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บทคัดย่อ 
 
ในงานวิจัยนี้ได้ท าการศึกษาปัญหาออกเป็น 3 ขั้นตอน ขั้นตอนแรก เพ่ือแสดงที่มาของทฤษฎีบทใหม่
ส าหรับการแปลงเทอมไม่เชิงเส้นของวิธีการแปลงเชิงอนุพันธ์ และประยุกต์ใช้วิธีการแปลงเชิงอนุพันธ์
ในการหาผลเฉลยประมาณค่าส าหรับปัญหาค่าขอบของการเคลื่อนที่ของสมการการสั่นเส้นลวดใน
แนวดิ่งที่มีความหนาแน่นไม่สม่ าเสมอ ปัญหาการสั่นในเส้นลวดในแนวดิ่งที่มีแรงภายนอกมากระท า
กับเส้นลวด และปัญหาการสั่นในเส้นลวดในแนวดิ่งที่มีความหน่วง สามารถแสดงการหาผลเฉลย
โดยง่ายได้โดยวิธีการแปลงเชิงอนุพันธ์ ขั้นตอนที่สองเราใช้วิธีการแปลงเชิงอนุพันธ์แบบสามมิติเพ่ือ
ประมาณค่าส าหรับปัญหาสมการการสั่นในเมมเบรนเราได้แสดงการหาผลเฉลยเชิงวิเคราะห์ของการ
หาการสั่นเมมเบรนด้วยวิธีแยกตัวแปร เราพบว่าผลการเปรียบเทียบระหว่างผลเฉลยเชิงวิเคราะห์กับ
ผลเฉลยประมาณค่ามีความสอดคล้องกันในกรณีที่ไม่มีความหน่วงและแรงภายนอกมากระท า 
นอกจากนี้วิธีการแปลงเชิงอนุพันธ์ สามารถน ามาใช้เพ่ือหาผลเฉลยประมาณค่าโดยค านึงถึงแรง
ภายนอกและมีความหน่วงซึ่งไม่สามารถหาผลเฉลยเชิงวิเคราะห์ได้  เราได้น าเสนอวิธีการแปลงเชิง
อนุพันธ์ส าหรับฟังก์ชันแบบไม่เชิงเส้น ที่มาของสมการเวียนบังเกิดของการแปลงเชิงอนุพันธ์ถูกแสดง
และน าไปประยุกต์เพ่ือหาสัมประสิทธิ์ของอนุกรมเทย์เลอร์ที่ถูกน าไปใช้ประมาณค่าฟังก์ชันไม่เชิงเส้น 
เราพบว่าการเปรียบเทียบผลระหว่างค่าประมาณของอนุกรมเทย์เลอร์และฟังก์ชันไม่เชิงเส้นมีความ
สอดคล้องกัน 
 
ค าส าคัญ : การแปลงเชิงอนุพันธ์ ผลเฉลยประมาณค่า สมการการสั่นในเส้นลวดในแนวดิ่ง สมการ
การสั่นในเมมเบรน  
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ABSTRACT 
 
In this research is concerned with three parts. The first part is to derive the general 
form for the non-linear term transformation of the differential transformation method 
(DTM) and apply this method to find the approximated solution for the initial 
boundary value problem of the suspended string equation with non-uniform 
densities, with nonlinear external force, with damping term and without damping 
term. We then apply the three-dimensional differential transform method to 
estimate solutions to the vibrating membrane. We also find the analytical solution of 
the vibrating membrane by separable variable method. We find that the comparison 
results between the analytical solution and the estimated solution are in good 
agreements in case of no damping and the external force. Furthermore, the 
differential transform method can also be used to find approximated solutions with 
both an external force and damping term which cannot be achieved by an analytical 
solution. We also present the modified differential transformation method for the 
nonlinear function. The derivation of the differential transformed recurrence formulas 
are shown and applied to find coefficients of the Taylor’s series which are the 
approximant for the nonlinear functions. We find that the comparison results 
between the approximate Taylor’s series and the nonlinear function are acceptable.  
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Chapter 1 

Introduction 
 

1.1  Research Motivation 
        Many researchers have attempted to understand several phenomena occurring 
in nature by applying knowledge from different fields such as mechanical 
engineering, electrical engineering, industrial engineering, energy and medicine. Most 
of these problems have been studied by employing some form of mathematical 
modeling using both ordinary differential equations (ODE) and partial differential 
equations (PDE). These problems require an accurate solution, either as an analytical 
solutions or approximate solutions.  
 In the study of horizontal vibration which is in the form of partial differential 
equations widely such as water wave, standing acoustic wave, X-ray standing wave 
and ultrasonic wave. It can be seen that researches and studies of waves are very 
beneficial to humans. The suspended string equation was studied firstly by a Russian 
mathematician [1]. The suspended string equation is shown in equation (1.1) where 

( , )u x t  denotes the horizontal displacement of the heavy and flexible string 
suspended with the upper end fixed and the lower end free.  

2 ( , ) ( , ) ( , ) ( , ( , )), ( , ) ,
1

( , ) 0, [0, ],

( ,0) ( ), ( ,0) ( ), [0, ],

t x x

t

x
u x t u x t u x t f x u x t x t

m

u a t t T

u x x u x x x a

                       (1.1)       

where   is a cylindrical domain (0, ) (0, )a T  and the power density is denoted by
mx x where   and m  are constants. 

 An acoustic membrane under tension can encourage transverse vibrations. A 
thin layer of a vibration, is used in acoustics to produce or transfer sound, such as 
a drum, microphone, or loudspeaker. The characteristics of an idealized drumhead  
can be modeled by the vibrations of a circular membrane of uniform thickness, 
attached to a rigid frame. Due to the phenomenon of resonance, at certain 
vibration frequencies, its resonant frequencies, the membrane can store vibrational 
energy, the surface moving in a characteristic pattern of standing waves. 
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 The equation of motion for the forced transvers vibration of the membrane in 
[2] is as follows: 

2 2 2

2 2 2
( , , ) ( , ) ,

w w w
P f x y t x y

x y t


   
   

   
         (1.2) 

where ( , , )f x y t  is the pressure force loading acting in the z direction(external force),
P  is intensity of tension at a point that is equal to production of the tensile stress 
and the thickness of the membrane and ( , )x y is the mass per unit area. We assume 
that ( , , ) 0f x y t  , 1,P  and ( , ) 1.x y  Then Equation (1.2) leads to 

2 2 2

2 2 2
.

w w w

x y t

  
 

  
                          (1.3) 

 The differential transformation method (DTM) is a very powerful and efficient 
tool applied in so many research works to solve partial differential equations (PDE) 
such as done in [3]- [17]. The DTM applied to second order PDE under boundary 
conditions were studied in [6] without initial condition.  

In practice, several realistic problems are PDE which are subject to both initial 
and boundary conditions. Therefore, a solution to the problems taking into account 
those conditions using DTM method are the primary objective of this research.  
 The suspended string equation was previously studied using numerical method 
in [5] - [12]. The numerical solution excluding an external force has been shown in 
[12] using the Crank-Nicolson method. [10] and [11] have shown the numerical 
simulation including both linear and nonlinear damping terms yet without an 
external force. The numerical simulation including an external force has been 
considered in [12]. However, all of those works considered suspended string only in 
the uniform density case and defined form of the nonlinear external force including 
the linear and nonlinear damping cases.  
 In this work, we extended the study in [5] and [6] using the two dimensional 
DTM and then develop a new theorem for the cubic transformation. A suspended 
string equation is used which involves both boundary conditions as a case study.  
 Differential transform is the transformation of function ( )c x so called original 
function to be new function ( )C k  so called transform function. 
 Differential Transform of ( )c x  is defined by [38] 

      
0

1
( ) ( )

!

k

k

x x

d
C k c x

k dx


 
  

 
             (1.4) 
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and differential inverse transform of ( )C k  is defined by [38] 

      0

0

( ) ( )( )k

k

c x C k x x




               (1.5) 

1.2  Literature Review 
       The differential transform method (DTM) is based on the high-order Taylor series 
expansion. This method is a powerful tool for solving linear and non-linear ordinary 
differential equations [22] - [24] and [29], and for solving two and three-dimensional 
partial differential equations in both linear and non-linear problems. DTM can be 
used to solve the differential equation subject to initial and boundary conditions 
having both linear and non-linear terms within an acceptable error range.  
 The two-dimensional differential transform method (2D-DTM) is used to find 
the solutions of both linear PDEs [23] - [36].  
 Additionally, the three-dimensional differential transform method (3D-DTM) is 
applied to find the solutions of linear and non-linear PDEs [25] and [35] respectively. 
It is noted that the differential transform method can be used to solve 
multidimensional PDEs, such as the Westervelt equation [31], heat-like and wave-like 
equations [35] and fuzzy partial differential equations [33], as well as the linear and 
non-linear system of PDEs [24] and [36].  
 There are many engineering studies which have examined the dynamical 
analysis of membrane by various engineering tools such as loudspeakers, 
microphones, membrane valves, pressure regulators, and antennas for space 
communications  [14 ]  -  [12]. In this research, [15] we have studied the oscillation of a 
membrane-like plate, which is determined by the tension and insignificant resistance 
to the bending, we have applied the differential transform method to find solutions 
in the vibrating equation of a membrane, and the comparison result is in good 
agreement in the simple case. 
 In addition, this work is also concerned with a new algorithm for calculating 
one-dimensional differential transform of nonlinear functions first presented in [37] 
applying the Taylor’s series about the origin (Maclaurin series) to approximate the 
nonlinear functions in the basic function forms such as the exponential function, the 
logarithm function, the trigonometric function and the hyperbolic trigonometric 
function. However, we tried to apply the Maclaurin series to approximate the 
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nonlinear functions, we found that the approximate Maclaurin series were not in 
good agreement with the nonlinear functions. In this work, we should study further 
from the previous work [37] to modify the differential transformation method for 
finding the approximate Taylor’s series about any points for the nonlinear functions. 
 In solving these examples, recurrence systems are first obtained and then a 
routine computer programming is used to find an approximated solutions in the 
Taylor’s series form. 
 

1.3  Objectives of the Study 
 1)  To derive of the formulas involed the nonlinear transformation of the 

    differential transformation method (DTM). 
  2)  To use the differential transform method for solving the suspended 

    string equation without a damping term, with a damping term, with an 
    external force and a nonuniform densities. 

  3)  To use the differential transform method for solving the vibrating membrane 
            equation without a damping term, with a damping term, with an external 
           force, and with an external force and a damping term. 

 4)  To use the modified differential transform method for finding the  
      approximate Taylor’s series of nonlinear functions.  

 
1.4  Scope of the Study 
       The derivation of new formulas for the nonlinear cubic function by the 
differential transformation method (DTM) are shown and apply this method to the 
approximate solution to the initial and boundary value problems of the suspended 
string and the vibrating membrane. In addition, the modified differential 
transformation method for some nonlinear functions will be studied.  
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1.5  Plan of the Study 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

The cubic transformation by the 
differential transform method 

The nonlinear function 
based on Laplace table 

The suspended 
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The equation of 
vibration of membrane 

The modified DTM for the nonlinear 
function based on Laplace table 

Applications 

Comparison results 
between the original 

functions and the 
approximate Taylor’s 

series with the 
coefficients obtained 

from DTM 

-Without a damping 

 term 

-With a damping term 

-With an external force 

-Nonuniform densities 

 (m=0.25, 0.5, 0.75, 1) 

-Without a damping 

 term 

-With a damping term  

-With an external force  

Study the basic knowledge about 

the Differential Transformation Method (DTM), 

1 - dimensional DTM 2 - dimensional DTM 3 - dimensional DTM 
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1.6  Expected Results 
       The expected results of thesis are as follows the modified theorem of the 
differential transform of the nonlinear term is presented. The proof of the theorem is 
also derived and the theorem can be applied in several applications. The non-linear 
term of differential transform can be applied efficiently to the nonlinear terms of 
suspended string equation and the equation of motion of the membrane. The 
differential transform method can be applied to find the approximate Taylor’s series  
for the nonlinear functions.
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Chapter 2 

Basic Concepts and Preliminaries 
 

       In this chapter, we introduce two equations which are the suspended string 
equation and the equation of motion of membrane in Section 2.1 and 2.2 
respectively. In Section 2.3, we indicate the basic definitions and fundamental 
operations of differential transform. 

2.1  The Suspended String Equation 
       The suspended string equation as shown in Equation (2.1) where ( , )u x t  denotes 
the horizontal displacement of the heavy and flexible string suspended with the 
upper end fixed and the lower end free [1].  

2 ( , ) ( , ) ( , ) ( , ( , )), ( , ) ,
1

( , ) 0, [0, ],

( ,0) ( ), ( ,0) ( ), [0, ],

t x x

t

x
u x t u x t u x t f x u x t x t

m

u a t t T

u x x u x x x a

                       (2.1)       

where   is a cylindrical domain (0, ) (0, )a T  and the power density is denoted by 
( ) mx x  where  and m are constant. 

