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ABSTRACT 

We kn ow that Mm,,(R), the set or all m x n matrices over R, is a r - semigroup under usual 
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'IU~ 11,1 "1U(LfllJ1Jl 

lLA~l~\Him.J ~ 
c 

v'BU~~ L-Wtib~I""tJ 

ii~LLU1'(U!I~thLUU 

'UElWll (JIVl]V r 'U()~ 

M'"l1 CR) ~l111'1 
T L;JtJ r-~~rqu 

tlB8 'U8 ~ M"'lI CR) 

l vl(J L~lJ\lmlIVl~ fl'li 

'UU i(i) L~fllU~'lJtJ 1(i) 

m X n ~v)1 

LLtlil L.V., ,~mil'~ 

'ot>l"m~nlUl'lll' 

thW r 'lHN 

Mn", CR) ~."h 

'(..:I T L~\J i - nIl 

n1t1~mJ '!liN 

MmnCR) 

~ n~1nl'n1~t1tJ 

·.1'";1\i'U vlUl-l 

~\1 ~WG UIlHlt.;l~!J 

[2] 

,,~1Jc.J" n1'i%!J 
t 

I 

เอกสารนี้เป็นเอกสารที่สงวนไว้สำหรับการใช้งานเพ่ือการศึกษาเท่านั้น ไม่อนุญาตให้นำไปใช้ประโยชน์ด้านการค้า 

ไม่ว่ากรณีใดๆ ทั้งสิ้น อีกท้ังห้ามมิให้ดัดแปลงเนื้อหา และต้องอ้างอิงถึงเจ้าของเอกสารทุกคร้ังที่มีการนำไปใช้ 



4 

, , , 
Q .t:::Io. Q ~ll.I'qd iI 

'U'Vl'Vl 2 bb'U1 fHil 'Vlq93.Qbb6'l~.:J1'Ul'ilt:J'Vl bnt:Jl'VB.:J 

d
2,1 [ -mm'\.J, 

uVli'hm.l 2.1.1 [2) h~ 5 L\il ::: r L"\Jl'llM'bj-h~ L'l ll5tJr) 5 '-h T-11JD'f1l (ll)jn'l'l " ~ 5 x rx 5 ----> 5 . ·JI LLvnml~(i~ 

(a, y, b) ~"W ayb iib"8V:f'1f\tl~~~.I'lJ~ 

(aab)(Jc = aa(b(Jc) li'1't15\J"ln a,b,c E5 LLl1 dl\~51JVJn a,(J Er 

rn'H)~I~ 2.1.3 (1) H X Lli:l::: Y lUUL'1.H'lhril , 5 = {f: X ----> Y I f lil~Y:~r'~u } Ll ~::: r = {f: Y ----> X I f . tJ\I \~l ~riiu} 'il::: 

It>1',h 5 .~tJ r-~-1n1 1.J fndl~n wJ'l:::ntl'U'VBY;;)~rli"J 

rn18~1~ 2.1.4 [3) hI 5 = [-l,lJ LLf\ :; f= {(_~)n I n Itli{1\J~\"~t;\l1n} 'i):;l!;l'h 5 dJ\.J r-~~n~tlmtJ1rifnt 'l~rutl n~'1Ii)~ 

')'1 tJ,)U'il~~ 

,hv-rtJ~~ (l1 U1M'l l'l1 (1 1lJl'l (1(1il~ r-~~n1 tllv1'illn~~fqtl 5 "Lvwnwh101UvI1v. 5 =r 'l-uvmmltJ ri'tI 

(\ 1'1-15 ~ r-M~n{tJ 5 '[111'1 LLi'l l; a E r 'ill:;ldil1 (5, ,) uun~nl\J \l1ItJ Vi a • b = aab ''In'l a, b E 5 iK~JUL 'l ,~~n~l'ila;1 1 

r'-n ~ n ~'JLL" :; Ii~n1tflmfl'l~?1 ~1 ~~~ntJ Lbm; n1J 
~; -;nnnt'lVlUVI')tlTmUn'm.l '1h1~L"l.iu~L~tJlc;\'tlL Wif('l l'il tl l,1r·)'; ?1'~'1 ~ r- rl~ f)'pJ LtJ 'U n ' 'l ')j ~l1tJvi',hJ'lJ tl 1 

t"l ·H<1~1~~~n11.l J~tl"nf1C, ;;,nl'lLLtJ r LL"J ::: ·U;.JV1 'lJ tl~ r -~ ~ n~tJ8tlENlm '\Jl~~J (1) 1.11ltJBB\JltJ~oUIi1'IJ8 ~~ ~ n~tl8 ilfJL)U 

'T\.nu~~~ J11Vl\lln l 'j1.nnLLf\:; n1'l~ruunf.i h 18 nt'lf11-v'ltll1l r v\L",m:;~ lJ iK~-d' 

VlfI~nuVl 2.1.6 [1) 1~ r~ {a} ~-dvi"l-i 'cil~'lJB ~ ~I1J1t1'il~ 1 I LQU r-~~n1utJmJ'lJ B Wl!!I1'U 1l \l1\.Jl'U\11 ~ R rrltJ1 \llnl 'l 

'lJ') \JfI~ n~tlLDIl I mflu 'lull1.J Uv1Il'tu,i 
~, " 

1. R IV. (y, (0) L~v Y ~ -a 

II. {-a} V . (-oo,y] d:m y ~-a 

UJ ly, (0) ,lit) y ~ -a VI. (-oo,y) LiJll y~-a 

-;nm.J'IlVtJltJ'UtJ1 r -ii.; n1,JEitJ<J "1'lViL~''Il~'I\Jl1 [mjL91nl~ nmjn~ 'lh1~LiJti~~n 1U~tltJ'lJtl ~ R ".,:; {o}-~" n'pJ 

