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Chapter 1

Introduction

1.1  Inception and Importance

Metric spaces, symmetric distances are used in different fields of pure mathe-
matics like analysis, geometry and so on, as well as in applied mathematics, for instance
in computer science, bioinformatics, data analysis and so on. These are the natural gen-
eralization of Euclidean and Riemannian spaces. On the other hand, non-symmetric
distances, Minkowski norms, and Finsler metrics are also widely used in the analysis,
differential geometry, data analysis and so on.

We claim that symmetric distances, Euclidean and Riemannian metrics are just
convenient approximations (usually obtained by averaging) of the real world. The real
world, based on real data measurements is highly non-symmetric and non-linear. Of
course, proving such a fact in its most generality is a very complex and difficult task,
beyond the purpose of this research. However, we will argue have that the similarity
induced by the dynamic programming algorithm Needleman-Wunsch is actually equiv-
alent in mature to non-symmetric distances (so-called quasi-distances) and Finsler met-
rics.

Indeed, our main statement in this research is that the following motions are
equivalent in mature :

e Symmetric similarity function,
o Weighted quasi-distance,
e Finsler metrics of Randers type with reversible geodesics.

In [12] author showed every weighted quasi-metric space can be identified with
a subspace, which is constructed from a metric space and presented a method to
construct a weighted quasi-metric space, which is the graph of function determined
on metric space, and showed every weighted quasi-metric space occur in this way.
In [6] showed the relation between weighted quasi-metric spaces and Finsler spaces
and presented the induced metric of a Randers space with reversible geodesics is a
weighted quasi-metric space. In [7] author study some important geometric properties
of weighted quasi-metric space and discuss the embedding of quasi-metric spaces with
generalized weight.

The topic studied in the present research is very important for analysis, ge-
ometry, computer science, data analysis, bioinformatrics and so on because it shows
that at least partially, the reality we are living in, is non-symmetric, non-linear, non-
homogeneous, and the study of data sets from the real world is actually equivalent

to the use of weighted quasi-metrics on topological spaces, or of a Finsler metric of



Randers type on smooth manifolds.

Our research is organized as follows. In section 2 we introduce the similarity
function on a topological space X and study its geometrical properties. Then, in section
3 we study the relation with embeddings and bundle, and finally Finsler metric. In
the final section, we show the relation of the mathematical concepts introduced and
studied in the previous sections with computer science and bioinformatics. Here is

where we obtain our main conclusion that the world is of Finsler type.

1.2  Objectives of the Study

1) To study weighted quasi-metric and distances.

2) To study similarity function on a topological space and study its geometrical prop-

erties.
3) To study the relation with weighted quasi-metric space and Finsler metric.

4) To study the relation with Bioinformatics and computer science.

1.3  Scope of the Study

We investigate the geometrical and properties of a topologica space, concern-
ing weighted quasi-metric and similarity function. All Finsler spaces considered in this

research are Randers type.

1.4  Benefits of the Study
1) To develop a new mathematical theory of weighted quasi metric spaces.
2) To obtain the relation of similarity function with weighted quasi-metric.

3) To obtain the relation of similarity function with Finsler metrics.

4) To obtain the relation of similarity function with Bioinformatics and computer sci-

ence.

1.5 Research Methodology

1) Study the geometry of metric spaces.
2) Study the similarities and distances.
3) Study the weighted quasi metric space induces a symmetric similarity function.

4) Define Finsler metric induced by a similarity function.



5) We introduce the similarity function on a topological space and study its geomet-

rical properties.

6) Show that the relation with embeddings and bundle, and relation to Finsler metric.

7) Show that the relation with Bioinformatics and computer science.

8) Conclude that we have solved the problem that motivates this research, make

suggestions for further works and write the thesis.

Table 1.1: The research schedule

Time frame (month of year)
Activity 2018 2019 2020
8-10 11-12 12 34 56 7-8 9-10 11-12 13 4-5
Stepl | «+——
Step 2 —
Step 3 G
Step 4 G
Step 5 ——
Step 6 e oy
Step 7 (= em ==y
Step 8 -




Chapter 2

Preliminaries

The purpose of this chapter is to provide basic concepts and tools as weighted
quasi-metric space, similarity function and Finsler metrics used in the research.

2.1  Weighted quasi-metric spaces

In this section, we recall the main geometrical results of weighted quasi-metrics

(see [6], [12]). In special we call the attention to the bundle representation of weighted
quasi-metric, a fundamental notion for the generalization following.

Definition 2.1. Let X be a non-empty set and d a real-valued function d: X x X - R
that satisfies:

(i) Positiveness : d(z,y) > 0 and d(x,z) = 0 if and only if 2 = v,
(i) Symmetry : d(z,y) = d(y, z),

(iii) Triangle inequality : d(z,y) < d(z,2) +d(z,9),

for any z,y,z € X, then (X, d) is called a metric space.

Example 2.2.

(i) Let R be the set of all real numbers and d: R xR — R be a function
defined as

d(z,y) = |r —yl,

Va,y € R. (2.1)
Then d is a metric on R.
dix, yy="1x—y]|
. .
Z [ 'n N
< > R
X y

Figure 2.1: Euclidean distance in 1-dimension

(i) Let R = {(x1,

o) s x; € Rii=1,2,....,n} be the set of all n-dimensionals of real
numbers and d : R® x R® — R be a function defined as

1
n 2
d(fE,y) = <Z(wl - yz)2> ) Vo = (1.171’.27 ~~~,$n),y = (ylng, 7yn) € R". (22)
=1

Then d is a metric on R™ called the Euclidean metric on R".
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Figure 2.2: Euclidean distance in 2-dimensions
Definition 2.3. Let X be an arbitrary set and p: X x X — R be a real-value function
satisfying the following properties for all z,y,2z € X -
(i) Positiveness : p(z,y) > 0if = # y, p(x, z) = 0.
(i) Triangle inequality : p(z,y) < p(z,2) + p(z,y)-
(iii) Separation axiom : p(z,y) = ply, ) =0 = x =y.

Then (X, p) is called a quasi-metric space.

Example 2.4. (i) Let X =[0,1] and d : X x X — R be a function defined as

d( ) lx_yl 7if1’ay€Xaﬂdy7éOorx:y:0,
T,Y) =
1 Jdfy=0and0<z < 1.

for all z,y € X. Clearly (X,d) is a quasi-metric space because
d(0,0.5) = |0 = 0.5| = 0.5, while d(0.5,0) = 1.

d(x,y)=x-y|

x=[0,1]
y=(00.1]

ol X ]
LN N

[
Il
o
(=]
—

x=(0.1]

[ JoN ]
> @

dix,y)=1
Figure 2.3: d distance in space X = [0,1]
(i) The uf— distance in R is defined as

ul T R*R = R, ub(z,y) := maz{z —y,0}.

for all z,y € R. Clearly this is a quasi-metric because
ul(1,2) = maz{-1,0} = 0, while vX(2,1) = maz{1,0} = 1.



?
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Figure 2.4: «"-distance in 1-dimension
Moreover, an important class of quasi-metric space are the so-called weighted
quasi-metric space.

Definition 2.5. A weighted quasi-metric space is a triple (X, p,w), where X is a non-

empty set, p: X x X — [0,00) and w : X — [0,00) satisfying the following conditions

() p(x,y) >0if 2 #y,p(z,r)=0.  forany = € X,

(i) p(z,2) < p(x,y) +ply;2)  forany z,y,z€ X,
(iii) if p(z,y) =p(y,z) =0,thenz =y  forany z,y e X,
(V) p(x,y) +w(x) = p(y,z) +w(y)  forany z,y € X.

The function p is called quasi-metric, and w is the weight function.

Example 2.6. (i) The u” metric restricted to [0, ), i.e. u”:[0,0) x [0,00) — R,
X, ifr <
i ) S 7
0 , if y<uw
We can see that this metric % is a quasi-metric, with the weight function w(z) := z.
Indeed, one can easily see that if » <y, then u%(z,y) # ul(y,z) and
uH(zy) twlr) =y -z ta=y

Wy, 2y +wly) =0+y=y.

y<x

u*(x,3)=0

=
N

\%

=

Figure 2.5: u*-distance in 1-dimension

(i) The metric induced by a Finsler metric of Randers type F = a + 3,

where a(z,y) := \/a;j(x)y'y?, a(z,y) Riemannian metric on X, 3(z,y) := b;(z) - y* an
exact linear 1-form on X.



Definition 2.7. If (X, p) is a quasi-metric space then the function d : X x X — [0,00)
given by

d(.%‘, y) = [p(a:,y) + p(yvx” ’ Vr,y € X, (2.3)

DN | =

is called the symmetrization of p.

Lemma 2.8. If (X, p) is a quasi-metric space and d is symmetrization of p, then (X,d) is

a metric space.
Proof. Let z,y,z € X. We verify the conditions in definition (2.1).

(i) Positiveness:
1
Since, p(z,y) > 0 and p(y,z) > 0, it is clear that d(z,y) > 0.

Hence, p(x,x) =0, so

d(3, ) = = [plw:2) + pl, )] = plwyw) = 0.

2
(i) Symmetry:
d(es) = 5ple,y) + bl )]
~ %[p(y, ) + p(2,9)]
re d(ya $)

(iii) The triangle inequality :

d(z,y) = 5 [p(w5y) +p(y, )]

< Slp(x,2) + p(2,y) + ply, 2) + p(2, 7)]

1
2
1
2

1 1

= 5lp(@ 2)+ p(z, 2)] + Sle(z,9) + oy, 2)]

=d(z,z) +d(z,9).

