 0.
(JJJ) SVQQPTF UIBU φf (a, b) = φf (a, a) BOE φf (b, a) = φf (b, b), UIBU JT

φf (a, b) = φf (a, a) ∧ φf (b, a) = φf (b, b)

−ρ(x, y) + f(x) + f(y) = f(x) + f(x) ∧ −ρ(y, x) + f(y) + f(x) = f(y) + f(y)

ρ(x, x)− ρ(x, y) + f(y)− f(x) = 0 ∧ ρ(y, y)− ρ(y, x) + f(x)− f(y) = 0

−ρ(x, y) + f(y)− f(x) = 0 ∧ −ρ(y, x) + f(x)− f(y) = 0

CZ TVCUSBDU UIFTF UXP FRVBMJUZ XF HFU, ρ(x, y) + 2f(x) = ρ(y, x) + 2f(y), XIFODF
f(x) = f(y), TP UIBU x = y. HFODF a = b.

(JW) WF XJMM TIPX UIBU φf (a, b) + φf (b, c) ≤ φf (a, c) + φf (b, b), XF IBWF
φf (a, b) + φf (b, c) = φf ((x, f(x)), (y, f(y))) + φf ((y, f(y)), (z, f(z)))

= −ρ(x, y) + f9x) + f(y)− ρ(y, z) + f(y) + f(z)

= −ρ(x, y)− ρ(y, z) + f(x) + f(z) + f(y) + f(y)

≤ −ρ(x, z) + f(x) + f(z) + f(y) + f(y)

= −ρ(x, z) + f(x) + f(z)− ρ(y, y) + f(y) + f(y)

= φf ((x, f(x)), (z, f(z))) + φf ((y, f(y)), (y, f(y)))

= φf (a, c) + φf (b, b)

SP, φf (a, b) + φf (b, c) ≤ φf (a, c) + φf (b, b).
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AOE XF XJMM TIPX UIBU φf JT B TZNNFUSJD, J.F. φf (a, b) = φf (b, a).

φf (a, b) = φf ((x, f(x)), (y, f(y)))

= −ρ(x, y) + f(x) + f(y)

= −ρ(y, x) + f(y) + f(x)

= φf ((y, f(y)), (x, f(x)))

= φf (b, a)

TIFSFGPSF, φf JT B TZNNFUSJD TJNJMBSJUZ GVODUJPO PO Gf .
FPS TUBUFNFOU (2), MFU (X, s) CF B TJNJMBSJUZ TQBDF.

LFU (X, d,w) JT B XFJHIUFE RVBTJ-NFUSJD TQBDF XJUI UIF BTTPDJBUFE TJNJMBSJUZ s, XIFSF d

BOE w BSF HJWFO CZ

d : X ×X → R, d(x, y) = s(x, x)− s(y, x),

w : X → R, w(x) = s(x, x),
(3.6)

GPS BMM x, y ∈ X , BOE UIF TZNNFUSJ[FE BTTPDJBUFE EJTUBODF s HJWFO CZ

ρ(x, y) =
1

2
[s(x, x) + s(y, y)]− s(x, y), ∀x, y ∈ X.

DFųOF B GVODUJPO f : X → (0,∞) BT GPMMPXT :

f(x) :=
1

2
w(x), x ∈ X,

UIFO f JT B LJQTDIJU[ GVODUJPO, GPS BOZ x, y ∈ X , XF IBWF

|f(x)− f(y)| = 1

2
|w(x)− w(y)|

≤ d(x, y) (CZ PSPQPTJUJPO (2.9))

BZ TUBUFNFOU (1), XF IBWF (Gf , φf ) JT B TJNJMBSJUZ TQBDF.
DFųOF B NBQQJOH φ : (X, s)→ (Gf , φf ) BT GPMMPXT :

φ(x) :=

(
x,

1

2
w(x)

)
, ∀x ∈ X.

WF XBOU UP TIPX UIBU UIJT JT BO FNCFEEJOH.
TIFO, GPS BOZ x, y ∈ X , XF IBWF

φf (φ(x), φ(y)) = φf

((
x,

1

2
w(x)

)
,

(
y,

1

2
w(y)

))
= −ρ(x, y) + 1

2
w(x) +

1

2
w(y)

= −1

2
[s(x, x) + s(y, y)] + s(x, y) +

1

2
s(x, x) +

1

2
s(y, y)

= s(x, y)

TIFSFGPSF, φ JT BO FNCFEEJOH PG (X, s) POUP (Gf , φf ).
This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



29

Lemma 3.4. LFU M CF B DPNQBDU TNPPUI NBOJGPME. IG (M,ρ) JT BO VQQFS BOE MPXFS
DVSWBUVSF CPVOEFE NFUSJD TQBDF, UIFO UIFSF FYJTUT B RJFNBOOJBO NFUSJD g PO M XIPTF
EJTUBODF GVODUJPO DPJODJEFT XJUI ρ.
Proof. TIF QSPPG JT RVJUF PCWJPVT. EWFSZ BO VQQFS BOE MPXFS DVSWBUVSF CPVOEFE NFUSJD
TQBDF (M,ρ) DPOTUSVDUFE PO BO n-EJNFOTJPOBM DPNQBDU TNPPUI NBOJGPME M DBO CF
FNCFEEFE JTPNFUSJDBMMZ JO UIF EVDMJEFBO TQBDF R2n+1 XJUI UIF DBOPOJDBM NFUSJD. OO UIF
PUIFS IBOE, UIF NBOJGPME M BT B TVCNBOJGPME JO R2n+1 JOIFSJUT B DBOPOJDBM RJFNBOOJBO
NFUSJD GSPN UIF FNCFEEJOH JO UIF EVDMJEFBO TQBDF XIPTF EJTUBODF GVODUJPO PCWJPVTMZ
DPJODJEFT XJUI ρ.

Theorem 3.5. 1. IG (M,F = α + β) JT B TJNQMZ DPOOFDUFE RBOEFST EFųOFE CZ B RJF-
NBOOJBO NFUSJD α =

√
aij(x)yiyj BOE B DMPTFE 1-GPSN β, UIFO M JT FOEPXFE XJUI

B OBUVSBMMZ JOEVDFE TJNJMBSJUZ GVODUJPO.
2. CPOWFSTFMZ, MFU s CF B TZNNFUSJD, TJNJMBSJUZ GVODUJPO EFųOFE PO B DPNQBDU EJGGFS-

FOUJCMF NBOJGPME M XIPTF BTTPDJBUFE EJTUBODF ρ JT BO VQQFS BOE MPXFS DVSWBUVSF
CPVOEFE. IG s JT EJGGFSFOUJBCMF, UIFO UIFSF FYJTUT B OBUVSBMMZ DPOTUSVDUFE RBOEFST
NFUSJD PO M UIBU EFQFOET PO s POMZ.

Proof. FPS TUBUFNFOU 1, MFU (M,F = α+ β) JT B TJNQMZ DPOOFDUFE RBOEFST EFųOFE CZ B
RJFNBOOJBO NFUSJD α =

√
aij(x)yiyj BOE B DMPTFE 1-GPSN β.

LFU γxy ∈ Γxy := {γ : [a, b] → M |γ(QJFDFXJTF)C∞ − DVSWF, γ(a) = x, γ(b) = y} CF BO
F-HFPEFTJD BOE EFųOF UIF JOEVDFE NFUSJD PG B FJOTMFS TQBDF (M,F ) HJWFO CZ

dF : M ×M → [0,∞), dF (x, y) = JOG
γ∈Γxy

∫ b

a

F (γ(t), γ̇(t)). (3.7)
WF IBWF

dF (x, y) =

∫ b

a

α(γxy(t), γ̇xy(t))dt+

∫ b

a

bi(γxy(t))γ̇
i
xy(t)dt

= dα(x, y) +

∫
γxy

β.

