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Chapter 1

Introduction

1.1  Background and signification of the research

Nowadays, many problems have many solutions. Mathematical is a very impor-
tant tool to solve these problems. The fixed point theory is efficient and preferable
for use. This theory can guarantee that the answers are existence and unique. Many
mathematicians are interested in developing iterative algorithm of fixed point theory of
various mappings.

Throughout this paper, we always assume that H is a real Hilbert space with
the inner product (-, -), the norm ||:|| and C'is a nonempty closed convex subset of H.
Using the notations of weak and strong convergence by “ —” and ' —”, respectively.

Let T': C — C be a mapping, we denote F(T) by the set of all fixed points of T
ie.,

FT) ={zeC:Tr=x}.

Example 1.1.
1. fT:R— Rand Tz = 42t then F(T) = {-1}.
2. If T:R - Rand Tz = 4L, then F(T) = {1}.
3.fT:R - Rand Tz = £42, then F(T) = {1,2}.
4. f T:R - Rand T =x -5, then F(T) = 0.
5. f T:R— Rand Tz ==, then £(T) =R.

Let C be a nonempty closed convex subset of H and A : C — H be a nonlinear

mapping. The variational inequality problem is to find w € € such that
(Au,v —u) >0, (1.1)

for all v € C. The set of solutions of (1.1) is denoted by VI(C, A).

Variational inequalities were introduced by Stampacchia [1] and provide a useful
tool for researching a large variety of interesting problems arising in physics, economics,
finance, optimization and medical images [1]-[12].

The (nearest point) projection Pc from H onto C assigns to each » € H the

unique point Pcx € C satisfying the property
|z = Pe| = min o — y]|

The following property which is very useful.



Lemma 1.2. Let H be a Hilbert space, let C be a nonempty closed convex subset of

H. Given z € H and y € C, then following holds
Pox=y< (x—y,y—2z)>0,VzeC.
Definition 1.1. Let T : C — C is said to be:

1. nonexpansive if
[Tz =Tyl < lle—yl, Va,yel;

2. a-contraction if there is a constant a € (0,1) such that

[Tz =Tyl <ele=yl, Ve,yed;

3. nonspreading if
2|Tx — Tyl|® < ||z — Tyl + [Tz —y||*>, Vz,y€C;
[25] proved that the mapping T is equivalent to

HTsc—TyH2 < ||x—y||2+2(x—Tx,y—Ty>, Va,y € C

4. quasi-nonexpansive if
[Tz —p| < llz=pll,  VYoel —and - peF(T)

It can be easily seen that every nonexpansive mapping is gquasi-nonexpansive

mapping, where F(T) # 0.
5. firmly nonexpansive. if
[Tz ~Ty||> < (o~ y, Tx —Ty), Va,yeC;
[38] proved that the mapping T is equivalent to
(Te=Ty,(I=T)w—(I=T)y)>0, Va,yeC;

and
Tz — Tyl < lle —yl* — |(Z - T)a — (T - Thyl*, Va,yeC.

6. pseudo-contractive if
<T3:—Ty,a:—y>§\|x—y||2, Va,y € C|
7. quasi-pseudo-contractive if

1Tz —yl> <llz —yl> + | Tz — 2> VeeC and ye F(T).



A mapping T : C — H is called £-Lipschitzian if
[Te =Tyl < Ll —yll, Ve,yel

for some constant £ > 0. It easy to see that nonexpansive mapping is 1-Lipschitzian.
A mapping A : C — H is called a-inverse strongly monotone if there exists a positive

real number « > 0 such that
(Az — Ay, z — y) > a||Az — AyH2 ,

for all z,y € C. It is obvious that any a-inverse strongly monotone mapping 4 is 1
-Lipschitzian.

Let C and @ be nonempty closed convex of two Hilbert space H; and Hs,
respectively, and A : H; — H, is a bounded linear operator. In 1994, Censor and Elfving
[5] introduced the split feasibility problem (in short, SFP) is formulated as finding a point
z* with the property

z* € C and Az* € Q. (1.2)

The set of all solutions of split feasibility problem is denoted by ¢ = {z* € C : Az* € Q},
the SFP in finite dimensional Hilbert spaces for modeling inverse problems which arise
from phase retrievals and in medical image reconstruction.

Assuming that SFP is consistent, it is easy to see that z* € C is a solution of (1.1)

if and only if it solves the following fixed point equation
o= Po(l = yA™(I = Pg))a™, (1.3)

where P¢ and P; are the metric projections from H; onto C and from H, onto Q,
respectively, v is a positive constant and A* denotes by adjoint of A.

The popular algorithm used in approximating the solution of the SFP (1.2) is the
CQ-algorithm of Byrne [6]:

Znti = Po(I+5A* (I = Pg))Zns (1.4)

forall n € N, where v € (0, ) with X being the spectral radius of the operator 4*A and
A* is the adjoint of A.

LetU:C - Cand T :Q — Q be two nonlinear operators. The split common
fixed points problem (SCFPP) [7, 8] is to find a point p* € C such that

p* € F(U) and Ap* € F(T).

The solution set of SCFPP is denoted by & = {p* € F(U) : Ap* € F(T)}. The split
common fixed point problem is a natural extension of the split feasibility problem, if
Ic =U and I =T where I : C — C and I : Q — Q are identity mappins.

In 2015, Hamdi, Liou, Yao and Luo [4] proved a strong convergence theorem as

following algorithm : zq € H; and



Zn = PQA.’I?n,
vp = (1= &n) 2n + &S (1 = mn) 20 + 10S2n)
Yn = an’)/f(l'n) + (I - OénB) (xn —0A* (Afn - Un)) >

un, = Poyn,

Tnt1 = (1= Bu)un + BT (1 = ) un + T un)

for all n € N, where {a,}, {8}, {7n}, {én} and {n,} are real sequences in [0,1], A: H; —
H, is a bounded linear operator with its adjoint A%, f : C — H; is p-contraction, B is
strongly positive bounded linear operator on Hy, T : Q — Q is an £;-Lipschitzian quasi-
pseudo-contractive operator with £; > 1, U : C — C'is an Ly-Lipschitzian quasi-pseudo-
contractive operator with £, > 1. They showed that the sequence {z,} converges
strongly to the unique fixed point of the contraction mapping Pe (vf +Z — B).

The split feasibility problem and fixed point problem is to find

uw* € CNFU)and Au* € QN F(T), (1.5)

where U : H; — Hy and T : H, — H, are two nonlinear mapping. The set of solution of
(1.5) is denoted by T, that is,
P={z|zeCnF{U),Az e QNF(T)}.
It is immediately evident that (1.5) can be derived from SFP and SCFPP.
In 2013, Moudafi [24] introduced the following split equality feasibility problem
(SEFP) to find z* and y* with the property

reCy eqQ st Ax* = By", (1.6)

where H;, H, and Hj be real Hilbert spaces. C ¢ H;, Q ¢ Hs be two non-empty closed
convex sets, A: H; — Hs, B : Hy — Hj are two bounded linear operators.
It is easy to see that the problem (1.6) could be reduced to the problem (1.2) where
Hs = Hy and B =T (I be the identity mappings on Hy — Hay).

In order to solve SEFP (1.6), Moudafi [24] introduced the following simultaneous

iterative method:
LTn+1 = PC(mn — yA* (Axn - Byn)>7
Yn+1 = PQ(yn + ﬁB* (Amn - Byn))7 Vn > 0,
under suitable conditions, he proved the weak convergence of sequence {(z,,y.)} to
(z*,y*) where (z*,y*) € C x Q is a solution of (1.6).
In 2014, Zhao [26] introduced the following algorithm for solving problem (1.6):
Up = Ty — YnA* (Ax, — Byyp),
Tn+1 = 6nun + (]- - ﬂn)Suny

Wy = Yp + VY B* (A-'En - Byn> )

Yn+1 = Brnwy, + (1 - Bn) Twy, VYn > 0,



where A: Hy — Hs and B : Hy — Hj are two bounded linear operators. Let S: H; — H;

and T : H, — H, be quasi-nonexpansive mappings, A* and B* are the adjoints of A

2”AznfonH2 _
—Byn) >+ B* (Azn —Byx)|?

Under some conditions, the authors obtained the sequence {(z,,y.)} converge weakly
to (z*,y*) in (1.6).

In 2012, Dong and He [33] introduced following projection algorithm for SEFP
(1.6):

and B respectively, {v.} € (e, A Az,

g) (for e small enough).

Up = Tn — ’VnA* (Afn - Byn) 5
Tn+1 = PCuna

Wy = Yp + ’YnB* (A'Tn - Byn) )

Ynt1 = Powy, Vn > 0.

where the stepsizes do not depend on the operator norms || 4| and | B]|.

In 2013, Moudafi [32] introduced the following split equality fixed point problem
(SEFPP); let U : Hy = Hy and T : Hy — H, be non-linear operators such that F(U) #
0 and F(T) # 0, where F(U) and F(T) denote the sets of fixed point of U and T
respectively. In(1.6), if C := F(U) and Q := F(T), then SEFP (1.6) could be reduced to
the SEFPP, to find z* and y* with the property

e FP(U),y* e F(T) ' st.  Az*=By*, (1.7)

where A : Hy — Hs and B : Hy — Hj are two bounded linear operators, which allows
asymmetric and partial relations between z* and y*. This can further be used to cover
many situations, such as decomposition methods for PDEs, applications in the game
theory, in intensity-modulated radiation therapy (see [9]).

In 2015, Che and Li [27] proposed the following iterative algorithm for finding a
solution of SEFPP (1.7):

Unp = Tn — '}/n,A* (Axn - Byn) 5

Tpt1 = 5nxn + (1 s B”)Tu"’ (18)

U = Yn + Y B* (Axn - Byn) )

Yn+1 = Bnyn + (1 - Bn,) Swna Yn > 0,

and under suitable conditions, they also established the weak convergence of the
scheme (1.8).

In 2009, Kangtunyakarn and Suantai [2] introduced the S-mapping generated by



T1,Ts,...,Ty and ai,as,...,ay. They defined a mapping S : C — C as follows:
Uy =1,
Ui = ajTiUy + ayUp + a1,
Us = a3 ToU; + a3U; + a3l

Us = a&3T3Us + a3Us 4 a3 1,

Unv_1=a) Ty Uy_o+ad Un o+ a7,
S=Uy=0)TyUn-1+ b Un_1+ 03 1,
where {T;}Y is a finite family of nonexpansive mappings of C into itself and a; =
(a-{,ag,ag) €I x1IxI,where I¢c[0,1]and o +aj +aj =1, forevery j=1,2,...,N.

For the special cases of S-mapping, we have

1. If we put o] = g; and aj, = 0, for all j =1,2,..., N, then the S-mapping is reduced
to the W-mapping [36].

2. If we put o =\; and of =0, for all j =1,2,..., N, then the S-mapping is reduced
to the K-mapping [37].

1.2  Objectives of the research

1) To propose new iterative schemes for finding the solutions of split feasibility prob-
lem and fixed point problems of Lipschitzian quasi-pseudo-contractive mapping

in a framework of Hilbert space.

2) To propose new iterative schemes for finding the solutions of split equality fixed

point problem of quasi nonexpansive mapping in a framework of Hilbert spaces.

1.3  Scope of the research

1) Split feasibility problems, split common fixed point problems, split equality fea-
sibility problems and split equality fixed point problems are focused in a Hilbert

space.

2) The fixed point problems of nonlinear mappings such as quasi-nonexpansive map-
pings, Lipschitzian mapping and quasi-pseudo contractive mapping are focused in

a Hilbert space.

3) All strong convergence theorems are considered and proved in a Hilbert spaces.

1.4 Research methodology

1) We introduce the iterative algorithms for solving the split feasibility problem and

fixed point problem for Lipschitzian quasi-pseudo contractive mapping.



2) We prove strong convergence theorems to find a common solution of these prob-

lems under appropriate conditions.

3) We introduce iterative algorithms for solving the split equality fixed point problem

for quasi nonexpansive mappings.

4) We prove a strong convergence theorem for a proposed iterative scheme under

some appropriate conditions.

1.5 Expected benefits

1) Obtain some algorithms for solving the split feasibility problem and fixed point
problem for Lipschitzian quasi-contractive mappings and obtain some sufficient

for strong convergence of the proposed algorithm.

2) Obtain some algorithms for solving the split equality fixed point problem for quasi
nonexpansive mappings and obtain some sufficient for strong convergence of the

proposed algorithm.

3) The new knowledges obtained in this work can be applied to another split prob-
lems, for example, split feasibility problems, split equality problems, split fixed
point problems, etc., and can also be used in many real world applications, for

instance, image recovery, signal processing etc..

This thesis consists of five chapters as follows:

In chapter 1, we introduce the background of this thesis such as various map-
pings, iterative methods for various mappings, the definitions and the relation of non-
linear mappings.

In chapter 2, we give the definitions, lemmas, remarks and some results to prove
our main theorems.

In chapter 3, we prove the strong convergence theorems for finding common
solutions of the split feasibility problems and fixed point problems and the strong con-
vergence theorems for finding solutions of split equality fixed point problems. More-
over, we use S-mapping applied to our main results.

In chapter 4, we describe the conclusion of the thesis.



Chapter 2
Preliminaries

The purpose of this chapter is to explain fundamental concepts and definitions
used throughout this thesis. Moreover, we give some lemmas, remarks and useful
results used in the later chapters. Throughout this chapter, we use the letter R for the
set of all real numbers, C for the set of all complex numbers and F for the set of all

real or complex numbers.

2.1 Linear spaces

A vector space (also called a linear space) over a field F is a set E together with
two operators that satisfy the eight axioms listed below. We present the definitions

and some properties of linear spaces.

Definition 2.1. [10] Let £ be a nonempty set, and assume that each pair of elements
x and y in E can be combined by a process called addition to yield an element z in E
denoted by » = z+y. Assume also that this operation of addition satisfies the following

conditions (v1) ~ (v4):
V1) @4y +z=2+(y+2),
V2) x4+ y=y+x,

(v3) there exists a unique element in E denoted by 0 and called the zero element, or
the origin, such that x + 0 = z forall z € E,

(v4) to each x € F there corresponds a unique element in £ denoted by —x and called
the negative of x such that = + (=) = 0.

We also assume that each scalar a € R and each element z in E can be combined by
a process called scalar multiplication to yield an element y in E denoted by y = ax

satisfying (V1) ~ (V4):
V1) a(Bz) = (af)z,
V2) 1-z=uz,

(V3) (a+ B)z = ax + Bz,
(V4) a(z +y) = az + ay.

The algebraic system E defined by these operations and axioms is called a linear space.
A linear space is often called a vector space.

Definition 2.2. [11] A set E in a vector space is called convex if for any z,y € E and

a€10,1], we have az + (1 —a)y € E.



2.2  Properties of Hilbert spaces

In this section, the definition and some properties of Hilbert space are as follows.

Definition 2.3. [16] Let X be a linear space (or vector space) over the field F. A norm
on X is a real-valued function || - || on X such that the following conditions are satisfied
by all members » and y of X and each scalar a:

(11) ||z|| > 0 and ||z|| = 0 if and only if x =0,
(12) Jlaz|| = |af |||,
(13) |z +y|l < ||z|| + |ly| (triangle inequality).

The ordered pair (X, || - ||) is called a normed space or normed vector space or normed

linear space.

Definition 2.4. (Cauchy sequence [11]) A sequence of vectors {z,} in a normed space
X is called a Cauchy sequence if for every ¢ > 0 there exists N € N such that ||z, —z,| <

e forall m,n > N.

Theorem 2.1. [11] A subset S of a normed space X is closed if and only if every

sequence of elements of S convergent in X has its limitin 3, i.e.,
{z.} C S and z, = = implies x € S.

Definition 2.5. [17] An inner product on a vector space K over the field F is a function
(-,-): Kx K — T, that assigns a scalar (z,y) for every z,y € K, such that forall z,y,2 € K
and a € F:

(1) (@ +2,9) = (z,9) + (z,9),
12) (az,y) = a(z,y),

(13) (z,y) = (. 2),

(14) (z,2) >0& z #0,

A vector space K over F with a specific inner product is called an inner product space.

If F = C is a complex inner product space, and if F = R, K is a real inner product space.
Theorem 2.2. [17] For an inner product space K, z,y,z € K and a € F:

1) (z,y +2) = (z,y) + (2, 2),

U2) (z,ay) = a(z,y),

(J3) (2,0) = (0,2) =0,

(UJa) (z,2) =0 2 =0,
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(U5) If (z,y) = (,2) forall z € K then y = 2.

Remark 2.3. [10] An inner product space is called a real inner product space for the
case when the scalars are the real numbers and (z,y) is a real number. For the case,
(13) means

(z,y) = (y, ).
Remark 2.4. [10] Using (J1) and (J2), we obtain that for 2,y € K and a, 8 € C
(z,ay + Bz) = a(z,y) + B(z,2).
Definition 2.6. [10] A complete inner product space is called a Hilbert space.

Theorem 2.5. [10] The inner product in an inner product space K is jointly continuous:
Tp — . and y, =y = {Tn, yn) — (Z, ).

Remark 2.6. [10] We of course obtain from Theorem 2.5 that if z,, — z, then for a fixed
yEK,

(Tnyy) = (D, 9) and (Y, Tn) — (Y>x)

Remark 2.7. [10] Let K be an inner product space. For each = in K, we define its norm
]| by

1
el = (z,2)>"

Theorem 2.8. (Schwarz inequality [10]) Let K be an inner product space and let z

and y be elements in K. Then the following holds:

(=, y) <zl

Definition 2.7. (Strong convergence [11]) A sequence {z,,} of vectors in an inner prod-

uct space K is called strongly convergent to x in K if
|z — z|| = 0 as n — oco.

Definition 2.8. (Weak convergence [11]) A sequence {z,,} of vectors in an inner product

space K is called weakly convergent to = in K if
(xn,y) — (z,y) as n— oo forall ye X.

Theorem 2.9. [11] A strongly convergence sequence is weakly convergence (to the

same limit), i.e., z,, — x implies z,, — =.
Remark 2.10. [10] If 2,, = 2z and z,, — y, then z = y.

Lemma 2.11. [10] Let {z,} be a Cauchy sequence of an inner product space K such

that z,, — z. Then z,, — «.

Theorem 2.12. [10] Let H be a Hilbert space and let C be a nonempty closed convex
subset of H with {z,} c C and z,, — z, then z € C.
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Theorem 2.13. (Opial’s theorem [10]) Let H be a Hilbert space and suppose z,, — z.
Then

iminf ||z, — 2| < liminf|z, — ||
n—o0 n—oo
forany y € H with = # y.

Theorem 2.14. [10] Let {a,} be a bounded of real numbers. Then, there exists subse-

quence {ay,,} of {a,} such that

a=lmsupa, = lim a,,.
11— 00

n— oo

Similarly, there exists a subsequence {a,, } of {a,} such that

B =liminfa, = lim ay,.

n—00 j—o0

Remark 2.15. [10] Let H be an inner product space. Then we know that the following
(1) and (2) are equivalent:

(1) H is complete,

(2) each bounded sequence {z,} of H has a weakly convergence subsequence {z,,}
of {z,}.

Theorem 2.16. [11] Weakly convergent sequences {z,, } in a Hilbert space H are bounded,
i.e., if {z,} is a weakly convergent sequence, then there exists a number M such that
|z |l < M forall n € N.

Theorem 2.17. (Double extract subsequence principle [16]) Let {z,} be a sequence
in a Hilbert space H and = € H. If every subsequence {z,,} of {z,} has a further

subsequence {xnm} such that lim;_ o Tny, =/T then lim,,— o 2, = .

Definition 2.9. (Lower semicontinuous [10]) Let H be a Hilbert space and let C be a
nonempty closed convex subset of H. Let f be a function of C into (—oo, 00, where

(—00,00] = RU{oo}. Then, fis called lower semicontinuous if for any a € R, the set
{z e C: f(z) <a}is closed.
Moreover, f is called convex if for any z1,2, € C and t € [0, 1],
fltar + (1= t)we) < tf(a1) + (1 —1t) f(a2).
Similarly, f is called concave if for any z1,22 € C and t € [0, 1],
Fltws + (1= t)s) > tf(@1) + (1 — ) f(a).

Theorem 2.18. [10] Let H be a Hilbert space, let C be a nonempty closed convex
subset of H and let f be a proper convex lower semicontinuous function of C into

(—00,00]. Let {x,} be a bounded sequence in C such that x,, — x¢. Then

f (zo) < Uminf f (x,).

n— 00
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2.3  Properties of bounded linear operators

The properties of bounded linear operators are as follows.

Definition 2.10. [11] Let C be a nonempty closed convex subset of a real Hilbert space
H. Then

(1) T: H — H is called a linear operator if
T(az + By) = oT'(z) + BT (y),
forall z,y € H and «, 3 € R.

(2) T: H— H is called bounded if there exists K > 0 such that
|Tz]| < K|z,

forall z € H.

Definition 2.11. (Adjoint Operator [11]) Let T be a bounded operator on a Hilbert
space H. The operator T* : H — H defined by

(Tz,y) = (x,T*y), forall x,ye H
is called the adjoint operator of A.

Theorem 2.19. [11] The adjoint operator T* of a bounded operator T is bounded.
Moreover, we have ||T| = ||T%|| and |T*T|| = | T]]°.

Definition 2.12. (Self-Adjoint Operator [11]) Let T be a bounded operator on a Hilbert
space H. If (Tz,y) = (x, Ty) for all z € H, then T is called the self-adjoint operator.

Remark 2.20. If T"is a bounded operator on a Hilbert space H, then T*T is self-adjoint

operator.

Theorem 2.21. [11] Let T be a bounded linear self-adjoint operator on a Hilbert space
H. Then

1T = HSLHJD (T, )]
z||=1

Definition 2.13. (Normal Operator [11]) A bounded operator T' on a Hilbert space H

is called a normal operator if TT* = T*T.

Theorem 2.22. [11] A bounded operator T on a Hilbert space H is normal if and only
if |T2| = ||T*=| for all = € H.

Definition 2.14. [11] An operator T is called positive if it is self-adjoint and

(Tz,x) >0, forall z e H.
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Definition 2.15. [20] Let T" be a bounded linear operator on a Hilbert space H. The
spectral radius of T, denoted by r,(T), is the number defined by

ro(T) =sup{|\|: A€ o(T)},
where o(T) = {A € C: (T — XI)(z) =0, forsome 0#z€ H}.

