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Abstract

NPXBEBZT, QFPQMF IBWF TFWFSBM SFTQJSBUPSZ EJTFBTFT. OOF PG UIF NBJO SFBTPOT
JT UIF JOIBMBUJPO PG TUSBOHF QBSUJDMFT TVDI BT EVTU BOE IBSNGVM TNPLF QBSUJDMFT. WIFO
BO JSSJUBOU TFUUMFT JO UIF IVNBO CPEZ, HPCMFU DFMMT TUBOEJOH XJUIJO B TVSGBDF FQJUIFMJVN
TFDSFUF NVDVT UP DBUDI UIPTF QBSUJDMFT BOE UIFO JU GPSNT B NVDVT MBZFS BOE MJFT PO UIF
UJQ PG DJMJB BMJHOFE BMPOH XJUI UIF DJMJBUFE FQJUIFMJBM DFMMT. TIFO UIF NVDVT JT NPWFE PVU
PG UIF CPEZ CZ UIF NPWFNFOU PG UIF DJMJB. TIF MBZFS DPOTJTUJOH PG UIF IBJS-MJLF TUSVDUVSFT
BOE BMTP B NFXUPOJBO ŴVJE VOEFS UIF NVDVT MBZFS JT DBMMFE PFSJDJMJBSZ LBZFS (PCL). IO
PSEFS UP TUVEZ UIF WFMPDJUZ PG UIF NVDVT, JO UIJT XPSL, XF ųSTU GPDVT PO UIF WFMPDJUZ PG
UIF ŴVJE JO UIF PCL TP UIBU JU DBO CF VTFE BT B CPVOEBSZ DPOEJUJPO PG UIF NVDVT MBZFS.
TIF SUPLFT-BSJOLNBO FRVBUJPOT FNCFEEJOH B OPOMJOFBS UFSN JT FNQMPZFE GPS TPMWJOH UIJT
QSPCMFN. TIF WFMPDJUZ PG UIF DJMJB JT BMTP JNQPTFE JO UIF NPEFM. TIF OPOMJOFBS TUSVDUVSF JT
DPOWFSUFE JOUP B MJOFBS GPSN CZ VTJOH B DMBTTJDBM MJOFBSJ[BUJPO NFUIPE. IO UIJT SFTFBSDI XF
EJTDSFUJ[F UIF NPEFM CZ VTJOH B ųOJUF FMFNFOU NFUIPE BOE QSPWJEF OVNFSJDBM TPMVUJPOT,
UIF WFMPDJUZ PG PCL ŴVJE XJUI UIF OPOMJOFBS SUPLFT-BSJOLNBO FRVBUJPOT, XIJDI IBWF B
HPPE BHSFFNFOU XJUI FYBDU TPMVUJPO. FPS UIF WFMPDJUZ PG PCL ŴVJE JT DMPTF UP UIF WFMPDJUZ
PG DJMJB BOE UIF WFMPDJUZ PG PCL JT MFTT UIBO UIF WFMPDJUZ PG DJMJB, XIJDI JT JO BDDPSEBODF
XJUI B QIZTJDBM NFBOJOH.

Keywords : MPWJOH SPMJE PIBTFT, FJOJUF EMFNFOU MFUIPE, GBMFSLJO MFUIPE, NPOMJOFBS
SUPLF-BSJOLNBO ERVBUJPOT.
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Symbols

ρl FMVJE EFOTJUZ (kg/µm3)

εl PPSPTJUZ (1)

p PSFTTVSF (g/µm/s2)

µ DZOBNJD WJTDPTJUZ (g/µm/s)

gl GSBWJUZ (µm/s2)

k−1 IOWFSTF PG UIF QFSNFBCJMJUZ UFOTPS (1/µm2)

vs VFMPDJUJFT PG UIF TPMJE QIBTFT (µm/s)

ε̇l MBUFSJBM UJNF EFSJWBUJWF PG UIF QPSPTJUZ XJUI SFTQFDU UP UIF TPMJE QIBTF

WJ
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Chapter 1
Introduction

IO UIJT DIBQUFS, XF XJMM EJTDVTT UIF SFTFBSDI NPUJWBUJPO, PCKFDUJWF, TDPQFT BOE
CFOFųUT PG UIF TUVEZ.

1.1 Research Motivation
IO QSFTFOU EBZT, UIFSF BSF TFWFSBM GBDUPST DBVTJOH SFTQJSBUPSZ GBJMVSF JO IVNBO MVOHT

TVDI BT GBDUPSZ QPMMVUJPOT. WIFO QFPQMF JOIBMF UIF TUSBOHF QBSUJDMFT JOUP UIFJS CPEJFT,
UIFZ TQSFBE EJSFDUMZ JOUP UIF SFTQJSBUPSZ USBDUT BOE MVOHT. TIJT NBZ DBVTF SFTQJSBUPSZ
EJTFBTFT TVDI BT PVMNPOBSZ FNQIZTFNB, ADVUF BSPODIJUJT BOE POFVNPOJB. SPNF QFP-
QMF XIP IBWF UIF SFTQJSBUPSZ EJTFBTFT NBZ IBWF TIPSUOFTT PG CSFBUI, DPVHI BOE DIFTU
UJHIUOFTT. IO UIJT TUVEZ, XF GPDVT PO ŴVJE ŴPX JO UIF SFTQJSBUPSZ TZTUFN.

FJHVSF 1.1 TIPXT B QPSUJPO PG UIF SFTQJSBUPSZ USBDU: USBDIFB, BOE JUT DSPTT TFDUJPO.

Figure 1.1: TSBDIFB BOE JUT DSPTT TFDUJPO.

A TFDUPS PG UIF DSPTT TFDUJPO PG UIF USBDIFB JT JMMVTUSBUFE JO FJHVSF 1.2 QSFTFOUJOH
DJMJBUFE DFMMT, IBJS-MJLF TUSVDUVSFT, HPCMFU DFMMT BOE NVDVT. ANPOH UIF DJMJBUFE DFMMT, UIFSF
BSF HPCMFU DFMMT TFDSFUJOH UIF NVDVT UP USBQ EFCSJT BOE GPSN B NVDVT MBZFS PO UIF UJQ PG
UIF IBJS-MJLF TUSVDUVSFT. PBUJFOUT XIP IBWF SFTQJSBUPSZ EJTFBTFT NBZ DBSSZ NPSF NVDVT
UIBO VTVBM. TIF UJOZ IBJS-MJLF TUSVDUVSFT BSF OBNFE DJMJB, TUJDLJOH PVU GSPN UIF DJMJBUFE
DFMMT, UIBU BSF FGųDJFOUMZ NPWF CBDL BOE GPSXBSE UP QSFDFEF UIF NVDVT PVU UIF CPEZ.
TIF MBZFS DPOUBJOJOH PG DJMJB BOE NFXUPOJBO ŴVJE JT DBMMFE PFSJDJMJBSZ LBZFS (PCL).
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Figure 1.2: CBSUPPO QJDUVSF PG UIF QPSUJPO PG UIF DSPTT TFDUJPO PG USBDIFB.

IO UIF PCL, UIFSF BSF CPUI TPMJE QIBTFT BOE DJMJB. WIJMF DJMJB NBLF BOHMF θ = 90◦

XJUI UIF IPSJ[POUBM QMBOF, XF MPPL BU UIJT MBZFS BT B QPSPVT NFEJVN BT TIPXO JO FJHVSF
1.3.

Figure 1.3: CBSUPPO QJDUVSF PG PCL XIFO DJMJB BSF QFSQFOEJDVMBS UP UIF IPSJ[POUBM QMBOF.

WIFO DJMJB NBLF BOHMF θ, XIJDI JT MFTT UIBO 90◦ XJUI UIF IPSJ[POUBM QMBOF, UIF PCL DBO
CF TQMJU JOUP 2 MBZFST, IBJSZ BOE IBJSMFTT MBZFST. HBJSZ MBZFS JT WJFXFE BT B QPSPVT NFEJVN
BOE IBJSMFTT MBZFS JT B GSFF-ŴVJE EPNBJO BT TIPXO JO FJHVSF 1.4, XIFO UIF DJMJB MFOHUI
JT ξ = y/ TJO θ. ODDBTJPOBMMZ, SUPLFT-BSJOLNBO FRVBUJPOT BSF FNQMPZFE JO CPUI EPNBJOT.
TIF SUPLFT FRVBUJPO JT BQQMJFE JO UIF GSFF-ŴVJE EPNBJO BOE BSJOLNBO FRVBUJPO JT VTFE
JO UIF QPSPVT NFEJVN.
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Figure 1.4: TIF DJMJB NBLF UIF BOHMF θ < 90◦ XJUI UIF IPSJ[POUBM QMBOF JO PCL.

IO UIJT XPSL, XF FYBNJOF UIF WFMPDJUZ PG UIF ŴVJE JO PCL. TIF SUPLFT-BSJOLNBO
NPEFM XJUI B OPOMJOFBS UFSN JODMVEJOH B NPWJOH TPMJE-QIBTF UFSN JT FNQMPZFE BOE EJT-
DSFUJ[FE CZ VTJOH B ųOJUF FMFNFOU NFUIPE. TIF OPOMJOFBS TUSVDUVSF JT USBOTGPSNFE JOUP
B MJOFBS GPSN CZ VTJOH B DMBTTJDBM MJOFBSJ[BUJPO NFUIPE. OOF PG BQQMJDBUJPOT JT UIBU UIF
WFMPDJUZ PG UIF PCL ŴVJE DBO CF BQQMJFE UP CF B CPVOEBSZ DPOEJUJPO PG UIF NVDVT MBZFS.
TIF OVNFSJDBM TPMVUJPOT PG UIF WFMPDJUJFT PG UIF PCL ŴVJE BSF HJWFO CZ VTJOH B DPNQVUFS
QSPHSBN.

1.2 Objectives of the study
1) TP ųOE UIF WFMPDJUZ PG PCL ŴVJE PG UIF OPOMJOFBS SUSPLFT-BSJOLNBO FRVBUJPOT CZ

VTJOH B ųOJUF FMFNFOU NFUIPE.

1.3 Scopes of the study
1) TP TUVEZ UIF WFMPDJUZ PG UIF PCL ŴVJE CZ BEEJOH OPOMJOFBS UFSNT BOE UIF DJMJB WFMPDJUZ

JO UIF SUPLFT-BSJOLNBO FRVBUJPOT JO POF-EJNFOTJPOBM EPNBJO.

