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Abstract

TIF QSPCMFN PG UPYJD DPOUBNJOBOUT JO HSPVOEXBUFS XJUI HSPVOEXBUFS QPMMVUJPO
NFBTVSFNFOU NPEFM. A BEWFDUJPO-EJGGVTJPO FRVBUJPO JT VTFE UP EFTDSJCF UIF DPODFSOFE
NPEFM. TIF UIFPSFUJDBM TPMVUJPO PG UIF BEWFDUJPO-EJGGVTJPO FRVBUJPO JT MJNJUFE POMZ JO
JEFBM UPQPHSBQIZ. AQQMJDBUJPOT PG OVNFSJDBM TPMVUJPOT BSF JOŴVFODFE JO TFWFSBM JOJUJBM BOE
CPVOEBSZ DPOEJUJPOT XIFO EFBMJOH XJUI DPNQMFY HFPNFUSJFT. IO UIJT SFTFBSDI, OVNFSJDBM
TJNVMBUJPOT GPS POF-EJNFOTJPOBM HSPVOEXBUFS QPMMVUJPO NFBTVSFNFOU BSPVOE MBOEųMMT
NPEFM UISPVHI IFUFSPHFOFPVT TPJM BSF GPDVTFE. TIF GPSXBSE UJNF DFOUFS TQBDF BOE
SBVMZFW ųOJUF EJGGFSFODF UFDIOJRVFT BSF VTFE UP BQQSPYJNBUF UIF TPMVUJPOT. TIF BDDVSBDZ
PG QSPQPTFE UFDIOJRVFT BSF UP FYBNJOF CZ DPNQBSJOH UIF BQQSPYJNBUFE TPMVUJPOT XJUI
UIF BOBMZUJDBM TPMVUJPO. TIF QVSQPTFE UFDIOJRVF HJWFT HPPE BHSFFNFOU BQQSPYJNBUFE
TPMVUJPO.

Keywords : HSPVOEXBUFS QPMMVUJPO, BEWFDUJPO-EJGGVTJPO, MBOEųMMT, TBVMZFW ųOJUF EJGGFSFODF
NFUIPE, IFUFSPHFOFPVT TPJM.
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Chapter 1
Introduction

1.1 Research Motivation
GSPVOEXBUFS JT JNQPSUBOU UP QFPQMF. TIF SVSBM QPQVMBUJPO JT VTFE HSPVOEXBUFS

GPS DPOTVNQUJPO, BHSJDVMUVSF BOE JOEVTUSJBM QSPDFTTFT. GSPVOEXBUFS JT BO JNQPSUBOU SF-
TFSWF XBUFS TPVSDF UP TVQQPSU FYQBOTJPO UIF QPQVMBUJPO BOE TPVSDF PG SFDIBSHF GPS MBLFT,
SJWFST, BOE XFUMBOET. IO JOEVTUSJBM QSPDFTTFT, HSPVOEXBUFS JT BO JNQPSUBOU DPNQPOFOU EVF
UP JU JT VTFE BT B SBX NBUFSJBM GPS QSPEVDUJPO. GSPVOEXBUFS JT GPVOE JO UIF DSBDLT BOE
TQBDFT JO TPJM, DPNNVOJUZ IBWF UP QVNQ VQ JU GPS VTF. IU JT JNQPSUBOU UIBU HSPVOEXBUFS
JT OPU DPOUBNJOBUFE. TIF RVBMJUZ PG HSPVOEXBUFS EFQFOE PO EFQUI BOE HFPMPHJDBM TPJM
DPOEJUJPO, JU JT WVMOFSBCMF UP DPOUBNJOBUJPO GSPN B SBOHF PG BDUJWJUJFT PG JOEVTUSJBM BOE
BHSJDVMUVSBM QMBOUT. IO TIBJMBOE, HSPVOEXBUFS TPVSDF BSF EJWJEFE JOUP UXP UZQFT HSPVOE-
XBUFS CBTJO BOE HSPVOEXBUFS JO SPDL TPVSDF BSFB. TIF HSPVOEXBUFS CBTJO PSJHJOBUF GSPN
TFEJNFOU EFQPTJUT JO UIF CIBP PISBZB RJWFS BBTJO, IU DPOTJTUT PG B MBZFS PG HSBWFM TBOE BOE
DMBZ. TIF HSPVOEXBUFS JO SPDL TPVSDF BSFB BSF MPDBUFE JO OPSUI BOE FBTUFSO PG UIF CIBP
PISBZB RJWFS BBTJO, IU DPOTJTUT PG WPMDBOJD SPDLT, TBOETUPOF, MJNFTUPOF BOE TIBMF. TIF
NBJO HSPVOEXBUFS TPVSDF BSF UIF CIBP PISBZB CBTJO, LPXFS UQQFS CIBP PISBZB BBTJO
BOE CIJBOH MBJ-LBNQIVO BBTJO FUD. DSJMMJOH HSPVOEXBUFS XFMMT JO SJOHCVSJ BT TIPX JO FJH
1.1-1.2. AU PSBDIVBQ KIJSJ KIBO IBT ESJMMJOH HSPVOEXBUFS XFMMT JO KVJCVSJ DJTUSJDU, UP TPMWF
UIF XBUFS TIPSUBHF QSPCMFN PG XJME BOJNBM, UPVSJTU BOE QBSL TUBGG BU KVJCVSJ OBUJPOBM QBSL
BT TIPX JO FJH 1.3.

TIF HSPVOEXBUFS QPMMVUJPO JT BMNPTU UIF CJHHFTU QSPCMFN JO UIF XPSME. GSPVOEXB-
UFS JT TVTDFQUJCMF UP QPMMVUBOUT BOE DPOUBNJOBOU PDDVST GSPN JOEVTUSJBM GBDUPSZ, BHSJDVMUVSF
BOE NBOVGBDUVSF QSPEVDUT. GSPVOEXBUFS OPU TBGF FOPVHI GPS VTF, WIFO UIF DPOUBNJOBOU
ŴPXT EPXO UIF TPJM. IG QFPQMF ESJOLJOH HSPVOEXBUFS DPOUBNJOBUFE, UIFZ NBZ HFU EJSFDUMZ
BGGFDUFE UP IFBMUI. RBUDIBCVSJ WJMMBHFST BSF BGGFDUFE CZ DPOUBNJOBOUT JO HSPVOEXBUFS
TPVSDFT GSPN XBTUF EJTQPTBM QMBOUT BT TIPX JO FJH 1.4. PPUFOUJBM TPVSDFT PG HSPVOEXB-
UFS DPOUBNJOBUJPO TVDI BT TUPSBHF UBOLT, TFQUJD TZTUFNT, VODPOUSPMMFE IB[BSEPVT XBTUF,
MBOEųMMT, DIFNJDBMT, RPBE SBMUT BOE BUNPTQIFSJD DPOUBNJOBOUT. TIJT SFTFBSDI GPDVTFT PO
UIF QSPCMFN PG HSPVOEXBUFS DPOUBNJOBUJPO DBVTFE CZ MBOEųMMT XIFSF QFPQMF UBLF UIF
HBSCBHF. CPOUBNJOBOUT GSPN UIF MBOEųMM DBO ŴPX JOUP UIF HSPVOEXBUFS EVF UP UIFSF JT OP
MBZFS UP QSFWFOU DPOUBNJOBOUT PS JU JT DSBDLFE JO TPJM. IO FJH.1.5 BT TIPX MBOEųMMT, QFPQMF
MJWF OFBS UIJT MBOEųMMT BSF NPTU BGGFDUFE CZ HSPVOEXBUFS QPMMVUJPO TPVSDFT.
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Figure 1.1: GSPVOEXBUFS XFMMT JO SJOHCVSJ UP TPMWF ESPVHIU QSPCMFNT [15>

Figure 1.2: EYDBWBUJPO PG HSPVOEXBUFS JO SJOH BVSJ [15>
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Figure 1.3: GSPVOEXBUFS XFMMT JO KVJCVSJ UP TPMWF UIF XBUFS TIPSUBHF QSPCMFN [16>

Figure 1.4: TIF BGGFDUFE PG DPOUBNJOBOUT JO HSPVOEXBUFS TPVSDFT [17>
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Figure 1.5: LBOEųMMT [18>

TIF FGGFDU PG DPOUBNJOBUFE HSPVOEXBUFS DPOTVNQUJPO JT MJGF UISFBUFOJOH. IG SF-
DFJWJOH B MPU PG UPYJD TVCTUBODFT, JU JT DBVTF EJTFBTFT. BMVF CBCZ TZOESPNF JT B EJTFBTF
DBVTFE CZ CBCZ XIP SFDFJWF HSPVOEXBUFS DPOUBNJOBUFE XJUI OJUSBUFT. NJUSBUF JOUFSSVQUT
UIF PYZHFO QBUIXBZ JOUP UIF CPEZ, UIJT DBVTFT NBEF UIF TLJO UBLF PO B CMVF DPMPS BT
TIPX JO FJH 1.6. QVBMJUZ PG HSPVOEXBUFS JT JNQPSUBOU GPS DPOTVNQUJPO UIFO JU NVTU QBTT
UIF HSPVOEXBUFS TUBOEBSE BT TIPX JO UBCMF 1.1.

Figure 1.6: BMVF CBCZ TZOESPNF [19>
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Table 1.1: GSPVOEXBUFS TUBOEBSE GPS DPOTVNQUJPO
BUUSJCVUF JOEFY PG XBUFS RVBMJUZ UOJU TUBOEBSE TDPSF

AQQSPQSJBUF DSJUFSJB MBY HSBDF DSJUFSJB
QIZTJDBM CPMPVS PMBUJOVN-DPCBMU 5 15

TVSCJEJUZ TVSCJEJUZ VOJU 5 20
QH - 7.0-8.5 6.5-9.2

CIFNJDBM TUFFM(FF) NH/M NP NPSF UIBO 0.5 1.0
NBOHBOFTF(FF) NH/M NP NPSF UIBO 0.3 0.5
DPQQFS(DV) NH/M NP NPSF UIBO 1.0 1.5
[JOD(ZO) NH/M NP NPSF UIBO 5.0 15.0
SVMGBUF(SO4) NH/M NP NPSF UIBO 200 250
CIMPSJEF(CM) NH/M NP NPSF UIBO 250 600
FMVPSJEF(F) NH/M NP NPSF UIBO 0.7 1.0
NJUSBUF(SO3) NH/M NP NPSF UIBO 45 45
TPUBM HBSEOFTT BT CaCO3 NH/M NP NPSF UIBO 300 500
NPO DBSCPOBUF IBSEOFTT BT CaCO3 NH/M NP NPSF UIBO 200 250
TPUBM EJTTMWFE TPMJET NH/M NP NPSF UIBO 600 1200

TPYJD TVCTUBODF ASTFOJD(AT) NH/M OPOF 0.05
CZBOJEF(CO) NH/M OPOF 0.1
LFBE(PC) NH/M OPOF 0.05
MFSDVSZ(HH) NH/M OPOF 0.001
CBENJVN(CE) NH/M OPOF 0.01
SFMFOJVN(SF) NH/M OPOF 0.01

BBDUFSJB SUBOEBSE QMBUF DPVOU CPMPOZ QFS DD NP NPSF UIBO 500 -
MPTU PSPCBCMF NVNCFS (MPN) M.P.N QFS DD LFTT UIBO 2.2 -
E.DPMJ - OPOF -

CPOUBNJOBOU ŴPX EPXO GSPN MBOEųMMT UP HSPVOEXBUFS BOE JU TQSFBE UP UIF TVS-
SPVOE BSFB. AEWFDUJPO BOE EJGGVTJPO PG DPOUBNJOBOUT JO HSPVOEXBUFS NBLFT UIF TVSSPVOE-
JOH BSFB UP CF BGGFDUFE. WF EPO’U LOPX UIF FYBDU UJNF PG DPOUBNJOBOUT NFBTVSFNFOU
JO HSPVOEXBUFS, CFDBVTF DPOUBNJOBOUT IBWF B WFSZ TMPX ŴPX WFMPDJUZ. IG UIFSF IBWF
DPNNVOJUZ OFBS MBOEųMMT UIFO DPOUBNJOBOUT NFBTVSFNFOU JO HSPVOEXBUFS JT EJGųDVMU.
MBUIFNBUJDBM NPEFM JT VTFE NFBTVSFNFOU DPOUBNJOBOUT JO HSPVOEXBUFS GSPN MBOEųMMT
UP DPNNVOJUZ.

Figure 1.7: DJGGVTJPO QIFOPNFOPO JO XBUFS [20>
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Figure 1.8: AEWFDUJPO-DJGGVTJPO QIFOPNFOPO JO XBUFS

1.2 Literature review
TIFSF BSF TFWFSBM VTF PG UIF BEWFDUJPO-EJGGVTJPO FRVBUJPO (ADE), JODMVEJOH IFBU

USBOTGFS, TFEJNFOU USBOTQPSU BOE XBUFS QPMMVUBOU DPODFOUSBUJPO NFBTVSFNFOU. [1> JOUSP-
EVDFE B FYQMJDJU BOE JNQMJDJU GPSNT PG EJGGFSFOUJBM RVBESBUVSF NFUIPE GPS BQQSPYJNBUJOH
ADE XJUI DPOTUBOU DPFGųDJFOU. TIF EFWFMPQFE TDIFNF XBT CBTFE PO B NBUIFNBUJDBM
DPNCJOF CPUI SJFNJFOJVDI BOE GSBEXFMM BQQSPYJNBUJPO GPS UJNF BOE DFIHIBO’T BQQSPYJ-
NBUJPO GPS TQBUJBM WBSJBCMF. IO [2>, UIFZ IBWF TPMWFE ADE XJUI BO FYQMJDJU BQQSPBDI PG ųOJUF
EJGGFSFODF NFUIPE (EFDM) BOE WBSJBCMF DPFGųDJFOUT JO TFNJ-JOųOJUF EPNBJO. TIJT FRVBUJPO
DBO BOBMZ[F UISFF EJTQFSTJPO QSPCMFNT:

(J) SPMVUF EJTQFSTJPO BMPOH QPJTFE ŴPX UISPVHI JOIPNPHFOFPVT NFEJVN.
(JJ) TFNQPSBSJMZ EFQFOEFOU TPMVUF EJTQFSTJPO BMPOH VOJGPSN ŴPX UISPVHI IPNP-

HFOFPVT NFEJVN.
(JJJ) SPMVUF EJTQFSTJPO BMPOH UFNQPSBSJMZ EFQFOEFOU OPU QPJTFE ŴPX UISPVHI JOIP-

NPHFOFPVT NFEJVN.
IO [3>, UIFZ IBWF TPMWFE UIF POF-EJNFOTJPOBM (1D) ADE XJUI WBSJBCMF DPFGųDJFOUT

JO TFNJ- JOųOJUF NFEJB CZ VTJOH EFDM GPS UXP EJTQFSTJPO QSPCMFNT:
(J) TFNQPSBSJMZ EFQFOEFOU EJTQFSTJPO JO VOJGPSN ŴPX.
(JJ) SQBUJBMMZ EFQFOEFOU EJTQFSTJPO JO OPO-VOJGPSN ŴPX, VOJGPSN QVMTF-UZQF JO-

QVU DPOEJUJPO BOE JOJUJBM TPMVUF DPODFOUSBUJPO, UIBU EFDSFBTJOH GVODUJPO PG EJTUBODF XFSF
DPOTJEFSFE.