SJODF β JT B DMPTFE 1-GPSN PO M , J.F. dβ = 0 UIFSF FYJUT B TNPPUI GVODUJPO w : M → R

TVDI UIBU β = dw, XF IBWF∫
γxy

β = wγ(b)− wγ(a) = w(y)− w(x).

NPX, JU GPMMPXT UIBU M CFDPNF B XFJHIUFE RVBTJ-NFUSJD TQBDF (M,dF , 2w), XIFSF
dF (x, y) = dα(x, y) + w(y)− w(x), ∀x, y ∈M.

BZ QSPQPTJUJPO (2.26) XF IBWF
s(x, y) = 2w(x)− dF (y, x)

= 2w(x)− dα(y, x)− w(x) + w(y)

= −dα(y, x) + w(x) + w(y).
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BZ FYBNQMF (2.28) XF IBWF s(x, y) = −dα(y, x) + w(x) + w(y) JT B TZNNFUSZ TJNJMBSJUZ
GVODUJPO.
TIFSFGPSF, M JT FOEPXFE XJUI B OBUVSBMMZ JOEVDFE TJNJMBSJUZ GVODUJPO.

FPS TUBUFNFOU 2, MFU s CF B TZNNFUSJD, TJNJMBSJUZ GVODUJPO EFųOFE PO B DPNQBDU
EJGGFSFOUJCMF NBOJGPME M . WF BTTVNF UIBU s JT B EJGGFSFOUJBCMF.
DFųOF B NBQQJOH d : M ×M → R BT GPMMPXT:

d(x, y) = s(y, y)− s(y, x), ∀x, y ∈M,

JT B XFJHIUFE RVBTJ-NFUSJD XIFSF B XFJHIU GVODUJPO w : M → R HJWFO CZ

w(x) = s(x, x), ∀x ∈M,

TIFO, (M,d,w) JT B XFJHIUFE RVBTJ-NFUSJD JOEVDFT B TJNJMBSJUZ GVODUJPO s.
BZ LFNNB (3.4) XF DBO TFF UIBU UIFSF FYJUT B RJFNBOOJBO NFUSJD α PO M XIPTF EJTUBODF
GVODUJPO JT FYBDUMZ ρ, XIFSF ρ JT B TZNNFUSJ[FE EJTUBODF JOEVDFE CZ d, J.F.

ρ(x, y) =
1

2
[d(x, y) + d(y, x)] =

1

2
[s(x, x) + s(y, y)]− s(x, y), ∀x, y ∈M.

SJODF s JT B EJGGFSFOUJBCMF XF DBO EFųOF β := dw XIFSF w JT UIF XFJHIU JOEVDFE CZ s.
TIFSFGPSF, (M,F = α+ β) JT B RBOEFST TQBDF.
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Chapter 4
Relation with Bioinformatics and Computer Science

IO UIJT DIBQUFS, XF TUVEZ UIF SFMBUJPO PG UIF TJNJMBSJUZ GVODUJPO XJUI CJPJOGPS-
NBUJDT BOE DPNQVUFS TDJFODF BOE TIPX UIBU B RBOEFST UZQF NFUSJD XIPTF BTTPDJBUFE
EJTUBODF GVODUJPO DPJODJEFT XJUI UIF XFJHIUFE RVBTJ-NFUSJD JOEVDFE CZ B TJNJMBSJUZ GVOD-
UJPO.

IO PSEFS UP BTTFTT UIF BQQMJDBUJPO PG UIJT UIFPSZ, XF TUBSU CZ SFDBMMJOH UIBU DZ-
OBNJD PSPHSBNNJOH JT, BU UIF TBNF UJNF, B NBUIFNBUJDBM PQUJNJ[BUJPO NFUIPE BT XFMM
BT BO BMHPSJUINJD NFUIPE JO DPNQVUFS TDJFODF. DZOBNJD PSPHSBNNJOH PSJHJOBUFT JO UIF
SFTFBSDI PG R. BFMMNBO JO UIF 1950T BOE JU XBT BQQMJFE FWFOUVBMMZ JO NBOZ ųFMET PG
TDJFODF MJLF FOHJOFFSJOH, FDPOPNJDT, BOE PUIFST. IO UIF NBKPSJUZ DBTFT, UIJT NFUIPE
XPSLT CZ TJNQMJGZJOH B NVDI NPSF DPNQMJDBUFE QSPCMFN CZ EJWJEJOH JU JOUP NVDI FBTJFS
TNBMM QSPCMFNT VTJOH B SFDVSTJWF XBZ. IU JT LOPXO UIBU JG B QSPCMFN JO DPNQVUFS TDJFODF
DBO CF TPMWFE PQUJNBMMZ CZ EJWJEJOH JU JOUP TNBMMFS QSPCMFNT BOE UIFO SFDVSTJWFMZ EF-
UFSNJOF UIF PQUJNBM TPMVUJPOT UP UIFTF TNBMM QSPCMFNT, UIFO UIF PSJHJOBM QSPCMFN IBT
BO PQUJNBM TVCTUSVDUVSF. TIF BMHPSJUINT JOWPMWJOH DZOBNJD PSPHSBNNJOH BSF QPQVMBS JO
UIF ųFME PG CJPJOGPSNBUJDT CFJOH FYUSFNFMZ VTFGVM GPS TPNF TQFDJųD QSPCMFNT BT DNA PS
BNJOP BDJET TFRVFODFT BMJHONFOU, RNA TUSVDUVSF QSFEJDUJPO, QSPUFJO TUSVDUVSF SFTFBSDI,
BOE PUIFST (TFF [9>, [10>).

IO UIF DBTF PG TFRVFODF DPNQBSJTPO BOBMZTJT JO BJPJOGPSNBUJDT, B TJNJMBSJUZ NFB-
TVSF PO Σ UPHFUIFS XJUI B HBQ QFOBMUJFT GVODUJPO DBO CF VTFE UP EFųOF UIF HMPCBM TJNJ-
MBSJUZ CFUXFFO UXP TFRVFODFT JO Σ∗. TIF DPNQVUBUJPO JT IBOEMFE VTJOH UIF NFFEMFNBO-
WVOTDI EZOBNJD QSPHSBNNJOH BMHPSJUIN XIJDI JT RVJUF TJNJMBS UP UIF W-S-B BMHPSJUIN
GPS DPNQVUBUJPO PG EJTUBODFT. IU JT QPTTJCMF UP EFųOF HMPCBM TJNJMBSJUZ VTJOH B EZOBNJD
QSPHSBNNJOH NBUSJY.

TP CF NPSF QSFDJTF, MFU Σ CF B OPO-FNQUZ TFU. TIFO B free monoid Σ∗ PO Σ JT
UIF NPOPJE XIPTF FMFNFOUT BSF BMM finite TFRVFODFT PG [FSP PS NPSF FMFNFOUT, GSPN Σ

XJUI PQFSBUJPO PG concatenation. TIF TFU Σ = {A,B,C, ..., Z} JT DBMMFE alphabet, BOE JUT
FMFNFOUT A,B,C, ..., Z BSF DBMMFE letters PG UIF BMQIBCFU, PS generators. TIF FMFNFOUT
u ∈ Σ∗ BSF DBMMFE words PS strings. TIF VOJRVF TFRVFODF PG [FSP MFUUFST (UIF FNQUZ
XPSE) EFOPUFE CZ e JT UIF identity element JO Σ∗.

