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Chapter 1

Introduction

1.1  Inception and Importance

Matrix product is a binary operation that produces a matrix from two matrices.
There are various matrix products which are of interest in both theory and applications,
such as the Kronecker product, Hadamard product, Tracy-Singh product and Khatri-Rao
product.

The Kronecker product is an operation on two matrices of arbitrary size result-
ing in a block matrix. For any complex matrices A = [a;;] and B of arbitrary sizes, the

Kronecker product of A and B is given by the block matrix

This kind of matrix product has wide applications in matrix theory, system theory,
physics, statistics, computer science, signal processing and other special fields. The
Kronecker product has an important role in the linear matrix equation theory, for exam-
ple, in solving the Sylvester equation, the Lyapunov equation, and the commutativity
equation.

The Hadamard product is a binary operation that takes two matrices of the
same dimensions. This product is known as the entry-wise or Schur product. The
Hadamard product for two complex matrices A = [a;;] and B = [b;;] of the same size
is defined by

The concept of Hadamard product is well known in linear algebra. This product has
been used in combinatorial analysis, finite geometry, group theory, number theory,
and regular graphs. Applications of the Hadamard product can also be found in other
fields, for example, in correcting codes in satellite transmissions and cryptography,
signal processing and pattern recognition, and lossy compression algorithms as images
in JPEG format. Faliva [15] seems to be the first one to observe the connection
between the Kronecker and Hadamard products based on two permutation matrices.
A generalization of the Kronecker product was defined for partitioned matrices
by Tracy and Singh [44]. Consider partitioned matrices A and B such that the (i, j)th
block of 4 is A;; and the (k,1)th block of B is By. The Tracy-Singh product of A and
B is defined by
ARB = [[Ay6Bu],;]

ij’



The Tracy-Singh product is studied and applied widely in matrix theory and statistics.
In the same way, the Khatri-Rao product for partitioned matrices, introduced
by Khatri and Rao [21], is a generalized Hadamard product. The Khatri-Rao product is

defined for two partitioned matrices A = [4;;] and B = [By,] as follows

ABIB = [A;&B;] (1.3)

ij
In [26], Liu established a connection between the Khatri-Rao and Tracy-Singh producs
via selection matrices. This connection play an important role to give inequalities
involving the two products.

As a natural generalization of a matrix, a Hilbert-space operator is a bounded
linear transformation of a Hilbert space into itself. The tensor product of two Hilbert-
space operators can be viewed as an infinite-dimensional extension of the Kronecker
product of matrices. Recall that the tensor product of two operators A € B(H, H') and
B € B(K,K’) is the unique bounded linear operator from H® K into H' ® K’ such that

(A@ B)(r®y) = Az ® By (1.4)

for all z € H and y € K. By filtering the tensor product through a positive linear map,
the Hadamard product of Hilbert-space operators can be presented (see [16]). The
Hadamard product of A, B € B(H) can represented by

A®B = U*(A® B)U, (1.5)

where U : H — H ® H is the isometry defined by Ue; = e; ® ¢;, where {e;} is an
orthonormal basis of H.

Recently, the notion of tensor product was extended to the Tracy-Singh prod-
uct for Hilbert-space operators in [34]. This kind of product provides a natural ex-
tension for both Tracy-Singh product of matrices and tensor product of operators.
Fundamental algebraic, order, and analytic properties of Tracy-Singh product of oper-
ator were investigated in [34, 35]. In [36], the authors generalized the tensor product of
operators and Khatri-Rao product of matrices to the Khatri-Rao product for operators
acting on a direct sum of Hilbert spaces. They also provided a construction of a unital
linear map taking the Tracy-Singh product of operators to their Khatri-Rao product.

On the other hand, it has long been known that in the case 0 < p < 1 the map
A~ AP is concave on the space of positive definite matrices. Lieb [25] succeeded in
proving the concavity of the map (4, B) — A1"P@BP in the case 0 < p < 1. In [5], Ando
established concavity and convexity theorems of this type in full generality, and to
apply them to obtain unusual estimates for Hadamard products of positive definite
matrices. He showed that if f is a positive operator-monotone function on (0, ) and

if 1 and ¢, are concave maps, then the map

(4,B) = flp1(A)~ @p2(B)](¢1(4) ® 1) (1.6)



is concave where A and B are positive definite. This theorem leads to the Lieb’s result

as corollary. If ¢, is affine in the above, then the map
(4, B) = [flo1(A)@¢2(B) (d1(A) @ 1) (1.7)

is convex. Moreover, Holder type inequalities involving Hadamard products of positive
definite matrices are also obtained. The work of Al-Zhour [4] extends some results
in [5] to Tracy-Singh products and Khatri-Rao products of positive definite matrices.
Holder type inequalities for Tracy-Singh and Khatri-Rao products of matrices, general-
izations of Holder type inequalities in [5], were obtained in [3]. Mond and Pecari¢ [30]
extended the matrix results in [5] to Hilbert-space operators and obtained concavity
and convexity theorems associated with positive operator-monotone functions.

One of the fundamental inequalities in - mathematics is the Chebyshev sum

inequality which states that

1 n 1 n 1 n

for all real numbers a;,b; (1 < i < n) such that a; < --- < a, and by < -+ < by, OF

a; > --->a, and by = - > b,. This inequality can be generalized to

Xn:wiaibi P (iwi%) (iw@) (1.9)
i—1 i=1 =1

where w; > 0 forall 1 = 1,...,n. This inequality was generalized by Matharu and Aujla
[27] to the case of positive semidefinite involving Hadamard products: for any matrices
Ay >~ > A, >0and By > --- > B, >0, and any nonnegative numbers wy,...,w, ,

we have
=1 =1 =1

A continuous version of the Chebyshev sum inequality (1.9) says that if f,g :

[a,b] — R are synchronous on [a, b],

(f(z) = f(y)(g(z) —g(y)) =0 (1.11)

for all z,y € [a,b], then

/aba(a:)d:c/aba(x)f(x)g(x)dx > /aboz(x)f(m)dx-/aboz(x)g(x)da:, (1.12)

where a : [a,b] — [0,00) is an integrable function (see [29]). In [31], Moslehian and
Bakherad extended this inequality to the case of continuous fields of Hilbert-space
operators with a bounded measurable function involving Hadamard products by using
the notion of synchronous Hadamard property. They proved that if two continu-
ous fields (4;)ieq, (Bt)ieq Of operators, parametrized by a compact Hausdorff space

equipped with a Radon measure u, have the synchronous Hadamard property, then

/Q a(s)du(s) /Q a(t)(A, © B)du(t) > /Q a(t) Adu(t) @ /Q a(s)Budp(s),  (1.13)



where a : Q — [0,00) is @ bounded measurable function. Moreover, they presented
Chebyshev-type inequalities regarding operator means.

A complement of (1.12) was introduced by Gruss [18], providing an estimate
of the difference between the integral of the product and the product of the integrals

for two functions. For each integrable function f : [a,b] — R, let us denote

1

b
) = 5 [ f@ide, Trfg) = TU-9) 1) - Zlo)

For any integrable functions f,g : [a,b] — R satisfying the conditions k¥ < f(z) < K,

I <g(z) < Lforall z € [a,b] and k, K, I, L are real constants, we have

(K —k)(L—1). (1.14)

| =

Tz(f,9)| <

This inequality is known as Gruss-type inequality. In [17], Gonska, Rasa and Rusu used
the terminology Chebyshev-Griss-type inequalities referring to Grss-type inequalities

for (special cases of) generalized Chebyshev functionals 7 which have a general form

ITz(f,9)| < E(Z, f,9), (1.15)

where E is an expression in terms of certain properties of Z and some kind of oscilla-
tions of fand g. They also established new Chebyshev-Griss inequalities via discrete
oscillations.

In this thesis, we investigate concavity and convexity of certain maps related
to operator-monotone functions, Tracy-Singh products and Khatri-Rao products of
bounded linear operators on a Hilbert space. We also establish a number of inequali-
ties for operators involving Tracy-Singh products and Khatri-Rao products. In particular,
we obtain Chebyshev-type inequalities for operators dealing with Tracy-singh products
and Khatri-Rao products. Our results generalize the results known so far in the litera-
ture for Tracy-Singh/Khatri-Rao/Kronecker/Hadamard products of matrices and tensor

products of operators.

1.2  Objectives of the Study

1) To investigate the concavity and convexity of several maps involving Tracy-Singh
products, Khatri-Rao products, and operator-monotone functions of positive op-

erators

2) To investigate Chebyshev-type inequalities for operators involving Tracy-Singh

products.

3) To investigcate Chebyshev-type inequalities for operators involving Khatri--Rao

products.



1.3 Scope of the Study

We consider bounded linear operators on a Hilbert space. All Hilbert spaces

considered here are complex Hilbert spaces.

1.4 Benefits of the Study

1) To develop further theory for operators on a Hilbert space.

2) To obtain inequalities for operator on a Hilbert space.

1.5 Research Methodology

1) Study advanced topics in matrix theory.
2) Study background in functional analysis.

3) Collect and study research papers and textbooks concerning Tracy-Singh and

Khatri-Rao products of matrices, and tensor product of operators.

4) Collect and study research papers and textbooks concerning inequalities for num-

bers, matrices and operators.

5) Investigate concavity and convexity of certain maps related to operator-monotone

functions, Tracy-Singh products and Khatri-Rao products of operators.

6) Investigate inequalities of Chebyshev-type for operators involving Tracy-Singh

products.

7) Investigate inequalities of Chebyshev-type for operators involving Khatri-Rao prod-

ucts.

8) Conclude the results, make suggestions for further works and write the thesis.
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Chapter 2
Preliminaries

The purpose of this chapter is to provide basic concepts and tools in topology,

functional analysis and operator theory used in this research.

2.1  Preliminaries on Topology

In this section, we recall some definitions concerning topological spaces. See
[6, 14, 33] for more details.

Definition 2.1. A topology = on a set X is a collection of subsets of X satisfying:
M 0,Xer.
(i) 7 is closed under arbitrary unions.
(iii) 7 is closed under finite intersections.

We call the pair (X, 7) a topological space. The elements of 7 are called the open

sets of X. We often omit specific mention of 7 if no confusion will arise.

Definition 2.2. Let (X, 7) be a topological space and z € X. A set U C X is said to
be a neighborhood of z if there is G € 7 such that 2 € G C U. Denote by M(x) the

collection of all neighborhoods of x.

Definition 2.3. A topological space X is called Hausdorff if any two distinct points can
be separated by disjoint neighborhoods of the points. That is, for each pair z,y € X
with x # y, there exist U € Di(z) and V € M(y) such that UNV =1.

Definition 2.4. A cover of a topological space X is a family C of subsets of X whose
union is X. A subcover of a cover C is a subfamily of ¢ which is a cover of X. An

open cover of X is a cover consisting of open sets.

Definition 2.5. A topological space X is said to be compact if every open cover of
X has a finite subcover. That is, X is compact if every family {G; :i € I} of open sets
satisfying X = |J;c; Gi has a finite subfamily G, ..., G;, such that X = Jj_, G;;.

Definition 2.6. A topological space X is locally compact if every point has a compact
neighborhood in X.



2.2  Preliminaries on Measure Spaces

In this section, we recall some basic definitions on measure theory. See [2, 8]

for more information.

Definition 2.7. A o-algebra A of a set X is a collection of subsets of X satisfying:
(i) 0 e A
(i) If Ee A then X — E € A.
(iii) If E; € AforallieN, then U2, E; € A.

The pair (X, A) is called a measurable space and elements of A are called measur-
able sets.

Definition 2.8. A function p: A — [0, 0] is called a measure if:
(i) (@) =o0;

(i) if E; is a countable collection of pairwise disjoint sets in A, then
1 UEz) = ZM(Ei)-
et =1

If u(X) < o0, then we call i a finite measure. We call (X, A, 1) a measure space.

Definition 2.9. Let X be a topological space. The Borel o-algebra of X is the o-
algebra generated by the family of all open sets in X. The Borel o-algebra of X will
be denoted by Bx. Elements of Bx are called Borel sets.

Definition 2.10. Let X be a Hausdorff space. A measure u : By — [0,c] is called a

Radon measure if it satisfies the followings:
() u(K) < o for every compact set K.

(i) If Eis a borel set of X, then

w(E) = inf{u(G): G2 E, Gopen}.

(iii) If Eis an open set of X, then

w(E) = sup{u(K): K C E, K compact}.



2.3 Operators on a Hilbert Space

In this section, we provide prerequisites about operators on a Hilbert space.
More details can be found in [22, 43].
From now on, F stands for the real field R or the complex field C. For two

operators S and T, we write ST for the composition S o T (if it exists).

Definition 2.11. A normed space is a vector space X over a field F together with a

mapping || - || : X x X — R, called a norm, satisfying the following conditions:
() ||zl =0 forallz e X and ||z|| =0 if and only if = = 0.
(i) |az|| = |a|||z| forall z e X and a €F.

(iii) |z +y| < 2|+ ||y forallz,yeX.

Definition 2.12. Let X and Y be normed spaces, and let T': X — Y be a linear operator.

Then T is said to be a bounded linear operator if there exists a constant A such that

|T(x)|| < Ml|z| forall zeX. (2.1)

From now on, we will write Tz instead of T'(z).

Definition 2.13. Let X and Y be normed spaces. Let T': X — Y be a bounded linear

operator. Then the operator norm of 7' is defined as

1T = inf{M >0: ||Tz|| < M|z, z € X}. (2.2)

Definition 2.14. An inner product space is a vector space X over a field F together
with @ mapping (-,-) : X x X — F, called an inner product, satisfying the following
conditions:

(i) (z,x) > 0forall z € X and (z,z) = 0 if and only if x = 0.
(i) (x+y,2) = (z,2) + (y,2) forall z,y,z € X
(iii) (az,y) = afz,y) forall z,y € Xand a €F.

(iv) (z,y) = (y,z) forall z,y € X.

Definition 2.15. A Hilbert space is a complete inner product space.
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When H and K are Hilbert spaces, denote by B(H,K) the set of all bounded linear
operator from H into K and abbreviate B(H, H) to B (H).

Definition 2.16. Let T € B(H,K). The adjoint of T is the unique linear operator
T* € B(K,H) such that

(Tz,y) = (x,T7y)

forallz e Hand y e K.

Definition 2.17. Let H be a complex Hilbert space. Then T € B(H) is called
e self-adjoint if T* =T,
e projection if T? =T =T*,

e isometry if T#T =1I.

Definition 2.18. Let T' be a self-adjoint operator on a complex Hilbert H into itself.
Then T is said to be positive, denoted by 7 > 0, if

(Tz,xz) > 0 forall x eH.

We denote T > 0 if T is positive and invertible. The set of all positive operators on H
is denoted by B(H)*. We denote B(H)** the set of all positive invertible operators

on H.

Definition 2.19. Let S and T be two self-adjoint operators on a complex Hilbert H.
We write S > T if S — T is positive and write S > T' if S —T'is positive and invertible.

Definition 2.20. Let T' € B(H) be a positive operator on a complex Hilbert space H.
A positive operator S € B(H) such that S = T is called a positive square root of T,
denoted by T7/2,

2.4 Functions of Operators

In this section, we explain how to define functions of operators. A more de-
tailed description can be found in [10, 22, 42].

Throughout this section, a Hilbert space H means complex Hilbert space.
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Definition 2.21. Let T' € B(H). The spectrum Sp(T) of T is the collection of complex

numbers X such that T-XI is not invertible.

Theorem 2.22. Let T € B(H) be a self-adjoint operator. Then the spectrum Sp(T)

lies in the closed interval [m, M] where

m = inf (Tx,z), M = sup (Tz,x). (2.3)

=t Jall=1

Theorem 2.23 (Spectral family). Let T € B(H) be a self-adjoint operator. Set m and
M as in Theorem 2.22. Then there is a family {F,} of projection operators on H

depending on a real parameter A and such that
() Ex, < Ey, for Ay <y,
(i) Exx = Ex\,© @S Ao < A= Xg, x € H|,
(i) Ex=0 for A\<m, Ex=1 for A\> M,
(iv) TE\ = E\T.

The family {E,} is called the spectral family associated with the operator T

Theorem 2.24 (Spectral representation). Let T' € B(H) be a self-adjoint operator. Set

m and M where m and M as in Theorem 2.22. Then T has the spectral representation
M
T = / AdE\y, (2.9)
m—0

where {E,} is the spectral family associated with 7. More generally, if p is polynomial

in A with real coefficients, then

M
plT) = / o, (2.5)

Remark 2.25. Notation m — 0 indicates that one must take into account a contribution

at A = m which occurs if E,, # 0 (and m # 0). We can write

M M
/ )\dE)\ = mEm+/ )\dE)\

m—0 m

Similarly,

M M
/ PN dEs = p(m)Em + / p(\) dEj.
m—0 m
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Theorem 2.26 (Spectral Theorem). Let T € B(H) be a self-adjoint operator. Let f be
a continuous real-valued function on [m, M] where m and M defined as in Theorem

2.22. Then f[T] has the spectral representation

M
/1) = / Fyap, (2.6)

where {E,} is the spectral family associated with T

Definition 2.27. A function f : (0,00) — (0,00) is said to be operator-monotone if
f1S] = fIT] whenever S > T > 0.

Example 2.28. The followings are operator-mmonotone functions on (0, co):
() t — at+ 3, where o> 0 and 3 > 0;
(i) t — —t=1;
(i) ¢~ log(t);

(iv) t = t*, where a € [0, 1].

Theorem 2.29 ([11]). Let f: (0,00) — (0,00) be an operator-monotone function. Then

there is a finite Borel measure u on [0,1] such that
1
f(z) = / 1l xdu(t), x>0. (2.7
0
Here, !; is the t-weighted harmonic mean defined by

alib = [A=Ha 71", ab>0.

Definition 2.30. Let Hy,.. ., Hy, K be Hilbert spaces. Foreach i =1,...,k, let E; be a

convex subset of B(H;). A function ¢: By x ++- x Ej, — B(K) is said to be concave if
¢((1 — Oé)Sl +aly, ..., (1 — Oz)S;C + aTk) > (1 — 04)¢(51, R ,Sk) + Oz¢(T1, . ,Tk>

forany S;,T; € E; (i=1,...,k) and a € (0,1). A function ¢ is convex if —¢ is concave.

A function ¢ is affine if it is both concave and convex.

Example 2.31. (i) The map X — X2, where 0 < a < 1, is concave on B(H)™.
(i) The map X — log[X] is concave on B(H)*+.

(i) The map X ~ X~ is convex on B(H)*.
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(iv) The map (X,Y) — YX~1Y is convex on B(H)*+ x B(H)™+.

(V) If @ : BH)TT — B(K)™+ is concave and ¥ : B(H)*+ — B(K)** is affine, then the
map X — ¥(X)®(X) '¥(X) is convex on B(H)* .

2.5 Operator Matrices

In this section, we recall standard results on operator matrices which can be
found, e.g., in [13, 19, 45].

For any vector space V, we say that V is the direct sum of subspaces Vy,...,V,
and we write V. = @7, V,, if for every v € V, there exist unique vectors v; € V; for
i=1,...,nsuchthatv=wv + - +v,.

For Hilbert spaces Hy, ..., H,, consider the direct sum Hilbert space
@Hl = {xl@@:pn | v, GHi,i: 1,...,n}
1=l
equipped with the inner product

<$1®@xn7y1@@yn> = <3317y1>+~-~+<$n7yn>a

where z;,y; € H; for i = 1,...,n with addition and multiplication defined (in usual way)
as follows:

(1B . Bzp) T (1D - BYn) = @1 +y)D...0(xn +Yn),

a(z1 ... Bz, = (az1) @ ... D (ax,) .

Let Hy,...,H, and Kq,...,K,, be complex Hilbert spaces. Denote
H=PH; K={@K.
j=1 i=1

For each i =1,...,m, let P, be the natural projection from K onto K;, defined by

Pi(l‘l @@xLGB,xm) = X;.
For each j =1,...,n, let E; be the canonical embedding from H; into H, defined by

Ej(.’l?j) = 0@@0@.93]@0@@0

An operator A € B(H, K) can be represented uniquely as a block operator matrix

All e Aln

i,7=1

Aml o Amn
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where A;; = PAE; € B(H;,K;) foreach i = 1,...,m and j = 1,...,n. An operator
A € B(H,K) acts on H in the form

Tq A11$1 —|——|—A1n$n T

Al = : | eHi®...0H,.

Tn Apix1+ ...+ Apnxn Tn,

2.6 Operator Means

In this section, we introduce the notions of operator mean in the sense of
Kubo and Ando [23]. See [5, 20, 23] for more details.

Definition 2.32. An operator mean is a binary operation o : B(H) " x B(H)* — B(H)*
which satisfying the following axioms:

(i) Monotonicity: A; < Ay and By < By imply 41081 < Ao Bs.

(ii) Continuity from above: A, | 4 and B, | B imply (4,0B,) | (AcB) where A,, | A

means that A,, is a decreasing sequence and A4,, =+ A4 as n — oo.
(iii) Transformer inequality: C*(AoB)C < (C*AC)a(C*BC) for every G € B(H)*.

(iv) Normalization condition: AcA = A.

Example 2.33. Let ¢ € [0, 1].

() The t-weighted arithmetic mean of A, B € B(H) is defined by

AV:B = (1-t)A+1tB. (2.8)

(i) The t-weighted geometric mean of 4, B € B(H)** is defined by
1 1 1 t 1
AfB = A} (A‘fBA‘E) A% (2.9)

For arbitrary A, B € B(H)*, we define the t-weighted geometric mean of A and
B to be

Af,B = Lirgw+(A+sI)ﬁt(B—|—sI). (2.10)

(i) The t-weighted harmonic mean of 4, B € B(H)** is defined by
ALYB = [(1—tA ' 4B (2.11)
Forany A, B € B(H)", we define

ALB = lm (A+eD) (B +el). (2.12)

e—=0t
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Theorem 2.34 (see e.g. [23]). The weighted geometric means, weighted arithmetic
means and weighted harmonic means for operators are monotone in the sense that
if Ay < Az and B; < Bg, then Aj0B; < Ay0Bs Where o is any of vy, !, ;.

Theorem 2.35. For any A, B € B(H)**, we have (Af;B)~' = A~'f,B~!.

Theorem 2.36. For each t € [0,1], the map (A, B) — A!; B is concave on B(H)*t*+ x
B(H)™.

2.7 Tensor Product of Hilbert Spaces

In this section, we review basic knowledge about tensor product of Hilbert

spaces. See [24, 41] for more information.

Definition 2.37. Let H and K be Hilbert spaces. Then a tensor product of H and K
is a Hilbert space X together with a bounded bilinear map 4 : H x K — X such that for
any Hilbert space W and a bounded bilinear map ¢ : Hx K — W, there exists a unique
linear map ¢ : X — W such that ¢ o b= ¢.

Theorem 2.38. Let H and K be Hilbert spaces. Then H and K has a tensor product.

If (X,b) is a tensor product of H and K, it is customary to write z ® y in place of b(z,y)
and H® K in place of X.

Theorem 2.39. Let A € B(H,H') and B € B(K,K'). Then there exists a unique
bounded linear operator ¢ : H® K — H' @ K’ such that for any # € H and y € K,

Y(x®y) = Ax ® By. (2.13)

The unique linear map ¢ is said to be the tensor product of A and B denoted by
A® B.
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2.8 Tracy-Singh Product of Operators

In this section, we give the definitions and some properties including alge-
braic,order and analytic properties of Tracy-Singh product for block operator matrices
on a Hilbert space.

We decompose the complex Hilbert spaces H,H',K and K’ as direct sums of
certain Hilbert spaces as follows:

n m q p
H=PH, H=E@H K=K, K =PK.
j=1 i=1 =1 k=1
Each operator 4 € B(H,H') can be expressed uniquely as a block operator matrix

All - Aln,
A — [Aij]m,n _

i,7=1 y . S )

Aml L Amn

where A;; € B(H,,H}) for each i = 1,...,m and j = 1,...,n. Similarly, an operator

B € B(K,K’) can be represented uniquely as a block operator matrix

BN BL
B=[Bulgi_i = | v . s
Bpl e o qu

where By, € B(K;,K}) foreach k=1,....,pand l=1,...,¢.

Definition 2.40. Let A =[4;]/"", € B(H,H') and B = [Bul}{_; € B(K,K'). The Tracy-
Singh product of 4 and B, denoted as AKX B, is defined to be

ARB = [[Aij®B’fl]kl]ij7 (2.14)

which is a bounded linear operator from @’7" H; @ K; into @32, H; @ K.

Remark 2.41. If both A and B are 1 x 1 block operator matrices, their Tracy-Singh
product AX B is the tensor product A ® B.

Example 2.42. Consider complex Hilbert spaces
H=HoH,oH;, H =HoH, K=KoK, K =K oK.

