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ABSTRACT 
 

  A groundwater flow is important in geosciences which is modeled through 
partial differential equations. The hydraulic head profiles are characterized the 
groundwater flow. In this thesis, we demonstrate the transient groundwater 
simulations using finite difference methods, the transient groundwater modeling with 
varied sink and source depend on the changing of seasonal water requirement and 
over water supply. The variable of grid sizes, aquifer parameters, sink and source 
terms are considered with complex geometries. The optimization technique using a 
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minimum cost of groundwater needed for the sustainable groundwater use for 
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Chapter 1 

Introduction 
 

1.1  Motivation 
The drought area in Thailand is main problem almost every year. The 

agricultural sector is most affected, as the quantities of many agricultural products 
fall such as rice, tapioca, sugarcane and sugar which may lead to high price 
improvements for some crop. The water requirement of agricultural sector in not 
enough. The inspiration of this thesis is how to make enough water in the dry area. 
The hydraulic head is used to measure water level in the groundwater. The hydraulic 
head profile in each area can be measured by the methods of the field 
measurement and the mathematical model. The field measurement is not suitable 
because the large area and high cost. On the other hand, the mathematical model is 
practical for the problem. 

Groundwater modeling is a powerful tool for water resources management, 
groundwater protection and remediation. The models are decided by maker to 
predict the behavior of a groundwater system prior to implementation of a 
remediation plan. The significance of the utilization of water resources continues to 
grow due to the increasing require of water for irrigation as well as drinking, 
agriculture, commercial and industrial proposes. Although, the amount of 
groundwater resources have been decaying due population growth, uncontrolled 
and unplanned urbanization, industrialization, and agricultural activities. Hence, the 
sustainable management planning must be developed for the groundwater systems. 
The management planning have to limited in the case of legal well drilling and 
limited-pumpings.  

On the other hand, the partial differential equations governing the system is 
solved by model. The groundwater models are solved by analytical and numerical 
solution techniques. Analytical methods are not suitable application to require much 
data and their application is limited to simple problem. Numerical methods can 
solve more complex problem than analytical solutions. Now, rapid development of 
computer processors and increasing speed, numerical modeling has become tools 
more effective an easy to use. The finite difference method and the finite element 
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are most tools used numerical modeling approaches. Each method has its 
advantages and limitations. Selecting numerical modeling approach depend on the 
problem of concern and the objectives of modeling. Most of groundwater modeling 
has the aquifer systems with the heterogeneous structure. In the case of the steady-
state groundwater model solutions can be obtained by the simply basic techniques. 
On the other hand, the case of transient ground water model is solved by the 
advanced techniques due to the difficult in terms of time dimension in the governing 
equations. Theoretical solution of the governing equation of groundwater model 
need general assumptions such as ideal solution domains and homogeneous 
geometries.  

In this thesis, we propose simple and flexible groundwater modeling 
simulation using the using the implicit and explicit finite difference methods. The 
variable of grid size, aquifer parameters, sinks and source terms will be applied to 
problem having simple and complex geometries in the model. And the simplex 
method is therefore used to obtain the optimal management of the water injection 
stations to achieve minimum cost. The numerical experiments are also given. 
   

1.2 Literature reviews 
The finite difference [1-3] and finite elements [4-6] methods are the most 

popular numerical solution techniques. The case of free surface flows will consider in 
two groups: adaptive mesh methods is need a large number of calculation and they 
also require some convergence conditions [4]. It follows that the fixed mesh 
techniques are more popular than adaptive mesh techniques. If the variation of 
geometry and material in the third dimension is constant, then the two-dimensional 
modeling can be used. Although, If the material properties and/or geometry vary any 
the third dimension, then the three-dimension modeling may return better solutions 
than the two-dimension modeling. A useful spreadsheet for two and three 
dimensional steady-state and transient groundwater numerical simulation is 
proposed in [7-8]. 

In the recent years, there has been many research spreadsheets on the 
evolution of numerical models to the groundwater flow model, see for example [7-12]. 
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Olsthoorn [7] proposed that spreadsheet is useful tool for two-and three-
dimensional steady-state and transient groundwater modeling problems with 
homogeneous aquifer parameters and constant sinks and/or source term. 

Karahan et al. [8] propose a transient groundwater flow modeling using 
spreadsheet simulation (TGMSS) model for solving groundwater problem. Result 
showed that the TGMSS AND MODFLOW were in good agreement in terms of 
resulting values of hydraulic heads in all cases. 

Lam [9] described a spreadsheet program to solve the Laplace equation in 
three independent variables subject to constant Dirichlet boundary conditions by the 
Gauss-Seidel method and the successive over-relaxation (SOR method).   

Kharab [10] used a single spreadsheet program for solving three-dimensional 
transient heat conduction problem by using multiple sheets. 

Anderson et al. [11] showed that spreadsheets provide an easy way for 
understanding groundwater problems prior to using MODFLOW. They solve one-
dimensional steady-state groundwater problems for homogeneous aquifer 
parameters and constant sinks and/or source terms. 

Ayvaz et al. [12] proposed a simulation/optimization (S/O) model is proposed 
for the identification of unknow groundwater well locations and pumping rates for 
two-dimensional aquifer system.  
 

1.3 Objectives of the thesis 
  1.3.1 To study the governing equations and the methods for solving in  
two-dimensional of the hydraulic head model 

1.3.2 To study the governing equations and the methods for solving in  
two-dimensional of the hydraulic head model with varied sink and source terms 
depend on the changing of dry season. 

1.3.3 To study the governing equations and the methods for solving in  
two-dimensional of the hydraulic head model with varied sink and source terms 
depend on the changing of dry season and apply with problem in simple and 
complex geometries in the model. 

1.3.4 To study the governing equations and the methods for solving in  
two-dimensional of the hydraulic head model with varied sink and source terms 
depend on the changing of dry season and apply with problem in simple and 
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complex geometries in the model and solve the problem with suitable numerical 
method. 

1.3.5 To study the groundwater flow management model with drought area 
by using an optimization method. 

1.3.6 To propose the optimal management of the water injection stations 
to achieve minimum cost. 
 

1.4 Scopes of the thesis 
To use the finite different methods (FDM) such as the alternating direction 

explicit method (ADEM), the alternating direction implicit method (ADIM), the explicit 
methods, the implicit methods to approximate two-dimensional of the transient 
groundwater model with varied sink and source terms depend on the changing of 
seasonal in dry area in simple and complex geometries.  

To use finite difference method to approximate two-dimensional groundwater 
steady-flow model with drought area and using subjected to optimal management of 
the water injection stations to achieve minimum cost by using an optimization 
method. 

 

1.5 Plan of the thesis 
The thesis explains the mathematical modeling of transient ground water 

model in dry area and use numerical simulation that confirms the results of the 
technique. The processes of simulation are discussed domain of problem and setting 
aquifer parameters and using suitable numerical method for solving the problem. 

The first part will study the basic knowledge about the hydraulic head model 
such as the governing equation and define the domain of problem in thesis. 

The second part will study the numerical method for solving two-dimensional 
hydraulic head model such as the alternating direction explicit method (ADEM), the 
alternating direction implicit method (ADIM), the explicit methods, the implicit 
methods. 

The third part is computation of the hydraulic head model with varied sink 
and source terms using finite difference methods. Variable grid size, aquifer 
parameters, sinks and source terms will be applied to problem having simple and 
complex geometries in the dry area. This material is reserved for educational use only, not allowed for commercial use. 
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The forth part will study the groundwater flow management model which 
model divided 2 models are the groundwater steady-state flow model and 
groundwater management model. The finite difference method is used to 
approximate groundwater steady-flow model. 

Finally, the simplex method is used to obtain the optimal management of 
the water injection stations to achieve minimum cost. 
 

1.6 Expected results 
The expected results of thesis are the studied the behavior of groundwater 

flow from model simulation of the hydraulic head model with varied sink and source 
term depend on the changing of seasoning dry area and water requirement to get 
the lowest cost of groundwater management. 
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Figure 1.1 Process of numerical simulations to groundwater glow and groundwater 
management models.  
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Chapter 2 

Basic Concepts and Preliminaries 
 

2.1 The hydraulic head 
The hydraulic head or total head is a measure of the potential of the water 

fluid at the measurement point. The groundwater motion will be starting from the 
high total head to the low total head. 

   

 
Figure 2.1 The comparing groundwater motion of elevation head difference and 

pressure head difference. 
 
 From Figure 2.1, the hydraulic head 

ph h z= +  where 
ph is a pressure head 

and z  is the evaluation head. Although the elevation head and pressure head each 
point are equal or difference. The groundwater motion will be starting from the high 
total head to the low total head. 
 

2.2 The governing equation of a groundwater flow model 
The groundwater flow equation is used to describe the flow of groundwater 

through an aquifer. The transient flow of groundwater is described by a form of the 
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diffusion equation. The steady-state flow of groundwater is described by a form of 
the Laplace equation. Let ( )  3, , , 0,x y z t R T   where T  is the stationary 
simulation time. Consider the mass balance equation, 

 

,in out

m
m m

t


= −


    (2.1) 

 
where m  is the fluid mass, 
 t  is time, 
 

inm  is the mass flow rate entering of a surface, 
 

outm  is the mass flow rate exiting of a surface. 
From the Figure 1, the mass is the product of the density (  ) and volume (V ), we 
have 

( ) ( ) ,xin w wm q x y z q x y z =   =            (2.2) 

( ) ( ) ,xout w wm q x x y z q x x y z = +   = +           (2.3)  

 

 
Figure 2.2 The mass flow in a control volume. 

 
where ( )q x  is the velocity of x-direction, 

xinm  and 
xoutm  are the mass flow rate 

entering and exiting of x-direction respectively, in similarly 
 
  ( ) ( ) ,yin w wm q y x z q y x z =   =            (2.4) 

  ( ) ( ) ,yout w wm q y y x z q y y x z = +   = +          (2.5) 

  ( ) ( ) ,zin w wm q z x y q z x y =   =            (2.6) 

  ( ) ( ) .zout w wm q z z x y q z z x y = +   = +           (2.7) 
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Substituting equations (2.4) – (2.7) into equation (2.1), we have 
 

  ( ) ( ) ( ) ,xin xout yin yout zin zout

m
m m m m m m

t


= − + − + −


  (2.8) 

  

( ) ( )( )

( ) ( )( )

( ) ( )( ) ,

w w

w w

w w

m
q x y z q x x y z

t

q y x z q y y x z

q z x y q z z x y

 

 

 


=   − +    +      

  − +    +      

  − +         

  (2.9) 

 
and 
 

( ) ( )( )

( ) ( )( )

( ) ( )( ) .

w

w

w

m
q x x q x y z

t

q y y q y x z

q z z q z x y








= − +  −  



− +  −  

− +  −  

    (2.10)  

 

Consider term m

t




, we can obtain that 

 

  ( ) ,w w

m
V

t t


 
=

 
   where   .w wm V=   (2.11) 

 

Substituting the porosity wV

V
 =  and V x y z=    , we will have 

 

  ( ) ,w

m
V

t t
 

 
=

 
      (2.12) 

( ) ,w

m
V

t t
 

 
=

 
      (2.13) 

( ).w

m
x y z

t t
 

 
=   

 
     (2.14)  
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Substituting equation (2.14) into equation (2.10), we get 
 

( ) ( ) ( )( )

( ) ( )( )

( ) ( )( ) .

w w

w

w

x y z q x x q x y z
t

q y y q y x z

q z z q z x y

  






   = − +  −  



− +  −  

− +  −  

  (2.15) 

 
Divide through by x y z   , we will have  
 

( )
( ) ( )( )

( ) ( )( )

( ) ( )( )
.

w

w

w

w

q x x q x

t x

q y y q y

y

q z z q z

z


 





+  −
= −

 

+  −
−



+  −
−



    (2.16) 

 

Consider term ( )w
t
 




, we can obtain that 

 

( ) ,w
w w

t t t


   

 
= +

  
     (2.17) 

( ) ,w
w w

p p

t p t p t


   

   
= +

    
    (2.18) 

 
where p  is pressure, 
 

( ) ,w
w w

p

t t p p


   

   
= + 

    
    (2.19) 

( ) ( ) ,w w

p

t t
    

 
= +

 
     (2.20) 

 

where 
p





=


 and .w

p





=


 Since 

wp gh= , we will have 
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( )
( )

( ) ,w

w w

gh

t t


    


= +

 
    (2.21) 

( ) ( ) ,w w w

h
g g

t t
      

 
= +

 
    (2.22) 

 
Substituting equation (2.22) into equation (2.16), we get 
 

( )
( ) ( )( )

( ) ( )( )

( ) ( )( )
.

w

w w

w

w

q x x q xh
g g

t x

q y y q y

y

q z z q z

z


    





+  −
+ = −

 

+  −
−



+  −
−



  (2.23) 

 
Assume that the density does not change much within the control volume, the 
density term is neglected on the left-hand side, we have 
 

( )
( ) ( )( )

( ) ( )( )

( ) ( )( )
.

w

q x x q xh
g g

t x

q y y q y

y

q z z q z

z

   
+  −

+ = −
 

+  −
−



+  −
−



  (2.24) 

 
If the limit of , ,x y z    tend to zero, we can transform the difference into the 
difference form. Recall that the definition of derivative, 
 

( ) ( )
0

lim .
x

f x x f xdf

dx x →

+ −
=


   (2.25) 
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From equation (2.24), we will have 
 

( )
( ) ( )( )

( ) ( )( )

( ) ( )( )

0

0

0

lim

lim

lim ,

w
x

y

z

q x x q xh
g g

t x

q y y q y

y

q z z q z

z

   
 →

 →

 →

+  −
+ = −

 

+  −
−



+  −
−



   (2.26) 

( ) .
yx z

w

qq qh
g g

t x y z
   

 
+ = − − −

   
    (2.27) 

 
If the Darcy’s law is applied, we can see that 
 

,x x

h
q K

x


= −


     (2.28) 

,y y

h
q K

y


= −


     (2.29) 

and    .x z

h
q K

z


= −


     (2.30) 

 

Substituting equations (2.28) – (2.30) into equation (2.27), we have 
 

( ) ,w x y z

h h h h
g g K K K

t x x y y z z
   

          
+ = − − − − − −    

          
 (2.31) 

( ) .w x y z

h h h h
g g K K K

t x x y y z z
   

          
+ = + +    

          
 (2.32) 

 
Let 

sS be specific storage, 
sS = wg g   + . Then 

 

.s x y z

h h h h
S K K K

t x x y y z z

          
= + +    

          
  (2.33) 
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2.3 The boundary condition of a groundwater flow model 
 In this thesis, we consider the two-dimensional groundwater flow model, 
from equation (2.33), we have 
 

,s x y

h h h
S K K

t x x y y

      
= +   

       
   (2.34) 

 
where ( ), ,h h x y t=  for ( )  2, , 0,x y t R T  . The initial conditions are constant, 
 
   ( ) 0, ,0h x y h= .      (2.35) 
 
The boundary condition for 0t   are specified by 
 

cos sin
h h h

n x y
 

  
= +

  
.    (2.36) 

 

  
Figure 2.3 The boundary of groundwater flow model.