 

Figure 2.1 The suspended string. 
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       N. S. Koshlyakov  [1] studied the suspended string which is flexible, heavy, 
limited length ( )a  and mass density at position x . The suspended string was hung 
vertically with the top end being pinned to the ceiling, the bottom end was released 
independently under the force of gravity. Set the vertical line through the fixed point 
to the ceiling as the x-axis and origin is determined that the position of the top end. 
When the suspended string is in normal state without external force, except for 
gravity. At the bottom end is the position x a  as shown in Figure 2.1. We define  

( , )u u x t   instead of vibration (the displacement) of the suspended string and  
assume that the hanging of the suspended string vibrates in a plane. In that direction, 
all the points of the suspended string vibrate horizontally under the external linear 
force h . The action on the suspended string with h  in the form of linear ( , )h x t  and 

the suspended string vibrates slightly on       , 0, 0,x t a t    Newton's second 

law. The suspended string equation is defined by 
 

   
2

2 0

xu u
x g s ds h

t x x
 

     
   

    
 , ( , )x t               (2.2) 

where gravity(g) is 9.8  m/s2 and a linear outer forcing form   )h   (   N/m for this study 
approximate g  is 1 m/s2. 

The derivation of suspended string equation can be considered as follows: 
we consider that  part of the suspended string equation with x  and x x  is both 
ends of the string and  x  is distance between x  and x x   by x   have a little 
value. 

         By
1( , )F x t F  instead of the force at the point x  at t  and   2,F x x t F   

instead of the force at the point x x  at t and define    1 2,x x x    are the 
angle with the vertical as shown in Figure 2.2. 

       1F  is the force acting on the suspended string at the point x  on the  horizontal 
force and vertical force are 

1 1sinF   and 
1 1cos ,F   respectively Figure 2.2 2F  is the 

force acting on the suspended string at the point  x x  on the horizontal force and 
vertical force is 

2 2sinF   and 
2 2cos ,F   respectively as shown in Figure 2.2 
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Figure 2.2 The section of the suspended string in the considered range. 

Obtaining  x  is mass of density, s  is distance and m  is mass which  m x s   

at x x  we have,   
0

( )
x x

m x x s ds


                            (2.3) 

at x  we have,     
0

x

m x s ds                                          (2.4) 

  

Figure 2.3 The value of the tangent.
 

Figure 2.3, we have 

   
tan ,

u u

x x


 
 
   
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that is 

    
sin

,
cos

u

x









                        (2.5)
 

due to the horizontal force is 

   , ,F x x t F x t   
2 2 1 1sin sinF F    

   2 1
2 2 1 1

2 1

sin sin
cos cos

cos cos
F F

 
 

 
   

   
2 2 2 1 1 1cos tan cos tan ,F F      

since   has very small and close to zero, we have 

   
2 2 1 1tan tan ,F F    

from F mg  and tan ,
u

x






 we have 

   , ,F x x t F x t   
0 0

( , ) ( , )
( ) ( ) ,

x x xu x x t u x t
g s ds s ds

x x
 

     
  

  
            (2.6) 

since           

       , , ,F x x t F x t F x x t

x x

     


 
, 0 1                

therefore      

    
 ,

, ,
F x x t

F x x t F x t x
x

  
    


      

                         
0

, ,
x x u

x g s ds x x t
x x



 
   

      
             (2.7) 

then                     ,m x x                          (2.8) 
from Newton's second law 
                    ,ma F  

                              
2

2
, , ,

u
x x F x x t F x t

t



    


             (2.9) 

substituting Equation (2.7) in Equation (2.9) , we have 

  
2

2

u
x x

t






 

 
 

 
0 0

, ,
,

x x xu x x t u x t
g s ds s ds

x x
 

     
  

  
          (2.10) 

and Equation ( 2. 10) , we have 

  
2

2

u
x x

t






  , ,x F x x t

x



   


  0 1    

hence    
2

2

u
x x

t






  

 
0

,
,

x x u x x t
x g s ds

x x

 


     
   

  
  0 1           (2.11) 

from Equation (2.11) with   value between x  and ,x x   we have 
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       
2

2 0
,

u u
x x xg s ds t

t x x



  
  

  
   ,  .x x x                 (2.12) 

Considering Equation (2.12) when 1g   
when the external force   ,h xt   act on the suspended string horizontally, we have 

     
 

 
 

 
2

2 0

, ,
, 0.

xu x t u x t
x s ds h x t

x xt
 

  
   
   
          (2.13) 

       Since the mass of density depends on each point x  therefore equation of 
density  is in the form of a power function of x  or the power density is       

 x x     when   and  m  is constant 
hence 

   
 

2

2 0

, ,
, 0,

x
m m

u x t u x t
x x dx h x t

x xt
 

  
   
   


    
 

2 1

2

, ,
, 0,

1

m
m

u x t u x tx
x h x t

x xt
 



  
        

 

     2 1

2

, , ,
0,

1

m
m

u x t u x t h x tx
x

x m xt 

  
        

 

       2 21

2 2

, , , ,
( 1) 0.

1 1

m m
m

u x t u x t u x t h x tx x
x m

m xt x  

   
          

            

Divide all of equation with, we have 

        2 2

2 2

, , , ,
0,

1

u x t u x t u x t h x tx

m xt x x

   
        

          (2.14) 

obtaining L  is operation of differential order 2 we have, 
2

2
,

1

x
L

m xx

 
 

 
             (2.15) 

 
2

2
,

1

x u u
Lu

m xx

 
 

 
                                                   (2.16) 

substituting Equation (2.16) in Equation (2.14),  we obtain the suspended string 
equation   

 
 

 2

2

, ,
, 0,

m

u x t h x t
Lu x t

t x


  


                                  (2.17) 

   
   

2

2

,
, , ( , ) 0,

u x t
Lu x t f x u x t

t


  


          (2.18) 

by  
 ,

, ( , )
m

h x t
f x u x t

x
  is external force. 
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 In this research, we study the initial and boundary value problem of the 
suspended string Equation (2.18). 
 Since the top end of the suspended string is pinned to the ceiling.  

The boundary condition  0, 0u t    and    ,
0,

u x t

x





  0, .t T          (2.19) 

Since the suspended string depends on the initial shape of the string before it is 
allowed to vibrate and the initial speed of the points on the string. 

The initial conditions     1,0u x f x  and   2

( ,0)
,

u x
f x

t





  0, .x a            (2.20) 

Analytical Solution 
 The suspended string equation of the initial and boundary value problem 

  
   

2

2

,
, 0,

u x t
Lu x t

t
                               (2.21) 

with the boundary conditions  0, 0,u t   0,t T                                          (2.22) 

and the initial conditions    1,0u x f x  and
 

 2

( ,0)
,

u x
f x

t





   0,x a       (2.23) 

L  the second order differential, we have 

   
2

2
.

1

x
L

m xx

  
  

  
            (2.24) 

Assuming the solution in the form of power series, we have 

 
1

, ( ) ( ),j j

j

u x t u t x






 
 1

1

( ),j j

j

f x p x






      

                    (2.25)

 
 2

1

( ),j j

j

f x q x




        

 
then       

  

  22

2 2
1

( ),
( )

j

j

j

u tu x t
x

t t









 
       

               
1

( ) ( ),j j

j

u t x




                             (2.26) 

                   
1

( , ) ( ) ( ),j j

j

Lu x t u t L x




                         (2.27) 

and   
  

2

2
,

1

j j

j

x
L

m xx

 


  
  

  
 

since        
 

2

2
1

( , ) ( ) ,
1

j j

j

j

x
Lu x t u t

m xx

 



   
       
      
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1 1

( ) ( ) ( ) ( ) 0.j j j j

j j

u t x u t L x 
 

 

    

Due to define ( )j x  consistent with the solution of the eigenvalues problem then 

( ) ( )j jL x x   

  
 1 1

( ) ( ) ( ) ( ) 0,j j j j

j j

u t x u t x 
 

 

    

        
1 1

( ) ( ) ( ) 0,j j j

j j

u t u t x 
 

 

 
  

 
      

          
1

( ) ( ) ( ) 0.j j j

j

u t u t x 




                (2.28) 

Consider of the solution Equation (2.28) as follows: 
0j j ju u                                                     (2.29)

(0) , (0) .j j j ju p u q                                                       
Find the solution by auxiliary Equation in the form 
   2 0,jr       .jr i   

The solutions are complex in general form 
            

1 2cos sin ,j j ju c t c t    

                 1 2sin cos ,j j j j ju c t c t       

from the boundary condition (0)j ju p  we have, 
   1 2cos0 sin 0,jp c c   
    1 .jc p  
From the boundary condition (0)j ju q  we have, 

     1 2sin 0 cos0 ,j j jq c c     

2 ,
j

j

q
c


  

then
 

cos sin .
j

j j j j

j

q
u p t t 


 

 
That is 

 
1

, cos sin ( )  






 
  
 
 


j

j j j j

j j

q
u x t p t t x

         
 (2.30)

 
with  ( ) j x  the solution of the eigenvalues problem for L 

2

2
( ) ( ) ( )

1

x d d
L x x x

m dxdx
  

  
    

  
in (0, ),a             (2.31) 
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with the boundary condition  
( ) 0,a                                                                               (2.32)   

we obtain            xy    and 2 ,
m

my x  

then      2( ) ( ) ( ),

m

my x x y x     

and 

               

2( ) ( ) ( ),
m

mx y y x x  
   

then
    

2 2
1 1

( ) ( ) ( )
2 2

m m

x

m
x x x x x

x
  

   
   

 
 

                      
 

1

2 2
11

( ) ( ) ,
2

m

x m y x y 
 

    

            
 

1

2 2
22 1

( ) 1 ( ) ( )
2 2

m

x

m
x x m x x x  

   
     

 
 

                     

1 1

2 2 2
11 1 1 1

( ) ( ) ( )
2 22 2

m

x m x x x x x
x x

  
   

      
 

 

                    

           

1

2 2
21

( ) ( 2 1) ( ) ( 2) ( ) ,
4

m

x x y m x y m m y  
         

 

     

 

since  

 
1

2 2
12 1

( ) ( ) (2 1) ( ) ( 2) ( ) ,
1 4( 1)

x

x
x x x y m x y m m y

m m



   
         

  
 

from Equation (2.21), we have  

                          

2 1

2

1

2( ) ( ) ( ) ( ),
4( 1)

m

x
x y x y m y x

m
   

 

     
 

 

                  
21

2 22( ) ( ) ( ) ( ) 4( 1),
m

x y x y m y x x m   


        

we obtain   
1

2 , ( ) ( ),my x y y x    

                 
2( ), ( ( ) ( )) ,my x x y y    

then 

                 

 2 2 2( ) ( ) 4( 1) ( ) 0.y y y y m y m y                                  (2.32) 

Considering Equation (2.32) in the from of Bessel Equation  
2 2 2( ) 0,x y xy x y      

with the general solution          1 2( ) ( ),y c J x c Y x    
where ( )J x   is first of Bessel  function  

 
2

2

0

( 1) ( )
( ) ,

! ( 1)

k kx

k

J x
k k




 








 
  

and ( )Y x   is the second of Bessel  function 

 
( )cos ( )

( )
sin

J x J x
Y x  








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21

0

2

2
0

2 1 ( 1)!
( ) log ( )

2 ! 2

( 1) ( )
1 ( 1)2...... .

( 1)( !)

n kn

k

k k

k

x n k x
J x

k

x

k

kk


 



 

 







 
 


 








 

Equation (2.32) match the form of the Bessel equation. 
Let    

24( 1) ,a        
and                      ( ) ( ) ( ),y F ay F Y    

then                 
2 2

2

2 2

( ) ( ) ( ) ( )
, ,

y F Y y F Y
a a

y Y y Y

    
 

   
 

since 

    

2 2 2 2

2
2 2 2 2

2 2

( ) ( ) { } ( ) 0

( ) ( )
{ } ( ) 0

y y y y a y y

d F Y dF Y
a y ay Y F Y

dY dY

   



    

   
 

2
2 2 2

2

( )
( ) { } ( ) 0.

d F Y d
Y Y F Y Y F Y

dYdY
                       (2.33) 

From boundary condition ( ) 0,a   
that is  

1 2( ) ( ) ( ) ( )y F Y c J Y c Y Y      

                            
1 2(2 ( 1) ) (2 ( 1) ).c J y c Y y       

 

          (2.34) 
Form boundary condition, we have 
   (0) (0)Y   and 

0
lim ( ) ,
y

Y y


    

then 
2 0,c   

Equation (2.34), we have     
1( ) (2 ( 1) ),y c J y     

and boundary condition ( ) 0,a  we have 

     2( ) ( ) ( ( ) ) 0,a a a    
due to   

1 0,c   we have  
(2 ( 1) ) 0,J a      

since 

( ) ( )x y y   

                           
2 (2 ( 1) ).x CJ y



  


                       (2.35) 
Let

      

2 ( 1) ,k ka     

we have    
2

4( 1)

k
k

a








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by    : 1,2,k k    is set of all positive centers of the Bessel function  J x  
and  

1 2 3     
from Equation (2.35), we have 

 2 ( 1)
2 ( 1) 2 ,

4( 1)

k k

a a

  
 




  


 

then       
 

2( ) ,k

k x Cx J x
a








  
  

 
 

1

1
,

( )k

C
aJ 

  

the specific function 

2
1

1 1
( ) . ( ),

( )
k k

k

x
x J

aaJ x
 



 




    

 
 

1

, cos sin ( ).
j

j j j j

j j

q
u x t p t t x  







 
  
 
 


 

 

2.2  The Equation of Motion of Membrane 

       Rao S. [2] studied vibration of membrane and equation of motion of 
membrane, respectively. 
 2.2.1  Vibration of Membrane 
          A membrane is a plate that is subjected to tension and has negligible 
bending resistance. Thus a membrane bears the same relationship to a plate as a 
string bears to a beam A drumhead is an example of a membrane. 
        2.2.2  Equation of Motion of Membrane 