Let A € B(H,H') and B € B(K,K’). Then A and B can be written as block operator
matrices

All A12 A13
A1 Agp Asg

B Bio
By1 B

A = B =

)
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where 4;; € B(H;,H}) foreach i = 1,2, j = 1,2,3 and By, € B(K,;,K},) foreach k,l =1,2.
The Tracy-Singh product of A and B is

A1 ®Bii A ®Bia A2®Bii A2 ®Bia Az ® Bii Az ® Bia
A1 ®Bar A1 ® Bas A2 ® Bar Ao ® Bar Agi ® Bas A1z ® Bao

A Ig B - )
Ay @ Bi1 A1 @ Bia A @ Bir A @ Bia Az ® Bir Az ® Bia

A2l ® Bor Ag1 ® Bag Aga ® Bar Aga ® Bog Asz ® Bar Asz ® Bao

where Aij ® By € ‘B(Hj ® KZ,H; ® K;c)

Theorem 2.43 ([34, 35]). The Tracy-Singh product of operators satisfies the following

properties (provide that each term is well-defined):

() (AR B) = (aA) X B = AX (aB) for any a € C.

(i) ARK(B+C)=ARB+AKC.

(i) (B+C)RA=BXKA+CK A.

(iv) (AR B)* = A* X B*.

(V) (AR B)(CR D)= (AC) R (BD).

(Vi) If Aand B are invertible, then (AKX B)~t = A=1 K B~L.
(vii) If A>0and B >0, then AR B > 0.
(i) IfA>C>0and B>D >0, then AXKB > CXD.

(ix) If A>0and B >0, then (AK B)* = AKX B for any positive real a.
Theorem 2.44 ([35]). The Tracy-Singh product of operators is jointly continuous.

Theorem 2.45 ([35]). Let A € B(H). If f is an analytic function on a region containing
the spectra of 4, then fIAKI] = f[A]X T and f[I X A] = I K f[A].

2.9 Khatri-Rao Products of Operators

Fix the following orthogonal decompositions of complex Hilbert spaces:
H=@H, §H =@H, K=K, K =PK. (2.15)
j=1 i=1 j=1 i=1

That is, we fix how to partition any operator matrix in B8 (H, H') and B(K, K’).
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Definition 2.46. Let A = [A4;;]"", € B(H,H') and B = [B;;]!"", € B(K,K’) be operators

i,j=1 i,5=1
partitioned into matrices according to the decomposition (2.15). We define the Khatri-
Rao product of A and B to be

AB B = [Ai; @ Bi|!"" (2.16)

i,j=1"

which is a bounded linear operator from @’_, H; ® K; into @;~, H; ® K.

Remark 2.47. If both A and B are 1 x 1 block operator matrices, then Am B is A® B.
When H; =K; =Cand H) =K/, =C for all 4, 7, the Khatri-Rao product is the Hadamard

product of complex matrices.

Example 2.48. Consider complex Hilbert spaces
H=HoH, H=H®H, K=KaoKs; K =K, oK.

Let A € B(H,H') and B € B(K,K'). Then A and B can be written as block operator

matrices

By Bio
By Bas

PN

b

e All A12
A21 A22

where A4;; € B(H,;,H,) and B;; € B(K;,K}) for each i, = 1,2. The Khatri-Rao product
of Aand B is

A1 ® Bir A2 @ Bio
Az @ Bar Ass ® Bao

ABB =

9

where Aij ® B;j € %(HJ‘ ® K, H; ® K;)

Theorem 2.49 ([36]). The Khatri-Rao product for operators satisfies the following prop-

erties (provided that each term is well-defined):
() (tA)mB=a(AB B)= AR (aB) for any a € C.
(i) Am(B+C)=AmB+ARC.
(i) (B+C)mA=BEA+COEA.
(iv) (Am B)* = A* @ B*.
(V) If A>0and B>0,then Am B >0.

Wi)IfA>C>0and B>D >0,then AmB>CnmD.
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Theorem 2.50 ([39]). The Khatri-Rao product of operators is jointly continuous.

Theorem 2.51 ([36]). There are isometries Z; and Z, such that
AEB = Z{ (AR B)Z,, (2.17)

forall A € B(H,H') and B € B(K,K’). For the case H = H' and K = K’, we have
Z1 = 22 = Z.

Definition 2.52. A linear map @ : B(H) — B(K) is said to be positive if ®(A) > 0

whenever A > 0. It is said to be unital if ®(1) = I.

Theorem 2.53 ([36]). There is a unital positive linear map
D %( oy H@Kj) - %(@Hi@)Ki)
ij=1 i=1

such that ®(AX B) = A@ B for any A € B(H) and B € B(K).

2.10 Bochner Integration

In this section, we recall basic definitions and results related to the Bochner
integral. See [1] for more details.

Let (2,4, 1) be a measure space and X a vector space over C. A function
¢ : Q — X that assumes only a finite number of values, say zi,...,z, is called a

X-simple function if E; = o= ({z;}) € A for each i. The formula
k
o = 3 Xai (2.18)
=1

is called the standard representation of ¢. If u(E;) < oo for each nonzero z;, then ¢ is

called an X-step function. The integral of an X-valued step function ¢ is the vector

k
/wdu = > Bz (2.19)
Q i=1

Definition 2.54. Let (Q, A, 1) be a measure space and X a Banach space. Let f: Q — X
be a vector function. We define the norm function of f to be the real valued function
IIf]l : 2 — R such that || f]|(¢) = ||f(t)|| for every t € Q.
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Definition 2.55. Let (Q, A, 1) be a measure space and X a Banach space. We say that

f:Q — X is strongly u-measurable if there exists a sequence (¢,)%; of X-simple

n=1

functions such that
Um [[£(t) = enlt)]| = 0 (2.20)

for p-almost all t € Q.

Definition 2.56. A strongly u-measurable function f : © — X is Bochner integrable
if there exists a sequence of X-step functions (¢,,)5°; such that the real measurable

function || f — ¢, is Lebesgue integrable for each n and

lim / If = @nllde = 0. (2.21)

In this case, the Bochner integral of f over Q is defined by

/fdu = lim /g@ndu. (2.22)

Theorem 2.57. Let f: Q — X be Bochner integrable and let Y be another Banach
space. If 7' : X — Y is a bounded operator, then the function T'f : @ — Y is also

/Qde“ - T(/Qfdp) (2.23)

Theorem 2.58. Let (2, 4, 1) be a finite measure space and X a Banach space. Then

Bochner integrable and

a measurable function f : Q — X is Bochner integrable if and only if its norm function

lf] is Lebesgue integrable.



Chapter 3

Concavity and Convexity of Several Maps Involving
Tracy-Singh Products, Khatri-Rao Products, and

Operator-Monotone Functions

In this chapter, we investigate concavity and convexity of certain maps re-
lated to Tracy-Singh products and Khatri-Rao products of oprators. The main tools
we use are operator means and suitable integral representations of certain operator-
monotone functions. Our results in this chapter generalize the results known so far
for Tracy-Singh and Khatri-Rao products of matrices and tensor products of operators.
Furthermore, we develop new concavity/convexity theorems.

Throughout this chapter, let H,H/,K and K’ be complex Hilbert spaces and

decompose

Il
D
=

H = @11141 H. = é@ng, K K = éﬂq
1= 1= =1

3.1 Concavity and Convexity of Certain Maps Involving Operator-

Monotone Functions

In this section, we provide concavity and convexity theorems related to Tracy-

Singh products of operators and operator-monotone functions.

Theorem 3.1. Let f : (0,00) — (0,00) be an operator-monotone function. If ¢; :
B(H)TT — B(H)TT and ¢, : B(K) ™ = B(K) " are concave maps, then the maps

(A,B) = flo1(A) R ¢o(B) ' (I K ¢o(B)), (3.1)
(A, B) = [fl¢1(A)~ R ga(B)] - (¢1(A) K1) (3.2)

are concave on B(H)™* x B(K)*+.

Proof. Let A € B(H)*+ and B € B(K)™+. Since ¢; and ¢, are positive linear maps, we
have that ¢;(A) > 0 and ¢»(B) > 0. Using Theorem 2.43, we have ¢;(A) X ¢2(B)~1 >0
and ¢1(A)7!' X ¢2(B) > 0. Then flp1(A) ¥ ¢2(B)~"] and fl¢1(A)~" K ¢(B)] are well-
defined operators. By Theorem 2.29, there is a finite Borel measure x on [0,1] such
that

flx) = /0 1% xdu(t), =>0.
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Then

f#1(A) R ¢o(B)™'] - (I K ¢2(B))

For each t € [0, 1], by Theorem 2.43, we get

{IRI) Y (¢1(A)Rea(B)H)} - (IR da(B))
{1—t YIRI)™ 4+ (¢1(A )&(;52(3)_1)_1}_1-(I&(;SQ(B))
— {1 =) (IR I) +t(dpr(A) R a(B)} - (1K po(B) )
— [IRGa(B) ) {(1 =) KT + 16, (A) "Rga(B)}]
= {0 =) R Gs(B)™)(I BI) + (I K §5(B) ™) (61(A) ) B po(B)}
= {0 =D (IR 6a(B)") +t (en(A) 7 RT)}
{a=n( I&@(B))_l+t(¢1(A)&I)_1}71
= (IR ¢a(B)) L (p1(A) W T).

Since the weighted harmonic mean is concave (Theorem 2.36), so is the map

(AB) — {(IRI) !y (1(A)Ra(B)7")} (IR ¢a(B)).

It is well-known that any nonnegative linear combination of concave maps is concave.

As the integral is the limit of nononegative linear combinations, the map
1

(4.B) o> [ I Y ((4) B 5a(B)7)} (IR 6a(B) dult)
J0

is concave. That is the map (3.1) is concave. Similarly, the map (3.2) is concave. []

Remark 3.2. Since ¢1(A4) X ¢»(B)~t commutes with T X ¢,(B), we have
flo1(A) R a(B)™'] - (IR ga(B)) = (IR ¢2(B)) - fld1(A) K pa(B)~'].
Similarly,

flo1(A) T B (A)] - (91 (A RI) = (¢1(A)RI)- flp1(A) " W a(B)).

Remark 3.2 tells me that the following maps are concave on B(H)** x B(K)*:

(4,B) = (IR ¢a(B)) - fl¢1(A) W po(B) ],
(A,B) = (¢1(A)RI)- flp1(A)"" K a(B)).
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Example 3.3. Recall that the function ¢ — t* is operator-monotone for any 0 < p < 1.
Given two concave maps ¢; : B(H)TT — B(H )T+ and ¢2 : B(K)™F — B(K)*T, by

Theorem 3.1, the maps
(A,B) = [¢1(A)Ra(B) 1" (IR ¢a(B)), (3.3)
(A.B) = [¢1(4) B a(B)]" - (é1(A)RK) (3.4)

are concave on B(H)™t x B(K)*.

Corollary 3.4. Let f : (0,00) — (0,00) be an operator-monotone function. If ¢; :

B(H)TT — B(H')TF and ¢, : B(K)™T — B(K')* are concave maps, then the maps
(A,B) = flp1(A) " Ra(B)}- (TR 2(B) ), (3.5)
(A,B) — [lp1(A) R ¢a(B) - (¢1(A)T ), (3.6)

are convex on B(H)*t+ x B(K)*+.

Proof. We know that the function g(z) = f(z=%)~! is operator-monotone. By Theorem
—1

2.43, we have (¢1(A) R ¢a(B)7') " = ¢1(A)7' W ¢(B) and then
Flpr(A) " R go(B)] - (1K 6s(B) ™) = glo1(A) Men(B) 1 (IR a(B) ).
Since ¢1(A) X ¢o(B)~! and I X ¢5(B) are commute, we have
961 (A) B o(B) '] - (I R 6a(B)) = (I K 62(B)) - gl (4) Ren(B) ]
= {glo1(A) B oa(B) 1 IR u(B)) ' |
= {Ffl61(A) " R oa(B)] - (IR ga(B) )}

Theorem 3.1 implies the concavity of the map
(A, B) — g[é1(A) K ho(B) "] (18 62(B))
= {1161 Rn(B)]- (IR Ga(B)7)} .
Thus, the map
(A, B) = [fl¢1(A) " R ga(B)]- (1K ¢2(B) ")

is convex. Similarly, the map (3.6) is convex. L]

Theorem 3.5. Let f : (0,00) — (0,00) be an operator-monotone function. If ¢; :
B(H)TT — B(H')*F is a concave map and ¢, : B(K)™+ — B(K')™+ is an affine map,

then the map
(A, B) = [flo1(A)"" W ¢a(B)]- (I K pa(B)) (3.7)

is convex on B(H) T x B(K)T+.
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Proof. By Theorem 2.29, there is a finite Borel measure p on [0, 1] such that (2.7) holds.
Then

£ [61(A) " R a(B)] - (IR 6o(B)) = { [amnu s mem) du<t>}<m¢2<3>>
/ [a=n, L% 6y(B))} (1K 62(B)) d(t).
For each t € [0,1], it follows from Theorem 2.43 that
{IRI) 1 (¢1(A) T Ra(B))} (I K a(B))
— {A=DUB D+ (514 B a(B) '} B 6u(B))
= (IR ¢2(B) IR ¢o(B)  {(L =) I RI) +t (¢1(A) K ¢o(B) )} (IR o(B))

(
= (I®¢a(B)) { [0 =T RI) + 1 (61(4) K $o(B) )] (I K 6a(B)} (I8 ha(B))
= (IRG(B){(1— 1) IR ¢(B)) +t (b1(A) R I)} " (IK $a(B)).

The concavity of the map (A, B) = (1 —t) (I K ¢2(B)) + t (¢1(A) K I) and the affinity of
the map (4, B) — I K ¢o(B) together yield the convexity of the map

(AB) = (IR ¢o(B)A{(L— 1) K ¢o(B) +i¢1 (A)RI} " (IR ¢o(B))
= {(IRT) ¢ (pr(A)"" R a(B))} B ¢a(B)).

Hence, the map (3.7) is convex. []

Example 3.6. Let ¢; : BH)TT — B(H)TT is a concave map and ¢, : BEK)TT —

B(K)** is-an affine map. For any 0 < p < 1, we have by Theorem 3.5 that the map

(A,B) = [¢1(A)"" K ¢2(B)]" - (I R $2(B)) (3.8)

is convex on B(H)T x B(K)++.

Corollary 3.7. The following map is convex on B(H)* x B(K)™+:

(A,B) — IKX(Blog[B]) — log[4] K B. (3.9)

Proof. Using Theorems 2.43 and 2.45, we get

IR (Blog[B]) — log[A]|R B = {IKlogB] - log[A| K I} - (I X B)

{log[I ® B] — log[AK I]} - (I ¥ B)
log[(IX B) (AR I)~']- (IK B)

= log[A™' X B]- (IXB).
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Since logx is operator-monotone, by Theorem 3.5 we obtain that the map
(A,B) — log[A"' K B] - (I X B)

is convex. Hence, the map (3.9) is convex. []

Theorem 3.8. Let f : (0,00) — (0,00) be an operator-monotone function. If ¢; :
B(H)TT — B(H')T is an affine map and ¢, : B(K)T+ — B(K')™+ is a concave map,

then the map
(4,B) = flp1(A) B da(B)] - (¢1(A) B (3.10)

is convex on B(H) T+ x B(K) .

Proof. By Theorem 2.29, there is a finite Borel measure 1 on [0, 1] such that (2.7) holds.
Then

Flo2(B) R ¢1(A) 7] - (d2(B) K I)
1
= [ HaEDL (A BB} (0 () BD) d)
For each t € [0, 1], by proving in the same way of the proof in Theorem 3.5, we obtain

(IR Y (61(4) ®2(B)™)} (¢1(A) B I)
= (GLARD{(1 =) (p1(A)RI) + t (TR a(B)} " (p2(A) R ).

The concavity of the map (A, B) = (1 =) (¢1(A) X T) + ¢t (I X ¢2(B)) and the affinity of
the map (4, B) + ¢1(A) X I together yield the convexity of the map

(4,B) = (61(A) R {1 =) (¢1(A) R T)+1 (I K do(B)} 7 (b1(A)RT).

Hence, the map (3.10) is convex. L]

Example 3.9. Let ¢; : B(H) ™ — B(H')" T is an affine map and ¢, : B(K)*+ — B(K')++

is a concave map. For any 0 < p < 1, we have by Theorem 3.8 that the map
(A,B) = [¢2(B) R h1(A)]" - (¢2(B) K1) (3.11)

is convex on B(H)*+ x B(K)*T+.

Corollary 3.10. The following map is convex on B(H)™+ x B(K)**:

(A,B) — (Alog[A]) ® T — AKX log[B]. (3.12)
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Proof. The proof is similar to Corollary 3.7. []

We mention that the maps (3.2), (3.6), (3.10) and (3.12) extend the matrix results
in [5] to the case of operators. Moreover, the maps (3.2), (3.6) and (3.10) generalize

the operator results in [30].

3.2 Concavity and Convexity Theorems for Tracy-Singh Products of

Operators

In this section, we present concavity and convexity theorems for Tracy-Singh
products of operators.

For each i = 1,...,k, let H; and H; be Hilbert spaces and decompose

T, m;
/ /
H; = @Hi,ra H; = @H“,
=1 s=1

where all H;, and H}, are Hilbert spaces. For k € N — {1} and a finite number of

1,5

operators A; € B(H,, H) for i =1,...,k, we denote

&A’L N Al;

o~ 1
=
I

(AL R A5) R -8 Apog) K Ay,

The following theorem generalizes Corollary 6.2 of [5] to the case of Tracy-

Singh product of operators.

Theorem 3.11. Let 0 < p; < 1fori=1,...,k be such that Zlep,» < 1. Then the map

k
(Ay,..., Ap) — [X] AV (3.13)

i=1

is concave on B(H; )™ x -+ x B(Hy)*+.

Proof. We proceed by induction on k. Clearly, the map A; — A" is concave. Suppose

the assertion is generally true for the case k — 1. If p;, = 0, then the map becomes

k—1
(A1,..., Ap) — <®A5i>x1
i=1

which is concave. If p, =1, then p; =0 forall i =1,...,k — 1 and the map

k
(A1,..., Ap) — (&I)&Ak
i=1
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is concave. Now suppose 0 < p, < 1. By the induction assumption, the map
k—1
d)(Al? LR Ak—l) = & Afl/(l_pk)
=1
is concave. By applying Theorem 3.1 with f(z) = 2P+, the map
(Al, ey Ak) — f [¢(A1, - ,Akfl)_l X Ak] . (¢(A1, ey Akfl) X I)
is concave. We obtain the concavity of the map (3.13) since

Flo(Ar, . Aeo) TP RAL] - (3(Ay, ..., Apo) R
= (¢(A1, ..., Ap—1) TR AR (B(Ar,.. ., Ap—1) BT)
= (G(Aryeeey Ax=1) 7P K AP (B(Ay, ..., A1) B T)
= ¢(Ay,..., Ap_1)PE K ARF

k—1
(g Afi> X AP
i=1

k
= X 47 []
i=1

A simple special case of Theorem 3.11 is that for k = 2.

Corollary 3.12. For each r € (0,1), the map
(A,B) — A'"TTR BT (3.14)

is concave on B(H)" x B(K)*.

Proof. Theorem 3.11 implies that the map (3.14) is concave on B(H)™+ x B(K)*+.
Since the Tracy-Singh product is jointly continuous Theorem 2.43), this map is also
concave on B(H)* x B(K)*. []

Corollary 3.13. For each r € (0,1), the map
(A,B) —» AY"RB "4+ A"RB'"™" (3.15)

is concave on B(H)* x B(K)™.

Lemma 3.14 ([37]). Foreachi=1,... k, let A;, B; € B(H)". Then

(IgAi)ﬁt(lilBi) = %(AintBi)- (3.16)

=1
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Theorem 3.15. For each i = 1,...,k, let ¢, : B(H;)*+ — B(H,)"* be a concave map.

Then the map
(A1, Ar) = X i(4) 7" (3.17)

is convex on B(Hy)TF x -+ x B(H)TT.

Proof. To show that the map (A1,..., Ax) — X, ¢:(4;)~" is convex, let ¢ € [0,1] and
A;,B; € B(H;)T for all i = 1,...,k. Applying Theorems 2.35 and 2.43, and Lemma

3.14, and the arithmetic-eeometric means inequality for operators, we have

g@((l—t)flﬁ-t&)_l < lg((l_t)Qbi(Ai)‘f't(bi(Bi))l
S gwim»vm(&))‘l
< %(@(An fe 6s(B:) ™
= % (di(Ai) " 8 ¢u(B)TY)

k k
= DX s (Ai) M DX ¢ (Bo) T
2 i—1

k k
<|E ¢i(Ai)_1> Vi <|E ¢i(Bi)_1>
k

k
(1—1) IXI ¢i(A)7H +t IXI ¢i(Bi) 7.

=

N

Hence, the map (3.17)is convex. []

Corollary 3.16. Foreach i =1,...,k, let 0 < p; < 1. Then the map

(A, A = X4 (3.18)
is convex on B(Hy )T+ x -+ x B(H) ™.
Proposition 3.17. Foreach i = 1,...,k, let 0 < p; < 1 and 1 < ¢ < 2 be such that
SF  pi <q— 1. Then the map

k
(A1, ... Apyr) — (|X|A{P"> X A9, (3.19)
=1

is convex on B(Hy ) H x -+ x B(Hyq1).
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Proof. By Theorem 3.11, the map

k
(i = ()t

i=1

is concave on B(H;)™ x .-+ x B(Hy41)" . Clearly, the map

k
(A1, Aga) = (|X|I> X A1
i=1

is affine. It follows from Theorem 2.43 that the map

() o { (1) B M (R0 mait} (1) B e

i=1
- (XY
=T

is convex. ]

Corollary 3.18. For each r € (0, 1), the maps

(A,B) + A""R BT, (3.20)
(A,B) v ATTR BT (3.21)

are convex on B(H)t+ x B(K) .

Proof. The convexity of the map (3.20) follows from Proposition 3.17. Now, we will

prove that the map (3.21) is convex. Let r € (0,1). Theorem 2.43 implies that
AR BT = (AARB™) (ARI) = (ARB™') (ARI).

Using Theorem 3.58 with f(z) = 27, we reach the convexity of the map (3.21). [

Corollary 3.19. For each r € (0,1), the map
(A,B) = A" KB AT R BT (3.22)

is convex on B(H)*t+ x B(K)*+.

We mention that Theorems 3.11 and 3.15, Corollary 3.16, and Proposition 3.17
generalize the matrix results involving Kronecker products provided in [5] and Tracy-
Singh products provided in [4]. Moreover, Theorem 3.15 can be viewed an extension
of Theorem 4 in [30].

Now, we focus on convexity of certain operator-valued functions involving

Tracy-Singh products.
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Lemma 3.20 ([12]). For each 4 € B(H)*, the map
a = AT+ AT (3.23)

is convex on R, increasing on [0,00), decreasing on (—oc, 0] and has its minimum at

a=0.

Theorem 3.21. Let A € B(H)" and B € B(K)*. Then the map
a = AT R BlTe poAlme kg plte (3.24)

is convex on [—1, 1], decreasing on [—1,0], increasing on [0, 1], and attains its minimum

ata=0.

Proof. To show that the map
¢(a) - A1+a & Blfa _|_A1—oz |X|B1+oz

is increasing on [0,1], let 0 < a < B <1 and B # 0. In Lemma 3.20, replacing « by
0<% <1land Aby APX B8, we get

AR B+ AR BY = (AP RBA)F + (4P mBf)"*

N\

APRB 4+ (A#RB )T

— APRB P4+ APNBP
Multiply both sides by A2 K Bz, we have by Theorem 2.43 that

A1+a gBl—a +A1—o¢ X BH—a ) (A% &B%) (Aa X B~ - A YK Ba) <A% X B%)

N

(A*RBY) (AR B~ + 47 W BF) (4% w B}

= AP RBP4+ A'A R BME,

This implies that ¢(a) < ¢(8). Thus, ¢ is increasing on [0, 1]. Note that ¢(a) = ¢(—a), sO
1,0

¢ is decreasing on [—1,0]. Consequently, ¢ is convex on [—1,1] and has its minimum at

a=0. D

Corollary 3.22. Let A € B(H)* and B € B(K)*. Then the map
a v AR BT 4 AR B (3.25)

is convex on [0, 1], decreasing on [0, 1], increasing on [3,1], and attains its minimum at
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Proof. Replacing A, B by Az Bz in Theorem 3.21, respectively, and then replacing
(1+ a)/2 by a, we get the desired result. []

As a consequence, we obtain an operator version of the arithmetic-eeometric

mean inequality as follows.

Corollary 3.23. Let A € B(H)" and B € B(K)". For any ¢ € [3,1], we have
2A*RB?) < AIRB"'+ A'"'RB' < ABB.

Here, B denotes the Tracy-Singh sum [40] defined by ABB = AXI + I X B.

Notice that Theorem 3.21 and Corollary 3.22 can be viewed generalizations of

[32, Theorem 3.2 and Corollary 3.3] to the case of operators.

3.3 Concavity and Convexity Theorems for Khatri-Rao Products of

Operators

In this section, we establish concavity and convexity theorems for Tracy-Singh
products and Khatri-Rao products of operators. The results in this section are estab-
lished by using the concavity and convexity theorems for Tracy-Singh products and
the connection between the Khatri-Rao and Tracy-Singh products.