Therefore, (X,d) is metric space. []

Proposition 2.9. Using the symmetrization d of weight of quasi-metric p with the weight

function w: X — [0,00) we have
1
plz,y) = d(@,y) + 5 [w(y) — w(@)), Va,y € X (2.4)
Moreover, we have

Sl —w@)| <dwy),  VryeX (25)



Indeed, we have

p(z,y) +w(x) = p(y, z) + w(y)
plx,y) — ply,z) = w(y) — w(z)

2p(z,y) — (p(z,y) + p(y, 7)) = w(y) — w(z)

—_

() = lo(e,) + p(y,2)] + g lu(y) — w()

[\]

(e, ) = ple,) + Hlu(y) — w(z)]

Proposition 2.10. If (X, p,w) is a weighted quasi-metric space, then the perimeter length

of any geodesic triangle on X does not depend on the orientation, that is Vz,y,z € X

p(x,y) + p(y, 2) + p(z,2) = p(x,2) +p(2,y) +ply, ). (2.6)

X X

Figure 2.6: The perimeter of the triangle Azyz is independent of the orientation.

Proof. Let z,y,2 € X and w be weight function.

From a weight ability, we have

p(z,y) + w(x) = ply,z) + w(y) (2.7)
Py, 2) +w(y) = p(z,y) +w(z) (2.8)
plz,x) +w(2) = p(x,2) + w(z). (2.9)

Then (2.7)+(2.8)+(2.9), we have

p(z,y) + ply, 2) + p(z,2) = p(z,2) + p(z,y) + p(y, ).

Therefore, the proof is complete. []

Remark 2.11. It should be clear that not any quasi-metric space is weightable. In fact,
it can be shown that the class of weightable quasi-metric spaces are exactly those

quasi-metric spaces that satisfy relation (2.6)(see [6]).



If (X,q,w) and (Y,p,u) are two weighted quasi-metric spaces, a morphism of
(X, q,w) into (Y, p,u) is a mapping ¢ : X — Y such that

plp(z), p(y) < q(z,y), Vo,y e X (2.10)

u(p(z)) < w(z), Vo € X. (2.11)

We say that the morphism ¢ is an isometric morphism if in (2.10), we have
equality; in this case w and w o ¢ differ by a constant only.

u(p(x)) w(x)

R

1 Pe().0 ()

X ¥

Figure 2.7: Diagram of morphism of weighted quasi-metric spaces.

Moreover, an isomorphism of weighted quasi-metric spaces (X, ¢, w) and (Y, p,u)
is a bijective function ¢ : X — Y that preserves both the quasi-metric and the weight

function, i.e.

p(e(@),¢(y) = a(z,y), Vo, y € X (2.12)
u(p(z)) = w(z), Vo € X. (2.13)

X Y
Figure 2.8: Diagram of isomorphism of weighted quasi-metric spaces.

Finally, an embedding of (X, ¢,w) into (G,Q, W) is an isomorphism of (X, q, w)
onto a subspace of (G,Q,W). Here, a subspace (Y,p,u) of a weighted quasi-metric
space(G,Q,W) is a subset Y c @G, the function p and u are the restriction of Q@ and W
toY xY and Y, respectively.



10

Example 2.12. (The product of a metric space with a half ray). Let us consider a metric
space (X,d) and the interval I :=[0,00). Then the product space G := X x I inherits a

natural structure of (generalized) weighted quasi-metric space (G, Q, W), where

Q:GxG—1, Q(a,b) :==d(z,y) +n—¢,
WCG‘)I, W(a):2§a

(2.14)

forany a = (z,¢),b= (y,n) on G = X x I.
Indeed, let a = (z,€),b = (y,1),¢c = (2,{) € X x I, then

(i) Itis clear that
Q(a7 0,) - Q(($7§)7 (l’,ﬁ)) = d(za I) + 5 - 5 = 0.
(i) Triangle inequality :

Q(a,b) = Q((,€), (y.n))
=d(z,y) tn—¢
<d(z,z)+d(z,y) +n—§
= Q((%:€), (%,0) + 6 — ¢+ Q= ¢ (M) +C—n+n—¢
= Q((z,8), (2.0) + Q((2,0), (y,m)
= Q(a,c) +Q(c,b),

SO, Q(a,b) < Q(a,c) + Q(c,b).
(i) Suppose that Q(a,b) = 0 and Q(b,a) = 0, that is
Q(a,b) = Q((x,£), (y;m) = d(x,y) +n—§
Qb a) = Q(y,m), (,8)) = d(y,x) + E =1
by adding these two equality we get, 2d(z,y) = 0, whence z = y, so that £ = .
(iv) Let W(a) = 2¢, we have
Qa,b) + W(a) = Q((z,£), (y,n) + W(z,§)
=d(@,y)+1n-§+2
=d(z,y)+n—¢
=d(y,z) +&§—n+2n

=Q((y,m), (x,8)) + W(y,n)
= Q(b,a) + W(b).

Therefore, (G,Q, W) is a generalized weighted quasi-metric space.
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Remark 2.13. The generalized weighted quasi-metric space (G,Q, W) constructed in
Example (2.12) is sometimes called the bundle over (X, d)(see [6]).

Theorem 2.14. ([6]) Every weighted quasi-metric space (Y,p,w) is embeddable in a
bundle over a suitable metric space (X, d).

Proof. Let metric space (X,d) := (Y, q) the symmetrization of (Y, p,w).
Then, a weighted quasi-metric space (G,Q, W) the corresponding bundle, where G :=

Y x [0,00). Define a mapping ¢ : Y — G as follows:

1

o(z) = (m §w(x)) ; reX. (2.15)

We want to show that this is an embedding.

Then, for every z,y € Y, we have

= day) + )= gulo)
= q(r,9) + g0ly) ~ 3u(@)
1 1 1
=plx,y) — §w(y) Y 5“’(%) + Ew(y) =\ (4]

Clearly we also have  W(p(z)) = W (z, sw(z)) =2 (fw(z)) = w(z), Vzey.
Thus, ¢ is an embedding. []

Example 2.15. (The Graph of a function). We consider the case of the graph of a
non-negative valued function f: X — [0,00) defined on a metric space (X, d).

Indeed, if we denote the graph of f by G¢ := {(z, f(z)): z € X} then (G, Q,W)
is a naturally induced weighted quasi-metric space structure defined by

Q: Gy x Gy —[0,00), Qa,b) :=d(z,y) + f(y) — f(x),
WGy —[0,00), Wi(a) = 2f(z),

(2.16)

forall a = (z, f(z)),b= (v, f(y)) € Gy.
Indeed, let a = (z, f(2)),b= (v, f(y)),c = (2, f(z)) € Gy we have

(i) It is clear that

Qla,a) = Q((x, f(2)), (x, f(2))) = d(z,z) + f(z) - f(z) = 0.
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(i) Triangle inequality :

Q(a,b) = Q((, (), (v, f(y)))
=d(z,y)+ f(y) — f(z)
<d(z,2) +d(z,y) + fy) — f(z)
=Q((z, f(x)), (2, [(2))) + Q(z, f(2)), (v, f(v)))
= Q(a,¢) + Q(c,b),

S0, Q(a,b) < Q(a, ) + Q(c,b).

(iii) Suppose that Q(a,b) =0 and Q(b,a) = 0, that is
Q(a,b) = Q((z, f(2)), (y, f(y))) = dlx,y) + f(y) — f(=)
Qb,a) = Q(y, f(y)), (z, f())) = d(y, z) + f(z) — f(y)

by adding these two equality we get, 2d(z, y) = 0, whence z = .
So that f(z) = f(y).

(iv) Let W(a) = 2f(x), we have

= Q(b,a) + W (D).

Therefore, (G, Q, W) is a generalized weighted quasi-metric space.

Definition 2.16. ([7]) Let (X, d) be a metric space. Any function f: X — [0, 00) is said to

be a 1-Lipschitz function if it satisfies

[f(x) = f(y)] < d(z,y), Va,y € X. (2.17)

Theorem 2.17. ([6])

1. Let (X,d) be a metric space and f: X — [0,00) a 1-Lipschitz function. Then the
graph of f is a weighted quasi-metric space (G, Q,W).

2. Conversely, every weighted quasi-metric space (Y, p,w) can be constructed in this

way.
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Proof. For first part, by Example (2.15). Since f is a 1-Lipschitz function, we have

Q(z, f(x)), (y, f(y))) = 0.
Therefore, (Gy,Q,W) is a weighted quasi-metric space with generalized weight W.

For the second part, let (Y, p, w) be a weighted quasi-metric space.
Let a metric space (X,d) := (Y, q), where ¢ is the symmetrization of p.

Define a function f: X — [0,00) as follows :
f(@) = zw(x), reX, (2.18)

then fis a 1-Lipschitz function, for any z,y € X, we have

1
-

[f(z) = f(y)l =
< d(

w(@) —w(y)|

,Y) (by Proposition (2.9))

By first past, we have (G, Q, W) is a weighted quasi-metric space with generalized weight

W, where Gy = {(z, f(z)) : = € X} is the graph of f and defined a mapping

Q:GyxGp=1[0,00),  Q(x; f(2)), (v, f () :=dla,y) + f(y) = f(=),
WGy = [0,00), W((z, f(x)) = 2f(x),

forall z,y € X.
Now, by Theorem (2.14), there ia an embedding ¢ : Y — G given by

1

o(z) = (33 §w($)> Yy 51 (2.19)

where G =Y x [0,00) is a generalized bundle over (X,d) with a weighted quasi-metric

given by

Q:GxG=[0,00),  Q(x,8),(y,m):=d(x,y) +n~E&,
W' :G— [Oa OO), W/((.E,f)) = 2£a

forall z,y € X,£,m € 10,00).

