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ABSTRACT

Damping materials have been used in numerous engineering applications.
The important property that plays a key role in these materials is @ damping capacity
which is related to viscoelasticity and mechanical hysteresis behavior. During the last
decade, the phase-field crystal method has emerged as a robust tool in predicting
materials phenomena. In this work, we investigate viscoelastic-creep and mechanical-
hysteresis behaviors predicted by the PFC method that is incorporated with pressure-
controlled dynamics equation, referred to as PFC-PCD method, and our recently proposed
modified pressure-controlled dynamics equation, referred to as PFC-MPCD method. The
advantage of the PCD equation enables the control of deformation using external pressure
which allows studies of experimentally-observed phenomena under different types of
applied pressure. In particular, we simulate a hydrostatically-stressed of the body-
centered-cubic crystal subjected to two types of pressure profiles: constant pressure for
the viscoelastic-creep, and sinusoidal pressure for the mechanical-hysteresis. According to
the results, we observe that the PFC-PCD method can exhibit delayed strain responses
from both types of pressure which is indicative of viscoelasticity, and the degree of
viscoelasticity can be controlled by the parameter in the PCD equation. Nonetheless,
although the PFC-PCD is successful in predicting viscoelastic-creep, the mechanical-
hysteresis produced by this method is inaccurate, in particular, at the high-pressure
oscillation frequency. Therefore, we modify the existing PCD equation by introducing the
pressure time derivative term, denoted as the MPCD equation. This MPCD equation
enables us to produce mechanical-hysteresis consistent with the solid material behavior
at broader frequency range. We expect that this new PFC-MPCD method can be extended
to a more complex system and still be capable to produce the accurate mechanical
hysteresis behavior and its related parameters which results in predicting more reliable

parameters in damping material design.
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CHAPTER 1

Introduction

1.1 Background

Damping materials have been used in many engineering applications and, in particular,
in energy absorption such as noise reduction, vibration isolation and impact absorber.
It is of vital importance as one can damp vibrations in mechanical systems so as to
prolong the service life of components, also reduce acoustic noise. There are several
classes of damping material ranging from structural steel to polymers and rubber.

(c) (d)

Figure 1.1: Damping materials and their applications (a) Structural steel [2] (b) Vibra-
tion damping in infrastructure design [3] (c) Rubber [4] (d) Noise reduction in rotating
machinery [5].

Damping of structures can be achieved via layers of high-damping materials, typ-
ically polymers, by external lumped dampers that may contain a viscous device, or
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using materials with intrinsically higsh damping [6]. Structural metals such as steel,
brass and aluminum alloys exhibit very low damping of 1072 or less such as steel
(10™1), brass (92107°) and aluminum alloys (< 107°). Material damping of structural
metals is very low; therefore, structural damping obtained via specifically designed
structures can be used in the cases where high damping is required to compensate for
the drawback of low intrinsic damping. A maximal combination of stiffness and damp-
ing is desirable for the damping layer and structural damping applications in which it
is intended that vibration in machinery and vehicles be reduced.

10" o . : .
P . Structural™ SS lumped damper
10 éCeramnc metals *es
2 . est performance
o Soft ]
10" & metals
’t"“'ﬁ E
o 0
(L] 107 & Foam |
~ _ metal |
% 107 Polymers
) *
£ 107 - Stiffness-Damping 5
-~ = -
N —i Map T oy ‘
107 & Rubber
it ¢ R
107¢ | rubber ./
10°

TohKaSssqaotessoe 0™ dol® 7  1Q”
Damping

Figure 1.2: Stiffness-damping map for several classes of materials in the linear regime
at ambient temperature. The diagonal line, thick blue line, represents a constant
figure of merit |G*|tan(0) = 0.6. Commercial damping layers typically have a lower
figure of merit. The solid diamond symbols represent the properties of the stainless
steel damper modules in the nonlinear regime. It should be noted that the measure
of damping in linear systems is tan(d) where ¢ is the phase shift between stress and
strain response [6].

Figure 1.2 illustrates the stiffness-damping map for several classes of material at
ambient temperature. The diagonal in the figure depicts |G*|tan(d) = 0.6. occupy the
region to the left of that line. Most materials occupy the region to the left of that line
for example structural materials occupy regions to the left or far to the left in the dia-
gram, high stiffness with low damping capacity. On the other hand, most rubbery and
polymeric materials occupy the lower right, low stiffness with high damping capacity.
To select the appropriate damping material in intended application depends on the
character of that application for example noise associated with material damping is
of interest in the context of experiments designed to detect gravitational waves. The
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wires supporting interferometer mirrors generate noise proportional to their damping,
so low damping materials are preferable. Whereas, materials and structures with high
damping are intended for applications in which high damping is desired, for example
to reduce vibration amplitude or to reduce the time scale for vibration to die out after
an impulse.

Damping capacity indicates the ability of material in dissipating energy during the
deformation which can be measured through mechanical-hysteresis curve of viscoelas-
ticity. Viscoelasticity is the behavior with both viscous and elastic characteristics; thus
materials with viscoelastic behavior can return to its original configuration when un-
loaded but does so in a time dependent manner [7]. The viscous property also leads to
the fact that materials response depends on the rate at which it is deformed. Viscoelas-
tic behavior is characterized by three phenomena; viscoelastic-creep, stress relaxation
and mechanical-hysteresis behavior. Figure 1.3 (a) shows viscoelastic creep response

F e o then:

Figure 1.3: (a) Viscoelastic-creep under constant applied load (b) Stress relaxation
under applied constant strain [7].

under applied constant load. The system behavior demonstrates transient strain re-
sponse in the early stage and reaches its steady-state value, e, as t approaches
to infinity. - While, figure 1.3 (b) illustrates stress relaxation under applied constant
strain. The stress response tends to relax as increasing ¢ and reaches its steady-state
value, F, as t approaches to infinity. Figure 1.4 shows mechanical-hystersis curve es-
tablished by sinusoidal stress oscillation and its corresponding strain response where
o(t) = og sin(wt) is sinusoidal stress oscillation, e(t) = ey sin(wt — d) represents strain
response corresponding to sinusoidal stress oscillation and the § parameter is phase
lag between sinusoidal stress oscillation, o(t), and strain response, e(t). As we men-
tion earlier that the 6 parameter closely related to damping capacity of material. Now
it’s time to demonstrate how the relationship can be constructed. We will establish
energy loss relation first. Let AU denote the energy loss per cycle per volume below

[7]
AU = j{ade (1.1)

Note that de = eqcos(wt — §)d(wt). Substitute this relation into Eq. (1.1), we obtain
(7]

AU = %0060 sin(wt) cos(wt — 0)d(wt) (1.2)
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Figure 1.4: Mechanical-hysteresis behavior under sinusoidal stress oscillation estab-
lished by sinusoidal stress oscillation, o(t), and strain response, e(t) [7].

g

If we integrate equation Eq. (1.2) from 0 to 27, we have [7]

% = 27 sin(9) (1.3)
If the § is small, equation (1.3) yields [7]
A—UU ~ 276 (1.4)

where U = ogep/2. To derive damping capacity of material, we start regarding the

Amplitude, e
|
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Figure 1.5: Natural decay of strain oscillation,e, induced by sinusoidal stress oscillation,
0. The damping capacity can be obtained regarding this plot [7].

definition of natural decay, Fig. 1.5, established by logarithmic decrement below [7]

A=ln (6““> (1.5)
€n
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where A is damping capacity of material. Denote that U, = o,¢,/2 = Ee?/2 and
Unt1 = Ony1€ny1/2 = Ee2 /2. Then, we obtain [7]

AU\ 2
eZ—H = (1 + 7U> y Un+1 = Un + AU (16)

Note that U = U,,. Substitute Eq. (1.6) into Eq. (1.5), it yields [7]

1 AU
A= 3 n (1 + 7) (1.7)

Using the Taylor’s expansion on the logarithmic term on the right hand side of the
equation. Then, we obtain damping capacity relation below [7]

A=~7d (1.8)

Note that if Taylor’s expansion is assumed, the logarithmic term n (1 + AU/U) =
(AU/U — (AU /U)? /2 + ...). Then, we obtain ln (1 + AU /U) ~ AU /U if small AU /U
value is speculated. The mechanical-hysteresis curve can provide not only the infor-
mation of loss tangent factor parameter, tan(d), but also the other two important
dynamic parameters e.g. storage modulus parameter, Gsiorage, @and loss modulus pa-
rameter, G, recarding Fig. 1.6. According to Fig. 1.6, the loss tangent factor, tan(é),

C=pmay €084

Figure 1.6: Stress, o, and strain, ¢, for a linearly viscoelastic material under oscillatory
loading. Illustration of slopes and intercepts. Storage modulus, Giiorage, represents the
energy storage during the system deformation whereas loss modulus, G, represents
the dissipated energy during the system deformation. Note that G* = Giiorage + 7 Gloss
represents complex modulus and tan(d) is defined by Gioss/Gistorage [8]-

can be calculated from the ratio of A/C where A is the strain value at zero stress
condition and C' is the strain value at maximum stress condition. While, the storage
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modulus Gitorage and Gioss can be calculated from the ratio of E/B and F'/B, respec-
tively, where F is the the stress value at maximum strain condition, F'is the stress at
zero strain condition and B is the maximum strain value. Moreover, the mechanical-
hysteresis curve is frequency dependent behavior. If the frequency is high enough,
there is no relaxation and therefore no damping, and the modulus, Gstorage = 7/Emax,
is high. On the other hand, at low frequencies, there is complete relaxation with
the result that there is no damping, but the modulus will be lower. Whereas, at in-
termediate frequencies, there is partial relaxation, with high damping and a frequency
dependent modulus. The hysteresis curves for high, low, and intermediate frequencies

&
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Figure 1.7: The influence of oscillation frequency on mechanical-hysteresis behavior.
The damping capacity of material is low at low and high frequency value whereas the
damping capacity of material is high at intermediate frequency value [7].

are illustrated in Fig. 1.7, and Fig. 1.8 illustrates the corresponding interdependence
of loss tangent factor and both complex moduli. Figure 1.8 demonstrates the results
in a log-log coordinate system used frequently to present experimental data [9]. The
important parts of the frequency curves are discussed as follows. At zero frequency,
Gloss parameter and tan(é) are zero. Gionage is equal to the static modulus G and the
initial slopes of the log Giiorage—0g w functions are zero. All loss parameters start to
increase with increasing frequency and the slope of Giierage—l0g w function, also, the
value of Giiorage Start to increase too. Figure 1.9 shows the influence of applied load
frequency on storage modulus and loss tangent factor in poly-methyl methacrylate,
PMMA, material [8]. The illustration demonstrates that the loss tangent factor, tan(é),
passes at least one peak location and storage modulus, Giiorage, Starts with finite value
at very low frequency value and begins rising at increasing then becomes stable at
very high frequency range. Figure 1.10 shows the influence of temperature on storage
modulus, loss modulus and loss tangent factor in poly-methyl methacrylate, PMMA,
material. PMMA exhibits a large peak, called an « peak, in the loss tangent at 135°C
and a smaller one, called a 8 peak, at 20°C [8]. Figure 1.11 and Figure 1.12 demon-
strate the influence of frequency, f, and temperature, T', on dynamic viscoelastic
properties, respectively. Frequency dependent damping of ZA27 alloy and pure cast
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bog M o), bog Myd, log yia)

Figure 1.8: The typical characters of frequency dependence of any storage modulus,
loss modulus and loss tangent factor of real solid materials plotted in log-log system
for the case of one loss maximum [9].
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Figure 1.9: Complex moduli parameters in poly-methyl methacrylate, PMMA. The in-
fluence of applied load frequency, f, on storage modulus, Giiorage, in both shear and
tensile mode and loss tangent factor, tan(d) [8].
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Figure 1.10: Complex moduli parameters in poly-methyl methacrylate, PMMA. The
influence of temperature 7" on storage modulus, Giiorage, L0ss modulus Giess and loss
tangent factor, tan(¢) [8].
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Figure 1.11: Complex moduli parameters in metallic material. The influence of fre-
quency f on loss tangent factor, tan(d). The tan(d) of zinc and zinc alloy at 20°C, as
a function of frequency [8].
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Figure 1.12: Complex moduli parameters in in metallic material. The influence of tem-
perature T on storage modulus and loss tangent factor, tan(¢). A class of manganese-
copper alloys is of interest in applications which require higsh damping capacity [8].

zinc is compared in Fig. 1.11 and the damping capacity of Mn-Cu is high for a structural
metal application as illustrated in Fig. 1.12 [8].

In order to select the damping material for specific application, these viscoelastic
parameters and their suitable working conditions should be known accurately. There
are two approaches to predict these viscoelastic parameters and their suitable working
condition e.g. experimental approach and computational approach. For experimental

Figure 1.13: A typical Dynamic mechanical analysis (DMA) tester with grips to hold
sample and environmental chamber to provide different temperature conditions. A
sample is mounted on the grips and the environmental chamber can slide over to
enclose the sample [10].

approach as shown in Fig. 1.13, this technique is called dynamic mechanical analysis
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(DMA), also known as dynamic mechanical spectroscopy. It is a technique used to
study and characterize materials. It is most useful for studying the viscoelastic behavior
of polymers. A sinusoidal stress is applied and the strain in the material is measured,
allowing one to determine the complex modulus. The temperature of the sample
or the frequency of the stress are often varied, leading to variations in the complex
modulus; this approach can be used to locate the glass transition temperature of the
material, as well as to identify transitions corresponding to other molecular motions.

T Core
Displacement

LVDT Core

Sensor

Coil
l Demodulator

Signal
Out

AC
Excitation

Figure 1.14: Schematic diagram of an LVDT in displacement and strain measurement
[11].

In displacement and strain measurement [11], Linear variable differential transform-
ers (LVDTs), as shown in Fig. 1.14, consist of several coils of wire surrounding a core of
iron or other magnetic material. The core is usually attached to the specimen grip or
a connected part of the apparatus. One coil, the primary, is supplied with a sinusoidal
electrical signal at several kilohertz. Electrical signals induced in the secondary coils
depend on the position of the core. These signals are demodulated, rectified, and
filtered to obtain an electrical signal proportional to core displacement. Similar trans-
ducers used to detect rotary motion are called rotary variable differential transformers
(RVDTs). The upper bound for frequency of the displacement signal may be as high
as 1 kHz, depending on the physical size of the LVDT. Studies at low frequencies or
long times are limited by drift in the electronics. Foil strain gages [11], as shown in
Fig. 1.15, consist of an electrically conductive film, commonly a metal, upon a flexible
substrate. Strain in the gage results in a change in electrical resistance. Strain gages are
cemented to the specimen and connected to electronics which convert the resistance
change to a voltage proportional to strain. Strain gages are too stiff to be used on soft
polymers, rubber, or flexible foam; errors due to gage stiffness can even be problem-
atic for glassy polymers. The strain gage itself imposes no upper limit on frequency
other than that of the size of the gage in relation to the wavelength of stress waves
in the material to which it is cemented. For gages of typical size, this upper limit can
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be on the order of 1 MHz. However, the electronic amplification system used with
strain gages may impose further frequency limits. Strain gages respond to strain from
thermal effects as well as strain resulting from stress. For accurate measurements of
strain over long periods of time, considerable care must be exercised in the control
of temperature and in matching the thermal expansion of the strain gage with that
of the material to which it is cemented. Moreover, the cement used to attach the
strain gage must be evaluated for possible creep which could introduce further errors.
Cyanoacrylate cement intended for strain gage use exhibits lower creep than ”super-
glue” Cyanoacrylate cement for general purposes. For tests on rubbery materials or
soft biological tissues, foil strain gages are not suitable. One can use a thin rubber tube
filled with mercury as a strain gage for tests involving large deformation or compliant
materials. Capacitive transducers [11], as shown in Fig. 1.16, are based on the fact

R Sensitivity
. Grid . Direction
Solder Solder
tab tab

Strain
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>_

Zero Amplifier

Adjust

Bridge
cireuit

Figure 1.15: Strain gage, (top) Shape of foil strain gage ¢rid, (bottom) Bridge circuit for
strain gages [11].

that the capacitance C of a capacitor depends on the spacing between the plates.
For a parallel plate capacitor of plate area A and spacing d, C' = goA/d, with &¢ as
the permittivity of free space. This variation of capacitance with plate position can be
used to convert linear or angular displacement into an electrical signal. In a typical
application, the capacitive transducer is excited by a high frequency sinusoidal elec-
trical signal and is connected to electronics which determine the capacitance, usually
by determining the current which passes through the transducer. The signal is then
rectified and filtered; the frequency response is therefore limited. Extensometers [11],
as shown in Fig. 1.17, are devices clipped or otherwise attached to a specimen in
tension to determine the relative displacement between the two attachment points.
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Figure 1.16: Capacitive displacement transducer and electronics [11].

They may be based on strain gages or LVDTs. Since they are attached off the spec-
imen axis, response at high frequency is not to be expected; an upper bound from
30 to 100 Hz is as much as can be expected. Moreover, extensometers impose spring
loads of 14 to 100 ¢ (0.14 to 0.98 N) and so are suitable only for relatively stiff speci-
mens. Optical methods can be extremely sensitive and offer the advantage that little
or no mass needs to be attached to the specimen. To measure axial motion [11],
one mirror of a Michelson interferometer, as shown in Fig. 1.18, can be attached to
the specimen. One fringe corresponds to half a wavelength of light. The light can be
converted to an electrical signal via a light-sensitive diode. Fractional fringes can be
readily measured and corresponding displacement can be inferred via a digital counter
or computer. The wavelength of light from the commonly used helium neon laser is
632.8 nm. Axial motion can also be measured using fiber optic sensors in which white
lisht from one bundle of fibers is directed to the specimen. Reflected light from the
specimen is then detected and the resulting signal is amplified electronically. This
reflected light depends sensitively on displacement. Deformation of compliant mate-
rials such as rubber or soft biological tissue may be monitored with the aid of fiduciary
marks on the specimen. For example, ink spots may be applied with a microscopic
pipette, and observed via a calibrated microscope or a video system. As for angular
displacements, they are readily measured either by interferometric or ”optical lever”
methods. An interferometer incorporating one or more right-angle prisms as reflec-
tive elements offers great sensitivity to angular displacement. In the optical lever a
beam of light is reflected from a mirror attached to the specimen. For creep tests a
lisht beam may be reflected to a distant target and its displacement measured with
a caliper. For dynamic tests it is expedient to convert the light to an electrical signal.
One way of doing this involves projecting the image of a grating on another grating.
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Figure 1.17: Extensometer attached to a specimen. The electric signal out is propor-
tional to the displacement between the clip points [11].

The resulting light intensity signal is then converted to an electric signal by a photodi-
ode. Light beam displacement can also be converted to an electrical signal by a split
photodiode connected to a subtractor preamplifier. Semiconductor sensors sensitive
to the position of an incident light beam are commercially available, but they have
limited frequency response.

In force measurement [11], force and torque transducers, known as load cells
and torque cells, respectively, involve measuring the displacement or strain of a de-
formable substrate, typically steel. Representative arrangements of strain gages for
load cells and torque cells are shown in Fig. 1.19. Alternative forms of load cell
include the proving ring which is compressed along a diameter, and configurations
involving bending of plates. Torque cells are based on solid or hollow shafts, or cruci-
form arrangements fitted with strain gages. As with other transducers, load cells have
characteristics of linearity, linear range, sensitivity, and frequency or time response.
They typically contain a bar or plate of metal, usually steel, upon which strain gages
are cemented. The detected strain signal on the bar is proportional to the force upon
it, provided the metal and the strain gages are loaded below their proportional limit,
one factor which limits the linear range. Overload capability is limited by yield in the
metal parts of the transducer. Since steel itself is not perfectly elastic but exhibits a
small viscoelastic response, testing machines which use load cells of this type are not
suitable for the study of materials with extremely low loss. Torque cells are similar to
load cells in their use of strain gages; the metal portion and the strain gage orientation
are configured differently so that the detected strain signal is a response principally
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Figure 1.18: Michelson interferometer configuration for determining linear displace-
ment. Moving mirror is attached to a specimen surface (not shown) [11].

to torque and not to any superposed axial load. The compliance of the load cell
is important, in particular, the load cell should be much stiffer than any specimen
tested. It is also important that the load cell be sensitive only to the kind of load to
be measured and not to other loads. In biaxial tests, both tension and torsion may be
applied. The torque channel should be sensitive only to torque, not to axial load. This
characteristic is referred to as absence of cross talk. Load cells based on piezoelectric
crystals are also available; they offer superior stiffness for dynamic studies. However,
there is no response at zero frequency, and there are phase errors at low frequency,
though the frequency range can extend below 0.001 Hz.

In environment control [11], viscoelastic properties depend on temperature; there-
fore, some form of temperature control is usually used in viscoelastic measurements.
If the method of time-temperature superposition is to be used, then capability for
conducting tests at several constant temperatures is required. Alternatively, the ex-
perimenter may measure dynamic properties at constant frequency, and may perform
a temperature scan. As for the precision of temperature control, polymers are very
sensitive to temperature, particularly in the transition region. It is therefore desirable
to control temperature to within 0.1 °C over the length of the specimen and for the
duration of the experiment. To achieve such control, a stream of air can be passed
through a temperature control device, and directed to the specimen through a system
of baffles. In tension-compression tests, a length change can arise from creep or from
thermal expansion. Excellent temperature control is required in such studies to ob-
tain good creep or relaxation results. Since thermal expansion of an isotropic material
has no shear or torsional component, torsion tests are less demanding of accurate
temperature control than are tension-compression tests. Many polymers, as well as
materials, such as wood, of biological origin, are sensitive to hydration as well as to
temperature. Humidity control is important for such materials; in the study of tissue
such as bone, the specimen should be kept fully hydrated under physiological saline



CHAPTER 1. INTRODUCTION 15

Force Torque
Strain
_~7 gages s 45°
L . /
Column
L—.—_J c—."’":_-—:_—-"’"_..)
Load Torque
Cell Cell

Figure 1.19: Torsional and axial test setting depending on which type of viscoelastic
parameter, torsion mode or axial mode, is required [11].

solution. The creep behavior of concrete is also dependent on hydration. Metals
which exhibit magnetic behavior are sensitive to external magnetic fields. If electro-
magnetic methods are used to apply force or torque to the specimen, care must be
taken that magnetic fields in the vicinity of the specimen are controlled.

In the past few decades, the employment of numerical methods in materials sci-
ence is promoted by the increasing capability of computer systems in terms of speed
and information storage, and by the growing demands for quantitative predictions in
industry and research. The scientific branch that has matured within this interdisci-
plinary field, bringing together approaches from materials science, physics, computer
science, mathematics, chemistry, and mechanical engineering, is often referred to as
computational materials science. The computational material science has become an
alternative choice to predict various material properties and phenomena and can help
speeding up the design process and reducing the cost of the real experimental study.

Computer simulation nowadays complements most if not all fields of materials
science and engineering [12]. For instance, simulations in materials physics aim at
predicting microstructural phenomena at the atomic scale using ab-initio molecular
dynamics and Monte Carlo methods. Simulations in materials science pertaining to
mechanical engineering typically focus on large-scale construction problems using fi-
nite element approaches where the microstructure is reduced to the incorporation of
averaging constitutive laws.

In contrast to these examples, the original domain of materials science is the inves-
tigation of lattice defect ensembles at the mesoscale [12]. The use of simulations in
this particular field represents a great challenge, in that it must bridge enormous space
and time scales and provide concepts to adequately describe complex many-body
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interaction phenomena. For this purpose a number of new concepts have been de-
veloped which enable one to handle the interaction of many individual lattice defects
in a more or less discrete fashion. The latter aspect is of special interest, since most
microstructural evolution phenomena are highly nonlinear and entail self-organization
on a microstructural scale

In contrast to atomic-scale molecular dynamics and Monte Carlo simulations, most
mesoscale approaches are formulated as continuum models, but often with a discrete
consideration of lattice defects [12]. The methods include deterministic and probabilis-
tic cellular automata which may account for both short-range (local) and long-range
(slobal) interactions, Ginzburg-Landau-, Cahn-Hilliard-, and Allen—Cahn-type phase
field methods, dislocation dynamics, polycrystal and nonlinear crystal plasticity finite
element models, topological network and vertex models, boundary dynamics, and
multistate kinetic Potts methods. However, classical techniques such as molecular
dynamics, Metropolis Monte Carlo, and conventional finite element simulations are
also used extensively.

Scale [m] Simulation method Typical applications

107 —10~%  Metropolis Mente Carlo thermodynamics, diffusion, ordering
10 -10"% cluster variation method thermodynamics

101 -10~%  Ising model magnetism

107" —10=%  Bragg-Williams- Gorsky model thermodynamics

107 -10~%  molecular field approximation thermodynamics

10~ —10=%  molecular dynamics (embedded structure and dynamics of lattice
atom, shell, empirical pair, bond  defects
order, effective medium, and
second moment potentials)

102 —1p~% ab-initio molecular dynamics materials constants, structure and
(tight-binding potentials, local dynamics of simple lattice defects
density functional theory)

Figure 1.20: Space scales and methods in materials simulation, nano—-micro level [12].

Advanced microstructure simulations should meet three major requirements. First,
they should enable one to use, or even derive, advanced path-independent mi-
crostructure property relations with quantitative validity. Second, they should provide
insight into the underlying thermodynamic and path-dependent physical principles
that govern the complex nature of microstructure evolution at the various space and
time scales. Third, they should allow one, at least in certain cases, to replace and
complement experimentation by simulation.

In engineering terms microstructure simulations should thus provide a convenient
means of predicting and understanding material properties and microstructure evolu-
tion for technical applications under conditions that have not yet been studied or that
are not amenable to experiments. To fulfill these requirements and at the same time
to optimize the predictive power of models, the various numerical methods are in-
creasingly complemented by the concept of integrated modeling and simulation. This
term characterizes the coupling of computer codes with the aim of bridging the scale
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Scale [m] Simulation method Typical applications
1071 — 1%  cellular automata recrystallization, grain growth, and phase
transformation phenomena, fuid dynamics,
crystallograhpic texture, crystal plasticity
1077 - 107  spring models fracture mechanics
10771072  vertex models, network subgrain coarsening, recrystallization,
models, grain boundary secondary recrystallization, nucleation,
dynamics recovery, grain growth, fatigue
1077 —107%  peometrical, topological, recrystallization, grain growth, secondary
and component models recrystallization, crystallographic textures,
solidification, crystal topology
1077 — 107"  dislocation dynamics crystal plasticity, recovery, microtexture,
dislocation patterning, thermal activation
107 — 107" kinetic Ginzburg—Landau- ~ diffusion, interface motion. precipitation
type phase field models formation and coarsening, polycrystal and
polyphase grain coarsening phenomena,
isostructural and non-isostructural phase
transformation, type Il superconductivity
107% — 1077 multistate kinetic Potts recrystallization, grain growth, phase

models

transformation, crystallographic textures

17

Figure 1.21: Space scales and methods in materials simulation, micro-meso level [12].

Simulation method

Typical applications

Scale [m]
1075 = 10°
107° = 19°
10=% - 10°
107% - 10°
10~10 - 10°

large-scale finite element,
finite difference, linear
iteration, and boundary
element methods

erystal plasticity finite element

models, finite elements with
advanced constitutive laws
considering microstructure
Taylor—Bishop—Hill, relaxed
constraints, Sachs, Voigt,
and Reuss models, Hashin—
Shtrikman model, Eshelby
and Kroner-type self-
consistent models

cluster models

percolation models

averaged solution of differential

equations at the macroscopic scale
{mechanics; electromagnetic fields,
hydrodynamics, temperature fields)

alloys, fracture mechanics, textures,
crystal slip, solidifieation

polyvphase and polycrystal elasticity
and plasticity, microstructure
homogenization, crystallographic
textures, Taylor factors, crystal slip

polycrystal elasticity

nucleation, fracture mechanics, phase

transformation, current transport,
plasticity, superconductivity

microstructure mechanies of complex

Figure 1.22: Space scales and methods in materials simulation, meso-macro level [12].
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discrepancies between different simulation levels. This can be achieved by either si-
multaneous integration or sequential integration. The first notion means that various
interacting simulation codes, which may use different numerical techniques, are em-
ployed simultaneously in one computer experiment. The second term describes the
alternative method of an adequate parameter-transfer between simulations that are
used sequentially.

Since microstructure evolution is path-dependent [12], concepts of integrated mod-
eling and simulation should include as many of the microstructurally relevant pro-
cessing steps and parameters as possible. However, such a procedure requires the
incorporation of various space and time scales which can differ by some orders of
magnitude. One reasonable approach for combining various scales consists in the in-
corporation of constitutive laws that have been derived from non-averaged, i.e. space-
and time-discretized, simulations on the appropriate smaller scale. In such a concept,
the results obtained from simulations on a certain scale are averaged and condensed
before being considered at the next scale. This means that the phenomenological
character of the model equations used in each step increases with increasing scale.

However, there is also a more direct way of bridging scale discrepancies [12]. Some
of the simulation techniques mentioned above were originally confined to particular
space and time scales. This applies especially to methods which reveal intrinsic phys-
ical scaling parameters, e.g. molecular dynamics and some Monte Carlo methods. In
contrast, most mesoscale models are continuum approaches, i.e. they are not intrin-
sically calibrated and have thus a larger potential for spanning time and length scales.
In this context especially the various crystal plasticity finite element, cellular automa-
ton, dislocation dynamics, boundary dynamics, and multistate Potts models are of
importance.

For instance, the finite element technique is designed to provide approximate solu-
tions to coupled sets of partial differential equations subject to appropriate boundary
and initial-value conditions [12]. Its application in computational materials science
was originally confined to solving elastic and simple plastic problems at the macro-
scopic level using averaging constitutive laws and the conditions for equilibrium and
compatibility. However, through the introduction of improved constitutive laws, i.e.
elements of crystal plasticity, finite element methods are nowadays increasingly capa-
ble of considering material heterogeneity also at the mesoscopic level. This trend in
finite element simulations points from the macroscopic to the mesoscopic scale. For
the Potts model, which has its roots in the stochastic Metropolis Monte Carlo method,
the reverse applies. By mapping generalized spin numbers to discrete domains which
comprise cells with identical spin, it enables one to extend the use of the Monte Carlo
algorithm to the description of interfaces. This approach points from the microscopic
to the mesoscopic scale. In summary, although there are numerous computational
techniques used nowadays, to select a proper computational technique for specific
task depends on the length and time scales of each application, as shown in Fig. 1.23.

In nanoscopic-microscopic scale [12], the prediction of microstructures at the atomic
scale requires the solution of a Schrodinger wave equation for about 1023 nuclei and
their electronic shellsl. Such a differential equation must be equipped with a Hamil-
tonian describing all particle interactions occurring. For a single particle in a potential
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Figure 1.23: Computational technique chart. The choice of each computational tech-
nique depends on the length and time scales of each application. Adapted from [12].

U (r) with mass m and coordinates r whose wave function is ¥(r, ¢) the time-dependent
Schrodinger equation assumes the form below [12]

oV (r,t)
ot
where i = h/(2r) and h is Planck’s constant. W(r,¢) has the interpretation that
|U(r, ¢)|2dr,dr,dr, is the probability that the particle may be observed in the vol-
ume element dr,dr,dr. at any particular time. For a bound particle in an eigenstate

of energy Ej. Equation (1.9) may be separated into a time-dependent and a time-
independent part below [12]

R, P 4
—%V U(r,t) + UMY(r,t) =ih (1.9)

T(rt) = ginexp (—z%) (1.10)
The time-independent Schrodinger equation is [12], by substitution,
hQ
—%V%P(r)k + U YNk = Exp(n)i (1.11)

In analogy to the classical energy equation, this time-independent expression can be
regarded as an operator equation, with ¢AV replacing the classical momentum p in
the expression p?/(2m) for the kinetic energy [12]

H(r), = Exth(r)y, (1.12)



CHAPTER 1. INTRODUCTION 20

where H is the Hamilton operator. The analogy to the classical description may be
used to generalize equation (4.3) to cases with N particles, including their mutual
interactions as follow [12]

h? 1
- (Z —Vf) W(ry,To, o )k + U (M, Py oo, AN W (P, To, o, Ty )k =
Ek\I!(rl,rg,...,rN)k (113)

For instance, a material consisting of ¢ electrons of mass me with a negative unit charge
¢. = —e and the spatial coordinates r.,, and j nuclei of mass m,, with a positive charge
qn = zne and the spatial coordinates r,;, can be described by the eigenvalue wave
equation [12]

h2
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(1.14)

The terms that appear in this Hamilton operator suggest a distinction between those
material properties that are determined by the lattice dynamics (r,,, #*/(2m,,), e.g.,
propagation of acoustic waves, thermal expansion, the non-electronic part of the spe-
cific heat, thermal conductivity of semiconductors and ceramics, and structural de-
fects, and those that are determined by the electronic system (r.,, 7%/(2m.,), e.q.
electrical conductivity, thermal conductivity of metals, and superconductivity. At first
view such a concept seems somewhat inaccurate, because it is the wave functions
of the electrons and thus the electronic charge density that determine the position
of the atomic nuclei. However, decoupling the motions of the light electrons from
those of the heavy nuclei can be justified by the fact that the relaxation time of
the electrons is typically three orders of magnitude below that of the atomic nu-
clei. This amounts to a situation where the electronic system practically remains
in its ground-state irrespective of the positions of the nuclei. This concept is re-
ferred to as the adiabatic or Born—-Oppenheimer approximation. Its employment in
the present case allows one to approximate the exact wave function ¢ in Eq. (1.14)
as a product of two separate wave functions, where one portion describes the dy-
namics of the electrons ¢ and a second portion describes the dynamics of the nuclei
G, W(FersTens s Ters Tnys Tngs oy Tny) = O(Tey, Tegs ooy e, )O(Fnys Tg, -y Ty ). This approach
amounts to separating the dynamics of the heavy constituents, nuclei, from that of
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the light ones, electrons. The corresponding Schrodinger equation is [12]

B M R Do) [T SRR
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41,12

= B o(Tey Tegs s Te ke (1.15)

for the electronic system with the eigenvalues Fy, and [12]
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=By O(Tny,Tngs ooy Ty )k, (1.16)

for the nuclei with the eigenvalues Ej,. Approximate solutions of Eq. (1.15) using
Hartee—Fock or local electron density functional theory form the basis of electronic
ground state calculations with fixed coordinates for the nuclei. Since the exact ground
state wave function will have a lower energy than any other admissible wave function,
it is straightforward to express these theories in a variational form. Equation (1.16) is
the starting point for the prediction of atomic configurations with instantaneously equi-
librated electrons. The solution methods can be principally grouped into probabilistic
and deterministic approaches. While the first class is usually referred to as Monte
Carlo methods, the second one is referred to as molecular dynamics. In computa-
tional materials science, Monte Carlo methods are most widely used to determine
stochastically equilibrium states for known distribution functions or to solve directly
integral formulations of the equation of motion.

Statistical Monte Carlo integrations represent classical methods for the prediction
of equilibrium configurations, i.e. of path-independent properties of canonical en-
sembles. However, they also gain momentum as approximation methods for the
simulation of path-dependent behavior such as is often investigated in the field of
microstructure dynamics. It must be clearly underlined that Monte Carlo methods
are not principally confined to equilibrium predictions but can be used to solve any
differential equation which can be turned into an integral form. The original idea of
the various Monte Carlo approaches is to provide a probabilistic means for numerical
integration. In general, they are thus not intrinsically scaled to the atomistic regime
but can be used at any scale, provided they are applied to an appropriate probabilistic
model.

Molecular dynamics methods are based on turning Eq. (1.16) into a classical form
by replacing the quantum mechanical expression for the kinetic energy by the classical
momentum term [12]

1 P’ 2
J J

and solving it for a nucleus in the potential U using Newton’s law of motion below
[12]
ov
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While, Monte Carlo techniques prevail in simulations of equilibrium properties, Molec-
ular dynamics approaches are mainly used to solve discretely the equation of motion.
They are hence of particular importance in the prediction of the dynamics of lattice
defects.

In microscopic-mesoscopic scale [12], the quantitative investigation and predic-
tion of microstructure evolution, and the derivation of corresponding microstructure-
property relations at the micro- and mesoscale, constitute possibly the broadest and
most characteristic discipline of computational materials science. Structure evolution
at the microscopic-mesoscopic level is typically a thermodynamically non-equilibrium
process, and thus mainly governed by kinetics. In other words, thermodynamics pre-
scribes the principal direction of microstructure evolution while kinetics selects one
out of many possible microstructural paths. This non-equilibrium character of structure
evolution leads to a large variety of lattice defect structures and interactions.

Optimizing microstructure evolution at the mesoscopic scale is of fundamental
importance, since it is particularly these non-equilibrium ingredients that can lead to
beneficial materials properties. A thorough understanding of microstructural mecha-
nisms thus enables one to tailor materials with certain property profiles for specific
applications.

Investigating microstructural phenomena at realistic time and space scales, for pre-
dicting macroscopic properties, requires the consideration of relatively large portions
of material, as shown in Fig. 1.24 [12]. However, due to the huge number of atoms
involved (= 10?3 in a cubic centimeter), mesoscale simulations of microstructures can
be performed neither by exactly solving the Schrodinger equation nor by using phe-
nomenological atomistic approaches, such as molecular dynamics in conjunction with
empirical potentials. This means that appropriate mesoscale simulations must be for-
mulated which are capable of spanning a wider range of scales allowing predictions
far beyond the atomic scale.

In most cases, this requires the introduction of continuum models in which aver-
aging constitutive relations and phenomenological rate equations replace the exact or
approximate solution of the equations of motion of all atoms. However, due to the
large variety of mesoscale mechanisms and possible constitutive laws, there exists no
unique method of formulating mesoscale models.

Essentially all engineering materials contain certain types of microstructures, and
our success of designing new materials is largely dependent on our ability to control
them [12]. Microstructure is a general term which refers to a spatial distribution of
structural features which can be phases of different compositions and/or crystal struc-
tures, or grains of different orientations, or domains of different structural variants, or
domains of different electrical or magnetic polarizations, as well as structural defects
such as dislocations. The length scales of structural features in a microstructure are
typically in the range of nanometers to a few microns, and in some cases they can be
hundreds of microns. It is the size, shape, and spatial arrangement of the local struc-
tural features in a microstructure that determine the physical properties of a material
such as mechanical, electrical, magnetic and optical properties.

Microstructures evolve during materials processing or in service at high tempera-
tures. Microstructure evolution may be caused by phase transformations to reduce
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Seale [m] Characteristic phenomenon or defect

10~ 1%-10"" point defects, atomic clusters, short-range order, structural units in
glasses and interfaces, dislocation cores, crack tips, nuclei

107%-107° spinodal decomposition, coatings, thin films, surface corrosion

1071071 diblock-, triblock-, and starblock-copolymers, massive and athermal
transformations, interface facets, dislocation sources, pile-ups

107 %-107° particles, precipitations, dendrites, eutectics, eutectoids

1073=10-"P microcracks, cracks, powder, magnetic domains, internal stresses

10~3-1071 stacking faults, microbands, microtwins, dislocation channels

10~%-10"* spherolites in polymers, structure domains/crystal clusters (crys-
talline, amorphous) in metals, ceramics, glass, and polymers

10781072 clusters of conformative defects in polymers

10~5-10~1 dislocations, dislocation walls, disclinations, magnetic walls, subgrains,
high-angle grain boundaries, interfaces

10771071 grains, shear bands, second phases in composites

107 7-10° diffusion, convection, heat transport, current transport

10~ "—10° microstructural percolation paths (fracture, recrystallization, interface

wetting, diffusion, corrosion, eurrent, Bloch walls)

10~%-10* surfaces, sample necking. fracture surfaces

Figure 1.24: Typical scales in microstructures [12].

the bulk free energy or by particle or domain coarsening to eliminate the total in-
terfacial energy. It may also take place to respond to external fields such as an ap-
plied stress or electrical or magnetic field. Ideally, one would like to capture the
optimum microstructure during processing for desirable properties and slow down or
even stop its evolution during applications. In order to realize and achieve such op-
timum microstructures and control their evolution, one must be able to predict the
temporal microstructure evolution under given processing conditions such as temper-
ature, cooling rates, pressure, and composition. There has been an enormous effort in
developing various types of microstructure models in the recent past. One of the com-
putational models that have received tremendous attention during the last decade is
the phase-field method for modeling microstructure evolution processes and a num-
ber of reviews on the method have appeared. The phase-field method describes a
microstructure as a whole using one or more field variables which are continuous func-
tions of space. It is based on a diffuse-interface description for the thermodynamics of
inhomogeneous systems. The field variables, and thus the microstructure evolution,
evolve with time according to a set of well established kinetic equations. One of the
most attractive features for the phase-field method is the fact that one does not have
to explicitly track the usually complicated interfaces during a microstructure evolu-
tion, as one has to do in a conventional modeling in order to specify the boundary
conditions at the interfaces.

The name Phase-field model was first introduced in modeling solidification of a
pure melt [13]. The idea was to avoid the explicit tracking of a solid-liquid inter-
face during solidification by replacing the sharp solid-liquid interface using an artificial,
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continuous, non-conserved phase field, i.e. a diffuse interface. Instead of defining a
moving boundary condition at the solid-liquid interface, the interface movement is
described by the temporal evolution of the zero or a certain level-set of the phase
field. Such a diffuse-interface description of an interface was first proposed more than
a century ago by Van der Walls for fluid interfaces using a density field. The magnetic
domain theory by Landau and Lifshitz has essentially the same structure. The best
known diffuse-interface theory to us today is due to Cahn and Hilliard who studied the
interphase boundaries described by a composition field which subsequently lead to
the development of the well known Cahn’s theory of Spinodal decomposition con-
cerning the evolution kinetics of a conserved composition field. The diffuse-interface
description of an antiphase domain wall motion was first proposed by Allen and Cahn,
i.e. the Allen-Cahn equation for a non-conserved long-range order parameter. It is the
Allen-Cahn equation which governs the evolution of the non-conserved phase field in
solidification modeling. The Cahn-Hilliard nonlinear diffusion equation and the Allen-
Cahn, sometimes also called the time-dependent Ginzburg-Landau, equation provide
the basic governing equations for phase-field models. With random thermal noises,
both types of equations become stochastic, and their applications to studying critical
dynamics as well as to modeling the morphological pattern formation during order-
ing and phase separation of quenched systems have been extensively explored long
before the term phase field was coined.

Although phase-field models may be presented in different forms for different
applications, they are all based on a common set of fundamentals with regard to the
representation of a microstructure, the thermodynamic description, and the kinetic
evolution equations for microstructures [13]. In a phase-field model, a microstructure
is described using one or more physical and/or artificial field variables. These variables
are uniform inside a phase or domain away from the interfaces. The same phase
or the same types of domains have the same uniform values for the field variables.
Different values of the field variables, for example, 0 and 1, distinguish different phases
or domains. Across the interfaces between different phases or domains, the field
variables vary continuously from one uniform value corresponding to one type of
phase or domain to another uniform value corresponding to another phase or domain.
Therefore, the interfaces in a phase-field model are diffuse and possess a certain
thickness. The variation of a field variable across an interface is schematically shown
in Fig. 1.25.

Field variables can be either conserved or non-conserved, depending on if they
satisfy the local conservation law, d¢/0t = —V - J where ¢ is a field variable and J
is the corresponding flux [13]. For example, composition and temperature fields are
both conserved while long-range order parameter fields describing ordered domain
structures are non-conserved. It is easy to understand that the artificial phase-field in
solidification modeling of a single-component liquid is non-conserved since its value
can go from 0 to 1 for the whole system.

Artificial fields are introduced for the sole purpose of avoiding tracking the inter-
faces. Essentially all phase-field models of solidification employ an artificial field,
called the phase field [13]. The interfacial width described by artificial fields has no
directional relationship to the physical width of a real interface. The thermodynamic
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Figure 1.25: A schematic diagram showing the distribution of a field variable across an
interface. Both ¢ = 0 and ¢ = 1 parameters represent two phases separated by a
diffuse interface with a thickness roughly A [13].

and kinetic coefficients in the phase-field equations are chosen to match the corre-
sponding parameters in the conventional sharp-interface equations through sharp or
thin-interface analyzes. Physical fields refer to well-defined order parameter fields
which can be experimentally measured. The interfacial width described by a physi-
cal field is also expected to reflect the actual interfacial width. In phenomenological
theories of phase transformations, order parameter fields are used to characterize the
nature and the critical temperatures of the phase transformations which produce the
microstructure. A well known example is the long-range order parameter for order-
disorder transformations. The corresponding order parameter field can be employed
to describe the antiphase domain structure resulted from ordering. Another exam-
ple is a composition field which describes the morphological evolution during phase
separation either through nucleation and growth or spinodal decomposition or during
precipitate coarsening. In the phase-field approach, the thermodynamics of an in-
homogeneous microstructure is described by the diffuse-interface theory of Cahn and
Hilliard. According to the Cahn-Hilliard theory, for a system described by a composition
field, the local free energy, f(c), for an inhomogeneous system depends not only on
the local composition, ¢, but also on the neighboring compositions, i.e. composition
gradients, Ve. Truncating at the second order in the free energy expansion in terms of
composition gradients with respect to a uniform composition, the total chemical free
energy of a system with volume, V, is given by [13]

Fz/[f(c)Jr%(Vc)Q Pr (1.19)

where « is the composition gradient energy coefficient. The gradient energy term is
zero inside a phase or domain where the composition if uniform, but is nonzero across
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interfaces where the composition field varies. Equation (1.19) represents the total
chemical free energy of a microstructure including the bulk chemical free energy as
well as the excess free energy associated with all the interfaces in the microstructure.

For a more general inhomogeneous system described by a field variable by a set
of conserved field ¢; and a set of non-conserved field 7, the total free energy can be
written as [13]

BV Vi | &°r + Fg

n 3 3 p

F:/[f(cl,cz7...,cn,n1,n2,...,np)+Zai(VCi)2+Z

i=1 i=1 j=1 k=1

(1.20)

where «;, 3;; are gradient energy coefficient and Fg = [ [ G(r — +')d®rd*’ repre-
sents pair-wise, non-local, long-range interactions such as elastic, electrostatic and
magnetic interactions between volume element d®r and volume element d3r’. For
example, long-range elastic interactions arise in coherent systems where the lattice
planes and directions across the interfaces are continuous, and the lattice parameters
of the phases depend on the field variable. For simplicity, many-body interactions, for
example, many-body elastic interactions that appear in systems with a strong elastic
modulus inhomogeneity are ignored in the discussions below.