Theorem 2.23. [20] Let T be a normal bounded linear operator on a Hilbert space H.
Then T is is self-adjoint operator if and only if o(T) C R.

Definition 2.16. [21] A self-adjoint operator T is a strongly positive operator on H if

there is a constant v > 0 with property
(Tz,z) >~|=*, forall zeH

The following example shows that A is a bounded linear operator.

Example 2.24. Let R? be the two dimensional space of real numbers with an inner
product (-,-) : R? x R? — R defined by (u,v) = w-v = ujvy +uzv2 and a usual norm
|- : R? = R given by |jul| = /42 +u2, for all w = (ug,uz),v = (v1,v2) € R% Let an
operator A : R? — R? be defined by Az = (21 — g, 21 + 22) forall z = (z1,23) € R% Then
A'is a bounded linear on R2.

Solution.  Let o, € R and z = (21, 12),y = (y1,y2) € R%. Thus we derive

Alaz + By) = (azy + By — (axy + By2), amy + Byr + axs + Py2)
= (a(zy = @2) + By1 — y2), o(xy + 22) + Byr + 32))
= o1 — o, T1 +2) + BY1 — y2,41 + ¥2)

3 AR,

It implies that 4 is linear. Consider that

|Az|| = |[(z1 — 22, 21 + 22)||

= \/(xl — x2)2 + (1 + x2)2

= /2?2 — 2m129 + 23 + 2% + 22179 + 23
=/2(21 + a3)
=V2|z.

Hence A is bounded.

2.4 Metric projection and Variational inequality problems

In this part, we propose further the properties of projectors and relation of

Metric projection and Variational inequality problems in Hilbert space.
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Definition 2.17. (Metric projection [10]) The (nearest point) projection P from H onto
C assigns to each x € H the unique point Pox € C satisfying the property

— P, =minl|lz — y|l.
|z — Pex| yecllx yll

Lemma 2.25. [18] Let H be a Hilbert space, let C be a nonempty closed convex subset

of H. Given z € H and y € C, then following holds
Pox=y< (r—y,y—2z)>0,VzeC.

Lemma 2.26. [19] Let H be a Hilbert space, let C be a nonempty closed convex subset
of H. Then the following hods:

(1) ||Pcx — Poy|| < ||z — yl|, for all z,y € H,
(2) (y — 2, Pox — Pgy) > ||Pox — Pcyl|?, for all 2,y € H.

It is well-known that Pc is a firmly nonexpansive mapping of H onto C and
satisfies
|Pox — Peoyll* < (Pox — Poy,z— y),Va,y € H.

Obviously, it implies that
(@ = y) = (Pew = Pey)||* < lla — y|I* = | Pex — Peyl|*,Va,y € H.

The variational inequalities theory, which was introduced by Stampacchia [1],
arise in various models for a large number of mathematical, engineering, physical and

other problems. The property of variational inequality problems is follows :

Theorem 2.27. [10] Let H be a real Hilbert space and let C' be a nonempty bounded
closed convex subset of H. Let a > 0 and let A: C — H be a-inverse strongly mono-
tone. Then VI(C, A) # (.

Lemma 2.28. [19] Let H be a Hilbert space, let C be a nonempty closed convex subset
of H and let A be a mapping of C into H. Let u € C. Then, for A > 0,

u=Po(I - N)usuecVI(C,A),

where P¢ is the metric projection of H onto C.

2.5 Fixed points of nonexpansive mappings, nonspreading mappings

and quasi-nonexpansive mappings

In this section, we study about the existence and properties of nonexpansive

mappings, nonspreading mappings and quasi-nonexpansive mappings.

Theorem 2.29. [10] Let H be a Hilbert space and let C be a nonempty bounded closed
convex subset of H. Let T be a nonexpansive mapping of C into itself. Then T has a

fixed point in C.
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Theorem 2.30. [10] Let H be a Hilbert space and let C be a nonempty closed convex
subset of H. Let T be a nonexpansive mapping of C into itself. Then F(T) is closed

and convex.

Lemma 2.31. (Demiclosedness principle [22]) Assume that T is a nonexpansive self-
mapping of closed convex subset C of a Hilbert space H. If T has a fixed point, then
I — T is demiclosed. That is, whenever {z,} is a sequence in C weakly converging to
some z € C and the sequence {(I — T)x,} strongly converges to some y it follows that

(I - T)z =y. Here, I is the identity mapping of H.

Example 2.32. Let T': [-3,3] — [-3,3] be defined by Tz = 22-1. Then T is a nonexpan-

sive mapping.
Solution. Let z,y € [-3,3]. Thus we get

= 'g(w—y)’ <lz =yl

Tz —Ty| =

200\ (2947 )
3 3

Hence T' is a nonexpansive mappins.

By the concept of quasi-nonexpansive mapping and nonexpansive mapping,
we know that a nonexpansive mapping with at least one fixed point in C is quasi-
nonexpansive mapping but the inverse may be not true. It implies that the class of
quasi-nonexpansive mapping generalizes the class of nonexpansive mapping. Next is

the property of quasi-nonexpansive mappins.

Theorem 2.33. [23] Let H be a Hilbert space and let C be a nonempty closed convex
subset of H. Let T' be a quasi-nonexpansive mapping of € into itself. Then F(T) is a

nonempty closed convex set on which 7' is continuous.

Example 2.34. Let T : [-3,3] — [-3,3] be defined by Tz = 221 Then T is a quasi-

nonexpansive mapping.

Solution. Let z,y € [-3,3]. We observe that F(T) = {-1}. For every v € [-3,3] and

—1€ F(T), we have

20.—1
3

T(v) =T(=1)| =

2
—(—1)’ = g\v—|—1| <l|v+1].
Therefore T' is a quasi-nonexpansive mapping.

Example 2.35. Let ¢, be the set of all sequences of complex numbers (z1, 2o, , z;,--+)
with > |z;|* < o is defined by [jz]ls = (X2, lzi2)2 and (z,y) = ooy ziy; for all
= {z;}2,,y = {yi}32, € £2. Suppose that

Tx = i(zl,xg,...,:ri,...).

Then T is quasi-nonexpansive mapping.
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Solution. We observe that F(T) = 0. Consider that

. 1 1
1Tz — ™| = I(521 - 0,5

2
1
= §||(x1 — 0,29 —0,...,2; — 0,...)]

1
1'2—0,...,5%2'—0,...)”

S |‘($1707:’E2707"'axi707"')”

= [lz =27
Hence T is quasi-nonexpansive mapping.

A mapping T on a closed convex subset C of a Hilbert space H is said to be

nonspreading mapping if
2T — Tyll* < llo - Tyl* + 1Tz =y (2.1)
forall z,y € C.

Lemma 2.36. [3] Let H be a Hilbert space, let C be a nonempty closed convex subset
of H , and let T"be a nonspreading mapping of C into itself. Then F(T) is closed and

convex.

Remark 2.37. A nonspreading mapping 7" with F/(T') # () is quasi-nonexpansive mapping.
But the converse is not true.

Example 2.38. Let T : [1,2] — [1,2] be defined by Tz = 1. Then T"is a nonspreading
mapping.
Solution. Let z,y € [1,2]. Thus we get

2

1 — |
|T.’L'—Ty|2: & = 3 ‘ §|x_y|27
g & Ty
and
1
2{(w = Ta,y — Ty) =2 I** - =
Y
1 1
>0, (Since z>—,y> ).
x Y
Hence
z —y|* + 2( — Ta,y — Ty) > |z —y[*
> [T —Ty|*.

Hence T is a nonspreading mappins.

2.6 Some useful Lemmas and Theorems

This section is an important section to prove our main results. Let H be a real
Hilbert space with inner product (-,-) and norm |-|. In this thesis, we represent weak

and strong convergence by “ —~” and ' —”, respectively.
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Lemma 2.39. Let H be a real Hilbert space. Then there holds the following well-known
results:
(D) Jlw £ yll* = Joll* £ 2 (z,9) + [y,
@) Jlz +yll* < Jall* +2 (g, @+ y),
(3) Jlaz + By +7z|” = allz)® + Blyl* +7ll=l* — aBllz - yl* - ayllz — 2|* = By lly - =I1%,
forall z,y,2 € H and o, 3,7 € [0,1] with a+ B+~ = 1.

Lemma 2.40. [12] Let {Q,} C [0,+c<],{v,} C [0,1] and {n,} be three real number
sequences. Suppose that {9,}, {v,} and {n,} satisfy the following three conditions:

(l) QnJrl S (]- - vn) Qn 5 77nvnv
(i) Z Uy = 00,
n=1

(iii) imsupmn, <0 or Z |70 | < 0.

n—o0 n=1

Then, lim 9, =0.
n—00

Lemma 2.41. [40] Let {p,} be a sequences of real numbers. Assume that there exists
a subsequence {pn,} of {p,} such that p,, < pn,+1 forall k > 0. For every n > Ny,

define an integer sequence {r(n)} as

7(n) = maz{i <n:pn, < Ppit1}-

Then 7(n) — oo as n = oo and
mam{pr(n)vpn} < Pr(n)+1,
for all n > Ny.

Lemma 2.42. [14] Let C be a nonempty closed convex subset of a real Hilbert space
H. For every i =1,2,..., N, let 4; be a strongly positive linear bounded operator on a
Hilbert space H with coefficient v; > 0 and 5 = min;—1 2. n7:. Let {ai}fil c (0,1) with
SV a; = 1. Then the following properties hold:

(i) HI —p N aiA
0<p<|4) "andforalli=1,2,..,N.

<1-pyand T -p> Y a;A; is a nonexpansive mapping where

(i) VI(C, N a:4;) = NX, VI(C, A;) where N, VI(C, A;) # 0.

Proposition 2.43. [15] Let H be a real Hilbert space. Leti/ : H — H be an £-Lipschitzian

operator with £ > 1. Then
F((1 =T+ ) =F U1 - T +U)) = FU)

forall ¢ € (0, £).
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Proposition 2.44. [15] Let H be a real Hilbert space. Leti/ : H — H be an L-Lipschitzian
quasi-pseudo-contractive operator. Then we have
4 (1= m)a + ntha) = u*||* < [lz = u*|* + (1= n) lz = U (1 = )z +nidz)|*,

and the operator (1 — &)Z + &U ((1 — n)Z + nUd) is quasi-nonexpansive

when0<é<n< that is,

ezt
1A =&z + U ((L = n)z +ndz) —u*|| < |z —u||
forall z € H and u* € F(U).

Proposition 2.45. [15] Let H be a real Hilbert space. Leti/ : H — H be an £-Lipschitzian
operator with £ > 1. If Z—U{ is demiclosed at 0, then Z—1/((1-¢)Z+¢U) is also demiclosed
at 0 when ¢ € (0, £).

Lemma 2.46. Let C be a nonempty closed convex subset of a real Hilbert space H and
let T: C — C be a quasi-nonexpansive mapping with F (T) # 0. Then VI(C,Z-T) =
F(T).

Proof. Itis easy to see that F(T) C VI (C, T =T).
Let we VI(C,Z-T), then we have

(w—u,(ZT—=Tu) >0, VoeC. (2.2)
Let v* € F/(T), then we have
1Tu — v*||? < [Ju—=v*|>. (2.3)
On the other hand

|Tw— o)
= [|(u = ") (T = T)ul?

={lu = v*||* = 2(u — v*, (T — T)u) + (T — T)ul” . (2.4)
From (2.3) and (2.4), we have
u—o*||* = 2(u—v*, (T =T)u) + ||(Z = T)ul* < [Ju—v*|*. (2.5)
It implies that from (2.2) and (2.5) that
I(Z = T)u|?® < 2(u—v*, (T —T)u) <0. (2.6)
It follows that w € F(T). Hence VI(C,Z —T) C F(T). L]
Remark 2.47. From Lemma 2.28 and 2.46, we have
F(T)=VI(C,I—T)=F(Pc(ZT—X\I-T))),

forall A > 0.



Chapter 3

Convergence theorems in Hilbert space and its

application

3.1 Strong convergence theorems for finding common elements of

split feasibility problem and fixed point problem

In this section, we introduce strong convergence theorems for finding a com-
mon element of split feasibility problem and fixed point problem in Hilbert spaces. In

addition, our results improve existing results.

Theorem 3.1. Let H; and H, are two real Hilbert space, let ¢ C H; and Q C H, are
two nonempty closed convex sets. Let A: H; — H, is a bounded linear operator with
its adjoint A*. For each i = 1,2,..., N, let D; is strongly positive bounded linear operator
on H; with coefficient v; > 0 and 7 = ZzlrgmN% Let f: C — H, is a p-contraction,
S :Q — Q isan L;-Lipschitzian quasi-pseudo-contractive operator with £; > 1 and let
T:C — C is an Ls-Lipschitzian quasi-pseudo-contractive operator with £, > 1. Assume

that T' # 0 and let {=,} be a sequences generated by z¢ € H;

Zn = PQAain,

Un = (1 5 gn) Zn + fnS ((1 S nn) Zn + 7771,3271,) 5

Yn = an'yf(xn) + (I — Qp Zf\il azDz) (wn —§A* (A‘Tn == ’Un)) 5 (31)
U = Poyn,
Tn4+1 = (1 = ﬁn)un + BT ((1 - ’Yn) Uy + ’YnTrU'n) , fOT‘ n>1,

where parameters {a,}, {8n}{m}, {&.} and {n,} are real sequences in [0,1] , 6 and v
are two positive constants.
Suppose that T—Z and S —Z are demiclosed at 0. Assume that the following conditions

are satisfied :

oo
(i) JL”QO o, =0 and z:lan = 00,
n—=

(i) 0<a; <& <by<n,<cp <

1
VI+LZ+1
1
VI+ L+

(i) 0 < ag < Bp <by < yp <3 <

. 1
(/V) 0 < (5,’Y< W aﬂd ’7)/ >')/p,
V) 0<ay, < ||D;|| " fori=1,2,..,N.
Then the sequence {z,,} converge strongly to the unique fixed point of the contraction
mapping z = Pr ('yf +7-2N, aiDz-> z.
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Proof. Let 2* = Pr <7f +T-3N, aiDi> z*,we have z* €e CNF(T) and Az* € QN F(S).
From Pg is firmly nonexpansive, thus

l2n — Az*||* = ||Po Az, — Po A"
< ||z, — A2*|* = [|(Z — Po) Az, — (T — Po)Az"||”
= || Az, — Az*|* — || Azn — 2o (3.2)

Applying Proposition 2.43, condition (ii) and (iii), we have
F (S((l - nn)I+ nns)) = F(S)

and
> (T((l - ’Yn)l-“r 'YnT)) = F(T)

for all n e N.

By Proposition 2.44 and condition (i), we have

an - AZ*” = ”[(1 = fn)I"' &nS ((1 g 777L)I+ 777LS)] Zn — AZ*”
APy (3.3)

This together with (3.2), it implies that

llow 7= A=*117 <fen =421

<N Az, ~ Az)* LA =z (3.4)
By proposition 2.44 and condition (i), we have

i1 — 2 || = (= B)Z 4 BuT (1 =) T+ ¥ )| un = 27|

<||un = 2% (3.5)
Since P¢ is nonexpansive, we have

lun = 2| = | Pcyn — Poz™||

<llyn = 2" (3.6)
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From definition of {y,} and using lemma (2.42), we obtain

llyn — 271l =

N
anyf(xn) + <I —an Z aiDi> (xn — A" (Azp —vy,)) — 27
i=1

N
:Han'Yf(xn) - an'Yf(Z*) + an'Vf(Z*) — Qp Z a;D;z* + x, — JA” (Axn - Un)

i=1
N N
—ay, ZaiDi (xn, — 0A™ (Azy, — vp)) + ZaiDiz* — 2"
i=1 i=1
N
=llany (f(zn) = f(2%)) + an (’Yf(Z*) - Z aiDiz*>
i=1
N
+ <I — Za1Dl> (xn — Z* = 5A* (AIW - v”)) ||
i=1

Sanyllf(zn) — F(Z)] +an

N
W7y - Z a;D;z*
i=1

+ |en — 2" + 0A (v, — Azy)]]

N
71— (7% Z aiDi
i=1

Lapypllen — 2| + on

N
’yf(z*) i Z (ZZ‘DiZ*
=il

YA B lens e a 64 (v, LAz (3.7)

Observe that

and

Ty — 2%, A (v, — Axy,))

Az, — Az v, — Azy,)

(

(

(Az, — AZ* + vy — Axyy — (U — Axy) s 00 — Axyp)

(Azx,, — AZ* + v, — Az, v, — Azy) — (v — Azpy, v, — Azy)
(

Uy — AZ% vy — Azy) — |lvn — Aa:nHQ ( (3.8)

1
(vn = A" vy — Amn) = = (an — A2 |+ v — Az, | — || Azp — Az*||2) : (3.9)

From (3.4), (3.8) and (3.9), we obtain

(xn — 2%, A" (v, — Axy))

(1420 — A= | = Azn — 20ll? + o — All® = [ Az — A2"]2) = Jon — Az

— 2 lzn — Az |® — % v — Azy?. (3.10)
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From (3.10), we have
@y — 2 + 6A* (vn — Azy)||®
=|lzn — 2*|]> 4 62 | A* (vn — Azp)||® + 20(zy — 2%, A* (v, — Axy,))
1 1

<l = 74 P 1A o = Al +25 (=5 [ = Al = 5 o = Az

=llzn — 21> + 2 A vn — Azp)|* = 6|20 — Azall® — 8 ||Jvn — Aza|?

=llen — "7 +8 (8 IAI* = 1) lJon — Azll” = 6|20 — Azp|*. (3.11)
From (3.11) and condition (iv), we have

e — 2* + A" (v = Aw)| < [l — 2|1

So,
|zn = 2"+ 8A% (vn ~ Azn) | < [lZn — 2" (3.12)

From (3.7) and (3.12), we get
[

<anp ||Tn = 2% +an + (I = an¥) [|lzn = 2% + A" (vy — Azy)||

N
(%) - Z a;D;z"
i=1

Lanyp |z — 2"+ an + (L= an¥) fJon — 27|

N
V@) 5 ) aiDs
=1

3 [1 —an(y —ap)ll|zn —2"|| + o . (3.13)

N
V@ =) aDie"
321

By definition of {x,}, (3.5), (3.6) and (3.13), we get

[engr — 25 <1 = an(¥ = )] 120 — 2% || + an

N
>1P ) ZaiDiZ*
i=1

¢ TG T e o
—[ —an(7—7p]||xn_z ||+o¢n(v—’yp) 5 —p ’

By induction, we get

H’Vf(z*) - az‘Dz‘Z*H
3 —p '

[€nt1 — 2"l <maw{ﬂco—2*, -

Hence, the sequence {z,} is bounded.

Since P¢ is firmly nonexpansive, we have

lun — 2*|* = | Poyn — 2|
=||Pcyn — Pez*|)?
<llyn — 21> = (T = Po)yn — (I — Po) 2*||°
=llyn — 2"11* = lyn — Poyal®
=llgm — 21> = ltn — |- (3.14)
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From (3.5), (3.13) and (3.14), we have

[Zn+1 — 27|
<lun — 2|
2 2
< ”yn - Z*H - Hun - ynH

vf(z ZalDz

([1 —an(y =) |70 — 2"|| + an

2
2
) = llun = ynll

vf(z ZazD z*

= (1= an(y=0)) llzn = 2*|* + 2000 [1 = @ (5 = 70)] [l — 2|

2

— I =yl -

N
— E (IZ‘DZ‘Z*
i=1

That is,

|ut # Z/nH <||zn =2 || N\t || + O‘n

vf(z ZalDz
vf(z ZazD 2"

Next, we focus our analysis on the fact that the sequence {|z,, — z*||} is either mono-
tone decreasing at infinity(Case 1) or not(Case 2).

+ 20 [1 = an(¥ = o) |20 — 27| (3.15)

Casel. There exists ng € N such that the sequence {||z,, — z*||}n>n, IS @ Mmonotone de-
creasing.

Case2. For any ny € N, there exists an integer m > ny such that
|zm — 2*|| < |Zm4r — 27| -

Casel., we assume that there exists some integer m > 0 such that {|lz, — z*||} is de-
creasing for all n > m.