UvtJ'tltl R Lthl~~.AtJ,n"J 1'1 JU\~ L~ 'ILL'YMi1 a = 0 I1~H!lJYI'l't!t~tJ'Il'ih ~ Jl1J m'iJ:-:1"'1h 1~dJu~1 n'itlc.i v tJ'IIi)1 R iK~-d' 
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R IV . (y,oo) dJil y ~ 0 

It (0) V. (-oo,y) bi'ltl ySO 

d 

I 

][I [y, (0) ,1W y ~ 0 VI (-oo,y) LiJa y S 0 

VJbl~~UVJ 2.1.8 [1) H a> 0 \J:;lJ)"il '(h~1J 8 ~-JltJltJ\I~~ , ~tJtJ (a} -~~ n1Utmu·tli)Wll 'lJ !) ~~'\,'U"~~ R i11 EJ1a1 

rn'lAUJ\Jn~ nl>im~8 , Bt..1u~'tJ\'U UlliB \J~ , ,~ 

.,.; 1 2 1
[ R V111 [x,y) LlJ8 - - S x S 0 S x a S y S ­

a a 

.d 1 2 1
[j (0) IX . [x,y) ' u- -SxSOSx a<yS ­

a a 

m 2JII X (x, y) LlJil - ~ S x S 0 S x a S y S ~ 
a a 

d 1 1
IV (0,00) XI (X,y) llJtl - - S X S 0 S x 2 a S y S ­

a a 

V. [0,(0) 
.. 1

VI (X, (0) L ~ltJ X ~-
a 

.d 1 
VII [X, (0) L~JV X ~ ~ 

tLi1 :; {1} ";~n ~\lurJ I J'U()~ R ,\JU~ '1\~tJll1\J \I1 n 'l1 'l'tJDUYl'th~~\J L~m VI Al a = 1 "n\l:;l~~1J LL\JtJ.Ji,nUJ\i)'lJfJ ~'dl ~ 
I ,;]LthJ M ~n~'lJu fJ tJ'ua~ R :'lii 

.j 

I. R V Ill. (0, y) lll) 0 < Y S 1 

II (O) IX (0, y) ,nil 0 < Y S 1 


1IJ (l) X [0, y) r)v 0 < Y S 1 

d 

IV . (0,00) Xl. [0, y) LWl 0 < y S 1 
... 

2V [0, (0) XIl. (x,y] ,~v -1 S x < 0 < x S Y S 1 

2vt (x, (0) ,iiB x ~ 1 xm [x ,y) L~ !) -1 S x < 0 < x < y S 1 

2VII [x, oo) Llm x~ 1 XIV. [x,y) U.ltJ -1 s; x < 0 < x S Y S 1 

L'llYl'llU;l'l fltil1acil ~ 2.1.2 'h Mmn(R) L<ll(il 'lJCl~ LlJ Vl~ n~hJ\nl7l m x n UtJ R ~{Ju l-~~n'i tJ f' l~iti,nT'i ~rutJn\i1 

i:ilVl ~U L'lJ01 ~ i)EJltJ "h~ r 117l'l'lJB ~ Mnm(R) nl'lLWnLLfJd'udu'l ~ L<D \l\ci e:lEJhHI~ r ·J u ~ Mllm(R) vlil-.1 T Li) \J r-~~ 

nrJtivU'lIEh! Mm )! (R) Lc;wVi T \iJM't1\i1ti!l U'tIa~ Mmn (R) \i1 1JJv\ fh!l\JQ)l~ 1vMn 'tJ1HLLk JlIilL [1] vi il'll nffitJ'\l ::: mh~(i~ 

~ <I ;;1v'ithw,:m.Jl~ ~''L!\I '' n [1J ;~ .th.JL\tn~\i)VI~f),U8 ~'ltJ%m' 
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Nn = (1,2, ... , n) L~tl n djUIlTUltJ'JU 

o. = {a, li1 i * j 
til, i11 i = j 

R t~"I1\J 'I1(!) "Jm ~11.J1U~~0 

'VlC)~a1J'Vl 2.1.10 [1] U i E Nm, j E Nn LLfl:: T = {(a,sl E MmnCR)! aij = o} \I:;lli1+ T LthJ r-~~n\UtJ tlEJ'UD ~ 

Mmn(R) n!Jim~e rC:;;;{[bpq ] E Mllm(R)! bpq = 0 t"tril p *j llP= q * i} 

m~~LnW)l L~tl T LtJ Ut'l!!1I'tJtl~ lJV1~n.g~'j :; 1.l Y1U~ V1~~!lilLLV1 \J ~ iJ 'l LthJ 0 (mJlJ~ 111u ~h"V1ti~LU11~ i LL<:1:: V1~n 

Vi j If'!lLUU 0 \ttl atj = 0) :: t ,;iul l1i'n1:l(1..1 :; 'lJ tl~ '. L~ \'l :;ii\ILLV1 \J ' i) ~L1J 'Il~n'li'lu r l'IlulJ1nii f, lLUU °VnL1Uiil'l L,V1\J ~ 

tl~hmtll l,mY{ j L<:1 :; \I i9n;~ i 

\li!lhJ"lt-W'i:l'i .) ~f1 T LU' , '(j!1l'lJv"L1J'Yl~n~V\'j:;' l \~ Envct ii\'m ....·nj~ii('hllJLiJtl 0 (r1lJ ~1111tl9ilLLV1U ~ L(l')Vl i 

