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Chapter 1

Introduction

1.1 Motivation

The drought area in Thailand is main problem almost every year. The
agricultural sector is most affected, as the quantities of many agricultural products
fall such as rice, tapioca, sugarcane and sugar which may lead to high price
improvements for some crop. The water requirement of agricultural sector in not
enough. The inspiration of this thesis is how to make enough water in the dry area.
The hydraulic head is used to measure water level in the groundwater. The hydraulic
head profile in each area can be measured by the methods of the field
measurement and the mathematical model. The field measurement is not suitable
because the large area and high cost. On the other hand, the mathematical model is
practical for the problem.

Groundwater modeling is a powerful tool for water resources management,
groundwater protection and remediation. The models are decided by maker to
predict the behavior of a groundwater system prior to implementation of a
remediation plan. The significance of the utilization of water resources continues to
grow due to the increasing require of water for ‘irrigation as well as drinking,
agriculture, commercial  and industrial proposes. Although, the amount of
groundwater resources have been decaying due population growth, uncontrolled
and unplanned urbanization, industrialization, and agricultural activities. Hence, the
sustainable management planning must be developed for the groundwater systems.
The management planning have to limited in the case of legal well drilling and
limited-pumpings.

On the other hand, the partial differential equations governing the system is
solved by model. The groundwater models are solved by analytical and numerical
solution techniques. Analytical methods are not suitable application to require much
data and their application is limited to simple problem. Numerical methods can
solve more complex problem than analytical solutions. Now, rapid development of
computer processors and increasing speed, numerical modeling has become tools

more effective an easy to use. The finite difference method and the finite element



are most tools used numerical modeling approaches. Each method has its
advantages and limitations. Selecting numerical modeling approach depend on the
problem of concern and the objectives of modeling. Most of groundwater modeling
has the aquifer systems with the heterogeneous structure. In the case of the steady-
state groundwater model solutions can be obtained by the simply basic techniques.
On the other hand, the case of transient ground water model is solved by the
advanced techniques due to the difficult in terms of time dimension in the governing
equations. Theoretical solution of the governing equation of groundwater model
need general assumptions such as ideal solution domains and homogeneous
geometries.

In this thesis, we propose simple and flexible groundwater modeling
simulation using the using the implicit and explicit finite difference methods. The
variable of grid size, aquifer parameters, sinks and source terms will be applied to
problem having simple and complex geometries in the model. And the simplex
method is therefore used to obtain the optimal management of the water injection

stations to achieve minimum cost. The numerical experiments are also given.

1.2 Literature reviews

The finite difference [1-3] and finite elements [4-6] methods are the most
popular numerical solution techniques. The case of free surface flows will consider in
two groups: adaptive mesh methods is need a laree number of calculation and they
also require some convergence conditions [4]. It follows that the fixed mesh
techniques are more popular than adaptive mesh techniques. If the variation of
geometry and material in the third dimension is constant, then the two-dimensional
modeling can be used. Although, If the material properties and/or geometry vary any
the third dimension, then the three-dimension modeling may return better solutions
than the two-dimension modeling. A useful spreadsheet for two and three
dimensional steady-state and transient groundwater numerical simulation is
proposed in [7-8].

In the recent years, there has been many research spreadsheets on the

evolution of numerical models to the groundwater flow model, see for example [7-12].



Olsthoorn [7] proposed that spreadsheet is useful tool for two-and three-
dimensional steady-state and transient groundwater modeling problems with
homogeneous aquifer parameters and constant sinks and/or source term.

Karahan et al. [8] propose a transient groundwater flow modeling using
spreadsheet simulation (TGMSS) model for solving groundwater problem. Result
showed that the TGMSS AND MODFLOW were in good agreement in terms of
resulting values of hydraulic heads in all cases.

Lam [9] described a spreadsheet program to solve the Laplace equation in
three independent variables subject to constant Dirichlet boundary conditions by the
Gauss-Seidel method and the successive over-relaxation (SOR method).

Kharab [10] used a single spreadsheet program for solving three-dimensional
transient heat conduction problem by using multiple sheets.

Anderson et al. [11] showed that spreadsheets provide an easy way for
understanding groundwater problems prior to using MODFLOW. They solve one-
dimensional steady-state = groundwater problems for  homogeneous aquifer
parameters and constant sinks and/or source terms.

Ayvaz et al. [12] proposed a simulation/optimization (S/O) model is proposed
for the identification of unknow groundwater well locations and pumping rates for

two-dimensional aquifer system.

1.3 Objectives of the thesis

1.3.1  To study the governing equations and the methods for solving in
two-dimensional of the hydraulic head model

1.3.2 To study the governing equations and the methods for solving in
two-dimensional of the hydraulic head model with varied sink and source terms
depend on the changing of dry season.

1.3.3  To study the governing equations and the methods for solving in
two-dimensional of the hydraulic head model with varied sink and source terms
depend on the changing of dry season and apply with problem in simple and
complex geometries in the model.

1.3.4  To study the governing equations and the methods for solving in
two-dimensional of the hydraulic head model with varied sink and source terms

depend on the changing of dry season and apply with problem in simple and



complex geometries in the model and solve the problem with suitable numerical
method.

1.3.5 To study the groundwater flow management model with drought area
by using an optimization method.

1.3.6  To propose the optimal management of the water injection stations

to achieve minimum cost.

1.4 Scopes of the thesis

To use the finite different methods (FDM) such as the alternating direction
explicit method (ADEM), the alternating direction implicit method (ADIM), the explicit
methods, the implicit methods to approximate two-dimensional of the transient
groundwater model with varied sink and source terms depend on the changing of
seasonal in dry area in simple and complex geometries.

To use finite difference method to approximate two-dimensional groundwater
steady-flow model with drought area and using subjected to optimal management of
the water injection stations to achieve minimum cost by using an optimization

method.

1.5 Plan of the thesis

The thesis explains the mathematical modeling of transient ground water
model in dry area and use numerical simulation that confirms the results of the
technique. The processes of simulation are discussed domain of problem and setting
aquifer parameters and using suitable numerical method for solving the problem.

The first part will study the basic knowledge about the hydraulic head model
such as the governing equation and define the domain of problem in thesis.

The second part will study the numerical method for solving two-dimensional
hydraulic head model such as the alternating direction explicit method (ADEM), the
alternating direction implicit method (ADIM), the explicit methods, the implicit
methods.

The third part is computation of the hydraulic head model with varied sink
and source terms using finite difference methods. Variable grid size, aquifer
parameters, sinks and source terms will be applied to problem having simple and

complex geometries in the dry area.



The forth part will study the groundwater flow management model which
model divided 2 models are the groundwater steady-state flow model and
groundwater management model. The finite difference method is used to
approximate groundwater steady-flow model.

Finally, the simplex method is used to obtain the optimal management of

the water injection stations to achieve minimum cost.

1.6 Expected results

The expected results of thesis are the studied the behavior of groundwater
flow from model simulation of the hydraulic head model with varied sink and source
term depend on the changing of seasoning dry area and water requirement to get

the lowest cost of groundwater management.
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Chapter 2

Basic Concepts and Preliminaries

2.1 The hydraulic head
The hydraulic head or total head is a measure of the potential of the water
fluid at the measurement point. The groundwater motion will be starting from the

high total head to the low total head.

hpl hDZ
Fade]
Z3
hos ! ‘
) hpZ hp:
21 Z2 Z -

Figure 2.1 The comparing groundwater motion of elevation head difference and

pressure head difference.

From Figure 2.1, the hydraulic head h=h,+z where h,is a pressure head
and z is the evaluation head. Although the elevation head and pressure head each
point are equal or difference. The groundwater motion will be starting from the high

total head to the low total head.

2.2 The governing equation of a groundwater flow model
The groundwater flow equation is used to describe the flow of groundwater

through an aquifer. The transient flow of groundwater is described by a form of the



diffusion equation. The steady-state flow of groundwater is described by a form of
the Laplace equation. Let(x,y,z,1)eQc R’ x[0,T] where T is the stationary

simulation time. Consider the mass balance equation,

om
—=m._—m

—m, (2.1)
ot

out

where m s the fluid mass,
t is time,
m._ is the mass flow rate entering of a surface,
m__ is the mass flow rate exiting of a surface.

out

From the Figure 1, the mass is the product of the density ( p) and volume (V), we

have
m, =p, [q (x) AyAZ] s I:qu (x)] AyAz, (2.2)
m,,, = p,| 4(x+Ax)AvAz |=| p,g(x+Ax) |AyAz, (2.3)
Mass flux in Mass flux out

m’x*ﬂx

T
Az
= —> Control __‘i_)
volume
A

Figure 2.2 The mass flow in a control volume.

and m.  are the mass flow rate

xout

where ¢(x) is the velocity of x-direction, m

xin

entering and exiting of x-direction respectively, in similarly

my, = p,[a(y)AxAz ] =] p,q(y)]AxAz, (2.0)
m,., =p, I:q(y+Ay)AxAz:| :I:pwq(erAy)]AxAz, (2.5)
m, =p, [q(z)AxAy] = [pwq(z)] AxAy, (2.6)

M, = p, | q(z+Az) AxAy | =[ p,q(z+Az) | AxAy. 2.7)



Substituting equations (2.4) - (2.7) into equation (2.1), we have

and

om

E - (mxin - mxout ) + (myin - myout ) + (mzin - mzaut ) >

86—’? = ([pwq(x)] AyAz — I:pwq (x + Ax)] AyAz) +
([pva ()] AxAz—[ p,q(y+Ay) | AxAz) +

([p.a(z)]Axar—[ p,q(=+Az) | Avay),

om _ -p, (q(x+Ax)—q(x))AyAz

ot
=p.(a(y+4av)~q(y))AxAz
~p,(q(z+Az) = gq(z)) Axpy.

0
Consider term —m, we can obtain that

ot

om O

5 = a(pwlfm), where m= pwVw.

Substituting the porosity ¢ = % and V = AxAyAz, we will have

om O
halddgiy, V),
ot at(pw¢ )
Gm_ 0

—_y=
ot ot (0.9)
om 0

I _ Axcavrz L (o o).
-~ vAz—(p.9)

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)



10
Substituting equation (2.14) into equation (2.10), we get

AxAyAz%(pW@ =-p, (q (x + Ax) —q (x))AyAz

—pw(q(y+Ay)—q(y))AxAz (2.15)
—pw(q(z+Az)—q(z))AxAy.
Divide through by AxAyAz, we will have
8( ¢):_pw(q(x+Ax)—q(x))
ot P Ax
AVYAZ
p.(a(y+ay)—q(y)) 216
Ay
pu(a(z+42)~4(2))
Az
. 0 .
Consider term a(pw¢), we can obtain that
0 op  Op
S — ) T SO 2.17
~(pf)= =+, (2.17)
0 opdp Op, Op
- = PNy o B wASHC 2.18
o (A= i s (2.18)

where p is pressure,

0 op o¢ op.,,

S < P iy S} 219
= (p.9) at[pw 5 o J (2.19)
0 op

_or 22
at(/ow¢) 8t(,Ow,Bﬂiﬁot), (2.20)

where [ = o¢ %

and a=—=. Since p=p, gh, we will have
op p



0 _0(p,gh)

a(pm)— = (p,B+¢a), (2.21)
0 _ oh

a(pwsé) =p,.(p.gB+dga) & (2.22)

Substituting equation (2.22) into equation (2.16), we get

pw<pwgﬂ+¢ga)%:_pw(q<x+AAxx>—q<x))
_Aulabi)—a(r)) (2.03)
Ay
_pla(z+82)-4(2))
Az

Assume that the density does not change much within the control volume, the

density term is neglected on the left-hand side, we have

(ngﬂ+¢ga)% A% (q(x+AZ)Z_q(X))

(ar+ar)=a(») (2.24)
Ay
(a(z+42)-4(z))

Az

If the limit of Ax,Ay,Az tend to zero, we can transform the difference into the

difference form. Recall that the definition of derivative,

Y _ iy L5221 (%)
dx A0 Ax

(2.25)

11



From equation (2.24), we will have

Ax)—
(p.gp+dga) St = lim (a(x+ A}z a(x))

Av)—
— lim (q(y+ y) q(y)) (2.26)
Ay—0 Ay

Oh oq aqy oq
o 3+ O)— = —— L e 22 (227)
( .&f+98 ) ot Ox Oy 0Oz

If the Darcy’s law is applied, we can see that

q,=—-K, %, (2.28)
L0
oh
D A (2.29)
y
and q.,=-K, % (2.30)
0z

Substituting equations (2.28) - (2.30) into equation (2.27), we have

(pwgﬂ+¢ga)@=—ﬁ(—l< ah] a[ K ahj 4 (—Kz@j, (2.31)

or ox\ o) ayl ‘) oz oz
(pwgﬂ+¢ga)@=3(1<x@j+ﬁ ko +£(KZ %j. (2.32)
or ox\ “ax) oyl Cov) a2\ az

Let S, be specific storage, S, = p, gB+@ga . Then

Sy@:ﬁ(gx@}rﬁ k& +§(K2%j. (2.33)
‘ot oOx ox) oy\ "oy) oz 0z
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2.3 The boundary condition of a groundwater flow model
In this thesis, we consider the two-dimensional groundwater flow model,

from equation (2.33), we have

20k ), 2 ) -
ot Ox ox) oy\ Toy

where h=h(x,y,t) for (x,y,1)e Q< R*x[0,T]. The initial conditions are constant,
h(x,y,0)=h,. (2.35)
The boundary condition for ¢ >0 are specified by

%:cosﬁ%+sin0@. (2.36)

on ox

()

Figure 2.3 The boundary of groundwater flow model.



Chapter 3

Mathematical Simulation of a Groundwater

in a Drought Area

In this chapter, the objective is to propose a simply and flexible groundwater
simulation using the implicit and explicit finite difference methods. The complex
geometry in the model is considered by variable grid sizes aquifer parameters, sinks

and source terms.

3.1 The governing equation of two-dimensional transient groundwater

flow model in drought area
The governing equation of vertically integrated Darcy’s flow in a

two-dimensional confined, compressible, isotropic, heterogeneous aquifer is [8],

sa—Hzﬁ(Ka—Hj+i k% |, (3.1)
ot Ox ox ) oy oy

where H hydraulic head (metre), K hydraulic conductivity (metre/day), W sinks
and/or source (1/day) and S matrix of specific storage (1/metre). We assume the

hydraulic conductivity is constant. It obtains that

2 2
Q%L (8H+8HJJ;W, 32

with the initial conditions at #=0, 0<x<L and 0< y <M where L, M are constant

being specified,

H=H, (3.3)
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The boundary condition for ¢ >0 are specified,

oH

~ B, at0<x<L and y=M, (3.4)
%—IZ:BS at0<x<L and y=0, (3.5)
%_]Z:BW atx=0 and 0<y<M, (3.6)
Z_Z:BE atx=Land 0<y<M, (3.7)

and given pumping well point each,
Q(x’y):Qi for i:1,2,3,"-,w, (38)

in order to solve equation (3.2) in domain QX[O,T] where QE[O,L]X[O,M] and w

is the total number of sources and sinks.

¢H cH
= By (_— =B; 2400m.
én én #

H s,
cn

2400 m.

Figure 3.1 The boundary conditions of a two-dimensional transient groundwater flow

model.
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From Figure 3.1 the lengths of domain areLxM , B,, By, B,, and B, are

boundary conditions of model and Q,,0, are source and sinks term respectively.

3.2 Numerical methods for two-dimensional transient groundwater

flow model in drought area

In this chapter, we will propose finite difference methods to the transient
groundwater model such as the forward time central space method (FTCS), the
backward time central space method (BTCS), the alternating direction explicit
method (ADEM) and the alternating direction implicit method (ADIM). We now
discretize (3.2) by dividing the interval [O,L]in x-direction into 7 subintervals such
that IAx=L, the interval [O,M]in y-direction into J subintervals such that
JAy = M and the interval [O,T] in time into. N subintervals such that NAf=T. We
can then approximate H(x,y,t) by H,, value of the difference approximation of
H(x,y,t) at point x=iAx, y=jAy and t=nAt, where 0<i</], 0<;<Jand

0<n<Nwhich 1,J and N are positive integers.

3.2.1 Forward time central space method (FTCS)
Taking the central difference scheme in space and forward difference scheme

in time into each terms of equation (3.2), then

OH H, ~2H!+H]

L i+l,j ) (39)

ox’ ( Ax)z

o’H ~ Hi’fj—] _2Hir,’2+Hi’fj+l ) (3.10)
o (&)

n+l n

oH H, —H, (3.11)
ot At

R Y (3.12)

YT AXAYH!
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Substituting equations (3.9) - (3.12) into equation (3.2), forl <i</—1and
l<j<J-latt>0,

H = H] +&(H),  -2H] +H, )

i+l,j -
n n n Qll:l (313)
+77(Hi,j+1_2H[,j+Hi,j1)+Q£W}_Ii,’,jja
(A1) K (Af)K At _ , -
where & = —, = >— and w=—.For i=1 and j=1 at >0, substituting
(Ax)'s  (ay)'S

the unknown value on the west boundary by forward difference approximation
H;, =H/ —(Ax)B, and substituting the unknown value on the south boundary by
forward difference approximation Hy, = H} —(Ay)BS into equation (3.13),

Hlnl+l T Hﬁl +§[H;,1 _H{fl _(AX)BW:'

o, (3.14)
AxAyH, 1?1 .