For the local free energy, the main difference among different phase-field models
lies in the construction of f as a function of field variables. A simple and familiar system
is a two-phase binary system described a physical composition field. If one is interested
in a real system with a known free energy function as a function of temperature, it
can be directly used. On the other hand, if one is only interested in modeling the
morphological evolution in a model system, a simple double-well potential may be
used. For example [13],

A 2 B 4

f E— —EC A ZC (1.21)
where A and B are constants. At equilibrium, equation (1.21) describes two phases
with compositions ++/A/B and —\/A/B, respectively. For the case of isothermal
solidification of a binary liquid, an artificial field, ¢, is introduced, in addition to the
physical field, composition ¢. The artificial field, also called the phase field, is used to
distinguish solid and liquid phases and to automatically take into account the boundary
conditions at the interfaces. The local free energy as a function of composition ¢ and
¢ can be expressed as [13]

fle,9) = h(@)f7(c) + [1 — h(@)] f*(c) + wg(¢) (1.22)

where f9(c) and fL(c) are the free energy densities of solid and liquid as a function
of composition at a given temperature, respectively. g(¢) is a double-well potential
which is only a function of the artificial field. A possible functional form for g is [13]

9(¢) = 16we*(¢p — 1)? (1.23)
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Figure 1.26: Illustration of a double-well potential with potential depth of w [13].

which has minima at ¢ = 0 and ¢ = 1. w in Eq. (1.23) represents the depth of the two
wells at ¢ = 0 and ¢ = 1 with respect to the local maximum at ¢ = 1/2, as shown in
Fig. 1.26. The function, h(¢) in Eqg. (1.20), is required to have the following properties
[13]

dh
do

There properties ensure that the equilibrium values, 0 and 1, for the phase field in the
double-well potential are not affected by the chemical free energies f° and f£. An
example which satisfies the conditions given in Eq. (1.24) is [13]

_dh

= (1.24)
#=0

h(0) =0, h(1)/= 1,

=~0
¢=1

h(¢) = ¢*(64* — 15¢ + 10) (1.25)

Therefore, in this model, ¢ = 0 represents the liquid phase since h(0) = 0and f(c,0) =
fE(e). Similarly, ¢ = 1 describes the solid phase with h(1) =1 and f(c,0) = f%(c).
Across the interface, the local free energy has contributions from both the liquid and
solid chemical free energies as well as the double-well potential.

For gradient energy and interfacial energy, As mentioned above, in the diffuse-
interface description, the free energy of an inhomogeneous system, such as a mi-
crostructure, also depends on the gradients of the field variables. « in Eq. (1.19) is the
gradient energy coefficient which characterizes the energy penalty due to the field in-
homogeneity at the interfaces, i.e. the interfacial energy contribution to the total free
energy. Examples of interfaces include solid-liquid interphase boundaries during solid-
ification, grain boundaries, matrix-precipitate interfaces during precipitation reactions
and precipitate coarsening, and domain boundaries in ordered phases, ferroelectric
crystals and ferromagnetic systems. For a given free energy model and a given set of
gradient energy coefficients, the specific interfacial energy, interfacial energy per unit
area, can be calculated for an equilibrium interface. It is important to realize that the
integral of the gradient energy term only counts part of the interfacial energy. The
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total interfacial energy for a flat interface should be calculated from [13]

=5 = [ 10 - o)+ S(ver] ar (1.26

where S is the interfacial area and fy(c) is the bulk equilibrium free energy density
as a function of composition represented by the common tangent line for a binary
system. For an interface at equilibrium, the total gradient energy is half of the the
total interfacial energy. Analytical expressions for the interfacial energy in terms of
free energy parameters and the gradient energy coefficients are only available for very
simple cases that an analytical solution for the equilibrium profile of field variable
across the interface can be derived. For example, for a simple double-well potential
with a single phase-field variable, the equilibrium profile is described by a hyperbolic
tangent function.

For more general cases, the interfacial energy has to be computed numerically.
However, in general, the interfacial energy (o), interfacial width ()), the double-well
depth of a free energy model (A f), and the gradient coefficient («) obey the following
set of relationships [13],

ocx A aAf, AxaAf, o AAf (1.27)

It is also easy to understand that why a wider interface may be employed if one can
artificially eliminate the chemical free energy contribution, Af , and only use the
depth of the double-well potential to yield the same interfacial energy. In crystalline
solids, interfacial energies are generally anisotropic. The interfacial energy anisotropy is
usually a function of temperature with the degree of anisotropy larger at low temper-
atures. The type and degree of interfacial energy anisotropy affect the particle shapes
or interface orientations during microstructure evolution.

For Non-local interactions, the second integral in Eq. (1.20) represents the nonlo-
cal contributions to the total free energy from long-range interactions such as elastic
interactions, electric dipole-dipole interactions, and electrostatic interactions. These
long-range interactions are usually obtained by solving the corresponding mechanical
and electrostatic equilibrium equations for a given microstructure. For example, for
the long-range elastic interactions, the following mechanical equilibrium equation has
to be solved under given mechanical boundary conditions [13],

8O'1jj
87”]'

where ;5 is the local elastic stress, r; is the jth component of the position vector,
r, Aijri(r) is the elastic stiffness tensor which varies with space, ¢;;(r) is the total
strain state at a given position in a microstructure, and €%, is the local stress-free strain
or transformation strain or eigenstrain which is also a function of position through its
dependence on field variables. Similarly, for a system with long-range electrostatic
interactions, the local electric displacement satisfies the following electrostatic equi-
librium equation with appropriate boundary conditions [13],

= 0, O'Z'j(T) = /\ijkl(r) [e’ikl(?”) — 821(67 qb, Pi7 )} (128)

. B
= 4drmpy, = 47 p, (1.29)
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where D; and E; are the ith components of the electric displacement field and the
electric field, respectively, py is the local free charge density and p; is the local total
charge density which includes the effective charge associated with electric polariza-
tions.

In all PF model, the temporal and spatial evolution of field variables follows the
same set of kinetic equations. All conserved fields, ¢;, evolve with time according to
the Cahn-Hilliard equation (1.30) whereas the non-conserved fields, 7,, are governed
by Allen-Cahn equation (1.31) [13].

361-(77, t) N oF

prreses V]V[UVW (1.30)
on,(r,t) OF

SN[ pq&nq(ﬁ 5 (1.31)

where M;; and L,, are atomic or interface mobility. F'is the total free energy of a
system which is a functional of all the relevant conserved and non-conserved fields
given by Eq. (1.20).

By numerically solving the systems of Cahn-Hilliard diffusion equations and the
Allen-Cahn relaxation equations subject to appropriate initial and boundary conditions,
the evolution profiles of the field variables, and thus the microstructure evolution can
be obtained [13]. Most of the phase-field simulations employ the second-order finite-
difference discretization in space using uniform g¢rids and the forward Euler method
for time stepping to solve the phase-field equations for simplicity. It is well known
that in such an explicit scheme, the time step has to be small to keep the numerical
solutions stable. Dramatic savings in computation time and improvement in numerical
accuracy can be achieved by using more advanced numerical approaches such as the
semi-implicit Fourier Spectral method and adaptive-grid finite-element method.

The microstructure of most of engineering materials consists of multiple grains with
different crystallographic orientations [13]. The understanding of the factors influenc-
ing the evolution of a grain structure is of great scientific and technological importance,
because physical properties, such as corrosion resistance, thermal and electrical con-
ductivity; and mechanical properties, such strength, ductility, and toughness, depend
on the mean grain size and the grain size distribution. The local energy at the grain
boundaries, or interfaces, is higher than the corresponding bulk energies of the grains
forming the grain boundaries. This extra energy associated with the grain boundaries
provides a thermodynamic driving force to move the grain boundary in a manner as to
minimize the total free energy. Such motion of grain boundaries in polycrystalline ma-
terials results in grain growth which is a process of growth of some grains and shrinking
of some others. Thus, grain growth decreases the total number of grains and increases
the average grain size.

For the case of study in Fig. 1.27, the phase-field model is the adaptation of the
grain growth model given by Eq. (1.32). In the model, each grain is described by
one order parameter 7; which takes the value of one for a designated grain and the



CHAPTER 1. INTRODUCTION 30

value of zero in other grains. The evolution of the order parameters described by the
non-conserved Allen-Cahn equation in the form of [14]

= _L,— 1.32
5 S (1.32)

where Li is the mobility coefficient and F' is the free energy functional which is taken
as [14],

N
F = / [f(m,?b, e N) + Z %|V77i|2] dv (1.33)
v i

in which k; are the gradient energy coefficients and f is the local free energy density.
The specific form of local free energy which is independent of orientation is given by
[14]

P RE: L&
oz, n) = Z (—577? g an) P Zannf (1.34)
i i i)

in which A and B are positive constants. For A = B = 1, for two order parameters m;
and 7, the shape of this local free functional is given in Fig. 1.28. As can be seen, it goes
through a minimum at equal depth for 1 values of zero and one. There have been

. .
. .
Figure 1.27: Time evolution of polycrystalline microstructure due to grain growth non-

for conserved Allen-Cahn equations in phase-field modeling. The non-dimensional
times are (a) 0.5, (b) 12.5, (c) 18.75, and (d) 25.0 [14].

many significant advances in phase-field modeling in materials science over the last
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Figure 1.28: For A = B = 1 and for two order parameters 7, (x-axis) and 7, (y-axis) the
shape of the local free functional (z-axis), Eq. (1.34). As can be seen, it goes through
a minimum at equal depth for ) values of zero and one [14].

decade. Arguably the most important has been the development of asymptotic anal-
ysis techniques that connect the phase-field equations with sharp interface models of
solidification in the computationally tractable, thin interface, limits. These methods
have been instrumental in making the phase-field method a viable tool for quantitative
modeling of microstructural evolution, especially when coupled with adaptive mesh
refinement algorithms opening up a new window to truly multiscale computation of
microstructure evolution.

A limitation of traditional phase-field models is that they are formulated in terms of
fields that are spatially uniform in equilibrium. This precludes most physical phenom-
ena that arise from the periodic symmetries inherent in crystalline phases, including
elastic and plastic deformation, anisotropy, and multiple grain orientations [24]. One
way around this problem has been to couple the traditional fields with one or more
auxiliary fields that describe, for example, the density of dislocation, the continuum
stress and strain fields and the crystal grain orientation. These approaches have proven
quite useful in various applications such as polycrystalline solidification. Nevertheless,
it has proven quite challenging to incorporate elastoplasticity, diffusive phase transfor-
mation kinetics, and anisotropic surface energy effects into a single, thermodynamically
consistent model.

Recently, a new extension to conventional phase-field (PF) model has emerged
known as phase-field crystal (PF) model. This method can describe the evolution of
the atomic density of a system according to dissipative dynamics driven by free energy
minimization [24]. In PFC approach the free energy functional of a solid phase is min-
imized when the density field is periodic function. Because of its periodic function in
nature, it naturally gives rise to elastic effects, multiple crystal orientations, nucleation
and the motion of dislocations which contribute the advantage over conventional PF
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model in terms of self-consistency [24].

——
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Figure 1.29: Features of conventional PF vs. PFC. The density field in PF model is
spatially uniform in equilibrium whereas the density field of solid phase in PFC model
is periodic function in equilibrium.

The quintessential advantage of the PFC method is that it integrates atomic vibra-
tions on time scales many orders of magnitude longer than those associated with the
Debye frequency, approximated 1/wp 10-13s [24]. This allows elastic and plastic ef-
fects emerging at the atomic scale to be self-consistently incorporated on the diffusive
time scales that govern phase transformation kinetics. The study of such phenomena
using molecular dynamics (MD) simulations is prohibitively expensive since MD is con-
strained to evolve at the scale of femtoseconds, precluding the study of physics of
nanostructured materials, where the relevant length scales are atomic and time scales
are mesoscopic.

The simplest known free energy functional that meets this condition is the form
given by Swift and Hohenberg to study the convective instabilities. This free energy
functional is expressed as [14]

o(r h
Fo(r)) = / {% A+ A @+ o) - So() + Jor)* pdr (135)
where a, A, h, gy and g are phenomenological parameters to fit the properties of the
material of interest. It is convenient to rewrite the Eg. (1.35) in dimensionless form,

by introducing a new set of variables as [14]

h 1 h
T=qr, U=\ (Qb—@), 52/\_&(@_(1) (1.36)
0

in which all terms that are either constant or linearly dependent to the dimensionless
order parameter field ¢ can be ignored and the value of h is usually taken as zero.
Then, a dimensionless free energy F as gA\~2g,” times the original free energy, without
the constant and linear parts, takes the form [14]

F(y(x)) = / {e%@z + i@b(m)“ + @ (1+v?)? w(g;)} dx (1.37)
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Here, ¢ is a constant proportional to the deviation of the temperature from the melting
temperature; therefore, it takes a negative value. The first two terms in the integrand
constitute a double-well potential and guarantees the presence of solid and liquid
phases. The last term, containing gradient term, accounts for the deviation from the
equilibrium profile owing to increase in elastic strain energy and/or the presence of
other energy risers such as the lattice defects. Even in its simplest form, the PFC
model of Eqg. (1.37) is a powerful modeling technique. By considering the atomic
configurations, the phase diagram given in Fig. 1.30 is derived from Eqg. (1.37).

Figure 1.30: Phase diagram derived from Eq. (1.37). The hatched regions indicate the
regions of coexistence phase [14].

Figure 1.30 indicates the equilibrium phases [14]. These include constant (liquid)
phase, stripe phase, triangular structure in two-dimension and body-centered cubic,
BCC, structure in three dimension and the coexistence regions in which liquid and solid
phases are in equilibrium together.

According to numerous advantages, PFC approach is widely used to study many
important material phenomena including grain growth, dendritic and eutectic solidifica-
tion and epitaxial growth. It provides a continuum-scale representation of the atomic
density field that evolves on diffusive time scales. This will enable more detailed stud-
ies of multiple crystal structures and a more systematic examination of alloy systems.
It has a great potential to model problems in physical metallurgy, including interaction
of multiple dislocations, interactions of dislocations with solute field and a variety of
other applications. Figure 1.31 demonstrate the simulation result of triangular phase
and stripe phase evolution at various time steps [14].

A few years ago, A new PFC type theory was presented, which accounted for the
full spectrum of solid-liquid-vapor phase transitions within the framework of a single
density order parameter [15]. Its equilibrium properties showed the most quantitative
features to date in PFC modeling of pure substances, and full consistency with thermo-
dynamics in pressure-volume-temperature space was demonstrated. Non-equilibrium
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Figure 1.31: The top row for triangular phase at temperature —0.25 and with average
density ¥g = —0.285. (a) Variation in free energy density. The simulation steps are: (b)
86 x 103, (¢) 90 x 103, and (d) 200 x 103. The bottom row for stripe phase at temperature
—0.25 with average density 1)y = —0.085. (e) Variation in free energy in density. The
simulation steps are: (f) 6 x 103, (g) 60 x 102, and (h) 200 x 103 [14].

simulations show that 2 and 3-phase growth of solid, vapor and liquid can be achieved,
while our formalism also allows for a full range of pressure-induced transformations.
This model opens up a new window for the study of pressure driven interactions of
condensed phases with vapor, an experimentally relevant paradigm previously missing
from phase field crystal theories.
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Figure 1.32: Pressure-temperature phase diagrams of model. Solid thick lines corre-
spond to 1-mode calculations. Dashed lines show metastability regions. Black dots
show average coexistence pressure from isothermal simulations [15].

To establish phase transition diagram, a method to control either the volume or
the pressure of the system was also implemented, called pressure-controlled dynamic
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(PCD) equation. This new pressure control scheme enables us to exhibit deformation
by specifying external pressure which is suitable for investigating the experimentally
relevant to simulate materials behavior under a pressure-controlled condition. This
differs from the original formulation of the PFC method that describes non-equilibrium
behavior of a system through the minimization of the free energy under controlled
temperature, mass, and volume. Despite the advantage of this PCD equation, the
use of this method to investigate the deformation in solid materials under externally
applied pressure had not been thoroughly explored. Therefore, we saw an opportunity
to implement this PCD equation to study such a problem.

We conducted a preliminary study by adopting the PFC model which incorporated
the PCD equation, referred to as the PFC-PCD method, to investigate the deformation
in one-dimensional crystal structure under the step pressure [25, 26]. According to
the results, the time-delayed in strain response with a reduction rate was observed
which was indicative of viscoelastic-creep behavior in solid materials. However, this
preliminary study was solely limited to the one-dimensional case as well as if we want
to predict the damping capacity property, the mechanical-hysteresis behavior needs
to be established. Therefore, to obtain more realistic results, we conduct our research
regarding the objectives and scopes provided in the next few sections below.

1.2  Objectives of the Research

1. To extend the PFC-PCD method in predicting viscoelastic-creep and mechanical-
hysteresis behavior including its complex moduli parameters in the body-centered-
cubic (BCO) crystal under externally hydrostatically-applied pressure.

2. To demonstrate the limitation of PFC-PCD method in predicting mechanical-hysteresis
behavior and complex moduli parameters at high pressure oscillation frequency range.
3. To introduce a modified pressure-controlled dynamic (MPCD) equation by heuristic
approach to improve the prediction accuracy of mechanical-hysteresis behavior and
complex moduli parameters, in particular, at high pressure oscillation frequency where
the existing PFC-PCD method can not be achieved.

1.3 Scopes of the Research

1. Implement the PFC-PCD method in predicting viscoelastic-creep behavior under
hydrostatically step pressure in a BCC crystal.

2. Investigate how the PFC-PCD parameters influence viscoelastic-creep behavior un-
der hydrostatically step pressure in a BCC crystal.

3. Implement the PFC-PCD method in predicting mechanical-hysteresis behavior and
complex moduli parameters under hydrostatically sinusoidal pressure oscillation in
a BCC crystal and demonstrate that this method is not consistent with the standard
linear solid (SLS) model, which is normally used to model viscoelasticity in solid ma-
terials, in producing mechanical-hystersis behavior and complex moduli parameters,
in particular, at the high pressure oscillation frequency range.

4. Propose a new MPCD equation by introducing the pressure time derivative term in
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the original PCD equation. With the aid of Taylor’s expansion under small deformation
postulation, we then show that the simplified MPCD equation is consistent with the
SLS model functional form.

5. Implement the PFC-MPCD method in predicting mechanical-hysteresis behavior and
complex moduli parameters under hydrostatically sinusoidal pressure oscillation in a
BCC crystal and then demonstrate that the PFC-MPCD method is able to produce those
results consistent with SLS model and generally agreed with numerous experimental
observations where PFC-PCD method can not be accomplished.

1.4 Advantages of the Research

1. To recognize not only the capability of the existing PFC-PCD method in predict-
ing viscoelastic-creep behavior but also the limitation of this method in producing
mechanical-hysteresis behavior and complex moduli parameters in BCC crystal under
externally hydrostatically-applied pressure.

2. To obtain a more promising tool, PFC-MPCD method, when the prediction of
mechanical-hysteresis and complex moduli parameters at the broader frequency range
is necessary. This should be one of the most important step to extend the capability
of the PFC method in producing more reliable parameters in damping material design.
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Theoretical Background and Literature
Review

2.1 Mean Field Theory of Phase Transformations

The origins of the phase field methodology [16] have been considerably influenced by
mean field theory of first and second-order phase transformations. The common first-
order transformations include solidification of liquids and condensation of vapor. They
are defined by a release of latent heat and discontinuous first derivative of the free
energy. In contrast, second-order transformations occur at well-defined temperature,
density, or concentration. There is no release of latent heat and the transformation
begins spontaneously due to thermal fluctuations.

An important concept used again and again in the description of phase transforma-
tions is that of the order parameter. This is a quantity that parameterizes the change
of symmetry from the parent (disordered) phase to the daughter (ordered) phase ap-
pearing after the transformation. In a first-order transformation, the order parameter of
the ordered state emerges discontinuously from that of the disordered phase, below
the transformation temperature. In the second-order transformation, the disordered
state gives way continuously to two ordered phases with nonzero order parameter.

Mean field theory of phase transformations ignores spatial fluctuations, which al-
ways exist due to local molecular motion. The order parameter, treated as an average
thermodynamic property of a phase, is used to write the free energy of a system.
This approach works reasonably well in first-order transformations, where fluctuations
influence only regions near nanoscale phase boundaries, even near the transition tem-
perature. In contrast, second-order transformation fluctuations influence ordering over
increasing length scales, particularly near a critical point. For such problems, spatial
fluctuations play a dominant role and mean field Landau free energy functional must
be augmented with terms describing spatial fluctuations.

The order parameter ¢ of a phase can be interpreted as a nonzero average of
a local order parameter field ®(r), which exhibits spatial variation. The bulk order
parameter of the form discussed in the above examples can thus be thought of as
the spatial average of the local order parameter, that is, ¢ =< ®(r) >, averaged over
the phase. The order of a phase transformation can be linked to the possible values
the average order parameter w can take. For example, a continuous change from

37
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¢ = 0 above a certain critical temperature (T.) to multiple values of ¢ # 0 below a
T, denotes a second-order transformation.

2.1.1 The Landau Free Energy Functional

To illustrate Landau mean field theory [16, 27], we begin by regrouping the confronta-
tional sum in the partition function into realizations of the order parameter that yield
a specific spatial average < ®(r) >= ¢. Doing so, a generalized partition function is
defined by

Q(T) = / Q(¢)dpetF@) =BV} (2.1)
where (¢) is the density of states of the system corresponding to ¢. The order
parameter is now assumed to be defined via a volume average, where V is the volume
of the system. The variable B plays the role of an ordering field in terms of which the
order parameter can be defined from the partition function. The probability density
of a system having an order parameter ¢ is

P((b) i e—{ﬁ(‘ﬁ)—BV(ﬁ} (2.2)

where ' = E(¢)—TS(¢) is called the Landau free energy. Here, S(¢) = kT In(Q(¢))
and E(¢) is entropy and the internal energy of the system. For a conserved order pa-
rameter, when B corresponds to a chemical potential, the Landau free energy corre-
sponds to the Gibbs free energy. When the order parameter is coupled to an external
field via B, the Gibbs free energy is given by F(¢) — BV ¢. As discussed previously, the
Gibbs free energy density (or the grand potential density w) of the system is connected
to the generalized partition function by

1

Equation (2.2) and (2.3) can be used to compute order parameter ¢ according to

p=< >= /_ b oP(p)do (2.4)

The premise of Landau theory is to evaluate the partition function in Eq. (2.2) around
the extremum of the Boltzmann factor. This leads to the well-known extremmum con-
ditions.

B (ﬁ(¢) _ BV¢)

—0
00 ;
2 (F(¢) _ Bv¢)
o q_s >0 (2.5)
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the solutions of which define the mean order parameter ¢, and in terms of which the
generalized equilibrium grand potential is defined as

— Bo = f(¢) — B (2.6)

where f(gz_ﬁ) is the Landau free energy density. It should also be emphasized that
the Landau mean field theory entirely neglects temporal and spatial fluctuations and
evaluates thermodynamic quantities at the most probable homogeneous state of the
order parameter, ¢. The next steps in mean field theory involve the construction of
the Landau field free energy density f(¢) = F(¢)/V. Recalling that the mean value
of ¢ vanishes in the disordered state (i.e., ¢ = ¢ = 0), and considering second-order
phase transitions in the vicinity of the critical point or first-order transformations where
the order parameter in the ordered phase suffers only a small jump from ¢ = ¢ = 0,
f(qﬁ) is assumed to be expressible in a series expansion of the form

BN o~ a(T)

Fo) = f(T,0 = 0)4 ) ——=4" @7
n=2

The coefficients of Eq. (2.7) are dependent on temperature and other thermodynamic

variables. In what follows, the free energy in Eq. (2.7) will be tailored to several

practical and pedagogical phase transformation phenomena. For convenience, the

hat notation will be dropped from the Landau free energy density f.

2.1.2  Free Energy Density with Symmetric Phase Diagram

For the simple binary model with a symmetric, phase diagram the free energy is sym-
metric in the two states on either side of the spinodal concentration [16]. [t is in-
structive to use Eq. (2.7) to construct a Landau free energy expansion. This is leading
to

(T)

6+ 4 o O() (2.8)

The first of the extremization conditions in Eg. (2.5) implies minimizing Eqg. (2.8) with
respect to the order parameter (B = 0 for the symmetric alloy or ferromagnet). This
gives

of ,

96 =0=0¢= <O,:|: ) (2.9)
For the first root, ¢ = 0, to be the only root above the critical temperature, both
a(T) > 0 and ay(T) > 0 (T > T'c). For the nonzero roots of Eqg. (2.9), which emerge
below the critical temperature, it is necessary that as(7) < 0 while a4(T") > 0 at
(T < T.). Assuming that a2 continuously changes sign across the critical temperature,
it is reasonable to expand it to first order in a Taylor series about 7' = T according to
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ax(T) ~ a3(T —T,). Meanwhile a,(T) must be of the form a(T) =~ a3 +b(T—T,)+...
, where a9, a}, and b are positive constants. Thus, close to and below T, mean field
theory predicts two minimum (i.e., stable) order parameter states given by

¢~ x4 (T —-T0) (2.10)

Figure 2.1: (a) Landau free energy of a simple binary mixture.Two stable phases arise
continuously from one for 7' < T,. (b) Corresponding two-phase coexistence phase
diagram for 7" < T [16].

shows the energy landscape of Equation (2.8), revealing the existence of one stable
state above T.(¢ = 0) and two below T... The figure shows that the disordered, ¢ = 0,
phase gives way to two minima, that is, stable, states below T' = T,.. Whereas, figure
2.1(b) shows the corresponding phase diagram of coexisting minima of f(w¢) in (1, ¢)
space. The dashed line indicates the so-called spinodal line defined by the locus of
points where 9 f /0¢?* = 0.

2.1.3 Free Energy Density with Nonsymmetric Phase Diagram

It is possible to represent asymmetry in a phase diagram containing a critical point by
adding odd powers to the free energy expansion [16]. An example of this is a gas—
liquid transition of a pure material. It is convenient to define, in this case, the order
parameter to be the density difference from the critical density, that is, ¢ = p — p.. It
turns out that the asymmetry can be addressed by retaining at least one third-order
term in the Landau free energy density expansion of Eq. (2.7).

ay(T) 5 | a3(T)
2 o 3

CL4(

P + TT)qs‘* + O(¢%) (2.11)

f(9,T) = ao(T) +
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The choice of parameters can be back-engineered to obtain an appropriate phase
diagram. It is assumed that a4(7") > 0 for all temperatures in the neighborhood of the
transition, which is still second order for the gas—liquid transition in the vicinity of the
critical point. The grand potential to be minimized in this system is therefore

w(@, T, ) = f(¢) — Ap(T)¢ (2.12)

where B =0f/0¢ = p— p. = Ap(T). The properties of a2; a3; and ad can be better
discussed by applying the extremum conditions in Eq. (2.5) to Eq. (2.12) very close to
the critical point, where it is assumed that Au =~ 0 to lowest order in T'— T.. It is the
same as applying the extremum conditions to f(¢) (Eq. (2.11)), which gives

qb (ag + CL3¢ + CL4¢2) =0
as + 2a3¢ + 3a40> > 0 (2.13)

The disordered phase is stable for T' > T.. for as(7T") > 0. Conversely, for a continuous
transition (a second-order transformation), it is required that the three roots (i.e., states)
of the cubic polynomial go to one as I" — T, from below. This can be achieved by
demanding that both as(7T) — 0 and a3(7") — 0 as T' — T, and that they both
become negative for T' < T.. Once again, it is sufficient for a4(7) to be positive
and nearly constant in the neighborhood of 1" = 7. The lowest order temperature
expansions of these constants satisfying these conditions are given by

gelipliip AN(T)
= ag(T —T.)
ag = a4(Te) (2.14)

In general, below the transition temperature, it is required to have two stable states
whose grand potential is equal for both the liquid and gas phases. The density of
these two sates, however, will in general not be symmetrically positioned about p..
The trial form of the grand potential satisfying these assumptions is

o T A 20D + 2 (0 Lo, G, @215

Comparing Eq. (2.15) with Eq. (2.12), where the free energy is expanded according to
Eq. (2.11), gives

D(T) = ay4(T)
]. . ag(T)
5 (Or(T) + ¢g(T)) = “3aa(T)
(6n(T) — (1)) = _day(T) + 4a5(T) (2.16)
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from which the liquid—-gas order parameters are determined to be, to lowest order in
T - TC:

gy BT -T) (T -T,)
- 3a4(T.) ai(T)
 W(T-T) |-al(T-T.
%= 5wy N\ @ @.17)

Once again, one minimum density is approached continuously as T — T, from below.

It is also seen that the chemical potential is given by

ay(T)
2

Ap(T) =B (6,(T) + 6,(1) 6(T)6,(T) ~ OT - T (2.18)

2.1.4 Free Energy Density without Critical Point

First-order transitions typically occur between phases of different geometric symmetry
[16]. As a result, the phase diagram of a first-order transition does terminate at a critical
point; that is, the two coexisting phases merge into one. The simplest way to break this
symmetry is by adding cubic term of negative sign to the Landau free energy density
expansion of Eq. (2.7),
¢* ¢ 97

flo, T) = ag(T) + as(T = Tu)? — ATy = U (2.19)
where ay, as, and u are positive constants and T, is a reference temperature different
from a critical point. This free energy exhibits one global minimum at high temperature,
two equal minima at transition temperature T = T,,, = T, + 2a2/9azu, and one global
minimum and a metastable minimum below 7,,. The free energy landscape f(¢,T)
for this case is shown in Fig. 2.2, Above the transition temperature, the free energy of
the high-symmetry phase (¢ = 0) is a global minimum - although it is evident that a
second metastable low symmetry phase, ¢ > 0, emerges even above T,,. Exactly at
the transition temperature,

Note that the minimum corresponding to ¢, (for T' < T,,) does not emerge continu-
ously from ¢y, as in a second-order transition. Instead, it emerges as a global minimum
at T'=T,, discontinuously, that is, at discrete distance from ¢y,

2.1.5 The Ginsburg-Landau Free Energy Functional

Thus far, mean field free energies have been discussed, which describe only the bulk
properties of the phases of a material [16]. Only bulk thermodynamics can be con-
sidered with this type of free energy, which implies, among other things, that phases
are infinite in extent and are uniform. No consideration has been given to finiteness
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Figure 2.2: Landau free energy for a first-order transformation. The double-well curve
with a cubic term in w. One global minimum arises when the coefficient of the square
term in fouw(@, 1) is positive. Below the melting temperature, this phase becomes
metastable and a new globally stable state of ¢ emerges [16].

of phase and, more importantly, multiple phase and the interfaces separating them.
To show how to incorporate interfaces between phases, it is instructive to mention
about the simple binary model. It is reasonable to expect that the interaction energy
between elements is spatially dependent and varies between any two elements 7 and

J.

N
1
Ly 522%(& —x;); (1 — ¢;) (2.21)

i=1 G
where the constant term in Equation 2.1 has been neglected. The interaction energy
depends on the separation between elements (&;; = ¢;;) and the j summation is over
the nearest neighbors of the ith element for simplicity. To proceed, use is made next
of the algebraic identity
g = o1 =167 + 971 + 204)
Equation (2.22) is substituted into Eq. (2.21), which is then simplified by making the

assumption that for any 1, ;; is negligible for any j > v (which in this case spans the
four nearest neighbors). These assumptions make it possible to rewrite Eq. (2.21) as

1 o
=1 e (0= 0) =5 (=60 (Z) 223

i=1 j#i #i

(2.22)

Further, assume that the interaction energy per particle ¢;; — ¢;/v, where ¢; is the
isotropic mean energy over the v nearest neighbors of element 4. In the limit where any
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two adjacent elements ¢ and j represent two locations that are physically separated
by an infinitesimal distance, the sum

S o= K(@-—@e) +(¢,-—2¢T>)+<<¢i—2m) , (6= 0n) )1

. a2 Qa a CLQ
J#i

~ a?|Vo(x;)[? (2.24)

in 2D, where ¢g, o7, ¢1, and ¢p represent ¢, evaluated at the right, top, left, and
bottom neighbors of the ith element, respectively. The large round brackets in the
first line of Eq. (2.24) represent the magnitudes of one-sided gradients at the point
i. The vector x; in second line of Eq. (2.24) represents the position centered at
the element labeled by i. To make the transition to the continuum limit complete,
the ¢ summation in Eq. (2.23) is replaced by its continuum analogue, an integral. In
dimensions this is accomplished by writing

d
S o / CZ—; (2.25)
7 v

where the division by a? is intended to encapsulate the volume that was previously
contained within one element, which is the distance between two discrete points —
the lattice constant. With the definitions in Eq. (2.24) and (2.25), the total internal
energy in Eq. (2.23) can be written, in the 3D continuum limit, as

B = [(GW076P + SLeiolxi (1 0(x) ) % 226

where the coefficient Wy = /£(x)/(va) has been defined. This parameter will be
seen below to be intimately connected to surface energy since it multiples a gradient
in the order parameter ¢, which varies significantly only at interfaces where there is
a change of order. In a similar way, the total entropic part of the free energy can be
written as

d®x

R —kB/V (&(X) N (x) + (1 — d(X) In(1 — B (x))) e (2.27)

where the integrand in Eqg. (2.27) can now be seen as a local entropy density ,i.e.
¢ — ¢(x), making the total entropy an integral of the entropy density over the volume
V of the system. Combining Eq. (2.26) and (2.27) thus yields the total free energy of
the binary alloy,

Flo,T] = /V {%|W0V¢|2 + f (¢(x),T(x))} d®x (2.28)

where the bulk free energy density is given by

(000, T() = 29506 (1 = 6() + 2T (23 (o)) + (1~ 66) n (1~ 6(x)

243
(2.29)
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Equation (2.28) is the simplest representation of a free energy that combines the bulk
thermodynamics of a simple binary alloy with a minimal description of interfacial en-
ergy. Equation (2.28) is often referred to as the Ginzburg-Landau [28] or Cahn-Hilliard
free energy [29]. The free energy of the form in Eq. (2.28) serves as a starting point for
many phenomena that are modeled using the phase field methodology. In general,
f(o,T) can be a complex function such as Eq. (2.29) or it can be approximated by
a polynomial series that is interpreted as a Taylor series expansion of f(¢,T') about
disordered phase. This formalism allows a mesoscopic description that accounts for
bulk thermodynamics and interfaces.

2.2  Nonequilibrium Dynamics

The previous section examined the significance of spatial variations in an order pa-
rameter [16]. In the context of materials microstructure, these variations demarcate
regions of bulk phase from phase boundaries or interfaces. Another important aspect
that must be examined is the time dependence of order parameter changes. Along
with the dynamics of other fields (e.g., temperature), the dynamics of order param-
eters are a critical ingredient in the development of a phenomenology for modeling
the microstructure evolution in phase transformations. It is typical in nonequilibrium
dynamics to use a locally defined equilibrium free energy or entropy to determine the
local driving forces of a phase transformation. These generalized forces or their fluxes
are used to drive the subsequent kinetics of various quantities.

Kinetic equations for order parameter fields are called conserved if they take the
form of a flux-conserving equation. This implies that an integral of the field over all
space is a constant. While, the time evolution of fields whose global average need
not be conserved is typically governed by a nonconserved equation. These include
magnetization and sublattice ordering. The basic evolution equations governing con-
served and nonconserved order parameters will be outlined in the next section. In
all cases, the free energy being referred to is in the context of the Ginzburg—Landau
free energy functional in Eq. (2.28), where f(¢,T") depends on the particular phase
transformation under consideration.

2.2.1 Driving Forces and Fluxes

Consider a system that is in thermal equilibrium [16]. Its change in entropy is given by

1 p i
dS = ZdU + ZdV Z 7N (2.30)
where T'is the temperature, V' its volume, and NV; the number of particles of species i.
As this system undergoes a phase transformation, the second law of thermodynamics
demands that dS > 0in a closed system. In the case of a constant volume, the driving
forces or the so-called affinities driving the corresponding changes in internal energy
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(U) and particle number (N;) are

a_1

au T

ds i

AN, T (2.31)

If Eg. (2.30) is applied locally to a volume element, then the second law further implies
that changes, or gradients, in S from one location in the system element to another
must be mediated (i.e., accompanied) by a corresponding flow in the local internal
energy and local number of particles. The flux of these two quantities is generally
assumed to be given by the linear combination of gradients of the driving forces in Eq.
(2.31), that is,

1 > I
JO = MOQV (?> o ; M()jv (T])

, 1 - 1
1. M (T) ) ; M,V (%) (2.32)

where Jy is associated with a flux of internal energy and J; is associated with the flux
of particle number of species i. The coefficients of the tensor M;; (i,j =0, ...N) were
derived by Onsager, who also showed that the Onsager coefficient matrix is symmetric.
This is referred to as the Onsager reciprocity theorem.

2.2.2  Dynamics of Nonconserved Order Parameters: Model A

Some phase transformations involve quantities (order parameters) that do not evolve
constrained to a conservation law [16]. Well-known examples include magnetic do-
main growth, order/disordered transitions, or isothermal solidification of a pure mate-
rial in the absence of a density jump. Order parameters that evolve without global
conservation are called nonconserved order parameters. Motivated by Equation 4.1,
a new driving force for the rate of change of nonconserved order parameter is defined
as 0F /d¢. Since there is no conservation imposed on < ¢ >, the simplest dissipa-
tive dynamic evolution for a nonconserved order parameter is given by Langevin-type
dynamics,

a¢ _ aF[¢aT] — 20 af(gb:T)
o= M _M<W0v¢ e ) (2.33)

where M is related to the timescale for atomic rearrangement from the disordered
phase to the ordered one. The right-hand side of Eq. (2.33) is a driving force that
is tailored to drive the system down gradients in the free energy landscape of F[¢].
This equation is referred to as model A in Hohenberg and Halperin classification of

phase field models [30]. It is a paradigm used to describe the evolution of an order
parameter that does not satisfy a global conservation law. Using, once again, f(¢,T)
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from Eq. (2.8), the dynamics of a system of Ising spins in the absence of an external
field can be described by

8¢ 2 3

g =M (Wov ¢ - aggb - (I4¢ ) (234)
which is arrived at by substituting Eq. (2.8) into Eq. (2.33). For a system of Ising spins in
an external field, Eq. (2.19) can be used, where the constant az can describe a coupling
to the external field. Figure 2.3 shows a sequence of time slices in the evolution of
magnetic domains numerically simulated using model A dynamics.
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Figure 2.3: Left to right and top to bottom: Time sequence of magnetic domain for-
mation and coarsening under model A dynamics. The gray scale is the z-direction
of magnetization, with dark gray representing downward masnetization and light gray
upward magnetization [16].

2.2.3 Dynamics of Conserved Order Parameters: Model B

Consider next the dynamics of a general order parameter that represents a quantity
that is conserved [16]. For the specific example of the simple binary alloy, see phase
diagram in Fig. 2.1(b), the definition of the order parameter represents an impurity
concentration. A high-temperature disordered phase with average concentration ¢ =
¢o wWill undergo phase separation once temperature is lowered below T,.. Since ¢
represents a concentration difference, it must satisfy the mass conservation equation

0% _

ot
The flux in Eq. (2.35) is derived from Eq. (2.32) (assumed for simplicity that the non-
diagonal Onsager coefficients are zero) as

-V-J (2.35)

J=—-MV . pu (2.36)
where
M, My
M="x~ 2.37
T T (2.37)
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is the mobility of solute. Combining Eq. (2.35)-(2.36) gives the following equation of
motion for the order parameter of a phase separating alloy mixture

9 SF
¥-v. <MV ) ¢) (238)

Note that p = §F/d¢. Equation (2.38) is the celebrated Cahn-Hilliard equation, or
model B, as it is often called in the condensed matter physics literature, after the
paper by Hohenberg and Halperin [30], who studied and classified the various or-
der parameter models and the associated physical phenomena that can be used to
describe them. As a specific example of the Cahn-Hilliard equation for spinodal de-
composition, f(¢,T) from Eqg. (2.8) is substituted into Eqg. (2.38). Applying the rules of
variational derivatives gives

99
It

where it has been assumed for simplicity that the mobility M is a constant. Figure 2.4
shows a simulation of the dynamics of Eq. (2.39) with a; = =1 and ay = 1 and M = 1.
The concentration field ¢ was initially set to have random initial fluctuations about

= MV? (=WoV?¢~+ arg + asd*) (2.39)

Figure 2.4: Top to bottom: Time sequence showing phase separation during spinodal
decomposition. Fluctuations on small length scales grow into larger domains, the size
of which diverges with time according to a power law. Shading represents different
solute concentrations in the two phases, with light gray being the solute-rich phase
and dark gray the solute-poor phase [16].

¢ = 0 and periodic boundary conditions were used in the simulation. It is seen that
since as < 0 (which is the case for T' < T, phase separation occurs. The average alloy
concentration satisfies < ¢ >= ¢y =~ 0, the initial average of the order parameter.
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2.3 PFC Method

The PFC method is characterized by its free energy functional and the dynamic equa-
tion. The simplest free energy functional was introduced by Elder and coworkers
[19, 31]:

4
Fe[u i wp) =S AG P pral, @40

where w(p) is the free energy density, a:, g:, A and qq are fitting parameters, p is the
atomic number-density field. This PFC free energy functional can be minimized by a
constant p profile, representing a liquid phase, and a periodic p profile, representing
a crystalline solid phase. The density periodic field ¢ can be expressed in terms of
Fourier expansion of the form

$(r,p)=p+> A" +cc, (2.41)
s

where G; is a reciprocal lattice vector (RLV), A; is an amplitude of the density wave
corresponding to G;, p is an average atomic-number density, and c.c. denotes a com-
plex conjugate. The minimization of F essentially results in the truncation of the
summation in Eqg. (2.41) to terms with small values of |G,| as the terms of with higher
values of |G;| have vanishingly small A;. Consequently, this particular PFC model (Eq.
(2.40)) favors crystal structures that can be constructed from single set of RLVs such
as stripe, hexagonal, and BCC structures in one, two and three dimensions, respec-
tively. To this end, one can construct the so-called "one-mode” approximation of the
BCC crystal by limiting the terms in Eq. (2.41) to those corresponding to (110) RLVs or
G;| = 27v/2/La, where L, is the lattice parameter. By assuming that A; of the terms
with the same |G;| are equivalent, one obtain

Pone = ﬁ it 4A5 [COS (Qarl) Cos (anQ) =+ COs (Qa'r1> Cos (QaTS) + Cos (Qar2) COos (Qar3>] )
(2.42)

where ¢, = 2w /L, and A, is the density-wave amplitude.

The second ingredient of the PFC method, which is the evolution equations, gov-
erns the time evolution of the state of the system. In this work, we employ two
evolution equations. The first is the Cahn-Hilliard type equation that evolves p(7,t)
through dissipative dynamics and with mass conservation [19]:

9 _ o2 — 2 5_F
at—V,u_V (5p)’ (2.43)

where p = 6F /dp is the chemical potential.

2.4 Interpretation of PFC Model in CDFT Aspect

In classical theory of density functional theory (CDFT) of simple liquid, the free energy
functional can be expressed as [32, 33, 34, 35, 36]

Flp(r)] = Falp(r)] + Fex[p(7)] + Fexc|p(7)] (2.44)
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where F[p(7)] is total free energy functional. Fiq[p(7)] is free energy functional of ideal
gas (non-interacting term). Fe[p(7)] is free energy functional regarding interacting
potential among liquid particles (interacting term). Fe[p(7)] is excess free energy
functional regarding potential from external field and p(7) is the density field variable
of liquid. In case of pure material and neglecting Fi,.[p(7)], the equation (2.44) yields

[17]
o= [ar|own (2) 0] -5 [amamspcoiig s
kg T’ P 2

where p| represents density of liquid state. C'®) (7, 7) represents two-point correlation
function and note that F[p(7)]/ksT is in dimensionless form. In order to obtain more
intuitive formulation of equation (2.45), we consider its expansion form around its
average density value, p. Let us denote that

h E= = (2.46)

where n represents deviation of p around p in dimensionless form. Substitute equation
(2.46) into equation (2.45) and use the fact that [ didpC3) (7, 7)dp = p*nC@n, we
obtain

%ﬁ?l=/ﬁﬂﬂ+nﬂnﬂ+n%qﬂ_/ﬁfh

Consider the first term of equation (2.47) and use the Taylor’s expansion of In(1+4n) =
n—n?/2+n%/3~n*/4+ ... Then, the first term inside the integral of equation (2.47)
becomes

(2.47)

/jC(?) }
n

nd Washt n® nt

0 ey L B LR o 2 — Sy Ly _ J—
(I1+n)In(I+n)—n=mn 2—|—3 4+n 2+3 n— ..
el @ 12
e e e 2.4
= (2.48)
Substitute this formulation into equation (2.47). We literally obtain
AF 1—pC® adP s
=‘RdlTeo—r 2™~ 77— 2.49
BT / T (n 9 n 6 2y B ) ( )

where AF = F — F, and Fj is free energy functional at constant density p = p. The
two-point correlation function C® can be expressed in Taylor’s expansion form in
fourier space as

COk) = Cy + Cok® + Cok* + .. (2.50)

where 6(2)(k) represents two-point correlation function in fourier space. k represents
fourier wave vector and Cy;, i = 0,1, 2, ..., represent the variables which parametrize
material properties. In real space, the two-point correlation function is

c® = (éo R vENIGA vaa ) (2.51)
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If we only consider to the fourth-order of C'® function [37]. Then, we obtain
C = Cy— oV + Cu V! (2.52)

where CﬁD) represents of the fourth-order fit of two-point direct correlation function
(DCF) [37]. It should be noted that Cy, Cs and C; are related with three basic prop-
erties of material, the liquid phase isothermal compressibility, C; o (1 — pCQ) the
bulk modulus of the crystal, B, o 5C3/|Cy4, and lattice constant, a; oc (Co/|C4|)'/?,
[17]. The height of the first peak, C., in Fig. 2.5, is related to the bulk modulus of
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Figure 2.5: Typical liquid state of two-point direct correlation function (solid-line) and
the approximation curve used by most paper (dash-line), First peak approximated by
the fourth-order fitting schematic [17].

the crystalline phase and the position of the first peak determines the lattice con-
stant. However, this simplification is only defined by three quantities which may not
be adequate to fully parametrize any given material. This three parameter estimation
is suitable for prediction of triangular symmetry in two dimensions and BCC symmetry
in three dimensions. Other crystal symmetries can be obtained by using more com-
plicated two-point correlation function [38]. Substitute the relation in equation (2.52)
into equation (2.49). This yields

(2.53)

n——+-=

2 6 12

AF4P / _,( 1-— CN'O + C’sz = CN'4V4 n3 Tl4 >
— dr | n - ..
pksT

where C; = ﬁé’i. Truncate higher order term after n* and introduce a; and b; as
a respectively fitting parameter of n3 and n* term. Then, equation (2.53) literally

becomes
e SAv/ N AL
Frec = /df (nl Co+ CoV7 — CUV n— 23 + ﬁn4> (2.54)

2 6 12

where Fpee = AF,p/pksT represents PFC free energy functional approximated by
CDFT model at the fourth-order of the two-point DCF.
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2.5 Thermodynamic of Hydrostatically-Stressed Crys-
tal Solids

The thermodynamic description of solids proposed by Larché and Cahn [39] which
considers the solids as networks of lattices occupied by atomic species and vacancies.
For a hydrostatically-stressed, multiple-component solid, the number of lattices sites
(N1) can be written as

k
N, =Y Ni +N, (2.55)

=l

where N4, and N, are the numbers of lattices occupied by the atomic species and va-
cancies, respectively. The internal energy, FE, is then postulated to have the following
functional dependence, F = E(S,V, Na,,..., Na,, N,), where S is the entropy and V/
is the volume. By combining the first and the second law of thermodynamics, we can
then write the differential of internal energy as [40]

k
dE =TdS — PdV + " padNa, + pi,dNy, (2.56)

=1

where T represents temperature. P represents pressure. 4, represents chemical
potential for each component species and p, represents the chemical potential of
vacancy. Each term is defined by

E E
Rl NP
95 VYN, Ny oV SNVNa,; Ny
OE oE
= = 2.57

S,V,¥Na, ;N S,V,YNa,

Other energy functions follow from the internal energy in the usual way used for
homogeneous systems. The Helmholtz free energy of the crystal, F, is

F=F-+TS (2.58)

Taking total derivative of equation (2.58) and using (2.56), we obtain

k
dF = —SdT — PdV + Y " pia,dNy, + pudN,, (2.59)

i=1

where each intensive variable term is defined as

oF OF
§=-2 N
o OV |1 yna, N,
oF oF
= — 2.60

T.V¥Na, ;. No T,VYNa,
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It should be noted that F = F(T,V, N4,, ..., Na,, N,). However, the thermodynamic
fields associated with most evolving systems are function of position and time, and en-
ergy regarding such a system must be calculated by integrating energy density over the
volume of the system. The energy density can be expressed on both per-unit-volume
basis or per-atom basis. In elastically deformed crystals, stress and deformation ten-
sor are usually referred either to the current state (Eulerian description) or to some
convenient reference state (Lagrangian description). Therefore, thermodynamics fields
must also be expressible as densities referred to either the current state or to some
convenient reference state.