2) TP BQQMZ UIF ųOJUF FMFNFOU NFUIPE UP UIF OPOMJOFBS SUPLFT-BSJOLNBO FRVBUJPOT JO
B POF-EJNFOTJPOBM EPNBJO.

1.4 Research methodology
1) SUVEZ PO UIF IVNBO SFTQJSBUPSZ TZTUFN, FTQFDJBMMZ UIF PCL.

2) SUVEZ UIF OPOMJOFBS SUPLFT-BSJOLNBO FRVBUJPOT.

3) SUVEZ B ųOJUF FMFNFOU NFUIPET BOE TPMWF UIF HPWFSOJOH FRVBUJPO CZ VTJOH B ųOJUF
FMFNFOU NFUIPE.

4) PSPHSBN UP ųOE UIF OVNFSJDBM TPMVUJPOT.

5) VFSJGZ UIF SFTVMUT BOE DPODMVTJPO.

6) SVNNBSZ BOE XSJUF UIF UIFTJT CPPL.
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Table 1.1: TJNF GSBNF PG SFTFBSDI.

ADUJWJUZ
TJNF GSBNF

2017 2018 2019
ODU. - DFD. JBO. - MBS. AQS. - JVO. JVM. - SFQ. ODU. - JBO. FFC. - MBZ.

SUFQ 1
SUFQ 2
SUFQ 3
SUFQ 4
SUFQ 5
SUFQ 6
TUFQ 7

1.5 Benefit of the study
TIF SFTVMU PG EFUFSNJOJOH UIF WFMPDJUZ PG PCL ŴVJE DBO CF BQQMJFE UP CF B CPVOE-

BSZ DPOEJUJPO PG UIF NVDVT MBZFS BCPWF UIF DJMJB UP UIF WFMPDJUZ PG NVDVT JO GVUVSF XPSL.

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



Chapter 2
Basic knowledge and Literature Reviews

IO UIJT DIBQUFS, XF QSFTFOU UIF CBTJD LOPXMFEHF BQQMJFE UP PVS SFTFBSDI BT XFMM
BT UIF MJUFSBUVSF SFWJFXT.

2.1 Weak Formulation
SVQQPTF UIBU UIF EPNBJO Ω = (0, L) JT EJWJEFE JOUP N FMFNFOUT. IO PSEFS UP FYQMBJO

UIF XFBL GPSNVMBUJPO, XF DPOTJEFS UIF GPMMPXJOH TBNQMF QSPCMFN.
d2u

dx2
− u = −x, 0 < x < 1

u(0) = 0, u(1) = 0.

(2.1)

MVMUJQMZJOH ER.(2.1) XJUI B XFJHIU GVODUJPO w ∈ H1
0 (Ω) BOE JOUFHSBUJOH UIF FRVBUJPO PWFS

UIF EPNBJO Ω = (0, L), XF IBWF∫ L

0

w

(
d2u

dx2
− u+ x

)
dx = 0. (2.2)

IOUFHSBUJOH CZ QBSUT UIF TFDPOE PSEFS EFSJWBUJWF JO ER.(2.2), XF IBWF∫ L

0

(
−dw

dx

du

dx
− wu+ wx

)
dx+

[
w
du

dx

]L
0

= 0. (2.3)

ER.(2.3) JT DBMMFE B XFBL GPSNVMBUJPO PG ER.(2.1).

2.2 Finite Element Method
TIF DPODFQU PG UIF ųOJUF FMFNFOU NFUIPE JT UIBU UIF TPMVUJPO DBO CF BQQSPYJ-

NBUFE CZ ũ, XIJDI DPOUBJOT VOLOPXO DPFGųDJFOUT UP CF EFUFSNJOFE MBUFS TVDI BT ũ =

ax(1− x), XIFSF a JT BO VOLOPXO DPOTUBOU. TIF SFTJEVBM JT DBMDVMBUFE CZ TVCTUJUVUJOH UIF
USJBM GVODUJPO JOUP UIF EJGGFSFOUJBM FRVBUJPO. TIFO, UIF SFTJEVBM R JT

R =
d2ũ

dx2
− ũ+ x = −2a− ax(1− x) + x. (2.4)

TP EFUFSNJOF UIF VOLOPXO DPOTUBOU a. WF BWFSBHF UIF SFTJEVBM PWFS UIF QSPCMFN EPNBJO
BOE TFU UP CF [FSP. TIBU JT,

I =

∫ 1

0

wRdx =

∫ 1

0

w

(
d2ũ

dx2
− ũ+ x

)
dx

=

∫ 1

0

w[−2a− ax(1− x) + x]dx = 0.

(2.5)

TIFSF BSF TFWFSBM NFUIPET PG XFJHIUFE SFTJEVBM FYQMBJOFE CFMPX.

1. CPMMPDBUJPO MFUIPE: TIF XFJHIU GVODUJPO JT EFųOFE CZ DJSBD EFMUB GVODUJPO, UIBU JT

w = δ(x− xi), (2.6)
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XIFSF TBNQMJOH QPJOU xi NVTU CF XJUIJO UIF EPNBJO, 0 < xi < 1. LFU xi = 0.5,
XF TVCTUJUVUF UIF XFJHIU GVODUJPO JOUP ER.(2.5), XF IBWF a = 0.2222. TIFO, UIF
BQQSPYJNBUF TPMVUJPO CFDPNFT ũ = 0.2222x(1− x).

2. LFBTU SRVBSF MFUIPE: TIF XFJHIU GVODUJPO JT EFUFSNJOFE GSPN UIF SFTJEVBM TVDI
UIBU

w =
dR

da
. (2.7)

TIFO, XF IBWF w = −2− x(1− x). SVCTUJUVUJOH UIF XFJHIU GVODUJPO JOUP ER.(2.5), XF
HFU a = 0.2305. TIFO ũ = 0.2305x(1− x).

3. GBMFSLJO’T NFUIPE: TIF XFJHIU GVODUJPO JT GSPN DIPTFO USJBM GVODUJPO, UIBU JT

w =
dũ

da
. (2.8)

TIF XFJHIU GVODUJPO PG UIF GBMFSLJO’T NFUIPE JT w = x(1 − x). TIFO, XF TVCTUJUVUF
UIF XFJHIU GVODUJPO JOUP ER.(2.5). TIFO, XF IBWF a = 0.2272 TP UIBU ũ = 0.2272x(1−x).

IO PSEFS UP JNQSPWF UIF BQQSPYJNBUF TPMVUJPOT, XF DBO BEE NPSF UFSNT PG UIF
DIPTFO USJBM GVODUJPO GPS n VOLOPXO DPOTUBOUT UP CF EFUFSNJOFE BT TIPXO JO TBCMF 2.1.

Table 2.1: TFTU FVODUJPOT GPS MFUIPET PG WFJHIU RFTJEVBM.

MFUIPE DFTDSJQUJPO
DPMMPDBUJPO wi = δ(x− xi), i = 1, 2, ..., n,

XIFSF xi JT B QPJOU XJUIJO UIF EPNBJO
LFBTU SRVBSFT wi = ∂R/∂ai, i = 1, 2, ..., n,

XIFSF R JT UIF SFTJEVBM BOE
ai JT BO VOLOPXO DPFGųDJFOU JO UIF USJBM GVODUJPO

GBMFSLJO wi = ∂ũ/∂ai, i = 1, 2, ..., n,
XIFSF ũ JT UIF TFMFDUFE USJBM GVODUJPO

2.2.1 Linear Shape Function
IO UIJT TFDUJPO, XF QSFTFOU MJOFBS TIBQF GVODUJPO BSF VTFE JO UIJT SFTFBSDI. WF

DPOTJEFS B TVCEPNBJO PS BO FMFNFOU TIPXO JO FJHVSF 2.1. OOF FMFNFOU IBT UXP OPEFT.
AU FBDI OPEF, UIF DPSSFTQPOEJOH DPPSEJOBUF WBMVF (xi PS xi+1) BOE UIF OPEBM WBSJBCMF (ui

PS ui+1) BSF BTTJHOFE. ATTVNF UIF VOLOPXO USJBM GVODUJPO JT

u = c1x+ c2. (2.9)

Figure 2.1: A UXP OPEFT FMFNFOU.This material is reserved for educational use only, not allowed for commercial use. 
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WF OFYU TIPX IPX UP FYQSFTT ER.(2.9) JO UFSNT PG OPEBM WBSJBCMFT. WF FWBMVBUF
u BU x = xi BOE x = xi+1. TIFO

u(xi) = c1 + c2 = ui (2.10)
u(xi+1) = c1xi+1 + c2 = ui+1. (2.11)

SPMWJOH ERT.(2.10) BOE (2.11) UP ųOE UIF WBMVFT PG c1 BOE c2, XF IBWF
c1 =

ui+1 − ui

xi+1 − xi
(2.12)

c2 =
uixi+1 − ui+1xi

xi+1 − xi
. (2.13)

SVCTUJUVUJOH ERT.(4.16) BOE (4.19) JOUP ER.(2.9) BOE SFBSSBOHJOH FYQSFTTJPO, XF PCUBJO
u = H1(x)ui +H2(x)ui+1, (2.14)

PS JO NBUSJY GPSN
u =

[
H1 H2

] ui

ui+1

 , (2.15)

XIFSF
H1 =

xi+1 − x

hi
(2.16)

H2 =
x− xi

hi
, (2.17)

BOE
hi = xi+1 − xi. (2.18)

ER.(2.14) HJWFT BO FYQSFTTJPO JO UFSNT PG OPEBM WBSJBCMFT. ERT.(2.16) BOE (2.17) BSF DBMMFE
MJOFBS TIBQF GVODUJPOT, XIJDI BSF ESBXO JO FJHVSF 2.2.

Figure 2.2: LJOFBS TIBQF GVODUJPO.

TIFTF GVODUJPOT IBWF UIF GPMMPXJOH QSPQFSUJFT: TIF TIBQF GVODUJPO H1(x) IBT B
VOJU WBMVF BU OPEF xi BOE WBOJTIFT BU xi+1 BOE H2(x) IBT B VOJU WBMVF BU OPEF xi+1 BOE
WBOJTIFT BU xi. TIBU JT,

H1(xi) = 1,

H1(xi+1) = 0,

H2(xi) = 0,

H2(xi+1) = 1.