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



 

 

Chapter 3 

Mathematical Simulation of a Groundwater  
in a Drought Area 

 
In this chapter, the objective is to propose a simply and flexible groundwater 

simulation using the implicit and explicit finite difference methods. The complex 
geometry in the model is considered by variable grid sizes aquifer parameters, sinks 
and source terms. 
 

3.1 The governing equation of two-dimensional transient groundwater 
flow model in drought area 

The governing equation of vertically integrated Darcy’s flow in a  
two-dimensional confined, compressible, isotropic, heterogeneous aquifer is [8], 
 

,
H H H

S K K W
t x x y y

      
= +   

       
  (3.1) 

 
where H hydraulic head (metre), K  hydraulic conductivity (metre/day), W sinks 
and/or source (1/day) and S  matrix of specific storage (1/metre). We assume the 
hydraulic conductivity is constant. It obtains that 
 

   
2 2

2 2
,

H H H
S K W

t x y

   
= +  

   
   (3.2) 

 
with the initial conditions at 0t = , 0 x L   and 0 y M  where ,L M are constant 
being specified, 
 
    0.H H=      (3.3) 
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The boundary condition for 0t   are specified, 
 

   N

H
B

n


=


 at0 x L   and ,y M=   (3.4) 

   S

H
B

n


=


 at0 x L   and 0y = ,  (3.5) 

   W

H
B

n


=


 at 0x =  and 0 y M  ,  (3.6) 

   E

H
B

n


=


 at x L= and 0 y M  ,  (3.7) 

 
and given pumping well point each, 
 
    ( ), iQ x y Q=  for 1,2,3, ,i w= ,  (3.8) 
 
in order to solve equation (3.2) in domain  0,T  where    0,L 0,M   and w  
is the total number of sources and sinks. 
 

 
Figure 3.1 The boundary conditions of a two-dimensional transient groundwater flow      

     model. 
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From Figure 3.1 the lengths of domain are L M , , ,N S WB B B  and 
EB  are 

boundary conditions of model and 
1 2,Q Q  are source and sinks term respectively. 

 

3.2 Numerical methods for two-dimensional transient groundwater   
flow model in drought area 

In this chapter, we will propose finite difference methods to the transient 
groundwater model such as the forward time central space method (FTCS), the 
backward time central space method (BTCS), the alternating direction explicit 
method (ADEM) and the alternating direction implicit method (ADIM). We now 
discretize (3.2) by dividing the interval  0,L in x-direction into I  subintervals such 
that I x L = , the interval  0,M in y-direction into J  subintervals such that  
J y M = and the interval  0,T  in time into N  subintervals such that N t T = . We 
can then approximate ( ), ,H x y t  by ,

n

i jH , value of the difference approximation of 
( ), ,H x y t  at point x i x=  , y j y=   and t n t=  , where 0 i I  , 0 j J  and 

0 n N  which ,I J  and N  are positive integers. 
 

3.2.1  Forward time central space method (FTCS) 
Taking the central difference scheme in space and forward difference scheme 

in time into each terms of equation (3.2), then 
 

( )

2
1, , 1,

22

2
,

n n n

i j i j i jH H HH

x x

− +− +


 
    (3.9) 

( )

2
, 1 , , 1

22

2
,

n n n

i j i j i jH H HH

y y

− +− +


 
    (3.10) 

1

, ,
,

n n

i j i jH HH

t t

+ −


 
     (3.11) 

,

,

,

.

n

i jn

i j n

i j

Q
W

x yH
= 

 
     (3.12) 
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Substituting equations (3.9) – (3.12) into equation (3.2), for1 1i I  − and 
1 1j J  − at 0t  ,  
 

( )

( )

1

, , 1, , 1,

,

, 1 , , 1

,

2

2 ,

n n n n n

i j i j i j i j i j

n

i jn n n

i j i j i j n

i j

H H H H H

Q
H H H

x yH



 

+

+ −

+ −

= + − +

 
+ − + +  

   

  (3.13) 

 

where ( )

( )
2

t K

x S



=


, ( )

( )
2

t K

y S



=


 and t

S



= . For 1i =  and 1j =  at 0t  , substituting 

the unknown value on the west boundary by forward difference approximation 

( )0,1 1,1

n n

WH H x B= −   and substituting the unknown value on the south boundary by 
forward difference approximation ( )1,0 1,1

n n

SH H y B= −   into equation (3.13), 
 

( )

( )

1

1,1 1,1 2,1 1,1

1,1

1,2 1,1

1,1

.

n n n n

W

n

n n

S n

H H H H x B

Q
H H y B

x yH



 

+  = + − −  

 
 + − −  +       

  (3.14) 

 
For 1 1i I  −  and 1j =  at 0t  , substituting the unknown value on the south 
boundary by forward difference approximation ( ),0 ,1

n n

i i SH H y B= −   into equation 
(3.13), 
 

( )

( )

1

,1 ,1 1,1 ,1 1,1

,1

,2 ,1

,1

2

.

n n n n n

i i i i i

n

in n

i i S n

i

H H H H H

Q
H H y B

x yH



 

+

+ −= + − +

 
 + − −  +       

  (3.15) 

 
For 1i I= −  and 1j =  at 0t  , substituting the unknown value on the east boundary 
by backward difference approximation ( ),1 1,1

n n

I I EH H x B−= +   and substituting the 
unknown value of the south boundary by forward difference approximation 

( )1,0 1,1

n n

I I SH H y B− −= −   into equation (3.13), 
 

( )

( )

1

1,1 1,1 1,1 2,1

1,1

1,2 1,1

1,1

.

n n n n

I I E I I

n

In n

I I S n

I

H H x B H H

Q
H H y B

x yH



 

+

− − − −

−

− −

−

 = +  − + 

 
 + − −  +       

  (3.16) 
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For 1i =  and 1 1j J  −  at 0t  , substituting the unknown value of the west 
boundary by forward difference approximation ( )0, 1,

n n

j j WH H x B= −   into equation 
(3.13), 
 

( )

( )

1

1, 1, 2, 1,

1,

1, 1 1, 1, 1

1,

2 .

n n n n

j j j j W

n

jn n n

j j j n

j

H H H H x B

Q
H H H

x yH



 

+

+ −

 = + − −  

 
+ − + +  

   

  (3.17) 

 
For 1i I= −  and 1 1j J  −  at 0t  , substituting the unknown value on the east 
boundary by backward difference approximation ( ), 1,

n n

I j I j EH H x B−= +   into equation 
(3.13), 
 

( )

( )

1

1, 1, 1, 2,

1,

1, 1 1, 1, 1

1,

2 .

n n n n

I j I j E I j I j

n

I jn n n

I j I j I j n

I j

H H x B H H

Q
H H H

x yH



 

+

− − − −

−

− + − − −

−

 = +  − + 

 
+ − + +  

   

 (3.18) 

 
For 1i =  and 1j J= −  at 0t  , substituting the unknown value on the west 
boundary by forward difference approximation ( )0, 1 1, 1

n n

J J WH H x B− −= −   and 
substituting the unknown value of the north boundary by backward difference 
approximation ( )1, 1, 1

n n

J J NH H y B−= +   into equation (3.13), 
 

( )

( )

1

1, 1 1, 1 2, 1 1, 1

1, 1

1, 1 1, 2

1, 1

.

n n n n

J J J J W

n

Jn n

N J J n

J

H H H H x B

Q
y B H H

x yH



 

+

− − − −

−

− −

−

 = + − −  

 
 +  − + +       

 (3.19) 

 
For 1 1i I  −  and 1j J= −  at 0t  , substituting the unknown value on the north 
boundary by backward difference approximation ( ), , 1

n n

i J i J NH H y B−= +   into equation 
(3.13), 
 

( )

( )

1

, 1 , 1 1, 1 , 1 1, 1

, 1

, 1 , 2

, 1

2

.

n n n n n

i J i J i J i J i J

n

i Jn n

N i J i J n

i J

H H H H H

Q
y B H H

x yH



 

+

− − + − − − −

−

− −

−

= + − +

 
 +  − + +       

 (3.20) 

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



19 

 

 

For 1i I= −  and 1j J= −  at 0t  , substituting the unknown value on the east 
boundary by backward difference approximation ( ), 1 1, 1

n n

I J I J EH H x B− − −= +   and 
substituting the unknown value on the north boundary by backward difference 
approximation ( )1, 1, 1

n n

I J I J NH H y B− − −= +   into equation (3.13), 
 

( )

( )

1

1, 1 1, 1 1, 1 2, 1

1, 1

1, 1 1, 2

1, 1

.

n n n n

I J I J E I J I J

n

I Jn n

N I J I J n

I J

H H x B H H

Q
y B H H

x yH



 

+

− − − − − − − −

− −

− − − −

− −

 = +  − + 

 
 +  − + +       

 (3.21) 

 

3.2.2  Backward time central space method (BTCS) 
Taking the central difference scheme in space and backward difference 

scheme in time into each terms of equation (3.2), then 
 

( )

1 1 12
1, , 1,

22

2
,

n n n

i j i j i jH H HH

x x

+ + +

− +− +


 
   (3.22) 

( )

1 1 12
, 1 , , 1

22

2
,

n n n

i j i j i jH H HH

y y

+ + +

− +− +


 
   (3.23) 

1

, ,
,

n n

i j i jH HH

t t

+ −


 
     (3.24) 

   ,

,

,

.

n

i jn

i j n

i j

Q
W

x yH
= 

 
     (3.25) 

 
Substituting equations (3.22) – (3.25) into equation (3.2), for1 1i I  − and 
1 1j J  − at 0t  ,  
 

( )1 1 1 1 1

1, 1, , 1 , 1 ,

,

,

,

1 2 2

.

n n n n n

i j i j i j i j i j

n

i jn

i j n

i j

H H H H H

Q
H

x yH

     



+ + + + +

− + − ++ + + − + +

= − −
 

  (3.26) 

 

where ( )

( )
2

t K

x S



=


, ( )

( )
2

t K

y S



=


 and t

S



= . For 1i =  and 1j =  at 0t  , 

substituting the unknown value on the west boundary by forward difference 
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approximation ( )1 1

0,1 1,1

n n

WH H x B+ += −   and substituting the unknown value on the 
south boundary by forward difference approximation ( )1 1

1,0 1,1

n n

SH H y B+ += −   into 
equation (3.26), 
 

( )

( ) ( )

1 1 1

21 1,2 1,1

1,1

1,1

1,1

1

.

n n n

n

n

W Sn

H H H

Q
H x B y B

x yH

   

  

+ + ++ − + +

= − − +  + 
 

 (3.27) 

 
For 1 1i I  −  and 1j =  at 0t  , substituting the unknown value on the south 
boundary by forward difference approximation ( )1 1

,0 ,1

n n

i i SH H y B+ += −   into equation 
(3.26), 
 

( )

( )

1 1 1 1

1,1 1,1 ,2 ,1

,1

,1

,1

1 2

.

n n n n

i i i i

n

in

i Sn

i

H H H H

Q
H y B

x yH

    

 

+ + + +

− ++ + − + +

= − − + 
 

  (3.28) 

 
For 1i I= −  and 1j =  at 0t  , substituting the unknown value on the east boundary 
by backward difference approximation ( )1 1

,1 1,1

n n

I I EH H x B+ +

−= +   and substituting the 
unknown value on the south boundary by forward difference approximation 

( )1 1

1,0 1,1

n n

I I SH H y B+ +

− −= −   into equation (3.26), 
 

( )

( ) ( )

1 1 1

2,1 1,2 1,1

1,1

1,1

1,1

1

.

n n n

I I I

n

In

I E Sn

I

H H H

Q
H x B y B

x yH

   