LL~::: V1 ~nYi ) l-fh UtJ 0 '''~i) aij * 0) 

'~C)~DU'Vl 2.1.11 [1] 'l~ ex E R\(O), i E Nm LL<:1t j E Nn LLn::: 1-1 r = (lars ] E Mn/n(R)1 at i = a} \l::l0'1l T LUU r­

~~ f'1tJtJV8'jjtJ.J Mmn(R) ~~m~v rc:;;; ([bpq ] E MnmCR) Ibji = ~ 1J.DmfW!u1.J o} 

'VIC)~~U'Vl 2.1.12 [1] 1~ i E Nm , j, t E Nn LLt;\:; j * t bL<:1th\ T = ([arsl E MlnneR)1 aij = all = O) \l ;; ~'h T ;JtI r ­
M~'11t1 ci uV'll1N MmnCR) n~m~8 rc:;;; ([bpq ] E Mnm(R)! bpq = °1.'0;; p * j, t ",1! q * i} 

L~mh"fl~1:l5\JVI 2.110 LL~:; ~~ (j1:li5\JVI 2. 1.12 lnltJ~V'li LY;mj"l:; L\.iul l 'l'LI '!J ru:;~ T LthmJ'll'V -1 L~JVI~n'JJvh:;\j 

vi1LLV1 '~y\jJl'hL1~hJ 0 l~lJ~)J1t!L '\J1 LLmL~tJln1J iie.mvlll"~f11:lru:; 'Utl LL!Ii<1 :; vilLLV1ci~ m~ llJV\~f) 'liI:u r Li'\V1 '\o1~nvfhhi'J tl ° 
L~~j(in 11u~1JU 

Ylqt~~\J'Yl!liBhJii n~lJ~'n1ru~ T LtlUL'(j \il 'Utl ~ LlJ'V1~n~Yl'l~L! 2 vhLL,~ti" lln[!«~<:1v~(I]iLLV1U nril bMlJ ° 
,I: 

YlC)~.a'U'VI 2.1.13 [1] 'h,j A, JI E R\(O), i, p E Nm lU'I:; j, q E Nit l\1ltJ~ P * i l <:1:: q * j 
'l., T = {[arsl E MIIln(R)! aii = All1.1::: apq =Jl H ::liilll Th iLUU r-~~ n1\J tJmJ'lJtl -J Mmn(R) &1'1 V1 -ru'~n 1 1'11\llUmJ 

1li ')1~ r 'liB,' MnmCR) 

h\ T = {lars] E Mmn(R)! a'l = ), ll1:1:: a,q = JI} \):;1 V 11 T d~hJ r -~"f11\JU f) [! ·~tl~ Mmn(R) n~i VLjjt) rc:;;; 

{[bxy ] E MnmCR)!l = Abji + Jlbq;, '<;It E Nm\(i}, °= ),bit + fll;qt b\t;\:; 
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VlQ1!lDuVl 2.1.13 ~~(i1~ ..1L{\Ul l .~'EI T LtJU L 'll(IJ'U'iN \l.J'f~ n 'tl~'l ::;\.l 2 (ihm,\\l~ ~-:\l1'E1 ~i1l1LLV!,j ~ fJ f" hi 
ltJU 0 1;;: lJ ~-X-l~€l 1o\'l LL1o\1l1{lI'NLlm '.f:I:::~· i'lV!i1nn't.l c.J\1V!1J1i'itllJjljL'U(lJutltJhJ·;h~'lVlI r 'jJ'1l~ Mnm(R) ~'Alhi T L"'U r­

~~n~'L1 'tl'EI Mmn (R) "'111~ 'f1'l'l'lD1.JVl 2.1 14 v;S1JltJ01n'l0J T LtJWllV\~J '1l 11J ~n~~~::; 1.j 2 1iI1LL'-l"LJ1 YI~~ 'EI ~(il'mlnJ ~ 
ij Alhi,VU 0 li1l1JYi,ii~ {1'E1 ~ Il111LlIItJ~8~·lUlLfn L01tJ1 r1U 'il~lJ1(5€J 1.J1'tI'U€J1 L;J VI~ n'l11u r ~~ii 

,"'jl~tJ'lJ'EI -:\ Khumprapussorn [1] ~f1'1'11~tJ.L \J'UtI~ '(jill/JeW r 'lJm MOl'" (R) ~vh11X T \1]u r-~~ n~tJti€ltJ'1IF.H 

Mnm (R) lVlEJ~fl11ll 111 T LtJUL'll{l) 'EI~LlJ ~~~n'll';;'l ::; u 1 1l11bL\-1',j-:\ LLfl::; 2 villLVltJ-:\ ~ f1Jf1' UvhLLwk'P1m~mru ~ :; u-1~~i:i, . 
A1L\J 'U 0 ILnthidJu 0 111lJl~~ LL'j~~'Uvl1f:1't'il'lJB-:\~lUl~tJl~lJii ~'il::; 'lJEJ l tJ c.J f:li9V16'il l nn l'i'i ::;w;:l tJ~ 1 VI~() 2 vlltL"IoJ., hJ~. , 

'il l n'i:O'L! k !lilL'.-l.u~1(i11 ~1'il:auwwnl iTu'':'11t1·U8Wl(j'l'lDUVl 2.113 LLf:! ::; Vif)1!I ~'U'\o1 2.U4 