+n| Hs — HY, ~(Ay) By |+ a{
For 1<i<I—1 and j=1 at >0, substituting the unknown value on the south
boundary by forward difference approximation [—Iif’ozfli'fl—(Ay)BS into equation
(3.13),

n+l n n n n
Hi,l = Hi,l + ‘f(HHu _ZHu +Hi—1,1)

o (3.15)
AxAyH!, |

+n| H,— H}, —(Ay)BS]Jra)(
Fori=1-1 and j=1 at #>0, substituting the unknown value on the east boundary
by backward difference approximation H;, =H;  +(Ax)B, and substituting the
unknown value of the south boundary by forward difference approximation

H/  ,=H,, —(Ay)BS into equation (3.13),

Hlnjll,l = H; +§|:(AX)BE _Hln—l,l +H1n72,1]

I-11
o ] (3.16)

+n I:H;q—l,z —H - (Ay) Bs :l ’ w( AxAyH|
I-11
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For i=1 and 1<j<J-1 at t>0, substituting the unknown value of the west
boundary by forward difference approximation H :Hl’fj—(Ax)BW into equation
(3.13),

HE‘I = Hﬁj +9E[H;,j _lefj _(AX)BW]

1,j+1 1,j-1

o (3.17)
AxAyH', |

+77(H" —-2H] +H] )+a{
For i=1-1 and 1< j<J~=1 at >0, substituting the unknown value on the east
boundary by backward difference approximation H; , = H, +(Ax) B, into equation
(3.13),

HL o= H;l—l,j +§[(AX)BE —H;lq,j +H772,j:|

I-1,j

0., (3.18)
AxAy In—l,j

+77(H7-1,_;+1 = 2Hln~l,j + H]nfl,j~1 ) v a){
For i=1 and j=J-1 at ¢>0, substituting the unknown value on the west
boundary by forward  difference approximation  H;, = H\,  —(Ax)B, and
substituting the unknown value of the north boundary by backward difference

approximation Hy', =H, | +(Ay)BN into equation (3.13),

le:;ril ~ Hfim +68[H2n,‘171 _lefJ—l _(AX)BW]

I:( ) ] " j (3.19)
+n|(Av)By —H, | +H, , |+ 0| ———— |.
N 1,J-1 1,J-2 AX'Ay o

For 1<i</I—-1 and j=J-1 at >0, substituting the unknown value on the north
boundary by backward difference approximation H;', = H, +(Ay)BN into equation
(3.13),

n+l n n n n
Hi,J—l - Hi,J—l + g(HiH,J—l - 2Hi,J—1 +Hi—l,J—l)

o', ] (3.20)

+77|:(Ay)BN _H:J—l +Hi’?‘/2:|+a)(m .
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For i=/—-1 and j=J-1 at t>0, substituting the unknown value on the east
boundary by backward difference approximation H;, =H; , +(Ax)B, and
substituting the unknown value on the north boundary by backward difference

approximation H, , ,=H; +(Ay)BN into equation (3.13),

H;ljll,J—l = Hln—l,J—l +<$ [(Ax) B, - H;—I,J—l + H;—Z,J—l :I

. (3.21)
+7 I:(Ay)BN - H;ll,J—l + Hln—l,.le:I o m .

3.2.2 Backward time central space method (BTCS)
Taking the central difference scheme in space and backward difference

scheme in time into each terms of equation (3.2), then

azH Hinjl—lj o 2Hin;l g H?1+1

— ~ - (3.22)

ox ( Ax)
n+l n+l n+l

82H 3 Hi,j—l _2Hi,j2 +Hi,j+1 (3.23)

2 > :
i (Av)

n+l - n

0 T L (3.20)
ot At
w" 11 € (3.25)

Substituting equations (3.22) — (3.25) into equation (3.2), for1 <i </ —1and
I<j<J-latt>0,

n+l n+l n+l n+l n+l
EH +EH! +nH!" ! +nH", —(1+25+2n)H],

i-l,j i+l,j i,j—1 i,j+1
) o’ (3.26)
=-H' —o——"—.
Y AxAYH,
At)K At)K
where & = ( t)z , n= ( t)z and a)zg. Fori=1and j=1at¢>0,
(Ax)"S (Av)'S S

substituting the unknown value on the west boundary by forward difference
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approximation Hy\' = H/';' —=(Ax) B, and substituting the unknown value on the
south boundary by forward difference approximation Hl'fg] :Hl’fl” —(Ay)BS into
equation (3.26),

§Hn+l Hn+1 (1+§+77)Hn+1
n Qll (3.27)

=—H —0——— NN +&(Ax) By, +n(Ay) Bs.

For 1<i<I—-1 and j=1 at ¢>0, substituting the unknown value on the south
boundary by forward difference approximation Hi',’gl =Hi'f1”—(Ay)BS into equation
(3.26),

éHnH + é:HlTl—ll Hn+1 (1+ 25 +77)Hn+1
o" (3.28)

= _Hilfl —a)m+n(Ay)BS

Fori=1-1 and j=1 at #>0, substituting the unknown value on the east boundary

by backward difference approximation H;'=H;" +(Ax)B, and substituting the

1-1.1

unknown value on the south boundary by forward difference approximation

Hffll,o :H}’fll,l —(Ay)BS into equation (3.26),

§H7+2]1+77Hn+] (1+§+77)H1nj11,1
2, (3.29)

F—H; _a)AxAyH” —&(Ax) B, +1(Av) Bs.

For i=1 and 1< j<J-1 at >0, substituting the unknown value on the west
boundary by forward difference approximation Hg;,l :Hl’j.l —(Ax)B,, into equation
(3.26),

éHn+1 H]n?l] anJrl (1+ §+277)Hn+1

(3.30)
9% ——L— +&(Ax)B,.

n

T AdyH]
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For i=/-1 and 1<j<J-1 at t>0, substituting the unknown value on the east
boundary by backward difference approximation H;"' = H}" +(Ax)B, into

I-1,j

equation (3.26),

SHIY j+nH Y +nH Y —(1+ &+ 2n) HTY

”] ) (3.31)
L_f(m)]gﬁ

n

-H; -
Y AxapH)

For i=1 and j=J-1 at ¢>0, substituting the unknown value on the west
boundary by forward difference approximation  H'., = H,";, —(Ax)B, and
substituting the unknown value of the north boundary by backward difference

approximation Hl'f;l =Hﬁ;{1 +(Ay)BN into equation (3.26),

éH;j—l + 77H1}j;l B (1 +<+ 77) H{j}rl—l
4 (3.32)

L7 H —wWE}HJF &(Ax)B, —n(Ay)By.

For 1<i<I—1 and j=J-1 at ¢>0, substituting the unknown value on the north
boundary by backward difference approximation  H;;'=H;! +(Ay)B, into
equation (3.26),

R L EHR SARZ) MR8 R) H2,
Q-’?Jq (3.33)

=-H'  —0o———-n(Ay)B,.
i,J-1 waAyHZ,,_I 77( y) N

For i=[—-1 and j=J-1 at ¢>0, substituting the unknown value on the east
boundary by backward difference approximation H;’', =H;"  +(Ax)B, and
substituting the unknown value on the north boundary by backward difference

approximation H;", =H}"| ,_ +(Ay)B, into equation (3.26),

anH "‘77[_[1wrl (1+§+77)H7j11,J—1

1-2,J-1 -1J-2
Q7—1 J-1 (3.34)
=—H' —w——————E(Ax)B.—n(Ay)B,.
I-1,J-1 A AyH}’,l,H é:( ) E 77( y) N
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The equations (3.26) - (3.34) can be written in matrix form as follow,

AH"™' = B", (3.35)
4 B _
B A4, B
where A= , (3.36)
B 4, B
i B A4 ]
—(1+&+7) ]
n —(1+2&+7) 7
A = ,  (3.37)
n  —(1+2&+n) n
’ n ~(1+&+7)]
[—(1+&+27) n ]
n —(1+2&+2n)
4, = (3.38)
n —(1+2&+2n) n
] n —(1+&+2n) |
" £
4
B= , (3.39)
4
{Es 5_
o,
Hz,l
H™ = : ) (3.40)
HI—Z,J—I
_HI—I,J—I i
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and

" O/,
-H' & —0o—— Ax)B Ayv)B
I-1,1 a)f Ay 1,,_171“"5( ) E+77( y) s
n ) QI,Z

- —p— Ax)B
& AxAy 172+§( ) "

B’ 7, 2 P
AxAyH

Q[Z,H
AxAyH In—l,J—Z

_le,lj—l X Ql,]~1n
A-XAyHl,J—l

_Hln—l,.l—z —w + f (Ax) BE

+&(Ax) B, +11(Ay) By

> (3.41)
-H" —o—=2"1 1+n(Ay)B
M AxAyH ;’ = 7 ( y) X

an—z J-1
-H!, —o———="—+1(Ay)B
I1-2,J-1 AXAyHIn—Z,J—I 77( y) N

Ol 1a
. : Ax)B Ay)B
1-17-1 ~@ AV H! + é:( ) E +77( y) N

forall 1<n< N. We will introduce splitting methods that require smaller CPU time
than the BTCS method. For the alternating direction explicit (ADEM) and the
alternating direction implicit methods (ADIM) are discussed in next the two

subsections.



3.2.3 Alternating direction explicit method (ADEM)
The ADEM are extrapolative and need an easy algebraic solution for an

unknown for all point in each time interval. ADEM equation can be written as [8],

H™ —H" "o H" H™ gt
Si,j i,j i,j =K‘ . i+l,j . i,j +K' . i-l,j . i,j
At w2 (Ax) = (Ax)

n n n+l n+l
VK H', —H, VK H' W —H; W (3.42)
. 2 . 2 Lt
sl () sl () ’

Second stage,

H”+1—Hn H”_ ‘_Hi”' Hir-l¢-+1‘_HinJ-rl
Si,j LY & A :K . ll’-]—z’j +K - LJ > 5J
At = (Ax) i (Ax)

n n n+l n+l
== Hi,j—] _Hi,j +6.), Hi,j+1 _Hi,j LW (3.43)
9 2 .| 2 &Y,
l,j*E (Ay) Z’J+E (Ay) .

1
rH—E
where W, . = iQI—"’. First stage, for convenient, we will letting that
? AxAyH!,
P ANLILS SNy (3.49)
S, (Ax) " 13
A PR (3.45)
S, (&) )
¢, =—2 Kk (3.46)
S, (&y)" #m
4, =—2 g (3.47)
S (Av)
At
and €, =—- (3.48)

24
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For I<i<I—land 1< j<J-1lat t>0, and by rearranging, equation (3.42) becomes,

G, _ 7 S
+m(1{[,]+1 Hi,j)+ (1+bi,j +di,.1') v (3.49)

For i=1 and j=1 at #>0, substituting the unknown value on the east boundary by
forward difference  approximation = Hg,' =H/\' —(Ax)B,, ~and substituting the
unknown value on the south boundary by forward difference approximation

H';' = H''—(Ay) B into equation (3.49),

Hl’fl+l — -] (H;,l _le,ll)_bl,l (Ax)BW (3.50)
tG, (Hlnz _le,ll)_dl, (Ay)BS +H1}11 +el,1W1,|- |

For 1<i<I—1and j=1 at t >0, substituting the unknown value on the south
boundary by forward difference approximation H;jgl :Hl.’rl —(Ay)BS into equation
(3.49),

Hi’f;rl = ;[ai,l (H'n

i+1,1

n n+l
=/ ) +b,, H,

s (3.51)
te,, (Hy—H}\ )=d,, (Ay) By + H]\ + e, W, .

i,j il

Fori=1-1 and j=1 at >0, substituting the unknown value on the east boundary
by backward difference approximation Hj, =H;  +(Ax)B, and substituting the
unknown value on the south boundary by forward difference approximation

H" =H" —(Ay) B into equation (3.49),

1-1,0 I-1,1

Hn+1 _

I-11 —

1 nt
) I:a]—l,l (Ax) BE + b171,1H1721,1

(1+0,, (3.52)

TCr (H;—I,Z —H ) —d, (Ay) Bs+Hp  +e W, ] :
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For i=land 1< j<J-lat >0, substituting the unknown value on the west
boundary by forward difference approximation H(;'jl :Hl'fj” —(Ax)BW into equation
(3.49),

n+ 1 n n
H = m[au (H;,-H;,)-b,,(Ax)B,

n n n+l n
*a,, ( La —H; ) +d, H{L +H e W ]

(3.53)

For i=/-1 and 1<j<J-1 at >0, substituting the unknown value on the east
boundary by backward difference approximation H; ;= H} , +(Ax)BE into equation
(3.49),

+ a,_ b—‘ n+
s (1+5 o )(AX)BE+(1+19 v, ) ey
1-1,j I-1,j I-1,j I-1,j
Cr,j 5 > dl—l,j n+l
+ NS\ 6 H™  (3.54)
(1+b,1’j+d,_l,j)< AN (14, +d,, ) 0
1 €
o HAl/ 4 - W2
(1 +b,_ ;+ dH,j) 7 (1 WENC X dH’j) =

For i=1 and j=J-1 at ¢>0, substituting the unknown value on the west
boundary by - forward difference —approximation ~ Hy\, = H,}',—(Ax)B, and
substituting the unknown value on the top boundary by backward difference

approximation Hy', = H{,_| +(Ay)BN into equation (3.49),

n+l

1
= m[auq (HZn,J—l —Hyy, )_bIJ—l (AX)BW (3.55)

n+l n
+c1,J71 (Ay)BN +d1,J71H1,J72 + Hl,J*l + el,Jfll/Vl,J%]'
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For 1<i</lI-1 and j=J-1 at t>0, substituting the unknown value on the north
boundary by backward difference approximation H;, = H, +(Ay)BN into equation
(3.49),

il diya no_qgn b n+l
i1 (1 b+, ) (Hi+l.J—1 Hi,J—1)+ (1 b, +d. ) HZ
i disa n+l
: (1 +b, . +d; ) (89) B+ (1 +b, . +d; ) Hora 520
1 n ei,./—l

Moty vd ) Wb vd )

For i=1-1 and j=J-1 at >0, substituting the unknown value on the east
boundary by backward difference approximation Hj,,=H} , +(Ax)B, and
substituting the unknown value on the north boundary by backward difference

approximation H}, , =H . +(Ay) B, into equation (3.49),

a b
H7—+11,J—1 = ——Lo (Ax) BE a’ Bl Hlnjzl,J—l
(1 + bl—l,J—l + d[—l,J—l ) (1 v b[—l,J—l + d]—l,J—l )
+ Ak (Av)B, + i HY,, = (357)
(1 = b141,‘/41 4 d171,1-1 ) (1 + b141,‘171 + d1-1,J41 )
1 ¥ €111
& HI—],J—I + ] VI/]—I,J—] &
(1 + bI—l,J—l + d[—l,J—] ) (1 + b[—l,J—] R d[—l,J—l )
Second stage, we will letting that
a =g (3.58)
S, (Ax)
h,=—2 Kk (3.59)
S, (Ax)" 5
o, =—2 k|, (3.60)
S, (Ax)" o
dy=—" K 36
S, (Ax)" g
A
and e = L (3.62)
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For I<i<I—land 1< j<J-1at t>0, and by rearranging, equation (3.43) become,

i+l _ 4 no_qgn b, ntl
M (1+bi,.,1+dl.,‘,)(H”’f Hi’j)+(1+bi, jJ+dL )
c d

i,j n+l

+m(lﬁ“ ~H )+W v (3.63)

1 n ei,j

" (1+bi,j +dl.,j)H"" " (1+bl.,j +di,j) W

For i=1-1 and j=J-1 at ¢>0, substituting the unknown value on the east
boundary by backward difference approximation  Hj, =H}"  +(Ax)B, and
substituting the unknown value on the north boundary by backward difference

approximation H}’fll’J :H,"fll’H +(Ay)BN into equation (3.63),

Hlnjll,./—l =4 11 (HIHAZ,JAI —H\ ) +b (Ax) By
YRR (H[n—l,J—2 —H ) +d; ., (Ay) By (3.64)

n
+H 0 re oW

For 1<i</I—1 and j=J-1 at t>0, substituting the unknown value on the north
boundary by backward difference approximation - H."' =Hl.'7’j£1 +(Ay)B, into
equation (3.63),

1
il G n n n+l
H[,JAI A ( ) [ai,‘/fl (Hi—l,J~1 3 Hi,J~1 ) - bi,JleHl,JAl

1450 (3.65)

1

TGt (H.”'sz —H,, ) +d, (Ay) By+H;, +e , W, ]

For i=1 and j=J-1 at ¢>0, substituting the unknown value on the west
boundary by forward difference approximation H;, , =H,, —(Ax)B, and
substituting the unknown value on the north boundary by backward difference

approximation H,";' = H"}!, +(Ay) By into equation (3.63),

n+l 1
Hl,J—l - (1+b1,J_1)

+¢ ( 1’,1172 - le,ljfl ) + dl,]—l (Ay) By +H1’i/71 + el,J—IVVl J 1]- (3.66)

[_al,J—l (Ax) By, + bl,J—lH;;l—l

J—
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For i=/-1 and 1<j<J-1 at t>0, substituting the unknown value on the east

boundary by backward difference approximation H;"' = H}" +(Ax)B, into

I-1,j E

equation (3.63),

n+ 1 n n
H/-ll,j = (1+d )|:al—1,j (Hl-z,j _HI—I,j)+bl—l,j (AX)BE
I-1,j
+C (H[n—l,j—l _H;L—l,j)-i_dl—l,jH;qjll,jH +H1n—1,j +e[—1,jVV[—l,j:|'(3'67)

For i=1 and 1< j<J-1 at t>0, substituting the unknown value on the west
boundary by forward difference approximation Hg =Hl':_j—(Ax)BW into equation
(3.63),

n+1__# L n+l
fi - (1+b],j]+d1,j)(Ax)BW+(1+b1’_,/+d1,,-) -1
cl,j n o rn 1,j n+l
(1+bu+dlj)( y < Lj)+(1+bu+d1]) N4 (3.68)
1 .

