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Abstract

The thyroid gland is an essential organ in the endocrine system. It produces
and secretes hormone which regulates the growth and metabolic rates in the body.
Thyroid disorders are conditions that affect body function and can cause diseases. Hy-
perthyroidism(overactive thyroid) occurs when your thyroid gland produces too much
of the hormone thyroxine (T4). In this research, the mathematical model of thy-
roid process in term of two nonlinear differential equation systems was interesting.
Only hyperthyroidism case was simulated by using RK4 and Adams-Bashforth-Moulton
methods. The results were to approximate T4-hormone level that thyroid released
and ųnd thyroid recovery time. There were uncomplicated T4 hormone released
trajectories of 3 treatment cases; no drug, constant does, and changed dose.

Keywords :Thyroid regulate, Hyperthyroidism, Runge Kuttha 4th method, Adam Bash-
forth Moulton method, Trajectories
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Chapter 1
Introduction

In this section, we will review the reasons for studying a mathematical model of
the human thyroid, the motivation for changing some of the computational methods
used to analyze the model and the objectives we hope to achieve. We will point out
the possible beneųts of our study.

1.1 Research Motivation
These days, the world is being exposed to many man-made pollutions. The

pollution will affect the lives of people throught increases in the incidence of genetic
disease, in the appearance of age-old plauge or in the exposure to environment toxic.
Water pollution , air pollution, soil pollution and other thype of pollution have made
life impossible in many parts of the world.

Figure 1.1: Bangkok air pollution PM2.5
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Figure 1.2: Water pollution

Figure 1.3: Soil pollution

Moreover, there are some pollutants which have been by many people. These
are any food pollution or food contaminant.

Food contamination refers to the presence of harmful chemicals and microor-
ganisms in food. The impact of chemical contaminants on consumer health and
well-being is often apparent only after many years of processing and prolonged expo-
sure at low levels (e.g., cancer). Unlike food-borne pathogens, chemical contaminants
present in foods are often unaffected by thermal processing. Foods that contain a lot
of certain chemicals can cause disease as well. As the following ųgure
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Figure 1.4: Food contaminant

Figure 1.5: Food contaminant 2

The two pictures above are examples of food that can cause disease in the
long term because they have too many nutrients and chemicals that the body does
not need.

Some chemicals that are mixed in food have both beneųts and penalties such
as an Iodine.
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Figure 1.6: Food contaminant 3

Figure 1.7: Chemical in food

There are beneųts of Iodine

1. Iodine is necessary for metabolism and thyroid function
Metabolism is the process of converting food into basic chemicals com-

ponents which your body needs to function. Iodine is one of these chemicals
needed in the process. It helps the body break down food into nutrients via
the thyroid gland and other organs. Iodine is the literal fuel for the thyroid. Tri-
iodothyronine (T3) and Thyroxine (T4) are the main hormones that the thyroid
produces.

2. Iodine promotes a brain activity
Iodine deųciency has been linked to cognitive decline in countless studies

and is one of the world’s most prevalent, yet easily preventable, causes of brain
damage, according to the world health organization.
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Figure 1.8: Thyroid function

Figure 1.9: Iodine promotes a brain

3. Iodine protects the body from toxins
Iodine can also protect against xenoestrogens – “chemical mimics” – that

can lead to reproductive conditions like ovarian cysts and uterine ųbroids. Some
experts, such as the author and natural health advocate Dr. Mark Sircus, point
to the possibility that iodine may also help with mercury detoxiųcation.

4. Iodine raise radiation resistance
Iodine supplementation can also be used to help individuals suffering from

long-term radiation exposure. The effects of too much radiation may happen due
to accidents, overexposure to medical devices, and the radiation emitted by TSA
scanners at airports.
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Figure 1.10: Iodine protects the body from toxins

Figure 1.11: Iodine raise radiation resistance

5. Iodine is a natural antiseptic
Iodine is a sterilizing substance that can kill unhealthy organisms, bacteria

and viruses.

6. Iodine is a powerful antioxidant
Iodine may be as powerful in this regard as vitamin C. It can help reduce

free radical damage that may lead to gene mutation and disease. It is a great
boon for the immune system as it helps clean the blood of harmful pathogens.

