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Thesis Newton-Cotes Formulae in Runge — Kutta Methods
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ABSTRACT

Newton-Cotes formulae approximate the integral of the complicated functions by
replacing the function with the sum of the product by the values of the function at the nodal points
and its weights. In this research, we usc the points and weights from Newton-Cotes formulae to
be points and weights in the Runge-Kutta method. Then we compare the new Runge-Kutta
method with classical Runge-Kutta method and other methods that have been developed from

Runge-Kutta method to solve first order ordinary differential equation.



a

annssnlszma

a ) od  a dvu o Y P = =4
’J'VIU'I‘LI‘WLI‘Eﬁ‘U‘T_I‘LIﬁ'!ﬁ‘il1ﬂﬂ’]Uﬂ’J’lllﬂ§ﬂl']ﬂ'lﬂf)1i]'liUVI‘IJSﬂ‘kJ'I ‘iﬂ'.ﬂ‘i.vtllﬂi IW‘E’E’!‘U

¥ ' & Vo o ' ¥ v ¥ el 1y ¥
1Hﬂ31ﬂ‘lﬁ’)01ﬂﬂﬂ GhTﬂ’l“b’lLut‘ﬂ’JUlLﬂ‘ﬂiQH1ﬂaﬂﬂ%uiﬂﬂ’ﬂﬂguﬁ:ﬂiSET‘IJﬂ']iﬂI‘YIﬂMﬂ‘!ﬂWLﬁ’I

YOUDUAMINOU 9 UnANYIMNAUTT WM AD IFA LA q nazdaiiidsleae

Iy s '

Aisveonlnddaiaou

: a o @ o o o
‘Uﬂ‘llﬂ‘llﬂﬂllﬁﬂu 9 E)'W'l'i611'}’!T?ﬂﬂ]ﬁﬂﬁ']‘liﬂ!;]')‘lﬁﬂﬂﬂ\?ﬂﬁﬂl 1“W5$1]5H51‘lﬂjﬂnﬂ'¥!ﬂ

munlimasluwazanuiomaonia o

¥
= Ya as

' ‘o R _a a a ¢ Yo o 4
ﬂmﬂnm:ﬂiﬂwuauwmmn’mmuwuﬁim‘uu fIvoU0U IHNUUAIWITAT H9

au

- o a o o ' a
Lﬂummmmmiwuq ﬂaamuﬂgmmiUmmswnﬂmu‘n"lﬂ”munammmmi’ua:

faag ¥ ay 3
Uszaumsana 1N 1w

ANAND WU

=n.



Wi

UNAABOATHING s I

UNARUDATHIDINNY oo et 11

EPTITYT THLLF TINS5 i BaS R ' I

NI Tl Lot v
B TTITRTTIIY o e 01 G A 0 e S \%
RERICTES | S o ort SNy, N, TR \!

L R0 P AN 77N\, O 1

11 AR AE TN ITNOTINUT o L e e i

1.2/ 3005 2R UDAMIITIY 201 2o Bl e BB 2

3o u1yerIET I L2200 W\ SO o oY S N\ e e 2

1A fungddtimetatraC X/ S0 \CIoN BN L o\ 3

1.5 Andatea A oW nug e e e 3

UNT 2 MU T T ITUNGATOL S oot eor it e o T ke 4
) VT Wb 1 SV0) 100, N LSO A o 1102 P AN | A0 N ol Y O 4

p. s 121 VTR, L SEE (A Joo)) T AU0 (G- Sy /. Y & /S 6

RN U e e AN AR A S N ef I N 4 S 10

UNT 3 SRR UTIUMIEITUL & e e et 13

3.1 AgansundiQImigAu R ! 2 e 13

3.1.1 myan 9 ug - TAAOUADAD. ... 13

3.1.2 M9Aa 1 lugUnuDAU-TARDUAVAIN. ..o 14

3.1.3 mgaeaaTugUuuuiiadu- TRASURUF. s 17

3.1.4 mgannlugduuuiiadu-TAasududi. 17

3.1.5 myan 2 luzuuutidu-TAABUALIMA ... 18

3.2 JUHUDUDATTTOUITFUNANT oot 19

3.2.1 STOUIDTINAAIDUAVAOL. ..o 19

322 SSEINITE IR oo 22



¥
M
112717121191 174 1|1 RSSO 1
PNARATONTHIDINGYE oottt 11
ORI IR EVR oo s 0 A A S 11
AVTUR oo, v
S TEIRIIT YT srocmmsssmummnss s s e o SRR A T S T SR S A S Sy \%
TITUTNIN (i P T -+ e os s meeseamsme ssmne e e VI
0 UYL T WD o O WS\ 6 B YV 0 9 S v, S ————— 1
1.1 ANE IR UAZ IIVOITNGIINUT Lo oo e, I
1.2 T00UseaanueanIsane L. ... SOV WD ) NSRRI 2
¥ ¢ LIRTTITLET -~ W ifih 4 e A0 YA A% i iy’ — TROI | WS 2
¥
[ § TunoyIpaTTIIN \ o~ ./ -\ s Z AN N oo AN 3
o o w = 3 = =Y o
¥5 WA pssRi DN I IERe. \C e\ moewet Y- 073 A L. 3
- o Ay Ada ¥
uni 3 o ReINe nOYATAYATA. . o oy e L 4
v, IR IRTEY . o1 )T SR naanwsnuno i i SO N | Vom0 WPlll § SUN 4
AA 3T TAD NG 0. . (OB 2 0 e M 6
R N\ 5 U GLRET R T ool (K /50174 GNP / A 10
UNNA 3 TBMITAMMUMIT IO e et i 13
[ " a o b g
3.1 M09Vl RUIRB N N2 13
1 1 a ow 3 o
3.1.1 A19A02 TUFUMUUTIAU-TAROUATEO. ..o, 13
3.1.2 MR TugUnuutAu-TRABUATAIN ..o 14
3.1.3 M19a039 UG uuuiadu-TAAOUAUA . ... 17
3.1.4 199023 TSI UTIAU-TAABUAUT . ... 17
3.1.5 19029 gD UTIRU-TAABUATMA. ..., 18
3.2 JUUDVVBITHTOUTTTUINAAY oo, 19
300 SIS TIN-HARTOHRIIN. v smsssmmssmsssssss e 19
3.2.2 SHTOUIBTI-NAMITUAVI Moo sssnesssiseneens 22



