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Abstract

Nowadays, people have several respiratory diseases. One of the main reasons
is the inhalation of strange particles such as dust and harmful smoke particles. When
an irritant settles in the human body, eoblet cells standing within a surface epithelium
secrete mucus to catch those particles and then it forms a mucus layer and lies on the
tip of cilia aligned along with the ciliated epithelial cells. Then the mucus is moved out
of the body by the movement of the cilia. The layer consisting of the hair-like structures
and also a Newtonian fluid under the mucus layer is called Periciliary Layer (PCL). In
order to study the velocity of the mucus, in this work, we first focus on the velocity of
the fluid in the PCL so that it can be used as a boundary condition of the mucus layer.
The Stokes-Brinkman equations embedding a nonlinear term is employed for solving this
problem. The velocity of the cilia is also imposed in the model. The nonlinear structure is
converted into a linear form by using a classical linearization method. In this research we
discretize the model by using a finite element method and provide numerical solutions,
the velocity of PCL fluid with the nonlinear Stokes-Brinkman equations, which have a
good agreement with exact solution. For the velocity of PCL fluid is close to the velocity
of cilia and the velocity of PCL is less than the velocity of cilia, which is in accordance

with a physical meaning.

Keywords : Moving Solid Phases, Finite Element Method, Galerkin Method, Nonlinear

Stoke-Brinkman Equations.
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Chapter 1
Introduction

In this chapter, we will discuss the research motivation, objective, scopes and

benefits of the study.

1.1 Research Motivation

In present days, there are several factors causing respiratory failure in human lungs
such as factory pollutions. When people inhale the strange particles into their bodies,
they spread directly into the respiratory tracts and lungs. This may cause respiratory
diseases such as Pulmonary emphysema, Acute Bronchitis and Pneumonia. Some peo-
ple who have the respiratory diseases may have shortness of breath, cough and chest
tightness. In this study, we focus on fluid flow in the respiratory system.

Figure 1.1 shows a portion of the respiratory tract: trachea, and its cross section.
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(a) Trachea in human body (b) Cross section of trachea

Figure 1.1: Trachea and its cross section.

A sector of the cross section of the trachea is illustrated in Figure 1.2 presenting
ciliated cells, hair-like structures, goblet cells and mucus. Among the ciliated cells, there
are goblet cells secreting the mucus to trap debris and form a mucus layer on the tip of
the hair-like structures. Patients who have respiratory diseases may carry more mucus
than usual. The tiny hair-like structures are named cilia, sticking out from the ciliated
cells, that are efficiently move back and forward to precede the mucus out the body.

The layer containing of cilia and Newtonian fluid is called Periciliary Layer (PCL).



Cilia

Goblet cells

Figure 1.2: Cartoon picture of the portion of the cross section of trachea.

In the PCL, there are both solid phases and cilia. While cilia make angle ¢ = 90°
with the horizontal plane, we look at this layer as a porous medium as shown in Figure
1.3.

M MNewtonian fluid

Figure 1.3: Cartoon picture of PCL when cilia are perpendicular to the horizontal plane.

When cilia make angle 6, which is less than 90° with the horizontal plane, the PCL can
be split into 2 layers, hairy and hairless layers. Hairy layer is viewed as a porous medium
and hairless layer is a free-fluid domain as shown in Figure 1.4, when the cilia length
is ¢ = y/sing. Occasionally, Stokes-Brinkman equations are employed in both domains.
The Stokes equation is applied in the free-fluid domain and Brinkman equation is used
in the porous medium.
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Figure 1.4: The cilia make the angle 6 < 90° with the horizontal plane in PCL.

In this work, we examine the velocity of the fluid in PCL. The Stokes-Brinkman
model with a nonlinear term including a moving solid-phase term is employed and dis-
cretized by using a finite element method. The nonlinear structure is transformed into
a linear form by using a classical linearization method. One of applications is that the
velocity of the PCL fluid can be applied to be a boundary condition of the mucus layer.
The numerical solutions of the velocities of the PCL fluid are given by using a computer

program.

1.2 Objectives of the study

1) To find the velocity of PCL fluid of the nonlinear Strokes-Brinkman equations by
using a finite element method.

1.3  Scopes of the study

1) To study the velocity of the PCL fluid by adding nonlinear terms and the cilia velocity

in the Stokes-Brinkman equations in one-dimensional domain.
2) To apply the finite element method to the nonlinear Stokes-Brinkman equations in

a one-dimensional domain.

1.4 Research methodology

1) Study on the human respiratory system, especially the PCL.
2) Study the nonlinear Stokes-Brinkman equations.

3) Study a finite element methods and solve the governing equation by using a finite
element method.

4) Program to find the numerical solutions.
5) Verify the results and conclusion.

6) Summary and write the thesis book.



Table 1.1: Time frame of research.

Time frame
Activity 2017 2018 2019
Jul. - Sep. | Oct. - Jan. | Feb. - May.

Apr. - Jun.

Step 3
Step 4
Step 5
Step 6
step 7

1.5 Benefit of the study

The result of determining the velocity of PCL fluid can be applied to be a bound-

ary condition of the mucus layer above the cilia to the velocity of mucus in future work.



Chapter 2
Basic knowledge and Literature Reviews

In this chapter, we present the basic knowledge applied to our research as well

as the literature reviews.

2.1 Weak Formulation

Suppose that the domain Q = (0, L) is divided into N elements. In order to explain

the weak formulation, we consider the following sample problem.
(2.1)

Multiplying Eq.(2.1) with a weight function w € H} () and integrating the equation over

the domain © = (0, L), we have

L d?u
/0 w(%g—u—ﬁ—x)dx:(). (2.2)
Integrating by parts the second order derivative in Eq.(2.2), we have
L dw du dul”
/0 (—%% — wu + wx) dz + {w%] - = 0. (2.3)

Eq.(2.3) is called a weak formulation of Eq.(2.1).

2.2  Finite Element Method

The concept of the finite element method is that the solution can be approxi-
mated by @, which contains unknown coefficients to be determined later such as @ =
ax(1—x), where a is an unknown constant. The residual is calculated by substituting the

trial function into the differential equation. Then, the residual R is

Ay —
R= —tU+w=-2a—ax(l—x)+z. (2.4)
dx?

To determine the unknown constant a. We average the residual over the problem domain

and set to be zero. That is,

1 1 2~
I:/wRdmz/w(dz—d—i—x)da:
0 0 dx

= /1 w[—2a — ax(l — ) + x]dz = 0.

(2.5)

There are several methods of weighted residual explained below.

1. Collocation Method: The weight function is defined by Dirac delta function, that is

w=4(z—xy), (2.6)



where sampling point z; must be within the domain, 0 < z; < 1. Let z; = 0.5,
we substitute the weight function into Eq.(2.5), we have a = 0.2222. Then, the

approximate solution becomes @ = 0.2222z(1 — z).

2. Least Square Method: The weight function is determined from the residual such

that

_dr
~da’
Then, we have w = —2 — x(1 — z). Substituting the weight function into Eq.(2.5), we
get a = 0.2305. Then @ = 0.2305z(1 — z).

