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ABSTRACT 

  

In this research we used the dam-break (the breaking of sandbag dike) 

simulation to estimate the concentration of the water pollutant in a long term 

flooding area. The couple of the dispersion equations and the dam-break shallow 

water are involved and formulated. As there are no exact solution method in solving 

this source of problem. We then search for many finite difference method with the 

explicit and implicit formula. The results showed the group of explicit formula give 

more reasonable accepted solution to the problem and it is reasonable agree with 

the former work in the references. 
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Chapter 1 

Introduction 

 

1.1 Water pollution after dike failure 

In the present, world environment has increasingly changed, for instance, dry and hot 

water weather is getting longer than usual. On the other hand, if there is too much 

rain and water, affected until flooding. 

 

In 2012, Thailand has been confronted a largest flooding. The mass of water has 

been drenched from many main and branch rivers to cover wide areas. The residents 

who lived in the flooding area have to build a manmade sandbag dike to protect 

their village. The flooding has been taken for a long time meanwhile the flooding 

water becomes contaminated. There are some residents in their flooding area want 

to drain their contaminated water to a nearest area. They have been destroyed their 

sandbag dike. Consequently, the dispute among residents is occurred. The simulation 

of water-quality is required to compromise the problem. The simulation process of 

water-quality model is require the input as the water flow velocities after the 

villagers dike has been destroyed but there is lack of field data on the flooding 

period. 

 

 

 

 

 

 

 

 

 

Figure 1.1 The residents must build a manmade sandbag dike to protect their village. 
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Figure 1.2 The residents of another village want to drain the polluted water to 

another village. The debate among villager is occurred. 

 

1.2 Literature review 

In the recent years, there has been many research magnitude on the evolution of 

numerical models to simulate dam-break flows. For example, Garcia et al. [1] used 

Lax-Friendrichs, MacCormack and MacCormack TVD to compare exact solution with a 

one dimension (1D) dam-break flow simulation.  

 

 

 

 

 

 

 

 

 

 

 

Figure 1.3 Dam break problem with Lax-Friendrichs versus exact solution [1]. 
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Figure 1.4 Dam break problem with MacCormack versus exact solution [1]. 

 

 

 

 

 

 

 

 

 

 

 

Figure 1.5 Dam break problem with TVD MacCormack versus exact solution [1]. 
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Gottardi et al. [2] used central scheme for 1D and two dimension (2D) dam-break 

simulation.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1.6 Comparison of the numerical and analytical solutions at t=6 s :(a) depth h; 

(b) velocity u; (c) unit discharge q and, (d) Froude number Fr [2]. 
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Fayssal et al. [3] used finite volume method for numerical solution of shallow water 

equations in dam-break with flat topography.  

 

 

 

 

 

 

 

 

 

 

 

Figure 1.7 Water height (left plot) and water velocity (right plot) for dam-break on 

wet bed at 50T s=  using 10x m∆ = , 0.5l rh h =  [3].  
 

 

 

 

 

 

 

 

 

 

 

 

Figure 1.8 Water height (left plot) and water velocity (right plot) for dam-break on 

wet bed at 50t s= using 10x m∆ = , 0.005l rh h =  [3]. 
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Figure 1.9 Water height (left plot) and water velocity (right plot) for dam-break on 

dry bed at 40t s= using 10x m∆ = , l rh h = ∞  [3].  
 

Pirotton et al. [4] used 2D finite volume multiblock flow solver. The model is based 

on Flux Vector Splitting method.  

 

 

 

 

 

 

 

 

 

Figure 1.10 Computed water depths after 0.69s for the flow induced by the collapse 

of a circular dam. 1D reference solution as well as 2D solutions obtained  with 

schemes first and second order accurate in space: (a) 0.25m cells; (b) details of 

0.25m and 0.10m cells [4]. 
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Baghlani [5] used a robust and effective flux-vector splitting method to simulate 

dam-break problem base on finite volume method on a cartesian grid.  

 

 

 

 

 

 

 

 

 

 

Figure 1.11 Comparison between theoretical and numerical of 1D dam-break 

problem for depth ratio equa to 0.2 (left) and 0.01 (right) [5]. 

 

Hong-Ming Kao et al. [6] used smoothed particle hydrodynamics (SPH) to solve 

shallow-water dam break flow in open channels.  

 

 

 

 

 

 

 

Figure 1.12 Comparison of the exact solutions with the simulated (a) water depths 

and (b) velocities for various numbers of slice water particles under water depths 

ratio of zero [6]. 
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Figure 1.13 Comparison of the exact solutions with the simulated (a) water depths 

and (b) velocities for various numbers of slice water particles under water depths 

ratio of 0.1 [6]. 

 

 

 

 

 

 

 

 

Figure 1.14 Comparison of the exact solutions with the simulated (a) water depths 

and (b) velocities for various numbers of slice water particles under water depths 

ratio of 0.5 [6]. 
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Touma et al. [7] used a new well-balanced unstraggered central finite volume 

scheme for 1D and 2D dam break over a rectangular bump.  

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1.15 Dam break problem: water height obtained at time t = 15 using the 

numerical base scheme (dotted line) and the well-balanced scheme (solid line) [7]. 

 

 

 

 

 

 

 

 

 

 

 

Figure 1.16 Two-dimensional dam break over a rectangular bump: profile of the 

water height obtained at the final time t = 15 [7]. 

 

 

 

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



10 
 

 
 

Berthon et al. [8] used well-balanced hydrostatic upwind schemes for dam-break 

approximations. The dam-break model is used to Explain unsteady dike failure flow. 

 

 

 

 

 

 

 

 

Figure 1.17 First-order wet dam-break [8]. 

 

 

 

 

 

 

 

 

 

Figure 1.18 Second-order wet dam-break [8]. 

 

Akbari and Firoozi [9] used Implicit (PriessMan) and Explicit (Lax Diffusive) methods for 

Saint-Venent Equations to Simulate Flood wave in Natural Rivers. In this work, the 

Lax-diffusive technique is used to solve dike failure problem. 

 

The water becomes more dirty due to the fact that all residents must stop flooding 

for long time period. The one dynamic advection-dispersion-reaction (ADREs) model 

and the one dynamic advection-dispersion (ADEs) model used to explain pollutant. 

For example, 
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Guoyuan Li and C. Rhett Jackson [10] compared concentration with different 

methods in the one dynamic advection-dispersion-reaction equations  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1.19 Performances of finite difference schemes under step input scenario: (a) 

FTCS, BTCS schemes, (b) Crank–Nicolson schemes, (c) Saulyev schemes, (d) 

MacCormack schemes, (e) more accurate schemes, (f) more stable schemes [10]. 
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Nopparat Pochai [11] compared concentration at two different time instants of the 

FTCS and Sauyev methods in the one dynamic advection-dispersion-reaction 

equations. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1.20 The comparison of concentration at two different time instants of the 

FTCS and Saulyev methods [11]. 

 

Mehdi Dehgan [12] compared concentration by weighted finite difference techniques 

for one-dimensional advection-diffusion equations. 

 

The main idea of thesis, to find pollutant of water after dike failure by various finite 

difference methods from input variable velocity field data not constant.  
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1.3 Objectives 

1.3.1) To proposed the numerical simulations to one-dimensional dike failure 

model.  

1.3.2) To simulate water elevation and water velocity when the dike is 

broken. 

1.3.3) To proposed the numerical simulations to the water-quality 

measurement when the dike is broken.  

1.3.4) To compare the simulation results of the water-quality measurement 

after dike-break. 

  

1.4 Scope of the thesis  

1.4.1) To find numerical solution of one-dimensional dike failure problem by 

using modified Lax-Diffusive method.  

1.4.2) Simulating water elevation and water velocity under dry bed and wet 

bed conditions. 

1.4.3) To find numerical solution of one-dimensional-advection-dispersion-

reaction equations and one-dimensional-advection-diffusion equations by using finite 

different methods.  

1.4.4) To compare the calculated solutions of water quality model by implicit 

and explicit methods. 

 

1.5 Plan of the thesis 

There are two mathematical models used to simulate water quality in a non-uniform 

water flow systems. The first is the hydrodynamic model that provides the velocity 

field and the elevation of water. The second is the dispersion model that gives the 

pollutant concentration field. A couple of models are formulated in one-dimensional 

equations. At each step, the calculated flow velocity fields of the first model are 

input into the second model as the field data. 

 

The first step, to study one-dimensional shallow water equations, one-dimensional 

advection-dispersion-reaction equations and one-dimensional advection-dispersion 

equations. 
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The second step, to study finite difference methods for solving one-dimensional 

hydrodynamic model and one-dimensional dispersion model. 

 

The first part will study the basic knowledge about the shallow water and 

mathematical model for water quality, measurement and control by defining the 

domain of problem in thesis and domain of study case.   

 

The third step, to compute the unsteady water pollutant after the dike failure. Two 

mathematical models are used to simulate pollutant concentration due to sewage 

from the water barrier. The first model is the one-dimensional shallow water 

equations that provides the water velocity and water height. The second model is 

the one-dimensional advection-dispersion-reaction equations that gives the pollutant 

concentration. In the process of computation, modify the Lax–diffusive method for 

solving the first model and the second model are used various finite different 

methods.  

 

The forth step, to compute unsteady polluted water after the dike failure with the 

advection-diffusion equations. The second model need to input the velocity fields 

from the first model. We use the traditional methods and combine methods for the 

second model. 

 

Finally, to compare numerical solutions from many finite difference methods in one-

dimensional advection-dispersion-reaction equations or one-dimensional advection-

diffusion equations. 
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Dispersion 

model 

One-dimensional-Dam-break model 

Modified Lax-diffusive method 

Approximated water velocity Water elevation 

Hydrodynamic model 

(Dam-break) 

Approximated pollutant concentration 

1D-ADREs 1D-ADEs 

To propose suitable finite difference techniques 

Non pollutant reaction Pollutant reaction 

 

 

 

 

 

 

 

 

 

 

       Water quality model 

 

 

    

 

 

 

 

 

 

 

 

 

 

Figure 1.13 Flowchart of dam-break model and water quality model. 

 

1.6 Expected results 

The expected results of thesis are the applied couple model of water pollutant 

concentration and the dam-break model to explain the phenomenon of real world 

problems. 
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Chapter 2 

Basic Concepts and Preliminaries 

 

2.1 The one-dimensional hydrodynamic model 

The one-dimensional hydrodynamic equations are obtained by integrating the Navier-

Stokes equations over the flow depth under the assumptions as hydrostatic pressure 

distribution and small bottom slope. The dam-break flows are high velocity and can 

be considered as advection-dominated shallow water flows. Therefore, the eddy 

viscosity terms can be neglected. The governing equations on conversation and 

vector form can be written in the system of partial differential equations as [3] 

2 2

0
,1

2
x t

x

huh
gh zhu hu gh

      ∂ + ∂ =      − ∂+    

  (2.1) 

where x is the longitudinal distance along a stream (m), t is time (s), h(x,t) is the 

elevation of the water above the bottom (m/s), z(x) is the function characterizing the 

bottom topography (m), and u(x,t) is the velocity components (m/s), for all [ ]0,x L∈ . 

 

 

 

 

 

 

 

 

 

Figure 2.1 The shallow water system. 
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2.2 The Riemann problem of a dam-break  

In this section, we will explain the characteristic structure of a dam-break. A dam will 

divide two sections of different water elevation at time 0t = . The initial condition is 

given by 

    
0,

( ,0)
0,

l

r

h if x
h x

h if x
<

=  >
         (2.2) 

    ( ,0) 0u x = .         (2.3) 

 

 

 

 

 

 

  

 

 

 

 

Figure 2.2 The water elevation (left plot) and water velocity (right plot) of initial 

condition in the dam-break problem. 