  

+ + +

− − −

−

−

−

+ − + +

= − − −  + 
 

 (3.29) 

 
For 1i =  and 1 1j J  −  at 0t  , substituting the unknown value on the west 
boundary by forward difference approximation ( )1 1

0, 1,

n n

j j WH H x B+ += −   into equation 
(3.26), 
 

( )

( )

1 1 1 1

2, 1, 1 1, 1 1,

1,

1,

1,

1 2

.

n n n n

j j j j

n

jn

j Wn

j

H H H H

Q
H x B

x yH

    

 

+ + + +

− ++ + − + +

= − − + 
 

  (3.30) 
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For 1i I= −  and 1 1j J  −  at 0t  , substituting the unknown value on the east 
boundary by backward difference approximation ( )1 1

, 1,

n n

I j I j EH H x B+ +

−= +   into 
equation (3.26), 
 

( )

( )

1 1 1 1

2, 1, 1 1, 1 1,

1,

1,

1,

1 2

.

n n n n

I j I j I j I j

n

I jn

I j En

I j

H H H H

Q
H x B

x yH

    

 

+ + + +

− − − − + −

−

−

−

+ + − + +

= − − − 
 

  (3.31) 

 
For 1i =  and 1j J= −  at 0t  , substituting the unknown value on the west 
boundary by forward difference approximation ( )1 1

0, 1 1, 1

n n

J J WH H x B+ +

− −= −   and 
substituting the unknown value of the north boundary by backward difference 
approximation ( )1 1

1, 1, 1

n n

J J NH H y B+ +

−= +   into equation (3.26), 
 

( )

( ) ( )

1 1 1

2, 1 1, 1, 1

1, 1

1, 1

1, 1

1

.

n n n

J J J

n

Jn

J W Nn

J

H H H

Q
H x B y B

x yH

   

  

+ + +

− −

−

−

−

+ − + +

= − − +  − 
 

 (3.32) 

 
For 1 1i I  −  and 1j J= −  at 0t  , substituting the unknown value on the north 
boundary by backward difference approximation ( )1 1

, , 1

n n

i J i J NH H y B+ +

−= +   into 
equation (3.26), 
 

( )

( )

1 1 1 1

1, 1 1, 1 , 2 , 1

, 1

, 1

, 1

1 2

.

n n n n

i J i J i J i J

n

i Jn

i J Nn

i J

H H H H

Q
H y B

x yH

    

 

+ + + +

− − + − − −

−

−

−

+ + − + +

= − − − 
 

  (3.33) 

 
For 1i I= −  and 1j J= −  at 0t  , substituting the unknown value on the east 
boundary by backward difference approximation ( )1 1

, 1 1, 1

n n

I J I J EH H x B+ +

− − −= +   and 
substituting the unknown value on the north boundary by backward difference 
approximation ( )1 1

1, 1, 1

n n

I J I J NH H y B+ +

− − −= +   into equation (3.26), 
 

( )

( ) ( )

1 1 1

2, 1 1, 2 1, 1

1, 1

1, 1

1, 1

1

.

n n n

I J I J I J

n

I Jn

I J E Nn

I J

H H H

Q
H x B y B

x yH

   

  

+ + +

− − − − − −

− −

− −

− −

+ − + +

= − − −  − 
 

 (3.34) 
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The equations (3.26) – (3.34) can be written in matrix form as follow, 
 
    1 ,n nAH B+ =      (3.35) 

where    

1

2

2

1

,

A B

B A B

A

B A B

B A

 
 
 
 =
 
 
  

    (3.36) 

( )

( )

( )

( )

1

1

1 2

1 2

1

A

 

   

   

  

− + + 
 

− + + 
 =
 

− + + 
 − + + 

, (3.37) 

( )

( )

( )

( )

2

1 2

1 2 2

1 2 2

1 2

A

  

   

   

  

− + + 
 

− + + 
 =
 

− + + 
 − + + 

, (3.38) 

B









 
 
 
 =
 
 
  

,    (3.39) 

1,1

2,1

1

2, 1

1, 1

n

I J

I J

H

H

H

H

H

+

− −

− −

 
 
 
 =
 
 
 
 

,     (3.40) 
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and 

( ) ( )

( )

( )

( ) ( )

( )

1,1

1,1

1,1

2,1

2,1

2,1

2,1

2,1

2,1

1,1

1,1

1,1

1,2

1,2

1,2

,

,

,

1,

n

n

W Sn

n

n

Sn

n

In

I Sn

I

n

In

I E Sn

I

n

n

Wn

n

i jnn

i j n

i j

I J

Q
H x B y B

x yH

Q
H y B

x yH

Q
H y B

x yH

Q
H x B y B

x yH

Q
H x B

x yH

Q
HB

x yH

H

  

 

 

  

 



−

−

−

−

−

−

− −

− − +  + 
 

− − + 
 

− − + 
 

− − +  + 
 

− − + 
 

− −=
 

− ( )

( ) ( )

( )

( )

( ) ( )

1, 2

2

1, 2

1, 1

1, 1

1, 1

2, 1

2, 1

2, 1

2, 1

2, 1

2, 1

1, 1

1, 1

1, 1

n

I Jn

En

I J

n

Jn

J W Nn

J

n

Jn

J Nn

J

n

I Jn

I J Nn

I J

n

I Jn

I J E Nn

I J

Q
x B

x yH

Q
H x B y B

x yH

Q
H y B

x yH

Q
H y B

x yH

Q
H x B y B

x yH

 

  

 

 

  

− −

− −

−

−

−

−

−

−

− −

− −

− −

− −

− −

− −








− + 
 

− − +  + 
 

− − + 
 

− − + 
 

− − +  + 
 

,








 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

   (3.41) 

 
for all 1 n N  . We will introduce splitting methods that require smaller CPU time 
than the BTCS method. For the alternating direction explicit (ADEM) and the 
alternating direction implicit methods (ADIM) are discussed in next the two 
subsections. 
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3.2.3  Alternating direction explicit method (ADEM) 
The ADEM are extrapolative and need an easy algebraic solution for an 

unknown for all point in each time interval. ADEM equation can be written as [8],  
 

( ) ( )

( ) ( )

1 1 1

, , 1, , 1, ,

, 1 12 2
, ,

2 2

1 1

, 1 , , 1 ,

1 1 ,2 2
, ,

2 2

.

n n n n n n

i j i j i j i j i j i j

i j
i j i j

n n n n

i j i j i j i j

i j
i j i j

H H H H H H
S K K

t x x

H H H H
K K W

y y

+ + +

+ −

+ −

+ +

+ −

+ −

    − − −
= +                

   − −
+ + +   

       

 (3.42) 

 

Second stage, 

 

( ) ( )

( ) ( )

1 1 1

, , 1, , 1, ,

, 1 12 2
, ,

2 2

1 1

, 1 , , 1 ,

1 1 ,2 2
, ,

2 2

,

n n n n n n

i j i j i j i j i j i j

i j
i j i j

n n n n

i j i j i j i j

i j
i j i j

H H H H H H
S K K

t x x

H H H H
K K W

y y

+ + +

− +

− +

+ +

− +

− +

    − − −
= +                

   − −
+ + +   

       

 (3.43) 

 

where 
1

2
,

,

,

n

I J

i j n

i j

Q
W

x yH

+

= 
 

. First stage, for convenient, we will letting that 

 

( )
, 12

,
2,

,i j
i j

i j

t
a K

S x +


=


    (3.44) 

( )
, 12

,
2,

,i j
i j

i j

t
b K

S x −


=


    (3.45) 

( )
, 12

,
2,

,i j
i j

i j

t
c K

S y +


=


    (3.46) 

( )
, 12

,
2,

,i j
i j

i j

t
d K

S y −


=


    (3.47) 

and   ,

,

.i j

i j

t
e

S


=       (3.48) 
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For 1 1i I  − and 1 1j J  − at 0t  , and by rearranging, equation (3.42) becomes, 

 

.
 

( )
( )

( )

( )
( )

( )

( ) ( )

, ,1 1

, 1, , 1,

, , , ,

, , 1

, 1 , , 1

, , , ,

,

, ,

, , , ,

1 1

1 1

1
.

1 1

i j i jn n n n

i j i j i j i j

i j i j i j i j

i j i jn n n

i j i j i j

i j i j i j i j

i jn

i j i j

i j i j i j i j

a b
H H H H

b d b d

c d
H H H

b d b d

e
H W

b d b d

+ +

+ −

+

+ −

= − +
+ + + +

+ − +
+ + + +

+ +
+ + + +

  (3.49) 

 
For 1i =  and 1j =  at 0t  , substituting the unknown value on the east boundary by 
forward difference approximation ( )1 1

0,1 1,1

n n

WH H x B+ += −   and substituting the 
unknown value on the south boundary by forward difference approximation 

( )1 1

1,0 1,1

n n

SH H y B+ += −   into equation (3.49), 
 

( ) ( )

( ) ( )

1

1,1 1,1 2,1 1,1 1,1

1,1 1,2 1,1 1,1 1,1 1,1 1,1.

n n n

W

n n n

S

H a H H b x B

c H H d y B H e W

+ = − − 

+ − −  + +
  (3.50)

 
 

 
For 1 1i I  −  and 1j =  at 0t  , substituting the unknown value on the south 
boundary by forward difference approximation ( )1 1

,0 ,1

n n

i i SH H y B+ += −   into equation 
(3.49), 
 

( )
( )

( ) ( )

1 1

,1 ,1 1,1 ,1 ,1 1,1

,1

,1 ,2 ,1 ,1 ,1 , ,1

1

1

.

n n n n

i i i i i i

i

n n n

i i i i S i i j i

H a H H b H
b

c H H d y B H e W

+ +

+ −
= − +
+

+ − −  + + 

 (3.51) 

 
For 1i I= −  and 1j =  at 0t  , substituting the unknown value on the east boundary 
by backward difference approximation ( ),1 1,1

n n

I I EH H x B−= +   and substituting the 
unknown value on the south boundary by forward difference approximation 

( )1 1

1,0 1,1

n n

I I SH H y B+ +

− −= −   into equation (3.49), 
 

( )
( )

( ) ( )

1 1

1,1 1,1 1,1 2,1

1,1

1,1 1,2 1,1 1,1 1,1 1,1 1,1

1

1

.

n n

I I E I I

I

n n n

I I I I S I I I

H a x B b H
b

c H H d y B H e W

+ +

− − − −

−

− − − − − − −

=  ++

+ − −  + +


 (3.52) 
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For 1i = and 1 1j J  − at 0t  , substituting the unknown value on the west 
boundary by forward difference approximation ( )1 1

0, j 1, j

n n

WH H x B+ += −   into equation 
(3.49), 
 

( )
( ) ( )

( )

1

1, 1, 2, 1, 1,

1,

1

1, 1, 1 1, 1, 1, 1 1, 1, 1,

1

1

.

n n n

j j j j j W

j

n n n n

j j j j j j j j

H a H H b x B
d

c H H d H H e W

+

+

+ −

= − − 
+

+ − + + +


  (3.53) 

 
For 1i I= −  and 1 1j J  −  at 0t  , substituting the unknown value on the east 
boundary by backward difference approximation ( ), 1,

n n

I j I j EH H x B−= +   into equation 
(3.49), 
 

( )
( )

( )

( )
( )

( )

( ) ( )

1, 1,1 1

1, 2,

1, 1, 1, 1,

1, 1, 1

1, 1 1, 1, 1

1, 1, 1, 1,

1,

1, 1,

1, 1, 1, 1,

1 1

1 1

1
.

1 1

I j I jn n

I j E I j

I j I j I j I j

I j I jn n n

I j I j I j

I j I j I j I j

I jn

I j I j

I j I j I j I j

a b
H x B H

b d b d

c d
H H H

b d b d

e
H W

b d b d

− −+ +

− −

− − − −

− − +

− + − − −

− − − −

−

− −

− − − −

=  +
+ + + +

+ − +
+ + + +

+ +
+ + + +

 (3.54) 

 
For 1i =  and 1j J= −  at 0t  , substituting the unknown value on the west 
boundary by forward difference approximation ( )1 1

0, 1 1, 1

n n

J J WH H x B+ +

− −= −   and 
substituting the unknown value on the top boundary by backward difference 
approximation ( )1, 1, 1

n n

J J NH H y B−= +   into equation (3.49), 
 

( )
( ) ( )

( )

1

1, 1 1, 1 2, 1 1, 1 1, 1

1, 1

1

1, 1 1, 1 1, 2 1, 1 1, 1 1, 1

1

1

.

n n n

J J J J J W

J

n n

J N J J J J J

H a H H b x B
d

c y B d H H e W

+

− − − − −

−

+

− − − − − −

= − − 
+

+  + + + 

 (3.55) 
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For 1 1i I  −  and 1j J= −  at 0t  , substituting the unknown value on the north 
boundary by backward difference approximation ( ), , 1

n n

i J i J NH H y B−= +   into equation 
(3.49), 
 

( )
( )

( )

( )
( )

( )

( ) ( )

, 1 , 11 1

, 1 1, 1 , 1 1, 1

, 1 , 1 , 1 , 1

, 1 , 1 1

, 2

, 1 , 1 , 1 , 1

, 1

, 1 , 1

, 1 , 1 , 1 , 1

1 1

1 1

1
.