(2.7)

w

3. Galerkin’s method: The weight function is from chosen trial function, that is

di

— (2.8)

w

The weight function of the Galerkin’s method is w = x(1 — z). Then, we substitute
the weight function into Eq.(2.5). Then, we have a = 0.2272 so that @ = 0.2272z(1 —z).

In order to improve the approximate solutions, we can add more terms of the
chosen trial function for n unknown constants to be determined as shown in Table 2.1.

Table 2.1: Test Functions for Methods of Weight Residual.

Method Description

collocation wi =0(x —xy), i =1,2,...,m,

where z; is a point within the domain

Least Squares w; = OR/0a;, i=1,2,...,n,
where R is the residual and

a; is an unknown coefficient in the trial function

Galerkin w; = 0u/da;, i =1,2,...,n,

where 4 is the selected trial function

2.2.1 Linear Shape Function

In this section, we present linear shape function are used in this research. We
consider a subdomain or an element shown in Figure 2.1. One element has two nodes.
At each node, the corresponding coordinate value (x; or z;41) and the nodal variable (u;

or u;41) are assigned. Assume the unknown trial function is

U= c1T + co. (2.9)
t t > X
Xi Xit1
Ui Ui+l

Figure 2.1: A two nodes element.



We next show how to express Eq.(2.9) in terms of nodal variables. We evaluate

watx=z; and x = 2;,1. Then
u(z;)) =c1+ca=u; (2.10)
W(Tig1) = C1Tiq1 + C2 = Ujp1. (2.11)

Solving Egs.(2.10) and (2.11) to find the values of ¢; and ¢, we have

U1 — Uj

o = Uit T Ui (2.12)
Tit1 — T4
oy = BTt T Ui T (2.13)
Tit1 — T

Substituting Egs.(4.16) and (4.19) into Eq.(2.9) and rearranging expression, we obtain

w= Hi(x)u; + Ha(x)uis1, (2.14)
or in matrix form
u= [Hl HQ} > , (2.15)
Uj4-1
where
Hy =~ (2.16)
) ”’;;Ji (2.17)
and
hi =Lyl — Ty (218)

Eq.(2.14) gives an expression in terms of nodal variables. Eqgs.(2.16) and (2.17) are called

linear shape functions, which are drawn in Figure 2.2.

L Hy(x) Hy(x)

X Xi+1
Figure 2.2: Linear shape function.

These functions have the following properties: The shape function H;(z) has a
unit value at node z; and vanishes at z;; and Hs(z) has a unit value at node z;4; and

vanishes at z;. That is,

Hl (xl) = 1a
Hi(zi41) =0,
i) (2.19)
Hy(z;) =0,
HQ(xi+1) =1
The sum of all the shape functions is unity, i.e.
2
> Hi(z)=1 (2.20)



2.3 Classical Linearization Method

In this section, we present the classical linearization technique [?]. The basic idea
of the classical linearization is to linearize a nonlinear differential equations to be a linear

equation. The general form of a differential equation is
o™+ R (v,v’, oD y) +N (v,v’, oD y) = f(y) (2.21)

where v is the n'" derivative of v; R is the linear differential operator and X is the
nonlinear differential operator.
The classical linearization of R is acquired by approximation

%*

R (= (N ) 3, (2.22)
where linear differential operator ¢* is the function of previous values of v which change
during the iteration process; X* and $* are evaluated from known values of the arguments
from previous iterations and S is a linear operator. The classical linearization is to change

the nonlinear differential equation, Eq.(2.21), to linear differential equation
o) 4 R(v) + £ () = F(y). (2.23)

The linear operator & may have more than one form of the classical linearization, which

is given below, for example,

YooY S¢ (2.24)
vvmot(v) =S* (2.25)

where v* is approximation of v and (v')* is the first derivative of approximation of v.

2.4 Literature Reviews

Numerous researchers had concentrated on the PCL [?, 2, ?]. For instance, J. Hus-
song et al. [?] studied cilia-induced periciliary liquid (PCL) transport measured by means
of micro Particle Image Velocimetry (UPIV) with neutrally buoyant tracers. W.L. Lee et
al. [?] numerically considered a two-layer Newtonian fluid model consisting of an upper
mucus layer and a lower periciliary layer (PCL) to simulate the muco-ciliary transport
process. P.G. Jayathilake et al. [?] presented a three-dimensional numerical model to
simulate the human pulmonary cilia motion in the PCL. The governing equations were
solved using the immersed boundary method combined with the projection method.
The numerical results showed the maximum velocity of PCL in a stream-wise direction if
cilia had phase differences in both stream-wise and span-wise directions.

In this work, we apply the nonlinear Stokes-Brinkman model to find the veloc-
ity of the fluid in PCL. The Stokes-Brinkman equations without the nonlinear term in
macroscopic scale had been developed in [?] and proved the well-posedness, when

permeability coefficient was considered to be an n-dimensional tensor in [?]. The model



was discretized in an n-dimensional domain in [?] by using a mixed finite element method.
Next, K. Wuttanachamsri [?] employed the Stokes equation to find the mucus velocity
by using a mixed finite element method in a three-dimensional domain.

Several literatures had been studied on the porous medium by using Brinkman or
Darcy equations [?, ?, 2, ?]. For instant, G.N. Gatica et al. [?] applied an augmented mixed
finite element method to the two-dimensional nonlinear Brinkman model of a porous
medium with mixed boundary conditions. S. Suankasem et al. [?] used a matched asymp-
totic expansion to the Brinkman equation and found the velocity of the PCL fluid in a
one-dimensional domain. D. Han and X. Wang [?] applied the nonlinear Darcy-Brinkman
system in the vanishing Darcy number limit and approximated solutions constructed
by the method of multiple scale expansion in both space and time. H.N.E. Dine and
M. Saad [?] proposed a finite volume-finite element scheme based on upstream ap-
proach of fractional flow with respect to the gradient of the global pressure. B.K. Jha and
M.L. Kaurangini [?] presented a new approximated analytical solution for steady flow in
parallel-plates channels filled with porous materials governed by non-linear Brinkman-
Forchheimer extended Darcy model for three different physical situations and the results
were compared with those obtained from an implicit finite-difference solution. M. Ciar-
letta et al. [?] considered the problem of a Brinkman-Forchheimer system to model flow
in a porous medium when Newton cooling conditions were applied at the boundary of
the body.

However, most of the above literatures studied on static solid phases, except
(7, 2,2, ?]. Although K. Chamisri [?, 2], K. Wuttanachamsri [?] and S. Suankasem et al. [?]
worked on moving solid phases, they used only linear models.

In order to study the velocity of the PCL fluid with the nonlinear Stokes-Brinkman
equations by using the finite element method, we change the nonlinear term to be lin-
ear form by using the classical linearization method. The numerical results are given in
Chapter 4.



Chapter 3
Research Methodology

In this chapter, we introduce our governing equations, discretize them by using
a finite element method and show how to apply boundary conditions to the stiffness

matrix.