(2.19)

TIF TVN PG BMM UIF TIBQF GVODUJPOT JT VOJUZ, J.F.
2∑

i=1

Hi(x) = 1 (2.20)
This material is reserved for educational use only, not allowed for commercial use. 
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2.3 Classical Linearization Method
IO UIJT TFDUJPO, XF QSFTFOU UIF DMBTTJDBM MJOFBSJ[BUJPO UFDIOJRVF [?]. TIF CBTJD JEFB

PG UIF DMBTTJDBM MJOFBSJ[BUJPO JT UP MJOFBSJ[F B OPOMJOFBS EJGGFSFOUJBM FRVBUJPOT UP CF B MJOFBS
FRVBUJPO. TIF HFOFSBM GPSN PG B EJGGFSFOUJBM FRVBUJPO JT

v(n) + ℜ
(
v, v′, . . . , v(n−1); y

)
+ ℵ

(
v, v′, . . . , v(n−1); y

)
= f(y) (2.21)

XIFSF v(n) JT UIF nth EFSJWBUJWF PG v; ℜ JT UIF MJOFBS EJGGFSFOUJBM PQFSBUPS BOE ℵ JT UIF
OPOMJOFBS EJGGFSFOUJBM PQFSBUPS.

TIF DMBTTJDBM MJOFBSJ[BUJPO PG ℵ JT BDRVJSFE CZ BQQSPYJNBUJPO

ℵ ≈ ℓ∗ =

(
ℵ∗

ℑ∗

)
ℑ, (2.22)

XIFSF MJOFBS EJGGFSFOUJBM PQFSBUPS ℓ∗ JT UIF GVODUJPO PG QSFWJPVT WBMVFT PG v XIJDI DIBOHF
EVSJOH UIF JUFSBUJPO QSPDFTT; ℵ∗ BOE ℑ∗ BSF FWBMVBUFE GSPN LOPXO WBMVFT PG UIF BSHVNFOUT
GSPN QSFWJPVT JUFSBUJPOT BOE ℑ JT B MJOFBS PQFSBUPS. TIF DMBTTJDBM MJOFBSJ[BUJPO JT UP DIBOHF
UIF OPOMJOFBS EJGGFSFOUJBM FRVBUJPO, ER.(2.21), UP MJOFBS EJGGFSFOUJBM FRVBUJPO

v(n) + ℜ(v) + ℓ∗(v) = f(y). (2.23)

TIF MJOFBS PQFSBUPS ℑ NBZ IBWF NPSF UIBO POF GPSN PG UIF DMBTTJDBM MJOFBSJ[BUJPO, XIJDI
JT HJWFO CFMPX, GPS FYBNQMF,

v′v ≈ (v′)∗v = ℑ∗ (2.24)
v′v ≈ v∗(v′) = ℑ∗ (2.25)

XIFSF v∗ JT BQQSPYJNBUJPO PG v BOE (v′)∗ JT UIF ųSTU EFSJWBUJWF PG BQQSPYJNBUJPO PG v.

2.4 Literature Reviews
NVNFSPVT SFTFBSDIFST IBE DPODFOUSBUFE PO UIF PCL [?, ?, ?]. FPS JOTUBODF, J. HVT-

TPOH FU BM. [?] TUVEJFE DJMJB-JOEVDFE QFSJDJMJBSZ MJRVJE (PCL) USBOTQPSU NFBTVSFE CZ NFBOT
PG NJDSP PBSUJDMF INBHF VFMPDJNFUSZ (wPIV) XJUI OFVUSBMMZ CVPZBOU USBDFST. W.L. LFF FU
BM. [?] OVNFSJDBMMZ DPOTJEFSFE B UXP-MBZFS NFXUPOJBO ŴVJE NPEFM DPOTJTUJOH PG BO VQQFS
NVDVT MBZFS BOE B MPXFS QFSJDJMJBSZ MBZFS (PCL) UP TJNVMBUF UIF NVDP-DJMJBSZ USBOTQPSU
QSPDFTT. P.G. JBZBUIJMBLF FU BM. [?] QSFTFOUFE B UISFF-EJNFOTJPOBM OVNFSJDBM NPEFM UP
TJNVMBUF UIF IVNBO QVMNPOBSZ DJMJB NPUJPO JO UIF PCL. TIF HPWFSOJOH FRVBUJPOT XFSF
TPMWFE VTJOH UIF JNNFSTFE CPVOEBSZ NFUIPE DPNCJOFE XJUI UIF QSPKFDUJPO NFUIPE.
TIF OVNFSJDBM SFTVMUT TIPXFE UIF NBYJNVN WFMPDJUZ PG PCL JO B TUSFBN-XJTF EJSFDUJPO JG
DJMJB IBE QIBTF EJGGFSFODFT JO CPUI TUSFBN-XJTF BOE TQBO-XJTF EJSFDUJPOT.

IO UIJT XPSL, XF BQQMZ UIF OPOMJOFBS SUPLFT-BSJOLNBO NPEFM UP ųOE UIF WFMPD-
JUZ PG UIF ŴVJE JO PCL. TIF SUPLFT-BSJOLNBO FRVBUJPOT XJUIPVU UIF OPOMJOFBS UFSN JO
NBDSPTDPQJD TDBMF IBE CFFO EFWFMPQFE JO [?] BOE QSPWFE UIF XFMM-QPTFEOFTT, XIFO
QFSNFBCJMJUZ DPFGųDJFOU XBT DPOTJEFSFE UP CF BO O-EJNFOTJPOBM UFOTPS JO [?]. TIF NPEFM
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XBT EJTDSFUJ[FE JO BO O-EJNFOTJPOBM EPNBJO JO [?] CZ VTJOH B NJYFE ųOJUF FMFNFOU NFUIPE.
NFYU, K. WVUUBOBDIBNTSJ [?] FNQMPZFE UIF SUPLFT FRVBUJPO UP ųOE UIF NVDVT WFMPDJUZ
CZ VTJOH B NJYFE ųOJUF FMFNFOU NFUIPE JO B UISFF-EJNFOTJPOBM EPNBJO.

SFWFSBM MJUFSBUVSFT IBE CFFO TUVEJFE PO UIF QPSPVT NFEJVN CZ VTJOH BSJOLNBO PS
DBSDZ FRVBUJPOT [?, ?, ?, ?]. FPS JOTUBOU, G.N. GBUJDB FU BM. [?] BQQMJFE BO BVHNFOUFE NJYFE
ųOJUF FMFNFOU NFUIPE UP UIF UXP-EJNFOTJPOBM OPOMJOFBS BSJOLNBO NPEFM PG B QPSPVT
NFEJVN XJUI NJYFE CPVOEBSZ DPOEJUJPOT. S. SVBOLBTFN FU BM. [?] VTFE B NBUDIFE BTZNQ-
UPUJD FYQBOTJPO UP UIF BSJOLNBO FRVBUJPO BOE GPVOE UIF WFMPDJUZ PG UIF PCL ŴVJE JO B
POF-EJNFOTJPOBM EPNBJO. D. HBO BOE X. WBOH [?] BQQMJFE UIF OPOMJOFBS DBSDZ-BSJOLNBO
TZTUFN JO UIF WBOJTIJOH DBSDZ OVNCFS MJNJU BOE BQQSPYJNBUFE TPMVUJPOT DPOTUSVDUFE
CZ UIF NFUIPE PG NVMUJQMF TDBMF FYQBOTJPO JO CPUI TQBDF BOE UJNF. H.N.E. DJOF BOE
M. SBBE [?] QSPQPTFE B ųOJUF WPMVNF–ųOJUF FMFNFOU TDIFNF CBTFE PO VQTUSFBN BQ-
QSPBDI PG GSBDUJPOBM ŴPX XJUI SFTQFDU UP UIF HSBEJFOU PG UIF HMPCBM QSFTTVSF. B.K. JIB BOE
M.L. KBVSBOHJOJ [?] QSFTFOUFE B OFX BQQSPYJNBUFE BOBMZUJDBM TPMVUJPO GPS TUFBEZ ŴPX JO
QBSBMMFM-QMBUFT DIBOOFMT ųMMFE XJUI QPSPVT NBUFSJBMT HPWFSOFE CZ OPO-MJOFBS BSJOLNBO-
FPSDIIFJNFS FYUFOEFE DBSDZ NPEFM GPS UISFF EJGGFSFOU QIZTJDBM TJUVBUJPOT BOE UIF SFTVMUT
XFSF DPNQBSFE XJUI UIPTF PCUBJOFE GSPN BO JNQMJDJU ųOJUF-EJGGFSFODF TPMVUJPO. M. CJBS-
MFUUB FU BM. [?] DPOTJEFSFE UIF QSPCMFN PG B BSJOLNBO-FPSDIIFJNFS TZTUFN UP NPEFM ŴPX
JO B QPSPVT NFEJVN XIFO NFXUPO DPPMJOH DPOEJUJPOT XFSF BQQMJFE BU UIF CPVOEBSZ PG
UIF CPEZ.

HPXFWFS, NPTU PG UIF BCPWF MJUFSBUVSFT TUVEJFE PO TUBUJD TPMJE QIBTFT, FYDFQU
[?, ?, ?, ?]. AMUIPVHI K. CIBNTSJ [?, ?], K. WVUUBOBDIBNTSJ [?] BOE S. SVBOLBTFN FU BM. [?]
XPSLFE PO NPWJOH TPMJE QIBTFT, UIFZ VTFE POMZ MJOFBS NPEFMT.

IO PSEFS UP TUVEZ UIF WFMPDJUZ PG UIF PCL ŴVJE XJUI UIF OPOMJOFBS SUPLFT-BSJOLNBO
FRVBUJPOT CZ VTJOH UIF ųOJUF FMFNFOU NFUIPE, XF DIBOHF UIF OPOMJOFBS UFSN UP CF MJO-
FBS GPSN CZ VTJOH UIF DMBTTJDBM MJOFBSJ[BUJPO NFUIPE. TIF OVNFSJDBM SFTVMUT BSF HJWFO JO
CIBQUFS 4.
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Chapter 3
Research Methodology

IO UIJT DIBQUFS, XF JOUSPEVDF PVS HPWFSOJOH FRVBUJPOT, EJTDSFUJ[F UIFN CZ VTJOH
B ųOJUF FMFNFOU NFUIPE BOE TIPX IPX UP BQQMZ CPVOEBSZ DPOEJUJPOT UP UIF TUJGGOFTT
NBUSJY.