 

2.3 The dam-break on wet bed and dry bed 

The dam-break on wet bed is mean, the water elevation of flooding area more than 

zero ( 0)rh > . Otherwise, the dam-break on dry bed is non-flooding area ( 0)rh = . 
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Figure 2.3 The dam-break on wet bed (left plot) and the dam-break on dry bed  

(right plot). 

 

2.4 The fluid flow 

Reynold number 

The Reynold number is defined as 

Re UL ULρ
µ ν

= = ,        (2.4) 

where   U  is velocity (m/s), 

  L  is characteristic linear dimension (m), 

  µ  is dynamic viscocity of fluid (kg/ms), 

  ν  is kinematic viscocity (m2/s), 

  ρ  is density of the fluid (kg/m3). 

The Reynold number can classify the fluid flow to 3 types. 
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Laminar flow 

In fluid dynamics, laminar flow (or streamline flow) occurs when a fluid flows in 

parallel layers, with no disruption between the layers. At low velocities, the fluid 

tends to flow without lateral mixing, and adjacent layers slide past one another like 

playing cards. There are no cross-currents perpendicular to the direction of flow. 

Laminar flow is a flow before regime characterized by high momentum diffusion and 

low momentum convection. Laminar flow is required less than 2000 Reynold 

number. 

 

Turbulent flow 

Turbulence or turbulent flow is a flow regime characterized by chaotic property 

changes. This includes low momentum diffusion, high momentum convection, and 

rapid variation of pressure and flow velocity in space and time. Turbulence is 

required more than 4000 Reynold number. 

 

 

 

 

 

 

 

 

Figure 2.4 The turbulent flow and the laminar flow of the fluid flow. 

 

Transition flow 

The transition flow is occurs between laminar flow and turbulent flow, meanwhile 

between 2000 to 4000 Reynold number. 
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2.5 Governing equations of water quality measurement 

Numerous types of water motion transport matter within natural waters. Wind energy 

and gravity import motion to the water that leads to mass transport. In the present 

context within system motion can be divided into two general categories: advection 

and diffusion. 

Advection results from flow that is unidirectional and does not change the identity 

of the substance being transported. Advection moves matter from one position in 

space to another. 

Diffusion refers to the movement of mass due to random water motion or mixing. 

Such transport causes the dye patch depicted to spread out and dilute over time 

with negligible not movement of its center of mass. Diffusion is the movement 

molecules from an area of higher concentration to one lower concentration. 

Reactions refers to the mass is gained or lost by transformations of the substances 

within the volume. Reactions either add mass by changing another constituent into 

the substance being modeled or remove mass by transforming the substance into 

another constituent. 

 

Dispersion is a related process that also causes pollution to spread. Dispersion is the 

result of velocity differences in space. 

 

        time            time 

 

 

 

 

 

 

         distance                            distance 

Figure 2.5 The transport of a dye splotch in space and time via (left plot) Advection  

and (right plot) Diffusion. 
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Dispersion model  

Advection-Diffusion equations 

In a stream water quality model, the governing equations are the dynamic one-

dimensional advection-diffusion equations (ADEs) and the dynamic one-dimensional 

advection-dispersion-reaction equations (ADREs). A simplified representation by 

averaging the equation over the depth as 
2

2 .C C Cu D
t x x

∂ ∂ ∂
+ =

∂ ∂ ∂
        (2.5) 

 

Advection-Dispersion-reaction equations 

    
2

2 ,C C Cu D KC
t x x

∂ ∂ ∂
+ = −

∂ ∂ ∂
       (2.6) 

where            ( , )C x t  is the concentration averaged in depth,  

  D  is the diffusion coefficient, 

  K  is the mass decay rate, 

  ( , )u x t  is the velocity component. 
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CHAPTER 3 

NUMERICAL SIMULATIONS OF WATER QUALITY MODEL IN A FLOODING 

STREAM DUE TO DAM-BREAK PROBLEM USING IMPLICIT AND EXPLICIT 

METHODS 

 

In this chapter, we propose a modified Lax-diffusive for solving a dam-break model. 

The first model give water height and water velocity. The second model is dispersion 

model, need to input water velocity from the first model. The traditional finite 

difference methods are used to find and compare the pollutant concentration. 

 

3.1 A modified Lax-diffusive method for the dam-break model 

In this section the Modified Lax-diffusive is proposed. The domain of the dam-break 

problem is covered by a mesh of grid-lines M x L∆ =  by dividing the interval [0, ]L  

into M  subintervals and N t T∆ =  by dividing the interval [0, ]T  into N  

subintervals. We define ( , )m nh x t  by n
mh  for solution of ( , )h x t  at point x m x= ∆  and 

t n t= ∆ , where 0 m M≤ ≤  and 0 n N≤ ≤ , and same defined for n
mu . The grid point 

( , )m nx t  is defined by mx m x= ∆  for all 0,1,2,...,m M=  and nt n t= ∆  for all 

0,1,2,...,n N=  in which M  and N  are positive integers. 

 

The traditional Lax-diffusive method is modified by changing f ∗ , from two points 

average to three points average as 

    1 1

2

n n
m m

x
f ff

x
+ −−

=
∆

,        (3.1) 

    
1 *n

m m
t

f ff
t

+ −
=

∆
,        (3.2) 

where     * 1 1

3

n n n
m m mf f ff + −+ +

= .        (3.3) 

We transform Eq. (2.1) to matrix form as 

    0t xA B C+ + = ,        (3.4) 

where    2 2

0
, , .1

2 x

huh
A B C

gh zhu hu gh

      = = =      − ∂+    

     (3.5) 

Followed in Eq. (3.5) can be written by the uniform spatial grids as 
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( ) ( ) ( )2 2

0
, , .1

2

n n
n m m

n nm
m m n nn n n n n

m x mm m m m m

h uh
A B C

gh zh u h u g h

      = = =       − ∂+     

           (3.6) 

Substituting the finite difference approximations of Eq. (3.1-3.2) and Eq. (3.3) into  

Eq.(3.4), we get 

     ( )1 *
1 1 .

2
n n n
m m m

tA B B A
x

+
− +

∆
= − +

∆
            (3.7) 

where   
( )

*

*

h
A

hu
∗

 
=  
 
 

 Substituting Eq. (3.6) into Eq. (3.7), we get 

 ( ) ( ) ( ) ( )( )
1 1 1 1 1

2 2 2 21 1
1 1 1 1 1 1

12
2

n n n n
n m m m m
m

n n n n n n n n
m m m m m m m m

h u h uh t
xh u h u h u g h h

+ − − + +

+ +
− − + + − +

 −  ∆  =   ∆ − + −    

1 1

1 1 1 1

1 .
3

n n n
m m m

n n n n n n
m m m m m m

h h h
h u h u h u

− +

− − + +

 + +
+  

+ + 
              (3.8) 

For all 1 m M≤ <  and 0 1n N≤ ≤ − . For upper boundary, where m = 0, fix the 

known value of the left boundary by 1 0
n nu u− =   and 1 0

n nh h− =  into Eq.(3.8) in the right-

hand side, we obtain 

  
( ) ( ) ( ) ( )( )

1 0 0 1 1
0 11

2 2 2 21 1
0 0 1 11 1 0 0 1 1 0 1

21
12 3 2
2

n n n n
n nn

n n n nn n n n n n n n

h u h u h hh t
x h u h uh u h u h u g h h

+

+ +

 −    +∆  = +     ∆ +− + −     

.  (3.9) 

For lower boundary, where m = M, substituting the approximate unknown value of 

the right boundary by boundary conditions, we can let 1
n n
M Mu u+ =  and 1

n n
M Mh h+ =  by 

rearranging, we obtain 

( ) ( ) ( ) ( )( )
1 1 1

1
2 2 2 21 1

1 11 1 1

21 .12 3 2
2

n n n n
n n nM M M M
M M M

n n n n n nn n n n n n
M M M M M MM M M M M M

h u h uh h ht
xh u h u h uh u h u g h h

+ − −
−

+ +
− −− − −

 −   +∆  = +    ∆ +− + −     
                  (3.10) 

The stability condition of the scheme needed CFL number as, 

    1n max
tC u
x
∆ = ≤ ∆ 

.            (3.11) 
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3.2 Numerical solution of dam-break problem 

First, we show some example by using initial and boundary conditions from Hong-

Ming Kao et al. [6].  We consider the dam-break problem with flat topography,

( ) 0.z x =  The length of channel is 40 meter, the space meshing 0.4x∆ =  meter and 

the time meshing 0.04t∆ = . We use Neumann boundary for boundary conditions. 

Simulation 1: High wet bed scenario 

   
1, 20

( ,0)
0.5, 20 40

if x
h x

if x
≤

=  < ≤
     (3.12) 

( ,0) 0, 0 2.u x t= ≤ ≤          (3.13) 

(0, ) ( , ) 0.
(0, ) ( , ) 0.

x x

x x

h t h L t
u t u L t

= =
= =

       (3.14) 

 

Table 3.1 The velocity of water flow ( , )u x t /m s , depth ratio 0.5. 

t\x 0 4 8 12 16 20 24 28 32 36 40 

0.4 0.0000 0.0000 0.0000 0.0000 0.0000 0.6027 0.0000 0.0000 0.0000 0.0000 0.0000 

0.8 0.0000 0.0000 0.0000 0.0000 0.0488 0.7513 0.0929 0.0000 0.0000 0.0000 0.0000 

1.2 0.0000 0.0000 0.0000 0.0008 0.2135 0.8173 0.4030 0.0008 0.0000 0.0000 0.0000 

1.6 0.0000 0.0000 0.0000 0.0205 0.3816 0.8530 0.6824 0.0207 0.0000 0.0000 0.0000 

2.0 0.0000 0.0000 0.0008 0.0864 0.5150 0.8747 0.8274 0.1188 0.0003 0.0000 0.0000 

 

Table 3.2 The elevation of water flow ( , )h x t /m s , depth ratio 0.5. 

t\x 0 4 8 12 16 20 24 28 32 36 40 

0.4 1.0000 1.0000 1.0000 1.0000 1.0000 0.7770 0.5000 0.5000 0.5000 0.5000 0.5000 

0.8 1.0000 1.0000 1.0000 1.0000 0.9844 0.7587 0.5207 0.5000 0.5000 0.5000 0.5000 

1.2 1.0000 1.0000 1.0000 0.9997 0.9323 0.7480 0.5918 0.5002 0.5000 0.5000 0.5000 

1.6 1.0000 1.0000 1.0000 0.9934 0.8804 0.7409 0.6606 0.5047 0.5000 0.5000 0.5000 

2.0 1.0000 1.0000 0.9998 0.9725 0.8405 0.7361 0.6985 0.5268 0.5001 0.5000 0.5000 
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Fig. 3.1 Water height (left plot) and water velocity (right plot) for dam-break on wet 

bed at t=2s. ( )0.5r lh h =  

Simulation 2: low wet bed scenaio 

   
1, 20

( ,0)
0.1, 20 40

if x
h x

if x
≤

=  < ≤
           (3.12) 

( ,0) 0, 0 2.u x t= ≤ ≤      (3.13) 

(0, ) ( , ) 0.
(0, ) ( , ) 0.

x x

x x

h t h L t
u t u L t

= =
= =

     (3.14) 

 

Table 3.3 The velocity of water flow ( , )u x t / ,m s   depth ratio 0.1. 

t\x 0 4 8 12 16 20 24 28 32 36 40 

0.4 0.0000 0.0000 0.0000 0.0000 0.0000 1.0474 0.0000 0.0000 0.0000 0.0000 0.0000 

0.8 0.0000 0.0000 0.0000 0.0000 0.0736 1.3199 0.2434 0.0000 0.0000 0.0000 0.0000 

1.2 0.0000 0.0000 0.0000 0.0013 0.3056 1.4486 1.2214 0.0004 0.0000 0.0000 0.0000 

1.6 0.0000 0.0000 0.0000 0.0298 0.5373 1.5267 1.8836 0.0194 0.0000 0.0000 0.0000 

2.0 0.0000 0.0000 0.0012 0.1193 0.7253 1.5815 2.0991 0.2370 0.0000 0.0000 0.0000 
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Table 3.4 The elevation of water flow ( , )h x t / ,m s  depth ratio 0.1. 