3.1 Governing Equation

We present the mathematical model used in this study. We consider this problem
in @ macroscopic scale where the equations are upscaled by the Hybrid Mixture Theory
(HTM) [?]. It is an upscaling method that helps to change a microscale equation to a
macroscale equation. The macroscopic equation employed in this study is derived from
the Navier-Stokes equation in [?], which is

aat(p v)+ V- ( l) +e'Vp — (uAv + pV(V -v)) —e'plgt = —pe'k™1 - (v — o) (3.1)

V.v=7f, (3.2)

where f = + V- cl; plis the fluid density in the porous medium; v is the

_ 2l
multipticatioﬁmlofthe fluid velocity with porosity in the PCL; £ is the porosity; p is pressure;
w is a dynamic viscosity; g is gravity; k™! is the inverse of the permeability tensor; v* is
the velocities of the solid phases and ¢! is the material time derivative of the porosity
with respect to the solid phase, & = %il +® . Vel Substituting Eq.(3.2) into Eq.(3.1), we

have
0
at(,o v)+ V- ( l) + e'Vp — (pAv + puVf) —eplgt = —pelk ™ < (v — elo®). (3.3)

For one-dimensional domain, Eq.(3.3) can be rewritten as

lau+gai+ 9 Pv Of

g 7*lll 1 k] .4
5 " oy o u(’)yQ "y eptgt= —eluk~ v + el (elv®), (3.4)

where we assume that pressure p change in the z direction and 8— is a constant and the

fluid velocity and pressure depend on y direction. Rearranging Eq.(3.4), we have

l@v 2pv8v 82

af dp
ey + T ay 8 Wl gt ! (3.5)

+elpk™ v =elpk™t - (e®) 4 €lplg —HLa —el o

where the right hand side terms of the equation are known. In this work, we concentrate

on the steady state of Eq.(3.5), which is

2p'v dv d?v _ df dp

Ty Papt ek v = ()2 uk v +€lplg’ + Moy~ dr
The solid velocity is employed from [?], which is a polynomial degree 8 depending on
the length of cilia ¢,

(3.6)

V5 = g8+ cr€” + 660 + 56° +cabt + 3 + € + i€, (3.7)
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where ¢ = - and the variable @ is the angle between the cilia and the horizontal plane.

sin
Then, Eq.(3.6) is our governing equation.

3.2 Model Discretization

In this section, we discretize our governing equation provided in Section 3.1 by
using the Galerkin finite element method. Since the momentum equation has a nonlinear
term, we apply the classical linearization to change it to be linear by substituting Eq.(2.24)
into Eq.(3.6). Then, we have

! 2
2/; (v') v — d*v 111 daf 1 dp (3.8)
€

MTyQ +elpk™v = (sl)Quk’_lvs +epg + ud—y e

Next, we find the weak formulation of the model by multiplying Eq.(3.8) by a weight
function w € H} () and then integrating over the domain Q = (0, L). Therefore Eq.(3.8)

becomes

L 1 2
2p" -, d~v |,
— (V) wv — pw— + &' uk d
/U<El(v)wv deyQ e pk™ wu | dy

=\ =0 (3.9)
= / ((el) pkvtw + e plgtw + pw— —slw>dy.
0 dy dx

We apply integration by parts to the second order derivative and the term df/dy in Eq.
(3.9) and discretize the domain to be n elements. Then, we have

d W2 T one dwdv, ;004
Z/ <?(v)wv+u@@+€uk wv)dy

i=1"Yi

(3.10)
SV stV ¥ 111 % IS, dw ; dp L nL
:Z/ (") pk vw+5pgwA/,Lfd—y~5w% dy + plw flo +p[wv'ly
i=1"vYi
Consider the first integration,
Yit1 l
/ <2€~pl(v')*wv + u%% + El,uk_lwv> dy. (3.11)
Yi
We assume that
vt = .
Then
(W) =1
Using linear shape functions
H, — yH}lL._ Y
’ (3.12)
H, = Y—Y
hi
where h; = ;11 — y;, we obtain
v = Hivy + Hayve (313)
or in the matrix form
v
v = [Hl Hz} ' (3.14)
V2
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Replacing the weight function w by the linear shape function Eq.(3.12) and substituing
Eq.(3.14) into Eq.(3.11), we have the 2 x 2 matrix

= [

k3

2o | Hy V4 H] U4
L [ ) |0 )
| H> Vit Hy Vig1

e [H AR )d
1 I 1 2 Yy

2 Vi+1
vit1 [ onl | HHHy HiHy H{H, H{H) . |H1Hy HiH» Vi
[Ke]:/ - | TR el dy
Yi € HQHl H2H2 HéH{ HéHé Hng HQHQ Vi+1
Define
ki ki2
[K.] = : (3.15)
k21 k22

The elements k;; in [K.] can be calculated as follows. Consider

Yit+1 2pl )
ki1 = / ?H1H1 + pH{HY + €' pk ™ H Hy dy

i

Vit 2ol (yir1r =y DEYZ77ANN 51¥ Ay
- = 8 - BN RIS [
/i el ( Iy + ( I R b 4

virrgpl (y2 ) = iy +y? L (Yoo = i1y +
[ ) e ()

Yi 7

Yit1 Us Yit+1
20 (s 7l M p ) ekt vy
ETR (y”ly a0 )/ Jeas: W] S+ =Ty ~ 2y + 5
2 (Y Sy RSy N ok
- e’:‘lh? g ¥ hilg (yz+1 yz)
n k™ (Y = 3yiiayi + 3y — v
72 5
208 (i1 — yi)’ ek ( (yia —us)’
- Elh? < 3 =+ h2 (yz-‘rl T yz) S h? 3
20t (B} u eV s
= £ (h u'2
eth( )+h2( )T 3
B 20 " n eluk='h;
- 3l h g
Thus,
2 lhi El k'_lhi
b= ot (3.16)
Consider

- Yit1 2p 2% 0y |
12 = 1412 +,UH1H2 +e ,Uk HH, dy

Yi

2 (g —y\ (v — v Loa—1 Y+l — Y\ (Y~ Y
o /1 El < hz hi te Nk hz hi dy
7!

1
h;
/y‘+1 2p! (yi+1y —Yiryi — Y+ iy ) <> bkt (yi-Hy —Yinyi — Yy + yiy) dy
vi h? hi h?




13

Yit+1 .
20! 2 v o2 1 Yit1
k12 = T2 <yi+12 Yy — T Ui 3z (v)
Yi v vi
Yi+1
L O S L
th i+1 D) 1+1Yi 3 ) 2
Yi
2Pl <y?+1 2 y?+1 yi2+1 2 3 yf’ H
=73 — gty = Ty D g+ -2 ) (g — )
Rz \ g VT Ty Ty Ty Fueayi b = ) e e
1 3.—1 /.3 3 2 2 y? 3
e'uk Yit1 2 Yit1 Yit1 Yi
2 ( 12 —Yi1¥i — 13 + y; 12 _yH—l 2 + Yi1Y; —|— 3 51
_ 20 (Yl = 3yRay 3yl —w H s — 1)
Elh% 6 h% Yi+1 Yi
eluk=t (y?-}—l — 3y i + 3y 1y} — 3/?)
3
12 6

. 208 [ (yis1 — yz‘)g Iz elpk™ [ (i1 = yi)3
- é‘lh? ( 6 - Fg (yz-H X yz) + hz2 6

20! (h3 1 eluk=t (B3
= 2E) e e (%
plh; B eluk=1h;

3¢ by 6

Thus,
eluk=1h;