TIF free semigroup Σ+ PO Σ JT EFųOFE BT Σ+ := Σ∗ \ {e}.

Remark 4.1. Biological motivation
TIF NBDSPNPMFDVMFT UIBU DPOUBJO UIF FTTFOUJBM JOGPSNBUJPO PG MJWJOH DFMMT DBO CF SFQ-
SFTFOUFE BT B GBNJMZ PG XPSET PWFS B ųOJUF BMQIBCFU.
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• DNA molecules BSF XPSET JO UIF GSFF TFNJHSPVQ HFOFSBUFE CZ UIF GPVS MFUUFST
nucleotide alphabet Σ = {A,C, T,G}.

• RNA molecules BSF XPSET JO UIF GSFF TFNJHSPVQ HFOFSBUFE CZ UIF GPVS MFUUFST
nucleotide alphabet Σ = {A,C,U,G}.

• proteins molecules DBO CF SFHBSEFE BT XPSET JO UIF GSFF TFNJHSPVQ XIPTF HFOFS-
BUPST BSF UIF 20 BNJOP BDJET UIBU DPNQPTF UIF QSPUFJOT JO MJWJOH DFMMT aminoacids
alphabet ΣAA.

AT BO FYBNQMF, XF NFOUJPO IFSF UIF JOTVMJO, XIPTF JOUFOTJWF SFTFBSDI, TUBSUJOH
BSPVOE 1950, IBT GBDJMJUBUFE UIF EFWFMPQNFOU PG UIF UIFPSZ PG NPMFDVMBS FWPMVUJPO PG
MJWJOH PSHBOJTNT.

IOTVMJO JT QSFTFOU JO BMNPTU BMM MJWJOH PSHBOJTNT PO UIF EBSUI, IFODF CZ DPNQBSJOH
UIF JOTVMJO TFRVFODFT GPVOE JO EJGGFSFOU TQFDJFT BOE DPNQVUJOH UIFJS TJNJMBSJUZ, POF DBO
HFU B WFSZ EFUBJMFE JOTJHIU JOUP UIF FWPMVUJPO PG MJGF PO EBSUI. SFRVFODF DPNQBSJTPO,
TJNJMBSJUZ FTUJNBUJPO, BOE TP PO, JT POF PG UIF NPTU GVOEBNFOUBM SFTFBSDI UPQJDT JO
CJPJOGPSNBUJDT (TFF [5>).

WF EFųOF HMPCBM TJNJMBSJUZ VTJOH B EZOBNJD QSPHSBNNJOH NBUSJY.

Definition 4.2. ([10>) LFU Σ CF B TFU, x, y ∈ Σ∗, s : Σ × Σ → R BOE g, h : N+ → R+. LFU
m = |x| BOE n = |y|. TIF Needleman-Wunsch EZOBNJD QSPHSBNNJOH NBUSJY, EFOPUFE
NW(x, y, s, g, h), JT BO (m + 1) × (n + 1) NBUSJY S XJUI SPXT BOE DPMVNOT JOEFYFE GSPN 0
TVDI UIBU S0,0 = 0, Si,0 = NBY1≤k≤i{Si−k,0 − h(k)}, S0,j = NBY1≤k≤j{S0,j−k − g(k)} BOE GPS
BMM i = 1, 2, ...,m BOE j = 1, 2, ..., n

Si,j = NBY
{
Si−1,j−1 + s(xi, yj), NBY

1≤k≤i
{Si−k,j − h(k)}, NBY

1≤k≤j
{Si,j−k − g(k)}

}
.

WF EFųOF UIF global similarity CFUXFFO UIF TFRVFODFT x BOE y (HJWFO s, g, BOE h),
EFOPUFE S(x, y), UP CF UIF WBMVF Sm,n.

Example 4.3. LFU Σ CF UIF BMQIBCFU, MFU x = CTTCA BOE y = CTACA. FPS BMM a, b ∈ Σ,
TFU s(a, a) = 5, s(a, b) = −1 JG a ̸= b BOE MFU g(k) = h(k) = 2k. TIF NBUSJY(PS UBCMF) S VTFE
GPS DPNQVUBUJPO PG UIF NFFEMFNBO-WVOTDI EJTUBODF JT HJWFO JO UIF TBCMF 4.1.

TIF EZOBNJD QSPHSBNNJOH UBCMF VTFE UP DPNQVUF UIF NFFEMFNBO-WVOTDI EJT-
UBODF CFUXFFO UIF TFRVFODFT CTTCA BOE CTACA. WF DBO TFF UIBU UIF HMPCBM TJNJMBSJUZ
CFUXFFO UIF TFRVFODFT UP CF UIF WBMVF Sm,n = S5,5 = 19 BOE UIF QBUI TIPXO JO CPME
JO UIF TBCMF 4.1 DPSSFTQPOET UP UIF GPMMPXJOH BMJHONFOU:

CTTCA

CTACA
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Table 4.1: TIF NFFEMFNBO-WVOTDI EZOBNJD QSPHSBNNJOH UBCMF PG FYBNQMF 4.3.

0 1
C

2
T

3
T

4
C

5
A

0 0 -2 -4 -6 -8 -10
1 C -2 5 3 1 -1 -3
2 T -4 3 10 8 6 4
3 A -6 1 8 9 7 11
4 C -8 -1 6 7 14 12
5 A -10 -3 4 5 12 19

Example 4.4. LFU Σ CF UIF BMQIBCFU, MFU x = ATGGCGT BOE y = ATGAGT . FPS BMM
a, b ∈ Σ, TVQQPTF s(a, a) = 1, s(a, b) = 0 JG a ̸= b BOE MFU g(k) = h(k) = 0. TIF NBUSJY(PS
UBCMF) S VTFE GPS DPNQVUBUJPO PG UIF NFFEMFNBO-WVOTDI EJTUBODF JT HJWFO JO UIF TBCMF
4.2 PCTFSWF UIBU S(x, y) = S6,7 = 5.

Table 4.2: TIF NFFEMFNBO-WVOTDI EZOBNJD QSPHSBNNJOH UBCMF PG FYBNQMF 4.4.

0 1
A

2
T

3
G

4
G

5
C

6
G

7
T

0 0 0 0 0 0 0 0 0
1 A 0 1 1 1 1 1 1 1
2 T 0 1 2 2 2 2 2 2
3 G 0 1 2 3 3 3 3 3
4 A 0 1 2 3 3 3 3 3
5 G 0 1 2 3 4 4 4 4
6 T 0 1 2 3 4 4 4 5

TIF EZOBNJD QSPHSBNNJOH UBCMF VTFE UP DPNQVUF UIF NFFEMFNBO-WVOTDI EJT-
UBODF CFUXFFO UIF TFRVFODFT ATGGCGT BOE ATGAGT. WF DBO TFF UIBU UIF HMPCBM TJN-
JMBSJUZ CFUXFFO UIF TFRVFODFT UP CF UIF WBMVF Sm,n = S6,7 = 5.

TIF HMPCBM TJNJMBSJUZ S(x, y) CFUXFFO TFRVFODFT x BOE y EFųOFE BCPWF TBUJTųFT
BMM DPOEJUJPOT JO UIF EFųOJUJPO PG TJNJMBSJUZ(TFF [10>).