," 
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11.J~1';;ll.Q~'j1\l ~ ?1m~J1L'll91'Ut)~ \lJ 'I1~f'l'1l,!! 1.J 1Vl m x n 'U lJL'1!Ol'O il~ 'ih\Jl U'11 ~ t (il tJjj~L'\Jl'111.J!'hiltJ n11~~ n~ 11 'l tJ1 1a111 

" nl V11JVl T <:;;;; Mmn (R) L{il'A1.J1IJflv Vo l r <:;;;; Mmn (R) ~~"').J(iI ;;jvh'l~ T dJu r-~1 n ~tJOtlU'lJtl~ M",n (R)' l\i'l m~)J 
~l nWlJU1U 1i.'l'U€H'I1 (]'dDU'l1 2.1.1 3 ,j\J~D rh"'\JVlt~ T djUL'Il\llC[Jil ~ LlJYI~n'll;;j 'j~'4 k i11LlViti~jjf'il~U1J 0 lV\!J~~ k 

ii1\\ '/nj,nlumJ'l'ULL01LVl tJ, flU 
~ 

"'l Vi~U [a r j3], [casl E M",n(R) L l1:l [bj3a] E Mn",(R) ~::::hl":h [a r j3][bj3a] [casl E MlIln(R) b~1tJnl1J1J 
~l\L1;1t1 ~L\fI1~ i tL;j:::; "' cln~ j 'liD~ lIVl~ n'1l [a r j3 J[b j3a ] [casl Ail I~'=1 I~=1 aij3bfJa Caj ~1"'fu"ln1 i E Nm UCl:::: 

j E Nn 

In n m n 

0= I I a;fJbj3a Caft = I I rSpj3 bj3a rSaq = bpq 
a =1 j3 = 1 a=1 P=l 

a+ i fJ:t:h.h . . ,j/( 

1~ [a,S]. [cu"l E T LL~~ [bpq ] E r L"j ltif/J ~ LlaVl,, ':i111J(lhLL'\'nj ~L m ;;\ i LL(it Vi~n~ t 'lJtJ1 llJ 'Yl~'l .£ [ars1[bpq][cuvJ i1~ 1 

ltJ'U 0 ~lVjfu"ln t E UI,.h, .. .,jd ~~ ~::::L~ ti'lt11-tlVll l eif =0 V)li1 t E Ul,h, .. · ,jk} 

UVI ~ IlltllLli1:J;\l\rd l~il\1. 'il'UtJ "mt-l <l~'V'l61 1i11J1n t ~~1J lVltJnlViu Vl f{qj~m.ofru \Y;tJ~mlJl'l::::'1l11i ~1,i A 0 ' lWIt! 

'Yl'l l1J l1hi<l'tJB-1LlJ'VI~lirf A LL~::; St>· = {A c,· I A E S} l ii'ltJ;;\ 0 1= S <:;;;; Mmn (R) 
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'UV1~~ 3.2 [ll 1~ T ~L~ ::; I d'JW'll(l1iJtltJhiil~'IHl ~ Mmn(R) LL~~ Mnm(R) (i1 1 mh(i)\1 'l~l~".h T LUlJ 1-~~ n 'f\J~tl tJ 

'UiN Mmn(R) noimri8 T'" L{J\.J I er -~~rmJ£l8u'utn Mnm(R) 

(-» nlJlJ&\':h T LtJU 1-~~ f)1\JV tlU'!ltJ~ MnlH (R) lV\ u 'JYl ~~ 2.2 vht".,lv\"';l1 T er LVlJ I er -~~n1utlfJl'J '!J fJ>l Mnm (R) 

i)::n'hrl ' 

(..... ) ~mJ~l" [' ~ M Ill,nill [' t1" <;;::; Mel' ~~1vl"h T er dJlJ [' Cr -~~nltl tl tl [J'!JB ~ Mnm(R) bYi 'l"I:; m~ ,rtJ T LUU I- ~ ~ 

nluci a tJ '!JB ~ Mmn(R) 

'q~5\J vi1'lhltL'i~hJn'i'm ,nruvtlh.J'Utl'l Yl q1.'151.JYl 2. U3 1(i) U fll'HhVllJV\1~ T L\J tJ L'IJ (;1~Jtl~LlJYl~n'll~ 'l ~'4 k 

.hLb1ll 1i~~lJ~lU1 LLmLOitnntJ l1rhhid)lJ 0 

n·)'.lIlJ(i]'t~ T = {ran] E M lnI1 CR)1 a1]y =)" 1)11 '1 Y E Nk } 'i).:l&h , T l\JtJ ['-~~ fl1Ucitlu'Utl ~ Mmn(R) 

f ' k 

r ~ I [b"JE M", ,, (R) 11 =L /'ybjri ll f1~ 'v' t EN", \ { i} , L /'Ay' =0H<1~ 
l r-: ( = 1 

'v'x E N " \ {), ,J, ., j,} 'v'y EN", ,6, . ., = o} 

-» '''lJ"ml'' T L:"'" r-n.J ' n<;· I,: to""".' M,n" CR) ~ .. ~ ,. ~ " v v, ~ { , ~ 0( ~ " ."'" u.. " \ uu uuu" LL i;l :; i;'i lJlJ{ilL'VW ~1-i Lf) 'lI8'!1 (i] ~b tlYn lJ pEN, ' j ,.j, . . I ,} Vl 'lll 
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k 