       To derive the equation of motion of a membrane, consider the 
membrane to be bounded by a plane curve S in the xy-plane, as shown in Figure 
2.4. Let ( , , )f x y t denote the pressure loading acting in the z direction and P the 
intensity of tension at a point that is equal to the product of the tensile stress and 
the thickness of the membrane. The magnitude of P is usually 
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Figure 2.4 A membrane under uniform tension. 
constant throughout the membrane, as in a drumhead. If we consider an elemental 
area ,dxdy forces of magnitude P dx  and P dy act on the sides parallel to the y-axes 
and x-axes, respectively, as shown in Figure 2.4 The net forces acting along the z 
direction due to these forces are 

2

2

w
P dxdy

y

 
 

 
  and 

2

2
.

w
P dxdy

x

 
 

 
           (2.36) 

The pressure force along the z direction is ( , , ) ,f x y t dxdy   

and the inertia force is  
2

2
( , ) ,

w
x y dxdy

t





 

where ( , )x y is the mass per unit area. The equation of motion for the forced  
transverse vibration of the membrane can be obtained as 

  
2 2 2

2 2 2
,

w w w
P f

x y t


   
   

   
            (2.37) 

If the external force ( , , ) 0,f x y t   Equation (2.37) gives the free-vibration equation 
2 2 2

2

2 2 2
,

w w w
c

x y t

   
  

   
             (2.38) 

where  
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1/2

.
P

c


 
  
 

 

 The equation of motion for the forced transvers vibration of the membrane in 
[2] as follows: 

2 2 2

2 2 2
( , , ) ( , ) ,

w w w
P f x y t x y

x y t


   
   

   
           (2.39) 

 

2.3  The Fundamental Operation on Differential Transformation    
Method 
 The fundamental of one-dimensional, two-dimensional and three-dimensional 
operation on differential transformation method as follows. 
 2.3.1  One-Dimensional Differential Transformation Method 
          The basic definitions and fundamental operations of one-dimensional 
differential transformation are defined 
Definition  2.1.  If ( )f t  is analytical solution in time domain T , then it is differential 
continuously with respect to time t .  
For 0t   and k  belongs to the set of non-negative integers, denotes as K-domain. 

0

1
( ) ( )

!

k

k

t

d
F k f t

k dt



 
 
 

, ,k K                                                   (2.51) 

where ( )f t  is called the original function and ( )F k  is called the transform function.  
Definition 2.2  The differential inverse transform of ( )F k  is defined as  

0

( ) ( )
k

k

f t F k t




                                                                     (2.53) 

In principal application, function ( )f t  is shown by finite numbers of terms can be 
written as 

 

0

( ) ( )
N

k

k

f t F k t



                             

           (2.54) 

    The fundamental mathematical operations performed by differential 
transform method are listed in Table 2.1 [37]. 
 
 
 
 

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



19 
 

 
 

Table 2.1  The fundamental operations of one-dimension differential  
                transformation method. 

Original function Transform function 

2.1 ( ) ( ) ( )f t y t z t   ( ) ( ) Z( )F k Y k k   

2.2 ( ) ( )f t cy t  ( ) ( )F k cY k  

( )
2.3 ( )

dy t
f t

dt
  ( ) ( 1) ( 1)F k k Y k    

( )
2.4 ( )

n

n

d y t
f t

dt
  ( )!

( ) ( )
!

k n
F k Y k n

k


   

2.5 ( ) ( ) ( )f t y t z t  0( ) ( ) ( )k
mF k Y m Z k m   

2.6 ( ) ( ) ( )f t y t z t  0(k) (k 1 m) Y( ) ( 1 )m
kF m Z k m      

2.7 ( )f t c  , 0
( )

0, 1

c k
F k

k










 

2.8 ( ) , 1, 2,...mf t t m   

 
1

( ) [ ( 1)( 2)...( 1)]
!

F k m m m m k
k

      

 

       2.3.2  Two-dimensional Differential Transformation Method 

                 The basic definitions and fundamental operations of two-dimensional 
differential transform method are defined as follows. 

Definition 2.3  The two-dimensional differential transform of function ),( yxw is 
defined as 

  
(0,0)

1 ( , )
( , ) , 0 0.

! !

k h

k h

w x y
W k h k and h

k h x y


  

 
                 (2.55)  

For k and h belong to set of non negative integers. 

Definition 2.4  The inverse two-dimensional differential transform of sequence 
 

0,
),(

hk
hkW is defined as 

   









0 0

.),(),(
k h

hk yxhkWyxw                                                 (2.56) 

In principal application, function ( , )w x t  is shown by finite numbers of terms can be 
written as 
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0 0

( , ) ( , ) .
N

k

N
k h

h

w x y W k h x y
 


                             

          (2.54) 

 The fundamental mathematical operations performed by differential 
transform method are listed in Table 3.1 The fundamental operations of two-
dimension differential transform method [5]. 

   2.3.3 Three-Dimensional Differential Transformation Method 
      The basic definitions and fundamental operations of three-dimensional  

differential transform are defined. 
Definition 2.5  The three-dimensional differential transform of function ( , , )w x y t  is 
define as

 
(0,0,0)

1 ( , , )
( , , ) , 0, 0 0.

! ! !

k h m

k h m

w x y t
W k h m k h and m

k h m x y t

 
   

  
    (2.57) 

Definition 2.6  The inverse three-dimensional differential transform of sequence 

 
, , 0

( , , )
k h m

W k h m



is define as 

0 0 0

( , , ) ( , , ) .k h m

k h m

w x y t W k h m x y t
  

  

             (2.58) 

In principal application, function ( , , )w x y t  is shown by finite numbers of terms can be 
written as 

 

0 0

( , , ) ( , , ) .
N

k

N N
k h m

h

w x y t W k h m x y t
 


                             

          (2.54) 
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Chapter 3 

Differential Transformation Method for the 
Suspended String Equation and the Vibrating 

Membrane Equation 
 
       In this chapter, we propose the derivation of the analytical solution for the 
equation of motion of membrane in Section 3.1. the fundamental operations of two-
dimension and three-dimension differential transform method show in Section 3.2-
3.3, respectively. DTM is applied to find approximated solutions. In solving these 
examples for the suspended string equation and the vibrating membrane equation 
are shown in Section 3.4 and 3.5, recurrence systems are first obtained and then a 
routine computer programming is used to find an approximated solution in the 
Taylor series form. 

3.1  Analytical Solution for the Vibrating Membrane Equation  

       The following is the derivation of the analytical solution. The equation of 
motion for the forced transvers vibration of the membrane in [2] as follows: 

2 2 2

2 2 2
( , , ) ( , ) ,

w w w
P f x y t x y

x y t


   
   

   
             (3.1)         

where ( , , )f x y t is the pressure force loading acting in the z direction(external force),
P  is intensity of tension at a point that is equal to production of the tensile stress 
and the thickness of the membrane, and ( , )x y is the mass per unit area. We 
assume that ( , , ) 0f x y t  , 1,P   and ( , ) 1.x y  Then Equation (3.1) leads to 

2 2 2

2 2 2
.

w w w

x y t

  
 

  
                (3.2) 

The initial conditions of the equation of motion of a membrane [2] are assumed 

  

( , ,0) sin sin , 0 , 0 ,

( , ,0) 0, 0 , 0 .

x y
w x y x a y b

a b

w
x y x a y b

t

 
    


    



 

We assume 1a  and 1b  .The boundary conditions of the equation of motion of a 
membrane are assumed 
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( ,0, ) 0, 0 1,

(0, , ) 0, 0 1,

( ,1, ) 0, 0 1,

(1, , ) 0, 0 1, 0.

w x t x

w y t y

w x t x

w y t y t

  

  

  

   

              (3.3)  

Considering the initial conditions ( , ,0) sin sinw x y x y  and ( , ,0) 0.
w

x y
t




  
The boundary conditions as follow 

 

( ,0, ) 0, 0 1,

(0, , ) 0, 0 1,

( ,1, ) 0, 0 1,

(1, , ) 0, 0 1, 0.

w x t x

w y t y

w x t x

w y t y t

  

  

  

   

 

The general solution can be written by the separation of variable technique. 
  ( , , ) ( ) ( ) ( ),w x y t X x Y y T t                                                        (3.4) 
subject to the eigenvalue, 2 2,  and 2 , can be written Equation (3.4) 

2( ) ( ) ( )
,

( ) ( ) ( )

X x Y y T t

X x Y y T t


  
         

 2( ) ( )

( ) ( )

X x Y y

X x Y y


 
    

and
  

2 2( ) ( )
,

( ) ( )

X x Y y

X x Y y
 

 
     

2( )

( )

X x

X x



   

then  
2( ) ( ) 0,X x X x    
2 2( )

,
( )

Y y

Y y
 


    

assumed 
2 2 2( )      

2 2( ) ( ) ( ) 0Y y Y y       
then,   

2( ) ( ) 0Y y Y y    

and,  2( )

( )

T t

T t



 then, 2( ) ( ) 0,T t T t    

2( ) ( ) 0,X x X x                   (3.5) 
2( ) ( ) 0Y y Y y   ,                (3.6) 

2( ) ( ) 0.T t T t                   (3.7) 
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We get solution of Equation (3.5) as 1 2( ) cos sinX x C x C x   where 1C  and 2C are 
arbitrary constants. Subject to the boundary conditions (0) 0X  , 
we have  1 0.C   
Then  2( ) sin ,X x C x  
the boundary condition (1) 0.X   
Let   2 0C  give ;m m I   , 
we have that 

( ) sinm mX x C m x .                (3.8) 
boundary conditions (0) 0Y  , we get solution of Equation (3.6) as 

3 4( ) cos sinY y C x C y   . 
According to we have 3 0.C   
Then  4( ) sin ,Y y C y  
the boundary conditions. Then ( ) 0Y y  . 
Let   4 0C  give ;n n I   , we have that 

( ) sin .n nY y C n y                 (3.9) 
Let  

2 2 2

2 2

,

.m n

  

 

 

 
 

We get solution of Equation (3.7) as ( ) cos sinmn mn mnT t A t B t   . 
Then 

2 2 2 2( ) cos sinmn mn mnT t A m n t B m n t     .                     (3.10) 
According to Equations (2.43) - (2.44) and (2.45) can be written   

   

 

2 2

2 2

( , , ) ( ) ( ) ( ),

sin sin cos

sin sin sin ,

mn

mn m n

mn m n

W x y t X x Y y T t

A C C m x n y m n t

B C C m x n y m n t

  

  



 

 

         (3.11) 

where mn mn m nF A C C , mn mn m nH B C C and for all , 1,2,3,...m n  By using the 
superposition principle, Equation (3.11) become 

  

 

 

1 1

2 2

1 1

2 2

( , , ) ( , , ),

sin sin cos ,

sin sin sin ,

mn

m n

mn

m n

mn

w x y t w x y t

F m x n y m n t

H m x n y m n t

  

  

 

 

 

 



 

 



          (3.12) 
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according to initial condition ( , ,0) sin sinw x y x y   and ( , ,0) 0.
w

x y
t





 By using 

Fourier series, we have 
1 ; 1 1,

0.

mn

mn

F m and n

H

  


 

Substituting 1mnF   and 0mnH  in Equation (3.12), we obtain that analytical 
solution is 

( , , ) sin sin cos 2 .w x y t x y t   
 

3.2  The Fundamental Operations of Two-dimensional Differential   
transformation Method   
       Formulas  3.1 – 3.6 are derived in [4] and [5], respectively. The following is the 
derivation of Formula 3.7. 

Table 3.1  The fundamental operations of two-dimensional differential   
      Transformation Method.   

Original function Transform function 
2

2

( , )
3.1 ( , ) ( , )

u x t
v x t a x t

x





 ),2(),()1)(2(),(

00

jhikUjiAikikhkV
h

j

k

i

 
  

2 ( , )
3.2 ( , ) ( , )

u x t
v x t b x t

x t




   
)1,1(),()1)(1(),(

00

 


jhikUjiBihikhkV
h

j

k

i

 

2

2

( , )
3.3 ( , ) ( , )

u x y
v x t c x t

t




  0 0

( , ) ( 2)( 1) ( , ) ( , 2)
k h

i j

V k h h i h i C i j U k i h j
 

          
( , )

3.4 ( , ) ( , )
u x y

v x t d x t
x




  
),1(),()1(),(

00

jhikUjiDikhkV
h

j

k

i

 
  

( , )
3.5 ( , ) ( , )

u x t
v x t e x t

t




  
)1,(),()1(),(

00

 


jhikUjiEihhkV
h

j

k

i  
3.6 ( , ) m nv x t x t

 
( , ) ( , ) ( ) ( ),

1, , 1, ,
( ) ( )

0, , 0, ,

V k h k m h n k m h n where

k m h n
k m h n

k m h n

  

 

     

  
    

  
 

3.7 ( , ) ( , )nv x t u x t  
1 1 3 32 2

2 1 2 1 2 1 2 1

1 1 2 1 2

0 0 0 0 0 0 0 0

1 1

( , ) ... ... ( , )

( , )

n nk h k hk hk h

n n n n n

k k h h k k h h

n n n

V k h U k k h h

U k k h h

 

    

       

 

  

  

         

33.8 ( , ) ( , )v x t u x t  2 2

2 1 2 1

1 1 1 2 2 1 2 1

0 0 0 0

3 2 2

( , ) ( , ) ( , )

( , )

k hk h

k k h h

V k h U k h U k k h h

U k k h h

   

  

  

     

 

Show that, 
for : ,V I R  : ;,nU I R  : ,v R R : ; ,nu R R n I   x R  and 0,1,2,...k   
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If 1 2 1( , ) ( , ) ( , )... ( , ) ( , )n nv x t u x t u x t u x t u x t  then, 

1 1 3 32 2

1 2 1 2 2 1 2 1 1

1 1 1 2 2 1 2 1

0 0 0 0 0 0 0 0

1 1 2 1 2 1 1

( , ) ... ( , ) ( , )...