4 = ko (3.17)

k12=’—%+

and

Yit+1

~H2H2 + uHYHY) + el pk ™ HoHy dy

! |

7

|

v 2pb 1y — yi\ N T LTI -6 i
= A ot A = UN ¢

/:w el ( hi R hz’ 5cH h; i

y sz

Y

Uz+12 _2 A (N ,2_2,  + 2
Yi+1

200 [ y3 y? "
ﬁ(*«2 yi + Y3y I=L (y)
y 2

_ 20" (vl =3yl + Yyl — w) e o) OedPl
é‘lh? 3 h? Yi+1 Yi

eluk™ (Y2 — 3y7 1y + By —
2 3

200 [ (i1 —i)° 1% ek [ (yiy1 —ui)®
= slhf ( 3 + hjz (yi+1 - yz) + h? 3

20t (REY euk™t (h}
= a2 (3>+iz§(h’)+ w3

2plhi 61/1,]6_1}12'
et 3

Il

(3

Yi

Yit1 1, 1.1 3 2
e uk
+/‘a<£_2£w+ﬁ0

Yi

L
h

Thus,
2plhi 7 El,uk}_lhi

— —_— 1
= +hi+ 3 (3.18)

Next, we consider the right hand side terms of Eq.(3.10):

k22 =

Z/%“ <(6l)2#klvsw+8 plglw — Hff —¢ wd>dy+u[wf} +p [we']y - (3.19)
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Define the vector

Yit1 H H H; d H
[F.] :/ (El)Qulflvs 1 +elplg! 1 +ouf R I b dy
Vi H, Hy H; dr | g,
L L (3.20)
H,y , | Hi
+p | f +u|v ;
Ho o Hy 0

where the variables in Eq.(3.20) are known which can be calculated by coding in a com-

puter program. Then, the stiffness matrix of Eq.(3.10) is
[K]{v} = [F] (3.21)

where [K] and [F] are assembly n x n matrix and n x 1 vector, respectively, and {v} is a

n x 1 vector. We find the Darcy velocity of PCL fluid or » by using a computer program.

3.3 Boundary Conditions

In this section, we assume that the velocity of the PCL fluid at the base of the
cilia is zero and the velocity at the tip of cilia is that the rate of change with respect to y
is equal to zero. That is »(0) = 0 and v/(L) = 0. To apply the boundary conditions to the

stiffness matrix by using Eq.(3.20), we consider the boundary terms

&)1 ) B H, (D)
| S e T e S
Hsy ) Hy 0 HQ(L)

—|—u{v’(L) Hl(L)j! —2/(0) iy }
| Ha2(L) H;(0)

_O_ 1 0 1
il o]Vl o]
_1_ 0 1 0
A= RS ARG
ol V(L)

Then, we can apply the boundary conditions to the stiffness matrix as follows.

ki k2 o0 k| [un Fy — pf(0) — po'(0)
kor koo - kop () Fy
. = _ . (3.22)

Since, the velocity of the PCL fluid at the bottom of our domain is zero or v(0) = 0, we

have

k.21 koo -+ kop V2 _ F.|2 ) (3.23)



Chapter 4
Numerical Results

In this chapter, we find the velocity of PCL fluid by using a computer program to
solve the problems in both, linear and nonlinear equations. The linear equation is solved
because we need to verify and compare our numerical solutions with an exact solution. In
the nonlinear section, to verify the numerical results, we compare our numerical solutions
with the velocity of cilia when cilia make angle 8 = 50°,60°, ...,90° with the horizontal
plane. The constant values in the Stokes-Brinkman equations are obtained from [?],
which are p! = 992.2 x 1071?%; ¢! = 9.81 x 107%; Op/0z = —1 x 107?; &/ = 0.7987; u = 3 x 1076,
k~! = 474.0841 and ¢; are shown in Table 4.1, i = 1,2, ... 8.

Table 4.1: The eighth-order polynomial functions: csé® + cr&7 + c6€8 + c5€° + ca* + c36% + 262 + 1€

approximating the speed along a cilium for angles 50°, 60°, ..., 90°.

Coefficient degree
10°x 50° 60° 70° 80° 90°
cs 0.2498 0.4043  —0.4987 —0.3648 —0.5386
c7 —1.0781 —1.6788  2.1268 1.5687 2.2148
Co 1.9290 2.8656  —3.7102 —2.7659 —3.7309
Cs —1.8459 —2.5945  3.4021 2.5751 3.3198
Cy4 1.0133 1.3380 ~ —1.7529  —1.3584 —1.6788
c3 —0.31567 —0.3896  0.5012 0.4022 0.4803
ca 0.0504 0.0585  —0.0717 —0.0593 —0.0694
c1 —0.0023 —0.0024  0.0049 0.0044 0.0050

4.1 Exact Solution of Stokes-Brinkman Equations

In this section, we provide the exact solution of the Stokes-Brinkman equations
without the nonlinear term, the velocity of cilia, and gravity. Then our governing Eq.(3.6)
becomes

g— = i —eluk~t. (4.1)
Y

dp = pfel = — pk~ o, (4.2)
where here we assume that the boundary conditions are
v(d) = vo and v(0) = 0. (4.3)

where d and vy are constants.



To find the analytical solution that satisfies the specific boundary conditions.

examine the general solution of Eq.(4.1), where its auxiliary equation is

gmz — (Mk‘_l) =0.

Dividing u both side, we have

Then, we obtain

m = +Velk—1,
Thus the general solution is
Va8 B T pgeryVethe™

Next, we find the particular solution. That is

vp = A,
/

(7T 0,

v/l — O,

where A is a constant. Substituting Egs.(4.9) and (4.11) into Eq.(4.1), we obtain

dp
O S
H ey
_ 1 dp
-~ pkTldx’
Thus,
1 dp
Ve R«
wk—tdz
Therefore, v = v, +v,, we have
Ny Vet 1 d
v(y) = c1e?VEET fpge vV L P

pk—1de

To find ¢; and ¢y, we apply the boundary conditions Eq.(4.3) to Eq.(4.14). Then

=T T 1 d
0 =v(0) = ¢1¢° SRy epelVERT 712.
pk=t dx
Thus,
1 dp

€1 = —Cc2+ k-1 ds’

and
—aveRT_ 1 dp
wk=tdx’

dvelk—1

vg = v(d) = c1e + coe

Substituting Eq.(4.16) into Eq.(4.17), we have

/e L dp\ gvermT —dVElkT 1 dp
( 2t k1 d:v) c e pk=tdx’

16

We first

(4.4)
(4.5)

(4.6)

(4.7)

(4.8)

(4.9)

(4.10)

(a.11)

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)

(@.17)

(4.18)
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Thus,
B o 1 dp edVelk™ _q (4.19)
2T CaVaR T _ gavah ' pkldr \ gdvelk T _ gavek T | ’
Substituting Eq.(4.19) into Eq.(4.16), we obtain
_ o L dp(  eMERT -1 L dp (4.20)
AT VTR _ gavak e + pk=tde \ g—dVelk—T _ gdVelk—1 k=t dx’ '

Substituting Egs.(4.19) and (4.20) into Eq.(4.14), we have

—0 N 1 @ ed\/elkfl 1 1 d7p WA
o—dVeTkh 1 _ pdvVak T pkldr \ p—dVelk 1 _ pdvelk T kT da | ©

o) 1 dp < edVETETT g >‘| e—ym _ 1 dp

v(y) =

+

e—dVEk T _ odVelk T pk—ldm \ e=dvVeTk T _ cdVelk T pk—tdz
(4.21)

Rearranging Eq.(4.21). we obtain the analytical solution that satisfies with the boundary
conditions

e—yVelkT _ yVelk=T 1 dp W VETk=T _ [(d—y)Velk=T _ gyVelk=1 4 —yVelk—T
v(y) =vo (e_dm _ ewele> (k=1 dz ( odVeTk T _ gdvalh T )

uklfl ;li (ewsle § 1) .