BBTFE PO PVS TIFPSFN 3.5 XF DBO UIJOL BT GPMMPXT. LFU VT DPOTJEFS B ųOJUF TFU Π
PG CJPMPHJDBM TFRVFODFT MJLF GPS JOTUBODF UIF JOTVMJO TFRVFODFT JO BMM TQFDJFT POF DBO ųOE
JO UIF NCBI EBUB CBTF. CMFBSMZ, UIJT JT B ųOJUF TFU PG TFRVFODFT, B ųOJUF TFU PG EBUB UIBU DBO
CF DPOTJEFSFE BT B DPNQBDU TFU JO Σ∗. BZ VTJOH EZOBNJD QSPHSBNNJOH, XF DBO FOEPX
UIJT DPNQBDU TFU XJUI B TZNNFUSJD TJNJMBSJUZ GVODUJPO S(x, y). TIFPSFN 3.5 JNQMJFT UIBU
UIFSF JT BMXBZT B RBOEFST UZQF NFUSJD XIPTF BTTPDJBUFE EJTUBODF GVODUJPO DPJODJEFT
XJUI UIF XFJHIUFE RVBTJ EJTUBODF GVODUJPO PCUBJOFE GSPN UIF TJNJMBSJUZ GVODUJPO.This material is reserved for educational use only, not allowed for commercial use. 
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WF DBO DPODMVEF B OFX UIFPSZ PG SFTFBSDI BT GPMMPXT:

Theorem 4.5. LFU Π CF B ųOJUF TFU PG CJPMPHJDBM TFRVFODFT BOE MFU S(x, y) CF UIF HMPCBM
TJNJMBSJUZ GVODUJPO HJWFO CZ UIF NFFEMFNBO-WVOTDI EZOBNJD QSPHSBNNJOH BMHPSJUIN. IG
UIF BTTPDJBUFE EJTUBODF ρ JT BO VQQFS BOE MPXFS DVSWBUVSF CPVOEFE, UIFO UIFSF FYJTUT
B NFUSJD PG RBOEFST UZQF XIPTF EJTUBODF GVODUJPO DPJODJEFT XJUI UIF XFJHIUFE RVBTJ-
NFUSJD JOEVDFE CZ S(x, y).
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Chapter 5
Conclusions and Suggestions

5.1 Conclusions
IO UIJT SFTFBSDI, XF JOUSPEVDF EFųOJUJPOT PG UIF TJNJMBSJUZ GVODUJPO,NFUSJD TQBDF,

RVBTJ-NFUSJD TQBDF BOE XFJHIUFE RVBTJ-NFUSJD TQBDF. TIPX UIBU FWFSZ XFJHIUFE RVBTJ-
NFUSJD TQBDF DBO CF JEFOUJųFE XJUI B TVCTQBDF PG B TQBDF PG TPNF DBOPOJDBM UZQF, XIJDI
JT DPOTUSVDUFE GSPN B NFUSJD TQBDF BOE QSFTFOU B WFSZ TJNQMF NFUIPE UP DPOTUSVDU B
XFJHIUFE RVBTJ-NFUSJD TQBDF, BT UIF HSBQI PG GVODUJPO EFųOFE PO NFUSJD TQBDF, BOE
TIPX UIBU FWFSZ XFJHIUFE RVBTJ-NFUSJD TQBDF BSJTFT JO UIJT XBZ. WF JOWFTUJHBUF B SFMBUJPO
CFUXFFO XFJHIUFE RVBTJ-NFUSJD BOE TJNJMBSJUZ GVODUJPO, BOE XF PCUBJO B XFJHIUFE RVBTJ-
NFUSJD TQBDF JOEVDFE CZ B TJNJMBSJUZ GVODUJPO. OO UIF PUIFS IBOE B TJNJMBSJUZ GVODUJPO
DBO CF JOEVDFE CZ XFJHIUFE RVBTJ-NFUSJD TQBDF.

WF TUVEZ UIF HFPNFUSJDBM QSPQFSUJFT PG B UPQPMPHJDBM TQBDF FOEPXFE XJUI B TJN-
JMBSJUZ. WF TIPX UIBU FWFSZ TQBDF XJUI B TJNJMBSJUZ GVODUJPO DBO CF WJFXFE BT UIF HSBQI PG
B 1-LJQTDIJU[ GVODUJPO PWFS B TVJUBCMF NFUSJD TQBDF BOE TIPX UIBU FWFSZ TJNJMBSJUZ TQBDF
DBO CF DPOTUSVDUFE JO UIJT XBZ. WF EJTDVTT JUT SFMBUJPO XJUI XFJHIUFE RVBTJ-NFUSJDT BOE
FJOTMFS NFUSJD PG RBOEFST UZQF. MPSFPWFS, XF QSFTFOU UIF SFMBUJPO PG UIF NBUIFNBUJDBM
DPODFQUT XJUI DPNQVUFS TDJFODF BOE CJPJOGPSNBUJDT. IO DPODMVTJPO, UIFSF JT BMXBZT B
RBOEFST UZQF NFUSJD XIPTF BTTPDJBUFE EJTUBODF GVODUJPO DPJODJEFT XJUI UIF XFJHIUFE
RVBTJ-NFUSJD JOEVDFE CZ B TJNJMBSJUZ GVODUJPO.

5.2 Suggestions
OVS SFTFBSDI TVHHFTUT UIBU NPSF TUVEZ DPODFSOJOH XFJHIUFE RVBTJ-NFUSJD XJUI

TJNJMBSJUZ GVODUJPO BOE FJOTMFS NFUSJD JT OFDFTTBSZ.
AOPUIFS JEFB TVHHFTUFE CZ PVS SFTFBSDI XPVME CF BQQMJFE JO BJPJOGPSNBUJDT BOE

DPNQVUFS TDJFODF TVDI BT EFWFMPQNFOU PG HFPNFUSJD BTQFDUT PG UIF UIFPSZ PG XFJHIUFE
RVBTJ-NFUSJD TQBDFT BOE BQQMJDBUJPOT UP TJNJMBSJUZ TFBSDI JO HFOFSBM BOE MBSHF QSPUFJO
EBUBTFUT JO QBSUJDVMBS.
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Abstract  
 
In the present paper, the geometrical properties of a topological space endowed with a similarity 
was studied. Its relation with weighted quasi-metrics and Finsler metrics of Randers type was 
discussed. Finally, some applications to bioinformatics and computer science by relating 
similarities to dynamic programming algorithms are considered. In conclusion, the space 
containing the real-world data is non-symmetric and non-linear. 
 
Keywords:  Finsler metrics, similarity function, weighted quasi-metrics  
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1. Introduction  
 
Metric spaces, symmetric distances are used in different fields of pure mathematics like analysis, 
geometry and so on, as well as in applied mathematics, for instance in computer science, 
bioinformatics, data analysis, etc.  These are the natural generalization of Euclidean and 
Riemannian spaces. On the other hand, non-symmetric distances, Minkowski norms, and Finsler 
metrics are also widely used in the analysis, differential geometry, data analysis, etc. We claim that 
symmetric distances, Euclidean and Riemannian metrics are just convenient approximations 
(usually obtained by averaging) of the real world. The real world, based on real data measurements 
is highly non-symmetric and non-linear. Of course, proving such a fact in its most generality is a 
very complex and difficult task, beyond the purpose of this paper. 
 However, we will argue that the similarity induced by the dynamic programming 
algorithm Needleman-Wunsch is actually equivalent in nature to non-symmetric distances (so-
called quasi-distances) and Finsler metrics. Our main statement in this paper is that the following 
motions are equivalent in nature, i.e. symmetric similarity function, weighted quasi-distance and 
Finsler metrics of Randers type with reversible geodesics. 
 