1 1

i J i Jn n n n

i J i J i J i J

i J i J i J i J

i J i J n

N i J

i J i J i J i J

i Jn

i J i J

i J i J i J i J

a b
H H H H

b d b d

c d
y B H

b d b d

e
H W

b d b d

− −+ +

− + − − − −

− − − −

− − +

−

− − − −

−

− −

− − − −

= − +
+ + + +

+  +
+ + + +

+ +
+ + + +

 (3.56) 

 
For 1i I= −  and 1j J= −  at 0t  , substituting the unknown value on the east 
boundary by backward difference approximation ( ), 1 1, 1

n n

I J I J EH H x B− − −= +   and 
substituting the unknown value on the north boundary by backward difference 
approximation ( )1, 1, 1

n n

I J I J NH H y B− − −= +   into equation (3.49), 
 

( )
( )

( )

( )
( )

( )

( )

1, 1 1, 11 1

1, 1 2, 1

1, 1 1, 1 1, 1 1, 1

1, 1 1, 1 1

1, 2

1, 1 1, 1 1, 1 1, 1

1, 1

1, 1

1, 1 1, 1 1,

1 1

1 1

1

1 1

I J I Jn n

I J E I J

I J I J I J I J

I J I J n

N I J

I J I J I J I J

I Jn

I J

I J I J I J

a b
H x B H

b d b d

c d
y B H

b d b d

e
H

b d b

− − − −+ +

− − − −

− − − − − − − −

− − − − +

− −

− − − − − − − −

− −

− −

− − − − −

=  +
+ + + +

+  +
+ + + +

+ +
+ + +( ) 1, 1

1 1, 1

.I J

I J

W
d

− −

− − −+

 (3.57) 

 

Second stage, we will letting that 

 

( ), 12
,

2,

,
i j i j

i j

t
a K

S x −


=


    (3.58) 

( )
, 12

,
2,

,i j
i j

i j

t
b K

S x +


=


    (3.59) 

( )
, 12

,
2,

,i j
i j

i j

t
c K

S x −


=


    (3.60) 

( )
, 12

,
2,

,i j
i j

i j

t
d K

S x +


=


    (3.61) 

and   ,

,

.i j

i j

t
e

S


=       (3.62) 
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For 1 1i I  − and 1 1j J  − at 0t  , and by rearranging, equation (3.43) become,
 

( )
( )

( )

( )
( )

( )

( ) ( )

, ,1 1

, 1, , 1,

, , , ,

, , 1

, 1 , , 1

, , , ,

,

, ,

, , , ,

1 1

1 1

1
.

1 1

i j i jn n n n

i j i j i j i j

i j i j i j i j

i j i jn n n

i j i j i j

i j i j i j i j

i jn

i j i j

i j i j i j i j

a b
H H H H

b d b d

c d
H H H

b d b d

e
H W

b d b d

+ +

− +

+

− +

= − +
+ + + +

+ − +
+ + + +

+ +
+ + + +

  (3.63) 

For 1i I= −  and 1j J= −  at 0t  , substituting the unknown value on the east 
boundary by backward difference approximation ( )1 1

, 1 1, 1

n n

I J I J EH H x B+ +

− − −= +   and 
substituting the unknown value on the north boundary by backward difference 
approximation ( )1 1

1, 1, 1

n n

I J I J NH H y B+ +

− − −= +   into equation (3.63), 

( ) ( )

( ) ( )

1

1, 1 1, 1 2, 1 1, 1 1, 1

1, 1 1, 2 1, 1 1, 1

1, 1 1, 1 1, 1.

n n n

I J I J I J I J I J E

n n

I J I J I J I J N

n

I J I J I J

H a H H b x B

c H H d y B

H e W

+

− − − − − − − − − −

− − − − − − − −

− − − − − −

= − + 

+ − + 

+ +

   (3.64)  

For 1 1i I  −  and 1j J= −  at 0t  , substituting the unknown value on the north 
boundary by backward difference approximation ( )1 1

, , 1

n n

i J i J NH H y B+ +

−= +   into 
equation (3.63), 

( )
( )

( ) ( )

1 1

, 1 , 1 1, 1 , 1 , 1 1, 1

, 1

, 1 , 2 , 1 , 1 , 1 , 1 , 1

1

1

.

n n n n

i J i J i J i J i J i J

i J

n n n

i J i J i J i J N i J i J i J

H a H H b H
b

c H H d y B H e W

+ +

− − − − − − + −

−

− − − − − − −

= − +
+

+ − +  + + 

 (3.65) 

For 1i =  and 1j J= −  at 0t  , substituting the unknown value on the west 
boundary by forward difference approximation ( )0, 1 1, 1

n n

J J WH H x B− −= −   and 
substituting the unknown value on the north  boundary by backward difference 
approximation ( )1 1

1, 1, 1

n n

J J NH H y B+ +

−= +   into equation (3.63), 

( )
( )

( ) ( )

1 1

1, 1 1, 1 1, 1 2, 1

1, 1

1, 1 1, 2 1, 1 1, 1 1, 1 1, 1 1, 1

1

1

.

n n

J J W J J

J

n n n

J J J J N J J J

H a x B b H
b

c H H d y B H e W

+ +

− − − −

−

− − − − − − −

= −  ++

+ − +  + + 
 (3.66) 
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For 1i I= −  and 1 1j J  −  at 0t  , substituting the unknown value on the east 
boundary by backward difference approximation ( )1 1

, 1,

n n

I j I j EH H x B+ +

−= +   into 
equation (3.63), 
 

( )
( ) ( )

( )

1

1, 1, 2, 1, 1,

1,

1

1, 1, 1 1, 1, 1, 1 1, 1, 1,

1

1

.

n n n

I j I j I j I j I j E

I j

n n n n

I j I j I j I j I j I j I j I j

H a H H b x B
d

c H H d H H e W

+

− − − − −

−

+

− − − − − − + − − −

= − + 
+

+ − + + + 
(3.67) 

 
For 1i =  and 1 1j J  −  at 0t  , substituting the unknown value on the west 
boundary by forward difference approximation ( )0, 1,

n n

j j WH H x B= −   into equation 
(3.63), 
 

( )
( )

( )

( )
( )

( )

( ) ( )

1, 1,1 1

1, 2,

1, 1, 1, 1,

1, 1, 1

1, 1 1, 1, 1

1, 1, 1, 1,

1,

1, 1,

1, 1, 1, 1,

1 1

1 1

1
.

1 1

j jn n

j W j

j j j j

j jn n n

j j j

j j j j

jn

j j

j j j j

a b
H x B H

b d b d

c d
H H H

b d b d

e
H W

b d b d

+ +

+

− +

= −  +
+ + + +

+ − +
+ + + +

+ +
+ + + +

  (3.68) 

 
For 1i I= −  and 1j =  at 0t  , substituting the unknown value on the east boundary 
by backward difference approximation ( )1 1

,1 1,1

n n

I I EH H x B+ +

−= +   and substituting the 
unknown value on the south boundary by forward difference approximation 

( )1,0 1,1

n n

I I SH H y B− −= −   into equation (3.63), 
 

( )
( ) ( )

( )

1

1,1 1,1 2,1 1,1 1,1

1,1

1

1,1 1,1 1,2 1,1 1,1 1,1

1

1

.

n n n

I I I I I E

I

n n

I S I I I I I

H a H H b x B
d

c y B d H H e W

+

− − − − −

−

+

− − − − − −

= − + 
+

−  + + + 

   (3.69) 
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For 1 1i I  −  and 1j =  at 0t  , substituting the unknown value on the south 
boundary by forward difference approximation ( ),0 ,1

n n

i i SH H y B= −   into equation 
(3.63), 
 

( )
( )

( )

( )
( )

( )

( ) ( )

,1 ,11 1

,1 1,1 ,1 1,1

,1 ,1 ,1 ,1

,1 ,1 1

,2

,1 ,1 ,1 ,1

,1

,1 ,1

,1 ,1 ,1 ,1

1 1

1 1

1
.

1 1

i in n n n

i i i i

i i i i

i i n

S i

i i i i

in

i i

i i i i

a b
H H H H

b d b d

c d
y B H

b d b d

e
H W

b d b d

+ +

− +

+

= − +
+ + + +

−  +
+ + + +

+ +
+ + + +

  (3.70) 

 
For 1i =  and 1j =  at 0t  , substituting the unknown value on the west boundary 
by forward difference approximation ( )0,1 1,1

n n

WH H x B= −   and substituting the 
unknown value on the south boundary by forward difference approximation 

( )1,0 1,1

n n

SH H y B= −   into equation (3.63), 
 

( )
( )

( )

( )
( )

( )

( ) ( )

1,1 1,11 1

1,1 2,1

1,1 1,1 1,1 1,1

1,1 1,1 1

1,2

, , , ,

1,1

1,1 1,1

, , , ,

1 1

1 1

1
.

1 1

n n

W

n

S

i j i j i j i j

n

i j i j i j i j

a b
H x B H

b d b d

c d
y B H

b d b d

e
H W

b d b d

+ +

+

= −  +
+ + + +

−  +
+ + + +

+ +
+ + + +

   (3.71) 

 

The stable solutions can be obtained only around the stability condition that [8], 

 

( ) ( )
2 2

1
.

2

KH t t

S x y

  
+  

   

    (3.72) 
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3.2.4  Alternating direction implicit method (ADIM) 
This method will divide into 2 stages. The first stage, taking the central 

difference scheme in space and forward difference scheme in time into each terms 
of equation (3.2), then 

 

 
( )

1 1 1

2 2 2 2
1, , 1,

22

2
,

n n n

i j i j i jH H HH

x x

+ + +

− +− +


 
   (3.73) 

 
( )

2
, 1 , , 1

22

2
,

n n n

i j i j i jH H HH

y y

− +− +


 
    (3.74) 

 

1

2
, ,

,

n
n

i j i jH Hh

t t

+

−


 
     (3.75) 

 ,

,

,

.

n

i jn

i j n

i j

Q
W

x yH
= 

 
     (3.76) 

 
Substituting equations (3.73) – (3.76) into equation (3.2), for 1 1i I  −  and 
1 1j J  − at 0t  ,  
 

( )
1 1 1

2 2 2
1, , 1,

,

, 1 , , 1

,

1 2

(1 2 ) .

n n n

i j i j i j

n

i jn n n

i j i j i j n

i j

H H H

Q
H H H

x yH

  

   

+ + +

− +

− +

− + + −

= + − + +
 

  (3.77) 

 

where ( )

( )
2

t K

x S



=


, ( )

( )
2

t K

y S



=


 and t

S



= . For 1i = and 1 1j J  − at 0t  , 

substituting the unknown value on the west boundary by forward difference 

approximation ( )
1 1

2 2
0, 1,

n n

j j WH H x B
+ +

= −   into equation (3.77), 
 

( )

( )

1 1

2 2
1, 2,

1,

1, 1 1, 1, 1

1,

1

(1 2 ) .

n n

j j

n

jn n n

j j j Wn

j

H H

Q
H H H x B

x yH

 

    

+ +

− +

+ −

= + − + + − 
 

 (3.78) 
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For 1i I= − and 1 1j J  − at 0t  , substituting the unknown value on the east 

boundary by backward difference approximation ( )
1 1

2 2
, 1,

n n

I j I j EH H x B
+ +

−= +  into 
equation (3.77),  
 

( )

( )

1 1

2 2
I 2, I 1,

I 1,

I 1, 1 I 1, I 1, 1

I 1,

1

(1 2 ) .

n n

j j

n

jn n n

j j j En

j

H H

Q
H H H x B

x yH

 

    

+ +

− −

−

− − − − +

−

− + +

= + − + + + 
 

 (3.79) 

 
The equations (3.77) – (3.79) can be written in matrix form as follow, 
 

   
1

2 ,
n

nAH B
+

=       (3.80) 

where   

1

1 2

,

1 2

1

A

 

  

  

 

+ − 
 
− + −

 
 =
 

− + − 
 − + 

   (3.81) 

1

2
1,

1

2
1,1

2

1

2
I 2,

1

2
I 1,

,

n

j

n

j
n

n

j

n

j

H

H

H

H

H

+

+

+

+

−

+

−

 
 
 
 
 

=  
 
 
 
 
 

      (3.82) 

( )1,

1, 1 1, 1, 1

1,

2,

2, 1 2, 2, 1

2,

I 2,

I 2, 1 I 2, I 2, 1

I 2,

I 1,

I 1, 1 I 1, I 1, 1

(1 2 )

(1 2 )

(1 2 )

(1 2 )

n

jn n n

j j j Wn

j

n

jn n n

j j j n

j

n

n

jn n n

j j j n

j

n

jn n n

j j j

Q
H H H x B

x yH

Q
H H H

x yH

B

Q
H H H

x yH

Q
H H H

    

   

   

   

− +

− +

−

− − − − +

−

−

− − − − +

+ − + + − 
 

+ − + +
 

=

+ − + +
 

+ − + +


( )
I 1,

,

En

j

x B
x yH


−

 
 
 
 
 
 
 
 
 
 
 
 
 

+  
 

 (3.83) 
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for all 1 n N  . The second stage, taking the central difference scheme in space 
and forward difference scheme in time into each terms of equation (3.2), then 
 

( )

1 1 1

2 2 2 2
1, , 1,

22

2
,

n n n

i j i j i jH H HH

x x

+ + +

− +− +


 
   (3.84) 

( )

1 1 12
, 1 , , 1

22

2
,

n n n

i j i j i jH H HH

y y

+ + +

− +− +


 
   (3.85) 