Fori=1-1and j=1 at ¢>0, substituting the unknown value on the east boundary

by backward difference approximation H;' =H," +(Ax)B, and substituting the

1.l

unknown value on the south boundary by forward difference approximation

H ,=H],, —(Ay)BS into equation (3.63),

1
H;jll,l = —) |:a[—1,1 (HIn—Z,l . Hln—l,l ) + b171,1 (Ax) By

(1+d,_, (3.69)

n+l n
€ (Ay) Bs+d, \Hi” ,+H e Wy, } .
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For I<i</I-1 and j=1 at ¢>0, substituting the unknown value on the south
boundary by forward difference approximation H,.'fozHl.’fl—(Ay)BS into equation
(3.63),

a

n+l __ il no n il n+l1
il - (1 + bl_’l + d[’l ) (Hi—l,l Hi,l ) + (1 + bl_’l + dl_’l) i+1,1
Cia il n+l
- (Ay)B.+—>——H
(1+5, +d,»,1)( v) Bs (1+5, +d,,) " (3.70)
1 n ei,l

" (1+5,+d,,) ik (1+5,+d,,) Wi

For i=1 and j=1 at t>0, substituting the unknown value on the west boundary
by forward difference approximation Hy, = H{, —=(Ax)B, and substituting the
unknown value on the south boundary by forward difference approximation

H, = H} —(Ay) By into equation (3.63),

i+l a, b, il
=5 — . Ax .B 3
! (1+b“+d“)( ) B (1+b,+d,) >
Cii d, il
= : Ay)B ’
(1+bi,j+dz/)( 7 S+(1+bf,j+du) i (3.71)
1 €

The stable solutions can be obtained only around the stability condition that [8],

(3.72)

KH| A A
{ a zz}g

1
S [(a) (a) | 2
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3.2.4 Alternating direction implicit method (ADIM)
This method will divide into 2 stages. The first stage, taking the central
difference scheme in space and forward difference scheme in time into each terms

of equation (3.2), then

n-*—l n+l n+l
O°H H_2-2H °+H,>

i-1,j i+1,j , (373)
ox’ (Ax)z
O°H N Hi}fj—l _2Hi’jj +Hi’?j+l , (3.74)
6y2 (Ay)Z

D
oh H,;" —H; (3.75)
ot At
W = W (3.76)
/ AxAyHZ'j

Substituting equations (3.73) - (3.76) into equation (3.2), for 1<i< /-1 and
l<j<J=lat t>0,

1

— n+l )l‘i’l
~oH, 2 +(1+2a)H; 2~ ot}
0" (3.77)
= ﬁHi’,lj—l +(1_2ﬂ)Hi’ii +'8Hi,,lj+1 +X AxA;jH;fj ’
(A1) K (Ar)K At :
where &= —, B= —and y=—.Fori=land 1< j<J-lat t>0,
Ax)S (Av)"S S

substituting the unknown value on the west boundary by forward difference

1

1
approximation H, > = H, ;> —(Ax)B, into equation (3.77),

1
n+—

N
2 2
g aH,

n

(1+05)H1

n n n Ql’,l
=pH;,  +(-2p)H, + BH| ., +7/W}%_
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For i=/-land 1< j<J-lat t>0, substituting the unknown value on the east
1 1

boundary by backward difference approximation H, Z—Hl 121+(Ax)BEinto
equation (3.77),

1
n+—

l
—aH, 2+(1+0¢)H 2

1-2,j
o (3.79)
1-1,;
=ﬂ 1/1+(1 Zﬁ) 1J+ﬂ [1/+1 AxAy]{JII/ a(AX)BE
The equations (3.77) - (3.79) can be written in matrix form as follow,
e
AH * =B, (3.80)

l+ o -
-a 1420 -«
where = i 3 : - (3.81)

- 1+2a -«

f - 1+a_
% { -
n+§
Lj
1
n+E
e 0
H 2 = = 3 (382)
1
Hl—fj
1
I1+E
11,/
H'  +(1-2p)H + [H o _ Ax)B
BH,  +(1-2p) BH .+ VWQ()W
n QZn
ﬂ 211+(1_2ﬂ)H IB 2,+1 AxAy[J-I"
B" = : ,  (3.83)
H', +(1-28)H", + BH" Ora,
ﬂ 1-2,j-1 ( ﬂ) 1-2,j ﬂ 1-2,j+1 }/A_XA Hlnzj
- o,
B 11]1+( BH 11, +pH 111+1 +a(Ax)BE

AXAy Ilj
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for all 1<m< N. The second stage, taking the central difference scheme in space

and forward difference scheme in time into each terms of equation (3.2), then

1 1 l

FH _ H, % -2H, +H,.,>

i-1,j i+1,j , (384)
o’ (Ax)2
2 n+l n+l n+1
a PZI Hz ,Jj-1 2H Hl]Jrl , (385)
oy (Ay)
s,
n+l _ 2
OH _ u (3.86)
ot At
1 n
ot L (3.87)
AxAyHH+7

Substituting equation (3.84) - (3.87) into equation (3.2), forl<i</—-land
l<j<J-lat £>0,

ﬂHnJrl (1 +2ﬂ)Hn+l _'BHnH

i,j-1 137l

ol A2l et e T [ [ 388

AxAyH,

For 1<i<I-=land j=1at ¢>0, substituting the unknown value on the south
boundary by forward difference approximation H;jgl =Hi'fl+1—(Ay)BS into equation
(3.88),

(1+ﬂ)H:1+1—ﬂH:z+l
1 1 n
—aH 2 +(1-2a)H,, 2+05H,+11 7Q— B(Av)B,. (3.89)
AxAyH "2
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For 1<i</—land j=J-1lat >0, substituting the unknown value on the north

boundary by H/;' =H!"}!, +(Ay)B,, into equation (3.88),

ﬂHln;IZ (1+ﬂ)Hln;ll

L1 R K ]
:aHl Goatd- 2O‘)H1121 +aHl+12J | ?/Ql;fll+ﬂ(Ay)BN. (3.90)

AXAsz J21

The equations (3.88) — (3.90) can be written in matrix form as follow

1
AH"=B" 2, (3.91)
1+ —p i
B 1+28 -PB
where A= : : : , (3.92)
B 1+28 -PB
i B 1+B
Hirj+1
zo
H'=| + | (3.93)
K%
IZinzg
\ 3 =28 & y
)- 7eF +(1 Za)H 2 h g + Y/ ~———B(Ay) By
AxAyH,, 2
’” % ez s QimZ
1,2 +(1- 20‘)[—[ 2 Hi+1,§ TVT®RS . 7,
1 AxtyH,
B2 = : . (3.99)
WH 3+ (- 20)H S a4y — 20
AxAYH 2
] : QimJ—l
aHanMIZaﬂ12+aHmJ,;H————T+ﬂQvﬂ%
AxAyH, 3

For all 1<n<N. The ADIM has an unconditionally stable scheme [13]. The

calculated solution can be obtained in size of gridding.
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3.3 Numerical experiments for two-dimensional transient groundwater

flow model in drought area

A transient groundwater flow model is providing hydraulic head profile. The
application of the numerical simulations of a transient groundwater flow model is
tested using the hypothetical examples. From now, we assume the experimented
groundwater area has dimension that 2.4km.x2.4km. The experimented area has
homogeneous aquifer parameters, the initial hydraulic head is given 15m., the
hydraulic ~ conductivity ~ K =15m/day, storage capacity S=1m", grid
spacing Ax = Ay =50m., number of grid spacing/ =J =49and time step Ar=1 day

The five pumping wells is pumping the water from the ground.

3.3.1 Simulation 1 : Four pumping up and one injecting down wells
The pumping wells have the pumping rates as Table 3.1. This example will

consider bounder line have no derivative boundary.

Table 3.1 The pumping rate each well (simulation 1).

Q(600m,600m) Q(600m,1800m) Q(1800m,600m)  Q(1800m,1800m) ~ Q(1200m,1200m)

-216 m*/day -216 m®/day -216 m®/day -216 m*/day 864 m>/day

Table 3.2 The hydraulic head at time ¢ =3600day (FTCS - Simulation 1).

X\y 0 300 600 900 1200 1500 1800 2100 2400

0 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000
300 15.0000 14.9778 149472 149782 14.9948 14.9782 149472 149778 15.0000
600 15.0000 14.9472 14.4388 14.9583 15.0096 14.9583 14.4388 14.9472 15.0000
900 15.0000 14.9782 14.9583 15.0567 15.1795 15.0567 149583 14.9782 15.0000
1200 15.0000 14.9948 15.0096 151795 16.9293 15.1795 15.0096 14.9948 15.0000
1500 15.0000 14.9782 149583 15.0567 15.1795 15.0567 149583 14.9782 15.0000
1800 15.0000 14.9472 14.4388 14.9583 15.0096 14.9583 14.4388 14.9472 15.0000
2100 15.0000 149778 149472 149782 149948 149782 149472 149778 15.0000
2400 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000




Table 3.3 The hydraulic head at time ¢ =3600day (BTCS - Simulation 1).
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xX\y 0 300 600 900 1200 1500 1800 2100

2400

0 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000
300 15.0000 14.9778 149472 149782 14.9948 14.9782 149472 149778
600 15.0000 14.9472 14.4389 14.9583 15.0096 14.9583 14.4389 14.9472
900 15.0000 14.9782 149583 15.0567 15.1795 15.0567 149583 14.9782
1200 15.0000 14.9948 15.0096 15.1795 16.9292 15.1795 15.0096 14.9948
1500 15.0000 14.9782 149583 15.0567 15.1795 15.0567 149583 14.9782
1800 15.0000 14.9472 14.4389 149583 15.0096 14.9583 14.4389 14.9472
2100 15.0000 149778 149472 149782 149948 149782 149472 149778
2400 15.0000 15.0000 15.0000 15.0000 15.0000  15.0000 15.0000 15.0000

15.0000
15.0000
15.0000
15.0000
15.0000
15.0000
15.0000
15.0000
15.0000

Table 3.4 The hydraulic head at time ¢ =3600day (ADEM - Simulation 1).

xX\y 0 300 600 900 1200 1500 1800 2100

2400

0 15.0000 15.0000 15.0000 ~15.0000  15.0000 15.0000 15.0000  15.0000
300 15.0000 14.9516 149127 149574 14.9854 14.9574 149127 14.9516
600  15.0000 = 14.9127 14.4000 149565 15.0336 14.9565 14.4000 14.9127
900 15.0000 14.9574 149565 15.1226  15.2887 15.1226 14.9565 14.9574
1200 15.0000 14.9854 15.0336 15.2887 17.0766 15.2887 @ 15.0336 14.9854
1500 15.0000 14.9574 149565 15.1226 15.2887 15.1226 14.9565 14.9574
1800 15.0000 14.9127 14.4000 14.9565 15.0336 14.9565 14.4000  14.9127
2100 15.0000 149516 149127 149574 149854 149574 149127 149516
2400 15.0000 15.0000 15.0000  15.0000 15.0000 15.0000 15.0000  15.0000

15.0000
15.0000
15.0000
15.0000
15.0000
15.0000
15.0000
15.0000
15.0000

Table 3.5 The hydraulic head at time #=3600day (ADIM - Simulation 1).

x\y 0 300 600 900 1200 1500 1800 2100

2400

0 15.0000 15.0000 15.0000 15.0000 15.0000  15.0000 15.0000 15.0000
300 15.0000 14.9769 149469 149780 14.9947 14.9780 14.9469 14.9769
600 15.0000 14.9461 14.4388 14.9583 15.0096 14.9583 14.4388 14.9461
900 15.0000 14.9775 149583 15.0567 15.1795 15.0567 14.9583 14.9775
1200 15.0000 14.9945 15.0096 151795 16.9292 15.1795 15.0096 14.9945
1500 15.0000 14.9775 149583 15.0567 15.1795 15.0567 14.9583 14.9775
1800 15.0000 14.9461 14.4388 14.9583 15.0096 14.9583 14.4388 14.9461
2100 15.0000 149769 149469 14.9780 149947 149780 14.9469 14.9769
2400 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000

15.0000
15.0000
15.0000
15.0000
15.0000
15.0000
15.0000
15.0000
15.0000
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Hydraulic Head (metre)

y - direction a 0 x - direction

Figure 3.2 The surface graph of the hydraulic head (FTCS - Simulation 1).
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Figure 3.3 The contour graph of the hydraulic head (FTCS - Simulation 1).

The hydraulic head of FTCS technique can be seen in Table 3.2. The surface
plot and contour plot of FTCS technique are shown in Figure 3.2 and Figure 3.3
respectively. Note that the hydraulic head near four pumping wells and are smaller
than their farther point and the hydraulic head near an injection well are greater

than their farther point.
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Hydraulic Head (metre)

y - direction a 0 x - direction

Figure 3.4 The surface graph of the hydraulic head (BTCS - Simulation 1).

30—

y - direction
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Figure 3.5 The contour graph of the hydraulic head value (BTCS - Simulation 1).

The hydraulic head of BTCS technique can be seen in Table 3.3. The surface
plot and contour plot of FTCS technique are shown in Figure 3.4 and Figure 3.5
respectively. Note that the hydraulic head near four pumping wells and are smaller
than their farther point and the hydraulic head near an injection well are greater

than their farther point.
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Hydraulic Head (metre)

y - direction a 0 x - direction

Figure 3.6 The surface graph of the hydraulic head (ADEM - Simulation 1).

30—

y - direction
5
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25
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Figure 3.7 The contour graph of the hydraulic head (ADEM - Simulation 1).

The hydraulic head of ADEM technique can be seen in Table 3.4. The surface
plot and contour plot of ADEM technique are shown in Figure 3.6 and Figure 3.7
respectively. Note that the hydraulic head near four pumping wells and are smaller
than their farther point and the hydraulic head near an injection well are greater

than their farther point.
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Hydraulic Head (metre)

y - direction o 0 x - direcction

Figure 3.8 The surface graph of the hydraulic head (ADIM - Simulation 1).
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Figure 3.9 The contour graph of the hydraulic head (ADIM - Simulation 1).

The hydraulic head of ADIM technique can be seen in Table 3.5. The surface
plot and contour plot of ADIM technique are shown in Figure 3.8 and Figure 3.9
respectively. Note that the hydraulic head near four pumping wells and are smaller
than their farther point and the hydraulic head near an injection well are greater

than their farther point.



Table 3.6 The total mass error (%) for each process technique.

Day\Methods FTCS BTCS ADEM ADIM
1 0.00x10° 1.15x10% 1.21x107 1.21x10"
3 3.64x107 356x107 1.75x10° 5.96x107
5 1.19x10° 1.16x10° 5.08x10° 1.52x10°
10 514x10° 5.03x10° 1.98x10° 561x10°
30 4.23%x10° 4.16x10° 1.40x10% 4.32x10°
50 1.04x10% 1.02x10% 3.17x10° 1.05x10*
100 3.18x10% 3.16x10% 8.70x10% 3.19x10*
1000 6.80x10° 6.80x102 1.49x10? 6.80x107
1800 1.32x10%  1.32x10% 2.39x10% 1.32x107?
3000 2.02x10% 2.01x10? 213%10? 202x107?
3600 216x107 2.16x10?% 1.35x102% 2.16x107

Table 3.7 The computing times (sec) for each proposed technique.

Day\Methods - FTCS ~ BTCS ~ ADEM  ADIM

1 0.04 0.49 0.05 0.32
3 0.04 1.42 0.05 0.41
5 0.04 2.31 0.05 0.54
10 0.04 4.75 0.07 0.83
30 0.04 1395 0.13 1.94
50 0.05 2287 0.11 2.89
100 0.06 4599 0.18 5.54
1000 0.29  436.44 137 55.19
1800 0.49 78526 248  98.87
3000 0.80 131212 4.03 165.63

3600 0.95 1551.12 4.82 202.02
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Figure 3.10 The variation of hydraulic head at x =600m.and y =600 m.

(all technique).

The line plot of all finite difference methods at x=600m.and y =600m.are
shown in Figure 3.10. Note that the hydraulic head of FTCS, BTCS and ADIM

technique have near value without ADEM technique.

Table 3.8 The stabilities for some ¢rid spacing of FTCS, BTCS, ADEM and ADIM

scheme.
Ax Ay At FTCS BTCS ADEM ADIM
150 stable stable stable stable
155 stable stable stable stable
160 stable stable stable stable
100 100 165 unstable stable stable stable
170 unstable stable stable stable
175 unstable stable stable stable
180 unstable stable stable stable
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3.3.2 Simulation 2 : Four pumping up wells with opened boundary

The four pumping wells is pumping the water from the ground at all times.
There is no injection well. The pumping wells have the pumping rates as Table 3.9.
Given  boundary conditions as, B, =-0.005, B;=0.005, B, =0.005and
B, =-0.005.

Table 3.9 The pumping rate each well (simulation 2).