 

 
 

__________________ 
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The topic studied in the present paper is very important for analysis, geometry, computer 
science, data analysis, bioinformatics and so on because in some sense it shows that at least 
partially, the reality we are living in, is non-symmetric, non-linear, non-homogeneous and the study 
of data sets from the real world is actually equivalent to the use of weighted quasi-metrics on 
topological spaces, or of a Finsler metric of Randers type on smooth manifolds. 

 
 

2. Similarities and Distances  
 
We start by recalling the following definition [1, 2, 3]. 
 
Definition 2.1   Let  隙 be a topological space. If  � ∶ 隙 × 隙 → ℝ is a continuous mapping such that  

i. �岫捲, 捲岻 > ど  for any  捲 ∈ 隙 , 
ii.  �岫捲, 捲岻 半 �岫捲, 検岻  for any  捲, 検 ∈ 隙 , 
iii.  if  �岫捲, 検岻 = �岫捲, 捲岻 and �岫検, 捲岻 = �岫検, 検岻, then x y=    for any  捲, 検 ∈ 隙 , 

iv. �岫捲, 検岻 + �岫検, 権岻 判 �岫捲, 権岻 + �岫検, 検岻  for any , 検, 権 ∈ 隙 , 
Then s  is called a similarity function on 隙. 
The relation with quasi-metrics is well-known [4, 5]. 
 
Definition 2.2 Let 隙 be a non-empty set and 穴 a real-valued function 穴 ∶ 隙 × 隙 → [ど, ∞岻 that 
satisfies: 

i. 穴岫捲, 検岻 半 ど  and  穴岫捲, 検岻 = ど  if and only if 捲 = 検 for any 捲, 検 ∈ 隙, 
ii.  穴岫捲, 検岻 判 穴岫捲, 権岻 + 穴岫権, 検岻  for any  捲, 検, 権 ∈ 隙, 
iii.  if  穴岫捲, 検岻 = 穴岫検, 捲岻 = ど  then  捲 = 検  for any  捲, 検 ∈ 隙. 

Then 岫隙, 穴岻 is called a quasi-metric space. 
 
Definition 2.3 A weighted quasi-metric space is a triple 岫隙, 穴, 拳岻, where 隙 is a non-emply set, 
 穴 ∶ 隙 × 隙 → [ど, ∞岻 and  拳 ∶ 隙 → [ど, ∞岻  that satisfies: 

i. 穴岫捲, 検岻 半 ど  and  穴岫捲, 検岻 = ど  if and only if  捲 = 検  for any 捲, 検 ∈ 隙, 
ii.  穴岫捲, 検岻 判 穴岫捲, 権岻 + 穴岫権, 検岻  for any  捲, 検, 権 ∈ 隙, 
iii.  if  穴岫捲, 検岻 = 穴岫検, 捲岻 = ど  then  捲 = 検  for any  捲, 検 ∈ 隙, 
iv. 穴岫捲, 検岻 + 拳岫捲岻 = 穴岫検, 捲岻 + 拳岫検岻  for any  捲, 検, 権 ∈ 隙. 

The function  穴  is called a quasi-metric, and  拳  is the weight function. 
 
Proposition 2.4   If  � ∶ 隙 × 隙 → ℝ  be a similarity function on 隙, then 穴 ∶ 隙 × 隙 → ℝ defined by 穴岫捲, 検岻 ∶=  �岫検, 検岻 − �岫検, 捲岻,  for all 捲, 検 ∈ 隙, 

 is a quasi-metric on  隙. 
 
Proof   Let  捲, 検, 権 ∈ 隙. We verify the conditions in the definition of the quasi-metric. 

i. Positiveness:    穴岫捲, 検岻  =  �岫検, 検岻 − �岫検, 捲岻,  
Since  �岫検, 検岻 − �岫検, 捲岻 半 ど, it is clear that  穴岫捲, 検岻 半 ど. 
And  穴岫検, 検岻  =  �岫検, 検岻 − �岫検, 検岻 = ど, then  捲 = 検. 
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ii.  Triangle inequality:  
 

   穴岫捲, 検岻   =  �岫検, 検岻 − �岫検, 捲岻 
         =  �岫検, 検岻 − �岫検, 権岻 + �岫検, 権岻 − �岫検, 捲岻 
        判  �岫検, 検岻 − �岫検, 権岻 + �岫権, 権岻 − �岫権, 捲岻 

    =  穴岫権, 検岻 + 穴岫捲, 権岻 
    =  穴岫捲, 権岻 + 穴岫権, 検岻. 
 

iii.  Separation axiom: 
 

                  穴岫捲, 検岻 = ど ∧  穴岫検, 捲岻 = ど ⟹ 捲 = 検 
  �岫検, 検岻 − �岫検, 捲岻 = ど ∧   �岫捲, 捲岻 − �岫捲, 検岻 = ど ⟹ 捲 = 検 
         �岫検, 検岻 = �岫検, 捲岻  ∧   �岫捲, 捲岻 = �岫捲, 検岻  ⟹ 捲 = 検. 

 

Therefore, 岫隙, 穴岻 is a quasi-metric on  隙. 
 
Proposition 2.5   Let � ∶ 隙 × 隙 → ℝ is a similarity function on 隙. If � is a symmetric, i.e. �岫捲, 検岻 =�岫検, 捲岻  for all 捲, 検 ∈ 隙, then 岫隙, 穴岻 is a weighted quasi-metric space with weight function  拳 ∶隙 → ℝ,   拳岫捲岻 = �岫捲, 捲岻. 
 
Proof   By proposition 2.4, we have  穴岫捲, 検岻 = �岫検, 検岻 − �岫検, 捲岻. 
Let  捲, 検, 権 ∈ 隙. We verify the conditions in the definition of a weighted quasi-metric.  

i. Positiveness:    穴岫捲, 検岻 = �岫検, 検岻 − �岫検, 捲岻,  
since  �岫検, 検岻 − �岫検, 捲岻 半 ど, it is clear that  穴岫捲, 検岻 半 ど. 
And  穴岫検, 検岻 = �岫検, 検岻 − �岫検, 検岻 = ど, then  捲 = 検. 
 

ii.  Triangle inequality:  
 

    穴岫捲, 検岻 = �岫検, 検岻 − �岫検, 捲岻 
   = �岫検, 検岻 − �岫検, 権岻 + �岫検, 権岻 − �岫検, 捲岻 
   判 �岫検, 検岻 − �岫検, 権岻 + �岫権, 権岻 − �岫権, 捲岻 
   = 穴岫捲, 権岻 + 穴岫権, 検岻. 

 

iii.  Separation axiom: 
 

 穴岫捲, 検岻 = ど ∧   穴岫検, 捲岻 = ど  ⟹ 捲 = 検 
           �岫検, 検岻 − �岫検, 捲岻 = ど  ∧   �岫捲, 捲岻 − �岫捲, 検岻 = ど  ⟹ 捲 = 検 
                  �岫検, 検岻 = �岫検, 捲岻   ∧   �岫捲, 捲岻 = �岫捲, 検岻   ⟹ 捲 = 検. 

 

iv. Let  拳 ∶ 隙 → ℝ, 拳岫捲岻 = �岫捲, 捲岻, we have 
 
  穴岫捲, 検岻 + 拳岫捲岻 = �岫検, 検岻 − �岫検, 捲岻 + �岫捲, 捲岻 
               = �岫捲, 捲岻 − �岫捲, 検岻 + �岫検, 検岻 
               = 穴岫検, 捲岻 + 拳岫検岻. 