(4.22)

4.2  Numerical Result of the Stokes-Brinkman Equations

We apply the finite element technique to the Stokes-Brinkman equations without
nonlinear term and velocity of cilia in Eq.(3.21) to find the velocity of PCL fluid. The
numerical result is compared with the exact solutions, Eq.(4.22), as shown in Figure 4.1,
where the boundary conditions are v(0) = 0.and v'(1) = 1.

N

0.9F - —— Numerical Solution
—#— Exact Solution
0.8 ]
r

0.2%

0.1

Dq& 1 1 1 1 1 1 1 1 1 1 .

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.2 1

Figure 4.1: The velocity of PCL fluid when 6 = 90° for the Stokes-Brinkman equations.
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We calculate the Stokes-Brinkman equations for 50 elements. Figure 4.1 shows that the
velocity of the PCL fluid is almost unchanged when y < 0.8, but when y > 0.8 the velocity
of the PCL fluid is increases rapidly. The pointwise of the numerical and exact solutions
are shown in Table 4.2, in which we show the values only at y = 0,0.2, ..., 1. The ly—norm
error of the 50 elements is 0.0072. Then, the numerical result is in a good agreement
with the exact solution.

Table 4.2: Pointwise numerical and exact solutions at y = 0,0.2, ..., 1.

y 0.0 0.2 0.4 0.6 0.8 | 1.0
Numerical | 0.0 | 7.0080 x 10~7 | 1.0894 x 1076 | 5.3748 x 1075 | 0.0073 | 1.0
Fxact 0.0 | 3.4303 x 1079 | 4.4822 x 107 | 5.8568 x 107> | 0.0077 | 1.0

09r

OB —#—Gelements
20elements
—=— 100elements
—H&— 200elements
4 —&— exact solution

07r

06

05

0.4

03r

02r

01

0 I 1 . | Ly

-0.2 0 02 0.4 0.6 0.8 1

Figure 4.2: The velocity of PCL fluid when 6 = 90° for 5, 20, 100 and 200 elements of the Stokes-

Brinkman equations.

Figure 4.2 shows the numerical of 5, 20, 100 and 200 elements. Notice that when the
number of elements increases, the solution convert to exact solution. The l,—norm er-

ror of the solution for 5, 20, 100 and 200 elements are shown in Table 4.3.

Table 4.3: The lo,—norm error of the numerical solutions for 5, 20, 100 and 200 elements.

Number of elements | ls,—norm error
5 0.1808
20 0.0302
100 0.0025
200 0.0008

Table 4.3 shows the l,—norm error of the numerical solutions which four different number
of elements, which are 5,20,100 and 200 elements. It’s obvious from the Table that the

more number of elements we use, the less of the errors we obtain.
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4.3 Numerical Results of Nonlinear Stokes-Brinkman Equations

We apply the finite element technique to the nonlinear Stokes-Brinkman equa-
tions to find the velocity of PCL fluid when cilia make angle, 8 = 50°,60°,...,90°, with
the horizontal plane. The numerical results are compared with the velocity of cilia for
6 = 50°,60°, ...,90° as shown in Figures 4.3 to 4.12 with the boundary conditions »(0) = 0
and (L) = 0 where L is height from base of cilia to tip of cilia when the cilia make angle ¢
with horizontal plane. That is the boundary conditions v(0) = 0 and v/(sin#) = 0 because
we assume that the length of cilia is one. Figures 4.3, 4.5, 4.7, 4.9 and 4.11 illustrate
Darcy velocity, v = elo! of PCL fluid for the angles 50°,60°,70°,80° and 90°, respectively,
while Figures 4.4, 4.6, 4.8, 4.10 and 4.12 show the velocity, v' = v/€!, of the PCL fluid for
angles 50°,60°,70°,80° and 90°, respectively. We calculate the nonlinear Stokes-Brinkman
equation for 50 elements. The pointwise of the numerical solutions and the velocity of
cilia values are shown in Tables 4.4 to 4.12. The I,—norm error of the 50 elements of the

numerical solutions when cilia make angle 6 = 50°,60°, ...,90° are shown in Table 4.9.

0.8

0.7 T

06 [ —#— Darcy velocity of PCL fluid
—+—Velocity of cilia

0.5

04 r

0.3r

0.2r

01F

L . L & LV
20 30 40 50 60

-
(=
(=1 3
=
=]

Figure 4.3: The Darcy velocity of the PCL fluid and the cilia velocity when 6 = 50°.
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Figure 4.4: The velocity of the PCL fluid and the cilia velocity when 6 = 50°.
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Table 4.4: Pointwise numerical solution and the velocity of cilia when cilia make angle § = 50°

with the horizontal plane.

Y 0| 0.1532 0.3064 | 0.4596 0.6128 | 0.7660
Numerical result | 0 | 17.1404 | 27.6199 | 37.4526 | 45.2197 | 50.1869
Velocity of cilia | 0 | 17.1287 | 27.6197 | 37.4500 | 45.2072 50
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Figure 4.5: The Darcy velocity of the PCL fluid and the cilia velocity when 6 = 60°.
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Figure 4.6: The velocity of PCL the fluid and the cilia velocity when 6 = 60°.
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Table 4.5: Pointwise numerical solution and the velocity of cilia when cilia make angle 6 = 60°

with the horizontal plane.

Figure 4.7: The Darcy velocity of the PCL fluid and the cilia velocity when 6 = 70°.

Y 0| 0.1732 0.3464 0.5196 0.6928 0.8660
Numerical result | 0 | 21.6811 | 40.2606 | 61.5305 | 88.4209 | 110.1869
Velocity of cilia | 0 | 21.6704 | 40.2633 | 61.5345 | 88.4092 110

y
3
h’
ear —%— Darcy velocity of PCL fiuid
—+— Velocity of cilia
et
07
06|
05t
04 |
0.3}
0.2}
0.1}
0 L L L
0 50 100 150



¥
A

1

09r

087

07

0.6

051

047

03

02r

oy

—— Velocity of PCL fluid
—+— Velacity of cilia

=

0

20

40 &0

80 100

120

140 160

L

Figure 4.8: The velocity of the PCL fluid and the cilia velocity when 6 = 70°.
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Table 4.6: Pointwise numerical solution and the velocity of cilia when cilia make angle § = 70°

with the horizontal plane.

Figure 4.9: The Darcy velocity of the PCL fluid and the cilia velocity when 6 = 80°.

Y 0| 0.1879 0.3759 0.5638 0.7518 0.9397
Numerical result | 0 | 19.3935 | 48.8792 | 81.6042 | 120.6487 | 150.2675
Velocity of cilia | 0 | 19.4125 | 48.8805 | 81.6108 | 120.6330 150
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Figure 4.10: The velocity of the PCL fluid and the cilia velocity when 6 = 80°.