Foreach i=1,...,k, let H;, and H; be Hilbert spaces and decompose

where all H; - and H; , are Hilbert spaces. We set szl A=A ForkeN-{1}and a

finite number of operators A; € B(H;, H,) for i =1,...,k, we denote

k
BAqi = ((AlE]AQ)E"'BAk_1)E|Ak.
=1

Lemma 3.24. There are isometries Z; and Z, such that

k k

A - z;(g&)zz (3.26)

=1 i=1
for any A; € B(H;,H,), i = 1,...,k. If H; and H, are the same space for all i, the
Z1 = Z2 = .
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Proof. We proceed by induction on k. If k = 1, the property (3.26) is true by using
Zy =1 and Zy = 1. Suppose that there exist isometries R, and R, such that

k—1

k—1
[(]4; = R’{(leAi>R2.
=1

i=1

By Theorem 2.51, there are isometries Si, S, such that

(EAZ-) 0 Ay = [(EA)XA;C}
Then

(EAJ oA

L]
=
I

[(EAZ) ® 4.]5:
{[Rl( X AZ)RQ} &Ak}

S*(RIRI) ( Z)&Ak (Ry B 1) S,

k
[(R1 X 1)S;]" (&Az) Ry 1) Ss.
Set Zy = (R ®I)S; and Zy = (Ry X I)S,. For each i = 1,2,

2:%; = [(RRDST(RB DS, = iR RI(R R I)S;

= S(RIR)RIS; = S;(IRDNS, = S8 = I.

Hence, Z; and Z; are isometries. When H; = H, forall i =1,...,k, we have Z; = Z,
from the construction. []

Next, we develop concavity theorems for Khatri-Rao products of operators.

Theorem 3.25. Let 0 <p; <1fori=1,... k be such that Zlepi < 1. Then the map
k
(A1,..., A) = [5] AP (3.27)

is concave on B(H;) " x .-+ x B(H) T+

Proof. From Lemma 3.24, the map X + Z*X Z, taking the Tracy-Singh product [XI_, 4;
to the Khatri-Rao product [%_, 4;, is linear and preserves positivity. Recall that the
composition between a linear map and a concave map results in a concave map.

Since the map

k
(A1,..., Ap) = X AV
i=1
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is concave by Theorem 3.11, we have the concavity of the map

k k
(Ar,... A — Z*(&Af?‘)z = [-] A ]
i=1 =1

Corollary 3.26. For each r € (0,1), the map
(A,B) — A" @B" (3.28)

is concave on B(H)* x B(K)*.

Proof. It follows from the case k=2 in Theorem 3.25 together with the continuity of
the Khatri-Rao product (Theorem 2.50). []

Corollary 3.27. For each r € (0,1), the map
(A,B) + A" T@B 4+ A @ BYT (3.29)

is concave on B(H)T x B(K)™ .

Proposition 3.28. For each i =1,...,k, let ¢, : B(H;)™ " — B(H,)"" be a concave map.
Then the map

k
(A1, Ag) =[] di(Ay)" (3.30)

is convex on B(Hy )T+ x -+ x B(H) .
Proof. It follows from Lemma 3.24 and Theorem 3.15. L]

Corollary 3.29. Let 0 < p; <1foreachi=1,...,k Then the map
(A1,..., Ap) — [«] A" (3.31)

is convex on B(Hy )Tt x -+ x B(H) .

Proof. It follows from Proposition 3.28 by putting ¢;(4;) = AY* for each i. []
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Corollary 3.30. For each r € (0,1), the maps

(A,B) — A"@ B, (3.32)
(A,B) — AY"@ B (3.33)

are convex on B(H)*t+ x B(K)*+.
Proof. It follows from Theorem 2.51 and Corollary 3.18. []

Corollary 3.31. For each r € (0,1), the map
(A,B) » A" @B + A g B (3.34)

is convex on B(H)*+ x B(K)*+.

Proposition 3.32. Foreach i = 1,...,k, let 0 < p; <1 and 1 < ¢ < 2 be such that
¥ pi < g=1. Then the map

k
AN s (E| A;Pi) @AY (3.35)
i=1

is convex on B(H)TH x -+ x B(Hyyq) .
Proof. Applying Proposition 3.17 with Lemma 3.24, we get the result. []

Corollary 3.33. For each r € (0,1), the maps

(A,B) — A "@B'", (3.36)
(A,B) — AT @B (3.37)

are convex on B(H)*t+ x B(K)*+.
Proof. It follows from Corollary 3.18. []

Corollary 3.34. For each r € (0,1), the map
(A,B) — A"@B'"™"" 4+ A" @B (3.38)

is convex on B(H) T x B(K)*T+.
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We mention that Theorem 3.25, Propositions 3.28 and 3.32, and Corollary 3.29
are extensions of matrix results in [5]. in addition, Proposition 3.28 is a generalization
of [30, Thoerem 4].

Now, we focus on convexity of certain operator-valued functions involving
Khatri-Rao products.

Proposition 3.35. Let A € B(H)" and B(K)*. Then the map
a — AltemgBlTe 4 Alme g ptte (3.39)

is convex on [—1, 1], decreasing on [—1,0], increasing on [0, 1], and attains its minimum

ata=0.

Proof. From Theorem 2.51, the map X — Z*X Z, taking the Tracy-Singh product AKX B
to the Khatri-Rao product A @ B, is linear and preserves positivity. We know that the
composition between a linear map and a convex map results in a convex map. Since
the map

A KU \ L N BEL T

is concave by Theorem 3.21, we have the convexity of the map

s D (AHa X Bl=2 4 A7 K BHQ)Z — Altag pl-a 4y gl-em it []

Corollary 3.36. Let A € B(H)T and B € B(K)*. Then the map
a+ A*E BT AT g B> (3.40)

is convex on [0, 1], decreasing on [0, ], increasing on [, 1], and attains its minimum at

_1
04—2.

Proof. The proof is similar to Corollary 3.22. []

As a consequence, we obtain an operator version of the arithmetic-geometric

mean inequality as follows.

Corollary 3.37. Let A € B(H)* and B € B(K)*. For any ¢ € [$,1], we have
2(AY2@BY?) < A'm@ B4+ A'@ B! < AEB.

Here, B denotes the Khatri-Rao sum [38] defined by AmB=AB 1+ 13 B.

Notice that Proposition 3.35 and Corollary 3.36 are operator extensions of [32,
Theorem 3.2 and Corollary 3.3].



Chapter 4

Chebyshev-Type Inequalities for Operators Involving
Tracy-Singh Products and Weighted Pythagorean

Means

In this chapter, we investigate Chebyshev-type inequalities for bounded con-
tinuous fields of operators involving Tracy-Singh products. The continuous field con-
sidered here is parametrized by a locally compact Hausdorff space equipped with a
finite Radon measure. We also establish inequalities of Chebyshev-type for bounded
continuous fields of operators relating Tracy-Singh products and weighted Pythagorean
means. The weighted Pythagorean means considered here are the weighted arithmetic
mean, the weighted geometric mean, and the weighted harmonic mean. Moreover,
Tracy-Singh product versions of the Chebyshev-Griss-type inequality via oscillations
are also obtained. Our results include Chebyshev-type inequalities for tensor product
of operators and Tracy-Singh/Kronecker products of matrices.

Throughout this chapter, let H, K be complex Hilbert spaces such that

H = PH, K = éKi,
=l

and let Q be a locally compact Hausdorff space equipped with a finite Radon measure
. Afamily A = (A4,),., of operators in B(H) is said to be bounded if there is a constant
M > 0 such that ||A;|| < M for all t € Q. The family A is said to be a continuous field
if parametrization t — A; is norm-continuous on Q. Every continuous field A = (A;)iecq
of operators in B(H) can have the Bochner integral [, A:du(t) if the norm function
t — ||A;|| process the Lebesgue integrability. In this case, the resulting integral is a

unique element in B(H) such that

o( [ aduv) = [ ottjante

for every bounded linear functional ¢ on B(H).

Proposition 4.1. Let (4,),., be a bounded continuous field of operators in B(H).
Then for any X € B(K),

/Atdu(t)®X = /(Atx)()du(t), (4.1)
Q Q
XK /Q Agdp(t) /Q (X X Ay)dp(t). (4.2)
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Proof. Since the map t — A; is continuous and bounded, the norm function ¢ — || 4|
is Lebesgue integrable. By Theorem 2.58, the map ¢ — A, is Bochner integrable on Q.
Let X € B(K). Using Theorem 2.43, the map

¥ : BH) — %( D Hi®Kj), T TRX
ij=1
is linear and bounded. Theorem 2.57 implies that the map ¢ — A, X X is Bochner

integrable on Q and

[ anomx = o [ aduw) = [ anane) = [ (4@ x)dut

In the same way, we reach the assertion (4.2) by using tha fact that the map
ot B(H) — B( fan) KioH), THXRT
i,j=1

is linear and bounded L]

4.1 Chebyshev-Type Inequalities Involving Tracy-Singh Products of

Operators

From now on, let Q be a locally compact Hausdorff space equipped with a
finite Radon measure u.
From the definition of the synchronous functions in (1.11), we define syn-

chronous Tracy-Singh property for fields of operators as follow:

Definition 4.2. The fields A = (A¢),.q, and B = (By), ., of operators in B(H) and B(K),

respectively, are said to have the synchronous Tracy-Singh property if
(A; = A,)R (B, — B,) > 0 (4.3)

forall s,t € Q. They are said to have the opposite-synchronous Tracy-Singh property
if the reverse of (4.3) holds for all s,t € Q.

The following result is an extension of the Chebyshev integral inequality (1.12)

to the case of operators.

Theorem 4.3. Let A = (Ay),c, and B = (By),c, be bounded continuous fields of self-
adjoint operators in B(H) and B(K), respectively, and let a : Q — [0, 00) be a bounded

measurable function.
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(i) If A and B have the synchronous Tracy-Singh property, then
/ o(s)dp(s) / a(t)(A & By)dpu(t) > / a(t) Agdp(t) B / a(s)Bydu(s).  (4.8)

Q Q Q Q

(ii) If A and B have the opposite-synchronous Tracy-Singh property, then the reverse
of (4.4) holds.

Proof. By using Theorem 2.43, and Proposition 4.1, we have

[ aduts) [ ot m Bt - / A(OAA) B [ a(s)Budn(s)

=[] et B ants) — [ | o)A s Bydu(tnts
J[atia®1a 8 (5~ Bldn(o)in(s)

4 // 2 R (B, ~ B,)] dp(t)du(s)
// alt)als) (4, B (B, ~ Byl du(s)du)

- // X (B, — B,)] da(t)du(s)
157 /Q () (4,8 (B, = B)] du(s)dutt)

= 5//92 als)a(t) [(Ay — As) X (B — Bs)] dp(t)du(s).

Here, we have used Fubini’s Theorem [7] to interchange the order of integrals. For

the case (i), we have

/ /Q afs)adt) (A~ AR (B, = B du(t)du(s) >0 (4.5)
and thus (4.4) holds. For another case, we get

J[ e A& (B, — B,)] du(tidn(s) < 0

and thus the reverse of (4.4) holds. ]

Remark 4.4. In Theorem 4.3 and other results in this chapter, we may assume that Q is
a compact Hausdorff space. In this case, every continuous field on Q is automatically
bounded.

For the case m = n =1, i.e,, H and K are not decomposed, the synchronous

Tracy-Singh property in Definition 4.2 reduces to the synchronous tensor property:

(A —A) @ (B —B) = 0 (4.6)
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for all s,t € Q. If two fields A = (Ay)ieq and B = (By)ieq of operators in B(H) have the
synchronous tensor property, then A and B have the synchronous Hadamard property
[31, Definition 2.1], i.e,,

(Ay —A)® (B —Bs) = 0 4.7

for all s,t € Q. The following result gives Chebyshev-type inequalities concerning

tensor products and Hadamard products.

Corollary 4.5. Let A = (A;),. and B = (By),.,, be bounded continuous fields of self-
adjoint operators in B(H) and B(K), respectively, and let a : Q — [0, 00) be a bounded
measurable function.

(i) If A and B have the synchronous tensor property, then
[ aliuts) [ aacs Bdut) > [ aaduo o [ aButs). @3
[ autsy [ atiace Byaty > |

Q

oz(t)Atdu(t)@/a(s)Bsdu(s). (4.9)

Q
(i) If A and B have the opposite-synchronous tensor property, then the reverse of
(4.8) and (4.9) hold.

Proof. For the case m = n = 1, the Tracy-Singh product in Theorem 4.3 reduces to the
tensor product. Assume that 4 and B have the synchronous tensor property. Note
that for any X € B(H),

¥t </Q Atd,u(t)>X = /QX*Athu(t).

Using the fact that the Hadamard product is expressed as the deformation of tensor

product via the isometry U defined in (1.5), we obtain

AMWM@/MM&@&MM%:AMWM@AMMW&@&WW@

Q

~ 0 ([ alantey [ a s Bdutt)) U

WV

o ([ e e [ awpdus)v
[ aadu®© [ as)B.duts).

The case (i) for Hadamard products can be similarly treated. []

We can see that the inequality (4.9) is the same as [31, Theorem 2.2], but they
hold under different hypothesis.

The next corollary is a discrete version of Theorem 4.3.
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Corollary 4.6. Let A; € B(H), B; € B(K) be self-adjoint operators and w; be nonnega-
tive number for each i =1,... k. Let A= (Ay,...,A;) and B = (By,..., By).

(i) If A and B have the synchronous Tracy-Singh property, then

k k k
i=1 i=1

i=1 i=1

(i) If A and B have the opposite-synchronous Tracy-Singh property, then the reverse
of (4.10) holds.

Proof. When we set Q = {1,...,k} equipped with the counting measure, the integral
Jo, Aedp(t) reduces to the finite sum, i.e.,

N k
/QAtdu(t) = ;Ai.

From Theorem 4.4, setting a(i) = w; for alli = 1,..., k, we get the result. []

4.2 Chebyshev-Type Inequalities Involving Weighted Pythagorean

Means of Operators

In this section, the space Q is equipped with a total ordering <.

Definition 4.7. We say that a field A = (4,;);cq of self-adjoint operators is increasing
(decreasing, resp.) whenever s < t implies A, < 4, (A, > Ay, resp.).

Definition 4.8. Two ordered pairs (X1, X2) and (Yi,Y¥s) of self-adjoint operators are
said to have the synchronous property if either

() X; <Y; fori=1,2, or
(i) X; >V fori=1,2.

The pairs (X1, X2) and (Y3, Ys) are said to have the opposite-synchronous property
if either

(|) X<y and X9 2 Y5, Or

(||) Xi>2Y" and X <Y5.
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Definition 4.9. Let A = (Ay)icq, B = (Bi)ica,C = (Ci)ieq, D = (Dy)ieq be continuous
fields of self-adjoint operators. Two ordered pairs (A, B) and (C,D) are said to have
the synchronous monotone property if (4;, B;) and (Cy, D;) have the synchronous
property for all t € Q. They are said to have the opposite-synchronous monotone

property if (A4;, B;) and (Cy, D;) have the opposite-synchronous property for all t € Q.

4.2.1 Inequalities on Weighted Geometric Means

Lemma 4.10 ([37]). Let A, B,C,D € B(H)* and w € [0,1]. Then

(AR B)§u(CR D) = (A4,C) R (Bt D).

Theorem 4.11. Let A = (At)teg,B = (Bt)tggz,c = (Ct)tGSbD = (Dt)tGSZ be bounded
continuous fields in B(H)*, « : @ — [0,00) a bounded measurable function and w €
[0,1].

(i) If A,B,C,D are either all increasing, or all decreasing, then

[ als)dus) [ (A8 Bl G B Ddu(e)
¢ 7 (4.11)
> [ A B [ als)(BEuD:)du(S),
Q Q

(ii) The reverse of (4.11) holds if either

(a) A,c are increasing and B, D are decreasing, or

(b) A,C are decreasing and B, D are increasing.

Proof. Let s,t € 2 and assume without loss of generality that s < t. Applying Theorem
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2.43, Lemma 4.10, Proposition 4.1, and Fubini’s Theorem [7], we have
[ as)iuts) [ ala = B)su(C 0 Dldu(0)
Q Q
- [, codutn / o) (Bt Ds)dp(s)
Q

/ /Q (A B Bt (Co & Dy)]du(t)du(s)
/ /Q (At Cr) B (Bt Ds)]dp(t)dp(s)
/ / . )(AetwCr) B (Bifto D) ]dp(t)dpu(s)
/ /Q N(AtgwCr) B (Bt Ds)]dp(t)dp(s)
- / /m )(AthwCr) B (Bl D = Byt D) dp(t)dp(s)
p //Qz N(AslwCt) W (Bt Di = BowDs)]dpu(t)dp(s)
//Q (A5 Cs) B (BstwDs = Betw Di)]dpu(s)dp(t)
= % / /Q )[(A14,Ct) B (Byth De — BifuDo)ldp(t)dpu(s)
. P2 //Q (AstuwCs) B (Biffw Dy = Bt D)ldu(s)du(t)
“ //QQ t)[AstwCy — AHyCs] B [Bifty Dy — Belo Dsldp(t)dpu(s).

If A,B,C,D are all increasing, we have by the monotonicity of geometric means (The-
orem 2.34) that

At Cr = A, Cs and ' BiflwD: > BglwDs
If A,B,C,D are all decreasing, we have
Ao Cr < AuwCs  and  BiflwD: < BglwDs
Both cases lead to the same conclusion that
(A48, Cr — Aty Cs) R (Bl Dy — BsllwDs) = 0,
and hence (4.11) holds. The cases (ii) yield the same conclusion that
(At Cr — A Cs) K (Bilflw Dy — BsfwDs) < 0.

and hence the reverse of (4.11) holds. ]

Recall that a continuous function J — R is super-multiplicative if

flzy) > f(2)f(y) forall z,yeJ

In [31], Moslehian and Bakherad established Chebyshev-type inequality regarding op-
erator means. For increasing flields A = (A;)ieq, B = (Bi)iecq,C = (Ci)ieq, D = (Di)teq Of
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operators in B(H)* and a bounded measurable function « : Q@ — [0,00), we have [31,
Theorem 3.1]

/ o(s)du(s) / o(®)[(Ar © B)o(Cy  Dy)ldpt) o
Q2 Q q4.12
> /Q a(t)(A0Cy)du(t) © / o(5)(Boo D, )du(s),

where ¢ is an operator mean with the super-multiplicative representing function. We
can see that Inequality (4.11) is a Tracy-Singh product version of (4.12) for the case of
the representing function f = tv.

The next corollary is a discrete version of Theorem 4.11.

Corollary 4.12. Let A;,B;,C;,D; € B(H)T and w > 0 for each i = 1,...,k. Let A =
(Ala"'vAk)a B = (Blv"'ka)a C:(Cla"'vck‘)v D= (Dla"'ka)~

(i) If A,B,C,D are either all increasing, or all decreasing, then

k k k k
<Z Wi) <Z wi[(A; X B;) 1o (C; gDi)]) > (Z wi(AiﬁwCz')> X <Z wqi(BiﬂwDi)> .

i=1

(4.13)

(i) The reverse of (4.13) holds if either

(a) A,C are increasing and B, D are decreasing, or

(b) A, C are decreasing and B, D are increasing.

Proof. Setting Q = {1,...,k} equipped with the counting measure and «a(i) = w; for all
i=1,...,kin Theorem 4.11, we get the result. []

4.2.2 Inequalities on Weighted Arithmetic Means

Lemma 4.13. Let A4, B,C, D be self-adjoint operators in B(H) and w € [0, 1].

() If (A, B) and (C, D) have the synchronous property, then

(AR B)V(CBD) > (AV,C) K (BV,D). (4.14)

(i) If (A, B) and (C, D) have the opposite-synchronous property, then the reverse of
(4.14) holds.
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Proof. For the synchronous case, we have by using positivity of the Tracy-Singh prod-
uct (Theorem 2.43) that (A — C)X (B — D) > 0. Applying Theorem 2.43, we obtain

0 < wl-w)[(A-C)K (B - D)

w(l—w)[ARB-—ARD—-CKXB+CK D]

= [(1-w)(ARB) + w(CE D) - [(1 —w)A + wC] K [(1 — w)B + wD]
= (AR B) v, (CRD)] - [(AV, C) K (B v, D).

Thus (4v,,C)X (BV, D)< (AX B) v, (CX D).

For the opposite-synchronous case, we have (A —C)X (B — D) < 0 and hence
the reverse of inequality (4.14) holds. []

Theorem 4.14. Let A = (At)tggz,B = (Bt)teg,c = (Ct)tGSh,D = (Dt)tesl be bounded
continuous fields of operators in B(H)*, o :  — [0,00) be a bounded measurable

function and w € [0, 1].

(i) If (A, B) and (¢, D) have the synchronous monotone property and all of A, B,C, D

are either increasing or decreasing, then
/ a(s)dp(s) / a(H)[(AL B B,V (C, B D))dpi(t)
Q Q

(a.15)
> [ (A0 B[ a()B.TuDdn ().

(i) If (A,B) and (€,D) have the opposite-synchronous monotone property and if

either

(@) A,C are increasing and B, D are decreasing, or

(b) A,C are decreasing and B, D are increasing,

then the reverse of (4.15) holds.

Proof. Let s,t € Q and assume without loss of generality that s < ¢. First, we consider

the case (i). We have by using Theorem 2.43, Lemma 4.13, Proposition 4.1, and Fubini’s



45
Theorem [7] that
[ als)duts) [ (ol 8 B)7.(Ce 8 DJdute)
Q Q
- / (A4 CO() 2 [ als)(B.7wD)du(s)

o
=[] a(e)ale)it4e 8 B)v.(Ch 8 Dldn(t)dn(s
// a4 70 C) B (B D)du(t) ()
> [ 0ol A:7.C) B (B Dldu(tydus)
// a4 B (B D)du(t)d(s)
_ //Q V(AT Cy) B (Bi VDt — ByV Do)|du(t)du(s)
= 5 || aaO(470C) B (Biv.uD: = B D)
=1 / [(A4:9.0C) B (ByTDs — By, D, )ldji(s)dp(1)
/ / /22 V(AL 9usCi — Ay T5Cs) R (Bi¥oyDs — BaVoo Do) dpa(t)dpa(s).

If all of A, B,C, D are increasing, we have by Theorem 2.34 that
AV Cy = AV,Cs - and - ByVy,D; > BV, D;.
If all of A, B,C,D are decreasing, we have
AV, Cr < AV,Cs and . ByV,Dy < ByVDs.

Using the positivity of the Tracy-Singh product (Theorem 2.43), both cases lead to the
same conclusion that
(A4VCy — AV, Cs) X (ByVayy Dy — BsVyyDs) = 0
and hence (4.15) holds.
Now, we consider the case (ii). Since (A,B) and (C,D) have the opposite-

synchronous monotone property, we have by applying Theorem 2.43, Lemma 4.13,

Proposition 4.1, and Fubini’s Theorem [7] that
/ o(s)dp(s) / a(H)[(As B BV (Cy 8 Dy)dsi(t)
Q Q
- [ @A CO0 B [ a(s)(B7wD)du(s)

//92 )[(A¢ B By) v (Co B Dy)ldpa(t)dpa(s)
//Q (At V0w Cy) B (By Vo D) ldp(t)dp(s)
//Q (At Cr) B (Bi Vo Dy)]dpa(t)dp(s)
//Q )(A:VuC) B (Bs Vo Ds)ldu(t)dp(s)

- // N(AVWCr — AV Cs) B (ByVay Dy — ByVay Dy)|dp(t)dp(s).
Q?
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The cases (a) and (b) yield the same conclusion that
(A4V,Cy — AV, Cs) R (ByVyy Dy — BsVyyDs) < 0

and hence the reverse of (4.15) holds. L]

Corollary 4.15. Let A;,B;,C;,D; € B(H)T and w > 0 foreach i = 1,...,k. Let A =
(A1,...,Ag), B=(By,...,Bg), C=(C1,...,Cx), D= (D1,...,Dy).

() If (4,B) and (C, D) have the synchronous monotone property and all of A, B,C, D
are either increasing or decreasing, then

k k k k
i=1 i=1 i=1 i=1

(4.16)

(i) If (A,B) and (€, D) have the opposite-synchronous monotone property and if
either

(@) A,C are increasing and B, D are decreasing, or

(b) A,C are decreasing and B, D are increasing,

then reverse of (4.16) holds.

4.2.3 Inequalities on Weighted Harmonic Means

Lemma 4.16. Let A, B,C, D be operators in B(H)* and w € [0, 1].
() If (A, B) and (C, D) have the synchronous property, then

(AR B)!y (CRD) < (Al, C)R(Bl, D). (4.17)

(ii) If (A, B) and (C, D) have the opposite-synchronous property, then the reverse of
(4.17) holds.

Proof. By continuity, we may assume that A, B,C,D > 0. Assume that (4, B) and
(C, D) have the synchronous property. The case A > C and B > D leadsto A~! < C~!
and B~! < D! and thus

(A'—Cc HYR(B1-D™) > 0. (4.18)
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The case A < C and B < D also leads to the inequality (4.18). Using Theorem 2.43
and (4.18), we get

0 <wl-w) (A -C )R B'-D
= w(l-w)A7'®B ' 4wl -w) C'®D? —w(l —w)A'®D™ —w(l —w)C' KB
= [1l-w)-(1-w?’]A"'"®B '+ (w-—w)C'®D ' —w(l-—w)A'®D™!
—w(l —w)C™'® B!