A I-A,LAb;" 
0'1fJ = p 

o cl'lfJEN" 1{j,,j,,· ,jk'P} 

'11 J7 

~::1V)11 A, = L LCI'fl b(laCaj, 
(( =1 // ;;;'1 

nI n n 

= IIa'(lbflUcaj, + Lajfl b/llc ,j, 
u . jJ~ I fI~ ' 
().'II 

, 
= L aij,bj"c,; + CI,!'b"jcU, 

/ ::'1 

lA l - )c '" A,b .Ii I 1 ~ il lk]
= )c b ), '~I b A(L ' I, ' J ' ,lb . P' I 

{ . ! {JI 

J/ m 1/ k 

A, = LLClj/,b/laca/ +La'jJbfljc'j, = LLaj/ib/lacuj, + La'j,bj,jCU, 
a -I jJ~ . fJ=1 (Y:.;l fJ= 1 1=1 

CO ·/ 

m n k 

= "'''' C . + A '" a b .~~ a I j,~blla all I~ (1"/ 'rl 
(.l ~ 1 P=I y =1 

cr. / i 

k k 

A, + 1- La j; ; b;;, -)l, Lay; b,,' 
7 - 1 r =1 0'1 fJ = P 

() 
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I O =t
[ 

LL(l~ c = 
a j, l 0, a E N", \ { i,t } 

II! n k 11 k 

\):;1~11 A. == " " a'fJbfJ C . + A. " a b . = " a 'fJ bfJ + A. "a b
J ~~ I a a ll I ~ /1/ J"I ~ I f I ~ !It i r ' 

p_., fJ '- l / ;;'1 /3=' 1 70=::1 
(I ii 

III k 

tY'JI'ICl ~"i:~\JLl ',, :; [ a'li J.[C",,] E T \l:::Hi-h A., =IL A.,bl,aCai, 

a / 

k 

'ltJ ~\l'1 \i1,x,m'ili1lJ lJ 9i L'~ 81ViLn\i1<iitJ -U\i1Lbt'i~ 11 ii U EN", \ {i} ~'1h:, Vi LA,bI," ;to 0 
Y::; I 

k 

L A., bf;u 
/ = 1 

o (\'10EN",\{i,u} 

k k 

v'{,nT II)n'j uEN", \{i} yh1Vi l)c,bi,,, =0 ~~hJ frhJtI L A.,bjyl =1 

" 

n; I I 11/ k k /.:. 

ll:::llilll L L ai/,b/Jac"" = L Laily blylIcCLi , = L ailybl7lcll, =L A.ybi,iCIl' =c;.. =)c.. 
a f/=I 0 = 1 / =1 )'='I , ...::. 
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1'IX T = ([a, s] EO Mrn,,(R) I ail = 0 LLi," a pq = o} 'ilt1 i1l11 T dJu r- ~~nltJ8'ltJ 'VB~ Mm,,(R) n9imlJa r~ 
{[bap] EO Marn(R)1 bjp,bqi EO R "Eln~lILO\j O} 

Vl'l~~'UVl 3.7 hI n LUUI1TU1'U'J'U l(i\tJ ~ n 2: 3 lbf1 t T = {lars] EO M,,(R) I aii = 0 \')WI i EO N, , } 'il~hlll T .1J 'U [ ­


n'ln1U8BU 118 MOl(R) ihlimdu r= {a} 


'UVl,::;~'il,j( -» L'i lYi~<J1.jl(i\un1,;'\1~ 'iltl-iiu 11l.J LL!l~ l\ ~'U~ l(i\E) Jj lJ~il [' 0;<: {o} ~~,j'J 'iJdjllJVI~n<tl [ hn ] E [' l(i\tJ~ 


b }(1 0;<: 0 ciw-5uu11 ·'nnu':it: p.q E N" L~I'iJn\i1 (i\·dl T hh-uu r -~ rquUDfJ 'Vu1 MOl (R) l(i\tJLLI1M-l l 

1

ITT cr. T .\n ~LLU1111'1~ ~'iJUuBmtJ\j 2 mru Au p = q LLfj~ po;<: q 

n'lruci.w 1.1 P = I 

II I I n 1/ 

'iJ~I~tr:h LL>n/1b/hxcu " =La,,,b,uc,,,, =Lb, ,,cw , =b" 0;<:0 
0" I p~. a=l a=1 

~1J'U [a rs ][ bry J[c",.] ET ~rJ1v~'Jl T hidJu r -M~ nl VuE) 'VB~ M" (R) 
,.. 

I. (ll i = P 
n,, :; c = 

" { 0,0'1 io;<:p 

1/ n 1/ n 

v"' l1'U"h ~~abc - ~abc - ~b c - bo;<:o 
... 	 ~~ 1{1 I lu (II - ~ 'I' po (X l - ~ ['U at - pp 


a::::1 a = 1 0=1
p:., 
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n':irutJ,lrj 2. 1 P =I 'v1~tl q =I 

I. til i=q 
lU,::: C = 

/Jl { 0, 01 i *- q 

1/ 1/ J7 

'il:m::l -h LLOn/16f1"can =LO",bta c"" =6,q *0 

. {I, til }= p
L~f}n [a,.J[C E Tlv18Vi a,l} = v .II •• ] 

O. Ql } *P 

n n n 

'il~L~t.d1 ~~ 0 6 c = ~ a 6 C =6 * 0~~ nfJ flu CUT ~ lip po W I p i 
U """1 fJ ;:.\ a=1 

n'lrutJ,lrj 2.1.4 P =n 
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Y •I.al j=p I. \J1 l=1 

lLCl:: C = 
{ 

a
'; 

= { O,al j*p " 0. (\'1 i * 1 

" 
"t lihd, "''''a (Ib fl C ="'a b C =b * 0 ~.L... ~)-, u u: ~ 2p [lU 0.2 p i 

a -I 

. {1.61 j = p
d'1tl n [Q ,., ].[ clI,]ET1VlVVI a' l = y . 