Table 4.7: Pointwise numerical solution and the velocity of cilia when cilia make angle § = 80°

with the horizontal plane.

Y 0| 0.1970 | 0.3939 0.5909 0.7878 0.9848
Numerical result | 0 | 21.8073 60.8669J 109.8793 | 161.5565 | 200.2622
Velocity of cilia | 0 | 21.8319 | 60.8740 | 109.8826 | 161.5388 | 200.0000

¥
4
1F

09r

08rf

07T

0.6

—#— Darcy velocity of PCL fluid
—+—Velocity of cilia

05|

0.4 r

03}

02F

07

L ey

0 . . . .
0 50 100 150 200 250

Figure 4.11: The Darcy velocity of PCL fluid and the cilia velocity when 6 = 90°.
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Figure 4.12: The velocity of PCL fluid and the cilia velocity when 6 = 90°.
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Table 4.8: Pointwise numerical solution and the velocity of cilia when cilia make angle § = 90°

with the horizontal plane.

y 0 02 0.4 0.6 0.8 1.0
Numerical result | 0 | 23.0744 | 64.6608 | 122.0917 | 177.5361 | 220.2753
Velocity of cilia | 0 | 23.0849 | 64.6657 | 122.0911 | 177.5273 220

Table 4.9: The I;—norm error of the numerical solutions when cilia make ansle § = 50°,60°, ..., 90°.

angle | l,—norm error
50° 0.2828
60° 0.2800
70° 0.3924
80° 0.4078
90° 0.4623

Table 4.9 shows the the I,—norm error of the numerical solutions when cilia make angle
6 = 50°,60°,...,90°, we can see that the velocity of PCL fluid is closed to the velocity of

cilia.

Figures 4.3, 4.4, 4.5 and 4.6 show that when y < 0.1, the velocities of the PCL
fluid are negative because the velocity of the PCL fluid depends on the velocity of cilia.
Figures 4.3, 4.5, 4.7, 4.9 and 4.11 show the Darcy velocity of the PCL fluid and the velocity

of cilia. We can see that the velocity of the PCL fluid are constantly increase and the

Darcy velocity of the PCL fluid is less than the velocity of cilia, which corresponds to the

physical meaning.



Chapter 5

Conclusion

5.1 Conclusion

In this study, we consider the fluid flow in the Periciliary layer (PCL) containing
cilia in the human lungs. When cilia efficiently move back and forward to precede the
mucus out the human body, the cilia make an angle § with the horizontal plane. When
6 < 90°, the region PCL is divided into 2 layers that are a free-fluid region and a porous
medium. The PCL has only one domain, a porous medium, if cilia are perpendicular
to the horizontal plane. We apply the Stokes-Brinkman equations in macroscopic scale
embedding a nonlinear term with a moving solid phase to the problem. The Brinkman
equation is employed in the porous region. The velocities of the cilia are added into
the Brinkman equation as a source term since the PCL fluid moves by the ciliary beating
instead of the pressure gradient. In this work, the nonlinear term is changed into a
linear form by using a classical linearization method. We use the Galerkin finite element
method to discretize the one-dimensional Stokes-Brinkman equations with the nonlinear
term. The numerical results of this study are obtained by using a computer program. The
numerical result of the Stokes-Brinkman equations is compared with an exact solution
when there are no cilia velocity and also no nonlinear term in the governing equation.
The numerical results of the nonlinear Stokes-Brinkman equations are compared with
the velocity of cilia when cilia make ansle, 6 = 50° to 90°, with the horizontal plane. We
calculate the solutions by using 50 elements. The poisewise values of the numerical
and exact solutions are shown in Table 4.2. The poisewise values of the numerical
solutions and the velocities of the cilia are shown in Tables 4.3 to 4.11. The l;—norm
error of the numerical solution compare with the exact solution is 0.0072, which is in
good agreement with the exact solution. The l,—norm error of the velocity of the PCL
fluid and the velocity of cilia are shown in Table 4.9. We can see that the velocity of PCL
fluid is closed to the velocity of cilia. We compare the Darcy velocity of the PCL fluid
with the velocity of the cilia, which can conclude that the velocity of the cilia is greater

than the Darcy velocity of the PCL fluid, which is following the physical meaning.
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On the one-dimensional nonlinear
Stokes-Brinkman equations for modeling flow in
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Abstract: Mowadays, people have seweral respiratory dizeases. One of the main reasens 15 the inhalation of
strange particles such as dust and haomful smoke particles. When an iimitant seftles in the human body, goblet
cells standing within a surface apithelium secrete mucus te catch those particles and then it forms a mucous layer
and Has on the tip of cilia ahipned along the ciliated epithehal ezlls. Then the mueus 13 moved out of the body
by the movement of the cilia. The layer consisting of the hair-like stroctures and alse a Newtenian fluid under
the mueous layeris called Periciliary Layer (PCL). In order to study the velocity of the mucus, in this work, we
first focus on the velocity of the fluid in the PCL o that it can be used as a boundary condition of the mucous
layer. The Stokes-Brnnkman equations embedding z nonlinear term is emploved for solving this problem. The
velocity of the ciha is also moposed mn the model. The nonlinear structure 15 converted mte a linear form by
using a classical linsarization method. In this research we discretize the modal by using a finite element method
‘where the numerical solufions will be provided in future work.

Keywords: moving solid phases; finite element methed; Galerkin method; nonlinear Stoke-Brinkman equa-
tions

AMS Math Classification (2010) : 65P93, 92B03

1 Introduction

In the present days, there are several factors cansing respitatory failure in human lungs such as factory
pollutions. When people inhale the strange particles into their bodies, they spread directly into the respiratory
tracts and lungs. This may cause respiratory diseases such as Pulmonary emphysema, Aeute Bronchitis and
Pneumenia. Some people who have the respiatory diseases have shortness of breath, cough and chest tightness.
In this study, we focns on fluid flow in the respiratory system.

Fizure 1 shows a portion of the respiratory tract: trachea, and ifs cross section.
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Figure 1: Trachea and its cross section.

A sector of the cross section of the trachea 15 llustated in Figure 2 presenting ciliated cells, hair-like
structures, goblet cells and mucns. Among the ciliated cells, there are goblet cells secreting the mucus to trap
debris and form a mmcus layer on the tip of the hair-like structures. Patients who have respiratory diseases may
carry more mucous fhan usual. The tiny hair-hike structures are named cilia, sticking out from the ciliated eells,
that are efficiently move back and forward to precede the muens cut the body. The layer having of cilia and
MWewtonian fluid is called Pericifiary Layer (PCL). To study the weloeity of mucus, mthis work, we first examine
on the velocity of the flmd 1 PCL.
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Figure I: Cartoon figure of the porton of the cross section of wachea.