7. Iodine ensures reproductive health
Iodine is fuel for reproductive glands as well as the thyroid gland. Studies

suggest that getting enough iodine can help prevent ųbrocystic breast disease,
preeclampsia, ovarian cancer, ovarian cysts, vaginitis, polycystic ovary syndrome,
and even breast cancer. Enough iodine in the body is also one aspect of a healthy
pregnancy.

8. Iodine helps prevents hair loss
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Figure 1.12: Iodine is a natural antiseptic

Besides protecting the skin and eyes from UV radiation, adequate levels
of iodine can give your skin and hair a healthy glow. This is because iodine is
involved in cellular rejuvenation. Healthy iodine levels also prevent hair loss
because of the nutrients supplied to the thyroid gland. Iodine in combination
with other essential minerals such as iron, magnesium, and zinc can be a powerful
internal tonic for thinning hair.
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9. Iodine maintains strong teeth and bones

Figure 1.13: Iodine maintains strong teeth and bones

One of the functions of the thyroid is the production of calcitonin, a hor-
mone which helps balance blood calcium levels. This mechanism not only leads
to maintain strong bones; it also plays a role in healthy functioning of the nervous
system, heart and muscles.

10. Iodine helps stabilize emotion

Figure 1.14: Iodine helps stabilize emotion

TSH is produced by the pituitary gland to signal the thyroid to produce
more thyroid hormones. Fluctuations in TSH are often an indication that the
thyroid is not getting enough iodine to do its job.

Although, Iodine is very useful to body, but it is noxious when we consume
more iodine more than is necessary and this may lead to thyroid disease.
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Thyroid disease iccurs when there is disorder in the thyroid gland when there
is ocer or under productionof the hormones produced by the gland. When there is
an over production of the hormones, the person suffers from Hyperthyroidism, when
there is under production, the person suffers from Hypothyroidism. One reason for
the former thypes of diseases of the thyroid is amount of iodine being consumed.
Symptom of hyperthyroidism are hair loss, bulging eyes, goiter, muscle weakness,
anxiety, weight loss. Symptoms of Hypothyroidism are the opposites. After extensive
observations of patients suffering from Hyperthyroidism, three options for treatment
have been developed. Thy are to take the some frug such as Trapizole drug, removal
of the thyroid using radioactive iodine ablation, or by surgery. All three treartments
are very effective in patients with Hyperthyroidism such as Graves’ disease, toxic ade-
noma (Goiter) and multi-nodular goiter or patients before surgery. In this research,
Two mathematical models of thyroid function are used. The ųrst model are used to
described the thyroid function and the second, the dysfunction of the gland, both in
term of non-linear ordinary differential equations systems.

The ųrst set of equations is

duI

dt
= v(u0

I − uI)− a1uI
uTg

b2 + uTg

duTg

dt
= αa1uI

uTg

b2 + uTg
− PTguTg

duc
Tg

dt
= −a2u

c
Tg

uc
T4

b3 + uc
T4

+ PTguTg

duI

dt
= βa2u

c
Tg

uc
T4

b3 + uc
T4

− PT4u
c
T4

(1.1)

This system describe the thyroid normal functioning and the second system describes
the thyroid dysfunction respectively which two functioning are occur at thyroid gland.

The second set describes the dysfunction of the gland is system

duI

dt
= v(u0

I + up
I − uI)− a1uI

uTg

b2 + uTg
,

duTg

dt
= αa1uI

uTg

b2 + uTg
− a2u

c
Tg

uc
T4

b3 + uc
T4

,

duT4

dt
= βa2u

c
Tg

uc
T4

b3 + uc
T4

− PT4u
c
T4,

dup
I

dt
= −up

If (t,Drug)

(1.2)

The numerical solution will be obtained for two drug taking regimes using a
multi-step formula within the Adams-Bashfourth and Adam-Moulton method.
*Remark : Variables description can see in an abbreviations/symbols page 8.
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1.2 Objectives of the study
1) To study a mathematical model of the thyroid functioning processes.

2) To apply numerical method to solving solution for an abnormal thyroid func-
tion(Hyperthyroidism) using Adams-Bashfourth and Adam-Moulton method.

1.3 Scopes of the study
1) To study principle of human thyroid function, normal and abnormal cases.

2) To modify the new human thyroid function.

3) To adapt Adams-Bashfourth and Adam-Moulton method to ųnd the numerical
solution.

4) Analyze the result of Adam Bashforth Moulton method.