t\x 0 4 8 12 16 20 24 28 32 36 40 

0.4 1.0000 1.0000 1.0000 1.0000 1.0000 0.6145 0.1000 0.1000 0.1000 0.1000 0.1000 

0.8 1.0000 1.0000 1.0000 1.0000 0.9764 0.5870 0.1200 0.1000 0.1000 0.1000 0.1000 

1.2 1.0000 1.0000 1.0000 0.9996 0.9033 0.5687 0.2208 0.1000 0.1000 0.1000 0.1000 

1.6 1.0000 1.0000 1.0000 0.9905 0.8328 0.5552 0.3297 0.1018 0.1000 0.1000 0.1000 

2.0 1.0000 1.0000 0.9996 0.9621 0.7778 0.5448 0.3826 0.1202 0.1000 0.1000 0.1000 

 

 

 

 

 

 

 

 

Fig. 3.2 Water height (left plot) and water velocity (right plot) for dam-break on wet 

bed at t=2s. ( )0.1r lh h =  

Simulation 3: dry bed scenario 

   
1, 20

( ,0)
0, 20 40

if x
h x

if x
≤

=  < ≤
     (3.12) 

( ,0) 0, 0 2.u x t= ≤ ≤          (3.13) 

(0, ) ( , ) 0.
(0, ) ( , ) 0.

x x

x x

h t h L t
u t u L t

= =
= =

       (3.14) 
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Table 3.5 The velocity of water flow ( , )u x t / ,m s  depth ratio ∞ . 

t\x 0 4 8 12 16 20 24 28 32 36 40 

0.4 0.0000 0.0000 0.0000 0.0000 0.0000 1.9948 0.0000 0.0000 0.0000 0.0000 0.0000 

0.8 0.0000 0.0000 0.0000 0.0000 0.0000 2.0335 4.8676 0.0000 0.0000 0.0000 0.0000 

1.2 0.0000 0.0000 0.0000 0.0000 0.0382 2.0485 4.2398 0.0000 0.0000 0.0000 0.0000 

1.6 0.0000 0.0000 0.0000 0.0000 0.4344 2.0566 3.7029 5.3853 0.0000 0.0000 0.0000 

2.0 0.0000 0.0000 0.0000 0.0000 0.7508 2.0618 3.3812 4.7120 0.0000 0.0000 0.0000 

 

Table 3.6 The elevation of water flow ( , )h x t / ,m s  depth ratio ∞ . 

t\x 0 4 8 12 16 20 24 28 32 36 40 

0.4 1.0000 1.0000 1.0000 1.0000 1.0000 0.4613 0.0000 0.0000 0.0000 0.0000 0.0000 

0.8 1.0000 1.0000 1.0000 1.0000 1.0000 0.4543 0.0009 0.0000 0.0000 0.0000 0.0000 

1.2 1.0000 1.0000 1.0000 1.0000 0.9878 0.4516 0.1002 0.0000 0.0000 0.0000 0.0000 

1.6 1.0000 1.0000 1.0000 1.0000 0.8659 0.4501 0.1647 0.0116 0.0000 0.0000 0.0000 

2.0 1.0000 1.0000 1.0000 1.0000 0.7744 0.4492 0.2101 0.0580 0.0000 0.0000 0.0000 

 

 

 

 

 

 

 

 

Fig. 3.3 Water height (left plot) and water velocity (right plot) for dam-break on wet 

bed at t=2s. ( )r lh h = ∞  
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Next, we consider the dam-break problem with flat topography, ( ) 0.z x =  The length 

of channel is 2000 meter, the space meshing 10x∆ =  meter. We use Neumann 

boundary for boundary conditions and initial conditions [3] are given in 3 cases. 

Case A: high wet bed scenario 

given  
10, 1000

( ,0)
5, 1000 2000

if x
h x

if x
≤

=  < ≤
   (3.12) 

( ,0) 0, 0 50.u x t= ≤ ≤     (3.13) 

(0, ) ( , ) 0.
(0, ) ( , ) 0.

x x

x x

h t h L t
u t u L t

= =
= =

     (3.14) 

 

Table 3.7 The velocity of water flow ( , )u x t /m s , depth ratio 0.5. 

t\x 0 200 400 600 800 1000 1200 1400 1600 1800 2000 

10 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 2.7676 0.0000 0.0000 0.0000 0.0000 

20 0.0000 0.0000 0.0000 0.0000 0.0000 0.5432 2.8906 1.0240 0.0000 0.0000 0.0000 

30 0.0000 0.0000 0.0000 0.0000 0.0134 1.722 2.9128 2.8879 0.0015 0.0000 0.0000 

40 0.0000 0.0000 0.0000 0.0000 0.4606 2.3804 2.9171 2.9101 0.6703 0.0000 0.0000 

50 0.0000 0.0000 0.0421 1.2290 2.6967 2.9177 2.9122 2.8402 0.0023 0.0000 0.0000 

 

Table 3.8 The elevation of water flow ( , )h x t /m s , depth ratio 0.5. 

t\x 0 200 400 600 800 1000 1200 1400 1600 1800 2000 

10 10.0000 10.0000 10.0000 10.0000 10.0000 7.3648 5.0000 5.0000 5.0000 5.0000 5.0000 

20 10.0000 10.0000 10.0000 10.0000 9.4569 7.2716 5.7426 5.0000 5.0000 5.0000 5.0000 

30 10.0000 10.0000 10.0000 9.9864 8.3284 7.2576 7.2357 5.0011 5.0000 5.0000 5.0000 

40 10.0000 10.0000 10.0000 9.5393 7.7305 7.2569 7.2561 5.4835 5.0000 5.0000 5.0000 

50 10.0000 10.0000 9.9575 8.7937 7.4523 7.2583 7.2589 7.1994 5.0017 5.0000 5.0000 
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Fig. 3.4 Water height (left plot) and water velocity (right plot) for dam-break on wet 

bed at t=50s. ( )0.5r lh h =  

 

Case B: low wet bed scenario 

 given  
10, 1000

( ,0)
0.05, 1000 2000

( ,0) 0, 0 50.

if x
h x

if x
u x t

≤
=  < ≤
= ≤ ≤

  (3.15) 

(0, ) ( , ) 0.
(0, ) ( , ) 0.

x x

x x

h t h L t
u t u L t

= =
= =

       (3.16) 

 

Table 3.9 The velocity of water flow ( , )u x t /m s , depth ratio 0.005. 

t\x 0 200 400 600 800 1000 1200 1400 1600 1800 2000 

10 0.0000 0.0000 0.0000 0.0000 0.0000 5.3233 0.0000 0.0000 0.0000 0.0000 0.0000 

20 0.0000 0.0000 0.0000 0.0000 0.7082 5.7794 10.8515 0.0000 0.0000 0.0000 0.0000 

30 0.0000 0.0000 0.0000 0.0187 2.1748 5.9784 9.8770 0.0056 0.0000 0.0000 0.0000 

40 0.0000 0.0000 0.0001 0.5590 3.1218 6.0936 9.1105 11.7065 0.0000 0.0000 0.0000 

50 0.0000 0.0000 0.0542 1.4388 3.7391 6.1699 8.6256 10.9812 9.3860 0.0000 0.0000 
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Table 3.10 The elevation of water flow ( , )h x t /m s , depth ratio 0.005. 

t\x 0 200 400 600 800 1000 1200 1400 1600 1800 2000 

10 10.0000 10.0000 10.0000 10.0000 10.0000 5.1902 0.0500 0.0500 0.0500 0.0500 0.0500 

20 10.0000 10.0000 10.0000 10.0000 9.2941 4.9232 1.4900 0.0500 0.0500 0.0500 0.0500 

30 10.0000 10.0000 10.0000 9.9811 7.9105 4.8073 2.3477 0.0502 0.0500 0.0500 0.0500 

40 10.0000 10.0000 9.9999 9.4421 7.0772 4.7404 2.8107 1.4811 0.0500 0.0500 0.0500 

50 10.0000 10.0000 9.9453 8.5949 6.5603 4.6961 3.1096 1.8630 0.5364 0.0500 0.0500 

 

 

 

 

 

 

 

 

 

 

 

Fig. 3.5 Water height (left plot) and water velocity (right plot) for dam-break on wet 

bed at t=50s. ( )0.005r lh h =  

 

Case C: dry bed scenario 

 given  
10, 1000

( ,0)
0, 1000 2000

( ,0) 0, 0 40.

if x
h x

if x
u x t

≤
=  < ≤
= ≤ ≤

   (3.17) 

(0, ) ( , ) 0.
(0, ) ( , ) 0.

x x

x x

h t h L t
u t u L t

= =
= =

     (3.18) 
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Table 3.11 The velocity of water flow ( , )u x t /m s , depth ratio ∞ . 

t\x 0 200 400 600 800 1000 1200 1400 1600 1800 2000 

8 0.0000 0.0000 0.0000 0.0000 0.0000 5.3387 0.0000 0.0000 0.0000 0.0000 0.0000 

16 0.0000 0.0000 0.0000 0.0000 0.7091 5.7917 11.4513 0.0000 0.0000 0.0000 0.0000 

24 0.0000 0.0000 0.0000 0.0188 2.1767 5.9884 9.9854 11.0343 0.0000 0.0000 0.0000 

32 0.0000 0.0000 0.0001 0.5595 3.124 6.1021 9.1596 12.3166 8.6766 0.0000 0.0000 

40 0.0000 0.0000 0.0543 1.4396 3.7415 6.1772 8.6552 11.1796 13.8577 0.0000 0.0000 

 

Table 3.12 The elevation of water flow ( , )h x t /m s , depth ratio ∞ . 

t\x 0 200 400 600 800 1000 1200 1400 1600 1800 2000 

8 10.0000 10.0000 10.0000 10.0000 10.0000 5.1775 0.0000 0.0000 0.0000 0.0000 0.0000 

16 10.0000 10.0000 10.0000 10.0000 9.2932 4.9139 1.3036 0.0000 0.0000 0.0000 0.0000 

24 10.0000 10.0000 10.0000 9.9811 7.9088 4.7999 2.2892 0.0393 0.0000 0.0000 0.0000 

32 10.0000 10.0000 9.9999 9.4416 7.0753 4.7343 2.7827 1.2304 0.0000 0.0000 0.0000 

40 10.0000 10.0000 9.9452 8.5941 6.5583 4.6909 3.0922 1.7712 0.6834 0.0000 0.0000 

 

 

 

 

 

 

 

 

 

 

 

Fig. 3.6 Water height (left plot) and water velocity (right plot) for dam-break on wet 

bed at t=40s. ( )r lh h = ∞    

 

3.3 The finite difference methods for the dispersion model 

3.3.1 The implicit methods 

First of all, we consider the implicit schemes for the advection-dispersion-reaction 

equation. The backward time central space scheme approximates the temporal and 

spacial derivatives and the decay in Eq.(2.6). 
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3.3.1.1 Backward time central space method 

We can then approximate ( , )m nC x t  by n
mC , the value of the difference 

approximation of ( , )C x t  at point x m x= ∆  and t n t= ∆ , where 0 m M≤ ≤  and 

0 n N≤ ≤ . The grid point ( , )m nx t  is defined by mx m x= ∆  for all 0,1,2,...,m M=  and 

nt n t= ∆  for all 0,1,2,...,n N=  in which M and N are positive integers. 

