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Chapter 1

Introduction

1.1 Inception and importance

The differential transformation method (DTM) is an alternative procedure
for obtaining an approximate Taylor series solution or the semi-analytical solution of
differential equations and differential equation systems. The one dimensional DTM has
been successfully applied to a wide class of non-linear ordinary differential equations
(ODEs) arising in many areas of science and engineering such as viscous flow [26], pre-
dictive control [6], vibration ([5], [8], [15]) and steady heat conduction problems [7].
The main advantage of this method is that it can be applied directly to nonlinear dif-
ferential equations without the requiring linearization and discretization. The concept
of the DTM was first proposed by Zhou in 1986 (see [27]), who solved linear and non-
linear problems in electrical circuits and many other problems related to differential
equations (see also [9], [17], [18], [19], [20] and [22]). To illustrate the DTM for solving
differential equations, the basic definitions of the DTM are introduced as follows. The
one-dimensional differential transform of the k-th derivative of a function z(t) is defined

as

X (k) :ﬂd’zg)] . keI ul{o). (1.1)
t=to

In Eq.(1.1), (t) is called the original function and X (k) is called the transformed function.
The inverse one-dimensional differential transforms of X (k) is defined as

o(t) = X(k)(t—to)", (1.2)
=)
that is,
X Lk k
Hered o [ddﬁ,(f)] : (1.3)
k=0 t=to

Although the DTM series solution gives a good approximation for some prob-
lems, in some cases, the seires solution diverges in wider domain. Due to this reason
the muti-step differential transformation method (MsDTM) is used. The MsDTM is based
on the DTM, but compared with other methods, it does not need small parameters,
auxiliary functions and parameters, discretization. In this technique, the solution do-
main is divided in subdomains. The MsDTM is advantageous for applications in Physics.
For instance, due to small time steps the MsDTM has a powerful accuracy especially
for initial value problem (IVP) (see more [10], [11], [21], [23], [29]). In actual applications
of the DTM, the approximate series solution of the IVP can be express by the finite



series,

N
2(t) =Y X(k)(t—to)",t € [0, 7). (1.4)
k=0
In fact, the MsDTM gives us the solution in the form,

z1(t), t€ [Oatl]
o= T e (L5)
T (t), t € [tm—1,tm],

where t; = ih (h = L), z(t) = S X,(k)(t — t,)* and the initial condition «®(t,_,) —
x§’f>1 (ti—1). In particular, we are in]’zé?ested in the technique introduced by Chang [4], for
calculating the DTM of nonlinear functions. The developed technique depends only
on the fundamental operation properties of differential transform and calculus.

An autonomous system is a system of first-order differential equations of the

form
dt
which the right hand side does not explicitly depend on the independent variable.

=GP TN\, INY N, T73454, 1, (1.6)

When the independent variable is time, they are also called time-invariant systems.
Historically, autonomous systems first appeared in descriptions of physical processes
with a finite number of degrees of freedom. Many laws in Physics, where the indepen-
dent variable is usually assumed to be time, are expressed as autonomous systems
because it is assumed the laws of nature which hold now are identical to those for
any point in the past or future. Autonomous systems are closely related to dynamical
systems. In the case n = 2, the system is called a plane autonomous system. The
autonomous systems can be linear or nonlinear (see more [28]). In this research, we
are interested in the case of nonlinear.

In this research, a derivation technique of new differential transform formulae
for the product of composite functions is presented. The computation consists of
three steps. The first step is finding the differential transformation of the product of
two composite functions. The next step is finding the differential transformation for
the higher order derivative of a power function. The last step is the derivation of
the new differential transformation, calculated by using the general formulae of higher
order derivatives of composite functions studied in [25] combined with the results
from previous step. Then, the new differential transform formulae obtained are used
to transform the nonlinear plane autonomous systems for finding the DTM and the
MsDTM approximate solutions of the problem.

Circular membranes are important parts of drums, pumps, microphones, and
other devices. This accounts for their great importance in engineering. We consider

the case when the circular membrane is plane and its material is elastic, but offers no



resistance to bending (this excludes thin metallic membranes). Then the vibrations of
the circular membrane is given in the form of two-dimensional wave equation in polar
coordinates,
Pu o[ 0*u 10u 1 0%
oz ¢ <a+a+ae> 17
w(R,0,t) =0 for all t > 0,u(r,0,0) = f(r,0),us(r,0,0) = g(r,0).
where 0 <r < R,0 <0 < 2m,¢2 =T/pin term of the membrane’s tension 7' and density
p, R is a radius of a membrane, a membrane is fixed along the boundary circle radius
R, f(r,0) is the initial shape at time ¢ = 0 and g(r,0) is the initial velocity (see [16]).

In this research, we will show how to extend the method of differential trans-
formation to the problem of vibrations of a circular membrane. The computation
consists of three steps. The first step is using the method of separation of variables to
obtain ODEs from the wave equation in Eq.(2.69). The next step is applying the DTM to
ODEs from the previous step to obtain recursive relations. The last step is to find the

coefficients of the series solutions for ODEs using the recursive relations.

1.2  Objectives of the study

1) To present a new derivation technique for new differential transfrom formulae of

a product of composite functions.

2) To find series solutions of nonlinear plane autonomous systems by using differ-

ential transformation method (DTM) with composite transform formulae.

3) To present the steps of one-dimensional DTM for the vibration of a circular mem-

brane.

4) To find the series solutions of the vibrations of a circular membrane under the

specified initial and boundary conditions by using the DTM.

1.3  Scope of the study

1) The new derivation technique for new differential transform formulae of a prod-
uct of composite functions are shown and these composite formulae are applied
to approximate series solutions of nonlinear plane autonomous systems by us-
ing the differential transformation method (DTM) and the multi-step differential
transformation method (MsDTM).

2) The one-dimensional DTM is applied to find the series solutions for the vibrations
of a circular membrane under the specied initial and boundary conditions. This
problems will be studied in the both cases of vibrations depending only on radius

and of the vibrations depending on both radius and angle.



1.4 Benefits of the Study

1) Provide the new transform fomulae for differential transformation method of com-

posite functions.

2) The multi-step differential transformation method combined with composite trans-
form formulae have been successfully applied to solving nonlinear plane au-

tonomous systems.

3) Develop a new mathematical method for solved the solutions of circular mem-

brane vibrations.



1.5 Plan of study

Study the basic knowledge about differential transformation method (DTM)

problem 1

New differential transform formulae

of a product of composite functions

A 4

One-dimensional DTM

v

Multi-step DTM (MsDTM)

|

A 4

Applications

A

problem 2

Circular membrane vibrations

\ 4

Specified initial and boundary

conditions

N

Obtain ODEs form PDE

by the method of separation of variables

v

One-dimensional DTM

[

.

!

Nonlinear plane autonomous

systems

Depending only on

radius

Depending on both

radius and angle

A4

The results by DTM

)

The results by MsDTM

1

v

Compare the results from DTM

with analytical solution.

Flow direction of the vector fields by original system

The results are compared

Analytical solution by phase plane method

Conclude the results and write the thesis




Chapter 2
Preliminaries

The purpose of this chapter is to provide basic concept and tools in one-
dimensional differential transformation method, multi-step differential transformation
method, nonlinear plane autonomous system and the vibrations of a circular mem-

brane used in the research.

2.1 One-dimensional differential transformation method

The basic definitions and fundamental operations of the differential transform

are introduced as follows.

Definition 2.1. The one-dimensional differential transform of the function z(t) is de-
fined as

1 dha®) +
X (k) = -k—![ e Lt, ke I+ u{o}). (2.1)
In Eq.(2.1), 2(¢) is called the original function and X (k) is called the transformed function.

Definition 2.2. The inverse one-dimensional differential transforms of X (k) is defined

as

z(t) = iX(k:)(t — e (2.2)
k=0
that is,
X Lk (e
w(t) = %[i&jﬁﬁ] . (2.3)
k=0 t=to

Equation (2.3) implies that the concept of differential transformation method is derived
from Taylor series expansion. From the definition of Egs. (2.1) and (2.2), it is easy
to prove that the transformed functions comply with the following fundamental op-
erations as shown in Table ??. Actually, in concrete applications, the function z(t) is
expressed by a finite series and Eq.(2.2) becomes

N

z(t) = > X(k)(t—to)". (2.4)

k=0

2.2  Multi-step differential transformation method

The multi-step differential transformation method (MsDTM) is advantageous for
applications in Physics. Forinstance, due to small time steps the MsDTM has a powerful
accuracy especially for initial value problem (IVP). Also, because it is based on the DTM,

does not need to small parameter, auxiliary function and parameter, discretization, etc.,



Table 2.1: The fundamental operations of one-dimensional DTM.

Original function z(t) Transformed function X (k)
u(t) + v(t) Uk) + V (k)
Au(t) AU(k), A is constant.
k
u(t)v(t) Z::o U(r)V(k—r)
w(®)o()w(t) f;éyﬂnvwomqkfm
k kn_1 ko
up (t)ua(t) - un(t) Yoo 20 2 Uilk)Us(ke = k) - Un(k — kn—1)

kn—-1=0k,_2=0 k1=0

d" (k+r)! .
1, fk=n
" ik —n) =
0, ifk#n
)\k
Au(t
eru(t) a
. Wk kT
sin(wu(t) + «) 27 Sin (~2- +a)
wk km
CoS(wu(t) + ) 7 €08 (7 + a)

versus other analytical methods. For perception of the Ms-DTM basic idea, consider a

general equation of n-th order ordinary differential equation [14],
[tz 2 2", a™) =0, (2.5)
subject to the initial conditions
e®) =dy, k=0,1,2,...,n— 1. (2.6)

To illustrate the DTM for solving differential equations, the basic definition of



the DTM are introduced as in section 2.1.
Let [0, T] be the interval over which we want to find the solution of the IVP. In
accual applications of the DTM, the approximate solution of the IVP can be expressed

by the finite series
Z X (k € [0,T7]. (2.7

Let us assume that the interval [0, T] in divided into m subintervals [t;_1,t], i =
1,2,3,...,m of the equal step size h = % by using the nodes t; = ih. The main ideas of
the Ms-DTM are as follows. First, we apply the DTM to Eq.(2.5) over the interval [0,],

we will obtain the following approximate solution,
2i(t) =Y Xy (k)t*, te[0,4] (2.8)

using the initial conditions 2{*(0) = d,,. For i > 2, at each subinterval [t;_1,#] we will
use the initial conditions =\*)(t;_1) = =\* (t;_1) and apply the DTM to Eq.(2.5) over the
interval [t;_1,t;], where t, in Eq.(2.7) is replaced by ¢;_1. The process is repeated and
generates a sequence of approximate solutions z;(t), i = 1,2,3,...,m for the solution
(1),

N

=D Xilk)(t = t)" 7 LE ftimnrtal. (2.9)

k=0
In fact, the MsDTM gives us the solution in the form,
xl(t)v te {Oatl]

(B = f“”’ v ] (2.10)

l‘m(t), te [tm—lytm]a

X;(k)(t —t;)* and the initial condition x(k)( ti 1) = xl(@l (ti 1)

M=

where t; = ih, x;(t) =

k=0

(see more [21]).

2.3  Autonomous systems

Autonomous systems are the systems of first-order DEs of the form

d$1
E = 91(1‘1,1‘2, ,.Z‘n)
dZ‘Q
E = 92(1‘1,1‘2, ,.Z‘n)
dz,
E = gn(xl,IZ, "'7*%.71)’

such that the independent variable does not explicitly appear on the right hand side
of each DE. In the case n = 2, the system is called a plane autonomous system and



V(zy,22) = (91(21,22), g2(z1,22)) is a vector field in the plane that indicates the move-
ment direction. If the parameter ¢ is interpreted as time, then X (t) = (z(t), y(t)) indicates
the position of the particle in the plane at time ¢ and a solution of the system is inter-
preted as a path of this particle starting from X(0,0) = (2(0), y(0)) (see Figure 2.1). The
autonomous systems can be linear or nonlinear (see more [28]).
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Figure 2.1: Vector fields and solution of plane autonomous system starting from X (0,0) = (1, 1).

Many applications from physics give rise to nonlinear autonomous second-order
2
differential equations, that is differential equations of the form % = g(x, %) Any au-

tonomous second-order differential equation can be written as an autonomous system.

dx d’x dx dy
If we let y = b then 7N g(x, E) becomes 7S g(z,y). Hence the second-order
differential equation becomes the system of two first-order equations, that is
de_
dt —. ya
d
EZZ— =9(z,y).

Some examples of autonomous systems in the plane are as follows:
1. Simple predator-prey system,

dx T dy
= — > >
n x(l k) axy, o7 bry —y, «(t) >0, y(t) >0,

z(t) is the prey population, y(¢) is the predator population.

2. Predator-prey with logistic growth for predator. A different model allows for sur-
vival of the predator species in the absence of prey. Consider the system

dx
dt
where ki, ko are carrying capacities and ¢y, ¢, are interaction coefficients.

d
= (ki —x—cy), o =ylks—y+eow), a(t) 20, y(t) 20,

3. Competing species (Lotka-Volterra). Consider the system for two populations

dx

d
S =l —a=ey) =ylke —y - ), @(t)2 0, y(t) 20,

dt



here kq,ks > 0 are carrying capacities and ¢1, ¢, are interaction coefficients.

4. The frictionless pendulum. The second-order equation of motion is
d2

X . .
ﬁ"‘Sln.’E—O,

or as a first-order hamiltonian system

dr_ d—y——sin
a7 aw -

5. Pendulum with friction. The second-order equation of motion is

d’z + du + sin 0 >0
— + T xr = T .
dt? dt ’

The equivalent first-order system,

AN dx——Sin:U—r
N\ 7y &

2.4  Bessel’s equation and Bessel function J,(z).
Bessel’s equation,

LS+ et (TN eLPl

Py dy
2 2 2 -

10

(2.11)

where the parameter v is a given real number which is positive or zero. Bessel’s equa-

tion often appears if a problem shows cylindrical symmetry. For example, the circular

membrane. Hence, according to the Frobenius theory, it has the solution of the form

y(x) = Z 1S AU QY
m=0
The first and second derivatives of Eq.(2.12) are
v(@)= Y (mtr)aga” "

y//(ff) = Z (m + ’r‘) (m g 1)a7nx7n+r72

(2.12)

(2.13)

(2.14)
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Substituting Eqgs.(2.12)-(2.14) into Eq.(2.11), we obtain

Py dy

22 2

g gyt

= z? (m+7r)(m+r—1apz™ "2+ Z (m 4+ 1) amz™ ™+ (2% — ) Z ™t

m=0 m=0
o0 o0 o0 o0
= Z m+7r)(m+r —1a,z™" + Z (m +7)a,z™ " + Z A2 — 2 Z ™t
m=0 m=0 m=0

=ag(r)(r—1)z" + Z(m+r)(m+r—l)a 2™+ ag(r)z” +Z m+r)amr™ T+

m=1
Z ™2 — 2z — v Z amax™
m=0
=ao(r(r—1)4+r—v*)a" + Z am((m+r)(m+r=1)+m+r)—v?)z™" + Z ama™ T2
m=1 m=0

oo
:ao(r2—1/ xr—}-xTZam m+7r) —V)J: + 2" Zamx m+2 _ ),
m=1

m=0

We consider in the case ag # 0, we have r2 =12 =0 — (r —v)(r +v) = 0.

The roots are r; =v and ry = —

Then,
o o0
x¥ Z a ((m+v)? =) 2™ + a” Z oSy
m=1 m=0
=¥ Z am( (m+ 21/))x +x Z Ay x™ T2
m=1 m=0
<(1+2ua1+2am (m+2v))z™ +Zamx +2>
m=2 m=0
<(1+2u ay + Zam+2 (m+2)((m+2) + 2v))z™+? + Zamx )
m=0 m=0

( 1+2v)a; + Z (( m+ 2) m+2+21/)>am+2+am)mm+2>.

m=0

Then, by undetermined coefficient, we obtain

(1 =+ 21/)&1 =0

(m4+2)(m+2+2v)ami2+a, =0, m=0,1,23, ..

or
—aQ
= m =0,1,2,3,... 2.1
Am+42 (m+2)(m+ 2 +21/)7 m 07 ) 73a ( 5)
Since 1+ 2v # 0,a; = 0, it follows that a3 = a5 = a7 = --- = 0. Hence, we have to deal

only with ag, as, ay..... For m =2k , Eq.(2.15) becomes

a2k —2

m, k:1,273,... (216)

a2k = —
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From Eq.(2.16) we can now determine as, as, ... successively. This gives

ag
= ——5
2T 2(140)
a9 Qo
ay = —

22)2+v) 2201 +v)(2+v)

and in the general

(=1)*ao

2% = T T2 TR k=1,2,3,.. (2.17)
2.4.1 Bessel function J,(z) for integer v = n.
For v =n the Eq.(2.17) become
agk (=1)%ao k=1,23.. (2.18)

T 2% (n+1)(nt2)- (nt k)
ao still arbitrary, so that Eq.(2.12) with these coefficients would contain this arbitrary

factor ay. We choose
1

= 2l

because then ni(n +1)(n+2)---(n+ k) = (n+k)! in Eq.(2.18), so that Eq.(2.18) becomes

(2.19)

ag

T Y/ g, \\(F fmee (2.20)
G2k = ol L k)L O '

By inserting these coefficients into Eq.(2.12) and remembering that a; = a3 = --- = 0, we

obtain a particular solution of Bessel’s equation that is denoted by J,(z) :

3 oo (_1)kx2k+n

Jn(x) is called the Bessel function of the first kind of order n. The series in Eq.(2.21)
converges for all z, as the ratio test shows. Hence J,(z) is defined for all . The series

converges very rapidly because of the factorials in the denominator.

2.4.2 Bessel function J,(z) for any v > 0 and Gamma function.

We choose
1
with the gamma function T'(v + 1) defined by
v+1)= / e ttdt,  (v>-1). (2.23)
0

Integration by parts gives

Fv+1)=—e "

zo + V/ et ldt = 0+ v (v). (2.24)
0
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This is the basic functional relation of the gamma function
D(v+1) =vl(v). (2.25)

Now form Eq.(2.23) with v = 0 and then by Eq.(2.25) we obtain

(1) = /OOO etdt=—e"t| =0-(-1)=1 (2.26)

0

and then I'(2) = 1-T'(1) = 1, I'(3) = 2I'(1) = 2! and in the general
I'n+1)=n!l, (n=0,1,2,..). (2.27)

Hence, the gamma function generalizes the factorial function to arbitrary positive v.
Thus, Eq.(2.22) with v = n agree with Eq.(2.19).
Furthermore, from Eq.(2.17) with aq given by Eq.(2.22) we first have

~ Ay
Qe 2k (v + 1) (v +2) -« (v + k)2 (v + 1) (2.28)

Now Eq.(2.27) gives (v + DI'(v +1) = T'(v +2), (v +2)['(v + 2) = I'(v + 3) and so on, sO
that
w+Dw+2)- w+kIw+1)=Tw+k+1). (2.29)

Hence, because of Eq. (2.22) of a, the coefficient in Eq.(2.17) are simply

P (-1)*
% = R () ¥ kA1) (2:30)

With these coefficients and r = r; = v we get from Eq.(2.12) a particular of Eq.(2.11),
denoted by J,(z) and given by
e (_1)kx2k+u

T(a) = .
() kzzo 22T (U + ki + 1)

(2.31)

J,(z) is called the Bessel function of the first kind of order v. The series in Eq.(2.31)

converges for all x, as one can verify by the ratio test.

2.4.3 Fourier-Bessel series

The series solutions of the presented problems consist of the coefficients of the
Fourier-Bessel series corresponding to the Bessel functions of the first kind (see also [1]).
The following theorem explain the meaning of the Fourier-Bessel series based on the

orthogonality relations.

Theorem 2.1 (Orthogonality of the Bessel Functions [16]). For each fixed nonnegative

integer n the sequence of the Bessel functions of the first kind J,,(hni7), Ju(hnar), ...

with by, = a;’%m where a,,, is the mth positive zero of J,,(m = 1,2,3,...), forms an

orthogonal set on the interval 0 < » < R with respect to the weight function r, that is

(I (him)s I (h7) ) = /R rdn(hnmr) Jn(hpgr)dr =0 (j # m,n fixed). (2.32)
0
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Theorem 2.2. The functions ¢, (1,0) = Jp(hpmr) COS(n0) and ¥ (r,0) = Jo (hpmr) SiN(nd)
forn =0,1,2,...,m = 1,2,3,... form a complete orthogonal set of functions relative to

the inner product
27T R
(D (1,0), oy (1, 0)) = / / G (1 6oy (1 O)rdrdd = 0 (FOF nm + py), (2.33)
0 0
27 R
<1/Jnm(7’, 0), Yp;(r, 9)> = /0 /o Y (1, 0)1Pp; (1, 0)rdrdd = 0 (for nm # pj), (2.34)

27 R
(b (1, 0), 63 (r,0)) = / / G (1 6ty (v, O)rdrdd = 0 (for all nm and pj).  (2.35)
0 0

We are interested in taking a function f(r), f(r,#) and expanding it using Fourier

eigenfunction expansion.

