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ABSTRACT

In this research is concerned with three parts. The first part is to derive the general
form for the non-linear term transformation of the differential transformation method
(DTM) and apply this method to find the approximated solution for the initial
boundary value problem of the suspended string equation with non-uniform
densities, with nonlinear external force, with damping term and without damping
term. We then apply the three-dimensional differential transform method to
estimate solutions to the vibrating membrane. We also find the analytical solution of
the vibrating membrane by separable variable method. We find that the comparison
results between the analytical solution and the estimated solution are in good
agreements in case of no damping and the external force. Furthermore, the
differential transform method can also be used to find approximated solutions with
both an external force and damping term which cannot be achieved by an analytical
solution. We also present the modified differential transformation method for the
nonlinear function. The derivation of the differential transformed recurrence formulas
are shown and applied to find coefficients of the Taylor’s series which are the
approximant for the nonlinear functions. We find that the comparison results

between the approximate Taylor’s series and the nonlinear function are acceptable.
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Chapter 1

Introduction

1.1 Research Motivation

Many researchers have attempted to understand several phenomena occurring
in nature by applying knowledge from different fields such as mechanical
engineering, electrical engineering, industrial engineering, energy and medicine. Most
of these problems have been studied by employing some form of mathematical
modeling using both ordinary differential equations (ODE) and partial differential
equations (PDE). These problems require an accurate solution, either as an analytical
solutions or approximate solutions.

In the study of horizontal vibration which is inthe form of partial differential
equations widely such as water wave, standing acoustic wave, X-ray standing wave
and ultrasonic wave. It can be seen that researches and studies of waves are very
beneficial to humans. The suspended string equation was studied firstly by a Russian
mathematician [1]. The suspended string equation is shown in equation (1.1) where
u(x,t) denotes the horizontal displacement of the heavy and flexible string

suspended with the upper end fixed and the lower end free.

O2u(x,t) = ——3 u(x,t) - O u(x,t) = f(x,u(x,t)), (x,0) €,
m+1

u(a,t)=0, t€[0,77], (1.1)
u(x,0)=d(x), O,u(x,0)=v(x), x€[0,a],

where Q is a cylindrical domain (0,a)x(0,7) and the power density is denoted by
L X =ax"where @ and m are constants.

An acoustic membrane under tension can encourage transverse vibrations. A
thin layer of a vibration, is used in acoustics to produce or transfer sound, such as
a drum, microphone, or loudspeaker. The characteristics of an idealized drumhead
can be modeled by the vibrations of a circular membrane of uniform thickness,
attached to a rigid frame. Due to the phenomenon of resonance, at certain
vibration frequencies, its resonant frequencies, the membrane can store vibrational

energy, the surface moving in a characteristic pattern of standing waves.


https://en.wikipedia.org/wiki/Transverse_vibration
https://en.wikipedia.org/wiki/Acoustics
https://en.wikipedia.org/wiki/Drum
https://en.wikipedia.org/wiki/Microphone
https://en.wikipedia.org/wiki/Loudspeaker
https://en.wikipedia.org/wiki/Resonance
https://en.wikipedia.org/wiki/Frequency
https://en.wikipedia.org/wiki/Resonant_frequency
https://en.wikipedia.org/wiki/Standing_wave

The equation of motion for the forced transvers vibration of the membrane in

[2] is as follows:

(1.2)

o*w  O*w o*w
P( axz + ayz j-i_f(xsyat):p(xay)ye

where f(x,y,t) is the pressure force loading acting in the z direction(external force),
P is intensity of tension at a point that is equal to production of the tensile stress
and the thickness of the membrane and p(x, y) is the mass per unit area. We assume
that f(x,»,6)=0, P=1,and p(x,y) =1.Then Equation (1.2) leads to
oO’w  O'w 3 o*w
o’ ot o

The differential transformation method (DTM) is a very powerful and efficient

(1.3)

tool applied in so many research works to solve partial differential equations (PDE)
such as done in [3]- [17]. The DTM applied to second order PDE under boundary
conditions were studied in [6] without initial condition.

In practice, several realistic problems are PDE which are subject to both initial
and boundary conditions. Therefore, a solution to the problems taking into account
those conditions using DTM method are the primary objective of this research.