IO [4>, UIF EFDM UP PCUBJO UIF EJTQFSTJPO UISPVHI B IFUFSPHFOFPVT IPSJ[POUBM TFNJ-
JOųOJUF NFEJVN. TIF IFUFSPHFOFPVT OBUVSF PG UIF NFEJVN XBT EJTDPVSTFE CZ B QPTJUJPO
EFQFOEFODZ MJOFBS OPOIPNPHFOFPVT FYQSFTTJPO GPS WFMPDJUZ XJUI OPU QPJTFE FYQPOFOUJBM
WBSJBUJPO XJUI UJNF. VFMPDJUZ BOE EJTQFSTJPO XBT [FSP BU UIF PSJHJO. IO [5>, BO BOBMZUJDBM TPMV-
UJPO UP POF-EJNFOTJPOT ADE XJUI TFWFSBM QPJOU TPVSDFT UISPVHI BSCJUSBSZ UJNF-EFQFOEFOU
EJTDIBSHJOH SBUF JT QSPQPTFE. TIFZ SFQPSUFE UIBU UIF SFTVMUT IBE JOEJDBUFE, UIF QSPQPTFE
BOBMZUJDBM TPMVUJPO DPVME PGGFS BO BDDVSBUF FTUJNBUJPO PG UIF DPOUFNQMBUJPO. TIF MJNJ-This material is reserved for educational use only, not allowed for commercial use. 
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UBUJPOT PG UIF QSPQPTFE TPMVUJPO XFSF WBMJE POMZ GPS UIF DPOTUBOU-QBSBNFUFST DPOEJUJPO,
BOE XBT OPU DPNQVUBUJPOBM QFSGPSNBODF GPS QSPCMFNT JOWPMWJOH B IJHI UFNQPSBM PS B IJHI
TQBUJBM SFTPMVUJPO.

TIF JOIPNPHFOFJUZ PG UIF NFEJVN DBVTFT WBSJBUJPO JO UIF ŴPX WFMPDJUZ, [2, 6>. IO
[7>, TUVEJFE PO UIF WBSJBUJPO PG UIF JODSFBTJOH OBUVSF. IO UIJT SFTFBSDI, XF XJMM QSPQPTF
BO FYQMJDJU ųOJUF EJGGFSFODF UFDIOJRVF GPS BO BEWFDUJPO-EJGGVTJPO FRVBUJPO XJUI WBSJBCMF
DPFGųDJFOU JO B TFNJ-JOųOJUF EPNBJO. DVF UP UIF MPX BEWFDUJPO HSPVOEXBUFS ŴPX, UIF
DPOUBNJOBUFE HSPVOEXBUFS ŴPX NFBTVSFNFOU OFFE WFSZ MPOH UFSN USBOTJUJPO UJNF. TIF
FGGFDUJWF UJNF PG QSFEJDUJPO XJMM CF MBSHFS UIBO B ZFBS. TIF TJNVMBUJPO PG DPOUBNJOBUFE
HSPVOEXBUFS MFWFM JO GBSBXBZ QPJOU OFFE UP CF JOUSPEVDFE.

IO UIJT SFTFBSDI, UIF USBOTJFOU DPOUBNJOBUFE HSPVOEXBUFS EJTQFSTJPO NFBTVSFNFOU
BSPVOE MBOEųMMT NPEFM XJMM CF JOUSPEVDFE. TIF JOIPNPHFOFPVT TPJM CZ UIF CPUUPN UP-
QPHSBQIZ XJMM CF BMTP DPODFSOFE JO UIF QSPQPTFE NPEFM. TIF ųOJUF EJGGFSFODF UFDIOJRVF
UIBU JT VTFE UP PCUBJO UIF BQQSPYJNBUFE TPMVUJPOT BSF QVSQPTFE. TIF BDDVSBDZ PG UIF
QVSQPTFE OVNFSJDBM NFUIPET BSF UFTUFE CZ DPNQBSJTPO UIFN XJUI BO BOBMZUJDBM TPMVUJPO
JO BO JEFBM DBTF.

1.3 Objectives of the study
1) TP QSPQPTF NBUIFNBUJDBM NPEFM PG QSPCMFN PG UPYJD DPOUBNJOBOUT JO HSPVOEXBUFS

NFBTVSFNFOU.

2) TP EFųOF JOJUJBM DPOEJUJPO BOE CPVOEBSZ DPOEJUJPO DPOTJTUFOU XJUI SFBMJTUJD TJNVMB-
UJPOT PG UPYJD DPOUBNJOBOUT JO HSPVOEXBUFS.

3) TP EFųOF GVODUJPOT PG DPOUBNJOBUFE HSPVOEXBUFS EJTQFSTJPO DPFGųDJFOU BOE GVOD-
UJPOT PG DPOUBNJOBUFE HSPVOEXBUFS ŴPX WFMPDJUZ UISPVHI DPOTJEFSFE IFUFSPHFOFPVT
TPJM.

4) TP QSPQPTF OVNFSJDBM NFUIPE UP PCUBJO UIF BQQSPYJNBUFE HSPVOEXBUFS QPMMVUBOU
DPODFOUSBUJPO JO MPOH UFSN PG UJNF.

5) TP QSPQPTF SFBMJTUJD OVNFSJDBM TJNVMBUJPO.

1.4 Scopes of the study
1) TP TUVEZ UIF POF-EJNFOTJPO BEWFDUJPO-EJGGVTJPO FRVBUJPO (ADE)

2) TP MPOH UFSN TJNVMBUJPO PG UPYJD DPOUBNJOBOUT JO HSPVOEXBUFS.

3) TP TUVEZ QSPCMFN PG UPYJD DPOUBNJOBOUT JO HSPVOEXBUFS UISPVHI IFUFSPHFOFPVT TPJM.

4) TP BQQSPYJNBUF TPMVUJPO PG UPYJD DPOUBNJOBOUT JO HSPVOEXBUFS.
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1.5 Methodology
1) SUVEZ NBUIFNBUJDBM NPEFM PG QSPCMFN PG UPYJD DPOUBNJOBOUT JO HSPVOEXBUFS.

2) DFųOF JOJUJBM DPOEJUJPO BOE CPVOEBSZ DPOEJUJPO DPOTJTUFOU XJUI QSPCMFN PG UPYJD
DPOUBNJOBOUT JO HSPVOEXBUFS.

3) DFųOF GVODUJPOT PG DPOUBNJOBUFE HSPVOEXBUFS EJTQFSTJPO DPFGųDJFOU BOE GVODUJPOT
PG DPOUBNJOBUFE HSPVOEXBUFS ŴPX WFMPDJUZ UISPVHI DPOTJEFSFE IFUFSPHFOFPVT TPJM.

4) UTJOH OVNFSJDBM NFUIPET UP TJNVMBUF UIF HSPVOEXBUFS RVBMJUZ NFBTVSFNFOU.

1.6 Benefits of the study
1) WF DBO NFBTVSF HSPVOEXBUFS QPMMVUJPO JO MPOH SVO.

2) WF DBO GPSFDBTU HSPVOEXBUFS RVBMJUZ BOE PUIFS FGGFDUT JO UIF GVUVSF.

3) WF DBO GPSFDBTU TPNF BGGFDU PG B MBOEųMM UP TVSSPVOEJOH DPNNVOJUZ.

1.7 Plan of the thesis

1.7.1 first part
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1.7.2 Second part
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Chapter 2
Governing Equation

GSPVOEXBUFS QPMMVUBOU DPOUBNJOBOU DBO QSFEJDU CZ UIF HSPVOEXBUFS QPMMVUJPO
NFBTVSFNFOU NPEFM. GSPVOEXBUFS QPMMVUJPO QSPCMFN BT TIPX JO FJH 2.1, DPOUBNJOBOU
ŴPX GSPN MBOEųMMT UP HSPVOEXBUFS BOE JU EJTQFSTF UP UIF DPNNVOJUZ BSFB. IO UIJT SFTFBSDI,
QSFEJDU QPMMVUBOU DPOUBNJOBOU JO HSPVOEXBUFS GSPN MBOEųMM UP DPNNVOJUZ UISPVHI IFU-
FSPHFOFPVT TPJM. TIF TPJM JT EJWJEFE JOUP 3 UZQFT TVDI BT DMBZ, TBOEZ TPJM, DPNCJOBUJPO PG
DMBZ. HFUFSPHFOFPVT TPJM JT NJYFE TPJM, JU DBVTFT UIF EJGGVTJPO DPFGųDJFOU BOE ŴPX WFMPDJUZ
ųFME BSF VOFRVBM JO FBDI BSFB BT TIPX JO FJH 2.2.

Figure 2.1: GSPVOEXBUFS QPMMVUJPO QSPCMFN

Figure 2.2: HFUFSPHFOFPVT TPJM
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2.1 Contaminated groundwater dispersion along unsteady flow through
general soil
TIF POF-EJNFOTJPO BEWFDUJPO-EJGGVTJPO FRVBUJPO (ADE) JT FYQSFTTFE BT GPMMPXT [6>,

∂C (x, t)

∂t
=

∂

∂x

(
D (x, t)

∂C (x, t)

∂x

)
− ∂u (x, t)C (x, t)

∂x
, (2.1)

GPS BMM (x, t) ∈ Ω TVDI UIBU Ω = [0, L] × [0, T ] , XIFSF BSF C (x, t) UIF EJTQFSTJOH TPMVUF
DPODFOUSBUJPO, UIF MPOHJUVEJOBM BYJT, BOE UJNF, SFTQFDUJWFMZ.

Figure 2.3: DPNBJO EJBHSBN

2.2 Contaminated groundwater dispersion along unsteady flow through
inhomogeneous soil
IG UIF DPOTJEFSFE BSFB IBT JOIPNPHFOFPVT TPJM QSPQFSUJFT, UIF EJGGVTJPO UFSN BOE

UIF BEWFDUJWF UFSN DBO CF BTTVNFE CZ [1>,

D = D0f1 (x, t) , (2.2)

u = u0f2 (x, t) , (2.3)
XIFSF D0 BOE u0 BSF HJWFO UIF EJGGVTJPO DPOUBNJOBUFE HSPVOEXBUFS QPMMVUBOU DPFGųDJFOU
DPOTUBOU BOE UIF BEWFDUJWF DPOUBNJOBUFE HSPVOEXBUFS QPMMVUBOU DPFGųDJFOU DPOTUBOU,
BOE f1 (x, t) , f2 (x, t) BSF HJWFO GVDUJPOT XIJDI BSF SFQSFTFOU UIF EJGGVTJWF UFSN BOE UIF
BEWFDUJWF UFSN EVF UP UIF JOIPNPHFOFPVT TPJM. UIF ER.(2.1) CFDPNFT [1>,

∂C (x, t)

∂t
= D0

∂

∂x

(
f1 (x, t)

∂C (x, t)

∂x

)
− u0∂f2 (x, t)C (x, t)

∂x
, (2.4)

GPS BMM (x, t) ∈ [0, L]×[0, T ] , XIFSF D0 BOE u0 BSF DPOTUBOU WBMVFT XIPTF EJNFOTJPOT EFQFOE
VQPO UIF FYQSFTTJPOT f1 (x, t) BOE f2 (x, t) BOE f1 (x, t) BOE f2 (x, t) BSF HJWFO GVODUJPOT. TIF
BOBMZUJDBM TPMVUJPOT PG ADE GPS UIF QSFWJPVTMZ NFOUJPOFE UXP IZESPEZOBNJD EJTQFSTJPO
QSPCMFNT XFSF JOUSPEVDFE CZ [6>.This material is reserved for educational use only, not allowed for commercial use. 
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2.3 The initial and boundary conditions
TIF JOJUJBM DPOEJUJPO JT EFųOFE CZ BO JOUFSQPMBUJPO GVODUJPO PG NFBTVSFE SBX EBUB.

TIF CPVOEBSZ DPOEJUJPOT DBO CF DMBTTJųFE JOUP UXP DBTFT.

2.3.1 Potential contaminated groundwater
AO JOJUJBMMZ TPMVUF GSFF DPOEJUJPO JT BTTVNFE GPS CPUI PG UIF QSPCMFNT JO UIF TFNJ-

JOųOJUF EPNBJO. MFBOXIJMF, B VOJGPSN EJTUSJCVUJPO PG OPEFT JT BQQMJFE BU UIF PSJHJO PG UIF
EPNBJO. TIF JOJUJBM DPOEJUJPO, JT BTTVNFE CZ

C(x, 0) = f (x) , (2.5)

GPS BMM x ∈ [0, L], XIFSF f (x) JT BO JOJUJBMMZ QPMMVUBOU DPODFOUSBUJPO GVODUJPO.