1. The expansion of f(r) with Bessel functions .J,, (n fixed),

f(T) = Z AnmJn(hnnLr) = Anl Jn(hnlr) Fa A7L2Jn(hn2r) + An?ﬂ]n(hn?;r) + - ) (236)
m=1

where hy,, = %@, is called Fourier-Bessel series. We multiply both sides of Eq.

(2.36) by r.J,,(hnjr) and then integrate on both sides from 0 to R, we obtain
R
h

R (e’
(£ (), Tulhgt)) = /0 . AL /0 (Tnz:;AnmJn(hnmr)>Jn(hnjr)dr

R
Aotp] / rJp (hnmr) g, (hnj ’I”)d’/‘
0

ol

0

3
i

)

Anm{In(hnmr), Jn(hnjr»'
0

=
]

Because of the orthogonality all the integrals on the right are zero, except when

m = j. Then, we have

Thus
<f(r), Jn(hnm7')> = AanJn(hnmr)HQ.

Here the coefficients are

o <f(7")7 Jn(hnmr»

nm —

[ (Bt

! " (2.37)

=— 7 f(r)Jn (hpmr)dr .
[T (B ||* o

2 R

= w/o Tf(r)Jn(han)d'r,
. 2 R o R? 9
where the square of the norm is ||J, (hnmr)||” = g’rJn(hnmr)dr = 7Jn+1(anm)7
oo (_1)\! 2l4+n
(1) () is the Bessel function of order n of the first kind

Jn hnm =
() = 2 =51t £ 1)

and ay,, is the mth positive zero of J,,, (m =1,2,3,...).
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2. The expansion of f(r,0) with Bessel functions .J,
=2 3 Julhanr ) (A COS(10) + B sin(n)), (238)

is called the Fourier-Bessel expansion of f. It requires us to write f(r,0) as a linear

combination of the functions
Grm (1,0) = Jn(hpmr) COS(nf)  and Y, (r,0) = Jy (hpmr) SiN(nd)

forn=0,1,2,..,m = 1,2,3,.... As usual, we can use orthogonality to express the
coefficients in this combination as ratios of inner products (integrals). If nm # pj,

we have
2 R
<¢mn(7"79)a¢pj(rae)> :/ / qﬁnm(T,9)¢m(7‘,9)7’d7‘d9

0 0
27

= / / Jn(hymr) COS(n0) Ty (hyiT) COS(pf)rdrdd (2.39)
027r 0 R

:/ cos(nb) cos(pe)de/ 1 (hpmr) Jp () dr.
0 0

By orthogonality of the functions {cos(nf)} on [0, 2x], the first integral is equal to

zero if n # p. If n=p, then the first integral is not equal to zero. So, we have
R
/ I (b R0\ dpas s ¢ (2.40)
0
Thus,

2m
{Pnm(T,0), bnm(r,0)) = / cos?(nd) d&/ 72 (Rt )dr

1 (2.61)
/ / 2 () COS? (n6)rdrde.
0
Here the coefficients are
A . <f(7", 9), ¢nm (7”, 6)>
(¥ sbnm T, 9) ¢>nm(7' 0)
< ) (2.42)
fo I (B 1) COS(0O)rdrdd
fzﬂ fo J,% hpmr) COS%(n@)rdrdd
forn=0,1,2,...m=1,2,3,..., where
2m 7rR2J1 (om ), n =20,
/ / Ry r) COS? (n0)rdrdd = TR
T']n-‘rl(anm) n Z 1.
We finally find that
1 21
Ao, = 77TR2J2 o) / / f(r,0)Jo(homr)rdrdd (2.43)
2
Apm = T (o) Jn+1 — / / f(r,0) T (hpmr) COS(nO)rdrdd. (2.44)



2.5

2.5.1
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We now consider, if nm # pj, we have

27 R
<1/Jnm(r,9),ij(r,9)>:/ / Yy (1, 0)1p; (1, 0)rdrdd

27
/ / o (hm ) SIN(NO) Iy (hpjr) SIN(PO)rdrdd (2.45)

:/ sin(nd) sin(ph) d9/ 1 (R 1) Jp (hpym)dr.
0

By orthogonality of the functions {sin(n#)} on [0, 2x], the first integral is equal to

zero if n # p. If n = p, then the first integral is not equal to zero. So, we have
R
/ o (M) T (hjr)dr = 0, if m # 3. (2.46)
J0
Thus,

2T
(D, 0, o (7,8 = / Sin?(n6)do / P2 (o)

27 (247)
/ / T2 (Bpmr) SiN° (n6)rdrdf).
Here the coefficients are
B N <f(’l“, 9)7 wnm (T, 0)>
W Ol 07 e
T 027r fOR f('f', G)Jn(han) Siﬂ(nﬂ)rdrdg ’
fo% foR J2(hnm?) Sinz(nﬁ)rdrde
form=0,1,2,...,m=1,2,3,..., where
2m R 2
/ / Ji (hnmr) SiﬂQ(TL@)rdrdQ il %R.JZ—&-l(anm)
0
We finally find that
2 27 R :
&m = m/o /O f(r,0) 5 (hpmr) SiN(nd)rdrdd, (2.49)

& (D) ()P
where Jn(hnmr) = lg() 22l+nl!(n_|_[)!

first kind and h,,, = ag", anm 1S the mth positive zero of J,,,(n = 0,1,2,....m =
1,2,3,..).

is the Bessel function of order n of the

The vibrations of a circular membrane

Derivation of the PDE of the model from forces

The PDE will be obtained by considering the forces acting on a small portion of

the physical system, the membrane in Figure. 2.2, as it is moving up and down. Since

the deflections of the membrane and the angles of the inclination are small, the sides

of the portion are approximately equal to Az and Ay. The tension T is the force per

unit length. Hence the forces acting on the sides of the portion are approximately TAz
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and TAy. Since the membrane is perfectly flexible, these forces are tangent to the
moving membrane at every instant.

We first consider the horizontal component of the forces. These components
are obtained by multiplying the forces by the cosines of the angles of inclination. Since
these angles are small, their cosines are close to 1. Hence, the horizontal components
of the forces at the opposite sides are approximately equal. Therefore, the motion of
the particles of the membrane in a horizontal direction will be negligibly small. From
this we conclude that we may regard the motion of the membrane as transversal, that
is each particle moves vertically.

These components along the right side and the left side are TAysin 3 and
TAxsina, respectively. Here o and g are the values of the angle of the inclination
(which varies slightly along the edges) in the middle of the edges, and the minus sign
appear because the force on the left side is directed downward. Since the angle are
small, we may replace their sines by their tangents. Hence the resultant of those two

vertical components is

TAy(sin B —sina) ~ TAy(tan 8 — tan a)

ou

=205,

- (2.50)

(w;yz))

where y; and y, are values between y and y+ Ay. Similarly, the resultant of the vertical

(z+ALz,y1) = (‘9;

components of the forces acting on the other two sides of the portion is

TAm(%

) ou
(z1,y+Ly) Oy

(m)) (2.51)

where z; and z» are values between z and z + Ax.

From Newton’s second law, the sum of the forces given by Egs.(2.50) and
0%u

p is the mass of the undeflected membrane per unit area, and A4 = AzAy is the area

(2.51) is equal to the mass pAA of that small portion times the acceleration here

of that portion when it is undeflected. Thus

Mass x Acceleration = Force,

ou ou TAx ( ou

(2.52)
dx (z+Aw,y1) Oz (ﬂaya)) 87y

ou
(z1y+0y) Oy

pAmAy% = TAZJ( (mzyy))’

where the derivatives on the left is evaluated at some suitable point (z,§) correspond-
ing to the portion. Division by pAzAy gives

o oo o
o%u . T(@x (z+Az,y1) or (x,y2) + 8y (z1,y+Ay) 8:[/

a2 p Ax Ay

(e2) ) | (2.53)

If we let Az and Ay approach to zero, we obtain the PDE of the model

0%u u  0%u T
W202<w+a'y2>’ e 259
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Membrane

y+Ay

TAx TAy

TAy

VIS 1 §

Figure 2.2: Vibrating membrane (picture form [16]).

2 2
This PDE is called the two dimensional wave equation and g%t + %
v Y

V2u of u.

is the Laplacian

2.5.2  Laplacian in polar coordinates

It is general principal in boundary value problems for PDEs to choose coor-
dinates that make the formula for the boundary as simple as possible. Here polar
coordinates are used for this purpose as follows. Since we want to discuss circular
membrane. We first transform the Laplacian in the wave equation Eq. (2.54) into polar
coordinates r,6, where r = /22 + 42, 6 = arctan(¥). By the chain rule, we obtain

Ou  Qudr = Oudb

Pu O [Oudr Oudb
owipe (Puor | dum\or ot (0w or puan\o o
- Or Ox2 or2 0z 000r 0z | Ox 00 0z2\ 0r00 Oz 002 Ox | Ox~ '
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By differentiation of » and 0, we obtain

% _ %@2 +y2)*1/2(%(x2 +1?) = 21722"1y2 - ; (2.58)
T R e N A
gzzul(gy(_z):_ﬂiy?:_f? (2.60)
R A L

We substitute Egs.(2.58)-(2.61) into Eq.(2.57). Assuming continuity of the first and second
0%u 0%u

partial derivatives, we have 590 — 509, Then
u  Ou /y? O%u sz 0%u Y x
Y () maal) ) O+
ou [ 2xy %u /x 0%u Y Y (2.62)
D) (D =2 58
B0y P P P o oy
Cr20r2 3 900r 002 r3or ot 00

In the same way, by the chain rule, we obtain

ou  Ou ?ﬁ ou 00

M = o O + 360y (2.63)
0%u 0 [Oudr = Oudl
o Bt | B il YOO i) i 2.64
W27 oy (87' dy 08 ay> (2.64)
_%&4_ .aQ_Uﬁ_F 0%u % Q_FQE_@ _82_u_ g_,_@?-@ Qg (2.65)
— Or 0y? or2 0y 900r oy | Oy 90 0y2\ 0rod oy 0820y ) Oy’ )
By differentiation of r and 6 with respect to y, we obtain
or 0*r 2l z2 00 S 0%0 _ 2ay

We substitute Eq.(2.66) into Eq.(2.65). Assuming continuity of the first and second partial
derivatives, we have aly Then
’ aro. — 90or’

2 2 2 2
SO ) O
2 2
() (e () 5 () () 26

P | 0 Pon 2y
T2 9r2 r3 000r 14002 13 Or rt 00
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By adding Egs.(2.62) and (2.67) we see that the Laplacian of u in polar coordinates is
Ou | Gu

0x2 = 0Oy?

B <x2 u 22y 0%u Y2 0*u Yy ou 2y (’9u>+

Viu =

2o 3 o00r o2 SBar T i og

Py P P 2 ou 2o
72 Or? r3 000r  rt 902 13 Or rt 00

_ (xz—l—yQ)@ (—2xy+2xy) 0%u (y2+x2)82u (y2+x2)8u N (2xy—2xy>
002

r2 Oor? 73 orof ré r3 or r4
B A%u  10u 1 0%u
o2 "o T 2o
(2.68)

2.5.3  Circular membrane

Circular membranes are important parts of drums, pumps, microphones, and
other devices. This accounts for their great importance in engineering. We consider
the case when the circular membrane is plane and its material is elastic, but offers no
resistance to bending (this excludes thin metallic membranes). Then the vibrations of
the circular membrane is given in the form of two-dimensional wave equation in polar
coordinates,

Pu_ o0 10w 15
o2 =S\ a2 e 2 962 ) (2.69)
w(R,0,t) =0 forall t > 0,u(r,0,0) = f(r,0),us(r,0,0) = g(r,0).

where 0 <r < R,0< 6 <2mc?=T/pin term of the membrane’s tension T and density
p (per unit area), R is a radius of a membrane, a membrane is fixed along the boundary
circle radius R, f(r,0) is the initial shape at time ¢t = 0-and g(r,6) is the initial velocity
(see [16]).

2.5.4  Vibrations of a circular membrane independent of angle ¢

We shall be concerned with a membrane of radius R which exhibit circular
symmetry. That is, we are considering solutions u(x,t) that have the symmetry of the
boundary conditions. The circularly symmetric solutions to the wave equation do not
depend on 6, they depend only on r and t. Then wug is vanished in Eq.(2.69) and the

model of the problem reduces to

Pu L (d%u  10u
uw(R,t) =0, forallt>0 (2.71)
u(r,0) = f(r) (initial deflection) (2.72)

u(r,0) = g(r) (initial velocity) . (2.73)

ou

00
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STEP 1: Two ordinary differential equations (ODEs) from the wave equation (Eq.(2.70)).
Using the method of separation variables, we first determine solutions

u(r,t) = w(r)g(t). (2.74)

Differentiating Eq.(2.74), we obtain
0%u d?>g Ou _dw d 0%u  d*w

By substituting Eq.(2.75) into Eq.(2.70), we get
d?g (0w 1dw
wog =c¢ (87‘29 + rdrg)' (2.76)
Dividing the result by c*wg, we get
1 d?g 1 /(dPw 1dw

The variables are now separated. Here the left and right hand sides are independent,
that is both sides must be constant and this constant must be negative. For con-
venience we write this constant as —&? in order to obtain solutions that satisfy the
boundary conditions. Thus,
1, &gy A {fd*w "~ 1Ldw 3
%ETZ_E(ETQ—F;E) Lo=rrén (2.78)

Eq.(2.78) gives us two ordinary differential equations (ODEs),

2
% £ =0, A=ch (2.79)

2 :
FRENNE, 7% (2.80)

dr? v dr
The first equation in Eq.(2.79) for the times function, it is the simple harmonic oscillator
equation. The second equation in Eq.(2.80) for the radial function. We can reduce
Eq.(2.80) to Bessel’s equation if we set s = hr, then % = % and retaining the notation w

for simplicity, we obtain the chain rule

dw  dwds  dw LPw  dPw ,
%_E%_Eh and =z = gz (2.81)

By substituting Eq.(2.81) into Eq.(2.80) and omitting the common factor %, we have

d?w 1d£

or
d*>w dw
20" W aw 2, _
s —|—st + s%w =0, (2.83)

this equation is Bessel’s equation with parameter n = 0.
STEP 2: Satisfying the boundary condition Eq. (2.71). Solutions of Eq.(2.83) are the
Bessel functions Jy and Yy of the first and second kind (these functions are plotted in

Figure. 2.3). However, we see that in this problem, the Y, functions are not allowed as
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0.5

-05

(b)

Figure 2.3: Bessel function (a) Jo and (b) Y.

they becomes minus infinite at 0, so that we cannot use it because the deflection of
the membrane must always remain finite, only the J, functions are permitted as they

are finite at » = 0. This leaves us with
w(r) = Jo(s) = Jo(hr) (s = hr). (2.84)
On the boundary r» = R from Eq.(2.71) is fixed so that it cannot be displaced, we get
w(r) = Jo(hR) = 0. (2.85)

We can satisfy this condition because Jy has positive zeros. This determines the allowed
values of h since hR must correspond to a zero of the Bessel function. In other words,

if ., are the values of s for which Jy is zero, that is s = a4, aa, ..., with numerical values
Q) = 2.4048, as = 5.5201, a3 = 8.6537, ay = 11.7915, a5 = 14.9309
and so on. Then, it follows that the allowed values of 1 are
hR=0cy, OF h=hy,=—, m=12... (2.86)
Hence, a whole set of the radial functions
Wi (1) = Jo(hmr) = Jo(%mr), m=1,2,.. (2.87)

are the solution of Eq.(2.80) that are zero on the boundary circle r = R.

For w,,(r) in Eq.(2.87), a corresponding general solution of Eq.(2.79) with A =
Am = Chyy = 2 s
Gm(t) = Ay, COS(At) + By, SIN(Ant). (2.88)

Hence, we have the mth solution as

U (7, 8) = Wy (1) (£) = Jo (B (Am COS(Amt) + B sin(/\mt)), m=1,2.  (2.89)
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are solution of wave equation Eq.(2.70) satisfying the condition Eq.(2.71). These are the
eigenfunctions of our problem. The corresponding eigenvalues are \,,.
STEP 3: Solution of the entire problem. The general solution of the problem is a
linear combination of all these solutions in Eq.(2.89), that is
u(r,t) = i Wi () g () = i JO(%%) (Am COS(Amt) + B sin()\mt)). (2.90)
m=1 m=1

To obtain a solution u(r, t) that also satisfies the initial conditions Eqs. (2.72) and (2.73).
Setting t = 0 and using Eq.(2.72), we obtain
U(Tv 0) = Z Am,JO(%T) = f(r) (291)

m=1

Thus, for the series in £q.(2.90) to satisfy the condition Eq.(2.72), the constants A,, must
be the coefficients of the Fourier-Bessel series in Eq.(2.91) that represents f(r) in terms
of Jy (’%r), that is

A, = ;/er(r)J()(a—mr)dr (m=1,2,..). (2.92)

R2JZ(am) Jo R

The coefficients B,, in Eq.(2.90) can be determined from the initial velocity in Eq.(2.73)
in a similar fashion. That is,

2 & am
By, = m/o 7“9(7)Jo<—§7")d7” (m=1,2,..). (2.93)

2.5.5 Vibrations of a circular membrane depending on both radius and angle.

We now consider a circular membrane of radius R which is fixed along the
boundary circle, with the initial shape f(r,0) and the initial velocity g(r, ). The model

of the problem is

ey (2.99)
u(R,0,t) =0, forallt>0 (2.95)
u(r,,0,0) = f(r,0) (initial deflection) (2.96)

u(r,,0,0) = g(r,8) (initial velocity) . (2.97)

STEP 1: Three ordinary differential equations (ODEs) from the wave equation

(Eq.(2.94)). Using the method of separation of variables, we first determine solutions
u(r, 0, t) = Z(Tv Q)Q(t) (298)

Differentiating £q.(2.98), we obtain
0%u d’g Ou Oz Pu 0%z Pu 0%z

= FaE o o g9 A9 om = gt
Substituting Eq.(2.99) into Eq.(2.94) gives

2 2 2
dg:(:?(az 410z,  1O°F ) (2.100)

(2.99)

“a o297 T ord T 12 992
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Dividing both sides by ¢2zg, we get

1 d?g 1 (822 102 1 822')

2\ e T Eaee

Fgdr = s (2.101)

The variables are now separated. Hence, both sides must equal a constant, that is

1 d?g 1(8%2 10z 192\ .,
Gt ) (2.102)
Eq.(2.102) gives an ODE and a PDE,
d2
S H+Xg=0, A=ch (2.103)
2 2
97z 10z 1Q+h22:0_ (2.104)

o2 " ror 2o
The PDE in Eq.(2.104) can be separated by substituting z = w(r)q() and its derivative
into Eq.(2.104), we obtain

2w 1 dw 1 d%q
TR 5 1 g e 0. (2:109)

Dividing both sides by r?wq, we get

r2d?w rdw 1d%q

Pl Yo 2l YD PN = (2.106)
1d%q Lf yd?w . dw —

The variables are now separated. Hence, both sides must be constant, that is

;% 0 _% (ﬂ%’ :: %";) ) 2@ |0 (2.108)

Eq.(2.108) gives two ODEs,
g;g (2 =0 (2.109)
7«2%” n r‘fl‘f R = 02w = 0, (2.110)

STEP 2: Satisfying the boundary condition Eq.(2.95). Solutions of Eq.(2.110) are the

Bessel functions w(r) = J,,(hr). Since the zero boundary condition in Eq.(2.95) yields
w(r) = J,(hR) = 0. (2.111)

This means that

anm
hR = anm OF h=hpn=——,
@ R

where a,,,,, is the mth positive zero of J,,. Hence, a whole set of the radial functions

W (r) = Tu(loumr) = Ju O‘g” r), (2.112)

forany n=0,1,2,3,...and m =1,2,3, ....
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FOr wp,(r) in Eq.(2.112), a corresponding general solution of Eq.(2.103) with
anm

is
RI

A= Mpn = Chpm = ¢

Grm (1) = @ COS(Apmt) 4 b SIN(Amt), (2.113)
and a corresponding general solution of Eq.(2.109) is
Gnm (0) = ar,, COS(nf) + b, SiN(nb) (2.114)
Hence, we have the mth solution as
Unm (7505 8) = Wnn (1) grim (0) gm (1)

= Jn(hpmr) (a *pm COS(NB) + b %, sin(ne)) (anm COS(Anmt) + bum sin(/\nmt)),
(2.115)

where, m = 1,2,3,... are solution of wave equation Eq.(2.94) satisfying the condition
Eq.(2.95).