First, the energy density in reference state is established by dividing equation (2.56)
with V’, reference volume. We obtain

k
dey: = Tdsy: — PdJ + Z o, dpy, + pdpy,, (2.61)

i=1

where ey, = E/V" is energy density referred to reference state. sy» = .S/V’ is entropy
density in reference state. J = V/V' is the measure of deformation. p/y = Na,/V’
is atomic species (A;) density in reference state. p/ = N,/V’ is vacancy density in
reference state. Regarding lattice site conservation equation (2.55), this can lead to
site constraint relation in reference configuration as

k
oSO\ D) (2.62)
=1

where p) = N /V' is lattice site density in reference state. If we take derivative of
equation (2.62), the dp/, term would vanish. Then, equation (2.62) yields

k
dply == dpls, (2.63)
i=1

Substitute equation (2.63) into equation (2.61), we obtain

k
deyr = Tdsyr — PdJ + Y padply,, (2.64)

=1

where ey = eyi(svr, J, Pl - pla,) @Nd pae = pa, — iy is diffusion potential. To
develop energy density in current state, we use the fact that all physical quantities in
reference state and current state are related by «’ = xJ where 2’ represents phys-
ical property in reference state and x represents physical property in current state.
Therefore, equation (2.64) becomes

k
d(ey])=Td(syJ) — PdJ+ > paod(paJ), (2.65)

=1
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which can be rearranged

k
eyd) + Jdey = TsydJ + TJdsy — PdJ + Y [awpadd + paotdpa],  (2.66)

i=1

The equation (2.66) can be reduced to

[—P — 3 #Aw/?Az]

k
7 dJ + Z tAdpa, (2.67)

i=1

dev = TdSV +

where ey = ey (sv, J, pay, -..s pa,) and fir = ey = T'sy is Helmholtz free energy den-
sity in current state. This energy density in current state will play a crucial role in
developing pressure-controlled dynamic equation in later chapter.

2.6  Classical Irreversible Thermodynamics Theory

In classical theory of irreversible thermodynamics (CIT), the local equilibrium postu-
lation is assumed for each microscopic cell even though the entire system is out off
equilibrium state. Then Gibb’s fundamental relation obtained by combining the first
and the second law of thermodynamics [1],

k
dE = TdS — dW + > ji4,dNy, (2.68)

=1

can be used to calculate changes in the local equilibrium states as a result of evolution
of the spatial distribution of thermodynamic potentials. Dividing dE by V', reference
cell volume of the system, to obtain thermodynamic relation in a new form

k
devl —— TdSV’ — dwvl + Z /J,ALdeAz (269)

i=1

Note that each physical density quantity zy- represents that quantity density in ref-
erence state. Now that all extensive quantities are now on a per unit volume basis,
equation (2.69) can be generalized as

k
Tdsy: = deyr — Y tdé; (2.70)

1=1

where v; represents a it" generalized intensive quantity and &; represents its conju-
gate extensive quantity density. Alternatively, the last term in equation (2.70) can be
expanded as

k k
> widé = —Pdv + Grdéy +vdA+ Y padpa, + E - di+ H - db (2.71)
i=1

1=1
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where P is pressure. v = V' /V" is cell volume relative to reference volume. &y, is the
deviatoric stress tensor and &y, is deviatoric strain tensor. ~ is interfacial energy density
and A is the interfacial area. p4, is chemical potential of A; component and py;is
atomic density of A; component. E is electrical field and p'is the total polarization
density. H is the magnetic field and bis the total magnetic moment density. According
to equation (2.70), the v; can be scalar, vector or even tensor quantities. However, all
of their product must be scalar.

Type of physical systems Intensive variable (1);) Conjugate variable (;)

Mechanical system (HP) —P J
Mechanical system (NHP) Ol Epl
Surface tension y A
Chemical system A, PA;
Electrical system E D
Magnetic system H b

Table 2.1: List of generalized intensive quantities and their conjugate quantities for
various physical systems. Note that (HP) is hydrostatic pressure and (NHP) is non-
hydrostatic pressure, deviatoric stress tensor [1].

In equilibrium thermodynamics, entropy maximization for a system with fixed in-
ternal energy determines equilibrium. However, entropy increases play an important
role in irreversible thermodynamics. If each of reference cells were an isolated sys-
tem, the right hand side of equation (2.70) could only increase in a kinetic process.
Nonetheless, because energy, heat and mass can flow between cells during kinetic
processes, they cannot be treated as isolated systems, and application of the second
law must be generalized to the system of interacting cells.

In hypothetical system for modeling kinetics, the microscopic cells must be open
systems. Itis useful to consider entropy as a fluxlike quantity capable of flowing from
one part of a system to another, just like energy, mass and charge. Entropy flux, Js,
is related to the heat flux, fQ. Normally, energy, mass and charge are conserved
quantity, however, entropy is not. It can be created or even destroyed locally. The
local rate of entropy-density creation is denoted by §,.,. Therefore, the total rate of
entropy creation in a volume V' is

Syen = / $gendV. (2.72)
\%

For more general system, the total entropy increase will depend on how much en-
tropy is produced within it and upon how much entropy flows through its boundaries.
According to equation (2.70), time derivation density in a cell is

Os 10e 1 0¢;
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If we assume that all & are conserved physical quantities, 9¢;/0t = —V -

equation (2.73) literally becomes

0s 1 1<

Using mathematical identity (property of the divergence)
AV-B=—-B-VA+ V- (AB).

Therefore, equation (2.74) can be written as

Os _ e — Zf Vid; 7 1 o (o
E——V-<# + JE-Vf—;Ji-VT :
Comparing equation (2.76) with the equation (2.77) term by term as below

ds >
E = —V . JS R Sgen-

According to equation (2.77), we obtain

7 LT S
ISRRRROTNC

and

Vi

k
— ]_ —
Sqonim o N S2 T AV
i1

[t should be noted that

} N )
VT— T2VT, VT— T2

Substitute equation (2.80) into equation (2.79), this yields

)
VIE+ vai

-

. o — S, tid; =,
Sgen:_< £ %;_1w )VT—Z?vwz

i=1

Multiplying equation (2.81) by T" both sides, it yields

)

Tégen - - T

k
VT = Ji- Vi
=1

56

fi. The

(2.74)

(2.75)

(2.76)

(2.77)

(2.78)

(2.79)

(2.80)

(2.81)

(2.82)

Note that fQ = Jp — Zle z/)LJ: . Every term on the right-hand side of equation (2.82)
is the scalar product of the fluxes and their coupled gradients, conjugate forces.
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Type of physical systems Flux  Force Empirical force-flux law
Heat Jo —=VT Fourerslaw Jg=—-KVT
Chemical J; —Vyu;  Fick’s law J = —M;c;Vy,
Electrical J, Vo Ohm’s law f —KV¢

Table 2.2: List of thermodynamic fluxes and conjugate driving forces for some physical
systems with their empirical relation [1].

In fact, each flux could be a function of other forces in addition to its conjugate
force that is

Jo, = JQz‘(FleFsz o FQu FQiys o FQN) (2.83)

where Jy, is thermodynamic flux and Fy,, is conjugate force of (); factor. Furthermore,
each thermodynamic flux can be written in a Taylor’s expansion near its equilibrium
point Jg,,-

N

aJQl a JQ’L >
4 Z Z SRty 2 Fy Fo, + R(Fg,. .., Fo,) (2.84)

where Jg,, = JQ,L.O(FQw,FQQO, ...,FQNO) is thermodynamic flux at equilibrium state.
Fo,, is thermodynamic force at equilibrium state. R(Fy,, Fo,, .-, Foy ) is higher order
term of expansion. It should be noted that at equilibrium state, each Jg,, vanishes
since every Fy,, becomes zero. Furthermore, we postulate that the system is very
close to its equilibrium state, therefore, each driving force is slightly deviated from
its equilibrium state, VFy, << 1. Then, the equation (2.84) can be written in linear
approximation formulation as

0Jog, 0Jg, 0Jo,
Jo. = ~F, ~F ~ F, 2.85
Qz 6FQ1 Ql + aFQQ Q2 + aFQN QZ\ ( )
or in abbreviated form,
Jo =Y LopFs (2.86)
B

where L, = 0.J,/0F} is phenomenological coefficient. Then, we can utilize each of
J. to develop intended dynamic relation based on physical laws further. Regarding
equation (2.82), it should be noted that the relation can be given in more arbitrary
form as

Tigen = JoFa (2.87)

Finally, the entropy creation can be expressed in a quadratic function of driving forces
alone as

Tégen = LagFoll (2.88)

Note that T'5gen, > 0 .
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2.7 Viscoelastic mechanical model

Viscoelasticity is concerned with materials which exhibit strain rate effects in response
to applied stresses. These effects are manifested by the phenomena of creep under
constant stress and stress relaxation under constant strain. These time-dependent
phenomena may have a considerable effect on the stress distribution developed in a
member, such as a thick tube made of viscoelastic material subjected to prescribed
loads or prescribed surface displacements [41].

In classic elasticity, there is no time delay between application of a force and the
deformation that it causes. For many materials, however, there is additional time-
dependent deformation that is recoverable. This is called viscoelastic or anelastic
deformation. When a load is applied to a material, there is an instantaneous elastic
response, but the deformation also increases with time. Anelastic strains in metals
and ceramics are usually so small that they are ignored. In many polymers, however,
viscoelastic strains can be very significant [7].

Anelasticity is responsible for damping of vibrations. A high damping capacity is de-
sirable where vibrations might interfere with the precision of instruments or machinery
and for controlling unwanted noise. A low damping capacity is desirable in materials
used for frequency standards, in bells, and in many musical instruments. Viscoelas-
tic strains are often undesirable. They cause the sagging of wooden beams, denting
of vinyl flooring by heavy furniture,and loss of dimensional stability in gauging equip-
ment. The energy associated with damping is released as heat, which often causes an
unwanted temperature increase. Study of damping peaks and how they are affected
by processing has been useful in identifying mechanisms.

In the following discussion of mechanical models, stress o, force per unit area, and
strain e, deformation per unit length, instead of force and deformation of the model
will be used to compare the stress-strain-time relation of viscoelastic materials with
the viscoelastic models considered.

2.7.1 Idealized Linear Spring and Dashpot

Elastic behavior can be modeled mathematically with structures constructed from
idealized spring elements. This element exhibits instantaneous elasticity and instan-
taneous recovery as shown in Fig. 2.6.

A spring models a perfectly linear elastic solid. The behavior is described by

o= Ke

o

- — 2.89
=1 (2.89)

where e is strain, o is applied stress and K is spring constant which can be interpreted
as Young’s modulus. On the other hand, a dashpot models a perfectly viscous material
is shown in Fig. 2.7
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Figure 2.6: Behavior of a linear spring element which is able to exhibit instantaneous
elasticity and instantaneous recovery where gy is applied stress value.
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Figure 2.7: Behavior of a linear viscous element which is able to exhibit linearly time-
dependent deformation where oy is applied stress value.
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The behavior of perfectly linear viscous model is described by

o =mneé
o= 204 (2.90)
Ui

where 1 is the coefficient of viscosity. Equation (2.90) states that the strain rate k is
proportional to the stress or, in other words, the dashpot will be deformed continu-
ously at a constant rate when it is subjected to a step of constant stress. On the other
hand, when a step of constant strain is imposed on the dashpot the stress will have
an infinite value at the instant when the constant strain is imposed and the stress will
then rapidly diminish with time to zero at ¢ = 0+.

2.7.2 Maxwell model

The Maxwell model is a two element model consisting of a linear spring element and
a linear viscous dashpot element connected in series as shown in Fig. 2.8. The stress-

& O-. ¢ o, " K+to,t/n
« K Zo ot /n
ellq_l n C e g,/ K

o} L Lt

Figure 2.8: Behavior of a maxwell model which is able to exhibit linearly time-
dependent deformation where oy is applied stress value. If the stress is removed
from the Maxwell model at time, the spring returns to zero at the instant the stress
is removed, while the strain which does not disappear and forms a permanent defor-
mation.

strain relations of spring and dashpot follow from Eq. (2.89) and (2.90), respectively.

o= Kes

Since both elements are connected in series, the total strain is
e=e;+ e (292)
or the strain rate is

e=¢e+ € (2.93)
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e O

E 3 b

Figure 2.9: The stress relaxation phenomenon for a Maxwell model under constant
strain. If the stress is removed from the Maxwell model, the elastic strain in the spring
returns to zero once the instant the stress is removed.

Equations (2.91) and (2.93) contain four unknowns o, e, €1, e;. Among these e; and e
are internal variables and o and e are the external variables. Therefore, the stress-strain
relation of the model can be obtained by eliminating e; and e, from these equations.
Inserting Eq. (2.91) into Eqg. (2.93), e; and e, can be eliminated and the following
stress-strain rate relation for the Maxwell model is obtained

o o
Al A 294
e 174 + { ( )
The strain-time relations under various stress conditions and stress-time relations under
given strain input can be obtained by solving differential Eg. (2.94). The following
strain-time relation can be obtained after applying integration together with the initial
condition o = oy at t = t.
(o) oy
=— 4+ —t 2.95
e K *+ 77 ( )
If the stress is removed from the Maxwell model at time ¢;, the elastic strain o/ K in
the spring returns to zero at the instant the stress is removed, while (oo /n)t; represents
a permanent strain which does not disappear. If the Maxwell model is subjected to a
constant strain ep at time ¢t = 0, for which the initial value of stress is oy, the stress
response can be obtained by integrating Eq. (2.94) for these initial conditions with the
following result

o(t) = age Kt/ (2.96)

Equation (2.96) describes the stress relaxation phenomenon for a Maxwell model un-
der constant strain. The stress relaxation is shown in Fig. 2.9.

2.7.3 Kelvin-Voigt model

The Kelvin model is shown in Fig. 2.10 where a spring element and dashpot element
are connected in parallel. The spring and dashpot have the following stress-strain
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Figure 2.10: Creep and recovery behavior of Kelvin-Voigt model.

relations according to Eq. (2.89) and (2.90)

o1 = Ke
09 = Meé (2.97)

Since both elements are connected in parallel, the total stress is
0O =011t 02 (298)

Again, Equations (2.97) and (2.98) contain four unknowns. Eliminating o1 and o5 among
these equations yields the following equation between stress a and strain e

s pELEZ (2.99)
NN

The solution of Eq. (2.99) may be shown to have the following form for creep under
a constant stress g applied at t = 0,

e=—(1—eKt/m) (2.100)

As shown in Fig. 2.10, the strain described by Eq. (2.100) increases with a decreasing
rate and approaches asymptotically the value of oo/ K when t tends to infinity. It
should be noted that the Kelvin model does not show a time-dependent relaxation.
Owing to the presence of the viscous element an abrupt change in strain ey can be
accomplished only by an infinite stress which is impossible.

Neither the Maxwell nor Kelvin model described above accurately represents the
behavior of most viscoelastic materials. For example, the Kelvin model does not ex-
hibit time-independent strain on loading or unloading, nor does it describe a perma-
nent strain after unloading. The Maxwell model shows no time-dependent recovery
and does not show the decreasing strain rate under constant stress which is a char-
acteristic of primary creep. Both models show a finite initial strain rate whereas the
apparent initial strain rate for many materials is very rapid.
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Es

Figure 2.11: Schematic illustration of standard Linear Solid Model (SLS) Model.

2.7.4 Standard Linear Solid Model

We review the standard linear solid model (SLS) which is a method of modeling vis-
coelasticity using linear combinations of springs and dampers as shown in FIG. 2.11.
The strain response from this model will be compared with that from the PFC-PCD
simulation in order to extract viscoelastic quantities and properties. The governing
differential equation for the SLS model is [41, 8]

de E1 E2 ) & do

F Eo)— — 2.101
(B + 2)dt+176 770+dt (2.101)

where e is the strain response from the applied stress ¢. Equation (2.101) can be
written in simple form as follows
de do’
— +Ke=o' +7— 2.102
T T Re=o b ( )
where K = E1Ey/(n(E; + E)) and 7 = n/E;. The variable ¢’ is the scaled quantity
defined as o/ = o/ (7(E1 + E»)).
For the creep behavior, we consider the case where the system (initially at zero
stress and strain) is subject to constant stress.

a(t)=a". (2.103)

The corresponding strain is then

e(t) = en {1 _exp (_Ti)} (2.104)

where e, = ¢’/ K is the deformation at ¢ = oo and 7. = 1/ K is the relaxation time; the
subscript “c” indicate the creep phenomena. The quantities e, is the deformation at
steady-state while 7. relates to the rate at which the system reaches the steady-state
deformation. The plot of the strain response is shown as an example in Fig. 2.12. For
the hysteresis behavior, we consider the system induced by harmonic excitation given

by
o' (t) = o'y sin(wt) (2.105)
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Figure 2.12: Viscoelastic creep under step load at the same ey, = 2 - 1073 condition
and 7. = 9.0.

where ¢4 is the stress amplitude, w = 2xf is the angular frequency, and f is the
frequency. At steady state, the strain response yield the solution:

e(t) = easin(wt=0) (2.106)

L) 2
€p = O'A m (2107)

is the strain amplitude. As a result, the amplitude ratio, A, is

where

ay 11+ (tw)?
2 22 o 2.108
(O K2 + w? ( 0 )
Also, the loss tangent factor,
1—-7K
e m— 2.109
d = arctan [(K+7w2>w]’ (2.109)

defines the phase angle due to time-delayed response. From the solution the complex
moduli (or dynamic modulus) can be defined from

o K+ jw ,
Gi:omplex = a = 1+ jrw = thorage + jG{oss' (2.110)
The quantity Gt e IS @ property of viscoelastic materials and can be written further
as Giomplex = Gtorage T Glossy Where Gl is the storage modulus and Gy is the loss

/
storage

modulus. The quantity G measures the stored energy and is an elastic response
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of material while G|, measures energy dissipation and is a viscous response of a

material. The expressions for G, and G, can be obtained from rearranging the

last equality in Eq. (2.110), yielding

K + 1w? (1—-7K)w
G/storage = m, G{oss = m (2.111)

The loss tangent, tan(d), is the ratio of storage and loss modulus or tan(d) = G,/ Giiorage
; this quantity is a measure of damping in the material.

The behavior of the SLS model a function of excitation frequency is shown in Fig.
2.13(a). At low frequencies, tan(d) or d is low, which indicates that the system behaves
in an elastic manner. This is due to fact that the dashpot in Fig. 2.11 has sufficient
time to displace, resulting in the stress and strain profiles that are almost in phase.
The value of Gi.qe is relatively small compared with that at higher frequencies due
to large strain amplitude (Fig. 2.13(b)). At high frequencies, the system also behaves
elastically as seen from small tan(d); at this condition, the change in stress is too rapid
for the dashpot to operate and thus the strain response is in phase with the stress
profile. Due to small strain amplitude, the value of G, is relatively large.

At intermediate frequencies, a considerable amount of phase lag occurs, as shown
schematically in Fig. 2.13(c), showing a more viscous behavior, and the stress-strain
profiles can be plotted to exhibit hysteresis loop as shown in Fig. 2.13(d) where the
area inside the loop represent the energy loss. At the frequency where tan(d) is
maximum, the system exhibit the highest damping capacity and, in real materials, this

condition is important for damping applications.

2.8 Literature Review

In 2002, Elder et al.[31] presented a new model of crystal growth that described the
phenomena on atomic length and diffusive time scales. The former incorporates elas-
tic and plastic deformation in a natural manner, and the latter enables access to
time scales much larger than conventional atomic methods. Historically, many con-
tinuum models have been developed to describe certain aspects of crystal growth
and liquid/solid transitions in general. At the simplest level called model A in the
Halperin and Hohenberg [30] classification scheme has been used to describe liquid/
solid transitions. This model treats all solids equivalently and does not introduce any
crystal anisotropy. Extensions to this basic model have been developed to incorpo-
rate a solid phase that has multiple states that represent multiple orientations [42, 43].
Other models [44, 45, 46] have sought to include elastic and plastic deformations, but
cannot account for multiple orientations. Therefore, in this work, these limitations
are overcome by considering a free energy that is minimized by a periodic hexagonal
(i.e., solid) state. The model used in this work describes the statics and dynamics of a
conserved field, v, by the following free energy and equation of motion:

;:/{¢, [(qg+v2)2_e] %ﬁ/’{} (2.112)
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Figure 2.13: Hysteresis behavior regarding SLS model. (a) Complex Moduli Gy e
(solid-line), G|, (dash-line) and tan(d) (densed dash-line) established by SLS model at
condition ¢/, = 0.00075, K = 0.3750 and = = 0.1667 and f ranges between (0.01,100)
(b) Amplitude ratio at f ranges between (0.004,10) (c) System response schematic
demonstrates phase lag between o' (t) (solid-line) and e(t) (dash-line) (d) Mechanical-

Hysteresis schematic e(t) vs o’(t) plot.



CHAPTER 2. THEORETICAL BACKGROUND AND LITERATURE REVIEW 67

and

b _ o (OF
8t_v (CWJ)—H? (2.113)

where 7 is a stochastic noise, with zero mean and correlations < n(r,t)n(r',t') >=
—GV35(r — r)d(t — t') and G = 0 hereafter, ¢y and ¢ are constants. The field v
represents the local mass density. The specific free energy given in Eq. (2.112) was
chosen as it is the simplest form that produces periodic states.

The simplicity is important, as it leads to computationally efficient numerical schemes.
Producing periodic structures is crucial, as such states naturally allow for elastic and
plastic deformations, multiple orientations, and can accommodate free surfaces, as
required for a crystal phase. The dynamical equation of motion, Eq. (2.113), was cho-
sen to conserve the local mass density. In 2D, this free energy is minimized by striped
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Figure 2.14: (a) Mean field phase diagram (b) Grain boundary energy. The points are
from numerical simulations and the line a fit to the Read-Shockley equation. (c) Grain
growth. In this fisure, the number defects is plotted and the solid line is a guide to
the eye. (d) Epitaxial growth. The points are from numerical simulations and the lines
are best fits [17].

1, hexagonal 1, and constant v, states depending on the average value, 1, of 1. To
estimate the phase diagram, these states can be approximated by

cos( 24y _

T |+ =
(2.114)

Yy = Agsin(qew) + v, U, = Ay, |cos(gux) cos(
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Substituting these expressions into Eq. (2.14) and minimizing subject to the constraint
[dry = 9 gives the values for the characteristic amplitudes A and wave number ¢
and the phase diagram shown in Fig. 2.14(a). The energy per unit surface length, Ey,
between grains that differ in orientation by an angle § was determined numerically
and, in Fig. 2.14(b), compared with the prediction of Read and Shockley [47], i.e.,
Ep = Ey0[1 —Wn(0/0,)], where Eyy and ) are constants. The number of defects is
shown in Fig. 2.14(c) as a function of the logarithm of time. Initially [log(t/7p) < 1.7]
the number of defects increases as the total droplet surface area increases. When the
droplets impinge, the number of defects begins to decrease as local rearrangements
take place. At later times [log(t/Tp) > 2.0], the grain boundaries evolve at a very slow
rate. In these simulations, it is found that the number of defects decreases logarith-
mically at late times. The slow growth is distinctly different from foams and froths,
where growth is mainly determined by the motion of triple junctions and curvature
relaxation, and cannot be attributed to impurity pinning since these simulations were
conducted for a pure material. The numerical results for H. shown in Fig. 2.14(d) are
consistent with the functional relationship proposed by Matthews and Blakeslee [48]
where H, is the critical height.

In 2004, this model, called phase-field crystal (PFC), was extended and discussed
the basic properties of the model, and present several applications to technologi-
cally important non-equilibrium phenomena [19]. Many basic properties of the model
are calculated analytically, and numerical simulations are presented for a number
of important applications including, epitaxial growth, material hardness, grain growth,
reconstructive phase transitions and crack propagation.

In many physical systems periodic structures emerge. Classic examples include
block copolymers [49, 50], Abrikosov vortex lattices in superconductors [51], oil-water
systems containing surfactants [52], and magnetic thin films [53, 54]. In addition many
convective instabilities [55, 56], such as Rayleigh-Benard convection and a Margonoli in-
stability, lead to periodic structures. To construct a free-energy functional for periodic
systems, it is important to make the somewhat trivial observation that unlike uniform
systems, these systems are minimized by spatial structures that contain spatial gradi-
ents. This simple observation implies that in a lowest-order gradient expansion the
coefficient of [V¢|? in the free energy below,

F = /dV [/(6) +K|Vol?/2], (2.115)

is negative. By itself this term would lead to infinite gradients in ¢ so that the next-
order term in the gradient expansion must be included, i.e. |V2¢[%. In addition to
these two terms a bulk free energy with two wells is also needed, so that a generic
free-energy functional that gives rise to periodic structures can be written

F [av (5 wor+ Eiveop) + 10) 2116)

2

where K and aq are phenomenological constants. Insight into the influence of the
gradient energy terms can be obtained by considering a solution for ¢ of the form
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¢ = Asin(2rx/a). For this particular functional form for f the free energy becomes

2
Ayt [—%+a—j+...] +1/de(¢) (2.117)
a a a a
which can be approximated by
F KA? 4KA? 1
La -t P [avie) 2.118)

where Aa = a — ag. At this level of simplification it can be seen that the free en-
ergy per unit length is minimized when a = ag or ay is the equilibrium periodicity of
the system. Perhaps more importantly, it highlights the fact that the energy can be
written in a Hooke’s law form, i.e. E = Ey 4+ (kAa)?, which is so common in elastic
phenomena. Thus, a generic feature of periodic systems is that for small perturbation,
e.g., compression or expansion, away from the equilibrium they behave elastically.

In a liquid-solid transition the obvious field of interest is the density field since it
is significantly different in the liquid and solid phases. More precisely the density is
relatively homogeneous in the liquid phase and spatially periodic (i.e., crystalline) in
the solid phase. The free-energy functional can then be approximated as

F = [ataion = [ar| for+ S0 2119)

where f and G are to be determined and f is the deviation of density from the average
density. Under constant-volume conditions f is a conserved field, so that the dynamics
is given by

96 . yOF
B = 'V 53 +n (2.120)

where 7 is a Gaussian random variable with zero mean and two-point correlation
< n(r, () >= Tk V26(r — r')o(t —t') (2.121)

To determine the precise functional form of the operator G(V?) it is useful to consider
a simple liquid since ¢ is small and f can be expanded to lowest order in ¢ i.e.

2
fig = O+ fVo+ T d® + ., (2.122)
where f = (9f/0¢). In this limit Eq. (2.120) takes the form
% ~TV2[f® 4 G(V))] 6 + 1 (2.123)

which can be easily solved to give

t
o(q,t) = e Tg(q, 0) + e~ ! / SRICRY (2.124)
0
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where q is the wave vector, &, = f® + G(¢?), ¢ is the Fourier transform of ¢, i.e.,

2 T 2
S(q,t) = e 20 S(q,0) + kf’ (1 — ema @l (2.125)
Wy

In a liquid system the density is stable with respect to fluctuations which implies that
@y > 0. The equilibrium liquid state structure factor Spi(¢) = S(g, o0) then becomes

 ksT

Wq

Shin(q) (2.126)

This simple calculation indicates that the method can model a liquid state if the
function @, is replaced with kgT'/ S (q) or

kT
== Seq

liq

Glq) — ¥ (2.127)

A typical liquid-state structure factor and the corresponding w, are shown in Fig. 2.15.
Thus G(V?) can be obtained for any pure material through Eq. (2.127).

S(q)~!

Figure 2.15: The points correspond to an experimental liquid structure factor for Ar®
at 85 K taken from [18]. The line corresponds to a best fit to Eq. (2.128) [19].

It was also argued that the basic physical features of elasticity are naturally incor-
porated by any free energy that is minimized by a spatially periodic function. The
simplest possible free energy that produces periodic structures can be constructed by
fitting the following functional form for G:

G(V?) =\ (@ + V), (2.128)
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to the first-order peak in an experimental structure factor. As an example such a fit
is shown for argon in Fig. 2.15. At this level of simplification the minimal free-energy
functional is given by

4
F= /dr (% [aAT+A(q§ +V?) ]qb—l—u%) (2.129)

In principle other nonlinear terms, such as ¢*, can be included in the expansion but
retaining only ¢* simplifies calculations. The dynamics of ¢ is then described by the
equation

19J0) 9 5.7:
—=T , =I'Ve— .
o V2 +n=TV? 5¢ (2.130)

For convenience it is useful to rewrite the free energy in dimensionless units, i.e.

AT
X =T, Y =¢ =t =Tt (2.131)
q Agq

In dimensionless units the free energy becomes
4
KR ; — / [w (V) + v ] (2.132)
0

where Fy = \%¢57¢ and
w(V) =r+ (1+V?)’ (2.133)

The dimensionless equation of motion becomes

O
ot

where < ((r1,71)C(ry, 7) >= DV?6(r,—1,)6(11—72) and D = ukpTql* /A% Equations
(2.132), (2.133), and (2.134) describe a material with specific elastic properties.

In one dimension the free energy described by Eq. (2.132) is minimized by a periodic
function when the average value of (v)) is small and a constant when 4 is large.
To determine the properties of the periodic state it is useful to make a one-mode
approximation

=V (w(V?) + ) + ¢ (2.134)

¢~ Asin(gz) + (2.135)

which is valid in the small r limit. Substitution of this function into Eq. (2.132) gives

g arla Y P
T =5 dx {—w@?)d) + }

1/}2 3A2 ¢2 3A2
5 |: +7+2:|+I|:q+7} (2.136)
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where &y is the Fourier transform of w(V2), @, = r + (1 — ¢)°. Minimizing Eq. (2.136)
with respect to g gives the selected wave vector ¢* = 1. Minimizing F with respect to
A gives A? = —4 (@, /3 + ¥?). The minimum free energy is then

Froor? Al—-r) 50f

—=——= — 2.137

L 6 * 2 4 ( )
Equation (2.137) represents the free-energy density of a periodic solution in the one-
mode approximation. To determine the phase diagram this energy must be compared

to that for a constant state, i.e., the state for which ¥ = 1, which is
e e, (2.138)

In two dimension case, F'is minimized by three distinct solutions for 1. These solutions
are periodic in either zero dimensions (i.e. a constant), one dimension (i.e., stripes), or
two dimensions (i.e., triangular distributions of drops or “particles”). The free-energy
density for the constant and stripe solutions are identical to the periodic and constant
solution discussed in the preceding section. The two-dimensional solution can be
written in the general form

P() =) e 4 P (2.139)

n,m

where G = nb; + mby and the vectors b; and b, are reciprocal lattice vectors. For a
triangular lattice the reciprocal lattice vectors can be written

21 V3 1
b, = —I+ =7
1 a\/§/2<2x 2y>
2

(2.140)

B2 "
2 a\/§/2y

where a is the distance between nearest-neighbor local maxima of . In analogy with
the one-dimensional calculations presented a one-mode approximation will be made
to evaluate the phase diagram and elastic constants. In a two-dimensional triangular
system a one-mode approximation corresponds to retaining all Fourier components
that have the same length. More precisely the lowest-order harmonics consists of
all (n,m) pairs such that the vector G has length 27 /(av/3/2). This set of vectors
includes (n,m) = (£1,0), (0,%+1), (1,—1) and (=1,1). It is easy to show that in the
lowest-order harmonic expansion ¢ can be represented by

vy = Ay |cos(qx) cos(%) — %cos(Zth;/) + 1 (2.141)

where A; is an unknown constant and ¢; = 2m/a. Substituting Eq. (2.141) into Eq.
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(2.129) and minimizing with respect to A; and ¢; gives

a VE]

Ft de [F dy [ ) z/)_4
5Ll aam e g
1 13 - ) 7
T (r24—36¢ﬂ) + (14—§gr)

4] — (4® 7
+ 55\ ~16r = 3602 (7 + 5) (2.142)
= % (zz + %\/—157« - 361/_12) (2.143)

where ¢; = 3/2, and S is a unit area. The phase diagram of one-dimensional and
two-dimensional case are given in Fig. 2.16.

B e e s T T — T T T T
Constant
Phase

Dt $=y,

-0.2
| .

Periodic
Phase

¥ & A sin(x) + ¥,

e e e e ey e

-0.4 =

! A S

-0.4 =02 0 0.2 0.4

Figure 2.16: One-dimensional and Two-dimensional phase diagram in the one-mode
approximation. The solid line is the boundary separating constant between liquid and
solid phase. The hatched region is liquid-crystal coexistence. (a) One-dimensional
phase diagram (b) Two-dimensional phase diagram. To obtain the equilibrium states

the Maxwell equal-area construction rule must be satisfied, fd;_ll dp [() = freg] = 0
[19].

For elastic constant calculation, it is also relatively easy to calculate the elastic
energy in the one-mode approximation. If a = 27/q is defined as the one-dimensional
lattice parameter, then the F can be written

L S u’ 3
T =" +K§+(’)(u)—i—... (2.144)
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where u = (a — ag)/ag is the strain and K is the bulk modulus and is equal to

fr (2.145)

q=q*

or for the particular dispersion relationship used here, K = -8(r + 3¢?)/3. The elas-
tic properties of the two-dimensional triangular state can be obtained by considering
the energy costs for deforming the equilibrium state. The free-energy density associ-
ated with bulk, shear, and deviatoric deformations can be calculated by considering
modified forms of Eq. 2.141.

x Y
lz)t <1—+€a 1—_'_§> -~ ) djt (37 + gya y)shear ) ¢t (:E(l ~ 5)7 y(l - g))deviatoric (2‘146)

In such calculations ¢ represents the dimensionless deformation, ¢; = \/5/2 and A; is
obtained by minimizing F. The results of these calculations are

F
R S T £
Y Xredn t o 5
e Se—7h X —
A min H 85 "
Fdeviatoric t Q 2
—— =F. — 2.147
o W 25 + ( )

where a = (g;A¢)*/3. These results can be used to determine the elastic constants
by noting that, for a two-dimensional system [57, 58],

Fyy
% = P (G Olbe 9"
Fshear t C144 2
23 /AR XLy
Fevia oric
dT” NS VP C2] 2. (2.148)
The elastic constants are then
011 «
e C oee@— 2.149
3 12 44 4 ( )

These results are consistent with the symmetries of a two-dimensional triangular sys-
temi.e., C1; = C12+2Cy. In two dimensions this implies a bulk modulus of B = «/2,
a shear modules of ;1 = /4, a Poisson’s ratio of 0 = 1/3, and a two-dimensional, i.e.
Yo = 4Bu/(B + p), Young’s modulus of Y5 = 2a/3. The results, shown in Fig. 2.17,
indicate that the approximation is quite good in the small » limit. These calculations
highlight the strengths and limitations of the simplistic model described by Eq. (2.129).
On the positive side the model contains all the expected elastic properties (with the
correct symmetries) and the elastic constants can be approximated analytically within
a one mode analysis. On the negative side, the model as written can only describe
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Figure 2.17: In (a) the minimum of the free energy is plotted as a function of r for
Y = /=7 /2. The solid line is Eq. 2.142 and the points are from numerical simulations.
In (b) the bulk modulus is plotted as a function of r for ¢) = y/=r/2. The solid line is
an analytic calculation [(¢;4;)?/6] and the points are from numerical simulations [19].

a system where Cy; = 3C1,. Thus parameters in the free energy can be chosen to
produce any Cfyi, but Cy5 cannot be varied independently.

The free-energy density of a boundary between two grains that differ in orientation
is largely controlled by geometry. In a finite-size two-dimensional system the param-
eters that control this energy are the orientational mismatch 6 and an offset distance
A or alternatively a disclination angle, as shown in Fig. 2.18.

’

Figure 2.18: Schematic of a grain boundary [19].
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For small 6, 8 controls the number of dislocations per unit length and A controls
the average core energy. For an infinite grain boundary A becomes irrelevant, unless
the distance between dislocation is an integer number of lattice constants (and the in-
teger is relatively small). Nevertheless, it is straightforward to determine a lower bound
on the grain boundary energy in the small-6 limit, by directly relating the dislocation
density to # and assuming that the dislocation cores can always find the minimum-
energy location. The latter assumption restricts the calculation to providing a lower
bound on the grain boundary energy.Read and Shockley [47] were able to derive an
expression for the grain boundary energy, assuming the dislocation core energy was a
constant independent of geometry. In two dimensions the energy/length of the grain
boundary is [57]

F b2Y, 21a
= Bare 22 [1 2 in <7>] (2.150)

where b is the magnitude of the Burger’s vector, a is the size of the dislocation core,
d is the distance between dislocations, Y5 is the two-dimensional Young’s modulus,
and E .. is the energy/length of the dislocation core. The core energy is proportional
to the size of the core [57]i.e. E.... = Ba?, where B is unknown constant. The total
energy/length then becomes

IO\ TS 21a

To minimize F'/L, B is chosen to satisfy d(F/L)da = 0 which gives Ba? = b?Y,/167d.
Furthermore, from purely geometrical considerations, the distance between disloca-
tions is d = a/tan(0), where theta is the orientational mismatch. Finally in the small-
angle limit, tan(d) ~ #. Equation (2.151) reduces to

FbY, (3
R ? (5 ~ Ln(27ﬂ9)> (2.152)

where the dislocation core size b was assumed to be equal to the lattice constant
a. Small portions of sample configurations are shown in Fig. 2.19 for § = 5.8° and
0 = 34.2° (the grain boundary energy is symmetric around 30°). As expected the Read-
Shockley description of a grain boundary is consistent with the small-angle configura-
tion. In contrast the large-angle grain boundary is much more complicated and harder
to identify individual dislocations. The measured grain boundary energy is compared
with Eqg. (2.152) in Fig. 2.20. As expected Eq. (2.152) provides an adequate descrip-
tion for small angles but not for large angles The Read-Shockley equation does fit the
measured result for all 8 reasonably well if the coefficients that enter the equation are
adjusted, as has been observed in experiment [20, 21]. This fit is shown in Fig. 2.21.
As the polycrystalline sample is pulled the total free energy was monitored and
used to calculate the stress, o, i.e. 0 = dF'/d¢, where £ is the relative change in the
width of the crystal. Stress-strain curves are shown in Fig. 2.22 as a function of grain
size and strain rate. In all cases the stress is initially a linear of function of strain until
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o

Figure 2.19: The grey scale corresponds to the magnitude of the field ¢ for a grain
boundary mismatch of § = 5.8° and 8 = 34.2° in (a) and (b), respectively. In (a)
squares have been placed at defect sites [19].

b

100 ¥

Figure 2.20: The grain boundary energy is plotted as a function of mismatch orientation.
The points correspond to numerical simulations of the PFC model and the solid line
corresponds to Eq. (2.152) [19].
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Figure 2.21: The grain boundary energy of the PFC model is compared with experiments
on tin [20], lead [20], and copper [21]. This figure is from [19].

plastic deformation occurs and the slope of the stress-strain curve decreases. In Fig.
2.22(a) the influence of strain rate is examined for the initial configuration. It is clear
from this figure that the strain rate plays a strong role in determining the maximum
stress that a sample can reach, or the yield stress, as has been observed in experiments
[59]. The yield strength increases as the strain rate increases as would be expected.

The influence of grain size on the stress-strain relationship is shown in Fig. 2.22(b)
for four grain sizes. The initial slope of the stress-strain curve, which will be denoted
Yy in what follows, increases with increasing grain size as does the maximum stress, or
yield stress, sustained by the sample. The yield strength and elastic moduli, Yy, are
plotted as a function of inverse grain size in Fig. (a) and (b), respectively, for several
strain rates. The constant of proportionality decreases with decreasing strain rate. Thus
the PFC approach is able to reproduce the inverse Hall-Petch effect or the softening
of nanocrystalline materials.

It would be interesting to observe the crossover to the normal Hall-Petch effect
where the yield stress decreases with increasing grain size. However, it is important to
note that the initial conditions in these simulations was set up to explicitly remove
the Hall-Petch mechanism; i.e., each nanocrystal was defect free. In addition thermal
fluctuations were not included in the simulations. Nevertheless it is unclear whether
or not a crossover may occur, due to the fact that low-angle grain boundaries may act
as sources of movable dislocations. Further study of this interesting phenomenon for
larger grain sizes would be of great interest.

The PFC model was also used to examine the heterogeneous nucleation of a
polycrystalline sample from a supercooled liquid state. A simulation containing 50
initial seeds (or nucleation sites) was conducted.

The results of the simulations are shown in Fig. 2.24. Comparison of Figs. 2.24(b)
and 2.24(c) shows that there is a wide distribution of grain boundaries each with a
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Figure 2.22: In (a) the stress is plotted as a function of strain for a system with an average
grain radius of 35 particles. The solid lines from top to bottom in (a) correspond to
strain rates of 24 x 107, 12 x 1075, and 6 x 107, respectively. In (b) the solid lines
from top to bottom correspond to systems with average erain sizes of 70, 50, 35, and
18 particles, respectively. In both (a) and (b) the dashed line corresponds to a unit

slope [19].
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Figure 2.23: (a) The yield stress is plotted as a function of average grain radius. The
solid, open, and starred points correspond to strain rates of 24 x 107, 12 x 1075, and
6 x 1075, respectively. The dashed lines are guides to the eye; (b) The elastic moduli
Yy (see text) are plotted as a function grain radius. The solid, open, and starred points
correspond to strain rates of 24 x 1075, 12 x 1075, and 6 x 1075, respectively [19].
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Figure 2.24: Heterogeneous nucleation and grain growth. In this fisure the grey scale
corresponds to the smoothed local free energy. (a), (b), (), (d), (), and (f) correspond
to times 50, 200, 1, 000, 3,000, 15,000, and 50, 000, respectively [19].

different density of dislocations (which appear as black dots in the figure). Comparison
of Fig. 2.24(c) with later configurations indicates that the low-angle grain boundaries
disappear much more rapidly than the large-angle ones. The simple reason is that it
is easy for one or two dislocations to glide in such a manner as to reduce the overall
energy (this is usually accompanied with some grain rotation).

The PFC model can be used to study the propagation of a crack in ductile (but not
brittle) material. To illustrate this phenomena a numerical simulation was conducted
on a periodic system of size s4096Dx,1024Dxd for the parameters (1,1, Ax, At) =
(-1.0,0.49,p/3,0.05). A notch of size 20Ax x 10Az was cut out of the center of the
simulation cell and replaced with a coexisting liquid (¥ = 0.79). The notch provides
a nucleating cite for a crack to start propagating. A sample simulation is shown in Fig.
2.25.

Phase diagram of three-dimensional crystal structure with a continuum phase-field
was first introduced by Wu et al. [22]. Since the crystal density field of the PFC model
is dominated by the principal reciprocal lattice vectors, they expected this model to
yield similar predictions of BCC-liquid interfacial properties as Ginsburg-Landau theory.
To establish BCC-liquid phase diagram, the simplest PFC model was defined by the
free energy functional

4
F=/dr{§ [a+A(q§+v2)2]¢+g%} (2.153)

which is a transposition to crystalline solids of the Swift-Hohenberg model of pattern
formation [55]. The conserved order parameter ¢ is a dimensionless measure of the
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a)

Figure 2.25: A portion of a simulation is shown where the grey scale corresponds to the
local energy density. The size of both figures is 2048Az x 1024Ax, where Az = 7/3.
(a) and (b) are at times t= 25,000 and 65, 000 after the rip was initiated, respectively
[19].

crystal density field measured from some constant reference value. The wave number
qo sets the magnitude K; of the principal reciprocal lattice vectors that correspond to
the first peak of the liquid structure factor S(K) at melting, and hence sets the scale
of the ordered crystalline pattern ~ ¢g'. The parameters a and X determine the shape
of the polynomial approximation of the liquid structure factor S(K) in the PFC model.

To render the calculations less cumbersome, it is useful to rewrite the free-energy
functional in dimensionless form by defining the parameter

a i g
i A3 G =P, 2.154
T A )‘QO¢ v Nqq 2136)

where all the transformed quantities to the right of the arrows are dimensionless and
1
F= /dr{ —e+ (V2 +1) ]¢+Z¢4} (2.155)

The condition that the chemical potential must be spatially uniform in equilibrium
yields the equation

0OF

fip = 5¢——6¢+(V2 + 1)+ (2.156)

which is the starting point of the present study. To establish phase diagram, the free
energy density, free-energy per unit volume, as a function of the mean density 1)
in solid, denoted by f,(¢), and liquid fi(¢)) using Eq. (2.155). Then, the standard
common tangent construction was used. This method was equivalent to equating
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the chemical potentials and grand potentials of the two phases. Since the density is
constant in the liquid, f; is obtained directly from Eq. (2.155)

fi=—(e—1) % + ¥ (2.157)

Figure 2.26: Phase diagram of the PFC model obtained under the approximation that
the crystal density field is as a sum of density waves corresponding to the set of
principal reciprocal lattice vectors for a given crystal structure [22].