In this case, we get lim |z, — 2*|| exists. From (3.15) and condition (i), we deduce
n—oo

LLm [wn, — ynll = 0. (3.16)

From (3.7) and condition (iv), we have

Hyn -z ” <O‘7L’Yp ”‘Tﬂ - Z*” +an

~vf(z ZmD z*

+ (1 — an¥) ||z — 2" + A" (v, — Axy)||

] (Wp lon = 211+ 17" - £, az-Dz-z*H)
=0anY

gl
+ (1 — an¥) |zn — 2" + 0A" (v, — Axy)]| - (3.17)

Since {z,} is bounded, then there exists a constant M > 0 such that

vollan =+ |14 - T, aiDi |
sup 5 < M.

neN
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By convexity of (-)? and (3.17), we have
Iy — 2* 1% < an M2 + (1 — and) |zn — 2 + 6 A" (v, — Az (3.18)
From (3.5), (3.6), (3.11) and (3.18), thus
1 — 2"

< lup — 2|

< llym — 2117
<anAM? + (1 — ) e, — 2° + 647 (v, — Az,)||?
<aniM? + (1= an¥) (llon = =17 + 8 (8 I AI* = 1) llvw = Azall® = 61120 — Awa])
= (1= an) Jlon = 21 + (1=, 9) 8 (AN = 1) llvn — Az
—6(1 —apny) |20 — Ax,,,H2 + a7 M2
Hence,
(1 =0y) 0 (1 = 6 A1) 1o — ABll® +8 (1 =/aa?) 120 = Aza?
< (1 - anhlin ¥ 2502 = s — 2 N2 + @ 7M.
<1#% =2 = I2nr 1 =27 |2 R0 YL

This implies that

Um o, — Az, || = lim ||z, — Az, || = 0. (3.19)
n—oo n—r 00
Consider that
lvn = znll = lvn — Az + Azp — 20|
< lvn — Az || + |12 = Azpl].-
Thus
lim ||vn — 2zl = 0. (3.20)
n—oo
Note that

Un — 2n = (1 w gn) Zn + §7LS ((1 u nn) Zn + "Inszn) — Zn
=En [S (L =m) T+ 1S) 20— 2n] -
From (3.20), then
M [zn — S (1 = 1) T+ 70S) 20| = 0. (3.21)

n— oo

Consider that

[S((L=m) T +nnS) 20 — S (1 = nn) T+ 10S) Az
<Ly =) T+ nnS) 2n — (1 = mn)  +nnS) Az ||
=L1[|(1 = 1) (20 — Azn) + 10 (Szn — SAzy )|
<Ly (1 =) Izn — Azpll + 00 1Sz — S Az )
<Ly ((1-

=L (1 —nn(1 = L1)) |l2n — Azn]| - (3.22)

Nn) ||Zn — Azp|| + 0Ly [|2n — Azy]|)
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From (3.22), thus

[Azn =S (1 = 1n) L + 10 S) Az ||
<NAzn = znl + [0 = S ((1 = 1) T+ 70.5) 2a|
F NS (1 =n0) T +10S) 20 = S (1 = 1) T + 1 S) Ay
<Az — za|l + 120 = S (1 = 10) T4+ 10S) 2all + L1 (1 = 90 (1 = £1)) |20 — Az, . (3.23)

From (3.19), (3.21) and (3.23), then we have

le | Az, — S (1 = nn) Z + 0, S) Axy|| = 0. (3.24)
Since
Az, — SAx,|| = ||Azy, — S (1 —nn) Z +nnS) Azy, + S (1= n0n) Z + nnS) Az, — SAx, ||
<Az =S (1 =1n) L + 0pS) Az || + IS (1 — n0) Z + 0, S) Ay, — SAz, ||
<[fAzy =S ((1 =) +00S) Aznll + L1 (1 =1n) T + nuS) Az, — Az
=[[Azn =S (1 = 1n) T+ 0nS) Azn|| + Lann [|Azn — SAzn|

it implies that
1
Az, = SAZ, | <7 |Azn — S UL — 1) T + nuS) Azr]] -
1— Ly,

By (3.24), we obtain
li_rgn | Az, — SAz,|| = 0. (3.25)

Consider that

I

[Yn — @nll

N
anyf(x,) + (Z - ay, Z aiDq;) (T — 0A* (Azyy — vy)) — 2y
i=1

N N

= llanyf(zn) — 0A* (Ax) — vn) — Z a;D;x,, +da, Z a;D; A" (Az,, — vy,)
i=1 i=1

N N
= ||au, (fyf(xn) — Z a;Dix,, + 52 a;D; A* (Ax, — vn)> +0A* (v, — Axy)

=1 sl

N
= [|levn (fyf(xn) =Y aiD; (w, — 0A" (Ax, — vn))> + A% (v, — Axy,)
i=1

N
San ’Yf(‘rn) - ZazDz (xn — A" (Axn - Un)) + d ||A* (Un - A,Tn)H
i=1

N
<an |1f(@n) =Y aiD; (= SA™ (An — v))|| + 8 |AT|| o, — Az
i=1

N
= |[vf(2n) = Y a;D; (xn — GA™ (Azy — vp))|| + 8 | Al [[vn — Azy]|.
=1

It follows from (3.19) and condition (i) that

lim |z =l = 0. (3.26)
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From definition of {x,}, we have

|Zn+1 — Z*”2 =I(L = Br)un + BuT (1 = vn) un + v Tun) — Z*||2

=[I(L = Bn)(un — 2%) + Bu [T (1 = vn) un + v Tun) — Z*]”Q
=(1 - Bn) [Jun — Z*”2 + B 1T (1 = vn) un + v Tun) — Z*”2

Applying proposition 2.44, we have

1T (1 = 70) A+ 1 Tu) = 211 < flum = 2*[% + (L= 7a) e = T (1 =) e + T |

(3.28)
From (3.6), (3.12), (3.18), (3.27) and (3.28), thus

nt1 = 211" =(1L=Ba) lun — 25> + Ba 1T (1 ~A) tn + Y Tthm) = 2"|I?

= Br(1 =Ba) IT (1 =) tn 4 Yo Thth) — |

<(1 = B) llun = 2501 + Balllun — 27012 + (1 = 30) e = T (1= ) n + 10 Tun) )
= Bn(1 =) IT (1= ) thn + T ) = 1|2

= llttn.= 2+ Br@ = 32) 1t = T (1= An) s 1 9Tt |
= Bl =) T (1 = )t F70 Ttk Fuilf?

Ly = 21+ Bl = ) i =T (1 = ) e + 90 Tt |17
= B (V= Ba) IIT (1 = ) i + 0 Tt ) =

<o M2 4 (1 — ain) len = 2% + 64" (v~ Azy)|”
+ Bl = )l llun = T((1 < 7n) i + T )If?
= B (1=a) T (1= 7a) vt v Ttg) = s [?

=, AM? 4 (1 =) [|2n— 2" +0A* (v, —Az;,)
— B (= Bn) l[n — T (X —= ) t + ¥ Tt |

Sanﬁ/MQ R ||xn — Z*||2 J Bn(’Yn p = Bn) ||un ~7T ((]— - ’Vn) Up + 'VnTun)Hz .

I”

It implies that
B (T = Bn) [t = T (1 = 3n) i + 1 Tun) [ < n¥M? + ||z — 2*[|* = [[2ns1 — 2*|*.
By condition (i) and (iii), we get
Um Jun — T (1 = ) tn + Yo Tuy)|| = 0. (3.29)

n—oo

Observe that

[un — Tun|l < llun =T ((1 =) un + WTun)ll + |7 (1 = ) tn + Y0 Tun) — Tun||
< ”un =T ((1 = Vn) Un + 'YnTun)” + Lo ”(1 = V) Un + Y TUn — Uy ||

= [lun =T (1 = yn) tn + VT n)[| + LoVn [tn — Tun]l-
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Thus,

[un = Tun| < [ =T (1 =) tn + YnTun)|| -

L
1- £2’7n
This together with (3.29) implies that,

Um ||un — Tyl = 0. (3.30)
n—oo

Next, we will show that

lim sup(vf(z ZazDz,yn—z> 0,

n—r oo

where z* = Po(yf + T — YN | a;D;)z*.
Choose a subsequence {yy,} of {y,} such that

N

lim sup(vf(z* ZCHD 25 Y 2T) = Um (vf(z ZazD 25 n, — 27). (3.31)

n—oo i=1

Since the sequence {y,} is bounded, without loss of generality, we have a subse-
quence {yn, } of {y,} such that y,, — 2z as n — cc. Subsequently, we derive from above
conclusion that
Tn Y 2
Yn; — 2 as n — o0 (332)
U] =%
and
Az, — Az,
Ay, — Az, as. n—oo (3.33)
Aups — Az
Note that u,, = Pcy,, € C and (3.32), thus z € C.
From demiclosedness of (Z —T) and (Z = T)u,, — 0, then z € F(T).
Therefore, » € C N F(T).
Note that z,, = PgAr,, € Q and from (3.19) and (3.33), we have z,, — Az.
Thus, Az € Q.
From demiclosedness of (Z — S) and (Z — S)Az,,, — 0, then Az € F(S).
Therefore, Az € QN F(S). Thatis z € T.

Consequently,
lim Sup<7f Za’lD z* yYn — 2 >7 le 7f ZCLZD 2" yYn; — >

n— o0 i= 1
— E a;D;z%, 2z — 2%)
i=1

<0. (3.34)



Consider that

2

llyn — 27|l

N
S A
i=1

+ 2any (f(2a) = F(27) + an (’Yf z

2

N
-, Z a; D
i=1

+200y(f (2n) = f(27),yn — 27) + 200 (7 f (2

2

N
< I—anZaiD

+2an ’Yf ZazDzvyn_ >

< (1 - any)* lon = Z*H + 2ayp |0 — 27|

+2an ’Yf ZGZDZJJn— >

4 * * (12
<1 = an g2 + anyp (flea = 2|

+ 20, {vf(z Za,ngyn— )
= (L5 @) ln <2117 + anyp |lon —2"|7
+ 20, (vf (2 ZalDz7yn—z>
It follow that
(1 = @7p) llyn =277
< (1= 2a,7 + an?3* + anyp) |20 — 2 I + 2an (v (2

e * 12 _ * |12
= (1 + anyp = 205%) 1m0 =2"|° + 0?3 |lon = 27|

N
+ 20, 'Yf ZazDzvyn_ >

— * (|2 _ *
=(1 = anyp + 2007p — 2007) |20 — 2*|1° + a0 Y [z — 2|

+ 2a, 'Yf ZazDzayn_ >
then,
o =17 < [1 - 25200 o, s

|2y — 2 — 6A* (Azy, — vp)||?

N
- ZaiDiZ*> Yn — 27)
i=1

@ — 2% — 0A* (Azy — v,

ZazDz UYn — 2

* 112 * *
|z = 2" + 2007 [| f (20) — F(2) | [lyn — 27|

llyn — 27|l

* (12
+ = 211

*1(12
+ anypllyn — 27|

ZalDz s UYn — 2

2

N
2@ * * *
b2 i) = S @D g — ).

28



29

Therefore,
[zn41 — 2"
%112
<llyn — 27|
200, (7 — p) %112 '_Vzan 112
<[t-% o = 2% + T2 — 2|
—Ypan, —Ypon,
2 N
= <’yf(2*) - a’iDlZ yYn — Z*>
1 =vpan ;
QOén('?_'Yp) * 12
= o - =]
— YPOn

2an Y — y? n
n (¥ —p) [ T
2(

N
) 1
— 2" + - ) — iDiz* oy, — 2% . (3.35)
(10 = 5 06 i =)

Applying (3.34), (3.35) and Lemma 2.40, we obtain z,, — 2* as n — oo.

Case 2, we assume that there exists some integer rny such that
I = 1D < fofer 224
Setting wy, = ||z, — z*|, then
Wiz < Wyiy41-

Define an integer sequence {r,} for all n > ng as follows:
7(n)y=maz{l € N |1 <n,w < w1}
It is clear that 7, is @ nondecreasing sequence satisfying

lim 7(n) = .

n—00
and
Wr(n) < Wr(n)+1

for all n > ny.

By a similar argument of Case 1, that is

nU—r>To]o Hu‘r(n) ~Yr(n) H = 0’
U J[2z() = yrm || =0,

lim HSA:E.,.(R) — Aac.,(n)H =0

n—oo

and

M [Jarin) = Tz || = 0.

This implies that w, (y-(,)) C T
We obtain

n— oo

N
lim sup(yf(z*) — ZaiDiz*,ym —z") <0. (3.36)
i=1
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From w, () < wr(ny41 and (3.35), we have

U}'r(n)2 S'w‘r(n)Jrl2

_ ~2 .2
MW—W] 2 %m0

< |1 w
o 1- YPr(n) () 1- YPr(n) ()
2 (n) N
T(n
———(yf(z") - a; D2 Yrin) — 27). (3.37)
e CICORDD = 2")

By Lemma 2.40, we have

lim Wr(n)+1 = 0.

n— oo

Applying Lemma 2.41 ,we have
mam{w‘r(n%w’n} < Wer(n)41-

It implies that
Wp, < Wr(n)41- (3.38)

Since w,, is nondecreasing sequence and n < 7(n),
W, < Wy e (3.39)
From (3.38) and (3.39), we obtain
0 < wp, < Maz{Wr(n), Wr(n)41}-
Therefore, w,, — 0. That is, z, — 2*. This complete the proof. []

By using our main result, we obtain the following results in Hilbert spaces.

Corollary 3.2. Let H, and H, are two real Hilbert space, let C C H; and Q C H are two
nonempty closed convex sets. Let A: H; — Hs is a bounded linear operator with its
adjoint A*, D is strongly positive bounded linear operator on Hy with coefficient ~; > 0
and 7 = ZzlrgmN% Let f: C — H; is a p-contraction, S: @ — Q is an L;-Lipschitzian
quasi-pseudo-contractive operator with £; > 1'and let T': C — C is an L,-Lipschitzian
quasi-pseudo-contractive operator with £, > 1. Assume that T' # 0 and let {z,} be a

sequences generated by zy € H;

Zn = PQAZL‘n,

VU = (1=&n) 20 + &S (1 — 1) 20 + 10S2n) ,

Yn = anYf(2n) + (Z — apD) (2, — A" (Azy, — vy)), (3.40)
Up = Pcym
Tng1 = (1 = Bu)n + BuT (1 = vn) un + mTun) , formn>1,

where parameters {a,}, {8n}, { M}, {&} and {n,} are real sequences in [0,1] , 6 and v
are two positive constants.
We use T to denote the set of solution of problem (1.4) that is,
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IF'={z|zeCnNFT),Az € QN F(5)}.
Suppose that T—Z and S —Z are demiclosed at 0. Assume that the following conditions
are satisfied :

(i) Jﬂ@oanannd Zan:oo,

n=1

(i) 0<a; <& <by<n, <c1 <

1
VI+LI+1

1

(ii)) 0 < as < Bp <by <Yy < g < ———ee,
V14 L3541
. 1 _

V) 0 <o, <||D|".

Then the sequence {xz,} converge strongly to the unique fixed point of the contraction

mapping z = Pr (vf +Z—D)z.

Proof. Putting D = Dy = Dy = D3 = ... = Dy in Theorem 3.1, we get the desired

conclusions. []

Corollary 3.3. Let H; and Hs are two real Hilbert space, let C C H; and Q C H, are
two nonempty closed convex sets. Let A : H; — H, is a bounded linear operator with
its adjoint A*. Foreachi=1,2,..., N, let D; is strongly positive bounded linear operator
on H;, with coefficient v; > 0 and 7 = i:{th..,N%' Let f: C — H; is a p-contraction,

S:Q — Qs an L-Lipschitzian quasi-pseudo-contractive operator with £ > 1. Assume

that T # 0 and let {x,} be sequences generated by =, € Hy

zn = PoAxy,
vn = (1= &) 2n + &S (1 = 1n) 20 + 10 S2n) ,
ZTny1 = Pe {an’yf(xn) + (I —an Zfil aiDi) (X, — 6A* (Azy, — vn))} , forn>1,
(3.41)
where parameters {a,},{¢.} and {n,} are real sequences in [0,1], § and ~ are two
positive constants.
We use T to denote the set of solution of problem (1.4), that s,
I'={x|xeC, Az € QN F(S5)}.
Suppose that S—Z is demiclosed at 0. Assume that the following conditions are satisfied

(i) Jmoanzoand Zan = 00,

n=1
1

VI+HLI+1

(i) 0<a; <& <by<n,<c <

1
(iif) 0<5<Wandf‘y>7p,
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(V) 0 < ay, <||Di|| " fori=1,2,..,N.

Then the sequence {z,,} converge strongly to the unique fixed point of the contraction
mapping z = Pr (’yf +7- Ef\il aiDi> z.

Proof. Putting T =Z in Theorem 3.1, we get the desired conclusions. []

3.2 Strong convergence theorems for finding the set of solutions of
the split equality fixed point problem for quasi-nonexpansive

mappings

Theorem 3.4. For every i = 1,2,3, let H; be a real Hilbert space and let ¢y, Cy be
nonempty closed convex subset of H; and Ha, respectively. Let T; : C; — C; be quasi-
nonexpansive mapping for all « = 1,2 and let A : H; — Hs, B : Hy — H; be bounded
linear operator with adjoints A* and B*, respectively. Suppose that Q = {(z,y) € C1 xCq |
x € F(Th),y € F(Tz) and Az = By} is a non-empty set and let {z,}, {y.} be sequences
generated by u,z; € Cy;v,y1 € Cz and

Up =Tpn — YnA* (AZn — Byn),

Tat1 = et (1= an) Po, (I =M (1=T1)) un (3.42)

Up = Yn + Y B” (Axn = Byn) )

Yn+1 = nv + (1 — ay,) Pe, (I —A2(I= Tg)) Ups

forall n > 1 ,where {a,} € [0,1] with lim a,, = 0,5°°2, a5, = coand 377 | A} < oo and
n—oo

i€ (0,1) for all i = 1,2 and v, € (a,b) C (e, - e) with € > 0 small enough for

all n € N and A4, Ap are spectral radius of A*A, B*B respectively. Then the sequence

{(zn,yn)} converge strongly to (z*,y*) € Q, where z* = Pp(ryu and y* = Pr(z,)v.

Proof. Let (z*,y*) € Q, then z* € F(Ty), y* € F(1z) and Az* = By*. From 2.6 in Lemma
2.46, we have
1A%z < 2(z —a* Ala), (3.43)

where A = I — Ty and for all z € C;. Similarly, we have
1A%yI* < 20y — ", A%y), (3.44)

where A2 =1 — T, and for all y € Cs.
By Remark 2.47, we have z* € F (P¢, (I — A,A')) and y* € F (Pg, (I — A2A?%)).
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Since Pg, is a nonexpansive mapping, we have

| Pc, (I — A AY) 2 — z*|?
=|Pc, (I = A\ A"z — P, (I — A, AY) z¥|?
<z —z* — AL (Ale — Al
<z —2* — AL Alz|)?
=llz —z*)* + ()2 1AM = 2M (@ — ¥, Ata)
<l — 2| + ()2 Atz ]? = ALl ATe?
=l — > = () (1 = Ap)l|AMz|?

<z —z*||?,
for all z € ¢y. Similarly, we obtain
[Poy (I =242y —y*I1> <y —y*|I%,

forall y € Os.

From definition of {u,}, we have

lun — 2*|17 = l|zn — 27 — 1 A* (AZn — Bya) |17

=lzn 7 277 + 7214 (Azw ~ Byn) |I”

=29z — 2™, A" (Ax,, — By,)). (3.45)
Consider that
| A* (Aa?n — Byn) HQ
:<A* (Axn = Byn) ,A* (Axn 3 Byn)>
=(Ax,, — By, AA" (Az, — By,))
<AallAz, — Byl (3.46)
and

- 2(z, —a*, A" (Az,, — By,))
=— 2(Ax,, — Az*, Ax,, — By,)

= — ||Az,, — Az*||* — ||Az,, — Byn||* + ||Az* — By, |*. (3.47)

Substitute (3.46) and (3.47) into (3.45), we have

Jun — 2

< * (|2 2 2 * |2

—Hxn -z || + ’Yn)‘AHAxn - BynH - 'YnHAxn — Az ||
- Vn‘len - -BynH2 + '7n||A37* - Byn||2

:”.’En - x*||2 - ’Yn(]- - )\A’Yn)HAxn - Byn||2

— Yull Ay, — Az*||2 + v ||A2* — By,|?. (3.48)



By using the same method as (3.48), we have
[[vn — y*”2 <llyn — y*HQ = Yn(L = Apyn)||Azy — Byn||2

— Yl Byn — By*|> + 7| By* — Az, |*.
From (3.48) and (3.49), we have
[un — 2% + [Jon, — y*|1?
L =2 + lyn — v 1> = (1 = Aam) [ Az, — Bya|?
- 7n(1 - AB'YTL)”AQ:H — By 'rLH2
— Yull Az, — Ax*||2 + Tnl|Az* — BynHQ
- 'YnHByn g -By*”2 = 'Yn”By* > AanQ
Nz = 2% + lyn = y*11?
= T (2= Y- (A4 +AB)) [[Azn — BynHQ'
From the definition of {z,}, we have
|ensy — ¥
=|lapu+ (1 — an) Po, (I - )\711,([ - Tl)) Wy — x*||2
<apllu—a*|? + (1 —an)|Po, (I = A (I =T0)) up — 2*||
<apllu—z** + (1 = an)|un — =2
By using the same method as (3.51), we have
Ignti — v |2 <anllo —y* |2+ (1 — ap)llvn — ™.

From (3.50), (3.51) and (3.52), we have
|znta =" 2+ lyns1 — 47|
SO‘nHu — x*||2 +(I'= an)”“ﬂ - x*||2
Fanlv=y* |2 + (1 — an)llon —y* |
=an (lu =2 >+ o —y*||?)

<an(llu—2*|” +[lv —y*|*)

(
+ (L= an)(lun — 21> + lvn — y*[1?)
+ (1= an)([len — 2| + [lyn — v*|?

= (2= 7 (Aa + A)) | Azy — Byal*)
<an(lu—z**+ v —y*[?)

+ (L= an)(lzn — 21> + lyn — v*[1%)
<max{llu — z*|1* + [lo — y*|I?, lzr — 2** + lyn — y*[1*}.

From mathematical induction, we have

= 211 + lyn =y 1 < max{llu— 2 |* + [lv — y*|I%, lox — 27| + [l — 717}

34

(3.49)

(3.50)

(3.51)

(3.52)

(3.53)
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So, we have {z,} and {y,} are bounded. Furthermore, {u,} and {v,} are bounded.
From (3.53), we have

Yn(l = an) (2 = m (Aa + AB)) | Az, — Byn||2
<an(lu— > + v = y*[I*) + Cp — Cpsa, (3.54)
where C,, = ||z, — z*||* + ||y — y*||?, for all 2* € F(TY) , y* € F(T3) and n € N.
From (3.54), we separate the proof into two cases.

Casel. Suppose that C,, .1 < C, for all n > ng (for ng large enough). Since the sequence
{C,} is bounded, we get lim C, = ¢, for some ¢ € R.

11— 00

From (3.54) and properties of ,, and «,,, we obtain

im ||Az,, — By,| = 0. (3.55)

n—oo

From the definition of {u,} and {v,}, we have
[t = 2 || = || A" (Azn — Byn) || (3.56)

and
v = ¥nll = ¥l B* (Azw' = Byw) |- (3.57)

From (3.55), (3.56) and (3.57), we have
LLm lun — znll = U_)m lvn, — ynll = 0. (3.58)
By using properties of Pg,, we have
1Pey (£ =X (I =Th)) up = z* ||
< (=AU =T)u, — (L =X (I —T1)) 2|
=l w2 = A (L =Ty ) g — @)
=|Jup — 2*||? = 2\5 (wy — 2%, (I = Ty )uy,)
+ ()1 = T )unlf?
<lun =22 = 51 = AN = T1)unl . (3.59)
By using the same method as (3.59), we have
[P, (I = A1 = T2)) v — y*|I?

lon —y* > = X2(1 = AT — To)va || (3.60)
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From (3.50), (3.59) and (3.60), we have

|Pe, (I =X, (I—T1))u, —z*|?
+Po, (I =A2(I = T2)) vn — y*|1?
un = 2% + o — y*|1?
= A (L= AT = Ty)un|®
= A1 = AT = To)va|?
<zn =2 + lyn — v*|?
=Y (2= 9 (Aa + Ag)) [|[Azn — Bya||?
—Ap(l=2N T =Ta)uy |
= A (L= = Ta)va™. (3.61)

From the definition of {z,}, {y.} and (3.61), we have

[ #nt1 =27 + lynta — y*|1?
< anllu— ¥+ anllv =y

+ (1= )| Pey (I = A (I = Th)) uy — ||

+ (1= an)llPo, (I = Ao (I = o)) v —y*|?
= an([lo—2" P+ v =y*?)