Q(600m,600m) Q(600m,1800m) Q(1800m,600m)  Q(1800m,1800m)  Q(1200m,1200m)

-216 m*/day -324 m*/day -432 m*/day -540 m*/day 0 m*/day

Table 3.10 The hydraulic head at time ¢#=3600day (FTCS - Simulation 2).

x\y 0 300 600 900 1200 1500 1800 2100 2400

0 13.7095 14.1695 143161 143463 143525 14.3420 14.3081 14.1651 13.7075
300 14.1695 14.6193 14.7422 147960 14.8125 14.7840 14.7137 14.6069 14.1651
600 143161 14.7422 143846 149190 14.9591 14.8910 14.0848 14.7137 14.3081
900 143461 14.7957 149185 149725 14.9892 14.9608 14.8906 14.7837 14.3418
1200 143507 14.8086 14.9523 14.9855 14.9949 14.9856 @ 14.9525 14.8087 14.3508
1500 14.3328 14.7584 14.8314 14.9356 14.9819 14.9482 148616 14.7713 14.3374
1800 14.2911 14.6533 13.4422 14.8310 14.9457 148612 13.7712 14.6841 14.2998
2100 14.1557 145808 14.6533 14.7581 14.8049 14.7710 14.6841  14.5941 14.1604
2400 13.7033 14.1557 14.2911 14.3327 143491 143373 14.2997 141604 13.7054

Table 3.11 The hydraulic head at time ¢ =3600day (BTCS - Simulation 2).

x\y 0 300 600 900 1200 1500 1800 2100 2400

0 13.7118 14.1706 143173 143474 143536 143431 14.3092 14.1662 13.7098
300 14.1706 14.6192 147421 147960 14.8124 14.7840 14.7136 14.6068 14.1662
600 143173 14.7421 143846 149189 14.9590 14.8910 14.0847 14.7136 14.3092
900 143473 14.7958 149187 14.9726 14.9891 149607 14.8903 14.7835 14.3429
1200 14.3528 14.8105 149557 14.9873 14.9949 149837 149490 14.8067 14.3511
1500 14.3386 14.7714 148618 14.9483 14.9819 149355 14.8312 14.7582 14.3339
1800 14.3009 14.6841 137712 14.8611 149456 14.8310 13.4422 14.6533 14.2922
2100 14.1616 145940 14.6840 14.7710 14.8048 14.7580 14.6533 14.5807 14.1568
2400 13.7077 14.1616 14.3009 14.3384 14.3502 14.3338 14.2922 14.1568 13.7056




Table 3.12 The hydraulic head at time ¢ =3600 day (ADEM - Simulation 2).
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x\y 0 300 600 900 1200 1500 1800 2100 2400
0 13.0697 13.6245 13.8804 13.9830 14.0078 13.9655 13.8524 13.6031 13.0527
300 13.6245 14.1672 143970 14.5256 145617 14.4969 143431 14.1338 13.6019
600 13.8801 14.3967 14.1355 147551 14.8164 14.7064 13.7972 143423 13.8504
900 139813 14.5235 14.7528 14.8820 149188 14.8538 14.6995 14.4906 13.9591
1200 14.0003 14.5517 14.8036 14.9107 149399 14896 147779 145319 13.9843
1500 13.9455 14.4649 14.6531 14.8243 14.8865 14.7936 145950 14.4292 13.9218
1800 13.8228 14.2865 13.4410 14.6462 147650 14.5927 13.0638 14.2267 13.7906
2100 13.5808 14.0989 14.2856 14.4585 14.5220 14.4271 14.2264 14.0624 13.5564
2400 13.0362 135796 13.8209 13.9391 139768 139200 13.7903 13.5564 13.0179
Table 3.13 The hydraulic head at time ¢ =3600day (ADIM - Simulation 2).
x\y 0 300 600 900 1200 1500 1800 2100 2400
0 13,7106 14.1728 143203 14.3505 14.3568 14.3462 14.3122 14.1683 13.7086
300 141674 146192 147430 14.7970 14.8134 147850 14.7145 14.6069 14.1629
600 143132 147413 143846 149191 149592 14.8912 14.0847 14.7128 14.3051
900 143431 147949 149186 14.9726 14.9892 149607 14.8902 14.7826 14.3387
1200 14.3485 14.8095 14.9556 149873 149949 149837 149488 14.8058 14.3468
1500 14.3344 14.7704 148617 149483 149819 149355 148311 147572 14.3296
1800 14.2968 14.6832 13.7712 14.8613 149458 148311 13.4421 14.6524 14.2881
2100  14.1583 14.5940 14.6849 147720 14.8059 14.7590 14.6542 145807 14.1535
2400 137066 14.1637 14.3039 14.3415 14.3533 14.3369 14.2952 14.1589 13.7045
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Figure 3.11 The surface graph of the hydraulic head (FTCS - Simulation 2).
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Figure 3.12 The contour graph of the hydraulic head (FTCS - Simulation 2).

The hydraulic head of FTCS technique can be seen in Table 3.10. The surface
plot and contour plot are shown in Figure 3.11 and Figure 3.12 respectively. Note
that the hydraulic head near four pumping wells and the border line are smaller

than their farther point.
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Figure 3.13 The surface graph of the hydraulic head (BTCS - Simulation 2).
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Figure 3.14 The contour graph of the hydraulic head (BTCS - Simulation 2).
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The hydraulic head of BTCS technique can be seen in Table 3.11. The surface

than their farther point.

plot and contour plot are shown in Figure 3.13 and Figure 3.14 respectively. Note

that the hydraulic head near four pumping wells and the border line are smaller
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Figure 3.15 The surface graph of the hydraulic head (ADEM - Simulation 2).
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Figure 3.16 The contour graph of the hydraulic head (ADEM - Simulation 2).

The hydraulic head of ADEM technique can be seen in Table 3.12. The

surface plot and contour plot are shown in Figure 3.15 and Figure 3.16 respectively.

Note that the hydraulic head near four pumping wells and the border line are

smaller than their farther point.
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Figure 3.18 The contour graph of the hydraulic head (ADIM - Simulation 2)

The hydraulic head of ADIM technique can be seen in Table 3.13. The surface
plot and contour plot are shown in Figure 3.17 and Figure 3.18 respectively. Note

that the hydraulic head near four pumping wells and the border line are smaller

than their farther point.
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3.3.3 Simulation 3 : Four pumping up wells and one injecting down
with opened boundary

The four pumping wells is pumping the water from the ground. There is an
injection well which injection the water from a reservoir. The pumping wells and

injection well have the pumping rates as table 3.11 at all times. Given boundary

conditions as, B, =-0.005, B, =0.005, B, =0.005and B, =-0.005.

Table 3.14 The pumping rate each well (simulation 3).

Q(600m,600m) Q(600m,1800m) Q(1800m,600m)  Q(1800m,1800m)  Q(1200m,1200m)

-216 m*/day -324 m*/day -432 m*/day -540 m*/day 864 m*/day

Table 3.15 The hydraulic head at time ¢ =3600day (FTCS - Simulation 3).

x\y 0 300 600 900 1200 1500 1800 2100 2400

0 13.7095 14.1695 143162 143464 143526 14.3421 143081 14.1651 13.7075
300  14.1695 14.6193 14.7424 147969 14.8140 14.7849 14.7139 14.6069 14.1651
600 14.3162 14.7424 143871 14.9311 14.9811 14.9032 14.0872 14.7139 14.3081
900  14.3463  14.7968 14.9309 15.0526 15.1756 15.0406 149025 14.7845 14.3419
1200 14.3518 = 14.8121 149777 151738 16.9270 15.1702 149710 14.8083 14.3501
1500 143376 14.7723 14.8740 15.0283 15.1684 15.0154 14.8433 14.7591 14.3329
1800 14.2998 14.6843 137738 14.8733 149676 14.8431 13.4447 14.6535 14.2911
2100 14.1604 145941 14.6843 14.7719 14.8064 147590 14.6535 14.5808 14.1557
2400 13.7054  14.1604 14.2998 143374 143492 14.3328 14.2911 14.1557 13.7033

Table 3.16 The hydraulic head at time ¢#=3600day (BTCS - Simulation 3).

xX\y 0 300 600 900 1200 1500 1800 2100 2400

0 13.7118 14.1706 143173 14.3475 14.3538 14.3432 14.3092 14.1662 13.7098
300 14.1706 14.6192 14.7423 14.7969 14.8139 14.7849 14.7138 14.6068 14.1662
600 143173 14.7423 143870 14.9310 14.9810 149031 14.0872 14.7138 14.3092
900 143474 14.7967 149308 15.0526 15.1756 15.0406 149025 14.7844 14.3430
1200 14.3529 14.8120 149777 151738 16.9270 15.1701 149710 14.8082 14.3512
1500 14.3387 14.7723 14.8739 15.0283 15.1683 15.0154 14.8433 14.7591 14.3340
1800 14.3009 14.6843 13.7738 14.8733 14.9676 14.8431 13.4447 14.6535 14.2923
2100 14.1616 145940 14.6842 14.7719 14.8064 14.7589 14.6535 14.5807 14.1568
2400 13.7077 14.1616 143009 14.3385 14.3504 14.3339 14.2923 14.1568 13.7056




Table 3.17 The hydraulic head at time ¢ =3600 day (ADEM - Simulation 3).

50

x\y 0 300 600 900 1200 1500 1800 2100 2400
0 13.0699 13.6251 13.8825 139875 14.0136 13.9700 13.8545 13.6038 13.0530
300 13.6251 14.1687 14.4024 14.5380 145782 145093 14.3486 14.1353 13.6026
600 13.8822 14.4021 14.1577 14.8111 14.8966 14.7624 13.8199 143477 13.8525
900 13.9858 145358 14.8088 15.0651 15.2428 15.0368 14.7555 14.5030 13.9636
1200 14.0061 145683 14.8838 152348 17.0441 152186 14.8581 14.5484 13.9901
1500 13.9500 144772 14.7091 150074 152105 149767 14.6510 14.4416 13.9262
1800 13.8249 14.2919 134642 147023 14.8453 14.6487 13.0876 14.2322 13.7927
2100 135815 141005 14.2911 144709 145385 14.4395 14.2319 14.0640 13.5571
2400 13.0364 135803 13.8230 13.9436 139827 139245 137924 135570 13.0181
Table 3.18 The hydraulic head at time ¢ =3600day (ADIM - Simulation 3).
x\y 0 300 600 900 1200 1500 1800 2100 2400
0 137106 14.1728 143203 14.3506 14.3569 14.3463 14.3122 14.1683 13.7086
300 141674 146192 147432 147979 14.8149 147859 14.7147 14.6069 14.1629
600 143132 147415 143871 149312 149812 149033 14.0872 14.7130 14.3051
900 143432 147958 149307 15.0526 15.1756 15.0406 14.9023 14.7835 14.3388
1200 14.3487 14.8111 149776 15.1738 169270 15.1702 14.9708 14.8073 14.3470
1500 14.3345 14.7713 14.8738 15.0283 15.1684 15.0154 14.8432 14,7581 14.3297
1800 14.2968 14.6834 13.7738 14.8734 149678 14.8432 13.4447 14.6526 14.2881
2100  14.1583 14.5941 14.6851 14.7729 14.8074 14.7600 14.6544 145808 14.1535
2400 13.7066  14.1637 14.3039 14.3416 14.3535 14.3370 14.2953 14.1589 13.7045
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Hydraulic Head (metre)

y - direction o 0 x - direction

Figure 3.19 The surface graph of the hydraulic head (FTCS - Simulation 3).

y - direction

x - direction

Figure 3.20 The contour graph of the hydraulic head (FTCS - Simulation 3).

The numerical hydraulic head values of FTCS technique can be seen in Table
3.15. The surface plot and contour plot are shown in Figure 3.19 and Figure 3.20
respectively. Note that the hydraulic head value near four pumping wells and the
border line are smaller than their farther point and the hydraulic head value near an

injection well are greater than their farther point.



52

Hydraulic Head (metre)

y - direction o 0 x - direction

Figure 3.21 The surface graph of the hydraulic head (BTCS - Simulation 3).

y = direcction

x - direction

Figure 3.22 The contour graph of the hydraulic head (BTCS - Simulation 3).

The numerical hydraulic head of BTCS technique can be seen in Table 3.16.
The surface plot and contour plot are shown in Figure 3.21 and Figure 3.22
respectively. Note that the hydraulic head near four pumping wells and the border
line are smaller than their farther point and the hydraulic head near an injection well

are greater than their farther point.
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HYDRAULIC HEAD (metre)

y - direction 0 0 x - direction

Figure 3.23 The surface graph of the hydraulic head (ADEM - Simulation 3)

17

y = direction

x - direction

Figure 3.24 The contour graph of the hydraulic head (ADEM - Simulation 3).

The numerical hydraulic head of ADEM technique can be seen in Table 3.17.
The surface plot and contour plot are shown in Figure 3.23 and Figure 3.24
respectively. Note that the hydraulic head near four pumping wells and the border
line are smaller than their farther point and the hydraulic head near an injection well

are greater than their farther point.
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Hydraulic Head (metre)

y - direction o 0 x - direcction

Figure 3.25 The surface graph of the hydraulic head (ADIM - Simulation 3).

y - direction

ey
" e

x - direction

Figure 3.26 The contour graph of the hydraulic head (ADIM - Simulation 3).

The numerical hydraulic head values of ADIM technique can be seen in Table
3.18. The surface plot and contour plot are shown in Figure 3.25 and Figure 3.26
respectively. Note that the hydraulic head near four pumping wells and the border
line are smaller than their farther point and the hydraulic head near an injection well

are greater than their farther point.
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3.3.4 Simulation 4 : Four pumping up wells and one period injecting
down well with opened boundary

The four pumping wells is pumping the water from the ground at all times.
There is an injection well is injection the water from a reservoir. After 6 months, the
rainy season has coming, the injection well will inject the water along the rainy
season for 6 months later. The pumping wells and injection well have the pumping
rates as table 3.13. Given boundary conditions as, B, =-0.005, B =0.005,
B, =0.005and B, =—0.005.

Table 3.19 The pumping rate each well (simulation 4).

Q(600m,600m) Q(600m,1800m) Q(1800m,600m) — Q(1800m,1800m)  Q(1200m,1200m)

-216 m*/day -324 m*/day -432 m*/day -540 m*/day 864 m>/day

Table 3.20 The hydraulic head at time ¢ =3600day (FTCS - Simulation 4).

xX\y 0 300 600 900 1200 1500 1800 2100 2400

0 13,7095 14.1695 143162 14.3463 14.3526 14.3420 143081 14.1651 13.7075
300 14.1695 14.6193 147423 147966 14.8133 14.7845 147138 14.6069 14.1651
600 143162 14.7423 143860 14.9257 149711 148978 14.0862 14.7138 14.3081
900 143462 14.7963 149252 150156 15.0885 15.0039 14.8973 14.7843 14.3419
1200 14.3508 14.8095 149643 150849 15.5387 15.0850 14.9645 14.8096 14.3509
1500 14.3329 14.7589  14.8381 14.9787 15.0813 14.9913 14.8683 14.7718 14.3375
1800 14.2911 14.6535 13.4436  14.8377 14.9577 14.8679 13.7727 14.6842 14.2998
2100 14.1557 145808 14.6535 14.7586 14.8058 14.7715 14.6842 145941 14.1604
2400 13.7033  14.1557 14.2911 143327 143492 143373 14.2998 14.1604 13.7054




Table 3.21 The hydraulic head at time ¢ =3600day (BTCS - Simulation 4).
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x\y

0

300

600

900

1200

1500

1800

2100

2400

0
300
600
900

1200
1500
1800
2100
2400

13.7118
14.1706
14.3173
14.3473
14.3520
14.3340
14.2923
14.1568
13.7056

14.1706
14.6192
14.7422
14.7962
14.8094
14.7588
14.6534
14.5807
14.1568

14.3173
14.7422
14.3860
14.9252
14.9643
14.8381
13.4436
14.6534
14.2922

14.3475
14.7965
14.9256
15.0156
15.0848
14.9787
14.8377
14.7586
14.3339

14.3537
14.8133
149711
15.0885
15.5399
15.0813
14.9577
14.8057
14.3503

14.3432
14.7845
14.8977
15.0039
15.0850
14.9913
14.8679
14.7715
14.3385

14.3092
14.7137
14.0861
14.8973
14.9645
14.8683
13.7727
14.6842
14.3009

14.1662
14.6068
14.7137
14.7842
14.8096
14.7718
14.6842
14.5940
14.1616

13.7098
14.1662
14.3092
14.3430
14.3520
14.3386
14.3009
14.1616
13.7077

Table 3.22 The hydraulic head at time ¢ =3600day (ADEM - Simulation 4).

xX\y

0

300

600

900

1200

1500

1800

2100

2400

0
300
600
900

1200
1500
1800
2100
2400

13.0698
13.6248
13.8810
13.9820
13.9958
13.9271
13.7932
13.5579
13.0191

13.6249
14.1680
14.3994
14.5281
14.5505
14.4381
14.2301
14.0633
13.5567

13.8816
14.4000
14.1472
14.7804
14.8333
14.6277
13.0772
14.2295
13.7915

13.9856
14.5324
14.7850
14.9776
15.0744
14.8926
14.6232
14.4340
13.9225

14.0110
14.5708
14.8595
15.0909
15.4841
15.0585
14.8082
14.5311
13.9801

13.9681
14.5038
14.7369
14.9528
15.0751
14.9201
14.6763
14.4653
13.9416

13.8536
14.3462
13.8101
14.7324
14.8344
14.6809
13.4534
14.2887
13.8221

13.6035
14.1347
14.3457
14.4997
14.5514
14.4697
14.2893
14.0998
13.5800

13.0529
13.6023
13.8519
13.9635
13.9953
13.9452
13.8227
13.5801
13.0352

Table 3.23 The hydraulic head at time ¢ =3600day (ADIM - Simulation 4).

xX\y

0

300

600

900

1200

1500

1800

2100

2400

0
300
600
900

1200
1500
1800
2100
2400

13.7106
14.1674
14.3132
14.3431
14.3477
14.3298
14.2881
14.1535
13.7045

14.1728
14.6192
14.7414
14.7953
14.8085
14.7579
14.6526
14.5808
14.1589

14.3203
14.7431
14.3860
14.9251
14.9642
14.8380
13.4436
14.6543
14.2952

14.3506
14.7975
14.9258
15.0156
15.0848
14.9787
14.8378
14.7596
14.3370

14.3569
14.8143
14.9713
15.0885
15.5392
15.0813
14.9578
14.8067
14.3534

14.3463
14.7855
14.8979
15.0039
15.0849
14.9913
14.8680
14.7725
14.3416

14.3122
14.7146
14.0861
14.8972
14.9644
14.8682
13.7727
14.6851
14.3039

14.1683
14.6069
14.7129
14.7832
14.8086
14.7708
14.6834
14.5941
14.1637

13.7086
14.1629
14.3051
14.3388
14.3478
14.3344
14.2968
14.1583
13.7066
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Figure 3.27 The surface graph of the hydraulic head (FTCS - Simulation 4).
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Figure 3.28 The contour graph of the hydraulic head (FTCS - Simulation 4).

The numerical hydraulic head values of FTCS technique can be seen in Table
3.20. The surface plot and contour plot are shown in Figure 3.27 and Figure 3.28
respectively. Note that the hydraulic head value near four pumping wells and the
border line are smaller than their farther point and the hydraulic head value near an

injection well are greater than their farther point.
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Figure 3.29 The surface graph of the hydraulic head (BTCS - Simulation 4).
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Figure 3.30 The contour graph of the hydraulic head (BTCS - Simulation 4).

The numerical hydraulic head of BTCS technique can be seen in Table 3.21.
The surface plot and contour plot are shown in Figure 3.29 and Figure 3.30
respectively. Note that the hydraulic head near four pumping wells and the border
line are smaller than their farther point and the hydraulic head near an injection well

are greater than their farther point.
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Figure 3.31 The surface graph of the hydraulic head (ADEM - Simulation 4).
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Figure 3.32 The contour graph of the hydraulic head (ADEM - Simulation 4).