STEP 3: Solution of the entire problem. The general solution of the problem is a
linear combination of all these solutions in Eq.(2.94), that is

U(T'7 97 t) f= Wnm (T)Qnm (g)gnm (t)

NE
ReE

3
I
<}
3
Il
-

o
M8

Tn(Brm?) (a;;m cos(nf) + b, sin(ne)) (anm COS(Animt) & bum sin()\nmt)>

il
o
3
Il
s

ol
]38

I (hpm™) (Anm cos(nf) + Bnm sin(na)) COS(Apmt)+

3
I
o
3
R
Il
—

NE
hE

Tt (A;;m cos(nb)+ B, sin(ne)) SIN(Amt).

n=0m=1

(2.116)

To obtain a solution u(r, 8,t) that also satisfies the initial conditions Eqgs.(2.96). Setting
t = 0 and using Eq.(2.97), we obtain

u(r,0,0) Z Z A — ( o COS(0) + Brm sin(ne)) = f(r,0). (2.117)

n=0m=1

Thus, for the series in Eq.(2.116) to satisfy the condition Eq.(2.96), the constants A,,,,, and
B,.m must be the coefficients of the Fourier-Bessel series in Eq.(2.117) that represents
f(r,0) in terms of J, (hnmr>, that is

1 27 rR
Aom = m/ / f(r,0)Jo(homr)rdrdd, (2.118)

27
Apm = / / f(r,0) Ty (hymr) COS(nO)rdrdd, (2.119)

TR2J2, (tpm) J,H_1 Cnm)

2 2
} 6 Jn nm] S 6 1 d? d6 2.12()

Bnm = T %597 .
WRQ(L%H(anm) 0
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The coefficients Az, and B, in Eq.(2.116) can be determined from the initial velocity

in Eq.(2.97) in a similar fashion. That is,

1 27 R
Asxgm = rcoon R (aom) /0 /o g(r,0)Jo(homr)rdrdo, (2.121)
92 27 R
A = 2.122
*pm WcanmRJ2+1(anm) /0 /0 g(r,0) T (hpmr) COS(nB)rdrdd, ( )

2 27 R .
Bxpm = 77 (Oénm)/o /0 g(r,0) I (hpmr) SIN(NG)rdrdd, (2.123)

2
TCQnmBRJ7 1

forn=0,1,2,...m=1,2,3, ...



Chapter 3

Composite transform formulae for differential
transformation method with application to the

nonlinear plane autonomous systems

In this chapter, we obtain 8 new formulae of the product of composite functions
for differential transformation method and then we are using them in nonlinear plane

autonomous system problems.

3.1 Derivation of the composite transform formulae

This section introduces our derivation technique of the new differential trans-
form formulae for the product of composite functions derived in Formulae 1 — 8. To

obtain these new formulae, the derivation is shown in the following steps.

Step 1. The differential transformation for the product of two composite functions in
represented by f(y(t))g(y(t)), which are the original functions. By the definition given
in Section 2.1 of the DTM combined with Leibniz formula, we obtain

k

k \ T k—r
| e - %[Z e g O a®)] | »
S i ’ 3.1
k
Y PG =),
r=0
r k—r
where F(r) < 5|2 )]« Glk=r) = o o)

Step 2. This step finds the differential transformation for the higher order derivative of

the power function, then we obtain the following Lemma.

Lemma 3.1. If k,r,m € Tt U {0} and let w = r —m = 0,...,r where r = 0,....k and

m=0,...,r, then

1 d* )
y(t)w] =1, ifk=0, (3.2)
[k! dtk =ty

kw—1 ko

k
[;’Z;y(t)w] = 3 Y S Y)Y (ke — k)Y (k—kyor), i E>0. (33)
. t=to k

w—1=0ky_2=0 k1=0
Proof. Assume that k,r,m € I* U {0} and let w = —m = 0,...,r where r = 0, ...,k and
m=0,..,7.

0
Case k=0; we have r=0and m =0, then ld—y(lt)o =1
0! dt® —to
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Case k > 0; we will prove by mathematical induction. Let P(w) be Eq.(3.3).
First, we will show that the statement holds for w = 0, that is

1 d*k
N
—ty Kldt |,

Next, we assume that the statement is true for w =r — 1, that is

k
PO) = | gevle

1 d*F
Pir—1)= ['ky(t)rl] Z Z Z Y (k)Y (k2 — k1) -+ Y (k — ky—2). (3.4)
k! dt t= ky—2=0k,_5=0 k1=0
We will show that the statement is also true for w = r. This can be seen as follows
Lad 1dv
PO =[] - [M,ﬁy@) o]

k dkr—1 Ly kR
[ 2 (k — k;r ) 'kr Tae V) dt’f—’%ly(t)} \

kr_1= O t=to
k
1 dkr 1 = 1 dk—k,‘,l :|
= y t V= - y t
kr?zo K1 Vdthr= ® (B —FkrLq)! dtbrEe= (©) t=to
k 1 dk‘fkrfl
- Z Z Z Z Y (k)Y (ke _kl)”'Y(k_kT—2)(k_k 71)!dtk_kr—1 U(t)]
kp—1=0 “ky_2=0kr_3=0  k1=0 L t=to
k
H X Z Z S VY (ks )Y (ko) kH)]
ke =0 "l p==0slppeta=—= k1=0 t=to
- Z Z Z Z Y (k)Y (kg ~ k)« - Yi(k = Ky i0)Y (k = Knq).
~1=0k,—2=0k,._3=0 k1=0
Therefore, the statement holds for w = r, and the proof is completed. []

Step 3. The functions f(y(t)) and g(y(t)) in Step 1 are considered as the original func-
tions in the formulae 1 — 8. To obtain these new differential transform formulae, the
general formulae of higher order derivatives of some composite functions are used to-
gether with Lemma 3.1 in the following calculations.

Formula 1. If f(y(t)) = e¥®) is the original function, then

dk
= e o euer ™|
Z 7! zz: (r— 'm' dtk =20

to m 3 r—m
_ey()zz n%LS!% {k'dtky(t) } ’

r=0m=0 t=to
mY(o)m _
_ ,Y(0) r—m
1[d°
where Y (0) = o ﬁy(t) = y(tp), and we have used Lemma 3.1 to transform
: t=to
1 d*
o]
[k! dt* e



formula 2. If f(y(t)) = In(y(t)),y(t) > 0 is the original function,

=1 {(h n(y(t)) + Ek: (—1)2;;1 </:> ﬂy(t)r] N

k
P = 5 |5 0]

t=to —i ry(
)

_ %& IN(y(to)) +2;: (7"—ytt(:): (f) [
= Lacnr ) + > <_y1()o) (k> [

if k=0
ifE>0

| 1,
where (’“) _ Rk are the binomial coefficient, 6, =
T (k —r)lr! 0,

then

k
y(to), and we have used Lemma 3.1 to transform [1d t T} .
t=t

war )

Formula 3. If f(y(t)) = sin(y(t)) is the original function, then

1[d* NS\ /2 L (—1)mel
P = a {dt’“ Sm(y(f))} —— H[ — rldt” AR t:y(t)( Z_:O (O”%m&
k 4%, | A (_1)my(t )m 1 dk
X Z NI TR e e [

m=0

dO

1 dk
y(t)r] ,
k! dtk —t

l dky(t)rj|
k! dtk =ty

)™ dk

yﬁy( )f m

; Idf & L (=n)mYyOm[1rde
[ Z rldir RY) t=Y(0) mzz:o ((r )— m)('ni' {k'ﬁy(t)

oo dtky(t)?“m)} R
_ L_to?
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where Y (0) = é[ﬁy(t)] = y(tp), and we have used Lemma 3.1 to transform
1 t=to

|:1 dk (t)'f‘—’ln:|
= 1 _
k! dt* Y

Formula 4. If f(y(t)) = cos(y(t)) is the original function, then

dk

F(k) = %l {dtk COS(y(t))} X %{i %% cos(t)| - ( )( i wﬁ&y(t)“m)} 7

t=%o t=y(t m=0

AT

r dtT

'y

; 1 d’ (= )
Zr' dtr ‘t Y(o)Z (r —

m

(=D)™y(to)™
t=y(to) z:: (r —m)!m!

)im! dik

{kﬂ a0 7n}

t=to

)
t=to

)
t=to

0
where Y (0) = 01'[2503/“)] = y(tp), and we have used Lemma 3.1 to transform
: t=t

[1dky(t)rm]
k! dt* =ty

Formula 5. If f(y(t)) = sinh(y(¢)) is the original function, then

Fk) = —

d* 1 1d .
o {dtk sinh(y(t ))} _ = k'[ > e sinh(t)

T m=

Eal |

r T

1 .
= — inh
rldtr ARk

r=0 m=0

ly(t)™ d*

"L (=1)™r!
O D s T

1 (=D)™y(to)™
B Zo rldtr Smh(t)‘t:y(to) Z (r —m)!m!

(=Dmy (o)™
t:Y(O)Z (r'—m)lm!

B

y(t)"

1 d*k

1 d*

yﬁy(t)rﬂn

T y(t)r_m] "

E

t=to

| .
t=to

)



where Y (0) = ;‘[

[ 1 d* (t)rm]
e, ,
k! diF e

dO
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dtoy(t)] = y(tp), and we have used Lemma 3.1 to transform
t=to

Formula 6. If f(y(t)) = cosh(y(t)) is the original function, then

1[dk
F(k) = ] thk cosh

where Y (0) = ! [

Ol
1 d"
e y(t)rm] :
[k! dtF -

Formula 7. If f(y(t

k r
i1 Oty &
v ())L_to - k![r_o 1 osh®) t—y(t)<§_:o o —mym aid ) e
k
_;r! 7 o] Z:: ( m)'m a0
k . r
N L4 V™YL dt e,
T Zoiar COSh(t)L-y(o)ﬂ% Gt R’
dO
dtoy(t)] = y(to), and we have used Lemma 3.1 to transform
t=t

)) = /y(t) is the original function, then

L[ =i ARSI | W
F(’“)‘H{d?“y(”] ‘H[mmnr()Z( r>(r)y“) W(”L_t;

1 1
t=to 2/ p=0 \2
LU &) i |
~an(k + DI(D) ; ) <r)y(t0) [HWW) L_to’
y 2100 i NN YA - L T L A
2T(k+ D)D) S ) (r)y(o) [k! dtky( ) L_to
where (¥) = ﬁ are the binomial coefficient, I'(1 + z) = 2I'(z), I'(3) = /7, I'(n) =
k
(n—1)!,n € I, Y (0) = y(to), and we have used Lemma 3.1 to transform [%jty(t)r]
t=to

Formula 8. If f(y(t

is the original function, then

1
) =5@

") = 5 ) = (I:>y(”

where (¥

Lemma 3.1 to transform [1

7.

k!
)= Gm

r=0

k+1§: T() to) "

) =50 )ro

r:(]

are the binomial coefficient, Y (0)
k
k!ﬁy(t)

T— dk
1dt"~ y(e) } ’
1 dF
kY

1 dk
waw?®

= y(to), and we have used

T} . The transformed functions are shown in Table
t=to
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Table 3.1: The fundamental operations of one-dimensional DTM.

Original function f(y(t)) Transformed function F(k)
A e R (Ol R
® Y(0) o T
e’ ‘ rg(sz::o (T_m)'m' |:k' dtky(t) :|75_750
1 ko (—1)r1 1 d*k ,
Lﬂ(y(t)) ydk lﬂ(Y(O)) +Tz::1 Y (0)" ( )[k' dtk y(t) :|t_to
. k 1 d?" . T’ 7"Y 7” 1 dk 7 m
sin(y(t)) Eoﬁdt” Slﬂ(t)‘t Y(0) oz 0 (r—m 'TYL' k! dtk :| t=to
cos(y(1)) i cos({)] =~ vy
Y o rldtr t=Y (0) m=o (7 =m) ’m' kY dt v t=to
. Lk 1 dr \ > m 1 d
sinh(y(1)) Eoﬁ%smh(t)‘tzy(omzo (r—m)lml {k’“ - m} t=t
kr 18Js 7“ "’Y m N 'r m
cosh(y(#)) rz::oﬁdtr COSh(t)‘r Y(0>m o (r=m) 'm' Kl dtk” ] t=to
TH£3) & D e b T{l a*
y(®) SR+ DT Q) 2 (@ =y O | g @' Lto
: T e
o (bt D 3 oy DY O w0 L.

3.2  Applications

In this section, we extended the application of the DTM to nonlinear plane
autonomous systems. To demonstrate the formulae introduced in the previous section,
three examples are studied here. The accuracy of the method is assessed by graphical

and data value comparisons.
Example 3.2. Consider the following system of nonlinear plane autonomous
(3.5)

y =e*, forte|0,1.25], (3.6)

subject to the initial conditions z(0) = 0, y(0) = 0.

Applying the DTM of Egs.(3.5) and (3.6) and using the initial conditions z(0) =
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0,4(0) = 0, it follows

1 d*
X 1 Y(O) r—m
(k+1) = (k +1) ZO mzo 'm' mardO |
V(k+1)= X“”Z Z L d" —a(t)™
k—f—l == (r—m 'm' k! dtk o

X(0) = 0,Y(0) = 0.

By substituting £ = 0,1, 2, ..., 11 we obtain the coefficients of the series solution as follows

X)=Y1) =1, X(@2)=Y(2) = % X3)=Y(@3) = é X(4)=Y(4) = i
XE)=Y() =5, XO=YO)=7, XO=Y(=z XE=YE=
X9)=Y(0) = %, X (10) =Y (10) = %, X(11)=Y(11) = %, X(12)=Y(12) = —
Hence, the series solution reads
y(t) = ()—1t+t2 +t3++t4+t5+t6 +t7+t8+t9 +£+£+tl2 t €[0,1.25].

2 3 4 5 6 7 8 9 10 12’
On the other hand, by applying the MsDTM to Egs.(3.5) and (3.6) with the same initial

conditions, it follows

1 d
. ! L Yi(0) (&
Xulk ¥ e ZZ o [,;dky@) | 5
r=0 m=0 t=t;
Ykt 1) = X(O)ZZ Ld iy
‘ k+1 2.2, 'm' At BRI

X()(O) = O,XZ( ) = XTi— 1( ) YO(O) = O,Y;(O) = yifl(ti), Z = 1,2,3,4,5.
Thus, we obtain the series solution

¢+ 0.5¢% + 0.3333t% + 0.25¢* + 0.2¢5 + 0.16667t5 + 0.14268t"

+0.125¢% + 0.1111¢° 4 0.1¢10 4 0.0909¢!* + 0.0833¢12, t €[0,0.25],
0.286682 + 1.33333(t — 0.25) + 0.88889(¢ — 0.25)% 4 0.79012(¢ — 0.25)3
+0.79012(t — 0.25)* + 0.842798(¢ — 0.25)° +0.936433(t — 0.25)6

+1.07022(t — 0.25)7 4 1.24859(t — 0.25)® + 1.47981(t — 0.25)"

+1.77577(t = 0.25)10 + 2.15245(t — 0.25) + 2.63078(t — 0.25)12, ¢ € [0.25,0.5],

y(t) = z(t) = ¢ 0.693147 + 2(t — 0.5) + 2(¢t — 0.5) + 2.66667(t — 0.5)> + 4(t — 0.5)* + 6.4(t — 0.5)°
+10.66667(t — 0.5)% + 18.2857(t — 0.5)7 + 32(t — 0.5)® + 56.8889(¢ — 0.5)°
+102.4(t — 0.5)10 + 186.182(¢ — 0.5)*! + 341.333(¢t — 0.5)'2, t € [0.5,0.75],

1.38628 + 3.99993(t — 0.75) + 7.99972(¢ — 0.75)% + 21.3322(¢ — 0.75)3

+63.9955(t — 0.75)* + 204.782(t — 0.75)° + 682.595(¢ — 0.75)% + 2340.28(¢ — 0.75)7
+8190.85(t — 0.75)% + 29122.5(t — 0.75)° + 104839(¢ — 0.75)*°

+381227(t — 0.75)1 + 1.39781 x 105(¢ — 0.75)12, t €[0.75,1],

4.05773 4+ 57.843(t — 1) 4+ 1672.91(t — 1) 4 64510.45(¢ — 1) + 2.79861 x 106(¢ — 1)*
y(t) = x(t) = ¢ +1.56645 x 1013(t — 1)8 + 8.05403 x 10M (¢ — 1) + 4.19282 x 106 (¢t — 1)1°
+2.20478 x 10'8(¢t — 1) 4 1.16903 x 10%°(t — 1)'2, t €[1,1.25].
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This problem with the initial conditions z(0) = 0,y(0) = 0 can be solved analytically by
the phase-plane method to obtain the analytical solution y(z) = x. As seen in Figure
3.1, the approximate series solutions calculated by the DTM and the MsDTM are the
same as the analytical solution and they have the same direction with the flow of the
vector fields. Moreover, the DTM and the MsDTM gave data results similar to analytical
results (see Table 3.2).

Figure 3.1: The MsDTM, the DTM and numerical solution compared with vector fields flow di-

rections with the initial conditions x(0) = 0, y(0) = 0.

However, if we consider the problem with the initial conditions of z(0) = —2,y(0) =
1, the analytical solution obtained is y(z) = In(e® + e — e=2). The data values of the ap-
proximate solutions of the DTM and the MsDTM were compared with analytical solution
are shown in Table 3.3. We can see that the MsDTM results are much more similar to
the analytical results than the DTM results.

Table 3.2: DTM and MsDTM values compared with the analytical solutions.

t x(t) MsDTM  Analytical  Error
0.2 0.2231436  0.2231436  0.2231436 0
0.4 0.5108257 0.5108257  0.5108257 0
0.6 0.9162908 0.9162908  0.9162908 0
0.8 1.6094160 1.6094160 1.6094160 0

t x(t) DTM Analytical  Error
0.2 0.2231436 0.2231436  0.2231436 0
0.4 0.5108257 0.5108257  0.5108257 0
0.6 0.9162908 0.9162908  0.9162908 0
0.8 1.6094160 1.6094160 1.6094160 0
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Table 3.3: DTM and MsDTM values compared with the analytical solutions.

t x(t) MsDTM  Analytical Error

0.2 —1.4473324 1.0360783  1.0360783 0

0.4 —0.8671829 1.0996385  1.0996384 1x1077
0.6 —0.2340544 1.2161777 1.2161776 1x 1077
0.8  0.5147103 1.4483531  1.4483533 2x 1077

t z(t) DTM Analytical Error

0.2 —1.4473324 1.0360783  1.0360783 0

0.4 —0.8671831 1.0996383  1.0996384 2x 1077
0.6 —0.2340822 1.2161499 1.2161171 2,12 x 107°
0.8  0.5130110 1.4466537 ~ 1.4476856  1.0319 x 103

Figure 3.2: The MsDTM, the DTM and numerical solution compared with vector fields flow di-

rections with initial conditions z(0) = -2, y(0) = 1.

The following two examples show that the proposed new transformed functions
of the product of composite functions can be applied effectively to the nonlinear plane

autonomous system when the analytical solutions are unavailable.

Example 3.3. Let us consider the following system of nonlinear plane autonomous

system

z = 2%e” (3.7)

y' = ye® —y, forte[0,0.2], (3.8)
subject to the initial conditions z(0) = 1, y(0) = 1.

Applying the DTM to Egs.(3.7) and (3.8) and with the initial conditions z(0) =
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1,y(0) = 1, it follows that

k
X(k+1)= Z

r=0
Y(k+1) = (f: G(r) = Y (R)),
r=0

and the initial conditions becomes X (0) = 1,Y(0) = 1, where

l
1dr
_ _¥(0) I-m
F(r)=e ZZ lml Ly pral) ] ’

=0 m=0 t=0

l T
G(r)=e* Z Z lml [:1 jtrx(t)l_m]

=0 m=0

t=0

Hence, we obtain the series solution by the DTM

x(t) = 1+ 2.71828t + 9.72444¢% + 38.8048t3 + 164.329t* +722.872t° + 3265.98t% + 15052.5t7
4 7045.9t% + 33387317 4 1.59826 x 10%¢0 4 7.71516 x 10% 4 3.75161 x 1072, t € [0,0.2],
y(t) = 14 1.71828¢ + 5.17077¢* + 19.3526¢> + 80.1435¢* + 351.093¢° + 1593.47¢° + 7409.3t"

+ 35062.4% 4+ 168146t° + 814830t'% + 3.98192 x 10%!! 4 1.95937 x 107t'2, ¢ €[0,0.2].

On the other hand, by applying the MsDTM to Egs.(3.7) and (3.8), we obtain

k k—nr

(b4 1) = s SR Y XX (k= r =D
r=0 =0
.
VA ) = ]Tl—l(ZYH(k —n)Gilr) = YilR)),

where

I

S A0) Z

Lda),
t m
'm' [r’ arr () L_ti’

=0
-]l v
i) = S ',dewm]
m
=0

1
=0

rl dtr

m=0

The following approximate series solution is the result.

1+ 2.71828t + 9.72444t + 38.8048t + 164.329t* 4 722.872t5 + 3265.98t5 + 15052.5¢7
+7045.9t8 + 333873t 4 1.59826 x 109t10 + 7.71516 x 10%¢'* + 3.75161 x 107¢'2, t € [0,0.05],
1.1664 + 4.09489(t — 0.05) + 19.3628(¢ — 0.05)% 4 103.094(t — 0.05)?