3.1 Governing Equation
WF QSFTFOU UIF NBUIFNBUJDBM NPEFM VTFE JO UIJT TUVEZ. WF DPOTJEFS UIJT QSPCMFN

JO B NBDSPTDPQJD TDBMF XIFSF UIF FRVBUJPOT BSF VQTDBMFE CZ UIF HZCSJE MJYUVSF TIFPSZ
(HTM) [?]. IU JT BO VQTDBMJOH NFUIPE UIBU IFMQT UP DIBOHF B NJDSPTDBMF FRVBUJPO UP B
NBDSPTDBMF FRVBUJPO. TIF NBDSPTDPQJD FRVBUJPO FNQMPZFE JO UIJT TUVEZ JT EFSJWFE GSPN
UIF NBWJFS-SUPLFT FRVBUJPO JO [?], XIJDI JT

∂

∂t
(ρlv) +∇ ·

(
ρlv

v

εl

)
+ εl∇p− (µ∆v + µ∇(∇ · v))− εlρlgl = −µεlk−1 · (v − εlvs) (3.1)

∇ · v = f, (3.2)
XIFSF f =

ε̇l

(1− εl)
+ ∇ · εlvs; ρl JT UIF ŴVJE EFOTJUZ JO UIF QPSPVT NFEJVN; v JT UIF

NVMUJQMJDBUJPO PG UIF ŴVJE WFMPDJUZ XJUI QPSPTJUZ JO UIF PCL; εl JT UIF QPSPTJUZ; p JT QSFTTVSF;
µ JT B EZOBNJD WJTDPTJUZ; gl JT HSBWJUZ; k−1 JT UIF JOWFSTF PG UIF QFSNFBCJMJUZ UFOTPS; vs JT
UIF WFMPDJUJFT PG UIF TPMJE QIBTFT BOE ε̇l JT UIF NBUFSJBM UJNF EFSJWBUJWF PG UIF QPSPTJUZ
XJUI SFTQFDU UP UIF TPMJE QIBTF, ε̇l = ∂εl

∂t
+ vs · ∇εl. SVCTUJUVUJOH ER.(3.2) JOUP ER.(3.1), XF

IBWF
∂

∂t
(ρlv) +∇ ·

(
ρlv

v

εl

)
+ εl∇p− (µ∆v + µ∇f)− εlρlgl = −µεlk−1 · (v − εlvs). (3.3)

FPS POF-EJNFOTJPOBM EPNBJO, ER.(3.3) DBO CF SFXSJUUFO BT

ρl
∂v

∂t
+

ρl

εl
∂v2

∂y
+ εl

∂p

∂x
− µ

∂2v

∂y2
− µ

∂f

∂y
− εlρlgl = −εlµk−1 · v + εlµk−1 · (εlvs), (3.4)

XIFSF XF BTTVNF UIBU QSFTTVSF p DIBOHF JO UIF x EJSFDUJPO BOE ∂p

∂x
JT B DPOTUBOU BOE UIF

ŴVJE WFMPDJUZ BOE QSFTTVSF EFQFOE PO Z EJSFDUJPO. RFBSSBOHJOH ER.(3.4), XF IBWF

ρl
∂v

∂t
+

2ρlv

εl
∂v

∂y
− µ

∂2v

∂y2
+ εlµk−1 · v = εlµk−1 · (εlvs) + εlρlgl + µ

∂f

∂y
− εl

∂p

∂x
, (3.5)

XIFSF UIF SJHIU IBOE TJEF UFSNT PG UIF FRVBUJPO BSF LOPXO. IO UIJT XPSL, XF DPODFOUSBUF
PO UIF TUFBEZ TUBUF PG ER.(3.5), XIJDI JT

2ρlv

εl
dv

dy
− µ

d2v

dy2
+ εlµk−1v = (εl)2µk−1vs + εlρlgl + µ

df

dy
− εl

dp

dx
. (3.6)

TIF TPMJE WFMPDJUZ JT FNQMPZFE GSPN [?], XIJDI JT B QPMZOPNJBM EFHSFF 8 EFQFOEJOH PO
UIF MFOHUI PG DJMJB ξ,

vs = c8ξ
8 + c7ξ

7 + c6ξ
6 + c5ξ

5 + c4ξ
4 + c3ξ

3 + c2ξ
2 + c1ξ, (3.7)
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XIFSF ξ =
y

TJO θ
BOE UIF WBSJBCMF θ JT UIF BOHMF CFUXFFO UIF DJMJB BOE UIF IPSJ[POUBM QMBOF.

TIFO, ER.(3.6) JT PVS HPWFSOJOH FRVBUJPO.

3.2 Model Discretization
IO UIJT TFDUJPO, XF EJTDSFUJ[F PVS HPWFSOJOH FRVBUJPO QSPWJEFE JO SFDUJPO 3.1 CZ

VTJOH UIF GBMFSLJO ųOJUF FMFNFOU NFUIPE. SJODF UIF NPNFOUVN FRVBUJPO IBT B OPOMJOFBS
UFSN, XF BQQMZ UIF DMBTTJDBM MJOFBSJ[BUJPO UP DIBOHF JU UP CF MJOFBS CZ TVCTUJUVUJOH ER.(2.24)
JOUP ER.(3.6). TIFO, XF IBWF

2ρl

εl
(v′)∗v − µ

d2v

dy2
+ εlµk−1v =

(
εl
)2

µk−1vs + εlρlgl + µ
df

dy
− εl

dp

dx
. (3.8)

NFYU, XF ųOE UIF XFBL GPSNVMBUJPO PG UIF NPEFM CZ NVMUJQMZJOH ER.(3.8) CZ B XFJHIU
GVODUJPO w ∈ H1

0 (Ω) BOE UIFO JOUFHSBUJOH PWFS UIF EPNBJO Ω = (0, L). TIFSFGPSF ER.(3.8)
CFDPNFT ∫ L

0

(
2ρl

εl
(v′)∗wv − µw

d2v

dy2
+ εlµk−1wv

)
dy

=

∫ L

0

((
εl
)2

µk−1vsw + εlρlglw + µw
df

dy
− εlw

dp

dx

)
dy.

(3.9)

WF BQQMZ JOUFHSBUJPO CZ QBSUT UP UIF TFDPOE PSEFS EFSJWBUJWF BOE UIF UFSN df/dy JO ER.
(3.9) BOE EJTDSFUJ[F UIF EPNBJO UP CF n FMFNFOUT. TIFO, XF IBWF

n∑
i=1

∫ yi+1

yi

(
2ρl

εl
(v′)∗wv + µ

dw

dy

dv

dy
+ εlµk−1wv

)
dy

=
n∑

i=1

∫ yi+1

yi

((
εl
)2

µk−1vsw + εlρlglw − µf
dw

dy
− εlw

dp

dx

)
dy + µ[wf ]L0 + µ [wv′]

L
0 .

(3.10)

CPOTJEFS UIF ųSTU JOUFHSBUJPO,∫ yi+1

yi

(
2ρl

εl
(v′)∗wv + µ

dw

dy

dv

dy
+ εlµk−1wv

)
dy. (3.11)

WF BTTVNF UIBU
v∗ = y.

TIFO
(v′)∗ = 1.

UTJOH MJOFBS TIBQF GVODUJPOT
H1 =

yi+1 − y

hi

H2 =
y − yi
hi

,
(3.12)

XIFSF hi = yi+1 − yi, XF PCUBJO

v = H1v1 +H2v2 (3.13)
PS JO UIF NBUSJY GPSN

v =
[
H1 H2

]v1
v2
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RFQMBDJOH UIF XFJHIU GVODUJPO w CZ UIF MJOFBS TIBQF GVODUJPO ER.(3.12) BOE TVCTUJUVJOH
ER.(3.14) JOUP ER.(3.11), XF IBWF UIF 2× 2 NBUSJY

[Ke] =

∫ yi+1

yi

(
2ρl

εl

H1

H2

[H1 H2

] vi

vi+1

+ µ

H ′
1

H ′
2

[H ′
1 H ′

2

] vi

vi+1


+ εlµk−1

H1

H2

[H1 H2

] vi

vi+1

)dy
[Ke] =

∫ yi+1

yi

2ρl

εl

H1H1 H1H2

H2H1 H2H2

+ µ

H ′
1H

′
1 H ′

1H
′
2

H ′
2H

′
1 H ′

2H
′
2

+ εlµk−1

H1H1 H1H2

H2H1 H2H2

 dy

 vi

vi+1

 .

DFųOF
[Ke] =

k11 k12

k21 k22

 . (3.15)

TIF FMFNFOUT kij JO [Ke] DBO CF DBMDVMBUFE BT GPMMPXT. CPOTJEFS

k11 =

∫ yi+1

yi

2ρl

εl
H1H1 + µH ′

1H
′
1 + εlµk−1H1H1 dy

=

∫ yi+1

yi

2ρl

εl

(
yi+1 − y

hi

)2

+ µ

(
−1

hi

)2

+ εlµk−1

(
yi+1 − y

hi

)2

dy

=

∫ yi+1

yi

2ρl

εl

(
y2i+1 − 2yi+1y + y2

h2
i

)
+

(
µ

h2
i

)
+ εlµk−1

(
y2i+1 − 2yi+1y + y2

h2
i

)
dy

=
2ρl

εlh2
i

(
y2i+1y − 2yi+1

y2

2
+

y3

3

) ∣∣∣∣∣
yi+1

yi

+

(
µ

h2
i

)
(y)

∣∣∣∣yi+1

yi

+
εlµk−1

h2
i

(
y2i+1y − 2yi+1

y2

2
+

y3

3

) ∣∣∣∣∣
yi+1

yi

=
2ρl

εlh2
i

(
y3i+1 − 3y2i+1yi + 3yi+1y

2
i − y3i

3

)
+

µ

h2
i

(yi+1 − yi)

+
εlµk−1

h2
i

(
y3i+1 − 3y2i+1yi + 3yi+1y

2
i − y3i

3

)
=

2ρl

εlh2
i

(
(yi+1 − yi)

3

3

)
+

µ

h2
i

(yi+1 − yi) +
εlµk−1

h2
i

(
(yi+1 − yi)

3

3

)

=
2ρl

εlh2
i

(
h3
i

3

)
+

µ

h2
i

(hi) +
εlµk−1

h2
i

(
h3
i

3

)
=

2ρlhi

3εl
+

µ

hi
+

εlµk−1hi

3
.