To derive free energy density of solid phase, fs, the density field was constructed
by using density expansion form below

() mg+ Y AT (2.158)

where K; is reciprocal lattice vectors which can be written as K; = mb; + nby + kbs.
It should be noted that b; and (m,n, k) are the principal reciprocal lattice vectors
describing a specific crystalline symmetry and set of integer, respectively. For a BCC
crystal, K; can be written in terms of the following set of principal reciprocal lattice

vectors

21 (T + 9 27 (T4 2 27 Q+2>

by, — 2~ RS (L I ) (2.159)
' a(ﬂ) ’ a(ﬂ) ’ a<\/§

where a is the lattice constant. The values of (m,n, k) which correspond to a one-
mode approximation are (1,0,0), (0,1,0), (0,0,1), (1,—1,0), (0,1,-1) and (—1,0,1).
Then, the crystal density field can be written as

(r) ~ b + 4A, (cos(qr) cos(qy) + cos(qz) cos(qz) + cos(qy) cos(qz)) (2.160)

where we have used the fact that all density waves have the same amplitude (|4;| =
A) and all principal reciprocal lattice vectors of the BCC structure have the same
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magnitude (|Kio| = [Ki_10] = ... = v/2¢). The parameters As and q are solved by
substituting Eqg. (2.160) into Eq. (2.155) and minimizing the resulting free-energy with
respect to A, and ¢, which yields

2 1 —
- - — 2
A 5 + B be — 11y (2.161)

and ¢ = 1/+/2, together with the expression for the solid free energy density
J2 T4 B B
fo=—(e=D)F + - 6eA2 + 182 + 48Y A% + 135A1% (2.162)

Applying the common tangent construction, which is detailed below in the small €
limit, yields the BCC-liquid coexistence region in the phase diagram of Fig. 2.26.

In 2007, K.R. Elder and N. Provatas [17] linked PFC free energy to classical density
functional theory of freezing proposed by Ramakrishnan and Yussouff [60]. Their free
energy functional are given as

) ) p 1 Py ., :
T /dr [pln (Pz) 6/)} 3 /drdrépC(r,F)&O (2.163)
By using taylor expansion, equation (2.163) can be simplified as
AFE A /X500 n?_12nt
kB—T_/dr (n 2 n—E—i—E—...) (2.164)

where AF = F — Fy, Fy represents free energy functional at constant density (i.e,,
p=pandn= L;E represent normalized density function and in real space

C =\(Co= 0, V234 Co V2 — )0 1) (2.165)

We can also develop free energy functional for binary alloys system by extending
equation (2.163) to two component system and using taylor expansion. Finally, we
obtain free energy functional as

F n > ) w
—— = [ dr| = [By + B, (2R*\? A4 —n3e® A N+ —06N? + ...
T /r<2[l+ S(2RPA*+ R )}n+3n 7 HYON + SONT
(2.166)
where
ng=ta—r4 (2.167)
p
ng =LE_LE (2.168)
P

n=mny+ng (2.169)
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SN = (na —ng) + % (2.170)
with equation (2.166) and proper dynamic equations as below
on 5 OF
i M.V S (2.171)
OON) o OF
T M.V SON) (2.172)

Binary alloys simulation can be thoroughly investigated.

: iﬁ

Figure 2.27: Binary alloys simulation Density (n) are illustrated in (a,b,c), concentration
(ON) are illustrated in (d,e,f) and local energy density are illustrated in (g,h,i) [17].

In 2009, a new numerical technique for PFC deformation simulation that could
maintain a constant volume during plastic deformation was introduced by Hirouchi
et al. [23]. Unlike the previous work using the PFC method, the tensile deformation
simulations had been performed under conditions where the volume increases during
plastic deformation [19]. The volume of a polycrystalline structure increases during
plastic deformation simulation because of the difficulty in setting the boundary con-
ditions appropriately. Therefore, it is of great importance to develop an appropriate
numerical scheme for PFC deformation simulation.

Figure 2.28 provides a schematic illustration of the proposed technique for defor-
mation simulation in one-dimension. To simulate tensile deformation, the sizes of
finite difference grids are increased by the displacement increment d = éAxzAt at
every dimensionless time step At. Here, Ax is the initial grid size and ¢ is the di-
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Figure 2.28: Numerical technique of tensile deformation in one-dimensional problem
[23].

mensionless strain rate. Therefore, since a constant strain rate is applied to all atoms,
the deformation state becomes the affine deformation state, and periodic boundary
conditions can be used as boundary conditions.

Figure 2.29 shows the computational model of the one-dimensional crystal and
the phase field profile at the initial state. The computational domain size is set to be
16a, where a is the initial distance between adjacent atoms. To investigate the effects
of computational grid size Az = a/n on the accuracy of stress evaluation, the number
of meshings n is varied to 8, 10, 12, 14 and 16. The dimensionless stress o at every
time step is calculated following o = A f/Ae, where Af is the change in free energy
density and Ac is the strain increment during the time step At.
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Figure 2.29: Computational model in one-dimension and phase field profile at initial

state [23].

Fig. 2.30 shows stress—strain curves where solid lines indicate numerical results and
a dashed line indicates the theoretical value. The theoretical value is derived from
the difference in free energy density calculated from the equilibrium profiles, or ¢ =
Asin(g;x), obtained before and after applying the strain increment Ae. These results
confirm that as n increases or numerical grids become finer, the calculated stresses
approach the theoretical value. Additionally, as the strain increases, the calculated
stresses deviate from the theoretical value, because the increased grid sizes reduce
the accuracy of stress evaluation.
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Figure 2.30: Stress—strain curves for one-dimensional crystal [23].

Fig. 2.31 schematically shows the proposed numerical scheme for the PFC defor-
mation simulation in two-dimensions. Here, the grid size in the x-direction increases
by d = eAxzAy at every time step similarly to the one-dimensional case. The grid size
in the y-direction varies as Ay’ = (AxAy)/Ax/, where Az’ = Az + Nd, keeping a
constant volume during deformation. Here, Az and Ay are the initial grid sizes in the
x— and y—directions, respectively.

Initial grid size
Ax Ay

Aflter N steps

Before deformation § = Avdy = Ax'dy" During deformation

Figure 2.31: Numerical scheme of tensile deformation simulation in two-dimensions
(23].

To investigate the elastic response of a single-crystal structure, we prepare a com-
putational model of a single-crystal structure with an initial phase field profile, as
shown in Fig. 2.32. To restrict the displacement of atoms in the x-direction, atoms
are arranged parallel to the tensile direction. The computational domain is 60a x 3a
(600 x 30 lattices), where a is the distance between the nearest-neighboring atoms,
as shown in Fig. 2.32. To simulate quasi-static deformation, the dimensionless strain
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rate is set to be ¢ = 5.17 x 107%, which corresponds to realistic strain rates of about
10's7 to 102571 [19, 61]. The time step At is 3.2 x 1073. Model parameters are set to
be (a, ¢g) = (—0.25, —0.285) at a near-melting temperature [61]. Periodic boundary
conditions are adopted in all directions.

o -0.61 T 42 2 —f= Tensile direction =

—+ =—a Distance between atoms

TE:EETETE T T TR E
* T LT " T

(R B B B B B A R N B B
! & & & & & & - s 6 8 & &8 &

3a (30 lattices)

i"'"—— —— h—|

G0a (600 lattices)
Periodic boundary condition in all direction

Figure 2.32: Computational model of single-crystal structure and initial phase field
profile [23].

Fig. 2.33 shows calculated atomic displacements of single-crystal structures at ten-
sile strains of 0.002, 0.004 and 0.006. Dashed lines indicate analytical values. From
these results, we confirm that the response of the system demonstrates linear elas-
ticity.

(3]
T

Displacement

L i 1 1 A i
] 10 20 30 40 50
Position

Figure 2.33: Atomic displacement distributions at dimensionless strain rate of 5.17 X
1079 [23].

To confirm that the PFC deformation simulation technique employing the nu-
merical scheme proposed in this study can express reasonable plastic deformation
behaviors, we perform the deformation simulation of a bicrystal. Figure 2.34 shows
computational models with a square domain of 60a x 60a (600 x 600 lattices) and
the initial configurations of atoms and grain boundaries displayed by local free energy
distributions to facilitate the viewing of defect structures.



CHAPTER 2. THEORETICAL BACKGROUND AND LITERATURE REVIEW 88

Periodic boundary conditions in all directions Periodic boundary conditions in all directions
Free enerzy
0.041
3 k
= =
& &
2 S
L= =
0021
i ' 60a (600 Laltices) 60q (600 lattices)
L,, (a) (b)

Figure 2.34: Computational models for bicrystals with (a) ‘stepped’ and (b) ‘planar’
grain boundaries [23].

Therefore, in Fig. 2.34, high-energy fields correspond to lattice defects, such as grain
boundaries and dislocations. To investigate the effects of grain boundary configuration
during plastic deformation, Two bicrystalline structures were prepared with ‘stepped’
and ‘planar’ grain boundaries. Crystal orientations of 20 and 40 degrees were selected
to construct laree-angle grain boundaries.

The deformation behaviors of the bicrystal with stepped gerain boundaries are
shown in Fig. 2.35. As deformation proceeds, the stepped parts of grain boundaries
become sharp (Fig. 2.35(a)) and result in dislocation emissions (Fig. 2.35(b)) because
of the high stress concentration. Moreover, dislocation ““A” generated from a grain
boundary migrates inside the crystal and is absorbed by the opposite grain boundary
(Figs. 2.35(b)~(d)). In Figs. 2.35(d) and (e), it was observed that dislocations at grain
boundaries migrate and some subgrains are formed.

(b) (c) (d) (e)

Figure 2.35: Deformation behaviors of bicrystal with ‘stepped’ grain boundaries shown
in Fig. 2.34(a) at strains ¢ = (a) 0.02, (b) 0.04, (c) 0.06, (d) 0.08 and (e) 0.10 [23].

(a)

Figure. 2.36 indicates the results for the bicrystal with planar grain boundaries.
These results also confirm that the grain boundary serves as the source of dislocations
(Fig. 2.36(b) and (c)) and dislocation annihilation (Fig. 2.36(d) and (e)). Unlike the case
shown in Fig. 2.35, dislocations are generated at narrow intervals at grain boundaries. It
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is considered that these phenomena result from periodic arrangements of dislocations
at a planar grain boundary.

(a) (b) (c) (d) (e)

Figure 2.36: Deformation behaviors of bicrystal with ‘planar’ grain boundaries shown
in Fig. 2.34(b) at strains £ = (a) 0.060, (b) 0.080, (c) 0.085, (d) 0.091 and (e) 0.100 [23].

Moreover, by comparing strains from which dislocations begin to form, we can
confirm that a stepped grain boundary is a more favorable dislocation source than
a planar grain boundary. This phenomenon is also confirmed in MD simulation [62].
Thus, we conclude that the PFC deformation simulation technique with the proposed
numerical scheme can reproduce plastic deformation reasonably.

Fig. 2.37 shows the schematic illustration of the desired nanopolycrystalline struc-
ture with regular hexagonal grains with a distance between two sides of approximately
14 atoms. The predefined crystal orientations of each grain are shown at the center of
each grain. The computational domain size is set to be 50a x 44a (500 x 440 lattices).

Periodic boundary conditions in all direction

About
ldaimns

44 (440 lattices)

50 (500 lattices)

Figure 2.37: Computational model of nanopolycrystalline structure [23].

The initial structure is formed by solidification simulation that starts from nuclei
with predefined crystal orientations. As a result of this simulation, the initial structure
shown in Fig. 2.38(a) is obtained. Tensile deformation simulation is performed under
a constant dimensionless strain rate of 1.72 x 107¢ and using the dimensionless time
step At = 3.2 x 1073, Periodic boundary conditions are used in all directions.

Fig. 2.38 indicates the deformation states of the nanocrystalline structure during
tensile deformation. As the strain increases, grain rotations occur and cause the mo-
tions of dislocation at grain boundaries, as shown by arrows in Fig. 2.38. It is also
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Figure 2.38: Nanopolycrystalline structure at (a) initial state and deformed states with
strains ¢ = (b) 0.02, (c) 0.03, (d) 0.04, (e) 0.05, (f) 0.06, (¢) 0.07 and (h) 0.08 [23].

observed that grain rotation occurs between two neighboring grains with a relatively
small misorientation (Fig. 2.38(b)). As a result of coalescence due to grain rotation, the
grain boundary between integrated grains disappears and the grain migration driven by
curvature is accelerated (Fig. 2.38(c) and (d)). With further deformation, grain rotations
and grain boundary migrations occur continuously in other grains (Fig. 2.38(e)-(h)). On
the other hand, we cannot observe phenomena indicating that dislocations penetrate
into grains from grain boundaries and pass through grains. This is considered to be
due to the fact that the grain size is too small for dislocations to penetrate into grains.
From these results, we confirm that grain rotation and grain growth, or intergranular
plastic deformations [63, 64], are the dominant deformation mechanisms under these
conditions. In MD simulations [65, 66] for nanopolycrystalline structures at high tem-
peratures, grain coalescence due to grain rotation and grain growth is observed. In
summary, the PFC model with this technique can reproduce the plastic deformation
behaviors of nanopolycrystalline structures at high temperatures.

In 2015, a new density functional approach was introduced to investigate a full
spectrum of solid-liquid-vapor transitions in pure materials within the framework of
a single density order parameter [15]. Consider classical Density Functional Theory
(c-DFT), the free energy of interacting liquid is generally written as

Feorr [p]
kT

= Fylp] + @[] (2.173)

where Fi4[p| is the energy of an ideal gas and ®[p] is the contribution due to interaction.
® is then treated by functional expansion around a reference density p, in a power
series of n = (p — p)/p and interactions are described by a sequence of n-point
correlations C™ (ry, ..., r,,). While these correlation functions are not known in general,
a truncation of the series to second order along with a suitable ansatz of C® has
been shown to separately describe both vapor-liquid interfaces [36] or solidification
problems [60] with success.
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To overcome the limitations of two-point correlations on multi-phase behavior,
we introduce here a theory that relies on higher order correlations. Consider the Van
derWaals theory for the liquid vapor transition [67]. Its improvement to the Ideal gas
law is based on two simple mean-field postulates: the attraction between particles
is proportional to the average surrounding density, and each particle proportionally
reduces the free volume available to other particles. At the field theory level for the
spatially varying coarse grained field p, such improvements can be described by the
free energy

a

= Filp] — /dr |:pmf (1 — pmfb) + kB—Tpgnf (2.174)

Fyaw(p]
kgT

where p,¢(r) = [ drx(r=r")p(r) is a local spatial average of the density field p, with x
a local smoothing kernel. This free energy reduces to the standard Van derWaals free
energy, where a and b respectively control the magnitude of the attraction and repul-
sion between atoms. In the following they introduced a formulation that incorporates
all the qualitative contributions from the Van derWaals theory into the free energy of
the standard PFC-expanded formalism as

Y} /dr [n(:) d n(g?’) \ ng‘)}

1
— 5 /drldrgC(z)(rl s rg)n(rl)n(rg)

4
% 2_:3% [/ GOLCINBATN ) rm)n(rl)...n(rm)} (2.175)

where F = F'/pkpT. The first line results from the expansion of the ideal gas free
energy Fl4[p], while the second line adds a multi-peaked two-point correlation func-
tion. The choice of the latter term determines the structure and properties of the
solid phase. While elaborate choices can be made for this term (to target specific
two-dimensional or three-dimensional structures [68, 69]), for simplicity, we choose
a kernel that yields triangular structure in two-dimension and BCC structure in three-
dimension [31]

CO(ry 1) =1=71—By(1 - V*)? (2.176)

Here, B, controls both the bulk compressibility and the strength of the anisotropy in
the periodic phase, while r acts as an effective temperature parameter. Vapor-liquid
transformations are controlled by the Y and y® functions. These are effective 3—
and 4— point correlation functions, given by

x® = (ar +b)x(r1 — ro)x(r —r3)
Y = ex(r —ra)x(r —r3)x(ry — ) (2.177)

where x(k) = exp(—k?/(2))) in reciprocal space. y affects low k modes, only picking
up density contributions at long wavelengths. The a, b and ¢ parameters determine the
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Figure 2.39: 2D Free energy landscapes (vs. average density) for different effective
temperatures r. Uniform phases: continuous lines, periodic phases: dashed. Black:
r = 0.14, blue: r ~ 0 : 148 (triple point), red: r = 0.17. Other parameters: a = 50,
b=-19,¢c=50, B, = 0.7 [15].

bulk properties of the uniform phases, while A affects surface energetics. Substituting
a uniform n(r) = ng into Eq. (2.175) yields a Landau free energy in terms of no for
uniform phases (liquid/vapor). This is shown in Fig. 2.39. The phase diagram can be
computed by performing common tangent constructions on the Landau theory for
different pressures as shown in Fig. 2.40.
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Figure 2.40: (a) Density-temperature-pressure and (b) pressure temperature phase di-
agrams of model [15].

Figure 2.40(a) shows the density-temperature-pressure phase diagram of Eq. (2.175).
It features solid-liquid, solid-vapor and vapor-liquid coexistence regions, and is in ex-
cellent qualitative agreement with experimental phase diagrams for pure materials
[67, 70]. The vapor-liquid phase separation is parabolic, due to the expanded nature
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of the theory. Higher order long range correlation terms may be added systematically
to fine-tune this behavior. The Pressure-Temperature phase diagram, as shown in Fig.
2.40(b), also shows a behavior consistent with experiments. Along with the equilibrium
phase boundaries, Figure 2.40(b) also shows analytical estimates for the metastability
regions of the different phases (dashed lines).

Figure 2.40 demonstrates that the coexistence densities, as shown in (a), and pres-
sures, as shown in (b), from direct simulation are in excellent qualitative agreement
with our analytical » —n, — P and r — P space calculations, respectively. Deviations at
low average density are in part due to finite size effects, and due to surface energetics
not captured in the phase diagram analysis.

To probe the 3-phase kinetics at fixed volume, another simulation was performed
where a uniform liquid was quenched into solid-vapor coexistence. The metastable
liquid is seeded with a crystal, which grows (Fig. 2.41(a)). As the solid depletes the
surrounding liquid density, vapor pockets nucleate in high depletion areas (Fig. 2.41(b)).
Due to the different growth rates into liquid and vapor, long faceted solid branches
are created (Fig. 2.41(c)), and the resulting structure is a seaweed-like dendrite (Fig.
2.41(d)).

Figure 2.41: 3-phase dendritic growth. A solid seed (periodic regions) grows into a
metastable liquid (gray uniform areas). High depletion areas nucleate vapor pockets
(black regions). a) t = 100, b) ¢ = 4177, o) t = 10293, d) t = 36797, e) inset of d)
Scale bar: 20 lattice units. Model parameters: a =35, b = -12.01, ¢ = 33.5, B, = 0.3,
ng = 0.125, N, = 0.01, » = 0.145 [15].

Changes in system volume V = d:z:QNmNy, fora 2D N, by N, grid, can be induced
by modifying dx. As V' changes one also modifies the average density, no, so that
N = ng -V remains constant. In practice this is done by adding a uniform density flux
Jy everywhere such as to recover the correct ny. To control the system pressure, an
equation of motion for the volume of the system was derived below

1%
S5 =M (@ =Py (2.178)
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where w = [, dr(—f + up) /(pksTV') emerges as the a dimensional functional gen-
eralization. Py = Py/(pkgT) where Fy is externally imposed pressure. Simulations of
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Figure 2.42: Pressure controlled vapor-liquid ((a), » = 0.155) and vapor-solid ((b), r =
0.147) transformations. Thick vertical black line: equilibrium condensation/deposition
point. Dashed green/blue/red lines: average density vs. pressure for vapor/liquid/
periodic phases. Continuous orange lines: system under pressure that is continuously
increased/decreased (arrows show direction, N, = 0.01). Vertical black arrows: seeded
growth of a stable phase out of a metastable phase (N, = 0) [15].

pressure induced transformation were first tested on vapor-liquid systems (Fig. 2.42(a)).
The initialization is done in either of the uniform phases, and stabilized to an initial
pressure over 5000 time steps. The target pressure PO is then ramped up/down con-
tinuously, at a rate of 42.7027 x 107'° The vapor-solid transition was also tested
in a similar manner (Fig. 2.42(b)). Using M = (N,N,) = 15, the vapor phase pres-
sure is continuously increased into the solid region, at a rate of 7.375 x 107! up to
Py = 0.00012, and then a rate of 2.48866 x 10~ to P, = 0.01.

Despite a several studies on material phenomena using the phase-field crystal
method, the investigation of viscoelastic properties of material by using such method
is still limited and not thoroughly explored. Viscoelasticity is the behavior with both
viscous and elastic characteristics; thus materials with viscoelastic behavior can return
to its original configuration when unloaded but does so in a time dependent manner.
The viscous property also leads to the fact that materials response depends on the
rate at which it is deformed [41, 11]. Viscoelastic effect has played significant roles
in many materials ranging from amorphous polymers [71], semi-crystalline polymers
[72], biopolymers [73], bitumen materials [74] to metals at very high temperature [75].
Furthermore, viscoelasticity governs many engineering applications in various fields
including shape-memory ceramics and polymers [76], piezoelectric material [77], self-
healing materials [78], viscoelastic gel in surgery application [79], low-loss materials
[80], nanoscale resonators [81, 82], in particular, in damping capacity for damping ma-
terial design. Damping capacity is the property that measures how much damping
materials dissipate the energy during their deformation process which can be obtained
from mechanical-hysteresis curve. This property has played a key role in approximating
the damping performance of damping materials which contributes to numerous engi-
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neering applications e.g. noise reduction and vibration isolation [83, 84] and vibration
control in engineering structure [85].

In quantifying the viscoelasticity, there are three types of studies: viscoelastic-
creep, stress relaxation and mechanical-hysteresis which is related to damping capacity
properties in damping materials [7, 8]. Since the studies of viscoelastic-creep and
mechanical-hysteresis involve measuring the strain response from an applied stress,
we also need a method to control the applied stress and thus we employ the PFC
model that is incorporated with previously-proposed pressure-controlled dynamics
(PCD) equation [15]. The use of the PCD equation enables convenient control of
deformation using external pressure which allows studies of experimentally-observed
phenomena involving a system under different types of applied pressure; we will refer
to this particular PFC method as PFC-PCD method. This is in contrast to a previously
proposed scheme by Hirouchi et al. [23] where the deformation was controlled by
specifying the grid spacing as an input variable which is suitable for studying stress
relaxation problem. Regarding the advantage of the PFC-PCD method, although this
particular method had the potential to implement in the viscoelastic study, however,
it was solely used to investigate the triple-phase transition problem since viscoelastic
study was not focus area and addressed in earlier work [15].

Therefore, we provided the preliminary study in viscoelastic-creep behavior in the
one-dimensional crystal structure using PFC-PCD method. This study can be found in
our previous work [25, 26]. It should be noted that the PCD equation used in our study
was slightly different to the original PCD version proposed by Kocher and Provatas [15]
in that we established the PCD equation regarding thermodynamic of hydrostatically-
stressed crystal solid proposed by Larche’ and Cahn [39, 40] and classical irreversible
thermodynamic frameworks [86, 87, 88]. As a result, although the strain responses
under step pressure produced by both methods were slightly different, both of them
demonstrated time-delayed strain response which was indicative of viscoelastic-creep
behavior. Despite this success, we need results that represent a more realistic crystal
structure that allows us to predict more practical viscoelastic behavior. Therefore, we
should not limit our study to the one-dimensional case.

We extend our investigation to the viscoelastic-creep behavior and its related prop-
erties in three-dimensional BCC crystal structure under step pressure, in particular, the
mechanical-hysteresis behavior and its related properties under sinusoidal pressure
oscillation in BCC crystal structure. We simulate a hydrostatic stress in BCC unit cell
subjected to two types of applied pressure: constant pressure for the viscoelastic-
creep study and sinusoidal pressure oscillation for mechanical-hysteresis study. We
find that, in both cases, the solid exhibits delayed strain responses from the applied
pressure which is indicative of viscoelasticity; and the degree of viscoelasticity can be
controlled by the parameter in the PCD equation. Furthermore, the strain responses
from the simulations can be compared with functional forms of the solutions to the
standard linear solid model to extract viscoelastic quantities and properties. These
properties includes relaxation time of viscoelastic creep, and the complex moduli
from the hysteresis. The parametric studies show that the relaxation time is propor-
tional to temperature while the magnitude of deformation at steady-state condition
is proportional to both temperature and atomic density. Also, the dynamic behav-
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ior, mechanical hysteresis and complex moduli predicted by PFC-PCD equation under
sinusoidal pressure oscillation is consistent to that of standard linear solid model at
certain frequency range. However, at very frequency, the behavior exhibited by the
PFC-PCD model differs from that of standard linear solid model which is typically used
to investigate viscoelasticity in solid materials [41, 8, 89].

To predict mechanical-hysteresis behavior more accurately, we also propose the
modified PFC-PCD method to address this limitation. We modify the pressure-control
by adding pressure time derivative term to the existing PCD equation, referred to as
MPCD equation. This additional term comes from comparing the Taylor expansion of
the existing PCD equation with the SLS model. According to the numerical study, the
results demonstrate that the PFC model which incorporates MPCD equation, referred
to as PFC-MPCD method, can predict mechanical-hysteresis behavior and complex
moduli parameters consistent with SLS model at the broaden pressure-oscillation fre-
quency range. This is in contrast to PFC-PCD method which produces the results incon-
sistent with SLS model, in particular, at the high-frequency range. We expect that this
new PFC-MPCD method can be extended to more complex system with microstruc-
tural features such as grain boundary, dislocation or surface and still be capable to
exhibit the accurate mechanical-hysteresis behavior and complex moduli parameters
which results in predicting more reliable damping capacity parameter in viscoelastic
and damping material design.
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Methodology

3.1 PFC Method

To simplify the expressions in Eq. (2.40), one can non-dimensionalize the variables by
using the following substitutions [19]:

. - ag 7 gt = Gt ~ gt
r=gf <=9 -Pp —p, F=—"=F, 0=-—=w, (3.1)
Agg Y A2 A28

where the quantities with tildes are non-dimensional and d = 3 is the dimensionality
of the problem. The expressions in Eq. (2.40) simplifies to

¢ ELALUL ~)) drgsmats Ne N2 P
F = [ @w(p) dr, w(p)-a —é+(14+V pt (3.2)
where € can be interpreted as the degree of undercooling which is inversely propor-
tional to temperature. The one-mode approximation of the BCC crystal becomes

ﬁone = ﬁ+ 4As [COS (Qafl) Cos (Qan) + Cos ((jafl) Cos (gafS) + COs ((jan) COs (q~af3>] )
(3.3)

where ¢, = qu/qo = 27/(Laqo) = 2w/£a. The value of ¢, can be determined from
minimization of the free energy density [16] leading to ¢, = 1/v/2 and, consequently,
IN/a — 2mV/2.

One can also approximate the ranges of ¢ and p where the BCC solid is stable.
This is achieved by calculating the free energy density of the solids using the one-
mode approximations for stripes, hexagonal, and BCC structures and the free energy
of the liquid using a uniform density. Then the phase diagram can be determined
from the common tangent construction and the ranges of € and p where the BCC solid
is stable can be obtained [22]. It should be noted that the alternative free energy
functional forms should be used if we need to study the material problem in the
other crystal structure than BCC structure such as FCC structure [90], liquid crystal
structure [91] or more general form by using CDFT functional form which can be found
in [17, 32, 33, 34, 35, 36].

97
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The evolution equation for p is the Cahn-Hilliard type which involves dissipative
dynamics and mass conservation [19]

95 - - N N
a—? = LV, ji=(1—8p+ P +2Vi+ Vi) (3.4)

where L, is the mobility coefficient and ji = 6.F /35 is the diffusion potential. This
equation can be used to simulate evolution of p under specified (or fixed) tempera-
ture (from the value of €), mass (from the value of p), and volume (from value of grid
spacing); typical simulations under this condition are solidification and microstructural
evolution. One can also vary the grid spacing to simulate the evolution of the den-
sity profile under specified time-dependent deformation [23]. In the context of the
viscoelastic behavior, this technique would be appropriate for the stress-relaxation cal-
culation; however for the viscoelastic-creep and mechanical-hysteresis studies, where
the system is subjected to specified external stress, additional dynamic equation is
needed. Note: From now on, we will drop tilde sign for simplicity.

3.2  Pressure-Controlled Dynamic Equation

The study of viscoelastic creep and mechanical hysteresis involve specifying the ex-
ternal stress, or, in this study, external pressure, and investigate how the (average)
internal pressure

Pi= g [ 1+ p)er 35)

changes temporally; this requires the dynamic equation that contains external pressure
as an independent variable. Such equation, referred to as the pressure-controlled
dynamic (PCD) equation, was first introduced by Kocher and Provatas [15] expressed
as
O L (P =P 36)

where P, is the externally applied pressure, and L is the mobility coefficient. This
equation can be used in conjunction with Eg. (3.4) to simulate the system under
specified P.. If the external pressure is higher (lower) than the internal pressure, or
Pyt > Pt (Pexe < By, the value of dV /dt will be negative (positive) which indicates
that the system will undergo compressive (tensile) deformation.

A slightly modified version of the PCD was recently proposed by Em-Udom and
Pisutha-Arnond [25]. The equation is expressed as

av _ _

= Lder(Pint - Pext), (37)
dt

where L is the mobility coefficient. This equation was developed using the princi-
ple of thermodynamics of hydrostatically-stressed solid [40] and classical irreversible
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thermodynamic framework [86, 87, 88] and the derivation was summarized in the next
section. The comparison between results between equation (3.6) and (3.7) shows
that the steady-state behavior obtained from both equations are identical; however,
the non-equilibrium behaviors are different. This difference is due to the extra vol-
ume term (V) on the right-hand side of Eq. (3.7). This extra volume terms results in
higher deformation rate in tension (due to increasing V') than the deformation rate
in compression (due to decreasing V). Nevertheless, for small deformation, the nu-
merical difference from the Egs. (3.6) and (3.7) is unlikely to change the qualitative
interpretation of the results. Despite the fact that we employ Eqg. (3.6) in this work,
the choice of the PCD equation is immaterial for this study. Hereafter, we will refer to
the PFC method that incorporates the PCD equation as PFC-PCD model. Lastly, the
tilde notation will also be omitted for simplicity.

3.3  Derivation of Pressure-Controlled Dynamic Equa-
tion

3.3.1 Thermodynamics of Solids

We first introduce the thermodynamic description of solids proposed by Larché and
Cahn [39] which considers the solids as networks of lattices occupied by atomic species
and vacancies. For a hydrostatically-stressed, single-component solid, the number of
lattices sites (N7) can be written as

Ni = Na 4Ny, (3.8)

where N4 and N, are the numbers of lattices occupied by the atomic species and
vacancies, respectively. The internal energy, F, is then postulated to have the fol-
lowing functional dependence: E(S,V, N4, N,), where S is the entropy and V is the
volume. We can then write the differential of E as [40]

dE = TdS — PdV + [ixdN 4 + (1,dN,, (3.9)

where T' is temperature, 114 and u, are the chemical potentials. Next, we consider the
energy density eyr = E/V’, where V' is the volume at the undeformed state. It can
be shown using the standard thermodynamic relationships such as the Euler relation
and Gibbs-Duhem equation that [40]

deV/ = TdSV/ — PdJ + /LAUdpA/, (310)

where sy = S/V', par = Nu/V', J = V/V', and pay = pia — pp. In arriving at
the expression for deys, we use the assumption that the network is conserved or
pa + py = prr = Constant, where p, = N,/V’ and pr, = N /V'. Alternative to
ey which is defined by the undeformed volume (Lagrangian frame), we can define
ey = E/V = ey//J which is the energy density defined by the deformed volume
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(Eulerian frame). By using the transformations, ey = Jey, pa = Jpa, and sy = Jsy,
we obtain the differential of ey :

(P + fo— ttavpa)
J

where fi, = ey — T'sy is the Helmhotlz free energy density (Eulerian frame). Finally,
we rearrange the expression of dey to arrive at the differential of sy

dev = TdSV — dJ + ,U/AfudpA, (311)

(P+ fv — ptavpa)

Tdsy = dey + 7

dJ — ,uAvdpA. (312)

3.3.2 Balance Equations

Here, we introduce the balance equations for mass, internal energy and entropy. We
centralize the description of deformation by using a lattice velocity field, v, which
is the velocity of the imaginary network of indestructible sites called “markers” [87].
Consequently, the relationship between the lattice material time derivative and the
partial derivative can be written as

b 0

A ek 0 A 3.13

1 It + vy, ( )

Let us first consider the mass balance equation. In the absence of site creation

and annihilation, the density of the material species i, where i can be A or v, changes
through the equation:

Ip;
ot

LV (ML i jL) ) (3.14)
where J:.L is the flux of the species i relative to the lattice. Using equation (3.13), we
arrive at [87]

d“pi
dt

+in'17L+V'J—;L=0. (315)

For the energy balance equation, we first consider the fact that the total energy
of the system comprises of the internal, kinetic, and potential energies; however, the
latter two can be neglected if the system is stationary and is not influenced by an
external field such as gravity. Therefore, the balance equation for the energy is [87]

aac;tV'FV' (€V27L+j%> =, (3.16)
where 1 is the rate of mechanical work per unit volume and J% is the flux of the
internal energy relative to the lattice [87]. In the absence of an applied field and the
assumption of the mechanical equilibrium, we have w = ¢ : Vi, where o is the
Cauchy stress tensor. Furthermore, for a system under hydrostatic pressure, P,,,, the
stress tensor becomes o = —P.,,I, where I is the identity tensor. The mechanical
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work then reduces to w = — P,V - . Using the expression for 1 and equation (3.13),
the energy balance equation becomes [87]
dLeV — 7L D —
7 +eyV-u, +V.-Jio=—-P.,,V- U (3.17)

Lastly, the entropy balance is postulated to be [87]

0
% V- <3V17L + J;%) =, (3.18)
where the entropy change is affected by the entropy flux relative to the lattice, f§

and entropy generation, $, due to irreversibility. Using equation (3.13), we arrive at [87]

dLSV

~ + sy VT4V JE =% (3.19)

3.3.3 Entropy Production

In this section, we derive the expression for the entropy production, s, which will be
used to identify the corresponding flux and force for the phenomenolosgical relation
in the next subsection. We consider the fundamental equation (3.12) derived earlier
and replace the differential with the lattice material time derivative to obtain
d” d’ y 74 — favpa) dld d-
b3 Ancnes €v+( + Jv — pavpa) aon ML IEZY
dt dt J dt dt
Using the balance equations (3.15) and (3.17), and the identity d“.J /dt = JV - ¥, we
arrive through lengthy but straightforward derivation

‘7MAU = V7'6i
i T +(P_Pezt) T )

(3.20)

\-20Y - Ur PN VR YL B g (3.21)

where J} = TJ% = JE ~ jua, J is the heat flux relative to the lattice. Compared the
above equation with equation (3.19), we can identify the entropy production to be

VT 4
RS- ‘Hte JY Vg £V G(P= Py,). (3.22)

Following Ref. [86, 1], the form of the above equation allows us to identify that one
of the fluxes is V - 7, and the corresponding force is P — P.,;.

3.3.4 Phenomenological Relations and Pressure-Controlled Dynamic
Equation

Based on the classical irreversible thermodynamics framework, it is postulated that
the forces and fluxes are related by the phenomenological (linear) law [86, 1]:

Jo = LopXg, (3.23)
B
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where J, represents thermodynamic fluxes, X3 represents thermodynamic forces and
L,z represents phenomenological coefficients. Using the assumption of symmetry
properties of materials [87], the linear law reduces to

Jo = LaaXa- (3.24)

Considering the flux and force identified in the previous subsection, we can write the
phenomenological relation as

V.0, =Lp-(P— P.y), (3.25)

where Lp is the phenomenological coefficient. From the Reynolds transport theorem
[92, 93], we can write the balance law as

dVv Z
Substituting equation (3.25) into equation (3.26), we finally arrive at the pressure-
controlled dynamic equation:

dv

e f§ / (PE 320k (3.27)
R L

Denote that P = Pt

3.4  Modified Pressure-Controlled Dynamics Equation

3.4.1 MPCD Equation

Mechanical-hysteresis is one of the behaviors which characterizes viscoelasticity. This
behavior requires sinusoidal pressure oscillation as an input to establish mechanical-
hysteresis curve. According to our previous study [94], we found the existing PFC-
PCD method predicted mechanical-hysteresis curve inaccurately, in particular, at high
pressure oscillation frequency when compared to the SLS model. With regard to the
Taylor expansion [94], we observed that the PCD equation closely resembled Kelvin-
Voigt model which can only exhibit viscoelastic-creep but not mechanical-hysteresis
in solid material, in particular, at higsh frequency range.This inaccuracy arose from the
missing pressure time derivative term in the existing PCD equation. Therefore, we have
introduced this pressure time derivative term to the existing equation. We refer to this
new modified PCD version as MPCD equation as shown below

dV _ _ dP.,
% = Lgef (Pint — P — 7 dte t) ) (3.28)

where dP./dt is the time pressure derivative term which is introduced to the existing
PCD equation. 7 is the shape factor coefficient that enables us to adjust the magnitude
of peak in the loss factor parameters. This additional term helps MPCD equation in
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producing mechanical-hysteresis behavior consistent with SLS model, in particular,
at high pressure oscillation frequency where the existing version is failed. It should
be noted that the MPCD equation is established according to the SLS model (Zener
model) which restricts the model to describing viscoelastic-creep and relaxation in
exponential manner [8]. Therefore, this limitation also applies to the MPCD equation.

3.4.2 Approximated Dynamics Behavior of MPCD Equation

In this section, we aim to demonstrate that the approximation behavior of MPCD
equation is consistent with SLS model. We begin with the definition of V'

V(t)=L(t)?, L(t) =L (14 e(t)) (3.29)

where V() is current volume at time ¢. L, is the length of unit cell in the reference
state. L(t) is the length of unit cell at time t. e(?) is strain at time t. It is obvious that
we can alter volume time derivative term to strain time derivative term by chain’s
rule.

dV.' [ dV ~dL_ de
r [ AR <aE N (3.30)

where dV /dt = 3L?, dL/de = L,. Substitute Eq. (3.30) into Eq. (3.28), we obtain

de
dt

o £ dPs,
3L2La = Liget (Pint A\t 4 < t) > (3.31)

dt

Note that Pi: = —f 4 up, The equation (3.5) becomes
mt - _/ Plnt dr (332)

Since P, changes its value with e(t), therefore, P, can be written as a function of
e(t). However, if the small deformation is postulated around the undeformed state,
ep = 0, Pt can be written in Taylor expansion form [95] as

dpint
de

1 dZPint
S 2! de2

Ae? + ... (3.33)

e=en

Pri(eo + Ae) = Pri(eo) +

e=eqn

where e = ey + Ae and Pri(e) is average internal pressure at undeformed state. If
we approximate Pi(eo + Ae) only at first derivative expansion, equation (3.33) yields

AP Ae,  Py= Pyl(e) (3.34)

de

]-T’mt(eo + Ae) PO +

e=eg

Substitute Eq. (3.34) into Eq. (3.31), we obtain

de o 1 Ldef

__ _ dAPext + dpint
dt 3 L3

dt de

(14 Ae)™? <APM +7

Ae) (3.35)
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Note that AP = Py — Ps: and Ae = e since ey = 0. Regarding the binomial series
of (1 +Ae)™ =1—2Ae + 3Ae? — ... Ref. [95]. Consider only the first term of the
expansion; (1 + Ae)~2 ~ 1 — 2Ae. Substitute this relation into Eq. (3.35). We obtain

7 Lier dA P
3T di

1 P 1L _
de Lyer d Bt _ Moot np

== 3.36
dt ~ 3I% de |, 3IL3 (3.36)

It should be noted that dP/de|.—., < 0. If we denote dP/de|.—., = —Kp, where,
Kp > 0. Finally, Eq. (3.36) becomes

de  Kp Lget — Laet , = T Leet AAPey;

8 | BP it o L0 337
Gt AP e PG T (3.57)

Equation (3.37) has the structure like SLS model Eq. (2.102) where the pressure time
derivative term is included on the right hand side of the equation. Nonetheless, the
viscoelastic behavior stems from the MPCD equation not from PFC free energy. Ac-
cording to Eq. (3.37), it is obvious that the PFC free energy only influences the Kp
variable, the second term on the left-hand side of Eq. (3.37), but not the structure of
the equation. Therefore, the alternative choices of PFC free energy Eq. (3.2) can be
applied and the PFC-MPCD method should still produce similar viscoelastic behavior
correspond to those PFC free energy choices.

It should be noted that although the MPCD equation has a functional form like
that of the SLS model, the MPCD equation derives from PFC free energy function
where Kp parameter depends on € and pg variables. The former variable represents
the temperature in the solid system under consideration while the latter variable
represents the average atomic density. This allows the MPCD equation to study the
impact of temperature and average atomic density on viscoelastic behavior including
its related parameters whereas the SLS model is impractical.

3.5 Numerical Simulation

3.5.1 One-Dimensional Crystal Structure

In this section, we describe the method to simulate, analyze and study the viscoelastic-
creep behavior in the PFC model. To simulate the viscoelastic-creep behavior, we
consider a one-dimensional crystalline phase with the density field

p(z.t) = p(t)+ Y Aj(t) cos(Gja), (3.38)

where z is the spatial coordinate.
The system is initially at equilibrium and this state of the system is characterized by
three state variables. First is the mass per unit-cell

No = poLo, (3.39)
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L=NAx

Figure 3.1: One-dimensional deformation schematic.

where L is the initial unit-cell length and py = p(0) is the initial average density.
The second state variable is the average pressure

T
Py=— [ Pdz, (3.40)

Lo Jr,
and the third is the temperature which is related to the model parameter e. Then,
the system is subjected to step changes in the average pressure quantified by AP =
Py—P..;. Fromequation (3.27), the nonzero A P will lead to deformation characterized
by the change in the unit-cell length L(¢) and the strain

o(t) = %;LO (3.41)

During the deformation, we enforce mass conservation by changing the average density
according to

No _ polLo
L(t). L(t)”

p(t) = (3.42)
and we also allow the system to attain the equilibrium condition in all deformation
states by evolving the density profile using equation (3.4) until a steady state is reached
for each value of L(t).

3.5.2 Three-Dimensional Crystal Structure

In this section, we describe the setup and method of simulations. In all simulations,
we construct a BCC unit-cell with a periodic N x N x N grid where N = 16 and the
lattice parameter L, = 27v/2; this results in the reference grid spacing, Ary = v/27/8
in all dimensions, and the reference volume V; = (27v/2). The initial density profile
is constructed with the one-mode approximation in Eq. (3.3), where the reference
density, po, is specified. The profile is then relaxed using the evolution equation (Eq.
(3.4)), while fixing Ar = Argand p = po, until the equilibrium density profile is reached.
At this state, the reference internal pressure, P, can be calculated using Eq. (3.5). Also,
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the numerical method employed to solve the evolution equation, and also the PCD
equation (Eq. (3.7)), is the Fourier pseudo-spectral method where Fourier transform is
used to calculate spatial derivatives and the forward finite difference scheme is used
to discretize the time derivative. For the viscoelastic simulations, the PCD equation

ext

ext

P

xt

Figure 3.2: BCC unit-cell under hydrostatic pressure schematic using isosurface con-
struction; o3 = Pex depicts stress in {ii} direction where all g; components, shear
stress components {i = j}, are equal to zero.

is employed where different profiles of P.(t) are specified and the change in the
volume is used to update the grid spacing through the relation

Ar(t) = (%)3 . (3.43)

We note that the grid spacing Ar(t) is identical in all directions due to the assumption
of crystal under hydrostatic stress Fig 3.3. During the simulation, the mass conservation
is imposed by changing the average density through

%
p(t) = ﬁoW(l)- (3.44)

Also, the mechanical equilibrium is maintained throughout the deformation process;
this is accomplished by relaxing the system using the evolution equation at every
time step of the time evolution from the PCD equation. The system response is
characterized by the strain defined by

M (3.45)

€(t) - A’f‘o
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—Lj(.') =NAr, + N(Ar(1)—Ary)

-1, = NAr,

I
L, = NAr, J[.l(f)_ \A?UTJ\{A!(” _\F

Figure 3.3: Deformation schematic for BCC unit-cell under hydrostatic pressure re-
garding family plane {100} view; (a) Undeformed configuration, original crystal length
L, Ly = NAr, (b) Deformed configuration, deformed crystal length Li(t), L;(t) =
NArg + N (Ar(t) = Arg) where {ij} subscription denotes i,j direction, respectively.
The deformation scheme for each Cartesian direction in BCC unit-cell is identical.

which is identical in all directions. The profiles of e(t) and Pe(t) is then used to
quantify the viscoelastic behavior predicted form the PFC-PCD method.

Two types of Pext(t) are used in this study. For the viscoelastic creep simulation,
the applied pressure is set to

Pext(t) S 75e><t7 (346)

where P, is a constant. The values of P. are chosen such that the pressure deviation
from the reference pressure

A Pl W et (3.47)

is positive or negative; the former leads to tensile deformation while the latter results
in compressive deformation. The quantities e, and 7. are numerically extracted from
the strain response, e(t), where e is the values of e(t) at large ¢, and 7. is the value
of t at e(7.) = exs(l — exp(—1)) = 0.6321e,, (see Eq. (2.104) and Fig. 2.12).

For the hysteresis simulation, the applied pressure is set to

Poi(t) =Fy="P, sin(wt), (3.48)

where P, is the pressure amplitude. The pressure deviation from the reference pres-
sure will then be

Do = Pex(t) = & sin(wt). (3.49)

APy(t) = —
o Py Py

With this type of pressure function, the system is then allowed to evolve temporally
until the steady-stead strain-response is reached. The strain response profile at steady
state will exhibit the sinusoidal behavior similar to Fig. 2.13(a) and we can numerically
measure the strain amplitude e 4 in order to calculate the amplitude ratio A, = eA/PA.
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When plotting the hysteresis loop as in Fig. 2.13(d), the complex moduli and loss
tangent can be calculated by numerically identify the values of A (pressure value at
zero strain), B (pressure value at maximum strain), and C' (maximum strain value). Then
we evaluate the expressions: G, = B/C, Glos = A/C, and tan(d) = Glog/ Giorage-
We note that in all hysteresis simulations, P, is set to 0.02P,.

Finally, the values of Py and ¢ in all simulations are restricted to the range of
(—0.248, —0.260) and (0.175,0.200), respectively. This values of Py and e ensures the
stability of the BCC crystal as shown in the phase diagram in Fig. 2.26, Ref. [22].