(Only solutions of abnormal thyroid case(Hyperthyroidism) no drug, constant dose,
change amount dose)

1.4 Research methodology
1) To study a the Mathematical Model of the thyroid functioning.

2) Study and analyze the mathematical model of thyroid functioning .

3) To modify the abnormal thyroid functioning(Hyperthyroidism) model.

4) To analysis the new mathematical model to determine values of the parameters.

5) Apply the Runge-Kuttha 4th method to the Adams-Bashforth and Adams-Moulton
method and discuss the numerical solution.

6) Discussion the results of 5) with the medical criteria.

1.5 Benefits of the study
1) To get principle of thyroid and disease of thyroid.

2) To developed better numerical concepts bases on the

• Runge-Kutta 4th method.
• Adam Bashforth Moulton method.

3) To obtain a better understanding of ordinary differential equation system(linear
and nonlinear) concepts.
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4) To develop programming skill.

5) To simulate the several treatment of hyperthyroidism in 3 cases

• No drug.
• Constant drug dosage.
• Varying drug dosage.

เอกสารนี้เป็นเอกสารที่สงวนไว้สำหรับการใช้งานเพ่ือการศึกษาเท่านั้น ไม่อนุญาตให้นำไปใช้ประโยชน์ด้านการค้า 

ไม่ว่ากรณีใดๆ ทั้งสิ้น อีกท้ังห้ามมิให้ดัดแปลงเนื้อหา และต้องอ้างอิงถึงเจ้าของเอกสารทุกคร้ังที่มีการนำไปใช้ 



Chapter 2
Basic knowledge and Literature Reviews

In this chapter present some basic facts of the thyroid gland, some mathemat-
ical model of thyroid function, some of the numerical analysis done of these model
and literature reviews done on the model.

2.1 Basic knowledge about thyroid gland

2.1.1 Thyroid gland
Thyroid gland is a one of endocrine system of human. The gland has a butterŴy

shape and is located at the front of neck. It is composed of two lobes.The gland is
usually larger in women, and increases in size during pregnancy.

Figure 2.1: Thyroid gland

2.1.2 Thyroid function and thyroid malfunction
Thyroid gland produces and secretes two primary hormones, Triiodothyro-

nine (T3) and Thyroxine (T4). They made from the Iodine (I) that entering in to
body by eating and the Tyroglobulin (Tg) which are part of the thyroid gland.

เอกสารนี้เป็นเอกสารที่สงวนไว้สำหรับการใช้งานเพ่ือการศึกษาเท่านั้น ไม่อนุญาตให้นำไปใช้ประโยชน์ด้านการค้า 

ไม่ว่ากรณีใดๆ ทั้งสิ้น อีกท้ังห้ามมิให้ดัดแปลงเนื้อหา และต้องอ้างอิงถึงเจ้าของเอกสารทุกคร้ังที่มีการนำไปใช้ 



13

Figure 2.2: Thyroid function

The thyroid gland can be divided into 2 layers, the ųrst being the Thyroid
follicular cells and the second being the follicle colloid. These two layers are sep-
arated by a membrane. Iodine (I) passes into the ųrst layer after which the Iodine (I)
will swallowed up by the Thyroglobulin (Tg) and passes into second layer. It is now
transformed into Triiodothyronine (T3) and Thyroxine (T4) by biochemical reaction
which occurs in the second layer. When the Triiodothyronine (T3) and Thyrox-
ine (T4) levels in the blood decrease, thyroid gland will secrete these two hormones
into blood stream.

Figure 2.3: Iodine food
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Thyroid malfunction occurs for many reasons. The primary reasons are changes
in the amount of Iodine (I) entering into thyroid or changes in the biochemical reac-
tion rate. These two changes are the causes of thyroid disease mentioned earlier and
which will now be described.

2.1.3 Thyroid disease
Thyroid disease occurs when the thyroid does not work correctly. As we have

already mentioned, the symptoms of thyroid disease can be separated into two cases;

• Hyperthyroidism
Thyroid produced and secreted hormone more than normal. Disease example
of hyperthyroidism are as following

Figure 2.4: Multinodular

– Goiter (Nodular) is an abnormal enlargement of thyroid gland.
– Multinodular is a one type of goiter, in which an enlarged thyroid will have
separate bumps(Nodules).

– Grave’s disease is an immune system disorder that results in the overpro-
duction of thyroid hormones (hyperthyroidism).