1

1 2
, ,

,

n
n

i j i jH HH

t t

+
+ −


 

     (3.86) 

1
,2

, 1

2
,

.

n
n i j

i j
n

i j

Q
W

x yH

+

+

= 

 

     (3.87)  

 
Substituting equation (3.84) – (3.87) into equation (3.2), for1 1i I  − and 
1 1j J  − at 0t  , 
 

( )1 1 1

, 1 , , 1

1 1 1
,2 2 2

1, , 1, 1

2
,

1 2

(1 2 ) .

n n n

i j i j i j

n
n n n i j

i j i j i j
n

i j

H H H

Q
H H H

x yH

  

   

+ + +

− +

+ + +

− +
+

− + + −

= + − + +

 

 (3.88) 

 
For 1 1i I  − and 1j = at 0t  , substituting the unknown value on the south 
boundary by forward difference approximation ( )1 1

,0 ,1

n n

i i SH H y B+ += −   into equation 
(3.88),   
 
( )

( )

1 1

,1 ,2

1 1 1
,12 2 2

1,1 ,1 1,1 1

2
,1

1

(1 2 ) .

n n

i i

n
n n n

i

i i i S
n

i

H H

Q
H H H y B

x yH

 

    

+ +

+ + +

− +
+

+ −

= + − + + − 

 

 (3.89) 
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For 1 1i I  − and 1j J= − at 0t  , substituting the unknown value on the north 
boundary by ( )1 1

, , 1

n n

i J i J NH H y B+ +

−= +   into equation (3.88), 
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  (3.90) 

The equations (3.88) – (3.90) can be written in matrix form as follow, 
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2 ,
n

nAH B
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=       (3.91) 
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For all 1 n N  . The ADIM has an unconditionally stable scheme [13]. The 
calculated solution can be obtained in size of gridding.  
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3.3 Numerical experiments for two-dimensional transient groundwater   
flow model in drought area 

A transient groundwater flow model is providing hydraulic head profile. The 
application of the numerical simulations of a transient groundwater flow model is 
tested using the hypothetical examples.  From now, we assume the experimented 
groundwater area has dimension that 2.4 . 2.4 .km km  The experimented area has 
homogeneous aquifer parameters, the initial hydraulic head is given 15 .m , the 
hydraulic conductivity 15 /K m day= , storage capacity 11S m−= , grid 
spacing 50 .x y m =  = , number of grid spacing 49I J= = and time step 1t day =  
The five pumping wells is pumping the water from the ground.  
 

3.3.1  Simulation 1 : Four pumping up and one injecting down wells 
  The pumping wells have the pumping rates as Table 3.1. This example will 
consider bounder line have no derivative boundary. 
 
Table 3.1 The pumping rate each well (simulation 1). 

Q(600m,600m) Q(600m,1800m) Q(1800m,600m) Q(1800m,1800m) Q(1200m,1200m) 
-216 m3/day -216 m3/day -216 m3/day -216 m3/day 864 m3/day 

 
Table 3.2 The hydraulic head at time 3600t = day (FTCS - Simulation 1). 
x\y 0 300 600 900 1200 1500 1800 2100 2400 
0 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 

300 15.0000 14.9778 14.9472 14.9782 14.9948 14.9782 14.9472 14.9778 15.0000 
600 15.0000 14.9472 14.4388 14.9583 15.0096 14.9583 14.4388 14.9472 15.0000 
900 15.0000  14.9782 14.9583 15.0567 15.1795 15.0567 14.9583 14.9782 15.0000 
1200 15.0000 14.9948 15.0096 15.1795 16.9293 15.1795 15.0096 14.9948 15.0000 
1500 15.0000 14.9782 14.9583 15.0567 15.1795 15.0567 14.9583 14.9782 15.0000 
1800 15.0000 14.9472 14.4388 14.9583 15.0096 14.9583 14.4388 14.9472 15.0000 
2100 15.0000 14.9778 14.9472 14.9782 14.9948 14.9782 14.9472 14.9778 15.0000 
2400 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 
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Table 3.3 The hydraulic head at time 3600t = day (BTCS - Simulation 1). 
x\y 0 300 600 900 1200 1500 1800 2100 2400 
0 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 

300 15.0000 14.9778 14.9472 14.9782 14.9948 14.9782 14.9472 14.9778 15.0000 
600 15.0000 14.9472 14.4389 14.9583 15.0096 14.9583 14.4389 14.9472 15.0000 
900 15.0000 14.9782 14.9583 15.0567 15.1795 15.0567 14.9583 14.9782 15.0000 
1200 15.0000 14.9948 15.0096 15.1795 16.9292 15.1795 15.0096 14.9948 15.0000 
1500 15.0000 14.9782 14.9583 15.0567 15.1795 15.0567 14.9583 14.9782 15.0000 
1800 15.0000 14.9472 14.4389 14.9583 15.0096 14.9583 14.4389 14.9472 15.0000 
2100 15.0000 14.9778 14.9472 14.9782 14.9948 14.9782 14.9472 14.9778 15.0000 
2400 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 

 
Table 3.4 The hydraulic head at time 3600t = day (ADEM - Simulation 1). 
x\y 0 300 600 900 1200 1500 1800 2100 2400 
0 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 

300 15.0000 14.9516 14.9127 14.9574 14.9854 14.9574 14.9127 14.9516 15.0000 
600 15.0000 14.9127 14.4000 14.9565 15.0336 14.9565 14.4000 14.9127 15.0000 
900 15.0000 14.9574 14.9565 15.1226 15.2887 15.1226 14.9565 14.9574 15.0000 
1200 15.0000 14.9854 15.0336 15.2887 17.0766 15.2887 15.0336 14.9854 15.0000 
1500 15.0000 14.9574 14.9565 15.1226 15.2887 15.1226 14.9565 14.9574 15.0000 
1800 15.0000 14.9127 14.4000 14.9565 15.0336 14.9565 14.4000 14.9127 15.0000 
2100 15.0000 14.9516 14.9127 14.9574 14.9854 14.9574 14.9127 14.9516 15.0000 
2400 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 

 
Table 3.5 The hydraulic head at time 3600t = day (ADIM - Simulation 1). 
x\y 0 300 600 900 1200 1500 1800 2100 2400 
0 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 

300 15.0000 14.9769 14.9469 14.9780 14.9947 14.9780 14.9469 14.9769 15.0000 
600 15.0000 14.9461 14.4388 14.9583 15.0096 14.9583 14.4388 14.9461 15.0000 
900 15.0000 14.9775 14.9583 15.0567 15.1795 15.0567 14.9583 14.9775 15.0000 
1200 15.0000 14.9945 15.0096 15.1795 16.9292 15.1795 15.0096 14.9945 15.0000 
1500 15.0000 14.9775 14.9583 15.0567 15.1795 15.0567 14.9583 14.9775 15.0000 
1800 15.0000 14.9461 14.4388 14.9583 15.0096 14.9583 14.4388 14.9461 15.0000 
2100 15.0000 14.9769 14.9469 14.9780 14.9947 14.9780 14.9469 14.9769 15.0000 
2400 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 
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Figure 3.2 The surface graph of the hydraulic head (FTCS - Simulation 1). 

 

 
Figure 3.3 The contour graph of the hydraulic head (FTCS - Simulation 1). 

 
The hydraulic head of FTCS technique can be seen in Table 3.2. The surface 

plot and contour plot of FTCS technique are shown in Figure 3.2 and Figure 3.3 
respectively. Note that the hydraulic head near four pumping wells and are smaller 
than their farther point and the hydraulic head near an injection well are greater 
than their farther point. 
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Figure 3.4 The surface graph of the hydraulic head (BTCS - Simulation 1). 

 

 
Figure 3.5 The contour graph of the hydraulic head value (BTCS - Simulation 1). 

 
The hydraulic head of BTCS technique can be seen in Table 3.3. The surface 

plot and contour plot of FTCS technique are shown in Figure 3.4 and Figure 3.5 
respectively. Note that the hydraulic head near four pumping wells and are smaller 
than their farther point and the hydraulic head near an injection well are greater 
than their farther point. 
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Figure 3.6 The surface graph of the hydraulic head (ADEM - Simulation 1). 

 

 
Figure 3.7 The contour graph of the hydraulic head (ADEM - Simulation 1). 

 
The hydraulic head of ADEM technique can be seen in Table 3.4. The surface 

plot and contour plot of ADEM technique are shown in Figure 3.6 and Figure 3.7 
respectively. Note that the hydraulic head near four pumping wells and are smaller 
than their farther point and the hydraulic head near an injection well are greater 
than their farther point. 
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Figure 3.8 The surface graph of the hydraulic head (ADIM - Simulation 1). 

 

 
Figure 3.9 The contour graph of the hydraulic head (ADIM - Simulation 1). 

 
The hydraulic head of ADIM technique can be seen in Table 3.5. The surface 

plot and contour plot of ADIM technique are shown in Figure 3.8 and Figure 3.9 
respectively. Note that the hydraulic head near four pumping wells and are smaller 
than their farther point and the hydraulic head near an injection well are greater 
than their farther point. 
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Table 3.6 The total mass error (%) for each process technique. 
Day\Methods FTCS BTCS ADEM ADIM 

1 0.00100  1.1510-13 1.2110-7 1.2110-7 
3 3.6410-7 3.5610-7 1.7510-6 5.9610-7 
5 1.1910-6 1.1610-6 5.0810-6 1.5210-6 
10 5.1410-6 5.0310-6 1.9810-5 5.6110-6 
30 4.2310-5 4.1610-5 1.4010-4 4.3210-5 
50 1.0410-4 1.0210-4 3.17100 1.0510-4 
100 3.1810-4 3.1610-4 8.7010-4 3.1910-4 
1000 6.8010-3 6.8010-3 1.4910-2 6.8010-3 
1800 1.3210-2 1.3210-2 2.3910-2 1.3210-2 
3000 2.0210-2 2.0110-2 2.1310-2 2.0210-2 
3600 2.1610-2 2.1610-2 1.3510-2 2.1610-2 

 
Table 3.7 The computing times (sec) for each proposed technique. 

Day\Methods FTCS BTCS ADEM ADIM 
1 0.04 0.49 0.05 0.32 
3 0.04 1.42 0.05 0.41 
5 0.04 2.31 0.05 0.54 
10 0.04 4.75 0.07 0.83 
30 0.04 13.95 0.13 1.94 
50 0.05 22.87 0.11 2.89 
100 0.06 45.99 0.18 5.54 
1000 0.29 436.44 1.37 55.19 
1800 0.49 785.26 2.48 98.87 
3000 0.80 1312.12 4.03 165.63 
3600 0.95 1551.12 4.82 202.02 
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Figure 3.10 The variation of hydraulic head at 600 .x m= and 600 .y m=  

(all technique). 
 

The line plot of all finite difference methods at 600 .x m= and 600 .y m= are 
shown in Figure 3.10. Note that the hydraulic head of FTCS, BTCS and ADIM 
technique have near value without ADEM technique. 

 
Table 3.8 The stabilities for some grid spacing of FTCS, BTCS, ADEM and ADIM 
scheme. 

x
 

y
 

t
 

FTCS BTCS ADEM ADIM 

100
 

100
 

150
 

stable stable stable stable 
155

 
stable stable stable stable 

160
 

stable stable stable stable 
165

 
unstable stable stable stable 

170
 

unstable stable stable stable 
175

 
unstable stable stable stable 

180
 

unstable stable stable stable 
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3.3.2 Simulation 2 : Four pumping up wells with opened boundary 
  The four pumping wells is pumping the water from the ground at all times. 
There is no injection well. The pumping wells have the pumping rates as Table 3.9. 
Given boundary conditions as, 0.005NB = − , 0.005SB = , 0.005WB = and 

0.005EB = − . 
 
Table 3.9 The pumping rate each well (simulation 2). 