Therefore,  岫隙, 穴岻 is a weighted quasi-metric space. 
 We will consider in the following only symmetric similarity function. 
 
Remark 2.6 : 

1) Observe that the quasi-distance 穴 and the weight function 拳 are determined only by the 
similarity function  �. 
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2) Let we assume the quasi-distance 穴 is actually a distance function, i.e. 穴岫捲, 検岻 = 穴岫検, 捲岻 
for all  捲, 検 ∈ 隙, it follows  �岫検, 検岻 − �岫検, 捲岻 = �岫捲, 捲岻 − �岫捲, 検岻, 
and if we take into account that  � is symmetric, then we obtain �岫捲, 捲岻 = �岫検, 検岻,  for all  捲, 検 ∈ 隙. 
In other words, the quasi-distance induced by a similarity function is a distance if and 
only if the similarity is the same on the diagonal. 

3) The symmetrized distance induced by a quasi-distance 穴 is  �岫捲, 検岻 ∶=  怠態 [穴岫捲, 検岻 + 穴岫検, 捲岻] =  怠態 [�岫捲, 捲岻 + �岫検, 検岻] − �岫捲, 検岻. 
 

 Conversely, a weighted quasi-metric space induces a symmetric similarity function. 
Indeed, we have the following proposition hold 
 

Proposition 2.7    Let 岫隙, 穴岻 is a weighted quasi-metric space with the weight function 拳 ∶ 隙 → ℝ. 
Then the mapping � ∶ 隙 × 隙 → ℝ, �岫捲, 検岻 ∶= 拳岫捲岻 − 穴岫検, 捲岻, for all  捲, 検 ∈ 隙,  
is a symmetric similarity function on 隙. 
 
Proof   Let 捲, 検, 権 ∈ 隙. We verify the conditions in definition 2.1, we have: 

i. Since 拳 ∶ 隙 → ℝ is weight function, then 拳岫捲岻 > ど  and  穴岫捲, 捲岻 = ど. 
It is clear that  �岫捲, 捲岻 = 拳岫捲岻 − 穴岫捲, 捲岻 = 拳岫捲岻 > ど. 

ii.  We will show that  �岫捲, 捲岻 − �岫捲, 検岻 半 ど, we have 
 

  �岫捲, 捲岻 − �岫捲, 検岻 = 拳岫捲岻 − 穴岫捲, 捲岻 − 拳岫捲岻 + 穴岫検, 捲岻 
    =  −穴岫捲, 捲岻 + 穴岫検, 捲岻 
    = 穴岫検, 捲岻. 

 

Since  穴岫検, 捲岻 半 ど, thus  �岫捲, 捲岻 − �岫捲, 検岻 半 ど, i.e.  �岫捲, 捲岻 半 �岫捲, 検岻. 
iii.  Suppose that  �岫捲, 検岻 = �岫捲, 捲岻 and  �岫検, 捲岻 = �岫検, 検岻, we have 

 

    �岫捲, 検岻 = �岫捲, 捲岻   ∧   �岫検, 捲岻 = �岫検, 検岻   ⟹   捲 = 検 
 拳岫捲岻 − 穴岫検, 捲岻 = 拳岫捲岻 − 穴岫捲, 捲岻   ∧   拳岫検岻 − 穴岫捲, 検岻 = 拳岫検岻 − 穴岫検, 検岻   ⟹   捲 = 検 穴岫捲, 捲岻 − 穴岫検, 捲岻 = 拳岫捲岻 − 拳岫捲岻    ∧   穴岫検, 検岻 − 穴岫捲, 検岻 = 拳岫検岻 − 拳岫検岻   ⟹   捲 = 検 

                      穴岫捲, 捲岻 − 穴岫検, 捲岻 = ど   ∧   穴岫検, 検岻 − 穴岫捲, 検岻 = ど  ⟹   捲 = 検 
  穴岫捲, 捲岻 = 穴岫検, 捲岻    ∧   穴岫検, 検岻 = 穴岫捲, 検岻   ⟹   捲 = 検. 
 

iv. We will show that  �岫捲, 検岻 + �岫検, 権岻 判 �岫捲, 権岻 + �岫検, 検岻, we have 
  �岫捲, 検岻 + �岫検, 権岻 = 拳岫捲岻 − 穴岫検, 捲岻 + 拳岫検岻 − 穴岫権, 検岻 
   = 拳岫捲岻 + 拳岫検岻 − 穴岫権, 検岻 − 穴岫検, 捲岻 
   判 拳岫捲岻 + 拳岫検岻 − 穴岫権, 捲岻 
   = 拳岫捲岻 − 穴岫権, 捲岻 + 拳岫検岻 − ど 
   = 拳岫捲岻 − 穴岫権, 捲岻 + 拳岫検岻 − 穴岫検, 検岻 
   = �岫捲, 権岻 + �岫検, 検岻. 

Therefore, 岫隙, �岻  is a symmetric similarity function on  隙. 
 
Example 2.8 Let us consider the metric space 岫鯨, �岻 and the interval  � ∶= 岫ど, ∞岻. It is known that 
the product space 罫 ∶= 鯨 × � inherits a natural structure of generalized weighted quasi-metric 
structure 岫罫, �, 激岻, where  � ∶ 罫 × 罫 → �,     �岫憲, 懸岻 ∶= �岫捲, 検岻 + 考 − �, 
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               激 ∶ 罫 → �,             激岫憲岻 ∶= に�, 
for any  憲 = 岫捲, �岻, 懸 = 岫検, 考岻 on  罫 = 鯨 × �. 
 The similarity function  � ∶ 罫 × 罫 → ℝ induced by the weighted quasi-metric structure 岫罫, �, 激岻 is given by  �岫憲, 懸岻 ∶=  −�岫捲, 検岻 + � + 考, for any  憲 = 岫捲, �岻, 懸 = 岫検, 考岻 ∈ 罫. 
Clearly this is a symmetric similarity function on 罫. 
Indeed, let 憲 = 岫捲, �岻, 懸 = 岫検, 考岻, 健 = 岫権, 耕岻 ∈ 罫, then 

i. It is clear that  �岫憲, 憲岻 = �(岫捲, �岻, 岫捲, �岻) = −�岫捲, 捲岻 + � + � = に� > ど. 
ii.  We will show that �岫憲, 憲岻 − �岫憲, 懸岻 半 ど, we have 

 

              �岫憲, 憲岻 − �岫憲, 懸岻 = −�岫捲, 捲岻 + � + � + �岫捲, 検岻 − � − 考 
    = −�岫捲, 捲岻 + �岫捲, 検岻 + � − 考 
    = �岫捲, 検岻 + � − 考 
    = �岫検, 捲岻 + � − 考 
    = �(岫検, 考岻, 岫捲, �岻)  = �岫懸, 憲岻    半 ど. 
So,  �岫憲, 憲岻 − �岫憲, 懸岻 半 ど. 

iii.  Suppose that  �岫憲, 懸岻 = �岫憲, 憲岻 and  �岫懸, 憲岻 = �岫懸, 懸岻, that is  
 

 �(岫捲, �岻, 岫検, 考岻) = �(岫捲, �岻, 岫捲, �岻)   ∧   �(岫検, 考岻, 岫捲, �岻) = �(岫検, 考岻, 岫検, 考岻) −�岫捲, 検岻 + � + 考 = −�岫捲, 捲岻 + � + �  ∧  −�岫検, 捲岻 + 考 + � = −�岫検, 検岻 + 考 + 考 
  �岫捲, 捲岻 − �岫捲, 検岻 + 考 − � = ど  ∧   �岫検, 検岻 − �岫検, 捲岻 + � − 考 = ど, 