Figure 2.4: TIF JOJUJBM DPOEJUJPO

Figure 2.5: TIF JOJUJBM DPOEJUJPO JO HSPVOEXBUFS QPMMVUJPO QSPCMFN
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2.3.2 Contaminated groundwater at two monitoring points
TIF CPVOEBSZ DPOEJUJPOT, BSF BMTP BTTVNFE CZ

C(0, t) = g1 (t) , (2.6)
C(L, t) = g2 (t) , (2.7)

GPS BMM t ∈ [0, T ], XIFSF g1 (t) BOE g2 (t) CPVOEBSZ TPVSDFT PG QPMMVUBOU DPODFOUSBUJPO PO
UIF TUBSUJOH QPJOU BOE UIF FOE QPJOU PG UIF SBEJVT PG DPOTJEFSFE BSFB, SFTQFDUJWFMZ.

Figure 2.6: TIF CPVOEBSZ DPOEJUJPOT PG UXP NPOJUPSJOH QPJOUT

Figure 2.7: TIF CPVOEBSZ DPOEJUJPOT PG UXP NPOJUPSJOH QPJOUT JO HSPVOEXBUFS QPMMVUJPO QSPCMFN

2.3.3 Contaminated groundwater at the single static monitoring point
TIF MFGU CPVOEBSZ DPOEJUJPO JT BTTVNFE CZ UIF JOUFSQPMBUJPO GVODUJPO PG NFBTVSFE

SBX EBUB BU UIF DPOTJEFSFE MBOEųMM. TIF SJHIU CPVOEBSZ DPOEJUJPO JT BTTVNFE CZ UIF
BWFSBHFE SBUF PG DIBOHF PG QPMMVUBOU DPODFOUSBUJPO BSPVOE UIF SJHIU FOEFE QPJOU. TIF
CPVOEBSZ DPOEJUJPOT, BSF BMTP BTTVNFE CZ

C(0, t) = g1 (t) , (2.8)
∂C(L, t)

∂x
= κ, (2.9)

This material is reserved for educational use only, not allowed for commercial use. 
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GPS BMM t ∈ [0, T ], XIFSF g1 (t) BOE κ CPVOEBSZ TPVSDFT PG QPMMVUBOU DPODFOUSBUJPO PO UIF
TUBSUJOH QPJOU BOE UIF SBUF PG DIBOHF PG QPMMVUBOU DPODFOUSBUJPO XJUI SFTQFDU UP EJTUBODF
BSPVOE UIF FOEFE QPJOU PO UIF DPOTJEFSFE BSFB, SFTQFDUJWFMZ.

κ = 0 (UIFSF JT OP SBUF PG DIBOHF PG QPMMVUBOU DPODFOUSBUJPO BSPVOE UIF FOEFE-
QPJOU)

κ > 0 (UIF JODSFBTJOH SBUF PG DIBOHF PG QPMMVUBOU DPODFOUSBUJPO BSPVOE UIF FOEFE-
QPJOU)

κ < 0 (UIF SFEVDJOH SBUF PG DIBOHF PG QPMMVUBOU DPODFOUSBUJPO BSPVOE UIF FOEFE-
QPJOU)

Figure 2.8: TIF CPVOEBSZ DPOEJUJPOT PG UIF TJOHMF NPOJUPSJOH QPJOU

Figure 2.9: TIF CPVOEBSZ DPOEJUJPOT PG UIF TJOHMF NPOJUPSJOH QPJOU JO HSPVOEXBUFS QPMMVUJPO QSPC-
MFN
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Chapter 3
Numerical Techniques

WF OPX EJTDSFUJ[F UIF EPNBJO CZ EJWJEJOH UIF JOUFSWBM [0, L] JOUP M TVCJOUFSWBMT
TVDI UIBU M∆x = L BOE UIF UJNF JOUFSWBM [0, T ] JOUP N TVCJOUFSWBMT TVDI UIBU N∆t = T.

TIF HSJE QPJOUT (xi, tn) BSF EFųOFE CZ xi = i∆x GPS BMM i = 1, 2, 3, . . . ,M BOE tn = n∆t GPS
BMM n = 1, 2, 3, . . . , N JO XIJDI M BOE N BSF QPTJUJWF JOUFHFST BT TIPX JO FJH 3.1. WF DBO
UIFO BQQSPYJNBUF C (xi, tn) CZ Cn

i , WBMVF PG UIF EJGGFSFODF BQQSPYJNBUJPO PG C (x, t) BU
QPJOU x = i∆x BOE t = n∆t, XIFSF 0 ≤ i ≤ M BOE 0 ≤ n ≤ N.

Figure 3.1: GSJE TQBDJOH

3.1 Forward time central space finite difference scheme
TBLJOH UIF GPSXBSE UJNF DFOUSBM TQBDF UFDIOJRVF JOUP ER.(2.4), JU DBO CF PCUBJOFE

UIF GPMMPXJOH EJTDSFUJ[BUJPO:

C (xi, tn) ∼= Cn
i , (3.1)

∂C

∂t

∣∣∣∣
(xi,tn)

∼=
Cn+1

i − Cn
i

∆t
, (3.2)

∂C

∂x

∣∣∣∣
(xi,tn)

∼=
Cn

i+1 − Cn
i−1

2∆x
, (3.3)

∂2C

∂x2

∣∣∣∣
(xi,tn)

∼=
Cn

i+1 + Cn
i−1 − 2Cn

i

(∆x)
2 , (3.4)

f1 (xi, tn) = fn
1 i
, (3.5)

f2 (xi, tn) = fn
2 i
. (3.6)

SVCTUJUVUJOH ERT.(3.1)-(3.6) JOUP ER.(2.4), XF HFU UIF ųOJUF EJGGFSFODF FRVBUJPO,
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Cn+1
i − Cn

i

∆t
=

(
D0 ·

∂f1
∂x

∣∣∣∣
(xi,tn)

− u0f
n
2 i

)(
Cn

i+1 − Cn
i−1

2∆x

)
− u0 ·

∂f2
∂x

∣∣∣∣
(xi,tn)

Cn
i

+D0f
n
1 i

(
Cn

i−1 − 2Cn
i + Cn

i+1

(∆x)
2

)
, (3.7)

GPS BMM i = 1, 2, 3, . . . ,MBOE n = 1, 2, 3, . . . , N − 1 TIFO UIF FYQMJDJU ųOJUF EJGGFSFODF FRVB-
UJPO CFDPNFT

Cn+1
i =

[
λn
i − 1

2
γn
i +

1

2
βn
i

]
Cn

i−1 + [1−∆tαn
i − 2λn

i ]C
n
i +

[
λn
i +

1

2
γn
i − 1

2
βn
i

]
Cn

i+1, (3.8)

XIFSF

λn
i =

∆tD0f
n
1 i

(∆x)
2 , (3.9)

βn
i =

∆t u0f
n
2 i

∆x
, (3.10)

γn
i =

∆tD0

∆x

∂f1
∂x

∣∣∣∣
(xi,tn)

, (3.11)

αn
i = u0 ·

∂f2
∂x

∣∣∣∣
(xi,tn)

, (3.12)

UIF FYQMJDJU ųOJUF EJGGFSFODF ER.(3.8) DBO CF XSJUUFO JO B DPNQBDU GPSN BT,

V n
i = λn

i − 1

2
γn
i +

1

2
βn
i , (3.13)

Gn
i = 1−∆tαn

i − 2λn
i , (3.14)

Pn
i = λn

i +
1

2
γn
i − 1

2
βn
i . (3.15)

TIFO
Cn+1

i = V n
i Cn

i−1 +Gn
i C

n
i + Pn

i C
n
i+1. (3.16)

TIF SUFODJM EJBHSBN PG UIF ųOJUF EJGGFSFODF FRVBUJPO ER.3.16 JT TIPXO JO FJH.3.2. ADDPSEJOH
UP UIF SJHIU CPVOEBSZ DPOEJUJPO ER.(2.9), JG i = M, TVCTUJUVUJOH UIF BQQSPYJNBUF VOLOPXO
WBMVF PG UIF SJHIU CPVOEBSZ [9>, XF DBO MFU

Cn
M+1 = 2κ∆x+ Cn

M−1 (3.17)

BOE CZ SFBSSBOHJOH, XF PCUBJO

Cn+1
M = (V n

M + Pn
M )Cn

M−1 +Gn
MCn

M + 2∆x · κPn
M . (3.18)

TIF GPSXBSE UJNF DFOUSBM TQBDF TDIFNF JT DPOEJUJPOBMMZ TUBCMF TVCKFDU UP DPO-
TUSBJOUT JO ER.(3.8). TIF TUBCJMJUZ SFRVJSFNFOUT GPS UIF TDIFNF BSF [9, 10>

λn
i =

∆tD0f1 (xi, tn)

(∆x)
2 <

1

2
,

βn
i , γn

i , αn
i < 1,This material is reserved for educational use only, not allowed for commercial use. 
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XIFSF λn
i JT UIF EJGGVTJPO OVNCFS (EJNFOTJPOMFTT) BOE βn

i JT UIF BEWFDUJPO OVNCFS (EJ-
NFOTJPOMFTT). IU DBO CF PCUBJOFE UIBU UIF TUSJDUMZ TUBCJMJUZ SFRVJSFNFOUT BSF UIF NBJO
EJTBEWBOUBHF PG UIJT TDIFNF.

TIF ųOJUF EJGGFSFODF GPSNVMB ER.(3.16) IBT CFFO EFSJWFE JO [11> UIBU UIF USVODBUJPO
FSSPS GPS UIJT NFUIPE JT O

{
(∆x)

2
,∆t

}

Figure 3.2: SUFODJM EJBHSBN PG GPSXBSE UJNF DFOUSBM TQBDF ųOJUF EJGGFSFODF TDIFNF
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3.2 Saulyev Explicit Finite Difference Scheme
TIF SBVMZFW TDIFNF JT VODPOEJUJPOBMMZ TUBCMF [12>. IU JT DMFBS UIBU UIF OPOTUSJDUMZ

TUBCJMJUZ SFRVJSFNFOU PG SBVMZFW TDIFNF JT UIF NBJO PG BEWBOUBHF BOE FDPOPNJDBM UP VTF.
TBLJOH SBVMZFW UFDIOJRVF [12> JOUP ER.(2.4), JU DBO CF PCUBJOFE UIF GPMMPXJOH EJTDSFUJ[BUJPO:

C (xi, tn) ∼= Cn
i , (3.19)

∂C

∂t

∣∣∣∣
(xi,tn)

∼=
Cn+1

i − Cn
i

∆t
, (3.20)

∂C

∂x

∣∣∣∣
(xi,tn)

∼=
Cn

i+1 − Cn+1
i−1

2∆x
, (3.21)

∂2C

∂x2

∣∣∣∣
(xi,tn)

∼=
Cn

i+1 − Cn
i − Cn+1

i + Cn+1
i−1

(∆x)
2 , (3.22)

f1 (xi, tn) = fn
1 i
, (3.23)

f2 (xi, tn) = fn
2 i
. (3.24)

SVCTUJUVUJOH ERT.(3.19)-(3.24) JOUP ER.(2.4), XF HFU UIF ųOJUF EJGGFSFODF FRVBUJPO,
Cn+1

i − Cn
i

∆t
=

(
D0 ·

∂f1
∂x

∣∣∣∣
(xi,tn)

− u0f
n
2 i

)(
Cn

i+1 − Cn+1
i−1

2∆x

)
− u0 ·

∂f2
∂x

∣∣∣∣
(xi,tn)

Cn
i

+D0f
n
1 i

(
Cn

i+1 − Cn
i − Cn+1

i + Cn+1
i−1

(∆x)
2

)
, (3.25)

GPS BMM i = 1, 2, 3, . . . ,M BOE n = 1, 2, 3, . . . , N − 1. TIFO UIF FYQMJDJU ųOJUF EJGGFSFODF
FRVBUJPO CFDPNFT

Cn+1
i =

1

1 + λn
i

[(
λn
i − 1

2
γn
i +

1

2
βn
i

)
Cn+1

i−1 + (1−∆tαn
i − λn

i )C
n
i

+

(
λn
i +

1

2
γn
i − 1

2
βn
i

)
Cn

i+1

]
, (3.26)

XIFSF

λn
i =

∆tD0f
n
1 i

(∆x)
2 , (3.27)

βn
i =

∆t u0f
n
2 i

∆x
, (3.28)

γn
i =

∆tD0

∆x

∂f1
∂x

∣∣∣∣
(xi,tn)

, (3.29)

αn
i = u0 ·

∂f2
∂x

∣∣∣∣
(xi,tn)

, (3.30)

UIF FYQMJDJU ųOJUF EJGGFSFODF ER.(3.26) DBO CF XSJUUFO JO B DPNQBDU GPSN BT,
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An
i =

1

1 + λn
i

, (3.31)

Bn
i = λn

i − 1

2
γn
i +

1

2
βn
i , (3.32)

Qn
i = 1−∆tαn

i − 2λn
i , (3.33)

Zn
i = λn

i +
1

2
γn
i − 1

2
βn
i . (3.34)

TIFO
Cn+1

i = An
i

(
Bn

i C
n+1
i−1 +Qn

i C
n
i + Zn

i C
n
i+1

)
. (3.35)

TIF SUFODJM EJBHSBN PG UIF ųOJUF EJGGFSFODF FRVBUJPO ER.(3.35) JT TIPXO JO FJH.3.3. AD-
DPSEJOH UP UIF SJHIU CPVOEBSZ DPOEJUJPO ER.(2.9), JG i = M, TVCTUJUVUJOH UIF BQQSPYJNBUF
VOLOPXO WBMVF PG UIF SJHIU CPVOEBSZ [9>, XF DBO MFU

Cn
M+1 = 2κ∆x+ Cn

M−1 (3.36)
BOE CZ SFBSSBOHJOH, XF PCUBJO

Cn+1
M = An

M

(
Bn

MCn+1
M−1 +Qn

MCn
M + Zn

MCn
M−1 + 2∆x · κZn

M

)
. (3.37)

UTJOH TBZMPS TFSJFT FYQBOTJPOT PO UIF BQQSPYJNBUJPO, [13> IBT TIPXO UIBU UIF USVODBUJPO
FSSPS JT O

{
(∆x)

2
+ (∆t)

2
+ (∆t/∆x)

2
}

PS O
{
2, 2, (1/1)

2
}
.