3.5.3 Numerical Scheme

The PFC-PCD equation consists of two governing equations; Cahn-Hilliard (CH) type
equation and pressure-controlled dynamics (PCD) equation. The first equation is in-
volved dissipative dynamics and mass conservation equation Ref. [19] formulated in
partial differential equation (PDE) with four independent variables (¢, 7, 72,73); time
variable with three spatial coordinate variables

OF

5‘p 2
LS :
5 o e (3.50)

where p = p(t, 11,2, r3) is density field variable in three dimensional space. L, is the
mobility coefficient. V2(-) = 92(-)/dr? + 8%(-)/0r3 + 0%(-)/dr2 is three dimensional
Laplacian operator. 6]:"/5/) — 1 is the variational derivative of F by p which defines a
chemical potential . The free energy functional F can be expressed

4
N / —e+ ( 1+V2)]p+%dr (3.51)
or in alternative form
p>  pt p
]-":/w(p) dr, F:/{(1—6)2—+Z+pv2p+§v4p dr (3.52)

where V4(+) = 9%(:)/ort + 0*(.)/0rs + 0*(-)/Ors + 20*(+) /Oridr: + 20*(-)/or?0r2 +
20%(-)/0rior:. The free energy density variable, w (p), can be expressed in expansion
form as

2 4 2 4 4 4

. pLp Pp  Pp  Pp pd'p pdp  pdp

Wlp) = (=€) o+ T PG TP TPg ¥ 55,0 T 250 T 95,
M*p _ O *p

(3.53)

N p@r%@r% + p@r%@r% * p@r%@r%
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Denote that w (p) = f(P» Priris Proras Prarss Priririrys Prarararey Prarsrsrss Pririreras
Pririrars, Prararsrs) Where each independent variable of f is defined by

a2p an - 82p
Priry = a_qa%’ Prory = 8_7‘%7 Prars = 6_7"32)
9p 'p 8
Priririrs = 8_704117 Prororars = 8_7'31, Prarsrsrs — a—r%
o4 9 o
; =57 =L (3.54)

p =—an5 P = 55, P = —ts
TIT1T2T2 aT%aTg Y 1717373 8’]"%87“% I r2Tr2T3T3 67"%8’]"3

To solve equation (3.50), p variable must be reformulated as a function of p and its
derivative. Therefore, we need to find 6.F /§p by using functional derivative definition

oF 8f 0% ([ 0f R\ Y\ f 0% [ Of o af
1 £ + = A 7= +
5p 8/) or? \ Opryr OrE\\Osrs Ors \ Opryrs ort \ 0P rirm
o 0 o 0 o 0
7/ s 5 E 5 h
87“2 aprzrzmrz 87‘3 ap7‘37‘37"371°, 87‘17‘2 apnnm?‘z

o i | o et
87’17’3 P, 67"27“3 Obtoror

Evaluate each derivative term on the right hand side of equation (3.55)

of Pp  Pp p
IR b [
¢ LEELEE Ay s e
TR gt *p d*p ’*p
= — 99 2 2 .
- (8 it o ory i ors Gt Orior? < Arior? "y (97"367“%) (3:56)

where

P05\ (o \ L
87‘%’ 2 \Opryr, ) 02 Or2 \ Oprar, )~ OF2

) -5
V=20 o () = 2 )~ 2
)-

87"1 <8PT1T1

0 Prarsrars

287"‘1L7 Ors \ Opryrarars ) 2078 Or 2 0rg

d*p 84 of P
-~ Orior?

8741 ( apm T
o

2,
a7ﬁ17a2 (8;)7 1717272 8?“1 (97’ 1T5 Qe

ot

37‘27’3 (apmmrsra) 87“%67“3
Substitute each term of equation (3.56) into equation (3.55). Then, the chemical po-
tential p is literally obtained

p=(1—e€p+p*+2Vp+ Vi (3.58)

(3.57)

Finally, the equation (3.50) becomes

dp

o L, [(1—¢)Vp+V?p* +2V'p+ VO] (3.59)
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where V6(-) = 95(-)/or + 0%(-)/Or§ + 85(-)/Or§ + 30°(-)/Oridry + 30°(-)/Or?0r; +
30%(+)/Or30rs 4+ 305(-) /Ortors +30°%(-) /Or{or: +305(+) /Ors0r2 + 60°(-) /Orioriors. It
is obvious that equation (3.59) is the sixth-order nonlinear partial differential equation
(60D-NPDE) which can be expressed in a full description as

o p 52 P o2 p o2 p o? p3 o2 p3 o? p3
a—%[“‘e)(a—@*a—rg*a—@ a7 "oz o

Np  Op O
o (8_‘1‘ o T 873%>
dp d'p d'p Fp  p
L,(2]2 2 2 _— = =
+ L [ ( oriors - arior; ne 87"%87’%) (87’? or 8r§>]
9% 9%p 9%p p 0%p
+ Ly [3 87“%87“% + 38r%8r§ i 387“%87’% ) 387"%81“% % 387“‘1137‘:%]
p p

(3.60)

3
/ Oryor3 T arior3ors

In order to solve equation (3.60) numerically, there are two options which can be
employed; finite difference method (FD) [96, 97, 14] and fourier spectral method (FSM)
[98, 99, 100, 14]. In this study, not only the periodic boundary condition is governed
but also the equation itself has a very high derivative order in spatial coordinate which
demands a lot of numerical expense if FD scheme is used. Therefore, FSM method is
more appropriate than FD in terms of numerical accuracy and numerical expense to
solve equation (3.60). To employ FSM scheme, we begin with equation (3.59). If we
apply fourier transform both sides, we obtain

dp _
dt
Then, the 60D-NPDE is literally reduced to empirical ordinary differential equation

which depends on time constraint only; where p = p(K, t) is fourier transform of p.
p® = p*(K, 1) is fourier transform of p* which can be described as below

L, [— (1 —¢) [KPPp — [KPP6" + 2|K|*p — K[°] (3.61)

+o0
p(K t) = / p(r, e "dr

o0

+o00
PP(K ) = / p2(r e 7 " dr (3.62)

oo

K = K(k,,, k,, k) is a vector in fourier space and each fourier wave vector component
k., is defined by

2 N, N, N, N,
=T T oLt L= 2 - Vie{12,3)

2 2
(3.63)

, —

where L, is lattice parameter along r; direction and our study uses L, = 21/2 for
Vi € {1,2,3}. N,, is number of grid points along r; direction which we employ r; = 16
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for Vi € {1,2,3}. It should be noted that

KPP =K, +K, +K,
4 4 4 21,2 21,2 2
|K|4_k +k + k., + 2k k7, + 2k k7 + 2k

T1 3

K|® = O 4k, + 3K K, + 3K KT+ 3K kf3 +3k! K2, + 3k K,
- 3kjf2 kfg + 6K K2 K, (3.64)

We employ semi-implicit scheme [98] to solve equation (3.61). The forward difference
approximation for time derivative term is given as

@ — pAn—i-l _[)n

AL (3.65)

where p"*! and /3" denote p at time ¢ + At and t, respectively. Substitute equation
(3.65) in equation (3.61)
pAn-i—l ¥y ﬁn

i = Lul= = KPR = KPP 4 2lKE T — (K[ (3.66)

where " and p*" are p at time t + At and p* at time t, respectively. Rearrange
above equation, we obtain

[T+ AtL, [(1 =€) [KI? = 2|K|* + |K|°]] p"F! = p" — A¢L,|K|*p*" (3.67)
and it yields

NN An AtLu|K|2 ~3n
ple TR [(1 — & IKP —2[K[* + [K[¥]]

(3.68)

Finally, p"*! variable which is in reciprocal space can be converted into the real space
variable by using inverse fourier transform

P pheo .
70 = G / LK) K (3.69)

where d is dimensionality of the problem. This variable will be used to calculate P in
pressure-controlled dynamics equation further. Next, the second important equation
is the PCD equation which was developed regarding thermodynamic of hydrostatically-
stressed crystal solid [39] and classical irreversible thermodynamic frameworks [86, 87,
88]. The advantage of this equation is that it allows to create the deformation in PFC
model by specifying external pressure as an input variable unlike the conventional
PFC simulations where volume, or grid spacing, is an input variable [23]. This equation
is given as below

dav

dt — Ldefv(Pmt - pext) (370)
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To solve PCD equation, we use forward difference scheme for time derivative term.

n+l _ Y/n
% _ % (371)

Then, equation (3.70) becomes

Vn+1 —_yn

_ pn
At

= Ldefvn (Pgt ext) (372)

where V" *1 and V™ is volume at time ¢ + At and ¢, respectively. Also, P and P, is
Pyt and Py at time t. Then, the equation (3.72) yields

VP = V™ + AtLoesV™ (P = Ply) (3.73)

For MPCD equation, the numerical scheme is given below

Vg8 P 1"
Vel =V At LV T (P" ~ V=% {d—“] > (3.74)

int ext dt

where [dP./dt]™ is pressure time derivative time at time ¢. Finally, we literally obtain

a new volume value at next time step as we required. It should be noted that B}, is

By % / (=f"" 4 p"p") dr (3.75)
where
p2n p4n pn
RO RSN G WAL o) G ol
=1 =€)+ 2 [V p] 4 (V] (3.76)

All superscripts, n, regarding equation (3.76) which appear in all (-)” represent those
physical quantities, (-), at time .
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CHAPTER 4

Results and Discussion

4.1 Preliminary Discussion

Damping materials have been used in many engineering applications and, in particular,
in energy absorption such as vibration isolation and impact absorber. One of the most
important properties that plays a key role in energy absorption is the damping capac-
ity of material. This parameter indicates the ability of material in dissipating energy
during the deformation which can be measured through mechanical-hysteresis curve
of viscoelasticity. - This mechanical behavior is characterized by three phenomena;
viscoelastic-creep, stress relaxation and mechanical-hysteresis behavior. To select the
appropriate materials in specific tasks, therefore, we need to predict these properties
accurately and know the suitable working condition of these damping materials.

In the past few decades, computational materials science has emerged as an al-
ternative choice to predict various material properties and phenomena. This new
technique can help speeding up the desien process and reducing the cost of the real
experimental study. To predict this damping capacity accurately, we need a com-
putational technique that incorporates microstructures which influences the material
properties and can reproduce a correct mechanical-hysteresis behavior.

In the last decade, the PFC method has emerged as a robust tool to study various
material phenomena. The PFC method was first introduced by Elder et.al. [31] which
its free energy functional was minimized by periodic density field which was found in
crystalline structure. This sives rise to numerous physical features that occurs due to
the periodicity of crystalline phases e.g. spatial symmetry, elastic and plastic interac-
tion, the nucleation, multiple crystal orientations and the motion of dislocations.

This method has been extensively used to study materials phenomena and be-
havior ranging from phase transformation [17, 101, 102], topological defect dynamics
(vacancy [103], grain-boundary [104, 105, 106], dislocation [31, 19, 61, 107, 108], crack
[109]) to elasticity and elastic constants [110, 111, 112], plasticity [108, 113] and seg-
regation induced grain boundary premelting [114] in binary alloys.

Although there were numerous successful studies using PFC method. The investi-
gation of viscoelastic behavior and the related properties predicted by the PFC model
is still limited. Thus, it is of interest to study the capability of the PFC model to predict
this phenomena. As mention earlier, viscoelasticity is characterized by viscoelastic-
creep, stress relaxation and mechanical-hysteresis. However, in this work, we only fo-

114
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cus our investigation on viscoelastic-creep and mechanical-hysteresis behavior which
is directly related to damping capacity that is crucial for damping material design.
Since the studies of viscoelastic-creep and mechanical-hysteresis involve measuring
the strain response from an externally applied stress, therefore, we need a method
which is able to produce the deformation from externally applied load. This is in con-
trast to a previously proposed method to control the deformation by Hirouchi et al.
[23] where the deformation was controlled by specifying the grid spacing as an input
variable which is suitable for studying stress relaxation problem which is not focused
in our study.

Recently, the pressure-controlled-dynamics (PCD) equation was first introduced by
Kocher and Provatas [15]. This equation allows us to measure the strain by speci-
fying externally applied stress which is suitable for using to study viscoelastic-creep,
mechanical-hysteresis behavior and complex moduli parameters. With incorporating
the PFC method, this method is referred to as PFC-PCD method. Although they used
this particular method to investigate the full spectrum of solid-liquid-vapor transitions,
unfortunately, the viscoelastic-creep, mechanical-hysteresis behavior and complex
moduli parameters which can be reproduced from that equation were not focused
area and, of course, not addressed in their work [15]. We implemented this PFC-PCD
method to study viscoelastic-creep behavior in one-dimensional crystal structure in
our preliminary study. The full results and discussion are provided in the Appendix A.

Then, we extended our work to investigate viscoelastic-creep and mechanical hys-
teresis behavior for a body-centered-cubic (BCC) crystal structure in [94]. According
to the results, although the PFC-PCD could reproduce viscoelastic-creep behavior cor-
rectly, it was inaccurate in predicting mechanical-hysteresis behavior and complex
moduli parameters, in particular, at the high-pressure oscillation frequency region
when compared with the standard linear solid (SLS) model [41, 8] which is typically
used to investigate viscoelasticity in solid materials and theoretical perspective sug-
gested by [9]. This inaccuracy was analyzed further by conducting the Taylor’s expan-
sion [95] on PCD equation. This analysis demonstrated that this inaccuracy arose from
the missing pressure time derivative term in the existing PCD equation. This explained
why the PFC-PCD model could reproduce creep phenomena, but not the mechanical-
hystersis behavior similar to the SLS model. As a result, the modification to the existing
PFC-PCD method is crucial in order to reproduce more accurate mechanical-hysteresis
behavior.

Therefore, we proposed the modified PFC-PCD method to address this limitation
in our latest work [115]. We modified the pressure-control by adding pressure time
derivative term to the existing PCD equation, referred to as MPCD equation. This ad-
ditional term comes from comparing the Taylor’s expansion of the existing PCD equa-
tion with the SLS model. This pressure time derivative term helps MPCD equation in
producing mechanical-hysteresis behavior consistent with SLS model, in particular, at
high pressure oscillation frequency where the existing version is failed. According to
the numerical study, the results demonstrate that the PFC model which incorporates
MPCD equation, referred to as PFC-MPCD method, can predict mechanical-hysteresis
behavior and complex moduli parameters consistent with SLS model and the real
solid materials [9] at the broaden pressure oscillation frequency range. In particular,
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the complex moduli predicted by our method are in good agreement with the exper-
imental observations which can be found in numerous sources e.g. [116, 117, 118] for
alloy, [119, 120, 121] for rubber and [122] for elastomer. This is in contrast to PFC-PCD
method which produces the results inconsistent with SLS model and experimental
observations, especially, at the high-frequency range.

This chapter is organized as follows. In part (4.2), we present the results and dis-
cussion on viscoelastic-creep and parametric study of BCC crystal structure produced
by PFC-PCD method [94]. In part (4.3), we study the influence of PFC and PCD pa-
rameters on dynamic response, mechanical-hysteresis behavior and complex moduli
parameters of BCC crystal structure produced by PFC-PCD method [94]. In part (4.4),
we provide the results and discussion on mechanical-hysteresis behavior and complex
moduli parameters of BCC crystal structure predicted by both PFC-PCD and PCD-MPCD
methods [115].

4.2 \Viscoelastic-Creep and Parametric Study of BCC
Solid

In this part, we show the viscoelastic-creep behavior exhibited by the PFC-PCD model
and demonstrate the dependence of this behavior on APy and Lyer. Figure 4.1 shows
the strain response from different values of AFy. The graphs show the strain, initially
at zero, increase or decrease gradually until the steady-state values (denoted as eq)
are reached. This delayed responses obtained from the simulations are indicative of
the viscoelastic-creep behavior; this means that the PFC model combined with the
PCD equation is capable of modeling viscoelastic behavior. Also, depending on the
values of AP, either tensile or compressive deformations are realized. When AP, > 0,
or Por < Py, tensile deformation is obtained while APy < 0, or Pex > Py, results in
compressive deformation. The magnitudes of e, (steady-state deformation) also scale
with the magnitudes of APy, as expected from the elastic effect in the PFC model (Eq,
(2.40)).

Next, Fig. 4.2 shows how viscoelastic behavior is affected by Lges. From the figure,
the increase in Lyer results in e(t) approaching e, in a faster rate, or smaller 7; this
means that the increase in Lger leads to the faster strain response or higher degree of
elasticity. This results demonstrates that Lyes can be used to adjusted the degree of
viscoelasticity ranging from highly viscous to highly elastic. The capability to control
the degree of viscoelastic creep can be used to tune the PFC-PCD model to different
types of materials.

The degree of viscoelasticity is also affected by e (inverse of temperature), as shown
in Fig. 4.3. From the figure, the values of 7. decreases as the values of € increases for the
range of py where solid is stable. Since ¢ is inversely proportional to temperature, this
indicates that the system response faster, or becomes more elastic, as temperature
decreases; this prediction agrees with the experimental observation where relaxation
time in creep phenomena decreases with temperature.

We note that the results from Fig. 4.2 and Fig. 4.3 assume that Lgef and € are in-
dependent from one another. Nevertheless, since both Lger and e both affects the
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Figure 4.1: Viscoelastic-creep behaviors, (), under different values of constant pres-
sure, AP, at condition |po| = 0.2600, ¢ = 0.2000 and Lget = 1. The results show the

capability of PCD equation to control e, through AP,. Note: All physical variables
are in non-dimensionalized quantities.
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Figure 4.2: Viscoelastic-creep behaviors, e(t), under different values of Lger at condition
|Po| = 0.2600, ¢ = 0.2000 and APy = 0.03. The results demonstrate the capability of
PCD equation to control relaxation time, 7., through Lger. Note: All physical variables
are in non-dimensionalized quantities.
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Figure 4.3: Viscoelastic-creep parametric study under step pressure; Influence of e
parameter on 7. parameter at e parameter ranges between (0.175,0.200) with three
different |po| values. All numerical experiments are based on step pressure input
(AP, = 0.02). Note: All physical variables are in non-dimensionalized quantities.

viscoelasticity behavior, it is likely that Lger and € (or temperature) are related. It
should be noted that Lger originates from linear phenomenological law in the clas-
sical irreversible thermodynamic framework. Therefore, the dependence of Lger on
temperature could be introduced by considering a more rigorous treatment of this
phenomenological law.

Lastly, we report how the stiffness changes with e and py. This is shown in Fig.
4.4(a) and 4.4(b), where the values of e, are plot as functions of € and py, respec-
tively. Since AP, is the same in all simulations, lower e, values indicates higher
stiffness and vice versa. From Fig. 4.4(a), e, decreases as e increases while, from Fig.
4.4(b) e, increases as |py| increases. This indicates that the stiffness is higher at lower
temperature and lower atomic densities. These results are qualitatively consistent
with theoretical framework [110, 123] and experimental observations [124, 125, 126].

We note that stiffness is not a viscoelastic property and the consistency of the
stiffness-variation with € and py originates from the PFC free energy (Eqg. (2.40)), not
the PCD equation. Nevertheless, these stiffness results demonstrate the application
of the PCD equation since it allows convenient calculation of e, from specified values
of AP,. According to the results obtained from numerical study, we found that the our
proposed PFC-PCD method has the significant potential to predict viscoelastic-creep
behavior and its related parameters under step pressure input.

To characterize the viscoelastic behavior and its related parameters including the
validation of prediction capability of the PFC-PCD method on viscoelastic behavior in
a full spectrum, not only we need to investigate the viscoelastic behavior under step
pressure but the investigation of such behavior under sinusoidal pressure oscillation
is also required. This type of investigation enables us to study dynamic response and



CHAPTER 4. RESULTS AND DISCUSSION 119

-3 -3
37 x10 ‘ ‘ ‘ ‘ 3.7 x10 ‘
—e—|| = 0.248 —e—c =0.175
‘ %= |p0| = 0.254 ¢ = 0.1875
3.65f [fo] = 0.26 | 365t e=0.2
S 364 S 36
N
*
35 - o i 35
*~ -
T
35 : : : : 35" : :
0175 0.18 0185 019 0.195 0.2 0.25 0.255 0.26
€ ‘ﬁo‘
(a) (b)

Figure 4.4: Viscoelastic-creep parametric study under step pressure; (a) Influence of
€ parameter on e., at e parameter ranges between (0.175,0.200) with three differ-
ent |po| values (b) Influence of g, parameter on e, at |po| parameter ranges be-
tween (0.248,0.260) with three different e values. All numerical experiments are
based on step pressure input (AP, = 0.02). Note: All physical variables are in non-
dimensionalized quantities.

mechanical-hysteresis behavior of solid material under sinusoidal pressure oscillation.
This allows us to determine the complex moduli parameters which is necessary for
estimating the damping capacity parameter in damping material design. In next part,
we provide the results and discussion on these dynamic behaviors established by the
PFC-PCD method and determine the limitation for applying this method in predicting
these dynamic behaviors. Also, we introduce our recently developed the PFC-MPCD
method to predict dynamic response, mechanical-hysteresis behavior and complex
moduli parameters which cannot be produced by the PFC-PCD method accurately.

4.3 Influence of PFC and PCD Parameters on Dy-
namic Response and Mechanical-Hysteresis Be-
havior in BCC solid

We divide our investigation into two parts. In the first part, we need to study the
influence of PCD parameter, Lger, On dynamic response and mechanical-hysteresis
behavior under sinusoidal pressure oscillation. This investigation is motivated by the
results obtained from the study of the impact of Lger parameter on viscoelastic-creep
behavior under step pressure. According to that study, we found the Ly parameter
can be used to control the degree of viscoelasticity ranging from highly viscous to highly
elastic which allows us to tune the PFC-PCD model to different types of materials.
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Therefore, we extend our study to investigate how this parameter influences system
response under sinusoidal pressure oscillation other than step pressure.

In the second part, we focus our study on how PFC parameters i.e. €, which
represents temperature, influences complex moduli parameters. The motivation of
this study stems from the temperature dependence of damping capacity in viscoelastic
materials which is crucial for damping material design. Thus, we need to know how
PFC-PCD method can well predict this phenomena when compares the numerical
results obtained from our method with the numerous experimental observations.

According to the first study, the results obtained from the simulation demonstrate
the similarity to the those of the viscoelastic-creep study, the PCD parameter Lges
can be used to control the degree of viscoelasticity. Figures 4.5(a) and (b) show the

%107 x10°

AR(?)

Figure 4.5: Influence of Lges parameter on system response; sinusoidal pressure input
AP,(t) (solid-line on y-axis) and strain response ¢(t) (dash-line on y-axis) at time ¢
(x-axis); (a) Lyget = 10 (b) Lyer = 1; at |po| = 0.2600, ¢ = 0.1750 and f = 0.02. Note: All
physical variables are in non-dimensionalized quantities.

strain response with different values of Lger at fixed pressure-oscillation frequency.
The hysteresis loops from these results are also shown in Fig. 4.6. The results show
that decreasing the value of Ly lead to higher phase lag (Fig. 4.5) and higher damping
capacity (Fig. 4.6). This indicates that lowering Lge Value leads to the system having
in @ more viscous manner. The opposite is also true where increasing Lqer leads to a
more elastic response from the system.

The influence of € 0N Gy a0, Glogs, @nd tan(d) is shown in Fig. 4.7. Figure 4.7(a)
shows that an increase in e (decrease in temperature) leads to an increase in Gl g
and a decrease in Gi. As tan(0) = Glog/Gomeer the values of tan(d) decreases

with increasing €, as shown in Fig. 4.7(b). The results show that as temperature de-
creases, the system behaves in a more stiffness and a less viscous manner and with
reducing damping capacity. These trends qualitatively agree with numerous experi-
mental observations for storage modulus in polymeric materials [127, 128, 129, 130]
and in alloys [131, 132, 133, 134] and for loss tangent factor in polymeric materi-
als below glass transition [133, 135, 136, 137, 138, 139] and metals such as alloys
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Figure 4.6: Influence of Ly on Mechanical-Hysteresis behavior at condition |py| =
0.2600, ¢ = 0.1750 and f = 0.02 where e(t) (x-axis) is strain response at time ¢ and
APy(t) (y-axis) is pressure input at time t established by PCD equation. Note: All
physical variables are in non-dimensionalized quantities.
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Figure 4.7: Influence of temperature, e (x-axis), parameter on (a) Storage modulus,
Gliorage (sOlid-line on y-axis), and loss modulus, G, (dash-line on y-axis), and (b) Loss
tangent factor, tan(d) (y-axis), at |po| = 0.2600 and f = 0.02. It should be noted that
the € parameter is inversely related to temperature. Note: All physical variables are

in non-dimensionalized quantities.
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[75, 140, 141, 142, 143, 144]. These consistencies demonstrate the capability of our
method in predicting temperature dependence of complex moduli parameters. We
expect that our proposed method can be extended to investigate the problems in a
more complex situation when microstructures and defects are presented.

4.4 Mechanical-Hysteresis behavior in BCC solid based
on PFC-PCD and PFC-MPCD method

4.4.1 Strain Response and Mechanical-Hysteresis Behavior

In this part, we demonstrate the strain response under sinusoidal pressure oscillation
and its mechanical-hysteresis behavior exhibited by PFC-MPCD and PFC-PCD methods.
The steady-state strain responses regarding the PFC-MPCD method are given Fig. 4.8(a)-
(c) whereas the strain responses regarding the PFC-PCD method are shown in Fig. 4.8(d)-
(f) for comparison.

x40 10 <10 0”

APy(t)
i

APy(t)

Figure 4.8: Influence of frequency, f, on system response; Sinusoidal pressure in-
put APy(t) (solid-line) and strain response e(t) (dash-line) established by PFC-MPCD
method (a) f = 0.004 (b) f = 0.1 (c) f = 1 at 7 = 0.9814; Sinusoidal pressure input
APy(t) (solid-line) and strain response e(t) (dash-line) established by PFC-PCD method
(d) f = 0.004 and (e) f = 0.1 (f) f = 1. Note that all simulation parameters are set
at |po| = 0.2600, € = 0.1750 and Lges = (271/2)%. Note: All physical variables are in
non-dimensionalized quantities.

According to the numerical results at oscillation frequency f = 0.004 and f = 0.1,
the steady-state strain response predicted by both methods are in good agreement to
each other. Both methods demonstrate the strain amplitude reduction and increased
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Figure 4.9: Influence of frequency, f, on system response; sinusoidal pressure oscilla-
tion P’(t) (solid-line) and strain response ¢e(t) (dash-line) established by SLS Model (a)
f=0.001 (b) f =0.04 (c) f = 10; at parameter condition P, = 0.001, K’ = 0.3 and
7" = 1. These figures demonstrate that the amplitude and the phase angle of system
response are influence by pressure oscillation frequency. Note: All physical variables
are in non-dimensionalized quantities.

phase lag (phase angle) at elevated oscillation frequency. These results are qualita-
tively consistent with those of SLS model prediction in Fig. 4.9 (a)-(b). However, at
oscillation frequency f = 1, both methods seem to behave differently. The ampli-
tude of strain response exhibited by PFC-MPCD method tends to decline to the finite
value while phase lag between strain response and pressure oscillation predicted by
this method seems to be in-phase at this frequency. On the contrary, the amplitude of
strain response exhibited by PFC-PCD method tends to vanish. Moreover, the phase
lag between the strain response and pressure oscillation predicted by the PFC-PCD
method becomes larger at this frequency which is contrast to SLS model prediction
as shown Fig. 4.9(0).

To obtain more insight into these phenomena, we study the impact of frequency f
on amplitude ratio A, and phase lag (¢) exhibited by PFC-MPCD and PFC-PCD methods
as indicated in Fig. 4.10(a)-(b). It is obvious that both methods exhibit amplitude ratio
reduction with increasing frequency. However, this prediction according to the PFC-
PCD method tends to vanishingly small at higsh-frequency range whereas the prediction
regarding PFC-MPCD method remains at finite value. Besides, the phase lag predicted
by both methods tends to increase at elevated frequency but until the certain value
is reached. In particular, the result exhibited by PFC-MPCD method tends to reduce its
magnitude with increasing frequency after its peak location, unlike PFC-PCD method
prediction which tends to exhibit higher phase lag without the peak location. These
results obtained from the numerical study indicate that the prediction demonstrated
by both methods are consistent at low-frequency range but tends to differ at high
frequency.

The magnitude of the amplitude ratio can also be illustrated in the mechanical-
hysteresis loop according to Fig. 4.11(a)-(b) where the results in Fig. 4.8(a)-(f) are plotted
on a pressure-strain axis. As the frequency increases, the hysteresis loops predicted by
both methods rotate counter-clockwise, indicating smaller strain amplitude (or ampli-
tude ratio). At frequency f = 1, the hysteresis loop predicted by the PFC-PCD method
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Figure 4.10: Influence of frequency, f, on (a) Amplitude ratio (A,) predicted by PFC-
MPCD method (solid-line) and PFC-PFC method (dash-line) and on (b) Phase angle (4)
or Phase lag predicted by PFC-MPCD method (solid-line) and PFC-PFC method (dash-
line). Note that all simulation parameters are set at |py| = 0.2600, € = 0.1750, Lger =
(2mv/2)? and T = 0.9814 for PFC-MPCD method. Note: All physical variables are in

non-dimensionalized quantities.
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Figure 4.11: Influence of frequency, f, on mechanical-hysteresis behavior (a)
Mechanical-hysteresis behavior predicted by PFC-MPCD method corresponding to Fig.
4.8 (a)(c) at 7 = 0.9814; (b) Mechanical-hysteresis behavior predicted by PFC-PCD
method corresponding to Fig. 4.8 (d)-(f). Note that all simulation parameters are set
at |po| = 0.2600, ¢ = 0.1750 and Lges = (271/2)%. Note: All physical variables are in

non-dimensionalized quantities.
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almost forms a vertical line with the y-axis in Fig. 4.11(b) because the amplitude ratio
is driven to an extremely small value or almost zero amplitude. This is in contrast to
the hysteresis loop predicted by PFC-MPCD method which remains tilted away from
the y-axis as indicated by Fig. 4.11(a); this figure shows that strain amplitude has not
been driven to zero amplitude at the high-frequency range.

In summary, the results demonstrated by PFC-MPCD method as shown in Fig.
4.10(a)-(b) and Fig. 4.11(a) qualitatively agree with the SLS model as indicated in Fig.
4.12(a)-(c). While, all those results exhibited by PFC-PCD method as illustrated in Fig.
4.10(a)-(b) and Fig. 4.11(b) tend to differ from the SLS model, in particular, at the
high-frequency range as indicated in Fig. 4.12(a)-(c). It should be noted that although
the dynamic behavior predicted by both methods is well consistent at low frequency
range, it is substantial that the PFC-MPCD method is more suitable choice to investi-
gate such behavior at the broader frequency. Therefore, the application of PFC-PCD
method should be limited at certain frequency, in particular, at low frequency region.
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Figure 4.12: Influence of frequency, f, on (a) System amplitude ratio A, defined by
E /P!, (b) Phase angle § under pressure sinusoidal oscillation at parameter condition
P, = 0.001, K’ = 0.3 and 7" = 1; (c) Mechanical-Hysteresis curve established by
e(t) vs. P'(t) corresponding to the response provided in Fig. 4.9 (d) Complex moduli
parameters at parameter condition P, = 0.001, K’ = 0.3 and 7’ = 1. Note: All physical
variables are in non-dimensionalized quantities.
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4.4.2 Prediction of Complex Moduli Parameters

In this part, we aim to demonstrate the difference in complex moduli parameters
prediction between PFC-MPCD method and PFC-PCD method. All complex moduli
parameters exhibited by the PFC-MPC method are illustrated in Fig. 4.13(a). while the
results obtained from the PFC-PCD method are showed in Fig. 4.13(b) for comparison.

According to the numerical study, the storage modulus (E’) predicted by PFC-
MPCD tends to monotonically increased with increasing frequency and becomes con-
stant at the certain frequency while loss modulus (E”) and loss tangent factor (tan(d))
tends to increase in magnitude until their peak locations are reached. This is in good
agreement with the SLS model prediction in Fig. 4.12(d) and consistent with real solid
behavior [9]. In particular, all results predicted by PFC-MPCD method are agreeing with
numerous experimental observations which can be found in [116, 117] for shear and
young modulus, which are proportional to storage modulus, in In-Sn and Pb-Sn as well
as for loss angle in some alloys [118] which is related to loss tangent factor. Besides,
this consistency is even more pronounced in rubber [119, 120, 121] and in elastomer
[122]. This is in contrast to the results obtained from PFC-PCD prediction in Fig. 4.13(b)
where all complex moduli parameters monotonically increased with increasing fre-
guency without peaks location for loss modulus (£”) and loss tangent factor (tan(d))
as well as without the certain frequency value which allows storage modulus E’ to
become constant.

Figure 4.13: Influence of frequency, f, on complex moduli parameters (a) Predicted
by PFC-MPCD method; Storage modulus (£) (solid-line), Loss modulus ( £”) (dash-
line) and Loss tangent factor (tan(d)) (dense-dash-line) at 7 = 0.9814 (b) Predicted by
PFC-PCD method; Storage modulus (£) (solid-line), Loss modulus (E”) (dash-line) and
Loss tangent factor (tan(¢)) (dense-dash-line). Note that all simulation parameters are
set at |po| = 0.2600, ¢ = 0.1750 and Ly = (2mv/2)°. Note: All physical variables are
in non-dimensionalized quantities.

To further investigate into the difference between the results predicted by PFC-
MPCD and PFC-PCD methods, we compare each parameter exhibited by both methods
in Fig. 4.14(a)-(c). It is obvious that the results obtained from both methods are in good
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Figure 4.14: Influence of frequency, f, on complex moduli parameters (a) Storage
modulus (E); predicted by PFC-MPCD method (solid-line) and PFC-PCD method (dash-
line) (b) Loss modulus (£"); predicted by PFC-MPCD method (solid-line) and PFC-PCD
method (dash-line) (c) Loss tangent factor (tan(d)) predicted by PFC-MPCD method
(solid-line) and PFC-PCD method (dash-line). Note that all simulation parameters are
set at [go] = 0.2600, € = 0.1750, Leer = (27v/2)® and 7 = 0.9814 for PFC-MPCD
method. Note: All physical variables are in non-dimensionalized quantities.

agreement in a low-frequency range but tend to differ at very frequency. All complex
moduli parameters obtained from PFC-PCD method prediction have increased as in-
creasing frequency without the limit. This is unlike the results obtained from PFC-MPCD
method prediction. Although all complex moduli predicted by the method increases
as increasing frequency, they tend to become limited at a certain frequency value. In
particular, all loss parameters, loss modulus (E”) and loss tangent factor (tan(¢)), pre-
dicted by the PFC-MPCD method can demonstrate at least one peak location. These
observations are in good agreement with the real solid behavior suggested by Ref. [9]
and experimental evidence that can be found in {116, 117, 118, 119, 120, 121, 122].
The peak location in loss modulus (E”) parameter also indicates the information on
the suitable working frequency where the energy is most dissipated in damping mate-
rial design. On the contrary, the PFC-PCD method cannot provide this information as
indicated in Fig. 4.14(b). It should be noted that the particular form of the PFC free
energy Eq. (3.2) is applicable to crystalline materials such as metals [22]; therefore,
it might seem that the results from this work only restricts to these types of mate-
rials. However, since the viscoelastic behavior originates from the MPCD equation,
not the PFC free energy, the alternative choices of PFC free energy Eq. (3.2) can be
used and the PFC-MPCD method should still exhibit similar viscoelastic behavior cor-
respond to those PFC free energy choices. The capability to generalize the PFC free
energy enables us to model viscoelastic behavior in different types of materials such
as polymeric materials and elastomer where viscoelasticity behavior is much more
pronounced than that in metals.



CHAPTER 5

Research Summary

In this research, we propose a method that incorporates the pressure-controlled dy-
namic (PCD) equation with the phase-field crystal (PFC) model to investigate viscoelas-
tic behavior [8, 11] which is crucial for studying damping capacity property in damping
material design. We refer this particular method as PFC-PCD method. The use of
the PCD equation enables convenient control of deformation using external pressure
which allows studies of experimentally-observed phenomena involving a system un-
der different types of applied pressure. This benefit provides us an opportunity to
study time-dependent deformation behavior like viscoelastic-creep and mechanical
hysteresis-behavior in crystalline solid structure under externally applied stress.

The original PCD version was proposed by Kocher and Provatas [15] to investigate
a full spectrum of triple phase transition problem. This particular equation offers an
opportunity to control the volume of substance by controlling externally applied pres-
sure which can also be used to control the deformation in crystalline solid structure
through specifying externally applied stress. Although this equation was successfully
to be used to obtain equilibrium states of a system, the validity of the non-equilibrium
behavior from this equation needs to be verified due to certain postulations that might
not be fully consistent with the non-equilibrium thermodynamic framework. In our
preliminary study, we developed the alternative PCD equation which was consistent
with classical non-equilibrium thermodynamic framework [86, 88] and made a compar-
ison of the strain responses under step pressure produced by both PCD versions. The
results predicted by both methods were slightly different [25] and showed the time-
delayed response with a reduction strain rate as time increasing which was indicative
of viscoelasticity [26].

We extended our investigation to viscoelastic-creep and mechanical hysteresis be-
havior in a body-centered-cubic (BCC) crystal structure under hydrostatic pressure us-
ing the PFC-PCD method [94]. Although the model could produce viscoelastic-creep
behavior accurately and the parametric study results were agreeing with theoretical
framework [110, 123] and experimental observations [124, 125, 126], the mechanical-
hysteresis behavior and complex moduli parameters predicted by this particular method
were not consistent with the standard linear (SLS) model [41, 8] and theoretical per-
spective suggested by [9], in particular, at very frequency. We analyzed this inconsis-
tency by applying the Taylor’s expansion [95] on the existing PCD equation and found
that the functional form of the equation is more like Kelvin-Voigt model [41, 7] than
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SLS model. There was no the pressure time derivative term available in the present
PCD equation. This explained why the existing model could not produced the accu-
rate mechanical-hysteresis behavior and complex moduli parameters, especially, at
the high pressure oscillation frequency.

To address this inaccuracy problem, we proposed the modified PCD equation
by adding the pressure time derivative term into the existing PCD equation [115].
We referred to this particular equation as the modified pressure-controlled dynamic
equation or the MPCD equation. This pressure time derivative term helps MPCD
equation in producing mechanical-hysteresis behavior consistent with SLS model, in
particular, at high pressure oscillation frequency where the PCD equation is failed.
From the numerical study, the results demonstrated that the PFC model which incor-
porates MPCD equation, referred to as PFC-MPCD method, can predict mechanical-
hysteresis behavior and complex moduli parameters consistent with SLS model, the
real solid materials behavior suggested by [9] and numerous experimental evidence
(116,117,118, 119, 120, 121, 122] at the broaden pressure oscillation frequency range.

Finally, It should be noted that the free energy functional form used in our work is
limited to the formulation proposed by Wu [22] which is suitable for studying BCC solid
structure. Furthermore, the crystal structure presented in our work is still limited to
a perfect BCC unit cell. Yet, we expect that our method can be extended to a more
complex system with microstructural features such as grain boundary, dislocation,
surface or even with other free energy functional form where viscoelasticity behavior
is much more pronounced and still be capable of exhibiting the accurate mechanical-
hysteresis behavior and complex moduli parameters which allows us to predict more
reliable damping capacity in damping material design.



[1]

[2]

(3]

[14]

Bibliography

R. W. Balluffi, S. Allen, and W. C. Carter, Kinetics of materials. John Wiley & Sons,
2005.

T. C. Steel, “Structural steel square pipe,” Thanasarn Central Steel Webpage,
vol. (Products), 2019.

S. S. Structure, “Structural steel building,” Sanhe Steel Structure Webpage,
vol. (Products), 2019.

N. N. Novitech, “Noise and vibration damping rubber,” Nyco Namyang Novitech
Webpage, vol. (Products), 2019.

Farrat, “Isolated foundations,” Farrat Webpage, vol. (Products), 2019.

L. Dong and R. Lakes, “Advanced damper with high stiffness and high hysteresis
damping based on negative structural stiffness,” International Journal of Solids
and Structures, vol. 50, no. 14-15, pp. 2416-2423, 2013.

W. F. Hosford, Mechanical behavior of materials. Cambridge university press,
2010.

R. Lakes and R. S. Lakes, Viscoelastic materials. Cambridge university press, 2009.

T. Pritz, “Frequency dependences of complex moduli and complex poisson’s
ratio of real solid materials,” Journal of Sound and Vibration, vol. 214, no. 1,
pp. 83-104, 1998.

Chem538w10grp1, “Dynamic mechanical analysis figure,” Wikepedia, vol. (Dy-
namic mechanical analysis page), 2010.

R. S. Lakes, Viscoelastic solids, vol. 9. CRC press, 1998.

D. Raabe, “Computational materials science-the simulation of materials mi-
crostructures and properties,” 1998.

D. Raabe, F. Roters, F. Barlat, and L.-Q. Chen, Continuum scale simulation of en-
gineering materials: fundamentals-microstructures-process applications. John
Wiley & Sons, 2004.

S. B. Biner, Programming phase-field modeling. Springer, 2017.

130



BIBLIOGRAPHY 131

[15]

[27]

[28]

G. Kocher and N. Provatas, “New density functional approach for solid-liquid-
vapor transitions in pure materials,” Physical review letters, vol. 114, no. 15,
p. 155501, 2015.

N. Provatas and K. Elder, Phase-field methods in materials science and engi-
neering. John Wiley & Sons, 2011.

K. Elder, N. Provatas, J. Berry, P. Stefanovic, and M. Grant, “Phase-field crystal
modeling and classical density functional theory of freezing,” Physical Review
B, vol. 75, no. 6, p. 064107, 2007.

J. Yarnell, M. Katz, R. G. Wenzel, and S. Koenig, “Structure factor and radial
distribution function for liquid argon at 85 k,” Physical Review A, vol. 7, no. 6,
p. 2130, 1973,

K. Elder and M. Grant, “Modeling elastic and plastic deformations in nonequi-
librium processing using phase field crystals,” Physical Review E, vol. 70, no. 5,
p. 051605, 2004.

K. Aust and B. Chalmers, “Metal interfaces,” American Society for Metals, vol. 1,
p. 153, 1952.

N. A. Gjostein and F. Rhines, “Absolute interfacial energies of [001] tilt and twist
grain boundaries in copper,” Acta Metallurgica, vol. 7, no. 5, pp. 319-330, 1959.

K-A. Wu and A. Karma, “Phase-field crystal modeling of equilibrium bcc-liquid
interfaces,” Physical Review B, vol. 76, no. 18, p. 184107, 2007.

T. Hirouchi, T. Takaki, and Y. Tomita, “Development of numerical scheme for
phase field crystal deformation simulation,” Computational Materials Science,
vol. 44, no. 4, pp. 1192-1197, 2009.

N. Provatas, J. Dantzig, B. Athreya, P. Chan, P. Stefanovic, N. Goldenfeld, and
K. Elder, “Using the phase-field crystal method in the multi-scale modeling of
microstructure evolution,” Jom, vol. 59, no. 7, pp. 83-90, 2007.

J. Em-Udom and N. Pisutha-Arnond, “Pressure-controlled dynamic equation for
the phase-field crystal method,” in IOP Conference Series: Materials Science
and Engineering, vol. 361, p. 012006, IOP Publishing, 2018.

J. Em-Udom and N. Pisutha-Arnond, “Investigation on viscoelastic-creep behavior
of the phase-field crystal method,” in IOP Conference Series: Materials Science
and Engineering, vol. 361, p. 012009, IOP Publishing, 2018.

J.-L. Barrat and J.-P. Hansen, Basic concepts for simple and complex liquids.
Cambridge University Press, 2003.

K. Huang, “Statistical mechanics, john wily & sons,” New York, 1963.



BIBLIOGRAPHY 132

[29]

[30]

[31]

[32]
[33]

[34]

J. W. Cahn and J. E. Hilliard, “Free energy of a nonuniform system. i. interfacial
free energy,” The Journal of chemical physics, vol. 28, no. 2, pp. 258-267, 1958.

P. C. Hohenberg and B. I. Halperin, “Theory of dynamic critical phenomena,”
Reviews of Modern Physics, vol. 49, no. 3, p. 435, 1977.

K. Elder, M. Katakowski, M. Haataja, and M. Grant, “Modeling elasticity in crystal
growth,” Physical review letters, vol. 88, no. 24, p. 245701, 2002.

l. R. McDonald and J. Hansen, Theory of simple liquids. Academic, 1976.

S. P. Das, Statistical physics of liquids at freezing and beyond. Cambridge Uni-
versity Press, 2011.

H. Emmerich, H. Léwen, R. Wittkowski, T. Gruhn, G. I. Toth, G. Tegze, and
L. Granasy, “Phase-field-crystal models for condensed matter dynamics on
atomic length and diffusive time scales: an overview,” Advances in Physics,
vol. 61, no. 6, pp. 665-743, 2012.

A. Santos, “A concise course on the theory of classical liquids,” Lecture Notes
in Physics, vol. 923, 2016.

R. Evans, “The nature of the liquid-vapour interface and other topics in the sta-
tistical mechanics of non-uniform, classical fluids,” Advances in Physics, vol. 28,
no. 2, pp. 143-200, 1979.

N. Pisutha-Arnond, V. Chan, M. lyer, V. Gavini, and K. Thornton, “Classical density
functional theory and the phase-field crystal method using a rational function to
describe the two-body direct correlation function,” Physical Review E, vol. 87,
no. 1, p. 013313, 2013.

K-A. Wu, A. Karma, J. J. Hoyt, and M. Asta, “Ginzburg-landau theory of crystalline
anisotropy for bcc-liquid interfaces,” Physical Review B, vol. 73, no. 9, p. 094101,
2006.

F. Larché and J. W. Cahn, “A linear theory of thermochemical equilibrium of
solids under stress,” Acta metallurgica, vol. 21, no. 8, pp. 1051-1063, 1973.

P. Voorhees and W. C. Johnson, “The thermodynamics of elastically stressed
crystals,” Solid State Physics-Advances in Research and Applications, vol. 59,
no. C, pp. 1-201, 2004.

W. N. Findley and F. A. Davis, Creep and relaxation of nonlinear viscoelastic
materials. Courier Corporation, 2013.

L.-Q. Chen and W. Yang, “Computer simulation of the domain dynamics of a
guenched system with a large number of nonconserved order parameters: The
grain-growth kinetics,” Physical Review B, vol. 50, no. 21, p. 15752, 1994.



BIBLIOGRAPHY 133

[43] B. Morin, K. R. Elder, M. Sutton, and M. Grant, “Model of the kinetics of polymor-
phous crystallization,” Physical review letters, vol. 75, no. 11, p. 2156, 1995.

[44] A. Jacobs, “Landau theory of structures in tetragonal-orthorhombic ferroelas-
tics,” Physical Review B, vol. 61, no. 10, p. 6587, 2000.

[45] M. Sanati, A. Saxena, T. Lookman, and R. Albers, “Landau free energy for a bcc-
hcp reconstructive phase transformation,” Physical Review B, vol. 63, no. 22,
p. 224114, 2001.