CRENTGE))

v
Wi
323 T T TR ORI i A R 27
3.2.4 STDYUTTFINAATOURUR L. 30
3.2.5 53HIOUIBTII-NAMIDUAUNN. ........e... Ty a——— 38
A A OB A eiiaonsisssisisinniismmmees s smasermsmssnss sassssseasanbanas S A A 42
4.0 WARAUIHAA DY ..ot 42
42 UNATU.......... o —— e et 48
NN 5 AgUNaM STV VOIAMOIME Lo e e e 49
B 7 LTl T A TSRS ¢ /s, Sruuey \eustU. N NS 49
sf frorupuyssd = Y B/ AN NN N e e N\ 50
Y a
NI IFORIDY... .. aest WY, BERR. ) Y man Y3y - LY 51
MANRR.. S 382 MU B L AAATATY A g S L. 52
wa 3
EERTT: 1 T 7 WA O N 2.5 . S S B IO (N ¥ S



a3UYAIN

- ¥
A5 Wi
2.1 uanIAgAn3ueIg uuutau- 1Rasala.............. s ARSERSEE 6
2.2 uannButcher-array SM3VILTOUTHU-NAAMY T o 7
2.3 uaAIfButcher-array A13U521T0035 303-NAAMUUFANDL. oo 7
s ow A A a ; 3 o

4.1 uaaaramanFIRIVLarAUMANasUIINAYUINMIUATIN 1 45
~ ar 4 d. L) 5 1

4.2 HAAINAIRAUIFIAUAVUAZANUAARADUNAATUINNITUATYHIN 2 s 46
oo 4’1 o a 3 Vv -

43 NARINARAUIFIANAVUDLATINMAMADUAAAYUIINATTUATYHIN 3 47

i



1 wih

1.1 0aRa2395 A WUU RC.o e, 1

&z d‘ ¥ o 1 £ d' = & 1 Y o £ L83 1%
wnanstluenasianulidwiunisidnuienisfinwwiniu eugralnhluliusslevdmunism

Lidnsdllag visdu Bnnsinudlidaudallen wasggenedisdivaaenaisynasandnisluly



1.1 anudnuaz MNveIIngiinusg

Ao w Y o a o o
JymndAagmaanmnmans Iranssumansuazimsugmanivai q Jym

a - o & o ' ' (Y = &
aw13005110 1A TaoaumaiFaoyius Moty dyrnaes iy Re dagii 11 ¥

a ) [V 4
annsaesue lddvaumsiFeeywus [1]

dq _V g

= (1.1)
RN \R\ | R
Lﬁﬂ g UWnu ‘I_Ii:i].vlﬂ‘m (charge)

TR

Voumu Auaadng

R unu amdumu I (resistance)

v o
C Uy G!’Jl.ﬂ‘lJlJ‘i:‘g (capacitance)

R
WV

JUN 1.1 uaaeases I wun Re

a o ddq Y a ' % = o A = a v YV o
auMmIFeYWUTN IFesueilynian q dneziimsdmuadonluigaisuaulnny
. ¥ 3 . g
aumMsnad iy wazGonauns ludnuaeiian Jymuioulusudu(nitial value problem)

] o @ r a = o o @ e
dmiugduuuna Wvedlymidou lvsuduvesaumsiFioyiutanigdudu 1 A

y=f(x,y) (1.2)

Taoiausuduily ya)=c (1.3)



2]

Aad Vv ] aoy = ey

131 lumsunilym 2 dsznn Ao 35 lunmsmiwamanesa uazis lumsninaman
a o 4 4 ad a w aAa ¥y a w o o A A aa
Wanay  FsziiouIndiinvintonlsudlymaumsideyius lullegiunesziionds
331 - NAAT (Runge-Kutta method)

a0 oo 3 e o oar g @

JUHUUTTIAY - TAA (Newton-Cotes formulae) 1iu3T msidaduavildluns

' aw o du & dou da ) Y
Uszmnummnliiusvoaileidu Suiluilsdduiiiinnududeulveglugiuuunasmveana

: . . . ' o e :
ANVYIIADII(weighting coefficient) Lma’,ﬂwmﬁaﬂ%‘m’lQQMBQE'IJM'IJ‘U(funcnon at the nodal

: 4 a a o’qv o ' U a o J’ 3
point) 9 luInuinusiildinermvesyanie vingduuuiingu-1aai I 1iduavessa
1 ] ad & ' o ' L. Y o o '
o2 luszdond3ae - gam Fawanarenuhllunsazousy  udwhimsmidauls linsw
oA oA = an W
Ammae lusziouIs3ue - gaan linsy
a  a j Y ' a o ddaa (U ) = ad
suuutiaay - WWanlumsyszanuan)Siusniamumiug uozszibouis e -

naauduNsUszumm NN AL UM SIF ORI LT ITIIART1 A251119AR 29910

v
suuuiiadu - Ifeilllsdugedevessuiionisgas - naa

v < a s
1.2 Jagiszanueinisiop
A =4 as " act k3
121 WenuIzifivn iy - gamzluuuaie 9 uagiimsadagluuuves

sy

520V - AAA
122 edAnngliuuiagu - e uaznigassningiiuyiieiu - 14a
1.2.3 emguuysztiogd539 - ngaa1 1Inmsevesg iz genlan

a  a s 9 q YA kY a e = a o s
sunutiigu - Tnawszgaaly moudgninamaodmuavuesaunisiFIoyius a iy

1.3 YoUIVAVRINISIDY
3/
adved ldlsmlgesailioniTan - namduduaes suidouds1as - naadudy
@ s2bouIna - NAABUADT salivyIT3e - nemdusuH Az sHToUIT a1 - AR

@ o

o ' a o 3/ 9 ¥ A
suaunn Taomahgavesgdurvuazyandesnngluuniiiau - Taaunlszynaly e

1 I dudilymausudu vesaumsidioyiusanighoglugiuuy

y'(x)=f(x.») :x ela,b]