= A'®B Y v, (CT'®D ) -4V, YR (B v, D).
This implies that
(A"'®B ") v, (C*'RD) > (A4 v, C )R (B v, D).

Hence,

i)

(AR B!, (CKD) = {(ARB) v, (CRD)"'}"

AT RBT)v, (CTIR DI

1

o~~~

N

A7 v, 0 YR (BT vy, DY)}

oY o A i LA
(

Al, C)R (B!, D).
For the opposite-synchronous case, we have
Ar—oHrB?!-DH <0

and hence the reverse of (4.17) holds. For arbitrary 4, B,C, D > 0, perturb each of
them with eI and then take limit as e = 0+. L]

Theorem 4.17. Let A = (A4)ica, B = (Bt)ica,C = (Ci)ica, D = (Dy)ieq be bounded
continuous fields of operators in B(H)T, a : @ — [0,00) be a bounded measurable

function and w € [0, 1].

() If (A4,B) and (C,D) have the opposite-synchronous monotone property and if all
of A,B,C,D are either increasing or decreasing, then

[ als)duts) [ ol @B (€ B D)du(0)
Q Q (4.19)
> /Qa(t)(At lw Cr)du(t) K / a(s)(Bs lw Ds)du(s).

Q

(i) If (4,B) and (C,D) have synchronous monotone property and if either

(@) A,C are both increasing, and B, D are both decreasing, or

(b) A,C are both decreasing and B, D are both increasing,
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then the reverse of (4.19) holds

Proof. Let s,t € Q with s x t. If the pairs (A, B) and (C,D) are opposite-synchronous,
then we have by applying Theorem 2.43, Lemma 4.16, Proposition 4.1, and Fubini’s
Theorem [7] that

/ o (s)dp(s) / a(t)[(A B By) Ly (Cy & Dy)Jdu(t)
Q Q
_/ (t)(As L Cy)dp(t) K / a(s)(Bslw Ds)dp(s)

Q Q

//m (A B By) Ly (Cy B D) ]dpa(t)dp(s)
/ /g (A L Co) B (Bs Ly Ds)dp(t)dp(s)
7 / /Q (Al C) B (Bl Dy)]du(t)dp(s)
//Q )(Aety C) B (Bs Yy D)ldu(t)dp(s)
- //m N(Aetw C) ¥ (Bely D = By Ly Ds)du(t)dp(s)
/ / /Q (At 1 Ce) B (Be Ly Dy =Byt Da)ldu(t)duls)
//n )(As 't Co) BBy Dy = B Ly Dy)]du(s)du(t)
b) //92 OlAete Co = Asty Gl W [Brly Dy = B o Dildu(t)du(s).

If all of A, B, C, D are increasing, we have by the monotonicity of the weighted harmonic
mean (Theorem 2.34) that

Al Cy = Ay Cs and By YWDy > By Ds.
If all of A, B,C, D are decreasing, we have
A, Cp € A, Cs  and Byl Dy < Bgly Ds.
Both ceases lead to the same conclusion that
(Al Cr — Ay C) R (Bl Dy — Byl D) > 0

and hence (4.19) holds. Another assertion can be proved in a similar manner to that

of the second assertion in Theorem 4.14. L]

Corollary 4.18. Let A;,B;,C;,D; € B(H)" and w > 0 foreach i = 1,...,k. Let A =
(A,...,A), B=(Bi,...,By), C=(C,...,Ci), D= (D1,...,Dy).
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(i) If (A,B) and (C,D) have the opposite-synchronous monotone property and if all

of A, B,C,D are either increasing or decreasing, then

k k k k
R _ _ (4.20)

(i) If (4,B) and (C,D) have synchronous monotone property and if either

(a) A,C are both increasing, and B, D are both decreasing, or

(b) A,C are both decreasing and B, D are both increasing,

then the reverse of (4.20) holds.

4.3 Chebyshev-Griss-Type Inequaities via Oscillations

Throughout this section, let Q be a compact Housedorff space equipped with
a probability Radon measure u. For any continuous field A = (A;)ieq in B(H) and
B = (By)icq in B(K), we define

AXRB = (A X By)icq, Z(A) = /Atdﬂ(t),
Q

0SC(A) max{||A; — As|| : (¢,s) € SUPP(p X )}
Here, we recall that the support of the product measure u x u is defined by

supp(p x w) = {(t,s) € Q% : (ux u)(G) >0 for all open sets G C Q2 containing (t,s)}.

We call osc(A) the oscillation of the field A.
In the next theorem, we generalize Griss-type inequality (1.14) to the case of

operators involving Tracy-Singh products.

Theorem 4.19. Let A = (A}),cq and B = (By),eq be bounded continuous fields of
self-adjoint operators in B(H) and B(K), respectively. Then

Z(ARB) - Z(A)XZI(B) < %osc(A)-osc(B)(u x ) (QH\A)I, (4.21)

where A = {(t,t) : t € Q}.
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Proof. We have by using Theorem 2.43, Proposition 4.1 and Fubini’s Theorem [7] that

I(ARB) — T(A) R Z(B)

/ A, B Bud(t) / Aydp(t) / Budp(s
_ /Q dp(s) /Q A, B Budu(t) — / Aydp(t) 8 / Budp(s)
://QzAf&Btdu // A, @ Badp(t)du(s)

- //Q Ay B (B; — Bs)dp(t)dp(s)

- 1// AR (B, — By)dul(t )du(s)+%// As B (B — By)dp(s)dp(t)

- / [ (4 — B,)dju(t)du(s)
_ 5//(At—As)@(Bt—Bs)dﬂ(t)dﬂ(s)
Q2\A

%OSC(A) -05C(B) (1 x 1) (Q2\A) L. []

VAN

We mention that Theorem 4.19 can be viewed as an operator version of [17

Theorem 71.

Corollary 4.20. For each i = 1,...,k, let A4, € B(H) and B; € B(K) be self-adjoint

operators. Then

k k k bk — 1)
Y (4R B) <§ AZ> b <§ :BZ> < oy max A=Ayl max B~ Bj||L

i=1

Proof. Let A= (Ay,..., Ax) and B =(By,...,By). Set Q= {1,...,k} equipped with the
counting measure. We have
k(k—1
(@8 =D e = ax o
and thus

osc(A) = max [|4i—4;], osc(B) = max ||Bi - By]. []

1<,j<k 1<i,j<k

Example 4.21. Let Q = [0,1], w € ©Q and 0 < a < 1. Consider the probability Radon

measure u = aX + (1 — a)d,, where X is Lebesgue measure on Q and 4, is the Dirac

- /1Atdu(t) - a/l A1) + (1 — a) Ay,
0 0

measure at w. Set
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We have

uxp = (ad+ (1 —a)dy) x (aX+ (1 —a)dy)
= A x N F+al—a)Ax )+ (1 —a)a(8y xA)+ (1 —a)? 0y X 0y)-

Then

(1 x ) ([0,1\A) = (A x A) ([0,1]\A) + (1 — @) (A x 6,) ([0,1]*\A)
+ (1= a)a (6, x A) ([0,1]\A) + (1 — ) (6, x dy) ([0, 1]2\A)
= a2 - a).

For any continuous fields A = (A4;)icq and B = (B;)cq of self-adjoint operators, the

inequality (4.21) becomes

1
r_ <N - — > —
T(ARB) = A KI(B) < 5a(2—a) max |4, — Al max |B - B||I

Py



Chapter 5

Chebyshev-Type Inequalities for Operators Involving
Khatri-Rao Products and Weighted Pythagorean

Means

In this chapter, we obtain Chebyshev-type integral inequalities of bounded
continuous fields of operators concerning Khatri-Rao products and weighted Pythagorean
means. The fields considered here are parametrized by a locally compact Hausdorff
space Q equipped with a finite Radon measure u. We also derive Chebyshev-Griiss-
type integral inequality via oscillations when p is a probability Radon measure. These
integral inequalities can be reduced to discrete inequalities by setting Q to be a fi-
nite space equipped with the counting measure. Our results include Chebyshev-type
inequalities for tensor product of operators and Khatri-Rap/Kronecker/Hadamard prod-
ucts of matrices.

Throughout this chapter, let Q be a locally compact Hausdorff space endowed
with a finite Radon measure u and let H, K be complex Hilbert spaces. We fix the
following orthoganal decompositions:

n

H = é]HL;, K = PK;,
$2d]

=1

where all H; and K; are Hilbert spaces.

Proposition 5.1. Let A = (4:):eq be a bounded continuous field of operators in B (H).
Then for any X € B(K),

/Atd/t(t)BX = /(AtEX)du(t), (5.1)
Q

Q

X @ /Q L QU /Q (X @A) dut). (5.2)

Proof. The map t — A; is Bochner integrable on Q because it is continuous. Let
X € B(K). Since the map

¢ B(H) — %<@H¢®Ki), T — TEX,
i=1
is bounded linear operator, we have by Theorem 2.57 that the map t — ¥(4;) is

Bochner integrable and

/Q Adut)B X = o /Q Adu(t)) = /Q B(Adp(t) = /Q (A, B X)du(t).
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Similarly, we reach the assertion (5.2) by using tha fact that the map
o - BH) — %(@K@Hi), T XaT,
i=1

is linear and bounded. L]

5.1 Chebyshev-Type Inequalities Involving Khatri-Rao Products of

Operators

From Theorem 4.3, we obtain Chebyshev-type inequalities involving Khatri-Rao

products under the assumption on the synchronous Tracy-Singh property as follow:

Proposition 5.2. Let A = (A4;)ieq and B = (B;)ieq be bounded continuous fields of
self-adjoint operators in B(H) and B(K), respectively, and let a : Q@ — [0,00) be a
bounded measurable function.

() If A and B have the synchronous Tracy-Singh property, then

/Qa(s)du(s)/a(t)(AtEBt)d,u(t) > /Qa(t)Atd,u(t)B/ a(s)Bsdu(s). (5.3)

Q Q

(i) If A and B have the opposite-synchronous Tracy-Singh property, then the reverse
of (5.3) holds.

Proof. Assume that A and B have the synchronous Tracy-Singh property. Note that
the Khatri-Rao product is expressed as the deformation of Tracy-Singh product via the
isometry Z defined in Theorem 2.51. Since the map X — Z*XZ is a bounded linear
operator, we have, by Theorem 4.3,

[ atnts) [ atiiarm Bautty = [ ats)du(s) | a1z (4 8 B Zdutr)

JQ

= 7 ([ atauts) [ atoamB)au) 2

WV

g </Q olf) Audu(t) B /Q a(s)Bdes)) z
/Q a(t)Adu(t) @ /Q a(s)Bsdp(s).

The case (i) can be similarly proven. []

From the definition of the synchronous functions in (1.11), we define syn-

chronous Khatri-Rao property for fields of operators as follow:
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Definition 5.3. The fields A = (A4;)icq and B = (t);cq of operators in B(H) and B(K),
respectively, are said to have the synchronous Khatri-Rao property if

(A — A) @ (B, — By) > 0 (5.4)

for all s,t € Q. They are said to have the opposite-synchronous Khatri-Rao property
if the reverse of (5.4) holds for all s,t € Q.

Note that if two fields A and B have the synchronous Tracy-Singh property,
then A and B have the synchonous Khatri-Rao property.
The next theorem gives Chebyshev-type inequalities involving Khatri-Rao prod-

ucts under the assumption on synchronous Khatri-Rao property.

Theorem 5.4. Let A = (A;)ieq and B = (By)ca be bounded continuous fields of self-
adjoint operators in B(H) and B(K), respectively, and let a : Q — [0, 00) be a bounded

measurable function.

(i) If A and B have the synchronous Khatri-Rao property, then
/ a(s)du(s)/ a(t)(ABDBy)du(t) > / a(t)Avdu(t) © / a(s)Bsdu(s). (5.5)
Q Q Q Q

(i) If A and B have the opposite-synchronous Khatri-Rao property, then the reverse
of (5.5) holds.

Proof. Using Theorem 2.49 and Proposition 5.1, we have
[ atwyduts) [ ate)(Ai Bryaute) = / ot Awdp() © / o(s) Budu(s)

// £)(A, & By )dpu(t) // £)(Ay B By)du(t)dp(s)

//Q £)[A: B (By ~ B)]dp(t)du(s)
B //Qz A E (B = Bs)ldp(t)du(s)
//m )[As @ (Bs — Bt)]du(s)dp(t)

) / /ma s)a(t) (A — As) B (Br — Bo)] dp(t)dpu(s).

Here, we have used Fubini’s Theorem [7] to interchange the order of integrals. For

the case (i), we have

//Q a(s)a(t) [(As — Ay) B (B — B)] du(®)du(s) > 0 (5.6)

and thus (5.5) holds. For another case, we get the reverse of (5.6) and, thus, the
reverse of (5.5) holds. []
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The next corollary is a discrete version of Theorem 5.4.

Corollary 5.5. For each i = 1,...,k, let 4; € B(H) and B; € B(K) be self-adjoint

operators and w; be a nonnegative number. Let A = (44,...,4;) and B = (B,..., By).

(i) If A and B have the synchronous Khatri-Rao property, then
ZwiZwi(Ai B B;) > (ZMAZ‘) o] (ZWiBi) . (5.7)
i=1 i=1 i=1 i=1

(i) If A and B have the opposite-synchronous Khatri-Rao property, then the reverse
of (5.7) holds.

Recall that, for each 4 € M,,(C), the induced map,
Ty : C" — C™, x — Az,

is bounded linear operator. For any complex matrices A = [4;;] and B = [B;;] parti-

tioned in block-matrix form, we have [36]

TArB@Tp = Tags: (5.8)

Example 5.6. Consider wy =ws = %, A= (Ta,,Ta,), and B = (Tp,, Tg,), Where

N Al e
A = 1 o @ VA2E | E T -1y 4
IR g 0l 1
RNy [ 21 | @
AL ()1 NAARRARI B 1 o) g
KL XY /A

Since Ay — Ay >0, we have T, —Ta, = 0. Similarly, T, — T, > 0. By the positivity of
the Khatri-Rao product, we get

(Tay, —Ta,) 3 (T, — Tp,) = 0,

i.e., A= (Ta,,Ta,), and B = (T,,Ts,) have the synchronous Khatri-Rao product prop-
erty. Thus (5.7) holds for A and %, that is,

Ta, 0T, +Ta, @Tp, = =(Ta, +Ta,) B (T, +Th,). (5.9)

1
2

Applying (5.8), we have

Ta,oB1+420B2 2 T1(a,14,)0(B,+By)



or equivalent to

A1 B +A0 By >

By computing, we obtain

N =

(A1 + A2) @ (B + Ba2).
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1
A1|2|31+A2E]Bg—§(A1+A2)|3(Bl+32)
31 11 3 2 2 1
19 0 0 1 2 3 0 0
“1 0 8 -2 20 2 0| 15 -3
I Y > S, | 1 0| -3 -6
3 0 0 1
1|0 15 0 0
21 00 e
10 Tl

WV
o

Therefore (5.9) holds.

We mention that Theorem 5.4 and Corollary 5.5 are extensions of Chebyshev
integral inequality (1.12) and ChebyShev sum inequality (1.8), respectively. Moreover,
Corollary 5.5 generalizes Chebyshev inequality for Hadamard product of matrices in
[27, Theorem 2.1].

5.2 Chebyshev-Type Inequalities Involving Weighted Pythagorean

Means of Operators

Throughout this section, we assume that the space Q is equipped with a total

ordering <.

5.2.1 Inequalities on Weighted Geometric Means

Lemma 5.7 ([37]). Let A, B,C,D € B(H)* and w € [0,1]. Then

(AE B)t,(C o D) > (At,C) & (BtwD). (5.10)
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Theorem 5.8. Let A = (Ay)ieq, B = (Bi)ica,C = (Ci)icq,D = (Dy)ieq be bounded

continuous fields of operators in B(H)T, a : @ — [0,00) be a bounded measurable

function and w € [0,1]. If A, B,C, D are either all increasing, or all decreasing, then

/ a(s)du(s) / a(®)[(Ar B B,)tu(Co @ Dy)Jdp(t)
Q Q
> / o (t)(ArkuCo)du(t) © / (5) (Bt D) du(s).

(5.11)

Proof. Let s,t € Q. Without loss of generally, assume that s < ¢t. Applying Theorem

2.49, Proposition 5.1, Lemma 5.7, and Fubini’s Theorem [7], we have
[ auts) [ aoia Bz (Cim Dt
Q ¢
- [ atAuCodi) & / () (Bt Ds)di(5)
Q

Q

//m )(Ae B Bi)1w(Cr & Di)ldp(t)dp(s)
//g )(Asfo Ct) @ (Bt Ds)ldp(t) dp(s)
//Q (At C) B (BitwDr)ldp(t)dp(s)
//92 )[(AsfuwCt) B (Bl Da))dpu(t)dp(s)
C //Q )(ArtwCe) B (BiuwDe — Bufu D)dp(t)dpu(s)
g //92 (At Cr) B (Befuw Dy — Bstw Ds)|dp(t)dpu(s)
//92 (AstwCs) B (BstwDs = BifwDy)]dp(s)dp(t)
. / /Q / O[A1wCr — AslwCs] B [Bitw Dt — Bsflw Ds]dp(t)du(s).

If A,B,C,D are all increasing, we have by Lemma 2.34 that
AifwCr > AtCs and Byl Dy > Byt Ds
If A,B,C,D are all decreasing, we have
AifCr < AslwCs  and  Bifly Dt < Byl Ds
By Theorem 2.49, both cases lead to the same conclusion that
(AthCr — At Cs) B (Biflw Dy — BstwDs) 2 0,

and hence (5.11) holds.

Note that Inequality (5.11) is a Khatri-Rao product version of (4.12) for the case

of the representing function f = tv.

[]
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Corollary 5.9. Foreachi=1,...,k, let A;, B;,C;, D; € B(H)* and w; be a nonnegative
number. Let A = (Ay,...,4;),B = (By,...,B),C = (C1,...,Ck), D = (Dy,..., D) and

w € [0,1]. If A,B,C,D are either all increasing, or all decreasing, then

k k k k
D wi Y wi(Ai B B (Ci B Dy)] > (Zwi(AiﬂwCi)> o (Zwi(BiﬁwDi)> . (512
i=1 i=1

i=1 =1

The next goal is to establish a reverse version of Theorem 5.8.

Lemma 5.10. Let A, B,C,D € B(H)" be such that 0 < m;I < AKX B < M;I and

0 <myl <CRD < M,I. Denote m = 2, M = M2 and

MmY¥ —mMY 1—w MY —m"Y v
A S (1 —w)(M—m) ( w 'M'mw—m]tfw) (5.13)
Then for any w € (0,1), we have
MABE B4, (CE D) < (AfwC) B (BfwD). (5.14)

Proof. Consider a map @ : X — Z*XZ, where Z is the isometry in Theorem 2.51.

Since @ is a unital positive linear map, we have by [28, Corollary 3.5] that
APARB) 4, $(CXD)] < ¢((AXB)f,(CHD)).
Using Lemma 4.10, we get

Al(AE B)tw (CE D)

N®(AKX B) 4, &(C K D)]

N

P ((AXB)t, (CX D))

O ((Afw C)X (Bl D))
(A4, C) B (Bw D). []

Theorem 5.11. Let A = (A))iea, B = (Bi)icq,C = (Ci)icq, D = (Di)ieq be bounded
continuous fields of operators in B(H)™ with 0 < mI < A, X B; < MyI and 0 < mal <
Cy® D, < MoI forall t € Q, and let a: Q — [0,00) be a bounded measurable function.
Let m, M,w, X as in Lemma 5.10. If either

(i) A,C are increasing and B, D are decreasing, or
(ii) A,C are decreasing and B, D are increasing,
then
3 [ als)dute) [ a®l(A @ Bz (C: B Dldute)

(5.15)
< [ a0 [ as)(B4D)dn().
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Proof. Applying Theorem 2.49, Proposition 5.1, Lemma 5.10 and Fubini’s Theorem [7],

we have

A / $)du(s / (0)[(Ar © Byt (Cy @ Dy)]dp(t)
/Q a(t)(Artu C)dp(t) / (5)(Butu D) du(s)

=[] aal A ® Bz.(Cr @ Dldn(t)dn(s)
//Q a(=)a)[(A1.C1) B (Bt D)du(E)dus)
<[] el AituCo) ® (Bitu DOMdit)u(s)
[ /{ (At Co) 8 (Bt D) (1))
- //Q ) (O AdkCo) B (Bt Ds — BatD)ldp(t)u(s)
=5 [ /Q a)a(t)[(AduC) 8 (BituDr = Bt DIdu0)dn(s)
+3 ] a /Q : (At C:) B (Bt Ds = B Do) du(s)du()
— 5[] ceIaOA2,C: ~ AkuCo) 8Bk Dy = Batu DY)

We have by the monotonicity of the geometric mean (Theorem 2.34) with Theorem
2.49 that

(Atuwct A AsﬁwCS) D (Btﬁth ad Bsﬁst) < 0

and hence (5.15) holds. ]

Corollary 5.12. For each i =1,...,k, let 4;, B;,C;, D; € B(H)™ be such that 0 < m I <
Ay ® By < MyI and 0 < mol < Cy W Dy < Mo for all ¢ € ©, and w; be a nonnegative
number. Let A = (Ay,...,4%),B = (B1,...,B),C = (C1,...,Cx),D = (Dy,..., D) and
m, M,w, ) as in Lemma 5.10. If either

(i) A,C are increasing and B, D are decreasing, or
(i) A,C are decreasing and B, D are increasing,

then

Kok k k
A wiy wilAiB Bt (Cia D)) < (sz‘(AiﬁwCz‘)> o (Zwi(BiﬁwDi)> . (5.16)
i=1 i=1

i=1 i=1

5.2.2 Inequalities on Weighted Arithmetic Means

Lemma 5.13. Let A,B,C,D € B(H)" and w € [0, 1].
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() If (A, B) and (C, D) have the synchronous property, then

(AE B)V,(Ca D) > (Av,C) @ (BV,D). (5.17)

(i) If (A, B) and (C, D) have the opposite-synchronous property, then the reverse of
(5.17) holds.

Proof. For the case of synchronous, we have by applying Theorem 2.51 and Lemma
4.13 that

(AmB) v, (CED) = [Z*(AR B)Z] v, [2*(C K D)Z]

Z*[(ARB) V., (C R D)|Z

WV

Z*(Av C)X (B Vy D)) Z
= (Av,C)a(BVyD).

The case (i) can be similarly proven. []

Theorem 5.14. Let A = (Ai)ieq, B = (Bi)ica,C = (Ct)icq, D = (Di)ien be bounded
continuous fields of operators in B(H)*. Let o : @ — [0, 00) be a bounded measurable

function and w € [0, 1].

(i) If (4,B),(C,D) have the synchronous monotone property and all of A, B,C, D are

either increasing or decreasing, then

[ aduts) [ abla @ B)ulC: @ DyJdute)
&2 = (5.18)

> / a(t)(AV,Crdu(t) & / a(s)(BsVwDs)du(s).
Q JQ
(i) If (A4, B),(C,D) have the opposite-synchronous monotone property and if either
(a) A,C are increasing and B, D are decreasing, or

(b) A,C are decreasing and B, D are increasing,

then the reverse of (5.18) holds.

Proof. First, we consider the case (i). We have by using Theorem 2.49, Proposition 5.1,
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Lemma 5.13 and Fubini’s Theorem [7] that
/ a(s)dp(s) / a()[(Ar & B)Vo(Cy 1 Dy)ldp(t)
Q Q
_ / () (A7 C)dp(t) B / o(5)(By . Ds)du(s)
Q Q

//Q (Ar @ BV (€ B Dy)ldp(t)du(s)
//Q AtV Ci) B (B Vo Ds)]dp(t)du(s)
//Q )[(AsVwCi) B (BiVw De)]dp(t)dp(s)
/ (AW C) B (BsVuwDo)ldu(t)dp(s)
_ / /Q 2 )[(A¢4C,) B (B P Dy — BV Do)ldu(t)du(s)
) //a AV C) B (BiVu Dy = BoVay Dy)ldu(t)dp(s)
//Q [(AsVwCo) B (BsVi Dy — By Vo Dy)ldpu(s)dp(t)
_ //Q DAV C — A,V Col B [BiV Dy — By Dyldu(t)dp(s).

By Theorems 2.34 and 2.49, we have
(A Cy — AV, Cy) B (BiVywDy — BV Ds) = 0

and hence (5.18) holds. The case (ii) can be similarly treated. []

Corollary 5.15. For each i =1,...,k, let 4;, B;,C;, D; € B(H)" be such that 0 < m;I <
Ay R By < MiI and 0 < mol < Cy R D, < Mol for all t € Q, and w; be a nonnegative
number. Let A = (Ay4,...,A4;),B = (By,...,B),C = (C1,...,Ck), D = (Dy,..., D) and
w € [0,1].