( , ) ( , ).

m n

n n n n

k h k hk hk h

k k h h k k h h

n n n n n n n n

V k h U k h U k k h h

U k k h h U k k h h

 

          

      

  

    

       

By definition 2.3 of two dimensional differential transformation, we have   

(0,0)

1
( , ) ( , ) .

! !

k h

k h
V k h v x t

k h x t

 
  

  
 

Thus for 1 2 1( , ) ( , ) ( , )... ( , ) ( , )n nv x t u x t u x t u x t u x t and using definition (2.4), we then 
have 

1 2 1

(0,0)

1
( , ) ( , ) ( , )... ( , ) ( , )

! !

k h

n nk h
V k h u x t u x t u x t u x t

k h x t





 
  

  
 

1 1

1 1 1 1

1 1 1 1

0 0 1 1 1 1

1 2 1

(0,0)

1 ! !

! ! ( )!( )! ( )!( )!

( , ) ( , )... ( , ) ( , )

n n

n n n n

n n n n

k h

k h n n n n

k h k k h h

n nk h k k h h

k h

k h k k k h h h

u x t u x t u x t u x t
x t x t

 

   

   

     

   

  


 

  
 

    

 
 

 

 

1 1

1 1

1 1

1 1

1 1

1 2 1

0 0 1 1 0,0

1 1

1 1 0,0

1
( , ) ( , )... ( , )

( )!( )!

1
( , )

( )!( )!

n n

n n

n n

n n

n n

k hk h

nk h
k h n n

k h

nk k h h

n n

u x t u x t u x t
k h x t

u x t
k k h h x t

 

 

 

 

 





   

  

 

 

 
  

  

 
 

    

 
 

1 1 2 2

2 2

1 1 2 2

1 2 1 2

1 2 1 2

1 2 2

0 0 0 0 2 2 (0,0)

1

1 2 1 2 (0,0

1
( , ) ( , )... ( , )

( )!( )!

1
( , )

( )!( )!

n n n n

n n

n n n n

n n n n

n n n n

k h k hk h

nk h
k h k h n n

k k h h

nk k h h

n n n n

u x t u x t u x t
k h x t

u x t
k k h h x t

   

 

   

   

   





     

  

 

   

 
  

  

 
 

    

   

1 1

1 1

)

1 1 (0,0)

1
( , )

( )!( )!

n n

n n

k k h h

nk k h h

n n

u x t
k k h h x t

 

 

  

 

 

 
 

    
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1 1 2 2 3 3

3 3

1 1 2 2 3 3

2 3 2 3

2 3

1 2 3

0 0 0 0 0 0 3 3 (0,0)

2 3 2 3

1
( , ) ( , )... ( , )

( )!( )!

1

( )!( )!

n n n n n n

n n

n n n n n n

n n n n

n n n

k h k h k hk h

nk h
k h k h h h n n

k k h h

k k h

n n n n

u x t u x t u x t
k h x t

k k h h x t

     

 

     

   

  





       

  



   

 
  

  

 


   

     

2 3

1 2 1 2

1 2 1 2

1 1

1 1

2

(0,0)

1

1 2 1 2 (0,0)

1 1

1 1

1 1 (0,0).

( , )

1
( , )

( )!( )!

1
( , ) .

( )!(1 )!

n

n n n n

n n n n

n n

n n

nh

k k h h

nk k h h

n n n n

k h

nk h

n n

u x t

u x t
k k h h x t

u x t
k k h x t



   

   

 

 



  

 

   

  

 

 





 
 

    

 
 

    

1 1 2 2 3 34 4 2 2

1 1 2 2 3 3 3 3 2 2 1 1

1

0 0 0 0 0 0 0 0 0 0 0 0

1 1 1 2 2 1 2 1 3 3 2 3 2

1 2 1 2 1 1

( , ) ...

( , ) ( , ) ( , )...

( , ) ( , ).

n n n n

n n n n n n

n

k h k h k hk h k hk h

k h k h k h k h k h k h

n n n n n n n

V k h

U k h U k k h h U k k h h

U k k h h U k k h h

   

     



           

     



    

    

      

 

Since 1 2 1( , ) ( , ) ( , )... ( , ) ( , )n nv x t u x t u x t u x t u x t , 

1 11 3 3 2 2

1 1 2 2 2 2 1 1

1 1 1 2 2 1 2 1

0 0 0 0 0 0 0 0

1 1 2 1 2 1 1

( , ) ... ( , ) ( , )...

( , ) ( , ).

n n

n n n

k h k h k hk h

k h k h k h k h

n n n n n n n n

V k h U k h U k k h h

U k k h h U k k h h

 

          

      

  

    

      

The fundamental mathematical operations performed by differential 
transform method are listed in Table 3.1 The fundamental operations of two-
dimension differential transform method [23]. 

3.3  The Fundamental Operations of Three-dimensional Differential 
Transformation Method 

       Formulas 3.9 – 3.13 shown in [23]. The following is the derivation of the formula 
3.14. 
 
Table 3.2  The fundamental operations of three-dimensional differential 
                transformation method 

Original function Transform function 
2

2

( , , )
3.9 ( , , ) ( , , )

w x y t
v x y t a x y t

x





 

0 0 0

( , , ) ( 2)( 1)

( , , ) ( 2, , ).

k h m

i j r

V k h m k i k i

A i j r W k i h j m r

  

    

    

  

2

2

( , , )
3.10 ( , , ) ( , , )

w x y t
v x y t b x y t

y




  0 0 0

( , , ) ( 2)( 1)

( , , ) ( , 2, ).

k h m

i j r

V k h m h i h i

B i j r U k i h j m r

  

    

    


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Original function Transform function 
2

2

( , , )
3.11 ( , , ) ( , , )

w x y t
v x y t c x y t

t




  0 0 0

( , , ) ( 2)( 1)

( , , ) ( , , , 2).

k h m

i j r

V k h m m i m i

C i j r W k i h j m r

  

    

    



 
( , , )

3.12 ( , , ) ( , , )
w x y t

v x y t d x y t
t




  0 0 0

( , , ) ( 1)

( , , ) ( , 1, ).

k h m

i j r

V k h m h i

D i j r W k i h j m r

  

  

    



 
3.13 ( , , ) n l sv x y t x y t  ( , , ) ( , , )

(( ) ( ) ( ),

1 ,
( )

0 ,

1 ,
( )

0 ,

1 ,
( )

0 ,

V k h m k n h l m s

k n h l m s where

k n
k n

k n

h l
h l

h l

m s
m p

m s



  







   

   


  




  




  



 

3.14 ( , , ) ( , , )nv x y t w x y t  1 1 1

1 2 1 2 1 2

3 13 32 2 2

2 1 2 1 2 1

0 0 0 0 0 0

0 0 0 0 0 0

1 1 1 1 2 2 1 2 1 2 1

1 1 2 1 2 1 2

1

( , , ) ...

( , , ) ( , , )...

( , , )

( ,

n n n

n n n n n n

k h mk h m

k k h h m m

mk h mk h

k k h h m m

n n n n n n n

n n n

V k h m

W k h m W k k h h m m

W k k h h m m

W k k h h

  

          

     

      





   

   

  

     

 

1 1

.
, ).nm m 

 

33.15 ( , , ) ( , , )v x y t w x y t  2 2 2

2 1 2 1 2 1

1 1 1 1

0 0 0 0 0 0

2 2 1 2 1 2 1

3 2 2 2

( ,( , , , )

( , , )

( , , ).

)
k h mk h m

k k h h m m

W k h m

W k k h h m m

W k k h

k

h

V h m

m m

     





  

   



 

 

Show that, 
for  : , : ; : , : ;n nV I W I v w n I        
and , , 0,1,2,3,...k h m   
If 1 2 1( , , ) ( , , ) ( , , )... ( , , ) ( , , )n nv x y t w x y t w x y t w x y t w x y t then, 

1 1 1 3 13 32 2 2

1 2 1 2 1 2 2 1 2 1 2 10 0 0 0 0 0 0 0 0 0 0 0

1 1 1 1 2 2 1 2 1 2 1

1 1 2 1 2 1 2 1

( , , ) ...

( , , ) ( , , )...

( , , ) ( ,

n n n

n n n n n n

mk h m k h mk hk h m

k k h h m m k k h h m m

n n n n n n n n n n

V k h m

W k h m W k k h h m m

W k k h h m m W k k h h

  

                

        



   

     

       

1 1, ).nm m 

 

By definition 2.5 of three-dimensional differential transformation, we have 

(0,0,0)

1 ( , , )
( , , ) .

! ! !

k h m

k h m

v x y t
V k h m

k h m x y t

  
  

   
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Thus for 1 2 1( , , ) ( , , ) ( , , )... ( , , ) ( , , )n nv x y t w x y t w x y t w x y t w x y t and using definition 
2.5, we then have

 

1 1 1

1 1 1

1 1

1 2 1

(0,0,0)

0 0 0 1 1 1 1 1 1

1
( , , ) ( , , ) ( , , )... ( , , ) ( , , )

! ! !

1 ! ! !

! ! ! ( )!( )! ( )!( )! ( )!( )!
n n n

n n n

n n

k h m

n nk h m

k h m

k h m n n n n n n

k h m

k h

V k h m w x y t w x y t w x y t w x y t
k h m x y t

k h m

k h m k k k h h h m m m

x y t

  

  

 

 



        

 

 
  

   


  



  

  

1

1 1 1

1 1 1

1 2

1

(0,0,0)

( , , ) ( , , )...

( , , ) ( , , )

n

n n n

n n n

m

k k h h m m

n nk k h h m m

w x y t w x y t

w x y t w x y t
x y t



  

  

    

   






 

   

1 1 1

1 2 1 2 1 2

2 2 2

2 2 2

0 0 0 0 0 0

1 2 2

2 2 2 (0,0,0)

1 2 1 2 1 2

1
( , , ) ( , , )... ( , , )

( )!( )!( )!

1

( )!( )!( )!

n n n

n n n n n n

n n n

n n n

k h mk h m

k k h h m m

k h m

nk h m

n n n

n n n n n n

w x y t w x y t w x y t
k h m x y t

k k h h m m

  

     

  

  

     

 



  

     



 
 

   




  




     

1 2 1 2 1 2

1 2 1 2 1 2

(0,0,0)

1 1 1

1 1 1

1

1 1 1 (0,0,0)

( , , )

1
( , , )

( )!( )!( )!

n n n n n n

n n n n n n

n n n

n n n

k k h h m m

nk k h h m m

k k h h m m

nk k h h m m

n n n

w x y t
x y t

w x y t
k k h h m m x y t

     

     

  

  

    

  

    

  

  




   

 
 

      

 
1 2 1 2 1 2

1 2 3 1 2 3 1 2 3

2 2 2

2 2 2

0 0 0 0 0 0 0 0 0

1 2 3

3 3 3 (0,0,0)

2

1
( , , ) ( , , )... ( , , )

( )!( )!( )!

1

(

n n n n n n

n n n n n n n n n

n n n

n n n

k k h h m mk h m

k k k h h h m m m

k h m

nk h m

n n n

n n

w x y t w x y t w x y t
k h m x y t

k k

     

        

  

  

        

 



  





 
 

   



        

2 3 2 3 2 3

2 3 2 3 2 3

1 2 1 2 1 2

1 2

3 2 3 2 3

2

(0,0,0)

1 2 1 2 1 2

)!( )!( )!

( , , )

1

( )!( )!( )!

n n n n n n

n n n n n n

n n n n n n

n n

n n n n

k k h h m m

nk k h h m m

n n n n n n

k k h h m m

k k

h h m m

w x y t
x y t

k k h h m m

x y

     

     

     

 

    

    

  

     

    






 


 
   




  



  1 2 1 2

1 1 1

1 1 1

1

(0,0,0)

1 1 1

1 1 1

1 1 1 (0,0,0)

( , , )

1
( , , ) ,

(1 )!(1 )!(1 )!

n n n n

n n n

n n n

nh h m m

k h m

nk h m

n n n

w x y t
t

w x y t
k h m x y t

   

  

  

 

    

  

  




 

 
 

      
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1 2 1 2 1 2

1 2 3 1 2 3 1 2 3

3 13 34 4 4

3 2 3 2 3 2

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0

1 1 1 1 2 2 1 2 1 2 1

1 1 2

( , , ) ...

( , , ) ( , , )...