Figure 3.3: SUFODJM EJBHSBN PG TBVMZFW FYQMJDJU ųOJUF EJGGFSFODF TDIFNF

3.3 Quadratic regression
DVF UP UIF TPJM QIZTJDT BGGFDU EJGGVTJPO (D) BOE BEWFDUJPO (u), JU DBO CF SFQSFTFOUFE

CZ HJWFO GVODUJPOT. IO UIJT SFTFBSDI, UIF MFBTU-TRVBSFT SFHSFTTJPO JT VTFE UP SFQSFTFOU UIFJS
EJGGVTJPO UFSN BOE BEWFDUJPO UFSN. FJSTU UIF RVBESBUJD SFHSFTTJPO JT JOUSPEVDFE BT GPMMPXT.

TIF MFTU-TRVBSFT QSPDFEVSF DBO CF SFBEJMZ FYUFOEFE UP ųU UIF EBUB UP B IJHIFS-
PSEFS QPMZOPNJBM. SVQQPTF UIBU XF ųU B TFDPOE-PSEFS QPMZOPNJBM PS RVBESBUJD:

y = a0 + a1x+ a2x
2 + e. (3.38)

FPS UIJT DBTF UIF TVN PG UIF TRVBSFT PG UIF SFTJEVBMT JT

Sr =
n∑

i=1

(
yi − a0 − a1xi − a2xi

2
)2
. (3.39)This material is reserved for educational use only, not allowed for commercial use. 
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FPMMPXJOH UIF QSPDFEVSF PG UIF QSFWJPVT TFDUJPO, XF UBLF UIF EFSJWBUJWF PG ER.(3.39) XJUI
SFTQFDU UP FBDI PG UIF VOLOPXO DPFGųDJFOUT PG UIF QPMZOPNJBM, BT JO

∂Sr

∂a0
= −2

∑(
yi − a0 − a1xi − a2xi

2
)2
, (3.40)

∂Sr

∂a1
= −2

∑
xi

(
yi − a0 − a1xi − a2xi

2
)2
, (3.41)

∂Sr

∂a2
= −2

∑
x2
i

(
yi − a0 − a1xi − a2xi

2
)2
. (3.42)

TIFTF FRVBUJPOT DBO CF TFU FRVBM UP [FSP BOE SFBSSBOHFE UP EFWFMPQ UIF GPMMPXJOH TFU
PG OPSNBM FRVBUJPOT:

(n) a0 +
(∑

xi

)
a1 +

(∑
x2
i

)
a2 =

∑
yi (3.43)(∑

xi

)
a0 +

(∑
x2
i

)
a1 +

(∑
x3
i

)
a2 =

∑
xiyi , (3.44)(∑

x2
i

)
a0 +

(∑
x3
i

)
a1 +

(∑
x4
i

)
a2 =

∑
x2
i yi , (3.45)

XIFSF BMM i = 1 TVNNBUJPO BSF GSPN UISPVHI n. NPUF UIBU UIF BCPWF UISFF FRVBUJPOT BSF
MJOFBS BOE IBWF UISFF VOLOPXOT: a0 , a1 BOE a2. TIF DPFGųDJFOUT PG UIF VOLOPXOT DBO CF
DBMDVMBUFE EJSFDUMZ GSPN UIF PCTFSWFE EBUB.

3.4 Multiple linear regression
A VTFGVM FYUFOTJPO PG MJOFBS SFHSFTTJPO JT UIF DBTF XIFSF y JT B MJOFBS GVODUJPO PG

UXP PS NPSF JOEFQFOEFOU WBSJBCMFT. y NJHIU CF B MJOFBS GVODUJPO PG x1 BOE x2 BT JO

y = a0 + a1x1 + a2x2
2 + e. (3.46)

SVDI BO FRVBUJPO JT QBSUJDVMBSMZ VTFGVM XIFO ųUUJOH FYQFSJNFOUBM EBUB XIFSF UIF WBSJBCMF
CFJOH TUVEJFE JT PGUFO B GVODUJPO PG UXP PUIFS WBSJBCMFT. FPS UIJT UXP-EJNFOTJPOBM DBTF,
UIF SFHSFTTJPO “MJOF” CFDPNFT B “QMBOF” .

AT XJUI UIF QSFWJPVT DBTFT, UIF “CFTU” WBMVFT PG UIF DPFGųDJFOUT BSF EFUFSNJOFE
CZ TFUUJOH VQ UIF TVN PG UIF TRVBSFT PG UIF SFTJEVBMT

Sr =
n∑

i=1

(
yi − a0 − a1x1i − a2x2i

2
)2
, (3.47)

BOE EJGGFSFOUJBUJOH XJUI SFTQFDU UP FBDI PG UIF VOLOPXO DPFGųDJFOU,
∂Sr

∂a0
= −2

∑(
yi − a0 − a1x1i − a2x2i

2
)2
, (3.48)

∂Sr

∂a1
= −2

∑
x1i

(
yi − a0 − a1x1i − a2x2i

2
)2
, (3.49)

∂Sr

∂a2
= −2

∑
x2
2i

(
yi − a0 − a1x1i − a2x2i

2
)2
. (3.50)

TIF DPFGųDJFOUT ZJFMEJOH UIF NJOJNVN TVN PG UIF TRVBSFT PG UIF SFTJEVBMT BSF
PCUBJOFE CZ TFUUJOH UIF QBSUJBM EFSJWBUJWFT FRVBM UP [FSP BE FYQSFTTJOH UIF SFTVMU JO NBUSJYThis material is reserved for educational use only, not allowed for commercial use. 
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GPSN BT 
n

∑
x1i

∑
x2i∑

x1i

∑
x2
1i

∑
x1ix2i∑

x2i

∑
x1ix2i

∑
x2
2i




a0

a1

a2

 =


∑

yi∑
x1iyi∑
x2iyi


3.5 Cubic splines

TIF NPTU DPNNPO QJFDFXJTF-QPMZOPNJBM BQQSPYJNBUJPO VTFT DVCJD QPMZOPNJBMT
CFUXFFO FBDI TVDDFTTJWF QBJS PG OPEFT BOE JT DBMMFE DVCJD TQJOF JOUFSQPMBUJPO. A HFOFSBM
DVCJD QPMZOPNJBM JOWPMWFT GPVS DPOTUBOUT, TP UIFSF JT TVGųDJFOU ŴFYJCJMJUZ JO UIF DVCJD
TQMJOF QSPDFEVSF UP FOTVSF UIBU UIF JOUFSQPMBOU JT OPU POMZ DPOUJOVPVTMZ EJGGFSFOUJBCMF
PO UIF JOUFSWBM, CVU BMTP IBT B DPOUJOVPVT TFDPOE EFSJWBUJWF. TIF DPOTUSVDUJPO PG UIF
DVCJD TQMJOF EPFT OPU, IPXFWFS, BTTVNF UIBU UIF EFSJWBUJWFT PG UIF JOUFSQPMBOU BHSFF XJUI
UIPTF PG UIF GVODUJPO JU JT BQQSPYJNBUJOH, FWFO BU UIF OPEFT BT TIPX JO FJH.3.4.

Figure 3.4: CVCJD TQMJOF JOUFSQPMBOU

Definition 3.1. GJWFO B GVODUJPO f EFųOFE PO [a, b] BOE B TFU PG OPEFT a = x0 < x1 <

· · · < xn = b, B DVCJD TQJOF JOUFSQPMBOU S GPS f JT B GVODUJPO UIBU TBUJTųFT UIF GPMMPXJOH
DPOEJUJPOT:

(B) S (x) JT B DVCJD QPMZOPNJBM, EFOPUFE Sj (x) , PO UIF TVCJOUFSWBM [xj , xj+1] GPS
FBDI j = 0, 1, . . . , n− 1.

(C) Sj (xj) = f (xj) BOE Sj (xj+1) = f (xj+1) GPS FBDI j = 0, 1, . . . , n− 1.

(D) Sj+1 (xj+1) = Sj (xj+1) GPS FBDI j = 0, 1, . . . , n− 2. (INQMJFE CZ (C).)
(E) S′

j+1 (xj+1) = S′
j (xj+1) GPS FBDI j = 0, 1, . . . , n− 2.

(F) S′′
j+1 (xj+1) = S′′

j (xj+1) GPS FBDI j = 0, 1, . . . , n− 2.

(G) OOF PG UIF GPMMPXJOH TFUT PG CPVOEBSZ DPOEJUJPOT JT TBUJTųFE:
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(J) S′′ (x0) = S′′ (xn) = 0 (OBUVSBM (PS GSFF) CPVOEBSZ).
(JJ) S′ (x0) = f ′ (x0) BOE S′ (xn) = f ′ (xn) (DMBNQFE CPVOEBSZ.)

AMUIPVHI DVCJD TQMJOFT BSF EFųOFE XJUI PUIFS CPVOEBSZ DPOEJUJPOT, UIF DPOEJUJPOT
HJWFO JG (G) BSF TVGųDJFOU GPS PVS QVSQPTFT. WIFO UIF GSFF CPVOEBSZ DPOEJUJPOT PDDVS, UIF
TQJOF JT DBMMFE B OBUVSBM TQMJOF, BOE JUT HSBQI BQQSPYJNBUFT UIF TIBQF UIBU B MPOH ŴFYJCMF
SPE XPVME BTTVNF JG GPSDFE UP HP UISPVHI UIF EBUB QPJOUT {(x0, f (x0)) , (x1, f (x1)) , . . . , (xn, f (xn)) } .

IO HFOFSBM, DMBNQFE CPVOEBSZ DPOEJUJPOT MFBE UP NPSF BDDVSBUF BQQSPYJNBUJPOT
CFDBVTF UIFZ JODMVEF NPSF JOGPSNBUJPO BCPVU UIF GVODUJPO. HPXFWFS, GPS UIJT UZQF PG
CPVOEBSZ DPOEJUJPO UP IPME, JU JT OFDFTTBSZ UP IBWF FJUIFS UIF WBMVFT PG UIF EFSJWBUJWF BU
UIF FOEQPJOUT PS BO BDDVSBUF BQQSPYJNBUJPO UP UIPTF WBMVFT.

3.5.1 Construction of a Cubic Spline
AT UIF QSFDFEJOH FYBNQMF EFNPOTUSBUFT, B TQMJOF EFųOFE PO BO JOUFSWBM UIBU JT

EJWJEFE JOUP n TVCJOUFSWBMT XJMM SFRVJSF EFUFSNJOJOH 4n DPOTUBOUT. TP DPOTUSVDU UIF DVCJD
TQMJOF JOUFSQPMBOU GPS B HJWFO GVODUJPO f, UIF DPOEJUJPOT JO UIF EFųOJUJPO BSF BQQMJFE UP
UIF DVCJD QPMZOPNJBMT

Sj (x) = aj + bj (x− xj) + cj(x− xj)
2
+ dj(x− xj)

3
, (3.51)

GPS FBDI j = 0, 1, . . . , n − 1. SJODF Sj (xj) = aj = f (xj) , DPOEJUJPO (D) DBO CF BQQMJFE UP
PCUBJO,

aj+1 = Sj+1 (xj+1) = aj + bj (xj+1 − xj) + cj(xj+1 − xj)
2
+ dj (xj+1 − xj) , (3.52)

GPS j = 0, 1, . . . , n− 2.

TIVT UFSNT xj+1 −xj BSF VTFE SFQFBUFEMZ JO UIJT EFWFMPQNFOU, TP JU JT DPOWFOJFOU
UP JOUSPEVDF UIF TJNQMFS OPUBUJPO

hj = xj+1 + xj

GPS FBDI j = 0, 1, . . . , n− 1. IG XF BMTP EFųOF an = f (xn) , UIFO UIF FRVBUJPO
aj+1 = aj + bjhj + cjh

2
j + djh

3
j (3.53)

IPMET GPS FBDI j = 0, 1, . . . , n− 1. IO B TJNJMBS NBOOFS, EFųOF bn = S′ (xn) BOE PCTFSWF UIBU
S′
j (x) = bj + 2cj (x− xj) + 3dj(x− xj)

2
.

INQMJOFT S′
j (x) = bj , GPS FBDI j = 0, 1, . . . , n− 1. AQQMZJOH DPOEJUJPO (E) HJWFT

bj+1 = bj + 2cjhj + 3djh
2
j , (3.54)

GPS FBDI j = 0, 1, . . . , n−1. AOPUIFS SFMBUJPOTIJQ CFUXFFO UIF DPFGųDJFOUT PG Sj JT PCUBJOFE
CZ EFųOJOH cn = S′′ (xn)/2 BOE BQQMZJOH DPOEJUJPO TIFO,GPS FBDI j = 0, 1, . . . , n− 1,
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SPMWJOH GPS dj JO ER.FRCVCJDC BOE TVCTUJUVUJOH UIJT WBMVF JOUP ERT.FRCVCJDA BOE
FRCVCJDB HJWFT, GPS FBDI j = 0, 1, . . . , n− 1, UIF OFX FRVBUJPOT

aj+1 = aj + bjhj +
hj

2

3
(2cj + cj+1) , (3.56)

BOE
bj+1 = bj + hj (cj + cj+1) . (3.57)

TIF ųOBM SFMBUJPOTIJQ JOWPMWJOH UIF DPFGųDJFOUT JT PCUBJOFE CZ TPMWJOH UIF BQQSP-
QSJBUF FRVBUJPO JO UIF GPSN PG FRVBUJPO FRCVCJDAKQMVT1, ųSTU GPS bj ,

bj+1 =
1

hj
(aj+1 − aj)−

hj

3
(2cj + cj+1) . (3.58)

BOE UIFO, XJUI B SFEVDUJPO PG UIF JOEFY, GPS bj−1. TIJT HJWFT
bj−1 =

1

hj−1
(aj − aj−1)−

hj−1

3
(2cj−1 + cj) .