A A a g
Tﬂnuﬂmau"lmmﬂu

wa)=c



v

nisUivljagUuuuvessaiioydsue-namdmivaudteil fanesnuimsiu

3oV ITFIANAVUVVTUIAYY (single-step method)

1.4 THADUUBINMIIVY

n’: P Y 3 o Pl s Aaw A a 9 @

YUABUN | : AUATUBNEIS LUIAA NOHT HANNS LazUIDoRNeIToanus
divdgagtiunvesszilioudsgae - nam

¥ ' oo

TuAUN 2: ANBUBNMI UUIRA NWE HANMS uazaITeRiReITe iU
Uivsagdunuvesszdiondsjam - naa etlunuamialumsise

v "

JupoUN 3 insaiesziioudT i - peadusuaeatdudunn Taoianag
uozyavesgUiuuvesiany - Ida uiilugasrwazyavospduuy usuifionisja-nam

i) P 4 o A aa Ay au o o aa

YuADU 4 : nlTsumonszdioy T390 - gamnlannmsIsuiusation it e -
naafition 15 uilsgriv

4 .
Yuaauh 5 : aqwatazouIngInug

o o _ ar . = o <
1.5 manannunlslidnasinus
o o 0 o 9/ = r=Y d o w civ
M nannuveIsnin laludnoiinug Haai
1.5.1 52110U35349-NAA1 (Runge-Kutta methods) 1003 5211101353313 - naan
a = & = a  a - 4
UUUFAUTI (explicit Runge - Kutta) Faifusziioudims@adaoai ldudilgnuionmaman
= w o Y
YOITUNISIFIDY WU ey
1.5.2 3unutiadu - 18a (Newton-Cotes formulae) #1009 j0unni141ums

' a o o . i ' o
UszanumUINuS (integration) AN LG
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2.1 3UnuuHIAu - 1A (Newton - Cotes formulae)

b
Y A w e

stuypvoatiaau - Tanilgununa (2] dan

b n
Jf (x)dx = ElAkf(xk)**E[f] (2.1)

=) .

= 1 v o o a  w
Gongiuuui (2.1) Timsdiiuidegduouresiafu - 1a x 5ond1 9eves

o ar o

3111 (nodal point), 4; (30N313A024 (weight point), f(x) WuAanFundoamsnnlsnus

uaz E[f]ilumanumamany

fiom 21 81 x; =a uay x, = b udisengduuniodu - Inaen @.1) A gy -

=Y

TAnwilaila (closed Newton - Cotes formula) iagd x; > a uay x, < budasongluuuii
b4

fu -1t juvutiaay - IAawtiaila (open Newton - Cotes formula)

o 1 ar ) A
NGUHUN 2.1 NRMUAIA X}, X5, X3,..,%,, whugasia q Aulugaalla (¢, 6] 59 x; # x;

"
s

WV i 2 juaz £0q), £(x2), (X3 £(x,) UAWHTMINGTY A, Ay, A3, Ay B

Ml
b n
[ f(x)dx = E]Akf (xg) 2.2)

[

o o P o Y " - '
A5y £(x) Mduwuwafiaaioond neminy - 1



a ¢
wqﬁ}g
9 P a o @ o w —
doamsgruuuidiusiadmiufandu 1, x, x%,.., x" !
o A
HURD
b n
]dx = ZAL
a k=1
b n
der = ZAA X
a k=1
b n
[x%dx = Y A, - x}
a k=1
XK 4 g 3
[x de= 3 Ay - xp,
a k=1
b » ,
LG I ¥
a k=1
. v b Pt
Amualy < ¢, = [x"Tdx
a
A+ A4, + A3 +...+4, #ock
AIxI + Azxz +A3X3 +..8k Anxn = Cz
A ) A 2 A 2 A 2 - (2 3)
lxl + 2X2 + 3X3 +...+ nxn = C3 »
Alxlnrl +A2x;_l +A3X§_l +...+Anx:,:_l = Cﬂ
Tdaumsiyadu Ax=c
_ . L _
1 1 | A4 ¢ |
X1 X2 X3 Xy A, ¢
Ty A= x,z x% x32 xg , x=[A3| , c=|c3
n—1 n-l n-1 n-l1
L X1 X3 X3 RO o _An_ | 6w ]




» ¥
H099IN X1,X5,X3,....X, 1019AA18 7 Auluwa [a,b] dndu |4)#0
= o = A L= 1 n‘:
Soaums Ax=c  ssimmeeuuariiieagameiminiy
VAol A, Ay, A;.... 4, Wil 2.2) Wuede

A290713719A0239033 UV UTIAN- TAAIL 39521 T199ATINIAL HEAIRIANTTIIN 2.1

M3190 2.1 Laraamganvvesguuuiingu - Inawiiatlal3)

1UIUYA A Ay A, Ay As Ag Aq
1 1
g 2 2
L o L
. o 6 6
py 3 3 1
4 8 8 8 g
5 4 2 2 by 2
90 90 9% 9 9
6 A 15 230 30 15 19
288 288 288 288 288 | 288
; 41 216 27 272 1 216 4L
840 840 840 840 840 840 840

2.2 5uDs1I53909 - 0ANT (Runge-Kutta Method)

53 05 HiAAIA 7913 (Runge) (@101 7.7.1895 1ag 81 (Heun) 15107 A.#.1900 13AadAY
suflvuiineinsgifioy i esvinesuazAein NAM (Kutta) )5z asaiionds iy
Sunou et ae. 1901 F418803152fivnTi 50 - nAA (Runge - Kutta Methods) Faiig1luny

F et

s
Yn+s1 = Yn t _Zlbjkj (2.4)
J:

N

[$4]3)] kJ:f[xn+th,yn+hZaﬂkt) (25)
i=1

A I - o P= ad

¥ b, c w0z aj; Wudmlszdnisniionitiu - nam

Tawi [5], cj=2Xaj (2.6)

as =Y

o~ ad o AC{ o =i a "y
suiloyitan - pamduauantdon 1 luilegiuiizduvudai




h
Ymel = Ym +g(k1 +2k2 + 2k3 +k4) (2.7)

iﬂU‘ﬁ kl = f(xmvym)

h
k2 :f(xm +§,ym +—k1)

h h
k3 = f(xm +5’ym +_k2)

ky = f(x;+ hyy, + hk3)