Q(600m,600m) Q(600m,1800m) Q(1800m,600m) Q(1800m,1800m) Q(1200m,1200m) 
-216 m3/day -324 m3/day -432 m3/day -540 m3/day 0 m3/day 

 
Table 3.10 The hydraulic head at time 3600t = day (FTCS - Simulation 2). 
x\y 0 300 600 900 1200 1500 1800 2100 2400 
0 13.7095 14.1695 14.3161 14.3463 14.3525 14.3420 14.3081 14.1651 13.7075 

300 14.1695 14.6193 14.7422 14.7960 14.8125 14.7840 14.7137 14.6069 14.1651 
600 14.3161 14.7422 14.3846 14.9190 14.9591 14.8910 14.0848 14.7137 14.3081 
900 14.3461 14.7957 14.9185 14.9725 14.9892 14.9608 14.8906 14.7837 14.3418 
1200 14.3507 14.8086 14.9523 14.9855 14.9949 14.9856 14.9525 14.8087 14.3508 
1500 14.3328 14.7584 14.8314 14.9356 14.9819 14.9482 14.8616 14.7713 14.3374 
1800 14.2911 14.6533 13.4422 14.8310 14.9457 14.8612 13.7712 14.6841 14.2998 
2100 14.1557 14.5808 14.6533 14.7581 14.8049 14.7710 14.6841 14.5941 14.1604 
2400 13.7033 14.1557 14.2911 14.3327 14.3491 14.3373 14.2997 14.1604 13.7054 

 
Table 3.11 The hydraulic head at time 3600t = day (BTCS - Simulation 2). 
x\y 0 300 600 900 1200 1500 1800 2100 2400 

0 13.7118 14.1706 14.3173 14.3474 14.3536 14.3431 14.3092 14.1662 13.7098 
300 14.1706 14.6192 14.7421 14.7960 14.8124 14.7840 14.7136 14.6068 14.1662 
600 14.3173 14.7421 14.3846 14.9189 14.9590 14.8910 14.0847 14.7136 14.3092 
900 14.3473 14.7958 14.9187 14.9726 14.9891 14.9607 14.8903 14.7835 14.3429 
1200 14.3528 14.8105 14.9557 14.9873 14.9949 14.9837 14.9490 14.8067 14.3511 
1500 14.3386 14.7714 14.8618 14.9483 14.9819 14.9355 14.8312 14.7582 14.3339 
1800 14.3009 14.6841 13.7712 14.8611 14.9456 14.8310 13.4422 14.6533 14.2922 
2100 14.1616 14.5940 14.6840 14.7710 14.8048 14.7580 14.6533 14.5807 14.1568 
2400 13.7077 14.1616 14.3009 14.3384 14.3502 14.3338 14.2922 14.1568 13.7056 
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Table 3.12 The hydraulic head at time 3600t = day (ADEM - Simulation 2). 
x\y 0 300 600 900 1200 1500 1800 2100 2400 
0 13.0697 13.6245 13.8804 13.9830 14.0078 13.9655 13.8524 13.6031 13.0527 

300 13.6245 14.1672 14.3970 14.5256 14.5617 14.4969 14.3431 14.1338 13.6019 
600 13.8801 14.3967 14.1355 14.7551 14.8164 14.7064 13.7972 14.3423 13.8504 
900 13.9813 14.5235 14.7528 14.8820 14.9188 14.8538 14.6995 14.4906 13.9591 
1200 14.0003 14.5517 14.8036 14.9107 14.9399 14.8946 14.7779 14.5319 13.9843 
1500 13.9455 14.4649 14.6531 14.8243 14.8865 14.7936 14.5950 14.4292 13.9218 
1800 13.8228 14.2865 13.4410 14.6462 14.7650 14.5927 13.0638 14.2267 13.7906 
2100 13.5808 14.0989 14.2856 14.4585 14.5220 14.4271 14.2264 14.0624 13.5564 
2400 13.0362 13.5796 13.8209 13.9391 13.9768 13.9200 13.7903 13.5564 13.0179 

 
Table 3.13 The hydraulic head at time 3600t = day (ADIM - Simulation 2). 
x\y 0 300 600 900 1200 1500 1800 2100 2400 
0 13.7106 14.1728 14.3203 14.3505 14.3568 14.3462 14.3122 14.1683 13.7086 

300 14.1674 14.6192 14.7430 14.7970 14.8134 14.7850 14.7145 14.6069 14.1629 
600 14.3132 14.7413 14.3846 14.9191 14.9592 14.8912 14.0847 14.7128 14.3051 
900 14.3431 14.7949 14.9186 14.9726 14.9892 14.9607 14.8902 14.7826 14.3387 
1200 14.3485 14.8095 14.9556 14.9873 14.9949 14.9837 14.9488 14.8058 14.3468 
1500 14.3344 14.7704 14.8617 14.9483 14.9819 14.9355 14.8311 14.7572 14.3296 
1800 14.2968 14.6832 13.7712 14.8613 14.9458 14.8311 13.4421 14.6524 14.2881 
2100 14.1583 14.5940 14.6849 14.7720 14.8059 14.7590 14.6542 14.5807 14.1535 
2400 13.7066 14.1637 14.3039 14.3415 14.3533 14.3369 14.2952 14.1589 13.7045 
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Figure 3.11 The surface graph of the hydraulic head (FTCS - Simulation 2). 

 

 
Figure 3.12 The contour graph of the hydraulic head (FTCS - Simulation 2). 

 
The hydraulic head of FTCS technique can be seen in Table 3.10. The surface 

plot and contour plot are shown in Figure 3.11 and Figure 3.12 respectively. Note 
that the hydraulic head near four pumping wells and the border line are smaller 
than their farther point. 

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



46 

 

 

 
Figure 3.13 The surface graph of the hydraulic head (BTCS - Simulation 2). 

 

 
Figure 3.14 The contour graph of the hydraulic head (BTCS - Simulation 2). 

 
The hydraulic head of BTCS technique can be seen in Table 3.11. The surface 

plot and contour plot are shown in Figure 3.13 and Figure 3.14 respectively. Note 
that the hydraulic head near four pumping wells and the border line are smaller 
than their farther point. 
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Figure 3.15 The surface graph of the hydraulic head (ADEM - Simulation 2). 

 

 
Figure 3.16 The contour graph of the hydraulic head (ADEM – Simulation 2). 

 
The hydraulic head of ADEM technique can be seen in Table 3.12. The 

surface plot and contour plot are shown in Figure 3.15 and Figure 3.16 respectively. 
Note that the hydraulic head near four pumping wells and the border line are 
smaller than their farther point. 
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Figure 3.17 The surface graph of the hydraulic head (ADIM - Simulation 2). 

 

 
Figure 3.18 The contour graph of the hydraulic head (ADIM - Simulation 2) 

 
The hydraulic head of ADIM technique can be seen in Table 3.13. The surface 

plot and contour plot are shown in Figure 3.17 and Figure 3.18 respectively. Note 
that the hydraulic head near four pumping wells and the border line are smaller 
than their farther point. 
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3.3.3 Simulation 3 : Four pumping up wells and one injecting down 
with opened boundary 
  The four pumping wells is pumping the water from the ground. There is an 
injection well which injection the water from a reservoir. The pumping wells and 
injection well have the pumping rates as table 3.11 at all times.  Given boundary 
conditions as, 0.005NB = − , 0.005SB = , 0.005WB = and 0.005EB = − . 
 
Table 3.14 The pumping rate each well (simulation 3). 

Q(600m,600m) Q(600m,1800m) Q(1800m,600m) Q(1800m,1800m) Q(1200m,1200m) 
-216 m3/day -324 m3/day -432 m3/day -540 m3/day 864 m3/day 

 
Table 3.15 The hydraulic head at time 3600t = day (FTCS - Simulation 3). 
x\y 0 300 600 900 1200 1500 1800 2100 2400 

0 13.7095 14.1695 14.3162 14.3464 14.3526 14.3421 14.3081 14.1651 13.7075 
300 14.1695 14.6193 14.7424 14.7969 14.8140 14.7849 14.7139 14.6069 14.1651 
600 14.3162 14.7424 14.3871 14.9311 14.9811 14.9032 14.0872 14.7139 14.3081 
900 14.3463 14.7968 14.9309 15.0526 15.1756 15.0406 14.9025 14.7845 14.3419 
1200 14.3518 14.8121 14.9777 15.1738 16.9270 15.1702 14.9710 14.8083 14.3501 
1500 14.3376 14.7723 14.8740 15.0283 15.1684 15.0154 14.8433 14.7591 14.3329 
1800 14.2998 14.6843 13.7738 14.8733 14.9676 14.8431 13.4447 14.6535 14.2911 
2100 14.1604 14.5941 14.6843 14.7719 14.8064 14.7590 14.6535 14.5808 14.1557 
2400 13.7054 14.1604 14.2998 14.3374 14.3492 14.3328 14.2911 14.1557 13.7033 

 
Table 3.16 The hydraulic head at time 3600t = day (BTCS - Simulation 3). 
x\y 0 300 600 900 1200 1500 1800 2100 2400 

0 13.7118 14.1706 14.3173 14.3475 14.3538 14.3432 14.3092 14.1662 13.7098 
300 14.1706 14.6192 14.7423 14.7969 14.8139 14.7849 14.7138 14.6068 14.1662 
600 14.3173 14.7423 14.3870 14.9310 14.9810 14.9031 14.0872 14.7138 14.3092 
900 14.3474 14.7967 14.9308 15.0526 15.1756 15.0406 14.9025 14.7844 14.3430 
1200 14.3529 14.8120 14.9777 15.1738 16.9270 15.1701 14.9710 14.8082 14.3512 
1500 14.3387 14.7723 14.8739 15.0283 15.1683 15.0154 14.8433 14.7591 14.3340 
1800 14.3009 14.6843 13.7738 14.8733 14.9676 14.8431 13.4447 14.6535 14.2923 
2100 14.1616 14.5940 14.6842 14.7719 14.8064 14.7589 14.6535 14.5807 14.1568 
2400 13.7077 14.1616 14.3009 14.3385 14.3504 14.3339 14.2923 14.1568 13.7056 
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Table 3.17 The hydraulic head at time 3600t = day (ADEM - Simulation 3). 
x\y 0 300 600 900 1200 1500 1800 2100 2400 
0 13.0699 13.6251 13.8825 13.9875 14.0136 13.9700 13.8545 13.6038 13.0530 

300 13.6251 14.1687 14.4024 14.5380 14.5782 14.5093 14.3486 14.1353 13.6026 
600 13.8822 14.4021 14.1577 14.8111 14.8966 14.7624 13.8199 14.3477 13.8525 
900 13.9858 14.5358 14.8088 15.0651 15.2428 15.0368 14.7555 14.5030 13.9636 
1200 14.0061 14.5683 14.8838 15.2348 17.0441 15.2186 14.8581 14.5484 13.9901 
1500 13.9500 14.4772 14.7091 15.0074 15.2105 14.9767 14.6510 14.4416 13.9262 
1800 13.8249 14.2919 13.4642 14.7023 14.8453 14.6487 13.0876 14.2322 13.7927 
2100 13.5815 14.1005 14.2911 14.4709 14.5385 14.4395 14.2319 14.0640 13.5571 
2400 13.0364 13.5803 13.8230 13.9436 13.9827 13.9245 13.7924 13.5570 13.0181 

 
Table 3.18 The hydraulic head at time 3600t = day (ADIM - Simulation 3). 
x\y 0 300 600 900 1200 1500 1800 2100 2400 
0 13.7106 14.1728 14.3203 14.3506 14.3569 14.3463 14.3122 14.1683 13.7086 

300 14.1674 14.6192 14.7432 14.7979 14.8149 14.7859 14.7147 14.6069 14.1629 
600 14.3132 14.7415 14.3871 14.9312 14.9812 14.9033 14.0872 14.7130 14.3051 
900 14.3432 14.7958 14.9307 15.0526 15.1756 15.0406 14.9023 14.7835 14.3388 
1200 14.3487 14.8111 14.9776 15.1738 16.9270 15.1702 14.9708 14.8073 14.3470 
1500 14.3345 14.7713 14.8738 15.0283 15.1684 15.0154 14.8432 14.7581 14.3297 
1800 14.2968 14.6834 13.7738 14.8734 14.9678 14.8432 13.4447 14.6526 14.2881 
2100 14.1583 14.5941 14.6851 14.7729 14.8074 14.7600 14.6544 14.5808 14.1535 
2400 13.7066 14.1637 14.3039 14.3416 14.3535 14.3370 14.2953 14.1589 13.7045 
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Figure 3.19 The surface graph of the hydraulic head (FTCS - Simulation 3). 

 

 
Figure 3.20 The contour graph of the hydraulic head (FTCS - Simulation 3). 

 
The numerical hydraulic head values of FTCS technique can be seen in Table 

3.15. The surface plot and contour plot are shown in Figure 3.19 and Figure 3.20 
respectively. Note that the hydraulic head value near four pumping wells and the 
border line are smaller than their farther point and the hydraulic head value near an 
injection well are greater than their farther point. 
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Figure 3.21 The surface graph of the hydraulic head (BTCS - Simulation 3). 

 

 
Figure 3.22 The contour graph of the hydraulic head (BTCS - Simulation 3). 

 
The numerical hydraulic head of BTCS technique can be seen in Table 3.16. 

The surface plot and contour plot are shown in Figure 3.21 and Figure 3.22 
respectively. Note that the hydraulic head near four pumping wells and the border 
line are smaller than their farther point and the hydraulic head near an injection well 
are greater than their farther point. 
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Figure 3.23 The surface graph of the hydraulic head (ADEM - Simulation 3) 

 

 
Figure 3.24 The contour graph of the hydraulic head (ADEM - Simulation 3). 

 
The numerical hydraulic head of ADEM technique can be seen in Table 3.17. 

The surface plot and contour plot are shown in Figure 3.23 and Figure 3.24 
respectively. Note that the hydraulic head near four pumping wells and the border 
line are smaller than their farther point and the hydraulic head near an injection well 
are greater than their farther point. 
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Figure 3.25 The surface graph of the hydraulic head (ADIM - Simulation 3). 

 

 
Figure 3.26 The contour graph of the hydraulic head (ADIM - Simulation 3). 

 
  The numerical hydraulic head values of ADIM technique can be seen in Table 
3.18. The surface plot and contour plot are shown in Figure 3.25 and Figure 3.26 
respectively. Note that the hydraulic head near four pumping wells and the border 
line are smaller than their farther point and the hydraulic head near an injection well 
are greater than their farther point. 
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3.3.4 Simulation 4 : Four pumping up wells and one period injecting 
down well with opened boundary 

The four pumping wells is pumping the water from the ground at all times. 
There is an injection well is injection the water from a reservoir. After 6 months, the 
rainy season has coming, the injection well will inject the water along the rainy 
season for 6 months later. The pumping wells and injection well have the pumping 
rates as table 3.13. Given boundary conditions as, 0.005NB = − , 0.005SB = , 

0.005WB = and 0.005EB = − . 
 