+ (1= an)([|[Pey (I = An(I =T1)) wn — ™|

+ | Po, (I = X2(I — Ta)) v — y*IF) (3.62)
< an(llu=a*|P? + v —y* (1)

+ (L= @) (len = 2P+ llyn ~ y* 112

— % (2= 7 (A4 +AB)) | Azy — By, |?

=A@ = AT = T1)u |2

AL (1= AU — Ta)onll?). (3.63)
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By using properties of Pc,, we have

[Py (I = Al = Th)) up — 2|2
<S((T= NI =) wn = (T = AL = T1)) 2"
Po, (I =X (I—T1))u, — 2*)

(1 (L= AL = T3)) wn — (I = AL(T = T)) "2

N~

+|Pey (I = A (I —T1)) up — a*||
— (I = AL = T1)) un — (I = AL(I = T1)) 2*
— P, (I =ML —TY)) up + z*|?)

< 5 (lun =27 + 1 Pey (L= Xy ( = T1)) un — 2|

N |

— g — Poy (I = AL —T1)) un
— M (I = To)un = (I = T1)a") )

(fhn =21 + 1P, (I A —T0) ) 2|2

| —

= un— Py (I =25 (L=T1)) uy®
= (I = Toun ~ (T Ty)a|?
+2X) (tn — Poy (I =ML = T4)) un
(= T)uy — (I = T1)z*)). (3.64)

From (3.64), we have

|Pey (T =An(I = Th)) un — 2|
<Hun =22 = lun = Pey (= A (I =T1)) unlf?
~ () I ~ Ty = (I = Ty)a* |2
+ 2\ [t — Poy (I = AT —T1)) un|
AT = T uy — (I —T1)z*||. (3.65)

Similarly, we have

|1Pey (I = N2(I = T3)) v — 7|2

< JJon = 5112 = llon — Pey (I = N2(I = T)) v
— (A2~ Te)on — (I~ To)y"|?
+2X2|Jon — Po, (I = A1 — T2)) vn|

NI = To)vn — (I = To)y"||. (3.66)
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From (3.62), (3.65) and (3.66), we have

[€nt1 = 2*° + [lyns1 — v*|1?

< an(lu—z** + [l — y*[I?)
+ (1= an) (1P, (I = AL = T1)) up — ™|
+ |1 Poy, (I =20 (I = Ta)) v — y*|?)

< an(llu—a*P + o = y*1?) + llen — 21 + llyn — v |
— (1= an)(lun = P, (I = A (I = T1)) un?
+ [lon = Pe, (I = X5 (I = T2)) val)?)
+ 20 Jun = Poy (1= An(I = Th)) un |
T =Tr)un — (I —Th)a™||
+ 202 lon = P, (I = A (1 =Ty)) vl

NI =T2)on — (I = T2)y"|l.

It implies that

(1= an)(|lun = Po, (T=Anld = T1)) un®

+ lon = Pay, (I = AL — T3)) vn|?)

< ap(flu~2* 12+ llo = y*II?)
+ 2 [un = Pey (I~ A (I = T1)) unl|
NI =Ta)un — (£ = Th)z"|
+2X0 v = Po, (1= NI = T2)) vn
AT =To)vn — (I = To)y"|
AR R.S

From 3277 X} < oo, forall i = 1,2.and lim C,, = ¢, we have
n— 00

n=1""n
im [[Po, (1= A (I = T1)) wn = un|
= nl'ﬂ)o | Pey (L= N2 =T5)) vn, — v, || = 0. (3.67)
From (3.58) and (3.67), we obtain
im |[Pe, (1= A (I = T1)) un —

= lim ||Pc, (I =N2(I—T2)) v, —ynl =0. (3.68)

Since
anrl — Tp

=an(u—an) + (1 —an) (Po, (I = AT =T4)) up — 2),

Yn+1 — Yn
= a, (v - yn) +(1—ay) (Pc2 (I - )\,21(1 - Tg)) Uy, — yn),
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and (3.68), we get
UM [|znsr — 2nll = UM [[ynsr — yall = 0. (3.69)
n— oo n—00

Since {z,} and {y,} are bounded, we get W, (z,) # 0 and W, (y») # 0.

Since W, (z,) and W, (y,) are nonempty sets, then there exists & € C1,§ € Cy such that
& € Wy(z,) and § € Wy (yn). We may assume, there exists subsequences {x,,}, {yn,}
of {z,}, {y»} such that

., — & as k- oo. (3.70)

and

Ynpy — Y S k— oo. (3.71)

Next, we will show that (z,4) € Q.

From (3.58), (3.70) and (3.71), we obtain u,, =4 —and wv,, —~g9 as k— ooc.
Assume that & ¢ F(T1).

Since F(Th) = F(Pc, (I =X, (I —T1))), we have & # Po, (I — AL, (I —Ty)) & From Opial’s

condition, lim AL =0 and condition (i), we have

k—
Uminf||un, — 2|
k—o0

< iminf|lun, — Pe, (I - A%, (I=T1)) 2|
k—oo

= likm inf (JJtn, = Poy (I =X, (I —T1)) |

+ [Py (I = A, (I = T1)) s,
= Po, (I=A,, (I—Ty))#|)

N

< Uminf (Jlun, —Po, (I = AL = T1)) un, |

i, = &+ An I = T uny, =T — Ta)2l))

N

= liminf|ju,, —&|/.
k— o0

This is a contradiction. Thus & € F(T4).
From v,, — ¢ as k — oo and using the same method as & € F(T}), we have § € F(T).
Since A# — By € W, (Ax, — By,), (3.55) and weakly lower semi-continuous of norm, we
get

|43 — Bjl| < Uminf || Az, — Bya, || = 0.

Then Az = Bj. Hence (z,4) € Q.

Since & € F(T1), we have

limsup(u — z*, z,, — x*)
n—o0

= limsup(u — z*, z,, — %)

k—o00
= (u—a*, & —z*
( ; )

<0

)
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where z* = Pg(p,yu. Since § € F(T), we have

lim sup(v — y*, yn — )

n—soc

=M sup(v — y*, yn, — ")
k—o0

= —y"5-y")

<0

)

where y* = Ppr,)v.
Next, we show that a sequence {(z,,y.)} converges strongly to (z*,y*) € Q , where
JJA* = PF(Tl)“ aﬂd yA* = PF(T2)U'

From the definitions of {z,} and {v,}, we have

| Znt1 — 95*”2 < (1 - an)llzn — 1?*”2 + 20 (w = l?*?anrl - £*>

and
[Ynrr—y21* £ (L =an)llyn — ¥*I1P + 200 (v~ *,ynr1 = Y)-
Then
|Znta = 25N + |[gnia = ¥
< (1= a) (llen = 42 +yn = y*11%)
+ 205 ({0 £, 4y = %) 0 £ 0 U = 7)),
or

Cri1 < (1 —an)Ch + 20,00, (3.72)

where  op = (u— 2%, 2,41 — 2% + (v —¥*, yns1 —¥*), forall n.€ N.
From Lemma 2.28, thus

tim Gy = lim ([l — {24 g —5*[2) < 0.
Therefore (x,,y,) converges strongly to (z*, y*).
Since Az* — By* € Wy (Ax, — By,), (3.55) and weakly lower semi-continuous of norm,
we get

| Az* — By*|| < U]mjngAﬂ?nk — Byn, || =0.

Then Az* = By*. Hence (z*,y*) € Q.
Case2. Suppose that C,, is not monotone decreasing sequence, then there exists an

integer ng such that C,,, < Cyyt1-

Define the integer sequence 7(n) for all n > ng as follows,
7(n) = max{k <n:Cy < Cry1}.
It is clear that 7(n) is a nondecreasing with

im 7(n) = 0o and Crny < Cr(ny41-

n—oo

From (3.72), we have

CT(n)+1 < (1 = Oéfr(n))C’T(n) + 2aT(n)Q‘r(n)~
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From Lemma 2.28, thus
LI_)m CT(n) =0.
Applying (3.69), we have

lim CT(n)+1 =0.

n— oo

By Lemma 2.41, we have
Cn < maX{Cna CT(n)} < CT(7I,)+1‘

From above inequality and li_>m Cr(n)+1 = 0, we obtain
n oo
Um (2n — 2% + lyn — v*|1?) = lim C,, = 0.
n— o0 n—od

That implies {(zn,y,)} converges strongly to (z*,y*). By using the same methods as
case 1, we have

(z*,y*) € Q, where z* = Pg(p,yu and y* = Pr(r,yv. This is complete the proof. L]

Corollary 3.5. For every i = 1,2,3, let H; be a real Hilbert space and let Cy,Cy be
non-empty closed convex subset of H; and H,, respectively. Let T; : C; — C; be quasi-
nonexpansive mapping for all i = 1,2 and let 4 : H, — H; be bounded linear operator
with adjoints A*, respectively. Suppose that Q = {(x,y) € C1 x Ce : z € F(T1),y € F(Ts)
and Az = y} is-a non-empty set and let {z,}, {y.} be sequences generated by u,z; €
Cy;v,y1 € Cy and

Up = Tpn — 'YnA* (AJZ" ) | yn) )

Tnt1 = nt 4 (1= an) Po, (I =X (I = T1)) up, (3.73)

Up = (1 - ’Yn)yn + VnAxnz

Yngl = oo + (1 — ap) Po, (I = A2 = T3)) va,

for all n > 1 where {a,} C [0,1] with ’Li_>m an = 0,50 ja, =00 and > 77 N < oo and
i€ (0,1)foralli =1,2and v, € (a,b) C (e, o - e) with e > 0 small enough for all n € N
and M4 be spectral radius of A*A. Then the sequence {(z,,y.)} converge strongly to

(z*,y*) € Q, where z* = Pp(pyu and y* = Pp(g,)v.

Proof. By using Theorem 3.4 and taking B = I, we obtain the conclusion. []



Chapter 4
Application
In this section, to show the application of section 3.1 and section 3.2 as follows:

4.1 Strong convergence theorems for finding common elements of

split feasibility problem and fixed point problem

Definition 4.1. Let S : C — C is called x-strictly pseudo-contractive if there exists a

constant « € [0,1) such that
1Sz =Syl < 1z — yl> + & | (I = S)a — (I =S)y|l* Ve, y € C. (4.1)

Lemma 4.1. ([29]) Let C be a nonempty closed convex subset of a real Hilbert space
H and S: C = C be a self-mapping of C. If S is a x-strict pseudo-contractive mapping,
then S satisfies the Lipschitz condition

1+ kK

15z = Syl < le—=yll,” Vey el

1-k
By Lemma 4.1, applying T,S are «, k-strict and quasi pseudo-contractive map-
pings, respctively, we obtain this theorem.

Theorem 4.2. Let H; and H, are two real Hilbert space, let ¢ € H; and Q C H, are two
nonempty closed convex sets. Let A : Hy — H, is a bounded linear operator with its
adjoint A*. For each i =1,2,3,...,N, let D; is strongly positive bounded linear operator
on H; with coefficient v; > 0 and ¥ = 1:1@“1\]% Let f: C — Hj is a p-contraction,
S:Q — Qis a r-strict and quasi pseudo-contractive mapping, 7': C — C is a k-strict and
quasi pseudo-contractive mapping. Assume that I' # 0 and let {z,,} be a sequences

generated by xy € H;

2n = PoAxy,

VUn = (1= &) 20 + &S (1 = 1) 20 + 100S20)

Yn = anVf(zn) + (I —ap vazl aiDi) (xn — 0A* (Azp, —vy)), (4.2)

Un = Poyn,

Tng1 = (1= Bu)un + BuT (1 — Yn) tn + ymTun) , forn>1,

where parameters {a,}, {8n}, {}, {&} and {n,} are real sequences in [0,1] , 6 and v

are two positive constants.

We use T to denote the set of solution of problem (1.4) ,that s,
I'={zx|zeCNFT),Az € QN F(9)}.

Suppose that T—Z and S—Z are demiclosed at 0. Assume that the following conditions

are satisfied :
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(i) nlljgoan =0 and Zan = 00,

n=1

(i) 0<a; <& <by<n,<c1 < ,

(i) 0 < ag < fp <by <yp <cp < ,

. 1
(iv) 0 < 8,7 < —— and 7 > vp,

IA]?
V) 0<a, <||Di|| ' fori=1,2,..,N.

Then the sequence {z,,} converge strongly to the unique fixed point of the contraction
mapping z = Pr (7f +7-2N, aiD,») 2!

Proof. By using Theorem 3.1 and Lemma 4.1, we obtain the conclusion. []

In 2009, Kangtunyakarn and Suantai([31]) introduced the S-mapping generated

by a finite family of «-strictly pseudo contractive mappings and real numbers as follows:

Definition 4.2. Let C be a nonempty convex subset of real Banach space. Let {T}}}¥,
be a finite family of k;-strict pseudo contractions of C into itself. For each j =1,2,..., N,
let a; = (e, 0d,ad) € Ix I'x I, where I € [0,1] and of + o + o = 1. Define the mapping
S:C — C as follows:

Up=1,
U1 = o1 ThU + a3l + a3l,
Uy =i ToUs + a3Us + a3l

U3 = a?TgUQ + OégUQ + Ckg_[,

N_1 N=1 N1
Un_1=a] " In1Uv_o+ay Unv_o+az 1,

S =Un=0TnUn-1+ 03 Uv_1+a3 1.
This mapping is called S-mapping generated by Ty, Ts,...,Tx and ai, as, ..., an.

Lemma 4.3. ([31]) Let C be a nonempty closed convex subset of a real Hilbert space.
Let {T;} X, be a finite family of x-strict pseudo contractions of € into C with N, F(T;) #
0 and k = maz{r; :i=1,2,.., N} and let a; = (od,0d,0}) e IxI xI,j=1,2,..., N, where
I=100,1 ,0d +al+c =1, a, o} e (x1) forall j=1,2,...,N—1and ol € (x,1],a} €
[k,1) o € [r,1) forall j = 1,2,...,N. Let S be the mapping generated by Ty, 75, ..., T

and oy, as, ..., an. Then F(S) = N, F(T;) and S is a nonexpansive mapping.

Theorem 4.4. Let C and @ are nonempty closed convex subset of real Hilbert spaces.
Let {T;}Y, be a finite family of ,-strict pseudo contractions of C into C with X, F(T;) #
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0 and k = maz{r; : i = 1,2,..,N} and let o; = (al,ad,al) e IxITx1,j=1,2..,N,
where I = [0,1] o} 4+ 0ol +a} =1, of, o} € (k1) forall j =1,2,....N =1 and oV €
(1,1],0d € [r,1) & € [r,1) forall j = 1,2,...,N. Let S be the S-mapping generated by
T1,Ts,....,Tn and ay,as,...,ay. Let {T;}Y, be a finite family of &;-strict pseudo con-
tractions of Q into Q with Y, F(T;) # 0 and & = max{m; : i = 1,2,..,N} and let
B, =(B,B,8) e IxIxI, j=12,.N, wherel =[0,1] ,8 +8+p8 =1, 8, gl e
(k1) forall j =1,2,...,N —1 and gN e (&, 1], 8 € [z, 1) 8 € [#,1) forall j = 1,2,...,N.
Let S be the S-mapping generated by T1,T,...,Ty and By, Ba, ..., Bn. Let A: Hy — Hy
is a bounded linear operator with its adjoint 4%, let D; is strongly positive bounded
linear operator on H; with coefficient ; > 0 and ¥ = _:lrgin Nz let f:C — Hyis a

1=1,24,...y

p-contraction. Assume that I ¢ and let {z,,} be a sequences generated by z, € H;

Zn = PQAl‘n,

Up = (]- - 677,) Zn + gng ((1 . 7777,) Zn 7 nngzn) )

Yn = aan(xn) q (I - Qp Zi\;1 aiDi) (xn —0A" (Airn - Un)) ) (43)
U = Poyn,
I71,+1 = (1 7 Bn)un o 5nS ((1 P 'Yn) Up, =+ ’Y‘nsun) ) fOT’ n Z ]-a

where parameters {a,}, {Bn}s {7}, {&:} and {n.} are real sequences in [0,1] , § and ~
are two positive constants.
We use T to denote the set of solution of problem (1.4) ,that is,

= {z|zeCnL, F(T), Az € Q- F(T)}.
Suppose that S—7 and S—Z are demiclosed at 0. Assume that the following conditions
are satisfied :

(i) nlmoan =0 and Zan = 00,

n=1
1
V2+1
1

(i) 0 <a; <& <by <nn<ecp <

(/i) 0 < ag < fp <by < vy < <

V2+1°

(iv) 0 <8,y < and 7 > vp,

1
2

1A
v) 0 < a, < ||D;|| " fori=1,2,..,N.

Then the sequence {z,} converge strongly to the unique fixed point of the contraction
mapping z = Pr (’yf +7-2N, aiDi> z.

Proof. By using Theorem 3.1 and Lemma 4.3, we obtain the conclusion. []
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4.2 Strong convergence theorems for finding the set of solutions of
the split equality fixed point problem for quasi-nonexpansive

mappings
The following lemma will be used to prove in the application.

Lemma 4.5. [3] Let H be a Hilbert space, let C be a non-empty closed convex subset

of H, and let S be a nonspreading mapping of C into itself. Then F(S) is closed and
convex.

In 2009, Kangtunyakarn and Suantai [31] introduced the S-mapping generated
by Ty, Tz, T3, ..., Ty and Aq, A, ..., Ay as follows.

Definition 4.3. Let C be a non-empty convex subset of a real Banach space. Let {T;}¥,
be a finite family of (nonexpansive) mappings of C into itself. For each j =1,2,...,N,

let a; = (ad,ad,al) € I x I x I, where I € [0,1] and & 4 o + o, = 1. Define the mapping
S:C — C as follows;

UO 5 I7
U1 = Oé%Ton + OA%U() + O%I,
Uy = Q?TQUl + a%Ul + a%],

Us = o3T3Us + a3Us + a3 1,

Un-i=op "IN aUn_o+ad 'Unia4ah ',

S=Un= OziVTNUN_l —|-OééVUN—1 JrOléVI.
This mapping is called an S-mapping eenerated by Ty, T, ..., Ty and a1, as, ..., an.

Lemma 4.6. [39] Let C be a non-empty closed convex subset of a real Hilbert space.
Let {T;} Y, be a finite family of nonspreading mappings of € into C with N, F(T;) # 0,
and let a; = (o, 0, o) € IxIxI, j=1,2,...,N,where I = [0,1], &) +aj+a} =1, o, o} €
(0,1)forall j=1,2,..,N—1and a € (0,1],0d € [0,1) af € [0,1) for all j = 1,2, ..., N. Let
S be the mapping generated by T3, T, ...,Ty and aj, as,...,ay. Then F(S) = ﬂf\[:l F(Ty)
and S is a quasi-nonexpansive mappins.

By using these results, we obtain the following theorem.

Theorem 4.7. For every i = 1,2,3, let H; be a real Hilbert space and let ¢y, Cy be non-
empty closed convex subset of H; and Ha, respectively. Let {T;}}¥, be a finite family
of nonspreading mappings of € into ¢, with N, F(T3) # 0, and let o, = (od, 0, 0d) €
IxIxI,j=1,2,..,N,where I = [0,1] ,ol+od+od =1, o, of € (0,1)forallj =1,2,..., N—
Land al € (0,1], 0 €[0,1) af € [0,1) for all j = 1,2, ..., N. Let S be S-mapping generated

by Ty, Ty, ..., Ty and ay, as, ...,an. Let {T;} X, be a finite family of nonspreading mappings
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of Cy into Cy with N, F(T;) # 0, and let 8; = (87,85,85) e IxIxI,j=1,2,..,N, where
I=100,1 ,B+p+p=1, 6, 601 foral j=1,2,...,N—1and 8N € (0,1],8Y ¢
[0,1) 8] € [0,1) forall j =1,2,...,N. Let § be S-mapping generated by Ty, T5, ..., Ty and
b1, B2, ..., Bn. Let A: Hy — Hs, B : H, — H3 be bounded linear operator with adjoints A*
and B*, respectively. Suppose that Q = {(z,y) € Cy x Ca : x € X, F(T3),y € N, F(T})
and Az = By} is a non-empty set and let {=,}, {y.} be sequences generated by u,z; €

Cl;%yl € Cy and

Up = Tn — 'VnA* (A-Tn - Byn) 5

Tpt1 = apu+ (1 —ay) Po, (I —AN(TI - S)) Up,, (@.0)

Up = Yn + 'YnB* (A:Ln = Byn) s

Yn+1 = QpU + (1 Y Oén) Pcz (I - )‘%(I - S)) Un,

for all n > 1 where {a,,} © {0,1] with lim a, =0,>"°7  a,, = o0 and Y77 | A, < oo and
n—oo

i€ (0,1) forall i = 1,2 and v, € (a,b) C (e, it - e) with ¢ > 0 small enough for

all n e N'and A4, A\ are spectral radius of A*A, B*B respectively. Then the sequence

{(xn,yn)} converge strongly to (z*,y*) € Q, where o* = Pp(gyu and y* = Pg(5)v.
Proof. By using Theorem 3.4 and 4.6, we obtain the conclusion. []

Moreover, if we put F(T;) = C; and F(Ty) = Cy in Theorem 3.4, we obtain the
SEFPP reduced to the SEFP.