4 Y J o o & P
e l¥nszduyu y5es (Butcher) Tdinaue Butcher-array Fanaas 13 luasan 2.2

A1519% 2.2 UA3A1 Butcher-array [4] dmSuszifionitgae-naaina

Cy | 811 Gy as
Crl Qg A4y Qs
- 5110 VBT S WORL: 3
Cs asl as2 Qg
bl b2 5

= 3 ar : - ad c; = 3 ~ oy
mumm%mmiuﬂ%quuu ITIWYUITIN-NAAT msmuﬂmflm:mw’mzm-qmmuuu

o 4 o o 5 . & -
Fausa (explicit Runge-Kutta method) 9 @;; =0 dmsunna j > i Fauaas 13 luasei

23

M19199 2.3 1aAIA1 Butcher-array dM3V52iio035 3918 - nARUUFALLA (explicit Runge-

Kutta method)

0
€y | 21
o €3 | d31 43
Cs| 51 Ag2 Qs 5-1
by b, l';'.';—l by



suifioudsyaa-naniiluszdiouiF9uRYI (one-step method) Tavguuuallves

52opITF9-NAA1OUAY 5 AD
yﬂ!'l‘l = -""" + l’¢(""”l’y”l:h) "’I = 1"2"“ (2'8)

= S 1 a @ - H 4
TauN#anFua AL (increment function) ¢(x,, . v,,:h) ADANUFURAIAADAYUIATU h B

Amualdigduun Taona Ty (4] fadl

5
P(x, yihy= 2ak; (2.9)
i=1
i f(xm)ym) ,121
1] = i~
SV LRV RO Y NS O\ ey R .y
J=!
i1
uay &= Zb,-j (2.11)

J=!

Taui a;,ciny b Wudunlsz@nsvosseiiondsjua-nam, 4 Hupnuninuesrluua

v
azduDA WM X, — X, 102 s HUHURY (order) Yoe52DBDIT

oY ac P o oo oo w Y ﬁ o
HeNH 2.2 I5MTVULAYI (One-step method) ‘nugﬂlmumu (2.8) 3zUBUAY p 01 p IUUIIUIU

=4 — P A o 3 o @ ad o o
wunnunfige N lidnamsnsznoilanausouge x Tav3smdiaosiu lamauns
Y(x +h) = p(x) - hg(x, y(x); k) = Oh?*) (2.12)
A A Y a
1o y(x)rfluwamanmmma
iniiow 2.2 W18 suflouitgas-nanisudy s s Idnamaslumsfnnuiil

& ' s+1 & ' A o a 3 o
anumamdousglugl Oh™) Famuoanun anumMamasuniiaduINMsiula

L4
5iopIT399-NAMOUA 5 U THUATINVYUIAYDITU h DUAY s+1
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NAA %Wﬂiﬁhlﬂﬂﬁﬂw'liﬂl'l,lﬂ’l’iilﬂﬂi’lalﬂ’lﬂ'lliljﬂuﬂllﬂ’nllf)'ﬂﬂﬂﬂl‘WiJlﬂﬂlNﬂJ‘N AUYU ITIVUUID

o o & a =
JU-NAR - du (5] Fallgdunune
Vel =V +lK +EK +]K (2.13)
m+l m 6 I 6 4 6 5 :

1310 Kl = hf(xm?ym)

Ky =hf(x,, +%h,ym +%hK,)

1 1 1
Ki'=hf(x,, +-hy, +=hKy+—=hK
3 f(. m 3 Ym 6 1 6 2)

Ky =hf(x,, +%h,ym +é‘hK| +%hK3)

K5 =hf(xm +h’ym +%hK] —%hK:; +2hK4)

= ¢ ad 4 o o Aaw o ad
uazszilion s gaus-naa IWanisn aue 1Al a.d. 1969 Taurindduse TWaiisn (E.
Fehlberg) atluszifivnismsniisidiuiivensy Tavsedivuisaananmiiusuibionish
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Ymal = Ym 42 (K% K3) (4.2)
Taun K= f(x,,, =

Ky =f(xp +h,yy +hKy)

- | o o q' = 9
2. suloyuIBa-Nanduay 3 Nhouly

h
ym+I:ym+g(Ki+4K2 +K3) (43)
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KI =f(xm’ym)

h h .
KZ :f(xm +§’ym +—2_KI)

K3 :j‘(xm +h,ym *‘hK| +2hK2)

3. suiloyitjan-namsudy 4 nioyls
h
Ymsl = Ym +E(K1 +2K; +2K5+Ky)
Kl =_f(xm1ym)

h h
Ky = By 1 UK
2 .f('xm-'"2 Ym 2 1)

h h
Ky = =y, A=K
3 f(xm Zyn 2 2)

K4 :f(xm +h!ym +hK3)
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5 f(rm Ym 216 1 2 513 3 4104 4)
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= +iK +2 +12'§ +LK
Ymel = Vm 48 1 56 2 336 3 24 4
IﬂUﬁ Kl :hf(ym)

1 1
KZ :hf(ym +§K| +Ehnyl)

152 252 44
K== 3204 oy =&
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19 72 29 5
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Y=t i =5 (4.8)
x(x—4)

Snamavfiuiese e y(x)=5+In5=Tnx + In(r—4) (4.9)

NIRRT A AIARDLLAAIAIATT S

i 4.1 uaﬂ:mamam%qﬁammmzmmmmﬂﬁ"ﬂuﬁtﬁﬂﬁuﬁlum‘suﬁ{]mumﬁ 1

X=5.1,h=0.1, x=5.1,h=0.0001, x=100.0,h=0.0001,
y=5.0755075525 y=5.0755075525 y=6.5686159179
Calculated Absolute Calculated Absolute Calculated Absolute
Value y Error Valuey Error Value y Error