• Hypothyroidism
Thyroid produced and secreted hormone less than normally.

Symptom of thyroid disease
The signs and symptoms of thyroid disease, depend on the severity of the hor-

mone deųciency. In general, most problems tend to develop slowly, often a number
of years. Symptom of thyroid disease may be seen in the following ųgure

เอกสารนี้เป็นเอกสารที่สงวนไว้สำหรับการใช้งานเพ่ือการศึกษาเท่านั้น ไม่อนุญาตให้นำไปใช้ประโยชน์ด้านการค้า 

ไม่ว่ากรณีใดๆ ทั้งสิ้น อีกท้ังห้ามมิให้ดัดแปลงเนื้อหา และต้องอ้างอิงถึงเจ้าของเอกสารทุกคร้ังที่มีการนำไปใช้ 



15

Figure 2.5: Symptom of thyroid disease

2.1.4 Thyroid treatment
There are many ways to treat disease of the thyroid. There three most com-

mon ways are

Figure 2.6: Methimazole

1. Medication therapy
Methimazole (Tapzole) is a medicine that will decrease hormone production
rate. Methimazole is indicated:

• In patients with hyperthyroidism or toxic multinodular goiter for whom surgery
or radioactive iodine therapy is not an appropriate treatment option.

• To ameliorate symptoms of hyperthyroidism in preparation for thyroidec-
tomy or radioactive iodine therapy.
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Precuations

• If Methimazole is used during the ųrst trimester of pregnancy or if the patient
becomes pregnant while taking this drug, the patient should be warned of
the potential hazard to the fetus.

• In pregnant women with untreated or inadequately treated Graves’ disease,
there is an increased risk of adverse events of maternal heart failure, spon-
taneous abortion, preterm birth, stillbirth and fetal or neonatal hyperthy-
roidism.

2. Surgery
Doctor may recommend that you consider thyroid surgery for 4 main reasons :

• Patient will has a nodule that might be thyroid cancer.
• Patient will has a diagnosis of thyroid cancer.
• Patient will has a nodule or goiter that is causing local symptoms – com-
pression of the trachea, difųculty swallowing or a visible or unsightly mass.

• Patient will has a nodule or goiter that is causing symptoms due to the
production and release of excess thyroid hormone – either a toxic nodule,
a toxic multinodular goiter or Graves’ disease.

Figure 2.7: Thyroid Surgery

3. Radioactive iodine
This treatment can be used to ablate (destroy) any thyroid tissue not removed
by surgery or to treat some types of thyroid cancer that have spread to lymph
nodes and other parts of the body. Most doctors also recommend that the pa-
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avoiding foods that contain iodized salt and red dye, as well as dairy products,
eggs, seafood, and soy.

Figure 2.8: Radioactive Iodine

2.1.5 Mathematical model of thyroid function
Considering figure 2.2 Iodine (I) gets into ųrst layer by velocity v and it is

swallowed up by the Thyroglobulin (Tg) present in the layer.

Figure 2.9: Thyroid function 1

After that Thyroglobulin (Tg) passes into second layer with a permeability
PTg.

It is transformed to Thyroxine (T4) in this layer.
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Figure 2.10: Thyroid function 2

Figure 2.11: Thyroid function 3

When Thyroxine (T4) level in blood decreased, thyroid gland will secrete
Thyroxine (T4) out to blood Ŵow.
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Figure 2.12: Thyroid function 4

By [2] we get two systems as following
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(2.1)

The summand v(u0
I − uI) is rate of Iodine (I) change got passes into ųrst layer

by velocity v, the summand a1uI
uTg
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is rate of swallowed by Iodine (I) decrease

swallowed by Thyoglobulin (Tg), the summand αa1uI
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lin (Tg) increase from Iodine (I), the summand PTguTg is the velocity of Thyoglobu-
lin (Tg) leaving the ųrst layer to second layer with permeability PTg, the summand
−a2u

c
Tg

uc
T4

b3 + uc
T4

is rate of Thyoglobulin (Tg) change to Thyroxine (T4), the summand
βa2u

c
Tg

uc
T4

b3 + uc
T4

is rate of the Thyoglobulin (Tg) in second layer transformed to Thy-
roxine (T4) and the summand PT4u

c
T4 is the velocity of Thyroxine (T4) leaving the

ųrst layer to second layer with permeability PT4.