Taking the backward time forward space technique [10] into Eq.(2.6), we get the 

following discretization: 
1,n

mC C +≅        (3.19) 

( )1

,
n n
m mC CC

t t

+ −∂
≅

∂ ∆
      (3.20) 

( )1 1
1 1 ,
2

n n
m mC CC

x x

+ +
+ −−∂

≅
∂ ∆

      (3.21) 

( )1 1 12
1 1

2 2

2
,

( )

n n n
m m mC C CC

x x

+ + +
+ −− +∂

≅
∂ ∆

     (3.22) 

.n
mu u≅        (3.23) 

Note that n
mu  are obtained by the modified Lax-diffusive method with the dam-break 

model of Eqs.(3.8-3.10). Substituting Eqs.(3.19-3.23) into Eq.(2.6), we get 

( )

1 1 1 1 1 1
11 1 1 1

2
2 .

2

n n n n n n n
n nm m m m m m m
m m

C C C C CD K
x x

C Cu C
t

+ + + + + +
++ − + −

  
= −    ∆ ∆   

− − − +
+

∆  (3.24) 

For all 1 m M< <  and 0 .n N≤ ≤  If we let n n
m m

t
x

uα ∆
∆

= 
 
 

 and 
( )2

tD
x

β =
∆

∆
, then, 

Eq.(3.24) becomes, 

1 1 1
1 1( ) (1 2 ) ( ) .

2 2
n n n n
m m m mC K t C C Cα αβ β β+ + +
− +− + + + + ∆ − − =    (3.25) 

For upper boundary, where 1m = , plug the known value of the left boundary by 
1

0 0
n nC C+ =  into Eq.(3.25) in the right-hand side, we obtain 

1 1 1
1 2 1 0(1 2 ) ( ) ( ) .

2 2
n n n nK t C C C Cα αβ β β+ + ++ + ∆ − − = + +    (3.26) 

For lower boundary, where m M= , substituting the approximate unknown value of 

the right boundary by boundary conditions, we can let 1 1 1
1 12n n n

M M MC C C+ + +
+ −= −  by 

rearranging, we can obtain 
1 1
1 (1 ) .n n n

M M MC K t C Cα α+ +
−− + + + ∆ =       (3.27) 

The backward time central space scheme is an unconditionally stable scheme [10]. 
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3.3.1.2 Crank-Nicolson method 

Consequently, we consider the Crank-Nicolson scheme for the advection-

dispersion-reaction equation. It is also used to approximates the temporal and 

spacial derivatives and the decay in Eq.(2.6). We will use the Crank-Nicolson 

technique [10] to Eq.(2.6), it can be obtained the following discretization: 
1

,
2

n n
m mC CC
+ +

≅       (3.28) 

( )1

,
n n
m mC CC

t t

+ −∂
≅

∂ ∆
      (3.29) 

1 1
1 1 1 1 ,

4

n n n n
m m m mC C C CC

x x

+ +
+ − + −−∂ + −

≅
∂ ∆

    (3.30) 

1 1 12
1 1 1 1

2 2

2 2 ,
2( )

n n n n n n
m m m m m mC C C C C CC

x x

+ + +
+ − + −+ +∂

≅
∆

− +
∂

−
  (3.31) 

.n
mu u≅        (3.32) 

Substituting Eqs.(3.28-3.32) into Eq.(2.6), we obtain 

      

1 1 1
1 1 1 1

1 1 1 1
1 1 1 1

2

2 2
22( )

.

4

n n n n n n
nm m m m m m
m

n n n n n n n n
m m m m m m m m

C C C C C Cu
t x

C C C C C C K C
x

D C

+ + +
+ − + −

+ + + +
+ − + −

 +
 
 

   − +

− − −
+

∆ ∆

− +
= −   

  

+



+
∆

 (3.33) 

For all 1 m M< <  and 0 n N≤ ≤ . Let n n
m m

t
x

uα ∆
∆

= 
 
 

 and 
( )2

tD
x

β =
∆

∆
, Eq.(3.33) 

becomes, 

      

1 1 1
1 1

1 1

( ) 2(1 ) ( )
2 2

( ) 2(1 ) ( ) .
2 2

n n n
m m m

n n n
m m m

C K t C C

C K t C C

α αβ β β

α αβ β β

+ + +
− +

− +

− + + + + ∆ − −

= + + − − ∆ + −
 

(3.34) 

For upper boundary, where 1m = , plug the known value of the left boundary by 

arranging 1
0
nC +  to the right-hand side, we obtain 

  
( )

1 1
1 2

0 0 1 2

2(1 ) ( )
2

( ) 2(1 ) ( ) .
2 2

n n

n n n n

K t C C

C C K t C C

αβ β

α αβ β β

+ ++ + ∆ − −

= + + + − − ∆ + −  
(3.35) 

For lower boundary, where m M= , substituting the approximate unknown value of 

the right boundary by boundary conditions, we can let 1 1 1
1 12n n n

M M MC C C+ + +
+ −= −  and 

1 12n n n
M M MC C C+ −= −  into Eq.(3.35) by rearranging, we can obtain 
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1 1
1 12(1 ) 2(1 ) .

2 2
n n n n
M M M MC K t C C K t Cα αα α+ +
− −− + + + ∆ = + − − ∆

    
(3.36) 

The Crank-Nicolson is unconditionally stable [10]. Both implicit methods can be 

obtained that the technique must be generate many large systems of linear 

equations. It follows that the technique is not economical computer 

implementation. 

 

3.3.2 Explicit finite difference methods 

3.3.2.1 Forward Time Central Space method 

The explicit methods can be obtained that the technique not require to generate 

any systems of linear equations. We can see that the application of the technique is 

economical computer implementation. First of all, the forward time central space 

scheme for the advection-dispersion-reaction equation is introduced. It is also used 

to approximates the temporal and spacial derivatives and the decay in Eq.(2.6). We 

will use the forward time central space method technique [10] to Eq.(2.6), it can be 

obtained the following discretization: 

,n
mC C≅        (3.37) 

1

,
n n
m mC CC

t t

+ −∂
≅

∂ ∆
      (3.38) 

1 1 ,
2

n n
m mC CC

x x
+ −−∂

≅
∂ ∆

      (3.39) 

2
1 1

2 2

2 ,
( )

n n n
m m mC C CC

x x
+ −− +∂

≅
∂ ∆

     (3.40) 

.n
mu u≅        (3.41) 

Note that n
mu  are obtained by the modified Lax-diffusive method with the dam-break 

model of Eqs.(3.8-3.10). Substituting Eqs.(3.37-3.41) into Eq.(2.6), we get 

( )

1
1 1 1 1

2
2 .

2

n n n n n n n
n nm m m m m m m
m m

C C C C C C Cu C
t

D K
x x

+
+ − + −

  
= −    ∆ ∆

− − −

  

+
+

∆  (3.42) 

For all 1 m M≤ <  and 0 n N≤ ≤ . If we let n n
m m

t
x

uα ∆
∆

= 
 
 

 and 
( )2

tD
x

β =
∆

∆
, so 

Eq.(3.42) becomes, 

1
1 1( ) (1 2 ) ( ) .

2 2
n n n n
m m m mC C K t C Cα αβ β β+

− += + + − − ∆ + −   (3.43) 
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For upper boundary, where 0m = , plug the known value of the left boundary by 

arranging 1 0
n nC C− =  into Eq.(3.43) in the right-hand side, we obtain 

        

1
0 0 0 1( ) (1 2 ) ( ) .

2 2
n n n nC C K t C Cα αβ β β+ = + + − − ∆ + −    (3.44) 

For lower boundary, where m M= , substituting the approximate unknown value of 

the right boundary by boundary conditions, we can let 1 12n n n
M M MC C C+ −= −  and by 

rearranging, we can obtain 
1

1 (1 ) .n n n
M M MC C K t Cα α+

−= + − − ∆      (3.45) 

This scheme is stable in the following region  

( )2
1 ,
2

tD
x

β ∆
= <

∆
      (3.46) 

1,n n
m m

tu
x

α ∆ = < ∆ 
       (3.47) 

where β  is the diffusion number and n
mα  is the advection number or Courant 

number. It can be obtained that the strictly stability requirements are the main 

disadvantage of this scheme. The truncation error for this method is ( ){ }2 ,O x t∆ ∆

[10].  

 

3.3.2.2 MacCormack method 

The MacCormack scheme is an explicit scheme [10] with two-step predictor-corrector 

evaluations. The first step is a modification of forward time central space (FTCS) by 

changing the central space evaluation at time n to a forward space evaluation. This 

step is a forward time forward space (FTFS) scheme. The FTFS scheme approximates 

the temporal and special derivatives and the decay in Eq.(2.6) with the following 

discretization: 

,n
mC C≅        (3.48) 

1

,
n n
m mC CC

t t

+ −∂
≅

∂ ∆
      (3.49) 

1 ,
n n
m mC CC

x x
+ −∂

≅
∂ ∆

      (3.50) 

2
1 1

2 2

2 ,
( )

n n n
m m mC C CC

x x
+ −− +∂

≅
∂ ∆

     (3.51) 
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.n
mu u≅        (3.52) 

Substituting Eqs.(3.48-3.52) into Eq.(2.6), and we define slope 
1ms  by 

                  
1

1 1 1
2

2
(

.
)

n n n n n
nm m m m m
mm

C C C Cs u D C C
x x

K+ + −− − +   
= − + −   

∆  ∆
   (3.53) 

      

1
1 12 2 2

2 2 .
( ) ( ) ( )

n n
n n nm m
m m m

u uD D DC K C C
x x x x x

+
− +

    
= + − − + − +    ∆ ∆ ∆ ∆ ∆     

  (3.54) 

For lower boundary, where m M= , substituting the approximate unknown value of 

the right boundary by boundary conditions, we can let 1 12n n n
M M MC C C+ −= −  into 

Eq.(3.54) and by rearranging, we can obtain 

1 1.
n n

n nM M
M M M

u us K C C
x x −

   
= − + +   ∆ ∆   

    (3.55) 

We can obtain McCormack predictor step formulation by Euler’s formula, 

1

1 .n n
m m mC C s t+ = + ∆        (3.56) 

The second step is a modified BTCS by the following discretization 
1 1

1 .
n n
m mC CC

x x

+ +
−−∂

≅
∂ ∆

      (3.57) 

Substituting Eq.(3.57) into Eq.(2.6), and we also define slope 
2ms  by 

2

1 1 1
1 12 2 2

2 .
( ) ( ) ( )

n n
n n nm m

m m m m
u uD D Ds C K C C

x x x x x
+ + +
− +

     
= + − + + +     ∆ ∆ ∆ ∆ ∆    

  (3.58) 

For lower boundary, where m M= , substituting the approximate unknown value of 

the right boundary by boundary conditions, we can let 1 1 1
1 12n n n

M M MC C C+ + +
+ −= −  into 

Eq.(3.58) and by rearranging, we can obtain 

2

1 1
1.

n n
n nM M

M M M
u us K C C

x x
+ +

−

   
= − + +   ∆ ∆   

    (3.59) 

From the both steps, the MacCormack scheme takes the following form, 

( )1 21 .
2

m mn n
m m

s s
C C t+

+
= + ∆      (3.60) 

The McCormack scheme is conditionally stable that the stability requirements for the 

scheme are [10] 

  
( )2

1 ,
2

tD
x

β ∆
= <

∆
      (3.61) 

  0.9,n n
m m

tu
x

α ∆ = < ∆ 
      (3.62) 

where β  is the diffusion number (dimensionless) and n
mα  is the advection number or 
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3.3.2.3 Saulyev Explicit Finite Difference Scheme 

Since the Saulyev scheme is an unconditionally stable scheme [10], we can see that 

the non-strictly stability requirement of Saulyev scheme is the main of advantage 

and economical to use. Taking Saulyev technique [10] into Eq.(2.6), it can be 

obtained the following discretization: 

,n
mC C≅        (3.63) 

1

,
n n
m mC CC

t t

+ −∂
≅

∂ ∆
      (3.64) 

1
1 1 ,
2

n n
m mC CC

x x

+
+ −−∂

≅
∂ ∆

      (3.65) 

1 12
1 1

2 2 ,
( )

n n n n
m m m mC C C CC

x x

+ +
+ −− − +∂

≅
∂ ∆

    (3.66) 