TIVT,
k11 =

2ρlhi

3εl
+

µ

hi
+

εlµk−1hi

3
. (3.16)

CPOTJEFS

k12 =

∫ yi+1

yi

2ρl

εl
H1H2 + µH ′

1H
′
2 + εlµk−1H1H2 dy

=

∫ yi+1

yi

2ρl

εl

(
yi+1 − y

hi

)(
y − yi
hi

)
+ µ

(
−1

hi

)(
1

hi

)
+ εlµk−1

(
yi+1 − y

hi

)(
y − yi
hi

)
dy

=

∫ yi+1

yi

2ρl

εl

(
yi+1y − yi+1yi − y2 + yiy

h2
i

)
−
(

µ

h2
i

)
+ εlµk−1

(
yi+1y − yi+1yi − y2 + yiy

h2
i

)
dy
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k12 =
2ρl

εlh2
i

(
yi+1

y2

2
− yi+1yiy −

y3

3
+ yi

y2

2

) ∣∣∣∣∣
yi+1

yi

−
(

µ

h2
i

)
(y)

∣∣∣∣yi+1

yi

+
εlµk−1

h2
i

(
yi+1

y2

2
− yi+1yiy −

y3

3
+ yi

y2

2

) ∣∣∣∣∣
yi+1

yi

=
2ρl

εlh2
i

(
y3i+1

2
− y2i+1yi −

y3i+1

3
+ yi

y2i+1

2
− yi+1

y2i
2

+ yi+1y
2
i +

y3i
3

− y3i
2

)
− µ

h2
i

(yi+1 − yi)

+
εlµk−1

h2
i

(
y3i+1

2
− y2i+1yi −

y3i+1

3
+ yi

y2i+1

2
− yi+1

y2i
2

+ yi+1y
2
i +

y3i
3

− y3i
2

)
=

2ρl

εlh2
i

(
y3i+1 − 3y2i+1yi + 3yi+1y

2
i − y3i

6

)
− µ

h2
i

(yi+1 − yi)

+
εlµk−1

h2
i

(
y3i+1 − 3y2i+1yi + 3yi+1y

2
i − y3i

6

)
=

2ρl

εlh2
i

(
(yi+1 − yi)

3

6

)
− µ

h2
i

(yi+1 − yi) +
εlµk−1

h2
i

(
(yi+1 − yi)

3

6

)

=
2ρl

εlh2
i

(
h3
i

6

)
− µ

h2
i

(hi) +
εlµk−1

h2
i

(
h3
i

6

)
=

ρlhi

3εl
− µ

hi
+

εlµk−1hi

6
.

TIVT,
k12 =

ρlhi

3εl
− µ

hi
+

εlµk−1hi

6
= k21. (3.17)

BOE

k22 =

∫ yi+1

yi

2ρl

εl
H2H2 + µH ′

2H
′
2 + εlµk−1H2H2 dy

=

∫ yi+1

yi

2ρl

εl

(
y − yi
hi

)2

+ µ

(
1

hi

)2

+ εlµk−1

(
y − yi
hi

)2

dy

=

∫ yi+1

yi

2ρl

εl

(
y2 − 2yyi + y2i

h2
i

)
+

(
µ

h2
i

)
+ εlµk−1

(
y2 − 2yyi + y2i

h2
i

)
dy

=
2ρl

εlh2
i

(
y3

3
− 2

y2

2
yi + y2i y

) ∣∣∣∣∣
yi+1

yi

+

(
µ

h2
i

)
(y)

∣∣∣∣yi+1

yi

+
εlµk−1

h2
i

(
y3

3
− 2

y2

2
yi + y2i y

) ∣∣∣∣∣
yi+1

yi

=
2ρl

εlh2
i

(
y3i+1 − 3y2i+1yi + 3yi+1y

2
i − y3i

3

)
+

µ

h2
i

(yi+1 − yi)

+
εlµk−1

h2
i

(
y3i+1 − 3y2i+1yi + 3yi+1y

2
i − y3i

3

)
=

2ρl

εlh2
i

(
(yi+1 − yi)

3

3

)
+

µ

h2
i

(yi+1 − yi) +
εlµk−1

h2
i

(
(yi+1 − yi)

3

3

)

=
2ρl

εlh2
i

(
h3
i

3

)
+

µ

h2
i

(hi) +
εlµk−1

h2
i

(
h3
i

3

)
=

2ρlhi

3εl
+

µ

hi
+

εlµk−1hi

3
.

TIVT,
k22 =

2ρlhi

3εl
+

µ

hi
+

εlµk−1hi

3
. (3.18)

NFYU, XF DPOTJEFS UIF SJHIU IBOE TJEF UFSNT PG ER.(3.10):
n∑

i=1

∫ yi+1

yi

((
εl
)2

µk−1vsw + εlρlglw − µf
dw

dy
− εlw

dp

dx

)
dy + µ[wf ]L0 + µ [wv′]

L
0 . (3.19)
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DFųOF UIF WFDUPS

[Fe] =

∫ yi+1

yi

((
εl
)2

µk−1vs

H1

H2

+ εlρlgl

H1

H2

+ µf

H ′
1

H ′
2

− εl
dp

dx

H1

H2

)dy
+ µ

f
H1

H2

L

0

+ µ

v′
H1

H2

L

0

,

(3.20)

XIFSF UIF WBSJBCMFT JO ER.(3.20) BSF LOPXO XIJDI DBO CF DBMDVMBUFE CZ DPEJOH JO B DPN-
QVUFS QSPHSBN. TIFO, UIF TUJGGOFTT NBUSJY PG ER.(3.10) JT

[K]{v} = [F ] (3.21)

XIFSF [K] BOE [F ] BSF BTTFNCMZ n × n NBUSJY BOE n × 1 WFDUPS, SFTQFDUJWFMZ, BOE \W^ JT B
n× 1 WFDUPS. WF ųOE UIF DBSDZ WFMPDJUZ PG PCL ŴVJE PS v CZ VTJOH B DPNQVUFS QSPHSBN.

3.3 Boundary Conditions
IO UIJT TFDUJPO, XF BTTVNF UIBU UIF WFMPDJUZ PG UIF PCL ŴVJE BU UIF CBTF PG UIF

DJMJB JT [FSP BOE UIF WFMPDJUZ BU UIF UJQ PG DJMJB JT UIBU UIF SBUF PG DIBOHF XJUI SFTQFDU UP Z
JT FRVBM UP [FSP. TIBU JT v(0) = 0 BOE v′(L) = 0. TP BQQMZ UIF CPVOEBSZ DPOEJUJPOT UP UIF
TUJGGOFTT NBUSJY CZ VTJOH ER.(3.20), XF DPOTJEFS UIF CPVOEBSZ UFSNT

µ

f
H1

H2

L

0

+ µ

v′
H1

H2

L

0

= µ

f(L)

H1(L)

H2(L)

− f(0)

H1(0)

H2(0)


+ µ

v′(L)

H1(L)

H2(L)

− v′(0)

H1(0)

H2(0)


= µ

f(L)

0
1

− f(0)

1
0

+ µ

v′(L)

0
1

− v′(0)

1
0


= µ


−f(0)

f(L)

+ µ


−v′(0)

v′(L)

 .

TIFO, XF DBO BQQMZ UIF CPVOEBSZ DPOEJUJPOT UP UIF TUJGGOFTT NBUSJY BT GPMMPXT.
k11 k12 · · · k1n

k21 k22 · · · k2n
... ... . . . ...

kn1 kn2 · · · knn





v1

v2
...
vn


=


F1 − µf(0)− µv′(0)

F2

...
Fn + µf(L) + µv′(L)

 . (3.22)

SJODF, UIF WFMPDJUZ PG UIF PCL ŴVJE BU UIF CPUUPN PG PVS EPNBJO JT [FSP PS v(0) = 0, XF
IBWF 

1 0 · · · 0

k21 k22 · · · k2n
... ... . . . ...

kn1 kn2 · · · knn





v1

v2
...
vn


=


0

F2

...
Fn + µf(L) + µv′(L)

 . (3.23)
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Chapter 4
Numerical Results

IO UIJT DIBQUFS, XF ųOE UIF WFMPDJUZ PG PCL ŴVJE CZ VTJOH B DPNQVUFS QSPHSBN UP
TPMWF UIF QSPCMFNT JO CPUI, MJOFBS BOE OPOMJOFBS FRVBUJPOT. TIF MJOFBS FRVBUJPO JT TPMWFE
CFDBVTF XF OFFE UP WFSJGZ BOE DPNQBSF PVS OVNFSJDBM TPMVUJPOT XJUI BO FYBDU TPMVUJPO. IO
UIF OPOMJOFBS TFDUJPO, UP WFSJGZ UIF OVNFSJDBM SFTVMUT, XF DPNQBSF PVS OVNFSJDBM TPMVUJPOT
XJUI UIF WFMPDJUZ PG DJMJB XIFO DJMJB NBLF BOHMF θ = 50◦, 60◦, ..., 90◦ XJUI UIF IPSJ[POUBM
QMBOF. TIF DPOTUBOU WBMVFT JO UIF SUPLFT-BSJOLNBO FRVBUJPOT BSF PCUBJOFE GSPN [?],
XIJDI BSF ρl = 992.2× 10−15; gl = 9.81× 10−6; ∂p/∂x = −1× 10−9; εl = 0.7987; µ = 3× 10−6,
k−1 = 474.0841 BOE ci BSF TIPXO JO TBCMF 4.1, i = 1, 2, .., 8.
Table 4.1: TIF FJHIUI-PSEFS QPMZOPNJBM GVODUJPOT: c8ξ8 + c7ξ

7 + c6ξ
6 + c5ξ

5 + c4ξ
4 + c3ξ

3 + c2ξ
2 + c1ξ

BQQSPYJNBUJOH UIF TQFFE BMPOH B DJMJVN GPS BOHMFT 50◦, 60◦, ..., 90◦.