[46] Y. Wang, Y. Jin, A. Cuitino, and A. Khachaturyan, “Phase field microelasticity
theory and modeling of multiple dislocation dynamics,” Applied Physics Letters,
vol. 78, no. 16, pp. 2324-2326, 2001.

[47] W. T. Read and W. Shockley, “Dislocation models of crystal grain boundaries,”
Physical review, vol. 78, no. 3, p. 275, 1950.

[48] J. Matthews and A. Blakeslee, “Defects in epitaxial multilayers: I. misfit disloca-
tions,” Journal of Crystal erowth, vol. 27, pp. 118-125, 1974.

[49] C. Harrison, D. H. Adamson, Z. Cheng, J. M. Sebastian, S. Sethuraman, D. A. Huse,
R. A. Register, and P. Chaikin, “Mechanisms of ordering in striped patterns,” Sci-
ence, vol. 290, no. 5496, pp. 1558-1560, 2000.

[50] D. Boyer and J. Vinals, “Weakly nonlinear theory of grain boundary motion
in patterns with crystalline symmetry,” Physical review letters, vol. 89, no. 5,
p. 055501, 2002.

[51] F. Pardo, F. De La Cruz, P. Gammel, E. Bucher, and D. Bishop, “Observation
of smectic and moving-bragg-glass phases in flowing vortex lattices,” Nature,
vol. 396, no. 6709, p. 348, 1998.

[52] M. Laradji, H. Guo, M. Grant, and M. J. Zuckermann, “Phase diagram of a lattice
model for ternary mixtures of water, oil, and surfactants,” Physical Review A,
vol. 44, no. 12, p. 8184, 1991.

[53] C. Sagui and R. C. Desai, “Late-stage kinetics of systems with competing inter-
actions quenched into the hexagonal phase,” Physical Review E, vol. 52, no. 3,
p. 2807, 1995.

[54] D. Orlikowski, C. Sagui, A. Somoza, and C. Roland, “Large-scale simulations of
phase separation of elastically coherent binary alloy systems,” Physical Review
B, vol. 59, no. 13, p. 8646, 1999.

[55] J. Swift and P. C. Hohenberg, “Hydrodynamic fluctuations at the convective in-
stability,” Physical Review A, vol. 15, no. 1, p. 319, 1977.

[56] M. C. Cross and P. C. Hohenberg, “Pattern formation outside of equilibrium,”
Reviews of modern physics, vol. 65, no. 3, p. 851, 1993.



BIBLIOGRAPHY 134

[57]

(58]

[59]

[60]

[61]

[62]

[63]

P. M. Chaikin and T. C. Lubensky, Principles of condensed matter physics, vol. 1.
Cambridge university press Cambridge, 2000.

F. Seitz, The modern theory of solids, vol. 6. McGraw-Hill New York, 1940.

R. Sreidel Jr and C. Makerov, “The tensile properties of some engineering ma-
terials at moderate rates of strain,” tech. rep., Univ. of California, Livermore,
1960.

T. Ramakrishnan and M. Yussouff, “First-principles order-parameter theory of
freezing,” Physical Review B, vol. 19, no. 5, p. 2775, 1979.

J. Berry, M. Grant, and K. Elder, “Diffusive atomistic dynamics of edge dislocations
in two dimensions,” Physical Review E, vol. 73, no. 3, p. 031609, 2006.

L. Capolungo, D. Spearot, M. Cherkaoui, D. McDowell, J. Qu, and K. Jacob, “Dis-
location nucleation from bicrystal interfaces and grain boundary ledges: Rela-
tionship to nanocrystalline deformation,” Journal of the Mechanics and Physics
of Solids, vol. 55, no. 11, pp. 2300-2327, 2007.

T. Shimokawa, A. Nakatani, and H. Kitagawa, “Grain-size dependence of the
relationship between intergranular and intragranular deformation of nanocrys-
talline al by molecular dynamics simulations,” Physical Review B, vol. 71, no. 22,
p. 224110, 2005.

J. Schigtz and K. W. Jacobsen, “A maximum in the strength of nanocrystalline
copper,” Science, vol. 301, no. 5638, pp. 1357-1359, 2003.

A. Haslam, D. Moldovan, V. Yamakov, D. Wolf, S. Phillpot, and H. Gleiter, “Stress-
enhanced grain growth in a nanocrystalline material by molecular-dynamics sim-
ulation,” Acta Materialia, vol. 51, no. 7, pp. 2097-2112, 2003.

A. Haslam, V. Yamakov, D. Moldovan, D. Wolf, S. Phillpot, and H. Gleiter, “Ef-
fects of grain growth on grain-boundary diffusion creep by molecular-dynamics
simulation,” Acta Materialia, vol. 52, no. 7, pp. 1971-1987, 2004.

M. Plischke and B. Bergersen, Equilibrium statistical physics. World Scientific
Publishing Company, 2006.

M. Greenwood, N. Provatas, and J. Rottler, “Free energy functionals for efficient
phase field crystal modeling of structural phase transformations,” Physical re-
view letters, vol. 105, no. 4, p. 045702, 2010.

S. Mkhonta, K. Elder, and Z.-F. Huang, “Exploring the complex world of two-
dimensional ordering with three modes,” Physical review letters, vol. 111, no. 3,
p. 035501, 2013.

S. M. Walas, Phase equilibria in chemical engineering. Butterworth-Heinemann,
2013.



BIBLIOGRAPHY 135

[71]
[72]

J. D. Ferry, Viscoelastic properties of polymers. John Wiley & Sons, 1980.

A. Drozdov and J. d. Christiansen, “Viscoelasticity and viscoplasticity of semicrys-
talline polymers: Structure—property relations for high-density polyethylene,”
Computational materials science, vol. 39, no. 4, pp. 729-751, 2007.

E. Frey, K. Kroy, and J. Wilhelm, “Viscoelasticity of biopolymer networks and sta-
tistical mechanics of semiflexible polymers,” in Advances in structural biology,
vol. 5, pp. 135-168, Elsevier, 1999.

H. Di Benedetto, F. Olard, C. Sauzéat, and B. Delaporte, “Linear viscoelastic
behaviour of bituminous materials: From binders to mixes,” Road Materials
and Pavement Design, vol. 5, no. supl, pp. 163-202, 2004.

l. Ritchie, K. Sprungmann, and M. Sahoo, “Internal friction in sonoston-a high
damping mn/cu-based alloy for marine propeller applications,” Le Journal de
Physique Collogues, vol. 46, no. C10, pp. C10-409, 1985.

K. Otsuka and C. M. Wayman, Shape memory materials. Cambridge university
press, 1999.

C. Rosen, B. V. Hiremath, and R. Newnham, Piezoelectricity. No. 5, Springer
Science & Business Media, 1992.

S. R. White, N. R. Sottos, P. H. Geubelle, J. S. Moore, M. Kessler, S. Sriram,
E. Brown, and S. Viswanathan, “Autonomic healing of polymer composites,”
Nature, vol. 409, no. 6822, p. 794, 2001.

R. O. St, C. Weiss, J. L. Denlinger, and E. A. Balazs, “A preliminary assessment of
na-hyaluronate injection into” no man’s land” for primary flexor tendon repair.,”
Clinical orthopaedics and related research, no. 146, pp. 269-275, 1980.

V. B. Braginsky, V. Mitrofanov, and V. I. Panov, Systems with small dissipation.
University of Chicago Press, 1985.

H. G. Craighead, “Nanoelectromechanical systems,” Science, vol. 290, no. 5496,
pp. 1532-1535, 2000.

R. Lifshitz and M. L. Roukes, “Thermoelastic damping in micro-and nanomechan-
ical systems,” Physical review B, vol. 61, no. 8, p. 5600, 2000.

J. Kim and J.-Y. Choi, “Performance test for transmitted noise reduction of smart
panels using piezoelectric shunt damping,” Smart materials and structures,
vol. 14, no. 4, p. 587, 2005.

R. Fan, G. Meng, J. Yang, and C. He, “Experimental study of the effect of viscoelas-
tic damping materials on noise and vibration reduction within railway vehicles,”
Journal of Sound and Vibration, vol. 319, no. 1-2, pp. 58-76, 2009.



BIBLIOGRAPHY 136

[85] S. Elias and V. Matsagar, “Research developments in vibration control of struc-
tures using passive tuned mass dampers,” Annual Reviews in Control, vol. 44,
pp. 129-156, 2017.

[86] S. R. De Groot and P. Mazur, Non-equilibrium thermodynamics. Courier Corpo-
ration, 2013.

[87] Y. Mishin, J. Warren, R. Sekerka, and W. Boettinger, “Irreversible thermodynamics
of creep in crystalline solids,” Physical Review B, vol. 88, no. 18, p. 184303, 2013.

[88] G. Lebon, D. Jou, and J. Casas-Vazquez, Understanding non-equilibrium thermo-
dynamics, vol. 295. Springer, 2008.

[89] L. Daiand R. N.Jazar, Nonlinear Approaches in Engineering Applications. Springer,
2012.

[90] K-A. Wu, A. Adland, and A. Karma, “Phase-field-crystal model for fcc ordering,”
Physical review E, vol. 81, no. 6, p. 061601, 2010.

[91] H. Léwen, “A phase-field-crystal model for liquid crystals,” Journal of Physics:
Condensed Matter, vol. 22, no. 36, p. 364105, 2010.

[92] L. E.Malvern, Introduction to the Mechanics of a Continuous Medium. No. Mono-
graph, 1969.

[93] J. W. Rudnicki, Fundamentals of continuum mechanics. John Wiley & Sons,
2014.

[94] J. Em-Udom and N. Pisutha-Arnond, “Investigation of viscoelastic-creep and me-
chanical hysteresis behaviors of hydrostatically-stressed crystal using the phase
field crystal method,” Advances in Mathematical Physics, Hindawi, vol. (In
Press), 2019.

[95] G. B. Arfken and H. J. Weber, Mathematical methods for physicists. AAPT, 1999.

[96] G. Sewell, The numerical solution of ordinary and partial differential equations,
vol. 75. John Wiley & Sons, 2005.

[97] X.-S. Yang, Introduction to computational mathematics. World Scientific Pub-
lishing Company, 2014.

[98] L. Q. Chen and J. Shen, “Applications of semi-implicit fourier-spectral method
to phase field equations,” Computer Physics Communications, vol. 108, no. 2-3,
pp. 147-158, 1998.

[99] L. N. Trefethen, Spectral methods in MATLAB, vol. 10. Siam, 2000.

[100] J. P. Boyd, Chebyshev and Fourier spectral methods. Courier Corporation, 2001.



BIBLIOGRAPHY 137

[101]

[102]

[103]

[104]

[105]

[106]

[107]

[108]

[109]

[110]

[111]

[112]

[113]

T. Pusztai, G. Tegze, G. |. Téth, L. Kérnyei, G. Bansel, Z. Fan, and L. Granasy,
“Phase-field approach to polycrystalline solidification including heterogeneous
and homogeneous nucleation,” Journal of Physics: Condensed Matter, vol. 20,
no. 40, p. 404205, 2008.

M. Greenwood, N. Ofori-Opoku, J. Rottler, and N. Provatas, “Modeling structural
transformations in binary alloys with phase field crystals,” Physical Review B,
vol. 84, no. 6, p. 064104, 2011.

P.Y. Chan, N. Goldenfeld, and J. Dantzig, “Molecular dynamics on diffusive time
scales from the phase-field-crystal equation,” Physical Review E, vol. 79, no. 3,
p. 035701, 20009.

T. Hirouchi, T. Takaki, and Y. Tomita, “Effects of temperature and grain size on
phase-field-crystal deformation simulation,” International Journal of Mechani-
cal Sciences, vol. 52, no. 2, pp. 309-319, 2010.

J. Berry, K. Elder, and M. Grant, “Melting at dislocations and grain boundaries: A
phase field crystal study,” Physical Review B, vol. 77, no. 22, p. 224114, 2008.

J. Mellenthin, A. Karma, and M. Plapp, “Phase-field crystal study of grain-
boundary premelting,” Physical Review B, vol. 78, no. 18, p. 184110, 2008.

P. Stefanovic, M. Haataja, and N. Provatas, “Phase-field crystals with elastic in-
teractions,” Physical review letters, vol. 96, no. 22, p. 225504, 2006.

P. Y. Chan, G. Tsekenis, J. Dantzig, K. A. Dahmen, and N. Goldenfeld, “Plasticity
and dislocation dynamics in a phase field crystal model,” Physical review letters,
vol. 105, no. 1, p. 015502, 2010.

S. Hu and S. Wang, “The influences of crystal orientation and crack interaction
on the initiation of growth and propagation mode of microcrack: A phase-field-
crystal study,” Physica B: Condensed Matter, vol. 552, pp. 104-109, 2019.

N. Pisutha-Arnond, V. Chan, K. Elder, and K. Thornton, “Calculations of isothermal
elastic constants in the phase-field crystal model,” Physical Review B, vol. 87,
no. 1, p. 014103, 2013.

Z.-L. Wang, Z.-F. Huang, and Z. Liu, “Elastic constants of stressed and unstressed
materials in the phase-field crystal model,” Physical Review B, vol. 97, no. 14,
p. 144112, 2018.

W. Zhou, J. Wang, Z. Wang, Y. Huang, C. Guo, J. Li, and Y. Guo, “Elastic strain
response in the modified phase-field-crystal model,” Chinese Physics B, vol. 26,
no. 9, p. 090702, 2017.

P. Stefanovic, M. Haataja, and N. Provatas, “Phase field crystal study of defor-
mation and plasticity in nanocrystalline materials,” Physical Review E, vol. 80,
no. 4, p. 046107, 2009.



BIBLIOGRAPHY 138

[114]

[115]

[116]

[117]

[118]

[119]

[120]

[121]

[122]

[123]

[124]

[125]

Y.-L. Lu, T-T. Hu, G.-M. Lu, and Z. Chen, “Phase-field crystal study of segrega-
tion induced grain-boundary premelting in binary alloys,” Physica B: Condensed
Matter, vol. 451, pp. 128-133, 2014.

J. Em-Udom and N. Pisutha-Arnond, “Prediction of mechanical-hysteresis be-
havior and complex moduli using the phase field crystal method with modifed
pressure controlled dynamic equation,” Material Reserach Express, Institute of
Physics, IOP Publishing, vol. (In Press), 2019.

R. Lakes and J. Quackenbush, “Viscoelastic behaviour in indium-tin alloys over a
wide range of frequencies and times,” Philosophical Magazine Letters, vol. 74,
no. 4, pp. 227-232, 1996.

P. Buechner, D. Stone, and R. Lakes, “Viscoelastic behavior of superplastic 37
wt% pb 63 wt% sn over a wide range of frequency and time,” Scripta materialia,
vol. 41, no. 5, pp. 561-567, 1999.

G. Cagnoli, L. Gammaitoni, J. Kovalik, F. Marchesoni, and M. Punturo, “Low-
frequency internal friction in clamped-free thin wires,” Physics Letters A, vol. 255,
no. 4-6, pp. 230-235, 1999.

A. R. Payne and J. R. Scott, Engineering design with rubber: the properties, testing,
and design of rubber as an engineering material. Maclaren, 1960.

Y. Wada, R. lto, and H. Ochiai, “Comparison between mechanical relaxations
associated with volume and shear deformations in styrene-butadiene rubber,”
Journal of the Physical Society of Japan, vol. 17, no. 1, pp. 213-218, 1962.

L. Rouleau, R. Pirk, B. Pluymers, and W. Desmet, “Characterization and modeling
of the viscoelastic behavior of a self-adhesive rubber using dynamic mechanical
analysis tests,” Journal of Aerospace Technology and Management, vol. 7, no. 2,
pp. 200-208, 2015.

V. Sessner, A. Jackstadt, W. Liebig, L. Kdrger, and K. Weidenmann, “Damping char-
acterization of hybrid carbon fiber elastomer metal laminates using experimental
and numerical dynamic mechanical analysis,” Journal of Composites Science,
vol. 3, no. 1, p. 3, 2019.

J. Wachtman Jr, W. Tefft, D. Lam Jr, and C. Apstein, “Exponential temperature
dependence of young’s modulus for several oxides,” Physical review, vol. 122,
no. 6, p. 1754, 1961.

P. M. Sutton, “The variation of the elastic constants of crystalline aluminum with
temperature between 63 k and 773 k,” Physical Review, vol. 91, no. 4, p. 816,
1953.

W. Chancellor, A. Wolfenden, and G. Ludtka, “Temperature dependence of
young’s modulus and shear modulus in uranium-2.4 wt% niobium alloy,” Jour-
nal of Nuclear Materials, vol. 171, no. 2-3, pp. 389-394, 1990.



BIBLIOGRAPHY 139

[126]

[127]

[128]

[129]

[130]

[131]

[132]

[133]

[134]

[135]

[136]

[137]

R. Bruls, H. Hintzen, G. De With, and R. Metselaar, “The temperature dependence
of the young’s modulus of megsin2, aln and si3n4,” Journal of the European
Ceramic Society, vol. 21, no. 3, pp. 263-268, 2001.

J. K. Pandey, A. P. Kumar, M. Misra, A. K. Mohanty, L. T. Drzal, and R. Palsingh,
“Recent advances in biodegradable nanocomposites,” Journal of Nanoscience
and Nanotechnology, vol. 5, no. 4, pp. 497-526, 2005.

G. Kotzev, S. Djoumaliisky, M. Natova, and R. Benavente, “Vibration-assisted melt
compounding of polypropylene/carbon black composites: Processability, filler
dispersion and mechanical properties,” Journal of Reinforced Plastics and Com-
posites, vol. 31, no. 20, pp. 1353-1363, 2012.

S. R. Valandro, P. C. Lombardo, A. L. Poli, M. A. Horn Jr, M. G. Neumann,
and C. C. S. Cavalheiro, “Thermal properties of poly (methyl methacrylate)/
organomodified montmorillonite nanocomposites obtained by in situ pho-
topolymerization,” Materials Research, vol. 17, no. 1, pp. 265-270, 2014.

M. Bastiurea, M. Rodeanu, D. Dima, M. Murarescu, and G. Andrei, “Thermal
and mechanical properties of polyester composites with graphene oxide and
graphite.,” Digest Journal of Nanomaterials & Biostructures (DJNB), vol. 10, no. 2,
2015.

W.-y. Wang, B. Liu, and V. Kodur, “Effect of temperature on strength and elastic
modulus of high-strength steel,” Journal of materials in civil engineering, vol. 25,
no. 2, pp. 174-182, 2012.

Y. Ji, X. Ding, T. Lookman, K. Otsuka, and X. Ren, “Heterogeneities and strain
glass behavior: Role of nanoscale precipitates in low-temperature-aged ti 48.7
ni 51.3 alloys,” Physical Review B, vol. 87, no. 10, p. 104110, 2013.

J. Cox, D. Luong, V. Shunmugasamy, N. Gupta, O. Strbik, and K. Cho, “Dynamic
and thermal properties of aluminum alloy a356/silicon carbide hollow particle
syntactic foams,” Metals, vol. 4, no. 4, pp. 530-548, 2014.

H. Ma, J. Yang, F. Lu, F. Qin, W. Xiao, and X. Zhao, “A fenimnc alloy with strain
glass transition,” Progress in Natural Science: Materials International, vol. 28,
no. 1, pp. 74-77, 2018.

D. I. Jones, “Handbook of viscoelastic vibration damping,” Handbook of vis-
coelastic vibration damping, John Wiley & Sons, (2001).

S. lwayanagi and T. Hideshima, “Low frequency coupled oscillator and its appli-
cation to high polymer study,” Journal of the Physical Society of Japan, vol. 8,
no. 3, pp. 365-368, 1953.

R. N. Capps and L. L. Beumel, “Dynamic mechanical testing: Application of poly-
mer development to constrained-layer damping,” ACS Publications, 1990.



BIBLIOGRAPHY 140

[138]

[139]

[140]

[141]

(142]

[143]

[144]

[145]

Y. Zhang, R. Adams, and L. F. Da Silva, “A rapid method of measuring the glass
transition temperature using a novel dynamic mechanical analysis method,” The
Journal of Adhesion, vol. 89, no. 10, pp. 785-806, 2013.

M. Verma, D. Patidar, M. Baboo, K. Sharma, and N. Saxena, “Storage modulus
and glass transition temperature of mwnt/pmma polymer nanocomposite films
with different wt% of mwnt,”

T.-S. Ké, “Experimental evidence of the viscous behavior of grain boundaries in
metals,” Phys. Rev., vol. 71, pp. 533-546, 1947.

T.-S. Ké, “Viscous slip along erain boundaries and diffusion of zinc in alpha-brass,”
Journal of Applied Physics, vol. 19, no. 3, pp. 285-290, 1948.

S. Huang, N. Li, Y. Wen, J. Teng, Y. Xu, and S. Ding, “Temperature dependence of
the damping capacity in fe-19.35 mn alloy,” Journal of Alloys and Compounds,
vol. 455, no. 1-2, pp. 225-230, 2008.

Y.-Q. Jiao, Y.-H. Wen, L. Ning, J.-Q. He, and T. Jin, “Effect of environmental tem-
perature on damping capacity of cu-al-mn alloy,” Transactions of Nonferrous
Metals Society of China, vol. 19, no. 3, pp. 616-619, 2009.

L. Licitra, D. D. Luong, O. M. Strbik Ill, and N. Gupta, “Dynamic properties of
alumina hollow particle filled aluminum alloy a356 matrix syntactic foams,”
Materials & Design, vol. 66, pp. 504-515, 2015.

J. Zhang, R. Perez, and E. Lavernia, “Documentation of damping capacity of
metallic, ceramic and metal-matrix composite materials,” Journal of Materials
Science, vol. 28, no. 9, pp. 2395-2404, 1993.



[y’ sl )
<<§<?<‘<‘<?" 5555 ’)}} i

e

‘."u.';“ -“ii;@

Ay
Ty
3
¢
[P

This material is reserved for educational usq_gr){ﬂy, not allowed for commercial use.

Forbidden to modify the content, and cite the document when use.



APPENDIX A

Preliminary Study in One-Dimensional
Crystal Structure

The pressure-controlled-dynamics (PCD) equation was first introduced by Kocher and
Provatas [15]. This equation allows us to measure the strain by specifying externally
applied stress which is suitable for using to study viscoelastic-creep, mechanical-
hysteresis behavior and complex moduli parameters. With incorporating the PFC
method, this method is referred to as PFC-PCD method. Although they used this
particular method to investigate the full spectrum of solid-liquid-vapor transitions, un-
fortunately, the viscoelastic-creep, mechanical-hysteresis behavior and complex mod-
uli parameters which can be reproduced from that equation were not focused area
and, of course, not addressed in their work [15].

We first implemented this particular technique to investigate the strain response
under step pressure in one-dimensional crystal structure in our previous work [25, 26].
According to the result, the strain response predicted by the method showed time-
delayed response which was indicative of viscoelastic-creep behavior as we expected.
Therefore, we extend our study to the three-dimensional BCC crystal structure to
obtain a more practical viscoelastic behavior.

In this appendix, we provide the preliminary study results of viscoelastic-creep
behavior in one-dimensional crystal structure. This appendix is organized as follows.
In part (A.1), we compare the numerical simulation of time-dependent deformation
behavior of one-dimensional crystal structure under step pressure predicted by KP-PCD
and EP-PCD equation [25]. It should be noted that the motivation of this part arose
from the validity of the non-equilibrium behavior of PCD equation proposed by Kocher
and Provatas [15] need to be valdiated due to certain postulations that might not
be fully consistent with the established non-equilibrium thermodynamic framework.
We referred to this PCD equation as KP-PCD equation. Therefore, we proposed an
alternative PCD equation that is consistent with the non-equilibrium thermodynamic
framework [86, 87, 88]. The equation is also based on the thermodynamic description
of solids by Larché and Cahn [39, 40]. We referred to this PCD equation as EP-PCD
equation. Finally, in part (A.2), we provide viscoelastic-creep study and the parametric
prediction of one-dimensional crystal structure produced by EP-PCD equation [26].
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A.1  PCD Equation Validation One-Dimensional Solid

To highlight the difference between KP equation and EP equation, we set M = L,V’
(time scaling) and rearrange the KP equation to obtain

O = Lo (Puu — Pu) = LpAAP, (A1)

where J = V' /V" and V" is the volume at the initial state. For the EP equation, we
assume that P = —f + pp and thus the EP equation becomes

% = JLp (Pt = Peat) =JLpAP. (A.2)
From these alternative expressions of the KP and EP equations, one can see the extra
J factor in the right-hand side of the EP equation. This extra factor causes the rate of
deformation (d.J /dt) from the EP equation to be different from that of the KP equation.
For tensile deformation from the initial state (J(0) = 1), one can see that J(¢) > 1
and the deformation rate from the EP equation will be higher than that from the
KP equation. On the other hand, for compressive deformation, J(t) < 1 and the
deformation rate from the EP equation will be lower than that from the KP equation.
This behavior can also be shown from numerical calculations in figure A.1. In figure A.
1(a), the system undergoes tensile deformation (AP > 0) and the rate of increase in
J from the EP equation is greater than that from the KP equation. In figure A.1(b), the
system is subjected to compressive deformation (AP < 0) and the rate of decrease
in J from the EP equation is now less than that from the KP equation. In summary,
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Figure A.1: Comparison of time-dependent deformation behavior from KP equation
and EP equation. The system is subjected to constant external pressure that results in
(a) tensile deformation (P.,; = 0.7P;|s=1) and (b) compressive deformation (P,,; =
1.315int|J:1). Note: All physical variables are in non-dimensionalized quantities.

not only the simulation results obtained from both models are in good agreement
but they also seem very slightly different in predicting time-dependent deformation,
in particular, at the transient region. Whereas, the steady-state deformation value
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predicted by both models are identical. Therefore, both models can be interpreted
as the compatible technique for investigating time-dependent deformation behavior
in solid material.

A.2  Viscoelastic-Creep and Parametric Study One-
Dimensional Solid

In figure A.2(a), the viscoelastic-creep behavior from the PFC model is shown from the
plot of the strain e(t) with AP = £0.05F,. Initially, the system is at e = 0. After
the pressure changes, e increases or decreases exponentially until the convergence
value is reached. The positive e indicates tensile deformation which results from
the positive AP; on the other hand, the negative e implies compressive deformation
which corresponds to the negative AP. This time-dependent strain response from a
step change in pressure is indicative of the viscoelastic-creep behavior.
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Figure A.2: (a) Plot of strain responses from the step changes in the pressure AP =
+0.05F. In both simulations, ¢ = 0.3 and |po| = 0.15. (b) Schematic illustration
of a spring-damper system. Note: All physical variables are in non-dimensionalized
quantities.

In figure A.3, the dependence of e« and 7 on |py| is shown for the tensile de-
formation. First, figure A.3(a) shows that e., decreases as |py| increases. To interpret
the result, we consider the definition of e, from equation (A.3) which indicates that
oo X 1/FEs.

¢ E,+ FE
e(t) = e {1 - exp(—;)} y oo = =z T=1 ( lEj_EQ 2) , (A.3)

Therefore, the increase in the density, which leads to decreased e, implies an increase
in F5 or the overall stiffness of the system. Second, figure A.3(b) shows that 7 decreases
with increased |pg|. From the definition of 7 in equation (A.3), the term (Ey + E3)/ Ey Es
is not expected to change significantly and, therefore, 7 o« 7. This proportionality
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indicates that the increase in the density, which leads to decreased T, results in lower
n or lower damping capacity of the system. Combining the results from figures A.
3(a) and A.3(b), we can see that the PFC model predicts high-density materials to
exhibit high stiffness and low damping capacity. This prediction agrees in general with
materials such as metals and ceramics [145].
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Figure A.3: Plots of e, and 7 as the functions of |pg| for the tensile deformation
(AP = 0.05F,). Note: All physical variables are in non-dimensionalized quantities.

In figure A.4, the dependence of ey, and 7 on ¢ is shown for the tensile deforma-
tion. First, figure A.4(a) shows that as e decreases, e, increases. We note that € is
related to the degree of undercooling from the solidification temperature; therefore,
a higher (lower) e value corresponds to lower (higher) temperature. Then, the result
from figure A.4(a) indicates that increasing temperature (lowering ¢) leads to higher e,
or lower stiffness of the system. Second, figure A.4(b) shows that T decreases with de-
creasing € however 7 is less affected by e for higher values of |pg|. This result indicates
that, at lower density, increasing temperature (lowering €) leads to lower damping ca-
pacity while at higher density, the damping capacity is less affected by temperature.
Combining the results from figures A.4(a) and A.4(b), we find that the PFC model pre-
dicts, for lower-density materials, that higher temperature leads to lower stiffness and
lower damping capacity. The decrease in materials stiffness with increased temper-
ature is typically observed experimentally. Also, the decrease in damping capacity
(faster strain response) at higher temperature agrees with what is generally observed
in creep phenomena; in other words, the relaxation time in the creep phenomena
generally increases with temperature.

Despite the agreement between the predictions from the PFC model and experi-
mental observations, further developments need to be implemented in order to bet-
ter understand the viscoelastic behavior from the PFC model; these improvements
include extension to three-dimensional structures, more extensive parametric study,
and investigation into other viscoelastic phenomena such as mechanical-hysteresis
behavior.
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Figure A4: Plots of e, and 7 as the functions of ¢ for the tensile deformation (AP =
0.05F,). Note: All physical variables are in non-dimensionalized quantities.
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Abstract. The phase-field crystal (PFC) method is a density-functional-type materials model
with atomic resolution on diffusive timescale, and has been shown to be a robust tool for
modeling materials phenomena. In this study, a pressure-controlled dynamic equation for the
PFC model was developed to describe a system under externally applied hydrostatic pressure.
The formulation is based on the established frameworks including the thermodynamics of
solids, kinematics of deformation, and non-equilibrium thermodynamics. The proposed equation
exhibits the tensile and compressive deformation rates that are different from those from the
recently-proposed pressure-controlled dynamic equation. The derivation in this work also
provides a framework that can be readily extended to describe a more complex system such
as multi-component solid under non-hydrostatic stress.

1. Introduction

With increasing computing performance and availability, computational materials study has
become a promising alternative to experimental study in terms of expanding our understanding
of materials behavior and providing insight into new phenomena. Among wide ranges of available
computational materials techniques, the phase-field crystal (PFC) method [1], has shown to be
a robust materials modeling tool. The appeal of the PFC method is that the model exhibits
atomic-scale resolution while operating in diffusive timescale, which has advantages over the
conventional phase field model in terms of accuracy and self-consistency, and over other atomistic
models in terms of computational expense. Such advantages result in numerous applications of
the PFC method in describing materials phenomena such as liquid-solid transition, elasticity,
plasticity, dislocation dynamics, and crack propagation (see Ref. [2] for comprehensive review in
this topic).

The original formulation of the PFC method describes non-equilibrium behavior of a system
through the minimization of the free energy under controlled temperature, mass, and volue.
Due to the controlled-volume condition, the pressure is naturally not independent and cannot be
directly controlled. Although this controlled-volume condition is applicable to many situations, it
is often more experimentally relevant to simulate materials behavior under a pressure-controlled
condition. Recently, Kocher and Provatas [3] proposed the scheme where the pressure-controlled
dynamic equation is added to the PFC formulation to control the (internal) pressure through the
specified external pressure. Although this equation can be successfully used to obtain equilibrium
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states of a system, the validity of the non-equilibrium behavior from this equation needs to be
investigated due to certain postulations that might not be fully consistent with the established
non-equilibrium thermodynamic framework.

Therefore, in this work, we proposed an alternative pressure-controlled dynamic equation
that is consistent with the non-equilibrium thermodynamic framework. The equation is based
on the thermodynamic description of solids by Larché and Cahn [4], the balance laws and
kinematics of deformation from the work by Mishin et al. [5], the balance law from the Reynolds
transport theorem [6, 7], and the linear relations between driving forces and fluxes from the
classical irreversible thermodynamics [7, 8]. The result shows that the equation proposed in
this work exhibits higher (lower) deformation rate under tensile (compressive) deformation than
that exhibited by the equation by Kocher and Provatas [3]. Morcover, the derivation presented
in this work provides a framework that can be readily extended to describe a more complex
situation such as a multi-component system under non-hydrostatic stress.

The paper is organized as follows. In section 2, we provide background information on
the PFC method and the pressure-controlled dynamic equation recently proposed by Kocher
and Provatas [3]. In section 3, we present the derivation of the alternative pressure-controlled
dynamic equation and show the comparison between the proposed and the original equations in
Section 4. In Section 5, we provide a summary of our work.

2. PFC Method
The central part of the PFC method is the expression of the Helmholtz free energy which is
written in terms of dimensionless quantities [9]:

4
i = L ACOL0 2)2 P
F_/Vfd7,f_2<e+(1+V))p+4, (1)
where f is the free energy density, p is the atomic number density field, € is the model parameter
related to temperature. The evolution of p is driven by dissipative dynamics through the
conserved Cahn-Hilliard equation:

R

where ;1 = §F/dp is the chemical potential and can be obtained from the variational derivative
of F' with respect to p. The evolution equation (2) evolves the system along the free-energy-
minimizing path under fixed temperature, mass and volume (or computational domain). This
indicates that the (internal) pressure, the conjugate variable to the volume, is not independent.
To provide a more direct control over the internal pressure, Kocher and Provatas [3] proposed
an evolution equation for the volume or the pressure-controlled dynamic equation:

av _ _
o =M (Pt — Poxt) (3)
where Py = (1/V) [, (—f + up) d7 is the averaged internal pressure, Pey is the externally
applied pressure, and M is the mobility. The above equation provides a driving force for the
system to deform (change in V') to minimize Py — Pext = AP. If AP > 0, the system undergoes
tensile deformation while AP < 0 results in compressive deformation.

3. Derivation of the Alternative Pressure-Controlled Dynamic Equation

8.1. Thermodynamics of Solids

We first introduce the thermodynamic description of solids proposed by Larché and Cahn [4]
which considers the solids as networks of lattices occupied by atomic species and vacancies.
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For a hydrostatically-stressed, single-component solid, the number of lattices sites (Ny) can be
written as

Np = N+ N, (4)

where N4 and N, are the numbers of lattices occupied by the atomic species and vacancies,
respectively. The internal energy, E, is then postulated to have the following functional
dependence: E(S,V,Na, N,), where S is the entropy and V is the volume. We can then write
the differential of E as [10]

dE = TdS — PdV + padNa + p1,dN,, (5)

where T is temperature, a4 and u, are the chemical potentials. Next, we consider the energy
density ey = E/V', where V' is the volume at the undeformed state. It can be shown using the
standard thermodynamic relationships such as the Euler relation and Gibbs-Duhem equation
that [10]

deV/ == TdSV’ = PdJ + ,LLA’UdpAlv (6)

where sy = S/V' par=Na/V', J=V/V' and pa, = pa — iy In arriving at the expression
for dey, we use the assumption that the network is conserved or pas + p,y = pr = Constant,
where p, = N, /V' and pp, = Ny /V'. Alternative to ey which is defined by the undeformed
volume (Lagrangian frame), we can define ey = E/V = eys/J which is the energy density
defined by the deformed volume (Eulerian frame). By using the transformations, ey: = Jey,
par = Jpa, and sy = Jsy, we obtain the differential of ey :

(P+ fo—pavpa)
J

where fy = ey — Tsy is the Helmhotlz free energy density (Eulerian frame). Finally, we
rearrange the expression of dey to arrive at the differential of sy :

dey =Tdsy — dJ + /JfA'udpA7 (7)

(P + fv — pavpa)
J

Tdsy = dey + dJ — pavdpa. (8)

3.2. Balance Equations

Here, we introduce the balance equations for mass, internal energy and entropy. We centralize
the description of deformation by using a lattice velocity field, vz, which is the velocity of the
imaginary network of indestructible sites called “markers” [5]. Consequently, the relationship
between the lattice material time derivative and the partial derivative can be written as

a0

— =_—+4;-V. 9
at o " ©
Let us first consider the mass balance equation. In the absence of site creation and
annihilation, the density of the material species i, where ¢ can be A or v, changes through

the equation:
dpi
ot

+V. (pi’ﬁL + jLL) =0, (10)

where J is the flux of the species i relative to the lattice. Using equation (9), we arrive at [5]

dLPi
dt

+ V-G +V-JE=0. (11)
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For the energy balance equation, we first consider the fact that the total energy of the system
comprises of the internal, kinetic, and potential energies; however, the latter two can be neglected
if the system is stationary and is not influenced by an external field such as gravity. Therefore,
the balance equation for the energy is [5]

8€V N 7L\ _ .
5t +V. (eva + JE> =, (12)

where w is the rate of mechanical work per unit volume and vz ]’3: is the flux of the internal energy
relative to the lattice. In the absence of an applied field and the assumption of the mechanical
equilibrium, we have @ = o : Vi, where o is the Cauchy stress tensor. Furthermore, for a
system under hydrostatic pressure, Poyt, the stress tensor becomes o = N Wy , where [ is the

identity tensor. The mechanical work then reduces to @ = — PV - . Using the expression
for « and equation (9), the energy balance equation hecomes [5]

dLEV

g +eyV B 4V Jh==PeyV - U1 (13)

Lastly, the entropy balance is postulated to be [5]

65V &y = A
W‘FV'(SV@L-’—Js)—S, (].4:)

where the entropy change is affected by the entropy flux relative to the lattice, J é, and entropy
generation, §, due to irreversibility. Using equation (9), we arrive at [5]
dLSV
dt

+syV T+ V- JE = (15)

3.5. Entropy Production

In this section, we derive the expression for the entropy production, §, which will be used
to identify the corresponding flux and force for the phenomenological relation in the next
subsection. We consider the fundamental equation (8) derived earlier and replace the differential
with the lattice material time derivative to obtain

TdLSv “wdley L1 (P+fv = fhavpa) 35" d¥pa
dt .dt J " i

(16)

Using the balance equations (11) and (13), and the identity d”.J/dt = JV - ¥y, we arrive through
lengthy but straightforward derivation
dLSV
dt

o VT
QT

VNAv
T

—I—svv-ﬁL—l—V-J_%:— —JE' + (P — Poxt)—— (17)

where J§ = TJ% = Jk — pua,J% is the heat flux relative to the lattice. Compared the above
equation with equation (15), we can identify the entropy production to be

. - VT . _
Ts=— 5.T—Jﬁ.wA”v.uL(P—Pext). (18)

Following Ref. [11], the form of the above equation allows us to identify that one of the fluxes
is V - ¥, and the corresponding force is P — Poy.
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3.4. Phenomenological Relations and Pressure-Controlled Dynamic Equation
Based on the classical irreversible thermodynamics framework, it is postulated that the forces
and fluxes are related by the phenomenological (linear) law [12]:

Ja = ZLaﬁXﬁa (19)
B

where J, represents thermodynamic fluxes, Xjg represents thermodynamic forces and Lag
represents phenomenological coefficients. Using the assumption of symmetry properties of
materials [5], the lincar law reduces to

Ja N LaaXa (20)

Considering the flux and force identified in the previous subsection, we can write the
phenomenological relation as

V'ﬁL :LP' (P_Pext)a (21)

where Lp is the phenomenological coeflicient. From the Reynolds transport theorem [6, 7], we
can write the balance law as

dVv

— = | (V- vL)dr. 22
= L& (22)
Substituting equation (21) into equation (22), we finally arrive at the pressure-controlled
dynamic equation:

d )
= Lp [P~ Pea)ar (23)
dt Jv

4. Numerical Results
To highlight the difference between equation (3) (referred to as the KP equation) and equation
(23) (referred to as the EP equation), we set M = L,V’ (time scaling) and rearrange the KP

equation to obtain dJ/dt = Lp (Pmt — F_’ext> = LpAP, where J = V/V' and V' is the volume
at the initial state. For the EP equation, we assume that* P = —f 4 pp and thus the EP

equation becomes d.J/dt = JLp (Pim, - Pext) = JLpAP. From these alternative expressions
of the KP and EP equations, one can see the extra J factor in the right-hand side of the EP
equation. This extra factor causes the rate of deformation (d.J/dt) from the EP equation to be
different from that of the KP equation. For tensile deformation from the initial state (J(0) = 1),
one can see that J(¢) > 1 and the deformation rate from the EP equation will be higher than
that from the KP equation. On the other hand, for compressive deformation, J(¢) < 1 and the
deformation rate from the EP equation will be lower than that from the KP equation. This
behavior can also be shown from numerical calculations in figure 1. In figure 1(a), the system
undergoes tensile deformation (AP > 0) and the rate of increase in .J from the EP equation is
greater than that from the KP equation. In figure 1(b), the system is subjected to compressive
deformation (AP < 0) and the rate of decrease in J from the EP equation is now less than that
from the KP equation.

4 See Ref. [13] for a more rigorous definition of the pressure of the solid phase.
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Figure 1. Comparison of time-dependent deformation behavior from equation (3) (KP
equation) and equation (23) (EP equation). The system is subjected to constant external
pressure that results in (a) tensile deformation (P, = 0.7Pug|ls=1) and (b) compressive
deformation (P, = 1.3 Ping|j=1).

5. Summary

In this work, we developed the pressure-controlled dynamic equation for a single-component solid
under applied hydrostatic pressure. The derivation is based on the established theories such as
the thermodynamics of solids, kinematics of deformation, and non-equilibrium thermodynamics.
The resulting equation (EP equation) exhibits non-equilibrium behavior that is different from
that from the previously proposed pressure-controlled dynamics equation (KP equation). The
deformation rate from the EP equation is higher (lower) than that from the KP equation for
the tensile (compressive) deformation. The derivation presented in this work also provides a
platform for further extension to describe a more complex system such as multi-component
solid under non-hydrostatic stress.
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Investigation on Viscoelastic-Creep Behavior of
the Phase-Field Crystal Method
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Abstract. The phase-field crystal (PFC) method is a promising computational model with
atomistic resolution and diffusive time-scale. In this study, we investigated the viscoelastic-creep
behavior exhibited by the PFC model. We considered a one-dimensional crystal subjected to
step changes in pressure and studied the time-dependent strain response from the system. The
parametric study shows that the PFC model predicts the materials with higher density to exhibit
higher stiffness and lower damping capacity while an increase in temperature results in lower
stiffness and damping capacity. These predictions agree with experimental observations and
show promising capability of the PFC method to model viscoelastic phenomena.

1. Introduction
Due to rapid increase in computing performance and theoretical development, computational
methods are becoming powerful tools in facilitating materials advancement. However, many
problems in computational materials science involve length and time scales of many orders
of magnitude. This large span of length and time scales is a challenge for atomistic models,
such as molecular dynamics (MD) and density functional theory (DFT), in that these models
are typically applicable in prohibitively-small length and time regimes. On the other hand,
continuum models, such as the phase field (PF) models, naturally reside in phenomenologically-
relevant length and time scales, but often suffer from lack of atomistic resolution and self-
consistency. In the past decade, the phase-field crystal (PFC) method [1] emerged as a robust
tool to address these issues. The appeal of the PFC method lies in its atomistic resolution and
diffusive time scale, which give the model advantages over the PF method in terms of accuracy
and self-consistency and over the MD and DFT in terms of computational expenses. Due to
these advantages, the PFC method has been used to predict various materials properties and
model several materials phenomena (see Ref. [2] for comprehensive review in this topic).
Despite various applications of the PFC method, especially in deformation-related
phenomena, the viscoelastic behavior exhibited by the model has not been extensively studied.
Viscoelasticity is a combination of elasticity and viscosity, and is an important characteristic in
vibration-damping materials, noise-controlled applications, and microelectromechanical system
(MEMS). Therefore, in this work, we investigated the viscoelastic behavior exhibited by the
PFC model. In particular, we considered the viscoelastic-creep behavior of a one-dimensional
crystalline solid subjected to step changes in pressure, and analyzed the time-dependent strain

2 Corresponding author
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response of the system. From the parametric study, we found that the PFC method predicts
higher-density materials to have higher stiffness and damping capacity. Also, an increase
in temperature results in lower stiffness and lower damping capacity. These predictions
agree with experimental observations and show promising capability of the PFC method to
model viscoelastic phenomena. Nevertheless, further investigation is needed in order to better
understand the viscoelstic behavior from the PFC model; future improvements include extension
to three-dimensional structures, more extensive parametric study, and investigation into other
viscoelastic phenomena.

The paper is organized as follows. In section 2, we review the PFC method and the pressure-
controlled dynamic equation recently proposed by Em-Udom and Pisutha-Arnond [3]. In section
3, we describe the simulation and analysis procedures. The simulation results and discussion
are presented in section 4. Lastly, we provide a summary of our work in section 5.

2. Phase-Field Crystal Method

In the PFC method, the two central ingredients are the energy expression and evolution
equations. For the energy expression, we consider the Helmholtz free energy, F, which can
be written in terms of dimensionless quantitics as [4]

F:/Vf,,dF - /V (’f+g [—e+ (1+v2)2] p) dr, (1)

where f, is the free energy density, p = p(7) is the atomic number density field, € is the model
parameter related to temperature, and V is the volume. This free energy is minimized by a
constant density profile (representing a liquid phase) and a periodic density profile (representing
a crystalline phase). The latter profile can be written in terms of a Fourier expansion of the
form

(7, 1) = 1) + 37 A; (D)7 + cci, 2)
J

where (_j, is the reciprocal lattice vector, A; is the amplitude of the density wave corresponding
to C_i]-, p is the average number density, and c.c. denotes the complex conjugate. The second
ingredient of the PFC method, which is the evolution equations, governs the time evolution
of the state of the system. In this work, we employ two evolution equations. The first is the
Cahn-Hilliard type equation that evolves p(7,¢) through dissipative dynamics and with mass
conservation [5]:

0 oF

a—f Vg (57) . (3)
where i = 6F/dp is the chemical potential, L, is the mass-diffusion coefficient. The second
equation is the pressure-controlled dynamic equation recently proposed in Ref. [3] to simulate
the deformation of a system under externally-applied pressure Pay:

av = S
= Lp / (P — Pug)dF" ()
14
where P = —f, + up is the internal pressure and Lp is the deformation coefficient.

3. Method

In this section, we describe the method to simulate, analyze and study the viscoelastic-creep
behavior in the PFC model. To simulate the viscoelastic-creep behavior, we consider a one-
dimensional crystalline phase with the density field p(z,t) = p(t) + 3°; A;(t) cos(Gjx), where x
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is the spatial coordinate. The system is initially at equilibrium and this state of the system is
characterized by three state variables. First is the mass per unit-cell Ng = pgLg, where Lg is
the initial unit-cell length and py = p(0) is the initial average density. The second state variable
is the average pressure Py = 1 /Lo ]Lo Pdzx, and the third is the temperature which is related to
the model parameter €. Then, the system is subjected to step changes in the average pressure
quantified by AP = Py — P.y. From equation (4), the nonzero AP will lead to deformation
characterized by the change in the unit-cell length L(¢) and the strain e(t) = (L(t) — Lo)/Lo.
During the deformation, we enforce mass conservation by changing the average density according
to p(t) = No/L(t) = poLo/L(t), and we also allow the system to attain the equilibrium condition
in all deformation states by evolving the density profile using equation (3) until a steady state
is reached for cach value of L(t).