The numerical hydraulic head of ADEM technique can be seen in Table 3.22.
The surface plot and contour plot are shown in Figure 3.31 and Figure 3.32
respectively. Note that the hydraulic head near four pumping wells and the border
line are smaller than their farther point and the hydraulic head near an injection well

are greater than their farther point.
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Figure 3.33 The surface graph of the hydraulic head (ADIM - Simulation 4).
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Figure 3.34 The contour graph of the hydraulic head (ADIM - Simulation 4).

The numerical hydraulic head of ADIM technique can be seen in Table 3.23.
The surface plot and contour plot are shown in Figure 3.33 and Figure 3.34
respectively. Note that the hydraulic head near four pumping wells and the border
line are smaller than their farther point and the hydraulic head near an injection well

are greater than their farther point.
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Figure 3.35 The variation of hydraulic head at x=1200m.and y =1200m.

(all techniques).

The line plot of all finite difference methods at x =600m.and y =600m.are
shown in Figure 3.10. We have the hydraulic head each technique which it’s
increasing and decreasing when changing time. Note that the hydraulic head of FTCS,

BTCS and ADIM technique have near value without ADEM technique.

3.4 A two-dimensional transient groundwater flow model in drought
area discussion

The two-dimensional transient groundwater flow model is used in the
problem. The calculated results give the hydraulic head at each position in drought
area. This study proposes a simply and flexible groundwater simulation using the
implicit and explicit finite difference methods such as FTCS, BTCS, ADEM and ADIM.
The complex geometry in the model considered by variable grid sizes aquifer
parameters, sinks and source terms.

From the simulation 1, The four pumping wells are pumping the water from
the surface water supply at all times. The values of hydraulic head near four
pumping wells and the border line are smaller than their farther point. In the

simulation 3, the more complicated model than the first simulation is proposed. The
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added injection well is injecting the water from a reservoir at all times. The overall
hydraulic head is also increased. In fact, the problem must be corresponded with the
season changing. In the simulation 4, we adapt the model from the simulation 3 by
assuming that the rainy season has coming in after 6 months, the injection well will
be injecting the water along that period of time. The hydraulic head at each four
pumping well goes larger than the result in the simulation 2.

The results of the total mass errors and computing times for the simulation 1
are shown in Table 3.6 and 3.7. We can see that the finite difference methods give
the accurately results for the simulation. The calculation speed by using the
proposed finite difference methods are FTCS, ADEM, ADIM and BTCS, respectively.
Note that the simulations have been calculated by a PC (Intel(R) core(TM) i3-2220
CPU 3.30 GHz processor and 4.0 GB RAM) and screen updating feature of each
calculations was closed during each finish calculations. The stability results of each
the finite difference methods are shown in Table 3.8. It can be concluded that the
stability requirement is one of the disadvantages of the technique. We can see that
the FTCS scheme is not good agreement for real-world application. However, the
BTCS, ADEM and ADIM have an advantage over compare FTCS. It is also
unconditionally stable methods as well.

These are then the considered area is drought area. For the real-world
problem, the field measurement hydraulic head values, variable grid sizes aquifer
parameters, the interpolated functions of sinks and source terms, must amend to be

more suitable in puts for each considered terrains.



Chapter 4

Mathematical Simulations of a Groundwater

Management in a Drought Area

In this chapter, the objective of groundwater flow management model is the
minimum cost of injection rates. These are then subjected to optimal management
of the water injection stations to achieve minimum cost. The numerical experiments

are also given.

4.1 The governing equation of two-dimensional groundwater steady-

flow model with drought area

Mathematical models are all based on the water balance principle. Combine
the mass balance equation and Darcy’s law produce the governing equation for
groundwater flow. The general equation that governs two-dimensional groundwater

steady-flow in isotropic, homogeneous porous media and vertically average [14],

oO’H ©O°H
+—=
ox’ oy

0, (4.1)

where H (x, y)is hydraulic head (metre). We will introduce the affected term as
sources and sinks due to the external inputs and outputs. Consequently, the

equation (4.1) become

0’'H 0O°H
+
ox> o’

+W =0, (4.2)

where W is sinks and/or source (1/day). The boundary conditions are specified, for all
(x,»)€[0,L]x[0,M] where L,M are positive constant which represent the

dimension of the rectangular domain,

oH

™ B, forall 0<x<L and y=M, (4.3)
n
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OH
— =B, forall 0<x<L and y=0, (4.4)
on
H=B, forallx=0 and 0<y<M, (4.5)
H=B, forall x=Land0<y<M. (4.6)

And the source terms W that represented by the rate of pumping well in each point,

W(xs,ys)zQ(xs,ys):Qs forall s=1,2,3,...,p, 4.7

where s is a number of pumping wells.

4.2 Numerical technique with two-dimensional groundwater steady

flow model with drought area

The two-dimensional groundwater steady-flow not depend on time, the
implicit finite difference method is used to solve groundwater flow model. The
method is suitable for the model due to the linear systems of equations will be
constructed. It is possible to implement with the groundwater management model.

Taking the central difference scheme in space into each terms of equation (4.2), then

O’H H_;=2H,, +H,

i % i+, [ (48)
ox? ( Ax)z
azH ~ Hi’j_l e 2Hi’€ + Hi’j*—l 5 (49)
oy (AY)
W, =+ G (4.10)
7 AAYVH,

Substituting equations (4.8) - (4.10) into equation (4.2), forl<i</—land 1< j<J -1,

—(2a+2b)H, ;+aH, , ,+aH,, ,+bH, ,  +bH, w. ., (4.11)

i,j+1 == i,j



65

> and b= 5
Ax) (Av)

value on the south boundary by forward difference approximation H,,=H,, into

where a=

. For i=1 and j=I1, substituting the unknown

equation (4.11),
—(2a+b)H,,+aH,,+bH,, =-W, —aB,. (4.12)

For I<i<[I—1 and j=1, substituting the unknown value on the south boundary by

forward difference approximation H,, = H,, into equation (4.11),

—(2a+b)H,, +aH, ,, +aH,,, +bH, , =—W,,. (4.13)

i+1,1 i

For i=I-1 and j=1, substituting the unknown value on the south boundary by

forward difference approximation H, ,, =H,_, into equation (4.11),
A 2a4BYHY, ¢ aFl &, EbH ) =W 2B (4.14)

Fori=1land l<j<J—-1,

—(2a+2b)H, ;+aH, ,+bH,,  +bH, =W, —aB,. (4.15)
Fori=/—-land 1<j<J~-1,
—(2a+2b)H,., , +aH, , ,+bH, ;  +bH ., =W,  —aB,  (4.16)

For i=1 and j=J-1, substituting the approximate unknown value on the north

boundary by backward difference approximation by H, , = H, ,_, into equation (4.11),

—(2a+b)H,,  +aH,,  +bH, , ,=—W,, —aB,. @.17)
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For I<i<I—-1 and j=J-1, substituting the approximate unknown value on the
north boundary by backward difference approximation H,, =H,,  into equation
(4.11),

—(2a+b)H,, ,+aH_, , +aH,, , +bH, , , =W, . (4.18)

1

For i=1-1 and j=J -1, substituting the unknown value on the north boundary by

backward difference approximation H,, , =H,_, ,, into equation (4.11),
—(2a+b)H, ,, +aH, ,, +bH  ,,=—W,_ ,  —aB, (4.19)

The equations (4.11) - (4.19) can be written in matrix form as follow,

AH = B, (4.20)
4 A R
A3 AZ A3
where o= /- J (4.21)
A, A A,
L 4y A
_—(2a+b) a ]
a —(2a+b) a
A = , (4.22)
a —(2a+b) a
| a —(2a+b)_
| —(2a+2b) a |
a —(2a+2b) a
4, = , (4.23)
a —(2a+2b) a
i a —(2a+2b)_
b .
b
4, = ) (4.24)
b
L b_




H=| : |, (4.25)

and

ETEaES aBy (4.26)
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4.3 Groundwater management model with drought area using an

optimization method.
The objective function Cis the cost of all pump injection in the considered

system,

C=>WQ. (4.27)

where sis the number of pumping wells point, W.is the cost of water pumping for
each well s(Bath/ m’ and Q,is the injection rate for well s (m’/day). The

constraints are,
H <H, (4.28)

where H  is hydraulic head at monitoring point that measuring water requirement for
each zone sand Hg, is the standard water requirement for each zone s. The upper

bound of the injection rate for each pumping well are,

Qs S Qmaxx 5 (429)

the lower bound of the injection rate for each pumping well are,

Qs 2 Qmins 4 (430)

and the hydraulic head at monitoring point s and the injection rate at pumping wells

are non-negative, that are

where Q.

ming

and Q,,, are the lower and upper bounds of the water injection rate for
each point s, respectively. The optimal cost of them is solve by using the simplex

method.
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4.4 Numerical optimization experiment to a groundwater modeling

conservation management in a drought area

We consider the area width 2400 m and length 2400 m which is between a
pair of two rivers. The area is meshed by 100 grids points with grid space is 240 m.
The boundary conditions of the area is specified Egs.(4.3)-(4.6) where B, =0, B, =0,
B, =20 and B, =19. The four injection wells are injecting the water to the ground.
The injection wells have the difference lower bound of injection rates, difference
upper bound of injection rates and the difference cost of injection wells for each
zone as Table 4.1. There are 8 monitoring point for measuring water requirement.
The hydraulic head at monitoring point have the difference standard water

requirement each point as Table 4.2.

Table 4.1 The injection rates and the cost of each injection wells.

Position coordinate (x, y) ~ Q(1440m, 480m) ~ Q(480m, 720m)

Lower (m*/day) 165 175
Upper (m*/day) 250 230
Cost (Bath/m?) 1.5 1.9

Position coordinate (x, y) Q(1680m, 1440m) Q(720m, 1680m)

Lower (m?/day) 180 190
Upper (m*/day) 300 270
Cost (Bath/m?) 1.8 1.6

Table 4.2 The standard water requirement (SWR) each monitoring points.

Position coordinate (x, y) (240,240) (960,480) (1920,720) (720,1200)

SWR (m) P 23 24 24

Position coordinate (x, y) ~ (1200,1200)  (240,1440)  (1200,1920)  (1920,1920)

SWR (m) 25 23 25 24




Q. = Injective point

H, = Monitoring point

Figure 4.1 Simulation of groundwater management.

Table 4.3 Show the injection point and the monitoring point.
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Table 4.4 Table of the hydraulic head before optimal control of cost.

19.8000 19.7000 19.6000 19.5000 19.4000 19.3000 19.2000 19.1000 19.0000
19.8000 19.7000 19.6000 19.5000 19.4000 19.3000 19.2000 19.1000 19.0000
20.0000 19.9000 19.8000 19.7000 19.5000 19.4000 19.3000 19.2000 19.1000 19.0000
20.0000 19.9000 19.8000 19.7000 19.6000 19.5000 19.4000 19.3000 - 19.1000 19.0000
20.0000 19.9000 19.8000 19.7000 19.6000 19.5000 19.4000 19.3000 19.2000 19.1000 19.0000
20.0000 19.9000 19.8000 19.4000 19.3000 19.2000 19.1000 19.0000
19.8000 19.7000 19.6000 19.5000 19.4000 19.3000 19.2000 19.1000 19.0000
20.0000 19.9000 19.8000 19.7000 19.6000 19.5000 19.4000 19.3000 19.2000 19.1000 19.0000
20.0000 19.9000 19.8000 19.7000 19.6000 - 19.4000 19.3000 - 19.1000 19.0000
20.0000 19.9000 19.8000 19.7000 19.6000 19.5000 19.4000 19.3000 19.2000 19.1000 19.0000
20.0000 19.9000 19.8000 19.7000 19.6000 19.5000 19.4000 19.3000 19.2000 19.1000 19.0000




Table 4.5 Table of the hydraulic head after optimal control of cost.

20.0000
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W - axis

22.4668 24.6064 259931 26.9362 27.5723 27.7052 25.9609 23.7603 21.4090 19.0000
20.0000 259931 | 26.9362 | 27.5723 | 27.7052 | 259609 | 23.7603 | 21.4090 | 19.0000
20.0000 | 22.7940 | 253593 | 26.4366 28.0755 | 29.5824 | 26.4172 | 239110 | 21.4667 | 19.0000
20.0000 23.3498 27.6001 27.1510 27.5245 27.9041 27.8818 26.2143 -I 21.5467 19.0000
20.0000 23.0050 25.7905 27.0426 27.7999 28.1345 27.8265 26.5582 24.3280 21.7200 19.0000
20.0000 | 22.8798 | 255142 28.4979 28.7315 | 27.8639 | 25.0340 | 22.0051 19.0000
259574 | 28.6619 | 29.7552 | 30.6658 | 30.2281 31.1318 | 25.9390 | 22.2665 | 19.0000
23.1628 26.6534 31.5058 31.1952 33.6724 30.3834 28.5222 25.3236 22.1220 19.0000
20.0000 22.9979 259875 28.7726 29.8473 29.1111 27.2499 21.8977 19.0000
20.0000 | 22.8414 | 255262 | 27.7496 | 28.9502 | 29.2537 | 28.3398 | 26.6547 | 243745 | 21.7574 | 19.0000
20.0000 22.8414 25.5262 27.7496 28.9502 29.2537 28.3398 26.6547 24.3745 21.7574 19.0000
20
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Figure 4.2 The hydraulic head before the proposed optimal control of cost will be

a

Figure 4.3 The hydraulic head after the optimal control of cost is activated.

ctivated.
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Figure 4.4 The groundwater flow directions before the optimal control of cost will

be activated.

2600 —

2000 —

1500 -

1000} |

Figure 4.5 The hydraulic head and the groundwater flow directions after the

proposed optimal control of cost is activated.

The surface graph before and after optimal control of cost can be seen in

Figsure 4.2 and Figure 4.3 respectively. The contour plot before and after optimal

control of cost can be seen in Figure 4.4 and Figure 4.5 respectively. We can see

direction flow that the water flow from high hydraulic head value into low hydraulic

head value.
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Table 4.6 The optimal injection rates of minimum cost in the system.

Position coordinate (x, y) Injection rate (m?®/day)

O(1440m, 480m) 165
O(480m, 720m) 175
O(1680m, 1440m) 239.48
O(720m, 1680m) 214.81

4.5 A groundwater modeling conservation management in a drought area
discussion

The injective point and monitoring point are located in the considered area as
show in Figure 4.1. the monitored hydraulic head without and within controlled cost
are shown in Figure 4.2 and Figure 4.3 respectively. The vector fields of groundwater
flow velocity between both case are shown in Figure 4.4 and Figure 4.5. The
hydraulic head before and after control of cost are shown in Table 4.4 and Table 4.5
respectively. The optimum injection rate at minimum cost of groundwater control is

shown in Table 4.6.



Chapter 5

Conclusion

5.1 Conclusion

First, the objective is to propose a simply and flexible groundwater simulation
using the implicit and explicit finite difference methods. The complex geometry in
the model is considered by variable grid sizes aquifer parameters, sinks and source
terms with drought area.

The transient groundwater flow model is used in the problem. The calculated
results turn out the hydraulic head at each position/time in a drought are. This study
proposes a simply and: flexible groundwater simulation using the implicit and explicit
finite difference methods such as FTCS, BTCS, ADEM and ADIM. The complex
geometry in the model is considered by variable grid sizes aquifer parameters, sinks
and source terms. The results of the total mass errors and computing times for the
example are shown in Tables 3.6 and 3.7. We will have, the finite difference methods
have accuracy for this problem simulation and the calculation speed of each finite
difference method order by fastest to slowest are FTCS, ADEM, ADIM and BTCS
respectively. The result of the stability of each the finite difference method are
shown on Table 3.8. It can be concluding that stability requirements are one of the
disadvantages of the techniques. We can see that the both alternating direction
methods are able to take in any sizes of grid spacing. These are then the methods
are practical to simulate the ground water flow in many real-world cases. For the
real-world problem, the real hydraulic head values, variable grid sizes aquifer
parameters, sinks and source terms, must amend to be more suitable for each
terrain.

Next, the objective of groundwater flow management model is the minimum
cost of injection rates. These are then subjected to optimal management of the
water injection stations to achieve minimum cost. The numerical experiments are
also given.

We have established the groundwater management model, First, we will
measure hydraulic head from the two-dimensional groundwater steady-flow model

by using an implicit finite difference method. It will turn out that the system of linear
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equations is generated. We employ the system of linear equation to construct the
groundwater management model to investigate the optimal least cost of the water

injections in the system under the limitation conditions were required.

5.2 Further

In fact, the groundwater in each area have difference of the hydraulic
conductivity. The hydraulic conductivity function depends on space, it will be use
with the two-dimensional transient groundwater flow model in dry area.

Next, we will study the groundwater contamination that it is a problem in
Thailand for many vyears. The dispersion model will be used to measure
groundwater-quality which it will be use to combine the two-dimensional transient

groundwater flow.
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The groundwater measurement is obliged to take care of the issue of need water assets
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1. Introduction

Groundwater simulation models are widely topics in the analysis and
the management of groundwater systems. The important of the utilization
of groundwater resources continues to grow due to the increasing require
of water for irrigation as well as drinking, agriculture, commercial and
industrial proposes. Although, the amount of groundwater resources
have been decaying due population growth, uncontrolled and unplanned
urbanization, industrialization, and agricultural activities. Hence, the
sustainable management planning must be developed for the groundwater
systems. The management planning has to limited in the case of legal well
drilling and limited-pumping. On the other hand, numerical solutions
have to be used if the aquifer system has complicated geometry of
heterogeneous material properties. The models solve the partial differential
equations governing the system. The groundwater model can be solved by
analytical and numerical solution techniques. The simple and ideal cases
with regularly shaped aquifers and homogeneous hydraulic properties
can be solved by analytical methods. Most of groundwater modeling has
the aquifer systems with the heterogeneous structure. In the case of the
steady-state groundwater model solutions can be obtained by the simply
basic techniques. On the other hand, the case of transient ground water
model is solved by the advanced techniques due to the difficult in terms
of time dimension in the governing equations. Theoretical solution of the
governing equation of groundwater model needs general assumptions
such as ideal solution domains and homogeneous geometries.