CPFGųDJFOU EFHSFF
105× 50◦ 60◦ 70◦ 80◦ 90◦

c8 0.2498 0.4043 −0.4987 −0.3648 −0.5386

c7 −1.0781 −1.6788 2.1268 1.5687 2.2148

c6 1.9290 2.8656 −3.7102 −2.7659 −3.7309

c5 −1.8459 −2.5945 3.4021 2.5751 3.3198

c4 1.0133 1.3380 −1.7529 −1.3584 −1.6788

c3 −0.3157 −0.3896 0.5012 0.4022 0.4803

c2 0.0504 0.0585 −0.0717 −0.0593 −0.0694

c1 −0.0023 −0.0024 0.0049 0.0044 0.0050

4.1 Exact Solution of Stokes-Brinkman Equations
IO UIJT TFDUJPO, XF QSPWJEF UIF FYBDU TPMVUJPO PG UIF SUPLFT-BSJOLNBO FRVBUJPOT

XJUIPVU UIF OPOMJOFBS UFSN, UIF WFMPDJUZ PG DJMJB, BOE HSBWJUZ. TIFO PVS HPWFSOJOH ER.(3.6)
CFDPNFT

εl
dp

dx
= µ

d2v

dy2
− εlµk−1v. (4.1)

DJWJEJOH ER.(4.1) CPUI TJEFT CZ εl, XF IBWF
dp

dx
= µ/εl

d2v

dy2
− µk−1v, (4.2)

XIFSF IFSF XF BTTVNF UIBU UIF CPVOEBSZ DPOEJUJPOT BSF

v(d) = v0 BOE v(0) = 0. (4.3)
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TP ųOE UIF BOBMZUJDBM TPMVUJPO UIBU TBUJTųFT UIF TQFDJųD CPVOEBSZ DPOEJUJPOT. WF ųSTU
FYBNJOF UIF HFOFSBM TPMVUJPO PG ER.(4.1), XIFSF JUT BVYJMJBSZ FRVBUJPO JT

µ

εl
m2 −

(
µk−1

)
= 0. (4.4)

(4.5)

DJWJEJOH µ CPUI TJEF, XF IBWF (
1

εl

)
m2 − k−1 = 0. (4.6)

TIFO, XF PCUBJO
m = ±

√
εlk−1. (4.7)

TIVT UIF HFOFSBM TPMVUJPO JT

vc = c1e
y
√
εlk−1

+ c2e
−y

√
εlk−1

. (4.8)

NFYU, XF ųOE UIF QBSUJDVMBS TPMVUJPO. TIBU JT

vp = A, (4.9)

v′p = 0, (4.10)
v′′p = 0, (4.11)

XIFSF A JT B DPOTUBOU. SVCTUJUVUJOH ERT.(4.9) BOE (4.11) JOUP ER.(4.1), XF PCUBJO

−µk−1A =
dp

dx
,

A = − 1

µk−1

dp

dx
.

(4.12)

TIVT,
vp = − 1

µk−1

dp

dx
. (4.13)

TIFSFGPSF, v = vc + vp, XF IBWF

v(y) = c1e
y
√
εlk−1

+ c2e
−y

√
εlk−1 − 1

µk−1

dp

dx
. (4.14)

TP ųOE c1 BOE c2, XF BQQMZ UIF CPVOEBSZ DPOEJUJPOT ER.(4.3) UP ER.(4.14). TIFO

0 = v(0) = c1e
0
√
εlk−1

+ c2e
0
√
εlk−1 − 1

µk−1

dp

dx
. (4.15)

TIVT,
c1 = −c2 +

1

µk−1

dp

dx
, (4.16)

BOE
v0 = v(d) = c1e

d
√
εlk−1

+ c2e
−d

√
εlk−1 − 1

µk−1

dp

dx
. (4.17)

SVCTUJUVUJOH ER.(4.16) JOUP ER.(4.17), XF IBWF

v0 =

(
−c2 +

1

µk−1

dp

dx

)
ed

√
εlk−1

+ c2e
−d

√
εlk−1 − 1

µk−1

dp

dx
. (4.18)This material is reserved for educational use only, not allowed for commercial use. 
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TIVT,
c2 =

v0

e−d
√
εlk−1 − ed

√
εlk−1

− 1

µk−1

dp

dx

(
ed

√
εlk−1 − 1

e−d
√
εlk−1 − ed

√
εlk−1

)
. (4.19)

SVCTUJUVUJOH ER.(4.19) JOUP ER.(4.16), XF PCUBJO

c1 =
−v0

e−d
√
εlk−1 − ed

√
εlk−1

+
1

µk−1

dp

dx

(
ed

√
εlk−1 − 1

e−d
√
εlk−1 − ed

√
εlk−1

)
+

1

µk−1

dp

dx
. (4.20)

SVCTUJUVUJOH ERT.(4.19) BOE (4.20) JOUP ER.(4.14), XF IBWF

v(y) =

[
−v0

e−d
√
εlk−1 − ed

√
εlk−1

+
1

µk−1

dp

dx

(
ed

√
εlk−1 − 1

e−d
√
εlk−1 − ed

√
εlk−1

)
+

1

µk−1

dp

dx

]
ey

√
εlk−1

+

[
v0

e−d
√
εlk−1 − ed

√
εlk−1

− 1

µk−1

dp

dx

(
ed

√
εlk−1 − 1

e−d
√
εlk−1 − ed

√
εlk−1

)]
e−y

√
εlk−1 − 1

µk−1

dp

dx
.

(4.21)
RFBSSBOHJOH ER.(4.21). XF PCUBJO UIF BOBMZUJDBM TPMVUJPO UIBU TBUJTųFT XJUI UIF CPVOEBSZ
DPOEJUJPOT

v(y) =v0

(
e−y

√
εlk−1 − ey

√
εlk−1

e−d
√
εlk−1 − ed

√
εlk−1

)
+

1

µk−1

dp

dx

(
e(y+d)

√
εlk−1 − e(d−y)

√
εlk−1 − ey

√
εlk−1

+ e−y
√
εlk−1

e−d
√
εlk−1 − ed

√
εlk−1

)

+
1

µk−1

dp

dx

(
ey

√
εlk−1 − 1

)
.

(4.22)

4.2 Numerical Result of the Stokes-Brinkman Equations
WF BQQMZ UIF ųOJUF FMFNFOU UFDIOJRVF UP UIF SUPLFT-BSJOLNBO FRVBUJPOT XJUIPVU

OPOMJOFBS UFSN BOE WFMPDJUZ PG DJMJB JO ER.(3.21) UP ųOE UIF WFMPDJUZ PG PCL ŴVJE. TIF
OVNFSJDBM SFTVMU JT DPNQBSFE XJUI UIF FYBDU TPMVUJPOT, ER.(4.22), BT TIPXO JO FJHVSF 4.1,
XIFSF UIF CPVOEBSZ DPOEJUJPOT BSF v(0) = 0 BOE v′(1) = 1.

Figure 4.1: TIF WFMPDJUZ PG PCL ŴVJE XIFO θ = 90◦ GPS UIF SUPLFT-BSJOLNBO FRVBUJPOT.
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WF DBMDVMBUF UIF SUPLFT-BSJOLNBO FRVBUJPOT GPS 50 FMFNFOUT. FJHVSF 4.1 TIPXT UIBU UIF
WFMPDJUZ PG UIF PCL ŴVJE JT BMNPTU VODIBOHFE XIFO y 6 0.8, CVU XIFO y > 0.8 UIF WFMPDJUZ
PG UIF PCL ŴVJE JT JODSFBTFT SBQJEMZ. TIF QPJOUXJTF PG UIF OVNFSJDBM BOE FYBDU TPMVUJPOT
BSF TIPXO JO TBCMF 4.2, JO XIJDI XF TIPX UIF WBMVFT POMZ BU y = 0, 0.2, ..., 1. TIF l2−OPSN
FSSPS PG UIF 50 FMFNFOUT JT 0.0072. TIFO, UIF OVNFSJDBM SFTVMU JT JO B HPPE BHSFFNFOU
XJUI UIF FYBDU TPMVUJPO.

Table 4.2: PPJOUXJTF OVNFSJDBM BOE FYBDU TPMVUJPOT BU y = 0, 0.2, ..., 1.

y 0.0 0.2 0.4 0.6 0.8 1.0

NVNFSJDBM 0.0 7.0080× 10−7 1.0894× 10−6 5.3748× 10−5 0.0073 1.0

EYBDU 0.0 3.4303× 10−9 4.4822× 10−7 5.8568× 10−5 0.0077 1.0

Figure 4.2: TIF WFMPDJUZ PG PCL ŴVJE XIFO θ = 90◦ GPS 5, 20, 100 BOE 200 FMFNFOUT PG UIF SUPLFT-
BSJOLNBO FRVBUJPOT.

FJHVSF 4.2 TIPXT UIF OVNFSJDBM PG 5, 20, 100 BOE 200 FMFNFOUT. NPUJDF UIBU XIFO UIF
OVNCFS PG FMFNFOUT JODSFBTFT, UIF TPMVUJPO DPOWFSU UP FYBDU TPMVUJPO. TIF l2−OPSN FS-
SPS PG UIF TPMVUJPO GPS 5, 20, 100 BOE 200 FMFNFOUT BSF TIPXO JO TBCMF 4.3.

Table 4.3: TIF l2−OPSN FSSPS PG UIF OVNFSJDBM TPMVUJPOT GPS 5, 20, 100 BOE 200 FMFNFOUT.