( ,

n n n n n n

n n n n n n n n n

k k h h m mk h m

k k k h h h m m m

k h mk h m

k k h h m m

n n n n

V k h m

W k h m W k k h h m m

W k k h

     

                

     

  



   

 

        

  

1 2 1 2 1 1 1, ) ( , , ).n n n n n n nh m m W k k h h m m          

 

since 1 2 1( , , ) ( , , ) ( , , )... ( , , ) ( , , )n nv x y t w x y t w x y t w x y t w x y t , 

1 1 1 3 13 32 2 2

1 2 1 2 1 2 2 1 2 1 2 10 0 0 0 0 0 0 0 0 0 0 0

1 1 1 1 2 2 1 2 1 2 1

1 1 2 1 2 1 2 1

( , , ) ...

( , , ) ( , , )...

( , , ) ( ,

n n n

n n n n n n

mk h m k h mk hk h m

k k h h m m k k h h m m

n n n n n n n n n n

V k h m

W k h m W k k h h m m

W k k h h m m W k k h h

  

                

        



   

     

       

1 1, ).nm m 

 

 

3.4  Differential Transformation Method for the Suspended String 
Equation 
       In this Section, the seven examples of the suspended string equation will be 
presented and used to demonstrate how DTM is applied to find approximated 
solutions. In solving seven examples, recurrence systems are first obtained and then 
a routine computer programming is used to find an approximated solution in the 
Taylor series form. 

Example 3.1  Consider suspended string equation without damping term. 

 
2 2

2 2

( , ) ( , ) ( , )
( , ) ( , ) ( , ) 0,

u x t u x t u x t
c x t a x t d x t

xt x

  
  

 
           (3.13) 

with the initial and boundary conditions, 

( ,0) sin , ,u x x x    
(0, )

(1, ) 0, 0, ,
u t

u t and t
x


  


                      (3.14) 

we use the following Kronecker symbols: 
1 ; 0

( , ) ( ) ( )
0 ,

x y
x y x y

otherwise
  

 
  



 

comparing equation (3.13) to general terms of PDEs in 3.6 Table 3.1 the fundamental 
operations of two-dimension differential transform method, we have 

( , ) , ( , ) 1, ( , ) 1.a x t x c x t and d x t      
Then for all 0i   and 0j  , we have 

( , ) ( 1, ), ( , ) ( , ) ( , ) ( , ).A i j i j C i j i j and D i j i j       
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From Equation (3.13) by applying DTM and Kronecker symbols to the given 
suspended string equation, we have 

 

 

0 0

0 0

0 0

( 2)( 1) ( , ) ( , 2)

( 2)( 1) ( 1, ) ( 2, )

( 1) ( , ) . ( 1, ),

k h

i j

k h

i j

k h

i j

h i h i i j U k i h j

k i k i i j U k i h j

k i i j U k i h j







 

 

 

      

         

      







 

then 
1

( , 2)
( 2)( 1) (0,0)

U k h
h h 

  
 

 

         
0 0

( 2)( 1)( ( 1, )) ( 2, )
k h

i j

k i k i i j U k i h j
 


         

  

        
     


0

( 1)( ( , )) ( 1, ) .
k

i

k i i j U k i h j


        

         
    

 
1

( 1)( 1) ( 1, ) ,
( 2)( 1)

k k U k h
h h

   
 

 

that is 
2( 2)( 1) ( , 2) ( 1) ( 1, ).h h U k h k U k h                 (3.15)  

From the initial and boundary value problem (3.14) and definition (2.3), we found 
that 

3 5 71 1 1
sin ...

3! 5! 7!
x x x x x      

0 2 3 4

0

( ,0) (0,0) (1,0) (2,0) (3,0) (4,0) ...k

k

U k x U x U x U x U x U x




       

Then, we have 

0, 0,2,4,...

1
( ,0) , 1,5,9,...

!

( 1)
, 3,7,11,...

!

k

if k

U k if k
k

if k
k


 



 

 




                                                   (3.16)                                                                                                                                                               

and  

( ,1) 0, 0,1,2,...U k k                          (3.17) 
From the boundary condition (3.14), we have 

(0, ) 0, 0,1,2,...U h h                 (3.18) 
From (3.16) - (3.18) and by recursive formula (3.15), we obtain the coefficients ( , )U k h  
for the series solution   
That is 
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2 2 4 2 6 2 8 2
3 5 7

4 3 4 5 4 7 4

1 1 1 3 5 7 9
( , ) ...

3! 5! 7! 4 48 1440 80640

5 7
... ...

4 36 480 1680

x t x t x t x t
u x t x x x x

xt x t x t x t

       

     

  

 
Example 3.2  Consider suspended string equation with damping term 

2 2

2 2

( , ) ( , ) ( , ) ( , )
( , ) ( , ) ( , ) ( , ) 0,

u x t u x t u x t u x t
c x t a x t d x t e x t

x tt x

   
   

  
          (3.19)   

with the initial and boundary conditions, 

( ,0) sin , ,u x x x    
(0, )

(1, ) 0, 0, 0,
u t

u t and t
x


  


                       

comparing Equation (3.19) to general terms of PDEs in Table 3.1 the fundamental 
operations of two-dimension differential transform method, we have 

( , ) , ( , ) 1 ( , ) ( , ) 1.a x t x c x t and d x t e x t       
Then for all 0 0,i and j   we have 

( , ) ( 1, ), ( , ) ( , ) ( , ) ( , ) ( , ).A i j i j C i j i j and D i j E i j i j          
From Equation (3.19) by applying DTM and Kronecker symbols to the given 
suspended string equation, we have 

 

 

 

0 0

0 0

0 0

0 0

( 2)( 1) ( , ) ( , 2)

( 2)( 1) ( 1, ) ( 2, )

( 1) ( , ) ( 1, )

( 1) ( , ) ( , 1),

k h

i j

k h

i j

k h

i j

k h

i j

h i h i i j U k i h j

k i k i i j U k i h j

k i i j U k i h j

h i i j U k i h j









 

 

 

 

      

         

      

      









 

then 
1

( , 2)
( 2)( 1) (0,0)

U k h
h h 

  
 

 

         
0 0

( 2)( 1)( ( 1, )) ( 2, )
k h

i j

k i k i i j U k i h j
 


         

  

        
    


0

( 1)( ( , )) ( 1, )
k

i

k i i j U k i h j


        

   
 

0

( 1) ( , ) ( , 1)
k

i

h i i j U k i h j


         

         
    

21
( 1) ( 1, ) ( 1) ( , 1) ,

( 2)( 1)
k U k h h U k h

h h
        

 that is 
2( 2)( 1) ( , 2) ( 1) ( 1, ) ( 1) ( , 1).h h U k h k U k h h U k h                            (3.20) 
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From (3.16) - (3.18) and by recursive formula (3.20), we obtain the coefficients ( , )U k h  
for the series solution  

3 5 7 2 2 2 3 2 4 21 1 1
( , ) ... 0.0833 0.1042 0.0042 0.0049 ...

3! 5! 7!
u x t x x x x xt x t x t x t           

 
Example 3.3  Consider suspended string equation with external force 

2 2
3

2 2

( , ) ( , ) ( , )
( , ) ( , ) ( , ) 0,

u x t u x t u x t
c x t a x t d x t u

xt x

  
   

 
           (3.21) 

with the initial and boundary conditions, 

( ,0) sin , ,u x x x    
(0, )

(1, ) 0, 0, 0,
u t

u t and t
x


  


 

comparing (3.21) to general terms of PDEs in Table 3.1 the fundamental operations 
of two-dimension differential transform method, we have 

( , ) , ( , ) 1 ( , ) 1.a x t x c x t and d x t      
Then for all  0 0,i and j   we have 

( , ) ( 1, ), ( , ) ( , ) ( , ) ( , ).A i j i j C i j i j and D i j i j         
From Equation (3.21) by applying DTM and Kronecker symbols to the given 
suspended string equation, we have 

 

 

2 2

2 1 2 1

0 0

0 0

0 0

1 1 1 2 2 1 2 1 3 2 2

0 0 0 0

( 2)( 1) ( , ) ( , 2)

( 2)( 1) ( 1, ) ( 2, )

( 1) ( , ) ( 1, )

( , ) ( , ) ( , ),

k h

i j

k h

i j

k h

i j

k hk h

k k h h

h i h i i j U k i h j

k i k i i j U k i h j

k i i j U k i h j

U k h U k k h h U k k h h







 

 

 

   

      

         

      

    









 

then 
1

( , 2)
( 2)( 1) (0,0)

U k h
h h 

  
 

 

         
0 0

( 2)( 1)( ( 1, )) ( 2, )
k h

i j

k i k i i j U k i h j
 


         

  

        
    


0

( 1)( ( , )) ( 1, )
k

i

k i i j U k i h j


        

   
2 2

2 1 2 1

1 1 1 2 2 1 2 1 3 2 2

0 0 0 0

( , ) ( , ) ( , )
k hk h

k k h h

U k h U k k h h U k k h h
   


     


  

         
    

2 2

2 1 2 1

2

1 1 1

0 0 0 0

2 2 1 2 1 3 2 2

( 1) ( 1, ). ( , )1
,

( 2)( 1)
( , ) ( , )

k hk h

k k h h

k U k h U k h

h h
U k k h h U k k h h

   

 
   

   
      


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that is 
2 2

2 1 2 1

2

1 1 1

0 0 0 0

2 2 1 2 1 3 2 2

( 2)( 1) ( , 2) ( 1) ( 1, ). ( , )

( , ) ( , ).

k hk h

k k h h

h h U k h k U k h U k h

U k k h h U k k h h

   

      

    

          (3.22) 
                                            

                     
                        

 

From (3.16) - (3.18) and by recursive formula (3.22), we obtain the coefficients ( , )U k h  
for the series solution 

3 5 7 2 2 2 3 2 4 21 1 1
( , ) ... 0.5 0.75 0.0833 0.1042 ...

3! 5! 7!
u x t x x x x xt x t x t x t           

 

Example 3.4  Consider suspended string equation with non uniform density 1

4
m
 

 
 

 
2 2

2 2

( , ) ( , ) ( , )
( , ) ( , ) ( , ) 0,

u x t u x t u x t
c x t a x t d x t

xt x

  
  

 
                    (3.23) 

with the initial and boundary conditions, 

( ,0) sin , ,u x x x    
(0, )

(1, ) 0, 0, 0,
u t

u t and t
x


  


 

comparing Equation (3.23) to general terms of PDEs in Table 3.1 the fundamental 
operations of two-dimension differential transform method, we have 

( , ) , ( , ) 1 ( , ) 1
1 5 / 4

1
4

x x
a x t c x t and d x t

 
    

  
Then for all  0 0,i and j   we have 

4
( , ) ( 1, ), ( , ) ( , ) ( , ) ( , ).

5
A i j i j C i j i j and D i j i j         

From Equation (3.23) by applying DTM and Kronecker symbols to the given 
suspended string equation, we have 

 

0 0

0 0

0 0

( 2)( 1) ( , ) ( , 2)

4
( 2)( 1) ( 1, ) ( 2, )

5

( 1) ( , ) ( 1, ),

k h

i j

k h

i j

k h

i j

h i h i i j U k i h j

k i k i i j U k i h j

k i i j U k i h j







 

 

 

      

 
          

 

      







 

then 
1

( , 2)
( 2)( 1) (0,0)

U k h
h h 

  
 

 

         
0 0

( 2)( 1)( ( 1, )) ( 2, )
k h

i j

k i k i i j U k i h j
 


         

  

        
     


0

4
( 1) ( 1, ) ( 1, ) .

5

k

i

k i i j U k i h j


 
        

 
  
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1 4
( 1)( 1) ( 1, ) ,

( 2)( 1) 5
k k U k h

h h

 
       

 

that is 
4

( 2)( 1) ( , 2) ( 1)( 1) ( 1, ).
5

h h U k h k k U k h                                               (3.24) 

From (3.16) - (3.18) and by recursive formula (3.24), we obtain the coefficients ( , )U k h  
for the series solution 

 

3 5 7 2 2 4 2 6 21 1 1
( , ) ... 2025 0.3542 0.0174 ...

3! 5! 7!
u x t x x x x x t x t x t          

 

Example 3.5  Consider suspended string equation with non uniform density 1

2
m
 

 
 

 
2 2

2 2

( , ) ( , ) ( , )
( , ) ( , ) ( , ) 0,

u x t u x t u x t
c x t a x t d x t

xt x

  
  

 
                    (3.25) 

with the initial and boundary conditions, 

( ,0) sin , ,u x x x    
(0, )

(1, ) 0, 0, 0,
u t

u t and t
x


  


 

comparing Equation (3.25) to general terms of PDEs in Table 3.1 the fundamental 
operations of two-dimension differential transform method, we have 

( , ) , ( , ) 1 ( , ) 1
1 3 / 2

1
2

x x
a x t c x t and d x t

 
    

  
Then for all  0 0,i and j   we have 

2
( , ) ( 1, ), ( , ) ( , ) ( , ) ( , ).

3
A i j i j C i j i j and D i j i j         

By applying DTM to the given suspended string equation, we have 
2

( 2)( 1) ( , 2) ( 1)( 1) ( 1, ).
3

h h U k h k k U k h                                               (3.26) 

From (3.16) - (3.18) and by recursive formula (3.26), we obtain the coefficients ( , )U k h  
for the series solution 

 
 

3 5 7 2 2 4 2 6 21 1 1
( , ) ... 1.25 0.1875 0.00903 ...