Since

e(Y) ={p(z) :z €Y = X}
={(z, f(z)) 2 € X}
and Q,W are restrictions of Q',W’ to Gy x Gy and G; respectively, therefore, ¢ is an

embedding of (Y,p,w) onto (G, Q,W), a subspace of (G,Q’,W’) i.e. we can identify
(Y, p,w) With (G, Q, W), L
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2.2  Finsler metrics

In this section, we will introduce Finsler spaces. Finsler spaces are viewed as
regular metric spaces(see [1], [8]).

Finsler metric is a differentiable manifold M where a Minkowski function F(x, —)
is provided on each tangent space T, M, that enables one to define the length of any

smooth cure v : [a,b] - M as

b
L(y) = / F(y(t), 4(1))dt.

Finsler metrics are more general than Remannian metrics since the tangent norms be
not be induced by inner products. Every Finsler metric becomes an intrinsic quasi-
metric space when the distance between two points is defined as the infimum length
of the curves that join them.

The tangent bundle of a differentiable manifold M is a manifold TM which

assembles all the tangent vectors in M. As a set,
TM = {(I,y”:ﬂ S M?Z/ S TT]\/[}?

where T, M denotes the tangent space to M at the point 2. So, an element of TM can
be thought of as a pair (z,v), where z is a point in M and v is a tangent vector to M at

x.

___vectors in TeM

PN
x‘7
7

h?&

Figure 2.9: Tangent space to M at the point =

Definition 2.18. A function F : TM — [0,00) is called a Finsler metric if it has the

following properties :
(i) Fis C> on TM\O0,
(i) F(z,\y) = |MNF(z,y), forallA>0and (z,y) € TM,

(iii) for each (z,y) € TM\ 0, the symmetric bilinear form g;; on TM is positive definite,
where

. 10 F 20
9ij = iaylayj[ (z,9)] |y1:yJ:0 .
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Then the pair (M, F) is called a Finsler space. A Finsler metric F is said to be reversible
if F(—x,—y) = F(x,y) for all (z,y) € TM.

Example 2.19. (Riemannian metric) Let g = {g.}zenm, Where g, is a positive definite

symmetric bilinear form in T, M such that in local coordinates (z?),

0 0
gij(I)ng @M@H )

are C* functions. g is called a Riemannian metric. Let

Fe(y) = v/ 92(y, ¥)s y €T, M. (2.20)

Then F called a Finsler metric on M.

Example 2.20. (Rander metric) Let a(y) = \/a;;(z)yyi and B(y) = b;(z)y* be a Rieman-

nian metric and 1-form on a manifold M. Assume that

Bly)
« = Su 1, e M.
IBlle= sup oS < .
Let a function F : TM — [0, ) define by
F(y) = aly) + B(y), Vy € TM, (2.21)

is a Finsler metric on M. We call F = « + 5 a Randers metric.

2.3 Similarity function

In this section, we give definition and some properties about similarity function
(see [10]).

Definition 2.21. Let X be a topological space. If s: X x X — R is a continous mapping
such that

(i) s(z,z) >0  forany z e X,
(i) s(x,z) > s(z,y) forany z,ye X,
(iii) s(z,y) = s(z,z) and s(y,z) = s(y,y), thenz =y  forany z,y € X,
(V) s(z,y) + s(y,2) < s(z,2) +s(y,y)  forany z,y,z € X.
Then s is called a similarity function on X.

The relation with quasi-metrics is well-known(see [9], [10]).



Example 2.22. Let X =[0,00) and s: X x X — R be a function defined as
s(z,y) = (1 + ) — max{z — y, 0}, Vr,y € X.
Then s is a similarity function on X.
Indeed, let z,y,z € X. We verify the conditions in the definition (2.21).
(i) Itis clear that s(z,z) = (1 + x) — max{z — 2,0} = 1+ z > 0.
(i) We will show that s(z,z) — s(x,y) > 0, we have

s(x,z) — s(z,y) = (1 +2) — max{zx — z,0} — (1 + =) + max{zx — y,0}
=max{z —y,0}

>0
So, s(x,x) — s(x,y) >0, i.e. s(z,x) > s(x,y).
(iii) Suppose that s(x,y) = s(z,z) and s(y,z) = s(y,y), we have

s(z,y) = s(x,7) As(y,x) = s(y,y)

—max{z —y,0} = —max{z —z,0} A —max{y —z,0} = —max{y — y,0}

—max{z —y,0} =0A —max{y —z,0} =0

r—y<0Ay—ax<0
We can see that z —y <0and 2 —y > 0, then z = y.

(iv) We will show that s(z,y) + s(y, 2) < s(z, 2) + 5(y, y)
Since xz—z=(z—y)+(y—z) <max{z —y,0} + max{y — z},
and 0 <max{z —y, 0} + max{y — z}.

So, max{z — z,0} < max{z — y,0} + max{y — z}, we have
s(z,y) + s(y,2) = (1 + 2) — max{z —y,0} + (1 +y) — max{y — 2,0}
< (1+x)—max{z — 2,0} +(1+y)
= (14+z)—max{z — 2,0} + (1 +y) —max{y —y,0}

= s(z,2) + s(y,9)

Therefore, s is a similarity function on X.

s(5.) ~(1+9—(x—1)—1+7
- ® s o R
O<x<y y x>y

s(ey)=1+x

Figure 2.10: Similarity distance function in 1-dimension

16

(2.22)
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Proposition 2.23. ([10]) If s : X x X — R is a similarity function on X, thend: X x X — R
defined by

d(z,y) == s(y,y) — s(y, x), forall z,y € X. (2.23)
is a quasi-metric on X.

Proof. Let z,y,2 € X. We verify the conditions in the definition of the quasi-metric.

(i) Positiveness :

d(l’,y) = S(y7y) - S(y,l‘)
Since s(y,y) — s(y,x) > 0, it is clear that d(x,y) > 0.

and d(y,y) = s(y,y) — s(y.y) = 0.

(i) Triangle inequality :

Therefore, (X, d) is a quasi-metric on X. []

Proposition 2.24. Let s : X x X — R is a similarity function on X. If s is a symmetric, i.e.
s(z,y) = s(y,z) for all 2,y € X, then (X, d) is a weighted quasi-metric space with weight

function w: X — R, w(x) = s(x, ).

Proof. By proposition (2.23) we have d(z,y) = s(y,y) — s(y, x).
Let z,y,2 € X. We verify the conditions in definition of weighted quasi-metric.

(i) Positiveness :
d(z,y) = s(y,y) — s(y, z)
Since s(y,y) — s(y,x) > 0, it is clear that d(z,y) > 0.

and d(y,y) = s(y,y) — s(y,y) = 0.
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(i) Triangle inequality :

)
=s(y,y) +5(y,2) — s(y,x)
< s(y,y) — s(y, 2) + s(z,2) — s(z,2)
=d(z,y) +d(x, 2)
=d(z,z)+d(z,y)

(i) Separation axiom :

s(y,y) — s(y,x) =0As(z,z) —s(z,y) =0 =z =1y

s(y,y) = s(y, @) A s(z,z) = s(z,y) = a =y

(iv) Let w: X — R w(x) = s(x,z), we have

d(z, y) +w(z) = s(y,y) — s(y, ) + s(x, )
=s(y,y) —s(z,y) + sz, x)
= s(z,z) — s(z;y) + 5(y,v)
=d(y,z) +w(y)
Therefore, (X, d) is a weighted quasi-metric space. [

We will consider in the following only symmetric similarity function.

Remark 2.25. (1) Observe that the quasi-distance d and the weight function w are
determined only by the similarity function s.

(2) Let we assume the quasi-distance d is actually a distance function, i.e. d(z,y) =
d(y,x) for all z,y € X, it follows

s(y,y) — s(y, z) = s(x,x) — s(z,y) (2.24)
and if we take into account that s is symmetric, then we obtain

s(z,z) = s(y,y) for all z,y € X. (2.25)

In other words, the quasi-distance induced by a similarity function is a distance if

and only if the similarity is the same on the diagonal.
(3) The symmetrized distance induced by a quasi-distance d is

(@) = ~[d(z, y) + d(y, 7)) = %[s(w,x) + 55, )] — s(z,1). (2.26)

N | =
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Conversely, a weighted quasi-metric space induces a symmetric similarity func-
tion. Indeed, we have the following proposition hold

Proposition 2.26. Let (X, d) is be a weighted quasi-metric space with the weight function
w: X — (0,00). Then the mapping s: X x X — R,

s(x,y) == w(r) — d(y, ) forall z,y € X, (2.27)
is a symmetric similarity function on X.
Proof. Let z,y,z € X. We verify the conditions in definition (2.21), we have

(i) Since w: X — R is weight function, then w(z) >0
and d(z,z) =0

It is clear that s(z,z) = w(z) — d(z,z) = w(z) >0
(i) We will show that s(z, z) — s(z,y) > 0, we have
s(z,x) — s(z,y) = w(r) = d(z, 2) — wl)+ dy, v)

A —d(l', iL’) + d(ya (E)

= d(y, v)

Since d(y,z) >0

So, s(z,z) — s(z,y) >0, i.e. s(z,x) > s(z,y).
(iii) Suppose that s(x,y) = s(z,z) and s(y,z) = s(y,y), we have
s(z,y) = s(z,z) As(y, =) = s(y,y)
w(z) —d(y,x) = w(r) — d(z,z) ANw(y) = d(z,y) = wly) —d(y,y)

d(z,z) — d(y, r) = w(z) — w(z) A d(y,y) — d(z,y) =w(y) — w(y)

d(y,z) =0Ad(z,y) =0
since d(x,y) = 0 =d(y, ), thus z = .