SVCTUJUVUJOH UIFTF WBMVFT JOUP UIF FRVBUJPO EFSJWFE GSPN ER.FRCVCJDBKQMVT1, XJUI
UIF JOEFY SFEVDFE CZ POF, HJWFT UIF MJOFBS TZTUFN PG FRVBUJPOT,

hj−1cj−1 + 2 (hj−1 + hj) cj + hjcj+1 =
3

hj
(aj+1 − aj)−

3

hj−1
(aj − aj−1) , (3.59)

GPS FBDI j = 0, 1, . . . , n−1. TIJT TZTUFN JOWPMWFT POMZ UIF {cj}nj=0 BT VOLOPXOT. TIF WBMVFT
PG {hj}n−1

j=0 BOE {aj}nj=0 BSF HJWFO, SFTQFDUJWFMZ, CZ UIF TQBDJOH PG UIF OPEFT {xj}nj=0 BOE
UIF WBMVFT PG f BU UIF OPEFT. SP PODF UIF WBMVFT PG {cj}nj=0 BSF EFUFSNJOFE, JU JT B TJNQMF
NBUUFS UP ųOE UIF SFNJOEFS PG UIF DPOTUBOU {bj}n−1

j=0 GSPN ER.FRCVCJDBKQMVT11 BOE {dj}n−1
j=0

GSPN ER.FRCVCJDCQMVT1, TIFO XF DBO DPOTUSVDU UIF DVCJD QPMZOPNJBMT {Sj (x)}n−1
j=0

Theorem 3.1. IG f JT EFųOFE BU a = x0 < x1 < · · · < xn = b, UIFO f IBT B VOJRVF OBUVSBM
TPMJOF JOUFSQPMBOU S PO UIF OPEFT x0, x1, . . . , xn; UIBU JT, B TQMJOF JOUFSQPMBOU UIBU TBUJTųFT
UIF OBUVSBM CPVOEBSZ DPOEJUJPOT S′′ (a) = 0 BOE S′′ (b) = 0.

EYBNQMF 1 : AU UIF CFHJOOJOH PG CIBQUFS 3 XF HBWF TPNF TBZMPS QPMZOPNJBMT UP
BQQSPYJNBUF UIF FYQPOFOUJBM f (x) = ex. UTF UIF EBUB QPJOUT (0, 1) , (1, e) , (2, e2) , BOE (3, e3)
UP GPSN B OBUVSBM TQMJOF S (x) UIBU BQQSPYJNBUFT f (x) = ex. WF IBWF n = 3, h0 = h1 = h2 =

1, a0 = 1, a1 = e, a2 = e2, BOE a3 = e3. SP UIF NBUSJY A BOE UIF WFDUPST v BOE HJWFO JO
TIFPSFN 3.1 IBWF UIF GPSNT

A =


1 0 0 0

1 4 1 0

0 1 4 1

0 0 0 1

 , v =


0

3
(
e2 − 2e+ 1

)
3
(
e3 − 2e2 + e

)
0

 , BOE xc =


c0

c1

c2

c3

 . TIF WFDUPS-NBUSJY FRVB-

UJPO Axc = v JT FRVJWBMFOU UP UIF TZTUFN PG FRVBUJPOT
c0 = 0

c0 + 4c1 + c2 = 3
(
e2 − 2e+ 1

)
,

c1 + 4c2 + c3 = 3
(
e3 − 2e2 + e

)
,
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TIJT TZTUFN IBT UIF TPMVUJPO c0 = c3 = 0, BOE UP 5 EFDJNBM QMBDFT,
c1 = 1

5

(
−e3 + 6e2 − 9e+ 4

)
≈ 0.75685, BOE c2 = 1

5

(
4e3 − 9e2 + 6e− 1

)
≈ 5.83007.

SPMWJOH GPS UIF SFNBJOJOH DPOTUBOUT HJWFT

b0 =
1

h0
(a1 − a0)−

h0

3
(c1 + 2c0)

= (e− 1)− 1

15

(
−e3 + 6e2 − 9e+ 4

)
≈ 1.46600,

b1 =
1

h1
(a2 − a1)−

h1

3
(c2 + 2c1)

=
(
e2 − e

)
− 1

15

(
2e3 + 3e2 − 12e+ 7

)
≈ 2.22285,

b2 =
1

h2
(a3 − a2)−

h2

3
(c3 + 2c2)

=
(
e3 − e2

)
− 1

15

(
8e3 − 18e2 + 12e− 2

)
≈ 8.80977,

d0 =
1

3h0
(c1 − c0) =

1

15

(
−e3 + 6e2 − 9e+ 4

)
≈ 0.25228,

d1 =
1

3h1
(c2 − c1) =

1

15

(
e3 − 3e2 + 3e− 1

)
≈ 1.69107,

d2 =
1

3h2
(c3 − c2) =

1

15

(
−4e3 + 9e2 − 6e+ 1

)
≈ −1.94336.

TIF OBUVSBM DVCJD TQJOF JT EFTDSJCFE QJFDFXJTF CZ

S (x) =


1 + 1.46600x+ 0.25228x3, for x ∈ [0, 1]

2.71828 + 2.22285 (x− 1) + 0.75685(x− 1)
2
+ 1.69107(x− 1)

3
, for x ∈ [1, 2]

7.38906 + 8.80977 (x− 2) + 5.83007(x− 2)
2 − 1.94336(x− 2)

3
, for x ∈ [2, 3]

TIF TQMJOF BOE JUT BHSFFNFOU XJUI f (x) = ex
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Chapter 4
Numerical experiments and results

4.1 The accuracy of the proposed numerical technique
TIF WBSJBUJPO JO WFMPDJUZ JT BTTVNFE BT TNBMM PSEFS UP JOTVSF UIBU JU DBO TBUJTGZ

UIF FTTFOUJBM DPOEJUJPOT GPS WFMPDJUZ QBSBNFUFS JO UIF ADE. AEEJUJPOBMMZ, BT UIF TFDPOE
BTTVNQUJPO, EJTQFSTJPO QBSBNFUFS JT DPOTJEFSFE QSPQPSUJPOBM UP UIF TRVBSF PG UIF WFMPDJUZ
[9>. TIVT, GPS ER.(2.4), UIF FYQSFTTJPOT PG f1 (x, t) BOE f2 (x, t) BSF BTTVNFE CZ [6>:

f1 (x, t) = (1 + ax)
2
, (4.1)

f2 (x, t) = 1 + ax, (4.2)

XIFSF a JT B QBSBNFUFS UIBU BDDPVOUT GPS UIF JOIPNPHFOFJUZ PG UIF EPNBJO XJUI EJNFOTJPO
(length)−1 IO [6> , UIFZ IBWF JOUSPEVDFE BO BOBMZUJDBM TPMVUJPO UIBU TBUJTųFT UIF TQFDJųD
f1 (x, t) BOE f2 (x, t) BT JO ER.(4.1) BOE ER.(4.2) ,

C =
c0
2

[
(1 + ax)

−1erfc
( MO (1 + ax)

2a
√
D0T

− β
√
t

)
+(1 + ax)

δerfc
( MO (1 + ax)

2a
√
D0T

+ β
√
t

)]
, (4.3)

XIFSF

ω0 =
(
au0 − a2D0

) (4.4)
δ =

u0

aD0
, (4.5)

β =

√
ω2
0

4a2D0
+ au0 =

u0 + aD0

2
√
D0

. (4.6)

4.2 Simulation 1: Two monitoring contaminated groundwater points;
forward time central space finite difference scheme technique for
an ideal contaminated groundwater dispersion measurement.
ATTVNJOH UIBU UIF DIFNJDBM EJTQFSTJPO UISPVHI JOIPNPHFOFPVT TPJM UIF EJGGVTJPO

DPFGųDJFOU BOE ŴPX WFMPDJUZ ųFME BSF BWFSBHFE UP CF D0 = 0.71 (LN2/ZFBS) BOE u0 = 0.6

(LN/ZFBS), SFTQFDUJWFMZ. TIF QBSBNFUFS UIBU BDDPVOUT GPS UIF JOIPNPHFOFJUZ PG UIF TPJM
JT BTTVNFE CZ a = 1.0 (LN−1) BOE f1 (x, t) = (1 + x)

2 BOE f2 (x, t) = 1 + x. TIF CPVOEBSZ
DPOEJUJPOT BOE UIF JOJUJBM DPOEJUJPO BSF BTTVNFE CZ ER.(4.3). BZ FNQMPZJOH UIF QSPQPTF
ųOJUF EJGGFSFODF UFDIOJRVF ER.(3.16), XF HFU UIF DIFNJDBM DPODFOUSBUJPO JO TBCMFT 4.1-4.3
XIFO UJNF JODSFNFOU (∆t) BSF WBSJFE BOE λ = ∆t

/
(∆x)

2 JT EJWJEFE CZ B IBMG. TIF TVSGBDF
PG BQQSPYJNBUFE TPMVUJPOT JT JMMVTUSBUFE JO FJH 4.1.
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Table 4.1: TIF BQQSPYJNBUFE DIFNJDBM DPODFOUSBUJPO JO B IFUFSPHFOFPVT TPJM (∆x = 0.05 (km ) ,
∆t = 0.000125 (year) , λ = 0.2), XIFSF λ = ∆t/∆x2.

U/Y 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
0.2 0.83862 0.70228 0.58759 0.49144 0.41106 0.34398 0.28806 0.24146 0.20263 0.17027
0.5 0.88114 0.78073 0.69509 0.62143 0.55765 0.50210 0.45347 0.41069 0.37291 0.33942
0.7 0.89079 0.79881 0.72039 0.65285 0.59416 0.54281 0.49757 0.45749 0.42181 0.38990

Table 4.2: TIF BQQSPYJNBUFE DIFNJDBM DPODFOUSBUJPO JO B IFUFSPHFOFPVT TPJM (∆x = 0.05 (km ) ,
∆t = 0.000125 (year) , λ = 0.1), XIFSF λ = ∆t/∆x2.

U/Y 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
0.2 0.83856 0.70217 0.58745 0.49130 0.41092 0.34386 0.28796 0.24139 0.20260 0.17027
0.5 0.88113 0.78073 0.69508 0.62142 0.55764 0.50209 0.45346 0.41068 0.37291 0.33942
0.7 0.89079 0.79881 0.72039 0.65284 0.59416 0.54280 0.49756 0.45749 0.42181 0.38990

Table 4.3: TIF BQQSPYJNBUFE DIFNJDBM DPODFOUSBUJPO JO B IFUFSPHFOFPVT TPJM (∆x = 0.05 (km ) ,
∆t = 0.000125 (year) , λ = 0.05), XIFSF λ = ∆t/∆x2.

U/Y 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
0.2 0.83853 0.70212 0.58738 0.49122 0.41085 0.34380 0.28791 0.24136 0.20258 0.17027
0.5 0.88113 0.78072 0.69507 0.62141 0.55763 0.50209 0.45345 0.41068 0.37291 0.33942
0.7 0.89079 0.79881 0.72038 0.65284 0.59416 0.54280 0.49756 0.45749 0.42181 0.38990

Figure 4.1: TIF TVSGBDF QMPU PG DPNQVUFE DIFNJDBM DPODFOUSBUJPOT C̃ (x, t) GPS BMM (x, t) ∈ [0, 1]×[0, 1] .
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4.3 Simulation 2: Two monitoring contaminated groundwater points;
Saulyev Explicit Finite Difference Scheme technique for an ideal
contaminated groundwater dispersion measurement.
ATTVNJOH UIBU UIF DIFNJDBM EJTQFSTJPO UISPVHI JOIPNPHFOFPVT TPJM UIF EJGGVTJPO

DPFGųDJFOU BOE ŴPX WFMPDJUZ ųFME BSF BWFSBHFE UP CF D0 = 0.71 (LN2/ZFBS) BOE u0 = 0.6

(LN/ZFBS), SFTQFDUJWFMZ. TIF QBSBNFUFS UIBU BDDPVOUT GPS UIF JOIPNPHFOFJUZ PG UIF TPJM
JT BTTVNFE CZ a = 1.0 (LN−1) BOE f1 (x, t) = (1 + x)

2 BOE f2 (x, t) = 1 + x. TIF CPVOEBSZ
DPOEJUJPOT BOE UIF JOJUJBM DPOEJUJPO BSF BTTVNFE CZ ER.(4.3). BZ FNQMPZJOH UIF QSPQPTF
ųOJUF EJGGFSFODF UFDIOJRVF ER.(3.35), XF HFU UIF DIFNJDBM DPODFOUSBUJPO JO TBCMFT 4.4-4.6
XIFO UJNF JODSFNFOU (∆t) BSF WBSJFE BOE λ = ∆t

/
(∆x)

2 JT EJWJEFE CZ B IBMG. TIF TVSGBDF
PG BQQSPYJNBUFE TPMVUJPOT JT JMMVTUSBUFE JO FJH 4.2.
Table 4.4: TIF BQQSPYJNBUFE DIFNJDBM DPODFOUSBUJPO JO B IFUFSPHFOFPVT TPJM (∆x = 0.05 (km ) ,

∆t = 0.000125 (year) , λ = 0.2), XIFSF λ = ∆t/∆x2.

U/Y 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
0.2 0.83801 0.70138 0.58663 0.49057 0.41034 0.34344 0.28769 0.24124 0.20253 0.17027
0.5 0.88084 0.78024 0.69449 0.62080 0.55704 0.50156 0.45303 0.41038 0.37275 0.33942
0.7 0.89063 0.79854 0.72006 0.65249 0.59382 0.54250 0.49732 0.45731 0.42172 0.38990

Table 4.5: TIF BQQSPYJNBUFE DIFNJDBM DPODFOUSBUJPO JO B IFUFSPHFOFPVT TPJM (∆x = 0.05 (km ) ,
∆t = 0.000125 (year) , λ = 0.1), XIFSF λ = ∆t/∆x2.

U/Y 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
0.2 0.83825 0.70172 0.58697 0.49086 0.41056 0.34359 0.28777 0.24128 0.20255 0.17027
0.5 0.88098 0.78048 0.69478 0.62110 0.55734 0.50182 0.45324 0.41053 0.37283 0.33942
0.7 0.89071 0.79868 0.72022 0.65266 0.59399 0.54265 0.49744 0.45740 0.42176 0.38990

Table 4.6: TIF BQQSPYJNBUFE DIFNJDBM DPODFOUSBUJPO JO B IFUFSPHFOFPVT TPJM (∆x = 0.05 (km ) ,
∆t = 0.000125 (year) , λ = 0.05), XIFSF λ = ∆t/∆x2.