+585.693(¢ — 0.05)* 4 3468.59(¢ — 0.05)° + 21148.6(t — 0.05)% + 131763(¢ — 0.05)7

+834742(t — 0.05)% + 5.35899 x 106(t — 0.05)” + 3.47789 x 107 (¢ — 0.05)'°

+2.27748 x 108(t — 0.05)* + 1.50275 x 10°(t — 0.05)'2, ¢ € [0.05,0.1],
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1.43766 + 7.26784(t — 0.1) + 51.4129(t — 0.1)% + 416.14(¢ — 0.1)3 + 3626.29(¢ — 0.1)*
+33122.1(t — 0.1)® 4 312581 (¢ — 0.1)% + 3.02155 x 105(t — 0.1)7

+2.9749 x 107(t — 0.1)% 4+ 2.97167 x 10%(¢ — 0.1)° + 3.00338 x 10°(¢t — 0.1)*°
+3.06482 x 10'0(¢ — 0.1)1* + 3.15286 x 10! (¢ — 0.1)'2, ¢ € [0.1,0.15]

#{t) = 2.02412 + 19.7164(t — 0.15) + 293.806(t — 0.15)2 + 5196.51(t — 0.15)3 + 100769(¢ — 0.15)*
+2.06843 x 10%(t — 0.15)° + 4.41157 x 107 (t — 0.15)5 + 9.67037 x 108(¢t — 0.15)7
+2.16368 x 10'0(¢ — 0.15)% + 4.91847 x 10 (¢ — 0.15)? + 1.13227 x 10*3(¢ — 0.15)*°
+2.63346 x 10(t — 0.15)* + 6.17734 x 10'°(t — 0.15)'2, ¢ € [0.15,0.2].
1+ 1.71828t + 5.17077t% + 19.35261% + 80.1435¢* + 351.093t° + 1593.47t6 + 7409.3t7
+35062.4t5 + 168146t° 4 814830¢'° + 3.98192 x 106t 4 1.95937 x 107t'2, ¢ € [0,0.05],
1.1019 + 2.43565( — 0.05) + 9.93481 (¢t — 0.05)% 4 50.7118(¢ — 0.05)>
+286.334(1 — 0.05)* + 1708.87(t — 0.05)° + 10559.3(t — 0.05)5 + 66814.5(t — 0.05)7
+430122(t — 0.05)% + 2.8059 x 105(t — 0.05)° 4 1.84864 x 107 (¢ — 0.05)*°
41.2283 x 10%(t = 0.05)'! +8.21708 x 10%(t — 0.05)'2, t € [0.05,0.1]

o(t) = 1.25743 + 4.03738(t — 0.1) 4+ 25.7226(t — 0.1)2 ++ 206.07(t — 0.1)3

+1823.14(t — 0.1)* + 17024.4(t = 0.1)® + 164483(¢ — 0.1) + 1.62549 x 10°(¢ — 0.1)7
1+1.63413 x 107(t — 0.1)8 4+ 1.66403 x 108(¢t — 0.1)? + 1.71169 x 10°(t — 0.1)*°

+1.75515 x 1019(¢ — 0.1)' 4 1.85343 x 10"\ (¢t — 0.1)*2, ¢ € [0.1,0.15]

1.57118 + 10.3218(¢ — 0.15) + 151.148(¢ — 0.15)2 + 2779.76(t — 0.15)3 + 56212.2(¢ — 0.15)*
+1.19708 x 10%(t — 0.15)° 4 2.63404 x 107(t — 0.15)% + 5.92862 x 10%(¢ — 0.15)7
11.35679 x 10'(t = 0.15)% 4 3.145 x 10" (t — 0.15)? +7.36425 x'2 (¢t — 0.15)'°

+1.73866 x 104(¢ — 0.15)1 + 4.13307 x 10'°(¢ — 0.15)12, t € [0.15,0.2].

The approximate series solution obtained by the MsDTM and the DTM are com-
pared graphically with the flow direction of the vector fields (Figure 3.3). We can see
that the MsDTM result is in better agreement with vector fields than the DTM results.

As seen in Figure 3.4, we show the approximate series solutions calculated by the
MsDTM in many initial conditions such as (-2,1), (-2,0), (-2,-2), (-2, -2) and (0,-2).

Example 3.4. Let us consider the following system of nonlinear plane autonomous

system

' =2z +siny (3.9)

y =ax(y*+1), fort €0,0.4], (3.10)

subject to the initial conditions z(0) = 1, y(0) = 1.

Applying the DTM to Egs.(3.9) and (3.10) and with the initial conditions x(0) =
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Figure 3.3: The MsDTM and the DTM compared with vector fields flow directions with initial
conditions z(0) = 1,y(0) = 1.

Figure 3.4: The solutions from MsDTM in initial conditions (-2,1), (-2,0), (-2,-2), (-2, -2), (0,-2) with
vector fields flow directions.
1,y(0) = 1, it follows that

X(k+1) = —— (2X(k:

d" - (_l)my(o)m 1 dk r—m
kE+1 &> ‘t:Y(O) Z) (r —m)!m! ﬁﬁy(ﬂ o)’

T
m=(

Y
=0

k+1

k
Y+ in(t)
k r
B (l)Y(rl)X(kr)>,
r=0 1

Y(k+1) = 1(X<k

and the initial conditions becomes X(0) = 1,Y(0) = 1. Then, we obtain the series

solution

x(t) = 1+ 2.84147t + 3.38177t% 4 2.56549t> 4 0.498022t* — 3.62605t° — 13.1978t°
— 36.6427t7 — 93.1066t% — 224.685t° — 520.598t'° — 1160.66t'* — 2481.54t*%, t € [0,0.4],
y(t) = 1+ 2t + 4.84147¢* + 10.6041¢> + 24.528t* + 57.5466t° + 134.91¢°

+ 315.16t7 + 733.76t% + 1702.66t° + 3938.03t*° + 9079.66t + 20873.9t'2, ¢ € [0,0.4].
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On the other hand, by applying the MsDTM to Egs. (3.9) and (3.10), it follows

1 Foar O N A () L I A .
Xilk+1) = k41 <2Xi(k) * Z dtr Sm(t)‘t:Yi(O) Z ((1" )— m)(!n”)L! Lc'dtky(t) ]t_0>7

r=0 m=0

Hence, we obtain the series solution

1+ 2.84147¢ + 3.38177t2 + 2.56549¢ + 0.498022t* — 3.62605t> — 13.1978t°
—36.6427t7 — 93.1066¢% — 224.685t° — 520.598¢10 — 1160.66t'" — 2481.54t'2, ¢ € [0,0.08],
1.25028 + 3.43174(t — 0.08) + 3.98652(¢ — 0.08)2 + 2.28135(¢ — 0.08)3
—3.27511(t — 0.08)* — 19.3406(t — 0.08)°> — 67.1434(t — 0.08)°
—205.262(t — 0.08)7 — 584.413(¢ — 0.08)® — 1563.52(¢ — 0.08)?
—3898.43(t — 0.08)'0 — 8808.52(¢ — 0.08)™ — 16669.2(¢ — 0.08)'2, ¢ € [0.08,0.16],
1.55128 + 4.10089(t — 0.16) 4 4.24803(¢ — 0.16)* — 1.14073(t — 0.16)>
—23.7465(t — 0.16)* — 108.548(t — 0.16)> — 404.828(t — 0.16)°
x(t) = ¢ —1336.03(t — 0.16)7 — 2807.58(¢ — 0.16)® — 8159.94(¢ — 0.16)°
—2936.53(t — 0.16)'0 + 104910(f — 0.16)'* + 850945(t — 0.16)'2, € [0.16,0.24],1.90448 + 4.67667(t —
~142.022(t — 0.24)* — 585.377(t — 0.24)® — 1394.54(t — 0.24)% 4 4460.95(¢ — 0.24)7
+93830.2(t — 0.24)% + 865886(¢ — 0.24)° + 6.29241 x 10°(¢ — 0.24)'°
+3.98717 x 107(t — 0.24)'* 4 2.27165 x 108(¢ — 0.24)'2, + € {0.24,0.32],
2.27311 + 420097(t — 0.32) + 9.88838(¢ — 0.32)% — 38.0005(t — 0.32)° + 1179.65(¢ — 0.32)*
+24086.5(t — 0.32)5 + 281349(t — 0.32)% + 2.24486(t — 0.32)7
+8.20097 x 10%(t — 0.32)% — 1.15647 x 10%(t — 0.32)? — 3.29081 x 10%(¢ — 0.32)'°
~5.19089 x 10'0(¢ — 0.32)1 — 6.53363 x 10'1(¢t — 0.32)'2, € [0.32,0.4].

14 2t + 4.84147t% 4 10.6041t> 4 24.528t* + 57.5466t° + 134.91t°

+315.16t7 + 733.76t% + 1702.66t° + 3938.03¢1° + 9079.66t'* + 20873.9t'2, ¢ € [0,0.08],
1.19765 + 3.04364(t — 0.08) -+ 8.7346(t — 0.08) + 24.1547(¢ — 0.08)?

+69.2557(t — 0.08)* + 199.329(t — 0.08)° + 571.305(t — 0.08)6

+1629.29(t — 0.08)7 + 4624.49(¢ — 0.08)® + 13067.8(¢ — 0.08)°

+36779.9(t — 0.08)'° + 103170(t — 0.08)1 + 288632(¢ — 0.08)*2, ¢ € [0.08,0.16],
1.5131 + 5.10287(t — 0.16) + 18.7225(¢ — 0.16)? + 68.529(t — 0.16)3

+254.775(t — 0.16)* 4 942.871(¢ — 0.16)° + 3463.75(t — 0.16)6 + 12638.4(t — 0.16)7
+45855(t — 0.16)® 4 165580(t — 0.16)? + 597192(¢ — 0.16)°

+2.15185 x 10%(¢ — 0.16)*! + 7.76857 x 10%(t — 0.16)*2, ¢ € [0.16,0.24],
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2.09104 + 10.2318(¢ — 0.24) + 53.3091(t — 0.24) + 278.516(¢ — 0.24)*

+1449.56(t — 0.24)* + 7466.42(t — 0.24)° + 38168.7(t — 0.24)5 + 194558(¢ — 0.24)7
+994211(¢ — 0.24)% + 5.12151 x 10%(t — 0.24)° + 2.67247 x 107(t — 0.24)'°

+1.41713 x 10%(t — 0.24)'! 4 7.64272 x 10%(¢ — 0.24)'2, ¢ € [0.24,0.32],

3.4941 + 30.0249(t — 0.32) + 266.217(t — 0.32)2 + 2342.96(¢ — 0.32)% + 20645.6(¢ — 0.32)*
+185021 (¢ — 0.32)° 4 1.70474 x 10%(t — 0.32)® + 1.61372 x 107(t — 0.32)7

+1.55164 x 108(t — 0.32)% + 1.49064 x 10°(t — 0.32)° + 1.40754 x 10'°(¢ — 0.32)1°
+1.28807 x 10 (¢t — 0.32) +1.12816 x 10'%(t — 0.32)12, ¢ € [0.32,0.4].

Similar to the previous examples, the MsDTM results is in better agreement with the
flow of the vector fields than the DTM result (see Figure 3.5). As seen in Figure 3.6,
we show the approximate series solutions calculated by the MsDTM in many initial
conditions such as (-1,1), (-1,-1), (0,1), (1, 1), (0,-1) and (1, -1).

1 4 4 A 4 A A ar T ’A
IR, ) N7 f
§ o ) Xy “¥/N : : ‘ MsDTM te[0,0.08]
1 1 4o 4T 0], 44 A7) A ' L)
e ™ of 1 pindt WE I [0 TR — MsDTM t€[0.08,0.16]
< s B/ LA LY K N Y KA P WIRY
= oad oy TR (AR W O Vd amn —— MsDTM te[0.16,0.24]
C2 RN W S S e JY L R S | )y )/
Mo /29 15 0% e A\ BN\ F 1) 4 ~—— MsDTM te[0.24,0.32]
R R e R A N ¢t 1 f
gh N § Helld L s A/ < DAL S A R — MsDTM t€[0.32,0.4]
e ey w///w e T
> »e » d,'-_ﬂvli”— » » » » » » y Ay = P - DTM
! ! . ‘ : L X
0.0 05 1.0 15 20 25 3.0

Figure 3.5: The MsDTM and the DTM compared with vector fields flow directions.

Figure 3.6: The solutions from MsDTM in initial conditions (-1,1), (-1,-1), (0,1), (1, 1), (0,-1), (1, -1)

with vector fields flow directions.



Chapter 4

Differential transformation method for circular

membrane vibrations

In this chapter, we obtain the step for solve the problems of vibrations of a

circular membrane by using the differential transformation method (DTM).

4.1 Derivation of the method

In this section, we will show how to use the DTM to the problems of vibrations
of a circular membrane. The presented problems include the vibrations of a circular
membrane independent of angle studied in subsection 2.5.4 and the vibrations of a

circular membrane depending on both radius and angle studied in subsection 2.5.5

4.1.1 Vibrations of a circular membrane independent of angle ¢.

In this section, we consider a circular membrane of radius R which is fixed along
the boundary circle, the initial shape f(r), and assume that the initial velocity g(r) is

equal to zero. The model of the problem is

B \ 1 P
EE—C (237—2—"_;5)7 (4.1)
u(R,t) = 0 for all t > 0,u(r,0) = f(r),us(r,0) = 0. (4.2)

The calculation consists of the following three steps.

Step 1 By the method of separation of variables, we obtain two linear ODEs form the
wave equation in Eq.(4.1).

The method of separation of variables uses the substitution

u(r,t) = w(r)g(t). (4.3)
Differentiating Eq.(4.3), we obtain
0%u d?>g Ou dw u  dPw

By substituting Eq.(4.4) into Eq.(4.1), we obtain

d%g o [ d*w 1 dw
Wy = <d7”29+7'd7’g . (4.5)

Dividing the result by c?wg, we have

2 2
ldg:1<dw+1du)>. @.6)

gdt2 " w\ dr2 " rdr
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The variables are now separated. Hence, both sides are independent and this can only
be so if they are equal to a constant. This constant must be negative in order to obtain

solutions that satisfy the boundary condition without being identically zero. Thus,

2 2
g1 (0 1) .

c2gdt2  w\ dr?2 ' rdr

Eq.(4.7) gives the two linear ODEs,

d2
. d>w  1dw 5 . .
by defining s = Ay, we reduce — + —— + k2, w = 0 to the Bessel equation, that is

dr2 7 dr

0T dw
§T——F +s5—

D
752 T + 5w = 0. (4.9)

Step 2 We apply the differential transform method to ODEs in Egs.(4.8) and (4.9) to
obtain the recursive formulas.

Applying the fundamental operations of DTM in Table 1 to Egs.(4.8) and (4.9), respec-
tively, we obtain

I, \ S
G(r+ 2)= e D) (4.10)
k
D61 =2)(k —1+1)(k ~ L +2)W(k = 1+2)+
=1 (4.11)

k k
> 60— (k=1 + )W (k~1+1)+ Y o0 =2)W (k1) =0,
=0

=0
with the initial values G(0) = 4,,,,G(1) = 0,W(0) = 1 and W (1) =0, where A,,,, are the

coefficients of the Fourier-Bessel series in Eq.(2.37).

Step 3 Using the recursive formulas in Egs.(4.10) and (4.11) we find the coefficients of
the series solutions of the Egs. (4.8) and (4.9), respectively.

To find the series solution of Eq.(4.8), we substitute k = 0,1,2,... into Eq.(4.10), then we
obtain

G(Q)*f 2 - 2 ) G(3)—*?—0,
G4)=— 12 = o1 G(5) = T o0 0,
G0 =-—"45 720 G =-—"5 =0

where, G(0),G(1),G(2),... are the coefficients of the series solution.

Hence, we obtain the solution corresponding to Eq.(4.8), by substituting A, = ca”?m,
2ca? t? 2ctal tt 4cbal, 10 26808, 18
Gnm(t) = Anm (1— Fpcationalage only TEEEloWeBIsRe —) (4.12)
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To find the series solution of Eq.(4.9), we substitute k = 1,2,... into Eq.(4.11) and we

obtain
k=1, 60-2)1—0+1)1-0+2W(1—-0+2)+50-1)1—-04+1)W(1 -0+ 1)+

S0—2)W(1—0)+6(1—-2)(1—1+1)(1—-1+2)W(1—1+2)+

SA-1)(1—1+ )W —14+1)+51-2)W(1—1)=0

W(1) =0
k=2 W(2)= _W;(O) = —i, k=3 W(3)= _W;(l) =0
—-Wi(2 1 —W(3
k=4 W)= 16()=6—4, k=5 W(5) = 25():0
Since, W (k) = :W, k=234, o Wk+2) = b(;‘ji(:))?, k = 0,1,2,3,... and

W(0), W (1), W(2),... are the coefficients of the series solution. Hence, we obtain the

series solution corresponding to Eq.(4.9), by substituting s = hy,,r = a;m7_7
2 2 4 4 6 6 8 8 10 ,.10
i (r) =) 20T o Ol (5 Gam’ L4 (4.13)

AR? 64R*  2304RS ' 147456R®  14745600R10

Therefore, the series solution of vibrations of a circular membrane is

= R of g 2 2
u(r’t):mzz:lwnm(r)gnm(t):;Anm(l_%"""')(l_azgg +"'), (4.14)

where A,,, are the coefficients of the Fourier-Bessel series corresponding to J,, which
can be calculated by Eq.(2.37) and a,,,, is the mth positive zero of J,.
Next, let us consider the general case, when the solution can also depend on angle 6.

4.1.2 Vibrations of a circular membrane depending on both radius and angle.

We now consider a circular membrane of radius R which is fixed along the
boundary circle, with the initial shape f(r,0), and the initial velocity g(r,6) equal zero.

The model of the problem is

0%u o *u  10u 1 0%
e (a+a+aa> @19
w(R,0,t) =0 forall t > 0,u(r,0,0) = f(r,0),u(r,0,0) = 0. (4.16)

The calculation consists of the following three steps.

Step 1 Three ODEs form the wave equation in Eq.(4.15) using the method of separation
variables.
We define a solution in the method of separation of variables,

w(r,0,t) = z(r,0)g(t). (4.17)



43

Differentiating Eq.(4.17), we obtain
0%u d’g Ou 0Oz %u 0%z u 0%z

9 =aE o — o o = 029 2 g = gt (4.18)

Substituting Eq.(4.18) into Eq.(4.15) gives

d?g 0%z 10z 1 0%z
Zﬁ— <37’2 —&-70287,9-1—7026029). (4.19)

Dividing both sides by ¢2zg yields

1 d?¢g 1(0% 10z 10%
@Wm—zgﬁ+ﬂw+ﬂwﬂ- (4.20)

The variables are now separated. Hence, both sides must equal a constant, that is

1 d?¢ 1(0% 10z 10°% 9
@wm*zGﬁ+ﬁa+ﬁwJ P, (4.21)
Eq.(4.21) gives an ODE and a PDE, as follows:
S AN (4.22)
dt2 nm9 = nm — Clinm .
2 2
0z 7, YT QB i\ 0% AN o (@.23)

a2 " 7o 72 0g2
The PDE as Eq.(4.23) can be separated by substituting z = w(r)g(#) and its derivatives
into Eq.(4.23), we obtain

d? 1d LLEIN)
TgQ‘Frdq: +'“ W—l—hz wq = 0. (4.24)

On the both sides, multiplying by r?/wg and then rearranging the equation, we obtain

3%2—3 Lo (ﬂ%’ s er> B2, (4.25)
The variables are now separated. The expressions on both sides must equal a constant,
that is
;% :—;<r2ﬁg)+r(f;:> hZ % = —n?, (4.26)
Eq.(4.26) gives two ODEs, as follows:
;lZg +n%q=0, (4.27)
ﬂ§g+rgyum - (4.28)

Eq.(4.28) is known as the Bessel equation of order n where n = 1,2,3,.... The nonneg-
ative integer n in Egs.(4.27) and (4.28) depends on the initial shape as shown in Table
4.1.
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Table 4.1: The values of nonnegative integer n corresponding to given initial shape f(r,8), and
the initial values G(0), G(1), Q(0) and Q(1).