 

by subtracting these two equalities we get, �岫捲, 捲岻 − に� = �岫検, 検岻 − に考, whence 捲 = 検, 
so that  � = 考. Hence  憲 = 懸. 

iv. We will show that  �岫憲, 懸岻 + �岫懸, 健岻 判 �岫憲, 健岻 + �岫懸, 懸岻, we have 
 

               �岫憲, 懸岻 + �岫懸, 健岻 = �(岫捲, �岻, 岫検, 考岻) + �(岫検, 考岻, 岫権, 耕岻) 
    = −�岫捲, 検岻 + � + 考 − �岫検, 権岻 + 考 + 耕 
    = −�岫捲, 検岻 − �岫検, 権岻 + � + 耕 + 考 + 考 
    判 −�岫捲, 権岻 + � + 耕 + 考 + 考 
    = −�岫捲, 権岻 + � + 耕 − �岫検, 検岻 + 考 + 考 
    = �(岫捲, �岻, 岫権, 耕岻) + �(岫検, 考岻, 岫検, 考岻) 
    = �岫憲, 健岻 + �岫懸, 懸岻. 

 

Therefore,  � is a symmetric similarity function on 罫. 
 

Example 2.9   Let 岫鯨, �岻 be a metric space and 血 ∶ 鯨 → 岫ど, ∞岻 a Lipschitz function with respect to �. Then it is known that the graph of 血, i.e.  罫� = {(捲, 血岫捲岻) ∶ 捲 ∈ 鯨} has a weighted quasi-metric 

space structure  (罫� , �, 激) given by 
  � ∶ 罫� × 罫� → 岫ど, ∞岻,     �岫憲, 懸岻 ∶= �岫捲, 検岻 + 血岫検岻 − 血岫捲岻, 
  激 ∶ 罫� → 岫ど, ∞岻,             激岫憲岻 ∶= に血岫捲岻, 
for any  憲 = (捲, 血岫捲岻), 懸 = (検, 血岫検岻) on  罫� . 
 It follows that the function  �� ∶  罫� × 罫� → ℝ given by ��岫憲, 懸岻 ∶= −�岫捲, 検岻 + 血岫捲岻 + 血岫検岻,     
for any  憲 = (捲, 血岫捲岻), 懸 = (検, 血岫検岻) ∈ 罫�, is a symmetric similarity function on  罫� . 
 We can conclude that a metric space 岫隙, �岻 with a Lipschitz function 血 ∶ 隙 → ℝ induces 
a similarity function on 隙. 
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 The similarity space (罫� , ��) constructed here is called the bundle over the metric space 岫鯨, �岻. 
 
 

3. Embeddings and relation to Finsler space  
 
Let  岫隙, �岻 and 岫桁, �岻 be two topoltgical spaces with similarities functions  � and  �, respectively. 
A continuous mapping  � ∶ 隙 → 桁 is called a similarity embedding if  �(�岫捲岻, �岫検岻) = �岫捲, 検岻,  
for all  捲, 検 ∈ 隙. 
  
Proposition 3.1   Let 岫隙, 圏, 拳岻 and 岫桁, 喧, 憲岻 be two weighted quasi-metric spaces with the 
associated similarities � and �, respectively. The continuous function � ∶ 隙 → 桁 is a similarity 
embedding if and only if it is an embedding of weighted quasi-metric spaces. 
 

Proof   We assume that � ∶ 岫隙, �岻 → 岫桁, �岻  is a similarity embedding, i.e. �(�岫捲岻, �岫検岻) = �岫捲, 検岻,        ∀捲, 検 ∈ 隙. 
The weighted quasi-metric 岫穴, 拳岻 associated with the similarity function  � on  隙 is given by  穴岫捲, 検岻 = �岫検, 検岻 − �岫検, 捲岻,        ∀捲, 検 ∈ 隙, 拳岫捲岻 = �岫捲, 捲岻,                           ∀捲 ∈ 隙. 
The weighted quasi-metric (穴̂, 拳̂) associated with the similarity function  � on  桁 is given by  穴̂岫捲, 検岻 = �岫検, 検岻 − �岫検, 捲岻,        ∀捲, 検 ∈ 桁, 拳̂岫捲岻 = �岫捲, 捲岻,                           ∀捲 ∈ 桁. 
We compute  穴̂(�岫捲岻, �岫検岻) = �(�岫検岻, �岫検岻) − �(�岫検岻, �岫捲岻) 
          = �岫検, 検岻 − �岫検, 捲岻 
          = 穴岫捲, 検岻, 
for all 捲, 検 ∈ 隙.  Likewise, 拳̂(�岫捲岻) = �(�岫捲岻, �岫捲岻) = �岫捲, 捲岻 = 拳岫捲岻,  
and hence it results that � ∶ 岫隙, 穴, 拳岻 → (桁, 穴̂, 拳̂) is an embedding of weighted quasi-metrics 
spaces. 
 Conversely, we assume that � ∶ 岫隙, 穴, 拳岻 → (桁, 穴̂, 拳̂)  is an embedding of weighted 
quasi-metrics spaces, i.e. 穴̂(�岫捲岻, �岫検岻) = 穴岫捲, 検岻, 

      拳̂(�岫捲岻) = 拳岫捲岻, 
for all  捲, 検 ∈ 隙.  Using now relations �岫捲, 検岻 = 拳岫捲岻 − 穴岫検, 捲岻,        ∀捲, 検 ∈ 隙, �岫捲, 検岻 = 拳̂岫捲岻 − 穴̂岫検, 捲岻,        ∀捲, 検 ∈ 桁. 
We have �(�岫捲岻, �岫検岻) = 拳̂(�岫捲岻) − 穴̂(�岫検岻, �岫捲岻) 
              = 拳岫捲岻 − 穴岫検, 捲岻 
              = �岫捲, 検岻, 
 
for all  捲, 検 ∈ 隙, therefore  � ∶ 岫隙, �岻 → 岫桁, �岻 is a similarity embedding. 
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Theorem 3.2   Every space with a symmetry function 岫隙, �岻 is embeddable in a bundle over a 
suitable metric space 岫鯨, �岻. 
Proof  The proof is quite straightforward by taking into account the construction in Example 2.9.  
This result can also be proved directly, using the fact that any weighted quasi-metric space is 
embeddable in a bundle over a suitable metric space [6, 7]. 
 
Theorem 3.3 1.   Let 岫鯨, �岻 be a metric space and 血 ∶ 鯨 → [ど, ∞岻 a Lipschitz function on this metric 
space. Then the graph of  血 admits a similarity function  � ∶  罫� × 罫� → ℝ  that depends on � and 血 only. 
       2.   Conversely, every similarity space  岫隙, �岻  can be constructed in this way. 
 
Proof   (1)    Statement 1 follows immediately from Example 2.9. 
                 (2)    Conversely, if we start with a similarity space  岫隙, �岻, then we can consider : 

     (a) the associated weighted quasi-metric space 岫隙, 穴, 拳岻, where 穴 and 拳 are given in   
          Proposition 2.4 and 2.5. 
    (b) the symmetrized associated distance  �  has given in Remark 2.6. 