Theorem 4.8. For every i = 1,2,3, let H; be a real Hilbert space and let ¢y, Cy be
non-empty closed convex subset of Hy and H,, respectively. Let A : H; — Hs, B :
H,; — H3 be bounded linear operator with adjoints A* and B*, respectively. Suppose
that Q = {(z,y) € C1 x Cy : Ax = By} is a non-empty set and let {z,}, {y»} be sequences

generated by w,z;, € Cy;v,y; € Cy and

Up = Tp — ’YnA* (Axn f= Byn) )

Tpa1 = apu+ (1 — ay) Poy i,

(4.5)
Un = Yn + ’YnB* (Axn - Byn) )
Ynt1 = anv + (1 — ) Poyvn,
for all n > 1 ,where {«a,} C [0,1] with le an = 0,50 a, =00 and Y 07 N, < co and

i€ (0,1) foralli = 1,2 and v, € (a,b) C (e, g e) with € > 0 small enough for
all n e N and X4, Ap are spectral radius of A*A, B*B respectively. Then the sequence

{(zn,yn)} converge strongly to (z*,y*) € Q, where z* = Po,u and y* = Pc,v.

Proof. Put T; = I for all i = 1,2,3, ..., N in Theorem 3.4, we get F(Ty) = Cy and F(T») =
Cs. Using Theorem 3.4, we obtain the desired results. []
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Chapter 5
Conclusions

In this section, we conclude all main results obtained in this thesis.

Strong convergence theorems for finding common elements of

split feasibility problem and fixed point problem

1. Let H, and H; are two real Hilbert space, let C C H; and Q C H are two nonempty

closed convex sets. Let A: Hy — Hs is a bounded linear operator with its adjoint
A*. For each i = 1,2,...; N, let D; is strongly positive bounded linear operator on

H, with coefficient 7; > 0 and 7 = }_lrgin i Let f: C — H; is a p-contraction,

......

let T: C — Cis an Lo-Lipschitzian quasi-pseudo-contractive operator with £, > 1.

Assume that T # () and let {z,,} be a sequences generated by zy € H;

2n = PoAxy,

Un=(1—=&) zn + &S (1L =np) 20 + 10S2n)

Yn = an’}/f(x") + (Z - Qn Zzzil asz) (xn —0A (Axn = Un)) > (5]‘)
Up = Poyn,
T+l = (1 _Bn)un+BnT((1 _'Yn)un""_’YnTun)a fO’I“ n = 1a

where parameters {a,}, {Bn}, {7}, {&} and {n,} are real sequences in [0,1], § and
v are two positive constants.
Suppose that T'—Z and S — 7 are demiclosed at 0. Assume that the following

conditions are satisfied :

(i) nLILTgo a, =0 and Zlan =00,

(i) 0<a; <& <by<n,<c1 <

1
VI+ L+
1
VI+ L+

(i) 0 < ag < Bp <by < yp <3 <

, 1
(iv) 0 < 8,7 < —— and 7 > vp,

14>
(V) 0 < ay <||Di|| " fori=1,2,..,N.

Then the sequence {z,} converge strongly to the unique fixed point of the con-
traction mapping z = Pr (7f +7- Zfil aiDi) 2.

. Let H; and H; are two real Hilbert space, let C C H; and Q C H are two nonempty

closed convex sets. Let A: H; — H, is a bounded linear operator with its adjoint

A*, D is strongly positive bounded linear operator on H; with coefficient 4; > 0
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and 7 = rr;inN%. Let f: C — H; is a p-contraction, S : Q@ — Q is an L;-

......

Lipschitzian quasi-pseudo-contractive operator with £; > 1 and letT: C — C'is an
Lo-Lipschitzian quasi-pseudo-contractive operator with £ > 1. Assume that T # 0

and let {z,,} be a sequences generated by z, € H;

zn = PoAx,,

Un = (1 - gn) zn +&nS ((1 - 7771) zZn + nnszn) >

Yo = anyf(@n) + (T = D) (w0 = SA* (A, = va)), (5.2)
Up = Poyn,
-rn-l-l - (1 - 6n)un + /BTLT ((1 - ’Yn) Un + 77LTU’VL) 9 fOT n Z 1a

where parameters {a,}, {Bn}, {1}, {&.} and {n,} are real sequences in [0,1], 6 and
v are two positive constants.

We use T to denote the set of solution of problem (1.4) ;that is,
F'={z|zecCnF(T),Az € QN F(9)}.

Suppose that T —Z and S — Z are demiclosed at 0. Assume that the following
conditions are satisfied :

(i) nLI—@o o, =0 and z_:lozn = 00,
(i) 0<a; <& <by << <

1
RIAMSERH\N

1
SRR 2R Y

(i) 0 < ag < Bp < by < yp < g <

, 1
(iv) 0<6,fy<ﬂ;1H—2 and 7 > qp,

V) 0 <oy < ||D|

Then the sequence {z,} converge strongly to the unique fixed point of the con-

traction mapping z = Pr (vf +Z = D) z.

. Let H; and H; are two real Hilbert space, let C C H; and Q C H are two nonempty
closed convex sets. Let A: H; — H, is a bounded linear operator with its adjoint
A*. For each i =1,2,...,N, let D; is strongly positive bounded linear operator on

H, with coefficient 7, > 0 and 7 = }_lrgin o Let f: C — H; is a p-contraction,

777777

S : Q — Q@ is an L-Lipschitzian quasi-pseudo-contractive operator with £ > 1.

Assume that ' # 0 and let {z,} be sequences generated by z, € H;

zn = PoAxny,

Tny1 = Po janyf(zn) + (I —an Y, aiD,») (2 — 6A* (Azyn — vn))} , forn>1,
(5.3)

where parameters {a,,}, {&,} and {n,} are real sequences in [0,1] , § and v are two
positive constants.
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We use T to denote the set of solution of problem (1.4) ,that is,
F={z|zeC Az e QN F(5)}.

Suppose that S — 7 is demiclosed at 0. Assume that the following conditions are
satisfied :

(i) nLI_)rTgo a, =0 and Zan = 00,

n=1
1
(i) 0<a; <& <by<ny, <cp < ——on—,
V1+LE+1

1
(i) 0 <6 < —— and 7 > vp,

14)*

. 1
(V) 0<v<—,
|A]
V) 0 <a, <||Di|| " fori=1,2,..,N.

Then the sequence {z,} converge strongly to the unique fixed point of the con-
traction mapping = = Pr (wf +7 - Zf\; aiDl) z.

. Let Hy and H; are two real Hilbert space, let C € Hy and Q C H are two nonempty
closed convex sets. Let A: Hy — H, is-a bounded linear operator with its adjoint

A*. For each i =1,2,3,..., N, let D; is strongly positive bounded linear operator

k-strict and quasi pseudo-contractive mapping. Assume that T # 0 and let {z,}

be a sequences generated by zy € H;

Zn = PQAxna

Up = (L=6) 2n + &S (L =9n) 2n + 1S2n) ,

Yn = an'y.f(xn) i (I - Qg Zivzl aiDi) (*Tn —0A” (Axn = 'Un)) s (54)
tun = Poyn,
Tpy1 = (]- = 5n)un + BnT ((1 - ’Yn) U + ’YnTun) ’ fOT' n Z ]-v

where parameters {a, }, {Bn}, {7n}, {&:.} and {n,,} are real sequencesin [0,1], § and
~ are two positive constants.

We use T to denote the set of solution of problem (1.4) ,that is,
F={z|z2eCnNFT),Az € QN F(S9)}.

Suppose that T'—Z and S — 7 are demiclosed at 0. Assume that the following
conditions are satisfied :

(i) nll_)l’Qo o, =0 and nzz:lozn = 00,

(i) 0<a; <& <b<n<c < ,

(i) 0 < ag < Bp < by < yp < € < ,
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, 1
(iv) 0<5,7<W and 5 > p,

(V) 0 < ay <||Di|| " fori=1,2,..,N.

Then the sequence {z,} converge strongly to the unique fixed point of the con-
traction mapping z = Pr (yf +7-2N, aiDi> .

. Let € and @ are nonempty closed convex subset of real Hilbert spaces. Let {73},
be a finite family of «;-strict pseudo contractions of € into € with N, F(T;) # 0
and k = max{k; : i = 1,2,...,N} and let a; = (ol 0l ad)y e IxIx1I, j=1,2 .N,
where T =1(0,1] ,a] +od +a} =1, of, o} € (k,1) forall j =1,2,..,N -1 and ol¥ €
(k,1],0d € [r,1) o € [r,1) forall j =1,2,...,N. Let S be the S-mapping generated
by T1, Ty, ...,Tn and ay,as,...,ay. Let {T;}¥; be a finite family of &;-strict pseudo
contractions of @ into Q with N, F(T;) # 0 and & = max{#; : i = 1,2,..., N} and let
Bi=(Bl.B85,8)) e IxIxI, j=1,2,..,N,where I=[0,1] ,8/48,+8, =1, g, gl e
(k1) forall 5 = 1,2,..,N =1 and 8N e (,1],8) e [7,1) 85 € [r,1) forall j =
1,2,..., N. Let S be the S-mapping generated by Ti, T, ...,Ix and Bi, Ba, ..., By. Let
A : Hy — H,is a bounded linear operator with its adjoint 4*, let D, is strongly
positive bounded linear operator on H; with coefficient ; > 0 and 4 = Z:mlnN%
Let f: C — Hy is a p-contraction. Assume that I # ) and let {z,,} be a sequences
generated by xo € H;

2z = PoAz,,

vp= (T &)z + En S ((L=0m) 20 4 1135 %a),

= @t f (@) o+ (T—an Sy D) (o = 04 (A, — 0,), (5.5)
up = Poyn,

Tpt1 = (1= Bn)tn +BaS (L= vn) Un + 0 Sun) y  forn>1,

where parameters {a,}, {8.}, {7a}, {&.} and {n, } are real sequences in [0,1], § and
~ are two positive constants.

We use T to denote the set of solution of problem (1.4) ,that is,
T={z|zeCnN, F(T), Az € QN Y, F(T;)}.

Suppose that S —Z and S — Z are demiclosed at 0. Assume that the following
conditions are satisfied :

0, nll_)rTgo o, =0 and Zan = 00,

n=1

1
V241
1

(ii)0<a1<fn<b1<7]n<81<

(/i) 0 < ag < Pp <by <yp <y <

V241

. 1 _
(iv) 0 < 6,7 < — and 5> yp,

1Al

(V) 0<an < |Di]| " fori=1,2,..,N.
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Then the sequence {z,} converge strongly to the unique fixed point of the con-
traction mapping z = Pr (’yf +7-2N, aiDi> .

Strong convergence theorems for finding the set of solutions of
the split equality fixed point problem for quasi-nonexpansive

mappings

. For every i = 1,2,3, let H; be a real Hilbert space and let ¢y, Cy; be non-empty

closed convex subset of H; and H,, respectively. Let T; : C; — C; be quasi-
nonexpansive mapping for all « = 1,2 and let A : H; — Hs, B : Hy, — Hj be
bounded linear operator with adjoints A* and B*, respectively. Suppose that
Q= {(z,y) € C1 xCy | v € F(Th),y € F(Ty) and Az = By} is a non-empty set and
let {z,.}, {yn} be sequences generated by u,z; € C1;v,y; € Cy and

Up = Tp — 'YnA* (Axn = Byn) y

Tpt1 = o+ (1 — o) Poy (I = AL (I = T1)) un, (5.6)

Up = Yn + VuB* (Al'n % Byn) »

Yn+1 = anv + (1 —ay,) Pey (I = A2(I - Tg)) Uns

for all n > 1 ,where {a,} < [0,1] with nL'_CQo an =02 e, =00and Y7 A\, < oo
and X, € (0,1) for all i = 1,2 and «,, € (a,b) C (e,ﬁ —e) with € > 0 small
enough for all n € N and M4, Ap are spectral radius of A*A, B*B respectively.
Then the sequence {(z,,y,)} converge strongly to (z*,y*) € Q, where z* = Pp(r,yu

and yA* = PF(TQ)U.

. Forevery i = 1,2,3, let H; be a real Hilbert space and let Cy,C> be non-empty

closed convex subset of H; and Ha,, respectively. Let T, : C; — C; be quasi-
nonexpansive mapping for all « = 1,2 and let A : H; — H; be bounded linear
operator with adjoints A*, respectively. Suppose that Q = {(z,y) € C1 x Cy : x €
F(Th),y € F(T») and Az = y} is a non-empty set and let {z,}, {y.} be sequences

generated by u,z; € Cy;v,y1 € Cy and

Up = Tp — VHA* (Axn - yn) 5

Tnt1 = apu+ (1 — ay,) Po, (I — AL - Tl)) Up, (5.7)

Up = (1 - 'Vn)yn + 'YnAxnv

Ynt+1 = anv + (1 — ay,) Pe, (I —A\2(I - Tg)) Un,

for all n > 1 where {a,,} C [0,1] with LLm an =050 a, =0cand Y7 N < oo
and X, € (0,1) forall i = 1,2 and ~,, € (a,b) C (e, = - e) with € > 0 small enough
for all n € N and A4 be spectral radius of A*A. Then the sequence {(zn,y.)}

converge strongly to (z*,y*) € Q, where z* = Pp(r,yu and y* = Pp(r,)v.
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3. For every i = 1,2,3, let H; be a real Hilbert space and let C;,Cy be non-empty
closed convex subset of H; and H,, respectively. Let {T;}¥, be a finite family of
nonspreading mappings of Cy into ¢, with N, F(T;) # 0, and let a; = (od, a4, af) €
IxIxI, j=1,2,..,N,where I =[0,1] ,aol +aod+al =1, of, o} €(0,1) forall j =
1,2,..,N —1 and ¥ € (0,1,a) € [0,1) o} € [0,1) forall j = 1,2,...N. Let §
be S-mapping generated by Ty, Ty, ..., Ty and ay,as,...,ay. Let {T;}Y, be a finite
family of nonspreading mappings of C, into Cy with N, F(T;) # 0, and let 8; =
(81,85, e IxIxI j=1,2,.. N, whereI =[0,1] 8 +8+p8,=1, 5, gl
(0,1)forallj =1,2,...,N—1and 8N € (0,1], 8Y € [0,1) 8 € [0,1) forall j = 1,2,..., N.
Let S be S-mapping generated by T, Ty, ...,Tx and By, o, ..., Bn. Let A: Hy — Hs,
B : Hy — H; be bounded linear operator with adjoints A* and B*, respectively.
Suppose that Q = {(z,y) € C1 xCy : 2 € N, F(T}),y €N, F(T;) and Az = By} is a
non-empty set and let {z,,}, {y.} be sequences generated by u,z; € Cy;v,y1 € Co
and

Up = Tp — Y A* (A2, — Byn),

Tnt1 = anu+ (1= 0oy) Po, (I—=XL(I = 9)) uy, (5.8)

Up = Yn + 'VnB* (Axn == Byn) )

o= 0+ (1= ) Py (1 2 A2 = §)) v,
for all n > 1 where {a,,} C [0, 1] with 7}'_@0 A =0, 00 0n =00 and Y07 A < o0
and A, € (0,1) forall i = 1,2 and v, € (a,b) C (E’X}%AB —e) with € > 0 small
enough forall n € N and A4, Ap are spectral radius of A*A, B*B respectively.
Then the sequence {(z,,4,)} converge strongly to (z*,y*) € Q, where z* = Pp(syu

and j* = PF<§)’U.

4. For every i = 1,2,3, let H; be a real Hilbert space and let €}, C; be non-empty
closed convex subset of H; and Ha, respectively. Let A: Hy — Hs, B : Hy — Hj
be bounded linear operator with adjoints A* and B*, respectively. Suppose that
Q= {(z,y) € C1xCsy: Az = By} is a non-empty setand let {z,}, {y.} be sequences
generated by u,z; € Cy;v,y; € Cs and

Up = Ty — VA" (Az,, — Byy),

Tpy1 = apu~+ (1 — o) Po,tn,

(5.9)
U = Yn + Y B” (A-Tn - Byn) s

Ynt+1 = apv + (1 — ay,) Po,vp,

for all n > 1 ,where {a,} C [0,1] with nLI—Ugo an =03 o, =o00and Y07 A\ < oo
and X, € (0,1) for all i = 1,2 and v, € (a,b) C (e,ﬁ —e) with € > 0 small
enough for all n € N and A4, A\ are spectral radius of A*A, B*B respectively.
Then the sequence {(z,,y,)} converge strongly to (z*,y*) € Q, where a* = P, u

and y* = Pg,v.
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5.3 Suggestions

In our thesis, we obtain some results of split feasibility, split equality and fixed
point problem in a Hilbert space. For those who would like to extend these results,

we suggest that proving our results in a Banach space would be better.
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1 Introduction

The split feasibility problem has become the inspiration in pure and applied
mathematics. It attracted the author’s attention due to its application in signal
processing. The problem was introduced by Censor and Elfving(1994)([1]).

Let C and @ be nonempty closed convex subsets of real Hilbert space H;
and Hj, respectively.
The split feasibility problem(SFP) was formulated so as to find a point u*
satisfy the properties :
w* € C and Au™ € Q, (L.1)

where A : Hi — Hj is a bounded linear operator.
The split common fized point problem(SCFP) was formulated such that

u* € F(T) and Au* € F(S), (1.2)

where F(T') and F(S) are fixed point sets of the operators 7' : H; — H; and
o Hy — H,.

Recently, the study of the split common fixed point problem(SCFP) has
become popular among mathematicians. The problem, first analysed by Censor
and Segal([2]), is a natural extension of the SFP and the convex feasibility prob-
lem.

In ([3]) Hamdi, Liou, Yao and Luo proved strong convergence theorem as
following algorithm : zy € H; and

zn = PoAx,,

Uy, = (1 ] gn) 2n €55 ((1 - 77n) Zn + WnSZn) 5
Yr-=0nf (@n) + (T4 apB) (Zn/— SA*(ATr-~Vp))
Un = Pcyn,

Try1 = (1= Bn)tn + BuT (1 — v5) un + v Tun)

forall n € N,
where {an}, {60}, {n}, {&n} and {7, } are real sequences in [0,1], A: H; — Ho is
a bounded linear operator with its adjoint A*, f : C' — H;i is p-contraction, B is
strongly positive bounded linear operator on H;, S : @Q — @ is an £;-Lipschitzian
quasi-pseudo-contractive operator with £, > 1, T : C — C is an Ly-Lipschitzian
quasi-pseudo-contractive operator with Lo > 1. They showed that the sequence
{z,} converges strongly to the unique fixed point of the contraction mapping
Pr (vf+T-B).

The purpose of this paper was to study the following split feasibility prob-
lem and fixed point problem :

Find v* € CNF(T) and Au* € Q N F(S). (1.3)

The set of solution of (1.3) is denoted by I, that is,
I'={z|zeCNFT),Az € QN F(S)}.
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It is immediately evident that (1.3) can be derived from SFP(1.1) and SCFP(1.2).
In this paper, we’re motivated and inspired by Hamdi, Liou, Yao and Luo

([3]), we modified the split feasibility problem and fixed point problem by Hamdi,

Liou, Yao and Luo ([3]) and used the concept from Lemma 2.11. we will introduce

a new iteration to approach the solution of (1.3).

The proof of the strong convergence result is given later in the paper.

2 Preliminaries

Throughout this paper, we always assume that H be a real Hilbert space with
the inner product (-,-) and the norm |[|||. Let C' be a nonempty closed convex
subset of H. Using the notations of weak and strong convergence by “ —' and
" —’" respectively.

Recall that a mapping T of C into itself is called nonexpansive if
T2 > Tyl Sl - g,

for all z,y € C. The set of all elements of fixed point of a mapping 7 is denoted
by F(T) = {z € C": Tz = z}. Goebel and Kirk ([4]) showed that F(T) is closed
and convex. In a real Hilbert space H, it is well known that

A+ (1= Nyl® = Azl + 1= N) Jy)> = AQ =) ]2 =yl A efo,1]

and
2 2 2
lz +yll” = llzl” +2(z,y) + lyll

forall z,y € H.
Lemma 2.1. [5] Let H be a real Hilbert space. Then
lz 4 gl* < llal® +2 ga ¥ 9), Vo€ H.

Definition 2.2. An operator A is a strongly positive bounded linear operator on
H if there is a constant 7 > 0 with the property

(Az,z) >7|z|®, Vo e H.
Definition 2.3. An operator A : C' — H is called L-Lipschitzian if
[Az — Ayl <Lz —yll, Vo,yeC
for some constant £ > 0. If £ € [0, 1], then A is called £-contraction.
Definition 2.4. An operator A: C — C'is called pseudo-contractive if

(Av—Ayz—y) < o —yl*, Va,yeC.
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Definition 2.5. An operator A : C' — C'is called quasi-pseudo-contractive if
2 2 2
Az —ylI” < [z — ylI” + | Az — ]|
for all z € C and y € F(A).

Definition 2.6. An operator A : C' — H is called a-inverse strongly monotone if
there exists a positive real number o > 0 such that

(Az — Ay, z — y) > a|| Az — Ay|?, Vo,y € C.
It is obvious that any a-inverse strongly monotone mapping A is %— Lipschitzian.
Definition 2.7. An operator A : C' — C'is called firmly nonexpansive if
Az — Ay|* < o~y < (€~ Dz~ (T - A, VzyeC.

Definition 2.8. An operator A is said to be demiclosed if Vx,, — @ and A(z,) — u
imply that A(a) =u

Lemma 2.9. [6] Let {Q,} C [0,+00], {v,,} € (0,1] and {n,} be three real number
sequences.  Suppose that {On},{v,} and {nn} satisfy the following three condi-
tions:

(1) Qut1 < (L—v,) Qp + 1hnn,
(1) ZU" = ooy
n=1

o0
(#1) limsupn, <0 or Z [Mnvn] < 00.
n—o0

n=1

Then, lim Q, = 0.
n—oo

Lemma 2.10. [7] Let {p,} be a sequences of real numbers. Assume that there
exists a subsequence {pn,} of {pn} such that pn, < pn.+1 for allk > 0. For every
n > Ny, define an integer sequence {T(n)} as

m(n) =maz{i <1 pn, < pn41}-
Then 7(n) — oo as n — oo and
Maz{ pr(n): Pr} < Prin)+1s
for all n > Ny.

Lemma 2.11. (8] Let C be a nonempty closed conver subset of a real Hilbert space
H. For everyi =1,2,...,N, let A; be a strongly positwe linear bounded operator
on a Hilbert space H with coefficient v; > 0 and 7y = mini=12,.. ,n7i. Let {ai}fil
C (0,1) with Zf;l a; = 1. Then the following properties hold:
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(i) HI — pzl]-vzl a;Ai|| <1—pyandZ—p Z?Ll a;A; is a nonexpansive mapping
for every 0 < p < ||AiH_1 fori=1,2,..,N.
(@) VI(C, "N 0, A) = N, VI(C, A,).