3! 5! 7!
u x t x x x x x t x t x t          

 

Example 3.6 Consider suspended string equation with non uniform density
 

3

4
m
 

 
 

 
2 2

2 2

( , ) ( , ) ( , )
( , ) ( , ) ( , ) 0,

u x t u x t u x t
c x t a x t d x t

xt x

  
  

 
           (3.27) 

with the initial and boundary conditions, 

( ,0) sin , ,u x x x    
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(0, )
(1, ) 0, 0, 0,

u t
u t and t

x


  


 

comparing Equation (3.27) to general terms of PDEs in Table 3.1 the fundamental 
operations of two-dimension differential transform method, we have 

( , ) , ( , ) 1 ( , ) 1
3 7 / 4

1
4

x x
a x t c x t and d x t

 
    

  
Then for all  0 0,i and j   we have 

4
( , ) ( 1, ), ( , ) ( , ) ( , ) ( , ).

7
A i j i j C i j i j and D i j i j         

By applying DTM to the given suspended string equation, we have 
4

( 2)( 1) ( , 2) ( 1)( 1) ( 1, ).
7

h h U k h k k U k h                                               (3.28) 

From (3.16) - (3.18) and by recursive formula (3.28), we obtain the coefficients ( , )U k h  
for the series solution 

 
 

3 5 7 2 2 4 2 6 21 1 1
( , ) ... 0.9167 0.1319 0.0063 ...

3! 5! 7!
u x t x x x x x t x t x t          

 
Example 3.7  Consider suspended string equation with non uniform density

 
( 1)m   

2 2

2 2

( , ) ( , ) ( , )
0,

2

u x t x u x t u x t

xt x

  
  

 
             (3.29) 

with the initial and boundary conditions, 

( ,0) sin , ,u x x x    
(0, )

(1, ) 0, 0, 0,
u t

u t and t
x


  


 

comparing Equation (3.29) to general terms of PDEs in Table 3.1 the fundamental 
operations of two-dimension differential transform method, we have 

( , ) , ( , ) 1 ( , ) 1
1 1 2

x x
a x t c x t and d x t

 
    



 Then for all 0 0,i and j   we have 
1

( , ) ( 1, ), ( , ) ( , ) ( , ) ( , ).
2

A i j i j C i j i j and D i j i j  


      

By applying DTM to the given suspended string equation, we have 

( 2)( 1) ( , 2) ( 1)( 1) ( 1, ).
2

k
h h U k h k U k h                                                 (3.30)    

From (3.16) - (3.18) and by recursive formula (3.30), we obtain the coefficients 
( , )U k h  for the series solution 

3 5 7 2 2 4 2 6 2 41 1 1
( , ) ... 0.5 0.0625 0.00278 ... 0.125 ...

3! 5! 7!
u x t x x x x x t x t x t xt         
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3.5  Differential Transformation Method for The Vibrating Membrane 
Equation   
       In this Section, the four examples of the vibrating membrane equation will be 
presented and used to demonstrate how DTM is applied to find approximated 
solutions. In solving these examples, recurrence systems are first obtained and then 
a routine computer programming is used to find an approximated solution in the 
Taylor series form. 
 
Example 3.8  Consider the vibrating equation of membrane 

2 2 2

2 2 2
( , , ) ( , , ) ( , , ) 0,

w w w
c x y t a x y t b x y t

t x y

  
  

  
                    (3.31) 

with the initial and boundary conditions, 

( , ,0) sin sin , 0 1, 0 1,

( , ,0) 0, 0 1, 0 1,

x y
w x y x y

a b

w
x y x y

t

 
    


    



 ,  

( ,0, ) 0, 0 1,

(0, , ) 0, 0 1,

( ,1, ) 0, 0 1,

(1, , ) 0, 0 1, 0.

w x t x

w y t y

w x t x

w y t y t

  

  

  

   

                       (3.32) 

Comparing Equation (3.31) to general terms of PDEs in Table 3.2 the fundamental 
operations of three-dimension differential transform method, we have 

( , , ) ( , . ) 1 ( , , ) 1.a x y t b x y t and c x y t     
Then for all 0, 0i j  and 0,r   we have 

( , , ) ( , , ) ( , , ) ( , , ) ( , , ).A i j r B i j r i j r and C i j r i j r      
The following Kronecker symbols: 

1 ; 0
( , , ) ( ) ( ) ( )

0 ; ,

x y t
x y t x y t

otherwise
   

  
  


, 

from Equation (3.31) by applying DTM and Kronecker symbols to the given 
suspended string equation, we have 

0 0 0

0 0 0

0 0 0

( 2)( 1) ( , , ) ( , , , 2)

( 2)( 1) ( , , ) ( 2, , )

( 1) ( , , ) ( , 1, ),

k h m

i j r

k h m

i j r

k h m

i j r

m i m i i j r W k i h j m r

k i k i i j r W k i h j m r

h i i j r W k i h j m r







  

  

  

       

         

       






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then 



0 0 0

0 0 0

1
( , , 2)

( 2)( 1) (0,0,0)

( 2)( 1) ( , , ) ( 2, , )

( 2)( 1) ( , , ) ( , 2, )

1
( 2)( 1)( 2)( 1) ( 2, , ) ( , 2, ),

( 2)( 1)

k h m

i j r

k h m

i j r

W k h m
m m

k i k i i j r W k i h j m r

h i h i i j r U k i h j m r

k k h h W k h m W k h m
m m







  

  

 
 


        



         

      
 





 

that is 
( 2)( 1) ( , , 2) ( 2)( 1)( 2)( 1)

( 2, , ) ( , 2, ).

m m W k h m k k h h

W k h m W k h m

       

  
                          (3.33) 

Comparing between the coefficient of Taylor’s series of sine and the series in the 
definition (2.5) 

2 4 6 8 10 12
3 5 7 9 112 4 6 8 10 12

sin( )sin( ) ...
2! 4! 6! 8! 10! 12!

x y xt x t x t x t x t x t
     

          

0 0

0 0

2 3

2 2 2

( , ,0) (0,0,0) (1,1,0)

(2,1,0) (3,1,0) ...

(0,1,0) (1,2,0) (2,2,0) ...

k h

k h

W k h x y W x y W xy

W x y W x y

W xy W xy W x y

 

 

 

  

   



                      (3.34) 

Then, we have 

0 0,1,2,... 0,2,4,6,...

( )
( , ,0) 1,5,9,... 1,3,5,7,...

( )!

( )
3,7,11,.. 1,3,5,7,...

( )!

k h

k h

if k and h

k h
W k h if k and h

k h

k h
if k and h

k h












 

 

  


 
 



                 (3.35) 

and from the initial condition (3.32) 
( , ,1) 0, , 0,1,2,3,...W k h k h                                   (3.36) 

from the boundary condition (3.32), we have 
( ,0, ) 0, , 0,1,2,3,...

(0, , ) 0, , 0,1,2,3,...

( ,1, ) 0, , 0,1,2,3,...

(1, , ) 0, , 0,1,2,3,...

W k m k m

W h m h m

W k m k m

W h m h m

 

 

 

 

                                 (3.37) 

From (3.35) - (3.37) and by recursive formula (3.33), we obtain the coefficients 
( , , )W k h m  for the series solution. 

That is 
2 4 2 6 4 8 6 4 3 6 2 31 1

( , , ) .
1 1

.
6 0 6

.
9 6

xy t xy t xy t xy x yu x y t t x y           
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Example 3.9  Consider the vibrating membrane equation with damping term  

 
2 2 2

2 2 2
( , , ) , , ) ( , , ) ( , , ) 0,

w w w w
c x y t a x y t b x y t d x y t

tt x y

   
   

  
                  (3.38) 

with the initial and boundary conditions, 

( , ,0) sin sin , 0 1, 0 1,

( , ,0) 0, 0 1, 0 1,

x y
w x y x y

a b

w
x y x y

t

 
    


    



 ,  

( ,0, ) 0, 0 1,

(0, , ) 0, 0 1,

( ,1, ) 0, 0 1,

(1, , ) 0, 0 1, 0,

w x t x

w y t y

w x t x

w y t y t

  

  

  

   

 

comparing Equation (3.38) to general terms of PDEs in Table 3.2 the fundamental 
operations of three-dimension differential transform method, we have 

( , , ) 1 ( , , ) ( , . ) ( , , ) 1.c x y t and a x y t b x y t d x y t      
Then for all 0, 0i j  and 0,r   we have 

( , , ) ( , , ) ( , , ) ( , , ) ( , , ) ( , , ).C i j r i j r and A i j r B i j r D i j r i j r       
from Equation (3.38) by applying DTM and Kronecker symbols to the given 
suspended string equation, we have 

0 0 0

0 0 0

0 0 0

0 0 0

( 2)( 1) ( , , ) ( , , , 2)

( 2)( 1) ( , , ) ( 2, , )

( 1) ( , , ) ( , 1, ),

( 1) ( , , ) ( ,

k h m

i j r

k h m

i j r

k h m

i j r

k h m

i j r

m i m i i j r W k i h j m r

k i k i i j r W k i h j m r

h i i j r W k i h j m r

h i i j r W k i h j









  

  

  

  

       

         

       

      







 1, ),m r

 

then

0 0 0

0 0 0

0 0 0

1
( , , 2)

( 2)( 1) (0,0,0)

( 2)( 1) ( , , ) ( 2, , )

( 2)( 1) ( , , ) ( , 2, )

( 1) ( , , ) ( , 1, )

1

( 2)

k h m

i j r

k h m

i j r

k h m

i j r

W k h m
m m

k i k i i j r W k i h j m r

h i h i i j r U k i h j m r

h i i j r W k i h j m r

m









  

  

  

 
 


        



         


        












( 2)( 1)( 2)( 1) ( 2, , ) ( , 2, ),
( 1)

k k h h W k h m W k h m
m

     


 

that is 
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( 2)( 1) ( , , 2) ( 2)( 1)( 2)( 1)

( 2, , ) ( , 2, )

( 1) ( , 1, ).

m m W k h m k k h h

W k h m W k h m

h W k h m

       

  

  

                         (3.39) 

From (3.35) - (3.37) and by recursive formula (3.39), we obtain the coefficients 
( , , )W k h m  for the series solution. 

That is 
2 2 6 4 4 2 3 6 4 3 6 2 5 8 4 55 5 5 5 1 1

( , , ) ...
2 6 12 36 48 144

w x y t t x t x t x t x t x t x            

 
Example 3.10  Consider the vibrating equation of membrane with external force  

2 2 2
3

2 2 2
( , , ) ( , , ) ( , , ) 0,

w w w
c x y t a x y t b x y t w

t x y

  
   

  
                    (3.40) 

with the initial and boundary conditions, 

( , ,0) sin sin , 0 1, 0 1,

( , ,0) 0, 0 1, 0 1,

x y
w x y x y

a b

w
x y x y

t

 
    


    



 ,  

( ,0, ) 0, 0 1,

(0, , ) 0, 0 1,

( ,1, ) 0, 0 1,

(1, , ) 0, 0 1, 0,

w x t x

w y t y

w x t x

w y t y t

  

  

  

   

 

comparing Equation (3.40) to general terms of PDEs in Table 3.2 the fundamental 
operations of three-dimension differential transform method, we have 

( , , ) ( , . ) 1 ( , , ) 1.a x y t b x y t and c x y t     
Then for all 0, 0i j  and 0,r   we have 

( , , ) ( , , ) ( , , ) ( , , ) ( , , ).A i j r B i j r i j r and C i j r i j r      
from Equation (3.40) by applying DTM and Kronecker symbols to the given 
suspended string equation, we have 

2 2 2

2 1 2 1 2 1

0

1

0 0 0 0 0 0

0 0

0 0 0

0 0 0

( 2)( 1) ( , , ) ( , , , 2)

( 2)( 1) ( , , ) ( 2, , )

( 1) ( , , ) ( , 1, ),

k h m

i j r

k h m

i j r

k h m

i

k h mk h m

k k h h m

j r

m

m i m i i j r W k i h j m r

k i k i i j r W k i h j m r

h i i

W

j r W k i h j m r







  

 

   



  

 

       

         

       







 





  1 1 1 2 2 1 2 1 2 1 3 2 2 2( , , ) ( , , ) ( , , ),k h m W k k h h m m W k k h h m m     

 

then 
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2 2 2

2 1 2 1 2 1

1 1 1 1 2 2

0 0 0 0

0 0

0

0

0

0

0 0

1
( , , 2)

( 2)( 1) (0,0,0)

( 2)( 1) ( , , ) ( 2, , )

( 2)( 1

(

) ( , , ) ( ,

, , )

)

(

2,

k h m

i j r

k h m

i j

k h mk h m

k k h h m m

r

W k h m
m m

k i k i i j r W k i h j m r
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From (3.35) - (3.37) and by recursive formula (3.41), we obtain the coefficients 
( , , )W k h m  for the series solution. 

That is 
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Example 3.11  Consider the vibrating membrane equation with external force and 
damping term.  

2 2 2
3

2 2 2
( , , ) ( , , ) ( , , ) ( , , ) 0,

w w w w
c x y t a x y t b x y t d x y t w

tt x y

   
   

  
         (3.42) 

with the initial and boundary conditions, 

( , ,0) sin sin , 0 1, 0 1,

( , ,0) 0, 0 1, 0 1,
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comparing Equation (3.42) to general terms of PDEs in Table 3.2 the fundamental 
operations of three-dimension differential transform method, we have, we have 

( , , ) ( , . ) 1 ( , , ) ( , , ) 1.a x y t b x y t and c x y t d x y t      
Then for all 0, 0i j  and 0,r   we have 

( , , ) ( , , ) ( , , ) ( , , ) ( , , ) ( , , ).A i j r B i j r i j r and D i j r C i j r i j r       

Applying DTM and Kronecker symbols to the vibrating membrane equation, we have 
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From (3.35) - (3.37) and by recursive formula (3.43), we obtain the coefficients 
( , , )W k h m  for the series solution. 