The finite difference [1-3] and finite elements [4-6] methods are the
most popular numerical solution techniques. The case of free surface
flows will consider in two groups: adaptive mesh methods is need a large
number of calculation and they also require some convergence conditions
[4]. Tt follows that the fixed mesh techniques are more popular than
adaptive mesh techniques. If the variation of geometry and material in the
third dimension is constant, then the two dimensional modeling can be
used. Although, If the material properties and/or geometry vary any the
third dimension, then the three-dimension modeling may return better
solutions than the two-dimension modeling. A useful spreadsheet for two
and three dimensional steady-state and transient groundwater numerical
simulation is proposed in [7-8]. In this research, the objective is to propose
a simply and flexible groundwater simulation using the implicit and
explicit finite difference methods. The complex geometry in the model
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is considered by variable grid sizes aquifer parameters, sinks and source
terms.

2. The governing equation

The governing equation of vertically integrated Darcy’s flow in a two-
dimensional confined, compressible, isotropic, heterogeneous aquifer is
(81,

- -
ST T T W, (2.1)

- - R
6H o /(. éH
- = s =

ct-ox\ dx ) oY\ .0y

where H hydraulic head (metre), K hydraulic conductivity (metre / day),
W sinks and/or source (1/day) and 5§ matrix of specific storage (1/metre).
We assume the hydraulic conductivity is constant. It is obtain that

= lfﬁs =2
g _yl0H CH W, (2.2)
ot L ox oy

with the initial conditions at t =0,0<x<L and 0<y <M where L, M are
constant being specified,

H=H, (2.3)

The boundary condition for t > 0 are specified,

ifﬂ-“ at0<x<Land y=M, (2.4)
if=85 at0<x<Landy=0, (2.5)
%:BW at v=0and 0< y< M, (2.6)
%:Bﬁ at x=0and 0<y <M, 2.7)

and given pumping well point each,
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Qlx,y)=Q, fori=1,2,3,... w, (2.8)

in order to solve (2.2) in domain Q x [0, T] where Q € [0, L] x [0, M] and w
is the total number of sources and sinks.

From figure 1 the lengths of domain are L x M, B,, B, B,, and B;
are boundary conditions of model and Q,, Q, are source and sinks term
respectively.

3. Numerical Technique

In this paper, we will propose finite difference methods to the transient
groundwater model such as the forward time central space method
(FTCS), the backward time central space method (BTCS), the alternating
direction explicit method (ADEM) and the alternating direction implicit
method (ADIM). We now discretize (2.2) by dividing the interval [0, L]

=a—__N'R
cn N
o
oH aH
—_— —
én { F B, 2400m.
o
eH
“_p
én J
2400 m.
Figure 1

Boundary conditions of a transient groundwater flow model.

83



NUMERICAL SIMULATION OF GROUNDWATER MEASUREMENT 517

in x-direction into I subintervals such that [Ax = L, the interval [0, M] in
y-direction into | subintervals such that | Ay = M and the interval [0, T]
in time into N subintervals such that N At = T. We can then approximate
H(x, y, t) by H , value of the difference approximation of H(x, v, t) at point
x =iAx, y =fAyand t = nAf, where 0 <i<[,0<j<Jand 0<n < Nwhich ], ]
and N are positive integers.

3.1 Forward time central space method (FTCS)

Taking the central difference scheme in space and forward difference
scheme in time into each terms of equation (2.2), then

H " n
o°H H_r-u _2Hf,_.' p3 th,;

- 7 r (‘3'1)
ox* [ﬂ.x)'
gH H/ _ -2H +H
iy f,1=1 _\,J; 4] 1, (3.2)
% (4y)

,_\H HHT‘J - Hfﬁ

il \f o/ (3.3)

&t At

Q
W? =k ——r (34)
M‘ﬁyHr:;

Substituting Eq.(3.1) = (3.4).into Eq.(2.2), for T <i<l-land 1 <j <
J-1latt=>0,

T e )

i+1,f
4 \
. Qr.
n H n L]
in(Hy = 2H] + HY ) = e J (3.5)
where £= (ﬂ”i{ , J}'=% and w=£.
(Ax)°S (Ay)°S 5

Fori=1andj=1att>0,substituting theapproximated unknown value
on the left of the boundary by H =H/ —(Ax)B, and substituting the
approximated unknown value on the bottom of the boundary by
Hln,n = Hil - (‘é‘y)Bs’

84
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1 |
Hy = Hyy + & Hy - H, —(Ax) By |+

)

[ o
n i [ 1,1
H[Hu —Hy, ‘{ﬂb’)Bs}*mi\mJ- (3.6)

For 1<i<I-1 and j =1 at t = 0, substituting the approximated

unknown value on the bottom of the boundary by H;, = H], —(Ay)B;,

Hy' = H}y + 8y = 2], L )+

\ i+1,1 |
;;[H” ~H!, —(Ay)B }+£—J{L\1 (3.7)
i,2 i1 ' 4B L&XﬁyH;le '

Fori=I=1andj=1att > (, substituting the approximated

unknown value on the right of the boundary by H;, =H_  +(Ax)B;
and substituting the approximated unknown value on the bottom of the
boundary by Hy | ; = H,_,, —(Ay)B,,

1-1,1

Hy=Hiq+ 5[{5’(_} Be—Hy+ H?—?_J}

(o )
+ ??[H}I—l,z - Hl:t—l;l - (ﬁy] BS j| + w{ﬁé’?‘_y]J L (38)

Fori=1land 1 <j<]—-1att >0, substituting the approximated
unknown value on the left of the boundary by H_ ', =H 1" ,—(Ax)B,,
Hﬁl =H, + ;-'[H’;T —H - (Ax) Bw}

_, S0
sy HY {<2H} +H |+ o %J . (3.9)
Ny : L AxAyH,

Fori=I-land1<j<]-1att>0, substituting the approximated
unknown value on the right of the boundary by H ;’”, =H,  +(Ax)B,,

-1,

1 |
H =HL o+ 5[[_ij B.-HJ, + H?_QJ]

H \I
.. iy
+g|H; , . —-2H} . . +H}, ,|+0o ————|. (3.10
{_ 1-1,j+1 -1, Ty 1] | AxAyH! (3.10)
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Fori=1landj=]-1att >0, substituting the approximated

unknown value on the left of the boundary by H; ,_, = H|', | —(Ax)B,, and
Subshtutmg the approximate unknown value on the top of the boundary
by H:; 1 m‘y)B.-\”

( Qr )
: 1
+;;[[ay}BN- " +HD 2}*(3 —L [ 31y
: ﬂ.xAyH” 1

Forl<i<I-landj=]-1att>0,substituting the approximated
unknown value on the top of the boundary by H' =H/  + [ Ay)B,,,

A =Hi f f[H”

i+1,]-1 QHHJ j+H

1}1'

\I

( Q! |
' | i,J-1
+r;[(5y}BN_ L HY z}-mt—ﬂm}/ - J_ (3.12)

Fori=I-landj=]-Tatt >0, %ubsﬁtuting the approximated
unknown value on the right of the boundary by H; | =H;, _ +(Ax)B;
and substituting the approximated unknown value on the top of the

boundary by H | =H[ . +(Ay)B,,
y | i r
H?+1;1 r!111+'§[( ] H?1}1+Hr!2;1:|
WA Qr 1,j=1 )
+ | (Ay)By —Hp_ g, +Hp 2} f”[ __.__,_J (3.13)
$ AxAyHY 4 .

3.2 Backward time central space method (BTCS)

Taking the central difference scheme in space and forward difference
scheme in time into each terms of equation (2.2), then

2 i+l _ H+1 i+l
A2H Hf—'l,; ZHL +H’
Bt

- =~ - f+1,]
ox [&xJ

/ (3.14)

2 e+l _ H+1 e+l
&’H Hy ., —-2H  +H,
oy

(3.15)

=
2 V2 !

(ay)
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aH . Hn+1 —H:I,

i

= I (3.16)
Q)
W =x—
0T E eyt (3.17)

Substituting Eq.(3.14) - (3.17) into Eq.(2.2), for 1 <i<I-land 1 <j <
J-latt=0,

EH;Y +&H +nH) . +nH]". —(1+2&+2n)H]'

= i=1,f
Q
DN
AXAYH

]
1,]

(318)

where .§=%, =% and m=£.
(Ax)"S (Ay)"S

Fori=1and j=1att > 0, substituting the approximated unknown
value on the left of the boundary by H ;;1 =¥ fff —{Ax)B, and substituting
the approximated unknown value on the bottom of the boundary by
HY'' = HI' ' =(Ay)B;,

ET TN+ e+ ( | M+ " QJ:

¢(ax)B, +n(Ay)B;.  (3.19)

For 1 <i<I~-1andj=1att> 0, substituting the approximated

unknown value on the bottom boundary by H:‘;l = H:‘:l - (Ay)B,,

EHI! + EHI + pHS = (1+28+ ) H =

QL )
-H' —o————+n|Ay|B.. (3.20
!'-1 MﬂyHﬁ 'F[\ JJ = ( )

i1

Fori=1-1and j =1 at t > 0, substituting the approximated
unknown value on the right of the boundary by H'=H, ] +(Ax)B

=11 E
and substituting the approximated unknown value on the bottom of the

boundary by H*! =H""! -(Ay)B,,

I-1,0 I-1,1
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gH."H-'l + TFH“-I _{1+§+ f}') Hrt+1 _ _H.':I

1-21 -1,2 =11 =11
mh—ﬂax}BE-f—q[&y}Bs. (3.21)
ﬁx&yH?_m ' '

Fori=1land 1 <j<]=-1att >0, substituting the approximated
unknown value on the left of the boundary by Hy}' = H;}' —(Ax)B,,,

EH} + pH)L + pH!L - (1+&+ 29)H;} =

H
1,/ (

——~L _+&(Ax)B,,. (3.22
Ty (8B 622

-H -

Fori=I-1and 1 <j<]~=1att> 0, substituting the approximated
unknown value on the right of the boundary by H' = H;'_".f”, +(Ax)B;,

é:H?_)r;‘. + WHJ:-l A ?}'H?H {1+ ":'*' 2??‘] H:1+fl —

I-1,1=1 =11 7 I-1f

ol
T
ﬂx&yHl_L;

-H ., -

i —‘1.]

- &(ax)B,. (3.23)

Fori=1andj=J-T1att >0, substituting the approximated unknown

value on theleft of the boundary by H;’“Jl_l =H ;;11 —(Ax)B, andsubstituting

the appmximated unknown value on the top of the boundary by
H;’}l =H"*! +(Ay)B, ;

1,7-1

§H.I1+'l X HH:}.] _(1+ ‘f"’ H}HJHI {\

2,7=1 e 12
— H S M#Q_:L;_+ E(Ax) B - r;[,é.y‘) B,.. (3.24)
o= Ax&yH’ = ot !

1,7=1

H

Forl<i<I-landj=]-1att > 0,substituting the approximated
unknown value on the top of the boundary by H _j'";'l = H:‘J"fj +(Ay)B,_,

EHS  +EHIL L+ pHLL —(1+28+p)H)SL =

=141, -1 {,7-1

n Q:,I.f-l
-1 "
AxAyH

i,]=1

- n(Ay)B,. (3.25)

Fori=I-1andj=]-1att >0, substituting the approximated

unknown value on the right of the boundary by H;l, = H/}  +(Ax)B,
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and substituting the approximated unknown value on the top of the
boundary by H"! =H"' +(Ay)B,,

=17 I=1,]=1
éHf:;,.'-l + I?Hfjll.r-z _{1 T WJ H;t:ll,.'-l = _H;t-l,.'-l
Qr—l =1
—p—————E|Ax|B. - nlAy|B... (3.26

The equations (3.18) — (3.26) can be written in matrix form as follow,

AH"" =B", (3.27)
where
—Al ) £
Y O\
A= - (3.28)
e (R,) B
] B A
F [1 s, ;}-) <
n —[1—1- 25+ ?;:) 7
Al . (629
n -(1+2§* 7) 7
] n —[_1—1- E+ rj)_
_—{1+ S+ 2.?;) n |
n —(1+2§+2?;) n
A, = e : (3.30)
7 —(1+ 26_:'+21}) n
7 —[:1+§+2J?}
- -
4
B= ’ (3.31)
s
i ¢
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Hl,l
H,,
n+l .
H= =1 ) (3.32)
HI—?_,}—I
and [Fiero1 ]
QT’T
~H" —oo———+&(Ax)B,, +n(Ay)B
11 AxAyHli!J ’( ) W ( L) S
Q54
—H! ———+n(Ay)B
2,1 AxAyH;] ( y) S
Qi
—H . —o+—+——+7(A7)B
N7 | AddES ) (49)°;
anll
" —@—————+E(Ax)B. +71(Ay B
I-1,1 AxAyH;’_m é:( ) E ’7( y) 5
Qs
-H' - ——+&(AX)B,
. AxAyHiZ éz( )W
B" = - .”,—CUL (333
Y AxAyHY
Qs
By gy 2 oy E(Ax \B
— AXAyH?-u-z {:( )E
Q. ;
—H" —o— L E(Ax)B, +n(Ay)B,
1,/-1 AXAyH;J_l ( ) W ( ‘j) N
Q)
-H! -w — +n(Ay)B,.
2 AxAyH;J_l ?( ) .
Qs
—H" —w——121 (A B.
1-2,]-1 Axrﬁny_”_l 77( J) N
Qi
—-HT —w——ML L 2(Ax)B. +n(Ay)B,,
I-1,5-1 AYAYH 5( ) E ’7( y) N
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for all 1 <n < N. We will introduce splitting methods that require smaller
CPU time than the BTCS method. For the alternating direction explicit
(ADEM) and the alternating direction implicit methods (ADIM) are
discussed in next the two subsections.

3.3 Alternating direction explicit method (ADEM)

The ADEM are extrapolative and need an easy algebraic solution for
an unknown for all point in each time interval. ADEM equation can be
written as [8],

o (Hy-Hp) o ey g

E-H T ) 2 H

+] L Af— J 1‘+%,j L (AX]Z J {_%Jt (Ax)z J
(g <) (gt _ gt

i,j=1

1 N R NP NN W, . (3,34
N e

Second stage,

(AL DAY AR |\ T S/EEN
Sut 'mt J:Kl i +K1‘ WA\
' =2t (Ax) (2] (Ax)
K (H;'—]_H;}'\ K (Hrnfll_H'”Tﬂ W
+ N —E WL
¥ , ¥ 1" (3.35
A, Ay P 0
"\
2
where W, =+ Qi . First stage, for convenient, we will letting that
L AxAyH!
Y
At :
— 7K (3.36)
SE }. (Ax] i+=,f
At
b, =— K, (337)
S, (Ax) =
At
¢ =—> Kk |, (3.38)
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d, =—2 K | (3.39)

5. (Ay)z "
and

=—. (3.40)

Forl<i<I-land1l<j<]J-Tatt>0,and by rearranging, Eq.(3.34)
becomes,

e TR [t R B P N )
7 (b W22 ALb, 2y

i’Jrl \ /

457

;(H" " tf n+1
p+qJ+¢Jy

i, j+1 i,;‘) y: i,j=1
- @+q;+¢j

1 4 KCO
*(1+QJ+dw)H”+f1+hJ+¢Jf“”' (3.41)

Fori=1andj=1att> 0, substituting the approximated unknown
value on the left of the boundary by H ;;1 < H f}l ~(Ax)B,, and substituting
the approximated unknown value on the bottom of the boundary by

fn+ n+1
Hl,ol T Hl,l _(Ay)Bsf

Hi = (Ha = H ) =By (a3)By e, (M, - )
_du (Ay)Bs + Hi‘l y 81,1W1,1‘ (3.42)

For 1 <i<I-=1andj=1att >0, substituting the approximated
unknown value on the bottom of the boundary by H,';' = H';" -(Ay)B,,

1 ,
H:JII - (1+ bu) |:az',1 (H:T+1,l _H:i1]+ b;',lenjl *TCia (an —Hffl]

_da',l (Ay)Bs + Hfl + ei,jwi,l:l‘ (3.43)

Fori=I-1andj=1att> 0, substituting the approximated unknown

valueontherightoftheboundaryby H/', = H_ | +(Ax)B, and substituting

the approximated unknown value on the bottom of the boundary by
Hn+1 :Hn—l _(Ay)BS,

I-1,0 I-1,1
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4+ 1 n+ n ]
Hf-lll_m[llltAx)B +b111HI 211 Ill(Hl’lz H;n)

~d,_, (Ay)B +H"

111 Il,l

w,.] (3.44)

Fori=1land 1<j<]-1att >0, substituting the approximated
unknown value on the left of the boundary by H}"' = H"" —(Ax)B

w

1

(1+ du)

Hf,?] = [au (H.; = Hf”‘,)— b, [Ax)BW +cy (H”ﬁ. —H!