0 , ~1 } * P 

tI Jl n n 

'il:: bl~U1l LIa'fl ofia cai =La,{,OpaCc(\ =Lbl'''Cal =b,,'1 *0 
a = 1 /1=] a =1 a=1 

Vl ~"~\JVl'1"1YilU m 'Vl 'ill'i (lJ1 \JUl 'U (I) 'U El~ llJ \~~n'1hl~l liW~ ~~ b'lWl 'V v~ lJ VI~ n'lhb~1 L5u~l\1 14 M ~ r ~tlm ulafnI'l~ (lJ 

Uf1&i'lJ!)~ lJJ Vl'~ f'I 'll Yh1~1!i(1 1 ,nt! T flu 'lI()) 'lJtml.lYl~ n~hb'U 'ltn tH ,,:;1~ rr T r;;;;, T GIl .." v U"!f'I10 * r r;;;;, T l\<IV1~'hh\hJ 

11 T tJu r -~' f'I1\JUtlU 'tlv ~ MlI (R) (\llA~\J'1n1 0 * r r;;;;, T 

VI'l"D'UVi 3.8 TVi T = [[a rs ] E M,,(R) I aij = 0 I~u i * j} 'il :;l~ll T lUU r- n~n \tltJv u'Uv~ Mn(R) 

f r;;;;, T 

" 
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UYI?nl %tI~Utl10'\'h'Yl ~1:i~1JVl~tth.Jn1'j'l 1 ~l1tJ~1 hJnll L~h.J ,itlF1~ YlCr d5 tJYI 3.1 IUu f1 1'm~l1tJ~"ibj<uu~YI~\;~ 

UYI 2. 1.1 3 LI," ::: Ylfj\;DUYI 3.4 L'JUflTnw J v.;f"i \J'!JtJ VI ~ 1:i6U~'1 2.1.14 Uuf1 \11fl~ "'lti'~ i'l n1:i ~ 1.J lIU U'lJ tJ ~ L'lll'lUtJU r 

'VtJ1 Mnm CR) ~vhh, T LU'", r - M~ fl~tJU tJ tJ'lIu~ Mmn CR) Lil tJ T LiJ 1..IL 'iJ\1I ·1J tJ1 \lJYI~n'11~?llJ1~rlIt.1 U\J1 I~\JYl LLU~l.PJii ~l 

dJll 0 (UVILL '/I 'jrl 3.6 It'l::: VlQ1:iDUYl 3 7) u.m~ L'lIlII'lJtl ~ llJYI~ n ~LLU'l li5tJ ~ (Vlf\'d~UYl 38) 

t.J'Hnn~l \J'i~u «i,,! (i], vhl1.-1'1r,;ti{l l) th~'l1eHL'1i\l1tJ tJ[J I ' tJ 1 Mn mC R) ~vh'lVi T ttlu r-Rnl\J~tlv 'lJ tJ1 MmnC R) 

Li:iD T I,JUL''!WI ' U'im ~ Mm nC R) \1IllJnl1.-1UA <'i~r.mN1vl-r'J!'1 1 1 l.J A::: ~nn· rn'i 'l1u"w ~ lt/J:S'ulumnA(ill~\J nl 'j ~m:Jl 

'iDILUU tl~ VllVlV DU J' 'Vu~ Mnm CR) ~~ T l\'JU1tJ~l'1'V B~ Mmn CR) lthJaiu 

.~ 	 I i , 

'U€l iJL'd(f, ~ U5)~tJ 'U eNL'il n cil'lBV11~lEil~i"h "nl 'l-ltJA T r;;;. Mmn (R) \I1 m1uYHnUl lJ\11 r r;;;. Min" CR) ~~'l-IlJ A Vi 

vi'ltV; T \1JU r - ~1n~DcitH'J'lJll ~ M m " CR)" L ~ I\Wf)lnjnl\!1UlII L'iJ \ll T mlJ t''I 1\.jl~8 t)'omtr'U 2 ri'l 'U \ll11.1'O 

1. 	 lV! i E NIn , i E Nn LI" :; T = {la,,] E Mmn (R) I a'j = 0 } 

1i, At: T It UL'll, 'VtJ 1 LJJ YI~f) 'tl'lJ U'\ll m x n ~~ ri'l 1.-1 U\llllll ll".,ti~ L(n~ i Llm:Vj~n~ ) l.Wi lLU'U 0 (VI'l"d~1.N 21.1 0) 

2. 	 tv; i E Nl1I , ), tEN" l\llU~ ) '* t LLl'1:::.Vf r = {[arsl E Mmn(R)1 aij = aiL = O} 

J, f'1Cl T L\J 'tJl 'll \>1 ·Uil ·mIVl~ n'll'U'J1f1 m x n 'LrhVlUflv11LL1.1,j VI"n~ ) LL~ :::1.1~n~ t ~r01LL(l1 ~ i iiph LlJ'L. 0 (Vl '1~.Q 

U'Vl 2112) 

3. 	 ~lwhJ kEN" 1~ i E Nm LLfi~ )l,h, ... ,1k E Nn l\ll I'JVi it,h, ... ,)k hi·h 1'u 

fi',VI\Jti'l\i T = {lars] E Mmn(R) Iaijy = 0 '1 il~ Y E Nd 
~ ~ ~ ..... .. .:.i 0 IV d 	 d -->I I c; "'"<I I 