Proposition 2.12. (9] Let H be a real Hilbert space. Let U : H — H be an
L-Lipschitzian operator with £ > 1. Then

F((1=QZ+qu) =F U1 =L+ U)) = FU)
for all ¢ € (0, %)

Proposition 2.13. [9] Let H be a real Hilbert space. Let U : H — H be an
L-Lipschitzian quasi-pseudo-contractive operator. Then we have

e (1 =m)z + ntdz) —u||> < [lo =[P+ @ =n) lle — U (1 = n)a+ )|,

and the operator (1 —&)Z +&U (1 = n)Z + nUd) is quasi-nonexpansive
when 0 <& <n< ﬁ, that is,

(1= &z + &U (1= n)z +nitz) = u*[| < ||z — v’
for allz € H and u* € F(U).

Proposition 2.14. [9] Let H be a real Hilbert space. Let U : H — H be an
L-Lipschitzian operator with £ > 1. If T —U is demiclosed at 0, then T —U((1 —
Q)T + CU) s also demiclosed at 0 when ¢ € (0, %).

3 Main Results

Theorem 3.1. Let Hy and Hy are two real Hilbert space, let C C Hy and Q C Ho
are two nonempty closed convez sets. Let A : Hy — Ho is a bounded linear operator
with its adjoint A*, D; is strongly positive bounded linear operator on Hy with
coefficient v; > 0 and ¥ = 1Igin T f:C — Hy is a p-contraction, S : Q — Q

is an L1-Lipschitzian quasi—pseﬂda—contmctive operator with £, > 1 ,T:C — C
is an Lo-Lipschitzian quasi-pseudo-contractive operator with Lo > 1. Assume that

T # 0 and let {xn} be a sequences generated by xo € Hy

zn = PoAzxy,

V= (1=&) 20 + &S (1 = 1n) 2n + 10 S%a),

Yn = anf(®n) + (I —an Zf\;l a,Di> (T — 0A* (Axy, —vp)), (3.1)
Uy = Poyn,

Tnt1 = (1= Bn)tn + BuT (=) un + v Tus),  for n>1,

The parameters {an }{Bn}, {n}, {én} and {n,} are real sequences in [0,1] , § and
v are two positive constants.
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We use T' to denote the set of solution of problem (1.3), that is,
I'={z|zeCnNFT),Az e QNF(S)}.

Suppose that T — T and S — I are demiclosed at 0. Assume that the following

conditions are satisfied :

o0
(i) lim a, =0 and Z QU = 00,
n—o0

n=1
(ii) 0<a1 <& <bi<mp<a <

1
VI+L2+1
1
VI+L22+1

(iii) 0 <ag <fpn<by <y, <cy<

. 1 _

(iv) 0 <0,y < — and 7 > p,
Al

(V) 0<ay, < |D||~* fori=1,2,..,N.

Then the sequence {x,} converge strongly to the unique fized point of the contrac-
tion mapping z = Pp ('yf +7-= Zf\il a,Dz> z.

Proof. Let z* = Pr (’)f +7- Zf\il aiDi> z* ,we have z* € CNF(T) and Az* €
QN F(S). From Pg is firmly nonexpansive, thus
llew=Az"|*= |Podz, + Podz"|?
Sz, — A2 1L < Po) Azt HZ=Po)a2" [
= | Az, — Az*|> 2| Az, — za)- (3.2)
Applying Proposition 2.12, condition (ii) and (iii), we have
F(S((L =14)Z +m,9)) = F(S)

and
F(T(1 = )T + 1)) = F(T)

for all n € N.
By Proposition 2.13 and condition (ii), we have

”'Un T AZ*H % H[(l i én)I+ fns ((1 = %)Z ’i nns)] Zn — AZ*H
<z = A (3.3)

This together with (3.2), it implies that

lvg = Az*||* < llzn — Az"|?

< lAzn £AZTP (1 Azi = za)® (3-4)
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By Proposition 2.13 and condition (iii), we have

@1 = 2"l =[Q = BT + BT (1 = 7a) T+ 7 T)] g — 27|
<l = 2" (3.5)

Since P¢ is nonexpansive, we have

llun = 2"l = | Poyn — Poz"||
Sllyn = 2" (3.6)

From definition of {y,}, we obtain

N
lyn — 2% = |lanvf(zn) + (I— @n Za,D,) (Tn — 0A* (Azpy —vp)) — 2*
i=1
N
= |lanyf(zn) — anYF(2") + anyf(z*) = an ZaiDiz* + x5, — 0A* (Azy — vy)
i=1
N N
—a, Z a;D;i(x,, — 6A* (Azy, — vy,)) + Z a;D;z" —z2*||
i=1 i=1

=1

N
=lany (f(@n) = £(2")) + an (vf(z*) = ZuiDiZ*>

=1

N
+ (z— a.,LZazDi) (en'= =" £ 64" (Azp = v,)) |

< anyllf(@n) = FGE + on

N
vf(z") = Z a;D;z"
i=1

N
+ | = an ZaiDi |zn = 2" 4+ 0 A* (v, — Azy)||
i=1
N
S anyp 18n = 28+ an [V (27) =D aiDiz"
i=1
+ (I —and) |zn — 2% + 04" (v, — Amy)| . (3.7)

Observe that

(@n— 27, A* (v — Atp))

(Azy, — AZ™, v, — Azp)

(Az,, — Az* v, — Az — (Vp — Azy) yon — Azy)
(

(

Ay — AZ* 4+ v, — Az, vy — ATy) — (Vg — ATy, Up, — AZy)
v — A2 g = Ay — |lun — Ay )?. (3.8)
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and

(0n — A2 vy — Azy) = % (||vn — AZ*|)? + |Jon — Az — || Az — Az*||2> . (3.9)
From (3.4), (3.8) and (3.9), we obtain

(Tn, — 2%, A* (v, — Azy,))
o — A2 4l — Azall® | Az — A2") ~ llvn — Aza?

1

=31
1 *112 2 2 *(12 2
<5 (||Azn—Az IP=l|Azw=zll* o, =Azall’ = [ Aza= Az |*) ~ lvn — Az

1
=— 5 lzn = Azy | — 5 ln = Az|®. (3.10)
From (3.10), we have

[€n — 2* + 8A* (v, — Az
=|l&n — 27I1% + 62 ||A* (v — Az, |P + 26{xp = 2*, A% (v, — Ax},))

<l 2P P AP Agal o 28 (<50 A 5 o — )
=llzn =27+ P NAN o = A|[* 6 120 ~ AT 6 0 = Az
=l =27+ 6 (SUAIP <1) llon = Avall = 5}z Azl (3.11)
From (3.11) and condition (iv), we have

n — 2%+ 6A* (v — Azp)|I? < l|lon = 27)1%

So,
|len=2"+0A" (vn = Az )| < lxa= 2% (3.12)

From (3.7) and (3.12), we get
lyn — 27|l

<apyp |Tn—2%| +an (I1—an¥) |zn—2"+0A* (vo,— Azy)||

’Yf ZalDz
yf (= ZalDz
vf(z ZuDz

<a,yp e, — 2" +an (= an?) [lzn =27

= [1 % an(;)l kd ’YP)] “In —z* H +an (3'13)
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By definition of {z,}, (3.5), (3.6) and (3.13), we get

N
[Zns1 = 2*l <[1— an(¥ = ¥0)] &n — 2* || + an |[Vf(2*) = > a:Diz*
i=1
H’Yf(z*) - az‘Diz*H

=1 —=an(¥ =yp)] lxn — 2" || + an(¥ — vp
[ ( ] I ( ) o

By induction, we get

|y - 2L w0

[#n1 = 2" < max { [lzo = 2*[|,

Hence, the sequence {xy} is bounded.
Since Pe is firmly nonexpansive, we have

flun =217 = | Peyn = 27|

= Peyn - Poz"|?

<y = 2*1P =T - Po) yn ~ (Z =~ Pe) I

=llyn'= 2| = llyn — Pevall?

=llyn— 217 = ffun — yal®- (3.14)

From (3.5), (3.13) and (3.14), we have

ety =2
<Mlual= 27117

<llyn — Z*H2 — Jlun = ynH2

N
¥ (=*) =Y aiDiz"
a=Al

2
> = H“'n — ynH2

= ([1 —om(y — 'Y/’)] ||z~ Z*H + an
= (1 — o (7~ w221 1§

N
+ 20 [1 — an(y =9l lwn — TS () < D aDiz"
i=1

2

+O‘721 7Hun7ynH2-

N
VFEY# Y aiDiz"
&1
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That is,

2

lun = yall® < llzn = 2*1* = lns — 2*|* + o2

N
~vf(z*) — Z a;D;z*
i=1

+ 20, [1 = an(y = yp)l [|n — 27| - (3.15)

N
V(=) =3 aiDi
i=1

Next, we focus our analysis on the fact that the sequence {||z,, — z*||} is either
monotone decreasing at infinity(Case 1) or not(Case 2).
Casel. There exists ng € N such that the sequence {||@,, — 2*(|},,>n, is decreasing.
Case2. For any ny € N, there exists an integer m > 7 such that

lem — 27l < lwmpr =27
In Casel, we assume that there exists some integer m > 0 such that {||z,, — z*||}

is decreasing for all n > m.
In this case, we get lim ||z, — 2" exists. From (3.15) and condition (i), we deduce
n—o00

T}Ln;o lletn, — 'Un” =0, (3.16)

From (3.7) and condition (iv), we have

lyn — 2| <anvp llzn = 27| + an

N
VfY S aiDis
=0
+ (1 —an¥) lzn — 2" + 0A* (v, — Az,)]|
ke~ 2 # |y = S aDizt|

7

+ (1= and) |z — 25+ A" (v, = Azy)]| - (3:17)

Since {z,} is bounded, then there exists a constant M > 0 such that

. N
yolles= i+ i) =S aD |
sup - <
n A

M.

By using property of convex function of H||2 and (3.17), we have

Ny =27 | S @aVM? + (1 — ) on — 2 £34% (v, =Azg)|I” . (3.18)
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From (3.5), (3.6), (3.11) and (3.18), thus
*12
€1 = 2"
< Jlun = 2* |7
<llyn — ="
<M + (1 — ) [T — 2° + 64 (v, — Ax,)|?
<anTM? + (1=an?) (len =27+ (8 AP ~1) Jva—Azn|* =3 12— Aza)
= (1= ) llon = 2" I + (=0 6 (SIAN =1) |on — Az,
—6(1 = an®) |20 = Az, ||* + any M2,
Hence,
(1= 0 9) (L= 8JLAIR) o — Aol 4 5 (L =an) |z — Asy?
<@ =ani)lzn =27 = ot = 2" +on7M?
Hln =2 <lwnry = 2] + an 7M.

This implies that

lim (v, — Az, || = lim ||z, — Az,| = 0. (3.19)
n—o00 n—o9

Consider that
lvn = 2| = llvn = Azn o+ Az — 25|

< ln — Aznl| + llzn — Azal| .
Thus
lm ||, — 2| = 0. (3.20)
n—>o00
Note that
vy =2 =(1 = &n) 20 + EaSI((1 = 1) 20 + 0S8 20) — 20
=&n [S (=) T S) 2m = Zn] .
From (3.20), then
lim ||z, =S (L= nn) Z+1m,S5) 2] = 0. (3.21)
n—o00
Consider that
15 ((L=n0) Z +1nS) 20 — S (1 =1n) T+ nnS) Azy|
<L (L = nn) T+ 10S) 20 — (1 = 00) T + 0aS) Az |
=Ly |(1 =) (20 = Azp) + 15 (Szn = SAz) ||
SLl ((1 - nn) ”Zn A A:E”H 4+ Mszn . SAIHH)
S‘Cl ((1 i nn) Hzn - ATnH + nn‘cl Hzn — Ath)
=L (1=na(1 = L1)) |20 — Az |- (3.22)
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From (3.22), thus

[Azn — S (1 = nn) Z + 10 S) Aza|
SNAzn = znl + [lzn — S (1 = 1) Z +10S) 20|
+ IS (L =1)Z +0,S) 20, — S (1 = 1) T + 0, S) Az, ||
<Az —zn || + (20 =S (1 = 12) T+ 1) znll + L1 (1 = nn(1 = £1)) [l2n— Az -

(3.23)
From (3.19), (3.21) and (3.23), then we have
ILm |Azy = S (1 —m.) T + nns) Azy,||=0. (3.24)

Since

Az =S Az, ||
= |Azp, — S (1= 1) T+ n,S) Az + 5 (1 — 9n) T+ nnS) Az, — SAzy ||
< HAl’n =S (1 =m)Z +10S) Azp|| + IS (1 =7n) T +0nS) Az = SAz||
<Az =S (A = 00) T 4 n0S) Azp|l + L1]|((X = 90) T 4+ nnS) Az, — Az, ||
= ||Az, — S ((1 — ) Z +1pS) Az || + Lany || Az, — S Az, |-

S
S

It implies that

Az, —SAz,| < ‘17—‘16% Az, — S (1 =nn) L + 1, S) Az, || -

By (3.24), we obtain

lim Az, — SAz,| = 0. (3.25)
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Consider that

N
lyn — 2l = ||anyf(20) + (I — ZaiDi) (Tn — 6A* (Ay — vn)) — 2
i=1
N N
= an’Yf(l‘n) —0A” (Al‘n - Un) — Qn Z a;Divy, + 60‘n ZalDiA* (Axn - Un)
i=1 i=1
N N
= ||lan (vf(zn) - Z a; Dz + 6ZaiDz-A* (Az, — vn)> +0A" (v, — Azy,)
i=1 i=1
N
= ||, (fyf(zn) — Z a;D; (z, — 6A* (Az,, — v,,,))) + 0A* (v, — Azy,)
i=1
N
< G |1 (@n) =32 0D (5 = 6A* (A = )| 4 8 A= (5 — Az
i=1

N
<o |[7f (@) — Y aiDs (xn — A" (Azy — )|+ |A™]| [lvn ~ Az
i=1

N

= ay |7 f(zn) - Za'LDi (wn — 0A™ (Azn = v))|| + 6 |A] [lvn — An]].
1=

It follows from (3.19) and condition (i) that
lim ||z, — .| = 0. (3.26)
n—o0

From definition of {z,}, we have

[Zn+1 = Z*Hz =[I(1 = Ba)un + BT (1= ¥n) un + 1nTun) ~ Z*Hz
= [1(1 =Ba) (i — 254 B [T =) ug + aTi) =27
=(1= Bn) lun— Z*HQ + B 1T (X — vn) tn + WaTun) — Z*HZ
= Bu(1 = Ba) IT (L= ) tim + 9 Tin) = un* (327)

Applying proposition 2.13, we have

IT (@7 90) trn+ uT ) — 2*|°
< fun — Z*HQ +(L=m) [[un = T (1 —vn) un + ’y”Tu”)HQ z (3.28)
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From (3.6),(3.12), (3.18), (3.27) and (3.28), thus

[ns1 — 2 1% =(1 = Ba) 1 — 2°[I* + B 1T (1 = Y) th +vnTti) — 2|

= Ba(1 = Ba) IT (1 = ) tn + 1 Tn) — un®

<(1= Ba) llun = 211 + Balllun — 2*|I?
+ (1 =) [l = T (1 = ) tn + 3 Tun)|[*)
= Ba(1 = Ba) [T (1 = ) tn + ynTtin) — n®

= ltn — 2|2+ Ball=3m) [un — T (A = ¥n) i + ¥ Tn) ||
— Bal@=B) 1T (1= n) tin & Yo Tttn) — un|*

<llyn — 217 + Ba(1 = 70) lltn — T (1 =)t + v T,)|*
= Bn(1 = B IT (1= ) tn +7nTun) — ti|?

San"y]VIZ + (1 —any) ||ty —2" + A" (vi — Aacn)H2
+ B (L= 3) I — T UL = %) e+ T |12
= B = Ba) 1T (1 =) n + YTtn) =

=, M + (1 =any)|len — 25+ 0A" (v, — Azy,)
— Ba(m = o) 1t — T((1 = yn) tn + Tin)|*

<o TM? t|z, — 271
— Balvn = Ba) s — T (1 =) thy + Ttk |+

I

It implies that
B (=B sz =T (A W) e £ XA T)|1* S [om AP b=z P en & 27|
By condition (i) and (iii), we get
Um |lun = T ((1 = ) Un + v Tun)|| = 0. (3.29)
n—oQ
Observe that

[ty = Tun |l < [ttn =T ((1=n) tn + 90 Tun) | HNT (1 = Vo) Un + 90T un) — Tt |
Slun = L= ) tn+qnTun) [ +L2 (L= ¥n) i + Yo Tun — tnl|
— Hun — T((l .Y ’Yn) Un + ’YnTun)H ar £2’7n Ilun -l Tunll .

Thus,
1
lun = Tun |l < T lltn = T (L= vn) un + ynTun)]l -
n
This together with (3.29) implies that,

lim |ju,, — Tu,|| = 0. (3.30)

n—o0
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Next, we will show that

hmsup'yf(z ZaDz,yn— 2*) <0,

where z* = Pr(yf +Z — Zf\il a;D;)z*.
Choose a subsequence {y,,} of {y,} such that

N
lim sup(y f AP, —2 ) = hm aiDiz*, yn . (3.31
msup(yf(z )=)" aiDiz* yn—2*) = lim (f(z Z Yn,—2"). (3.31)

=1

Since the sequence {y,} is bounded, without loss of generality, we have a sub-
sequence {y,,} of {y,} such that y,, — z. Subsequently, we derive from above
conclusion that

‘/Z/‘ni e ‘27
Yoy = 2, (332)
Upr s 2

i

and

Az, — Az,
Ay, — Az, (3.33)
Aup, /= Az,

Note that u,, = Pcy,, € C and (3.32), thus z € C.

From demiclosedness of (Z — T') and (Z — T')u,,, — 0, then z € F(T).
Therefore, z € C N F(T).

Note that z,, = PyAz,, € @ and from (3.19) and (3.33), we have z,, — Az.
Thus, Az € Q.

From demiclosedness of (Z —5) and (Z — S)Axz,, — 0, then Az € F(S5).
Therefore, Az € QN F(S). Thatis z € T.

Consequently,
N N
limsup(yf(z*) = Za,iDiz*,yn —z*) = lim (yf(z*) — ZaiDiz*,ym = z")
" AV . g i— 00 =

N
- Z aiDiz*, e Z*>
i=1

<0. (3.34)
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Consider that
2
n — 2 — 6A* (Azy — v,)]|?

N
lyn = 2%1* < ||Z — an Y aiD;
=1

N
+ 2(04”'7 (f(zn) = f(27) +an (’)’f(Z*) - Z aiDiZ*> yYn — 2%)

2
2y — 2 — 6A" (Azy, — v,

N
7 — [67%) ZaiDi
A=T
N

20,7 (f (%)~ F ("), Yn—2") + 20 (TPR2) =D a:Diz", yn — 27)
=1

)]

< llaen = 2P + 2007 [Lf (@n) — FE M lgn — 2711

N
Z—an g a;D;
i=1

N
+ 2an<’7/.f(2*) | Z a’tDlZ*', Yn — Z*)

i=1

2! 112 * *
ST =an?)” lon = 27|7 + 20070 |20 — 27 Hlyn = 27|l
N
+ 2051 1(@) = Y @Dz o = 7)
=1
A *)(2 *(12 *(|12
R P e e S T )

N
+ 20y f(27) = Y aiDiz" Y — 27)

1=1

" 3 AT | B 2
= (1= ) lvp = 251"+ anyp |20 — 27 |5+ anyp [lyn = 27|
N
+ 20 (7 f(2¥) = ZalDiz*, Yn — 27).
i=1

Tt follow that

2
(L= anyp) lyn — ||
N
< (1 20,7 ¥ @277 ) |7 = 2*|1° 4 20 (HEE) — D> aiDiz" o — 27)
i=1
=1+ anyp—2007) 20 — Z*HZ + 0n®32 ||2n = Z*Hz
N
+ 200 (7 (") = Y aiDiz*ym — 2%

i=1
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=(1—anyp+ 20‘n’YP = 2an7) lzn — Z*”2 + O‘n2772 lzn — Z*HZ

+ 2a, ’Yf § a;D;2", yn — 2 >
then,
* 20, (Y — 7, * 72(177,2 ¥
o =21 < [1 = 20200 ey T g e
1 =vpay 1 —vpay,
2a =
n " . *
FTo (0 — Y auDia T

Therefore,

1 = =)

<lyn =27

20, (7 = 72 a,,?
N a2 R LYo
1 —vypan 1= 9ypay,
2a &
n * * *
T mﬁf(z )-;@Diz Un = 27)
2
2 [y 20aG=0p) fl2m = 222
1 =pan
200, (7 — 1p) '_Yzan
— |27 =2 +—— f(z a;Diz* yn —
1= vypom | 27— p) " =] Z v Y

(3.35)

Applying (3.34), (3.35) and Lemma 2.9, we obtain z,, — z* as n — co.
In Case2, we assume that there exists some integer 1 such that

lor, = 2°I < Iz e — 2711
Setting wy, = ||x, — 2*||, then
Waiy = Wrip41-
Define an integer sequence {r,} for all n > ng as follows:
7(n) =maz{l € N|nyg <1< n,w <wyq}
It is clear that 7, is a nondecreasing sequence satisfying

LS S
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and

Wr(p) < Wr(n)+1
for all n > ng.
By a similar argument of Case 1, that is

[~ 00 =
i [27(n) = ¥z | = 0,
Jim | SAz ) — A || = 0

and
i [ty = Tty || = 0.

n—00

This implies that w (Yr-()) C T.
We obtain

N
Hsap(7£G") — 3 “aiDiat 1 — 2 <0 (3.36)
From w, () < Wr(ny41 and (3.35), we have

2 2
Wr(n) SWr(ny41

-, ~2n2
= |:1 5 20‘7(71)(7 7 'Vp):| g(n) g ar(n) 2

= 1 1 W (n)
— VP (n) = YPCr(n)
20 (n) 2
T(N
————(vf(2") = E a;Diz* —2*). 3.37
L NP () < ( ) o il/g 7(n) > ( )

It implies that

w. 2

N
) < Ty AV (BN & D ety ey 2. 3.38
1l Q(W’*Wﬂ)*’Yzar(n)< EVIE)Y BT ©-39

i=1
Combining (3.36) and (3.38), we have
lim sup w, ¢,y < 0,
n—o0
and hence
nlglolo Wr(ny =0, (3.39)
From (3.39), implies that

lim w = U-

Applying Lemma 2.10 ,we have

MAT{Wr (ny; W} < Wr(n)41-
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It implies that
wy, < Wr(n)+1- (340)

Since wy, is nondecreasing sequence and n < 7(n),
Wy, < Wr(n)- (3.41)
From (3.40) and (3.41), we obtain
0 < wy < maw{u, (), Wy (a4}
Therefore, w,, — 0. That is, z,, — z*. This complete the proof. O
By using our main result, we obtain the following results in Hilbert spaces.