That is 
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Chapter 4 

Applications and Numerical Examples 
 

       In this chapter, we show graphical comparison between result without a 
damping term, with a damping term, with an external force and a nonuniform 
densities for the suspended string equations in Section 4.1. We also propose the 
graphical result of the amplitude of the approximate solution from DTM of the 
vibration of membrane without a damping term, with a damping term, with an 
external force in Section 4.2. 

4.1  The Suspended String Equation 

       The comparisons result of the suspended string vibration without a damping 
term (a) and with a damping term (b) are shown in Figure 4.1 Graphical comparison 
between the vibration displacements without a damping term (a) calculated in 
Example 3.1 and with a damping term(b) calculated in Example 3.2 when m=0. 

.  

Figure 4.1 Graphical comparison between the vibration displacements without a 
damping term (a) calculated in Example 3.1 and with a damping term(b) 
calculated in Example 3.2 when m=0. 

 We find that the amplitude of vibration with a damping term (b) is less than 
that of the vibration without a damping term (a), as the data values shown in  
Table 4.1 Data Value of the suspended string vibration without a damping term 
Example 3.1 ( 1u ) with a damping term Example 3.2 ( 2u ), with an external force 

(a)  (b) 
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Example 3.3 ( 3u ) and error for the vibration of the suspended string equations at 
0.20x  . 

 The comparisons result of the suspended string vibration without an external 
force (a) and with an external force (b) are shown in Figure 4.2 Graphical comparison 
between the vibration displacements between the without an external force (a) in 
calculated Example 3.1 and with an external force (b) in calculated Example 3.3 
when m=0. 

.  

Figure 4.2 Graphical comparison between the vibration displacements between 
the without an external force (a) calculated in Example 3.1 and with an external 
force (b) calculated in Example 3.3 when m=0. 

 We find that the amplitude of vibration with an external force (b) is less than 
that of vibration without an external force (a), as the data values shown in Table 4.1  

 
 
 
 
 
 
 
 
 
 

(a) (b) 
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Table 4.1  Data Value of the approximate solution of vibration displacement  
               without a damping term in Example 3.1. ( 1u ) with a damping term in 
               Example 3.2 calculated in ( 2u ), with an external force in Example 3.3    
               ( 3u ) and the errors for the vibrating suspended string equations at 

              0.20x   

t (sec) 
1u  

(without damping 
and external force) 

2u  

(with damping) 

3u  

(with external force) 

1 2u u  1 3u u

 

0.00t   0.9134 0.9134 0.9134 0.0000 0.0000 

0.10t   0.8973 0.8928 0.8928 0.0045 0.0345 

0.15t   0.8772 0.8673 0.8671 0.0099 0.0101 

0.20t   0.8493 0.8320 0.8315 0.0173 0.0178 

0.25t   0.8135 0.7874 0.7861 0.0261 0.0274 

 

 

Figure 4.3 Graphical comparison between the vibration displacements with 
various nonuniform densities (m=0.25, 0.5, 0.75, 1) calculated in Examples  
3.4 - 3.7. 

(a) m=0.25 (c) m=0.75 (d) m=1 (b) m=0.5 
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 We find that the shape of vibration (blue line) approach to initial shape of 
vibration (red line) when the densities and time increase, as the data value shown in 
Table 4.2.  

 The data values of the vibration displacements with the increasing densities 
(i.e, m=0.25, 0.50, 0.75, 1.00) calculated in Examples 3.4 - 3.7 and the errors when 
fixed x=0.2 under different times t   are shown in Table 4.2. 

 
Table 4.2  Data values of the vibration displacements with the increasing  

               densities (i.e, m=0.25, 0.50, 0.75, 1.00)  calculated in Examples 3.4 –  

               3.7 and the errors at 0.20x  . 

(sec)t  
 

       ( )w DTM  

 
0.00t 
 

 
0.10t   

 
0.15t 
 

 
0.20t 
 

 
0.25t 
 

 

0.00 0.25t t

 

( 0.25)w m   0.9134 0.8704 0.8176 0.7456 0.6561 0.2573 

( 0.50)w m   0.9134 0.8883 0.8571 0.8140 0.7549 0.1585 

( 0.75)w m   0.9134 0.8943 0.8705 0.8374 0.7952 0.1182 

( 0.10)w m   0.9134 0.9018 0.8832 0.8671 0.8412 0.0722 

 

4.2  The Vibrating Membrane Equation 

 Next, we show the results from the Examples 3.8-3.11 as the following Figures 
4.4 - 4.7,  
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Figure 4.4 Graphical comparison between the amplitude of the analytical 
solution and the approximate solution from DTM of the vibrating membrane 
equation calculated in Example 3.8 

 
Table 4.3  Data value of analytical solution and approximate solution from 
               DTM calculated in Example 3.8 and error for the vibrating membrane  
               equation at 0.5x  and 0.5y  . 

(sec)t  (

)

w analytical

solution
 ( )w DTM  ( ) ( )error w analytical w DTM   

0.000t   1.0000 1.0001 41.00 10  

0.015t   0.999978 1.00008 43.00 10  

0.030t   0.999911 1.00001 59.9 10  

0.045t   0.9998 0.999901 41.01 10  

0.100t   0.999013 0.999115 41.02 10  
 

 From the graphical comparison between the amplitude of the analytical 
solution and the approximate solution from DTM calculated in Example 3.8 for the 
vibration of membrane as shown in the Figure 4.4  and the value analytical solution 
and approximate solution from calculated in Example 3.8  and error for the vibrating 
membrane equation at 0.5x  and 0.5y  as shown in Tables 4.3, we can see that 
the amplitude of the analytical solution and the approximate solution from DTM in 
Example 3.8 of the vibration of membrane are close to each other. 

t DTM 0

t DTM 0.015

t DTM 0.030

t DTM 0.045

t DTM 0.1

t analytical 0

t analytical 0.015

t analytical 0.030

t analytical 0.045

t analytical 0.1

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



47 
 

 
 

 

Figure 4.5 Graphical result of the amplitude of the approximate solution from 
DTM of the vibration of membrane with a damping term in Example 3.9 
 
Table 4.4  Data value of DTM calculated in Example 3.8, DTM with a damping 

               calculated in Example 3.9 and the errors for the vibrating 

               membrane equation at 0.5x   and 0.5y  . 

(sec)t  ( )w DTM  ( )w DTM withdamping

 

( )

( )

w DTM
error

w DTM withdamping



 

0.000t   1.0001 1.00011 51.00 10  

0.015t   1.00008 1.00009 51.00 10  

0.030t   1.00001 1.00002           
51.00 10  

0.045t   0.999901 0.999904 63.00 10  

0.100t   0.999115 0.998968 41.47 10  
 
 From the graphical result of the amplitude of the approximate solution from 
DTM of the vibration of membrane with a damping term in Example 3.9 as shown in 
Figure 4.5 and the data value DTM in Example 3.8, DTM with damping in Example 3.9 
and error of the vibrating membrane equation at 0.5x   and 0.5y  as shown in 
Tables 4.4, they show that the amplitude of motion for the vibrating of membrane 
decreases when damping term is added to the problem. 

t 0

t 0.015

t 0.030

t 0.045

t 0.1
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Figure 4.6 Graphical result of the amplitude of the approximate solution from 
DTM of the vibration of membrane with an external force in Example 3.10 
 
 From the graphical result of the amplitude of the approximate solution from 
DTM of the vibration of membrane with external force Example 3.10 shown in Figure 
4.6 and the value DTM in Example 3.8, DTM with a damping in Example 3.9 and error 
of equation of the motion for the vibration of membrane at 0.5x   and 0.5y  , 
they show that the amplitude of motion for the vibration of membrane decreases 
when external force is added to the problem. 

 

 

Figure 4.7 Graphical result of the amplitude of the approximate solution from 
DTM of the vibration of membrane with a damping term and an external force 
in Example 3.11 

 
 From the graphical result of the amplitude of the approximate solution from 
DTM of the vibration of membrane with a damping term and external force in 
Example 3.11 shown in Figure 4.7 and the value DTM Example 3.8, DTM with a 
damping in Example 3.9 and error of vibrating membrane equation 0.5x   and 
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0.5y  as shown in Table 4.4, they show that the amplitude of motion for the 
vibration of membrane decreases when a damping term and  external force are 
added to the problem. 
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Chapter 5 

Differential Transformation Method for the nonlinear 
functions, Applications and Numerical Examples 

 
 In this chapter, DTM is applied to find approximated solutions for the nonlinear 
functions. The two examples in following Section 5.1, recurrence systems are first 
obtained and then a routine computer programming is used to find an approximated 
solution in the Taylor series form. We showed the comparison results obtained from 
the recurrence relation of the differential transformation to [37] and modified 
recurrence relation of the differential transformation in this work. 

5.1  Differential Transformation Method for the Nonlinear Functions 

       In this Section, DTM is applied to find approximated solutions for the nonlinear 
functions. 
Example 5.1  Consider  1( ) atf t e from definition 2.1, we have 0k    

0

0

0

1

1 0

1 0

( )1
(0)

0!

( )

.

t t

at

d f t
F

dx

f t

e



 
  

 





 

Differentiating 0
1 0( )

a t
f t e   with respect on t ,  

 
 

0
01

1 0( ),
at

t
af

df
ae

t
t

d
                                                              (5.1)                              

differential transformation method Table 2.1 The fundamental operations of  
one-dimension differential transformation method, we have   

        1 11 1 ( ),k F k aF k                                                                                 
we obtain 1k   with k , we have                                 

      

 

 

11

1
1

( 1

1

)

,
( 1)

,

kF k

F k

aF k

a k
k

F

k

 


                                           

and recursive method of T-function  for   0
1 0

a t
tf e  , we have 
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0
1

1 1

[0] , 0,

(0)
, 1.

!

at
F e k

aF
k

k

F k

  


 




                  (5.2) 

Example 5.2  Consider 2 ( ) a tcf t e tos  by   ( ) .a t sih t e n t   
From definition 2.1, considering 0k    

           0( )

0 02 ( ),
a t

F c se ot t                                                                        (5.3) 

      
  

   0( )
0 0( ),

a t
sinH t e t                                                                         (5.4)      

Differentiating 2( ) atcf t e tos   and  ( ) atsh t e tin   with respect on  t ,
 

 

2

3

3

( ) ( ) ( ) ( ),

( ) ( ) ( ) ( ),

at at

at at

df
e sin t a e cos t h t af t

dt

dh
e cos t a e sin t f t ah t

dt

t
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   

   

     

   

                            (5.5) 

recursive method of T-function  for 2 ( ) a tcf t e tos  , we have 

   
 

0
0

2 2

cos , 0,

( ) (0) (0)
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    ,                                      (5.6)

 
and recursive method of T- function for ( ) atsh t e tin , we have 

  

0 0sin

3
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, 1,

at t
e k

H k F aH
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
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                                                       (5.7)

 

 

 

5.2  Applications and Numerical Examples  
       In this Section, we will show the comparison results obtained from the 
recurrence relation of the differential transformation in [37] and modified recurrence 
relation of the differential transformation in this work. 

       The following recursive formulas of the differential transformation of 1( ) atf t e  
is obtained by definition 2.1 when 0 0t   as applied in [37] 

          11

1, 0

( 1)
, 1.

F

k

aF k
k

k

k




 




                                                           (5.8)  
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Equation (5.8) is the recurrence relation for finding the coefficient of the approximate 
Maclaurin series of the original nonlinear function 

   1( ) .atf t e                                                      
       We find that for the given 600k   and [ 0.2,0.2]t  , the graphical comparison 
results  between 1( ) atf t e and  the approximate Maclaurin series using DTM  are the 
same for defined 450 450a    as shown in Figure 5.1 However the approximate 
Maclaurin series is diverge for defined 450a    and 450a   as shown in Figure 5.2. 