Initial shape f(r,6) Value of n | G(0) | G(1) | Q) | Q(1)
w(r) 0 Aom 0 1 0
w(r)sin(N§),N = 0,1, ... N Bym | 0 0 N
w(r) cos(NO), N =0,1,... N ANm 0 1 0

Step 2 We apply the differential transform method to ODEs in Egs.(4.22), (4.27) and
(4.28) to obtain recursive formulas.
Taking the DTM of Egs. (4.22), (4.27) and (4.28), respectively, we obtain

Gk+2)= CERNCED) (4.29)
\ [/ // ARk
Qk+2) = D12’ (4.30)
k
n?Wik) =Y 601 —2)(k—1+1)(k — 1+ 2)W(k—1+2)+
=0 (4.31)

k o -
Y S =1k <1+ DWilk=1+1)+ a};g@ 3 61— 2Wk - 1),
=0 =0

Step 3 Using the recursive formulas in Egs.(4.29), (4.30) and (4.31) to find the coefficients
of the series solutions of ODEs.
Substituting k =0, 1,2, ... into Eq.(4.29), we obtain

@l —X2, G
G(2) = ___"—’;C:_(O.)., G(3) A] 2 n,7gG( ) =0,
Y= =N L g G ==—"5 0
QU5 S =\ & 120> 0= 34 0

where, G(0),G(1), G(2), ... are the coefficients of the series solution. Hence, we obtain

the solution corresponding to Eq.(4.22),

a2 2 ctat tt Sal 0 Sad 8
) =G0y 1— nm nm” nm LLC——— 4.32
gnm(t) = G( )< or2 T To4Rd 720RS ' 40320R° (432

where the values of G(0) depend on the initial shape, as shown in Table 4.1.
Substituting k = 0,1,2, ... into Eq.(4.27), we obtain

Qe = -2, Q@) = -9,
~ n’G(2)  n'Q(0) _ n?Q(3) _ n'Q(1)
@)=~ 2 24 @) = - 20 120
_ Q@) _ n’Q(0) __n*Q0) _ _n°Q()
@6) = - 30 720 Q) =~ 42 5040
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where, Q(0),Q(1),Q(2), ... are the coefficients of the series solution. Hence, we obtain

the solution corresponding to Eq.(4.30),

_ n*Q(0) n?Q(1) n*Q(0) n*Q(0)
0 (9) = Q(0) + Q1) — — 0 — o 03 + o1 0 + o0 0 — ... . (4.33)

Substituting k& = 1,2, 3, ... into Eq.(4.28), we obtain

2
k=1; n*W(1)=W(1), k=2 W(2)= %V_Vio),
k=3 W(3)=0"2;l”;71fé1), k=4 W(4):°‘3%Wl(§),
k=5 W)= 7‘)‘2;14/2(? k=6 W(6) = 70‘7%2%?
Since, W(k) = %W‘%) k= 23.4,.,0r Wk+2) = Tﬁ%,k =0,1,2,....
Hence, we obtain the solution corresponding to Eq.(4.31),
Wy (1) = W(0) + W(1)r + W(2)r2 + W(3)r3 + - - (4.34)
Therefore, the solutions of vibrations of a circular membrane is
u(r, 0,t) Z Z Wi (T) Grm () 4 (0)
n=0m=1
. gi G(0) (W(O) F W (L)r + W(2)r? 4 - ) (1 — ng‘%gt? e ;’if - )
(e +amo 220 29Wp,

(4.35)

where the values of G(0) depend on the initial shape function, it can be A,,,, or By,
(see Table 4.1), here A,,,,, and B,,,, are calculated by Eqgs.(2.44) and (2.49), respectively,
and ay.,, is the mth positive zero of J,,.

The following shows the calculations of A,,, and B, corresponding to the

value of nonnegative integer n. Let us recall Egs(2.44) and (2.49), we have

2 27 L
A, = %/ / 7,0)Jy, (hpmr) COS(nO)rdrdd, and
”R2J2+1(anm) 0 0 He:6)In ) (n)
2 27T R
Bnm = T 59 19 7. B 0 n hnm ) Si O)rd daa
WRQJ%+1(04nm)/0 /0 f(r,0)J,( r) sin(nd)rdr

As we can see Eqs.(2.44) and (2.49) consist of the integral forms of the initial shape
function f(r,0) = w(r)q(#). Here, we illustrate the three cases of ¢(#), thai is ¢(#) = 1,
q(0) = cos(N6) and ¢(#) = sin(N9), here the calculations of A4,,,, and B,,, are as follows:

1. If q(8) =1, then f( cos(nf)dfd = 0 for n > 1 except n = 0. Thus A,,, are available
for n = 0. That is Ag,, are obtainable when ¢(0) = 1.

2. If q(6) = cos(NO),N = 0,1,2,..., then fo% cos(N@)cos(nf)dd = 0 for n # N. Thus
A,,, = 0when n £ N. Besides f02” cos(N6)sin(nf)dd = 0 for all n. Thus B, = 0,
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for all n. Therefore A,,,,, are available for n = N. That is An.,, are obtainable when
q(0) = cos(NO),N =0,1,2,....

3. If g(8) = sin(N§),N = 0,1,2,..., then [7"sin(N6)cos(nd)dd = 0 for all n. Thus
A,m =0, for all n. Besides fOQ’T Sin(N) sin(nf)dd = 0 for n # N. Thus B,,,, = 0 when
n # N. Therefore B,,, are available for n = N. That is By., are obtainable when
q(0) = Sin(N§), N = 0,1,2, ....

As summarized in the Table 4.1, if we know the value of n then we obtain the
initial values G(0),G(1),Q(0),Q(1), and the similar for the initial values of the recursive
relation in Eq.(4.31). Observe that W (k),k = 0,1,2, ... also depend on the value of n as
shown in Table 4.2.

Table 4.2: The initial values W (k), k = 0, 1,2, ... depending on n of Bessel equation in Eq.(4.28).

Value of n | W(0) | W(1) | W(2) | W3) | - | W(n—1) | W(n)
0 1 0
1 0 Q1m
2 «
2 0 YRR
8 -
3 0 P
48
n 0 Qnm
2nn!

Table 4.3: The values of a,,» where the mth is positive zero of Bessel function J,,.

m 1 2 3 a 5 6

240483 | 552008 | 8.65373 | 11.79153 | 14.93092 | 18.07106
03.83171 | 7.01559 | 10.1735 | 13.3237 16.4706 19.6159
5.13562 | 8.41724 | 11.6198 14.796 17.9598 21.117
6.38016 | 9.76102 | 13.0152 | 16.2235 19.4094 22.5827
7.58834 | 11.0647 | 14.3725 17.616 20.8269 24.019

A W N = O

4.2 Applications

In this section, four examples of the problem are illustrated corresponding to
the method in the previous section. Example 4.1 shows the vibrations of a circular
membrane independent on angle corresponding to the problem in the subsection
2.5.4. Examples 4.2, 4.3 and 4.4 show the vibrations of a circular membrane depending
on both and angle corresponding to the problem in the subsection 2.5.5. The accuracy

of the method is assessed by data value comparisons with the analytical solutions.
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Example 4.1. Consider the problem of vibrations of a circular membrane depending
only on radius with R = 1,¢ = 2, the initial shape f(r) = 1 —r? and the initial velocity

equal to zero g(r) = 0. That is

0%u 0%u  10u
u(1,t) =0 for all t > 0,u(r,0) =1 — 72, u;(r,0) = 0. (4.37)

Hence, the series solutions obtained according to the Egs.(4.12) and (4.13) are as follows:

gOm (t) - AOm 1 - 2a(2)mt2 + aon]’ — aom O[Om _ aOrn, ‘e 9
3 45 315 14175
wO’m(T) =1—- a%mrz + aé‘m"A = O‘gmr6 ngrg . 0459”7‘10 e
4 64 2304 | 147456 147456000

where Ay,, are calculated by Eq.(2.37) and ao,, is the mth positive zero of .J; as shown

in Table 4.3. Therefore, the series solution of vibrations of a circular membrane is

M8

u(r,t) = wWorm (1) gom (1)

Aom (1 ~ Ooml” + 0o ) (1 /203 PP 2ag3mt4 i )

Q
Il
-

n

o

4 64

=1

= (1 — 1.4455872 + 0.5525867* — - - -)(1.10802 — 12.8158t% +24.7055t* — - - -)
— (1= 7.61782)r% 4+ 14.50787* — - -)(0.139777 — 8.51839¢> + 86.5221t* — .. .)

+ (1 —18.722r + 87.6281r* — ---)(0.045476 — 6.81119t* + 170.025¢* — ---) — - -+

The analytical solution of a circular membrane in this example is

u(r,t) =y ¥Jo(a0mr) COS (200, t)

= aomJ1(oom)

= 1.10801.J5(2.40483r) COS(4.809661)

— 0.13978.J5(5.52008r) COS(11.04016¢) + 0.04548.J5(8.65373r) COS(17.30746t) — - - - .

Figure 4.1 shows the motion of the series solution for the first term (m = 1, ap1 =
2.40483), the second term (m = 2,ap2 = 5.52008) and the third term (m = 3,a03 =
8.65373) at the initial time. As show in Table 4.4, the approximate series solutions of
the vibrations of a circular membrane obtained by using the DTM are compared with

the analytical solution.



48

Figure 4.1: Normal modes of the vibrations of a circular membrane independent of the angle

for Example 4.1.

Table 4.4: The comparison results for Example 4.1 between DTM solutions and analytical solu-

tions at the initial time.

onim r DTM Analytical | [DTM-Analytical
0 1.10786 1.10786 0
apr = 2.40483 | 0.10 | 1.08872 1.08872 0
0.20 | 1.03849 1.03849 0
0 0.13967 0.13967 0
ap2 = 5.52008 | 0.10 | 0.12719 0.12719 0
0.20 | 0.09662 0.09662 1.38778 x 10~17
0 0.04539 0.04539 6.93889 x 10718
ap3 = 8.65373 | 0.10 | 0.03574 | 0.03574 6.93889 x 1018
0.20 | 0.01500 | 0.01500 8.67362 x 1018

Example 4.2. Consider the problem of vibrations of a circular membrane depending
on both r and 6 with R = 1,¢ = 1, the initial shape f(r,8) = 1 —r* and initial velocity
equal to zero g(r,0) = 0. That is,

0%u 0%u 10u 1 0%u
A <T Cor *“a?) (4.38)
u(1,6,t) =0 for all t > 0,u(r,0,0) = 1 — 74, u,(r,6,0) = 0. (4.39)

From the initial shape, the nonnegative integer n can only be zero (see Table 4.1)
because A,,, = 0 when n > 1 (i.e., Ay, # 0) and B,,,, in Eq.(2.49) is always zero. The
initial values are G(0) = Aom, G(1) =0,Q(0) =1,Q(1) = 0,W(0) =1 and W (1) = 0.

Hence, we obtain the series solutions corresponding to Eq.(4.32), (4.33) and (4.34), as
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follows:
o o (1 Bl bt Bt oBu alf
m m 2 24 720 40320 3628800
qo(0) =1
m 4 64 2304 147456 147456000 ’

where Ay,, are calculated by Eq.(2.44) and ay,, is the mth positive zero of J; as shown

in Table 4.3. Therefore, the series solution of vibrations of a circular membrane is

U(Ta Q,t) = Z Qn(e) Z wnm(r)gnm(t) - %(9) Z wOm(T)gOm(t)

n=0 m=1 m=1

= (1 — 1.4458r% 4 0.5225867* — +++)(2.73318 — 7.90328t* + 3.80886t* — - - )
— (1 — 7.61782r% + 14.5078r* — --+)(0.971432 — 14.8004¢ + 37.5822t* — .. .)

+ (1~ 18.7218r% 4- 87.6261r* — - .. )(0.344381 — 12.8948t% + 80.4712t* —--.) — ...

The analytical solution of a circular membrane in this example is

u(r,0.t) = 16(@0m J2(0om) = 2J5(@0m)) o o oo (nat)

m=1 a%’m J12 (Olom)

= 2.73318.Jy(2.40483r) COS(2.40483t) — 0.971432.75(5.52008r") cOS(5.52008t)

~ 0.344381.J4(8.65373r) COS(8.65373t) — -+ .

Figure 4.2 shows the motion of the series solution for the first term (m = 1, ap1 =
2.40483), the second term (m = 2,a¢2 = 5.52008) and the third term (m = 3,03 =
8.65373) at the initial time. As show in Table 4.5, the approximate series solutions of
the vibrations of a circular membrane obtained by using the DTM are compared with

the analytical solution.

Figure 4.2: Normal modes of the vibrations of a circular membrane depending on both r and ¢

for Example 4.2, when n = 0.

Example 4.3. Let us consider the Example 4.2 with the initial shape defined by f(r,0) =
r(1 = r*)cos(9). From the initial shape, we obtain only n = 1 (see Table 4.1) because
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Table 4.5: The comparison results for Example 4.2 between DTM solutions and analytical solu-

tions at the initial time.

Qnm r DT™M Analytical | |[DTM-Analytical

0 2.73318 | 2.73318 0

ap1 = 2.40483 | 0.10 | 2.69381 | 2.69381

0.20 | 2.57739 | 2.57739
0 0.97143 | 0.97143

ap2 = 5.52008 | 0.10 | 0.89827 | 0.89827

0.20 | 0.69722 | 0.69722 1.11022 x 1016
0 0.34438 | 0.34438 0

ap3 = 8.65373 | 0.10 | 0.28286 | 0.28286 0

0.20 | 0.13093 | 0.13093 2.77556 x 10~17

0
0
0
0

Apm =0, whenn =0 and n > 1, and B,,, in Eq.(2.49) is always zero. The initial values
G(0) = Ay, G(1) = 0,Q(0) = 1,Q(1) = 0, W(0) = 0 and W (1) = ‘“Tm Then, we obtain the
series solutions in Egs.(4.32), (4.33) and (4.34) as follows:

OL2 t2 Oé4 t4 OLG t6 a8 t8 al() tl()
= A 1— 1m 1m L 1m 1m | 1m L B
ot 1’”( Sl 720 T 40320 3628800
02 ot ¢ 98
oL |y AR, Vi fcexcrar i ‘g’
0 (0) 5 20 720 T 10320
a1 Oé:fm’l"3 a‘?mr5 Oé{m’f"? a?mrg Oé%,ln’l"ll
Wim (1) = (= 5 = oE
2 16 384 18432 ' 1474560 176947200

where A, are calculated by Eq.(2.44) and ai,, is the mth positive zero of J; as shown

in Table 4.3. Therefore, the series solution of vibrations of a circular membrane is

U(T', 0) t) =] Z qn(g) Z Wrpm, (T)gnm (t) =q1 (9) Z Wim (7')glm (t)
n=0 m=1 m=1
6> 6 3 9
= (15 +5; )| (1915867 — 3.51607,° + )(0.964141 = 7.077761° + )

— (3.50787 — 21.58117% 4 - --)(0.387905 — 9.54606t> + - - - )
+ (5.80997 — 98.056473 + - - - )(1.3701 x 10% —9.24954 x 109> +---) —--- |.
The analytical solution of a circular membrane in this example is

S 8am=] Q1m *2J A1,
U(T,o,t) :COSHZ ( 1 3a(:13 1J22)(a1m)4( 1 ))

J1(a1mr) COS(a1mt)

m=1

= €056 [0.96414.7; (3.83171r) OS(3.83171¢) — 0.387905.J1 (7.01559r) COS(7.01559¢t)

+1.3701 x 10%.J;(11.6198r) cOS(11.6198¢) — - - - |

Figure 4.3 shows the motion of the series solution for the first term (m = 1,011 =
3.83171), the second term (m = 2, a;2 = 7.01559) and the third term (m = 3, a3 = 10.1735)
at the initial time.
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As show in Table 4.6, the approximate series solutions of the vibrations of a cir-
cular membrane obtained by using the DTM are compared with the analytical solution.
The results given in Table 4.6 showed that, the series solutions obtained by the DTM

are equal to the analytical solutions.

Figure 4.3: Normal modes of the vibrations of a circular membrane depending on both r and ¢

for Example 4.3, when n = 1.

Table 4.6: The comparison results for Example 4.3 between DTM solutions and analytical solu-

tions at the initial time.

0 0 T 27

r DTM Analytical DTM Analytical DTM Analytical

0 0 0 0 0 0 0
a1l = 3.83171 | 0.01 | 0.01847 0.01847 -0.01847 | -0.01847 | 0.01847 0.01847
0.02 | 0.03692 0.03692 -0.03692 | -0.03692 | 0.03692 0.03692

0 0 0 0 0 0 0
a2 = 7.01559 | 0.01 | 0.01036 0.01036 -0.01036 | -0.01036 | 0.01036 0.01036
0.02 | 0.02715 0.02715 -0.02715 | -0.02715 | 0.02715 0.02715

0 0 0 0 0 0 0
a3 =10.1735 | 0.01 | 0.00856 0.00856 -0.00856 | -0.00856 | 0.00856 0.00856
0.02 | 0.00170 0.00170 -0.00170 | -0.00170 | 0.00170 0.00170

Qnm

Example 4.4. Let us consider the Example 4.2 with the initial shape defined by f(r,0) =
r(1 —r*)cos(26). From the initial shape, we obtain only n = 2 (see Table 4.1) because
A =0, when n =0,1and n > 2, and B,,, in Eq.(2.49) is always zero. The initial values
are G(0) = Ao, G(1) = 0,Q(1) = 0,Q(1) = 0,W(1) = 0 and W (2) = O%" Therefore, the
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series solution of vibrations of a circular membrane is

oo

u(r,6,t) an anm 7)Gnm (1) = q2(0 Zu&m 7)g2m (t

m=1

264
<1 — 207 + 5 - > [(0.641953r2 — 1.410947* 4 ---)(1.1876 — 15.6612 + - - - )
— (1.0521672 — 6.21209r* 4 - --)(0.145193 — 5.14345¢% + - - -)

+ (1.45248r2 — 16.3427r* 4 ---)(0.197975 — 13.3653t% + ---) —--- |.

where A,,, are calculated by Eq.(2.44) and as,, is the mth positive zero of .J, as shown
in Table 4.3.



Chapter 5
Conclusions

In this section we will summarize all the main results obtained from the two

problems research, which are as follows:

5.1 Composite transform formulae for differential transformation
method with application to the nonlinear plane autonomous

systems

In the first problem, the MsDTM combined with our new formulae have been
successfully applied to solve nonlinear plane autonomous systems. Three different
examples were solved and the series solutions of the DTM and the MsDTM were ob-
tained. These are compared with the analytical solutions calculated by the phase-plane
method in the first example and compared to the vector fields flow directions in the
second and the third examples. The results of the MsDTM were more similar to the
analytical solution and to the vector field flow direction than the DTM results. There-
fore, this method based on our new transformed functions is a reliable and efficient

mathematical tool for solving nonlinear plane autonomous systems.

5.2 Differential transformation method for circular membrane

vibrations

In the second problem, the importance of the differential transformation method
(DTM) lies in the initial values of the recursive formulas derived from the conversion
of the ODEs problem, and the recursive formulas used to find the coefficients of the
series solution of the problem. In this work, solving of the vibration problem of a circu-
lar membrane, the initial values of the recursive formulas can be calculated from the
coefficients of the Fourier-Bessel series which is in the integral form of the initial shape
of the membrane. The comparison of the DTM series solutions and the analytical solu-
tions show that these are the same, hence it follows that the DTM method is suitable
for this type of problems. Moreover, we consider that DTM is easier to use from the

programming point of view.

5.3  Suggestions

In future research, we may apply our new transform formulae studied in the
first problems to other problems aside from nonlinear plane autonomous systems and

try to derive other transform formulae besides our 8 composite transform formulae.
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The second problem, the some cases of the nonlinear vibrating circular membrane
problems are difficult to be unsolvable analytically, we intend to modify and apply
the steps of the DTM method presented in this work to these problems, in a future
research.
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DIFFERENTIAL TRANSFORMATION METHOD FOR
CIRCULAR MEMBRANE VIBRATIONS
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Abstract

The purpose of this research is to present the steps of one-dimensional
differential transformation method (DTM) to find the series solutions for the
vibrations of a circular membrane under the specified initial and boundary
conditions. The problems will be studied in the both cases of vibrations de-
pending only on radius and of the vibrations depending on both radius and
angle. We illustrate four examples of problems which the exact solutions can
be solve analytically and compare them to the DTM results, to show that the
DTM is reliable and of high accuracy. This work shows that the DTM is eas-
ier to use than the analytical method from the point of view of programming.

2000 Mathematics Subject Classification: Primary: 35L05, Secondary:
35120

Key words: analytical solution, approximate series solution, differential
transform method, vibrations of a circular membrane.

1 Introduction

Circular membranes are important parts of drums, pumps, microphones, and
other devices. This accounts for their great importance in engineering. We con-
sider the case when the circular membrane is plane and its material is elastic, but
offers no resistance to bending (this excludes thin metallic membranes). Then the
vibrations of the circular membrane is given in the form of two-dimensional wave
equation in polar coordinates,
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a2~ NorTrar T o
u(R,0,t) = 0 for all t > 0,u(r,0,0) = f(r,0),u(r,6,0) = g(r,0).

Pu 2 <82u 10u 1 82u>
’ (1)

where 0 <r < R,0< 6 < 2m,¢* = T/p in term of the membranes tension 7" and
density p, R is a radius of a membrane, a membrane is fixed along the boundary
circle radius R, f(r,0) is the initial shape at time ¢t = 0 and g(r, ) is the initial
velocity (see [4]).