The second system
duI

dt
= v(u0

I + up
I − uI)− a1uI

uTg

b2 + uTg
,

duTg

dt
= αa1uI

uTg

b2 + uTg
− a2uTg

uT4

b3 + uT4
,

duT4

dt
= βa2uTg

uT4

b3 + uT4
− PT4uT4,

dup
I

dt
= −up

If (t,Drug) .

(2.2)

the summand f (t,Drug) is treatment with drugs by we deųne two functions that areเอกสารนี้เป็นเอกสารที่สงวนไว้สำหรับการใช้งานเพ่ือการศึกษาเท่านั้น ไม่อนุญาตให้นำไปใช้ประโยชน์ด้านการค้า 
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constant dose function, change amount dose function. Constant dose function by [2]
f (t,Drug) = Drug and change amount function we deųne it in term of trigonometry
function f (t,Drug) = Drug 1+sinωt

2 .

2.2 Numerical method for solving Ordinary differential equation
In this section we will review some of the numerical methods commonly used

to solve ordinary differential equation. First of all, Ordinary differential equation(ODE)
is a differential equation containing one or more functions of one independent variable
and its derivatives. It is an usually in the form

a0(t)y + a1(t)y
′ + a2(t)y

′′ + · · ·+ an(t)y
n + b(t) = 0 (2.3)

where a0(t), ..., an(t) and b(t) are arbitary differentiable functions and y′, ..., y(n) are suc-
cessive derivatives of the unknown function y of variable t. Partial differential equa-
tions are differential equations involving more than one independent variables.

Given a ųrst order ordinary differential equation

y′(t) =
dy

dt
= F (y, t) , y ∈ [a, b] (2.4)

with initial condition y(a) = y0, we can ųnd a numerical solution of Eq.(2.4) by using
several different methods such as;

2.2.1 Taylor’s method
The basis of all numerical methods for numerically solving an ordinary differ-

ential equation is the Taylor series expansion.The ffundamental theory in ODE is that
any analytic function can be expanded in a Taylor series expansion about an analytical
point, ti, i.e.,

y(t) = yi+(t−ti)y
′
i+

1

2!
(t−ti)

2y′′i +
1

3!
(t−ti)

3y′′′i + . . .++
1

n!
(t−ti)

ny
(n)
i +

(t− ti)
n+1

(n+ 1)!
y
(n+1)
i (ξ)

(2.5)
since : Initial value problem y′ = f(yi, ti), and each higher order derivatives by approx-
imate order total derivative d

dt of f
wi+1 − wi

h
= f(wi, ti) +

h2

2!

df(wi, ti)

dt
+

h3

3!

d2f(wi, ti)

dt
+ . . .+

hn−1

(n− 1)!

dn−1f(wi, ti)

dt

wi+1 = wi + h[f(wi, ti) +
h2

2!

df(wi, ti)

dt
+

h3

3!

d2f(wi, ti)

dt
+ . . .+

hn−1

(n− 1)!

dn−1f(wi, ti)

dt
]

It’s called ”The nth order Taylor method”. The local truncation error is O(hn)

2.2.2 Runge-Kuttha 4th method
Since Taylor’s method has the big disadvantaged of the need to compute

derivatives of the right hand side function in initial value problem. We will develop aเอกสารนี้เป็นเอกสารที่สงวนไว้สำหรับการใช้งานเพ่ือการศึกษาเท่านั้น ไม่อนุญาตให้นำไปใช้ประโยชน์ด้านการค้า 
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class of higher order ine step methods the use value of f without derivative calaultions.
Consider these equation

yi+1 = yi + aF + bG (2.6)

where F = hf(yi, ti) and G = hf(yi + ch, ti + dF )

Consider,f(yi + ch, ti + dF )

The Taylor series expansion f become (about ch and dF),

f(yi + ch, ti + dF ) = f(yi, ti) + chfy(yi, ti) + dFft(yi, ti) +
1

2
[(ch)2fyy(yi, ti)

+2(ch)(dF )fyt(yi, ti) + (dF )2ftt(yi, ti)] +O(h3)

since F = hf , we have dF = dhf then,

f(yi + ch, ti + dF ) = f(yi, ti) + chfy(yi, ti) + dhf(yi, ti)ft(yi, ti) +
1

2
[(ch)2fyy(yi, ti)