(i) If (A, B), (C,D) have the synchronous monotone property and all of A, B,C,D are

either increasing or decreasing, then
k

k
D wi Y wil(A B BV (Ci B D) (ZwZAvw 1) (Zwlew 1>-
=1 i=1

(5.19)
(i) If (A, B),(C,D) have the opposite-synchronous monotone property and if either

(@) A,C are increasing and B, D are decreasing, or

(b) A,C are decreasing and B, D are increasing,

then the reverse of (5.19) holds

We can illustrate Corollary 5.15 for the case of operators induced from matrices

as follows.
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Example 5.16. Consider A = (T, ,Ta,),B= (Ts,,T5,),C = (Tc,,Tc,) and D = (Tp,, Tp,),

where
2 110 3110
A= 1]110 |, A=1]11|21 |,
0] 0 2 0| 1 4
31 2 0 5130
Bir=1| 2|20 |, B=|3]%¢62 |,
0] 0 1 0| 2 4
2 110 3110
Cic=1] 1|10 |y Co=111]21 |,
0] 0 1 0| 1 1
1 10 1 10
Di=1]1 11240 |, D=1 113 2
0] 0 1 0] 2 2

We can check the hypothesis of Corollary 5.15: (i) all of A4,B,C,D are increasing, and
(i) (A, B),(C,D) have the synchronous monotone property. Set Q = {1,2} equipped
with the counting measure and w; = w; = 4. Let us denote v = v, 5. Now, a direct
computation reveals that

1
(A1 [ Bl)V(C1 L] D1) + (AQ [] BQ)V(CQ [ DQ) o 5 (ANCl s AQVC’Q) ] (31VD1 + BQVDQ)

0 0

0
5)
2

[ T N N =
WV
o

i
|
S VO OO | N
o VRS 87
= DN e N
—
=

or equivalently,
1
(Al -l Bl)V(Cl C] Dl) + (A2 ] BQ)V(CQ & Dg) > 5 (A1V01 + AQVCQ) J (31VD1 + BQVDQ) .

Passing through the induced linear maps and applying the properties TavTg = Tavs
and (5.8), we obtain

(TAI o] TBl)v(Tcl o] TDI) + (TAz o] TB2)V(T02 o] TDz)
1

>
2

(Ta,VTe, + Ta,VTe,) @ (T, VIp, + T, VID,).

Thus, the equality (5.19) holds in this case.
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5.2.3 Inequalities on Weighted Harmonic Means
Lemma 5.17. Let A,B,C,D € B(H)" and w € [0,1]. If (4,B) and (C,D) have the
opposite-synchronous property, then

(AmB)!, (CaD) > (A, C)a (B!, D). (5.20)

Proof. Recall that for any X € B(H), we have
X*(Aly, B)X = (X*AX)!, (X*BX). (5.21)
Applying Theorem 2.51, Lemma 4.16 and (5.21), we obtain

(AmB)!,(CrmD)

Il

[ZT (AR B)Z]|!, [Z*(C K D)Z]

WV

Z*[(AX B) !, (CR D) Z

WV

)
Z[(Al, C) R (B, D)|Z
(B

(Al C) B D).

Here, Z is the selection operator defined in Theorem 2.51. []

Theorem 5.18. Let A = (A4})icqa, B = (Bi)ica:C = (C)ica, D = (Dy)ieq be bounded con-
tinuous fields of operators in B(H)* and let and a.: © — [0, 00) @ bounded measurable
function. If (4,B) and (C,D) have the opposite-synchronous monotone property and

all of A,B,C,D are either increasing or decreasing, then

/ a(8)du(s) / a(B)[(4: B B)) 1, (G, B Dy)ldu(t)
Q Q (5.22)

> /Qa(t)(At Lo C)du(t) E/Qa(s)(Bs Lo Ds)du(s).

Proof. Using Theorem 2.49, Proposition 5.1, Lemma 5.17 and Fubini’s theorem [7], we
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get
/Q o(s)dp(s) /Q a(O)[(Ar & By) 1y (Co 3 D)]du(t)
—Lawmwumwwméa@wsw di(s)

=[] aeal)A: ® B 1 (€@ Doldn(t)dn(s
//Qg (At Ly Co) B (Bs Ly Ds)ldp(t)dp(s)
//92 (At 1w Cp) B (B lw Dy)ldu(t)dpu(s)
//m (At by C) B (Bs N Dy)ldp(t)dp(s)
- / /Q )(A; Yo Co) & (By lw Dy — By 1y Dy)|dpu(t)dp(s)
- /@ (A L Co) 8 (Be by Dy — By lay D)l dp(t)du(s)
//Q As Yy C) B (By Dy = By Ly Dy)ldp(s)du(t)
- //Q (A Cr = As b C3) B (Bili Dy = B Do)ldp(t)dp(s).

Applying the positivity of the Khatri-Rao product (Theorem 2.49) and the monotonicity

of the arithmetic mean (Theorem 2.34), we have
tdbiCoze et W1/ CVENOR, \ (Deed B0 oy

and hence (5.22) holds. ]

Corollary 5.19. Foreach i =1,...,k, let A;, B;,C;, D; € B(H)T and w; be a nonnegative
number. Let A = (Ay,...,4;),B = (B1,...,B;),C = (C1,...,Ck), D = (Dy,..., D) and
w € [0,1]. If (4,B) and (C, D) have the opposite-synchronous monotone property and
all of A, B,C,D are either increasing or decreasing, then

k k
D wi > wil(Ai @ Bi) (G B Di)] > (Zwi(Ai Lo @)) ol (Zwm Ly Di)) . (5.23)

Lemma 5.20. Let A,B,C,D € B(H)* with 0 < myI < AKX B < My and 0 < mol <
CXD < MsI. Denote

(M1EM1) V1o (motMs) 17

(M1 V10 Mo)3(M1 V1 _ymp) (5.24)

If (4,B) and (C, D) have the synchronous property, then for any w € [0, 1],

AN(A® B) !, (CED)] < (Al, C) & (Bly D).
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Proof. The cases w =0 and w = 1 are trivial. Now, let w € (0,1). We have by Lemma
5.17 that

(AR B)!, (CRD) < (Al, C)R (B!, D).

Consider the map @ : X — Z*X Z. Using the result of [28, Corollary 3.8], we get

(vVMymy + \/M2m2)2
(Ml + mg)(ml + Mg)

O(X'Y) > [@(X)!0(Y)],

where XY € B(H) " with 0 < mi;I < X < MiIand 0 < maol <Y < Mal. Using Theorems
2.49 and 2.51, we have

(A1, C)@ (B, D)
= 7*[(Al, C)® (B!, D) Z

> Z*[(ARB), (CR D) Z

/ ;Z*{[l(AxB) ! B(C&D)”Z

1—w

(\/]\/Ilml + \/M2m2)2
1-w w

WV
N —

(P4 3 may(may M) {L_lwz*(AﬁB)Z} ! [i}Z*(C’&D)Z]}
O (wVAhm o+ (1 w)/Ime)?
b ) (om0 <tg) o) € O D)

] ( (ml#]\/ll)vl_w (mQ#Mg)
(M1 V1—wma)#(mq V1, Moy

)) [(AmB)!y, (CrmD)]

= X(AB B) ' (C 3 D). []

Theorem 5.21. Let A = (A)ica; B = (Bi)ica,C = (Ch)ieq,D = (Di)ieq be bounded
continuous fields of operators in B(H)™ such that 0 < m1/ < A, X B, < M;I and 0 <
mol < CyXDy < MaI forallt € Q. Leta : Q = [0,00) be a bounded measurable function
and w, A as in Lemma 5.20. If (A,B) and (C,D) have the synchronous monotone
property and if either

(i) A,C are increasing and B, D are decreasing, or
(i) A,C are decreasing and B, D are increasing,

then

A / o(s)du(s) / a(D)[(4 B By) Ly (Cy © Dy)]du(t) -
Q Q 5.25
< / a(®)(Ar L Cdu(t) / a(s)(By Lw Dy)du(s).

Q
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Proof. Applying Theorem 2.49, Proposition 5.1, Lemma 5.20, and Fubini’s Theorem
[7], we get

3 [aeduts) [ a(ola @ B)L (€ Dldu
- [, Cont) /Q o(5)(By L Dy)d(s)

/ /Q 2 MA, @ By) Ly (Cr @ Dy)ldu(t)du(s)
- [ /Q at)als)[(Ar Ly € B (By Y D)ldu(t)du(s)
<[] ats)a®la tu € (B Ly Dldute)dn(s
-/ / al0)a(s)[(Av b Gy BBy Ly, D) ldpu(t)du(s)
_ //Q J(Ar 1w Co) @ (B: lw Dy — By Yy Dy)]du(t)du(s)
_ //Q )[(A; L C) B (Bi ly Dy — By Ly D)\du(t)du(s)

,//Q a(s)a(O)[(As 1 C) B (Bs Y D — By by D)l dpu(s)du(t)
- / /Q 2 DA, 1 € = A, Ly €@ [By L Dy~ By 1y DJJdu(t)du(s).
We have, by Theorems 2.34 and 2.49,
(A Cr — Ay @ (Bl Dy — Bslyw Ds) <0

and hence (5.25) holds. ]

Corollary 5.22. Foreachi=1,...,k, let A;, B;,C;, D; € B(H)* and w; be a nonnegative
number. Let A = (Al,...,Ak),B = (Bl,...,Bk),C = (017...,Ck),'D = (Dl,...,Dk) and
w € [0,1] and m, M,w, X as in Lemma 5.20. If (A4,B) and (C,D) have the synchronous

monotone property and if either
(i) A,C are increasing and B, D are decreasing, or
(i) A,C are decreasing and B, D are increasing,

then

k k k k
)‘Zwi Zwi[(Ai [ B;)!w (C; @ D;)] < (Z wi(A; Cz)) o (Z w; (Bj Dz)) . (5.26)

5.3 Chebyshev-Griss-Type Inequalities via Oscillations

Throughout this section, let Q be a compact Hausdorff space equipped with a

probability Radon measure u. For any continuous fields A = (A;)ieq and B = (Bi)ica
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of operators in B(H) and B(K), respectively, we define
./4 | B - (At D Bt)t€Q~

In the next theorem, we generalize Griss-type inequality (1.14) to the case of

operators involving Khatri-Rao products.
Theorem 5.23. Let A = (Ay)ieq and B = (By)ieq be bounded continuous fields of
self-adjoint operators in B(H) and B(K), respectively. Then

T(AEB) - I(A) B Z(B) < %OSC(A) 0sC(B) (1 x 1) (Q2\A)I, (5.27)

where A = {(t,t) : t € Q}.

Proof. By using Theorem 2.49 and Proposition 5.1, and Fubini’s theorem [7], we have

Z(AEB) — Z(A) m Z(B)

/AtlﬂBtdu /Atdu /Bsd,u(s)
/d,u /AtElBtdu /Atdu /Bsd,u(s)

= / A; B Bedp(t)dp(s) —/ At @ Bgdu(t)du(s)
Q2 Q2

/ . A (B — Bs)du(t)du(s)

- /QzAtm By Al //QZABB By )dp(s)dp(t)
2 7//92 (A — Ay) @ (B — By)du(t)dpu(s)

: // (A¢ = AL) B (B, — BL)dp(t)dp(s)
Q2\A
5 L osc(A) 0sC(B) (1 x 1) (Q\AT, []

N

We mention that Theorem 5.23 can be viewed as an operator version of [17

Theorem 71.

Corollary 5.24. For each i = 1,...,k, let A; € B(H) and B; € B(K) be self-adjoint

operators. Then

zk:(AEB») zk:A» o zk:B < (k= 1) max ||4; — A;]| - max |B; — B;||I
7 4 ' 1 = [ X ) 1<i,j<k <ig<k 7 J .

i=1




Proof. Let A= (A4,...,Ax) and B= (B, ..., B). Set Q to be the finite space {1, ...

equipped with the counting measure in Theorem 5.23, we have

(n x p)(Q\A) = k(k; 1)7 supp(p x p) = Q2

and thus

osc(A) = max ||A; —A4,|l, osc(B) = max ||B; — Bjl.

1<i,j<k 1<4,5<k
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Example 5.25. Let @ = [0,1], w € © and 0 < a < 1. Consider the probability Radon

measure u = aX + (1 — a)d,, where X is Lebesgue measure on Q and §,, is the Dirac

measure at w. Set

1 1
I(A) = /O Adu(t) = a /O Ayd\(E) + (1— @) Ay,

For any bounded continuous fields A = (A;)cq and B = (B;):cq of self-adjoint opera-

tors, the inequality (5.27) becomes

1
- < —al2—a) m —Al- m — B,||I.
Z(AmB)-Z(A) B Z(B) < 20¢(2 a)o<s§é1 lA; — Agll Ogtgél | B: — Bs||T



Chapter 6

Conclusions and Suggestions

6.1 Conclusions

In this research, we establish several inequalities for bounded linear opera-
tors involving Tracy-Singh products and Khatri-Rao products. Firstly, we investigate
concavity and convexity of certain maps dealing with Tracy-Singh products, Khatri-
Rao products and operator-monotone functions. The main tools we use are operator
means and suitable integral representations of certain operator-monotone functions
on the unit interval with respect to finite Borel measures.

Next, we establish a number of integral inequalities of Chebyshev-type for
bounded continuous fields of operators involving Tracy-Singh products and weighted
Pythagorean means. The Pythagorean means considered here are the arithmetic
mean, the geometric mean and the harmonic mean. The bounded continuous fields
considered here are parametrized by a locally compact Hausdorff space Q equipped
with a finite Radon measure u. When pu is a probability Radon measure, we obtain
the Chebyshev-Gruss-type integral inequality involving Tracy-Singh products via oscil-
lations.

Finally, we provide integral inequalities of Chebyshev-type for bounded contin-
uous fields of operators which are parametrized by a locally compact Hausdorff space
equipped with a finite Radon measure. Under certain assumptions on synchronous
Khatri-Rao property of the fields of operators, we obtain Chebyshev-type inequalities
concerning Khatri-Rao products. We also establish Chebyshev-type inequalities in-
volving Khatri-Rao products and weighted Pythagorean means under the assumption
of synchonous monotone property of the fields of operators. Moreover, we derive
Chebyshev-Griss-type integral inequality for Khatri-Rao products via oscillations with
respect to a probability Radon measure.

Integral inequalities in our research can be reduced to discrete inequalities by
setting  to be a finite space equipped with the counting measure. Our results include
inequalities for tensor product of operators. Matrix analogues of our results can be
obtained by setting the Hilbert spaces H = C™ and K = C". In this case, our results
include the results for Tracy-Singh products, Khatri-Rao products, Kronecker products

and Hadamard products of matrices.



70

6.2  Suggestions for Further Works

For future work, we may investigate Chebyshev-type inequalities for Tracy-
Singh products and Khatri-Rao products under different hypotheses. Furthermore, we
may study Chebyshev-type inequalities when replacing weighted Pythagorean means

by quasi-arithmetic power mean, the logarithmic mean, or general operator means.
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Concavity and Convexity of Several Maps Involving Tracy-Singh
Products, Khatri-Rao Products, and Operator-Monotone Functions of
Positive Operators
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ABSTRACT: We establish concavity and convexity theorems for a number of operator-valued maps involving Tracy-

Singh products and Khatri-Rao products of positive operators on a Hilbert space. Operator means serve as useful tools

for some convexity results. We also investigate certain maps dealing with positive operator-monotone functions. In

this case, the concavity and the convexity of such maps are examined through suitable integral representations of the

operator-monotone functions on the unit interval with respect to finite Borel measures.
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INTRODUCTION

This paper focuses on concavity and convexity of
certain maps dealing with Tracy-Singh products
and Khatri-Rao products of operators. Such oper-
ator products are generalizations of famous matrix
products in the literature, namely, the Kronecker
product, the Hadamard product, the Tracy-Singh
product, and the Khatri-Rao product.

Recall that the Kronecker product is defined
for two matrices A = [a;;] and B of arbitrary sizes
resulting in a block matrix

AxB = [al]B]l].

The Hadamard product is defined for two matrices
A and B of the same size

AoB = [anU]

Concavity and convexity properties of several
matrix-valued maps involving Kronecker products
and Hadamard products were collected in Refs. 1-3.
As a generalization of the Kronecker product, the
Tracy-Singh product* is defined for partitioned ma-
trices A= [A;;] and B = [By;] by

A®B =[[A;j * Byl lij-

The work of Al-Zhour® extends some results of
Ando! to Tracy-Singh products of positive definite
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matrices. The Khatri-Rao product®, as a generalized
Hadamard product, forA=[A;;] and B = [B;;] in the
same block-matrix form, is defined by

In functional analysis aspect, the tensor prod-
uct of Hilbert space operators can be viewed as
an infinite-dimensional extension of the Kronecker
product. Mond and Peéari¢” extended the matrix
results of Ando' to Hilbert space operators and
obtained concavity/convexity theorems associated
with positive operator-monotone functions. Ref. 8
extended the notion of tensor product for opera-
tors and Tracy-Singh product for matrices to the
Tracy-Singh product for Hilbert space operators,
and supply its algebraic and order properties. An-
alytic properties of the Tracy-Singh product were
discussed in Ref. 9. Ref. 10 introduced the Khatri-
Rao product of Hilbert space operators and gave
a relationship between the Khatri-Rao product and
the Tracy-Singh product of two operators via isomet-
ric selection operators.

In this study, we investigate concavity and con-
vexity of certain maps related to Tracy-Singh prod-
ucts and Khatri-Rao products of oprators. The main
tools we use are operator means and suitable inte-
gral representations of certain operator-monotone
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functions. Our results in this paper generalize the
results known so far for Tracy-Singh and Khatri-
Rao products of matrices and tensor products of
operators. Furthermore, we develop new concavi-
ty/convexity theorems.

PRELIMINARIES ON TRACY-SINGH AND
KHATRI-RAO PRODUCTS

Throughout this paper, let 5, »#’, % and 2’ be
complex Hilbert spaces. When & and % are Hilbert
spaces, the symbol B(%, %) stands for the algebra
of bounded linear operators from & into %, and
when & = %, we write B(%) instead of B(Z, % ).
The cone of positive operators on . is denoted by
B(s#)". For self-adjoint operators A and B on the
same space, the situation A = B means that A—B
is positive. Denote the set of all positive invertible
operators on ¢ by B(s#)tt. If A€ B(#)™, we
write A > 0. The identity operator and the zero
operator are denoted by I and 0, respectively.

To define the Tracy-Singh product and the
Khatri-Rao product for operators, we decompose

=D, #=Hx,
=1 i=1
]q lP

H =P, =P,
=1 k=1

where all 7, 7/, 4 and ] are Hilbert spaces. For
each j, let U; : ; — # be the canonical embedding

(©,...,0,x;,0,...,0) x;.

]3
Similarly, for each [, let V; : #; — ¢ be the canoni-
cal embedding. For each i and k, let P; : % — !
and Q; : &’ — ¢ be the orthogonal projections.
Each A € B(s#,.¢’) and B € B(#,%') can be
expressed uniquely as operator matrices

A= [Aij]m’n

— P.q
i,j=1° B= [Bkl]kJ:l;

where A;; = P,AU; € B(¢), ) and By, = Q BV, €
B(x;, ;) for each i, j, k, 1.

Definition 1 LetA= [Aij]I."JIZl eB(#,#')and B =
[Bulil, € B(A,#"). We define the Tracy-Singh

product of A and B to be the bounded linear operator

AR B = [[A;; ® Byt ]t 1ij»
p

q
nmp: DD w0 5— DD A 0.4
j=1 1=1

i=1 k=1
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When m = p and n = q, we define the Khatri-Rao
product of Aand B to be the bounded linear operator

n m
i= j=
Lemma 1 (Refs. 8,9) Let A, B, C, D be compatible
operators. Then
(i) The map (A,B) — AR B is bilinear and jointly
continuous.
(ii) (ARB)(CRD)=(AC)XR(BD).
(iii) IfAand B are invertible, then (ARB) ' = A&
B=L,
(iv) If A and B are positive, then (ARB)* = A* X B®
for any a > 0.
v) fAZC>0andB>D > 0, then AXB > CRD >
0.
(vi) IfA>0and B > 0, then ARB > 0.

Lemma 2 (Ref. 9) Let A€ B( ).

@) If f is an analytic function on a region containing
the spectra of Aand IRA, then f(IRA) = IRf (A).

(i) If f is an analytic function on a region containing
the spectra of Aand AR, then f (ARI) = f (A)RI.

Lemma 3 (Ref. 10) Let A € B(5¢) and B € B(.%).
IfA>Z0and B =0, then ALB = 0.

Lemma 4 (Ref. 10) There are isometries Z, and Z,
such that

ATB = Z}(ARB)Z, )
forall A€ B(#, ") and B € B(A', #"). For the case
=" and A = A", we have Z; = 7, := 7.

Lemma 5 The Khatri-Rao product of operators is
jointly continuous.

Proof: It follows from (1) and the continuity of the
Tracy-Singh product (Lemma 1). O

For each i =1,...,k, let # and #' be Hilbert
spaces and decompose

n; m;
_ /_ /
# =D A, =D,
r=1 s=1

where all 7, and #/  are Hilbert spaces. For a

finite number of operator matrices A; € B(, 7))
fori=1,...,k, we use the following notations,

k
mAi =((ARA) R KA ) RA,
i=1

k
[]A = (4, 24,)3- - DA, ) DA

i=1

www.scienceasia.org
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Lemma 6 There are isometries Z, and Z,

k k
[a= Zi‘( IXIAi)Zz )
i=1 i=1

for any A; € B(#, ), i =1,...,k. If # and
are the same space for all i, the Z; = Z, :=Z.

Proof: We proceed by induction on k. If k = 2, the
property (2) is true by Lemma 4. Suppose that there
exist isometries R; and R, such that

k—1 k—1
[[]a = R’;( EAi)RZ.
i=1 i=1

By Lemma 4, there are isometries S;, S, such that

k-1 k-1
( EAi) BA, = S;[([£]A) RAIS,.
i=1 i=1

Then
k k—1
[]a = ( Al) HA,
i=1 i1
k—1
= S;[([]ANRALIS,
i=1
k—1
= SR} (DX] AR, WALIS,

i=1
k-1

=Si(R; xz)[(|X|Ai) xAk](R2 R1)S,

i=1

k
=[(R;® I)sl]*( IZIAi)(Rz ®I)S,.
i=1
Set Z, = (R, XI)S; and Z, = (R, X I)S,. Then Z;
and Z, are isometries. When #; = #/ for all i =
1,...,k, we have Z; = Z, from the construction. 0O

CONCAVITY AND CONVEXITY

In this section, we provide concavity and convexity
theorems related to Tracy-Singh products of opera-
tors. First of all, recall the following terminologies.

Definition 2 A function f : (0, c0) — (0, c0) is said
to be operator-monotone if f[A] = f[B] whenever
AZ B> 0. Here, f[A] is the (continuous) functional
calculus of f defined on the spectrum of A.

Definition 3 Let 54, ..., 7, be Hilbert spaces.
For each i = 1,...,k, let E; be a convex subset of
B(s%). A function ¢ : E; X -+ x E;, — B(X) is said
to be concave if

¢(1—1t)A;+tBq,...,(1—t)A, +tBy)

S(A-t)p(Ar,...,A)+tPp(By,...,Br)

www.scienceasia.org
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for any A;,B; € E; (i=1,...,k) and t € (0,1). A
function ¢ is convex if —¢ is concave. A map
between two convex sets is said to be affine if it
preserves convex combinations.

Recall that, for each t € (0, 1), the t-weighted har-
monic mean and the t-weighted geometric mean of
A,B € B(s#)*" is defined respectively by
Al,B=[1—-t)A 1 +tB 1],
A#,B = AV?(ATV2BATY) AV,

For arbitrary A,B € B(s¢)", we define the t-
weighted geometric mean of A and B to be

A#.B = lirgl (A+el)#,(B+¢€l),
-0t

where the limit is taken in the strong-operator topol-
ogy.

Lemma 7 (Ref. 11) For each t € [0,1], the map
(A,B) — A!, B is concave on B(s£)tT x B(s£)*.

The next lemma gives an integral representation of
operator-monotone functions on (0, ©0) in terms of
Borel measures on [0, 1].

Lemma 8 (Ref. 12) Let f : (0, 00) — (0, 00) be an
operator-monotone function. Then there is a finite
Borel measure u on [0, 1] such that

1
f(x)=f 1xdu(t), x>0. 3
0

Theorem 1 Let f : (0, 00) — (0, ©0) be an operator-
monotone function. If ¢, : B(s€)t — B(o#')™" and
¢, :B(H)TT — B(A')TF are concave maps, then the
maps

(A,B) = flp1(ARP,(B)']-(IRP,(B), 4
(A,B) = f[$1(A) 'R ¢y(B)]- (91 (ARI)  (5)

are concave on B(s)™" x B(£)*™.

Proof: Let A€ B(s)*" and B € B(.#)**. Then
¢1(A) > 0 and ¢,(B) > 0. Lemma 1 implies that

flP1(A) ® ¢5(B)™'] and f[p1(A)™" ® $5(B)] are
well-defined operators. By Lemma 8, there is a finite
Borel measure u on [0, 1] such that (3) holds. Using
Bochner integration, we have

fIp1(AR (B 1- (IR $5(B))
1
=J {IRD 1, (¢1(ARP,(BY)HIRP,(B)) du(t).
0
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For each t € [0, 1], by Lemma 1 we obtain
{IR1) 1,($1(A)R $2(B) ™)} - (1R ¢,(B))
=[A-0URD+t(¢, RGBT
(IR $,(B))
=[U=¢,B™)
{Q-0IRI+t¢, (A (B} ]
=[(1- I & B "+ t(py A=
= (IR ¢5(B)) L (1 (D RD).