The differential transformation method (DTM) is an alternative procedure for
obtaining an approximate Taylor series solution or the semi-analytical solution of
differential equations. The main advantage of this method is that it can be applied
directly to nonlinear differential equations without the requiring linearization and
discretization. The concept of the DTM was introduced by Zhou [10], who solved
linear and nonlinear problems in electrical circuits and many other problems re-
lated to differential equations (see also [3], [5], [6], [7], [8] and [9])

In the present paper, we will show how to extend the method of differential
transformation to the problem of vibrations of a circular membrane. The com-
putation consists of three steps. The first step is using the method of separation
of variables to obtain ODEs from the wave equation in Eq.(1). The next step is
applying the DTM to ODEs from the previous step to obtain recursive relations.
The last step is to find the coefficients of the series solutions for ODEs using the
recursive relations.

The present paper has been organized as follows. In the section 2, the one-
dimensional differential transformation method is introduced, and the Fourier
Bessel series are described. In the section 3, the analysis of the method for the
vibrations of a circular membrane both the vibrations depending on only radius
and the vibrations depending on both radius and angle are described, as shown
in subsection 3.1 and subsection 3.2, respectively. Four examples of vibrations of
a circular membrane with different conditions corresponding to the three steps in
the section 3, have been presented in the section 4. The conclusion is given at the
end of the paper in the section 5.

2 Preliminaries

The basic definitions and fundamental operations of the differential transform
are introduced as follows.
2.1 The one-dimensional differential transformation

Definition 1. The one-dimensional differential transform of the function x(t) is

defined as

km
X (k) = % [ddtét)}  keTtu{o). )
t=0
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In Eq.(2), z(t) is called the original function and X (k) is called the transformed
function.

Definition 2. The inverse one-dimensional differential transforms of X (k) is

defined as
v(t) = 3O X, 3)
k=0

that is,

X Lk kl'
o =2 {d dt,@} . (4)
k=0 t=0

FEquation (4) implies that the concept of differential transformation method is de-
rived from Taylor series expansion. Actually, in concrete applications, the func-
tion x(t) is expressed by a truncated series and Eq.(3) becomes

N
o(t) = > X (k)t*. (5)
k=0

The fundamental operations of one-dimensional the DTM are shown in Table

Table 1: The fundamental operations of one-dimensional DTM.

Original function () Transformed function X (k)
z(t) £ y(t) X (k) £ Y (k)
Az (t) AX (k)
z(t)y(t) Yorso X (MY (k—17)
SO0, | B, 3 XY= Z (k1)
& it ATk + v)

2.2 Fourier-Bessel series

The series solutions of the presented problems consist of the coefficients of the
Fourier-Bessel series corresponding to the Bessel functions of the first kind (see
also [1]). The following theorem explain the meaning of the Fourier-Bessel series
based on the orthogonality relations.

Theorem 1 (Orthogonality of the Bessel Functions [3]). For each fized nonneg-
ative integer n the sequence of the Bessel functions of the first kind Jy,(hyir),
In(hnar), ... with hpy = apm/R where aym is the mth positive zero of Jp, (m =
1,2,3,...), forms an orthogonal set on the interval 0 < r < R with respect to the
weight function r, that is

/R T (hpmt)In(hnjr)dr =0 (§ # m,n fized). (6)
0
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The Fourier-Bessel series for vibrations of a circular membrane independent of
angle in subsection 3.1 corresponding to J,, (n fixed) is f(r) = > oo | Apmdn(Rnmr),
(with Ay = um/R). Here the coefficients are

2 R
Apm = 55— d 7
= Ty o Tl M)
(= (hmr)* .
where Jp,(hnmr) = Y 12 2\ (1 1)1 is the Bessel function of order n of the

first kind and ayy, is the mth positive zero of J,,, (m =1,2,3,...),

The Fourier-Bessel series for vibrations of a circular membrane depending on
both radius and angle in subsection 3.2 corresponding to .J,, is

Z Z ' 3y, ( nm €0s(nf) + Bpm sin(n&)).
n=0m=1

Here the coefficients are

2
v .\ / / f(r,0)Jn(hpmt) cos(n)rdrds, (8)

TR2J2 () JnJrl Qnm)

2
Bnm m/ / f 1) 6 ( nm?”) sm(nﬁ)rdrde (9)

( ) (hnm'f')2l+n
where Jy (hnmr) = 372, 22+n]l(n, 4 1)!

first kind and g, is the mth positive zero of J,;(n =0,1,2,....m =1,2,3,...).

is the Bessel function of order n of the

3 Analysis of method

In this section, we will show how to use the DTM to the problems of vibrations
of a circular membrane. The presented problems include the vibrations of a circu-
lar membrane independent of angle studied in subsection 3.1 and the vibrations
of a circular membrane depending on both radius and angle studied in subsection
3.2.

3.1 Vibrations of a circular membrane independent of angle 6.

In this section, we consider a circular membrane of radius R which is fixed
along the boundary circle, the initial shape f(r), and assume that the initial
velocity g(r) is equal to zero. The model of the problem is

0%u %u  10u
o - (ar +ra7«>’ (10)

u(R,t) =0 for all t > 0, u(r,0) = f(r),u(r,0) = 0. (11)
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The calculation consists of the following three steps.

Step 1 By the method of separation of variables, we obtain two linear ODEs form
the wave equation in Eq.(10).
The method of separation of variables uses the substitution

u(r, t) = w(r)g(t). (12)
Differentiating Eq.(12), we obtain

0%u d’g Ou  dw 3 Pu - dPw (13)
— =w—,— =—¢, and =— = ——g.
o2 _Varor — dr T M o T ar2?

By substituting Eq.(13) into Eq.(10), we obtain

&g (| dPaw ldw

rdr
Dividing the result by c?wg, we have
1 d? 1 {d*w ~1dw
p ) (SN (15)
cg dt w \ dr r dr
The variables are now separated. Hence, both sides are independent and this can

only be so if they are equal to a constant. This constant must be negative in order
to obtain solutions that satisfy the boundary condition without being identically

zero. Thus,
1 d?¢g 1 ({dw ldw
= S AN A IANEL p2 1
g dt? w (er X rdr "A (16)
Eq.(16) gives the two linear ODEs,
d2
3+ Mg = 0 A = i, (17)
w  1d
by defining s = hpmyr we reduce d—g) + fd—w + h2,,w = 0 to the Bessel equation,
r rdr
that is )
d“w dw
2 2, —

Step 2 We apply the differential transform method to ODEs in Eqs.(17) and (18)
to obtain the recursive formulas.

Applying the fundamental operations of DTM in Table 1 to Eqgs.(17) and (18),
respectively, we obtain

NG (k)

G(k+2):_(k;+1)(k+2)

(19)
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k
Dol —2)(k =1+ 1)(k—1+2W(k—1+2)+
=0
B . (20)
Do)k =1+ D)W (k—1+1)+ Y 6(1—2)W(k—1)=0,
1=0 =0
with the initial values G(0) = A, G(1) = 0, (0) = 1 and W(1) = 0, where
Apm are the coefficients of the Fourier-Bessel series in Eq.(7).

Step 3 Using the recursive formulas in Eqs.(19) and (20) we find the coefficients
of the series solutions of the Egs. (17) and (18), respectively.
To find the series solution of Eq.(17), we substitute into Eq.(19), then we obtain

G@2) =- 25 = - 2‘1 NN W A= »TG =X
G4) =~ 19 3 od G(5) = iy ~ 0,
G(6) 30 720 G 42 0

where, G(0), G(1),G(2), ... are the coefficients of the series solution.
Hence, we obtain the solution corresponding to Eq.(17), by substituting A,,, =

Qnm,

R b

R? 3R* 45R6 315R8

2¢202 12 92¢4ad 1t ABab 16 26808 8
gnm(t):Anm<1_ " A e (Pt - Cnmi_f4 '(21)

To find the series solution of Eq.(18), we substitute k£ = 1,2, ... into Eq.(20) and
we obtain

k=1; 60-2)1=0+1)1—-0+2)W(1—0+2)+
50-1)(1—-04+1D)WA=0+1)+
S0—2)WA—0)+01—-2)1—1+1)1—1+2)W(1—1+2)+
S1-1DA—-14+DWA-14+1)+61-2W(1—-1)=0
W(1)=0

k=2, W(2) = *M;(O) = *i’ k=3 W(3)= *Mg(l) =0

k=4; W(4) = _?/6(2) = 6i4, k=5 W(5)= _V2V5(3) =0

Since, W (k) = %{2) k=2,3,4,..or W(k+2) = m k=0,1,2,3,...

and W (0), W (1), W (2),... are the coefficients of the series solution. Hence, we
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obtain the series solution corresponding to Eq.(18), by substituting s = hp,r =
Onm

R
4R? 64R*  2304R6  147456R8  14745600R10
Therefore, the series solution of vibrations of a circular membrane is
oo o0
ZCQOJ%mtz a,zlmTQ
U(T;t) = Z wnm(r)gnm(t) = Z Anm(l T/ 782 +- ) (1 T TUR? + - '),
m=1 m=1

(23)

where A, are the coefficients of the Fourier-Bessel series corresponding to J,
which can be calculated by Eq.(7) and ay,, is the mth positive zero of J,.

Next, let us consider the general case, when the solution can also depend on angle
6.

3.2 Vibrations of a circular membrane depending on both radius
and angle.

We now consider a circular membrane of radius R which is fixed along the
boundary circle, with the initial shape f(r,#), and the initial velocity g(r, ) equal
zero. The model of the problem is

Pu 0% 10u 1 8%
@—C<W+;zﬁwﬁ ’ (24)
w(R,0,t) =0 for all t > 0,u(r,0,0) = f(r,0),u(r,0,0) = 0. (25)

The calculation consists of the following three steps.

Step 1 Three ODEs form the wave equation in Eq.(24) using the method of
separation variables.
We define a solution in the method of separation of variables,

ulr, 8,8y = 2 0)g1). (26)
Differentiating Eq.(26), we obtain
0%u d’g Ou 0z 0*u 0%z q Pu 0%z (27)
s =25, — =70, =5 =75gand — = ——g.
o~ “a or ~ or? oz T 92 M g2 T 902Y
Substituting Eq.(27) into Eq.(24) gives

d?g o[ 0% 1 0z 1 9%
_— = _— —_— - . 2
ar = C <8T29+r2 8rg+r2(992g (28)

Dividing both sides by ¢?zg yields

1 d?¢q 1({0%% 10z 10%
S T 2
g dt?2 2 <8r2 + r2 or * r2 062 (29)
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The variables are now separated. Hence, both sides must equal a constant, that

is
1 d%¢g 1({0%°% 10z 10°%
S A At —h? 30

g dt? 2 (37“2 + r2 Or + r2 092 nm? (30)

Eq.(30) gives an ODE and a PDE, as follows:

d2
W +22 9=0, Am = chum (31)
0%z 10z \1 0% 9

or? +18r+r2892+h

The PDE as Eq.(32) can be separated by substituting z = w(r)q(#) and its deriva-
tives into Eq.(32), we obtain

=0. (32)

d?w 1 dw 1 d%
dr2q+rdrq+a W+hiqu:0. (33)

On the both sides, multiplying by 7%/wq and then rearranging the equation, we

obtain
1 d%q 1 od?w  dw !
qd92__a<’” N 7~> i (584)

The variables are now separated. The expressions on both sides must equal a
constant, that is

1d%q L yd*w dw 9 9
qd92__5<rﬁﬁ+ I ey = (35)

Eq.(35) gives two ODEs, as follows:

d2
02 +n%q =0, (36)
d*w dw
2 2 2 2 _
T W—%—T%—l—(hnmr —n)w—O, (37)

Eq.(37) is known as the Bessel equation of order n where n = 1,2,3,.... The
nonnegative integer n in Eqs.(36) and (37) depends on the initial shape as shown
in Table 2.

Table 2: The values of nonnegative integer n corresponding to given initial shape

f(r,0), and the initial values G(0), G(1), Q(0) and Q(1).

Initial shape f(r,0) Value of n | G(0) | G(1) | Q(0) | Q(1)
w(r) 0 Aom 0 1 0
w(r)sin(NO), N =0,1,... N Bym 0 0 N
w(r)cos(NO),N =0,1,... N ANm 0 1 0
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Step 2 We apply the differential transform method to ODEs in Egs.(31), (36)
and (37) to obtain recursive formulas.
Taking the DTM of Egs. (31), (36) and (37),respectively, we obtain

_ —Gk)
Gk+2) = —m, (38)
)
QU+2) =~ k1) (39)
k
n*W(k) =" 60 —2)(k—L+1)(k—1+2)W(k - I+2)+
=0 (40)

(67

k
SU—1)(k— 1+ )Wk =14+1)+ é;" > al—=2)W(k—1).
=0

M=

N
Il
(=)

Step 3 Using the recursive formulas in Eqgs.(38), (39) and (40) to find the coeffi-
cients of the series solutions of ODEs.
Substituting k£ = 0, 1,2, ... into Eq.(38), we obtain

—)\2 VARV

G(2) = —A%G_(Ol’ G(3)=~— /\mréG(l) — 0,

9 ="y, s ¢ S0 =N e =
- _)‘%mG(4) 2 )‘%mG(O) | _A%mG(E)) '

WOF S i@ (=5 . /)

where, G(0),G(1),G(2),... are the coefficients of the series solution. Hence, we
obtain the solution corresponding to Eq.(31),

) = co)1 CQQ%th n c4aflmt4 cﬁagmt6 + cga%mtg (41)
Inm b} = 2R 24R% ~ T720RS ' 40320RS ‘

where the values of G(0) depend on the initial shape, as shown in Table 2.
Substituting k£ = 0, 1,2, ... into Eq.(36), we obtain

Q) = -4, Q@ = -9,
_ _nG(2) _n'Q(0) _ QB _n'Q()
QW=7 =% QB =""50 = "0
n’Q(4) _ _n*Q(0) n’Q(5) _ _n°Q()
QO =" =770 = D=""% =



342 Jaipong Kasemsuwan, Sorin Vasile Sabau and Uraiwan Somboon

where, Q(0),Q(1),Q(2), ... are the coefficients of the series solution. Hence, we
obtain the solution corresponding to Eq.(39),

n*Q(0) » n*Q(1) 5 n*Q0) 4  1*Q(0)
_ _ . g 05— . (42
() = Q) +Q(yg -2 g2 W g D e, L (42)
Substituting k£ = 1,2, 3, ... into Eq.(37), we obtain
2
=1 n? — —p _ G (0)
E=1; »*W(1)=W(1), k=2, W(2)= 24
2 2
¥ W (1) W (2)
k=3 W)=, b=t W) =S,
2 2
Y 4 _an,W(3) s o, W(4)
k=55 W(3)= Zp L, k=65 W(6) =3,
2 2
. O‘an(k 7 2) OéanUC)
Since, W (k) e vhk=12,3,4,...; or W(k+ 2) w2 (b2
0,1,2,.... Hence, we obtain the solution corresponding to Eq.(40),
Wiy (1) = W(0) + W (L)r + W(2)r? + W(3)r® + - - (43)

Therefore, the solutions of vibrations of a circular membrane is

u(r, 0, t) = Z Z wnm(T)Qnm<t)Qn(9)

n=0m=1

la i f: G(0) (W(O) +W(A)r + W@y + - )

n=0m=1 (44)
cZOz,%th c4aflmt4
< " 3Rz T 24R! _>
2 2
(Q(o) + Q1o — = 6’3(0)92 el %“)03 ’ )

where the values of G(0) depend on the initial shape function, it can be A,
or By, (see Table 2), here A,,, and B, are calculated by Eqs.(8) and (9),
respectively, and «y,, is the mth positive zero of J,,.

The following shows the calculations of A, and B,,, corresponding to the
value of nonnegative integer n. Let us recall Egs.(8) and (9), we have

2 2m R
Apn = / / f(r,0)Jp(hpmr) cos(nb)rdrdd, and
AT (cmn) Jo o (7, 6)Jn(hnm) cos(nd)

2 /27r /R .
T f(r,0) T (hpmr) sin(nb)rdrdd,
WR2J72L+1(04nm) 0 0 ( ) ( ) ( )

As we can see Egs.(8) and (9) consist of the integral forms of the initial shape
function f(r,0) = w(r)q(r). Here, we illustrate the three cases of ¢(0) i.e., (i)
q(0) =1 (ii) ¢(#) = cos(NO) and (iii) ¢(f) = sin(IN), here the calculations of
Aym and By, are as follows:

Bnm =
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1. If ¢(#) = 1, then f027r cos(nf)df = 0 for N < 1 except n = 0. Thus A,,, are
available for n = 0. That is Ag,, are obtainable when ¢(f) = 1.

2. If q(0) = cos(NO),N =0,1,2, ..., then fo% cos(N@) cos(nh)df = 0 forn # N.
Thus Ay, = 0 when n # N. Besides f027r cos(N0) sin(nh)dd = 0 for all n.
Thus B, = 0, for all n. Therefore A, are available for n = N. That is

Anm are obtainable when ¢(0) = cos(N6),N =0,1,2,....

3. If ¢(0) = sin(NG), N = 0,1,2,..., then fo% sin(N0) cos(nf)df = 0 for all n.
Thus Ay = 0, for all n. Besides fo% sin(N0) sin(nf)dd = 0 for n # N.
Thus By = 0 when n # N. Therefore By, are available for n = N. That
is By, are obtainable when ¢(6) = sin(N9), N =0,1,2, ....

As summarized in the Table 2, if we know the value of n then we obtain the initial
values G(0), G(1),Q(0),Q(1), and the similar for the initial values of the recursive
relation in Eq.(40). Observe that W(k),k = 0,1,2, ... also depend on the value of

n as shown in Table 3.

Table 3: The initial values W (k),k = 0,1, 2, ... depending on n of Bessel equation

in Eq.(37).

Value of n | W(0) | W(1) | W(2) | W (3) Wn=1) | W(n)

0 0
Qim
1 5 {
9 0 2m
3 g X3m
48

’ Onm
n 0 gl

Table 4: The values of ay,;,, where the mth is positive zero of Bessel function J,.

m 1 2 3 4 5 6
n
0 2.40483 | 5.52008 | 8.65373 | 11.79153 | 14.93092 | 18.07106
1 03.83171 | 7.01559 | 10.1735 | 13.3237 | 16.4706 | 19.6159
2 513562 | 8.41724 | 11.6198 | 14.796 | 17.9598 | 21.117
3 6.38016 | 9.76102 | 13.0152 | 16.2235 | 19.4094 | 22.5827
4 7.58834 | 11.0647 | 14.3725 | 17.616 | 20.8269 | 24.019
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4 Applications

In this section, four examples of the problem are illustrated corresponding to
the method in the previous section. Example 1 shows the vibrations of a circular
membrane independent on angle corresponding to the problem in the subsection
3.1. Examples 2, 3 and 4 show the vibrations of a circular membrane depending on
both and angle corresponding to the problem in the subsection 3.2. The accuracy
of the method is assessed by data value comparisons with the analytical solutions.

Example 1. Consider the problem of vibrations of a circular membrane depending
on radius in Eqs.(10) and (11) with radius 1, ¢ = 2, the initial shape f(r) = 1—1r?
and the initial velocity equal to zero. Hence, the series solutions in Fgs.(21) and
(22) are as follows:

som(t) = Ao~ 202 124 205,67 4af 1% 205,85 “dag) "

™ m ™ 3 45 315 14175 ’
ool 2 BTN St 7y) Bl X

¥ 4 64 2304 147456 147456000 ’

where Ay, are calculated by Eq.(7) and com s the mth positive zero of Jy as shown
in Table 4. Therefore, the series solution of vibrations of a circular membrane is

u(r,t) = Z Wom (7")gom (t)
m=1

0 2 2 4 4 4 44
B QT Qo 9 4o 200t
_mE A0m<1_ Zj + 67?1 —--~>(1—2a0mt +?:71_...>
= (1 — 1.44558¢% 4 0.552586r% — -+ )(1.10802 — 12.8158t% + 24.7055t* — - - - )—

— 7.61782)r% +14.50787% — - --)(0.139777 — 8.51839¢t% + 86.5221t* — - - - )+
1 —18.722r2 + 87.6281r1 — .- )(0.045476 — 6.81119t> 4+ 170.025t* — ---) —

The analytical solution of a circular membrane in this example is

u(r,t) =Y AmJo(cmr) cos(20mt) = 1.10801.J5(2.40483r) cos(4.80966t) —
m=1

0.13978.J0(5.52008r) cos(11.04016t) + 0.04548.1(8.65373r) cos(17.30746t) — - - - .

Figure 1 shows the motion of the series solution for the first term (m =
1,01 = 2.40483), the second term (m = 2,ap2 = 5.52008) and the third term
(m = 3, ap3 = 8.65373) at the initial time.
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(@) a, =2.40483 (b) &, =5.52008 ©) a,, =8.65373

Figure 1: Normal modes of the vibrations of a circular membrane independent of
the angle for Example 1.