K2 | 5.0756506239 | 1.430714x10" | 50755788498 | 7.129731x10" | 6.5686159581 | 4.020694x10"
K3 | 50755076180 | 6.548362x10" | 5.0755788498 | 7.129731x10" | 6.5686159588 | 6.547634x10"
K4 | 50755076180 | 6.548362x10° | 5.0755788498 | 7.129731x10 " | 6.5686159588 | 6.547634x10"
FB | 5.0755075507-| 1.83354i%10 | 50755788503 | 7.129782x10° | 6.5686159586 | 4.276080x10"
N21 | 5.0754361150 | 7143747x10° | 5.0755788498 | 712973110 65686159581 | 4.020694x10"
N22 | 5.0754361150 | 7.143747x10° | 5.0755788498 | 7.120731x10° | 6.5686159581 | 4.020694x10"
N31 | 5.0755098684 | 2.315908x10° | 50755788498 | 7.129731x10" | 6.5686159586 | 4.072353x10"
N32 | 5.0754361150 | 7.143747x10° | 5.0755788498 | 7.120731x10" | 6.5686159581 | 4.020694x10"
N33 | 5.0755052949 | 2.257664x10° | 5.0755788498 | 7.129731x10" | 6.5686159586 | 4.071626x10"
N34 | 50755788498 | 3.363501x10° | 5.0755788498 | 7.129731x10° | 6.5686159586 | 4.071626x10"
N4 | 50755075816 | 2.912566x10° | 5.0755788498 | 7.129731x10" | 6.5686159586 | 4.071626x10"
N5 | 5.0755075525 | 2.910383x10" " | 5.0755788498 | 7.129731x10° | 6.5686159586 | 4.071626x10"
N6 | 50755075525 | 7.275958x10" | 5.0755352950 | 1.010629x10° | 6.5686159586 | 4.071626x10"
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Y= =) S (4.10)
V1+ X2
finamasfiniaia fio y(x) = N N (4.11)
3- 21+ x?
IR AR AR AIUAIAAADULAAIRIATT 1
3191 4.2 uﬁﬂqNamaUﬁqﬁ'smmmzmmmmﬂ'&iauﬁxﬁﬂﬁu‘lum'iuf’fﬂtgmﬁ 2
x=0.1,h=0.1, x=0.1,h=0.0001, x=1.1,h=0.0001,
y=1.0050251887 y=1.0050251887 y=6.1100397659
Calculated Absolute Calculated Absolute Calculated Absolute
Value y Error Value y Error Value y Error
K2 | 1.0049937617 | 3.142699x10° | 1.0050352950 | 1.010627x10" | 6.1100009806 | 3.878533x10"
K3 | 1.0050377575 | 1.256881x10° | 1.0050352750 | 1.256881x10" | 6.1100398300 | 6.413757x10°
K4 | 10050252274 | 3.869718x10" | 1:0050352950 | 1.010627x10° | 6.1100398412 | 7.534254x10"
FB | 1.0050225892 | 5.894264x10° | 1.0050352950 | 1.010627x10° | 6.1100398413 | 7.537164x10"
N21 | 1.0049937617 | 3.142699x10° | 1.0050352950 | 1.010627x10° | 6.1100009806 | 3.878533x10"
N22 | 1.0049937617 | 37142699x10° | 1.0050352950 | 1.010627%10° | 6.1100009806 | 3.878533x10"
N31 | 1.0050222220 | 2.966481x10° | 1.0050352950 | 1010620x10° | 6.1100397947 | 2.879800x10"
N32 | 1.0050137571 | 1.143155x10° | 1.0050352950 | 1.010628x10” | 6.1100274339 | 1.233201x10"
N33 | 10050365138 | 1.132511x10° | 1.0050352950 | 1.010629x10° | 6.1100398855 | 1.196240x10"
N34 | 10050195109 | 5.677741x10™ | 1.0050352950 | 1010629x10" | 6.1100397755 | 1.363514x10"
N4 | 1.0049999965 | 2.519221x10° | 1.0050352822 | 1.009355x10° | 6.1100398412 | 7.534254x10"
NS | 1.0050251662 | 2.250636x10° | 1.0050352950 | 1.010629x10° | 6.1100398412 | 7.535709x10"
N6 | 1.0050251911 | 2.417437x10° | 1.0050352050 | 1.010629x lo‘5 1533527:&10'8

6.1100398412
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y' =y iile y(0)=0.1. 4.12)
finamaoiuResa fio y(x) = ——— (4.13)
J260-x)
NIRRT UATLAZ AR IAIN DI TAIAIATI 1
M3 4.3 uﬂmHamauﬁa#‘hmw.azmmmmﬂﬁ"ﬂt&ﬁﬁﬂi‘fﬂhmmf’fﬂnﬁ;mﬁ 3
x=0.1;h=0.1, x=0.1,h=0.0001, x=49.9,h=0.0001,
y=0.10010015025 y=0.10010015025 y=2.2360679778
Calculated Absolute Calculated Absolute Calculated Absolute
Value y Error Value'y Error Value y Error
K2 | 010010015008 | 1.753051x10"° | 0.10010025055 | 1.003013x10 " | 2.2360675851 | 3.927089x10
K3 | 010010015025 | 1136868x10" | 0.10010025055 | 1.003013x10" | 22360680765 | 9.071066x10"
K4 | 0.1061001 30951 Lisgeder o Jo/ 10016625055 | b 0030 [Betb ot 22360680761 ||9l894939x10”
FB | 0.10010015025 | 1.136868x10" | 0.10010025055 { 1.003013x10 | 2.2360680781 | 7.002954x10"
GJ | 010010030624 | 1.550881x10 | 0.10010025072 | 1.004693x10 | 2.2418914989 | 5.823521x10°
WU* |0 10010584213 | 5.691884x10" | 0.10000010599 | 1.000443x10" | 17.085971673 | 14.8499882389
N21 | 0.10010015008 | 1753051x10 . | 0.10010025055 | 1.003013x10" | 22360675851 | 3.927089x10"
N22 | 010010015008 | 1.753051x10"" | 010010025055 | 1.003013x10” | 22360675851 | 3.927089x10”
N31 | 010010015030, | 5.013590x10 " | 0.10010025055 | 1.003013x10. | 22360680058 | 2.806337x10"
N32 | 0.10010015020 | 5.513812x10" | 010010025055 | 1.003013x107 | 2.2360679230 | 5.478796x10"
N33 | 0.10010015025 | 2.273737x10° " | 0.10010025055 | 1.003013x10" | 22360680754 | 9.762516x10"
N34 | 0.10010015025 | 1.136868x10"" | 010010025055 | 1.003013x10" | 2.2360680765 | 9.875293x10"
N4 | 010010015025 | 1.136868x10" | 0.10010025055 | 1.003013x10" | 2.2360680754 | 9.762516x10"
N5 | 010010015025 | 1.136868x10™ | 0.10010025055 | 1.003013x10” | 2.2360680675 | 9.873474x10"
N6 | 0.10010015025 | 1.136868x10" | 0.10010025055 | 1.003013x10” | 22360680754 | 9.765427x10