.n
mu u≅        (3.67) 

Substituting Eqs.(3.63-3.67) into Eq.(2.6), we get 

      

1 1 1 1
1 1 1 1

2 .
2 ( )

n n n n n n n n
n nm m m m m m m m
m m

C C C C C C C CDu
t x x

KC
+ + + +

+ − + −   
= −   

 

− − −

∆

− +
+

∆ ∆  (3.68) 

For all 1 m M≤ <  and 0 n N≤ ≤ . If we let n n
m m

t
x

uα ∆
∆

= 
 
 

 and 
( )2

tD
x

β =
∆

∆
, so 

Eq.(3.68) becomes, 

         

( )1 1
1 1

1 1 .
1 2 2

n n
n n n nm m
m m m mC C K t C Cα αβ β β

β
+ +

− +

     
= + + − − ∆ + −     +        

(3.69) 

For upper boundary, where 0m = , substituting the approximate unknown value of 

the right boundary by boundary conditions, we can let 1 1
1 0

n nC C+ +
− = , and substituting 

them into Eq.(3.69) in the right-hand side, we obtain 

         

( )1 1
0 0 0 1

1 1 .
1 2 2

n n
n n n nm mC C K t C Cα αβ β β

β
+ +     
= + + − − ∆ + −     +      

  (3.70) 

For lower boundary, where m M= , substituting the approximate unknown value of 

the right boundary by boundary conditions, we can let 1 1
1 1

n n n n
M M M MC C C C+ +
+ −= + − , we 

obtain 

1 1
1

1 1 .
21

2

n
n n n nM
M M M Mn

M

C C K t Cαα
α

+ +
−

 
   

= + − − ∆   
   + 

 

   (3.71) 
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where β  is the diffusion number (dimensionless) and n
mα  is the advection number or 

courant number. Using Taylor series expansions on the approximation, [10] has 

shown The truncation error is ( ) ( )
2

2 2 tO x t
x

 ∆  ∆ + ∆ +  ∆   
 or ( ){ }22, 2, 1 1O . 

 

3.4 Numerical solution of dispersion model 

Suppose that the measurement of pollutant concentration C in a dam-break flow 

stream is considered. A stream is aligned with longitudinal distance, 2000 (m) total 

length. There is a dam-break which discharges waste water into the flooding area at 

middle point of the domain and the pollutant concentrations at the discharge point 

are assumed into 3 cases: 

Simulation 1: High pollutant concentration at middle point 

1 , 1000
( ,0)

0.1, 1000 2000
if x

C x
if x

=
=  < ≤

     (3.72) 

(1000, ) 1C t =  for all 0 t T< ≤  and (2000, ) 0.xC t =      (3.73) 

Simulation 2:  Decease pollutant concentration by linear term 

1 , 1000
( ,0)

0.1, 1000 2000
if x

C x
if x

=
=  < ≤

     (3.74) 

 (1000, ) 1 720C t t= − for all 0 t T< ≤  and (2000, ) 0.xC t =   (3.75) 

Simulation 3: Decease pollutant concentration by quadratic term 

1 , 1000
( ,0)

0.1, 1000 2000
if x

C x
if x

=
=  < ≤

     (3.76) 

5 2(1000, ) 1 3.8580 10C t t−= − ⋅  for all 0 t T< ≤  and (2000, ) 0.xC t = (3.77) 

 

The elevation and velocity of water are obtained by the dam-break (pollutant 

discharging) model that we assume the initial and boundary conditions in 2 types: 

the dam-break with wet bed (flooding area) and the dam-break with dry bed (non-

flooding area). We will consider the dam-break in 3 cases as below, 
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Case A: Dam-break on wet bed (pollutant going to the high level flooding area) 

10, 1000
( ,0)

5, 1000 2000
if x

h x
if x

≤
=  < ≤

   (3.78) 

( ,0) 0,0 2000,u x x= ≤ ≤       (3.79) 

(0, ) ( , ) 0, 0 ,
(0, ) ( , ) 0, 0 .

x x

x x

h t h L t t T
u t u L t t T

= = < ≤
= = < ≤

   (3.80) 

Case B: Dam-break on wet bed (pollutant going to the low level flooding area) 

  
10, 1000

( ,0)
0.05, 1000 2000

( ,0) 0,0 2000,

if x
h x

if x
u x x

≤
=  < ≤
= ≤ ≤

  (3.81) 

(0, ) ( , ) 0, 0 ,
(0, ) ( , ) 0, 0 .

x x

x x

h t h L t t T
u t u L t t T

= = < ≤
= = < ≤

   (3.82) 

Case C: Dam-break on dry bed (pollutant going to the non-flooding area) 

  
10, 1000

( ,0)
0, 1000 2000

( ,0) 0, 0 2000,

if x
h x

if x
u x x

≤
=  < ≤
= ≤ ≤

     (3.83) 

(0, ) ( , ) 0, 0 ,
(0, ) ( , ) 0, 0 .

x x

x x

h t h L t t T
u t u L t t T

= = < ≤
= = < ≤

   (3.84) 

The physical parameters of the polluted system are diffusion coefficient 

( )21 /D m s= , and a first-order reaction rate 2 110 s− − . In the analysis conducted in 

this study, meshes the into 1000 elements with 2x∆ = , and time increment is 

0.1( )s  with 0.1t∆ = .  

 

Table 3.13 The pollutant concentration 3( , ) ( / )C x t kg m  by BTCS scheme (case A1). 

t\x 1000 1100 1200 1300 1400 1500 1600 1700 1800 1900 2000 

90 1.0000 0.7100 0.5041 0.0455 0.0407 0.0407 0.0407 0.0407 0.0407 0.0407 0.0407 

180 1.0000 0.7101 0.5042 0.3580 0.2542 0.1590 0.0167 0.0166 0.0166 0.0166 0.0166 

270 1.0000 0.7101 0.5043 0.3581 0.2542 0.1805 0.1282 0.0910 0.0261 0.0067 0.0067 

360 1.0000 0.7100 0.5041 0.3580 0.2542 0.1805 0.1282 0.0910 0.0646 0.0459 0.0311 
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Table 3.14 The pollutant concentration 3( , ) ( / )C x t kg m  by Crank-Nicolson scheme 

(case A1). 

t\x 1000 1100 1200 1300 1400 1500 1600 1700 1800 1900 2000 

90 1.0000 0.5115 0.2545 0.0174 0.0166 0.0166 0.0166 0.0166 0.0166 0.0166 0.0166 

180 1.0000 0.5116 0.2547 0.1285 0.0648 0.0304 0.0027 0.0027 0.0027 0.0027 0.0027 

270 1.0000 0.5116 0.2547 0.1285 0.0648 0.0327 0.0165 0.0083 0.0017 0.0005 0.0005 

360 1.0000 0.5115 0.2546 0.1285 0.0648 0.0327 0.0165 0.0083 0.0042 0.0021 0.0011 

 

Table 3.15 The pollutant concentration 3( , ) ( / )C x t kg m  by FTCS scheme (case A1). 

t\x 1000 1100 1200 1300 1400 1500 1600 1700 1800 1900 2000 

90 1.0000 0.7100 0.5041 0.0412 0.0407 0.0407 0.0407 0.0407 0.0407 0.0407 0.0407 

180 1.0000 0.7101 0.5042 0.3580 0.2542 0.1771 0.0165 0.0165 0.0165 0.0165 0.0165 

270 1.0000 0.7101 0.5043 0.3581 0.2542 0.1805 0.1282 0.0910 0.0216 0.0067 0.0067 

360 1.0000 0.7100 0.5041 0.3580 0.2542 0.1805 0.1282 0.0910 0.0646 0.0459 0.0326 

 

Table 3.16 The pollutant concentration 3( , ) ( / )C x t kg m  by MacCormark scheme 

(case A1). 

t\x 1000 1100 1200 1300 1400 1500 1600 1700 1800 1900 2000 

90 1.0000 0.7100 0.5041 0.0428 0.0407 0.0407 0.0407 0.0407 0.0407 0.0407 0.0407 

180 1.0000 0.7101 0.5042 0.3580 0.2542 0.1663 0.0166 0.0165 0.0165 0.0165 0.0165 

270 1.0000 0.7101 0.5043 0.3581 0.2542 0.1805 0.1282 0.0910 0.0245 0.0067 0.0067 

360 1.0000 0.7100 0.5042 0.3580 0.2542 0.1805 0.1282 0.0910 0.0646 0.0459 0.0319 

 

Table 3.17 The pollutant concentration 3( , ) ( / )C x t kg m  by Saulyev scheme  

(case A1). 

t\x 1000 1100 1200 1300 1400 1500 1600 1700 1800 1900 2000 

90 1.0000 0.7100 0.5041 0.0819 0.0385 0.0390 0.0395 0.0400 0.0405 0.0407 0.0407 

180 1.0000 0.7101 0.5042 0.3580 0.2542 0.1805 0.0225 0.0146 0.0148 0.0150 0.0152 

270 1.0000 0.7101 0.5042 0.3581 0.2542 0.1805 0.1282 0.0910 0.0635 0.0070 0.0055 

360 1.0000 0.7100 0.5041 0.3580 0.2542 0.1805 0.1282 0.0910 0.0646 0.0459 0.0326 
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Fig. 3.7 Comparison of finite difference solutions in wet bed (depth ratio 0.5) where 

2, 0.1x t∆ = ∆ =  and 360 .T s=   

 

 

 

 

 

 

 

 

 

 

 

Fig. 3.8 Comparison of finite difference solutions in wet bed (depth ratio 0.005) 

 where 2, 0.1, 360x t T s∆ = ∆ = = (left plot) and 2, 0.025, 360x t T s∆ = ∆ = =   

(right plot). 
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Fig. 3.9 Comparison of finite difference solutions in wet bed (depth ratio ∞ ) 

 where 2, 0.1, 360x t T s∆ = ∆ = = (left plot) and 2, 0.025, 360x t T s∆ = ∆ = =   

      (right plot). 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 3.10 The comparison among difference discharge pollutant levels at the  

dam-break point on wet bed (depth ratio 0.05) 2, 0.1, 360x t T s∆ = ∆ = = by a 

     Saulyev scheme. 
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Fig. 3.11 The pollutant concentration on wet bed (depth ratio 0.5) by Saulyev 

scheme (case 1) where 2, 0.1x t∆ = ∆ =  and 360 .T s=  

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 3.12 The pollutant concentration on wet bed (depth ratio 0.005) by Saulyev 

scheme (case 2) where 2, 0.1x t∆ = ∆ =  and 360 .T s=  
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Fig. 3.13 The pollutant concentration on wet bed (depth ratio∞ ) by Saulyev scheme 

(case 3) where 2, 0.1x t∆ = ∆ =  and 360 .T s=  
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3.5 Discussion 

The velocity and elevation of water current are obtained by a modified Lax-

diffusive method. The case C of dam failure on dry bed area gives the highest flow 

velocity. The cases A-B of dam failure on wet bed area give low velocity level. If the 

residents have encountered flood for longtime, the water pollutant must be 

increase. The villagers want to drain the water to the other areas by destroying the 

dike. The other villages that never encounter flood going to get a strong water 

current while they also receiving the drained-polluted water. The approximation of 

the pollutant concentrations of the implicit and explicit methods are shown in 

Tables 3.13-3.17. We can see that the pollutant concentration level on the flooding 

area is not too high. The real-world problems require a small amount of time interval 

in obtaining accurate solutions. Unfortunately, the analytical solutions of the dam-

break model could not be found over the entire domain. This also implies that the 

analytical solutions of dispersion model could not work out at any point on the 

entire domain as well. 