Table 3.19 The pumping rate each well (simulation 4). 

Q(600m,600m) Q(600m,1800m) Q(1800m,600m) Q(1800m,1800m) Q(1200m,1200m) 
-216 m3/day -324 m3/day -432 m3/day -540 m3/day 864 m3/day 

 
Table 3.20 The hydraulic head at time 3600t = day (FTCS - Simulation 4). 
x\y 0 300 600 900 1200 1500 1800 2100 2400 
0 13.7095 14.1695 14.3162 14.3463 14.3526 14.3420 14.3081 14.1651 13.7075 

300 14.1695 14.6193 14.7423 14.7966 14.8133 14.7845 14.7138 14.6069 14.1651 
600 14.3162 14.7423 14.3860 14.9257 14.9711 14.8978 14.0862 14.7138 14.3081 
900 14.3462 14.7963 14.9252 15.0156 15.0885 15.0039 14.8973 14.7843 14.3419 
1200 14.3508 14.8095 14.9643 15.0849 15.5387 15.0850 14.9645 14.8096 14.3509 
1500 14.3329 14.7589 14.8381 14.9787 15.0813 14.9913 14.8683 14.7718 14.3375 
1800 14.2911 14.6535 13.4436 14.8377 14.9577 14.8679 13.7727 14.6842 14.2998 
2100 14.1557 14.5808 14.6535 14.7586 14.8058 14.7715 14.6842 14.5941 14.1604 
2400 13.7033 14.1557 14.2911 14.3327 14.3492 14.3373 14.2998 14.1604 13.7054 
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Table 3.21 The hydraulic head at time 3600t = day (BTCS - Simulation 4). 
x\y 0 300 600 900 1200 1500 1800 2100 2400 
0 13.7118 14.1706 14.3173 14.3475 14.3537 14.3432 14.3092 14.1662 13.7098 

300 14.1706 14.6192 14.7422 14.7965 14.8133 14.7845 14.7137 14.6068 14.1662 
600 14.3173 14.7422 14.3860 14.9256 14.9711 14.8977 14.0861 14.7137 14.3092 
900 14.3473 14.7962 14.9252 15.0156 15.0885 15.0039 14.8973 14.7842 14.3430 
1200 14.3520 14.8094 14.9643 15.0848 15.5399 15.0850 14.9645 14.8096 14.3520 
1500 14.3340 14.7588 14.8381 14.9787 15.0813 14.9913 14.8683 14.7718 14.3386 
1800 14.2923 14.6534 13.4436 14.8377 14.9577 14.8679 13.7727 14.6842 14.3009 
2100 14.1568 14.5807 14.6534 14.7586 14.8057 14.7715 14.6842 14.5940 14.1616 
2400 13.7056 14.1568 14.2922 14.3339 14.3503 14.3385 14.3009 14.1616 13.7077 

 
Table 3.22 The hydraulic head at time 3600t = day (ADEM - Simulation 4). 
x\y 0 300 600 900 1200 1500 1800 2100 2400 
0 13.0698 13.6249 13.8816 13.9856 14.0110 13.9681 13.8536 13.6035 13.0529 

300 13.6248 14.1680 14.4000 14.5324 14.5708 14.5038 14.3462 14.1347 13.6023 
600 13.8810 14.3994 14.1472 14.7850 14.8595 14.7369 13.8101 14.3457 13.8519 
900 13.9820 14.5281 14.7804 14.9776 15.0909 14.9528 14.7324 14.4997 13.9635 
1200 13.9958 14.5505 14.8333 15.0744 15.4841 15.0751 14.8344 14.5514 13.9953 
1500 13.9271 14.4381 14.6277 14.8926 15.0585 14.9201 14.6809 14.4697 13.9452 
1800 13.7932 14.2301 13.0772 14.6232 14.8082 14.6763 13.4534 14.2893 13.8227 
2100 13.5579 14.0633 14.2295 14.4340 14.5311 14.4653 14.2887 14.0998 13.5801 
2400 13.0191 13.5567 13.7915 13.9225 13.9801 13.9416 13.8221 13.5800 13.0352 

 
Table 3.23 The hydraulic head at time 3600t = day (ADIM - Simulation 4). 
x\y 0 300 600 900 1200 1500 1800 2100 2400 
0 13.7106 14.1728 14.3203 14.3506 14.3569 14.3463 14.3122 14.1683 13.7086 

300 14.1674 14.6192 14.7431 14.7975 14.8143 14.7855 14.7146 14.6069 14.1629 
600 14.3132 14.7414 14.3860 14.9258 14.9713 14.8979 14.0861 14.7129 14.3051 
900 14.3431 14.7953 14.9251 15.0156 15.0885 15.0039 14.8972 14.7832 14.3388 
1200 14.3477 14.8085 14.9642 15.0848 15.5392 15.0849 14.9644 14.8086 14.3478 
1500 14.3298 14.7579 14.8380 14.9787 15.0813 14.9913 14.8682 14.7708 14.3344 
1800 14.2881 14.6526 13.4436 14.8378 14.9578 14.8680 13.7727 14.6834 14.2968 
2100 14.1535 14.5808 14.6543 14.7596 14.8067 14.7725 14.6851 14.5941 14.1583 
2400 13.7045 14.1589 14.2952 14.3370 14.3534 14.3416 14.3039 14.1637 13.7066 
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Figure 3.27 The surface graph of the hydraulic head (FTCS - Simulation 4). 
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Figure 3.28 The contour graph of the hydraulic head (FTCS - Simulation 4). 

 
The numerical hydraulic head values of FTCS technique can be seen in Table 

3.20. The surface plot and contour plot are shown in Figure 3.27 and Figure 3.28 
respectively. Note that the hydraulic head value near four pumping wells and the 
border line are smaller than their farther point and the hydraulic head value near an 
injection well are greater than their farther point. 
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Figure 3.29 The surface graph of the hydraulic head (BTCS - Simulation 4). 
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Figure 3.30 The contour graph of the hydraulic head (BTCS - Simulation 4). 

 
The numerical hydraulic head of BTCS technique can be seen in Table 3.21. 

The surface plot and contour plot are shown in Figure 3.29 and Figure 3.30 
respectively. Note that the hydraulic head near four pumping wells and the border 
line are smaller than their farther point and the hydraulic head near an injection well 
are greater than their farther point. 
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Figure 3.31 The surface graph of the hydraulic head (ADEM - Simulation 4). 
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Figure 3.32 The contour graph of the hydraulic head (ADEM - Simulation 4). 

 
The numerical hydraulic head of ADEM technique can be seen in Table 3.22. 

The surface plot and contour plot are shown in Figure 3.31 and Figure 3.32 
respectively. Note that the hydraulic head near four pumping wells and the border 
line are smaller than their farther point and the hydraulic head near an injection well 
are greater than their farther point. 
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Figure 3.33 The surface graph of the hydraulic head (ADIM - Simulation 4). 
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Figure 3.34 The contour graph of the hydraulic head (ADIM - Simulation 4). 

 
The numerical hydraulic head of ADIM technique can be seen in Table 3.23. 

The surface plot and contour plot are shown in Figure 3.33 and Figure 3.34 
respectively. Note that the hydraulic head near four pumping wells and the border 
line are smaller than their farther point and the hydraulic head near an injection well 
are greater than their farther point. 
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Figure 3.35 The variation of hydraulic head at 1200 .x m= and 1200 .y m=  

(all techniques). 
 

The line plot of all finite difference methods at 600 .x m= and 600 .y m= are 
shown in Figure 3.10. We have the hydraulic head each technique which it’s 
increasing and decreasing when changing time. Note that the hydraulic head of FTCS, 
BTCS and ADIM technique have near value without ADEM technique. 
 

3.4 A two-dimensional transient groundwater flow model in drought  
area discussion 
  The two-dimensional transient groundwater flow model is used in the 
problem. The calculated results give the hydraulic head at each position in drought 
area. This study proposes a simply and flexible groundwater simulation using the 
implicit and explicit finite difference methods such as FTCS, BTCS, ADEM and ADIM. 
The complex geometry in the model considered by variable grid sizes aquifer 
parameters, sinks and source terms. 
  From the simulation 1, The four pumping wells are pumping the water from 
the surface water supply at all times. The values of hydraulic head near four 
pumping wells and the border line are smaller than their farther point. In the 
simulation 3, the more complicated model than the first simulation is proposed. The 
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added injection well is injecting the water from a reservoir at all times. The overall 
hydraulic head is also increased. In fact, the problem must be corresponded with the 
season changing. In the simulation 4, we adapt the model from the simulation 3 by 
assuming that the rainy season has coming in after 6 months, the injection well will 
be injecting the water along that period of time. The hydraulic head at each four 
pumping well goes larger than the result in the simulation 2. 
  The results of the total mass errors and computing times for the simulation 1 
are shown in Table 3.6 and 3.7. We can see that the finite difference methods give 
the accurately results for the simulation. The calculation speed by using the 
proposed finite difference methods are FTCS, ADEM, ADIM and BTCS, respectively. 
Note that the simulations have been calculated by a PC (Intel(R) core(TM) i3-2220 
CPU 3.30 GHz processor and 4.0 GB RAM) and screen updating feature of each 
calculations was closed during each finish calculations. The stability results of each 
the finite difference methods are shown in Table 3.8. It can be concluded that the 
stability requirement is one of the disadvantages of the technique. We can see that 
the FTCS scheme is not good agreement for real-world application. However, the 
BTCS, ADEM and ADIM have an advantage over compare FTCS. It is also 
unconditionally stable methods as well. 
  These are then the considered area is drought area. For the real-world 
problem, the field measurement hydraulic head values, variable grid sizes aquifer 
parameters, the interpolated functions of sinks and source terms, must amend to be 
more suitable in puts for each considered terrains. 
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Chapter 4 

Mathematical Simulations of a Groundwater 
Management in a Drought Area 

 
In this chapter, the objective of groundwater flow management model is the 

minimum cost of injection rates. These are then subjected to optimal management 
of the water injection stations to achieve minimum cost. The numerical experiments 
are also given. 
 

4.1  The governing equation of two-dimensional groundwater steady-
flow model with drought area 
  Mathematical models are all based on the water balance principle. Combine 
the mass balance equation and Darcy’s law produce the governing equation for 
groundwater flow. The general equation that governs two-dimensional groundwater 
steady-flow in isotropic, homogeneous porous media and vertically average [14], 
 

    

2 2

2 2
0,

H H

x y

 
+ =

 
    (4.1) 

 
where ( ),H x y is hydraulic head (metre). We will introduce the affected term as 
sources and sinks due to the external inputs and outputs. Consequently, the 
equation (4.1) become 
 

    
2 2

2 2
0,

H H
W

x y

 
+ + =

 
    (4.2) 

 
where W is sinks and/or source (1/day). The boundary conditions are specified, for all 
( )    , 0, 0,x y L M   where ,L M are positive constant which represent the 
dimension of the rectangular domain,  
  

   N

H
B

n


=


 for all 0 x L   and ,y M=   (4.3) 
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   S

H
B

n


=


 for all 0 x L   and 0y = ,  (4.4) 

   WH B=  for all 0x =  and 0 ,y M    (4.5) 

   EH B=  for all x L= and0 .y M    (4.6) 

 
And the source terms W that represented by the rate of pumping well in each point, 
 

  ( ) ( ), ,s s s s sW x y Q x y Q= =  for all 1,2,3, ,s p= ,  (4.7) 
 

where s  is a number of pumping wells. 
 