"Ul.lfl tl T L tWiiQ1 'VCl ~ llJYI'H1'll'Utn\ll m X n 'll~rnVl'U~ Q1 1 LL VI'\.mmnV\ )1'iz, ,,, ')k 'V tl~ LL f1"lYi i :lJ l LiJu 0 (YI '1Ij!) \JVl 

3 1) 

4. 	 N' i , pEN", LL":; ),~. E Nn l vwVi i '* P ILfi::: q '* i \lfi :::1Vi T = {l ars ] E Mmn (R) I aij = 0 (le e Q pq = o) 
J'JAtl T Li] !.I L'1!Q1'lJ tl ':ill.m~ f\'1l'lJm~ m X n ~~ lll'vlUVl\'lhLL'/,,Jmm~ i L\~:;VI~f)~ ) D~l \J1J 0 lLfi ::: n1V1J\ll(J\'lLLm j ~ 

ll(11~ p LL~~ 1.1~n'~ q lJ~1LtJU 0 (VlCrdD 'Vl 3. 5) 

5. 	 L'lJVI'VB·:mJVl ·~ f\.g·U ':JI(1! n X n ~~\')n"ln~ntJ\JLlU ll(\\JVlLLl.I ~ l.j lJ:lJ l'i lLthJ 0 t11",-r fmu1'iL~lLLU ~ntl i'im.'.ll lltlmtlu 2 

n,) 0J I.Ji:U 0.' II 5.1 n = 2 (UVllLYl'l rl 3 6) LL'I::: 5.2 n ~ 3 ('U 'IllLVl,n 3 7) 

1. >" ex E R\(O}, i E Nm l\fi ::: ) E Nn LLfi:;'>': r = ( [a ,s] E Mrn,,(R) I aij = a} 


,iUAtl T L;j\JL'lltf1'VtmUVl~n'll''lJ'J'~ m X n ~~nl'V1'U~"hLl'VItl ~LUll~ i Llfi ~1~~n~ ) DI'11b.iLiJ u 0 ('VI~'cl~'UVi 2. 1.11) 
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2. 1~ A, I-'E R\(O}, i E Nm bbfl:; j,q E Nn lmJ~ q 01= j bbfl::;1~T == Hars ] E Mmn(R)1 aij == ldm~ aiq ==I-'} 

,!'Uf)€l T bU'Ub'(j~'V€l~b:lJVl~n'1l'V'Ul~ m x n ~~nlV!'U~dilbbVll1~VI~n~ j bbfl:;VI~n~ q 'V€l~bbm~ i ilfilhlbu'U 0 

(Vl~"~UVl 2114) 

3. 6'llVl-rU k E Nn 1~ A\, A2, .. " An E R\(O}, i E Nm bbfl~ jl'jz, ... ,jk E Nn 1~tJ~ jl'jz, .. · ,jk hlJln'U 

nlVl'U~1~ T == {[arsl E Mmn (R) I aiiy ==/ry llf1'1 Y E Nk } 


,!'Uf)€l T bU'Ub'Il~'V€l~b:lJVl~n'l1'V'Ul~ m X n ~~nlVl'U~dilbbV!l1~V!~n~ jl'jz, ... ,jk 'lJ€l~bbm~ i ilfilhlbu'U 0 (Vl~"~ 


UVl 34) 


4. 1~ A, I-' E R\(O}, i,p E Nm bbfl:; j, q E Nn l~tJ~ P 01= i bbfl::; q 01= j bbfl:;1~ T == {[arsl E Mmn(R)1 aij == A UTI:::: 

apq == I-'} 


,!Uf1€l T bU'Ub'(j{)1'V€l~b:lJ'Vl~n'1l'V'Ul~ m X n ~~nlVl'U~dilbbVll1~bbm~ i bbfl::;VI~n~ j ill'ilhlbu'U 0 bbfl:; nlV!'U~dilbbVll1~ 


bbm~ p bbfl:;VI~n~ q ilfil1~bU'U 0 (Vl~"~U'Vl 21.13) 


~l ~ut:i'~1Ub'il?l1U~l'U%tJl~tJ bbtJ~~l:lJt:.JfI~l'U%tJ'\'l~€l:lJ,x':l11lb?l'U€l1J11€l ch..'lU'i::; n€lunuVl~"5uVl~ bu'U bb 'Ul~~6'llrlt\:!l1l1u~ 
..'ll 'Ul~tJ 

b'ilb~:lJ~htJm'i~~l'irulb'(j{)1'V€l..'l b:lJVl~ n'1l~~nlv!'U~bYltJ~dilbbVll1..'l b~tJl 1~tJt:.JfI'Jl n 'Vl~"~U'Vl 2.1.10 €l5Ul tJHI~~e 
1~ i E Nm, j E Nn bbfl::; T == Harsl E Mmn (R) I aij == O} ,!'Uf)€l T bU'Ub'(j~'V€l~blJVl~n'l1'V'Ul~ m X n ~..'lnlVl'U~ 

dilbbV!11~bbl:11~ i bbfl::;V!~n~ j ilAl bU'U 0 t:.JfI'JlnVl~"~U'Vl 2. l.l0 Hill T bU'U 1-~..'ln1UcJ€ltJ'Vtl..'l Mmn (R) 