U/Y 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
0.2 0.83837 0.70189 0.58714 0.49100 0.41067 0.34366 0.28782 0.24130 0.20256 0.17027
0.5 0.88106 0.78060 0.69492 0.62125 0.55748 0.50195 0.45334 0.41060 0.37287 0.33942
0.7 0.89075 0.79874 0.72030 0.65275 0.59407 0.54272 0.49750 0.45744 0.42179 0.38990
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Figure 4.2: TIF TVSGBDF QMPU PG DPNQVUFE DIFNJDBM DPODFOUSBUJPOT C̃ (x, t) GPS BMM (x, t) ∈ [0, 1]×[0, 1] .

Figure 4.3: TIF DPNQBSJTPO PG FTCS TDIFNF BOE UIF SBVMZFW TDIFNF BOE UIF BOBMZUJDBM TPMVUJPO
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Table 4.7: TIF DPNQBSJTPO UIF SPPU NFBO TRVBSF FSSPS PG FTCS TPMVUJPOT BOE SBVMZFW TPMVUJPOT

λ ∆x ∆t FTCS RSMENBY Saulyev RSMENBY

0.025 0.050 6.2500×10−5 1.2361×10−2 1.5604×10−2

0.025 1.5625×10−5 8.5507×10−3 1.0739×10−2

0.050 0.050 1.2500×10−4 8.9331×10−3 1.5631×10−2

0.025 3.1250×10−5 6.2175×10−3 1.0755×10−2

0.100 0.050 2.5000×10−4 2.5368×10−3 1.5170×10−2

0.025 6.2500×10−5 1.9303×10−3 1.0466×10−2

0.200 0.050 5.0000×10−4 1.5331×10−2 1.5476×10−2

0.025 1.2500×10−4 1.0200×10−2 1.0649×10−2

0.400 0.050 1.0000×10−3 UOTUBCMF 1.4332×10−2

0.025 2.5000×10−4 UOTUBCMF 9.4084×10−3

0.800 0.050 2.0000×10−3 UOTUBCMF 2.4844×10−2

0.025 5.0000×10−4 UOTUBCMF 1.5746×10−2

Table 4.8: TIF NBYJNVN FSSPS PG BQQSPYJNBUFE QPMMVUBOU DPODFOUSBUJPO BU x = 0.25, 0.50, 0.75 GPS
BMM t ∈ [0, 1]

∆x ∆t MBYJNVN FSSPS
x = 0.25 x = 0.50 x = 0.75

0.1 6.2500×10−5 4.7209×10−3 2.5689×10−3 1.4949×10−3

0.050 3.1250×10−5 2.9954×10−3 1.4627×10−3 8.2912×10−4

0.025 1.5625×10−5 2.1662×10−3 9.1606×10−4 4.9769×10−4

4.4 Simulation 3: The single monitoring contaminated groundwater
when there is no rate of change of pollutant concentration around
the ended-point; Saulyev Explicit Finite Difference Scheme
technique for an ideal contaminated groundwater dispersion
measurement.
ATTVNJOH UIBU UIF DIFNJDBM EJTQFSTJPO UISPVHI JOIPNPHFOFPVT TPJM UIF EJGGVTJPO

DPFGųDJFOU BOE ŴPX WFMPDJUZ ųFME BSF BWFSBHFE UP CF D0 = 0.71 (LN2/ZFBS) BOE u0 = 0.6

(LN/ZFBS), SFTQFDUJWFMZ. TIF QBSBNFUFS UIBU BDDPVOUT GPS UIF JOIPNPHFOFJUZ PG UIF TPJM
JT BTTVNFE CZ a = 1.0 (LN−1) BOE f1 (x, t) = (1 + x)

2 BOE f2 (x, t) = 1 + x. TIF CPVOEBSZ
DPOEJUJPOT BOE UIF JOJUJBM DPOEJUJPO BSF BTTVNFE C(0, t) = 1, ∂C

∂x (1, t) = 0, GPS BMM t ∈ [0, 1]
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UFDIOJRVF ER.(3.35) BOE ER.(3.37), XF HFU UIF DIFNJDBM DPODFOUSBUJPO JO TBCMFT 4.9. TIF
TVSGBDF PG BQQSPYJNBUFE TPMVUJPOT JT JMMVTUSBUFE JO FJH 4.4.
Table 4.9: TIF BQQSPYJNBUFE DIFNJDBM DPODFOUSBUJPO JO B IFUFSPHFOFPVT TPJM (∆x = 0.05 (km ) ,

∆t = 0.000125 (year) , λ = 0.05), XIFSF λ = ∆t/∆x2.

U/Y 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

0.2 0.84921 0.72410 0.62234 0.54142 0.47886 0.43232 0.39967 0.37899 0.36860 0.36700

0.5 0.92416 0.86342 0.81526 0.77767 0.74899 0.72786 0.71313 0.70384 0.69918 0.69846

0.7 0.94083 0.89443 0.85824 0.83034 0.80926 0.79384 0.78314 0.77642 0.77305 0.77254

Figure 4.4: TIF TVSGBDF QMPU PG DPNQVUFE DIFNJDBM DPODFOUSBUJPOT C̃ (x, t) GPS BMM (x, t) ∈ [0, 1]×[0, 1] .

4.5 Simulation 4: The single monitoring contaminated groundwater
point when there is groundwater pollution flowing into the
ended-point; Saulyev Explicit Finite Difference Scheme technique
for an ideal contaminated groundwater dispersion measurement.
ATTVNJOH UIBU UIF DIFNJDBM EJTQFSTJPO UISPVHI JOIPNPHFOFPVT TPJM UIF EJGGVTJPO

DPFGųDJFOU BOE ŴPX WFMPDJUZ ųFME BSF BWFSBHFE UP CF D0 = 0.71 (LN2/ZFBS) BOE u0 = 0.6

(LN/ZFBS), SFTQFDUJWFMZ. TIF QBSBNFUFS UIBU BDDPVOUT GPS UIF JOIPNPHFOFJUZ PG UIF TPJM
JT BTTVNFE CZ a = 1.0 (LN−1) BOE f1 (x, t) = (1 + x)

2 BOE f2 (x, t) = 1 + x. TIF CPVOEBSZ
DPOEJUJPOT BOE UIF JOJUJBM DPOEJUJPO BSF BTTVNFE C(0, t) = 1, ∂C

∂x (1, t) = 0.015, GPS BMM t ∈ [0, 1]

BOE C(x, 0) = 0, GPS BMM x ∈ [0, 1] , SFTQFDUJWFMZ. BZ FNQMPZJOH UIF QSPQPTF ųOJUF EJGGFSFODF
UFDIOJRVF ER.(3.35) BOE ER.(3.37), XF HFU UIF DIFNJDBM DPODFOUSBUJPO JO TBCMFT 4.10. TIF
TVSGBDF PG BQQSPYJNBUFE TPMVUJPOT JT JMMVTUSBUFE JO FJH 4.5.This material is reserved for educational use only, not allowed for commercial use. 
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Table 4.10: TIF BQQSPYJNBUFE DIFNJDBM DPODFOUSBUJPO JO B IFUFSPHFOFPVT TPJM (∆x = 0.05 (km ) ,
∆t = 0.000125 (year) , λ = 0.05), XIFSF λ = ∆t/∆x2.

U/Y 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
0.2 0.84922 0.72413 0.62238 0.54148 0.47894 0.43242 0.39978 0.37913 0.36875 0.36717
0.5 0.92419 0.86347 0.81534 0.77777 0.74912 0.72801 0.71330 0.70403 0.69939 0.69869
0.7 0.94087 0.89449 0.85832 0.83045 0.80940 0.79400 0.78332 0.77662 0.77328 0.77278

Figure 4.5: TIF TVSGBDF QMPU PG DPNQVUFE DIFNJDBM DPODFOUSBUJPOT C̃ (x, t) GPS BMM (x, t) ∈ [0, 1]×[0, 1] .

4.6 Simulation 5: The single monitoring contaminated groundwater
point when there is groundwater pollution flowing outward at
ended-point; Saulyev Explicit Finite Difference Scheme technique
for an ideal contaminated groundwater dispersion measurement.
ATTVNJOH UIBU UIF DIFNJDBM EJTQFSTJPO UISPVHI JOIPNPHFOFPVT TPJM UIF EJGGVTJPO

DPFGųDJFOU BOE ŴPX WFMPDJUZ ųFME BSF BWFSBHFE UP CF D0 = 0.71 (LN2/ZFBS) BOE u0 = 0.6

(LN/ZFBS), SFTQFDUJWFMZ. TIF QBSBNFUFS UIBU BDDPVOUT GPS UIF JOIPNPHFOFJUZ PG UIF TPJM
JT BTTVNFE CZ a = 1.0 (LN−1) BOE f1 (x, t) = (1 + x)

2 BOE f2 (x, t) = 1 + x. TIF CPVOEBSZ
DPOEJUJPOT BOE UIF JOJUJBM DPOEJUJPO BSF BTTVNFE C(0, t) = 1, ∂C

∂x (1, t) = −0.015, GPS BMM
t ∈ [0, 1] BOE C(x, 0) = 0, GPS BMM x ∈ [0, 1] , SFTQFDUJWFMZ. BZ FNQMPZJOH UIF QSPQPTF ųOJUF
EJGGFSFODF UFDIOJRVF ER.(3.35) BOE ER.(3.37), XF HFU UIF DIFNJDBM DPODFOUSBUJPO JO TBCMFT
4.11. TIF TVSGBDF PG BQQSPYJNBUFE TPMVUJPOT JT JMMVTUSBUFE JO FJH 4.6.

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



32

Table 4.11: TIF BQQSPYJNBUFE DIFNJDBM DPODFOUSBUJPO JO B IFUFSPHFOFPVT TPJM (∆x = 0.05 (km ) ,
∆t = 0.000125 (year) , λ = 0.05), XIFSF λ = ∆t/∆x2.

U/Y 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
0.2 0.84919 0.72407 0.62229 0.54136 0.47878 0.43223 0.39956 0.37886 0.36845 0.36683
0.5 0.92413 0.86336 0.81518 0.77757 0.74886 0.72771 0.71296 0.70365 0.69897 0.69823
0.7 0.94080 0.89437 0.85815 0.83023 0.80912 0.79368 0.78296 0.77621 0.77283 0.77229

Figure 4.6: TIF TVSGBDF QMPU PG DPNQVUFE DIFNJDBM DPODFOUSBUJPOT C̃ (x, t) GPS BMM (x, t) ∈ [0, 1]×[0, 1] .

Figure 4.7: TIF DPNQBSJTPO PG FTCS TPMVUJPOT PG TPMVUJPO 2 , TPMVUJPO 3 BOE TPMVUJPO 4 XIFO t = 0.7
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4.7 Simulation 6: The single monitoring contaminated groundwater
point when there is no rate of change of pollutant concentration
around the ended-point in a high mixed soil topography; Saulyev
Explicit Finite Difference Scheme technique for an ideal
contaminated groundwater dispersion measurement.
ATTVNJOH UIBU UIF DIFNJDBM EJTQFSTJPO UISPVHI IJHI NJYFE JOIPNPHFOFPVT TPJM

f1 (x, t) = TJO(x)(1 + x)
2
, BOE f2 (x, t) = TJO(x) (1 + x) . TIF EJGGVTJPO DPFGųDJFOU BOE ŴPX

WFMPDJUZ ųFME BSF BWFSBHFE UP CF D0 = 0.71 (LN2/ZFBS) BOE u0 = 0.6 (LN/ZFBS), SFTQFD-
UJWFMZ. TIF QBSBNFUFS UIBU BDDPVOUT GPS UIF JOIPNPHFOFJUZ PG UIF TPJM JT BTTVNFE CZ
a = 1.0 (LN−1). TIF CPVOEBSZ DPOEJUJPOT BOE UIF JOJUJBM DPOEJUJPO BSF BTTVNFE C(0, t) = 1,

∂C
∂x (1, t) = 0, GPS BMM t ∈ [0, 1] , BOE C(x, 0) = 0, GPS BMM x ∈ [0, 1] , SFTQFDUJWFMZ. BZ FNQMPZ-
JOH UIF QSPQPTF ųOJUF EJGGFSFODF UFDIOJRVF ER.(3.35) BOE ER.(3.37), XF HFU UIF DIFNJDBM
DPODFOUSBUJPO JO TBCMFT 4.12. TIF TVSGBDF PG BQQSPYJNBUFE TPMVUJPOT JT JMMVTUSBUFE JO FJH
4.8.
Table 4.12: TIF BQQSPYJNBUFE DIFNJDBM DPODFOUSBUJPO JO B IFUFSPHFOFPVT TPJM (∆x = 0.05 (km ) ,

∆t = 0.000125 (year) , λ = 0.05), XIFSF λ = ∆t/∆x2.