 By putting 血 ∶=  怠態 拳, using  岫隙, �岻 and  血, the construction from Statement 1 given that (罫� , �) is 

a similarity space. 
Moreover, 岫隙, �岻 can be embedded in (罫� , �) and the conclusion follows. 
 
Lemma 3.4   Let � be a compact smooth manifold. If  岫�, �岻 is an upper and lower curvature 
bounded metric space, then there exists a Riemannian metric g on M whose distance function 
coincides with p. 
Proof   The proof is quite obvious. Every an upper and lower curvature bounded metric space 岫�, �岻 constructed on a 券 -dimensional compact smooth manifold � can be embedded 
isometrically in the Euclidean space ℝ態津+怠 with the canonical metric. On the other hand, the 
manifold � as a submanifold in ℝ態津+怠 inherits a canonical Riemannian metric [8, 9] from the 
embedding in the Euclidean space whose distance function obviously coincides with  �. 
 
Theorem 3.5 1.  If  岫�, 繋 = 糠 + 紅岻  is a simply connected Randers defined by a Riemannian 

metric 糠 = √欠沈珍岫捲岻検沈検珍  and a closed 1-form  紅, then  � is endowed with a naturally induced 

similarity function. 
                          2. Conversely, let � be a symmetric, similarity function defined on a compact 
differentiable manifold � whose associated distance p is upper and lower curvature bounded. If  �  
is differentiable, then there exists a naturally constructed Randers metric on � that depends on  � 
only. 
Proof    1. It is clear since a Randers metric with  紅 closed induces a weighted quasi metric on �. 
            2.Conversely, the similarity metric induces a weighted quasi metric 岫�, 穴, 拳岻.  From 
Lemma 3.4 we can see that there exists a Riemannian metric on  � whose distance function is 
exactly �, and since �  was assumed smooth we can define  紅 ∶= 穴拳, where  拳 is the weight 
induced by �. 
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4. Relation with Bioinformatics and Computer Science  
 
In order to assess the application of this theory, we start by recalling that Dynamic Programming 
is, at the same time, a mathematical optimization method as well as an algorithmic method in 
computer science. Dynamic Programming originates in the research of R. Bellman in the 1950s and 
it was applied eventually in many fields of science like engineering, economics and others. In the 
majority cases, this method works by simplifying a much more complicated problem by dividing it 
into much easier small problems using a recursive way. It is known that if a problem in computer 
science can be solved optimally by dividing it into smaller problems and then recursively 
determine the optimal solutions to these small problems, then the original problem has an optimal 
substructure. The algorithms involving Dynamic Programming are popular in the field of 
bioinformatics being extremely useful for some specific problems as DNA or amino acids 
sequences alignment, RNA structure prediction, protein structure research, and others [4, 5]. 
 In the case of sequence comparison analysis in Bioinformatics, a similarity measure on Σ 
together with a gap penalties function can be used to define the global similarity between two 
sequences in  Σ∗. The computation is handled using the Needleman-Wunsch dynamic programming 
algorithm which is quite similar to the W-S-B algorithm for computation of distances. It is possible 
to define global similarity using a dynamic programming matrix. 
 To be more precise, let Σ  be a non-empty set. Then a free monoid  Σ∗on Σ is the monoid 
whose elements are all finite sequences of zero or more elements, from Σ with the operation of 
concatenation. The set Σ = {畦, 稽, 系, … , 傑} is called alphabet, and its elements  畦, 稽, 系, … , 傑 are 
called letters of the alphabet, or generators. The elements  憲 ∈ Σ∗ are called words or strings. The 
unique sequence of zero letters (the empty word)  denoted by  結  is the identity element in Σ∗. 
 The free semigroup  Σ+on  Σ  is defined as  Σ+ ∶= Σ∗\{結}. 
 
Remark 4.1   Biological motivation 
The macromolecule that contains the essential information of living cells can be represented as a 
family of words over a finite alphabet. Consequently, DNA (or RNA) molecules can be seen as 
long words in the free semigroup with the generators  Σ = {畦, 系, 劇, 罫}  (nucleotide alphabet). 
Proteins molecules can be regarded as words in the free semigroup whose generators are the 20 
amino acids which compose the proteins in living cells (aminoacids alphabet) Σ��. 
 As an example, we mention here the insulin, whose intensive research, starting around 
1950, has facilitated the development of the theory of molecular evolution of living organisms. 
Insulin is present in almost all living organisms on the Earth, hence by comparing the insulin 
sequences found in different species and computing their similarity, one can get a very detailed 
insight into the evolution of life on Earth.  Sequence comparison, similarity estimation and so on, 
is one of the most fundamental research topics in bioinformatics [6]. 
 We define global similarity using a dynamic programming matrix. 
 
Definition 4.2   Let  Σ be a set, 捲, 検 ∈ Σ∗, � ∶ Σ × Σ → ℝ  and 訣, ℎ ∶  ℕ+ → ℝ+.  Let 捲, 検 ∈ Σ∗ and 
let 兼 = |捲| and 券 = |検|. The Needleman-Wunsch dynamic programming matrix denoted NW岫捲, 検, �, 訣, ℎ岻, is an 岫兼 + な岻 × 岫券 + な岻 matrix 鯨 with rows and columns indexed from ど such 
that  鯨待,待 = ど, 鯨沈,待 = max怠≤賃≤沈{鯨沈−賃,待 − ℎ岫倦岻},   鯨待,珍 = max怠≤賃≤珍{鯨待,珍−賃 − 訣岫倦岻}  and for all  件 = な,に, … , 兼 

and 倹 = な,に, … , 券 
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鯨沈,珍 = max {鯨沈−怠,珍−怠 + �(捲沈 , 検珍),   max怠≤賃≤沈{鯨沈−賃,珍 − ℎ岫倦岻},   max怠≤賃≤珍{鯨沈,珍−賃 − 訣岫倦岻}}. 

We define the global similarity  between the sequences 捲 and 検 (given �, 訣 and ℎ), denoted 鯨岫捲, 検岻, to be the value 鯨陳,津 . 
 The global similarity 鯨岫捲, 検岻 between sequences 捲 and 検 defined above satisfies all 
conditions in the definition of similarity [4]. 
  
Theorem 4.3   Let Π be a finite set of biological sequences and let 鯨岫捲, 検岻 be the global similarity 
function given by the Needleman-Wunsch dynamic programming algorithm. If the associated 
distance p is upper and lower curvature bounded, then there exists a metric of Randers type whose 
distance function coincides with the weighted quasi-metric induced by 鯨岫捲, 検岻. 
Proof Based on our Theorem 3.5 we can explain as follows. Let us consider a finite set Π of 
biological sequences like, for instance, the insulin sequences in all species one can find in the 
NCBI database. Clearly, this is a finite set of sequences, a finite set of data that can be considered 
as a compact set in Σ∗. By using the dynamic programming, we can endow this compact set with a 
symmetric similarity function 鯨岫捲, 検岻. Theorem 3.5 implies that there is always a Randers type 
metric whose associated distance function coincides with the weighted quasi distance function 
obtained from the similarity function.  
 
 

5. Conclusions 
 

In this paper, we introduce a definition of the similarity function, quasi-metric space and weighted 
quasi-metric space. We also study the geometrical properties of a topological space endowed with 
a similarity. The relation with embeddings and bundle and Finsler metrics of Randers type has 
been explained. Moreover, we present the relation of the mathematical concepts with computer 
science and bioinformatics. In conclusion, there is always a Randers type metric whose associated 
distance function coincides with the weighted quasi-metric induced by a similarity function. 
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