NVNCFS PG FMFNFOUT l2−OPSN FSSPS
5 0.1808

20 0.0302

100 0.0025

200 0.0008

TBCMF 4.3 TIPXT UIF l2−OPSN FSSPS PG UIF OVNFSJDBM TPMVUJPOT XIJDI GPVS EJGGFSFOU OVNCFS
PG FMFNFOUT, XIJDI BSF 5,20,100 BOE 200 FMFNFOUT. IU’T PCWJPVT GSPN UIF TBCMF UIBU UIF
NPSF OVNCFS PG FMFNFOUT XF VTF, UIF MFTT PG UIF FSSPST XF PCUBJO.
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4.3 Numerical Results of Nonlinear Stokes-Brinkman Equations
WF BQQMZ UIF ųOJUF FMFNFOU UFDIOJRVF UP UIF OPOMJOFBS SUPLFT-BSJOLNBO FRVB-

UJPOT UP ųOE UIF WFMPDJUZ PG PCL ŴVJE XIFO DJMJB NBLF BOHMF, θ = 50◦, 60◦, ..., 90◦, XJUI
UIF IPSJ[POUBM QMBOF. TIF OVNFSJDBM SFTVMUT BSF DPNQBSFE XJUI UIF WFMPDJUZ PG DJMJB GPS
θ = 50◦, 60◦, ..., 90◦ BT TIPXO JO FJHVSFT 4.3 UP 4.12 XJUI UIF CPVOEBSZ DPOEJUJPOT v(0) = 0

BOE v′(L) = 0 XIFSF L JT IFJHIU GSPN CBTF PG DJMJB UP UJQ PG DJMJB XIFO UIF DJMJB NBLF BOHMF θ

XJUI IPSJ[POUBM QMBOF. TIBU JT UIF CPVOEBSZ DPOEJUJPOT v(0) = 0 BOE v′(TJO θ) = 0 CFDBVTF
XF BTTVNF UIBU UIF MFOHUI PG DJMJB JT POF. FJHVSFT 4.3, 4.5, 4.7, 4.9 BOE 4.11 JMMVTUSBUF
DBSDZ WFMPDJUZ, v = εlvl PG PCL ŴVJE GPS UIF BOHMFT 50◦, 60◦, 70◦, 80◦ BOE 90◦, SFTQFDUJWFMZ,
XIJMF FJHVSFT 4.4, 4.6, 4.8, 4.10 BOE 4.12 TIPX UIF WFMPDJUZ, vl = v/εl, PG UIF PCL ŴVJE GPS
BOHMFT 50◦, 60◦, 70◦, 80◦ BOE 90◦, SFTQFDUJWFMZ. WF DBMDVMBUF UIF OPOMJOFBS SUPLFT-BSJOLNBO
FRVBUJPO GPS 50 FMFNFOUT. TIF QPJOUXJTF PG UIF OVNFSJDBM TPMVUJPOT BOE UIF WFMPDJUZ PG
DJMJB WBMVFT BSF TIPXO JO TBCMFT 4.4 UP 4.12. TIF l2−OPSN FSSPS PG UIF 50 FMFNFOUT PG UIF
OVNFSJDBM TPMVUJPOT XIFO DJMJB NBLF BOHMF θ = 50◦, 60◦, ..., 90◦ BSF TIPXO JO TBCMF 4.9.

Figure 4.3: TIF DBSDZ WFMPDJUZ PG UIF PCL ŴVJE BOE UIF DJMJB WFMPDJUZ XIFO θ = 50◦.
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Figure 4.4: TIF WFMPDJUZ PG UIF PCL ŴVJE BOE UIF DJMJB WFMPDJUZ XIFO θ = 50◦.

Table 4.4: PPJOUXJTF OVNFSJDBM TPMVUJPO BOE UIF WFMPDJUZ PG DJMJB XIFO DJMJB NBLF BOHMF θ = 50◦

XJUI UIF IPSJ[POUBM QMBOF.

y 0 0.1532 0.3064 0.4596 0.6128 0.7660

NVNFSJDBM SFTVMU 0 17.1404 27.6199 37.4526 45.2197 50.1869

VFMPDJUZ PG DJMJB 0 17.1287 27.6197 37.4500 45.2072 50

Figure 4.5: TIF DBSDZ WFMPDJUZ PG UIF PCL ŴVJE BOE UIF DJMJB WFMPDJUZ XIFO θ = 60◦.
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Figure 4.6: TIF WFMPDJUZ PG PCL UIF ŴVJE BOE UIF DJMJB WFMPDJUZ XIFO θ = 60◦.

Table 4.5: PPJOUXJTF OVNFSJDBM TPMVUJPO BOE UIF WFMPDJUZ PG DJMJB XIFO DJMJB NBLF BOHMF θ = 60◦

XJUI UIF IPSJ[POUBM QMBOF.

y 0 0.1732 0.3464 0.5196 0.6928 0.8660

NVNFSJDBM SFTVMU 0 21.6811 40.2606 61.5305 88.4209 110.1869

VFMPDJUZ PG DJMJB 0 21.6704 40.2633 61.5345 88.4092 110

Figure 4.7: TIF DBSDZ WFMPDJUZ PG UIF PCL ŴVJE BOE UIF DJMJB WFMPDJUZ XIFO θ = 70◦.
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Figure 4.8: TIF WFMPDJUZ PG UIF PCL ŴVJE BOE UIF DJMJB WFMPDJUZ XIFO θ = 70◦.

Table 4.6: PPJOUXJTF OVNFSJDBM TPMVUJPO BOE UIF WFMPDJUZ PG DJMJB XIFO DJMJB NBLF BOHMF θ = 70◦

XJUI UIF IPSJ[POUBM QMBOF.

y 0 0.1879 0.3759 0.5638 0.7518 0.9397

NVNFSJDBM SFTVMU 0 19.3935 48.8792 81.6042 120.6487 150.2675

VFMPDJUZ PG DJMJB 0 19.4125 48.8805 81.6108 120.6330 150

Figure 4.9: TIF DBSDZ WFMPDJUZ PG UIF PCL ŴVJE BOE UIF DJMJB WFMPDJUZ XIFO θ = 80◦.
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Figure 4.10: TIF WFMPDJUZ PG UIF PCL ŴVJE BOE UIF DJMJB WFMPDJUZ XIFO θ = 80◦.

Table 4.7: PPJOUXJTF OVNFSJDBM TPMVUJPO BOE UIF WFMPDJUZ PG DJMJB XIFO DJMJB NBLF BOHMF θ = 80◦

XJUI UIF IPSJ[POUBM QMBOF.

y 0 0.1970 0.3939 0.5909 0.7878 0.9848

NVNFSJDBM SFTVMU 0 21.8073 60.8669 109.8793 161.5565 200.2622

VFMPDJUZ PG DJMJB 0 21.8319 60.8740 109.8826 161.5388 200.0000

Figure 4.11: TIF DBSDZ WFMPDJUZ PG PCL ŴVJE BOE UIF DJMJB WFMPDJUZ XIFO θ = 90◦.
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Figure 4.12: TIF WFMPDJUZ PG PCL ŴVJE BOE UIF DJMJB WFMPDJUZ XIFO θ = 90◦.

Table 4.8: PPJOUXJTF OVNFSJDBM TPMVUJPO BOE UIF WFMPDJUZ PG DJMJB XIFO DJMJB NBLF BOHMF θ = 90◦

XJUI UIF IPSJ[POUBM QMBOF.

y 0 0.2 0.4 0.6 0.8 1.0

NVNFSJDBM SFTVMU 0 23.0744 64.6608 122.0917 177.5361 220.2753

VFMPDJUZ PG DJMJB 0 23.0849 64.6657 122.0911 177.5273 220

Table 4.9: TIF l2−OPSN FSSPS PG UIF OVNFSJDBM TPMVUJPOT XIFO DJMJB NBLF BOHMF θ = 50◦, 60◦, ..., 90◦.

BOHMF l2−OPSN FSSPS
50◦ 0.2828

60◦ 0.2800

70◦ 0.3924

80◦ 0.4078

90◦ 0.4623

TBCMF 4.9 TIPXT UIF UIF l2−OPSN FSSPS PG UIF OVNFSJDBM TPMVUJPOT XIFO DJMJB NBLF BOHMF
θ = 50◦, 60◦, ..., 90◦, XF DBO TFF UIBU UIF WFMPDJUZ PG PCL ŴVJE JT DMPTFE UP UIF WFMPDJUZ PG
DJMJB.

FJHVSFT 4.3, 4.4, 4.5 BOE 4.6 TIPX UIBU XIFO y < 0.1, UIF WFMPDJUJFT PG UIF PCL
ŴVJE BSF OFHBUJWF CFDBVTF UIF WFMPDJUZ PG UIF PCL ŴVJE EFQFOET PO UIF WFMPDJUZ PG DJMJB.
FJHVSFT 4.3, 4.5, 4.7, 4.9 BOE 4.11 TIPX UIF DBSDZ WFMPDJUZ PG UIF PCL ŴVJE BOE UIF WFMPDJUZ
PG DJMJB. WF DBO TFF UIBU UIF WFMPDJUZ PG UIF PCL ŴVJE BSF DPOTUBOUMZ JODSFBTF BOE UIF
DBSDZ WFMPDJUZ PG UIF PCL ŴVJE JT MFTT UIBO UIF WFMPDJUZ PG DJMJB, XIJDI DPSSFTQPOET UP UIF
QIZTJDBM NFBOJOH.
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Chapter 5
Conclusion