(iv) We will show that s(z,y) + s(y, 2) < s(z, 2) + s(y,y), we have

s(@,y) + s(y, 2) = w(x) — d(y, z) + w(y) — d(z,y)
= w(x) +w(y) —d(z,y) — d(y, z)
< w(z) +w(y) - d(z, )
=w(z) —d(z,2) + w(y) -0
=w(z) —d(z,z) + w(y) — d(y, y)

= s(z,2) + s(y,y)

Therefore, (X, s) is a symmetric similarity function on X. []
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Example 2.27. Let us consider the metric space (S, p) and the interval T := (0,00). It
is known that the product space G := S x I interits a natrural structure of generalized

weighted quasi-metric structure (G, Q, W), where

Q:GxG—0,00), Q(a,b) == p(z,y) +n =&,
W :G — [0,00), Wi(a) = 2¢,

(2.28)

forany a = (z,¢),b= (y,n) on G = X x I.
The similarity function ¢ : G x G — R induced by the weighted quasi-metric structure
(G,Q,W) is given by

w(a,b) = —p(x,y) + &+, Va = (z,€),b=(y,n) € G. (2.29)

Clearly this is a symmetric similarity function on G.
Indeed, let a = (z,€),b = (y,1),c = (2,¢) € G, then

(i) Itis clear that
o(a,a) = o((x,€), (z,§)) = =p(z,z) +E+ £ =2 > 0.
(i) We will show that ¢(a, a) — ¢(a,b) > 0, we have

¢(a,a) = p(a,b) = —p(z,z) +§+ &+ pla,y) =€ —n
= —p(z, @) +p(@,y) +{ -7
=plz,y)+£ -1
=p(y,2)+&—n
= Q((y,m), (,€))
= Q(b;a)
>0

So, ¢(a,a) — p(a,b) > 0.
(iii) Suppose that ¢(a,b) = p(a,a) and ¢(b,a) = ¢(b,b), that is
(p((xvg)a (yﬂ?)) = %0((-%5)7 (xag)) A 90((97 7])’ (CL‘,f)) = @((yﬂ?)» (yﬂ?))

—p(z,y) +E+n=—plx,2) +E+EN—p(y,z) +n+E=—ply,y) +n+n

plx,z) —plx,y) +n—E=0Ap(y,y) —p(y,2) +{—n=0

by subtract these two equality we sget, p(z,z) — 2¢ = p(y, y) — 2n, whence ¢ =7, soO

that x = y. Hence a = b.
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(iv) We will show that ¢(a,b) + ¢(b,c) < p(a,c) + (b, b), we have

o(a,b) + ¢(b,c) = o((z,8), (y,m) + ¢ ((y,m), (2, ()
+&+n—py,2) +n+¢

—p(y,2) +E+C+n+n

And we will show that ¢ is a symmetric, i.e. p(a,b) = p(b, a).

©(a,b) = (%), (y,n))
=—p(z,y) + &+
= —p(yyr) + N +¢
= o((y,m); (z,€))
= ¢(b,a)

Therefore, ¢ is a symmetric similarity function on G.

Example 2.28. Let (S, p) be a metric space and f : S — (0,00) is a Lipschitz function
with respect to p. Then it is known that the graph of f,i.e. Gy = {(z, f(z)) : z € X} has

a weighted quasi-metric space structure (G, Q, W) given by

Q: Gy x Gy = [0,00), Q(a;b) := p(z,y) + f(y) = (=), (230)
W Gy — [0, 00), Wi(a) =2f(z),
for any a = (x, f(x)),b = (y, f(y)) on Gy.
It follows that the function ¢; : Gy x Gy — R given by
pra,b) = —p(z,y) + f(x) + f(y), (2.31)

forany a = (z, f(z)),b = (y, f(y)) € Gy, is a symmetric similarity function on G;.
Indeed, let a = (z, f(x)),b= (y, f(y)),c = (2, f(2)) € Gy, then

(i) Itis clear that

prla,a) = ¢p((z, f(2)), (z, f(2))) = —p(z,2) + f(2) + f(2) = 2f(z) > 0.
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(i) We will show that ¢¢(a,a) — p(a,b) > 0, we have

er(a,a) = s(a,b) = —p(z,x) + f(x) + f(2) + p(z,y) — f(2) = f(y)
= —p(z,2) + p(z,y) + f(x) = f(y)
= plz,y) + f(z) — fy)
=p(y, ) + f(z) — f(y)
=Q(y, f(¥)). (z, f(2)))
=Q(b,a)

>0

)
)

S0, ¢g(a,a) — ¢g(a,b) > 0.

(iii) Suppose that pg(a,b) = ¢s(a,a) and ¢;(b,a) = ¢ (b,b), that is

or(a,b) = pr(a,a) A ps(bya) =g (b,b)
=p(z,y) + f(@)+ fly) = f(2) + fl@) A =ply, )+ fly) + f(x) = f(y) + f(y)
plz,x) —pla,y) + f(y) — f(@) = 0Aply,y) — p(y, ) + f(x) — f(y) =0

by subtract these two equality we get, p(x,z) — 2f(z) = py,y) — 2f(y), whence
f(z)= f(y), so that x = y. Hence a = b.

(iv) We will show that ¢s(a,b) + (b, ¢) < ¢s(a,c) + pr(b,b), we have

pf(a;b) + o (bc) = pr((z, f(2)), (y, FW)) + pr((ys £ (¥)): (2, f(2)))
= —p(z,y) + f92) + f(y) = p(y. 2) + f(y) + f(2)
= —p(z,y) — p(y; 2) + f @)+ f(2) + f(y) + f(y)

f@)+ f(2) + fy) + f(y)

f@)+ f(z) —ply,y) + Fy) + f(y)

), (2, f(2)) + £, (), (W, f(y)))

And we will show that ¢y is a symmetric, i.e. ¢¢(a,b) = ¢¢(b,a).

pr(a,b) = o((z, f(2)), (y, f(y)))
—p(z,y) + f(z) + f(y)
—p(y,z) + f(y) + f(z)

=ps((y, f(¥)), (2, f(2)))

¢r(b,a)

=¥f

Therefore, ¢, is a symmetric similarity function on Gy.
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We can conclude that a metric space (X, p) with a Lipschitz function f: X — R
induces a similarity function on X.
The similarity space (Gy,¢s) constructed here is called the bundle over the

metric space (S, p).



Chapter 3
Embedding and relation to Finsler spaces

In this chapter, we study the relation the similarity function with embeddings
and bundle, and with Finsler space, we study their fundamenlai properties and show
that the relation with weighted quasi-metric. All the content of this section is new and
makes the core of the research.

Let (X,q,w) and (Y,p,u) are two weighted quasi-metric spaces, the function
¢ : X =Y with the properties

ple(x), ¢(y) = q(z,y), Vr,ye X (3.1)

u(p(z)) = w(x), Vo € X. (3.2)

is called embeddings of weighted quasi-metric.

X ¥

Figure 3.1: Diagram of embedding of weighted quasi-metric spaces.

Let (X,0) and (Y, 7) be two topological spaces with similarities functions o and

T, respectively. A continuous mapping ¢ : X — Y is called a similarity embedding if

(¢ (@), (y)) = o(2,y), (3.3)

forall z,y € X.

rloto()

Figure 3.2: Diagram of similarity embedding.
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Proposition 3.1. Let (X, ¢, w) and (Y, p,u) be two weighted quasi metric spaces with the
associated similarities o and 7, respectively. The continuous function ¢ : X — Y is a

similarity embedding if and only if it is an embedding of weighted quasi spaces.

Proof. We assume that ¢ : (X,0) — (Y, 7) is a similarity embedding, i.e.

T(p(x),¢(y) = o(z,y), Va,y € X.
The weighted quasi-metric (d,w) associated to the similarity function ¢ on X is given by
d(@,y) =o(y,y) — o(y,x), Va,y € X.
w(z) =o(x,x), Vo e X.

The weighted quasi-metric (d,w) associated to the similarity function = on Y is given by

d(l’,y) TR T(yvy) T T(?J»w), Vx,y eY.
w(x) = 1(x, ), Ve ey.

We compute

for all z,y € X. Likewise,

w(p(x)) = T(p(x), o(r)) = o(z, z) = w(z),

and hence it results that ¢ : (X,d,w) = (V,d,#) is an embedding of weighted quasi-
metrics.
Conversely, we assume that ¢ : (X,d, w) = (Y,d, ) is an embedding of weighted

quasi spaces, i.e.
d(p(@), p(y)) = d(z,p),
w(p(r)) = w(z),
for all z,y € X. Using now relations

o(x,y) = w(z) — d(y, ), Vr,y € X.

7(z,y) = w(x) — d(y, ), Ve, y €Y.

We have

for all z,y € X,therefore ¢ : (X,0) — (Y,7) is a similarity embedding. []
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Theorem 3.2. Every space with a symmetry function (X, s) is embeddable in a bundle

over a suitable metric space (S, p).