~ {[bpq ] E Mnm(R)1 bpq == 0 1~!J~ p 01= j l~c\~ q 01= i} 

T= r 1 
~ rc .1...+..1.jL • J 

bpq == 0 1~!J~ P 01= j ll~~ q 01= i 
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1(i1tJVI~~D'UVi 2.1.10 'lh1Vi1lii'll T ltJ1J C -~'ln1'lJ~€ltJ'VeH M32 (R) ll{;'1:; T ltJ1J r z -~'ln1'lJtimJ'1JB'l M32 (R) ll{;'1:; T 

ltJ1J r3 -~'ln1'lJ~mJ'1JB'l M32 (R) ll~ll T hiltJ1J r Q -~'ln1'lJ~mJ'1JeJ'l M3Z (R) l'Vi'ndl [~ ~ ~] E r~ ll{;'1:; 

[~ ~l [~ ~ ~J [~ ~l = [~ ~l ~T 11Jvll1JB'll~tnn1J T hJltJ1J r 4 -~'ln1'lJ~BtJ'1JeJ'l l'V'l'n:;llM32 (R) 

[~ ~ ~] E C ll{;'1:; [~ ~l [~ ~ ~] [~ ~l = [~ ~l ~ T 

~lli1'U I1(i11'lJ l'il~'Jl ';HUll'll~'1JB'lllJVI~n'll'1J1Jl(i1 m x n ~"InlVl1J(i1l1llllVl1i"lVl~n~ j ll{;'1:;Vl~n~ t '1JB'lllm~ i iifilltJ1J 0 

VI~~5'UVI 2.112 B5'UltJ1l1i1'l11 

1Vi i E Nm, j, t E Nn 1(i1tJ~j * t ll{;'1:;1Vi T = ([a rs ] E MmnCR)1 aij = aic = o} ~1JAeJ T ltJ1Jl'1!~'1JeJ'lllJ'VI~n'll 
'1J1Jl(i1 m x n ~"I nlVl1J(i1lillllVl1i"lVl~n~ j ll{;'1:;Vl~n~ t '1JB'lllm~ i iJfilltJ1J 0 l'illlii'~{;'1'JlnVl~~~'U'VI 2.1.12 1i1'l~ T ltJ1J 

r -~'ln1'lJ~eJtJ'1JeJ'l Mmn (R) n\llm~eJ r C {[bpq ] E Mnm (R) I bpq = 0 l~v~ p * j, t !l~~ q * i} 
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5) ~l T \tJU l'll\l)'llil ~ U.JYI~n<d'UU101 m x n ~r'h~\JVI<,\ ll.I(I)l LLVlU~ jjA'l LiJU 0 1Ii1tJ'~iiL'Vl V ~C1U~(l\lL\V\I'lil ~l\J\L\Jl 

o(m?itnflu l\I'i''l~n1!!ru:::'U8Wll(l1 r lIhlv T dJ\J r -~~n~'lJciil8f!1"jLtJU L'll'\.lh 

[~ 

o Q Q, If 

4,3.2 n1 'a~ 1b'U'U n1 'aU'U b6(J(9l 'tJ eJ 'l b:lJ'Vl'afl6(J 

h~ T LL,, ::: r tlWtIVlcit!(J1lJ 'hl'llB~ Mmn (R) LLi:'l ::: Mnm (R) VlllJ~-W)'IJ Vl lm'll~'J l "jrul n l'j(l~tJl'\J~tJ\l 

'51ui'llv~~) AUn1'l(!)l L\J\j nl~\J\J\'l! \l1 T Llm; r l"j1L~'U:;)ln\JYltR~ 3. 2 11 T lUU r - ~~ n1'lJ8em'Utl 'l Mmn (R) i\l'1m~il 

T tr dJu r tr - M'ln1u~BtJ'lJ<l '1 Mnm(R) ~·'l'lJ ~';;u<1 ~ ~8v\' ""flL"il~lL\ju nl'ioLtJ\J~\,i\JWiJtl1 T r~ ('i il'l'l ~vttv'\'l::Aih tJ n1J 
\JYl~~ 3.2 v~BllJ \'tlU~.x E lUUUJ'111n'lllJ"lilU LL"d1V11'1JL'(j(l1'lJ B~Lm1~ n'll1V1 P r11V1'UVW1Hl l EP = (EA I A E P}, ­
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4.3.3 nI'Hb'lJ~,:jb'1J\ml'W 

1Vi L: Mn(R) --> Mn(R) 1 v~ L(A) = At 'l:;h"--h L d~hJIYl'm\Jmt'U~b~U b~llh/Mr"I1J"n~n1 ~ Vl€lltJd 

Jl....,<j\wV(l)ciilUl~r)l~ X '1J8 Mn (R) rh ....,Wil L(X) = (L(A) I A E X} vl~JU'\JV1~~ 3.2 n~ll1vl5 nutJVliI ~11 T ,:]1..1 j ­

~~ ~tJcim'J'Ua ~ Mll (R) nvim1B L(T) dJu L(1) -M~njtlt!mJ'1I8~ Mll (R) u1lntiU I1J'v11~1 1 .11 L: Mll (R) --> 

Mn (R) LtJUf11'mtJmb~~ Li{1J1~ 'l "ill m'1:;la;e.J i1 ~1'j 5~nil1 t1 n'\J'\J\-l Jf~ 3.2 VI~8hi 

oUvAl1lJA1¢1nl ".i ru 2 ~~...., -r'\J l'JLLtli1 ~ ,'ii 'H6iu L: Mll (R) --> Mn (R) 'l lil'l T LUU j - ri~ n1tlcitl8'Ui)~ Mn (R) " vi v ,~tl 

L(T) d'Ju L(1) ~~nltJ ci 8U'v€J ~ Mn(R) 

.' 
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