Corollary 3.2. Let Hy and Hy are two real Hilbert space, let C C Hy and Q C Ho
are two nonempty closed conver sets. Let A: Hy — Hy is a bounded linear operator
with its adjoint A*, D is strongly positive bounded linear operator on Hy with
coefficient v; > 0 and y = 1n§in N f:C — Hy is a p-contraction, S : Q — Q

is an Li-Lipschitzian quasi-pseudo-contractive operator with L, > 1, T :C — C
is an Lo-Lipschitzian quasi-pseudo-contractive operator with Lo > 1. Assume that

T # (0 and let {z,} be a sequences generated by o € Hy

Zn SIPQAL,,

vn = (1 =&) 20+ &S (1 = mn) 20 + M Szn)s

Yn = Y f(zn) + (Z — anD) (z, — 6A* (Az), — vy)), (3.42)
un = Poyn,

Tpt1 = (1 — ,Bn)un & ﬁnT ((1 N 'Yn) Uy + nyLTu’n) ) fO’l’ n = 17

The parameters {a,}, {Bn}s {vn}: {6n} and {n,} are real sequences in [0.1] , 6 and

v are two positive constants.

We use T to denote the set of solution of problem (1.3), that is,
L={z|zeCnET), Az € QN F(S)}.

Suppose that T'—Z and S — I are demiclosed at 0. Assume that the following

conditions are satisfied :

oo
(i) ”lgréo an =0 and Zmn He0,

n=1

(i) 0<a1 <& <bi<mu<er <

1
NIEWEES
1
iii) 0< ap < B, < by < <R T
() 2 < B 2 < Tn 2 \/1—+—£§+1

\
(iv) 0<d,v < W and y > vp,
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(v) 0<a, <D™

Then the sequence {xn} converge strongly to the unique fized point of the contrac-
tion mapping z = Pr (yf +Z — D) z.

Proof. Putting D = Dy = Dy = D3 = ... = Dy in Theorem 3.1, we get the desired
conclusions. O

Corollary 3.3. Let Hy and Hy are two real Hilbert space, let C C Hy and Q C Ho
are two nonempty closed conver sets. Let A : Hy — Hs is a bounded linear operator
with its adjoint A*, D; is strongly positive bounded linear operator on Hy with

is an L-Lipschitzian quasi-pseudo-contractive operator with £ > 1. Assume that
T # 0 and let {x,} be sequences generated by xo € Hy

zn = PpAay,

Un-= (1 - fn) Zn it éns ((1 = nn) Zn + nnszn) 3

ZTni1 = Po [a”’yf(aﬁn) + (I — ap vazl alDz) (xy —0A* (Az,, — 1)”))] ,form>1

(3.43)
The parameters {om }, {En} and {mn} are real sequences in [0,1] , 6 and v are two
positive constants.
We use T to denote the set of solution of problem (1.3), that is,
T={z|zecC, Az c QN F(S)}.

Suppose that S — T is demiclosed at 0. Assume that the following conditions are
satisfied :

oo
(i) nlglgo an =0 .and Zan E e

n=1
il

VEELeE

(i) 0<a1 <& <by <mp <1 <

1
(iif) 0 <d < W and ¥ > yp,
2 &
R
Al
(V) 0<ay <||Di||"" fori=1,2,..,N.

Then the sequence {x,} converge strongly to the unique fized point of the contrac-
tion mapping z = Pr ('yf +7— Zf\;l aiDi>.

Proof. Putting "= 7 in Theorem 3.1, we get the desired conclusions. O
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4 Application

Lemma 4.1. [10] Let C be a nonempty closed convex subset of a real Hilbert space
H and S : C — C be a self-mapping of C. If S is a k-strict pseudo-contractive
mapping, then S satisfies the Lipschitz condition

1+k

12 - Syl < o o —yll, Vo, eC.

By Lemma 4.1, applying 7, S are k,k-strict pseudo-contractive mappings, we
obtain this theorem.

Theorem 4.2. Let Hy and Hs are two real Hilbert space, let C C Hy and @ C Ho
are two nonempty closed convex sets. Let A : Hy — Hy is a bounded linear
operator with its adjoint A*, D; is strongly positive bounded linear operator on

Hy with coefficient v; > 0-and ¥ = P%in Yo f:C — Hy is a p-contraction,

S :Q — Q is a k-strict pseudo-contractive mapping, T : C — C is a k-strict
pseudo-contractive mapping. Assume that T' # 0 and let {z,} be a sequences
generated by xo € Hy

2y = PoAxy,,

Un = (L= &n) 2n + &nS (1= 1) 2n + 10 S2n),

vn = auf (2) + (T=an Ly aiDs) (@ = 64" (Azy = va)) (4.1)
Un = Poyn,

Znyl =)= Ba)un + BuT (=) un + T un),/ | for n>1,

The parameters {an},{Bn}: {1}, {&n} and {n,} are real sequences in [0,1] , 6 and

v are two positive constants.

We use I' to denote the set of solution of problem (1.3), that is,
T={x|zeCnFT),Az € QN F(S)}.

Suppose that T —Z and S — I are demiclosed at 0. Assume that the following

conditions are satisfied :

(i) nlgraloa” =0 and Zau =00,

n=1

(i) 0<dl <& <by I,y g==——L1—_4
(1) 0 < as < fBn <by <7<y < e

\
(iv) 0<d,v < W and y > vp,
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(V) 0<an < |Dy|| ™" fori=1,2,..,N.
Then the sequence {x,} converge strongly to the unique fized point of the contrac-
tion mapping z = Pr ('yf +Z- Zf\il aiDi>‘

Proof. By using Theorem 3.1 and Lemma 4.1, we obtain the conclusion. O

In 2009, Kangtunyakarn and Suantai([11]) introduced the S-mapping gener-
ated by a finite family of k-strictly pseudo contractive mappings and real numbers
as follows:

Definition 4.3. Let C' be a nonempty convex subset of real Banach space. Let
{T:}N, be a finite family of k;-strict pseudo contractions of C' into itself. For each
j=1,2,.,N,let aj = (af, o, od) € IXIXI, where I € [0,1] and o} +aj+a} = 1.
Define the mapping S : C' — C' as follows:

Uy=1,

Uy = atTiUo + a3Uo + a3,

Us = &3T3Uy + 03U, + 31,

Us (X%T;;UQ A agUz + le,

N-1 NC1 No1
Unyla =017 Tyaln-s+0y 7UNLY Hog T2,

S=Un= (X{VTNUN,l + aévUN,l + aévl.
This mapping is called S-mapping generated by T4, Ts, ..., Ty and a1, as, ..., aN.

Lemma 4.4. [11] Let C be a nonempty closed convex subset of a real Hilbert space.
Let {T;}N., be a finite family of k-strict pseudo contractions of O into C with
N, E(Ty) # 0 and & = maw{s, 11 =1,2,..,N} and let oy = (o], 0ad,0d) € I'x
IxI,j=1,2,...;N, wherel =10,1] .,a’l+aj2+aé =B a{, oz:]; € (k,1) forally =
1,2,..; N =1 and o¥ € (x,1],0 € [x,1) oz% € |k,1) forall j = 1,2,...,N. Let
S be the mapping generated by Ty, Ts,...., Ty and ai,02,...,an. Then F(S) =
ﬂfvzl F(T;) and S is a nonexpansive mapping.

Theorem 4.5. Let C and Q are nonempty closed convexr subset of real Hilbert
spaces. Let {T;}Y| be a finite family of k;-strict pseudo contractions of C' into C
with ﬂf\;l F(T;) # 0 and £ = maz{r; 1 i = 1, 27‘..,[\7} and let oy = (a{‘,ag,aé) €
IxIxI j=12.,N, where I =[0,1 o} +ob+a} =1, o, o} €
(/1) forall § =1,2,..,N =1 and ol € (k,1],a € [§,1) o} € [r,1) for all j =
1,2,..,N. Let. S be the S-mapping generated by T1,Ts,....,Tx and ag, s, ...,apN.
Let {T;}N.| be a finite family of ;-strict pseudo contractions of @ into Q with
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ﬂf;l F(T;) # 0 and & = maz{f; 1 i =1,2,..,N} and let B; = ( {,ﬁ%,ﬂé) el x
IxI, j=1,2,...N, where I = [0,1] ,8+8+8) =1, 8, 8] € (&,1) for all j =
1,2,..,N =1 and Y € (1], 8 € [r,1) B € [, 1) forall j = 1,2,...,N. Let S
be the S-mapping generated by 11,15, ....,Tx and By, P2, ...,0n. Let A: Hy — Hy
is a bounded linear operator with its adjoint A*, D; is strongly positive bounded

linear operator on Hy with coefficient ~; > 0 and 7 = _ﬂn%in N f:C — H

s a p-contraction. Assume that T' # () and let {z,} be a sequences generated by
xo € Hy

zn = PoAx,,

Vn = (1 =&n) 2ot £n§ ((1 — M) Zn + 77n5'2n) 5

Y =y F(@n) + (I —a XN, aiDi) (xn — SA* (ATw= o)), (4.2)
Up = Pcyn,

Tny1 = (1= Bn)tun+ BnS (1 = Yn) Un + ¥uSun),  for n>1,

The parameters {an}, {Bn}, {n}: {&n} and {n,} are real sequences in [0,1] , § and

v are two positive constants.

We use T to denote the set of solution of problem (1.3), that is,
T={z|z€CNN F(T), Az € Q Ny F(T))}-

Suppose that S — T and S — I are demiclosed at 0. Assume that the following

conditions are satisfied :

foc}
(i) nlgralcan =0 and Zlan =09,
b

1
V21

(1) 0<ar <& <by<ny,<er <

(iii) 0<ag < By <by <y, <cy<

1
V2417

bl
(iv) 0<d,7 < W and y > yp,

(V) 0<an<|Di]| " fori=1,2,...N.
Then the sequence {x,} converge strongly to the unique fized point of the contrac-
tion mapping z = Pr (”yf +7- Zf\il aiDz)‘

Proof. By using Theorem 3.1 and Lemma 4.4, we obtain the conclusion. O
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Strong Convergence Theorem for the Split Equality
Fixed Point Problem for Quasi-nonexpansive
Mapping and Application

S. Premjitpraphan, A. Kangtunyakarn

Abstract—Motivated by the work of Zhao [9], [10], [11] and
by reducing some of his conditions, we consider a split equality
fixed point problem for quasi-nonexpansive mappings which
includes split feasibility problem, split equality problem, split
fixed point problem, etc. The strong convergence theorem of
the proposed iterative scheme could be obtained, under some
control conditions. Furthermore, we use S-mapping applied
to our main result to prove strong convergence theorems.

Index Terms—Split equality fixed point problem, Split
equality problem, Split feasibility problem, Fixed Point prob-
lem, Quasi-nonexpansive mapping.

I. Introduction

et C' and @ be the non-empty closed convex subsets
L of the Hilbert spaces Hy and H, respectively, and
A : Hy — Hs be a bounded linear operator. The split
feasibility problem (SFP) is formulated as finding a point
z* with the property

z*eC-—and " JAz" € Q. (1)

The SFP in finite-dimensional spaces was firstly
introduced by Censor and Elfving [1] for modeling inverse
problems which arise from phase retrievals and medical
image reconstruction [6]. The SFP has drawn attention
from many researchers due to its applications in many
branches of engineering and medical sciences. Many
iterative algorithms have been suggested, ([7], [8], [12],
[16], etc).

Assuming that SFP (1) is consistent (that is, (1)
has a solution), it is easy to see that z* € C'is a solution
of (1) if and only if it solves the following fixed point
equation

%= Po(l — AT~ Po))a*, (2)

where Po and Pg are the metric projections from Hy
onto C' and from Hj onto () respectively, v is a positive
constant and A* denotes by adjoint of A.

The popular algorithm used in approximating the
solution of the SFP (1) is the CQ-algorithm, which was
firstly proposed by Byrne [6]:

Tni1 = Po(l =AY (I - Pq))an, ®3)

Manuscript received November 23, 2018; revised February 28,
2019. This work was supported Research and Innovation Services
of King Mongkut’s Institute of Tecnology Ladkrabang.

S. Premjitpraphan is with Department of Mathematics, Faculty
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A. Kangtunyakarn is with Department of Mathematics, Faculty
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for all n € N, where v € (0, %) with A\ being the spectral
radius of the operator A*A.

Recently, Moudafi [8] introduced the following split
equality feasibility problem (SEFP) to find z* and y*
with the property

*eCy €@ st. Az* = By", (4)

where Hi, Ho and Hjs be real Hilbert spaces. C' C Hy,
) C Hy be two non-empty closed convex sets, A: H; —
Hj3, B: Hy — Hj are two bounded linear operators.
It is easy to see that the problem (4) could be reduced
to the problem (1) where Hy = Hy and B =1 (I be the
identity mappings on Hy — Ha).

In order to solve SEFP (4), Moudafi [8] introduced
the following simultaneous iterative method:

Tn+1 = Pc(l"n Y, ’YA* (Axn -1 Byn))v
Ynt1 = Po(yn + BB* (ATni1 — Byn)),

Under suitable conditions, he proved the weak conver-
gence of sequence {(z,, yn)} to asolution of (4) in Hilbert
spaces.

Zhao [9] introduced the following algorithm for
solving problem (4):

Vn > 0.

Un)= T, — YnA* (AZ4 — Byn),

Tnt1 = Bpun + (1 = Bn)Sun,

Wy, = Yn + ¥ B* (Az, — Byy),

Yn+1 = BpWy + (1 = By) Twy,, Yn >0,

where A : Hy — Hs and B : Hy — Hj3 are two
bounded linear operators. Let S : H; — H; and
T : Hy — Hy be quasi-nonexpansive mappings, A*
and B* are the adjoints of A and B respectively,
{ym} € (e 2|| Az, —By,||® —¢) (for ¢
Tn A7 (Az, =By, ) [*+[B* (Az,, —By,)[?
small enough). Under some conditions, the authors
obtained the sequence {(z,,y,)} converged weakly to
(z*,y") in (4).

Dong and He [10] introduced following projection
algorithm for SEFP (4) where the stepsizes do not
depend on the operator norms ||A|| and ||B|| :

Up = Tp — 'ynA* (Axn - Byn) 3
Tn+l = PCuru
Wy, = Yn + ’YnB* (Amn - Byn) 5
Yn4+1 = Pme Vn > 0.
Subsequently, Moudafi [7] introduced the following
split equality fixed point problem (SEFPP); let U : H; —
Hy, and T : Hy — Hs be non-linear operators such that

(Advance online publication: 12 August 2019)
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F({U) #0 and F(T) # 0, where F(U) and F(T) denote
the sets of fixed point of U and T respectively. In (4),
if ¢ := F(U) and Q := F(T), then SEFP (4) could
be reduced to the SEFPP, to find z* and y* with the
property

z* € F(U),y* € F(T) Az* =DBy",  (5)

where A : Hy — H3 and B : Hy — Hj3 are two bounded
linear operators, which allows asymmetric and partial
relations between x and y. This can further be used to
cover many situations, such as decomposition methods
for PDEs, applications in the game theory, in intensity-
modulated radiation therapy(see [17]).

Very recently, Che and Li [11] proposed the following
iterative algorithm for finding a solution of SEFPP (5):

s.t.

Up = Tp — rYnA* (AfI?” - Byn) )
Tnt+1 = ﬁnl‘n + (1 - /B’VL)TU’IH
Un = Yn + T B” (Azn = Byn) s
Ynt1 = Buyn+ (1 — Br) Swa,
and under suitable conditions, they also established the
weak convergence of the scheme (6).
In this work, we established the following iterative

algorithm to solve the split equality fixed point problem
(SEFPP),

(6)
Vn >0,

Up = Tn — 'YnA* (Am'n = Byn) )

Tpt1 = anu+ (1= an) Po, (I = AL = T1)) tn,

Up = Yn + 1 B* (Az, — By,),

Yn+1 = QU + (1 7, (Yn) PC2 (1 T /\?L(I Y TQ)) Un,
where Ty : Cy — Cy, Ty : Co — Cy are two quasi-
nonexpansive mappings. Under suitable conditions, we
proved strong convergence theorems of the iterative

scheme (10) to a solution of the split equality fixed point
problem (5) in the real Hilbert spaces.

II. Preliminaries

Throughout this paper, we always assume that H be
a real Hilbert space with the inner product (-,-) and the
norm ||-||. Let C' be a non-empty closed convex subset
of H. Recall that a mapping 7" of C into itself is called
quasi-nonexpansive if

1Tz =y < llz — "I,

for all z € C and y* € F(T). The set of all elements of
fixed point of a mapping T" is denoted by F(T) = {a: S
C : Tx = x}. Goebel and Kirk [5] showed that F(T) is
closed and convex. For A € [0, 1],

2 2 2 2
Az + (1= Nyll™ = AzlI"+(1=2) [ylI"=A1=A) |z - y]|
and

2 2 2
Iz +yll” = ll=l” +2 (=, y) + llyll
for all z,y € H. Let Pc be the metric projection of H
onto C i.e.for x € H, Pox satisfies the property
— Pez| = mi -9
lz — Pox|| = minlz — yl|

Remark 2.1: It is well-known that metric projection
P¢ has the following properties:

1) P is firmly nonexpansive, i.e.,
|Pox — Poy|* < (Pox — Poy,x —y), Va,y € H.
2) For each z € H,
z=Po(z) & {(xr—22—y)>0, VyeC.
Lemma 2.2: [4] Let H be a real Hilbert space. Then
Iz +yll* < > + 2(y,z +y), Va,y € H.

Lemma 2.3: [2] Let {Q,} C [0,+o0],{v,} C [0,1]
and {n,} be three real number sequences. Suppose
that {Q,},{v.} and {n,} satisfy the following three
conditions:

(1) QogH»l < (1 - 'Un) Qn + MnVn,

(ii) Z Up = 00,
n=1

oo
(ili) limsupn, <0 or Z [ vn| < oo.
n—oo n=1

Then, lim 9, =0.

—00
Lemma 2.4: [4] Let H be a real Hilbert space, let C
be a non-empty closed convex subset of H and let A be
a mapping of C into H. Let u € C. Then for A > 0,

u=Po(I-M)usueVI(C A,

where Pg is the metric projection of H onto C.

Lemma 2.5: Let C' be a non-empty closed convex
subset of a real Hilbert space H and let T : C — C
be a quasi-nonexpansive mapping with F (T') # (). Then
VI(C,I-T)=F(T).

Proof: It is easy to see that F'(T) CVI(C,I-T).

Let we VI(C,I —T), then we have

(v—u,(I=T)u) >0, YveC.
Let v* € F (T), then we have
|2 2
1Tu =" < lu —o*||". ®)
On the other hand

(7)

ITu - o"|*
=|I(u - v*) = (I =T)ul?
= [lu =" * = 20w = v*, (I = T)w) + (I = T)ul®. (9)
From (8) and (9), we have
I — 0¥ =2{u—v*, (I = T) w)+|(I = T) ul|* < flu—v*|*.
From (7), we have
I =T)ull® < 2(u— v, (I = T) w).

It follows that v* € F (T). Hence VI (C,I1 —T) C F(T).
u
Remark 2.6: From Lemma 2.4 and 2.5, we have

FT)=VI(C,I-T)=F(Pc(I-X(I-T)),
for all A > 0.

Lemma 2.7: [3] Let {t,} be a sequence of real numbers
such that there exists a subsequence {n;} of {n} such
that ¢,, < t,,4+1 for all ¢ € N. Then there exists a nonde-
creasing sequence {7(n)} C N such that 7(n) — oo and

(Advance online publication: 12 August 2019)
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the following properties are satisfied by all (sufficiently
large) numbers n € N;

trn) Strm)+1 stn S trn)+1-

In fact
7(n) = max{k <n:tp <tpy1}

III. Main result

Theorem 3.1: For every i = 1,2,3, let H; be a real
Hilbert space and let C';, Cy be non-empty closed convex
subset of Hy and Hs, respectively. Let T; : C; — C;
be quasi-nonexpansive mapping for all ¢ = 1,2 and let
A:Hy — Hs, B: Hy — Hg be bounded linear operator
with adjoints A* and B*, respectively. Suppose that 2 =
{(z,y) € C1 x Cy | @ € F(Th),y € F(T2) and Az =
By} is a non-empty set and let {z,}, {y,} be sequences
generated by u,z, € Cy;v,y; € Cy and

Up = Tn — "/nA* (A"En - Byn) ’
Tt = anu+ (1 — an) Po, (I—ALI = T1)) un,
VU = YntynB* (Al’n 1 Byn) 5
Ynt1 = v+ (L= ap) Po, (I = X2(1 = T3)) v,

(10)
for all n > 1 ,where {a,} C [0,1] with JLIIC)IO&" =
0,50 an, = oo and > oo Ay < oo and A, € (0,1)
for all i = 1,2 and v, € (a,b) C (e, ﬁ —e) for all
n € N and A4, Ap are spectral radius of A*A, B*B
respectively, € is a small enough. Then the sequence
{(@p,yn)} converge strongly to (z*,y*) € £, where
z* = Pp(ryu and y* = Pr(r,)v.