Proof. Let a metric space (X, p) and let (X, s) be a space with a symmetry function s.
By, Proposition (2.23) and (2.24) we have (d,w) is weighted quasi-metric with the simi-

larity function s given by

d(l’,y) :3(1/73/)_5(,’%33)7 V%Z/EX»
w(z) = s(z, x), Vo € X,

and the symmetrized associated distance s given by

[S(x,w)+s(y,y)} —S(Z‘,y), vxay € X.

N —

p(z,y) =

Then, similarity space (Gy, ¢¢) the corresponding bundle, where G; := {(z, f(z)) : € X}
and f(x) := %w(m)
Define a mapping ¢ : (X, s) = (G, ¢y) as follows:

(@) = (30

We want to show that this is an embeddins.

Then, forany z,y € X, we have

erte@ gt =er ( (2506 ) (0 500 ))

1 1

= —p(z,y) + §w(m) i §w(y)

= —2lslrs2) + sl )] + sl ) + 5500 0) + 55(09)

= s(z,y)

Therefore, ¢ is an embedding. []

Theorem 3.3. 1 Let (S,p) be a metric space and f: S — (0,00) a Lipschitz function
on this metric space. Then the graph of f admits a similarity function ¢ : Gy x Gy —
R that depends on p and f only.

2 Conversely, every similarity space (X, s) can be constructed in this way.

Proof. For statement (1), let (S,p) be a metric space and f : S — (0,00) a Lipschitz
function on this metric space.

Let (Gf,Q,W) is a weighted quasi-metric space, where Gy = {(z, f(x)) : z € S} is the
graph of f and defined a mapping

Q: Gy x Gy —[0,00), Q(a,b) := p(z,y) + f(y) — f(),
WGy —10,00), Wi(a) :=2f(z),

(3.4)
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forany a = (z, f(x)),b = (y. f(y)) on Gy.
It follows that the function ¢f : G5 x G — R given by

wrla,b) = —p(z,y) + f(z) + f(y), (3.5)

forany a = (z, f(x)),b = (y.f(v)) € Gy.
Now, we will show that ¢, is a symmetric similarity function on Gy.

Indeed, let a = (z, f(2),b=(y, f(y),c= (2, f(2)) € Gf’ then

(i) It is clear that
erla,a) = ¢r((z, f(2)), (z, f(2))) = —p(z,2) + f(z) + f(z) = 2f(z) > 0.
(i) We will show that ¢¢(a,a) —py(a,b) >0, we have

er(a,a) =¢f(a,b) = —p(z,z) + f(z) + f(2) + pla,y) — f(z) — f(y)

= —p(x,2) + p(2,y) + f(x) — f(y)
= p(z,y) + f(z) — fly)
= p(y, @) + f(=) = f(y)
= Q(y, f (). (z, f(2)))
=Q(b,a)
>0

50, ¢r(a,a) —¢s(a,b) =0

(iii) Suppose that ¢(a,b) = p(a,a) and (b, a) = ¢ ;(b,b), that is

er(a,b) = pr(a,a) AN pp(b,a) = p5(b,b)
—pl@,y) + (@) + f(y) = f(@) + [ (@) A=ply,2) + f(y) + f(@) = f(y) + f(y)
p(z,x) — p(z,y) + f(y) — f(z) =0Aply, y) — p(y, ) + f(z) = f(y) =0
—p(@,y) + f(y) = f@) =0A =p(y,x) + f(z) - f(y) =0

by subtract these two equality we get, p(x,y) + 2f(x) = p(y,z) + 2f(y), whence
f(z) = f(y), so that z =y. Hence a = b.

(iv) We will show that ¢;(a,b) + ¢ (b, c) < py(a,c) + pg(b,b), we have

(v, f(¥)) + (Y, f(y)

); (2, f(2)))
f9z) + fy) — ply, 2) +

pr(a,b) +¢r(b,c) = pr((z, f(x) ),
(y) + f(2)

= —p(z,y) + f

= —p(,y) = ply, 2) + f(@) + f(2) + f(y) + f(y)
< —pla,z) + f(@) + f(2) + fy) + f(y)

= —p(z,2) + f(2) + [(2) = p(y,9) + f(y) + f(y)
= ps((@, [(2)), (2, f(2))) + 05 ((y, f (V). (y, f(¥)))
= ps(a,c) + ¢5(b,b)

507 (:Of(a7 b) =+ (pf(ba C) < (,Of((l, C) + (,Of(b, b)
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And we will show that ¢y is a symmetric, i.e. ¢f(a,b) = ¢s(b,a).

pr(a,b) = or((z, f(2)), (v, f()))
( () + f(y)
p(y,x) + f(y) + f(x)
((y, f(y)), (z, f(2)))
(b,a)

fb,a

p(x,y

= —ple,y)+ f
= —ply,2)+ f

f

14
Y

Therefore, ¢y is a symmetric similarity function on Gy.

For statement (2), let (X, s) be a similarity space.
Let (X,d,w) is a weighted quasi-metric space with the associated similarity s, where d
and w are given by

d: X x X >R, d(z,y) = s(x,x) — sy, x), (3.6)

w:X =R, w(x) = s(z, ),

for all z,y € X, and the symmetrized associated distance s given by

p(x,y) =3 [s(x,x) + s(y,y)] - s(z,y), Yo,y € X.

N |

Define a function f: X — (0,c) as follows :
flz) = zw(a), z € X,
then fis a Lipschitz function, for any z,y € X, we have

7 = 7l =5

w(z) —w(y)|
< d(x,

Y) (by Proposition (2.9))

By statement (1), we have (Gy, ¢y) is a similarity space.
Define a mapping ¢: (X,s) — (G, ¢y) as follows :

i, P (x ;w(x)> , Vo€ X,

We want to show that this is an embedding.

Then, for any z,y € X, we have

er(o(@ho) = o1 ( (250 ) (1 500 )

= —play) + () + Ful)

2
= s, 2) + s, 0)] + 5(,p) + 55, ) + L 5(y,y)
= s(x,y)

Therefore, ¢ is an embedding of (X, s) onto (G, ¢y). []
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Lemma 3.4. Let M be a compact smooth manifold. If (M, p) is an upper and lower
curvature bounded metric space, then there exists a Riemannian metric g on M whose

distance function coincides with p.

Proof. The proof is quite obvious. Every an upper and lower curvature bounded metric
space (M, p) constructed on an n-dimensional compact smooth manifold M can be
embedded isometrically in the Euclidean space R?"*! with the canonical metric. On the
other hand, the manifold M as a submanifold in R?"*! inherits a canonical Riemannian
metric from the embedding in the Euclidean space whose distance function obviously

coincides with p. []

Theorem 3.5. 1. If (M,F = «a+ ) is a simply connected Randers defined by a Rie-
mannian metric « = \/a;;(z)y'y? and a closed 1-form B, then M is endowed with
a naturally induced similarity function.

2. Conversely, let s be a symmetric, similarity function defined on a compact differ-
entible manifold M whose associated distance p is an upper and lower curvature
bounded. If s is differentiable, then there exists a naturally constructed Randers

metric on M that depends on s only.

Proof. For statement 1, let (M, F = a+ B) is a simply connected Randers defined by a
Riemannian metric & = /a;;(x)y’y’ and a closed 1-form 8.
Let yuy € Tuy == {7y : [a,b] — Mly(piecewise)C> — curve,v(a) = z,v(b) = y} be an

F-geodesic and define the induced metric of a Finsler space (M, F) given by

b
dp : M x M = [0,00),  dp(z,y)=inf [ F(y(t),5(t)). (3.7)

V€T 2y S

We have
b b i
dea9) = [ OO ®Nde+ [ bast0) 35 00
— da(l’, y) + 6
Yy
Since B is a closed 1-form on M, i.e. dj = 0 there exits a smooth function w: M — R

such that 8 = dw, we have
| 8= wi0) = wie) = wi) ~ wie)
Now, it follows that M beco?ne a weighted quasi-metric space (M, dg,2w), where
dr(z,y) = da(z,y) + w(y) — w(z), Va,y € M.
By proposition (2.26) we have
s(z,y) = 2w(z) — dr(y, x)
=2w(z) — da(y, =) — w(z) +w(y)

= —do(y,z) + w(z) + w(y).
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By example (2.28) we have s(z,y) = —du(y,z) + w(z) + w(y) is a symmetry similarity
function.
Therefore, M is endowed with a naturally induced similarity function.

For statement 2, let s be a symmetric, similarity function defined on a compact
differentible manifold M. We assume that s is a differentiable.
Define a mapping d: M x M — R as follows:

d(z,y) = s(y,y) — s(y, ), Yo,y € M,
is a weighted quasi-metric where a weight function w : M — R given by
w(z) = s(z, ), Vo e M,

Then, (M,d,w) is a weighted quasi-metric induces a similarity function s.
By Lemma (3.4) we can see that there exits a Riemannian metric « on M whose distance

function is exactly p, where p is a symmetrized distance induced by d, i.e.

olay) = 5 (o) +dy,2)) = 5 s 0)+ (0] = s, 0), Vg € M.

1
2
Since s is a differentiable we can define g := dw where w is the weight induced by s.

Therefore, (M, F = a+ f8) is a Randers space. []



Chapter 4
Relation with Bioinformatics and Computer Science

In this chapter, we study the relation of the similarity function with bioinfor-
matics and computer science and show that a Randers type metric whose associated
distance function coincides with the weighted quasi-metric induced by a similarity func-
tion.