Mumercus researchers had concentrated on the PCL [1, 2, 3]. For instance, J. Husseng ef al. [1] studied
cilia-induced periciliary hiquid (PCL) transport measured by means of micro Particle Image Velocimeatry (uPIV)
with neutrally buoyant tracers. WIL. Lee et al. [3] numerically considered a two-layer Newtonian fluid model
consisting of an upper mucus layer and a lower periciliary layer (PCL) to simulate the muco-ciliary transport
process. PG Jayathilake et al. [2] presented a three-dimensicnal sumernical model to simulate the human pul-
monary cilia motion in the PCL. The zoverning equations were solved using the immersed boundary method
combined with the projection method. The numerical results showed the maximum veloetty of PCL in a stream-
wise divection if cilia had phase differences in both stream-wise and span-wise directions.

When cilia make angle 8, which is less than 90° with the horizontal plane, the PCL can be split into 2
layers, hairy and hawrlass layers. Hauy layer 1s viewed as a porous medium and hairless layer 15 a free-fluid do-
main. We uze Stokes-Brinkman equations in both of the domams. The Stokes equation is used in the free-fluid
domain and Brinkman equation i3 used in the porous medinm. In thiz work, we employ the Stokes-Brmkman
modal with 2 nonhnear term to find the veloetty of the fluid in PCL. The Stokes-Brinkman equations without
the nonlinear term in macroscopic scale had been developed in [4] and proved the well-posedness, when per-
meability coefficient was considered to be an n-dimensional tenser in [5]. The meodel was discretized in an
n-dimensional domain in [6] by wsing 2 mixed finite element mathod. Next, K. Wuttanachamsri [7] employed
the Stokes equation te find the mucus velocity by using a mixed finite element method in a three-dimensional
domain.

Several literatures had been studied on the porons medmm by using Brinkman or Darey equations [8, 9,
10, 11]. For instant, Gabriel M. Gatica et al. [9] applied an augmented nixed finite element method for the two-
dimensional nonlinear Brinkman model of a porous medium with mixed boundary conditions. 5. Suankasem et
al. [11] used a matched asymptotic expansion to the Brinkman equation and found the velocity of the PCL fluid
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in a one-dimensional domain. Daozhi Han and Hiaoming Wang [10] applied the nonlinear Darcy-Brinkman
system in the vamishing Darcy mumber limit and approximated selutions construeted by the method of multiple
scale expansion in space and time. Houssein Nasser El Dine and Mazen Saad [3] interested in the displacement
of two incompressible flow in porous media. Basant K. Jha and Mubammad L. Kaurangind [12] presented a
new approximated analyfical selution for steady flow in parallel-plates chamnels fillad with porous matenials
governed by non-linear Brinkman-Forchheimer extended Darcy model for three different physical sitnations
and the results were compared with those obtammed from an 1mplieit fimte-difference sclution. M. Ciarletta et
al. [13] considered the problem of 2 Brinkman-Forchheimer system to medel flow in a porous medium when
Mewton cocling conditions were appliad at the boundary of the body.

However, most of the above literatures studied on static solid phases, except [, 5, 11, T]. Although Cham-
st K. [6, 5], Winttanachamsri K. [7] and Suankasem $. et al. [11] worked on moving selid phasas, they used only
linear models. In this work, the Stokes-Brinkman model with a nonlinear term inchiding a moving solid-phase
term 1s employed and diseretized by using a fmite element method. One of applications 15 that the velocity of
the PCL fluid can be applizd to be a boundary condition of the mueous layer.

The mathematical model is provided in Section 2. The nonlinear term is transformed into a linear form
by using a classical linearization method in Section 3. Model discrefization is presented in Section 4. and
conchusion 15 drawn in Section 5.

1 Mathematical Model

In this saction, we prasent the mathematical modsl used m this study. Wa consider this problem mn 2
macroseals equation upscaled by the Hybrid Mixture Theory (HTM) [4]. It is an upscaling method that help
to change a microscale equation to 3 maeroscale equation. The macroscopic equation empley m this study is
derived from Wavier-Stokes equation in [4], whach is.

%(plw) o ( v;) + &V — (v + gV (Ve o)) — halef = =it (v = hef) m
Vrv=f @

{1 e’}
in the PCL; &* is the poresity; p is pressure; p is a dynamic viscosity; g is sravity; k! is the inverse of the
permeahility temsor; v 15 the velocities of the solid phases and £ iz the material time derivative of the porosity

A
with respect to the solid phase, £' — S V<!, Substituting Eq. (2) into Eq. (1), we have

wheare f = 4V -clo®; plis the fimid denaity: + is the multiplication of the fluid velocity with porosity

%{p‘v} + 9 (Pl ) £ 2 VP (g pVf) - €'plg = ekt (pg). ®
For one-dimensional domian, Eq. (3} ean be rewmitten as

Piﬁ‘ﬂ :l:f::;—'y A E:g g::’ ? gt = etk Ve ekt (e, @

where we assume that pressure p change i the © direction and % is a constant and the fluid velocity depends
on y direction. Eeamanging Eq. (4), we have
Gu  2ale o Pu _ _ Jr ap
e N T N S Cy P R A O

where the nght hand side of the equation are known. In this work, we inferest in the steady state of Eq. (3),
which is

Ep‘vﬁ‘f.l
T By f—'!r“
The solid velocity is employed from [14], which is a polynomial degree & depending on the length of cilia £,

vma et bl taftt e taftat 4@ M

L. k™t v = dpkt . (o) + plgt gi - s'%_ (6)
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Fizure 3: The cilia make the angls § with the horizontal plane in PCL.

whare £ = iﬁl and the variable @ 15 the angle between the ciha and the honizontal plane as shown in Figurs 3.
sim

Thén Eq_ {6) becomes
v 1o y
S ke ()
+ [E‘}ﬂ_pk_lci {%] + I:El}npk_laa +£ip‘g' +#% - s‘%

We now have the mathematical model with 2 nonlinear term, which is Inearized in the next saction.

(8)

3 Classical Linearization

We use classical hnearization technigque [15] to ineanize the nonlinear term in Eq. (8) to be a linear form.
The general form of an »'™ order ordinary differential equation is

Win LR {v,v", A ,ﬂ[""n_:gr) + 8 {1,11 w. .. ,ﬂf"_n;y) = flv) ()]

where v{™ it tha nt® derivative of v; ® is fhe limear diffarential operator and ¥ is the nonlinear differential
operator.

The baszic idea of classical linearization is fo linearize a nonlinear differential squations to be a linear
equation by acting on v or its denivatives, The classical linsarization of ¥ is aequired by approximation

g.
where linear differantial operator £* 1s function of previous values of » which change during the iferative process;
R* and I* are evaluated from known values of the arguments from previous iterations and T is a linear operator,
which may have more than one form.
The classical linearization for Eq. (8) is given below

R d* — (ﬂ) o (10}

v'e R (o) 0 = @ {11y
v'w w29 (12)

where v* is an approximation of v and (v/)* is the approximation of the first derivative of approximation of v.

4  Model Diseritization

In this seetion, we discretize our goveming equation provided in Seetion 2 by usmg the Galerkin fmite
element method.
Smce the momentum equation has a nonlinear term, we apply the elassieal linearization to change 1t to be
linear by substituting Eq. (11) into Eq. (8). Then, we have
2 #Pu a 2 i
E—f‘(ff}‘u ~ 5 etk o= (&) pk e (sij‘;g) + (") pk e (si?g
af I@

+ {E'}Igyk_lcn +£‘1|:|'g'I + pa - e

(13)
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Mext, we find the weak formulation of the model by mmltiplying Eq. (13) by a weight fonction w EH& (2} and
then mtegrating over the domain £2 = [0, L]. Therefore Eq. (13) becomes

R R N N EIRENEAY
= (%J + (EiJiﬂk_chw"'Eiﬂ‘g‘w'l'#ﬂ'%—g_‘w%)dy.