Since the weighted harmonic mean is concave
(Lemma 7), so is the map

(AB) = {IRI) | ($1(A) R $2(B) )} - (I R $y(B)).

Thus the map (4) is concave. Similarly, the map (5)
is concave. O

Remark 1 Since ¢,(A) K ¢,(B)~! commutes with
I® ¢,(B), we have

fl$1(ARP(B) "] (I R ¢5(B))
=(IRP,(B))- [P, (AR Py (B) ']

Similarly,

flo1(A) " R, (A)] (P (A RI)
= (0 R f$1(A) & P5(B)].
Example 1 Recall that the function t ~— t? is
operator-monotone for any 0 < p < 1. Given
two concave maps ¢; : B(5#)™ — B(»#)*t and
¢, : B(A)T - B(x')t, by Theorem 1 the maps
(A B) = [$1(ARP,(B) P - (IR do(B)),
(A,B) = [¢:1(A) " & ¢5(B)]P - (1 (A)BT)

are concave on B(52)™ x B()™™.
Corollary 1 Let f : (0,00) — (0, 00) be operator-
monotone. If ¢1 : B(s)™ — B(# ) and ¢, :
B()tt — B(x')tt are concave maps, then the
maps

(AB) = fl$1(A) " R $o(B)]- IR ,(B) ), (6)

(AB) = fl$1(ARP(B) '] (A R (7
are convex on B(o2)tt x B()tT.
Proof: Note that the function g(x):= f(x"1)!is
operator-monotone. By Lemma 1, we have

flo1(A) 'R Po(B)II R P2(B) )

=g[91(A) ' = P(B) U ¢5(B) ).
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Theorem 1 implies the concavity of the map

(A,B) — g[$1(ARP2(B)']- (IR ¢,(B))
={(IR¢,(B) ™) fl¢,(A) ' =Py (B)}
={f[$1(A " ”¢y(B)]- (IR (B) )}

Thus the map (6) is convex. Similarly, the map (7)
is convex. a

Theorem 2 Let f : (0, 00) — (0, o0) be an operator-
monotone function. If ¢q : B(5) — B(o#')" " is
a concave map and ¢ : B()™ — B(#')"" is an
affine map, then the maps
(A,B) = fl$1(A) " R¢,(B)]- (IR $,(B)), (8)
(AB) = fl¢>(B)R$1(A) '] (¢o(BYRD)  (9)
are convex on B(s£)tt x B(x) .

Proof: By Lemma 8, there is a finite Borel measure
won [0, 1] such that (3) holds. Then

FIO1A) TR ¢, (B)]- (I R §5(B))
1
=J {(RID) 1 ($1(A) ' Rp(B))} (IR, (B)) dpu(t).
0

For each t € [0, 1], it follows from Lemma 1 that

(IR 1, (614 R$,(B))}

=[A~0URD+ (¢, (A ®mP,B) ]
=[A=0UBD +t(¢ (AR $BY ]

= (IR $,BN[(1= I & P,(B)) +t(¢1(AmD] .

The concavity of the map (A, B) — (1—t)(IR¢p,(B))+
t(¢1(A)RI) and the affinity of the map (A,B) —
I X ¢,(B) together yield the convexity of the map

(A,B) —
(IR, (B){(1—t) IR, (B)+tp, (ARI} ' (IRP,(B))
={(IRI) ,(¢:1(A) " ®P,(B)}I ® ¢p,(B)).

Hence the map (8) is convex. Similarly, the map (9)
is convex. O

Corollary 2 The maps

(A,B) — IR (Blog[B]) —log[A]X B,
(A,B) — (Alog[A])® I —ARlog[B]

(10)
(11)

are convex on B(s2)tt x B(o#)tt.

www.scienceasia.org
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Proof: Using Lemmas 1 and 2, we obtain

IR (Blog[B])—log[A]R B
={Ixlog[B]—log[A]RI} (I XB)
= {log[I®B]—log[ARI]} - (I XB)
=log[(I®B)ARI)']-(IRB)
= (IRB)-log[A '®B].

Since log x is operator-monotone, by Theorem 2 we
obtain that the map

(A,B) — log[A'®RB]-(IRB)

is convex. Hence the map (10) is convex. Similarly,
the map (11) is convex. O

FExample 2 Let ¢; : B(o#)t" — B(s#')"" be a con-
cave map and ¢, : B(#)™ — B(#’)*" an affine
map. For any O < p < 1, we have by Theorem 2 that
the maps

(AB) = [¢1(A) ' R¢y(B)I - (IR P,(B)),
(A,B) = [¢(B)R ¢, (A)" 1P - (¢,(B)RI)

are convex on B(#)tt x B(#)tt.

We mention that the maps (5), (7), (9) and (11)
are extensions of results discussed in Ref. 7.

CONCAVITY THEOREMS FOR TRACY-SINGH
AND KHATRI-RAO PRODUCTS

In this section, we present concavity theorems for
Tracy-Singh products of operators. Concavity the-
orems for Khatri-Rao products of operators are es-
tablished by using the concavity theorems for Tracy-
Singh products and the connection between the
Khatri-Rao and Tracy-Singh products.

The next result generalizes Corollary 6.2 of
Ref. 1 to the case of Tracy-Singh product of oper-
ators.

Theorem 3 Let0<p; <1,i=1,...,k, be such that
Zf:l p; < 1. Then the map

k
(Ar,..,A) = XA (12)
i=1

is concave on B(54)tt x -+ x B(56,)*.

Proof: We proceed by induction on k. Clearly, the
map A; — AT is concave. Suppose the assertion is
generally true for the case k—1. If p;, = 0, then the
map becomes

(Al" "}Ak) iand ((Al &Az)x : “xAk—l)&I’

www.scienceasia.org
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which is concave. If p, =1, then p; =0 for all i =
1,...,k—1 and the map is clearly concave. Now
suppose 0 < p; < 1. By the induction assumption,
the map

k—1

¢(A1, e ’Ak—l) — &Afi/(l_Pk)
i=1

is concave. By applying Theorem 1 with f (x) = xPx,
the map
(Al" . .,Ak) —
f(d)(AlJ . :Ak—l)_l x14]() . (¢(A1: e 5Ak—1) &I)
is concave. We obtain the concavity of the map (12),
f(PAL, .., A1) TRAN(P (AL, - .. A1) RI)
=(¢(Ar, . A PR RAT) (P (A, .., Ap )BT

k
=¢(A,.... A1) P RAY = DAY
i=1

O
A special case of Theorem 3 is when k = 2.
Corollary 3 For each r € (0,1), the map
(A,B) — A "RB" (13)

is concave on B(s2)" x B(#)".

Proof: Theorem 3 implies that the map (13) is
concave on B(#)'" x B(#)**. Since the Tracy-
Singh product is jointly continuous (Lemma 1), this
map is also concave on B(s#)t x B(x)*. |

Next, we develop concavity theorems for Khatri-
Rao products of operators.

Theorem 4 Let 0<p; <1,i=1,...,k, be such that
S p; < 1. Then the map

k
(Al, " 4 )Ak) i EAIL?I

i=1

is concave on B(58)* " x -+ - x B(s4) .

(14)

Proof: From Lemma 6, the map X — Z*XZ, taking
the Tracy-Singh product IZIi.‘:lAl- into the Khatri-Rao
product E|1-(=1Ai’ is linear and preserves positivity.
Recall that the composition between a linear map
and a concave map results in a concave map. Since
the map (A,,...,4A) — IZLIA? is concave by Theo-
rem 3, we have the concavity of the map is concave.
We obtain the concavity of the map from (12), since

k k

(Ay,...,A) = 2" (X Az =[] A%

i=1 i=1
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Corollary 4 For each r € (0,1), the map
(A,B) - A"@B",
is concave on B(s#)" x B()*.

Proof: It follows from Theorem 4 when k = 2
together with the continuity of the Khatri-Rao prod-
uct, Lemma 5. O

CONVEXITY THEOREMS FOR TRACY-SINGH
AND KHATRI-RAO PRODUCTS

In this section, we establish convexity theorems
for Tracy-Singh products and Khatri-Rao products
of operators. Weighted arithmetic/geometric/har-
monic means of operators serve as useful tools.
Lemma 9 (Ref. 13) Let A;,B; € B(s#)", 1 <i<k
Then

k

K K
(X a#.([X B) = X (A:#.B:):
i=1 i=1

i=1
Theorem 5 Let ¢;, i = 1,...,k, be a concave map
from B(#)™ to B(#/)"*. Then the map

k
Ay, A) — E ¢.(4)"

i=1

is convex on B(8)* " x -+ x B(o4)"T.

(15)

Proof: let t € [0,1]. By continuity, we may as-
sume that A; and B; are positive invertible opera-
tors. Applying Lemmas 1 and 9 and the arithmetic-
geometric means inequality for operators, we have

k
|Z¢i((1 —t)A;+1tB;)"!

i=1

k
< E((l —0)y(A) +t¢(B)) !

i=1

k
<X (i(a) #. ¢:(BIY!
i=1
k k
= E $i(A) " #, x ¢:(B)!
i=1 i=1

k k
<O-0X] i)+ X (B

i=1 i=1
Hence the map (15) is convex. O

Corollary 5 Let 0 < p; <1, i =1,...,k. Then the

map
k

(Al, e ,Ak) — &A:Pi
i=1

is convex on B(4)* x -+ x B(s4.)"T.
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Proposition1 Let 0 < p; < 1, i =1,...,k, and
1 < q < 2 be such that Zle Dpi S q—1. Then the map

k
Ay, A1) = (KA IRAL
i=1

is convex on B(A)™" x -+ x B(56.41) .
Proof: By Theorem 3, the map
- 2
Ay, A - (KA RAL!
i=1

is concave on B(4)™" x -+ x B(56.,1)"". Clearly,
the map

k
(A, Ap) = (E RA,
i=1

is affine. It follows from Lemma 1 that the map

(Al> LR 5Ak+l) —

k k k
[(IZIf)xAkH][(IglA?f)xAi;‘i]‘l(Iglf)mm

i=1
k

= ( gAi_pi) gAl]](+1
i

is convex. O

Theorem 6 For each r € (0, 1), the maps

(A,B) » AT RB",
(A,B) » A" RB"

(16)
(17)

are convex on B(#2)tt x B()*T.

Proof: The convexity of the map (16) follows from
Proposition 1. By continuity, we may assume that A
and B are invertible. Lemma 1 implies that

ATRBT =(A®RBT)ARI) = (ARB ) (AR ]I).

It follows from Lemmas 1 and 8 that
ATRBT = Jol((IIZII)!t(AIZB_l))d‘u(t)(AIZI I
= Jol[u — IR+ tARB )] (AR du(t)
= Jl[(1 —D)UIRND+t(A'®B)] " (ART)du(t)
0

1
=J (ARD[(1—t)ARI) + t(IRB)] " (ARI) du(t).
0

www.scienceasia.org
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Since the map A — A™! is convex and the map
(A,B) —» (1—t)(AR )+ t(I ®B) is affine, the map

(A,B) » (IRB){(1—t)ARI)+t(IRB)} '(IRB)

is convex. Thus the map (A4,B) — A" R B is
convex. O

Proposition 2 Let ¢;, i =1,...,k, be concave maps
from B(#5)"* to B()™. Then the map

k
Ay,...A) =[] ¢:a)™

i=1
is convex on B(8)*" x -+ - x B(s4)".
Proof: It follows from Lemma 6 and Theorem 5. [

Corollary 6 Let 0 < p; < 1 for each i = 1,...,k.
Then the map

k
(Ay,....A) — [+]A"
i=1

is convex on B(58)" " x -+ x B(24)"T.

Proof: It follows from Proposition 2 by putting
¢i(A;) =A for each i. =

Proposition 3 For each r € (0, 1), the maps

(A,B) — A" @B,
(A,B) » A" @B

are convex on B(s2)Tt x B(o2)*T.

Proof: It follows from Lemma 4 and Theorem 6. [

Recall that the Moore-Penrose inverse of an
operator T € B(s¢, ') is the operator T' &
B(s#', ) satisfying the conditions TT'T = T,
T'TT =T, (TT* =TT, and (T'TY*=T'T. It
is well known that T exists if and only if the range
of T is closed *.

Lemma 10 (Ref. 15) Let

T T

T= [TEB T“] € B/ © 76)
12 22

be a self-adjoint operator. Suppose that T;; has a

closed range. Then T 2 0 if and only if Ty; = 0,

T12 == Tll Tlrl le, and T22 = TI*ZT;l le.

Recall that for any interval J, a continuous
function f : J — R is convex if and only if f(x +
)+ f(x—h)—2f(x)=0forall x €J and h >0
such that x £h € J.

www.scienceasia.org

ScienceAsia 45 (2019)

Theorem 7 Let A € B(s#)* and B € B(¢)* have
closed ranges. Then the operator-valued function

:[—1,1] = B(EP o7 ® X5),
¢ :[-1,1] 6:9 a8

¢(t) =A1+l’ EBl—t +A1—t BBl+t
is convex on [—1, 1], decreasing on [—1, 0], increasing

on [0,1], attains minimality at t = 0, and attains
maximality at t =—1, 1.

Proof: Lets €[—1,1] and t > 0 be such that s+t €
[—1,1]. Consider the operator matrices

A1+s+t A1+S Al—s—t Al—s
Tl . A1+s A1+s—t 5 TZ = Al—s Al—s+t >
Bl+s+t Bl+S Bl—s—t Bl—s
T3 = Bl+s Bl+s—t > T4 S Bl—s Bl—s+t .
Note that

Al = (AA1‘A)1+s+tA—t :A1+$+I(A1+s+t)7"A1+s
ALt =A_[(AATA)1+5+tA—t =A1+S(A1+s+t)1‘A1+s.

We have by Lemma 10 that T; is positive for all
i =1,2,3,4. By the monotonicity of Khatri-Rao
product, Lemma 3, we have that the operator X =
T AT, +T,ET; is

[A1+s+t EBl—s—t +A1—s—t DBHSH

Al+s EBI*S +Alfs DBH»S
A1+s DBI—: +A1—s ElBH—s :| F)

Al+5—t EB1—5+I +A1—s+[ E,Bl+5—r
which is positive. Similarly, the operator Y,

|:A1+s—t DBI—S-H +A1—s+[ DBH;—[

A1+s EBl—s +A1—5 EBl+s
A1+s E,Bl—s +A1—s ElBl+s ]

A1+s+r ElBl—s—t +A1—s+r E\Bl+s+t

is also positive. It follows that

D<x 4y = [P6FYH6-0

_ yee+0+ec-+260)
=7 s

2¢(s) ]
d(s+t)+p(s—t)

0 %
¢(s+r)+¢(s—r)—2¢(s)]U ;

Al 7]

Again, Lemma 10 guarantees that

where

U=

P(s+t)+Pp(s—t)=2¢(s).

This means that ¢ is convex. The fact that ¢(t) =
¢(—t) for all t € [—1, 1] and the convexity of ¢ im-
plies that ¢ has the minimal value at 0. Hence ¢ is
decreasing on [—1,0] and increasing on [0,1]. O
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Corollary 7 Let A € B(s¢)* and B € B(¢)" have
closed ranges. Then the parameterization

n
Y :[0,1] - B(ED # & ),
i=1
Y(t)=A'mBt + A @B

is convex on [0, 1], decreasing on [0, 1/2], increasing
on [1/2,1], attains minimality at t = 1/2, and
attains maximality at t =0, 1.

Proof: Let f :[0,1] — [—1,1] be defined by f(t) =
2t —1. Then ¢ = ¢ o f where ¢ is given by (18).
Now, the desired results follow from Theorem 7
by using f([0,1]) =[—1,1], £([0,1/2]) =[-1,0],
f([1/2,0])=[0,1], and f(1/2) =0. o

As a consequence, we obtain an operator ver-
sion of the arithmetic-geometric mean inequality as
follows.

Corollary 8 Let A € B(s¢)" and B € B(*)" have
closed ranges. For any t €[1/2,1], we have

2(AV?mB?) <A'mB' +A™ OB’ <AHB,

where @ denotes the Khatri-Rao sum'® defined by
AHB=AQI+I1GB.

We mention that Theorem 5, Corollary 5, and
Proposition 1 generalize the matrix results involving
Tracy-Singh products provided in Ref. 5.
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Abstract: In this paper, we establish several integral inequalities of Chebyshev type for bounded
continuous fields of Hermitian operators concerning Tracy-Singh products and weighted Pythagorean
means. The weighted Pythagorean means considered here are parametrization versions of three
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field considered here is parametrized by a locally compact Hausdorff space equipped with a finite
Radon measure. Tracy-Singh product versions of the Chebyshev-Griiss inequality via oscillations are
also obtained. Such integral inequalities reduce to discrete inequalities when the space is a finite space
equipped with the counting measure. Moreover, our results include Chebyshev-type inequalities for
tensor product of operators and Tracy-Singh /Kronecker products of matrices.
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1. Introduction

One of the fundamental inequalities in mathematics is the Chebyshev inequality, named after

P.L. Chebyshev, which states that
1 1 1 &
” Y aibi > (E Z%‘) (;4 bi) )

g | i=1 i=1

=

for all real numbers a;,b; (1 < i < n)suchthata; < ... <ayandb; < ... <by,0oray > ... > a,and
by = ... = b,. This inequality can be generalized to

iwiaibi 2 (i w,-ai> (i w,»bi> (2)
i=1 i=1

i=1

where w; > 0forall1 =1,...,n. A matrix version of (2) involving the Hadamard product was obtained in [1].
A continuous version of the Chebyshev inequality [2] says that if f,g : [4,b] — R are monotone
functions in the same sense and p : [a,b] — [0, c0) is an integrable function, then

[ v [ pf@sa > [ pefix [ progtx ®
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If f and g are monotone in the opposite sense, the reverse inequality holds. In [3], Moslehian and
Bakherad extended this inequality to Hilbert space operators related with the Hadamard product by using
the notion of synchronous Hadamard property. They also presented integral Chebyshev inequalities
respecting operator means.

The Griiss inequality, first introduced by G. Griiss in 1935 [4], is a complement of the Chebyshev
inequality. This inequality gives a bound of the difference between the product of the integrals and the
integral of the product for two integrable functions. For each integral function f : [a,b] — R, let us denote

1) = o [ fopie

The Griiss inequality states that if f,g : [a,b] — R are integrable functions and there exist real
constants k, K, I, L such that k < f(x) < Kand ! < g(x) < L forall x € [a,b], then

(K—=k)(L—1). (4)

N

1Z(f8) =Z(N)Z(Q)| <

This inequality has been studied and generalized by several authors; see [5-7]. In [7], the term
Chebyshev-Griiss inequalities is used mentioning to Griiss inequalities for Chebyshev functions T7 which
defined as

T7(f,8) = Z(f - 8) — Z(f) - Z(g)-

A general form of Chebyshev-Griiss inequalities is given by

Tz(f,8)l < E(Z,f,8)

where E is an expression depending on the arithmetic integral mean Z and oscillations of f and g.
Chebyshev-Griiss inequalities for some kind of operator via discrete oscillations is presented by Gonska,
Raga and Rusu [7].

On the other hand, the notion of tensor product of operators is a key concept in functional analysis
and its applications particularly in quantum mechanics. The theory of tensor product of operators has been
investigate in the literature; see, e.g., [8,9]. In [10,11], the authors extend the notion of tensor product to
the Tracy-Singh product for operators on a Hilbert space, and supply algebraic/order/analytic properties
of this product.

In this paper, we establish a number of integral inequalities of Chebyshev type for continuous fields
of Hermitian operators relating Tracy-singh products and weighted Pythagorean means. The Pythagorean
means considered here are three classical means -the geometric mean, the arithmetic mean, and the
harmonic mean. The continuous field considered here is parametrized by a locally compact Hausdorff
space () endowed with a finite Radon measure. In Section 2, we give basic results on Tracy-Singh
products for Hilbert space operators and Bochner integrability of continuous field of operators on a locally
compact Housdorff space. In Section 3, we provide Chebyshev type inequalities involving Tracy-Singh
products of operators under the assumption of synchronous Tracy-Singh property. In Section 4, we
establish Chebyshev integral inequalities concerning operator means and Tracy-Singh products under
the assumption of synchronous monotone property. Finally, we prove Chebyshev-Griiss inequalities
via oscillations for continuous fields of operators in Section 5. In the case that () is a finite space with
the counting measure, such integral inequalities reduce to discrete inequalities. Our results include
Chebyshev-type inequalities concerning tensor product of operators and Tracy-Singh/Kronecker products
of matrices.
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2. Preliminaries

In this paper, we consider complex Hilbert spaces H and K. The symbol B(X) stands to the Banach
space of bounded linear operators on a Hilbert space X. The cone of positive operators on X is denoted
by B(X) ™. For Hermitian operators A and B in B(X), the situation A > B means that A — B € B(X)".
Denote the set of all positive invertible operators on X by B(X)*+.

We fix the following orthogonal decompositions:

n
H=QH, K=0DK
i k=1

where all H; and K; are Hilbert spaces. Such decompositions lead to a unique representation for each
operator A € B(H) and B € B(K) as a block-matrix form:

m,n ;
A= [400 and B = Byl
where A;; € B(H;, H;) and By € B(K;, Ky) for each i, j, k, I.

2.1. Tracy-Singh Product for Operators

Let A € B(H) and B € B(K). Recall that the tensor product of A and B, denoted by A ® B, is a unique
bounded linear operator on the tensor product space H ® K such that

(A®B)(x®y) = Ax®By, VxeH,VyeK
When H = K = C, the tensor product of operators becomes the Kronecker product of matrices.

Definition 1. Let A = [Az'f]?}ﬁ € B(H) and B = [By]i1-; € B(K). The Tracy-Singh product of A and B is
defined to be in the form

ARB = [[A70Bul,] 5)
m n
which is a bounded linear operator from B €9 H; @ Ky into itself.
i=1 k=1

When m = n = 1, the Tracy-Singh product A X B is the tensor product A ® B. If H; = K; = C for all
i, j, the above definition becomes the usual Tracy-Singh product for complex matrices.

Lemma 1 ([10,11]). Let A, B, C, D be compatible operators. Then

(kA)RB = AX («B) = a(AKXB) foranya € C.

(A+B)R(C+D) = ARKC+ARD+BXC+BRD.

(AXB)(CKRD) = (AC)X (BD).

If A and B are Hermitian, then so is AX B.

If A and B are positive and invertible, then (AKX B)* = A*K B* forany a € R.
IfFA>C>0andB>D >0,then AKB > CXD > 0.

RGOS

2.2. Bochner Integration

Let Q) be a locally compact Hausdorff (LCH) space equipped with a finite Radon measure p. A family
A = (At)eq of operators in B(H) is said to be bounded if there is a constant M > 0 for which [|A;|| < M
forall t € Q). The family A is said to be a continuous field if parametrization f — A; is norm-continuous
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on Q). Every continuous field A = (A;),. can have the Bochner integral [ A¢dp(t) if the norm function
t — ||A¢]| possess the Lebesgue integrability. In this case, the resulting integral is a unique element in
B(H) such that

¢><./Q Atdw)) = [ o andu()

for every bounded linear functional ¢ on B(H).

Lemma 2 (e.g., [12]). Let (X, || - ||x) be a Banach space and (T',v) a finite measure space. Then a measurable
function f : T — X is Bochner integrable if and only if its norm function || f|| is Lebesgue integrable.

Lemma 3 (e.g., [12]). Let f : I' — X be a Bochner integrable function. If ¢ : X — Y is a bounded linear operator,
then the composition ¢ o f is Bochner integrable and

J oo fidv = ¢ [ fav.

Proposition 1. Let (At),.q, be a bounded continuous field of operators in B(H). Then for any X € B(K),

/QAtdy(t)@X & /5<At®X)dy(t).

Proof. Since the map t +— A; is continuous and bounded, it is Bochner integrable on (). Note that the
map T — T X is linear and bounded by Lemma 1. Now, Lemma 3 implies that the map t — A; X X is
Bochner integrable on () and

/()Atdy(t)&X = /Q(At&X)dy(t).
forall X € B(K). O

3. Chebyshev Type Inequalities Involving Tracy-Singh Products of Operators

From now on, let O be an LCH space equipped with a finite Radon measure y. Let A = (A¢);cq,
B = (Bt)icq,C = (Ct);cqand D = (Dt),., be continuous fields of Hilbert space operators.

Definition 2. The fields A and I3 are said to have the synchronous Tracy-Singh property if, for all s, t € Q,
(A — As) X (B = Bs) = 0. (6)
They are said to have the opposite-synchronous Tracy-Singh property if the reverse of (6) holds for all s, t € Q).

Theorem 1. Let A and B be bounded continuous fields of Hermitian operators in B(H) and B(KK), respectively,
and let o« : Q) — [0,00) be a bounded measurable function.