In order to assess the application of this theory, we start by recalling that Dy-
namic Programming is, at the same time, a mathematical optimization method as well
as an algorithmic method in computer science. Dynamic Programming originates in the
research of R. Bellman in the 1950s and it was applied eventually in many fields of
science like engineering, economics, and others. In the majority cases, this method
works by simplifying a much more complicated problem by dividing it into much easier
small problems using a recursive way. It is known that if a problem in computer science
can be solved optimally by dividing it into smaller problems and then recursively de-
termine the optimal solutions to these small problems, then the original problem has
an optimal substructure. The algorithms involving Dynamic Programming are popular in
the field of bioinformatics being extremely useful for some specific problems as DNA or
amino acids sequences alignment, RNA structure prediction, protein structure research,
and others (see [9], [10]).

In the case of sequence comparison analysis in Bioinformatics, a similarity mea-
sure on ¥ together with a gap penalties function can be used to define the global simi-
larity between two sequences in *. The computation is handled using the Needleman-
Wunsch dynamic programming algorithm which is quite similar to the W-S-B algorithm
for computation of distances. It is possible to define global similarity using a dynamic
programming matrix.

To be more precise, let 3 be a non-empty set. Then a free monoid ¥* on X is
the monoid whose elements are all finite sequences of zero or more elements, from ¥
with operation of concatenation. The set & = {4, B,C, ..., Z} is called alphabet, and its
elements A4, B,C, ..., Z are called letters of the alphabet, or generators. The elements
u € ¥* are called words or strings. The unique sequence of zero letters (the empty
word) denoted by e is the identity element in x*.

The free semigroup ¥+ on X is defined as T := ¥* \ {e}.

Remark 4.1. Biological motivation
The macromolecules that contain the essential information of living cells can be rep-
resented as a family of words over a finite alphabet.

For example :
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e DNA molecules are words in the free semigroup generated by the four letters
nucleotide alphabet ¥ = {A,C, T, G}.

e RNA molecules are words in the free semigroup generated by the four letters
nucleotide alphabet ¥ = {4,C,U, G}.

¢ proteins molecules can be regarded as words in the free semigroup whose gener-
ators are the 20 amino acids that compose the proteins in living cells aminoacids
alphabet YAA.

As an example, we mention here the insulin, whose intensive research, starting
around 1950, has facilitated the development of the theory of molecular evolution of
living organisms.

Insulin is present in almost all living organisms on the Earth, hence by comparing
the insulin sequences found in different species and computing their similarity, one can
get a very detailed insight into the evolution of life on Earth. Sequence comparison,
similarity estimation, and so on, is one of the most fundamental research topics in

bioinformatics (see [5]).

We define elobal similarity using a dynamic programming matrix.

Definition 4.2. ([10]) Let ¥ be a set, z,y € ¥*,s : ¥ x ¥ = R and ¢g,h : Nt — Rt. Let
m = |z| and n = |y|. The Needleman-Wunsch dynamic programming matrix, denoted
NW(z,y, s, g,h), is an (m + 1) x (n+ 1) matrix S with rows and columns indexed from 0
such that Sp0 =0, 5.0 = Maxi<k<i{Si—k0 — h(k)},So ; = MaXi<x<;{S0.j— — g(k)} and for
alli=1,2,...,mand j=1,2,..n

Si,j = MaX {Sil,jl + s(xi,yj), lrgl?é(i{Siik’j T h(k’)}, 1I’Dka<xj{5i’j,k r g(k/’)}} .

We define the global similarity between the sequences z and y (given s, g, and h),
denoted S(z,y), to be the value S, .

Example 4.3. Let X be the alphabet, let 2 = CTTCA and y = CTACA. For all a,b € %,
set s(a,a) = 5,s(a,b) = —1 if a # b and let g(k) = h(k) = 2k. The matrix(or table) S used

for computation of the Needleman-Wunsch distance is given in the Table 4.1.

The dynamic programming table used to compute the Needleman-Wunsch dis-
tance between the sequences CTTCA and CTACA. We can see that the global similarity
between the sequences to be the value S,,, = S5 5 = 19 and the path shown in bold

in the Table 4.1 corresponds to the following alignment:

CTTCA
CTACA
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Table 4.1: The Needleman-Wunsch dynamic programming table of example 4.3.

0 2 |34 5

ci T ] T|]C]|] A

0 0O -2 4]-6]-8]-10
1 c|-2|5|3|1]-1|-3
2 T| 413|108 6 4
3 Al 6|18 |9 7|11
4 C| -8 |-1 7114 | 12
5 A}-10|-3] 4 |5]|12| 19

Example 4.4. Let ¥ be the alphabet, let + = ATGGCGT and y = ATGAGT. For all
a,b € ¥, suppose s(a,a) = 1,s(a,b) = 0 if a # b and let g(k) = h(k) = 0. The matrix(or
table) S used for computation of the Needleman-Wunsch distance is given in the Table
4.2 observe that S(z,y) =S¢z = 5.

Table 4.2: The Needleman-Wunsch dynamic programming table of example 4.4.

R, |, |, , O
NN ININN RO N

—Hl O] >

ARV OO A~

RD W VLWIWIN|—,|Ol6O W

AP PRLP|IOIWVWIN[R,]O|MN U

Al Al W No = Lo ') o
N POV W |IN|—~,lOolH

N PRARIWIN|—=]|O
OO | O | O | OO |O

The dynamic programming table used to compute the Needleman-Wunsch dis-
tance between the sequences ATGGCGT and ATGAGT. We can see that the global sim-

ilarity between the sequences to be the value S,,,, = Ss.7 = 5.

The global similarity S(x,y) between sequences z and y defined above satisfies
all conditions in the definition of similarity(see [10]).

Based on our Theorem 3.5 we can think as follows. Let us consider a finite set II
of biological sequences like for instance the insulin sequences in all species one can find
in the NCBI data base. Clearly, this is a finite set of sequences, a finite set of data that can
be considered as a compact set in X*. By using dynamic programming, we can endow
this compact set with a symmetric similarity function S(z,y). Theorem 3.5 implies that
there is always a Randers type metric whose associated distance function coincides

with the weighted quasi distance function obtained from the similarity function.
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We can conclude a new theory of research as follows:

Theorem 4.5. Let II be a finite set of biological sequences and let S(z,y) be the global
similarity function given by the Needleman-Wunsch dynamic programming algorithm. If
the associated distance p is an upper and lower curvature bounded, then there exists
a metric of Randers type whose distance function coincides with the weighted quasi-
metric induced by S(z,y).



Chapter 5

Conclusions and Suggestions

5.1 Conclusions

In this research, we introduce definitions of the similarity function,metric space,
quasi-metric space and weighted quasi-metric space. show that every weighted quasi-
metric space can be identified with a subspace of a space of some canonical type, which
is constructed from a metric space and present a very simple method to construct a
weighted quasi-metric space, as the graph of function defined on metric space, and
show that every weighted quasi-metric space arises in this way. We investigate a relation
between weighted quasi-metric and similarity function, and we obtain a weighted quasi-
metric space induced by a similarity function. On the other hand a similarity function
can be induced by weighted quasi-metric space.

We study the geometrical properties of a topological space endowed with a sim-
ilarity. We show that every space with a similarity function can be viewed as the graph of
a 1-Lipschitz function over a suitable metric space and show that every similarity space
can be constructed in this way. We discuss its relation with weighted quasi-metrics and
Finsler metric of Randers type. Moreover, we present the relation of the mathematical
concepts with computer science and bioinformatics. In conclusion, there is always a
Randers type metric whose associated distance function coincides with the weighted

quasi-metric induced by a similarity function.

5.2  Suggestions

Our research suggests that more study concerning weighted quasi-metric with
similarity function and Finsler metric is necessary.

Another idea suggested by our research would be applied in Bioinformatics and
computer science such as development of geometric aspects of the theory of weighted
quasi-metric spaces and applications to similarity search in general and large protein

datasets in particular.
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Abstract

In the present paper, the geometrical properties of a topological space endowed with a similarity
was studiedits relation with weighted quasietrics and Finsler metrics of Randers type was

discussed Finally, some applications to bioinformatics and computer science by relating
similarities to dynamic programming algorithms are considehedconclusion, the space
containing the reakorld data is nogymmetric and nctinear.

Keywords: Finsler metrics, similarity function, weighted quasstrics
DOI 10.14456/cast.2020.20

1. Introduction

Metric spaces, symmetric distances are used in different fields of pure mathematics like analysis,
geometry and so orgs well as in applied mathematics, for instance in computer science,
bioinformatics, data analysis, etcThese are the natural generalization of Euclidean and

Riemannian space®n the other hand, n@ymmetric distances, Minkowski norms, and Finsler
metrics are also widely used in the analysis, differential geometry, data analy$i& etaim that

symmetric distances, Euclidean and Riemannian metrics are just convenient approximations
(usually obtained by averagipgf the real worldThe real world, based on real data measurements

is highly nonsymmetric and notinear. Of course, proving such a fact in its most generality is a
very complex and difficult task, beyond the purpose of this paper

However, we will argue that the similarity induced by the dynamic programming
algorithm NeedlemaWunsch is actually equivalent in nature to ssgmmetric distancess¢

called quasi-distanciand Finsler metricOur main statement in this paper is that the following
motions are equivalent in nature, i.e. symmetric similarity function, weighted djstesice and
Finsler metrics of Randers type with reversible geodesics

*Corresponding authorel: +66 91 8517097
Email: NisachorKumankat@gmaitom
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The topic studied in the present paper is very important for analysis, geometry, computer
science, data analysis, bioinformatmsd so on because in some sense it showsathigiast
partially, the reality we are living in, is n@ymmetric, nodinear, norhomogeneous and the study

of data sets from the real world is actually equivalent to the use of weightedhmtiass on
topological spaces, or of a Finsler metric of Randers type on smooth manifolds

2. Similarities and Distances

We start by recalling the following definitigh, 2, 3].