Proof: Let (z*,y*) € Q, then z* € F(T1), y* €
F(T5) and Az* = By*. From Lemma 2.5, we have

|Atz)2< 2 < x' =2, Ale >,

(11)
where A = I — T} and for all z € ;. Similarly, we have

[A%]]> <2<y —y*, 4% >, (12)

where A2 =T — T, and for all y € Cs.
Since z* € F(Th),y* € F(T») and Azx* = By*.
By Remark 2.6, we have z* € I (Pc1 (I . /\}LAl)) and
y* € F (Pg, (I —A2A%)).
Since Pg, is a nonexpansive mapping, we have
| Pc, (I —XAY) 2 —a*|?
=|Pc, (I = ALAY) z — Po, (I — ALAY) z*|?
<z —z* = AL(A'z — Ala®))?
<z —z* = ALAlz)?
=l = 2*|* + ()| A'z]|* — 2A (x — z*, Alz)
<llz = a** + (AR)2(1A )2 = AL Alel?
=l — 2| = (W) (1 = A4z

<llz - z*|?,
for all z € (. Similarly, we obtain

|1Po, (I = M2A%) y =y | < [ly — y*|I?,

for all y € Cs.
From definition of {u,}, we have
l[un — 2% = ||z — 2* — mA* (Azn — Byn) |12
= [lzn = @"|* + 72l A" (Azn — Byn) |I”

- 2’7n<xn - 1‘*, A* (Axn - Byn)) (13)
Consider that
|A* (Az, — Byn) H2
=(A* (Az,, — Byn), A" (Az,, — Byy))
=(Axy,, — Byn, AA* (Az, — Byn))
S)\A‘|AJ"7L - BynHZ (14)

and

— 2{x, —z*, A* (Az, — By,))
== 2<A‘Tn I A‘T*7Axn - Byn>
=~ Az, — Az*|? = || Azn — Byn|® + || Az — Byn|>.
(15)
Substitute (14) and (15) into (13), we have

ffeen — 2" |I?
SHTn X x*HZ + '772L)‘AHAITL Y BynH2 - ’YnHAmn - Am*HZ
1 ’YnHAxn - BynHZ + 'Yn”Am* - Byn\|2
=[len =&} — (1 — Xavn)l| Azn — Byn
— Yl Azn — AI*HZ + Yo || Az — BynH2~

I?
(16)

By using the same method as (16), we have

v — y*H2 <llyn — ?/*HQ = Yn(1 = Apyn) | Az, — BynH2
=9nlByn = BYII” + 1ull By* — Aznll®.
(17)

From (16) and (17), we have

lun — 2% + [[on — y*]2
e = 2% +llgm = y*1? = 12 (1 = Aava) | Azn — Bynll®
- 'Yn(l N )\B’Yn)”Afl'n - BynHZ
— YallAT, = Ax*”Q + T llAz* — Byn”2
=l Byn = By*|* + 1l By" — Az
=llen — a1 + llyn — y*II?

= Tn (2_’Yn (/\A+)\B)) HATn_BynHQ (18)

From the definition of {x, }, we have

[€ns1 — ¥
=|lanu + (1 — an) Pe, (I — )\}L(I — Tl)) Uy — z*HZ
<anllu—2**+ (1 = an)||Pe, (I = AL(I = T1)) up — 2*||
<aplu— 2P + (1 = an) Jun — 2", (19)

By using the same method as (19), we have

lyns1 =y [I* < anllo = g*[1* + (1 = an) on — 9|
(20)
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From (18), (19) and (20), we have

e R S
<amllu—2*|* + (1 - an)un — "2

+anfo =y 12 + (1 = an)llvn — y*|I?
= (|lu—2* |1 + llo = y*|I*)

+ (1 = an)(llun = 2*|* + llva — y*)1?)
<an(llu—2*|1 + llo = y*|I*)

+ (1= an)(llzn — %1% + llyn — y*I1?

= Yn (2 =V (Aa + A)) [[Azp — BynHQ)
<en(flu—z*|* + llv - y*[1?)

+ (1= an)(lzn — 212 + llyn = 4"I1?)

(21)

<max{flu— 2*|* + o= g* | llwr = 21 + llyr =517}

From mathematical induction, we have {z,} and {y,}
are bounded. Furthermore, {u,} and {v,} are bounded.
From (21), we have

Yn(1 = an) (2 =9n (Aa +AB)) |Azy — Byn“2
<an(llu — &)1 A= y*II*) H Cn = Crr, - 1 1(22)
where C,, = ||zn — %% 4+ ||lyn — y*||?, for all z* € F(T1)
, y* € F(T>) and n € N.

From (22), we separate the proof into two cases.
Casel. Suppose that Cp,1q1 < C, for all n > ng (for ng
large enough). Since the sequence {C,,} is bounded, we
get lim C),, = ¢, for some ¢ € R.

—00

n
From (22) and properties of v,, and «,,, we obtain

nll_)n(lo |Az,, — By, || = 0. (23)
From the definition of {u,} and {v,}, we have
lun = zn|l = Yl A" (Az, — By,) || (24)
and
llon = ynll = 1l|B* (Awp — Bya) || (25)
From (23), (24) and (25), we have
Jim flup — || = Tim o, —ynl| = 0. (26)

By using properties of Pg,, we have

1Po, (T = AL — T)) trmar 2
< (= AT =) — (I = AL(I — )
=[lun — 2" - /\iL(I = T1)(un — I*)Hz
=||upn — z*)|? = 22 (up, — 2%, (I — T)uy,)
+ (A2 = Ta)unl?
Sllun =& = A (1= AU = Ta)un*. (27)

By using the same method as (27), we have

I1Pe, (1= A0 = T2)) v — "2

Sllon = [ = X1 = M)A — T2)va|*. (28)

From (18), (27) and (28), we have

Pey (I—AL(I—T1)) un — 2¥||?

+ P, (I = Xo(I = Ty)) vn — y*|I?
lun = &*[1% + llon — y*|1?

= AL = 2N = T1)un?

= A=A = To)valf?
Slzn =212 + lyn — y*I1?

— Y (2= (Aa + AB)) |[Azp — By"H2

= A=A = Ty)unl?

= A1 =) = To)va|%. (29)
From the definition of {z,} and {y,}, we have
[€as1 = 2* 1 + llyn+1 = "1
< apllu —a*|?
als (1 o a")HPCI (I - )\Vll(] - Tl)) Un — aj*Hz
+ (1 — a)|Pe, (I = X1 — T2)) va — y*|1?
+ anllo=y"|?
= an(llu ="l + - y*11?)
+ (1= an)([[Poy (L= A (I = T1)) un — 2|2
+ 1P, (I =X (I = Ty)) v — v*|1%)
< ap(flu=a*? + llv - y*[I”)
H(1 = on)(llzm=2"|P” # llyn — y*II”
1 fa (2 —Tn (/\A T /\B)) ”Axn - Byn”z
= A (1= 2 = Ty)u|?
=X (L= AL~ To)vnll?). (30)
It implies that
(1 - ”n)o"}z(l - )\’IIL)H(I - Tl)'”’nH2
+ A0 (1= M) = To)vall?)
SCTL—C"+1+(1”(HU—I*H2+Hl)—y*Hz). (31)
From (31) and lim C, = ¢, we have
n—o00
Tim (1= Tounll = Tim (7= To)oull 0. (32)
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By using properties of P¢,, we have

1P, (I = Ah(I = T1)) un — 2|2
<{I =AU =T))up — (I = A = Ty)) 2
JPo, (I =AM = T1)) un — 27)
. %(H (I =N (I =T0))up — (I = AL = Ty)) 2|2
+1Pe, (I = A = Th)) up — ¥
(I = AL = T0)) un — (I = AL = T1)) «*
= Po, (I—=ANI = T))un + 2°|%)
< 5 (hn = "I + 1 Poy (T = AT = T1)) un — 2°?
= |lun = P, (I = AT = Th))un
= A = Tun= (IL=T1)z")|)
= & (w2 1P, (7= AL < T)) 21
— |luwn =Po, (I - AT =T0))ual
= (81U = Ty — (I = Ti)a* |2
2L (=P (1= M (I 2T0) Fun,
, (I = Lm0 (T— R3S B

From (33), we have

|[Po, (I = AL (I —T1)) un —2*|?

4 ||un )z M=ty Fa, A% (FOTH) ualR
— ORI = Tayun — (I = Ty)a 2
+ 2A 0 Jun — Pey (I = AL = Th)) |
N = T un = (L = Ty)z"|. (34)

Similarly, we have

IPe, (I = X2(I ~ 1)) v — 9|12
<o — ¥ 12 = v — Poy (I= A2 = T2)) vall?
~ (2)°) ~ To)vn ~ (= Ta)y* I
+2)2[[vy, — Po, (I = A2(I = Ta))vn|
A= Boyon = (I - Toy'l (35)

From the definition of {z,,}, {yn}, (34) and (35), we have

lZn+1 = 212 + [lyn+r — y*I12
< an(flu—2** + lv - y*|1?)
+ 1 —an) (1P, (I =2 —T1)) up — z*|?
+ |Pe, (I =X2(I = T2)) vn — y*[|?)
< an(llu =212 + llv = 4*I1”) + llzn — 2|1 + lyn — v*|?
- (1 - an)(HUn - P, (I - )\711,([ - Tl)) un“2
+ llon = Po, (I = X5(I = T2)) val|?)
+ 2 [lun = Poy (I = A (1 = T1)) ual|
I =T )un — (I = T1)a”||
+2X2 |l = Po, (I = Ao(I = Ta)) vall

N = Te)vn = (I = T2)y7|-

It implies that

(1 — ) (JJun — Pey, (I —An(I —T1)) un?

+ [lvn = Pe, (I - )\’?L(I -Ty) vnuz)

< an(flu— 2P + o — y*|?
+ 20 llun = Poy (I = A,(1 = T)) ual|
A = T)un — (I =To)z™||
+ 2X2|Jvn, — Poy (I = A2(1 = T»)) vyl
I = T2)vn — (I = T2)y||
+Cs— Crya.

—_

From (32) and lim C,, = ¢, we have
n— oo

lim [|[Pe, (I =M1 —T1)) un — uy| (36)
n—oo
= lim |Pc, (I-X(I-Ts))v, —val=0. (37)
From (26) and (36), we obtain
nlgI;o HPC1 (I A >‘71L(I - Tl)) Un — -’I"nH (38)
= lim ||Pg, (I—X2(I-T))vn—yal =0. (39
Since
Tn4+1 — Tn

= (u - .rn) F(1—ay) (Pc1 (I = AL(I— Tl)) Uy — zn),

Yn+1 — Yn

F @ (v — yn) +(1 —an) (P(;2 (I — X2 — T2)) vn — yn),
and (38), we get

(40)

lim [|@p11 —2pll = Hm |lyns1 — yall = 0.
r=res 77— 00

Since W, (r,) and W, (y,) are non-empty sets, then
there exists & € C1,7 € Cy such that & € W, (z,) and
€ Wiy (yn).
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We may assume, there exists subsequences {z,,},
{yn, } of {zn}, {yn} such that

Tp, =2 as k— oo.

(41)

and

Yn, — U as k— oo. (42)

Next, we will show that (Z,7) € Q.

From (26), (41) and (42), we obtain u,, — &
and v, — 7y as k— oo.

Assume that & ¢ F(Ty).

Since F(Ty) = F(Pc, (I = A, (I —Ty))), we have
& # Pg, (I =X}, (I—T1))&. From Opial’s condition,
lim )\71% =0 and condition i), we have

lim inf ||u,, — ||
k—o0
< lim inf ton, = Pey (I — A (I=Th)) 2|
< tiing ([lum, — Py (T =M, (T~ T1)) ]
+[Pe, (I =N (I=T1)) un,
= Po, (=, (= 1) 21)
< timin (s, = Pe, (L =Ab (7 = T3) tn, |
+ g, =&+ A, I = Tr)un, — (I = Ty)2|)
= lim inf |ju,, — &|.
k—o0
This is a contradiction. Thus & € F(T7).
From v,,, — ¢ as k — oo and using the same method as
& € F(Ty), we have § € F(T»).

Since Az — By € Wy, (Az, — By,) and weakly lower
semi-continuous of norm, we get

142 = Bj|| < liminf | Az, ~ By, || = 0.
— 00

Then Az = By. Hence (Z,7) € Q.
Consider that

limsup(u — @*, z,, — *)
n—>00

where z* = Pp(r,yu and

lim sup(v B yA*a Yn — yA*>

n—00

= limsup(v o Zj*a Ynp — ,J*)
k—o0

= < -y, ,7] - y*>

S 07

where y* = Pp(r,)v.

Next, we show that a sequence {(zn,yn)} converges
strongly to (z*,y*) € Q , where z* = Pp(ryu and
y* = PF(T2)’U.

From the definitions of {z,} and {y,}, we have
Hanrl_mA*Hz < (1_an)”In_xA*H2+2an<“_i*’xn+1_a;*>

and

Hy'rL+1 _:UA*HZ < (1_07L)‘|?JWL_§;*‘|2+2a7b<v_g*7 Yn+1 _yA*>‘

Then
l#nt1 — 2% + llynta — v*II
< (1 = an)(|len — 2 + yn — v*II%)
+ 20, ((u — 2%, Ty — ) + (U — ¥*, Yns1 — ¥*)),

or

Cn+1 < (1 - an)cn iy 20‘719717 (43)
where  gn = (U — T, Tpi1 — T*) + (U — Y*, Ynt1 — ),
for all n € N.

From Lemma 2.3, thus

lim C, = lim (o — 2** + [lyn — y*[|*) =0.
n— oo n— oo

Therefore (z,,,%,) converges strongly to (z*,y*).

Since Ax* — By* € W, (Ax, — By,) and weakly lower

semi-continuous of norm, we get

|Az* — By*|| < liminf ||Az,, — Byn,| = 0.
k—oo

Then Az* = By*. Hence (z*,y*) € Q.

Case2. Suppose that (), is not monotone sequence, then
there exists an integer ng such that Cp,, < Cpy+1.
Define the integer sequence 7(n) for all n > ng as follows,

7(n)=max{k <n:Cf < Cry1}.

It is clear that 7(n) is a nondecreasing with
lim 7(n) = co and Cr(n) < Cr(n)41-
n—o0

From (43), we have
Ortayt1 < (1 = ar(2))Crn) + 207(n) 0r(n)-
From Lemma 2.3, thus

lim CT(.,L) = 0.

n—as
Applying (40), we have
lim Cr(n)+l =0
n—roo

By Lemma (2.7), we have
T < maX{Cm CT(TL)} < CT("H'l'

From above inequality and lim C7(,);1 = 0, we obtain
n— o0

lim (H‘Tn e '7;*H2 § Hyn - ?j*HZ) = lim Cﬂ =0.
n—00 n—o00
That implies {(z,,yn)} converges strongly to (z*,y*).
By using the same methods as case 1, we have
(J:A*A,yA*) € Q, where z* = Ppr,yu and y* = Pr(1,)v.
This is complete the proof. [ |
Corollary 3.2: For every ¢« = 1,2,3, let H; be a real
Hilbert space and let C, Cy be non-empty closed convex
subset of H;, and Hs, respectively. Let T; : C; — C;
be quasi-nonexpansive mapping for all ¢ = 1,2 and let
A: Hy — Hj be bounded linear operator with adjoints
A*, respectively. Suppose that Q = {(z,y) € C; x Cs :
z € F(Th),y € F(Ty) and Az = y} is a non-empty set
and let {z,}, {yn} be sequences generated by u,z; €
C1;v,y; € Cy and

Uy = Ty — Y A* (Axn = yn) s
Tp+1 = apu+ (1 — an) Po, (I - - Tl)) Un,
U, = (1 - 'yn)yn + ’Y'n,AI’er

Ynt+1 = @nv + (1 — a) Po, (I - A2(I - TQ)) Un,
(44)
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for all n > 1 where {a,} C [0,1] with lim @, =
K n—00
0,5 jan = 00 and Y oo Ay < oo and N, € (0,1)
for all ¢ = 1,2 and v, € (a,b) C (5,% —e) for all
n € N and A4 be spectral radius of A*A, ¢ is a small
enough. Then the sequence {(z,,y,)} converge strongly
to (z*,y*) € Q, where 2* = Pp(pyu and y* = Pp(p,)v.
Proof: By using Theorem 3.1 and taking B = I, we
obtain the conclusion. ]

IV. Application
A mapping 7' : C' — C' is called nonspreading if

2Tz — Ty|* < | Tz — y|* + 1Ty — 2||>, Vz,y € C.

Such mapping is defined by Kohsaka and Takahashi [13].
The following lemma will be used to prove in the
application.

Lemma 4.1: [13] Let H be a Hilbert space, let C' be
a non-empty closed convex subset of H, and let S be
a nonspreading mapping of C into itself. Then F(S) is
closed and convex.

In 2009, Kangtunyakarn and Suantai [14] intro-
duced the S-mapping generated by T,75, T3, ..., T and
A1, A2, ..., An as follows.

Definition 4.1: Let C' be a non-empty convex subset
of a real Banach space. Let {T;}Y, be a finite family
of (nonexpansive) mappings of C' into itself. For each
Jj=12.,N, let a; = (0,0, a}) € I x I x I, where
I € [0,1] and af + a} + o = 1. Define the mapping
S:C — C as follows;

U =14,

Uy s (X%TlU() + (X%Uo + (X:lg],
Uy = &3ToU; + o2U; + 21,
Uz = a:fT?,Ug + agUg + agl,

N-1 N-1 N-1
Un_i = TNflUN,2+C\(2 UN,2+013 IF

S=UN:(X{VTNUN—I"F(XQ/UN—l‘F&g]].

This mapping is called an S-mapping generated by
T1,Ts,...;Tn and a1, s, ..., aN.

Lemma 4.2: [15] Let C be a non-empty closed convex
subset of a real Hilbert space. Let {7;}YY, be a finite
family of nonspreading mappings of C' into C' with
NN, F(Ty) # 0, and let a; = (0,05, a3) € I x I x1,
j=1,2,...,N,where I = [0,1],0f+ad+od =1, of, o} €
(0,1) forall j = 1,2,..,N =1 and o} € (0,1],0d €
[0,1) o € [0,1) forall j = 1,2,..,N. Let S be the
mapping generated by 14,75, ..., Ty and a1, as,...,aN.
Then F(S) = ﬂf\; L F(T;) and S is a quasi-nonexpansive
mapping.

By using these results, we obtain the following theo-
rem.

Theorem 4.3: For every i = 1,2,3, let H; be a real
Hilbert space and let C, Cy be non-empty closed convex
subset of H, and Hy, respectively. Let {T;}X, be a finite
family of nonspreading mappings of C; into C; with

N F(T;) # 0, and let o = (af,0f,ad) € I x I x I,
j = 1,2,.,N, where I = [0,1] ,aof +a} + o} =
1, o), a} € (0,1) forall j =1,2,..,N —1 and of¥ €
0,1, € [0,1) o} € [0,1) forall j = 1,2,...,N.
Let S be the mapping generated by T4,Ts,...,Tn and
a1, aa, ..., an. Let {Tl}f\il be a finite family of non-
spreading mappings of Cy into Co with ﬂfil F(T;) # 0,
and let 8; = (B1,03,03) € I xIx1I, j=12,..,N,
where I = [0,1] 81+ + 8 = 1, B, Bl e
(0,1) for all j = 1,2,...,N — 1 and B € (0,1],8) €
[0,1) ,3% € [0,1) forall j = 1,2,..,N. Let S be the
mapping generated by Ty, T, ..., T and Bi, B2, ..., BN-
Let A: Hy — Hs, B: Hy — Hs be bounded linear oper-
ator with adjoints A* and B*, respectively. Sup%ose that
Q= {(z,9) € C1 x C2 s @ € L, F(T1),y € i, F(T)
and Az = By} is a non-empty set and let {z,,}, {yn} be
sequences generated by u,z; € Cp;v,y; € Cy and

Up = Ty = YnA* (Az, — Byn),

Tnt1 = apu =+ (1 — ay) Pe, (] — AL (I - S)) Up,

Un = Yn + 7rLB* (Axn - Byn) 5

Ynt1 = v + (1 = ) Po, (I - )‘i(I - S)) Uns

(45)

for all n > 1 where {a,} C [0,1] with nlLIIolo o, =
0,57 ap = 0o and > o2 A, < oo and A, € (0,1)
for all 7 = 1,2 and v, € (a,b) C (¢, ﬁ — e) for all
n € N and A\, Ap are spectral radius of A*A, B*B
respectively, € is a small enough. Then the sequence
{(zn,yn)} converge strongly to (z*,y*) € , where
* = Pp(syu and y* = Ppg)v.

Proof: By using Theorem 3.1 and 4.2, we obtain the
conclusion. ]

Moreover, if we put F(T)) = C; and F(Ty) = Cs
in Theorem 3.1, we obtain the SEFPP reduced to the
SEFP.

Theorem 4.4: For every ¢ = 1,2,3, let H; be a real
Hilbert space and let (', C5 be non-empty closed convex
subset of Hy; and Hs, respectively. Let T; : C; — C;
be quasi-nonexpansive mapping for all ¢ = 1,2 and let
A:Hy — Hs, B: Hy — Hj be bounded linear operator
with adjoints A* and B*, respectively. Suppose that 2 =
{(z,y) € C1 xCy : Az = By} is a non-empty set and let
{zn}, {yn} be sequences generated by u,z, € Cy;v,y; €
Cg and

Up = Tp — Y A* (Az, — By,),
Tnt1 = ant + (1 — ay) Po,tn,
Up = Yn + Y B* (Axn - Byn)7
Ynt+1 = anV + (1 — o) Poyvn,

(46)

for all n > 1 ,where {a,} C [0,1] with nlLH;Can =
0,50 jay = 00 and Y oo Ay < oo and A, € (0,1)
for all i = 1,2 and v, € (a,b) C (e, ﬁ — ¢ for all
n € N and A4, Ap are spectral radius of A*A, B*B
respectively, € is a small enough. Then the sequence
{(xn,yn)} converge strongly to (z*,y*) € , where
* = Poyu and y* = Po,v.

Proof: By using Theorem 3.1, we put F(17) = Cy
and F(Ty) = Cs, we obtain the conclusion. ]
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V. Conclusion

We have proposed an algorithm for solving a new
split equality fixed point problem for quasi-nonexpansive
mapping, and proved its converges in the Hilbert spaces.
In Application, we used S-mapping applied to our main
result to prove the strong convergence theorems.
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