* sUunuves wu 1999 y(0) uaz y(0.5k)1ilu 2 andonlusudu
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Newton-Cotes ormulas in Runge-Kutta Method
Maitree Podisuk and Somsakun Phummark
Department of Mathematics and Computer Science
Kingz Mongkut's Institute of Technology Chaokhuntaham Ladkrabang
[_adkrabang Bangkok 10520
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Abstract: In this paper, we will introduce some formulas of Runge-Kutta method for

solving the initial value problem of the ordinary differential equations by using the
points and weights from the Newton-Cotes formulas for the numerical integration. We
will use these formulas to find the numerical solutions of some examples and compare
these results with the classical known Runge-Kutta formulas.

Key-Words: Runge-Kutta Newton-Cotes Fehlberg Goeken Johnson Wu
s . n’ —3n+4
1 Introduction with Je 2 :
The initial value problem of the The most frequently used are the three
?rdinary differential equation is cf the points classical formula
orm

(1) y'(x) =f(x,y).x €[a,b]
with the initial condition

h
@) You =Ym +E(K' +4K, +K,)

where K, = (X, Ym)

(2) y(a)=kc.
The partition P over the closed interval
(a.b] is the finite sequence of numbers,

Xos X Xof. 8, XK where
%, =a <kl<2, deiM TP
- n
- - I ‘a
x_ =a+mh where h= . The n-

n

points Runge-Kutta formula, the explicit

single step method; to find = the

numerical solution of the above problem

(1)-(2) at the point x

(3) Yoo = Yot HIAGK, RAGK %0
+A,K,)

where K, =f(x_,,¥.)

K, =f(x, +ha,,y, + DI

K, =f(x,_, +ha,,y, +hp,K, +hBK;)

is of the form

K, =f(x, +ha,,y, +hBK, +hB;, K,
+ ...+ th‘,n.-gKn-l)

h h
= 0 s +—K
2 ( m 2 Ym 2 l)

K, =f(x, +hy, —hK, +2hK,),
the four points classical formula

h
(5) yrn+| = ym 7 _g(KI +21(‘2 +2K3

+K,)

where K, = f(X,,,¥n)

h h
)=t +—, +—K
? (xm 2 yrr\ 2 l)

h h
K\e=F +=y +—K
3 (X 5 Y 5 2)
K_‘Zf(xm-l-h,ym'*hK;),
and the five points Runge-Kutta

Fehlberg formula

25 1408
)y .=y +h(—K, +——
( )ymﬂ an (2]6 1 2565

2197
+——K _14(5)
4104

Y8
where K, = (X, Ym)

K,

h h
K,=f(x_, +—,y, +— K
2 (Xm 4 Y 4 1)
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K, =f(x, +2hy. + —hK, + —hK,)
3 m S I 32 Ll 7 s
12 1932
K, =f(x, +—h,y +-——hK,
2197
200 7296
e DR e i

2197 7 2197

439
K,=f(x, +hy,+—hK, -8hK,
~* e )

+).6ﬁ Kl_ = hK.t)-

513 4104
In 1999 Goeken and Johnson[l]
introduced the following four points
Runge-Kutta method for finding the
numerical solutions of the autonomous
initial value problem of the ordinary
differential equaticns and it 1s of the
form

5 27 125
7 G =Y T — K
()le y 48 1 56 -336 3
1
+")_4¥K4)

where K, =hf(y_ )

1 1
K, =hf(y +=K, +~=hf K
: by 3 W L K

152 5
K, =hity [ 42 K)ol
| Wi ()
4
D )
(B @

)R
K, = hf(y, Vi, ST WA
2 7o G0

J) .
+Ehf_\Kl).

In 2003 Wu[Z] introduced the two-step
formula Runge-Kutta method = for
finding the numencal solutions of the
autonomous initial value problem of the
ordinary differential equations and it is
of the form

3 1 1

(8) Yomu = Ey“’ _Ey'"“ +h(5 f

121 8 23
+—1F ,—hf Bl

e 44 8
——hf_+—hf —hf

3 23 (ym+“ -

121 20

s =
192 SES 29 hfo-)
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25 e a4
_—]E b 23 m-1

44 3
EJ -;E l-(},n-.—l * ﬁilfm-l))) -

2 Problem Formulation

The idea of our new formulas is to use
the points and weights of the Newton-
Cotes formulas for finding the
numerical solutions of the definite
integrals. We obtain the following
formulas.

2.1 Two Points Formulas
There are three formulas of this type.
The first formula is of the form

h
(9) Ym-rl =y"1 +§(2K1 +K2)
where Ky 2 f6xa¥w)
KON S (96 8.5 3h +3hK )

o\ X AL, - -

|4 m 2 y"l 2 1
The second formula is of the form

h
(10) ym+l=Ym +§_(K|+2Kl)
Wherd (KB Sltendlo
RAA(R +ih +3K )

e/ A m 4 ‘Ym 3 iy -
The third formula is of the form
(1]) Ym+|ZYm+hKZ
where K, =f(x_,¥.)

h
K, GSYR +%,ym +EK')'

p.~ Three Points Formulas
There are four formulas of this type.
The first formula is of the form

h
(12) ym+,=ym+z(K,+3K,)

where K, =f(x..¥.)