1,j+1 1,j
wd HI WHE +euw1,_,}. (3.45)

Fori=I-1land 1<j<]~1att> 0, substituting the approximated
unknown value on the right of the boundary by H; =H}  +(Ax)B,.

a b

n¥l I-1,f I-1,f n+1
e {1+b +d,_ )(AX)B +(1+bf_u +dl_1”‘.)HI'2"f
: Cf—l,j g iy % C df-l-f Hn+1
+ [1+ b}_u it dl_u) ( I=1,j+1 ;_1,‘,-] + (1+ bI_M 5 dI_L ] I-1,j-1
1 P11,
- W .
: (140, + dl_u) Hi ( 1+h 4 d ) o (346)

ForNize=“1cand™j &~ T at"2>0; substituting the approximated
unknown value on the left of the boundary by H*" = H] " —(Ax)B, and
substituting the approximated unknown value on the top of the boundary

by Hu - Hll,}—l +(Ay)B,,

i+ 1 (T n ' |
Hl .‘11 = (1+d )[al,j—l (Hz,;-1 _Hl,j—l)_ bu-l (A'Y)Bw TC
\ 1,7-1
(Ay)By +d, ,_ H;3L +HY e, W, . (3.47)

Forl<i<I-1andj=]-1att> 0, substituting the approximated
unknown value on the top of the boundary by H/, = H/, | +(Ay)B,.
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a b,
H o= i,]-1 ( n _y” )+ 1,]-1 gl
i,]-1 i1 i,]-1 i-1,]-1
(1 +b,,,+ d:‘,f—l) (1 +b, du_l)
C, d
i,J-1 i,]-1 n+l
+ : (Ay)BN + HL
(1+ b, +d, ] (1 +b,, .+ d:‘,]—l)
]- ei’ /-1
+ ~H' 4+ ' -W .
(1+E?f,,_1 +du—1] v (1”"},;_1 +df,;_1] b= (3.48)
Fori=1-1and j=]-1att > 0, substituting the approximated
unknown value on the right of the boundary by H;  =H/  _ +(Ax)B;

and substituting the approximated unknown value on the top of the
boundary by H! ., =H/ +(Ay)B

I1-1,] I-1,]-1 N/
a b
n+1 y I-1,]-1 I-1,]-1 n+l
I-1,]-1 an 1 E d (Ax)BE " 1 E d HI—Z,I—]
_ #00 balt Ab ( -1 I 1-1,;-1)
@ d
=gy -1 ==t ™
4+ / (Ay)B g A : e
1+b d RN \Ns Y d =% b
¥ I-1,]-1 + I-1,]-1 ( 35 I-1,]-1 i 8 I—],]—l)
1 e[—l,}—l

+(1+b +d )H;'l’f'1+(1+b +d

I-1,]-1 I-1,]=1 I-1,]-1 I—l,j—l]

Wi me (349)
Second stage, we will letting that

b . = —K 1. (351)

=—K |, (3.52)

(3.53)
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and

e, =—. (3.54)

Forl<i<I-land1l<j<]-1att>0,and by rearranging, Eq.(3.35)
become,

TR VR PPy S TR
(1+b +d] e ) t1+bu+di_’j)
+ NONNNY N )+ ———d""" H™!
(1+b +d, )( 7, (_1+bl.,'l,.+df,,f] o
1 ey
T =8 LR

(1+ bf_’f+d!,fj) < WW (3.55)

Fori=1I-1andj=]-1att >0, substituting the approximated
unknown value on the right of the boundary by H/;! = H"| | +(Ax)B,

Ij-1 1-1,]-1
and substituting the approximated unknown value on the top of the

boundary by H: = H +(Ay)B,,

I-1,] I-1,]-1
H?+1l,r1_ Il]l(HIZ.’l 1‘1}1)+b (Ax)B ik S
(Hl 1,]-2 1-1,;-1)+d1-1,,r 1 AJ)B +Hr 1,7-1 T €5 1,;-1W1-1,}-1' (3.56)

Forl<i<I-1andj=]-1att>0,substituting the approximated
unknown value on the top of the boundary by H :’;1 =H 1;_11 +(Ay)B,,,

H.”“=;[ S\ H = HE L) 40, HEL e,

i,]-1 (1+b ] i-1,]-1 i,] i+1,]-1
(H” _H" ) +d,,_ (Ay)By +H] _ W, ] (3.57)

iJ-2 i,J-1 1,}—1 iJ-1
Fori=1andj=]-1att>0,substituting the approximated unknown
valueontheleftoftheboundaryby H{, , = HY,_ ; —(Ax)B,, and substituting

the approximated unknown value on the top of the boundary by
Hi+l Hrz+1 (Ay)BN,

1,]-1
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Hrr+1 _ 1 B b Hrz- (Hn Hn
1,]-1 (1—|—b ]IZ lfl(Ax) + 2]1 1]1 1,]-2 1]1)
1.]-1

+d,,_,(Ay)B, +H; W (3.58)

1,]- 4T €1,7-1"V1,5-1

Fori=I-1and 1<j<]-1att >0, substituting the approximated
unknown value on the right of the boundary by H;';' = H}"} +(Ax)B,,

I-1,
n+ 1 i n '
I-11,;- = m[ﬂj_u (H;_z,_,- — H}-l’}- ) + bI_lu‘. (Ax) B, + Cra

(HL o = Hi J+ i HE L+ B e, Wi | (3.59)

Fori=1and 1 <j<]—-1att >0, substituting the approximated
unknown value on the left of the boundary by H =H/ -(Ax)B

w/

a, s,

n+1 i —— U YA el
i (1+bu +d1,,f) (AX)BW d (1+b1“f +d, {)H :
Ci g ¢ dl;f 1
+(1+b +d, ){Hl’rl le)+[1+bm+d )H””
O3 S S e M e (3.60)
[1 +b,+ du) 2 [‘1 £b, ¥ du] :

Fori=1-~1andj=1att > 0, substituting the approximated
unknown value on the right of the boundary by H'1+1 H" 111 +(Ax)B,
and substituting the approximated unknown value on the bottom of the

boundary by H;  , =H,, —(Ay)B,,

1-1,0 I-11
n+1 1 n bl ) '
H,_ 1,1 _m[ I- 11(H;r 2,1 —-Hj 11)+bf—1,1 (Ax]BE_CI—ll
1-1,1
(Ay)BS+d H?+112 +H  rep 1,1W1-1,1]' (3.61)

For1<i<I-1andj=1att >0, substituting the approximated
unknown value on the bottom of the boundary by H| = H —(Ay)B;,
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n+l af,l n _gn ' il n+1
i (1+b;r1 + dm) (Hf-l,l Hi‘,l) + (1+ b;}] +d!‘r1) i+1,1
_ Cf,l ! i1 n+1
(1+bm +df,1)(Ay)BS " (1+b;-,1 +dm) 2
+; n _|_ef—’lw
(1+ b, +dm) v (\1+b£_.’1 +de1] o (3.62)

Fori=1andj=1att>0,substituting the approximated unknown value
on the left of the boundary by H{ =H] —=(Ax)B, and substituting the
approximated unknown value on the bottom of the boundary by
Hi, = Hi, = (Ay)Bg,

a \ b
HH~1 = =~ 1,1 (AI)B + 1,1 HiH-l
1,1 w 2,1
(1+ bL1 +d1,1) (‘1+b1’l +d1,1)
dl,l n+1
HI,Z
(1 = AWEE d;-,,-}

Cl,l : \
7 [1 - bm‘ + d;,;) (Ay')BS 5

+ ; H! + i W
(148, +d ) 7 (14, +d) " (3.63)

The stable solutions can be obtained only around the stability
condition that [8]

KH At At
et 2
S |(ax) - (ay)

3.4 Alternating direction implicit method (ADIM)

1
< —. .
5 (3.64)

This method will divide into 2 stages. The first stage, taking the
central difference scheme in space and forward difference scheme in time
into each terms of equation (2.2), then

1

n+% n+% H}HE

2 —

B‘ H - H!’—l,j 2Hi',j + i+1,j
'

(3.65)
ox® ( Ax)2

4
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S H H” ,—2H] +H]

i,j+1
- ; , (3.66)
oy2 (Ay)z
oh H, -H;,
— 67
ot At (367)
Q.
W=t (3.68)
AXAYH],

Substituting Eq.(3.65) — (3.68) into Eq.(2.2), forl <i<I-land 1 <j <
J-1latt>0,

1

1
~aH, 2 +(1+2a)H, 2~aH, 2 = fH' | +

1+] Al

T2 H, ¥ B o4 3.69
Gy D s A 669
At)K Af)K
where &= ( )2 ,B= ( )2 and yz%.

(Ax)°s (ay) S

Fori=1land 1 <j< ]~ 1att >0, substituting the approximated
1

unknown value on the left of the boundary by H — 2 =H ;TE

—(Ax)B

w’

1
(1+ a)H, —aH 2 = BH} | +(-2B)H; + pH!  +
/& a(Ax)B (3.70)
AxAYH; | " |
Fori=I-1and1<j<][-1att>0,substituting the approximated

1 1

unknown value on the right of the boundary by H:”,? = H:_'Ef +(Ax)B,,

1

1
—aH, 2, (1+a) 2 =pH, _ +(1-2pH; +pH .

anlj
+y———+a(Ax)B,. 71
yAxAyHHJ ( )E (3.71)

98
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The equations (3.69) - (3.71) can be written in matrix form as follow,

1

AH 2 =B".
where
1+« —a -|
-a 1+20 -a
A= 7
—a 1+2a -«
i - 1+0!_
Ay
HL ¢
) Hm
H:HE_ . ’
}*Ml
HI—;."
1
s
§ I-l,_;'_.
H” 1-28)HT H” 7(2;"; Ax|B
p 1,_,"-1+( -2p) l,j+ﬂ l"'+1+yAxAny,|._g( x) W
BH! +(1=2p)H" +pH" +y7Q;*f
Z,f—l i 2,_,"+1 AJCA]]H;“‘
B" =
HH 1 2 Hn Hn QIH—Z,'.‘
s 1-2,_,"-1+( -2p) 1-2,;+[’) 1'2"f+1+yAxAny_2 .~'
H” 1-2/)H" H Qo B
B 1-1,_;'-1+( -2p) 1-1,_;'+ﬁ r-1,j+1+}’m+a(Al’) E

(3.72)

(3.73)

(3.74)

(3.75)

for all 1 <n < N. The second stage, taking the central difference scheme in
space and forward difference scheme in time into each terms of equation

(2.2), then

99



NUMERICAL SIMULATION OF GROUNDWATER MEASUREMENT 533

1

H Hilf -2H, 2+H

k 1 ) (3.76)
ox (Ax)
5 H H” 1—2H”“ +Hf}11 577
2 ’ 3.77
% (ay)
H+l
OH H?Hl Hz“‘ 2
e @78)
FH-l Q:I,.
N e (3.79)
AxAyH, 2

Substituting Eq.(3.76) = (3.6879) into Eq.(2.2), for 1 <i <1 -1 and
l<j<fJ-1latt>0,

1
_1 A 1 1 H+—
AL [ 14 2,3)H;j; ~pH L =aH 2+
] ‘! "

or
s 2a)H T4gH. 2+*/$. (3.80)

For 1 <i<l~1andj=1att >0, substituting the approximated
unknown value on the bottom of the boundary by H/;' = H;' = (Ay)B,,

(1+p)H - H””—aH +(1 20:)H
Q:tl '
aH, %+ y——="=1-p(Ay)B,. (381)
AxAyH,

Forl<i<I-1landj=]-1att>0,substituting the approximated
unknown value on the top of the boundary by H i.’f;l =H I”;‘fl +(Ay)B,,,

1

1 —_—
+(1-20)H, 2 +aH,

i+1,]-1

- H:T?lz (1+ﬁ)H:?]11_ Hz —1,]-1

Q)
+y —+ ,B(Ay) B,.. (3.82)
AxAyHU_Zl

100
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The equations (3.80) — (3.82) can be written in matrix form as follow,

1

H+—

AH" =B 2

From (3.24) — (3.25), we write in matrix form, we will have

[1+8  -pB —
- 1+25 -p
A= : : : ,
- 1+28 -p
L B 1+4]
Hf{;l
Hf;
HUV=|'
i
| HI
f il NG ) lel .
| eH_ 2 +(1-20)H,, +aH, 2 +y———- B(Ay)B,
| AxAyH :TE
! M o 78 m
aHi-l,zz +(1= 2a)Ha',2 & OrHMé Ty 7121
! AxAyH, ,?
B 2=
e I/
AxAyH, J_22
ek 1 n o
AxAyHJ.J_%

(3.83)

(3.84)

(3.85)

(3.86)

for all 1 <n < N. The ADIM has an unconditionally stable scheme [9]. The

calculated solution can be obtained in size of gridding.



102

535

NUMERICAL SIMULATION OF GROUNDWATER MEASUREMENT

0000°ST 0000°ST 0000°ST 0000°ST 0000°'ST 0000°'ST 0000°ST 0000°ST 0000ST  00¥C
0000°G1T 8LL6T1 ULV TL 784671 8F66 71 284671 LV 84671 0000ST 0012
0000°GL L8F6FL G989 1 655671 GT00'S1 655671 G989°F1 L8V6F1 0000°ST  0G81
0000°ST TLVETL 88cH F1 €856'F1 9600°ST €8G6F1 88T 1 TLV6FL 0000°ST 0081
0000°ST T8L6'F1 €8G6F1L £9S0°S1 G6L1ST £9S0'S1 €8G6F1 784671 0000°ST  00ST
0000°ST 8¥66'F 1 9600°C L S6LT'ST €626'91 S6L1'ST 9600°ST 8F66'F1 0000ST  00ZI
0000°S 1L T8L6F1 €8G6F1 £9S0'ST G6L41S1 /9S0°S1 €8G6'F1 784671 0000°ST 006
0000°ST UYL 88¢H ¥1 €8G6'F1 9600°GT £8S6°F1 88EF 1 UH6FL 0000°ST 009
0000°ST 8LL6'F1 P61 T8L6F1 8F66'F1 T8L6'F1 TUF6'FL 8LL6F1 0000°ST 00€
0000°ST 0000°ST 0000°ST 0000°GL 0000°ST 0000°'ST 0000°ST 0000°ST 0000°ST 0

00%T 001T 08T 00SL . . 00ZL - 006 - 009 .- o00¢ 0 inx

“fivp 009€ =738 anbluyda) GO Jo (313ur) peafy dynespAy
T 2IqeL
Aep / w1 $98 Aep/w 91z- Aep/wigg- | Aep/ wi 9- Aep/ w 91¢-
(wpozT “weoz1)O (wpogT “WPOST)O (w09 “wEST)O (wpogT “Wn09)O (wpo9 “wWp9)O

‘1 91durexa yo syom yoea ajer Surdwnd ay

I 91qeL




536

4. Numerical Experiments

103

N. PONGNU AND N. POCHAI

A transient groundwater flow model is providing hydraulic head
profile. The application of the numerical simulations of a transient
groundwater flow model is tested using the hypothetical examples. From
now, we assume the experimented groundwater area has dimension
that 2.4 km. x 2.4 km. The experimented area has homogeneous aquifer
parameters, the initial hydraulic head is given 15m., the hydraulic
conductivity K = 15m/day, storage capacity S = 1m™, grid spacing Ax = Ay
= 50m, number of grid spacing [ = | =49 and time step At = 1 day. The five
pumping wells is pumping the water from the ground. The pumping wells
have the pumping rates as Table 1. This example will consider bounder
line have no derivative boundary.

Table 3
Total mass error (%).

Day\Methods FTCS BTCS ADEM ADIM
1 0.00 x 10° 15 a8 1.21 107 1.21 » 107
3 3.64 107 3.56 « 107 25 108 5.96 , 107
5 +£30%. 1q° 1.16 , 10° 5.08 « 10° 1.52 , 10
10 5.14 4 10 5.03 , 10° 198 . 10° 5.61 , 10°
30 423 ,.10° 416, 10° 1.40 , 10 432, 10°
50 1.04 4 10° ICPAANR 3.17 , 10° 1.05 , 10*
100 3.18 x 10 3.16 10 8.70 5 10™ 3.19 « 10

1000 6.80 5 107 6.80 107 1.49 , 107 6.80 107
1800 1.32 » 107 1.32 5 107 2.39 107 1.32 , 107
3000 2.02 107 2.01 107 2.13 « 107 2.02 , 107
3600 2. 40N102 2.16 5 107 1.35 » 107 2.16 » 107
Table 4
CPU times (sec)
Day\Methods FICS BTCS ADEM ADIM
1 0.04 0.49 0.05 0.32
3 0.04 1.42 0.05 0.41
5 0.04 2.31 0.05 0.54
10 0.04 475 0.07 0.83
30 0.04 13.95 0.13 1.94
50 0.05 22.87 0.11 2.89
100 0.06 45.99 0.18 5.54
1000 0.29 436.44 1.37 55.19
1800 0.49 785.26 2.48 98.87
3000 0.80 1312.12 4.03 165.63
3600 0.95 1551.12 4.82 202.02
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x - direction
% - direction

ADIM

y - direction
y - direction
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Figure 2
The surface graph of all finite difference techniques.
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Figure 3

The contour graph of each finite difference methods.
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151
15 -
14.9}
1
= 148 T\ FTCS
= | BTCS
E 17\ ADIM
i \\\\ /
% 146) “x‘_x_ o @
3 145+ S~ T—— ¥ /
_g\ m-k__‘\_‘h Te— — B —'{_.‘"
< 144 — 7
14.3- = ‘._‘RH!
142} "\
141 | 1 [ I 1 | | I [
0 500 1000 1500 2000 2500 3000 3500 4000
Time (day)
Figure 4

The variation of hydraulic head at x = 600 . and y = 600m. (FTCS technique).

Table 5

The stabilities for each grid spacing of FTCS, BTCS,
ADEM and ADIM scheme.

Ax Ay At FTCS BTCS ADEM ADIM
150 stable stable stable stable

155 stable stable stable stable

160 stable stable stable stable

100 100 165 unstable stable stable stable
7 170 unstable stable stable stable

175 unstable stable stable stable

180 unstable stable stable stable

5. Discussion and Conclusion

The transient groundwater flow model is used in the problem. The
calculated results turn out the hydraulic head at each positions/times in
a drought area (Table 2 and Figs.2-3). This study propose a simply and
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tlexible groundwater simulation using the implicit and explicit finite
difference methods such as FICS, BTCS, ADEM and ADIM. The complex
geometry in the model is considered by variable grid sizes aquifer
parameters, sinks and source terms. The results of the total mass errors
and CPU times for the example are shown in Tables 3-4. We will have, the
finite difference methods have accuracy for this problem simulation and
the calculation speed of each finite difference method order by fastest to
slowest are FTCS, ADEM, ADIM and BTCS respectively. The result of the
stability of each the finite difference methods are shown on Table 5. It can
be concluding that stability requirements are one of the disadvantages of
the techniques. We can see that the both alternating direction methods
are able to take in any sizes of grid spacing. These are then the methods
are practical to simulate the ground water flow in many real-world cases.
For the real-world problem, the real hydraulic head values, variable grid
sizes aquifer parameters, sinks and source terms, must amend to be more
suitable for each terrains.