We propose a modified Lax-diffusive scheme by editing a simple revision to 

the traditional Lax-diffusive scheme. The FTCS method is limited by restriction of the 

stability condition. Then FTCS is not flexible in the real-world situation. The Crank-

Nicolson scheme shows excessive dispersion effects for large time and space step 

lengths, significantly decreasing the efficiency of the Crank-Nicolson scheme. The 

BTCS still generate a lot of large systems of linear equations. The MacCormack and 

Saulyev schemes are economical to use. The proposed method show a good 

agreement in accuracy, the explicit schemes becomes less efficient than the implicit 

schemes. 
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Table 3.18 The stability of implicit and explicit scheme. (S=Stable, U=Unstable) 

 

Remark: The modified Lax-diffusive method will be stable under empirical condition,

8.5α <  

 

 

 

 

 

 

 

 

 

 

 

 

Depth 

ratio 
( , )x t∆ ∆  CFL no.  

Lax 

Diff. α  FTCS Saulyev MacCormack BTCS 

0.5 

(2, 0.1) 0.145 S 0.145 S S S S 

(2, 0.05) 0.0725 S 0.0725 S S S S 

(2, 0.025) 0.0363 S 0.0363 S S S S 

0.005 

(2, 0.1) 0.6285 S 0.6285 U S S S 

(2, 0.05) 0.3143 S 0.3143 U S S S 

(2, 0.025) 0.1571 S 0.1571 S S S S 

Inf. 

(2, 0.1) 0.85 U 0.85 - - - - 

(2, 0.05) 0.425 S 0.425 U S S S 

(2, 0.025) 0.2125 S 0.2125 S S S S 
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Chapter 4 

Numerical Simulation of Water-Quality Model on Flooding using 

Revised Lax-Diffusive and Modified Siemieniuch-Gladwell Methods 

 

In this chapter, we propose the combine models. Although the first model is still 

shallow water equation, the second model change to advection-diffusion equation. 

The modified Lax-diffusive are used to calculate the shallow water equation again. 

The traditional methods and modified Siemieniuch-Gladwell method are used to 

describe and compare solutions of advection-diffusion equation. 

4.1 Revised Lax-diffusive scheme for a hydrodynamic model 

From chapter 3, we have a modified Lax-diffusive methods in matrix form for dam-

break problem as 

( )1 *
1 1 .

2
n n n
m m m

tA B B A
x

+
− +

∆
= − +

∆
    (4.1) 

For all 1 m M≤ <  and 0 1n N≤ ≤ −  we have a formula in form as 

               
( ) ( ) ( ) ( )( )

1 1 1 1 1

2 2 2 21 1
1 1 1 1 1 1

12
2

n n n n
n m m m m
m

n n n n n n n n
m m m m m m m m

h u h uh t
xh u h u h u g h h

+ − − + +

+ +
− − + + − +

 −  ∆  =   ∆ − + −    

 

                                       

1 1

1 1 1 1

1 .
3

n n n
m m m

n n n n n n
m m m m m m

h h h
h u h u h u

− +

− − + +

 + +
+  

+ + 
    (4.2) 

For upper boundary, where 0m = , fix the known value of the left boundary by 

1 0
n nu u− =   and 1 0

n nh h− =  into Eq.(3.8) in the right-hand side, we obtain 

( ) ( ) ( ) ( )( )
1 0 0 1 1

0 11
2 2 2 21 1

0 0 1 11 1 0 0 1 1 0 1

21
12 3 2
2

n n n n
n nn

n n n nn n n n n n n n

h u h u h hh t
x h u h uh u h u h u g h h

+

+ +

 −    +∆  = +     ∆ +− + −     

.   (4.3) 

For lower boundary, where m M= , substituting the approximate unknown value of 

the right boundary by boundary conditions, we can let 1
n n
M Mu u+ =  and 1

n n
M Mh h+ =  by 

rearranging, we obtain 

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



48 
 

 
 

( ) ( ) ( ) ( )( )
1 1 1

1
2 2 2 21 1

1 11 1 1

21 .12 3 2
2

n n n n
n n nM M M M
M M M

n n n n n nn n n n n n
M M M M M MM M M M M M

h u h uh h ht
xh u h u h uh u h u g h h

+ − −
−

+ +
− −− − −

 −   +∆  = +    ∆ +− + −     
            (4.4) 

The stability condition of the scheme needed CFL number as, 

    1n max
tC u
x
∆ = ≤ ∆ 

.      (4.5)  

 

4.2 Numerical simulation of hydrodynamic model 

We consider the dam-break problem with flat topography, ( ) 0.z x =  The length of 

channel is 2000 meter, the space meshing 2x∆ =  meters and the time meshing 

0.1t∆ = . We separate dam-break problem in 3 cases. The initial conditions and 

boundary is defined by 

case A: Dam-break on wet bed (pollutant going to the high level flooding area) 

 given  
1.00, 1000

( ,0)
0.75, 1000 2000

if x
h x

if x
≤

=  < ≤
  (4.6) 

( ,0) 0,u x =  0 2000,x≤ ≤     (4.7) 

(0, ) ( , ) 0, 0 ,
(0, ) ( , ) 0, 0 .

x x

x x

h t h L t t T
u t u L t t T

= = < ≤
= = < ≤

   (4.8) 

 

Table 4.1 The velocity of water flow ( , )u x t /m s , depth ratio 0.75. 

t\x 0 200 400 600 800 1000 1200 1400 1600 1800 2000 

10 0.0000 0.0000 0.0000 0.0000 0.0000 0.3856 0.0000 0.0000 0.0000 0.0000 0.0000 

20 0.0000 0.0000 0.0000 0.0000 0.0000 0.4134 0.0000 0.0000 0.0000 0.0000 0.0000 

30 0.0000 0.0000 0.0000 0.0000 0.0000 0.4185 0.0000 0.0000 0.0000 0.0000 0.0000 

40 0.0000 0.0000 0.0000 0.0000 0.0026 0.4196 0.0013 0.0000 0.0000 0.0000 0.0000 

50 0.0000 0.0000 0.0000 0.0000 0.0301 0.4198 0.0257 0.0000 0.0000 0.0000 0.0000 
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Table 4.2 The elevation of water flow ( , )h x t /m s , depth ratio 0.75. 

t\x 0 200 400 600 800 1000 1200 1400 1600 1800 2000 

10 1.0000 1.0000 1.0000 1.0000 1.0000 0.8746 0.7500 0.7500 0.7500 0.7500 0.7500 

20 1.0000 1.0000 1.0000 1.0000 1.0000 0.8710 0.7500 0.7500 0.7500 0.7500 0.7500 

30 1.0000 1.0000 1.0000 1.0000 1.0000 0.8700 0.7500 0.7500 0.7500 0.7500 0.7500 

40 1.0000 1.0000 1.0000 1.0000 0.9992 0.8698 0.7504 0.7500 0.7500 0.7500 0.7500 

50 1.0000 1.0000 1.0000 1.0000 0.9904 0.8698 0.7571 0.7500 0.7500 0.7500 0.7500 

 

 

 

 

 

 

 

 

 

Fig. 4.1 Water height (left plot) and water velocity (right plot) for dam-break on wet 

bed at t=50s. ( )0.75r lh h =  

case B: Dam-break on wet bed (pollutant going to the medium level flooding area) 

 given  
1.00, 1000

( ,0)
0.50, 1000 2000

if x
h x

if x
≤

=  < ≤
  (4.9) 

( ,0) 0,u x =  0 2000,x≤ ≤       (4.10) 

(0, ) ( , ) 0, 0 ,
(0, ) ( , ) 0, 0 .

x x

x x

h t h L t t T
u t u L t t T

= = < ≤
= = < ≤

   (4.11) 
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Table 4.3 The velocity of water flow ( , )u x t /m s , depth ratio 0.5. 

t\x 0 200 400 600 800 1000 1200 1400 1600 1800 2000 

10 0.0000 0.0000 0.0000 0.0000 0.0000 0.7945 0.0000 0.0000 0.0000 0.0000 0.0000 

20 0.0000 0.0000 0.0000 0.0000 0.0000 0.8762 0.0000 0.0000 0.0000 0.0000 0.0000 

30 0.0000 0.0000 0.0000 0.0000 0.0000 0.9027 0.0000 0.0000 0.0000 0.0000 0.0000 

40 0.0000 0.0000 0.0000 0.0000 0.0044 0.9138 0.0006 0.0000 0.0000 0.0000 0.0000 

50 0.0000 0.0000 0.0000 0.0000 0.0465 0.9189 0.0207 0.0000 0.0000 0.0000 0.0000 

 

Table 4.4 The elevation of water flow ( , )h x t /m s , depth ratio 0.5. 

t\x 0 200 400 600 800 1000 1200 1400 1600 1800 2000 

10 1.0000 1.0000 1.0000 1.0000 1.0000 0.7491 0.5000 0.5000 0.5000 0.5000 0.5000 

20 1.0000 1.0000 1.0000 1.0000 1.0000 0.7353 0.5000 0.5000 0.5000 0.5000 0.5000 

30 1.0000 1.0000 1.0000 1.0000 0.9999 0.7294 0.5000 0.5000 0.5000 0.5000 0.5000 

40 1.0000 1.0000 1.0000 1.0000 0.9986 0.7269 0.5001 0.5000 0.5000 0.5000 0.5000 

50 1.0000 1.0000 1.0000 1.0000 0.9852 0.7259 0.5047 0.5000 0.5000 0.5000 0.5000 

 

 

 

 

 

 

 

 

Fig. 4.2 Water height (left plot) and water velocity (right plot) for dam-break on wet 

bed at t=50s. ( )0.5r lh h =  
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case C: Dam-break on dry bed (pollutant going to the low level flooding area) 

 given  
1.00, 1000

( ,0)
0.25, 1000 2000

if x
h x

if x
≤

=  < ≤
  (4.12) 

( ,0) 0,u x =  0 2000,x≤ ≤       (4.13) 

(0, ) ( , ) 0, 0 ,
(0, ) ( , ) 0, 0 .

x x

x x

h t h L t t T
u t u L t t T

= = < ≤
= = < ≤

   (4.14) 

 

Table 4.5 The velocity of water flow ( , )u x t /m s , depth ratio 0.25. 

t\x 0 200 400 600 800 1000 1200 1400 1600 1800 2000 

10 0.0000 0.0000 0.0000 0.0000 0.0000 1.1995 0.0000 0.0000 0.0000 0.0000 0.0000 

20 0.0000 0.0000 0.0000 0.0000 0.0000 1.3517 0.0000 0.0000 0.0000 0.0000 0.0000 

30 0.0000 0.0000 0.0000 0.0000 0.0000 1.4222 0.0000 0.0000 0.0000 0.0000 0.0000 

40 0.0000 0.0000 0.0000 0.0000 0.0055 1.4655 0.0001 0.0000 0.0000 0.0000 0.0000 

50 0.0000 0.0000 0.0000 0.0000 0.0561 1.4952 0.0076 0.0000 0.0000 0.0000 0.0000 

 

Table 4.6 The elevation of water flow ( , )h x t /m s , depth ratio 0.25. 

t\x 0 200 400 600 800 1000 1200 1400 1600 1800 2000 

10 1.0000 1.0000 1.0000 1.0000 1.0000 0.6307 0.2500 0.2500 0.2500 0.2500 0.2500 

20 1.0000 1.0000 1.0000 1.0000 1.0000 0.6049 0.2500 0.2500 0.2500 0.2500 0.2500 

30 1.0000 1.0000 1.0000 1.0000 1.0000 0.5901 0.2500 0.2500 0.2500 0.2500 0.2500 

40 1.0000 1.0000 1.0000 1.0000 0.9982 0.5808 0.2500 0.2500 0.2500 0.2500 0.2500 

50 1.0000 1.0000 1.0000 1.0000 0.9821 0.5744 0.2512 0.2500 0.2500 0.2500 0.2500 
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Fig. 4.3 Water height (left plot) and water velocity (right plot) for dam-break on wet 

bed at t=50s. ( )0.25r lh h =  

 

4.3 Numerical methods for a water quality model in flooding stream 

We consider both implicit and explicit methods for solving advection-diffusion 

equations. The well-known traditional methods are also introduced [12]. 