J2h V2h
K,=fx,+ N F
» =f(x, 5 Y 3
2_
( ;/E)hKI+J2_
The second formula is of the form

K)

K,=f(x, +—§—h,ym +

3 )

Lo
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P 5
(]3) Yot Y +3("‘\| _4:\:

+5K,)
where K, =f(x_.¥..}

h
K. = f(xm+—,ym+}—1K,)
- 4 4

h

30
Sh
15
The third formula is of the form

h
‘:fx +—’ l'h_ 1
; =f(xq Y

+

K.).

h
(I4) mel:Ym+7(3Kl+K3)

where
h h
K, =f(Xp+=Ym +Z YK Y a
( R (XY ))
2h 2h
K’:fx + —, m+—K‘l
, = f(xn 7/ )

K, = f(x, +hy, +hK,):
The fourth formula is of the form

(15 Yod =Ym +l(191<, 20K,
54
+55K,)

where K, = f(x ., ¥i)

3h 3h

K, =f(R 1 +2-,Y o=

- ( m 10 yl“ 10
3h 3h 6h

K. =A% 3y —de] far— K

3 ( m 5 Ym 55 1 .ll _)

K

2.3 Four Points Formulas
There is one formula of this type and 1t
is of the form

h
CI6Y Y =V +~8—(Kl + 3K, +3K,

+K,)
where K, =f(X_,,¥m)
h h
K,=f(x,+=,y.+=K
3 . 3 Y 3 1)
K3=f(xm+%h,ym—%K-+th)

K,=f(x_,+h,y, +hK, —hK, + hK;).

2.4 The Five Points Formula
There is one formula of this type and it
is of the form

AT EMATIOS
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h -
_ (7K, 432K
(17) y|nnl_y"‘+90(f}\' 2
+12K, + 32K, +7K,)
where K, = (X, ¥w)
n,

h
K1:f‘"' + —, _‘__!\
2 (\m 4 Ym 4 'n)

h 3
Ky =f(x, + = Ym ™ hK, +5hKl)

3 9 3
= 3 -'.—-—h‘ —i‘-—‘-hK ‘——hK
K.l f(‘(m 4 ¥im 16 I 8 2
9
2 HE
16 »)

18
Y h,y. - hK, +7th

AS The Six Points Formula
There is one formula of this type and it
1s of the form

h
18 _fvei—= 1 9 + V3K
( ) ym+| ym 288( 1 2

+ 50K, + 50K, + 75K, +19K,)
where K, 4 L¢ , yal

h h
K. =f( Syedt =K
o gt Yt 0

2 h 3
K.=f@ Zh,y_——=K,+=hK,
A RO RLIN o ) 3 2)
3 3 3
K2 f(x. #=h,y o+ =kt ——hK
3 (‘m 5 Yru 20 ] 10 2
3
+=hK
)
4 h 6
K, ==X . +§h,}’m —I—S‘Kl +§hK2
2
-hK, +=hK,)
3
23 45
K. =f(x_+hy_ +-—hK, -——hK
o =1(x, Ym 38 ' 19 2
30 15
B0k K, +2hK,).
38 19 19
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3 Examples
There will be three examples n this
section. We will use the followimng
symbols for the formulas uscd for these
three examples:

K3 for three points formula (4)

K4 for four points formula (3)

FB for five points formula (6)

GJ for formula (7)

WU formula (8)

N21 for our formula (9)

N22 for our formula (10)

N23 for our formula (11)

N31 for our formula (12)

N32 for our formula (13)

N33 for our formula (14)

N34 for our formula (15)

N4 for our formula (106)

N5 for our formula (17)

N6 for our formula (18)

We use these fifteen formulas to find the
numerical solutions of the following
three ordinary differential equations
which include one equation of the
autonomous initial value problem of the
ordinary differential equations.

3.1 Example 1
Find the numerical
equation

solution of the

4
x(x—4)
with the initial condition
20)  y(5)=5.
The analytical solution of the above
equation is
y(x)=5+In(5)—In(x) +In(x—4) .
The numerical results are in following
table 1, 2 and 3.

(19) y'= , X €[5,100]

tesue 1, Volome 4 January 2005 1SSN 1106-2777

x=5.1,h=0.1
y=5.0755075525

Calculated y Error

K3 5.07565076180 | 6.548363x107%

K4 5.07565076180 | 6.548363x10°°

FB | 5.0755075507 1.840817x10°

N21 | 5.0758463487 3.387962x10~"

N22 | 5.07554361150 | 7.143748x10°°

N23 | 5.0754361150 | 7.143748x107°
N30 | 5.0755098684 | 2.315908x10°
N32 | 5.0754361150 | 7.143748xi0°

N33 | 50755052949 2.257664 %10
N3 | 5.0755788498 | 3.363501%107°
N4 | 5.0755075816 2.911838x10"*
NS | 5.0755075525 2 182787 x 10"
[No | 50755075525 | 7,275958x10""

Table 1
x=5.1
h=0.0001
y =5.0755075529
Calculated y Error

K3 | 50755788498 7.129731x107°

K4 | 5.0755788498 7.129731x10°°

FB . | 5.0755788498 7.129731x107°

N21 | 5.0755788503 7.129782x10°°

N22 | 5.0755788498 7.129725x10°*

N23 | 50755788498 7.129725x107°

N3! | 5.0755788498 7.129731x10°°

N32 | 5.0755788498 7.129725x107°

N33 | 5.0755788498 2.129731x10°°

N34 | 5.0755788498 7.129731x10°

N4 | 50755788498 7.129731x107°

N5 | 5.0755788498 7.129731x10°*

N6 | 5.07550352950 | 1.010629x10°°

Table 2
[ x=100.0
h = 0.0001
y =6.5686159174
Calculated y Error

K3 | 65686159588 6.547634x10°"

K4 6.5686159588 6.547634x107°

FB | 6.5686159586 4.276080x10"

N21 | 6.5686159607 4,276080x10°"°

N22 | 6.5686159581 | 4.020694x10°"

N23 | 6.5686159581 4.020694x10*

N31 | 6.5686159586 4.072353x107°

N32 | 6.5686159581 4 020694x10°®

N33 | 6.5686159586 4.071626x10°"

N34 | 6.5686159586 4.071626x10°*

N4 | 6.5686159586 4.071626x10°®

NS | 6.5686159586 4.071626x107"

N6 | 6.5686159586 4.071626x107"

Table 3
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32 Fxample 2
Find the numencal
equation

(21) y'=

solunien of the

xy’
1+x°
with the initial condition
22)  y(0)=1.