1. If Aand B have the synchronous Tracy-Singh property, then

| #©auts) [ ayamBan(t) > [ anAdu(t)R [ als)Badu(s). @)

2. If Aand B have the opposite-synchronous Tracy-Singh property, then the reverse of (7) holds.
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Proof. By using Lemma 1, Proposition 1 and Fubini’s Theorem [13], we have
[ #(&)au(s) [ a(t)(an @ Ban() - /Q (1) Ardpe(1) B /Q () By (s)

://QZ ) (AR By)du(t) // s) (A X Bs)du(t)dpu(s)

= 3 /Qz 1) (At R By) — a(t)a(s) (As B By)] dyu(t)dp(s)
z//gz )(As ®Bs) — a(s)a(t)(As & By)] du(s)du(t)
2 // t) [(Ar — As) R (Bs — By)] dp(t)dp(s)-

For the case 1, we have
// a(t) [(Ar — Ay) B (B — B du(t)du(s) >0 8)
and thus (7) holds. For another case, we get the reverse of (8) and, thus, the reverse of (7) holds. O

Remark 1. In Theorem 1 and other results in this paper, we may assume that Q) is a compact Hausdorff space.
In this case, every continuous field on Q) is automatically bounded.

The next corollary is a discrete version of Theorem 1.

Corollary 1. Let A;, B; be Hermitian operators and let w; be nonnegative numbers for each i = 1,...,n. Let
./4 = (Alz---/An) and B = (Bl,...,Bn).

1. If A and B have the synchronous Tracy-Singh property, then

ia),’ ia],(Ai &B,) = <i wiA,) X (f wiBi) 1 9)
i=1 i=1 i=1 i=1

2. If A and B have the opposite-synchronous Tracy-Singh property, then the reverse of (9) holds.

Proof. From the previous theorem, set Q) = {1,...,1} equipped with the counting measure and «(i) = w;
foralli=1,...,n. O

4. Chebyshev Integral Inequalities Concerning Weighted Pythagorean Means of Operators

Throughout this section, the space () is equipped with a total ordering <
Definition 3. We say that a field A is increasing (decreasing, resp.) whenever s < t implies As < Ay (As = Ay, resp.).

Definition 4. Two ordered pairs (Xq, Xp) and (Y1, Y,) of Hermitian operators are said to have the synchronous
property if either

X; <Y fori=12 o0or X; 2 Y for i=1,2.
The pairs (X1, X) and (Y1, Yy) are said to have the opposite-synchronous property if either

X1 < Yiand Xo 2 Yy, or X9 2 Yy and Xp < Yo
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Definition 5. Let A, B,C, D be continuous fields of Hermitian operators. Two ordered pairs (A, B) and (C, D)
are said to have the synchronous monotone property if (As, By) and (Cy, Dy) have the synchronous property for
all t € Q). They are said to have the opposite-synchronous monotone property if (A, By) and (Ct, Dy) have the
opposite-synchronous property for all t € Q).

Let us recall the notions of weighted classical Pythagorean means for operators. Indeed, they are
generalizations of three famous symmetric operator means as follows. For any w € [0, 1], the w-weighted
arithmetic mean of A, B € B(H) is defined by

AVyB = (1—w)A+ wB.

The w-weighted geometric mean and w-weighted harmonic mean of A, B € B(H)"* are defined
respectively by

AfB = AZ(ATIBA1)VAZ,
-1
Ak, B§= [(1—w)A—1+wB—1] :

For any A, B € B(H) ™, we define the w-weighted geometric mean and w-weighted harmonic mean
of A and B to be

AfwB = lim (A +el)fo(B +el).
e—0F

AlyB = lim (A+el)l, (B+el),
e—0+t

respectively. Here, the limits are taken in the strong-operator topology.

Lemma 4 (see e.g., [14]). The weighted geometric means, weighted arithmetic means and weighted harmonic
means for operators are monotone in the sense that if Ay < Ay and By < By, then A10B1 < Ay0 B, where o is any

Of YV, Yo, fw-
Lemma 5 ([15]). Let A,B,C,D € B(H)*t and w € [0,1]. Then
(AXB)tw(CX D) = (Af0C) X (BfwD).

Theorem 2. Let A, B,C, D be bounded continuous fields in B(H)" and let « : QO — [0,00) be a bounded
measurable function.

1. If A,B,C, D areeither all increasing, or all decreasing then

[ a()dus) [ a(t)[(ArB B)g(C E Dy du(t w0
> [ a(®)(AsuCdp() R [ w(s)(BetuDe)dp(s).
2. The reverse of (10) holds if either

A, C are increasing and B, D are decreasing, or

2.1
2.2 A,Caredecreasing and B, D are increasing.
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Proof. Let s,t € () and assume without loss of generally that s < t. By applying Lemmas 1 and 5,
Proposition 1, and Fubini’s Theorem [13], we have

[ #©)an(s) [ a()[(ARB)z(Cm D) ~ [ a(t)(AituC)dp(t) 3 [ a(s) (BatiwDs)dp(s)
= [+ ()[4 By} (C B DY) ()

_//QZ (AttwCr) B (BstiwDs)|dp(t)du(s)
_ // )[(AttwCt) B (BitwDp)ldp(t)dp(s)
//Qz )(ArtCe) 8 (BetiwDe)ldu(6)dp(s)
_ 2// )[(AstwCr) & (BithwDr) — (ArtoCr) B (BstewDs)]dpi(t)dp(s)

2 // t)a(s)[(AstwCs) K (BstwDs) — (AstwCs) B (Bifle Dy )] dp(s)dp(t)
— E //02 “(S)a(t)[Atﬁth = Asﬂwcs] X [Btlijt — Bsﬁst]dll(t)d}i(S).

If A, B,C, D are all increasing, we have by Lemma 4 that A¢#,C: > As§wCsand BidywDy > BsfwDs.
If A, B,C, D are all decreasing, we have Ail,yCr < A8 Cs and Bifly Dy < BsfywDs. Both cases lead to the
same conclusion that

(AflwCi — AstiwCs) B (BiffwDy — BsfwDs) > 0,
and hence (10) holds. The cases 2.1 and 2.2 yield the same conclusion that

(AtfwCr = AstwCs) B (BitiwDr — BsfwDs) < 0.
and hence the reverse of (10) holds. [

Lemma 6. Let A, B,C, D be Hermitian operators in B(H) and w € [0, 1].

1. If (A, B)and (C, D) have the synchronous property, then
(AR B)V4(CED) > (AV4,C)® (BV4D). 11)
2. If(A,B) and (C, D) have the opposite-synchronous property, then the reverse of (11) holds.

Proof. For the synchronous case, we have by using positivity of the Tracy-Singh product (Lemma 1) that
(A—C)X(B—D) > 0. Applying Lemma 1, we obtain

0

N

w(1—w)[(A; — By) K (A2 — By))]

— w(l—w)[A; XAy — A KBy — B; K Ay + By K By

= [1-w)(A1 K Az) + w(B1 W By)] — [(1 = w) Ay + wBi ] K [(1 — w) Az + wB)]
= [(A1 X Az) Vo (B1 X By)] — [(A1 Vi B1) W (A2 Vi By))].

Thus (Al Vw Bl) X (Az Vw Bz) < (Al X Az) Vw (Bl X Bz).
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For the opposite-synchronous case, we have (A1 — By) X (A2 — By) < 0 and hence the reverse of
inequality (11) holds. O

Theorem 3. Let A, B,C, D be bounded continuous fields of operators in B(H) ™, let a : Q) — [0, 00) be a bounded
measurable function.

1. If (A, B) and (C, D) have the synchronous monotone property and all of A, B,C, D are either increasing or
decreasing, then

[ #(E)dus) [ a(dl(Ar%B) T (Ce 3 D) Jdu)

(12)
> /O () (ArvCy)dn(t) x/ )(BsVawDs)du(s).

2. If (A, B) and (C, D) have the opposite-synchronous monotone property and if either

2.1 A,C areincreasing and B, D are decreasing, or
2.2 A,Caredecreasing and B, D are increasing,

then the reverse of (12) holds.

Proof. Lets,t € () and assume without loss of generally that s < ¢. First, we consider the case 1. We have
by using Lemmas 1 and 6, proposition 1, and Fubini’s Theorem [13] that

[ #(©)an(s) [ a(0iAEBE)T(CBDYdu(t) — [ a(t)(ATuCdu(t) B | a(s)(BTuD)dn(s)

= [, ®()at)[(A B B)Vuu(C 8 D) () (5)
//02 M(A: Vo Ci) B (Bs Ve Ds)|dp(t)dp(s)
> // )[(Ar2Ce) B (BeVeyDy ) dpe () dpu(s)
// () (s)[(Ar Vi Cr) B (Bs Vo D) dpa(£)du(s)
- // a(t)[(A1VoCr) B (BrVuDi) — (AsVuCt) & (Bs Vo Ds)]du (£)dpu(s)
- 2//02 )(A:VCi) — (AsViCs)] B [(BeVoDy) = (Bs Vo Ds)]dp () dp (s).

Now, by Lemmas 1 and 4, we have
(Atvwct - Asvwcs) X (Btvat - stst) 2 0
and hence (12) holds. The case 2 can be similarly proven. [

Lemma 7. Let A, B, C, D be positive operators in B(H) and w € [0, 1].

1. If(A,B)and (C, D) are synchronous, then
(AKB) !y (CRD) < (Aly C)® (Bl D). (13)

2. If(A,B)and (C, D) are opposite-synchronous, then the reverse of (13) holds.
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Proof. Assume that (A, B ) and (C, D) are synchronous. By continuity, we may assume that A, B,C,D > 0.
We have

(At —chHhR((B1T-D >0 (14)
Using Lemma 1 and (14), we get

0 < wl-—w)A'®B ' +w(l—w)C'®D ' —w(l—w)A"'®D ! —w(1l—w)C"'KB™!
- [(1 —w) —(1- w)z] A'®B '+ (w-w?)C'®D '~ w(l-w)A 'RD!
—w(l—w)C'®B!
= (A—l X B‘1> Vao (c—l IZlD‘l) = (A—l Vao c—l) X (B—l Voo D—l) .
This implies that
(A" ®B™) v, (c—l ®D7Y > (A—l Vi c—1> X (B~ vy D).
Hence,
(AKB) !y (CRD) = { (ARB)1v, (CHD)~ }_l
= {(a'mB") v, (7 &D—l)}fl
{(A ¢ )& (sl vun )}
(a7tv ) '® (B_l va—l) T
~ (A% C)B(BL D).
For the opposite-synchronous case, we have
(A XH0Z) BB B £

and hence the reverse of (13) holds. [

Theorem 4. Let A, B,C, D be bounded continuous fields of operators in B(H) ™ and a : QO — [0, 00) be a bounded
measurable function.

1. If (A,B) and (C, D) have the opposite-synchronous monotone property and if all of A, B,C, D are either

increasing or decreasing, then

[ #(©)dus) [ a(dl(AR B o (CRDy)Jdu(t)

(15)
> /Ozx(t)(At o ct)dy(t)gfna(s)ws o Dy )du(s).

2. If (A, B) and (C, D) have synchronous monotone property and if either

2.1 A,Carebothi increasing, and B, D are both decreusmg, or
2.2 A,Care both decreasing and B, D are both increasing,

then the reverse of (15) holds.
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Proof. Lets,t € () with s < t. If the pairs (A, B) and (C, D) are opposite-synchronous, then we have by
applying Lemmas 1 and 7, Proposition 1, and Fubini’s Theorem [13] that

/DC(S d]/l S)/ AtIXBt) (Ctllet)]d,u(t)_/Q“(t)(At 'th)d}l(t)®/QlX(5)(Bs 'st)dﬂ(S)
= // a(s)a(t)[(At X B) ly (Cr X D) |dp(t)du(s)

~ [ /Q 2 [(Ar L Ct) B (Bs to Do) dp(t)d(s)
> [ a©)aO(At C) B (Bt D)ld(Dap(s)
//Qz [(At'w Ct) B (Bs Y Ds)]dp(t)dpu(s)
— 2//02 t)[A¢ 1w Cr — As 1w Cs| BBy 1y Dy — Bs 1y Ds]dp(t)dp(s).

For the case 1, we have, by Lemmas 1 and 4,

(Al Cr — Ag 1y Co) K (By lyy Dy — B 1y Ds) = 0

and hence (15) holds. Another assertion can be proved in a similar manner to that of the second assertion
in Theorem 3. [

5. Chebyshev-Griiss Inequaities via Oscillations

Throughout this section, let () be an LCH space equipped with a probability Radon measure u.
For any continuous field A = (A¢)cq in B(H) and B = (B;);cq in B(K), we define

AKX B
osc(.A)

(AsBBiea, T(A) = [ Adp(t)

max{|[Ar — 4| : (£,5) € supp(p X p)}-

Here, we recall that the support of the product measure y x y is defined by
supp(p x ) = {(t,5) € Q% : (ux u)(G) >0 for all open sets G C O containing (¢,s)}.
We call osc(.A) the oscillation of the field A.

Theorem 5. Let A = (A;),cq and B = (Bt),eq be continuous fields of Hermitian operators in B(H) and B(K),
respectively. Then

T(ARB) - T(A)RI(B) < %OSC(A) cose(B) (1 x 1) (Q2\A) (Iy B Iy, (16)

where A = {(t,t) : t € Q}.
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Proof. We have by using Lemma 1, Proposition 1 and Fubini’s Theorem [13] that

L(ABB) - (A BIB) = [ du(s) [ ABBdu(t) — [ Adp(t)® | Bedp(s)
:/ Ay B Bydp()du(s) / Ar R Bsdp(t)dp(s)
_ E /QZ(AtIZIBt—At®85+AS&BS—ASXIBt)dy(t)dy(s)
= 5 [[ (A= 49 B (B = B)dp(dn(s)
02\A

< %OSC(A) -0sc(B) (p x u)(Q\A) (Iy X Ix). O

Corollary 2. Let A; € B(H) and B; € B(K) be Hermitian operators for alli = 1,...,n. Then

fAm Z R (38 )< 20D pad A=Al max |B; = Byl| (I 9 )
= = i B B 1<ij<n <ij<n i i H K-

Proof. Set ) = {1,...,n} equipped with the counting measure. We have

(X )(QF\A) = @ supp(px ) =Q x Q

and thus

Al An) = Ar— A BN NB T & Bi~Bjll. O
osc(A; A STERE A~ A SRAIRN > Bl B e R

Example 1. Let QO = [0,1], w € Q and 0 < « < 1. Consider the probability Radon measure y = aA + (1 — )by,
where A is Lebesgue measure on Q) and oy, is the Dirac measure at w. Set

1
- / Awdu(t) / AdA(H) + (1 — &) Au.
0
We have
puxp = a2(AxA) Fa(l=a)(Axdy) + (T —a)a by x L)+ (1 —a)? (5 X &)

Then supp (i x ) = [0,1] x [0,1] and (p x ) ([0,1]*\A) = a(2 — a). For any continuous fields A = (At)ieq
and B = (By)eq of Hermitian operators, the inequality (16) becomes

1
— < — — — . —
I(./UZB) I(.A) &I(B) S 0((2 0() OI<1‘IE?§1 ||At As“ Ogtlgél ||Bt BSH(IﬂglK)

Xobx

6. Conclusions

We establish several integral inequalities of Chebyshev type for continuous fields of Hermitian
operators which are parametrized by an LCH space equipped with a finite Radon measure. We also obtain
the Chebyshev-Griiss integral inequality via oscillations with respect to a probability Radon measure.
These inequalities involve Tracy-Singh products and weighted versions of famous symmetric means.
For a particular case that the LCH space is a finite space equipped with the counting measure, such integral
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inequalities reduce to discrete inequalities. Our results include Chebyshev-type inequalities for tensor
product of operators and Tracy-Singh/Kronecker products of matrices.
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Abstract: We consider bounded continuous fields of self-adjoint operators which are parametrized by
a locally compact Hausdorff space () equipped with a finite Radon measure y. Under certain
assumptions on synchronous Khatri-Rao property of the fields of operators, we obtain
Chebyshev-type inequalities concerning Khatri-Rao products. We also establish Chebyshev-type
inequalities involving Khatri-Rao products and weighted Pythagorean means under certain
assumptions of synchronous monotone property of the fields of operators. The Pythagorean
means considered here are three classical symmetric means: the geometric mean, the arithmetic
mean, and the harmonic mean. Moreover, we derive the Chebyshev—Griiss integral inequality via
oscillations when y is a probability Radon measure. These integral inequalities can be reduced to
discrete inequalities by setting €2 to be a finite space equipped with the counting measure. Our results
provide analog results for matrices and integrable functions. Furthermore, our results include the
results for tensor products of operators, and Khatri-Rao/Kronecker/Hadamard products of matrices,
which have been not investigated in the literature.

Keywords: Chebyshev sum inequality; Khatri-Rao product; Bochner integral; weighted
Pythagorean mean

MSC: 47A63; 47A64; 47A80

1. Introduction

In mathematical analysis and applications, analytic inequalities serve as fundamental tools for
comparison, approximation, and optimization. The classical Chebyshev sum inequality states that for
any real tuples (ay,...,a,) and (by, ..., b,) both are increasing or decreasing, we have

n 1 n 1 n
ibi =z | =) |- ) bi. 1
foo> (1) (i) .

This inequality was generalized by Matharu and Aujla [1] to the case of positive semidefinite
matrices involving the Hadamard (entrywise) product o: for any matrices A; > --- > A, = 0 and

—_

=

B; > .- 2 B, 20, and any positive numbers w ..., w,, we have

iwi iwi(AioBi) > <fwiAi> o <iwiBi> . (2)
i1 = i=1 i—1
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To discuss a continuous version of this inequality in a compact form, let us denote for each
integrable function f,g: [4,b] — R,

1) = 2 [ fa, ®
To(f,8) = Z(F-5) ~ T(f) - Z(s). @

The latter is called the general Chebyshev functional (see [2]). The Chebyshev functional (4) has
many applications in numerical quadrature, probability and statistics, and existence for solutions to
certain differential equations. It was obtained in [3] that if such f and g are synchronous on [a,b],
that is,

(f(x) = fy))(g(x) =g(y)) = 0 (5)

forall x,y € [a,b], then

Tz(f.g) = 0. (6)

The opposite inequality of (6) holds if both f and g are opposite-synchronous on
[2,b]. Operator extensions of this inequality were presented by Moslehian and Bakherad [4].
They generalized the Chebyshev integral inequality (6) to the case of continuous fields of Hilbert space
operators with a bounded measurable function involving Hadamard products by using the notion
of synchronous Hadamard property. They proved that if two continuous fields (A¢)cq, (Bt)ieq of
operators, parametrized by a compact Hausdorff space () equipped with a Radon measure ., have the
synchronous Hadamard property, then

[ #©n(s) [ aBacoBiau) > [ sAdu6 [ a()Bduls), ?)

where a : () — [0, c0) is a bounded measurable function. Moreover, they gave some Chebyshev-type
inequalities concerning operator means and Hadamard products.

A complement of (6) was introduced by Griiss [5], providing an estimate of the difference between
the integral of the product and the product of the integrals for two functions. For any integrable
functions f, g : [a,b] — R satisfying the conditions k < f(x) < K, < g(x) < Lforall x € [a,b] and
k,K,I, L are real constants, we have

(K=k)(L=1). (8)

I

ITz(f,8)| <

We can apply Griiss inequalities to estimate error bounds for some integral means and numerical
quadrature rules; see e.g., [6,7]. In [8], Gonska, Rasa and Rusu used the terminology Chebyshev—Griiss
inequalities referring to Griiss inequalities for (special cases of) generalized Chebyshev functionals Tz
which have a general form

Tz(f, &) < E(Z,f,8), ©)

where E is an expression in terms of certain properties of Z and some kind of oscillations of f and g.
They also established new Chebyshev-Griiss inequalities via discrete oscillations.

On the other hand, in the theory of operator product, the notion of tensor product for Hilbert
space operators was extended to the Tracy—Singh product for such operators [9]. Algebraic, order,
and analytic properties of the Tracy-Singh product for operator were discussed in [9,10]. The notion
of tensor product was also generalized to the Khatri-Rao product for Hilbert space operators in [11].
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The work [11] shows that the Khatri-Rao product and the Tracy-Singh product are related via isometric
selection operators.

In this paper, we establish new several integral inequalities of Chebyshev-type for continuous
fields of self-adjoint operators involving Khatri-Rao products and operator means. In Section 2,
we give preliminaries on Khatri-Rao and Tracy-Singh products for operators, and Bochner integrability
of continuous field of operators on a locally compact Hausdorff space. In Section 3, we provide
Chebyshev-type inequalities involving Khatri-Rao products of operators under the assumption
of synchronous Khatri-Rao property. In Section 4, we establish Chebyshev integral inequalities
concerning weighted Pythagorean means and Khatri-Rao products under the assumption of
synchronous monotone property. We prove Chebyshev—Griiss inequalities via oscillations for
continuous fields of operators in Section 5. Our results generalize the matrix result [1] and the result
for integrable functions [8]. Moreover, our results include the results for tensor products of operators,
and Khatri-Rao/Kronecker/Hadamard products of matrices, which have been not investigated in the
literature. Finally, we summarize our work in Section 6.

2. Preliminaries

Throughout this paper, let H, and K be complex Hilbert spaces. The symbol B(H) stands to the
Banach space of bounded linear operators from H into itself. The vector space of self-adjoint operators
on H is denoted by B(H)*". Denote the set of all positive (positive invertible, respectively) operators
on Hby B(H)* (B(H)*", resp.). For any A, B € B(H)*, the situation A > B (A > B, resp.) means
that A— B € B(H)" (A - B € B(H) ", resp.).

Through this paper, we apply the projection theorem to decompose

n n
H=PH K=O0K,
1=1 i<l

where all H; and K; are Hilbert spaces. Each operator A € B(H) and B € B(K) can be expressed
uniquely as operator matrices

g0= [Ai]'}z;'n:1 and B = [Bij]:}iy

where A;; € B(H;, H;) and B;; € B(K;, K;) for each i, j.

2.1. Khatri—Rao Product and Tracy-Singh Product for Operators

Recall that the tensor product of A € B(H) and B € B(K) is a unique bounded linear operator
A®B € B(H®K) such that for all x € Hand all y € K,

(A® B)(x®y) = Ax ® By.

Fix a countable orthonormal basis E of H. Recall that the Hadamard product of A, B € B(H) is
defined to be the operator A ©® B € B(H) such that foralle € E,

((A®B)e,e) = (Ae,e)(Be,e).
It is known that the Hadamard product of A, B € B(H) can be expressed as
A®B = U*(A®B)U, (10)

where U : H — H ® H is the isometry defined by Ue = e ® e for all e € E (see e.g., [12]).
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From the previous setting, we define the Khatri-Rao product of A and B to be the bounded linear
operator from @!_; H; ® K; into itself represented by an operator matrix

A[B = [Aij X Bij] i (11)

We define the Tracy-Singh product of A and B to be the bounded linear operator from
D, 69;1:1 H; @ K; into itself represented by an operator matrix

ARB = [[Ai]@Bkl]lej. (12)

The maps (A, B) — ALl Band (A, B) — A X B are bilinear. Moreover, we have:

Lemma 1 ([9-11]). Let A, B,C, D be compatible operators. Then

IfA Oand B> D >0,then ALJB>CLED > 0.

If A 0and B>D > 0,then AXB>CXD > 0.
(AXB)(CK D) = (AC)X (BD).

(A+C)X(B4+D) = AXB+ AXD+CXB+CXD.
If A and B are invertible, then (AR B)~1 = A-' X B™L

If A and B are positive, then (AX B)* = A* X B* for any o > 0.

zC>
=2C>

S Gk =

Lemma 2 ([11]). There is an isometry Z such that A B = Z*(A R B)Z for any operators A € B(H) and
B € B(K).

2.2. Bochner Integration for Operator-Valued Maps

Throughout this paper, let Q) be a locally compact Hausdorff space endowed with a finite Radon
measure y. A continuous map A : QO — X C B(H) is called a continuous field of operators in X
parametrized by (), denoted by A € €(€); X). For convenience, for each ¢ € (), we may write A;
instead of A(t). The field A is said to be bounded if there is a constant M > 0 such that ||A¢|| < M for
all t € Q. The set of all bounded continuous fields of operators in X parametrized by () is denoted
by BE((); X). If A € €((); X) is such that the norm function ¢ + || A¢|| is Lebergue integrable on ()
(e.g., A € BE(Q; X)), then we can form the Bochner integral [ Ardpu(t).

Lemma 3 (see e.g., [13]). Let X and Y be Banach spaces, and ¢ : X — Y a bounded linear operator. For any
Bochner integrable function f : I — X, the composition ¢ o f is also Bochner integrable and

J(oondo = ¢ [ fav.