4.2 Numerical technique with two-dimensional groundwater steady 
flow model with drought area 
  The two-dimensional groundwater steady-flow not depend on time, the 
implicit finite difference method is used to solve groundwater flow model. The 
method is suitable for the model due to the linear systems of equations will be 
constructed. It is possible to implement with the groundwater management model. 
Taking the central difference scheme in space into each terms of equation (4.2), then 
 

( )

2
1, , 1,

22

2
,

i j i j i jH H HH

x x

− +− +


 
    (4.8) 

( )

2
, 1 , , 1

22

2
,

i j i j i jH H HH

y y

− +− +


 
    (4.9) 

,

,

,

.
i j

i j

i j

Q
W

x yH
= 

 
     (4.10) 

 
Substituting equations (4.8) – (4.10) into equation (4.2), for1 1i I  − and 1 1j J  − , 
 

( ) , 1, 1, , 1 , 1 ,2 2 ,i j i j i j i j i j i ja b H aH aH bH bH W− + − +− + + + + + = −   (4.11) 
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where 
( )

2

1
a

x
=


 and 

( )
2

1
b

y
=


. For 1i =  and 1j = , substituting the unknown 

value on the south boundary by forward difference approximation  1,0 1,1H H=  into 
equation (4.11), 
 

( ) 1,1 2,1 1,2 1,12 .Wa b H aH bH W aB− + + + = − −    (4.12) 
 

For 1 1i I  −  and 1j = , substituting the unknown value on the south boundary by 
forward difference approximation ,0 ,1i iH H=  into equation (4.11), 
 

  ( ) ,1 1,1 1,1 ,2 ,12 .i i i i ia b H aH aH bH W− +− + + + + = −   (4.13) 
 

For 1i I= −  and 1j = , substituting the unknown value on the south boundary by 
forward difference approximation 1,0 1,1I IH H− −=  into equation (4.11), 
 

  ( ) 1,1 2,1 1,2 1,12 .I I I I Ea b H aH bH W aB− − − −− + + + = − −   (4.14) 
 

For 1i =  and 1 1j J  − ,  
 

( ) 1, 2, 1 1 1, 1 1,2 2 .j j j j j Wa b H aH bH bH W aB− +− + + + + = − −   (4.15) 
 

For 1i I= −  and 1 1j J  − ,  
 

( ) 1, 2, 1, 1 1, 1 1,2 2 .I j I j I j I j I j Ea b H aH bH bH W aB− − − − − + −− + + + + = − −  (4.16) 
 

For 1i =  and 1j J= − , substituting the approximate unknown value on the north 
boundary by backward difference approximation by 1, 1, 1J JH H −=  into equation (4.11), 
 

( ) 1, 1 2, 1 1, 2 1, 12 .J J J J Wa b H aH bH W aB− − − −− + + + = − −   (4.17) 
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For 1 1i I  −  and 1j J= − , substituting the approximate unknown value on the 
north boundary by backward difference approximation , , 1i J i JH H −=  into equation 
(4.11), 
 

  ( ) , 1 1, 1 1, 1 , 2 , 12 .i J i J i J i J i Ja b H aH aH bH W− − − + − − −− + + + + = −  (4.18) 
 

For 1i I= −  and 1j J= − , substituting the unknown value on the north boundary by 
backward difference approximation 1, 1, 1I J I JH H− − −=  into equation (4.11), 
 

  ( ) 1, 1 2, 1 1, 2 1, 12 .I J I J I J I J Ea b H aH bH W aB− − − − − − − −− + + + = − −  (4.19) 
 

The equations (4.11) – (4.19) can be written in matrix form as follow, 
 

    ,AH B=      (4.20) 

where   

 

1 3

3 2 3

3 2 3

3 1

,

A A

A A A

A

A A A

A A

 
 
 
 =
 
 
  

   (4.21) 

( )

( )

( )

( )

1

2

2

2

2

a b a

a a b a

A

a a b a

a a b

− + 
 

− + 
 =
 

− + 
 − + 

,  (4.22) 

( )

( )

( )

( )

2

2 2

2 2

2 2

2 2

a b a

a a b a

A

a a b a

a a b

− + 
 

− + 
 =
 

− + 
 − + 

, (4.23) 

3

b

b

A

b

b

 
 
 
 =
 
 
  

,      (4.24) 
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1,1

2,1

2, 1

1, 1

I J

I J

H

H

H

H

H

− −

− −

 
 
 
 =
 
 
 
 

,     (4.25) 

and  

1,1

2,1

2,1

1,1

1,2

,

1, 2

1, 1

2, 1

2, 1

1, 1

.

W

I

I W

W

i j

I J E

J W

J

I J

I J E

W aB

W

W

W aB

W aB

WB

W aB

W aB

W

W

W aB

−

−

− −

−

−

− −

− −

− − 
 

−
 
 
 

− 
 − −
 
− − 

 
 

−=  
 
 
 − −
 
− − 

 −
 
 
 −
 
− −        (4.26) 
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4.3 Groundwater management model with drought area using an  
optimization method. 

The objective function C is the cost of all pump injection in the considered 
system, 

 

1

.
m

s s

s

C W Q
=

=      (4.27) 

 
where s is the number of pumping wells point, sW is the cost of water pumping for 
each well s (Bath/ m3) and sQ is the injection rate for well s  (m3/day). The 
constraints are, 
 
      ,

ss STH H      (4.28) 
 
where sH is hydraulic head at monitoring point that measuring water requirement for 
each zone s and 

sSTH is the standard water requirement for each zone s . The upper 
bound of the injection rate for each pumping well are,  
  
    max ,

ssQ Q      (4.29) 
 
the lower bound of the injection rate for each pumping well are, 
 
    min ,

ssQ Q      (4.30) 
 
and the hydraulic head at monitoring point s and the injection rate at pumping wells 
are non-negative, that are 
 
    , 0.s sH Q       (4.31) 
 
where mins

Q and maxs
Q are the lower and upper bounds of the water injection rate for 

each point s , respectively. The optimal cost of them is solve by using the simplex 
method. 
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4.4 Numerical optimization experiment to a groundwater modeling 
conservation management in a drought area 

We consider the area width 2400 m and length 2400 m which is between a 
pair of two rivers. The area is meshed by 100 grids points with grid space is 240 m. 
The boundary conditions of the area is specified Eqs.(4.3)-(4.6) where 0NB = , 0SB = , 

20WB =  and 19EB = . The four injection wells are injecting the water to the ground. 
The injection wells have the difference lower bound of injection rates, difference 
upper bound of injection rates and the difference cost of injection wells for each 
zone as Table 4.1. There are 8 monitoring point for measuring water requirement. 
The hydraulic head at monitoring point have the difference standard water 
requirement each point as Table 4.2. 
 
Table 4.1 The injection rates and the cost of each injection wells. 

 
 
 
 
 
 
 
 
 
Table 4.2 The standard water requirement (SWR) each monitoring points. 
Position coordinate (x, y) (240,240) (960,480) (1920,720) (720,1200) 

SWR (m) 22 23 24 24 
Position coordinate (x, y) (1200,1200) (240,1440) (1200,1920) (1920,1920) 

SWR (m) 25 23 25 24 
 

Position coordinate (x, y) Q(1440m, 480m) Q(480m, 720m) 
Lower (m3/day) 165 175 
Upper (m3/day) 250 230 
Cost (Bath/m3) 1.5 1.9 

Position coordinate (x, y) Q(1680m, 1440m) Q(720m, 1680m) 
Lower (m3/day) 180 190 
Upper (m3/day) 300 270 
Cost (Bath/m3) 1.8 1.6 
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Figure 4.1 Simulation of groundwater management. 

 
Table 4.3 Show the injection point and the monitoring point. 

y\x 0 240 480 720 960 1200 1440 1680 1920 2160 2400 
0                       

240   H1                   
480         H2   Q1         
720     Q2           H3     
960                       
1200       H4   H5           
1440   H6           Q3       
1680       Q4               
1920           H7     H8     
2160                       
2400                       

 
Table 4.4 Table of the hydraulic head before optimal control of cost. 
y\x 0 240 480 720 960 1200 1440 1680 1920 2160 2400 

0 20.0000 19.9000 19.8000 19.7000 19.6000 19.5000 19.4000 19.3000 19.2000 19.1000 19.0000 

240 20.0000 19.9000 19.8000 19.7000 19.6000 19.5000 19.4000 19.3000 19.2000 19.1000 19.0000 

480 20.0000 19.9000 19.8000 19.7000 19.6000 19.5000 19.4000 19.3000 19.2000 19.1000 19.0000 

720 20.0000 19.9000 19.8000 19.7000 19.6000 19.5000 19.4000 19.3000 19.2000 19.1000 19.0000 

960 20.0000 19.9000 19.8000 19.7000 19.6000 19.5000 19.4000 19.3000 19.2000 19.1000 19.0000 

1200 20.0000 19.9000 19.8000 19.7000 19.6000 19.5000 19.4000 19.3000 19.2000 19.1000 19.0000 

1440 20.0000 19.9000 19.8000 19.7000 19.6000 19.5000 19.4000 19.3000 19.2000 19.1000 19.0000 

1680 20.0000 19.9000 19.8000 19.7000 19.6000 19.5000 19.4000 19.3000 19.2000 19.1000 19.0000 

1920 20.0000 19.9000 19.8000 19.7000 19.6000 19.5000 19.4000 19.3000 19.2000 19.1000 19.0000 

2160 20.0000 19.9000 19.8000 19.7000 19.6000 19.5000 19.4000 19.3000 19.2000 19.1000 19.0000 

2400 20.0000 19.9000 19.8000 19.7000 19.6000 19.5000 19.4000 19.3000 19.2000 19.1000 19.0000 This material is reserved for educational use only, not allowed for commercial use. 
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Table 4.5 Table of the hydraulic head after optimal control of cost. 
y\x 0 240 480 720 960 1200 1440 1680 1920 2160 2400 

0 20.0000 22.4668 24.6064 25.9931 26.9362 27.5723 27.7052 25.9609 23.7603 21.4090 19.0000 

240 20.0000 22.4668 24.6064 25.9931 26.9362 27.5723 27.7052 25.9609 23.7603 21.4090 19.0000 

480 20.0000 22.7940 25.3593 26.4366 27.2432 28.0755 29.5824 26.4172 23.9110 21.4667 19.0000 

720 20.0000 23.3498 27.6001 27.1510 27.5245 27.9041 27.8818 26.2143 24.0000 21.5467 19.0000 

960 20.0000 23.0050 25.7905 27.0426 27.7999 28.1345 27.8265 26.5582 24.3280 21.7200 19.0000 

1200 20.0000 22.8798 25.5142 27.4292 28.4979 29.0074 28.7315 27.8639 25.0340 22.0051 19.0000 

1440 20.0000 23.0000 25.9574 28.6619 29.7552 30.6658 30.2281 31.1318 25.9390 22.2665 19.0000 

1680 20.0000 23.1628 26.6534 31.5058 31.1952 33.6724 30.3834 28.5222 25.3236 22.1220 19.0000 

1920 20.0000 22.9979 25.9875 28.7726 29.8473 30.4711 29.1111 27.2499 24.7114 21.8977 19.0000 

2160 20.0000 22.8414 25.5262 27.7496 28.9502 29.2537 28.3398 26.6547 24.3745 21.7574 19.0000 

2400 20.0000 22.8414 25.5262 27.7496 28.9502 29.2537 28.3398 26.6547 24.3745 21.7574 19.0000 

 

 
Figure 4.2 The hydraulic head before the proposed optimal control of cost will be 

activated. 
 

 
Figure 4.3 The hydraulic head after the optimal control of cost is activated. 
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Figure 4.4  The groundwater flow directions before the optimal control of cost will 

be activated. 
 

 
Figure 4.5  The hydraulic head and the groundwater flow directions after the  
 proposed optimal control of cost is activated. 
 

The surface graph before and after optimal control of cost can be seen in 
Figure 4.2 and Figure 4.3 respectively. The contour plot before and after optimal 
control of cost can be seen in Figure 4.4 and Figure 4.5 respectively. We can see 
direction flow that the water flow from high hydraulic head value into low hydraulic 
head value. 
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Table 4.6 The optimal injection rates of minimum cost in the system. 
Position coordinate (x, y) Injection rate (m3/day) 
     Q(1440m, 480m) 165 
     Q(480m, 720m) 175 
     Q(1680m, 1440m) 239.48 
     Q(720m, 1680m) 214.81 

 
4.5 A groundwater modeling conservation management in a drought area 
discussion 

The injective point and monitoring point are located in the considered area as 
show in Figure 4.1. the monitored hydraulic head without and within controlled cost 
are shown in Figure 4.2 and Figure 4.3 respectively. The vector fields of groundwater 
flow velocity between both case are shown in Figure 4.4 and Figure 4.5. The 
hydraulic head before and after control of cost are shown in Table 4.4 and Table 4.5 
respectively. The optimum injection rate at minimum cost of groundwater control is 
shown in Table 4.6. 
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Chapter 5 

Conclusion 
 

5.1 Conclusion 
First, the objective is to propose a simply and flexible groundwater simulation 

using the implicit and explicit finite difference methods. The complex geometry in 
the model is considered by variable grid sizes aquifer parameters, sinks and source 
terms with drought area. 

The transient groundwater flow model is used in the problem. The calculated 
results turn out the hydraulic head at each position/time in a drought are. This study 
proposes a simply and: flexible groundwater simulation using the implicit and explicit 
finite difference methods such as FTCS, BTCS, ADEM and ADIM. The complex 
geometry in the model is considered by variable grid sizes aquifer parameters, sinks 
and source terms. The results of the total mass errors and computing times for the 
example are shown in Tables 3.6 and 3.7. We will have, the finite difference methods 
have accuracy for this problem simulation and the calculation speed of each finite 
difference method order by fastest to slowest are FTCS, ADEM, ADIM and BTCS 
respectively. The result of the stability of each the finite difference method are 
shown on Table 3.8. It can be concluding that stability requirements are one of the 
disadvantages of the techniques. We can see that the both alternating direction 
methods are able to take in any sizes of grid spacing. These are then the methods 
are practical to simulate the ground water flow in many real-world cases. For the 
real-world problem, the real hydraulic head values, variable grid sizes aquifer 
parameters, sinks and source terms, must amend to be more suitable for each 
terrain. 

Next, the objective of groundwater flow management model is the minimum 
cost of injection rates. These are then subjected to optimal management of the 
water injection stations to achieve minimum cost. The numerical experiments are 
also given. 

We have established the groundwater management model, First, we will 
measure hydraulic head from the two-dimensional groundwater steady-flow model 
by using an implicit finite difference method. It will turn out that the system of linear 
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equations is generated. We employ the system of linear equation to construct the 
groundwater management model to investigate the optimal least cost of the water 
injections in the system under the limitation conditions were required. 
 

5.2 Further 
In fact, the groundwater in each area have difference of the hydraulic 

conductivity.  The hydraulic conductivity function depends on space, it will be use 
with the two-dimensional transient groundwater flow model in dry area.  
 Next, we will study the groundwater contamination that it is a problem in 
Thailand for many years. The dispersion model will be used to measure 
groundwater-quality which it will be use to combine the two-dimensional transient 
groundwater flow. 
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