+2(ch)(dhf(yi, ti))fyt(yi, ti) + (dhf(yi, ti))
2ftt(yi, ti)] +O(h3)

substitute into Eq.(3.4), we get Runge Kuttha expansion

yi+1 = yi + ahf(yi, ti) + bhf(yi, ti) + chfy(yi, ti) + dhf(yi, ti)fy(yi, ti) +
1

2
((ch)2fyy(yi, ti)

+2chdhf(yi, ti)fxy(yi, ti) + (dhf(yi, ti))
2fyy(yi, ti) +O(h3))

Using Taylor series expansion, then

yi+1 = yi + hf +
h2

2!
(fy + fft) +

h3

3!
(fyy + 2ffyt + f2fyy + fyft + ff2

yy) +O(h4)

that are the right hand side for Runge Kuttha expansion and the right hand side for
second order Taylor series expansion will be compared. Evaluating the coefųcients of
like terms between both expansion provides the equation

a = 1− b

c = d = 1
2b

The fourth order Runge Kuttha becomes,

yi+1 = yi +
1
6 (F1 + 2F2 + 2F3 + F4)

Where

F1 = hf(yi, ti)

F2 = hf(yi +
h
2 , ti +

F1

2 )

F3 = hf(yi +
h
2 , ti +

F2

2 )

F4 = hf(yi + h, ti + F3)เอกสารนี้เป็นเอกสารที่สงวนไว้สำหรับการใช้งานเพ่ือการศึกษาเท่านั้น ไม่อนุญาตให้นำไปใช้ประโยชน์ด้านการค้า 

ไม่ว่ากรณีใดๆ ทั้งสิ้น อีกท้ังห้ามมิให้ดัดแปลงเนื้อหา และต้องอ้างอิงถึงเจ้าของเอกสารทุกคร้ังที่มีการนำไปใช้ 



22

2.2.3 Multi step method : Adam Bashforth and Adams Moulton method
Consider Eq.(2.4) another way to solve this problem is to use Adams-Bashforth

and Adams-Moulton method which it is a predictor-collector method. Now, we inte-
grate both side of Eq.(2.4), we will get this equation

y(ti+1) = y(ti) +

∫ ti+1

ti

f(y, t)dt (2.7)

To ųnd the integral term, the function f(y, t) is approximated by Newton’s Backward
interpolation formula by the following equation

f = fi + v∇fi +
v(v + 1)

2!
∇2fi +

v(v + 1)(v + 2)

3!
∇3fi (2.8)

where v =
t− ti
h

and fi = f(yi, ti). Thus,

yi+1 = yi + h

∫ 1

0

[fi + v∇fi +
v2 + v

2
∇2fi +

v3 + 3v2 + 2v

6
∇3fi]dv

= yi + hfi +
1

2
h∇fi +

5

12
h∇2fi +

3

8
∇3fi

= yi +
h

24
[55fi − 59fi−1 + 37fi−2 − 9fi−3]

(2.9)

Thus, Adams Bashforth predictor formula denoted by ypi+1 is

ypi+1 = yi +
h

24
[55f(yi, ti)− 59f(yi−1, ti−1) + 37f(yi−2, ti−2)− 9f(yi−3, ti−3)] (2.10)

Corresponding, the collector method is obtained by using Newton’s Backward inter-
polation polynomial. Thus,

yi+1 = yi + h

∫ 0

−1

[fi + v∇fi +
v2 + v

2
∇2fi +

v3 + 3v2 + 2v

6
∇3fi]dv

∗Remark : t = tn + vh, dx = hdv

= yi + h[fi+1 −
1

2
∇fi+1 −

1

12
∇2fi+1 −

1

24
∇3fi+1]

= yi +
h

24
[fi−2 − 5fi−1 + 19fi − 9fi+1]

(2.11)

Hence, Adams Moulton collector formula denoted by yci+1 is

yci+1 = yi +
h

24
[f(yi−2, ti−2)− 5f(yi−1, ti−1) + 19f(yi, ti) + 9f(yi+1, ti+1)] (2.12)