To analyze the viscoelastic-creep behavior, we fit e(¢) from the simulations to the solution
of a standard linear solid model [6] which is typically used to describe viscoelastic behavior. In
particular, we consider a spring-damper system subjected to uniform stress ¢ as shown in figure
1. The strain response {rom this system is governed by de/dt + i 1{531151252)6 = Eﬂ )7 where

Ey and Ey are the spring constants and 7 is the damping coefficient [6]. The solution to this
ordinary differential equation is

J t N A A Ey + By
Gy e, |

where e and 7 are the strain value at ¢ = co and the relaxation time, respectively. When
equation (5) is fitted to e(t) from the PFC simulations, the values of €x and 7, which characterize
the viscoelastic-creep behavior, can be extracted for further study.

To study the viscoelastic-creep behavior exhibited by the PFC model, we investigate the
dependence of ey, and 7 on the PFC model parameters. In this parametric study, we use
AP = 40.05P, € = [0.1,0.3], and |po| = [0.15,0.5]. The values of AP are selected to yield
tensile (AP > 0) and compressive (AP < 0) deformation. The ranges of € and |pg| are sclected
from the crystalline region in the phase diagram shown in Ref. [5]. Other fixed simulation and
model parameters are L, = 1, Lp = 0.5, Ly = 272, Az (grid spacing) = Lo/16. The time
steps for equations (3) and (4) are 0.01 and 0.5, respectively.

0.03

0.02

Ey 0.01"

-0.01F »
E2 N

-0.02 | S~

-0.03
0

Figure 1. Schematic illustration of a spring- Figure 2. Plot of strain responses from the
damper system. step changes in the pressure AP = £0.05F,.
In both simulations, ¢ = 0.3 and |pg| = 0.15.
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4. Results and Discussion
In figure 2, the viscoelastic-creep behavior from the PFC model is shown from the plot of the
strain e(t) with AP = £0.05P,. Initially, the system is at e = 0. After the pressure changes,
e increases or decreases exponentially until the convergence value is reached. The positive e
indicates tensile deformation which results from the positive A P; on the other hand, the negative
e implies compressive deformation which corresponds to the negative AP. This time-dependent
strain response from a step change in pressure is indicative of the viscoeclastic-creep behavior.
In figure 3, the dependence of e~ and 7 on |pg| is shown for the tensile deformation. First,
figure 3(a) shows that eo, decrcases as |pg| increases. To interpret the result, we consider the
definition of e, from equation (5) which indicates that e, < 1/Fs. Therefore, the increase in
the density, which leads to decreased eoo, implies an increase in Es or the overall stiffness of the
system. Second, figure 3(b) shows that 7 decreases with increased |pg|. From the definition of 7
in equation (5), the term (Ey + E3)/E1 E5 is not expected to change significantly and, therefore,
7 o< 1. This proportionality indicates that the increase in the density, which leads to decreased
T, results in lower 7 or lower damping capacity of the system. Combining the results from figures
3(a) and 3(b), we can see that the PFC model predicts high-density materials to exhibit high
stiffness and low damping capacity. This prediction agrees in general with materials such as
metals and ceramics [7].

0.026 140 : ‘ :
‘(a) —©-c=01 (b) —o-c=0.1
0.025f~ ~#me=02|] 120 —#-c =02
b R —@=c=03 N\ —@-c =03
0.024 N ] 10044 ]
ﬂ~$§‘ \\\\
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~ .Q~ \‘- N <h
0.021 B 1 40 :‘\m
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Figure 3. Plots of es, and 7 as the functions of |pg| for the tensile deformation (AP = 0.05F).

In figure 4, the dependence of e and 7 on € is shown for the tensile deformation. First,
figure 4(a) shows that as e decreases, e~ increases. We note that e is related to the degree
of undercooling from the solidification temperature [1]; therefore, a higher (lower) e value
corresponds to lower (higher) temperature. Then, the result from figure 4(a) indicates that
increasing temperature (lowering €) leads to higher e, or lower stiffness of the system. Second,
figure 4(b) shows that 7 decreases with decreasing ¢; however 7 is less affected by e for higher
values of |pg|. This result indicates that, at lower density, increasing temperature (lowering e)
leads to lower damping capacity while at higher density, the damping capacity is less affected
by temperature. Combining the results from figures 4(a) and 4(b), we find that the PFC model
predicts, for lower-density materials, that higher temperature leads to lower stiffness and lower
damping capacity. The decrease in materials stiffness with increased temperature is typically
observed experimentally. Also, the decrease in damping capacity (faster strain response) at
higher temperature agrees with what is generally observed in creep phenomena; in other words,
the relaxation time in the creep phenomena generally increases with temperature [6]. Despite the
agreement between the predictions from the PFC model and experimental observations, further
developments need to be implemented in order to better understand the viscoelastic behavior
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from the PFC model; these improvements include extension to three-dimensional structures,
more extensive parametric study, and investigation into other viscoelastic phenomena.
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Figure 4. Plots of e, and 7 as the functions of ¢ for the tensile deformation (AP = 0.05P).

5. Summary

In this work, we explored the viscoelastic creep behavior exhibited by the PFC model.
We considered a one-dimensional crystalline solid subjected to step changes in pressure and
the resulting time-dependent strain response was analyzed. From the parametric study, we
found that the PFC model predicts higher-density materials to exhibit higher stiffness but
lower damping capacity; this prediction agrees in general with materials such as metals and
ceramics. Also, increasing temperature leads to lower material stiffness and damping capacity.
This prediction agrees with experimental observations where materials typically become less
stiff at high temperature and the relaxation time (proportional to the damping capacity) in
creep phenomena generally decreases with temperature. The agreement between the PFC
predictions and experimental observations shows promising capability of the PFC method to
model viscoelastic phenomena. Nevertheless, further investigation is needed in order to better
understand the viscoelstic behavior from the PFC model; future improvements include extension
to three-dimensional structures, more extensive parametric study, and investigation into other
viscoelastic phenomena.
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Investigation of Viscoelastic-Creep and Mechanical-Hysteresis
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Abstract

The phase field crystal (PFC) method is a density-functional-type model with atomistic
resolution and operating on diffusive time scales which has been proved to be an efficient tool for
predicting numerous materials phenomena. In this work, we first propose a method to predict
viscoelastic-creep and mechanical-hysteresis behaviors in body-centered-cubic (BCC) solid using
PFC method that is incorporated with pressure-controlled dynamics equation which enables
convenient control of deformation by specifying external pressure. To achieve our objective,
we use constant pressure for the viscoelastic-creep study, and sinusoidal pressure oscillation for
the mechanical-hysteresis study. The parametric studies show that the relaxation time in the
viscoelastic-creep phenomena is proportional to temperature. Also, mechanical-hysteresis behavior
and the complex moduli predicted by the model is consistent with that of the standard linear solid
model in a low-frequency pressure oscillation. Moreover, the impact of temperature on complex
moduli is also investigated within the solid-stabilizing range. These results qualitatively agree
with experimental and theoretical observations reported in the previous literature. We believe
that our work should contribute to extending the capability of PFC method to investigate the

deformation problem when the externally applied pressure is required.

* ejatuponl@gmail.com
t nirand.pi@kmitl.ac.th

161



I. INTRODUCTION

The phase field crystal (PFC) method has emerged as a computational model with atom-
istic resolution and diffusive time scale. The method has an advantage over the molecular
dynamics (MD) in terms of the time scale that is not restricted by lattice vibration time;
this is due to the specification of the order parameter as the local-time-average atomic num-
ber density and the evolution of the order parameter through dissipative dynamics. The
method also has advantage over the phase field (PF) method in terms of atomic resolution
and self consistency; these benefit stems from the free energy functional that can be mini-
mized by the periodic order-parameter field whereas the free energy functional of PF method
is formulated by spatially uniform field which diminishes numerous physical features that
occurs due to the periodicity of crystalline phases e.g. spatial symmetry, elastic and plas-
tic interaction, the nucleation, multiple crystal orientations and the motion of dislocations
[1-3]. The PFC method was first introduced by Elder et al. [1, 2] and has been extensively
used to study materials phenomena and behavior ranging from phase transformation [4, 5],
topological defect dynamics (vacancy [6]. grain-boundary [7-9], dislocation (3, 10, 11], crack
[12]) to elasticity and elastic constants [13-15] and plasticity [11, 16]. Moreover, the PFC
method was also interpreted and derived according to the classical density functional theory
(CDFET) of freezing point of view [4]. This derivation provided an additional field vari-
able which extended the capability of PFC method to investigate the material phenomena
in a more complex situation such as phase transformation [4, 17] and segregation induced

grain-boundary premelting [18] in binary alloys.

Although there were numerous successful PFC studies on the mechanical behavior of
materials, such as elasticity, plasticity, and phase transformation in pure materials and
binary alloys. The investigation of viscoelastic behavior and the related properties predicted
by the PFC model is still limited and not thoroughly explored. Thus, it is of interest to study
the capability of the PFC model to predict this phenomena. Viscoelasticity is the behavior
with both viscous and elastic characteristics; thus materials with viscoelastic behavior can
return to its original configuration when unloaded but does so in a time dependent manner.
The viscous property also leads to the fact that materials response depends on the rate at
which it is deformed [19, 20]. Viscoelastic effect has played significant roles in many materials

ranging from amorphous polymers [21], semi-crystalline polymers [22], biopolymers [23],

162



bitumen materials [24] to metals at very high temperature [25]. Furthermore, viscoelasticity
governs many engineering applications in various fields including damping material design
for noise reduction [26, 27] and vibration control in engineering structure [28], shape-memory
ceramics and polymers [29], piezoelectric material [30], self-healing materials [31], viscoelastic

gel in surgery application [32], low-loss materials [33] and nanoscale resonators [34, 35].

In quantifying the viscoelastic effect, there are three types of studies: viscoelastic-
creep, stress relaxation and mechanical-hysteresis. In this work, we not only focus on the
viscoelastic-creep but also extend our study to mechanical-hysteresis behavior and its related
parameters in body-centered-cubic (BCC) solid (3D case) predicted by the PFC method,
unlike our previous works [36, 37] which were solely limited to viscoelastic-creep in one-
dimensional (1D case) crystal study, moreover, the mechanical hysteresis behavior and its
related parameters were not addressed in those works. Since the studies of viscoelastic-creep
and mechanical-hysteresis involve measuring the strain response from an applied stress, we
also need a method to control the applied stress and thus we employ the PFC model that
is incorporated with our previously-proposed pressure-controlled dynamics (PCD) equation
[37]. The use of the PCD equation enables convenient control of deformation using exter-
nal pressure which allows studies of experimentally-observed phenomena involving a system
under different types of applied pressure; we will refer to this particular PFC method as
PFC-PCD model. The PCD equation is similar to the the dynamic equation introduced
by Kocher and Provatas [38]. They used their PCD equation to control internal pressure
by specifying external pressure to investigate the full spectrum of solid-liquid-vapor transi-
tions, unfortunately, the viscoelastic-creep and mechanical-hysteresis behaviors which can
be produced from that equation were not focused area and, of course, not addressed in their
study [38]. The difference between two PCD versions is due to the different derivation pro-
cess which our version is established regarding thermodynamic of hydrostatically-stressed
crystal solid proposed by Larche” and Cahn [39] and classical irreversible thermodynamic
frameworks [40-42]. Moreover, the deviation of viscoelastic-creep behavior in 1D crystal
between two PCD versions was also investigated in our previous study [37]. The advantage
of the PCD equation is that it enables the external pressure to be specified as an input to
the simulation, which allows the system volume, or the strain response, to be measured;
this is in contrast to the conventional PFC simulations where volume, or grid spacing, is an

independent variables [43].
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For the investigation of viscoelastic behavior, we simulate a hydrostatic stress, BCC
solid subjected to two types of applied pressure: constant pressure for the viscoelastic-creep
study and sinusoidal pressure oscillation for mechanical-hysteresis study. We find that,
in both cases, the solid exhibits delayed strain responses from the applied pressure which
is indicative of viscoelasticity; and the degree of viscoelasticity can be controlled by the
parameter in the PCD equation. Furthermore, the strain responses from the simulations
can be compared with functional forms of the solutions to the standard linear solid model to
extract viscoelastic quantities and properties. These properties includes relaxation time of
viscoelastic creep, and the complex moduli from the hysteresis. The parametric studies show
that the relaxation time is proportional to temperature while the magnitude of deformation
at steady-state condition is proportional to both temperature and atomic density. Also,
the dynamic behavior, mechanical hysteresis and complex moduli predicted by PFC-PCD
equation under sinusoidal pressure oscillation is consistent to that of standard linear solid
model at certain frequency range. However, at very frequency, the behavior exhibited by
the PFC-PCD model differs from that of standard linear solid model. The reason behind
this difference is thoroughly analyzed by conducting Taylor’s expansion on PCD equation
in appendix C. Moreover, the impact of temperature on complex moduli is also investigated
and the results well agree with experimental and theoretical observation. We are positive
that our work should provide the extension of capability for PFC method to investigate the
deformation problem in a real crystalline solid when externally applied pressure is necessary.

This paper is organized as follows. In Section 1I, we provide the background information
on the PFC method, the pressure-control dynamics equation, and the standard linear solid
model. In Section III, the method of simulation is presented. The results and discussions

are provided in Section IV and we conclude the work with the summary in Section V.

II. BACKGROUND
A. PFC Method

The PFC method is characterized by its free energy functional and the dynamic equation.

The simplest free energy functional was introduced by Elder and coworkers [1, 2]:
4

F = /w(p) dr, w(p) = g lac 4+ Mg + V)] p+ gt%7 (1)
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where w(p) is the free energy density, a;, g;, A and ¢ are fitting parameters, p is the atomic
number-density field. This PFC free energy functional can be minimized by a constant p
profile, representing a liquid phase, and a periodic p profile, representing a crystalline solid
phase. The density periodic field ¢ can be expressed in terms of Fourier expansion of the

form

o(r,p)=7p+ Z A;elGit g ce, (2)

J
where G; is a reciprocal lattice vector (RLV), A; is an amplitude of the density wave
corresponding to G, p is an average atomic-number density, and c.c. denotes a complex
conjugate. The minimization of F essentially results in the truncation of the summation
in Eq. (2) to terms with small values of |G;| as the terms of with higher values of |G|
have vanishingly small A;. Consequently, this particular PFC model (Eq. (1)) favors crystal
structures that can be constructed from single set of RLVs such as stripe, hexagonal, and
BCC structures in one, two and three dimensions, respectively. To this end, one can con-
struct the so-called “one-mode” approximation of the BCC crystal by limiting the terms in
Eq. (2) to those corresponding to (110) RLVs or |G;| = 27v/2/L,, where L, is the lattice

parameter. By assuming that A; of the terms with the same |G| are equivalent, one obtain

Pone = P+ 4A; [COS (q(ﬂ"l) COS (Q(LTZ) + cos (Q(Lrl) COS (qa,r3) + cos (Qar2) cos (q(ﬂ'g)] ) (3)

where ¢, = 27/L, and A, is the density-wave amplitude.
To simplify the expressions in Eq. (1), one can non-dimensionalize the variables by using

the following substitutions [2]:

~ - Gy 2 gt . Gt - gt
A Ay A2qy A2}

where the quantities with tildes are non-dimensional and d = 3 is the dimensionality of the

problem. The expressions in Eq. (1) simplifies to
- ‘ 5 RN 54
]-“z/w(ﬁ) d, w(ﬁ):g[—é+(1+v2>]ﬁ+%. (5)

where € can be interpreted as the degree of undercooling which is inversely proportional to

temperature. The one-mode approximation of the BCC crystal becomes

ﬁone = ﬁ + 4/16 [COS ((jafl) COS (Qan) + cos (q~a7:1) COS ((jaFS) + cos (q~a7:2) COS ((jcﬂ:S)] ) (6)
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where ¢, = qa/qo = 27/(Laqo) = 27/ L,. The value of g, can be determined from minimiza-
tion of the free energy density [44] leading to ¢, = 1/v/2 and, consequently, L, = 2wv/2.
One can also approximate the ranges of € and p where the BCC solid is stable. This is
achieved by calculating the free energy density of the solids using the one-mode approxi-
mations for stripes, hexagonal, and BCC structures and the free energy of the liquid using
a uniform density. Then the phase diagram can be determined from the common tangent
construction and the ranges of € and p where the BCC solid is stable can be obtained [45].
The evolution equation for g is the Cahn-Hilliard type which involves dissipative dynamics

and mass conservation [2]

Op__ [3—=5 ~ N~ =3 52~ d s

E:L“V,u, fi=(1—-&p+p +2Vp+ V% (7)
where f/# is the mobility coefficient and f = 6.F /dp is the diffusion potential. This equation
can be used to simulate evolution of p under specified (or fixed) temperature (from the
value of €), mass (from the value of p), and volume (from value of grid spacing); typical
simulations under this condition are solidification and microstructural evolution. One can
also vary the grid spacing to simulate the evolution of the density profile under specified
time-dependent deformation [43]. In the context of the viscoelastic behavior, this technique
would be appropriate for the stress-relaxation calculation; however for the viscoelastic-creep
and mechanical-hysteresis studies, where the system is subjected to specified external stress,

additional dynamic equation is needed.

B. Pressure-Controlled Dynamic Equation

The study of viscoelastic creep and mechanical hysteresis involve specifying the external

stress, or, in this study, external pressure, and investigate how the (average) internal pressure
~ 1 . 5
Py = = (—f + up) dr (8)
V
changes temporally; this requires the dynamic equation that contains external pressure as an

independent variable. Such equation, referred to as the pressure-controlled dynamic (PCD)

equation, was first introduced by Kocher and Provatas [38] expressed as

% = fﬂ/’ief (ﬁint - f)ext) s (9)
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where IZDM is the externally applied pressure, and Efﬂef is the mobility coefficient. This
equation can be used in conjunction with Eq. (7) to simulate the system under specified
ﬁext- If the external pressure is higher (lower) than the internal pressure, or f’ext > ngt
(ﬁext < ]gint), the value of dV /df will be negative (positive) which indicates that the system
will undergo compressive (tensile) deformation.

A slightly modified version of the PCD was recently proposed by Em-Udom and Pisutha-

Arnond [37]. The equation is expressed as

O = B (P = P, (10)
where Ly is the mobility coefficient. This equation was developed using the principle of
thermodynamics of hydrostatically-stressed solid [39, 46] and classical irreversible thermo-
dynamic framework [40-42]. The comparison between results between equation (9) and (10)
shows that the steady-state behavior obtained from both equations are identical; however,
the non-equilibrium behaviors are different. This difference is due to the extra volume term
(V) on the right-hand side of Eq. (10). This extra volume terms results in higher deforma-
tion rate in tension (due to increasing V) than the deformation rate in compression (due to
decreasing \7) Nevertheless, for small deformation, the numerical difference from the Eqs.
(9) and (10) is unlikely to change the qualitative interpretation of the results. Despite the
fact that we employ Eq. (9) in this work, the choice of the PCD equation is immaterial for
this study. Hereafter, we will refer to the PFC method that incorporates the PCD equation
as PFC-PCD model. Lastly, the tilde notation will also be omitted for simplicity. The more

detail on PFC-PCD model are provided in Appendix A.

C. Standard Linear Solid Model

We review the standard linear solid model (SLS) which is a method of modeling vis-
coelasticity using linear combinations of springs and dampers as shown in Fig. 1. The strain
response from this model will be compared with that from the PEFC-PCD simulation in order
to extract viscoelastic quantities and properties. The governing differential equation for the

SLS model is [20, 47]

E1E2 E1 4 do
€= —0 -
7 n dt

d
(Er +E2)d_(;+ (11)
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FIG. 1. Schematic illustration of standard Linear Solid Model (SLS) Model.

where e is the strain response from the applied stress 0. Equation (11) can be written in

simple form as follows

de . do’
E+K€:U +T% (12)

where K = EyEy/(n(E1+ Es)) and 7 = 1/ E;. The variable ¢’ is the scaled quantity defined
as o' = o/ (T(E1 + E»)).
For the creep behavior, we consider the case where the system (initially at zero stress

and strain) is subject to constant stress.
al(t)=a". (13)

The corresponding strain is then

=2 [1 Vo (-%)] (14)

where e, = /K is the deformation at t = co and 7. = 1/K is the relaxation time; the
subscript “c” indicate the creep phenomena. The quantities e, is the deformation at steady-
state while 7, relates to the rate at which the system reaches the steady-state deformation.
The plot of the strain response is shown as an example in Fig. 2. For the hysteresis behavior,

we consider the system induced by harmonic excitation given by
o' (t) = o'y sin(wt) (15)

where ¢’4 is the stress amplitude, w = 27 f is the angular frequency, and f is the frequency.

At steady state, the strain response yield the solution (see Appendix B):

e(t) = ey sin(wt — 0) (16)
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FIG. 2. Viscoelastic creep under step load at the same e, = 21073 condition and 7. = 9.0 where

t (x-axis) is time variable and e(t) (y-axis) is strain response at time .

where

1+ (7w)?
A o zmrency (7)

is the strain amplitude. As a result, the amplitude ratio, A,, is

oy 1+ (Tw)?
oaV K24 w?

1-7K
0 = arctan [(W) w] , (19)

defines the phase angle due to time-delayed response. From the solution the complex moduli

A

Also, the loss tangent factor,

(or dynamic modulus) can be defined from (all derivation detail is given in Appendix B)

/ _UI_K+jw !

complex = a 1 + jTw = Gstorage +jGioss' (20)

The quantity G, s @ property of viscoelastic materials and can be written further
a8 Glomplex = Gltorage T JGlosss Where G0 18 the storage modulus and G is the loss

/
storage

modulus. The quantity G measures the stored energy and is an elastic response of

material while G}, measures energy dissipation and is a viscous response of a material.

The expressions for G’ and G

storage can be obtained from rearranging the last equality in

i
loss
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Eq. (20), yielding

K + tw? , (1—7K)w

G = = 21
storage 1+ (TW)Q’ loss 1+ (TW)2 ( )
The loss tangent, tan(d), is the ratio of storage and loss modulus or tan(d) = Gi ./ Gliorage

; this quantity is a measure of damping in the material.

The behavior of the SLS model a function of excitation frequency is shown in Fig. 3(a).
At low frequencies, tan(d) or 4 is low, which indicates that the system behaves in an elastic
manner. This is due to fact that the dashpot in Fig. 1 has sufficient time to displace, resulting

in the stress and strain profiles that are almost in phase. The value of G, e

is relatively
small compared with that at higher frequencies due to large strain amplitude  (Fig. 3(b)).
At high frequencies, the system also behaves elastically as seen from small tan(d); at this
condition, the change in stress is too rapid for the dashpot to operate and thus the strain
response is in phase with the stress profile. Due to small strain amplitude, the value of
Vel

storage

is relatively large.

At intermediate frequencies, a considerable amount of phase lag occurs, as shown
schematically in Fig. 3(c), showing a more viscous bchavior, and the stress-strain pro-
files can be plotted to exhibit hysteresis loop as shown in Fig. 3(d) where the area inside
the loop represent the energy loss. At the frequency where tan(d) is maximum, the system
exhibit the highest damping capacity and, in real materials, this condition is important for

damping applications.

IIT. METHOD OF SIMULATION

In this section, we describe the setup and method of simulations. In all simulations, we
construct a BCC unit-cell under hydrostatic pressure (Fig. 4) with a periodic N x N x N
grid where N = 16 and the lattice parameter L, = 2w+/2; this results in the reference grid
spacing, Arg = v/27/8 in all dimensions, and the reference volume Vy = (27v/2)?. The
initial density profile is constructed with the one-mode approximation in Eq. (6), where the
reference density, po, is specified. The profile is then relaxed using the evolution equation
(Eq. (7)), while fixing Ar = Arg and p = py, until the equilibrium density profile is reached.
At this state, the reference internal pressure, Py, can be calculated using Eq. (8). Also, the

numerical method employed to solve the evolution equation, and also the PCD equation (Eq.

170



35 ;
— Gliorage
3f|= =Gl
tan(d)
257
s
;
05
=]
102 107
(a) (b)
s 9
I
I
1
y) i
I
1
Ll RN N A / ("
’
v ’ pe PV 2| 0y / |
t e(t)
(o) (d)

U

FIG. 3. Hysteresis behavior regarding SLS model. (a) Complex Moduli; Storage modulus G age
(solid-line on y-axis), loss modulus G, (dash-line on y-axis) and loss tangent factor tan(d) (densed
dash-line on y-axis) established by SLS model at condition ¢/, = 0.00075, K = 0.3750 and
7 = 0.1667 and frequency, f (x-axis), ranges between (0.01,100): Box area depicts FIG. 12(b);
(b) Amplitude ratio, A, (y-axis), at frequency, f (x-axis), ranges between (0.004,10) (¢) System
response schematic demonstrates phase lag between stress or pressure input at time ¢, o’(t) (solid-
line), and strain response at time ¢, e(t) (dash-line) (d) Mechanical-Hysteresis schematic plot; strain

response at time ¢, e(t) (x-axis), vs stress or pressure input at time ¢, o’(t) (y-axis).

(10)), is the Fourier pseudo-spectral method where Fourier transform is used to calculate
spatial derivatives and the forward finite difference scheme is used to discretize the time
derivative (see Appendix A). For the viscoelastic simulations, the PCD equation is employed

where different profiles of P.,(t) are specified and the change in the volume is used to update
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FIG. 4. BCC unit-cell under hydrostatic pressure schematic using isosurface construction; oj; =
P, depicts stress in {ii} direction where all oj; components, shear stress components {i =+ j}, are

equal to zero.

the grid spacing through the relation

Ar(t) = (%) (22)

We note that the grid spacing Ar(t) is identical in all directions due to the assumption of
crystal under hydrostatic stress. During the simulation, the mass conservation is imposed

by changing the average density through

(1) = p% (23)

Also, the mechanical equilibrium is maintained throughout the deformation process; this is
accomplished by relaxing the system using the evolution equation at every time step of the

time evolution from the PCD equation. The system response is characterized by the strain

defined by

_Ar(t) = Arg
eft) = ==, (24)
which is identical in all directions. The profiles of e(t) and P.(#) is then used to quantify
the viscoelastic behavior predicted form the PFC-PCD method.

Two types of Pu(t) are used in this study. For the viscoelastic creep simulation, the

172



applied pressure is set to

Pext (t) = ,Pex'm (25)

where P, is a constant. The values of P, are chosen such that the pressure deviation
from the reference pressure

p() - 75ext

AP, = — 26
0 7, (26)

is positive or negative; the former leads to tensile deformation while the latter results in
compressive deformation. The quantities ey, and 7. are numerically extracted from the
strain response, e(t), where e, is the values of e(?) at large ¢, and 7. is the value of ¢ at
e(1e) = ex(l —exp(—1)) ~ 0.6321e,, (see Eq. (14) and Fig. 2).

For the hysteresis simulation, the applied pressure is set to

P (t) = Py — Pysin(wt), (27)

where P, is the pressure amplitude. The pressure deviation from the reference pressure will
then be
Py —Poa(t) | Pa

= — sin(wt). (28)

APO (t) s po PO

With this type of pressure function, the system is then allowed to evolve temporally until
the steady-stead strain-response is reached. The strain response profile at steady state will
exhibit the sinusoidal behavior similar to Fig. 3(a) and we can numerically measure the
strain amplitude e4 in order to calculate the amplitude ratio A, = e/ P4. When plotting
the hysteresis loop as in Fig. 3(d), the complex moduli and loss tangent can be calculated
by numerically identify the values of A (pressure value at zero strain), B (pressure value
at maximum strain), and C' (maximum strain value). Then we evaluate the expressions:

G! = B/C, G, = A/C, and tan(d) = G| ../G" We note that in all hysteresis

storage loss loss storage*

simulations, P, is set to 0.02P,.
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Finally, the values of P and ¢ in all simulations are restricted to the range of (—0.248, —0.260)

and (0.175,0.200), respectively. This values of Py and e ensures the stability of the bee crys-

tal as shown in the phase diagram in Ref. [45].



IV. RESULTS AND DISCUSSIONS

A. Viscoelastic-Creep Behavior

%1073

FIG. 5. Viscoelastic-creep hehaviors, e(t), under different values of constant pressure, APy, at
condition |pg| = 0.2600, e = 0.2000 and Lger = 1 where ¢ (x-axis) is time variable and e(t) (y-axis)
is strain response at time ¢. The results show the capability of PCD equation to control e, through

AP.

In this part, we show the viscoelastic-creep behavior exhibited by the PFC-PCD model
and demonstrate the dependence of this behavior on APy and Lger. In Fig. 5, we aim
to show the strain response from different values of AP,. The graphs show the strain,
initially at zero, increase or decrease gradually until the steady-state values (denoted as
€ ) are reached. This delayed responses obtained from the simulations are indicative of
the viscoelastic-creep behavior; this means that the PFC model combined with the PCD
equation is capable of modeling viscoelastic behavior. Also, depending on the values of AR,
either tensile or compressive deformations are realized. When APy > 0, or Py < Py, tensile

deformation is obtained while APy < 0, or Py > Fp, results in compressive deformation.

The magnitudes of e,, (steady-state deformation) also scale with the magnitudes of APy, as
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expected from the elastic effect in the PFC model (Eq. (1)).

e Lot = 0.70
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s Dgeg = 12.00
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FIG. 6. Viscoelastic-creep behaviors, e(t), under different values of Lger at condition |pg| = 0.2600,
€ = 0.2000 and APy = 0.03 where ¢ (x-axis) is time variable and e(t) (y-axis) is strain response
at time t. The results demonstrate the capability of PCD equation to control relaxation time, 7,

through Lget.

Next, Fig. 6 shows how viscoclastic behavior is affected by Lger. From the figure, the
increase in Lge results in e(t) approaching e, in a faster rate, or smaller 7.; this means that
the increase in Lger leads to the faster strain response or higher degree of elasticity. This
results demonstrates that L. can be used to adjusted the degree of viscoelasticity ranging
from highly viscous to highly elastic. The capability to control the degree of viscoelastic
creep can be used to tune the PFC-PCD model to different types of materials.

The degree of viscoelasticity is also affected by e (inverse of temperature), as shown
in Fig. 7. From the figure, the values of 7. decreases as the values of € increases for the
range of py where solid is stable. Since € is inversely proportional to temperature, this
indicates that the system response faster, or becomes more clastic, as temperature decreases;
this prediction agrees with the experimental observation where relaxation time in creep
phenomena decreases with temperature.

We note that the results from Fig. 6 and Fig. 7 assume that Lg.s and € are indepen-

dent from one another. Nevertheless, since both L4 and € both affects the viscoelasticity
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behavior, it is likely that Lger and € (or temperature) are related. From the derivation in
[37], Laet originates from linear phenomenological law in the classical irreversible thermody-
namic framework. Therefore, the dependence of Lge on temperature could be introduced

by considering a more rigorous treatment of this phenomenological law.
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FIG. 7. Viscoelastic-creep parametric study under step pressure; Influence of temperature, €
(x-axis), parameter on relaxation time, 7. (y-axis), parameter at e parameter ranges between
(0.175,0.200) with three different atomic density, |po|, values. All numerical experiments are based
on step pressure input (AP = 0.02). It should be noted that the ¢ parameter is inversely related

to temperature.

Lastly, we report how the stiffness changes with e and pg. This is shown in Fig. 8(a) and
8(b), where the values of ¢, are plot as functions of e and gy, respectively. Since AP is the
same in all simulations, lower e, values indicates higher stiffness and vice versa. From Fig.
8(a), e decreases as € increases while, from Fig. 8(b) e increases as |po| increases. This
indicates that the stiffness is higher at lower temperature and lower atomic densities. These
results are qualitatively consistent with theoretical framework [13, 48] and experimental
observation [49-51]. We note that stiffness is not a viscoelastic property and the consistency
of the stiffness-variation with ¢ and gy originates from the PFC free energy (Eq. (1)), not
the PCD equation. Nevertheless, these stiffness results demonstrate the application of the

PCD equation since it allows convenient calculation of e, from specified values of AP,.
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FIG. 8. Viscoelastic-creep parametric study under step pressure; (a) Influence of temperature, €
(x-axis), parameter on e (y-axis) at € parameter ranges between (0.175,0.200) with three different
|po| values (b) Influence of atomic density, pp (x-axis), parameter on e, (y-axis) at |pg| parameter
ranges between (0.248,0.260) with three different e values. All numerical experiments are based
on step pressure input (APy = 0.02). It should be noted that the ¢ parameter is inversely related

to temperature.

B. Hysteresis Behavior

In this part, we report the hysteresis behavior exhibited by the PFC-PCD model and
demonstrate the dependency of this behavior on f (pressure oscillation frequency), Lgef
(PCD parameter), and ¢ (inverse of temperature). The steady-state strain response from
the PFC-PCD model is shown Fig. 9(a)-(c) while the strain response from the SLS model
is shown in Fig. 9(d)-(f) for comparison. For the f =0.004 and f = 0.0232, the PFC-PCD
model shows the phase lag between the strain and pressure profiles and also the increase in
the phase lag with increasing frequencies; these results which qualitatively agree with the
result from the SLS model. However, the phase lag from the PFC-PCD model does not
decreases at high frequency as in the SLS model as shown for f = 100; the strain response
from the PFC-PCD model still shows significant phase lag while for the SLS model, both
stress and strain profiles are in phase. The results indicates that the PFC-PCD model does
not exhibit elastic behavior at very frequency. This suggests that even though the PFC-
PCD model is capable of exhibiting viscoelastic response (or phase lag) from the oscillating

pressure, the applicability of this phenomena is still limited to the low frequency excitation.
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FIG. 9. Influence of frequency, f, on system response; sinusoidal pressure input A FPy(t) (solid-line
on y-axis) and strain response e(t) (dash-line on y-axis) established by PCD equation (a) f = 0.004
(b) f =0.0232 (c) f = 100; at condition |gy| = 0.2600, € = 0.1750 and Lger = 1; sinusoidal input
o'(t) (solid-line on y-axis) and strain response e(t) (dash-line on y-axis) established by SLS model
regarding equation (16) (d) f = 0.004 and (e) f = 0.0232 (f) f = 100 at condition o’y = 0.00075,
K =0.3750 and 7 = 1.6670.

Another comparison between the PFC-PCD and the SLS model can be shown in Fig.
10 where the amplitude ratios are shown. Both the PFC-PCD and the SLS model shows
reducing amplitudes with increasing frequencies and both amplitude ratios exhibit qualita-
tively similar functional forms. However, the amplitude ratio from the PFC-PCD model is
vanishingly small at high frequencies while the amplitude ratio form the SLS model remains
at finite values. The values of the amplitude ratio can also be seen from the hysteresis loop
in Fig. 11 where the results in Fig. 9 are plotted on a stress/pressure-strain axes. As the
frequency increase, the hysteresis loop rotates counter-clockwise, indicating smaller strain
amplitude (or amplitude ratio). At f = 100, the hysteresis loop from the PFC-PCD model
almost form a vertical line due to essentially zero amplitude ratio while the hysteresis loop

from the SLS model remains tilted away from the y-axis. This extremely small amplitude
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FIG. 10. Influence of frequency, f (x-axis), on amplitude ratio, A, (y-axis), parameter under

sinusoidal input (a) PCD equation; at condition |gg| = 0.2600 and e = 0.1750 (b) SLS model.
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FIG. 11. Influence of frequency, f on Mechanical-Hysteresis behavior (a) Mechanical-Hysteresis
established by PCD equation at condition |gp| = 0.2600, ¢ = 0.1750 (b) Mechanical-Hysteresis
established by SLS model at condition ¢’y = 0.00075, K = 0.3750 and 7 = 1.6670 where e(t)
(x-axis) is strain response at time t whereas APy(t) (y-axis) and o’(t) (y-axis) are pressure input

at time t established by PCD equation and SLS model, respectively.

ratio indicates that the system produce almost zero strain from the input pressure, which

and G

loss

leads to unnaturally large values of the moduli (Gyyage ). Therefore, the applica-

tion of the PFC-PCD method to model dynamic viscoelastic behavior should be limited to
U U

low frequency excitation. Nevertheless, at the low frequency, the prediction of Gy aeer Gloss

and tan(d) are in good agreement with the results from the SLS model as shown in Fig. 12.
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FIG. 12. Influence of frequency, f (x-axis), on Complex Moduli (y-axis); Giorage (storage modulus),

G/

loss

(loss modulus) and tan(d) (loss tangent factor); (a) Complex Moduli (y-axis) established by
PCD equation at condition || = 0.2600 and e = 0.1750 (b) Complex Moduli (y-axis) established
by SLS model at condition ¢/, = 0.00075, K = 0.3750 and 7 = 0.1667 and f ranges between
(0.01,0.18).

To further investigate into the difference between the results from the PFC-PCD and
those from the SLS model, we expand the PCD equation in terms of strain and perform the
Taylor’s expansion to the first order with respect to strain; the details of the derivation are
shown in Appendix C. Compared with the SLS equation, the transformed PCD equation
lacks the term with the time derivative of stress. This analysis indicates that the PCD
equation is more similar to the Kelvin-Voigt model than the SLS model. The Kelvin-Voigt
model consists of a spring and a dashpot in parallel and is capable of reproducing the creep
phenomena, but not the stress relaxation. This similarity between the PCD and the Kelvin-
Voigt models explains why the PFC-PCD model can reproduce creep phenomena, but not
the dynamic behavior similar to the SLS model. We note that the lack of similarity to the
SLS model not only applies to our recently proposed PCD equation [36] but also applies to
the PCD equation propose by Kocher and Provatas [38] since the functional forms of both
equations are the same. Nevertheless, this analysis suggests the possibility of improving the
PFC-PCD model by modifying the PCD equation in such a way that the effect of the term

with the time derivative of stress is present.

Similar to the result from the viscoelastic-creep study, the PCD parameter Lger can be
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FIG. 13. Influence of Lq.; parameter on system response; sinusoidal pressure input APy (t) (solid-
line on y-axis) and strain response e(t) (dash-line on y-axis) at time ¢ (x-axis); (a) Lger = 10 (b)

Laet = 1; at | po| = 0.2600, € = 0.1750 and f = 0.02.

%107

05

APy(t)

-0.5f
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-4 =2 0 = 4

e(t) %107
FIG. 14. Influence of Lges on Mechanical-Hysteresis behavior at condition |gy| = 0.2600, € = 0.1750
and f = 0.02 where e(t) (x-axis) is strain response at time ¢ and APy(t) (y-axis) is pressure input

at time t established by PCD equation.

used to control the degree of viscoelasticity. Figures 13(a) and (b) show the strain response
with different values of Lq.r at fixed pressure-oscillation frequency. The hysteresis loops from
these results are also shown in Fig. 14. The results show that decreasing the value of Lger
lead to higher phase lag (Fig. 13) and higher damping capacity (Fig. 14). This indicates
that lowering Lqger value leads to the system having in a more viscous manner. The opposite

is also true where increasing Lger leads to a more elastic response from the system.
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. !
The influence of € on Gstorage,

G, and tan(o) is shown in Fig. 15. Figure 15(a) shows

that an increase in e (decrease in temperature) leads to an increase in G, and a decrease

storage
in G, Astan(d) = /G

Ltorages the values of tan(d) decreases with increasing €, as shown

iOSS' iOSS
in Fig. 15(b). The results show that as temperature decreases, the system behaves in a less
viscous manner and with reducing damping capacity. These trends qualitatively agree with

polymeric materials below glass transition [52] and metals such as aluminum alloy [53].

It should be noted that particular form of the PFC free energy (Eq. (1)) is applicable to
crystalline materials such as metals [45]; therefore, it might seem that the results from this
work only pertains to these types of materials. Nevertheless, since the viscoclastic behavior
originates from the PCD equation, not the PFC free energy, alternative form PFC free
energy (Eq. (1)) can be used and the modified PFC-PCD model should still exhibit similar
viscoelastic behavior as well as similar dependence of viscoelastic properties on the PFC-
PCD model parameters. The capability to generalize the PFC free energy allows modeling
of viscoelastic behavior in different types of materials such as polymeric materials where

viscoelasticity is much more pronounced than that in metals.
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V. CONCLUSION

In this study, we aim to show the capability and the limitation of PFC-PCD model which
was first employed to investigate the viscoelastic-creep and mechanical-hysteresis behaviors
in BCC (3D case) unit cell under hydrostatic pressure. To achieve our goal, we implement
two types of pressure profiles in our analysis: constant pressure input for viscoelastic-creep
study and sinusoidal pressure oscillation for mechanical hysteresis study where all PFC
parameters: temperature and atomic density parameters are established in a solid stable

region. The conclusions for each analysis are summarized as below

1. In viscoelastic-creep study, we first investigate the influence of two PCD parameters:
magnitude of pressure input, and mobility coefficient on viscoelastic-creep behavior.
Regarding the results, we find the magnitude of pressure input scales with that of
deformation at steady-state time both tensile and compressive loads. Whereas, the
mobility coefficient can be used to control the degree of viscosity of deformation in
that higher mobility results in higher elasticity as well as lower mobility leads to higher
viscosity. This evidence suggests that we can control both the magnitude of defor-
mation and the degree of viscoelasticity through PCD parameters. Second, we study
the impact of PFC parameters: temperature on relaxation time and the magnitude of
deformation at steady-state condition as well as atomic density parameter on the mag-
nitude of deformation at steady-state condition. Regarding the results, we find that
the system response faster, less relaxation time, and less deformation, more stiffness,
at lower temperature which is generally consistent with theoretical framework and
experimental observation. Also, the system exhibits larger deformation, less stiffness,

at higher atomic density that shows an agreement with previous work.

2. In dynamic behavior study, we first focus on studying the impact of excitation fre-
quency on strain response, amplitude ratio, mechanical-hysteresis and complex moduli.
The results predicted by PFC-PCD model indicate that the system displays more phase
lag between sinusoidal pressure oscillation and strain response with reducing ampli-
tude ratio at increased frequency which qualitatively agrees with that of SLS model.
However, at very frequency range, the results exhibited by both models are inconsis-

tent. This finding can also be observed in mechanical-hysteresis loop. The hysteresis
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loop exhibited by PFC-PCD becomes vertical line which indicates the system produce
almost zero strain. This finding produces unusually large values of complex moduli
unlike SLS model prediction. Furthermore, we show that mobility coefficient can also
be used to control the degree of viscoelasticity in dynamic behavior under sinusoidal
pressure oscillation. The impact of temperature on complex moduli predicted by the

PFC-PCD model is also in good agreement with experimental observation.

Finally, we show that PCD model is more similar to Kelvin-Voigt model than SIS model
regarding Taylor’s expansion in appendix C. This deviation seems not to cause any difference
in viscoelastic-creep behavior but mechanical-hysteresis behavior tends to differ from the
SLS model at very frequency. However, the prediction of the model is well agreed with the
SLS model at the low-frequency range. Therefore, the application of PFC-PCD method to
predict dynamic viscoelastic behavior should be limited in some certain frequency region.
This analysis provides the possibility of enhancing the PFC-PCD model by modifying the

PCD equation in a more proper way which might be addressed in future improvement.
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Appendix A: PFC-PCD equations and their numerical scheme

The PFC-PCD equation consists of two governing equations; Cahn-Hilliard (CH) type
equation and pressure-controlled dynamics (PCD) equation. The first equation is involved
dissipative dynamics and mass conservation equation Ref. [2] formulated in partial differen-
tial equation (PDE) with four independent variables (, 71,7, 73); time variable with three

spatial coordinate variables
(A1)

where p = p(t. 71, Ta, 73) is density field variable in three dimensional space. L 1 1s the mobility
coefficient. V2(-) = 9%(-)/87240%(-)/0r3+(-) /073 is three dimensional Laplacian operator.
OF /dp = i is the variational derivative of F by p which defines a chemical potential fi. The

free energy functional F can be expressed

- £~’ )/ ~\2] - ,5_4 —
]:—/2[6+(1+V>]p+4dr (A2)
or in alternative form
i/ o]
F= [ w(p) dr, F= (I1=¢) Z +pV p+§V,o dr (A3)

where V4(-) = 81()/Or1+01(:) JOFI+01(:) JOF+204(-) JOF2072+20 () | OF2D72+20% ) | 02072

The free energy density variable, @ (p), can be expressed in expansion form as

Pt 0 05 25 o' pd 5o
2 2

w(p) (1—6)2—+—+ 62+p8_7:%+p6_+§m+ (9_f‘21+ a_f%
_ 0 P . 0%
" Poror; T Porion T omon (Ad)

Denote that w (P) = f(Pa Py s Profas Prafsy P17y s Prafafaias Piafaiafsy Piii1fara s Prififafss szfzfm)

where each independent variable of f is defined by

N *p >*p 9%p
P = Jz5s  Prafa = A=55  Prsfs — oo
ory ors ors
N ’rp N’y 0*p
Priiii = W’ Profaiaiy = ot Praigisis = pr
51 T2 r3
- *p . o*p . *p

Py o S Phisis = anmg Praiefsis = Aam
rT1T1T27T2 a,r%& 2 T17T17373 87”%6 2 T2T27T3T3 87‘%67‘%
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To solve equation (A1), i variable must be reformulated as a function of p and its derivative

Therefore, we need to find 6 F/dp by using functional derivative definition

oF _of o (of \ ot (of \ o (of \ o ( of
+ (9'7% < > i 07% ODpryrs " afg s B O_’F% Opryisiar

o5 Op Opriy
o of o of o of
" (()_’IZ% (aﬁfzf‘ﬂzf‘z) - 0_7% <aﬁf3f3f3’F3 = OF%F% aﬁ'ﬁf‘ﬁﬁz
ot of 4 of
" af%ﬁ% (aﬁﬁﬁﬁ%fs) X 8r~§f§ (8@727’2?37:3) (AG)

Evaluate each derivative term on the right hand side of equation (A6)
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RN +7-5F AR | Bt D208 A% \Opmisan /i | 2 07
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87:%;% 8ﬁ‘f‘17’1 T2T2 8?%67*% . 87:%':% aﬁFl F17373 af%af:% , afgfg 6@727_'2?:3?:3 87%87:%
(A7)

Substitute each term of equation (A7) into equation (AG). Then, the chemical potential fi

is literally obtained

fi=1=8p+ 70 +2Vp+Vip (A8)
Finally, the equation (A1) becomes
op _ 7 25 4 9253 oghs | 6~
==L, |(1=¢6)Vp+Vp +2Vip+V°p (A9)

where VO(-) = 85(-) /078 +05(-) /0rS+05(-) /S +305(-) 02 DFa-+30°(-) | OF20744-305(-) | OF 2074+
30°%(-)/OFtOF3 + 30°(-) JOF1OF3 + 30°(+) | OF5072 + 60°(-) /072073072, 1t is obvious that equa-
tion (A9) is the sixth-order nonlinear partial differential equation (60D-NPDE) which can



be expressed in a full description as

8/‘5 = ~ 82[5 82[3 62[3 62[)3 62[33 82[33 84/3 64ﬁ 84/'5
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(A10)

In order to solve equation (A10) numerically, there are two options which can be employed;
finite difference method (FD) and fourier spectral method (FSM). In this study, not only the
periodic boundary condition is governed but also the equation itself has a very high derivative
order in spatial coordinate which demands a lot of numerical expense if FD scheme is used.
Therefore, FSM method is more appropriate than FD in terms of numerical accuracy and
numerical expense to solve equation (A10). To employ FSM scheme, we begin with equation

(A9). If we apply fourier transform both sides, we obtain

=L, [~ (1~ 9 K5 — (K% + 2/K ' — [K|% (A11)

Then, the 60D-NPDE is literally reduced to empirical ordinary differential equation which
depends on time constraint only; where p = p(K,1) is fourier transform of j. p* = p*(K, 1)

is fourier transform of 5* which can be described as below

+oo
KD = [ e D
+00

PO = [ pED (A12)
K = K(ks,, ks, ks, ) is a vector in fourier space and cach fourier wave vector component ky,
is defined by

- 2 N; N;. N;. N;i

K;, = — [0,1,2, ., — 1, —= T
L, 0.1, 2 22 " 2

+2,.,-1|, Vie{1,2,3} (A13)

where Lj;, is lattice parameter along 7; direction and our study uses L;, = 2my/2 for Vi €

{1,2,3}. Nz is number of grid points along 7; direction which we employ 7; = 16 for
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Vi € {1,2,3}. It should be note that

2 2 2 2
K[* = ki + ki, + ki,

K[* = ki +k;, +k;, + 2k k2, +2k2 k7 + +2k; k7

T27T3
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K[® =k, +ky, + ko, +3k: ki, + 3k: ki, + 3k; ki, +3k; k2, + 3k; k2, + 3k: k2, + 6k? k2 k2

172 7173 T27T3 7172 T17T3 T27T3 T1TT27T3

(A14)

We employ semi-implicit scheme [54] to solve equation (A1l). The forward difference ap-
proximation for time derivative term is given as

“n41 Zn
—p

dp
M= G =p Al5
df A7 (A15)

where " and p" denote p at time £ + Af and ¢, respectively. Substitute equation (A15)
in equation (A1l)

5n+1 = lgn 7 ~ “n 23n “n n
Pl f [ g KEF ~ K b 2 K] (A

where pnt!

and p*" are p at time ¢ + Af and % at time , respectively. Rearrange above

equation, we obtain
(14 AL [0~ 8) KPP = 2[K|* + [KF]] 5+ = 5 = ARE KPR (A1)

and it yields

;)n \ ¢ AfﬂulK‘Zﬁ?m
[1 FAFLL [(1— &) K2 —2/K]* + |K|6]]

Sntl

(A18)

Finally, ﬁ”“ variable which is in reciprocal space can be converted into the real space

variable by using inverse fourier transform

n+l/=y 1 oo An+1 JK-T
U = g [ 7O K (A19)

where d is dimensionality of the problem. This variable will be used to calculate f’im in
pressure-controlled dynamics equation further. Next, the second important equation is the
PCD equation which was developed regarding thermodynamic of hydrostatically-stressed
crystal solid [39] and classical irreversible thermodynamic frameworks [40-42]. The advan-

tage of this equation is that it allows to create the deformation in PFC model by specifying



external pressure as an input variable unlike the conventional PFC simulations where vol-

ume, or grid spacing, is an input variable [43]. This equation is given as below

v . s s
E - Lder(Pint - Pext) (A20)

To solve PCD equation, we use forward difference scheme for time derivative term.