Acknowledgment

This paper is supported by the Centre of Excellence in Mathematics,
the Commission on Higher Education, Thailand. The authors greatly
appreciate valuable comments received from the anonymous reviewers.

References

[1] Cryer CW, On the approximate solution of free boundary problems
using finite difference, | Assoc Comput Mach, 1970,17(3):397-411.

[2] Bardet JP, Tobita T, A practical method for solving free-surface seep-
age problems, Comput Geotech, 2002, 29:451-475.

[3] Ayvaz MT, Tuncan M, Karahan H, Tuncan A, An extended pres-
sure application for transient seepage problems with a free surface,
J|.Porous Media, 2005, 8(6):613-625.

[4] Desai CS, Li GC, A residual flow procedure and application for free
surface flow in porous media, Adv Water Resour, 1983, 6:27-35.

[5] Kikuchi N, An analysis of the variational inequalities of seepage flow
by finite-element methods, Quarter Appl Math, 1977, 35:149-163.

[6] Tatfur G, Swiatek D, Wita A, Singh VD, Case study: Finite element
method and artificial neural network models for flow through Jezior-
sko earthtill dam in Poland, | Hydraulic Eng, 2005, 131(6):431-440.



108

NUMERICAL SIMULATION OF GROUNDWATER MEASUREMENT 541

[7] Olsthoorn TN, The power of electronic worksheet: Modeling without
special programs, Ground Water, 1985, 23(3):381-390.

[8] Karahan H, Ayvaz MT, Transient groundwater modeling using
spreadsheets, Advance in Engineer Software, 2006, 36:374-384.

[9] Mitchell, A.R., Computational Methods in Partial Differential Equations,
John Wiley & Sons, London,UK, 1969.

Received September, 2015



109

Mathematical Simulation of a
Groundwater Management in a Drought Area
Using an Implicit Finite Difference Method

Nattawut Pongnu'hnd Nopparat Pochai

Department of Mathematics, Faculty of Science,
King Mongkut’s Institute of Technology Ladkrabang,
Bangkok 10520, Thailand.

Centre of Excellence in Mathematics,
Commission on Higher Edueation (CHE),

Si Ayutthaya Road, Bangkok 10400, Thailand.
e-mail : orange_np@hotmail.com (N. Pongnu)
nop_math@yahoo.com (N. Pochai)

Abstract : The groundwater management is required to solve the problem of
lack water resources in many drought areas for agricultural usage. In this study,
we propose a groundwater flow model and a groundwater management model that
provide the pumping rates and the injection rates respectively. The groundwater
model is providing the hydraulic head that gives the groundwater level. The
implicit finite difference method is used to approximate the groundwater flow
directions. The objective of groundwater flow management model is the minimum
cost of injection rates. These are then subjected to optimal management of the
water injection stations to achieve minimum cost. The numerical experiments are
also given.

Keywords : groundwater management; groundwater model; implicit method.
2010 Mathematics Subject Classification : 35J15: 35Q93: 390A14: 90B50.

1 Introduction

Groundwater modeling is a powerful tool for water resources management, ground-
water protection and remediation. The models are decided by maker to predict the
behavior of a groundwater system prior to implementation of a remediation plan.
The significance of the utilization of water resources continues to grow due to the
increasing require of water for irrigation as well as drinking. agriculture, commer-
cial and industrial proposes. Although, the amount of groundwater resources have
been decaying due population growth. uncontrolled and unplanned nrbanization.

1 .
Corresponding author.
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industrialization. and agricultural activities. Hence, the sustainable management
planning must be developed for the groundwater systems. The management plan-
ning have to limited in the case of legal well drilling and limited-pumpings. On
the other hand, the partial differential equations governing the system is solved hy
model. The groundwater model are solved by analytical and numerical solution
techniques. Analytical methods is not suitable application to require much data
and their application iz limited to simple problem. Numerical methods can solve
more complex problem than analytical solutions. Now, rapid development of com-
puter processors and increasing speed, numerical modeling has become tools more
effective an easy to use. The finite difference method and the finite element are
most tools used numerical modeling approaches. Each method has its advantages
and limitations. Selecting numerical modeling approach depend on the problem
of concern and the ohjectives of modeling. Most of groundwater modeling has the
aquifer systems with the heterogeneous structure. In the case of the steady-state
groundwater model solutions can be obtained by the simply hasic techniques. On
the other hand, the case of transient ground water model is solved by the advanced
techniques due to the difficult in terms of time dimension in the governing equa-
tions. Theoretical solution of the governing equation of groundwater model need
general assimptions such as ideal solution domains and homogeneous geometries.

Groundwater models can be simple, analytical solutions of one-dimensional is
like solutions of spreadsheet models [1], for very complicated three-dimensional
models. It is always introduced to start with a simple model. as long as the
model concept satisfies modeling objectives. and then the model complex can be
increased [2]. The finite difference [3! 4] ] and finite elements [6] 7] [§] methods
are the most popular numnerical solution techniques. A simulation/optimization
model is proposed for the identification of unknown groundwater well locations and
pumping rates for two-dimensions and model is combined with genetic algorithm
based optimization model [9]. A nseful spreadsheet for two and three dimensional
steady-state and transient groundwater numerical simulation is proposed in [10].

In this research. the objective of groundwater flow management model is the
minimum eost of injection rates. These are then subjected to optimal manage-
ment of the water injection stations to achieve minimum ecost. The numerical
experiments are also given.

2 The governing equation of groundwater steady-
flow model

Mathematical models of groundwater flow are all based on the water balance prin-
ciple. The combination between the mass halance equation and Darcy’s law pro-
duce the governing equation for groundwater flow. The general equation that gov-
erns two-dimensional groundwater steady-flow in isotropic, homogeneous porous
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media and vetically average [11,

&°H  8°H N
77t g =0 (2.1)

where H(z,y) is hydraulic head (metre). We will introduces the affected term
as sources and sinks due to the external inputs and outputs. Consequently, the
Eq.(2.1) becomes

0*H 9°H .

922 T oy - (22)
where W is sinks and/or sources (1/day). The boundary conditions are specified,
for all (z,y) € [0, L] x [0, M| where L and M are positive constants which represent
the dimension of the regtangular domain.

1T .
C;—n = By for al 0 <z <L and y = M, (2.3)
%E = Bg forall0 <z < Land y =0, (2.4)
In
H=By  forallz=0and 0 <z < M, (2.5)
H=PBgp - foralz=Land 0 <z < M. (2.6)

and the source terms W that represented hy the rate of pumping well in each
polint,

Wl 1g,) (= @\ o k=G foralls=1.2.3.....p, (2.7)

where s is a nmnber of pumping wells.

3 Numerical techniques

Due to the groundwater steady-flow model is independent of time. the implicit
finite difference method is used to solve the gronndwater flow model. The method
is suitahle for the model due to the linear svstems of equations will be constructed.
It is possible to implement with the groundwater management model. Taking the
central difference scheme in space into terms of equation |, then

82H ~ L[T%'_l,j — QI]T.EJ + H?'.—l._j

_ a : 3.1)

Or?2 (;\_m)z (3.1)

H H,._,—2H,. +H, - .

- (3.2)
y (Ay)

, Qi ; .

W, , =+—=>% 3.0

Substituting Eq. - (3.3) into Eq.‘ forl<i<lI—landl<j<.J-1.
- (2(1 + 2bJ Hi,j + aHi—l‘_j + EIH?;_H:J' -+ f}Hi:j_L + bHi,_j+1 = —If'["ri‘_j. (3—1)
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where a = ﬁg and b = ﬁ For i = 1 and j = 1, substituting the unknown

value on the south boundary by forward difference approximation, H; g = H; 1,
into Eq.(3.4), we obtain

- (2& + f)) H]__l + aHg_l + FJHL_Q = —['ll--"']:]_ - GBW’. (3:):]

Forl <i < I—1and j = 1, substituting the unknown value on the south boundary
by forward difference approximation, ;o = H; . into Eq. | . we obtain

- (20 + -!rJ) _H-i'.] + (IIIE'_L:[ + G._EI!'_]__] + JTJIIQ'IQ = _I'i""z'.l- {:36:]

Fori =1 — 1 and j = 1. substituting the unknown value on the south hboundary
by forward difference approximation, d;_; o =H;_1 ;. into Eq. ]._ we obtain

- (2& =4 b) III_]_.:[ + O.Ifj_zi]_ +V bfjrj_]__Q = —-[}I:’r_{_]___l - G.BE. {37)

For i =1 and j = J — 1, substituting the unknown value on the north houndary
hy backward difference approximation, Hy j = I j_;. into Eq.. we obtain

- (20 <+ tﬂ fIl_J_l - QIIZ.‘__}_]_ - JJHLJ_;; = —I{’FLI}'_] - aB-[.{_-. {:38:]

For 1 < i < T —1and j=J—1, substituting the unknown value on the north
}.3}21111.dary by backward difference approximation. H; ; = H; j_1. into Eq. 1|| we
obtain

—(2a+b)H; ;1 +aH; y jiv4+aH 11 g0 +bH; 52 = -W; 1. (3.9)

For i =1 —1 and j =.J — 1, substituting the unknown value on the north bound-
ary by backward difference approximation, H;_; ;7 = Hr_1 j_1. into Eq. , we
obtain

- (21‘1 - b'l ﬂr;_l,_,}'_l + ﬂfff_;g‘_.,r_l +bH; 9= —H-":r_l“}'_l —aBg. {3.1“‘:]
The equations l - } can be written in matrix form as follow,

AH =8, (3.11)
where _ p
Ay As
A 3 ;'1.;; ;’13
:"1;:_, A 9 A 3
L ;’13 ;"11 i
[ —(2a +b) a i
a —(2a+b) a
.-‘{11 = . ..
a —(2a+b) a
i a = (2a+b) |
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D
[ = (2a + 2b) a ]
a —(2a+2b) a
“1.2 = : -
a —(2a+2bh) a
i a - (2a + 2b) |
o -
b
Az =
b
- tI} -
[ Hiyo ]
Hs o
o= :
Hz offr- 4
NS ol |

and
N/ =Wiy—eBw 3
W

~ Wiz,
—Hrj_‘]”l = ﬂ'.-B[V
Wi 2 —aBw

B = _I{;i,j

=Wiz1,jo2 —aBE
_I'Fl,.f—l —aDBw
Wy 51

= it
| -Wi_1 -1 —aBg |

4 A groundwater management model

The objective function is the total cost of all pump injection in the considered
svstenm,

a=1
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where s is the number of pumping wells, W, is the cost of water pumping for
each well s (Baht/m®) and Q; is the injection rate for each well s (m?*/day). The

constraint are
H, < Hgr, . (4.2)

where H, are the hydraulic head at monitoring point that measuring water re-
quirement for each zone s and Hgr, are the standard water requirement for each
zone s. The upper bound of the injection rate for each pumping well are,

Qs E anaxs-. (43)

the lower bound of the injection rate for each pumping well are,

QS 2 Qn:insr (-—lf—l)

and the hydraulic head at monitoring point s and the injection rate at pumping
wells are non-negative, that are

Hl&l_‘ Qs 2 ﬂ_. (_la)

where Quin, and Qumax, are the lower and upper bounds of the water injection
rate for each point s, respectively. The optimal cost of them is solved by using the
simplex method.

5 Numerical Experiments

We consider the area width 2400 m and length 2400 m which is between a pair
of two rivers. The area iz meshed by 100 grids points with grid space is 240 m.
The beundary conditions of the area are specified Eqs. - where By =0,
Bg =0, By = 20 and B = 19. The four injection wells are injecting the water to
the underground. The injection wells have the difference lower bound of injection
rates, difference upper bound of injection rates and the difference cost of injection
wells for each zone as Table[l] There are 8 monitoring point for measuring water
requirement. The hydraulic head at monitoring point have the difference standard
water requirement each point as Table [2]
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Table 1: The injection rates and the cost of each pumping wells.

Position coordinate (z,y)  Q(1440m.,480m)  Q(480m, 720m)

Lower (m®/day) 165 175

Upper (m3/day) 250 230

Cost (Bath/m?) 1.5 1.9
Position coordinate (z.y) Q(1680m, 1440m) Q(720m. 1680m)

Lower (m®/day) 180 190

Upper (m3/day) 300 270

Cost (Bath/m?®) 1.8 1.6
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Table 2: The standard water requirement (SWR) for each monitoring

points.

Position

coordinate (z.y)  (240,240) (960.480) - (1920,720)  (720,1200)
(m, m)
SWR (m) 22 23 24 24
Position o2

coordinate {z,y)  (1200,1200)  (240,1440) - (1200,1920) (1920,1920)
(m,m)
SWR(m)> >._ 2 25 23 Y4117 24

og
e
LY
ag e,
' @, = lnjective point
@, [} S 2
H,= Monitoring point
O
B,
o,
aH, aH

Figure 1: Simulation of groundwater management.
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ha e

En‘l/a
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Figure 2: The surface graph before optimal control of cost.

Figure 3: The surface graph after optimal control of cost.
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Figure 4: The contour graph and direction flow before optimal control of
cost.

Figure 5: The contour graph and direction flow after optimal control of
cost.
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Table 3: Table of the hydraulic head before optimal control of cost.
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Y. & 1] 240 480 T20 960 1200
0 20.0000 15.9000 158000 15,7000 15.6000 19,5000
240 20.0000 19.9000 19.8000 18.7000 18.6000 18.5000
4B 20,0000 19.9000 19.8000 19.7000 18.6000 18.5000
T20 20,0000 15.8000 158000 18.7000 15.6000 19,5000
[ak 20,0000 15.8000 158000 18.7000 15.6000 19,5000
1200 20.0000 15.8000 158000 15.7000 1%.6000 15,5000
1440 20,0000 19.9000 19.8000 19.7000 19.6000 15,5000
1680 20.0000 19.8000 19.8000 19.7000 19.6000 15,5000
1820 20.0000 15.8000 158000 15.7000 1%.6000 15,5000
2160 20.0000 19.9000 19.8000 18.7000 19,6000 19,5000
2400 20.0000 19.9000 19.8000 18.7000 19.6000 15.5000
Y. 1440 1680 1820 2160 2400
0 19,2000 19.3000 19.2000 19.1000 16.0000
240 18,4000 15.3000 19.2000 15,1000 15.0000
480 19.4000 19.3000 19.2000 18.1000 12,0000
720 19.4000 19.3000 19.2000 191000 1%.0000
elein 19.4000 12.3000 19.2000 19,1000 19.0000
1200 19,4000 15,3000 19,2000 15,1000 1%.0000
1440 18,4000 15,3000 15.2000 15,1000 1%.0000
1680 19,4000 12.3000 19.2000 19.1000 15,0000
1920 19.4000 19.3000 19.2000 18.1000 19.0000
2160 19,4000 19.3000 19.2000 15.1000 1%.0000
2400 19,4000 19.3000 19.2000 18.1000 1%.0000

Table 4: Table of the hydraulic head after optimal control of cost.
Y4 = 0 240 480 720 380 1200
i} 20,0000 22,4668 24.6064 25.9931 26.9362 27.5723
240 20.0000 224668 24.6064 25,0931 26.9362 27.6723
480 20.0000 22,7940 25.3593 26.4366 27.2432 2B.0735
T20 20,0000 23,3488 27.6001 27.1510 27.5245 27.9041
DED 20,0000 23.0050 25.7805 27.0426 27.7999 28. 1345
1200 20.0000 22.8798 25.5142 27.4282 28,4579 28,0074
1440 200060 23.0000 25.09574 2B.6619 29.7552 30.6658
1680 20,0000 23.1628 26.6534 31.5058 31.1852 33.6724
1920 20,0000 22,8979 25.0875 28,7726 20.8473 30.4711
2160 20,0000 22,8414 25.5262 27.7486 28.9502 28.2537
2400 20.0000 22.8414 25.5262 27.7486 28.9502 29.2537
Y, T 1440 1680 1920 2160 2400
1] 27.7052 25.9609 23.7603 21.4080 18,0000
240 27.7052 25.9609 23.7603 21.4080 1%.0000
480 29.5824 26.4172 230110 214667 12,0000
T20 27.BR1R 26.2143 24.0000 21.5467 1%.0000
Q60 27.8265 26.5582 24.3280 21.7200 1%.0000
1200 28.7315 27.8639 25.0340 22.0051 19,0000
1440 30,2281 31.1318 25.8380 22,2665 12,0000
1680 30.3834 28.5222 25.3236 22,1220 1%.0000
1920 29.1111 27.2489 24.7114 21.8977 1%.0000
2160 28,3308 26,6547 24,3745 21.7574 L8, 0000
2400 28.3398 26.6547 24,3745 21.7574 15,0000
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Table 5: The optimal injection rates of minimum cost in the systems.

Position Coordinate (x,y) Injection Rate (m®/day)

Q(1440m, 480m) 165
Q(480m, 720m) 175
Q(1680m, 1440m,) 230.48
Q(720m, 1680m) 214.81

6 Discussion

The injective point and monitoring point are locate in the considered area as show
in Figure The monitored hydraulic head without and within controlled cost are
shown in Figure[2|and Figurd3|respectively. The veetor fields of groundwater flow
velocity between both case are are shown in Figure[d]and Figure[5|respectively. The
hydraulic head before and after control of cost are shown in Table [3|and Table
respectively. The optinmim injection rate at minimum cost of groundwater control
is shown in Table [5]

7 Conclusion

We have established the groundwater management model., First, we will measure
hydraulic head from the groundwater steady-flow model by using an implicit finite
difference method. It will turn out that the system of linear equations is gen-
erated. We employ the system of linear equations to construct the groundwater
management model to investigate the optimal least cost of the water injections
in the system under the limitation conditions were required. Although. the water
requirement and the injection cost of each monitoring points are unequal among
injective stations. These are then subjected to the optimal presure of the ground-
water injection station to achieve minimum cost. We have established a simulation
process by means of which hvdraulic head levels can be increase to agreed require-
ment levels at least cost.
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