5.1 Conclusion
IO UIJT TUVEZ, XF DPOTJEFS UIF ŴVJE ŴPX JO UIF PFSJDJMJBSZ MBZFS (PCL) DPOUBJOJOH

DJMJB JO UIF IVNBO MVOHT. WIFO DJMJB FGųDJFOUMZ NPWF CBDL BOE GPSXBSE UP QSFDFEF UIF
NVDVT PVU UIF IVNBO CPEZ, UIF DJMJB NBLF BO BOHMF θ XJUI UIF IPSJ[POUBM QMBOF. WIFO
θ < 90◦, UIF SFHJPO PCL JT EJWJEFE JOUP 2 MBZFST UIBU BSF B GSFF-ŴVJE SFHJPO BOE B QPSPVT
NFEJVN. TIF PCL IBT POMZ POF EPNBJO, B QPSPVT NFEJVN, JG DJMJB BSF QFSQFOEJDVMBS
UP UIF IPSJ[POUBM QMBOF. WF BQQMZ UIF SUPLFT-BSJOLNBO FRVBUJPOT JO NBDSPTDPQJD TDBMF
FNCFEEJOH B OPOMJOFBS UFSN XJUI B NPWJOH TPMJE QIBTF UP UIF QSPCMFN. TIF BSJOLNBO
FRVBUJPO JT FNQMPZFE JO UIF QPSPVT SFHJPO. TIF WFMPDJUJFT PG UIF DJMJB BSF BEEFE JOUP
UIF BSJOLNBO FRVBUJPO BT B TPVSDF UFSN TJODF UIF PCL ŴVJE NPWFT CZ UIF DJMJBSZ CFBUJOH
JOTUFBE PG UIF QSFTTVSF HSBEJFOU. IO UIJT XPSL, UIF OPOMJOFBS UFSN JT DIBOHFE JOUP B
MJOFBS GPSN CZ VTJOH B DMBTTJDBM MJOFBSJ[BUJPO NFUIPE. WF VTF UIF GBMFSLJO ųOJUF FMFNFOU
NFUIPE UP EJTDSFUJ[F UIF POF-EJNFOTJPOBM SUPLFT-BSJOLNBO FRVBUJPOT XJUI UIF OPOMJOFBS
UFSN. TIF OVNFSJDBM SFTVMUT PG UIJT TUVEZ BSF PCUBJOFE CZ VTJOH B DPNQVUFS QSPHSBN. TIF
OVNFSJDBM SFTVMU PG UIF SUPLFT-BSJOLNBO FRVBUJPOT JT DPNQBSFE XJUI BO FYBDU TPMVUJPO
XIFO UIFSF BSF OP DJMJB WFMPDJUZ BOE BMTP OP OPOMJOFBS UFSN JO UIF HPWFSOJOH FRVBUJPO.
TIF OVNFSJDBM SFTVMUT PG UIF OPOMJOFBS SUPLFT-BSJOLNBO FRVBUJPOT BSF DPNQBSFE XJUI
UIF WFMPDJUZ PG DJMJB XIFO DJMJB NBLF BOHMF, θ = 50◦ UP 90◦, XJUI UIF IPSJ[POUBM QMBOF. WF
DBMDVMBUF UIF TPMVUJPOT CZ VTJOH 50 FMFNFOUT. TIF QPJTFXJTF WBMVFT PG UIF OVNFSJDBM
BOE FYBDU TPMVUJPOT BSF TIPXO JO TBCMF 4.2. TIF QPJTFXJTF WBMVFT PG UIF OVNFSJDBM
TPMVUJPOT BOE UIF WFMPDJUJFT PG UIF DJMJB BSF TIPXO JO TBCMFT 4.3 UP 4.11. TIF l2−OPSN
FSSPS PG UIF OVNFSJDBM TPMVUJPO DPNQBSF XJUI UIF FYBDU TPMVUJPO JT 0.0072, XIJDI JT JO
HPPE BHSFFNFOU XJUI UIF FYBDU TPMVUJPO. TIF l2−OPSN FSSPS PG UIF WFMPDJUZ PG UIF PCL
ŴVJE BOE UIF WFMPDJUZ PG DJMJB BSF TIPXO JO TBCMF 4.9. WF DBO TFF UIBU UIF WFMPDJUZ PG PCL
ŴVJE JT DMPTFE UP UIF WFMPDJUZ PG DJMJB. WF DPNQBSF UIF DBSDZ WFMPDJUZ PG UIF PCL ŴVJE
XJUI UIF WFMPDJUZ PG UIF DJMJB, XIJDI DBO DPODMVEF UIBU UIF WFMPDJUZ PG UIF DJMJB JT HSFBUFS
UIBO UIF DBSDZ WFMPDJUZ PG UIF PCL ŴVJE, XIJDI JT GPMMPXJOH UIF QIZTJDBM NFBOJOH.

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



References
[1] K. CIBNTSJ. N-DJNFOTJPOBM SUPLFT-BSJOLNBO ERVBUJPOT VTJOH B MJYFE FJOJUF EMFNFOU

MFUIPE. Australian Journal of Basic and Applied Sciences, 8:30–36, 2014.

[2] K. CIBNTSJ. FPSNVMBUJPO PG B WFMM-PPTFE SUPLFT-BSJOLNBO PSPCMFN XJUI B PFSNF-
BCJMJUZ TFOTPS. Journal of Mathematics, 1:1–7, 2015.

[3] M. CJBSMFUUB, B. SUSBVHIBO, BOE V. TJCVMMP. MPEFMMJOH CPVOEBSZ BOE OPOMJOFBS FGGFDUT
JO QPSPVT NFEJB ŴPX. Nonlinear Analysis: Real World Applications, 12:2839–2843,
2011.

[4] H.N.E. DJOF BOE M. SBBE. AOBMZTJT PG B ųOJUF WPMVNF-ųOJUF FMFNFOU NFUIPE GPS
DBSDZ-BSJOLNBO UXP-QIBTF ŴPXT JO QPSPVT NFEJB. Journal of Computational and
Applied Mathematics, 337:51–72, 2018.

[5] G.N. GBUJDB, L.F. GBUJDB, BOE F.A. SFRVFJSB. AOBMZTJT PG BO BVHNFOUFE QTFVEPTUSFTT-
CBTFE NJYFE GPSNVMBUJPO GPS B OPOMJOFBS CSJOLNBO NPEFM PG QPSPVT NFEJB ŴPX.
Computer Methods in Applied Mechanics and Engineering, 289:104–130, 2015.

[6] D. HBO BOE X. WBOH. IOJUJBM-CPVOEBSZ MBZFS BTTPDJBUFE XJUI UIF OPOMJOFBS DBSDZ-
BSJOLNBO TZTUFN. Differential Equation, 256:609–639, 2014.

[7] J. HVTTPOH, R. LJOELFO, P. FBVMIBNNFS, K. NPSFJLBU, K.V. SIBSQ, W. KVNNFS, BOE
J. WFTUFSXFFM. CJMJB-ESJWFO QBSUJDMF BOE ŴVJE USBOTQPSU PWFS NVDVT-GSFF NJDF USB-
DIFBF. Biomechanics, 46:593–598, 2013.

[8] P.G. JBZBUIJMBLF, Z. TBO, D.V. LF, H.P. LFF, BOE B.C. KIPP. TISFF-EJNFOTJPOBM OV-
NFSJDBM TJNVMBUJPOT PG IVNBO QVMNPOBSZ DJMJB JO UIF QFSJDJMJBSZ MJRVJE MBZFS CZ UIF
JNNFSTFE CPVOEBSZ NFUIPE. Computers & Fluids, 67:130–137, 2012.

[9] B.K. JIB BOE M.L. KBVSBOHJOJ. AQQSPYJNBUF AOBMZUJDBM SPMVUJPOT GPS UIF NPOMJOFBS
BSJOLNBO-FPSDIIFJNFS-EYUFOEFE DBSDZ FMPX MPEFM. Applied Mathematics, 2:1432–
1436, 2011.

[10] Y.W. KXPO BOE H. BBOH. The Finite Element Method Using MATLAB Second Edition.
UIF UOJUFE SUBUFT PG ANFSJDB, 2000.

[11] W.L. LFF, P.G. JBZBUIJMBLF, Z. TBO, D.V. LF, H.P. LFF, BOE B.C. KIPP. MVDP-DJMJBSZ
USBOTQPSU: EGGFDU PG NVDVT WJTDPTJUZ, DJMJB CFBU GSFRVFODZ BOE DJMJB EFOTJUZ. Computers
& Fluids, 49:214–221, 2011.

[12] S. SVBOLBTFN, A. PJNLPUF, I. TIBNNBUIPO, BOE K. WVUUBOBDIBNTSJ. MBUDIFE ATZNQ-
UPUJD EYQBOTJPO GPS PCL ŴVJE DVF UP TIF NPWFNFOU PG LVOH DJMJB: PBSU 1. 10th
National Science Research Conference, 2018.

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



27

[13] K. WVUUBOBDIBNTSJ. MVDVT VFMPDJUZ JO HVNBO LVOHT. 17th International Conference
on Computation and Mathematical Methods in Science and Engineering, 2017.

[14] K. WVUUBOBDIBNTSJ BOE L. SDISFZFS. EGGFDUT PG UIF CJMJB MPWFNFOU PO FMVJE VFMPDJUZ
GPS FJYFE DPNBJO I: MBUIFNBUJDBM MPEFM, UP CF QVCMJTIFE.

[15] K. WVUUBOBDIBNTSJ BOE L. SDISFZFS. EGGFDUT PG UIF CJMJB MPWFNFOU PO FMVJE VFMPDJUZ
GPS FJYFE DPNBJO II: NVNFSJDBM AOBMZTJT, UP CF QVCMJTIFE.

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



28

Appendix

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



Appendix A

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



30

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



31

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



32

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



33

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



34

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



35

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



36

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



37

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



38

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



39

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



Author Biography
NBNF MS.SVSBDIBJ PIBFODIBU
DBUF PG BJSUI 01 JVMZ 1995
AEESFTT 38/2, CIBUUSBLBO, CIBUUSBLBO DJTUSJDU

PIJUTBOVMPL PSPWJODF, 65170
EEVDBUJPO 2016 BBDIFMPS PG SDJFODF BOE TFDIOPMPHZ JO MBUIFNBUJDT GPA 3.61

RBKBNBOHBMB UOJWFSTJUZ PG TFDIOPMPHZ TIBOZBCVSJ
2018 MBTUFS PG SDJFODF JO AQQMJFE MBUIFNBUJDT GPA 3.76
KJOH MPOHLVU’T IOTUJUVUF PG TFDIOPMPHZ LBELSBCBOH

ADBEFNJD PVCMJDBUJPO(T)
1. SVSBDIBJ PIBFODIBU BOE KBOPHOVEHF WVUUBOBDIBNTSJ, ”OO UIF
NPOMJOFBS SUPLFT-BSJOLNBO ERVBUJPOT GPS MPEFMJOH FMPX JO PCL.”,
PSPDFFEJOH PG AOVBM MFFUJOH JO MBUIFNBUJDT 2019. (AMM2019), MBZ,
15-17, 2019, BVSBQIB UOJWFSTJUZ, CIPOCVSJ, TIBJMBOE.

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 


	2-19 ปกใน-ประวัติ.pdf
	Abstract in English
	Acknowledgements
	Table of Contents
	List of Tables
	List of Figures
	Symbols
	Introduction
	Research Motivation
	Objectives of the study
	Scopes of the study
	Research methodology
	Benefit of the study

	Basic knowledge and Literature Reviews
	Weak Formulation
	Finite Element Method
	Linear Shape Function

	Classical Linearization Method
	Literature Reviews

	Research Methodology
	Governing Equation
	Model Discretization
	Boundary Conditions

	Numerical Results
	Exact Solution of Stokes-Brinkman Equations
	Numerical Result of the Stokes-Brinkman Equations
	Numerical Results of Nonlinear Stokes-Brinkman Equations

	Conclusion
	Conclusion

	References
	Appendix/Appendices
	Appendix A
	Author Biography