(14

We apply mtegration by parts to the second order dermvative and term of 8f /0y in Eq. (14) and discretize the
domain to be = elements. Then, we have

zfm: (2" (u')*wﬂwaa—y“”"‘l )“‘Fifﬂ(( )ik "“(Eﬁ‘e)

i1 &
e ﬁriﬁ(t"r
s

+ o I + o] -

9)+(E uk Fer ;yﬂj "'+[5‘}'2*“‘_1‘5‘3“'4-5‘?'9%—#3(%—E’u',;_ai)dsr

(15)
Consider the first wntegration,
b § 215' Py i o 1 a4
L (?(“ Fuw +PEE+ Sk e |y (16)
We assume that
y* = .
Then
(') =1
Using linear shape functions
Vel — ¥
H
hy
an
Hye Y
Fry
where i = yy41 — w, we obiain
v =Hyu + Harg (18)
or in the matrix form
L |
= [Hi Hg] I:‘-'!:I f (15}

Replacing the weight fimetion w by the linear shape finetion Eq. (17) and substituing Eq. (19) into Eq. (16),
we have the 2 x 2 matrix

i [ (2o ] )
+ ekt [g;] [H Hi] [mu_:l] )dy

i+ 2;.!' H\Hy HyHq H{H{ H{H} _y [HyH, HyH, o,
[K‘]_!;i (F |:H9H1 HyHy M HLHY H4HY +elpke HaHy HoHy ay gl

Define

ki1 Jm] a0

[Ke] = [kui kg | ”
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The elements ky; in [K,] can be caleulated as follows. Consider

¥i+1 0
kg = j F"‘HIHI + pH{H, + Spk~ H Hy dy
W
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B 0l —zr)2 (—1)2 P (grm —zr)2
= = — Ll A R
jyn ?_( by ta by +euk by y

= 4

B+l

W\ (&)@

26 f o vy
=m (yi-riy_ﬂyl-i—l?'l'i ‘ g

BFisr Eijj.k_i

¥it1 a iy 3
=f,, . TP‘(M:,M)J, (ﬁf})“:pk-i (sfﬂ verty +y )dy

hl
Hi+l

A (sr?+11r - 2H1+1§ + ?)

B

2 3=t 2
A EJF; (!l'|+1 #4+1!h3 B+ 1y; !{?) +%{y‘+1 2

shukt (L‘f-'-i — By v+ Bunr1n] —yf)
+ ]

R 3

2 = B Ei_uk_l ! i 4
=m(w) +,%(!l'ﬁ+1—m}+ = ([311-13 ) )
_2% (EY k™t
~a (3 S5 (5)
L T

Thus,
2oty g1y,
IR BASAGA ”kT @n
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Consider

Pit1 g
Foga = f _F:'HIHQJ, wH{HY + S uk~ Hy Hy dy
B

[ () (CR2) oo (5) ) v (2572 (452)

hy
=f°"+‘£(:n+igr BN — ¥ +mr) ( ) o k_1(su+1gr Bl U — y°+g.u1r)dy
‘l

E hZ CH
:“- (&)

Bi+l

B
24 ¥ ¥ s
= m‘g (El't-'-i? — Y1 — 3 + %?

Wi

k-t 9 A B
+_h?_ !l'|+1? — W+l — E+ !ﬁ?

1 a
k! y’- sr’ g 3
+—E#h? (‘TH—L‘?-'Lﬂﬁ—lTH-I-my‘,;l—!I'i+1%+!h+1!n+!§ %)
ol A0 3/ (3
_ ﬁ (m‘ﬂ 3y++1mﬁ+ Byer 1] Lr;)_ f} " A
+£p|: 1 (!.I'.—,.'.1—3!1"5-'-121'1'|-3’!1!’|-1-1!f:l !fa)
3
i _ i k—l
=E'T;,5((y'+l ) )_%(mﬂ_!ﬁ}+-€|“h‘ (Eiﬂﬂﬁ i) )
2,1 k=l £ pd
) e 1)
G| E‘#k"*‘-
=as h, Vg <
= I I 1
iz = h' ;_l%+—£'mk.Et I,a"=-k421. 2%
amd

Y b Nl I — —1(!’—%)9
_f,,. ;l( i ) +"‘(h,) +cuk T dy

Vit D -
s — f ngHg Y pHYH Y + 'k Hy Hy dy
il

Lzt Fata
2 [yt “ WL g1 g,d o2
E"h (T—ﬂ_iﬂ‘l'!f?&f + ﬁ (!l') + ﬁ? E—ﬂ;gﬂ-l—gﬁagr
B L B
24 srfﬂ - 3§fg+1!l'| + Byganf — o) I
= TRl ( 3 +ia (W1 — Vi)
.f-‘k 1 (!ﬁ+1 — 3!4'11-13'4. + 3!!'11—13’1, — Ll'qa)
Bl 3
hy
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3 et _
Fog = gih‘E (%) + % (41 — ) + % (%)

258 7R3 cluk—! 2
- (5)+ - B ()
26k, p | ek th
=—1+E+T.
T, i {51
hy o EpkTR
bﬂ!=?+a+ 3 23)
MNext, we consider the right hand s1de forms of Eq. (13):
i um® 3 ™ = wy
._J ( o EB( ’9) (|t (mﬂ)+' HEACa (5) 24

2

[ - a
+ (') ke 1ﬂmﬂ+3ﬂ'g‘w—nf£ —s'w%)dy+ﬂ[wﬂé“+#[wqﬁ-

Deafine the vactor

[J‘t]=f“MI({ 0 .:5—“:— g;] Egl}gyk‘lqﬁ:—g [g;] T @) ke [gi]

+ (&) ukep [H ] T ety [Hi] ikl [Hi] - s [gi] )dy a5+ i /]
@)

where the variables m Eq_ (25) are known which can be calculated by ceding 1n a computer programe

& Conclusien

In this study, we conmider the flmd flow m the Peneihary layer (PCL) containing cilia. When cilia make
angle #, which iz less than 902, with the horizontal plane, the region PCL is divided into 2 layers that are a
free-fhud region and a porons medinm as shown in Figure 3. The PCL has only one domam, a porous medium,
if cilia is perpendicular fo the horizental plane. We apply the Stokes-Brmkman equations in macroscopic scale
embeddmg a nonlinear term with a moving sohﬂphasetntimpmblem The maeroscale eqluh.ms ara derived
by using Hyborid Mixture Theory (HTM). The Brinkman equation is employed in the porens region while the
Stokes equation is applied i the free-fluid domain The veloeity of cilia 15 added into the Brinkman equation
as a source term sinee the PCL fluid moves by the ciliary beating mstead of the pressure gradient. In this work,
the nonlinear term is chanzed into a linear form by usmg a classical hinearization method. We use the Galerkin
finite element method to discretize the one-dimensional Stokes-Brinkman squations with the nonlmear term.
The numerical solutions of this study will be provided in fiuture work.
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