4.3.1 The modified Siemieniuch-Gladwell procedure 

We can then approximate ( ),m nC x t  by n
mC , the value of the difference 

approximation of ( ),C x t  at point x m x= ∆  and t n t= ∆ , where 0 m M≤ <  and 

0 n N≤ < . The grid point ( ),m nx t  is defined by mx m x= ∆  for all 0,1,2,...,m M=  

and nt n t= ∆  for all 0,1,2,...,n N=  in which M  and N  are positive integers. Taking 

the modified Siemieniuch-Gladwell technique [12] into Eq.(2.5), by the following 

discretization: 

( ) ( ) ( ) ( )

( ) ( )

1 1
1 1

1
1 1

2 2 2
4 2

2
,

4

n n n n n n
m m m m m m

n n n
m m m

C C C CC
t t t

C C
t

β α α β

β α

+ +
− −

+
+ +

− − + − −∂
≅ +

∂ ∆ ∆
− −

+
∆

  (4.15) 

( ) ( )1 1
1 1 1 1 ,
4 4

n n n n
m m m mC C C CC

x x x

+ +
+ − + −− −∂

≅ +
∂ ∆ ∆

     (4.16)  
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( )
( )

( )
( )

1 1 12
1 1 1 1

2 22

2 21 1 ,
2 2

n n n n n n
m m m m m mC C C C C CC

x x x

+ + +
+ − + −− + − +∂

≅ +
∂ ∆ ∆

  (4.17)

.n
mu u≅         (4.18) 

Remember that n
mu  are obtained by the revised Lax-diffusive method with the first 

model of Eq.(4.2-4.4). Substituting Eqs.(4.15-4.18) into Eq.(2.5), we have 

    ( ) ( )1 1
1 1 12 2 2 4 (2 )n n n n n n n n n

m m m m m m m m mC C C C Cα α β β α β α+ +
− − +− + + = + − + + − , (4.19) 

where n n
m m

tu
x

α ∆ =  ∆ 
 and 2( )

tD
x

β ∆
=

∆
  for all 1 m M≤ <   and 0 n N≤ ≤ . For left 

boundary, where 0m = , the known value on the left boundary are approximated by 

1 0
n nC C− =  and 1 1

1 0
n nC C+ +
− =  into Eq.(4.19) in the right-hand side, we can see that 

( )1
0 0 0 0 12 2 2 (2 ) .n n n n nC C Cβ α β α+ = − + + −     (4.20) 

Similarly, the right boundary, where m M= , the known value on the left boundary 

are approximated by 1
n n
M MC C+ =  and 1 1

1
n n
M MC C+ +
+ =  into Eq.(4.19) in the right-hand 

side, we have 

( ) ( )1 1
1 12 2 2 2n n n n n n

M M M M M MC C C Cα α β β+ +
− −− + + = + − .   (4.21) 

The stability of modified Siemieniuch-Gladwell procedure is  

 (1 )0
2

n
mαβ +

< ≤ .       (4.22) 

 

4.3.2 The BTCS-type implicit method 

Consider the Backward in time center in space(BTCS) scheme for the advection-

diffusion equation by the following discretization: 

( )1

,
n n
m mC CC

t t

+ −∂
≅

∂ ∆
      (4.23) 

( )1 1
1 1 ,
2

n n
m mC CC

x x

+ +
+ −−∂

≅
∂ ∆

      (4.24) 

( )1 1 12
1 1

2 2

2
,

( )

n n n
m m mC C CC

x x

+ + +
+ −− +∂

≅
∂ ∆

     (4.25) 
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.n
mu u≅        (4.26) 

Substituting Eqs.(4.23-4.27) into Eq.(2.5), we have 

( )1 1 1
1 1( 2 ) 2 1 2 ( 2 ) 2n n n n n n

m m m m m mC C C Cα β β α β+ + +
− +− + + + + − = , (4.27) 

for all 1 m M≤ <   and 0 n N≤ ≤ . For left boundary, where 0m = ,  the known value 

on the left boundary are approximated by 1 1
1 0

n nC C+ +
− =  into Eq.(4.27) in the right-hand 

side, we can see that 

   ( ) 1 1
0 0 0 1 02 2 .( ) 2n n n n nC C Cα α β+ +− + − =     (4.28) 

Similarly, the right boundary, where m M= , the known value on the left boundary 

are approximated by 
1
1

1
M
n n

MC C+
+

+=  into Eq.(4.27) in the right-hand side, we have 

   ( )1 1
1( 2 ) 2 2 2n n n n n

M M M M MC C Cα β α β+ +
−− + + + + = .  (4.29) 

The stability of BTCS scheme is unconditionally stable. 

 

4.3.3 The upwind implicit formula 

Consider the upwind implicit scheme for the advection-diffusion equation. We get 

the following discretization: 

( )1

,
n n
m mC CC

t t

+ −∂
≅

∂ ∆
      (4.30) 

( )1 1
1 ,

n n
m mC CC

x x

+ +
−−∂

≅
∂ ∆

      (4.31) 

( )1 1 12
1 1

2 2

2
,

( )

n n n
m m mC C CC

x x

+ + +
+ −− +∂

≅
∂ ∆

     (4.32) 

.n
mu u≅        (4.33) 

Substituting Eqs.(4.30-4.33) into Eq.(2.5), we have 

( )1 1 1
1 1( ) 1 2n n n n n n

m m m m m mC C C Cα β α β β+ + +
− +− + + + + − = ,  (4.34) 
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for all 1 m M≤ <   and 0 n N≤ ≤ . For left boundary, where 0m = ,  the known value 

on the left boundary are approximated by 
1 1

1 0
n nC C+ +
− =  into Eq.(4.34) in the right-hand 

side, we can see that 

   ( ) 1 1
0 1 01 n n nC C Cβ β+ ++ − = ,     (4.35) 

For right boundary, where m M= , the known value on the left boundary are 

approximated by 
1 1
1

n n
M MC C+ +
+ =  into Eq.(4.34) in the right-hand side, we have 

  ( )1 1
1( ) 1n n n n n

M M M M MC C Cα β α β+ +
−− + + + + = .   (4.36) 

The stability of upwind implicit scheme is unconditionally stable. 

 

4.3.4 The Crank-Nicolson type technique 

Consider the Crank-Nicolson scheme for the advection-diffusion equation. We get the 

following discretization: 

( )1

,
n n
m mC CC

t t

+ −∂
≅

∂ ∆
      (4.37) 

( ) ( )1 1
1 1 1 1 ,
4 4

n n n n
m m m mC C C CC

x x x

+ +
+ − + −− −∂

≅ +
∂ ∆ ∆

    (4.38) 

( ) ( )1 1 12
1 1 1 1

2 2 2

2 21 ,
2 ( ) ( )

n n n n n n
m m m m m mC C C C C CC

x x x

+ + +
+ − + −

 − + − +∂  ≅ +
 ∂ ∆ ∆ 

 (4.39) 

.n
mu u≅        (4.40) 

Substituting Eqs.(4.37-4.40) into Eq.(2.5), we have 

( )
( )

1 1 1
1 1

1 1

( 2 ) 4 1 ( 2 )

( 2 ) 4 1 (2 )

n n n n n
m m m m m

n n n n n
m m m m m

C C C

C C C

α β β α β

α β β β α

+ + +
− +

− +

− + + + + −

= + + − + −
, (4.41) 

for all 1 m M≤ <   and 0 n N≤ ≤ . For left boundary, where 0m = ,  the known value 

on the left boundary are approximated by 1 0
n nC C− =  and 1 1

1 0
n nC C+ +
− =  into Eq.(4.41) in 

the right-hand side, we can see that 

     ( ) ( )1 1
0 0 0 1 0 0 0 14 2 ( 2 ) 4 2 (2 )n n n n n n n nC C C Cα β α β α β β α+ +− + + − = + − + − , (4.42) 
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Similarly the right boundary, where m M= , the known value on the left boundary 

are approximated by 1
n n
M MC C+ =  and 1 1

1
n n
M MC C+ +
+ =  into Eq.(4.41) in the right-hand 

side, we have 

   ( ) ( )1 1
1 1( 2 ) 4 2 ( 2 ) 4 2n n n n n n n n

m m m m m m m mC C C Cα β α β α β α β+ +
− −− + + + + = + + − − .  (4.43) 

The stability of Crank-Nicolson scheme is unconditionally stable. 

 

4.3.5 The FTCS-type scheme 

The traditional forward time central space scheme is considered following 

discretization: 

( )1

,
n n
m mC CC

t t

+ −∂
≅

∂ ∆
      (4.44) 

( )1 1 ,
n n
m mC CC

x x
+ −−∂

≅
∂ ∆

      (4.45) 

( )2
1 1

2 2

2
,

( )

n n n
m m mC C CC

x x
+ −− +∂

≅
∂ ∆

     (4.46) 

.n
mu u≅        (4.47) 

Substituting Eqs.(4.44-4.47) into Eq.(2.5), we have 

  ( )1
1 1

1 1(2 ) (1 2 ) 2
2 2

n n n n n n
m m m m m mC C C Cβ α β β α+

− += + + − + − , (4.48) 

for all 1 m M≤ <   and 0 n N≤ ≤ . For left boundary, where 0m = ,  the known value 

on the left boundary are approximated by 1 0
n nC C− =  into Eq.(4.48) in the right-hand 

side, we can see that 

( )1
0 0 0 0 1

1 1(1 ) 2
2 2

n n n n nC C Cα β β α+ = + − + − .   (4.49) 

Similarly the right boundary, where m M= , the known value on the left boundary 

are approximated by 1
n n
M MC C+ =  into Eq.(4.48) in the right-hand side, we have 

 
1

1
1 1(2 ) (1 )
2 2

n n n n n
m m m m mC C Cβ α α β+

−= + + − − .   (4.50)  
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The stability of forward time central space scheme is  

  
2 1

2 2
α β≤ ≤ .       (4.51) 

 

4.3.6 The upwind explicit formula 

The upwind explicit scheme is considered by following discretization: 

( )1

,
n n
m mC CC

t t

+ −∂
≅

∂ ∆
      (4.52) 

( )1 ,
n n
m mC CC

x x
−−∂

≅
∂ ∆

      (4.53) 

( )2
1 1

2 2

2
,

( )

n n n
m m mC C CC

x x
+ −− +∂

≅
∂ ∆

     (4.54) 

.n
mu u≅        (4.55) 

Substituting Eqs.(4.52-4.55) into Eq.(2.5), we have 

1
1 1( ) (1 2 )n n n n n n

m m m m m mC C C Cβ α β α β+
− += + + − − + ,  (4.56) 

for all 1 m M≤ <   and 0 n N≤ ≤ . For left boundary, where 0m = ,  the known value 

on the left boundary are approximated by 1 0
n nC C− =  into Eq.(4.56) in the right-hand 

side, we can see that 

1
0 0 1(1 )n n nC C Cβ β+ = − + .     (4.57) 

Similarly the right boundary, where m M= , the known value on the left boundary 

are approximated by 1
n n
M MC C+ =  into Eq.(4.56) in the right-hand side, we have 

   1
1( ) (1 )n n n n n

M M M M MC C Cβ α β α+
−= + + − − .   (4.58)  

The stability of upwind explicit scheme is  

  
2 1
2 2

α α αβ− −
≤ ≤ .      (4.59) 
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4.3.7 The Lax-Wendroff technique 

The Lax-wendroff scheme is considered by the following discretization: 

( )1

,
n n
m mC CC

t t

+ −∂
≅

∂ ∆
      (4.60) 

( ) ( )1 1 1(1 ) ,
2

n n n n
m m m mn n

m m

C C C CC
x x x

α α− + −− −∂
≅ + −

∂ ∆ ∆
  (4.61) 

( )2
1 1

2 2

2
,

( )

n n n
m m mC C CC

x x
+ −− +∂

≅
∂ ∆

     (4.62) 