Example 2. Consider the problem of vibrations of a circular membrane depending
on both r and 0 in Egs.(24) and (25) with radius 1, ¢ = 1, the initial shape
f(r,8) =1 - r* and initial velocity equal to zero. From the initial shape, the
nonnegative integer n can only be zero (see Table 2) because Apy = 0 when
n > 1 (i.e., Aom # 0) and Bpm in Eq.(9) is always zero. The initial values are
G(0) = Aom, G(1) = 0,Q(0) = 1,Q(1) =0,W(0) =1 and W (1) = 0.

Hence, we obtain the series solutions corresponding to Eq.(41), (42) and (43), as
follows:

2 (42 4 44 6 46 8 18 10 410
ant ag,t ag,t ap,t ap b
Jom AO (1 _ 0m Om”  =0m om® 0om ¥ 4 )

2 24 720 40320 3628800
q(0) =1

won(r) 1 Bon? | O @B eb® e
m 4 64 2304 147456 147456000 '

where Ao, are calculated by Eq.(8) and agm, is the mth positive zero of Jy as shown
in Table 4. Therefore, the series solution of vibrations of a circular membrane is

7' 0, t ZQn Z wnm(r gnm(t Z w0m<r gOm

=(1- 1.4458r + 0.5225867‘ —)(2.73318 — 7.903282%2 + 3.80886t1 — - )—
(1 —7.61782r% + 14.5078r* — --.)(0.971432 — 14.8004¢> + 37.5822t* — ... )+
(1 —18.721872 + 87.62617% — - --)(0.344381 — 12.8948t> + 80.4712t* — ... ) — .-

The analytical solution of a circular membrane in this example is
o0
16 J: 2J.
u(r 0,6 = 3 (om 2(04077;) 3(com))
= o, JZ (aom)
= 2.73318.J(2.40483r) cos(2.40483t) — 0.971432.Jy(5.52008r) cos(5.52008¢ )+
0.344381.Jy(8.65373r) cos(8.65373t) —

Jo(comT) cos(agmt)
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Figure 2 shows the motion of the series solution for the first term (m =
1,01 = 2.40483), the second term (m = 2,ap2 = 5.52008) and the third term
(m = 3, ap3 = 8.65373) at the initial time.

(a) c,y =2.40483 (b) &, =5.52008 (©) @, =8.65373

Figure 2: Normal modes of the vibrations of a circular membrane depending on
both r and 6 for Example 2, when n = 0.

Example 3. Let us consider the Example 2 with the initial shape defined by
f(r,8) =r(1 —r*) cos(0). From the initial shape, we obtain onlyn =1 (see Table
2) because App = 0, when n =0 and n > 1, and By, in Eq.(9) is always zero.
The initial values G(0) = A1, G(1) = 0,Q(0) = 1,Q(1) = 0,W(0) = 0 and
wQ1) = %@. Then, we obtain the series solutions in Fqs.(41), (42) and (43) as
follows:

2 42 4 44 6 46 8 48 10 410
i = A (1 B at,,t . Ot D ot - af,,t ot d.. )
m m

2 24 720 ' 40320 . 3628800
92 g1 b g8
) =1 — — Moy “Llfe oft.
@ (0) 5 T34 720 " 10320
w (’[“) _ AT o ai’mTS + (I?WL’I"5 = aImT7 + a?mrg B a%}nrll + L
Lm 2 16 384 18432 | 1474560 176947200 !

where A1y, are calculated by Eq.(8) and oy, is the mth positive zero of Ji as shown
in Table 4. Therefore, the series solution of vibrations of a circular membrane is

u(r,0,t) = Z qn(0) Z Wi () gnm (t) = q1(0) Z W1 (1) g1m ()
n=0 m=1 m=1
62
= (1 —g o ) [(1.915867“ — 3.51607r3 +-)(0.964141 — 7.07776t> + - - - )—

(3.5078r — 21.58117° 4 - --)(0.387905 — 9.54606t + - - - )+

(5.80997 — 98.05647> 4 - - )(1.3701 x 10% — 9.24954 x 1092 4+ ---) — - ..
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The analytical solution of a circular membrane in this example is

> 8(aimJs(arm) — 2J4(1m
u(r,0,t) = cosf Z (o Z(% 1J22>(041 )4( im)) Ji(aimr) cos(aimt)
m=1 m m

= cos 0 [0.96414J1(3.83171r) cos(3.83171t) — 0.387905.J; (7.01559r) cos(7.01559¢)+

1.3701 x 10%J1(11.6198r) cos(11.6198¢) — - - - |.

Figure 3 shows the motion of the series solution for the first term (m =
1,001 = 3.83171), the second term (m = 2,aq19 = 7.01559) and the third term
(m = 3,33 = 10.1735) at the initial time.

As show in Table 5, the approximate series solutions of the wvibrations of a
circular membrane obtained by using the DTM are compared with the analytical
solution. The results given in Table 5 showed that, the series solutions obtained
by the DTM are equal to the analytical solutions.

(a) a, =383171 (b) a, = 7.01559 (©) a, =10.1735

Figure 3: Normal modes of the vibrations of a circular membrane depending on
both r and 6 for Example 3, when n = 1.
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Table 5: The comparison results for Example 3 between DTM solutions and
analytical solutions at the initial time.

% 0 T 2w

Gnm r DTM | Analytical DTM Analytical | DTM | Analytical

0 0 0 0 0 0 0
air = 3.83171 0.01 0.01847 0.01847 -0.01847 | -0.01847 | 0.01847 0.01847
0.02 0.03692 0.03692 -0.03692 -0.03692 0.03692 0.03692

0 0 0 0 0 0 0
a2 = 7.01559 0.01 0.01036 0.01036 -0.01036 | -0.01036 0.01036 0.01036
0.02 0.02715 0.02715 -0.02715 -0.02715 0.02715 0.02715

0 0 0 0 0 0 0
a3 = 10.1735 0.01 0.00856 0.00856 -0.00856 | -0.00856 | 0.00856 0.00856
0.02 0.00170 0.00170 -0.00170 | -0.00170 | 0.00170 0.00170

Example 4. Let us consider the Example 2 with the initial shape defined by
f(r,8) =r(1—r*) cos(20). From the initial shape, we obtain only n = 2 (see Table
2) because Apy =0, when n = 0,1 and n > 2, and By in Eq.(9) is always zero.
The initial values are G(0) = Ay, G(1) = 0,Q(1) = 0,Q(1) = 0,W(1) =0 and

W(2) = OQTm. Therefore, the series solution of vibrations of a circular membrane

8

U(T, 9, t) . Z Qn(a) Z wnm(r)gnm(t) = Q2(9) Z w2m(r)92m(t)
n=0 m=1

M=}
26
= (1 — 28N K > [(0.641953r2 — 1.410947* +)(1.1876 — 15.6612 + - - - )—
(1.0521672 —6.21209r% + - --)(0.145193 — 5.14345¢% + - .- )+

(1.4524872 — 16.3427r% + - - )(0.197975 — 13.3653t> 4 -+ ) = - - ] :

where Agy, are calculated by Eq.(8) and gy, is the mth positive zero of Jo as
shown in Table /.

5 Conclusions

The importance of the differential transformation method (DTM) lies in the
initial values of the recursive formulas derived from the conversion of the ODEs
problem, and the recursive formulas used to find the coefficients of the series so-
lution of the problem. In this work, solving of the vibration problem of a circular
membrane, the initial values of the recursive formulas can be calculated from the
coefficients of the Fourier-Bessel series which is in the integral form of the initial
shape of the membrane. The comparison of the DTM series solutions and the
analytical solutions show that these are the same, hence it follows that the DTM
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method is suitable for this type of problems. Moreover, we consider that DTM
is easier to use from the programming point of view. Since in the case of the
nonlinear vibrating circular membrane problems are difficult to be unsolvable an-
alytically, we intend to modify and apply the steps of the DTM method presented
in this work to these problems, in a future research.
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student from the Faculty of Science, KMITL.
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Abstract

This work presents a new derivation technique for new differential transform formulae of a product of composite
functions. The new formulae are applied to nonlinear plane autonomous systems to demonstrate their efficiency and reliability.
The approximate series solutions estimated by the differential transform method (DTM) and the multistep differential transform
method (MsDTM) are then compared with the flow direction of the vector fields defined by the original system and an analytical
solution calculated by the phase-plane method. We found that the MsDTM results are in better agreement with the analytical
solution than the DTM ones. Moreover, the MsDTM can be applied to systems whose analytical solutions are unobtainable. The
approximate solutions by the MsDTM have the same direction to the flow of the vector field of the system. It follows that the

proposed new formulae are reliable and efficient.

Keywords: differential transform method, nonlinear plane autonomous systems, multistep differential transform method, phase-

plane method

1. Introduction

Autonomous systems are systems of first-order
differential equations of the form

dx
jzg](xl""’xn)
dx
d—;zgz(xl,...,xn)
dx

=g (X,...,X
dt gn( 1 n)

*Corresponding author
Email address: uraiwan.so@hotmail.com

such that the independent variable does not explicitly appear
on the right hand side of each differential equation. In the case
of n=2, the system is called a plane autonomous system and

V(Xp,%,) = (&1(X,.X,),8,(x,,X,)) is a vector field in the

plane that indicates the movement direction. If the parameter
t is interpreted as time, then X ()= ( x(t), y(t)) indicates the

position of the particle in the plane at time f and a solution of
the system is interpreted as a path of this particle starting from
X(0,0)= (x(O), y(O)) (Zill & Wright, 2014).

The differential transformation method (DTM) is an
alternative procedure for obtaining an approximate Taylor
series solution of differential equations. The main advantage
of this method is that it can be applied directly to nonlinear
differential equations without requiring linearization and
discretization. The concept of the differential transform
method was introduced by Zhou (Zhou, 1986), who solved
linear and nonlinear problems in electrical circuits and many
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other problems related to differential equations (Damirchi &
Shamami, 2016; Mahgoub & Alshikh, 2017; Methi, 2016;
Mirzaee, 2011; Moon, Bhosale, Gajbhiye, & Lonare, 2014;
Patil & Khambayat, 2014).

Although the DTM series solution gives a good
approximation for some problems, in some cases, the series
solution diverges in a wider domain. Due to this reason the
multistep differential transform method (MsDTM) is used.
The MsDTM is based on the DTM, but compared with other
methods it does not need small parameters, auxiliary functions
and parameters, or discretization. In this technique, the
solution domain is divided in subdomains (Ebenezer, Freihet,
Khan & Khan, 2016; Ertirk, Odibat & Momami, 2012;
Odibat, Bertelle, Aziz-Alaoui & Duchamp, 2010; Rashidi,
Chamkha, & Keimanesh, 2011; Zurigat & Ababneh, 2015). In
particular, we are interested in the technique introduced by
Chang (Change & Chang, 2008), to calculate the DTM of
nonlinear functions.

In this paper, a derivation technique of new
differential transform formulae for the product of composite
functions is presented. The computation consists of three
steps. The first step is finding the differential transformation
of the product of two composite functions in the general form
as shown in Equation 3.1. The next step is finding the
differential transformation for the higher order derivative of a
power function as shown in Lemma 3.1. The last step is the
derivation of the new differential transformation shown in
Formulae 1-8, calculated by using the general formulae of
higher order derivatives of composite functions studied in
(Weisstein, n.d.) combined with Lemma 3.1. Then, the new
differential transform formulae obtained are used to transform
the nonlinear plane autonomous systems to find the DTM and
MsDTM approximate solutions of the problem. By comparing
graphically the results, we obtain the approximate series
solutions calculated by the DTM and the MsDTM that have
the same direction with the vector fields flow and they are
also similar to the analytical solution obtained by the phase-
plane method.

Here is the structure of the paper. In section 2, the
one-dimensional differential transformation = method is
described. In section 3, the analysis of the method and new
formulae calculation are proposed. In section 4, the new
differential transform formulae proposed are applied to three
examples of nonlinear plane autonomous systems to show the
reliability and efficiency of the method. The conclusion is
given at the end of the paper in section 5.

2. Basic Definitions and Fundamental Operations of
the One-Dimensional Differential Transform
Method

2.1 Definition

The one-dimensional differential transform of the
function x(t) is defined as

1[d*x(t)
X(k)=—| 22| k>o.
k) k!{ d* }

@.1)

In Equation 2.1, x(t) is called the original function and
X (k) is called the transformed function.

2.2 Definition

The inverse one-dimensional differential transform

of X (k) is defined as

()= X®)(t-t,), 2.2)
k=0
that is,
t to d kx(t)
t ) (2.3)
x( ) kz(; k' { dtk -

Equation 2.3 implies that the concept of differential
transformation method is derived from Taylor series
expansion. Actually, in concrete applications, the function
x(t) is expressed by a truncated series and Equation 2.2

becomes

2.4

x(t) = ZX(k) (t=t,)".

2.3 Fundamental operations

The fundamental operations of the one-dimensional
DTM are shown in Table 1. The multistep differential
transformation method (MsDTM) is advantageous for
applications in physics. For instance, due to small time steps
the MsDTM has a powerful accuracy especially for an initial
value problem (IVP).

Let [0,T] be the interval over which we want to

find the solution of the IVP. In actual applications of the
DTM, the approximate solution of the IVP can be expressed
by the finite series

x(t) =ﬁ:X(k)(t)k, te[0,T]. 2.5)

Let us assume that the interval [0, T] in divided into

n subintervals [t ,t],i=1,...,m of equal step size

h=T/m by using the nodes t, =ih. The main ideas of the

MsDTM can be found in (Odibat, Bertelle, Aziz-Alaoui, &
Duchamp, 2010). In fact, the MsDTM gives the solution in the
form,

X,(), €[0,t,]
*(t) = X, (1), f eft,,t,] (2.6)

X, (1),

t € [tm! tm—] ]s
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Table 1. Fundamental operations of one-dimensional DTM.

Original function x(t) Transformed functions X (k)
x(t) + y(t) X +Y(k)
Ax(t) A
x() y(t) Z;, X(@)Y(k-r)
x(t) y(t) (1) Zk:i)((l) Y(r—1) Z(k—r)
iimo g%%ﬁx&+o

N
where x (t) = Z X, (k)(t— ti)" and the initial condition xl.(k) (1.4) 7 Xflf)l (t. ).
k=0

3. Analysis of Method

This section introduces our derivation technique of the new differential transform formulae for the product of
composite functions derived in Formulae 1-8. To obtain these new formulae, the derivation is shown in the following steps.

Step 1. The differential transformation for the product of two composite functions is represented by f( y(t)) g( y(t)) , which are

the original functions. By the definition given in Section 2.1 of the DTM combined with Leibniz formula, we obtain

1[a — =~ W, d
L OO B e s 0)]
£ i F(1r)G(k=r),

> 3.1

: 1 | d"7
e ro=fET00)| 0=l o)

1=ty t=t,

Step 2. This step finds the differential transformation for the higher order derivative of the power function that is used in
Step 3.

Lemma 3.1.If k,r.mel’ u{O} andlet w=r—m=0,...,rr wherer =0,...,k, m=0,...,r, then

r k w
LAYO 1y koo,
| k! dt -

B k w k ko ky
i—d y(kt) :| = Z Z ."ZY(k1)Y(k2_k1)'"Y(k_kw—1)9 k>0. G2
_k' dt (=t k1 =0k, ,=0 k=0

Proof. Assume that k,r,meFu{O} andlet w=7—-m=0,...,r wherer =0,....k, m=0,...,r

Case k =0; we have 7 =0 and m =0, then 1d°y®° -1
o dr’ |
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Case k > 0; we will prove by mathematical induction. Let P(w) be Equation 3.2.
First, we will show that the statement holds for w=0(, that is

P(0) = {%%} =0.

Next, we assume that the statement is true for w=r —1, that is

P(r—l):{LdkL?”} Z Z ZY(k)Y(k k) Y(k=k,_,).

k! dt k,=0k,_3=0 k=0

We will show that the statement is also true for W = 7. This can be seen as follows

1 d*y(t) 1d
P(r)= {k, o } {k, yra e y(t))}

1< k! d% DK
_|:Ek._0(k kr 1)'k; l' dlk K () k ? y(t) =1,

0

S 149" - 1 de
- t
k;‘[ 'dtk o y(®) (k—k ! P y() /|

= Z Z "iY(kl)Y(kz_kl)"'Y(k—kH).

ko =0k, =0 k=0
Therefore, the statement holds for W= r, and the proof is completed.
Step 3.  The functions f ( y(t)) and g ( y(t)) in Step 1 are considered as the original functions in the Formulae 1-8. To obtain

these new differential transform formulae, the general formulae of higher order derivatives of some composite functions are used
together with Lemma 3.1 in the following calculations.

Formula 1. If f ( y(t)) =’V s the original function, then

A" St DH"r! " =

o= ]t fors LS GO g ]
y(t lm mt r—m

_e O)ZZ( )y( )|:k'dt (y(t)) i|

=0 m=0 (I' m)'m'

t=t,

=,

Yo D"Y™ 0y 1 d*
_e()zz( ) (){k,ﬁ(y(t)) :| .

r=0 m=0 (r— )'m' t=t,
0

where Y(0) = y(t,), and we have used Lemma 3.1 to transform l d* ( (t ))
kvai '
t=t,

Formula 2. If f ( y(t)) = ln( y(t)) , y(t) > () is the original function, then

F(k):%{%ln(y(t))} {a‘ In(y(t)+ Z( b~ [ ] (v ())}

prgl 5 9]

! (k k .
5 In(¥(0))+ D [ ]{I:'jtk( (t))} ,

arY )\
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1 k=0
0, k£=123,..

where (k] — (L are the binomial coefficients, 5k = { and
7

k—r)'r!

{%%(y( ))} =3 3 S vk, Y (k,—k,).. Y(k—K, )

t=t, kg =0k, =0 k=0

Formula 3. If [ ( y(t)) =sin ( y(t)) is the original function, then

e, dr .
(= \(t)[ )!m!y (t)y(y(t)) j‘|

m=0 (r_m

F(k):ki{%sm( (t))} :%{ v 1

t=t, 1=l

&d S DY) AR e
=2 S0 H,% (r—m)m! {k! a0) }
d S (D" YO L dt e
=2 Sind®) 4 2 [k! ) }

where Y (0) = y(t,), and we have used Lemma 3.1 to transform A rom
AT (y( )

1=ty

Formula 4. If f ( y(t)) = oS ( y(t)) is the original function, then

F(k)= %{KCOS(,V())} {Z—.;ws() (Z 4 1) m() (y(t))r ﬂ
Fas r=p() N0

( l)’” ym (t ) r—m
IS {k!dt (36©) }

7

k
= Z . cos(t)
0 dtr

r= =y(ty) M= 0 (r m)'m| t=ty

t g 2 (=D"Y"(0)] 1 dF en
DI D e ) (S PYO)

=dt —¥(0) M0 (r—m)!m! | k! dt r

where Y (0) = y(t,),and we have used Lemma 3.1 to transform ( (t ))’ m
k' dtk

(=t

Formula 5. If f(y(t)) =sinh (y(t)) is the original function, then

-t 22

t=t,

e[ 1
Z—{k!dtk(y(t)) }

31y 10 (r—m)!m!

=D"Y"(0)f 1 d* rom
Z [k!dt" () }

= o

Z(-mym”

[i DL oy ,C(y()) ﬂ
t=y(V) =t

0

k r

= ZO Zf sinh(t)

r

k
d
= E sinh(t
dt” ®

r=0

where Y(0) = y(t,), and we have used 3.1 to transform L d* ( (t )) .
k! dt* =,

t=t,

85
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Formula 6. If f ( y(t)) =cosh ( y(t)) is the original function, then

oo (r—m)!m

o = ;[;’,{cosh(y(t))} =%{ L oshit

' r
i —rldt

D"yt 1 d* v
S or |

o (=t dt rom
t_y(t)[z—!y O—F(») jL

0
r

k
= Z d—, cosh(t)
r=0 dt

=y 0 (r=m)m!
& D)"Y )| 1 d*
_rzz(;df COSh(t)H(O);) (r—m)!m! {k!dt (»®) l,ﬂ

k
where Y(0) = y(t,), and we have used Lemma 3.1 to transform 1 d ( (t )) .
kldr*

Formula 7. If ( y(t)) =/ p(t) is the original function, then

k 1 k 1\ k
F(k>=%{%\/y<t>} =i{ =i AL, g U(y(t)) d—(y())}

o KU 2P+ DE) S G-\ it

— I'(k+ 2) (=D - )
T 2T(k+ DI )Z z—r)[ j Y(0) [ -(»(®) }

=lo

t=t,

where k = L are the binomial coefficients,
r (k — r) Ir!

I'+z)=zI'(z), zel, F(%):\/;, I'n)=m-1)!,neZ", and

r-1

[ﬁ%(y(t))'} =33 SO~ k) YKk ).