U/Y 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
0.2 0.13435 0.03968 0.01457 0.00609 0.0028 0.00139 0.00075 0.00044 0.00031 0.00027
0.5 0.23427 0.11088 0.06247 0.03896 0.026294 0.01909 0.01493 0.01261 0.01147 0.01115
0.7 0.26724 0.14103 0.08805 0.06073 0.04527 0.03614 0.03072 0.02763 0.02610 0.02566

Figure 4.8: TIF TVSGBDF QMPU PG DPNQVUFE DIFNJDBM DPODFOUSBUJPOT C̃ (x, t) GPS BMM (x, t) ∈ [0, 1]×[0, 1] .
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4.8 Simulation 7: The single monitoring contaminated groundwater
point when there is no rate of change of pollutant concentration
around the ended-point; Saulyev Explicit Finite Difference Scheme
technique for an ideal contaminated groundwater dispersion
measurement with long run simulation.
ATTVNJOH UIBU UIF DIFNJDBM EJTQFSTJPO UISPVHI JOIPNPHFOFPVT TPJM UIF EJGGVTJPO

DPFGųDJFOU BOE ŴPX WFMPDJUZ ųFME BSF BWFSBHFE UP CF D0 = 0.71 (LN2/ZFBS) BOE u0 = 0.6

(LN/ZFBS), SFTQFDUJWFMZ. TIF QBSBNFUFS UIBU BDDPVOUT GPS UIF JOIPNPHFOFJUZ PG UIF TPJM
JT BTTVNFE CZ a = 1.0 (LN−1) BOE f1 (x, t) = (1 + x)

2
, BOE f2 (x, t) = (1 + x) . TIF CPVOEBSZ

DPOEJUJPOT BOE UIF JOJUJBM DPOEJUJPO BSF BTTVNFE C(0, t) = 1, ∂C
∂x (3, t) = 0, GPS BMM t ∈ [0, 16.67] ,

BOE C(x, 0) = 0, GPS BMM x ∈ [0, 3] , SFTQFDUJWFMZ. BZ FNQMPZJOH UIF QSPQPTF ųOJUF EJGGFSFODF
UFDIOJRVF ER.(3.35) BOE ER.(3.37), XF HFU UIF DIFNJDBM DPODFOUSBUJPO JO TBCMFT 4.13. TIF
TVSGBDF PG BQQSPYJNBUFE TPMVUJPOT JT JMMVTUSBUFE JO FJH 4.9.
Table 4.13: TIF BQQSPYJNBUFE DIFNJDBM DPODFOUSBUJPO JO B IFUFSPHFOFPVT TPJM (∆x = 0.05 (km ) ,

∆t = 0.000125 (year) , λ = 0.05), XIFSF λ = ∆t/∆x2.

U/Y 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
0.2 0.76944 0.62509 0.52613 0.45404 0.39931 0.35679 0.32373 0.29912 0.28337 0.27849
0.5 0.76952 0.62536 0.52672 0.45508 0.40091 0.35900 0.3266 0.30250 0.28713 0.28238
0.7 0.76952 0.62536 0.52673 0.45508 0.40091 0.35900 0.32657 0.30250 0.28714 0.28238

Figure 4.9: TIF TVSGBDF QMPU PG DPNQVUFE DIFNJDBM DPODFOUSBUJPOT C̃ (x, t) GPS BMM (x, t) ∈ [0, 3] ×

[0, 16.67] .
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4.9 Simulation 8: Two monitoring contaminated groundwater points;
Saulyev Explicit Finite Difference Scheme technique for an ideal
contaminated groundwater dispersion measurement with the
interpolated right boundary condition functions.
ATTVNJOH UIBU UIF DIFNJDBM EJTQFSTJPO UISPVHI JOIPNPHFOFPVT TPJM UIF EJGGVTJPO

DPFGųDJFOU BOE ŴPX WFMPDJUZ ųFME BSF BWFSBHFE UP CF D0 = 0.71 (LN2/ZFBS) BOE u0 = 0.6

(LN/ZFBS), SFTQFDUJWFMZ. TIF QBSBNFUFS UIBU BDDPVOUT GPS UIF JOIPNPHFOFJUZ PG UIF TPJM
JT BTTVNFE CZ a = 1.0 (LN−1) BOE f1 (x, t) = (1 + x)

2 BOE f2 (x, t) = 1 + x. TIF MFGU CPVOE-
BSZ DPOEJUJPO BOE UIF JOJUJBM DPOEJUJPO BSF BTTVNFE CZ ER.(4.3) BOE TIF SJHIU CPVOEBSZ
DPOEJUJPO JT JOUFSQPMBUFE GVODUJPOT. BZ FNQMPZJOH UIF QSPQPTF ųOJUF EJGGFSFODF UFDIOJRVF
ER.(3.35), QSFEJDUJPO PG B ųFME EBUB BU UIF CPVOEBSZ DBO CF PCUBJOFE CZ VTJOH BO NVMUJ-
QMF SFHSFTTJPO, UIF RVBESBUJD SFHSFTTJPO BOE UIF DVCJD TQMJOFT JOUFSQPMBUFE SJHIU CPVOEBSZ
DPOEJUJPO ERT.(3.38),(3.46) BOE (3.51). TIF JOUFSQPMBUJPO JT VTFE UP JOUFSQPMBUF UIF SJHIU
CPVOEBSZ DPOEJUJPO,

C (1, t) = g̃2 (t) (4.7)
BU t ∈ [0, 1] , XIFSF g̃2 (t) JT JOUFSQPMBUFE GVODUJPO.

WF HFU UIF DIFNJDBM DPODFOUSBUJPO JO TBCMFT.4.14-4.16. TIF NBYJNVN SPPU NFBO
TRVBSF FSSPS PG BQQSPYJNBUFE QPMMVUBOU DPODFOUSBUJPO XJUI UIF JOUFSQPMBUFE SJHIU CPVOE-
BSZ DPOEJUJPO GVODUJPOT JT TIPXO JO TBCMF.4.17 BOE UIF SPPU NFBO TRVBSF FSSPS PG JOUFSQP-
MBUFE SJHIU CPVOEBSZ DPOEJUJPO GVODUJPOT JT TIPXO JO TBCMF.4.18. TIF NBYJNVN FSSPS PG
JOUFSQPMBUFE SJHIU CPVOEBSZ DPOEJUJPO GVODUJPOT JT TIPXO JO TBCMF.4.19. TIF TVSGBDF QMPU
PG DPNQVUFE DIFNJDBM DPODFOUSBUJPO JO B IFUFSPHFOFPVT TPJM XJUI UIF NVMUJQMF SFHSFTTJPO,
UIF RVBESBUJD SFHSFTTJPO BOE UIF UIF DVCJD TQMJOFT JOUFSQPMBUFE BT TIPX JO FJHT.4.10-4.12
SFTQFDUJWFMZ. TIF DPNQBSJTPO PG UIF NVMUJQMF SFHSFTTJPO, UIF RVBESBUJD SFHSFTTJPO BOE
UIF UIF DVCJD TQMJOFT JOUFSQPMBUFE SJHIU CPVOEBSZ DPOEJUJPO GVODUJPOT BOE UIF BOBMZUJDBM
TPMVUJPO BT TIPX JO FJHT.4.13-4.16 SFTQFDUJWFMZ.
Table 4.14: TIF BQQSPYJNBUFE DIFNJDBM DPODFOUSBUJPO JO B IFUFSPHFOFPVT TPJM XJUI UIF NVMUJQMF

SFHSFTTJPO JOUFSQPMBUFE SJHIU CPVOEBSZ DPOEJUJPO GVODUJPOT. (∆x = 0.05 (km ) , ∆t =

0.000125 (year) , λ = 0.05), XIFSF λ = ∆t/∆x2.

U/Y 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
0.2 0.84462 0.71317 0.60200 0.50785 0.42779 0.35932 0.30029 0.24890 0.20370 0.16350
0.5 0.87462 0.76826 0.67707 0.59819 0.52949 0.46933 0.41639 0.36967 0.32831 0.29165
0.7 0.88627 0.79045 0.70891 0.63899 0.57868 0.52642 0.48101 0.44148 0.40705 0.37708
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Table 4.15: TIF BQQSPYJNBUFE DIFNJDBM DPODFOUSBUJPO JO B IFUFSPHFOFPVT TPJM XJUI UIF RVBESBUJD
SFHSFTTJPO JOUFSQPMBUFE SJHIU CPVOEBSZ DPOEJUJPO GVODUJPOT. (∆x = 0.05 (km ) , ∆t =

0.000125 (year) , λ = 0.05), XIFSF λ = ∆t/∆x2.

U/Y 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
0.2 0.83950 0.70383 0.58945 0.49316 0.41212 0.34380 0.28606 0.23708 0.19535 0.15963
0.5 0.87988 0.77848 0.69212 0.61806 0.55420 0.49888 0.45079 0.40887 0.37225 0.34019
0.7 0.89179 0.80082 0.72346 0.65707 0.59964 0.54961 0.50575 0.46709 0.43284 0.40233

Table 4.16: TIF BQQSPYJNBUFE DIFNJDBM DPODFOUSBUJPO JO B IFUFSPHFOFPVT TPJM XJUI UIF DVCJD
TQMJOFT JOUFSQPMBUFE SJHIU CPVOEBSZ DPOEJUJPO GVODUJPOT. (∆x = 0.05 (km ) , ∆t =

0.000125 (year) , λ = 0.05)
U/Y 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
0.2 0.83837 0.70189 0.58714 0.49100 0.41067 0.34366 0.28782 0.24130 0.20256 0.17027
0.5 0.88106 0.78060 0.69492 0.62125 0.55748 0.50195 0.45334 0.41060 0.37287 0.33942
0.7 0.89075 0.79874 0.7203 0.65275 0.59407 0.54272 0.49750 0.45744 0.42179 0.38990

Table 4.17: TIF NBYJNVN SPPU NFBO TRVBSF FSSPS PG BQQSPYJNBUFE QPMMVUBOU DPODFOUSBUJPO XJUI
UIF JOUFSQPMBUFE SJHIU CPVOEBSZ DPOEJUJPO GVODUJPOT UP UIF BOBMZUJDBM TPMVUJPO (ER.4.3)
GPS BMM t ∈ [0, 1] .

∆x ∆t RMSEmax(C)

NVMUJQMF SFHSFTTJPO RVBESBUJD SFHSFTTJPO DVCJD TQMJOFT
0.050 5.00×10−4 4.6636×10−2 1.5553×10−2 1.5476×10−2

0.050 2.50×10−4 4.5052×10−2 1.5246×10−2 1.5170×10−2

0.050 1.25×10−4 1.5681×10−2 1.5681×10−2 1.5631×10−2

Table 4.18: TIF SPPU NFBO TRVBSF FSSPS PG JOUFSQPMBUFE SJHIU CPVOEBSZ DPOEJUJPO GVODUJPOT UP UIF

BOBMZUJDBM TPMVUJPO (ER.4.3). RMSE(Tg2) =

√
T∑

n=0
(g̃2(tn)−g2(tn))

N
GPS BMM t ∈ [0, 1]

∆x ∆t RMSE(Tg2 )

NVMUJQMF SFHSFTTJPO RVBESBUJD SFHSFTTJPO DVCJD TQMJOFT
0.050 5.00×10−4 4.4944×10−2 1.1555×10−2 2.1187×10−10

0.050 2.50×10−4 4.4934×10−2 1.1552×10−2 3.6933×10−11

0.050 1.25×10−4 4.4929×10−2 1.1550×10−2 6.5177×10−12

Table 4.19: TIF NBYJNVN FSSPS PG JOUFSQPMBUFE SJHIU CPVOEBSZ DPOEJUJPO GVODUJPOT UP UIF BOBMZUJDBM
TPMVUJPO (ER.4.3). E(Tg2) = max |g̃2 (t)− g2 (t)| GPS BMM t ∈ [0, 1] .

∆x ∆t E(Tg2 )

NVMUJQMF SFHSFTTJPO RVBESBUJD SFHSFTTJPO DVCJD TQMJOFT
0.050 5.00×10−4 9.1775×10−2 2.3918×10−2 8.9845×10−9

0.050 2.50×10−4 9.1796×10−2 2.3952×10−2 2.2461×10−9

0.050 1.25×10−4 9.1806×10−2 2.3969×10−2 5.6153×10−10
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Figure 4.10: TIF TVSGBDF QMPU PG DPNQVUFE DIFNJDBM DPODFOUSBUJPO C̃ (x, t) GPS BMM (x, t) ∈ [0, 1] ×

[0, 1] , JO B IFUFSPHFOFPVT TPJM XJUI UIF NVMUJQMF SFHSFTTJPO JOUFSQPMBUFE SJHIU CPVOEBSZ
DPOEJUJPO GVODUJPOT.

Figure 4.11: TIF TVSGBDF QMPU PG DPNQVUFE DIFNJDBM DPODFOUSBUJPO C̃ (x, t) GPS BMM (x, t) ∈ [0, 1] ×

[0, 1] , JO B IFUFSPHFOFPVT TPJM XJUI UIF RVBESBUJD SFHSFTTJPO JOUFSQPMBUFE SJHIU CPVOEBSZ
DPOEJUJPO GVODUJPOT.
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Figure 4.12: TIF TVSGBDF QMPU PG DPNQVUFE DIFNJDBM DPODFOUSBUJPO C̃ (x, t) GPS BMM (x, t) ∈ [0, 1]×[0, 1] ,

JO B IFUFSPHFOFPVT TPJM XJUI UIF DVCJD TQMJOFT JOUFSQPMBUFE SJHIU CPVOEBSZ DPOEJUJPO
GVODUJPOT.

Figure 4.13: TIF DPNQBSJTPO PG UIF NVMUJQMF SFHSFTTJPO JOUFSQPMBUFE SJHIU CPVOEBSZ DPOEJUJPO GVOD-
UJPOT BOE UIF BOBMZUJDBM TPMVUJPO GPS BMM 0 ≤ t ≤ 1
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Figure 4.14: TIF DPNQBSJTPO PG UIF RVBESBUJD SFHSFTTJPO JOUFSQPMBUFE SJHIU CPVOEBSZ DPOEJUJPO
GVODUJPOT BOE UIF BOBMZUJDBM TPMVUJPO GPS BMM 0 ≤ t ≤ 1

Figure 4.15: TIF DPNQBSJTPO PG UIF DVCJD TQMJOFT JOUFSQPMBUFE SJHIU CPVOEBSZ DPOEJUJPO GVODUJPOT
BOE UIF BOBMZUJDBM TPMVUJPO GPS BMM 0 ≤ t ≤ 1
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Figure 4.16: TIF DPNQBSJTPO PG UIF DVCJD TQMJOFT JOUFSQPMBUFE SJHIU CPVOEBSZ DPOEJUJPO GVODUJPOT
BOE UIF BOBMZUJDBM TPMVUJPO GPS BMM 0 ≤ t ≤ 0.0124

4.10 Simulation 9: Two monitoring contaminated groundwater points;
Saulyev Explicit Finite Difference Scheme technique for an ideal
contaminated groundwater dispersion measurement with the
interpolated right boundary condition functions and the diffusive
term (f1 (x, t)) and the advective term (f2 (x, t)) .