Proposition 1. Forany A € BE(Q, B(H)) and X € B(K), we have

/QAtdy(t)DX - /Q(AtBX)dy(t). (13)

Proof. The map t — A; is Bochner integrable on () because it is continuous. Since the map T — T [0 X
is bounded linear operator, we have by Lemma 3 that the map t — A; [ X is Bochner integrable on ()
and (13) holds. O

3. Chebyshev-Type Inequalities Involving Khatri-Rao Products of Operators

We introduce the following property, and prove Chebyshev-type inequalities involving
Khatri-Rao products of operators.
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Definition 1. The fields A and B of operators parametrized by Q) are said to have the synchronous Khatri—Rao
property if, forall s, t € Q,

(At — As) D (B: = Bs) = 0. (14)

They are said to have the opposite-synchronous Khatri—Rao property if the reverse of (14) holds for all
s,t € Q).

The following result is an extension of the Chebyshev integral inequality (6) to the case of operators
involving Khatri-Rao products.

Theorem 1. Let A € BE(Q, B(H)?) and B € BE(Q, B(K)3?), and let « : QO — [0, 00) be a bounded
measurable function.

1. If A and B have the synchronous Khatri—Rao property, then

| 2o [ aAmBdu) > [ aadpt)O0 [ w@Bdp). a5
2. If A and B have the opposite-synchronous Khatri—Rao property, then then the reverse of (15) holds.

Proof. By using Lemma 1 and Proposition 1, we have

/e <>dy<>/ (1) (A¢ EIB)p(E) - /Q (1) A (1) /Q()Bsd%t(S)

3 // (A BB (dp(s) — [ a(als) (4B Bdp(B)du(s)

oY //Q t)(As 0 By) — a(t)a(s) (At O Bs)| du(t)dp(s)

W /Qz £) (At By) — a(t)a(s)(A¢ LI Bs)] du(t)dp(s)
2/_/02 )(As B Bs) — a(s)a(t) (As O By)} dp(s)du(t)

N gf/ozw(sﬁx(t) [(Af — As) B (Br — Bs)] du(t)du(s).

Here, we have used Fubini’s Theorem [14] to interchange the order of integrals. For the case 1,
we have

J [, #©E) (A= 49 B (B, — Bl dp(t)d(s) > 0 (16)

and thus (15) holds. For another case, we get the reverse of (16) and, thus, the reverse of (15) holds. O

For the case n = 1, i.e., H and K are not decomposed, the synchronous Khatri-Rao property in
Definition 1 reduces to the synchronous tensor property:

(At—As)®(Bt—Bs) 0.

WV

If two fields A and B of operators parametrized by () have the synchronous tensor property, then
A and B have the synchronous Hadamard property ([4], Definition 2.1), i.e.,

(Ay—As)©(Bi—Bs) = 0

for all s, t € Q). The following result gives Chebyshev-type inequalities involving tensor products and
Hadamard products.
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Corollary 1. Let A, B € BE(Q, B(H)*) and let a : Q — [0, 00) be a bounded measurable function.

1. If A and B have the synchronous tensor property, then
| a6 [ aaeBydu) > [ atadn) e [ w@Bdpis),  17)
| a@aus) [ aaoBiap®) > [ sadut)o [ w@Bdue.  08)
2. If A and B have the opposite-synchronous tensor property, then then the reverses of (17) and (18) holds.

Proof. For the case n = 1, the Khatri-Rao product in Theorem 1 reduces to the tensor product. Assume
that A and B have the synchronous tensor property. Using the fact that the Hadamard product is
expressed as the deformation of tensor product via the isometry U defined in (10), we obtain

[ e [ et oBan) = [ als)duls) [ w)U (A @ B)Udp()
-:W<AM@W@AQﬂma®&mm0u
w(Lammwm®%f@&W@0u

ZAfW&WWQAf@&W@'

\%

Case 2 for Hadamard products can be similarly treated. O

We can see that the inequality (18) is the same as (7), but they hold under different hypothesis.
The next corollary is a discrete version of Theorem 1.

Corollary 2. Let A = (Ay,..., Ay) and B = (By, ..., By) where A; € B(H)**, B; € B(K)*? and w; is a
nonnegative number for eachi=1,..., k.

1. If A and B have the synchronous Khatri—Rao property, then
k k k

Y wi(AEB) = [ Y wA |O Y wBi]. (19)

=1 i=1 i=1

1=

k
) i
i=1

2. If Aand B have the opposite-synchronous Khatri—-Rao property, then the reverse of (19) holds.

Proof. From the previous theorem, consider the finite space Q) = {1, ..., k} equipped with the counting
measure and «(i) = w; foralli=1,...,k. O

This corollary generalizes Chebyshev sum inequalities for the case of real numbers in inequality (1)
and for Hadamard product of matrices in [1].

Next, we illustrate Chebyshev-type inequalities for bounded linear operators induced from
matrices. Recall that with each A € M,,(C) one can naturally associate a bounded linear operator

Ty : C" - C", x — Anx.
For any complex matrices A = [A;;] and B = [B;;] partitioned in block-matrix form, we have [11]

ToUTp = Tamp. (20)
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Example 1. Consider wy = wy = 3, A = (Ta,, Ta,), and B = (Tg,, Tp,), where

[ -1 1 -1 ] 2| 10
A = 1 2 0 |, A= 1 3 -1 |,

-1 ] 0 -3 0| -1 1

1 1 —1 ] 2 1] o0
Bp=1| 1 -11] 0 |, Bb=1| 1410

| -1 0] 1 | 00| 2

First, we check the hypothesis of Corollary 2. Since Ay — Ay > 0, we have T, — Ta, > 0. Similarly,
Tp, — Tp, > 0. By the positivity of the Khatri-Rao product, we get

(Tay = Ta,) O (Tp, — Tp,;) = 0,

ie., the fields A = (Ta,, Ta,) and B = (Tp,, Tp,) have the synchronous Khatri-Rao product property.
Now, we can check that the following matrix is positive semidefinite:

1
A1UB1 + Ay U By — 5 (A1 +A2) B (B1 + By)
)1 =11 3 2 -2 1
do IS adan a¥ p M AL 0 0
| PR s 8§ -2 2N\ P24 0 15 -3
g 0 —2-1 1 0 -3 -6
3 0 Or\1
ra Ry 00
- 0 0 1 -1
1 0 -1 4
>0
Thus,
1
A1EB1+ AyElBy, > E(Al—f—Az)D(Bl—f—Bz)

Passing through the induced linear maps, we get

Ta,081+4,88, 2 T4, 1 4y)2(B, +8,)"

Finally, applying the property (20), we have

(Ta, + Ta,) B (Tp, + T,),

N =

Ta, W Tp + T, BT, >

i.e., the inequality (19) in Corollary 2 holds.

4. Chebyshev Integral Inequalities Concerning Weighted Pythagorean Means of Operators

We start this section by introducing order assumptions on continuous fields and supplying
preliminaries on weighted arithmetic/geometric/harmonic means of operators. The main part is to
establish Chebyshev-type inequalities involving Khatri-Rao products concerning such operator means
and order assumptions.

Throughout this section, the space ) is equipped with a total ordering <. Consider the
following definitions:
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Definition 2. We say that a field A is increasing (decreasing, resp.) whenever s < t implies As < Ay
(Ag > Ay, respectivley).

Definition 3. Two ordered pairs (X1, Xp) and (Y1, Y>) of self-adjoint operators are said to have the synchronous
property if either

X;i < Yifori=12 0r X; 2 Y for i=1,2.
The pairs (X1, X2) and (Y1, Y2 ) are said to have the opposite-synchronous property if either
Xy < Yyand Xo 2 Yy, or X1 =2 Y7 and X5 < Yo

Definition 4. Let A, B, C, D be continuous fields of self-adjoint operators parametrized by Q). Two ordered
pairs (A, B) and (C, D) are said to have the synchronous monotone property if (A, By) and (Cy, Dy) have the
synchronous property for all t € Q). The pairs (A, B) and (C, D) are said to have the opposite-synchronous
monotone property if (A¢, By) and (Cy, Dy) have the opposite-synchronous property for all t € Q).

Recall that the three classical Pythagorean means are the following symmetric means:
the arithmetic mean, the harmonic mean, and the geometric mean. For each w € [0, 1], the w-weighted
versions of such means are respectively defined for any A, B € B(H) ™" by

AVoB = (1—w)A + wB,

—1
MR [(l—w)A’l—i-wB’l] 3
AtB = A} (A—%BA—%)WA:

These means can be defined for arbitrary positive operators by the following continuity argument
with respect to the strong-operator topology:

AtwB = lim (A+ el)f(B +€l).
e—0T

For brevity, we write AB for Af;/,B. The Pythagorean means have the following remarkable
property: forany w € [0,1], T € B(H), and A, B € B(H) ™', we have

T*(Aoy B)T < (T*AT) 0 (T*BT), (21)
here ¢ is anyone of V, !, #.

Lemma 4 (see e.g., [15]). The weighted geometric means, weighted arithmetic means and weighted harmonic
means for operators are (jointly) monotone in the sense that if X1 < Xp and Y1 < Yo, then X10Y; < Xp0Ys
where 7 is any of Vo, lw, fuw-

4.1. Inequalities on Weighted Geometric Means

Recall that a linear map between two operator algebras is said to be positive if it maps positive
operators to positive operators.

Lemma 5 ([16]). Let A,B,C,D € B(H)™" and w € [0,1]. Then

(ADB)(CED) > (AfuC) B (BtuD).
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Theorem 2. Let A,B,C,D € B&(Q; B(H)") and let & : Q) — [0, 00) be a bounded measurable function.
If A, B,C, D are either all increasing, or all decreasing, then

f fQ At | Bt)ﬁw(Ct | Dt dﬂ fQ Atﬁth)dy E\ fQ Bsﬁst)d}l( ) (22)

Proof. Lets,t € (). Without loss of generality, assume that s < ¢. By applying Lemmas 1 and 5,
Proposition 1, and Fubini’s Theorem [14], we have

[ #)dn(s) / *(D)[(Ar D B)2a(Cr B D) Jdp(t) — / w(O)(ArtaCOAn(t) B [ a(s) (BetwD:)dn(s)

// )[(Ar B Byt (C: B D) (t) // )[(AttwCr) B (BstoDs)dp()du(s)
> [ O [(AitCh) O (BitDolep(da(s) = [ a(a(5) (A1t Cr) O (BetoDe)du()ep(s)
/ /QZ (ArtaCr) B (BitwDy) — (AitCr) B (Bst D) dpu(t)dp(s)
-5/ /Q , A(S)a() [(ArCr) B (ButtoD) ~ (AutoCr) B (BetoDs)Jdp (1)du(s)
s / )#(3)](AstuoCe) B (BafhoDs) — (AkaCe) B (BebwoDe)ldpu(s)ep(1)
=5 / / B)[AttuCt — AstwCs] B [Brtiw Dy — Bt Dsldp(t)dp(s).

If A, B,C, D are all increasing, we have by Lemma 4 that A¢f,C; > As#wCs and By Dy > Bt Ds.
If A,B,C,D are all decreasing, we have Aif,C: < AsfwCs and BiflwD; < BsfwDs. By Lemma 1,
both cases lead to the same conclusion that (AfCr — AswCs) [ (Bifw Dy — BsfiwDs) = 0, and hence
(22) holds. I

The next corollary is a discrete version of Theorem 1.

Corollary 3. Let A = (A1,...,Ax),B = (By,...,B),C = (Cy,...,C) and D = (Dy, ..., Dy) where
A;,B;,C;,D; € B(H)" foreachi=1,..., k. If A,B,C, D are either all increasing, or all decreasing, then

k k k
%Z Aj DB ﬁw(c L D; )] 2 (% Z(Aiﬁwci)> B (}1( Z(BiﬁwDi)> : (23)
i=1 i=1 i=1

Proof. Setting QO = {1,...,k} equipped with the counting measure and a(i) = f foralli =1,...,kin
Theorem 2, we get the result. [

Operator inequality (23) can be regarded as a generalization of the Chebyshev sum inequality (1).
The next goal is to establish a reverse version of Theorem 2.

Lemma 6. Let A,B,C,D € B(H)™ be such that 0 < miI < ARKB < Myland 0 < myl < CXD < M.
Denote m = ]\"/11—21, M= Am4—12 and

Mm® — mM© M® — m® >w

1—
A= (1—w)(M—m)'< w  Mm® —mMv @)

Then for any w € (0,1), we have

A(ALB)f(CHD) < (A$0C) L (BfwD).
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Proof. Consider amap ® : T +— Z*TZ, where Z is the isometry in Lemma 2. Since ® is a unital
positive linear map, we have by ([17], Corollary 3.5) that

M®(AKB)#,d(CRD)] < ®((ARB)#, (CRD)).
From ([16], Theorem 1), we get

(AR B)#,(CRD) = (A#,C)X (B#,D).
Hence,

A[(AEB)#, (CED)]

A[@(A K B) #, ®(CHD)]
@ ((AXB)#, (CHD))
= O ((A#,C) R (B#,D))
= (A#,C)E (B#,D). O

N

Theorem 3. Let A,B,C,D € B&(Q; B(H) ") with0 < ml < Ay By < Myland 0 < myl < CGtX Dy <
Myl forallt € Q, and o : Q) — [0, 00) a bounded measurable function. Let m, M, w, A as in Lemma 6. If either

1.  A,Careincreasing and B, D are decreasing, or
2. A, Caredecreasing and B, D are increasing,

then
M [ w)ap(s) [ a(OIA DB g(Ci B D)Mp()

(25)
< /Q w(t) (AshoCh )it D/ 5)(BstioDs)dp(s).

Proof. Let s,t € (). Without loss of generality, assume that s < t. By applying Lemmas 1 and 6,
Proposition 1, and Fubini’s Theorem [14], we have

A [ wl)duts / K(){(A+ 2 B) (eI DYJAW(E) — | a®)(AskuCldpe(8) B [ (6)(ButoD)du(s)

=[] #uDR A ETB)20(Ce B D))
/ [ w(OR()[(AruCr) B (Bt Do) du(H)du(s)
< [, a©)rO(AkaC) B (BitwD)ldnO)du(s)
//Q , (O ($)[(ArtCr) B (BetiuDs)ldp(t)dp(s)
-3/ /Q : (AruCe) B (BibwDi) — (AruCe) B (Betio Ds)ldp(£)dp(s)
w5 / )(AstaCs) O (BstwDs) — (AstCs) B (BrtwDi)dp(s)du(t)
= / / 1) [AttwCr — AstteCs] T [BetiwDy — Bsft Ds]dp(£)du(s).

We have by Lemmas 1 and 4 that (A, Ct — AsfwCs) B (BewDr — BstwDs) < 0, and hence
(25) holds. O
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4.2. Inequalities on Weighted Arithmetic Means
Lemma 7 ([18]). Let A,B,C,D € B(H)* and w € [0,1].
1. If (A, B)and (C, D) have the synchronous property, then
(AQB)V4(CED) > (AVyC)E(BVyD). (26)
2. If(A,B)and (C, D) have the opposite-synchronous property, then the reverse of (26) holds.

Theorem 4. Let A,B,C,D € BE(Q); B(H) ™) and let « : Q) — [0, 00) be a bounded measurable function.

1. If (A, B),(C, D) have the synchronous monotone property and all of A, B, C, D are either increasing or
decreasing, then

| #(&)dn(s) [ a(B(A D B) 7 (Ci B D) ldu(t

(27)
> /Q w(8) (ArViCr)du(t D/ $)(BsVDs)du(s).

2. If(A,B),(C, D) have the opposite-synchronous monotone property and if either

(a)  A,Careincreasing and B, D are decreasing, or
(b) A, C aredecreasing and B, D are increasing,

then the reverse of (27) holds.

Proof. Lets,t € (). Withoutloss of generality, assume that s < t. First, we consider the case 1. We have
by using Lemmas 1 and 7, proposition 1, and Fubini’s Theorem that

S (s)an(s) | aB[(ADB) Tl C B D) — [ w()(ATCHdp(HE [ a(s)(BTuD)di(s)

= [ w0 BV (G D))
-/ /Qz ) (A7 C B (B 7 D)l (D)
2 // Atvwct) Gl (BtiDt)]dy(t)dy(s)
//02 (Atvwct) B (BstDs)}dy(t)dy(s)
= //Qz (At VwCr) B (Bt VyDy) — (At VwCr) B (BsVwDs)]dp(t)du(s)
=3 /Qz D[AVC: — AT C:] B [BiVwDs — B TaDldu(1)dp(s).

By Lemmas 1 and 4, we have (A;VCt — AsVCs) B (BtVy Dt — BsVDs) = 0 and hence (27)
holds. The case 2 can be similarly treated. [

We can illustrate Theorem 4 for the case of operators induced from matrices as follows.
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Example 2. Consider the following pairs of induced bounded linear operators: A = (Ta,,Ta,), B = (Tg,, Tg,),
C = (T¢,,Tc,) and D = (Tp,, Tp, ), where

2110 3110 3120
A = 1110 |, A = 1] 21|, B = 2 120 |,
0|0 2 | 0| 1 4 001
[ 5] 3 0 ] 2 11 0 3110
B=1| 3|62 |, CG=1]1/|1¢0 |, CG=1]11|21 |,
0| 2 4 | 001 0|11
1] 1 0 ] 1110
Di=1| 1|20 |, Dh=| 1132
0|0 1 | oo )

We can check the hypothesis of Theorem 4: (i) all of A, B, C, D are increasing, and (ii) (A, B), (C, D) have
the synchronous monotone property. Set Q = {1,2} equipped with the counting measure and a (i) = L for all
i =1,2. Let us denote V. = V1 /5. Now, a direct computation reveals that

1
(Al ] Bl)V(Cl [ Dl) + (Az L] Bz)V(Cz (] Dz) 5 (Alvcl + Apv(Cy) (31VD1 + B,V Dy)
2| O~ READ
0 62 [ 530, 0
1
= i 0 2.4 2. 4 = 0,

0 5 2 14 8
0 2 4 8 10

or equivalently,
(Ay T By)9(CLTI Dy) + (As B1By)9/(Cs D Dy) > % (A19Ci +A29Co) B (ByY Dy + ByvD,).
Passing through the induced linear maps and applying the properties Tyyp = T4V Tp and (20), we obtain
(Ta, B Tp,)V(Tc, U Tp,) + (Ta, & Tp,)V(Te, B Tp,)
> 3 (Ta VT, +T4,9Tes) B (T, 9T, 4 T, 9Tp,)
Thus, the equality (27) holds in this case.

4.3. Inequalities on Weighted Harmonic Means

Lemma 8 ([18]). Let A,B,C,D € B(H)*t and w € [0,1]. If (A, B) and (C, D) have the opposite-synchronous
property, then

(ADB) 1 (CED) > (Aly C)E(Bly D).

Theorem 5. Let A,B,C,D € B&(Q); B(H)1) and a : Q — [0, 00) a bounded measurable function. If (A, B)
and (C, D) have the opposite-synchronous monotone property and all of A, B, C, D are either increasing or
decreasing, then

[ #E)au(s) [ a4 BB (COD)ldn(t)

(28)
/le )(Af o Cr)du(t D/ )(Bs Yo Ds)dpu(s).
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Proof. Lets,t € () with s < t. By applying Lemmas 1 and 8, Proposition 1, and Fubini’s theorem,
we get

L #©)au(s) [ a()[(ADB) b (€ ED)Ja() ~ [ a(t)(Arte CHAu(E) [ a()(Bs b De)dp(s)

=[] €O DB o (D leu(1)d(s)
//Qz [(Af lw Ct) B (Bs ' Ds)]du(t)du(s)
> [[[ aEa()[(Ar o ) B (B by Ddp()ap(s)
//Qz At ) Ct) ] (BS lw Ds)}d}l(t)d]/l(s)
~ 2 //Qz t)[At ' Ct = As t Cs] B [Be b Dy — Bs L Ds]du(t)dp(s).

By Lemmas 1 and 4, (A !4 Ct — As!lw Cs) [ (Bt Dy — Bs 1y Ds) > 0 and hence (28) holds. [

Lemma 9 ([18]). Let A,B,C,D € B(H)" with0 < myl < AXB < Mland 0 < myl < CRD <
M, 1. Denote

(m1§M1) Vi (Mo M) 2_

A —
(m1V{ —uMp) 8 (M1 V1-—gimo)

(29)

If (A, B) and (C, D) have the synchronous property, then for any w € [0,1],
AMAEB) 1y (COD) < (Aly C)E (Bl D).

Theorem 6. Let A,B,C,D € BE(Q); B(H)™") be such that for all t € ), 0 < myl < Ay KBy < M1 and
0 < mpl < Ct®Dy < Myl Let o : Q) — [0, 00) be a bounded measurable function. If (A, B) and (C, D) have
the synchronous monotone property and if either

1.  A,Careincreasing and B, D are decreasing, or
2. A, Caredecreasing and B, D are increasing,

then with the constant A in (29) we have

A as)dp(s) | a()[(Ai DB b (Cr B Do)ldu(h)

(30)
< /Q ( )(At th)dy D/ Bs ‘w Ds)d,u( )

Proof. Let s,t € () with s < t. We have by using Lemmas 1 and 9, Proposition 1, and Fubini’s
Theorem that

A [ wl)du(s) [ a(d(ADB) Lo (CEDNd() — [ a(8)(Ar ko Cp() D | a(s) (Bt De)dp(s)

= [, x©xOAADB) ty (O D ldu(t)dp(s)
-/ /Q 2 [(Ar o C1) C (B b Ds)ldp(t)dp(s)

<[] a©)a (A to € B (B b D)ldp(t)dn(s)
-/ /Q : [(Ae b Cr) B (Bs Lo Do)ldu(t)dp(s)

2//02 £)[At b Cr — Ag b Cs] B [Bt b Dt — By L Dl dp(t)du(s).
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We have, by Lemmas 1 and 4, (A¢ !y Ct — Aslw Cs) [ (Bt Dt — Bs 1y Ds) < 0 and hence (30)
holds. [J

Remark 1. When we set Q) = {1,...,k} equipped with the counting measure, we get discrete versions of
Theorems 3—6. Matrix analogs of our results can be obtained particularly by setting H = C". In this case,
our results include Chebyshev-type inequalities for Khatri—Rao products, Kronecker products and Hadamard
products of matrices.

5. Chebyshev-Griiss Inequalities via Oscillations

In this section, we prove a Chebyshev—Griiss inequality via oscillations for continuous fields of
operators. The basic setup is as follows.

Let Q) be a compact Hausdorff space equipped with a probability Radon measure y. For any
A€ ¢(Q; B(H)) and B € ¢(Q); B(K)), we define

ABB = (A;EdBi)ica,

Z(4) = [ Adp(t)

ose(A) = max{|[A; — A : (1,8) € supp(p x1)}.

Here, we recall that the support of the product measure yz x y is defined by

supp(ux pu) = {(t,s) € 0| (4 x u)(G) > 0 for all open sets G C O containing (t,5)}

We call osc(A) the oscillation of the field A.

In the next theorem, we generalize Griiss inequality (8) to the case of operators concerning
Khatri-Rao products.
Theorem 7. Forany A € €(Q); B(H)**) and B € €(Q); B(K)*), we have

Z(ABOB)—-ZI(A)HI(B) < %OSC(A) osc(B) (i x u)(QX\A)I, (31)

where A = {(t,1) : t € O}

Proof. By using Lemma 1, Proposition 1 and Fubini’s theorem, we have

TI(ADB) — T(A) D Z(B)

Il

/dy(s)/ A Bidu(t) —/ A (1) D/ Bed(s)
// ArE Brp(t) () // At B Bodp(t)dp(s)
= 5 [, (A= 49 B (B = Bydu(t)an(s)

=2 //Q 2 (A1 = A9 B (B = Bdu(t)dus)
S §°sc<A>osc< ) x ) (QA\A)L O

Theorem 7 can be viewed as an operator version of ([8], Theorem 7).

Corollary 4. Forany A; € B(H)* and B; € B(K)*,i =1,...,k, we have

k k k k(k—l)
Y (A;OBy) Z O() Bi) < 5 max |[|A; — Ajf - max ||B — Bj||I.
i=1 i=1

i— 1<i,j<k
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Proof. Let A = (Ay,...,Ax) and B = (By...,By). Set Q) to be the finite space {1,...,k} equipped
with the counting measure in Theorem 7, we have

(nx w)(Q*\A) = @, supp(u x u) = Q32

d th A) = Ai—Aj B) = B,—B;||. O
and thus osc(A) = max [|4; — Ay, osc(B) = max [[B; — B

<ij< <ij<

6. Conclusions and Future Work

We investigate integral inequalities of Chebyshev-type for bounded continuous fields of
self-adjoint operators which are parametrized by a locally compact Hausdorff space (2 equipped with
a finite Radon measure y. Under certain assumptions on the synchronous Khatri-Rao property of the
fields of operators, we obtain Chebyshev-type inequalities concerning Khatri-Rao products. We also
establish Chebyshev-type inequalities involving Khatri-Rao products and weighted Pythagorean
means under the assumption of synchronous monotone property of the fields of operators. Moreover,
we derive Chebyshev-Griiss integral inequality via oscillations when y is a probability Radon measure.
These integral inequalities can be reduced to discrete inequalities by setting () to be a finite space
equipped with the counting measure. Our results include Chebyshev-type inequalities for the tensor
product of operators and Khatri-Rao/Kronecker/Hadamard products of matrices.

For future work, we may investigate Chebyshev-type inequalities when replacing weighted
Pythagorean means by quasi-arithmetic power means, the logarithmic mean, or general
operator means.
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