The analytical solution of the above
1

-, xe[0.1.1}

e U NVolume 4 Januay

equation is y(X)=

J- 21+ %’ .

The numerical results are in following
table 4, 5 and 6.

x=0.1,h=0.1 T
y =1.0050251887 A
Calculated y Eerror
K3 | 1.0050377575 1.256881%10°
K4 | 1.0050252274 3 869718x107°
FB | 0.011640225892 | 5.894264x10™°
N21 | 1.0049446518 8050692x10~°
N22 | 1.0049937617 3.142699%107
N23 | 1.0049937617 3.142699%10 |
N31 | 1.005022222 2 966481x107° |
N32 | 1.0050137571 1.143155%107°
N33 | 1.00503651380 | 1.132511x107°
N34 | 1.0050195109 5.677741x10°°
N4 | 1.0049999965 2.519221x10°°
NS5 1.0050251662 2.250636x107°
N6 | 1.0050251911 2.417437%107°
Table 4

x =01 I

h = 0.0001 '

y =1.0050251 BS‘J

Calculated y Eerror

K3 | 1.0050352750 1.256881x10~°
K4 |1.0050352950 1.010627x10°°
FB | 1.0050352950 1.010627x10~"
N21 | 1.0050352950 1.010627x10~°
N22 | 1.0050352950 1.010627%10°°
N23 | 1.0050352950 1.010627x10°°
N31 | 1.0050352950 1.010629x10°°
N32 | 1.0050352950 1.010628x10°°
N33 | 1.0050352950 1.010629x10°°
N34 | 1.0050352950 1.010629x10°
N4 1.0050352822 1 00935510
NS | 1.0050352950 1.010629%x10°°
N6 | 1.0050352950 1.010629x10°°
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Table 5
M Tx=1.1
h = 0.0001
y =6.1100397659
B Calculated y Eerror
K3 6.1100398300 6.413757x10°
iﬁt 6.1103398412 7.534254%10°°
FB | 6.110398413 7.537164x10°°
N21 | 6.1100353435 4422414107
N22 | 6.1100009806 3.878533x10°°
N23 | 6.1100009806 3.878533x107°
N3 | 6.1100397947 2.879800x107°
N32 | 6.1100274339 1.233201x107°
N33 | 6.1100398855 1.196240x10~
N34 | 6.1100397755 1.363514x10°"
N4 | 6.0998529267 1.018684 %107
N5 | 6.1100398412 7.535709x10°°
NG| 6.1100398412 7.533527x10°"
Table 6
3B Example 3
Find the numercal solution of the
equation
@3\ Ay ESIX EDAD.9]

with the initial condition

(24)

y(0)=0.1

The analytical solution of the above

1

equationis y(x)=—F———"
q y(x) 50 %)

The numerical results are in following

table 7, 8 and 9.

x=0.1,h=0:.1

y =0.1001001502

: Calculated y Eerror
K3 0.10010015025 | 1.136868x10"
K4 0.10010015025 | 1.136868x10""
FB 0.10010015025 | 1.136868x107"
GJ 0.10010030624 | 1.559881x10~"
WU* | 0.10010584213 | 5691884x10~°
N21 0.10010015023 | 2.523848x107"
N22 | 0.10010015008 | 1.753051x10~"°
N23 | 0.10010015008 | 1.753051x107"°
N31 0.10010015030 | 5.013590x10°"
[ N32 | 0.10010015020 5.513812x107"
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P N33 | 010010015025 | 2.273737x]071
[ N34 ] 010010015025 | | j36868x10"
N4 0.10010003749 | 1.127629x10""
N3 0.10010015025 | 1.126868x10°"]
N6 | 0.10010015025 | |.136868x10"
Table 7
x=0.1
h =0.0001
y=0.1001001502
Calculated y Eerror
K3 0.10010025055 | 1.003013x107" |
K4 0.10010025055 | 1.003013x107’
FB 0.10010025055 | 1.003013x107"
GJ 0.10010025072 | 1.904693x10~
wuU* | 0.10000010599 | 1.000443%10~*
N21 0.10010025055 | 1.003014x10Q77
N22 0.10010025055 | 1.003013%107"
N23 0.10010025055 | 1.003013x107"
N31 0.10010025055 | 1.003013x%10°7
N32 0.10010025055 | 1.003013x10~
N33 0.10010025055 | 1.003013x10Q°"
N34 0.10010025055 | 1.003013x107’
N4 0.10010015051 | 3.819878x10""'
NS5 0.10010025055 | 1.003013x10~
N6 0.10010025055 | 1.003013x10~"
Table 8
x =499
h =0.0001
y =2.2360679774
Calculated y Error
K3 2.2360680765 9.0710655%10°"
K4 2.2360680767 9.894939x10°"
FB 2.2360680781 1.002954x10°"
GJ 2.2418914989 5.823521x10™
WU* | 17.085971673 14.8499882389
N21 2.2360680058 2.806337x10™°
N22 2.2360675851 3.927089x10”’
N23 | 22360675851 | 3.927089% 10"
N31 2.2360680058 2.806337x10°°
N32 2.2360679230 5.478796x10°°
N33 | 2.2360680754 9.762516x10°"°
N34 2.2360680765 9.875293x107*
N4 2.2347659623 1.302016x10~°
N5 2.2360680675 9.873474x10*
N6 2.2360680754 9.765427x10*

Table 9

Clesue b, Volume 4 January 2005 ISSN:1109-2777

= WU tormula used y(0) and y(0.5h)

as the imitial two points.

4 Conclusion

All new formulas are as pood as we
expected, except the formula N4.
These new formulas will give us more
freedom to find the way of finding the
numerical solutions of the initial value
problem of the ordinary differential
equations. However we have to keep
in mind that the above numencal
solutions are just for only these three
equations and the Wu formula is the 2-
step formula. We would like to
recommend the formula N31, the
formula N34 and the formula N5.
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