Definition 21 Let X be a topological spadés : X X X —» R is a continuous mapping such that
i s(x,x) >0 foranyx € X,
ii. s(x,x) = s(x,y) foranyx,y € X,
iii. if s(x,y)=s(x,x)ands(y,x) =s(y,y),thenX=Y foranyx,y€eX,
iv. s(x,y) +s(y,z) <s(x,z) +s(y,y) forany,y,z € X,
Thens is called a similarity functioon X.
The relation with quasnetrics is welknown [4, 5]

Definition 22 Let X be a norempty set andl a realvalued functiond : X X X — [0, o) that
satisfies
i. d(x,y)=0 andd(x,y) =0 ifand only ifx =y for anyx,y € X,
ii. d(x,y) <d(x,z) +d(z,y) foranyx,y,z € X,
iii. if d(x,y)=d(y,x) =0 thenx =y foranyx,y € X.
Then(X,d) is called a quasnetric space

Definition 2.3 A weighted quaginetric space is a triplg¥, d, w), whereX is a noremply set,
d: XXX —>[0,00)andw : X — [0,00) that satisfies:
i d(x,y) =0 andd(x,y) = 0 ifand only if x =y foranyx,y € X,
ii. d(x,y) <d(x,z) +d(z,y) foranyx,y, z € X,
iii. if d(x,y)=d(y,x) =0 thenx =y foranyx,y € X,
iv. d(x,y) +w(x) =d(y,x) +w(y) forany x,y,z € X.
The functiond is called a quasnetric, andw is the weight function

Proposition 24 If s: X XX - R bea similarity function orX, thend : X x X — R defined by

d(x,y) = s(y,y) — sy, x), for allx,y € X,
is a quasimetric on X.

Proof Let x,y,z € X. We verify the conditions in the definition of the quastric
i Positiveness d(x,y) = s(y,y) —s(y,x),
Since s(y,y) —s(y,x) = 0, itis clear thatd(x,y) = 0.
And d(y,y) = s(y,y) —s(y,y) =0,thenx =y.

335
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ii. Triangle inequality

d(x,y)

s, y) —s(,x)
=s5(,y) —s(,2) +s@,2) — s, x)
sy) —s(y,z) +5(z,2) —s(z,x)
d(z,y) + d(x,z)
d(x,z) +d(z,y).

A

iii. Separation axiom
dx,y) =0 A d(y,x) =0 =>x=y
s, y) =s(y,x) =0 A s(x,x)—s(x,y)=0 =>x=y
s@y) =s,x) A s(x,x)=s(xy) =x=y.

Therefore (X, d) is a quasmetric on X.

Proposition 25 Lets : X X X - R is a similarity function orX_ If s is a symmetric, & s(x,y) =
s(y,x) for all x,y € X, then(X,d) is a weighted quasietric space with weight functionw :
X->R, wk)=s(x,x).

Proof By proposition 2, we haved(x,y) = s(y,y) — s(y,x).
Let x,y,z € X. We verify the conditions in the definition of a weighted qumastric
i Positiveness d(x,y) = s(y,y) —s(y,x),
since s(y,y) — s(y,x) =0, it is clear thatd(x,y) = 0.
And d(y,y) =s(y,y) —s(y,y) =0, thenx = y.

ii. Triangle inequality

d(x,y) = s, y) —s(y,x)
s@y)—s(y,2) +s(,2) —s(,x)
<s(y,y)—=sW,z)+s(z,2z)—s(z,x)
d(x,z) +d(z,y).

iii. Separation axiom

dx,y) =0 A d(y,x) =0 =x=y
s@,y) —s(x) =0 A s(x,x)—s(x,y)=0 =x=y
s,y) =s,x) A s(x,x)=s(y) =x=y.

iv. Let w:X > R, w(x) = s(x,x), we have

dx,y)+wx) =s@,y) — s, x) + s(x,x)
=s(x,x) —s(x,y) +s(v,y)
d,x) + w(y).
Therefore, (X, d) is a weighted quasnetric space
We will consider in the following only symmetric similarity function

Remark 26:
1) Observe that the quadistanced and the weight functionwr are determined only by the

similarity function s.
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2) Letwe assume the quadistanced is actually a distance functioneid(x,y) = d(y, x)

forall x,y € X, it follows
s@,y) —s(,x) =s(x,x) —s(x, ),
and if we take into account thatis symmetric, then we obtain
s(x,x) =s(y,y), forall x,y € X.
In other words, the quasdistance induced by a similarity function is a distance if and
only if the similarity is the same on the diagonal

3) The symmetrized distance induced by a qdesanced is

p(ey) i= s [d(x,y) +d@0] = s [s(x,x) + s3] — s, y).

Conversely, a weighted quasetric space induces a symmetric similarity function

Indeed, we have the following proposition hold

Proposition 27 Let (X, d) is a weighted quasnetric space with the weight function: X - R
Then the mappings : X X X -» R

s, y) i=wx) —d(,x), for all x,y € X,

is a symmetric similarity function oK.

Proof Letx,y,z € X. We verify the conditions in definition®, we have:

Sincew : X — R is weight function, thew(x) > 0 and d(x,x) = 0.
Itis clear thats(x,x) = w(x) — d(x,x) = w(x) > 0.
We will show thats(x, x) — s(x,y) = 0, we have

s(x,x) = s(x,y) =wx) —dx,x) —wx) +d(y,x)
= —d(x,x) +d(y,x)
=d(y,x).

Since d(y,x) = 0, thus s(x,x) —s(x,y) = 0, ie s(x,x) = s(x,y).
Suppose thak(x,y) = s(x,x) and s(y, x) = s(y,y), we have

s,y) =sx,x) A s(,x) =s(,y) = x=y
w(x) —dy,x) =wx) —d(x,x) A w@y)—dxy) =wly) —dy,y)
d(x,x) —d(y,x) =w(x) —w(x) d(ly,y) —d(x,y) =wl) —w(y)
d(x,x)_d()’:x)zo d()’v}’)_d(xJ’)zo > X=Yy
d(x,x) =d(y,x) diy,y) =dx,y) = x=y.

We will show thats(x,y) + s(y,z) < s(x,z) + s(y,y), we have
sCoy) +5(y,2) = wx) — d(y,x) + w(y) —d(z,y)
=wx) +w(y) —d(zy) —d(,x)
<swk) +w(ly) —d(zx)
=wx) —d(z,x)+w(l) -0
=wx) —d(z,x) +w@) —d©,y)
=s(x,z) +s(y,y).

X

= x=y
= x=y

> > > >

Therefore (X, s) is a symmetric similarity function oX.

Example 2.8 Let us consider the metric spac&p) and the intervall := (0, «). It is known that
the product spacé& := S x I inherits a natural structure of generalized weighted gnesic
structure(G, Q, W), where

Q:GxXG~-1, Q) :=plxy)+n-4g,
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W:G-I, W(u) := 2§,
foranyu = (x,é), v=(_,m)onG=Sx1I
The similarity function ¢ : G X G - R induced by the weighted quaseétric structure
(G,Q,W) is given by
pu,v) = —pl,y)+{+n,  foranyu=(x,§), v=_>,n€GC.
Clearly this is a symmetric similarity function én
Indeed, lew = (x, &), v=(y,n), l = (z,{) € G, then
i. It is clear that
pu,u) = o((x,8), (6,8) = —p(x,x) +§+§ =2 >0,

ii. We will show thatp (u, u) — ¢(u,v) = 0, we have

pwu) —pw,v) =—pl,x)+&+5+px,y) —¢—n
=—pl,x)+pl,y) +§—1
=pxM+{—1
=py,x)+{—1
=Q(r,m, (x.9) =Qw,u) =0.
So, p(u,u) — p(u,v) = 0.
iii. Suppose thatp(u, v) = ¢(u,u) and p(v,u) = (v, v), that is

(., ,m) = (%6, (%,8) A (., x,8) = o(&,m. 1)
P, y)+§+n=—plx)+&+& A —px)+n+&=—py,y)+n+n
ple,x) —p(x,y) +n—=§=0 A p(r,y) —p,x) +§—n=0,
by subtracting these two equalities we g, x) — 2§ = p(y,y) — 2n, whencex =y,
so thaté = n.Henceu = v.
iv. We will show thate(u, v) + e, ) < o, 1) + (v, v), we have

ew,v) + o, D) = o((x,8),v,m) + o(.1). (2, D)
—p(x,y)+é+n—pyz) +n+<
—pC,y)—p(,2)+5++n+n
—-p(,2)+&+7+n+7

—-p(x,z) +&+{—p(y,y) +tn+n
=¢((x,8,(z0)+ o(G.m, v.m)
=+ o,v).

Therefore, ¢ is a symmetric similarity function of.