2.3 Literature Reviews
1. In 2008, Mike Degon, Stuart R. Chipkin, C.V. Hollot, R. Thomas Zoeller and Yossi

Chait wrote a paper titled ”A computational model of the human thyroid”
which described the overall function of thyroid gland in human. This paper
pointed out the importance of the hypothalamus to the physiological func-
tioningof the thyroid gland. It described the physiological functioning of the
thyroid gland in term of ordinary differential equation.เอกสารนี้เป็นเอกสารที่สงวนไว้สำหรับการใช้งานเพ่ือการศึกษาเท่านั้น ไม่อนุญาตให้นำไปใช้ประโยชน์ด้านการค้า 
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2. In 2014, Yulia Eųmovna Balykina, Eugeny Petrovich Kolpak and Elena Dmitrievna
Kotina wrote a paper ”Mathematical Model of Thyroid Function” on the treat-
ment of the dysfunction of the thyroid gland using only medication. Interestingly,
the treatment was described it in term of ordinary differential equation with the
result of the treatment presented in graphical form.

3. In 2016, Simone De Leo, Sun Y. Lee, and Lewis E. Braverman wrote ”Hyperthy-
roidism” in which the symptoms of Hyperthyroidism, how to diagnose and what
thyroid hormones are needed were mentioned.

4. In 2017, Azizi F., and Malboosbaf R. wrote the paper ”Long-Term Antithyroid
Drug Treatment: A Systematic Review and Meta-Analysis”. This and several
orther studies have reported inconsistent ųndings on the advantages and disad-
vantages of long-term treatment with antithyroid drugs (ATD). A systematic review
and meta-analysis was undertaken to clarify the numerous aspects of long-term
treatment with ATD. Conclusion, Long-term ATD treatment is effective and safe,
especially in adults, indicating that it should be considered as an alternative
treatment for Graves’ disease.

In this research we will bring an Adams-Bashforth and Adams-Moulton method
to ųnd a numerical solution for approximate time to thyroid recovery and compare
performance of both methods.

เอกสารนี้เป็นเอกสารที่สงวนไว้สำหรับการใช้งานเพ่ือการศึกษาเท่านั้น ไม่อนุญาตให้นำไปใช้ประโยชน์ด้านการค้า 

ไม่ว่ากรณีใดๆ ทั้งสิ้น อีกท้ังห้ามมิให้ดัดแปลงเนื้อหา และต้องอ้างอิงถึงเจ้าของเอกสารทุกคร้ังที่มีการนำไปใช้ 



Chapter 3
Research Methodology

3.1 Modification Hyperthyroid Functioning Mathematical Model
In this section, we modify some term in abnormal thyroid functioning math-

ematical model for the model is consistent with the actual working principle of the
drug.

Figure 3.1: An effective of drug effect to Thyroxine(T4)

As ųgure 3.1, we now consider following equation in system (2.2)
duT4

dt
= βa2u

c
Tg

uc
T4

b3 + uc
T4

− PT4u
c
T4 (3.1)

We ųrst look at the Thyroxine secretion term.

− PT4uT4 (3.2)

From the study of the effect of the drug [5]. We are aware that after taking
the medicine, the thyroid gland will reduce the rate of Thyroxine hormone secretion.
Consequently, we will modify Thyroxine secretion term to this term to

− PT4(uT4 − up
I) (3.3)
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Then, the modiųed abnormal thyroid functioning system becomes,
duI

dt
= v(u0

I + up
I − uI)− a1uI

uTg

b2 + uTg
,

duTg

dt
= αa1uI

uTg

b2 + uTg
− a2uTg

uT4

b3 + uT4
,

duT4

dt
= βa2uTg

uT4

b3 + uT4
− PT4(uT4 − up

I),

dup
I

dt
= −up

If (t,Drug)

(3.4)

In the next chapter, we will use numerical technique in this chapter to solve a modiųed
abnormal Thyroid functioning mathematical model.
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Chapter 4
Main Results and Discussion

In this section, we compute the numerical results obtained by solving our
mathematical model for an abnormal functioning thyroid using Adams-Bashfourth and
Adams-Moulton method. We consider three drug regimes; No drugs being used, Con-
stant drug dosage and, a varying drug dosage usage. We take the starting for numerical
calculations to be the equilibrium point of a mathematical model of a normally func-
tioning thyroid, one in which uI = 0, uTg = 1, uT4 = 1, up

I = 1 and other parameters are:
u0
I = 1, a1 = 50, a2 = 1, b2 = 1.1, b3 = 0.3, α = 0.2, β = 5.5, ω = 0.4, Drug = (0, 1). The

concentration of the chemicals are taken to be dimensionless.