The suspended string equation was previously studied using numerical method
in [5] - [12]. The numerical solution excluding an external force has been shown in
[12] using the Crank-Nicolson method. [10] and [11] have shown the numerical
simulation including both linear and nonlinear damping terms yet without an
external force. The numerical simulation including an external force has been
considered in [12]. However, all of those works considered suspended string only in
the uniform density case and defined form of the nonlinear external force including
the linear and nonlinear damping cases.

In this work, we extended the study in [5] and [6] using the two dimensional
DTM and then develop a new theorem for the cubic transformation. A suspended
string equation is used which involves both boundary conditions as a case study.

Differential transformis the transformation of function c¢(x)so called original
function to be new function C(k) so called transform function.

Differential Transform of ¢(x) is defined by [38]

k
C(k) = ki!{%c(x)} (1.4)

X=X



and differential inverse transform of C(k) is defined by [38]

c(x)= iC(k)(x—xo)k (1.5)

1.2 Literature Review

The differential transform method (DTM) is based on the high-order Taylor series
expansion. This method is a powerful tool for solving linear and non-linear ordinary
differential equations [22] - [24] and [29], and for solving two and three-dimensional
partial differential equations in both linear and non-linear problems. DTM can be
used to solve the differential equation subject to initial and boundary conditions
having both linear and non-linear terms within an acceptable error range.

The two-dimensional differential transform method (2D-DTM) is used to find
the solutions of both linear PDEs [23] - [36].

Additionally, the three-dimensional differential transform method (3D-DTM) is
applied to find the solutions of linear and non-linear PDEs [25] and [35] respectively.
It is noted that the differential transform method can be used to solve
multidimensional PDEs, such as the Westervelt equation [31], heat-like and wave-like
equations [35] and fuzzy partial differential equations [33], as well as the linear and
non-linear system of PDEs [24] and [36].

There are many engineering studies which have examined the dynamical
analysis of ‘membrane by various engineering tools such as loudspeakers,
microphones, membrane valves, pressure regulators, and antennas for space
communications [14] - [12]. In this research, [15] we have studied the oscillation of a
membrane-like plate, which is determined by the tension and insignificant resistance
to the bending, we have applied the differential transform method to find solutions
in the vibrating equation of a membrane, and the comparison result is in good
agreement in the simple case.

In addition, this work is also concerned with a new algorithm for calculating
one-dimensional differential transform of nonlinear functions first presented in [37]
applying the Taylor’s series about the origin (Maclaurin series) to approximate the
nonlinear functions in the basic function forms such as the exponential function, the
logarithm function, the trigonometric function and the hyperbolic trisonometric

function. However, we tried to apply the Maclaurin series to approximate the



nonlinear functions, we found that the approximate Maclaurin series were not in
good agreement with the nonlinear functions. In this work, we should study further
from the previous work [37] to modify the differential transformation method for
finding the approximate Taylor’s series about any points for the nonlinear functions.
In solving these examples, recurrence systems are first obtained and then a
routine computer programming is used to find an approximated solutions in the

Taylor’s series form.

1.3 Objectives of the Study

1) To derive of the formulas involed the nonlinear transformation of the
differential transformation method (DTM).

2) To use the differential transform method for solving the suspended
string equation without a damping term, with a damping term, with an
external force and a nonuniform densities.

3) To use the differential transform method for solving the vibrating membrane
equation without a damping term, with a damping term, with an external
force,and with an external force and a damping term.

4) To use the modified differential transform method for finding the

approximate Taylor’s series of nonlinear functions.

1.4 Scope of the Study

The derivation of new formulas for the nonlinear cubic function by the
differential transformation method (DTM) are shown and apply this method to the
approximate solution to the initial and boundary value problems of the suspended
string and the vibrating membrane. In addition, the modified differential

transformation method for some nonlinear functions will be studied.