VA

Example29 Let (S, p) be a metric space aifd: S — (0, o0) a Lipschitz function with respect to
p.Then it is known that the graph ffie Gy = {(x,f(x)) : Xe€ S} has a weighted quasietric
space structurd Gy, Q, W) given by
Q: G x G > (0,0), Qu,v):=pl,y)+f)—fx),
W:Gr— (0,00, W)= 2f(x),
forany u = (x,f(x)), v = (y,f(»)) on G;.
It follows thatthe function ¢, : Gy X Gr — R given by
o, v) :=—pCe,y) + f() + f),
forany u = (x,f(x)), v = (v, f()) € G, is a symmetric similarity function ofi.
We can conclude that a metric sp&&ep) with a Lipschitz functiorf : X - R induces
a similarity function orx.
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The similarity spacéGf, (pf) constructed here is called the bundle over the metric space
S, p).

3. Embeddings and relation to Fingler space

Let (X,0) and(Y, t) be two topoltgical spaces with similarities functiomsand t, respectively
A continuous mappingp : X — Y is called a similarity embedding if

(), o)) = a(x,),
forall x,y € X.

Proposition 31 Let (X,q,w) and (Y,p,u) be two weighted quargietric spaces with the
associated similarities and , respectivelyThe continuous functio : X — Y is a similarity
embedding if and only if it is an embedding of weighted qoesiic spaces

Proof We assume that : (X,0) - (Y,7) is a similarity embedding.ei

(p(x),9() =0(x,y), Vxy€EX.
The weighted quasnetric (d, w) associated with the similarity functiom on X is given by
dx,y) =0(y,y) —o(y,x), Vxy€X,
w(x) = a(x, x), Vx € X.
The weighted quasnetric (d, ) associated with the similarity functionon Y is given by
dix,y) =t(y,y) = 1(y,x), ~ Vxy€Y,
w(x) = 7(x, x), Vx €Y.
We compute
d(e), e) = (1), 93)) — (), 0 (x))
o(,y) —a(y,x)
d(x,y),

for allx,y € X. Likewise,
w(p() =1(p(), () = o(x,x) = w(x),
and hence it results that : (X,d,w) - (Y,d,w)is an embedding of weighted quasstrics
spaces
Conversely, we assume that: (X,d,w) = (Y,d,w) is an embedding of weighted
guasimetrics spacesegi
d(p(0), 9()) = d(x, ),
w(p(x)) = wx),

for all x,y € X. Using now relations

o(x,y) =w(x) —dy,x), Vxy€X,

T(x,y) = w(x) — d(y,x), Vx,y €Y.

We have
(), o) = W(p(x)) — d(p(), p(x))
=w(x) —d(y,x)
=a(xy),

for all x,y € X, thereforep : (X,0) — (Y, 1) is a similarity embedding
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Theorem 32 Every space with a symmetry functigX, s) is embeddable in a bundle over a
suitable metric spade, p).

Proof The proof is quite straightforward by taking into account the construction in Exar@ple 2
This result can also be proved directly, using the fact that any weightedntptesi space is
embeddable in a bundle over a suitable metric spRa8.

Theorem 331 Let (S, p) be a metric space aifd S — [0, ) a Lipschitz function on this metric
spaceThen the graph of admits a similarity functionp : G X G —» R that depends op and
f only

2 Conversely, every similarity spadg,s) can be constructed in this way

Proof (1) Statement 1 follows immediately from Exampl8 2
(2) Conversely, if we start with a similarity spa€#, s), then we can consider
(a) the associated weighted quasitric spacdX, d,w), whered andw are given in
Proposition.2 and 5.
(b) the symmetrized associated distandeas given in Remark&

By puttingf := %w, using (X, s) and f, the construction from Statement 1 given t(@,t(p) is
a similarity space
Moreover,(X, s) can be embedded (i, ¢ ) and the conclusion follows

Lemma 34 Let M be a compact smooth manifoll (M, p) is anupper and lower curvature
bounded metric space, then there exists a Riemannian metric g on M whose distance function
coincides with p.

Proof The proof is quite obvious€very an upper and lower curvature bounded metric space
(M,p) constructed on an -dimensional compact smooth manifold can be embedded
isometrically in the Euclidean spad®™*! with the canonical metricOn the other hand, the
manifold M as a shmanifold in R?*** inherits a canonical Riemannian metric & from the
embedding in the Euclidean space whose distance function obviously coincides with

Theorem 351 If (M,F =a+ B) is a simply connected Randers defined by a Riemannian

metrica = /a,-j(x)yiyi and a closed 1-fornp, then M is endowed with a naturally induced

similarity function
2. Conversely, lets be a symmetric, similarity function defined on a compact

differentiable manifold Mwvhose associated distance p is upper and lower curvature boifnded.
is differentiable, then there exists a naturally constructed Randers metMidtaat depends o
only.
Proof 1. Itis clear since a Randers metric wighclosed induces a weighted quasi metridvhn

2.Conversely, the similarity metric induces a weighted quasi méMiad, w). From
Lemma 34 we can see that there exists a Riemannian metriddowhose distance function is
exactly p, and sinces was assumed smooth we can defife= dw, where w is the weight
induced bys.

340



45

Current Applied Science and Technology Vol. 20 No. 2 (May-August 2020)

4. Relation with Bioinformatics and Computer Science

In order to assess the application of this theory, we start by recalling that Dynamic Programming
is, at the same time, a mathematical optimization method as well as an algorithmic method
computer scienc®ynamic Programming originates in the research.&dfman in the 1950s and

it was applied eventually in many fields of science like engineering, economics andlpttezs

majority cases, this method works by simplifying a much more complicated problem by dividing it
into much easier small problems using a recursive Mayknown that if a problem in computer

science can be solved optimally by dividing it into smaller problems and then recursively
determine the optimal solutions to these small problems, then the original problem has an optimal
substructure The algorithms involving Dynamic Programming are popular in the field of

bioinformatics being extremely useful for some specific problems as DNA or amino acids
sequences alignment, RNA structure prediction, protein structure research, anglp8ijers

In the case of sequence comparison analysis in Bioinformatics, a similarity mea&ure on
together with a gap penaltiésnction can be used to define the global similarity between two
sequences ix*. The computation is handled using the NeedleMvansch dynamic programming

algorithm which is quite similar to the 8B algorithm for computation of distancétsis possible
to define global similarity using a dynamic programming matrix
To be more precise, & be a norempty setThen a free monoic*on X is the monoid

whose elements are all finite sequences of zero or more elements; fndtim the operation of
concatenationThe sett = {4, B, C, ..., Z} is calledalphabet, and its elementd, B, C, ...,Z are

calledletters of the alphabet, or generatofbe elementsu € £* are called words or stringghe
unigue sequence of zero lettétee empty wordpenoted bye is the identitylement inz*.
The free semigroug*on X is defined ast* := *\{e}.

Remark 4.1 Biological motivation

The macromolecule that contains the essential information of living cells can be reprasented
family of words over a finite alphab&onsequentlyDNA (or RNA) moleculescan be seen as

long words in the free semigroup with the generatars= {4,C,T,G} (nucleotidealphabet
Proteins moleculesan be regarded as words in the free semigroup whose generators are the 20
amino acids which compose the proteins in living a@llainoacidsalphabet,,.

As an example, we mention here the insulin, whose intensive research, starting around
1950, has facilitated the development of the theory of molecular evolution of living organisms

Insulin is present in almost all living organisms on the Earth, hence by comparing the insulin
sequences found in different species and computing their similarity, one can get a vied deta
insight irto the evolution of life on EarthSequence comparison, similarity estimatom so on,

is one of the most fundamental research topics in bioinforri&ics
We define global similarity using a dynamic programming matrix.

Definition 42 Let X be asety,y €%, s:ZxX >R andg,h: N* - R* Letx,y € Z* and
let m=|x| and n = |y|. The NeedlemaWunsch dynamic programming matrix denoted
NW(x,y,s,g,h), is an(m + 1) X (n + 1) matrix S with rows and columns indexed frofnsuch
that So0 =0, Sio = Pslg;(i{si_k,(, —h(k)}, So; = 11151,3;3_{50,,-_,{ —g(k)} andforalli =12,..,m

andj =1,2,..,n
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S;; = max {Si—l,j—l +s(x,y;), max{S;_,; — h(k)}, 1r151]§15xj{5i,j_k - g(k)}}.

1<ks<i
We define the global similaritybetween the sequencesandy (givens,g and h), denoted
S(x,y), to be the valu§,, ,,.

The global similarityS(x,y) between sequences and y defined above satisfies all
conditions in the definition of similarity [4]

Theorem 4.3 LetIl be a finite set of biological sequences and (at y) be the global similarity
function given by the Needleman-Wunsch dynamic programming algorlththe associated
distance p is upper and lower curvature bounded, then there exists a metric of Randers type whose
distance function coincides with the weighted quasi-metric inducsdby).

Proof Based on our Theorem 3.5 we can explain as follows. Let us consider a fihlteofset
biological sequences like, for instance, the insulin sequences in all species one can find in the
NCBI database. Clearly, this is a finite set of sequences, a finite set of data that can be considered
as a compact set &. By using the dynamic programming, we can endow this compact set with a

symmetric similarity functiors(x, y). Theorem 3.5 implies that there is always a Randers type
metric whose associated distance function coincides with the weighted quasi distance function
obtained from the similarity function.

5. Conclusions

In this paper, we introducedefinition of the similarity function, quasi-metric sgaand weighted
quasi-metric space. We also study the geometrical properties of a topological space endowed with
a similarity. The relation with embeddings and bundle and Finsler metrics of Randers type has
been explained. Moreover, we present the relation of the mathematical concepts with computer
science and bioinformatics. In conclusion, there is always a Randers type metric whose associated
distance function coincides with the weighted quasi-metric induced by a similarity function.
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