ATTVNJOH UIBU UIF DIFNJDBM EJTQFSTJPO UISPVHI JOIPNPHFOFPVT TPJM UIF EJGGVTJPO
DPFGųDJFOU BOE ŴPX WFMPDJUZ ųFME BSF BWFSBHFE UP CF D0 = 0.71 (LN2/ZFBS) BOE u0 = 0.6

(LN/ZFBS), SFTQFDUJWFMZ. TIF QBSBNFUFS UIBU BDDPVOUT GPS UIF JOIPNPHFOFJUZ PG UIF TPJM
JT BTTVNFE CZ a = 1.0 (LN−1) TIF MFGU CPVOEBSZ DPOEJUJPO BOE UIF JOJUJBM DPOEJUJPO BSF
BTTVNFE CZ ER.(4.3) BOE TIF SJHIU CPVOEBSZ DPOEJUJPO BOE UIF EJGGVTJWF UFSN BOE UIF
BEWFDUJWF UFSN BSF JOUFSQPMBUFE GVODUJPOT. BZ FNQMPZJOH UIF QSPQPTF ųOJUF EJGGFSFODF
UFDIOJRVF ER.(3.35), QSFEJDUJPO PG B ųFME EBUB BU UIF CPVOEBSZ DBO CF PCUBJOFE CZ VTJOH
UIF DVCJD TQMJOFT ER.(3.51). TIF JOUFSQPMBUJPO JT VTFE UP JOUFSQPMBUF UIF SJHIU CPVOEBSZ
DPOEJUJPO BOE UIF EJGGVTJWF UFSN BOE UIF BEWFDUJWF UFSN,

C (1, t) = g̃2 (t) , (4.8)
f1 (x, t) = f̃1 (x, t) , (4.9)
f2 (x, t) = f̃2 (x, t) . (4.10)
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BU x ∈ [0, 1] , BOE t ∈ [0, 1] , XIFSF g̃2 (t), f̃1 (x, t) BOE f̃2 (x, t) BSF JOUFSQPMBUFE GVODUJPO.
WF HFU UIF DIFNJDBM DPODFOUSBUJPO XJUI UIF DVCJD TQMJOFT JOUFSQPMBUFE JO TB-

CMF.4.20. TIF NBYJNVN SPPU NFBO TRVBSF FSSPS PG BQQSPYJNBUFE QPMMVUBOU DPODFOUSBUJPO
XJUI UIF JOUFSQPMBUFE SJHIU CPVOEBSZ DPOEJUJPO GVODUJPOT JT TIPXO JO TBCMF.4.22 BOE UIF
SPPU NFBO TRVBSF FSSPS PG JOUFSQPMBUFE SJHIU CPVOEBSZ DPOEJUJPO GVODUJPOT BOE UIF EJGGV-
TJWF UFSN BOE UIF BEWFDUJWF UFSN JT TIPXO JO TBCMF.4.21. TIF TVSGBDF QMPU PG DPNQVUFE
DIFNJDBM DPODFOUSBUJPO JO B IFUFSPHFOFPVT TPJM XJUI UIF DVCJD TQMJOFT JOUFSQPMBUFE BT
TIPX JO FJH.4.17. TIF DPNQBSJTPO PG UIF DVCJD TQMJOFT JOUFSQPMBUFE UIF EJGGVTJPO UFSN BOE
UIF BEWFDUJWF UFSN BOE UIF BOBMZUJDBM TPMVUJPO BT TIPXO JO FJHT.4.18-4.19.
Table 4.20: TIF BQQSPYJNBUFE DIFNJDBM DPODFOUSBUJPO JO B IFUFSPHFOFPVT TPJM XJUI UIF DVCJD

TQMJOFT JOUFSQPMBUFE SJHIU CPVOEBSZ DPOEJUJPO GVODUJPOT BOE UIF EJGGVTJPO UFSN BOE UIF
BEWFDUJWF UFSN (∆x = 0.05 (km ) , ∆t = 0.000125 (year) , λ = 0.05), XIFSF λ = ∆t/∆x2.

U/Y 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
0.2 0.91406 0.76630 0.64107 0.53615 0.44836 0.37511 0.31405 0.26320 0.22087 0.18570
0.5 0.93667 0.82816 0.73549 0.65624 0.58783 0.52845 0.47660 0.43112 0.39105 0.35570
0.7 0.94177 0.84229 0.75746 0.68486 0.62204 0.56728 0.51919 0.47672 0.43901 0.40546

Table 4.21: TIF SPPU NFBO TRVBSF FSSPS PG JOUFSQPMBUFE SJHIU CPVOEBSZ DPOEJUJPO GVODUJPOT
BOE UIF EJGGVTJWF UFSN BOE UIF BEWFDUJWF UFSN UP UIF BOBMZUJDBM TPMVUJPO (ER.4.3).

RMSE(Tg2) =

√
N∑

n=0
(g̃2(tn)−g2(tn))

N
GPS BMM t ∈ [0, 1], RMSE(Tf1) =

√
M∑
i=0

(f̃1(xi,tn)−f1(xi,tn))

M

BOE RMSE(Tf2) =

√
M∑
i=0

(f̃2(xi,tn)−f2(xi,tn))

M
GPS BMM x ∈ [0, 1]

∆x ∆t RMSE(Tf1) RMSE(Tf2) RMSE(Tg2)

0.050 5.00×10−4 6.8959×10−6 1.5956×10−10 2.1187×10−10

0.050 2.50×10−4 4.8741×10−6 8.5384×10−17 3.6933×10−11

0.050 1.25×10−4 3.4458×10−6 1.3951×10−18 6.5177×10−12

Table 4.22: TIF NBYJNVN SPPU NFBO TRVBSF FSSPS PG BQQSPYJNBUFE QPMMVUBOU DPODFOUSBUJPO XJUI
UIF JOUFSQPMBUFE SJHIU CPVOEBSZ DPOEJUJPO GVODUJPOT BOE UIF EJGGVTJWF UFSN BOE UIF
BEWFDUJWF UFSN BOE τ JT UIF NBYJNVN RMSE UJNF.

∆x ∆t RMSEmax(C) τ

0.050 5.00×10−4 3.3723×10−4 5.0000×10−4

0.050 2.50×10−4 2.3366×10−4 5.0000×10−4

0.050 1.25×10−4 1.7135×10−4 3.7500×10−4
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Figure 4.17: TIF TVSGBDF QMPU PG DPNQVUFE DIFNJDBM DPODFOUSBUJPO JO B IFUFSPHFOFPVT TPJM XJUI
UIF DVCJD TQMJOFT JOUFSQPMBUFE SJHIU CPVOEBSZ DPOEJUJPO GVODUJPOT BOE UIF EJGGVTJPO
UFSN BOE UIF BEWFDUJWF UFSN. C̃ (x, t) GPS BMM (x, t) ∈ [0, 1]× [0, 1] .

Figure 4.18: TIF DPNQBSJTPO PG UIF DVCJD TQMJOFT JOUFSQPMBUFE UIF EJGGVTJPO UFSN BOE UIF BOBMZUJDBM
TPMVUJPO GPS BMM 0 ≤ x ≤ 1This material is reserved for educational use only, not allowed for commercial use. 
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Figure 4.19: TIF DPNQBSJTPO PG UIF DVCJD TQMJOFT JOUFSQPMBUFE UIF BEWFDUJWF UFSN BOE UIF BOBMZUJDBM
TPMVUJPO GPS BMM 0 ≤ x ≤ 1
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Chapter 5
Conclusion and Discussion

5.1 Discussion
IO TJNVMBUJPO 1, UIF BQQSPYJNBUFE FTCS TPMVUJPOT BSF HPPE BHSFFNFOU XIFO JT

EJWJEFE C B IBMG JO 3 DBTFT BT TIPX JO TBCMFT 4.1-4.1. IO TJNVMBUJPO 2, JG UIF SBVMZFW NFUIPE
JT FNQMPZ UP BQQSPYJNBUF UIF HSPVOEXBUFS QPMMVUBOU DPODFOUSBUJPO, JU UVSO PVU UIBU UIF
TPMVUJPOT BSF DMPTFE UP UIF FTCS TPMVUJPOT BT TIPX JO TBCMFT 4.4-4.6. TIF DPNQBSJTPO
PG CPUI BQQSPYJNBUJPO UFDIOJRVFT BSF JMMVTUSBUFE JO FJH 4.3. BPUI NFUIPE HJWF BDDVSBUFMZ
BQQSPYJNBUFE HSPVOEXBUFS QPMMVUBOU DPODFOUSBUJPO CVU UIF FTCS HJWFT VOTUBCMF TPMVUJPOT
XIFO HSFBUFS UIBO 0.4 BT TIPX JO TBCMF 4.7. AMUIPVHI, TIF QSPQPTFE SBVMZFW NFUIPE
TUJMM HJWFT BDDVSBUFMZ HSPVOEXBUFS QPMMVUBOU DPODFOUSBUJPO UIBU JT GSFF GSPN JMMVTUSBUFE HSJE
TQBDJOH.

IO TJNVMBUJPOT 3-5, UIF QSPCMFNT PG UIF TJOHMF NPOJUPSJOH DPOUBNJOBUFE HSPVOE-
XBUFS QPJOU XIFO UIFSF JT OP SBUF PG DIBOHF, UIFSF JT QPTJUJWF SBUF PG DIBOHF BOE UIFSF
JT OFHBUJWF SBUF PG DIBOHF PG QPMMVUBOU DPODFOUSBUJPO B UIF FOEFE QPJOU BSF TJNVMBUFE
BT TIPX JO TBCMFT 4.9-4.11 BOE FJH 4.4-4.6 XF DBO TFF UIBU UIF HSPVOEXBUFS QPMMVUBOU
DPODFOUSBUJPO JO TJNVMBUJPO 4 JT IJHIFS UIBO TJNVMBUJPO 3 BOE 5, SFTQFDUJWFMZ BT TIPX FJH
4.7.

IO TJNVMBUJPO 6, UIF SFBMJTUJD IFUFSPHFOFPVT TPJM GVODUJPO BSF FYQFSJNFOUFE TVDI
BT f1 BOE f2, XF DBO HFU UIF BQQSPYJNBUFE HSPVOEXBUFS QPMMVUBOU DPODFOUSBUJPO CZ VTJOH
UIF QSPQPTFE SBVMZFW NFUIPE BT TIPX JO TBCMF 4.12 BOE FJH 4.8.

IO TJNVMBUJPO 7, UIF MPOH-UFSN TJUVBUJPO JT FYQFSJNFOUFE. TIF DPOTJEFSFE EPNBJO
JT MBSHF BT UIF SFBMJTUJD BSFB, 3 LN. TIF TJNVMBUJPO UJNF JT MPOH BT QSFEJDUJPO SFRVJSFNFOU,
16.67 ZFBS.

IO TJNVMBUJPOT 8, TIF BQQSPYJNBUFE DIFNJDBM DPODFOUSBUJPO JO B IFUFSPHFOFPVT
TPJM XJUI UIF NVMUJQMF SFHSFTTJPO, RVBESBUJD SFHSFTTJPO BOE DVCJD TQMJOFT JOUFSQPMBUFE SJHIU
CPVOEBSZ DPOEJUJPO GVODUJPO BSF TJNVMBUFE BT TIPX JO TBCMFT 4.14-4.16. TIF DVCJD TQMJOFT
JOUFSQPMBUFE SJHIU CPVOEBSZ DPOEJUJPO GVODUJPO HJWF BDDVSBUFMZ BQQSPYJNBUFE HSPVOEXB-
UFS QPMMVUBOU DPODFOUSBUJPO UIBO UIF NVMUJQMF SFHSFTTJPO BOE RVBESBUJD SFHSFTTJPO, SFTQFD-
UJWFMZ BT TIPX TBCMFT 4.17-4.19 BOE FJH 4.13-4.16.

IO UIF MBTU TJNVMBUJPOT, TIF BQQSPYJNBUFE DIFNJDBM DPODFOUSBUJPO JO B IFUFSP-
HFOFPVT TPJM XJUI UIF DVCJD TQMJOFT JOUFSQPMBUFE SJHIU CPVOEBSZ DPOEJUJPO GVODUJPOT BOE
UIF EJGGVTJPO UFSN BOE UIF BEWFDUJWF UFSN JT TJNVMBUFE BT TIPX JO TBCMF 4.20. TIF DV-
CJD TQMJOFT JOUFSQPMBUFE SJHIU CPVOEBSZ DPOEJUJPO GVODUJPO HJWF BDDVSBUFMZ BQQSPYJNBUFE
HSPVOEXBUFS QPMMVUBOU DPODFOUSBUJPO BT TIPX TBCMFT 4.21-?? BOE FJH 4.18-4.19.
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5.2 Conclusion
TIF OVNFSJDBM TJNVMBUJPOT UP B POF-EJNFOTJPOBM HSPVOEXBUFS QPMMVUJPO NFBTVSF-

NFOU NPEFM UISPVHI IFUFSPHFOFPVT TPJM BSF TJNVMBUFE. TIF OVNFSJDBM TPMVUJPOT GPS
BQQSPYJNBUJOH UIF DIFNJDBM DPODFOUSBUJPO JO IFUFSPHFOFPVT NFEJVN BSF QSPQPTFE. TIF
GPSXBSE UJNF DFOUFS TQBDF NFUIPE BOE SBVMZFW ųOJUF EJGGFSFODF UFDIOJRVF BSF VTFE UP
BQQSPYJNBUF UIF TPMVUJPO PG UIF TFWFSBM TJNVMBUJPOT. TIF NVMUJQMF SFHSFTTJPO, RVBESBUJD
SFHSFTTJPO BOE DVCJD TQMJOF BSF VTFE UP SFQSFTFOU UIF EJGGVTJPO UFSN, UIF BEWFDUJWF UFSN
BOE UIF SJHIU CPVOEBSZ DPOEJUJPO GPS ųMFE EBUB. TIF QSPQPTFE ųOJUF EJGGFSFODF UFDIOJRVF
HJWFT HPPE BHSFFNFOU BQQSPYJNBUFE TPMVUJPOT VOEFS EJGGFSFOU DPOEJUJPOT. WF DBO TFF
UIBU UIF DPNQVUFE TPMVUJPOT BSF BQQMJDBCMF UP UIF SFBM-XPSME QSPCMFNT.
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