.n
mu u≅        (4.63) 

Substituting Eqs.(4.60-4.63) into Eq.(2.5), we have 

   

( )( )
( )( ) ( )

21
1

2 2
1

1 2
2

11 2 2 ( )
2

n n n n
m m m m

n n n n n
m m m m m

C C

C C

β α α

β α β α α

+
−

+

= + +

+ − − + − +
, (4.64) 

for all 1 m M≤ <   and 0 n N≤ ≤ . For left boundary, where 0m = , the known value 

on the left boundary are approximated by 1 0
n nC C− =  into Eq.(4.64) in the right-hand 

side, we can see that 

  ( ) ( )21 2
0 0 0 0 0 0 1

1 1 11 2 ( )
2 2 2

n n n n n n nC C Cβ α α β α α+  = − + − + − + 
 

. (4.65) 

Similarly the right boundary, where m M= , the known value on the left boundary 

are approximated by 1
n n
M MC C+ =  into Eq.(4.64) in the right-hand side, we have 

         
( )( ) ( )2 21

1
1 1 12 1
2 2 2

n n n n n n n
M M M M M M MC C Cβ α α β α α+

−
 = + + + − − − 
 

. (4.66) 

The stability of Lax-wendroff scheme is  

  
210

2
αβ −

< ≤ .      (4.67) 
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4.4 Numerical simulations of water quality model for flooding stream 

Suppose that the measurement of pollutant concentration C  in a dam-break flow 

stream is considered. A stream is aligned with longitudinal distance, 2000 (m) total 

length. There is a dam-break which discharges waste water into the flooding area at 

middle point of the domain and the pollutant concentrations at the discharge point 

are assumed: 

Case 1: 
1 , 1000

( ,0)
0.1, 1000 2000

if x
C x

if x
=

=  < ≤
    (4.68) 

( )(1000, ) 1 sin T tC t t
T
− = −  

 
 for all 0 ,t T< ≤    (4.69) 

(2000, ) 0.xC t =         (4.70) 

 

The elevation and velocity of water are obtained by the dam-break model that we 

assume the initial and boundary conditions by several cases as below, 

Case A: Dam-break on wet bed (depth ratio is 0.75) 

 

Table 4.7 The pollutant concentration 3( , ) ( / )C x t kg m  by Modified Siemieniuch-

Gladwell scheme (case A1). 

t\x 1000 1100 1200 1300 1400 1500 1600 1700 1800 1900 2000 

300 0.6411 0.6838 0.1012 0.1000 0.1000 0.1000 0.1000 0.1000 0.1000 0.1000 0.1000 

600 0.3663 0.4924 0.6715 0.1630 0.1000 0.1000 0.1000 0.1000 0.1000 0.1000 0.1000 

900 0.1741 0.2734 0.4426 0.6334 0.3129 0.1017 0.1000 0.1000 0.1000 0.1000 0.1000 

1200 0.0565 0.1236 0.2382 0.3958 0.5863 0.4518 0.1188 0.1000 0.1000 0.1000 0.1000 

 

Table 4.8 The pollutant concentration 3( , ) ( / )C x t kg m  by BTCS scheme (case A1). 

t\x 1000 1100 1200 1300 1400 1500 1600 1700 1800 1900 2000 

300 0.6411 0.3926 0.1006 0.1000 0.1000 0.1000 0.1000 0.1000 0.1000 0.1000 0.1000 

600 0.3663 0.2795 0.3832 0.1320 0.1000 0.1000 0.1000 0.1000 0.1000 0.1000 0.1000 

900 0.1741 0.1552 0.2513 0.3606 0.2069 0.1009 0.1000 0.1000 0.1000 0.1000 0.1000 

1200 0.0565 0.0702 0.1352 0.2247 0.3334 0.2755 0.1096 0.1000 0.1000 0.1000 0.1000 
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Table 4.9 The pollutant concentration 3( , ) ( / )C x t kg m  by Upwind implicit scheme 

(case A1). 

t\x 1000 1100 1200 1300 1400 1500 1600 1700 1800 1900 2000 

300 0.6411 0.7330 0.1056 0.1000 0.1000 0.1000 0.1000 0.1000 0.1000 0.1000 0.1000 

600 0.3663 0.5540 0.7232 0.2052 0.1002 0.1000 0.1000 0.1000 0.1000 0.1000 0.1000 

900 0.1741 0.3079 0.4984 0.6885 0.3632 0.1072 0.1000 0.1000 0.1000 0.1000 0.1000 

1200 0.0565 0.1394 0.2688 0.4463 0.6430 0.4899 0.1422 0.1004 0.1000 0.1000 0.1000 

 

Table 4.10 The pollutant concentration 3( , ) ( / )C x t kg m  by Crank-Nicolson scheme 

(case A1). 

t\x 1000 1100 1200 1300 1400 1500 1600 1700 1800 1900 2000 

300 0.6411 0.5044 0.1008 0.1000 0.1000 0.1000 0.1000 0.1000 0.1000 0.1000 0.1000 

600 0.3663 0.3613 0.4940 0.1435 0.1000 0.1000 0.1000 0.1000 0.1000 0.1000 0.1000 

900 0.1741 0.2007 0.3248 0.4655 0.2472 0.1011 0.1000 0.1000 0.1000 0.1000 0.1000 

1200 0.0565 0.0907 0.1748 0.2904 0.4306 0.3430 0.1130 0.1000 0.1000 0.1000 0.1000 

 

Table 4.11 The pollutant concentration 3( , ) ( / )C x t kg m  by FTCS scheme (case A1). 

t\x 1000 1100 1200 1300 1400 1500 1600 1700 1800 1900 2000 

300 0.6461 0.7907 0.1010 0.1000 0.1000 0.1000 0.1000 0.1000 0.1000 0.1000 0.1000 

600 0.3701 0.5836 0.7877 0.1672 0.1000 0.1000 0.1000 0.1000 0.1000 0.1000 0.1000 

900 0.1766 0.3249 0.5248 0.7469 0.3418 0.1016 0.1000 0.1000 0.1000 0.1000 0.1000 

1200 0.0579 0.1475 0.2832 0.4695 0.6930 0.5115 0.1200 0.1000 0.1000 0.1000 0.1000 

 

Table 4.12 The pollutant concentration 3( , ) ( / )C x t kg m  by Upwind explicit scheme 

(case A1). 

t\x 1000 1100 1200 1300 1400 1500 1600 1700 1800 1900 2000 

300 0.6461 0.7571 0.1046 0.1000 0.1000 0.1000 0.1000 0.1000 0.1000 0.1000 0.1000 

600 0.3701 0.5841 0.7553 0.2018 0.1001 0.1000 0.1000 0.1000 0.1000 0.1000 0.1000 

900 0.1766 0.3254 0.5257 0.7220 0.3665 0.1065 0.1000 0.1000 0.1000 0.1000 0.1000 

1200 0.0579 0.1480 0.2842 0.4709 0.6757 0.5027 0.1407 0.1003 0.1000 0.1000 0.1000 
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Table 4.13 The pollutant concentration 3( , ) ( / )C x t kg m  by Lax-wendroff scheme 

(case A1). 

t\x 1000 1100 1200 1300 1400 1500 1600 1700 1800 1900 2000 

300 0.6461 0.7898 0.1011 0.1000 0.1000 0.1000 0.1000 0.1000 0.1000 0.1000 0.1000 

600 0.3701 0.5836 0.7870 0.1680 0.1000 0.1000 0.1000 0.1000 0.1000 0.1000 0.1000 

900 0.1766 0.3249 0.5248 0.7463 0.3424 0.1017 0.1000 0.1000 0.1000 0.1000 0.1000 

1200 0.0579 0.1475 0.2832 0.4695 0.6926 0.5113 0.1204 0.1000 0.1000 0.1000 0.1000 

 

Case A: Dam-break on wet bed (depth ratio is 0.75) 

 

 

 

 

 

 

 

Fig. 4.4 The comparison of pollutant concentration case A (depth ratio 0.75), 2x∆ = , 

0.1t∆ =  at difference time. 
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Case B: Dam-break on wet bed (depth ratio is 0.5) 

 

 

 

 

 

 

Fig. 4.5 The comparison of pollutant concentration case A (depth ratio 0.5), 2x∆ = , 

0.1t∆ =  at difference time. 

Case C: Dam-break on dry bed (depth ratio is 0.25) 

 

 

 

 

 

 

Fig. 4.6 The comparison of pollutant concentration case A (depth ratio 0.25), 2x∆ = , 

0.1t∆ =  at difference time. 

The physical parameters of the polluted system are diffusion coefficient 

( )21 /D m s= . In the analysis conducted in this study, meshes the length into 1000 

elements with 2x∆ = , and time increment is 0.1( )s  with 0.1t∆ = . 
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4.5 Discussion  

The elevation and velocity of water current are obtained by a modified Lax-diffusive 

method. The case C of sandbag-dike failure gives the highest flow velocity. The cases  

A-B of sandbag-dike failure gives low velocity. If the villagers have received flood for 

longtime, the water pollutant have to be increase. The residents want to drain the 

water to the other areas by destroying the sandbag-dike. The other villages that 

never encounter flood going to receive polluted water. The approximation of the 

pollutant concentrations of the implicit and explicit methods are shown in Tables 

4.7-4.13. We can see that the pollutant concentration level on the flooding area is 

not too high with the passing of time. The real-world problems require a small 

amount of time interval in obtaining accurate solutions. Unfortunately, the analytical 

solutions of the dam-break model could not be found over the entire domain. This 

also implies that the analytical solutions of dispersion model could not work out at 

any point on the entire domain as well. We propose a modified Lax-diffusive scheme 

by editing a simple modification to the traditional Lax-diffusive scheme. The FTCS 

method is limited by restriction of the stability condition. Then FTCS is not flexible in 

the real-world situation. The implicit schemes shows excessive dispersion effects for 

large time and space step lengths, significantly decreasing the efficiency of the 

implicit schemes. In addition implicit methods still generate a lot of large systems of 

linear equations. The Upwind explicit and Lax-wendroff schemes are economical to 

use. The proposed method show a good agreement in accuracy, the implicit 

schemes becomes less efficient than the explicit schemes. 
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Chapter 5 

Conclusion 

 

We propose a modified Lax-diffusive scheme by editing a simple revision to the 

traditional Lax-diffusive scheme. For chapter 3, the FTCS method is limited by 

restriction of the stability condition. Then FTCS is not flexible in the real-world 

situation. The Crank-Nicolson scheme shows excessive dispersion effects for large 

time and space step lengths, significantly decreasing the efficiency of the Crank-

Nicolson scheme. The BTCS still generate a lot of large systems of linear equations. 

The MacCormack and Saulyev schemes are economical to use. The proposed 

method show a good agreement in accuracy, the explicit schemes becomes less 

efficient than the implicit schemes. 

 

For chapter 4, FTCS is not flexible in the real-world situation. The implicit schemes 

shows excessive dispersion effects for large time and space step lengths, significantly 

decreasing the efficiency of the implicit schemes. In addition implicit methods still 

generate a lot of large systems of linear equations. The Upwind explicit and Lax-

wendroff schemes are economical to use. The proposed method show a good 

agreement in accuracy, the implicit schemes becomes less efficient than the explicit 

schemes. 

 

In this thesis, the dam-break model and the dispersion model can be combined to 

approximate the pollutant concentration in a stream when the current reflecting 

water in the stream is not uniform since the dam becomes failure. The technique 

constructed in this study is to respond the aspects of the stream in two varied 

external inputs, which are the level of water and the pollutant concentration at the 

discharge point. The both of the implicit methods and the explicit methods are 

utilized by means of the dispersion model because the scheme seems not to be too 

complicated to implement. In terms of the explicit finite difference formulations, it is 

believed that the implemented technique is practical and applicable. Inaddition, it 

seems economical to be employed and used in the real world tasks and problems. It 

can also be easily used owning to the program simplicity, the straight forward 
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