4.1 To use Adams-Bashfourth and Adams-Moulton method to solve
a modified abnormal Thyroid functioning mathematical model
We get the numerical simulation of T4 hormone level in three cases: No drug

case(Fig 4.1 and Table 4.1), Constant dose case(Fig 4.2 and Table 4.2 ) and Variant dose
case(Fig 4.3 and Table 4.3 ) and all of T4 hormone level numerical simulations(Fig 4.4
and Table 4.4).

1 2 3 4 5 6 7 8 9 10
t - time

1

1.5

2

2.5

3

3.5

4

T
4 

ho
rm

on
e 

le
ve

l a
t t

 ti
m

e

T4 Hormone level

Figure 4.1: Numerical simulation of T4 hormone level: No drug case(Drug = 0,∆t = 0.05)

Table 4.1: Numerical simulation of T4 hormone level: No drug case(Drug = 0,∆t = 0.05)

t 0 1 2 3 4 5 6 7 8 9
uT4 1 3.4016 3.6712 3.473 3.2783 3.1593 3.098 3.0694 3.0569 3.0519
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Figure 4.2: Numerical simulation of T4 hormone level: constant dose case(Drug = 1,∆t = 0.05)

Table 4.2: Numerical simulation of T4 hormone level: constant dose case(Drug = 1,∆t = 0.05)

t 0 1 2 3 4 5 6 7 8 9
uT4 1 2.5865 2.2427 1.7079 1.3414 1.1392 1.0417 1.0009 0.9871 0.9842
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Figure 4.3: Numerical simulation of T4 hormone level: Variant dose case(Drug = 1,∆t = 0.05)

Table 4.3: Numerical simulation of T4 hormone level: Variant dose case(Drug = 1,∆t = 0.05)

t 0 1 2 3 4 5 6 7 8 9
uT4 1 2.6669 2.2925 1.7334 1.3532 1.1442 1.0436 1.0014 0.9871 0.9841
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Figure 4.4: Comparison of three numerical simulation cases

Table 4.4: Comparison of three numerical simulation cases

t 0 1 2 3 4 5 6 7 8 9
uT4N 1 3.4016 3.6712 3.473 3.2783 3.1593 3.098 3.0694 3.0569 3.0519
uC
T4 1 2.5865 2.2427 1.7079 1.3414 1.1392 1.0417 1.0009 0.9871 0.9842

uV
T4 1 2.6669 2.2925 1.7334 1.3532 1.1442 1.0436 1.0014 0.9871 0.9841
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Figure 4.5: Numerical solution graph of no drug case at t = 2− 4
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Figure 4.6: Comparison of three cases at t = 1.5− 3.5

2.5 3 3.5 4 4.5
t - time

1.4

1.5

1.6

1.7

1.8

1.9

2

2.1

2.2

2.3

2.4

T
4 

ho
rm

on
e 

le
ve

l a
t t

 ti
m

e

Figure 4.7: Comparison of constant drug dosage and varying drug dosage at t = 2.5− 4.5
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Figure 4.8: Comparison of constant drug dosage and varying drug dosage at t = 5− 7
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Figure 4.9: Numerical solution graph of no drug case at t = 7− 9
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Chapter 5
Conclusions and Suggestions

5.1 Conclusions
In this research, we have used Adams-Bashforth and Adams-Moultonmethod(ABM

method) to simulate the numerical solution of Thyroid dysfunction mathematical
model for periods of approximate the time it takes for the recovery of the thyroid
function.

The numerical solution obtained by ABM method. The numerical solutions
are consistent with the physical meaning that is T4 hormone level use at least 5 - 6
unit times (around 5 - 6 months) to decrease itself.

For people who suffer from hyperthyroidism, taking a constant dose that treated
by doctor or variant dosage which it treated by endocrinologist can make patients re-
turn to good health as well in 5 - 6 months.

The value obtained from this mathematical model is just an estimate. The
time it takes to treat thyroid disease can be mistaken depending on the discipline of
eating and medicine.

5.2 Suggestions
From this research which shown numerical solutions of Thyroid mathematical

model by using Adams-Bashforth and Adams-Moulton method. For some one who
interest in Thyroid disease or numerical analysis, you can bring this model to improve
by addition time-delay term to this model or use another numerical method to solve
this problem or anything that you can do.
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