                                                                                                                                                         
1

1

( )

( )

f t Original

f t DTM                                                                                                                                         
 

      
 

 

 

Figure 5.1 The graphical comparison results between  1( ) atf t e and 
0 1 2 3 4 5 902 600

1

49 343 2401 1680
( ) 1 7 ... 9 10

2 6 24 120
f t t t t t t t t          using  DTM  when  

[ 0.2, 0.2],t  4 600.a and k   

 

                                                                                 

                                                                                  1

1

( )

( )

f t Original

f t DTM  

         
 

                                                                        

                                                                                     

Figure 5.2 The graphical comparison results between  1( ) atf t e and 
0 1 2 3 236 600

1

83187500
( ) 1 550 151250 ... 1.3 10

3
f t t t t t t        using  DTM when [ 0.2, 0.2],t 

550 600.a and k   
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By the similar way to Equation (5.8), the following recursive formulas of the 
differential transformation of 2 ( ) atcf t e tos  is obtained by definition 2.1 when 

0 0t   as applied in [37] 

    2 3

1, 1,

( ) ( 1) ( 1)
, 1,

k

F k H k aF k
k

k






    




                                                 (5.9)

 

  

and recursive method of T-function for ( ) atsh t e tin , we have 

  
3

0, 0

( ) ( 1) ( 1)
, 1,
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H k F k aH k
k

k






   


                     

(5.10)   

       We find that for the given 600k   and [ 0.5,0.5]t  , the graphical comparison 
results  between  2 ( ) atcf t e tos  and   the approximate Maclaurin series using DTM  
are the same for defined 180 180a    and 70 70     as shown in Figure 5.3 
However the approximate Maclaurin series is diverge for defined 180, 180a a      and 

70, 70     as shown in Figure 5.4. 
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Figure 5.3 The graphical comparison results between  2 ( ) atcf t e tos    and 
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Figure 5.4 The graphical comparison results between 2 ( ) atcf t e tos  

and 0 1 2 3 4 265 600
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       The graphical comparison results between the original functions and the 
approximate Taylor’s series with the coefficients obtained from the modified 
differential transformation method as the recurrence relations of 1( ) atf t e  in 

Equation (5.2) and the recurrence relations 2( ) atcf t e tos  in Equation (5.6) are shown 
in Figures 5.5 - 5.6, respectively. 
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Figure 5.5 The graphical comparison results between  1( ) atf t e and 
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Figure 5.6 The graphical comparison results between  2 ( ) a t sf t e tin  and 
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Chapter 6 

Conclusion 
  
       In first problem, the modified theorem of the two-dimensional differential 
transformation method for cubic term is manifested. The proof of the theorem is 
derived. The theorem can be applied in several applications. The cubic term of 
differential transformation can be applied efficiently to the nonlinear terms of 
suspended string equation. This work demonstrated that the differential 
transformation method can be applied to the initial and boundary value problem of 
the partial differential equation. 
       The second problem, the vibrating membrane equation is studied we found 
that the analytical solution and the approximate solution is very identical when the 
equation without a damping term and an external force that can depict the DTM 
(Differential Transformation Method) can efficiently detecting the vibration of 
membrane. Then we added a damping term, and an external force in the vibrating 
membrane equation to find the approximate solution by DTM, we found that as we 
added the damping term, and the external force con can cause the amplitude of the 
vibrating membrane equation to decrease. 
       The third problem, the modified recursive formulas of differential 
transformation method is presented in this work. The obtained formulas is used to 
find the coefficients of the Taylor’s series applied to the approximate the nonlinear 
functions. The comparison results between the approximate Taylor’s series and the 
original function are the same. These obtained formulas can be used to solve many 
applications in the future works. 

 

 
 
 
 

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



57 
 

 
 

References 
 
[1] N. S. Koshlyakov, E. V. Gliner and M. M. Smirnov. 1964. Differential Equations of 

       Mathematical Physics.  Moscow, 1962 (in Russian). English Translation : 

       North-Holland Publ. Co. 

[2] Rao, S. 2004. Mechanical Vibrations. University of Miami, Pearson Education. 

[3] C. Kuang Chen and S. Huei Ho. 1999. “Solving partial differential equations by 

       two-dimensional differential transform method.” Applied Mathematics and 

       computation. 106: 171-179. 

[4] F. Ayaz. 2003 “On the two-dimensional differential transform method.” Applied 

       Mathematics and computation. 143: .361-374.  

[5] X. Yang,Y. Liu and S. Bai. 2006. “A numerical solution of second-order linear 

       partial differential equations by differential transform.” Applied 

       Mathematics and computation. 173: 792-802.  

[6] Mohamed I. A. Othman and A.M.S. Mahdy. 2010. “Differential Transformation 

       method and variation iteration method for cauchy reaction-diffusion 

       problems.” The Journal Mathematics and Computer science. 2: 61- 75.  

[7] F. Kangalgill and F. Ayaz. 2009. “Solitary wave solutions for the KdV and mKdV   

       equations by differential transform method.” Chaos, Solitons&Fractals.         

       41(1): 464-472.  

[8] A.S.V. Ravi Kanth and K.Aruna. 2008. “Differential transform method for solving  

       linear and non-linear systems of partial differential equations.”  Physics  

       Letters A. 372: 6896-6898. 

[9] A.S.V. Ravi Kanth and K.Aruna. 2009. “Differential transform method for solving  

       the linear and nonlinear Klein-Gordon equation.”Computer Physics  

       Communications. 180: 708-711. 

[10] L.Zou, Z. Zong, Z. Wang and S. Tian. 2010. “Differential transform method for  

       solving solitary wave with discontinuity.” Physics Letters A. 374: 3451-3454. 
This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



58 
 

 
 

[11] J.Biazar and M.Eslami. 2010. “Analytic solution for Telegraph equation by  

       differential transform method.” Physics Letters A.  374: 2904-2906. 

[12] A.Tari and S.Shahmorad. 2011. “Diffreential transform method for the system of  

       two-dimensional nonlinear Volterra integro-differential equations.”    

       Computer and Mathematics with Applications. 61: 2621-2629. 

[13] S. Hesam, A.R. Nazemi and A. Haghbin. 2012. “Analytical solution for the Fokker- 

       Planck equation by differential transform method.” Scientia Iranica.  

       19: 1140-1145. 

[14] N. Bildik, A. Konuralp, F. Orakci Bek and S. Kucukarsian. 2006. “Solution of  

       different type of the partial differential equation by differential transform  

       method and Adomian’s decomposition method.” Applied Mathematics  

       and Computation. 172(1): 551-567. 

[15] A. Saravanan and N. Magesh. 2013. “A comparison between the reduced  

       differential transform method and the Adomain decomposition method for   

       the Newell-Whitehead-Segel equation.” Journal of the Egyptian  

       Mathematical Society. 21(3): 259-265. 

[16] R. Hasankhani Gavabaria, D.D. Ganjib and A. Bozorgic. 2014. “Applications of the   

       two-dimensional differential transform and least square method for solving  

       nonlinear wave equations.” New Trends in Mathematical sciences.  

       2: 95-105. 

[17] J. Kasemsuwan. 2009. “Exponential Decay for Nonlinear Damped Equation of  

       Suspended String, Proceedings of 2009 International Symposium on  

       Computing.” Communication  and Control. .308-312.  

[18] J. Rehder, P. Rombach, and O. Hansen. 2001. “Balanced membrane  

       micromachined loudspeaker for hearing instrument application.” Journal of  

       Micromechanics and Microengineering. 11(4): 334–338.   

[19] S. C. Ko, Y. C. Kim, S. S. Lee, S. H. Choi, and S. R. Kim. 2003. “Micromachined  

       piezoelectric membrane acoustic device.” Sensors and Actuators A:  

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



59 
 

 
 

       Physical. 103(1-2): 130–134.  

[20]  X. Yang, C. Grosjean, Y.-C. Tai, and C.-M. Ho. 1998. “A MEMS thermopneumatic  

       silicone rubber membrane valve.” Sensors and Actuators A. 64(1): 101–108.  

[21] Shih-Hsiang Chang,I-Ling Chang. 2008. “ A new algorithm for calculating one-  

       dimensional differential transform of nonlinear functions.” Applied  

       mathematics and computation. 195: 799-808.  

[22] Arikoglu, A., & Ozkol, I. 2006. “ Solution of differential-difference equations by  

       using differential transform method.” Applied Mathematics and  

       computation. 181: 153-162.  

[23] Ayaz, F. 2004. “ Applications of differential transform method to differential- 

       algebraic equations.” Applied Mathematics and computation. 152: 549-657. 

[24]  Bagheri, M., & Manafianheris, J. 2012. “ Differential Transform Method for Solving  

       the Linear and Nonlinear Westervelt Equation.” Journal of Mathematical.  

       3: 81-91. 

[25] Biazar, J., & Eslami, M. 2010. “Analytic solution for telegraph equation by  

       differential transform method.” Physics letter A. 374: 2904-2906. 

[26] Biazar, J., Eslami, M., & Islam, M.R. 2012. “Differential transform method for  

       special systems of integral equations.” Journal of King Saud University- 

       Science. 24: 211-214.  

[27] Bildik, N., Konuralp, A., Bek, F.O., & Kucukarslan, S. 2006. “ Solution of different  

       type of the partial differential equation by differential transform method   

       and adomain’s decomposition method.” Appliedmathematics and  

       computation. 172: 551-567. 

[28] Catal, S. 2008. “ Solution of free vibration equations of beam on elastic soil by  

       using differential transform method.” Applied mathematical modeling.  

       32: 1744-1757. 

 

 

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



60 
 

 
 

[29] Chen, C., & Ho, S. 1999. “Solving partial differential equations by two-   

       dimentional differential transform method.” Applied Mathematics and   

       computation. 106: 171- 179. 

[30] Jafari, H., Sadeghi, S., & Biswas, A. 2012. “The differential transform method for  

       solving multidimensional partial differential equations.” Indian Journal of   

       Science and Technology. 2, ISSN:0974-6846. 

[31] Kangalgil, F., & Ayaz, F. 2009. “ Solitary wave solutions for the KdV and mKdV  

       equations by differential transform method.” Chaos, Solitons & Fractals. 

       41: 464-472. 

[32] Mirzaee, F., & Yari, M.K. 2015. “A novel computing three-dimension differential  

       transform method for solving fuzzy partial differential equations.”  

       Aim Shams Engineering Journal. 695-708. 

[33] Othman, I. A., & Mahdy, A.M.S. 2010. Differential Transformation method and  

       variation iteration method for cauchy reaction-diffusion problems. The   

       Journal Mathematics and Computer science, 2, 61-75. 

[34] Saravanan, A., & Magesh, N. 2013. “A comparison between the reduced   

       differential transform method and the Adomain decomposition method for  

       the Newell-Whitehead-Segel equation.” Journal of the Egyptian  

       mathematical society. 21: 259-265. 

[35] Tabaei, K., Celik, E., & Tabaei, R. 2012. “The differential transform method for  

       solving heat-like and wave-like equations with variable coefficients.” Turkish  

       journal of Physics. 36: 87-98. Doi: 10.3906/fiz-1102-6. 

[36] Zedan, A., & AliAlghamdi, M. 2012. “Solution of (3+1)-Dimensional Nonlinear   

       Cubic Schrodinger Equation by Differential Transform Method.”  

       Mathematical Problems in Engineering. doi:1155/2012/531823. 

[37] Shih-Hsiang Chang,I-Ling Chang. 2008. “A new algorithm for calculating one-    

            dimensional differential transform of nonlinear functions.” Applied    

            mathematics and computation. 195: 799-808. 
 This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



61 
 

 
 

  
 
 
 
 
 
 
 
 
 
 

 

Appendix 

The research papers 

 

 

 

 

 

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



62 
 

 
 

 

 

 

 

 

 This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



63 
 

 
 

 

 

 

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



64 
 

 
 

 

 

 

 

 
This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



65 
 

 
 

 

 

 

 
This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



66 
 

 
 

 

 

 

 
This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



67 
 

 
 

 

 

 

 This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



68 
 

 
 

 

 

 

 
This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



69 
 

 
 

 

 

 

 This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



70 
 

 
 

 

 

 

 

 

 This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



71 
 

 
 

 

 

 

 

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



72 
 

 
 

 

 

 

 

 This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



73 
 

 
 

 

 

 

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



74 
 

 
 

 

 

 

 
This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



75 
 

 
 

 

 

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



76 
 

 
 

 

 

 

 This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



77 
 

 
 

 

 

 

 

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



78 
 

 
 

 

 

 

 This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



79 
 

 
 

 

 

 

 

 
This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



80 
 

 
 

 

 

 

 This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



81 
 

 
 

 

 

 

 This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



82 
 

 
 

 

 

 

 

 

 

 

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



83 
 

 
 

 

 

 

 

 

 

 

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



84 
 

 
 

 

 

 

 

 

 

 

 

 

 

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



85 
 

 
 

 

 

 

 

 
This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



86 
 

 
 

 

 

 

 

 

 

 

 

 

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



87 
 

 
 

 

 

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



88 
 

 
 

 

 

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



89 
 

 
 

 

 
This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



90 
 

 
 

 

 

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



91 
 

 
 

 

 
This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



92 
 

 
 

 

 

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



93 
 

 
 

 

 

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



94 
 

 
 

 

 
This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



95 
 

 
 

 

 
This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



96 
 

 
 

Author Biography 

 
Name Mrs.Kamonpad Mansilp 
Date of Birth 24 April 1976 
Address 29/19 M.5 Plaung Sub-district, khoakitchagood District, 

Chantaburi 22210 
Education 2000 Bachelor of Water Resource Engineering GPA 2.01  
 Kasetsart University 
. 2011 Master of Science in Mathematics Education GPA 3.60 
 Kasetsart University 
Scholarship Ph.D Scholarship from Rajamangala University of  
   Technology Tawan-ok Chanthaburi Campus 
Academic Publications 

1. Kamonpad Masilp and Jaipong Kasemsuwan. 2018 
“Differential Transformation Method for Vibration of 
Membrane” Songklanakarin Journal of Science and 
Technology : 20 pages (accepted) 

2. K. Mansilp and J. Kasemsuwan. 2018 “Differential Transform 
Method for the Suspended String Equations” Journal of 
Advanced Research in Dynamical and Control Systems,   
Vol.10, 06-Special Issue: 463 – 467 

3. K. Mansilp and J. Kasemsuwan. 2018 “The Modified 
Differential Tranformation Method of the Nonlinear 
Function” Journal of Advanced Research in Dynamical and 
Control Systems, Vol.10, 06-Special Issue: 468 – 471 

     
 

 
 

 

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 