2 ko =0k, =0 k=0

Formula 8. If f(y(t)) - L

(1)

Fio- L [dk u k{ z(l (] )md (») }

_ | d" -
=(k+ 1),2(;(1'T1)[VJ(Y(%)) |:W(y(t)) :|t=[

0

is the original function, then

where k — L are the binomial coefficients, and
r) (k—r)i!

k ko

[;,Z (x(t D} =3 S vk YK,k (KK, ).

t=ty =0k =0 k=0

The transformed functions are shown in Table 2.
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Table 2. Transformed functions of some nonlinear functions.

87

Original function f ( y(t))

Transformed functions F' (k)

ey(t)
In(y(t))
sin (y(t))
cos( (1))
sinh (y(t))
cosh(y(t))

yiol

y(®

RO D)"Y ()| 1 d" rom
>y ) L, —r () }

r=0 m=0 (I' m)'m'

1) 1 d*
awre- S o]

( " Y"(t, ){1 d* }

r

k
Z d sin(t)
= dt”

: oy Gt | n

k r myym k

Zdycos(t) ( 1) Y (t) 1 d ()/m

= dt oy e 0 (r—m)!m! ! dt -

k r m k

Zdrsmh(t) ( DY (L) ol ()’m

r=0 dt =Y (ty) M= 0 (r m)'m' k' dt 1=ty

L ( D)"Y (e,)| 1 d" (o)™
Kl -

% a X9 (r m)!m!

Fk+D) < ( ST
21“(k+1)1“(); z—r)U t)) { () }

(=17 45
D; r+1)( J th" () }

t=t,

4. Applications

In this section, we extended the application of the DTM to nonlinear plane autonomous systems. To demonstrate the
formulae introduced in the previous section, three examples are studied here. The accuracy of the method is assessed by graphical

and data value comparisons.

Example 4.1. Consider the following system of nonlinear plane autonomous

x' =
y'=e", for t €[0,1.25],

subject to the initial conditions x(O) =0, y(()) =0.

Applying the DTM of Equations 4.1 and 4.2 and using the initial conditions x(0) =0, y(0) = 0. it follows

X(e+) =— [ Y(o)zz( 1)"1Ym(0){]:'%(y(t))rm} J

r=0 m=0 (I' m)'m'

r=0 m=0 (r m)'m'

Y(k+1)_ ( X(mzz( )" X"(0)

X(0)=0, Y(0)=0.

By substituting £ =0,...,

o] )

11 we obtain the coefficients of the series solution as follows

“4.1)

4.2)
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XM=Y =1, X(2)= Y(2) = % X(3)=Y(3) = % X(4) = Y(4) = i

X(5) =Y<5>=§, X(6) = Y(6) =é, X(7) = Y(7) =§, X(8)=Y(8) :é,
X9 =Y() =é, X(10)=Y(10) :%, XAD=Y((11) =11—1, X(12)=Y(12) =%

Hence, the series solution reads

2 3 4 5 6 7 8 9 10 11 12
y(t)=x(t)=t+t—+t—+t—+t—+t—+t—+t—+t—+t—+t—+—, t€[0,1.25].
2 3 4 5 6 7 8 9 10 11 12

On the other hand, by applying the MsDTM to Equations 4.1 and 4.2 with same initial conditions, it follows

SIS ( S A 1)»:Ym(0){;|%(y(t))rm} }

"m0 (r—m)!m!

=SS S RO gy

mo —m)lm! | k!dt

X,(0)=0,X,(0)=x,,(t,), Y,(0)=0, Y,(0)=y,,(t), i=1,2,3,4,5.
Thus, we obtain the series solution

t+0.5t°+0.333367+0.25t*+ 0.2t°+0.16667 t°+0.14286 t”

+0.125¢° +0.11112° +0.1¢'° +0.0909¢" +0.0833¢?, €[0,0.25]

0.286682 +1.33333(t—0.25) +0.888889(t— 0.25)” +0.790124(t- 0.25)°
+0.790124(t—0.25)" +0.842798(t—0.25)° +0.936443(t—0.25)°
+1.07022(t=0.25)" +1.24859(t—0.25)* +1.47981(t—0.25)°
+1.77577(t—0.25)" + 2.15245(t— 0.25)"' + 2.63078(t— 0.25)"2, 1 €[0.25,0.5]
0.693147 +2(t—0.5) + 2(t= 0.5) + 2.66667(t—0.5)* +4(t—0.5)" + 6.4(t—0.5)°
+10.66667(t—0.5)° +18.2857(t=0.5)” +32(t—0.5)° + 56.8889(t—0.5)°
+102.4(t—0.5)'"° +186.182(t—0.5)"' +341.333(t—0.5)"*, 1€[0.5,0.75]
1.38628+3.99993(t-0.75) +7.99972(t—0.75)* +21.3322(t—0.75)°
+63.9955(t—0.75)* +204.782(t—0.75)° +682.595(t—0.75)° +2340.28(t—0.75)’
8190.85(t—0.75)"* +29122.5(t—0.75)° +104839(t—0.75)"* + 381227(t—0.75)"
+1.39781x10°(t—0.75)"%, ¢ €[0.75,1]

4.05773+57.843(t—1) +1672.91(t—1)> + 64510.45(t—1)° +2.79861x10°(t—1)*
+1.56645x10" (t—1)* +8.05403x 10" (t—1)° +4.19282 x 10" (t—1)"°
+2.20478x10" (t=1)" +1.16903 x 10 (t—1)"?, ¢ €[1,1.25].

YO =x() =

This problem with the initial conditions x(0) =0, y(0) =0 can be solved analytically by the phase-plane method to
obtain the analytical solution y(x) =X . As seen in Figure 1, the approximate series solutions calculated by the DTM and the

MsDTM are the same as the analytical solution and they have the same direction with the flow of the vector fields. Moreover, the
DTM and the MsDTM gave data results similar to the analytical results (Table 3).
However, if we consider the problem with the initial conditions of x(0)=-2, y(0)=1., the analytical solution

obtained is y(x)= In (ex +e— e’z) . The data values of the approximate solutions of the DTM and the MsDTM were compared
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Figure 1. MsDTM: The DTM and numerical solution compared with vector field flow directions.

Table 3. DTM and MsDTM values compared with the analytical solutions.

t x(t) MsDTM Analytical Error
0.2 0.2231436 0.2231436 0.2231436 0
0.4 0.5108257 0.5108257 0.5108257 0
0.6 0.9162908 0.9162908 0.9162908 0
0.8 1.6094160 1.6094160  1.6094160 0

t x(t) DTM Analytical Error
0.2 0.2231436 0.2231436 0.2231436 0
0.4 0.5108248 0.5108248 0.5108248 0
0.6 0.9160622 0.9160622 0.9160622 0
0.8 1.5924103 1.5924103 1.5924103 0

with analytical solution and are shown in Table 4. We can see that the MsDTM results are much more similar to the analytical

results than the DTM results.
The following two examples show that the proposed new transformed functions of the product of composite functions

can be applied effectively to the nonlinear plane autonomous system when the analytical solutions are unavailable.
Example 4.2. Let us consider the following system of nonlinear plane autonomous

X' =xe" (4.3)

y'=ye' —y, for t £[0,0.2], 4.4)
subject to the initial conditions x(0)=1, y(0)=1.
Applying the DTM to Equations 4.3 and 4.4 and with the initial conditions x(0) =1,y(0) =1, it follows that

X(k+1)= ﬁ > F(r)i X()X(k=1-1)

Vierl)=-— (ZY(k 1) G(r) - Y(k))

and the initial condition becomes X (0) =1, Y(0) =1,
where

Foy=e0 3y CVTO Ym(o){l 2 (y(r))"’”} :

= (l-m)!m! | r!dt" -0

X(0 D"X"0) 1d [=m
G(r) = e”ZZ((I)m);H(ﬂ)L!F(X(t)) :|10.

1=0 m=0
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Table4. DTM and MsDTM values compared with the analytical solutions.

t x(t) MsDTM Analytical Error
0.2 -1.4473324 1.0360783 1.0360783 0
0.4 -0.8671829 1.0996385 1.0996384 1x107
0.6 -0.2340544 1.2161777 1.2161776 1x107
0.8 0.5147103 1.4483531 1.4483533 2x 107

t x(t) DTM Analytical Error
0.2 -1.4473324 1.0360783 1.0360783 0
0.4 -0.8671831 1.0996383 1.0996384 2x107
0.6 -0.2340822 1.2161499 1.2161711 2.12x 107
0.8 0.5130110 1.4466537 1.4476856 1.0319x 107

Hence, we obtain the series solution by the DTM

x(t) =1+2.71828t+9.724441> +38.80481° +164.329¢* +722.872¢° +3265.98° +15052.5¢
+7045.9¢* +333873¢ +1.59826x10°#" +7.71576x10%" +3.75161x107¢, ¢ €[0,0.2]

y(t)=1+1.71828 t+5.17077 t*+19.3526¢" +80.1435¢* +351.093¢ +1593.47¢° + 7409.3¢
+35062.4¢° +168146¢° +814830¢'° +3.98192x10°¢" +1.95937x107¢*, ¢ €[0,0.2].

On the other hand, by applying the MsDTM to Equations 4.3 and 4.4 we obtain
1 k k=r
Xkt D) == EOY X,OX, (k-1-1)
k+17% =0

X(k+1)=ﬁ(iYi(k—r)G,(r)—Yi(k)j, X,(0)=1 X,(0)=x,(t,), Y, (0)=L Y,(0) =y, (t), i=12,34

r=0

where

Fn= e”‘”ZZ((IDmﬁ,S)[:, 3;( (t))’} G=e 3y EIXO) (O)Pd—i()&(t))lm}

1=0 m=0 Wl 1=0 m=0 (1 m)'m' dt

=1,

The following approximate series solution is the result.

1+2.71828¢+9.72444¢> +38.80481" +164.329¢* +722.872¢° +3265.98¢° +15052.5¢
+70454.9¢% +333873¢” +1.59826x10°¢'° +7.71576 x10°¢"" +3.75176x107¢", t €[0,0.05]
1.1664 +4.09489(t—0.05) +19.3628(t— 0.05)* +103.094(t—0.05)*

+585.693(t—0.05)* +3468.59(t=0.05)° +21148.6(t—0.05)° +131763(t—0.05)’
+834742(t—0.06)" +5.35899x10°(t—0.06)° +3.47789%107 (t— 0.06)"°
+2.27748x10° (t—0.06)"" +1.50275x10°(t—0.06)"*, ¢<[0.05,0.1]

1.43766 +7.26784(t—0.1) + 51.4129(t— 0.1)* + 416.14(t—0.12)’

+3626.29(t—0.1)" +33122.1(t—0.1)° + 31258 1(t—0.12)° +3.02155x10° (t—0.1)’
+2.9749%107(t—0.1)* +2.97167 x10° (t—0.1)° +3.00338 x 10’ (t— 0.1)"°
+3.06482x10" (t—0.1)" +3.15286 10" (t—0.1)"?,  €[0.1,0.15]
2.02412+19.7164(t—0.15) +293.806(t—0.15)* + 5196.51(t—0.15)’ +100769(t—0.15)*
+2.06843x10°(t—0.15)° +4.41157x107 (t—0.15)° +9.67037 x10°(t— 0.15)’
+2.16368x10" (t—0.15)* +4.91847x 10" (t—0.15)° +1.13227x10" (t—0.15)"°
+2.63346x10"(t—0.15)" +6.17734x10" (t—0.15)"?, £ €[0.15,0.2].

x(t) =
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1+1.71828¢ +5.17077* +19.3536¢* +80.1435¢° +351.093¢° + 7409.3¢’

+35062.4¢° +168146¢° +8148301"° +3.98192x10°'' +1.95937x107¢'%, ¢ €[0,0.05]
1.1019+2.43565(t— 0.05) + 9.93481(t— 0.05)* + 50.7118(t— 0.05)’
+286.334(t—0.05)* +1708.87(t—0.05)° +10559.3(t—0.05)° + 66814.5(t—0.05)’
+430122(t—0.05)* +2.8059x10° (t—0.05)° +1.84864 x 107 (t— 0.05)"°
+1.2283x10%(t—0.05)"" +8.21708x10° (t—0.05)"?, 1 € [0.05,0.1]

1.25743 +4.03738(t—0.1) + 25.7226(t—0.1)* + 206.07(t—0.1)

+1823.14(t—0.1)* +17024.4(t—0.1)’ +164483(t—0.1)° +1.62549x10° (t—0.1)
+1.63413x107 (t—0.1)* +1.66403x10° (t—0.1)° +1.71169x10° (t—0.11)"°
+1.75515x10"(t—0.1)"" +1.85343x10" (t—0.1)"*, ¢ €[0.1,0.15]
1.57118+10.3218(t—0.15)+151.148(t— 0.15)> +2.779.76(t=0.15)" + 56212.2(t— 0.15)"
+1.19708x10° (t—0.15)° +2.63404 x 107 (t— 0.15)° +5.92862x10%(t=0.15)’
+1.35679x10" (t—0.15)* +3.145x10" (t—0.15)° + 7.36425x 10" (t— 0.15)"°
+1.73866x10" (t—0.15)"" +4.13307x 10" (t—0.15)"%, £ €[0.15,0.2].

¥ =

The approximate series solution obtained by the MsDTM and the DTM are compared graphically with the flow direction of the
vector fields (Figure 2). We can see that the MsDTM result is in better agreement with vector field than the DTM result.

v

30 » = = F R et il Tl o e
- - - revwl - P Grels Al Ly &
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I (P ¥\ L\ - MsDTM t€[0.05,0.1]
-~
L » » - - 4 - - v - 411?" - EaRY !
204 - - - - * - :_‘A' ' N\ ~— MsDTM tE[D-1ID-15]
L - - - * " L4 /.‘,.ﬂ"- - - - - o
L e rlev o » ey v e v ¢ & <~ MsDTM te[0.15,0.2]
15 - - - v ‘_.-f - - ” - - ¥ v £
54 -
1 = :‘__-‘r # v TN ¥ v - | #)] "  FaSaia DTM
Tty gl e el r o * v ¥ ¥ -
-
T A A P ¥ ¥ ¥\«
ﬂfru"ji\ L1 Ly PRI TR S S N ST TN 3
15 20 2.5 3.0 35 4.0

Figure 2. MsDTM and DTM compared with vector field flow directions.

Example 4.3. Let us consider the following system of nonlinear plane autonomous
x'=2x+siny (@.5)
¥ =x(y*+1), for £ €[0,0.4]. (4.6)

subject to the initial condition x(0)=1, y(0)=1.

Applying the DTM of Equations 4.5 and 4.6, we obtain

d _sin(t)

S (=D"Y"(0)| 1 d"
2, {k!dt" (»®) L]

-y (0) M0 (r—m)!m!

X(k+1)= ﬁ[ﬂ((k) + Z o

Y(k+1) = ﬁ(X(k) + iz Y()Y(r-1)X (k- r)J,

r=0 =0
and the initial condition becomes x(0) =1, y(0) =1.

Then, we obtain the series solution
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x(t)=1+2.84147t+3.38177t°+2.56549¢" +0.498022¢* —3.62605¢° —13.1978¢°
—36.6427t" —93.1066¢* —224.685¢° —520.598¢'° —1160.66¢'" —2481.54¢"*, ¢ €[0,0.4]

Y(t) =1+ 2t+4.84147 > +10.6041¢° +24.528¢* +57.54661° +134.91¢°
+315.164¢" +733.76¢° +1702.66¢° +3938.03¢"° +9079.66¢"" +20873.912, £ <[0,0.4].

On the other hand, by applying the MsDTM to Equationa 4.5 and 4.6, it follows

D"y Oy 1 4
S 3 00) H

v S (- m)lm!

X (el =— ! {

Y(k+1)— [X(k)+ZZY(1)Y(r DX, (k- r)j

r=0 1=0

X,(0)=1, X,.(O) =x,,(t), Y,(0) =1, Y.(0)=y,,(t,),1=1,2,3,4,5.
Hence, we obtain the series solution
1+2.84147t+3.38177 >+ 2.56549¢* +0.498022¢* —3.62605¢° —13.1978¢°
—36.6427¢7 —93.1066¢° —224.685¢° —520.598¢'° —1160.661"' —2481.541"*, ¢ [0,0.08]
1.25028 4+ 3.43174(t—0.08) +3.98652(t— 0.08) +2.28135(t— 0.08)°
—3.27511(t=0.08)" —19.3406(t—0.08)° — 67.1434(t-0.08)°
—205.262(t—0.08)” —584.413(t—0.08)" —1563.52(t—0.08)’
—~3898.43(t—0.08)"° —8808.52(t—0.08)"' —16669.2(t—0.08)", £<[0.08,0.16]
1.55128+4.10089(t—0.16) +4.24803(t—0.16)* —1.14073(t=0.16)*
—23.7465(t—0.16)* =108.548(t— 0.16)° — 404.828(t—0.16)°
—1336.03(t—0.16)" —3807.58(t—0.16)* —8159.94(t—0.16)°
—2936.53(t=0.16)"" +104910(t—0.16)'" +850945(t—0.16)"%, £ [0.16,0.24]
1.90448 +4.67667(t—0.24) +2.1336(t—0.24)> —22.5505(t— 0.24)*
—142.022(t—0.24)* —585.377(t—0.24)° ~1394.54(t—0.24)° + 4460.95(t— 0.24)’
+93830.2(t—0.24)" +865886(t—0.24)" + 6.29241x10°(t=0.24)"
+3.98717x107 (t-0.24)" +2.27165x10°(t— 0.24)"?, 1 €[0.24,0.32]
2.27311+420097(t=0.32) —9.88838(t—0.32)* —=38.0005(t— 0.32)° +1179.65(t—0.32)"
+24086.5(t—0.32)" +281349(t— 0.32)° +2.24486 x10°(t—0.32)’
+8.20097 x10°(t—0.32)" =1.15647 x10°(t—0.32)° —3.29081x10°(t—0.32)"°
—5.19089x10" (t—0.32)" —6.53363x10" (t—0.32)"2, ¢ €[0.32,0.4].
1+2t+4.84147 2 +10.6041£° +24.528¢* +57.54661° +134.91¢° +315.164¢
+733.761° +1702.66¢° +3938.031"° +9079.66¢" +20873.91'2, 1 [0,0.08]
1.19765 +3.04364(t— 0.08) +8.7346(t—0.08)” +24.1547(t— 0.08)°
+69.2557(t—0.08)" +199.329(t—0.08)° +571.305(t—0.08)°
+1629.29(t—0.08)” +4624.49(t— 0.08)* +13067.8(t—0.08)°
+36779.9(t—0.08)"° +103170(t—0.08)"' +288632(t—0.08)", ¢ €[0.08,0.16]
1.5131+5.10287(t—0.16) +18.7225(t—0.16)* +68.529(t— 0.16)
+254.775(t—0.16)* +942.871(t—0.16)° +3463.75(t—0.16)° +12638.4(t—0.16)’
+45855(t—0.16)* +165680(t—0.16)° +597192(t—0.16)"°
+2.15185x10°(t—0.16)" +7.76857 x10°(t—0.16)", ¢ <[0.16,0.24]

x(t) =

y@©=
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y(t)=

93

2.09104+10.2318(t—0.24) + 53.3091(t— 0.24)> +278.516(t— 0.24)’
+1449.56(t—0.24)* +7466.42(t—0.24)° +38168.7(t—0.24)° +194558(t— 0.24)’
+994211(t—0.24)* +5.12151x10°(t—0.24)° +2.67247 x107 (t— 0.24)"°
+1.41713x10%(t—0.24)" +7.64272x10%(t—0.24)", 1 €[0.24,0.32]
3.4941+30.0249(t—0.32) +266.217(t—0.32)* +2342.96(t—0.32)° + 20645.6(t—0.32)*
+185021(t—0.32)° +1.70474x10°(t—0.32)° +1.61372x10 (t—0.32)’
+1.55164x10° (t—0.32)* +1.49064 x10° (t—0.32)° +1.40754x10'°(t—0.32)"°
+1.28807 x10" (t—0.32)" +1.12816x10"*(t—0.32)"*, ¢ €[0.32,0.4].

Similar to the previous examples, the MsDTM result is in better agreement with the flow of the vector field than the DTM result

MsDTM te[0,0.08]
MsDTM te[0.08,0.16]
MsDTM te[0.16,0.24)

— MsDTM te[0.24,0.32]

— MsDTM te[0.32,0.4]

(Figure 3).
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Figure 3. MsDTM and DTM compared with vector field flow directions.

5. Conclusions

The MsDTM combined with our new formulae have
been successfully applied to solve mnonlinear plane
autonomous systems. Three different examples were solved
and the series solutions of the DTM and the MsDTM were
obtained. These are compared with the analytical solutions
calculated by the phase-plane method in the first example and
compared to the vector fields flow directions in the second
and the third examples. The results of the MsDTM were more
similar to the analytical solution and to the vector field flow
direction than the DTM results. Therefore, this method based
on our new transformed functions is a reliable and efficient
mathematical tool for solving nonlinear plane autonomous
systems.
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