ﬂ l f/nJrl = ‘N/n

= A21
dt At (A21)

Then, equation (A20) becomes

f/n+1 y. ‘7” F oy pn Hn
T = LaetV (‘Pint e Pext) (AQQ)

where V"t and V™ is volume at time £ + A# and £, respectively. Also, éﬁt and ﬁg(t is ﬁim

and ﬁext at time #. Then, the equation (A22) yields
iV o ALV ((Prg= Pl ) (A23)

Finally, we literally obtain a new volume value at next time step as we required. It should

be noted that If’”

e 1S
= | () ar (A24)
where
fr=(1—2¢ ﬁ; + % + " {Wﬁ]n + % W‘*ﬁ]n
= (1= 5" 4+ 2| V) 1 V5] - (A25)

All superscripts, n, regarding equation (A25) which appear in all ()™ represent those physical

quantities, (-), at time .
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Appendix B: Standard Linear Solid Model

In this appendix, we aim to derive the expressions for the complex modulus and strain
response from the SLS model under harmonic excitation. First, we derive complex modulus

under dynamic excitation. Consider a more general form of the stress (scaled quantity):
o (t) = oy exp[f (wt+0)]5 " (t) =0y exp (jwt) (B1)

where o/, is the amplitude, w is angular frequency and o’ is complex amplitude defined
by o’ = o/yexp (jo) = o'f cos(d) + jo'ssin(d). At steady state the strain response will
also exhibit a harmonic function with the same frequency; therefore, one can postulate the

functional form of the strain as an input function [20]:
e*(t) = eaexp(jwt) (B2)

where e4 is strain amplitude. Substituting Eqs. (B1) and (B2) into equation (12), we obtain

K+ jw

B3
1+ g7w (B3)

o y 8 o’
A=A cos(0) + j~2 sin(d) =
€A €A

l
complex

This equation defines G
is G

storage

= Gliorage T Gloss Where each of 0’y cos(6)/ca and o’y sin(0) /ea
and G ., respectively. Therefore, we literally obtain

loss?

KA+ rw? (V= 1K)
G/‘ / = — G/ o/ B4
storage 1 + (TCL))2, loss 1 + (TLU)QW ( )

To derive solution expression, we consider stress as an input function

o™ (t) = o'y exp (jwt) (B5)
and propose strain function written as

e’ (t) = e} exp (jwt) (B6)

Substituting Egs. (B5) and (B6) into equation (12) to obtain

1+ jrw|
[K—i—jw] o4 (B7)

(1) = [1 + jTw

m] olyexp(jwt), €}

For a particular case where o'(t) = ¢y sin(wt) = Im[o™(¢)], therefore, the strain response

corresponding to this case can be obtained by

e(t) = Im[e*(t)] (B8)
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that yields

/ /

04 . TO AW
e(t) = ———sin(wt — + ———— cos(wt —

where ¢ = arctan(w/K'), which can be reduced to

e(t) = easin(wt — 0)

, [T+ (Tw)? 1-7K
€A = 0y m, 0 = arctan m W

It should be noted that e4 = |e%].

where

(B9)

(B10)

(B11)
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Appendix C: Dynamic similarity between PCD equation and SLS model

In this appendix, we demonstrate how dynamic similarity between PCD equation (10)
and SLS model equation (12) can be established using Taylor’s expansion [55] at infinitesimal

deformation around the reference state. First, we begin with PCD equation

dV _ o
% = LPV(Hnt = Pext)7 (Cl)

where P, = fv P dV/V and Pext represents the average internal pressure and external

applied pressure with V (t) = L(t)® where L is crystal length parameter. If we denote that

(V) = /V PydV (C2)

and V represents a current volume. It should be noted that dV = dzidxedxs where all dz;
are spatial coordinate in Eulerian description. The integration boundary for cach coordinate
is & = 0 to a; = L(t) where L(t) = Lo [l + e(t)] and e(t) = (L(t) — Lo) /Lo. Equation (C2)

becomes

Lo[l+e(®)] pLo[l+e(®)] rLo[l+e(t)]
o(e) = / / / Pt dzydasdzs (C3)
0 0 0

If we assume infinitesimal deformation, small strain can be written as e(t) = eq + Ae where

ep = 0 and Ae = e(t) — eg. Therefore, equation (C3) can be written in expansion form [55]

1 d?
Ae—l———sp

dp
(&0(60 ¢ Ae) = SD(EO) RS 2 de2?

de

Ae? + Ry(Ae?) (C4)
0

e=eQ e=e,

where o(eg) represents [, PdV at e = ey and Rs(Ae®) represents higher order derivative
term as a function of Ae?. In case of infinitesimal deformation, the higher order term, Ae”

where n > 2, can be truncated then equation (C4) is reduced to
p(e) & p(eo) + the=e, Ae (C5)
where Ye—e, = dp/de|e—c,. Also, Puy can be written
Py = Py — AP (C6)
where Py represents average reference pressure calculated under undeformed state

= =1 e
0
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and AP, represents the deviation part of Py from Py. Since V = V(L(e)) is a composite
function, therefore, the time derivative regarding equation (C1) can be expressed by chain’s

rule

A% dV dL de
G dL A @ (C8)

where dV/dL = 3L* and dL/de = Ly. Substitute equation (C5)-(C8) into equation (C1),

we obtain
3LOL2‘CZ; = LpL? [W ~ P+ APM] : (C9)
that yields
% . LP( g [so(ez)ga _@z;e:)egAe N +APM] 7 (C10)
Note that Ae = e. This equation can be reduced to
% 1 % [@(630)(1 A weLgo (1+e) 7%= By(l+e) + AP (1+ e)] . (c1)

Regarding binomial expansion, we know that (1 +e)=% & 1 — 2e for the first term approxi-
mation if 0 < e << 1. Equation (C11) becomes

de o LP @(60) 299(60) we:eu 2We eo 2
—_ = i e + e —
it~ 3| L3 L3 L3 L3

.PO = .Poe . A.prf + A-Pexte:| (012)

If we neglect €2 and AP, e and use the fact that ¢(e)/L3 = Py, equation (C12) turns into
/lzZ}E‘ 60

O

de LP
E 3 |: 3P06+

e+ APext] (C13)

Then, equation (C13) finally yields the simplified model of PCD equation as

dP LP q/Je:e LP D,
Py - Yool o= ZPAR, C14
ITREEY [3 TR ]e g o (C14)

which obviously has structure like a Kelvin-Voigt model

de
% + Ke = O‘ (015)

where K = Lp (3]50 - QZ)E:GO/Lg) /3 and o/ = LpAP./3. Equation (C15) is slightly differ-
ent from SLS model equation (12) in that 7do’/dt term is introduced on the right hand side

in SLS model. This deviation does not cause the difference in viscoelastic-creep behavior
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produced by both PCD model and SLS model solution under constant pressure. How-
ever, in case of the mechanical-hystersis, although this behavior produced by PCD equation
is deviated with that of SLS model and behaves like Kelvin-Voigt model at elevated fre-
quency range, it consistently predicts the similar results with SLS model at low frequency.
This can be described by the solution obtained from both models under sinusoidal load,
o'(t) = o'y sin(wt). According to equation (B9), the strain solution produced by SLS model
is ¢(t) = o’y sin(wt — ¢) /VE2 + w? + 70"yw cos(wt — ¢) /v K2+ w2, However, if 0 < w << 1,
the solution will converge to e(t) = ¢y sin(wt — ¢)/v/K? 4 w? which is almost identical to
that of a simplified model of PCD equation.
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Abstract

Damping materials have been used in numerous engineering applications. The important prop-
erty that plays a key role in this type of material is a damping capacity which is related to
mechanical-hysteresis behavior of viscoelasticity. During the last decade, the phase-field-crystal
(PFC) model has emerged as a robust tool to predict various material phenomena. This density-
functional-type model has the advantage over a conventional phase-field model in terms of atomistic
resolution and molecular dynamics in terms of computational expense. In this work, we propose a
method to predict mechanical-hysteresis behavior and its related complex moduli parameters us-
ing a modified-pressure-controlled dynamics (MPCD) equation incorporating with the PFC model,
denoted as PFC-MPCD method, in a three-dimensional solid structure. We modify the previously
proposed pressure-controlled dynamics (PCD) equation by introducing the pressure-time deriva-
tive term which allows us to produce the results consistent with the standard linear solid model
(SLS) at the broader frequency range. We apply sinusoidal pressure oscillation and compare the
results predicted by both models. The results demonstrate that mechanical-hysteresis behavior
and complex moduli parameters predicted by PFC-MPCD method are in good agreement with
those of SLS model and consistent with numerous experimental observations whereas the results
produced by original PCD equation tends to exhibit inaccurate results at the very frequency. We
expect that this new PFC-MPCD method can be extended to a more complex system and still
be capable to exhibit the accurate mechanical-hysteresis behavior and complex moduli parameters

which results in predicting more reliable damping capacity parameter in damping material design.

* ejatuponl@gmail.com
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I. INTRODUCTION

Damping materials have been used in many engineering applications and, in particular,
in energy absorption such as vibration isolation and impact absorber. Omne of the most
important properties that plays a key role in energy absorption is the damping capacity
of material. This parameter indicates the ability of material in dissipating energy during
the deformation which can be measured through mechanical-hysteresis curve of viscoelastic-
ity. Viscoelasticity is the mechanical behavior which is characterized by three phenomena;
viscoelastic-creep, stress relaxation and mechanical-hysteresis behavior. To select the appro-
priate materials in specific tasks, therefore, we need to predict these properties accurately

and know the suitable working condition of these damping materials.

In the past few decades, computational materials science has emerged as an alternative
choice to predict various material properties and phenomena. This new technique can help
speeding up the design process and reducing the cost of the real experimental study. To
predict this damping capacity accurately, we need a computational technique that incorpo-
rates microstructures which influences the material properties and can reproduce a correct

mechanical-hysteresis behavior.

During the last decade, the phase-field-crystal (PFC) method has appeared as a promising
tool to investigate numerous material phenomena. In the PFC model, its free energy func-
tional is minimized by periodic density field which provides elastic effects and microstructural
features e.g. multiple crystal orientations, grain boundary and dislocations which is more
appealing than conventional phase field (PF) model in terms of self-consistency. Moreover,
this method is restricted to operate on diffusive time-scales which give an advantage over
molecular dynamics (MD) in terms of computational expense. The PFC model was first
introduced by Elder et al. [1] which its free energy functional was minimized by periodic
function that found in many physical systems even in crystalline structure. This model that
incorporated elastic and plastic properties [2] was used to study various range of material
phenomena such as phase transformation [3, 4], topological defect dynamics such as crack
[2, 5], elasticity [6-8] to plasticity [9, 10]. This method could also be used to model mi-
crostructural defects such as vacancy [11], grain-boundary [12-14] and dislocation [10, 15].
The PFC method has the potential to predict damping capacity and how damping capacity

is affected by different types of material, environment condition and microstructures.
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Recently, we investigated the predicting capability of the PFC model incorporating with
previously proposed pressure-controlled dynamics (PCD) equation to reproduce viscoelastic
behavior of the materials, referred to as PFC-PCD method. This PCD equation enables
us to exhibit the deformation by specifying the externally applied pressure as an input
which allows us to study viscoclastic-creep and mechanical-hysteresis behaviors where the
externally applied pressure is required as an input. This is in contrast to a previously
proposed scheme by Hirouchi et al. [16] where the deformation was controlled by specifying
the grid spacing as an input variable which is suitable for studying stress relaxation problem.
Nonetheless, the damping capacity of the material is closely related to mechanical-hystersis
behavior and its related parameters, therefore, the stress relaxation which can be produced

by this scheme is not focused in our study:.

The existing PFC model that we used here is the original formulation proposed by El-
der [2] which incorporates the pressured-controlled-dynamics (PCD) equation proposed by
Kocher and Provatas [17]. We used this PEC-PCD method to investigate viscoelastic-creep
behavior for one-dimensional crystal in our previous works [18, 19] and extended those works
to three dimensional solid [20]. According to the results, we observed that the PFC-PCD
method could only exhibit viscoelastic-creep phenomena correctly, however, it could not pre-
dict the accurate mechanical-hysteresis behavior, in particular, at high-pressure oscillation
frequency [20]. All complex moduli parameters obtained from mechanical-hysteresis curve
produced by the model monotonically increased with pressure oscillation frequency instead
of exhibiting the limited value in storage modulus and predicting at least one peak location
in loss modulus and loss tangent factor which generally agree with the real solid material
regardless of the actual damping mechanism [21]. This means that the existing PFC-PCD
method is incorrect to predict mechanical-hysteresis behavior with the real solid material,
in particular, at very frequency. This inaccuracy will cause the problem in predicting the
suitable working condition for damping material when the peak frequency location, the lo-
cation that energy is mostly dissipated, is needed to be specified. Thus, the modification to
the existing PFC-PCD method is required to produce more accurate mechanical-hysteresis
behavior.

Therefore, in this work, we propose the modified PFC-PCD method to address this limita-
tion. We modify the pressure-control by adding pressure time derivative term to the existing

PCD equation, referred to as MPCD equation. This additional term comes from compar-
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ing the Taylor expansion of the existing PCD equation with the standard linear solid (SLS)
model which is typically used to investigate viscoelasticity in solid materials [22-24]. Accord-
ing to the numerical study, the results demonstrate that the PFC model which incorporates
MPCD equation, referred to as PFC-MPCD method, can predict mechanical-hysteresis be-
havior and complex moduli parameters consistent with SLS model at the broaden pressure-
oscillation frequency range. In particular, the complex moduli predicted by our method
arc in good agreement with the experimental observations which can be found in numerous
sources i.e. [25-27] for alloy, [28-30] for rubber and [31] for elastomer. This is in con-
trast to PFC-PCD method which produces the results inconsistent with SLS model and
experimental observations, especially, at the high-frequency range. We expect that this new
PFC-MPCD method can be extended to more complex system with microstructural features
such as grain boundary, dislocation or surface and still be capable to exhibit the accurate
mechanical-hysteresis behavior and complex moduli parameters which results in predicting

more reliable damping capacity parameter in damping material design.

This paper is organized as follows. In Section 11, we provide the background information
on the PFC method, the pressure-control dynamics equation, and the standard linear solid
model. In section III, we introduce a new PFC-MPCD method and provide an insight into
this model structure using its approximated Taylor expansion formulation. In Section IV,
the method of simulation is presented. The results and discussions are provided in Section

V and we conclude the work with the summary in Section VI.

II. BACKGROUND
A. PFC-PCD Method

The non-dimensional PFC free energy functional form employed in our study is given as
Ref. [1, 2] below

4

F=[r@ . 5o =§ et (e V)] o o @

where € can be interpreted as the degree of undercooling which is inversely proportional

to temperature and p is the density field variable. The evolution equation for p is the
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Cahn-Hilliard type which involves dissipative dynamics and mass conservation [2]

o _

or = LV = (1= p+p"+2Vp+ V'p (2)

where L, is the mobility coefficient and = §F /dp is the diffusion potential. This equation
can be used to simulate evolution of p under specified (or fixed) temperature (from the
value of €), mass (from the value of p), and volume (from value of grid spacing); typical
simulations under this condition are solidification and microstructural evolution. One can
also vary the grid spacing to simulate the evolution of the density profile under specified
time-dependent deformation [16]. In the context of the viscoelastic behavior, this technique
would be appropriate for the stress-relaxation calculation; however for the viscoelastic-creep
and mechanical-hysteresis studies, where the system is subjected to specified external stress,
additional dynamic equation is needed.

The PCD equation was first introduced by Kocher and Provatas [17]. The advantage of
this equation is that it enables us to control internal pressure Piy by specifying the external
pressure. In their work, this equation was employed to investigate the full spectrum of
solid-liquid-vapor transition problem. This PCD equation which refers to the original PCD

method can be written as below

8 R p? L
E 5 Ldef (Pint . Pext) 5 (3)

where V is system volume which changes with time, Puy is the externally applied pressure,

L!,; is the mobility coefficient and the internal pressure Pint can be defined by

Priive= % / (—f + pp)dr (4)
This PCD equation when incorporates CH model Eq. (2) which adopts PFC free energy
functional Eq. (1) will refer to as PFC-PCD method . We employed this method to investi-
gate viscoelastic-creep behavior for one-dimensional crystal in our previous studies [18, 19]
and extended to three dimensional solid structure [20]. According to the results, although
the PFC-PCD method predicted a reliable viscoelastic-creep behavior [18-20], however, it
could not produce a mechanical-hysteresis behavior correctly, in particular, at high pressure
oscillation frequency range [20] which might cause a problem in predicting a suitable working

condition for damping materials.
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B. Standard Linear Solid Model

The standard linear solid (SLS) is a model of modeling viscoelastic behavior of viscoelastic
material known as Zener model [22-24]. It exhibits more realistic behavior involving single
exponent in both viscoelastic-creep and stress-relaxation. Furthermore, this model predicts
the finite storage moduli at high frequency range and providing peak locations for both loss

factor parameters. The simplified governing equation of the SLS model is given as below

de A\ L/ [/ AP
a%—K@—P%—T o (5)

where e is strain response predicted by the model. P’ is external applied pressure. K’ is
the elastic coefficient which represents the elastic part of the model. 7/ is the shape factor
coefficient which enables us to adjust the peak magnitude of all loss factors. To exhibit
mechanical-hysteresis behavior, the sinusoidal pressure oscillation is required. So, the P’

can be specify as
P'(t) = Plysin(wt) (6)

where P/, is the amplitude of sinusoidal pressure oscillation. The w = 2nf is angular
frequency and f is the frequency of sinusoidal pressure oscillation input. The ¢ variable is

time domain. Substitute Eq. (6) in Eq. (5), it becomes

% + K'e = Py sin(wt) + 7'Pyw cos(wt). (7)

Then, Eq. (7) yields the solution below
e(t) = Easin(wt — 0), (8)

where /4 is the strain oscillation amplitude. The § parameter is phase angle which defines
time-delayed response due to viscoelastic effect. Both parameters are functions of frequency
as shown below

14 (1'w)?

o
Ea="P4 K% + w2

9)

[1—7’](’]
, 0 = arctan

—|w
Kl + lez

The strain responses e(t) corresponding to pressure input P’(t) at various sinusoidal pres-
sure oscillation frequencies are illustrated in Fig. 1(a)-(c). The figures demonstrates that

the amplitude and phase angle are affected by pressure-oscillation frequency. The governing
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FIG. 1. Influence of frequency, f, on system response; sinusoidal pressure oscillation P’(t) (solid-
line) and strain response e(t) (dash-line) established by SLS Model (a) f = 0.001 (b) f = 0.04 (c)

= 10; at parameter condition P4 = 0.001, K’ = 0.3 and 7/ = 1.
A

equations which describe these changes are given by Eq. (9) and illustrated in Fig. 2(a) and
Fig. 2(b). Another important aspect is mechanical-hysteresis behavior curve showed in Fig.
2(c). Tt is established according to e(t) vs. P’(t) based on Eq. (6) and Eq. (8). This curve
provides us with the information about the energy dissipation during each oscillation cycle
at specific frequency. Furthermore, this curve also contributes us the viscoelastic-measure-
parameter called complex moduli parameters. These parameters consist of storage moduli
(E'), loss moduli (£”) and loss tangent factor (tan(¢d)). Each parameter is frequency depen-
dent function governed by Eq. (10) (Derivation of complex moduli parameters is provided
in Appendix A).

T K' + 7'w? . [ 1— 7K' ]

ol A+ (Fw)?? T (T'w)? #

mM®:[

1_qu 10)

I —— 7
K"+ 7'w?

The illustration of these parameters are given in Fig. 2(d). The E’ parameter provides the
measure of stored energy which represents the elastic part of the material. Whereas, the
E" parameter provides the energy dissipation or heat loss during the deformation. This
parameter depicts the viscous portion of the material and tan(d) parameter is defined by
the ratio between loss modulus and storage modulus; tan(d) = E”/E’, which provides a
measure of damping in the material. If this parameter is greater than unity, the system

behaves liquid-like material while the opposite case the system exhibits solid-like material.
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FIG. 2. Influence of frequency, f, on (a) System amplitude ratio A, defined by E4/P’, (b) Phase
angle § under pressure sinusoidal oscillation at parameter condition P} = 0.001, K’ = 0.3 and
7' =1; (¢) Mechanical-Hysteresis curve established by e(t) vs. P’(t) corresponding to the response
provided in Fig. 1 (d) Complex moduli parameters at parameter condition Py = 0.001, K’ = 0.3

and 77 = 1.

IIT. MODIFIED PRESSURE-CONTROLLED DYNAMICS EQUATION

A. MPCD Equation

Mechanical-hysteresis is one of the behaviors which characterizes viscoelasticity. This be-
havior requires sinusoidal pressure oscillation as an input to establish mechanical-hysteresis

curve. According to our previous study [20], we found the existing PFC-PCD method pre-



dicted mechanical-hysteresis curve inaccurately, in particular, at high pressure oscillation
frequency when compared to the SLS model. With regard to the Taylor expansion [20], we
observed that the PCD equation closely resembled Kelvin-Voigt model which can only ex-
hibit viscoelastic-creep but not mechanical-hysteresis in solid material, in particular, at high
frequency range. This inaccuracy arose from the missing pressure time derivative term in the
existing PCD equation. Therefore, we have introduced this pressure time derivative term
to the existing equation. We refer to this new modified PCD version as MPCD equation as

shown below

e o~ Y L dPoxt
% — Lderf <Pint ra Pext 3+, dt f) ) (11)

where dPey /dt is the time pressure derivative term which is introduced to the existing PCD
equation. 7 is the shape factor coefficient that enables us to adjust the magnitude of peak
in the loss factor parameters. This additional term helps MPCD equation in producing
mechanical-hysteresis behavior consistent with SLS model, in particular, at high pressure
oscillation frequency where the existing version is failed. It should be noted that the MPCD
equation is established according to the SLS model (Zener model) which restricts the model
to describing viscoelastic-creep and relaxation in exponential manner [22]. Therefore, this

limitation also applies to the MPCD equation.

B. Approximated Dynamics Behavior of MPCD Equation

In this section, we aim to demonstrate that the approximation behavior of MPCD equa-

tion is consistent with SLS model. We begin with the definition of V'
V(t) = L(t)*, L) =Ly (14 ¢(t)) (12)

where V(¢) is current volume at time ¢. L, is the length of unit cell in the reference state.
L(t) is the length of unit cell at time ¢. e(t) is strain at time ¢. It is obvious that we can
alter volume time derivative term to strain time derivative term by chain’s rule.

dVdV dL d
av._av  an ae (13)

where dV/dt = 3L?, dL/de = L,. Substitute Eq. (13) into Eq. (11), we obtain

d@ = = d75ex
3L2Lad_£ = L:ief <Pint — Pext — T dt t> s (14)
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Note that Py, = —f + pp, The equation (4) becomes

_ 1
Pint = V /VPint dr (15)

Since Pi,; changes its value with e(t), therefore, Py, can be written as a function of e(t).
However, if the small deformation is postulated around the undeformed state, ey = 0, Pin

can be written in Taylor expansion form [32] as

_ = dPin 1 d*Py,
Pint (60 + Ae) = Pjnt(eo) + Ft — :

* 3 de

e=eq e=eo

Ae® + ... (16)

where e = ¢y + Ae and ﬁim(eo) is average internal pressure at undeformed state. If we

approximate Py (eo + Ae) only at first derivative expansion, equation (16) yields

= S d,ﬁin D D,
Pint (€0 + Ae) =Py + I ! Ae;—Py = Ping(€0) (17)
e=eq
Substitute Eq. (17) into Eq. (14), we obtain
de 1 Lil £ _D = 2 dA,ﬁext d,]sint
=Nz ufidéet > PN P = > 1
T 3L (1+ Ae) (APext AT " + — ezeOAe (18)

Note that APy = Py — Pexe and Ae = e since ey = 0. Regarding the binomial series of
(14 Ae)? =1-2Ae+3Ae? — ... Ref. [32]. Consider only the first term of the expansion;
(1+ Ae)™? & 1 — 2Ae. Substitute this relation into Eq. (18). We obtain

de 1 Léief d’lsint

dt 3 L3 de

TLY\& T L AA P
e eA 7’ L def ex
C=37s ST 3T

(19)

It should be noted that dPy, /de|.~, < 0. If we denote dPiy, /de|c—e, = —Kp, where, Kp > 0.
Finally, Eq. (19) becomes

% %% .- %%‘:fmext + %%% (20)
Equation (20) has the structure like SLS model Eq. (5) where the pressure time derivative
term is included on the right hand side of the equation. Nonetheless, the viscoelastic behavior
stems from the MPCD equation not from PFC free energy. According to Eq. (20), it is
obvious that the PFC free energy only influences the Kp variable, the second term on the
left-hand side of Eq. (20), but not the structure of the equation. Therefore, the alternative
choices of PFC free energy Eq. (1) can be applied and the PFC-MPCD method should still

produce similar viscoelastic behavior correspond to those PFC free energy choices.
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IV. METHOD OF SIMULATION

For simplicity in all numerical experiments, the PFC free energy functional used in this
study is given by Eq. (1); it should be noted that MPCD equation can be used with any
free energy functional forms which is not limited to Eq. (1). This free energy functional
formulation is minimized by periodic density field of a body-centered-cubic (BCC) crystal

structure. The one-mode approximation of the BCC crystal can be written as

Pone = P + 4A; [0S (qar1) €08 (guT2) + €08 (qam1) €08 (qar3) + cos (qar2) cos (gars)],  (21)

where ¢, = 27/L,. The value of ¢, can be determined from minimization of the free energy
density [33] leading to g, = 1/v/2 and, consequently, L, = 27v/2.

One can also approximate the ranges of € and p where the BCC solid is stable. This is
achieved by calculating the free energy density of the solids using the one-mode approxi-
mations for stripes, hexagonal, and BCC structures and the free energy of the liquid using
a uniform density. Then the phase diagram can be determined from the common tangent
construction and the ranges of € and p where the BCC solid is stable can be obtained [34].

In all simulations, we construct a BCC unit-cell with a periodic N x N x N grid where
N = 16 and the lattice parameter L, = 271/2. This results in the reference grid spacing,
Ary = +/27/8 in all dimensions, and the reference volume Vi, = (27v/2)?. The initial density
profile is constructed with the one-mode approximation in Eq. (21), where the reference
density, py, is specified. The profile is then relaxed using the evolution equation (Eq. (2)),
while fixing Ar = Arg and p = pp, until the equilibrium density profile is reached. At
this state, the reference internal pressure, Py, can be calculated using Eq. (4). Also, the
numerical method employed to solve the evolution equation (Eq. (2)), PCD equation (Eq.
(3)), and the MPCD equation (Eq. (11)) is the Fourier pseudo-spectral method where Fourier
transform is used to calculate spatial derivatives and the forward finite difference scheme is
used to discretize the time derivative. For the viscoelastic simulations, both PCD and MPCD
equations are employed where pressure sinusoidal oscillation profile of Pey (t) is specified and

the change in the volume is used to update the grid spacing through the relation

Ar(t) = (%) (22)

We note that the grid spacing Ar(t) is identical in all directions due to the assumption of

crystal under hydrostatic stress. During the simulation, the mass conservation is imposed
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by changing the average density through

(t) = p% (23)

Also, the mechanical equilibrium is maintained throughout the deformation process; this is
accomplished by relaxing the system using the evolution equation at every time step of the
time evolution from the PCD and MPCD equations. The system response is characterized
by the strain defined by

Rt Ar(t) e A’f’(]

eft) = =0 (24

which is identical in all directions. The profiles of e(t) and Pe.(t) is then used to quantify the
viscoelastic behavior predicted form the PFC-PCD and PFC-MPCD methods. In hysteresis

simulation, the applied pressure is set to
Poxi(t) = Po — Pasin(wt), (25)

where Py is the pressure amplitude. The pressure deviation from the reference pressure will

then be

PO_TTEN) G % sini(ewt). (26)

APy(t) =
With this type of pressure function, the system is then allowed to evolve temporally until
the steady-stead strain-response is reached. The strain response profile at steady state will
exhibit the sinusoidal behavior similar to Fig. 1 and we can numerically measure the strain
amplitude e in order to caleulate the amplitude ratio A, = e1/P4 and phase angle §. When
plotting the hysteresis loop as indicated in Fig. 2(¢), the complex moduli and loss tangent
can be calculated by numerically identify the values of A (pressure value at zero strain),
B (pressure value at maximum strain), and C' (maximum strain value) as shown in Fig. 3.
Then we evaluate the expressions: E' = B/C, E” = A/C, and tan(d) = E”/E’. We note
that in all hysteresis simulations, P4 is set to 0.02P,. Finally, all parameters obtained from
numerical study according to PFC-PCD and PFC-MPCD methods have been thoroughly
compared and discussed. It should be noted that the values of pg and € in all simulations are
restricted at —0.260 and 0.175, respectively. These values of py and € ensure the stability of
the BCC crystal as shown in the phase diagram provided by Wu et al. Ref. [34].

209



(1)
AN
Q

e(t)

FIG. 3. Hysteresis scheme provides all complex moduli parameter information; Storage modulus
E' = B/C, Loss modulus £ = A/C and Loss tangent factor tan(d) = E"/E'; A is pressure at

zero strain, B is pressure at maximum strain and C' is maximum strain value.

V. RESULTS AND DISCUSSION
A. Strain Response and Mechanical Hysteresis Behavior

In this part, we demonstrate the strain response under sinusoidal pressure oscillation
and its mechanical-hysteresis behavior exhibited by PFC-MPCD and PFC-PCD methods.
The steady-state strain responses regarding the PFC-MPCD method are given Fig. 4(a)-(c)
whereas the strain responses regarding the PFC-PCD method are shown in Fig. 4(d)-(f) for
comparison. According the numerical results at oscillation frequency f = 0.004 and f = 0.1,
the steady-state strain response predicted by both methods are in good agreement to each
other. Both methods demonstrate the strain amplitude reduction and increased phase lag
(phase angle) at elevated oscillation frequency. These results are qualitatively consistent with
those of SLS model prediction in Fig. 1 (a)-(b). However, at oscillation frequency f = 1, both
methods seem to behave differently. The amplitude of strain response exhibited by PFC-
MPCD method tends to decline to the finite value while phase lag between strain response
and pressure oscillation predicted by this method seems to be in-phase at this frequency.

On the contrary, the amplitude of strain response exhibited by PFC-PCD method tends
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FIG. 4. Influence of frequency, f, on system response; Sinusoidal pressure input APy(t) (solid-line)
and strain response e(t) (dash-line) established by PFC-MPCD method (a) f = 0.004 (b) f =0.1
(c) f = 1 at 7 = 0.9814; Sinusoidal pressure input APy(t) (solid-line) and strain response e(t)
(dash-line) established by PFC-PCD method (d) f = 0.004 and (e) f = 0.1 (f) f = 1. Note that
all simulation parameters are set at |gg| = 0.2600, € = 0.1750 and Lges = (27v/2)3.

to vanish. Moreover, the phase lag between the strain response and pressure oscillation
predicted by the PFC-PCD method becomes larger at this frequency which is contrast to
SLS model prediction as shown Fig. 1(c). To obtain more insight into these phenomena,
we study the impact of frequency f on amplitude ratio A, and phase lag (d) exhibited
by PFC-MPCD and PFC-PCD methods as indicated in Fig. 5(a)-(b). It is obvious that
both methods exhibit amplitude ratio reduction with increasing frequency. However, this
prediction according to the PFC-PCD method tends to vanishingly small at high-frequency
range whereas the prediction regarding PFC-MPCD method remains at finite value. Besides,
the phase lag predicted by both methods tends to increase at elevated frequency but until
the certain value is reached. In particular, the result exhibited by PFC-MPCD method
tends to reduce its magnitude with increasing frequency after its peak location, unlike PFC-

PCD method prediction which tends to exhibit higher phase lag without the peak location.
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FIG. 5. Influence of frequency, f, on (a) Amplitude ratio (A,) predicted by PFC-MPCD method
(solid-line) and PFC-PFC method (dash-line) and on (b) Phase angle (¢) or Phase lag predicted
by PFC-MPCD method (solid-line) and PFC-PFC method (dash-line). Note that all simulation
parameters are set at |go| = 0.2600, € = 0.1750, Lot = (27v/2)? and 7 = 0.9814 for PEC-MPCD

method.

These results obtained from the numerical study indicate that the prediction demonstrated
by both methods are consistent at low-frequency range but tends to differ at high frequency.
The magnitude of the amplitude ratio can also be illustrated in the mechanical-hysteresis
loop according to Fig. 6(a)-(b) where the results in Fig. 4(a)-(f) are plotted on a pressure-
strain axis. As the frequency increases, the hysteresis loops predicted by both methods rotate
counter-clockwise, indicating smaller strain amplitude (or amplitude ratio). At frequency
f = 1, the hysteresis loop predicted by the PFC-PCD method almost forms a vertical line
with the y-axis in Fig. 6(b) because the amplitude ratio is driven to an extremely small value
or almost zero amplitude. This is in contrast to the hysteresis loop predicted by PFC-MPCD
method which remains tilted away from the y-axis as indicated by Fig. 6(a); this figure shows
that strain amplitude has not been driven to zero amplitude at the high-frequency range.
In summary, the results demonstrated by PFC-MPCD method as shown in Fig. 5(a)-(b)
and Fig. 6(a) qualitatively agree with the SLS model as indicated in Fig. 2(a)-(c). While,
all those results exhibited by PFC-PCD method as illustrated in Fig. 5(a)-(b) and Fig. 6(b)
tend to differ from the SLS model, in particular, at the high-frequency range as indicated

in Fig. 2(a)-(c).
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FIG. 6. Influence of frequency, f, on mechanical-hysteresis behavior (a) Mechanical-hysteresis
behavior predicted by PFC-MPCD method corresponding to Fig. 4 (a)-(¢) at 7 = 0.9814; (b)
Mechanical-hysteresis behavior predicted by PFC-PCD method corresponding to Fig. 4 (d)-(f).

Note that all simulation parameters are set at || = 0.2600, € = 0.1750 and Lo = (27v/2)3.

B. Prediction of Complex Moduli Parameters

In this part, we aim to demonstrate the difference in complex moduli parameters predic-
tion between PFC-MPCD method and PFC-PCD method. All complex moduli parameters
exhibited by the PFC-MPC method are illustrated in Fig. 7(a). while the results obtained
from the PFC-PCD method are showed in Fig. 7(b) for comparison. According to the nu-
merical study, the storage modulus (E’) predicted by PFC-MPCD tends to monotonically
increased with increasing frequency and becomes constant at the certain frequency while loss
modulus (E”) and loss tangent factor (tan(d)) tends to increase in magnitude until their
peak locations are reached. This is in good agreement with the SLS model prediction in
Fig. 2(d) and consistent with real solid behavior [21]. In particular, all results predicted by
PFC-MPCD method are agreeing with numerous experimental observations which can be
found in [25, 26] for shear and young modulus, which are proportional to storage modulus, in
In-Sn and Pb-Sn as well as for loss angle in some alloys [27] which is related to loss tangent
factor. Besides, this consistency is even more pronounced in rubber [28-30] and in elastomer
[31]. This is in contrast to the results obtained from PFC-PCD prediction in Fig. 7(b) where

all complex moduli parameters monotonically increased with increasing frequency without
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FIG. 7. Influence of frequency, f, on complex moduli parameters (a) Predicted by PFC-MPCD
method; Storage modulus (E’) (solid-line), Loss modulus ( ) (dash-line) and Loss tangent factor
(tan(d)) (dense-dash-line) at 7 = 0.9814 (b) Predicted by PEC-PCD method; Storage modulus
(E") (solid-line), Loss modulus (E”) (dash-line) and Loss tangent factor (tan(d)) (dense-dash-line).
Note that all simulation parameters are set at |go| = 0.2600, € = 0.1750 and Lger = (27v/2)3.

peaks location for loss modulus (E”) and loss tangent factor (tan(d)) as well as without the

certain frequency value which allows storage modulus £’ to become constant.
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FIG. 8. Influence of frequency, f, on complex moduli parameters (a) Storage modulus (E’);
predicted by PFC-MPCD method (solid-line) and PFC-PCD method (dash-line) (b) Loss modulus
(E"); predicted by PFC-MPCD method (solid-line) and PFC-PCD method (dash-line) (c¢) Loss
tangent factor (tan(d)) predicted by PFC-MPCD method (solid-line) and PFC-PCD method (dash-
line). Note that all simulation parameters are set at |gg| = 0.2600, € = 0.1750, Lger = (27/2)3 and

7 = 0.9814 for PFC-MPCD method.
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To further investigate into the difference between the results predicted by PFC-MPCD
and PFC-PCD methods, we compare each parameter exhibited by both methods in Fig.
8(a)-(c). It is obvious that the results obtained from both methods are in good agreement in
a low-frequency range but tend to differ at very frequency. All complex moduli parameters
obtained from PFC-PCD method prediction have increased as increasing frequency without
the limit. This is unlike the results obtained from PFC-MPCD method prediction. Although
all complex moduli predicted by the method increases as increasing frequency, they tend to
become limited at a certain frequency value. In particular, all loss parameters, loss modulus
(E") and loss tangent factor (tan(9)), predicted by the PFC-MPCD method can demonstrate
at least one peak location. These observations are in good agreement with the real solid
behavior suggested by Ref. [21] and experimental evidence that can be found in [25-31]. The
peak location in loss modulus (E") paramecter also indicates the information on the suitable
working frequency where the energy is most dissipated in damping material design. On the
contrary, the PFC-PCD method cannot provide this information as indicated in Fig. 8(b).
It should be noted that the particular form of the PFC free energy Eq. (1) is applicable
to crystalline materials such as metals [34]; therefore, it might secm that the results from
this work only restricts to these types of materials. However, since the viscoelastic behavior
originates from the MPCD equation, not the PFC free energy, the alternative choices of
PFC free energy Eq. (1) can be used and the PFC-MPCD method should still exhibit
similar viscoelastic behavior correspond to those PEC free energy choices. The capability to
generalize the PFC free energy enables us to model viscoelastic behavior in different types of
materials such as polymeric materials and elastomer where viscoelasticity behavior is much

more pronounced than that in metals.

VI. CONCLUSION

In this work, we propose a new modified pressure-controlled dynamics (MPCD) equation
incorporating with the phase-field-crystal (PFC) method which refers to as PFC-MPCD
method. This PFC-MPCD method differs from the original PFC-PCD method in that
the pressure time derivative term has been introduced to the new version which enables the
method to predict mechanical-hysteresis behavior and complex moduli parameters correctly,

in particular, at very frequency range where the original PFC-PCD method is incapable.
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This modification is inspired by the standard linear solid (SLS) model; generally used to
predict various viscoelastic phenomena in a solid structure such as viscoelastic-creep, stress-
relaxation and mechanical-hysteresis behavior; where the pressure time derivative term is
available in its formulation. This time derivative term has played a key role in produc-
ing mechanical-hysteresis behavior correctly. The numerical study regarding PFC-MPCD
method demonstrates a good agreement between the results predicted by PFC-MPCD
method and SLS model in many aspects. In the system response aspect, the PFC-MPCD
method shows that the magnitude of strain amplitude reduces with increased sinusoidal
pressure oscillation frequency but then becomes finite value at very frequency. This is in
contrast to the PFC-PCD method where the magnitude of strain amplitude vanishes at
very frequency range. Furthermore, the magnitude of phase angel predicted by PEFC-MPCD
method is consistent with SLS model unlike PFC-PCD method exhibits extremely large
magnitude of phase angle at the high-frequency range without the peak location like SLS
and PFC-MPCD method prediction. In mechanical-hysteresis behavior aspect, the predic-
tion of mechanical-hysteresis behavior obtained from both methods is in good agreement at
early frequency. However, the mechanical-hysteresis curve predicted by PFC-PCD method
tends to be vertical with y-axis which indicates that the system produces zero strain at a
very frequency which is inconsistent with SLS and PFC-MPCD method which produce a
limited strain value at a very frequency while all loss parameters predicted by the method
pass through at least one peak location. These results generally agree with the real solid
material behavior and experimental observations which is in contrast to PFC-PCD method
prediction at the high-frequency range. In summary, the PFC-PCD method can generally be
employed to predict mechanical-hysteresis behavior and complex moduli parameters, how-
ever, the application should be limited at the low-frequency range where the viscous effect
is not dominated. Whereas, the PFC-MPCD method is more suitable to use in predicting
mechanical-hysteresis behavior and complex moduli parameters at the broader pressure os-
cillation frequency. This is consistent with a real solid material behavior which allows us
to predict a suitable working condition for damping materials. We expect that our method
can be extended to a more complex system with microstructural features such as grain
boundary, dislocation, surface or even with other free energy functional form where vis-
coelasticity behavior is much more pronounced and still be capable to exhibit the accurate

mechanical-hysteresis behavior and complex moduli parameters.
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Appendix A: Derivation of Complex Moduli

In this appendix, we aim to derive all complex moduli parameters regarding SLS model

using Laplace transform technique [24]. To achieve our objective, we begin with Eq. (5) as

below
de dpP’
e K/ — / /_ Al
7 +Ke=P +r1 7 (A1)
We apply Laplace transform both sides to obtain
se+ K'e= P 47'sP (A2)

where é is Laplace transform of e. P’ is the Laplace transform of P’. Rearrange Eq. (A2),

it yields

e | B NS

1+17's

Denote that e(t) = essin(wt), then, é = eaw/ (w* + s%). Substitute this relation in Eq.
(A3), it yields

(A3)

- eaw K +s

i , A4
w2452 147/s (A4)
Using partial fraction technique
~=-BYH As 4
&= A5
g w? +827 147's (45)
Rearrange Eq. (A5), we obtain
B B+ Cw? 4+ (A+ B1")s+ (C + Ar')s? (A6)
(w2 +sH)(1 +1's)
To find each coefficient (A, B, C) value, we denote that
AT +C = 0
A+ BT = eqw
B+ 0w = eswk’ (A7)
Then, each coefficient value is
1-7K'
A= —F——
1+ (T’w)QweA
K/ + 7_/(A)Q
B=—7"——
1+ (T’w)QweA
"K' —1
C=-_" wt'es (A8)
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Substitute Eq. (A8) in Eq. (A5), we obtain

5 K+ 7w eqw +(1—7'/K’)w' eas +(7”K’—1)7”w‘ ea (A9)
Sl (Tw)? w2482 1+ (Tw)? w2482 1+ (Tw)? (1+7's)
Using inverse Laplace transform on both sides, Eq. (A9) finally becomes
K"+ 1'w? 1-7K' 1-7K' i)
_ : _ R 7
P’(t) = €h [m] Sln(wt) + eqw [m] COS(Wt) eAW |:1 n (T/w)2:|
(A10)
Denote that
K' + 7'w? : 1—-7K'
P(/] COS<5) = €A [m] s P(/) SlIl((S) = eAW [m] (All)

It should be noted that (Pg/ea)cos(d) = E' and (P|/ea)sin(d) = E” where E' is storage

modulus and E” is loss modulus which can be expressed as below

B K+ 17'w? - 1-7K'
=  —m—m— " —_— w
14 (T'w)?’ 14 (T'w)?
1—7K’

in which tan(d) represents loss tangent factor defined by E”/E'.
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