1.5 Plan of the Study

Study the basic knowledge about

the Differential Transformation Method (DTM),
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1.6 Expected Results

The expected results of thesis are as follows the modified theorem of the
differential transform of the nonlinear term is presented. The proof of the theorem is
also derived and the theorem can be applied in several applications. The non-linear
term of differential transform can be applied efficiently to the nonlinear terms of
suspended string equation and the equation of motion of the membrane. The
differential transform method can be applied to find the approximate Taylor’s series

for the nonlinear functions.



Chapter 2

Basic Concepts and Preliminaries

In this chapter, we introduce two equations which are the suspended string
equation and the equation of motion of membrane in Section 2.1 and 2.2
respectively. In Section 2.3, we indicate the basic definitions and fundamental

operations of differential transform.

2.1 The Suspended String Equation
The suspended string equation as shown in Equation (2.1) where u(x,#) denotes
the horizontal displacement of the heavy and flexible string suspended with the

upper end fixed and the lower end free [1].

O2u(x,t) = ——8 u(x,t) = O u(x,) = f(x,u(x,5), (x,6) €,
m+1

u(a,t) =0, te[0,T7], (2.1)
u(x,0)=¢(x), O,u(x,0)=y(x), x€[0,a],
where Q is a cylindrical domain (0,a)x(0,7) and the power density is denoted by

p(x)=ax"where aand mare constant.

LLLLLL T LV
u(x,t)

» 1

a

Figure 2.1 The suspended string.



N. S. Koshlyakov [1] studied the suspended string which is flexible, heavy,
limited length (a) and mass density at position x. The suspended string was hung
vertically with the top end being pinned to the ceiling, the bottom end was released
independently under the force of gravity. Set the vertical line through the fixed point
to the ceiling as the x-axis and origin is determined that the position of the top end.
When the suspended string is in normal state without external force, except for
gravity. At the bottom end is the position x=a as shown in Figure 2.1. We define
u=u(x,t) instead of vibration (the displacement) of the suspended string and
assume that the hanging of the suspended string vibrates in a plane. In that direction,
all the points of the suspended string vibrate horizontally under the external linear
force h. The action on the suspended string with # in the form of linear A(x,f) and
the suspended string vibrates slightly on Q:{(x,t)|[0,a]x[0,t]} Newton's second

law. The suspended string equation is defined by

p(X)g—Zt— (a—i(

where gravity(g) is 9.8 m/s and a linear outer forcing form ( h ) N/m for this study

ou

J‘;p(s)dsa)j =h, (x,t)eQ (2.2)

approximate g is 1 m/s’.

The derivation of suspended string equation can be considered as follows:

we consider that part of the suspended string equation with x and x + Ax is both
ends of the string and Ax is distance between x andx+Ax by Ax have a little
value.

By F(x,£)= F| instead of the force at the point x at ¢ and F(x+Ax,7)=F,
instead of the force at the point x+Ax at rand define 6, (x),8,(x+Ax) are the
angle with the vertical as shown in Figure 2.2.

F, is the force acting on the suspended string at the point x on the horizontal
force and vertical force are F;sin6, and F cosé,, respectively Figure 2.2 F, is the
force acting on the suspended string at the point x+ Ax on the horizontal force and

vertical force is F,sin@, and F, cos@,, respectively as shown in Figure 2.2



Figure 2.2 The section of the suspended string in the considered range.

Obtaining p(x) is mass of density, s is distance and m is mass which m :p(x)xs
X+Ax
at x+Ax we have, m(x+Ax)=J.O p(s)ds (2.3)

at x we have, m(x)zj:p(s)ds (2.4)

x+ Ax

Figure 2.3 The value of the tangent.

Figure 2.3, we have



that
sind _a_u
cosf ox’

due to the horizontal force is
F(x+Ax,t)—F(x,t) =F,sin6, — F,sin 6,
i sin 6,

sin 6.
= F, cos 6, 2 —F, cos 6,
cos 0, cos 6,

= F, cos@, tan@, — F| cos 6, tan g,

since @ has very small and close to zero, we have

=F, tand, — F, tan 6,

0
from F=mg and tan@ = a—u, we have
X

F(X+Ax,t)—F(x,t) = g{,[:JrMp(S)dSM—j:p(S)ds 8u(x,t)}’

ox Oox
since
F(x+Ax,t)—F(x,t) 8F(x+¢9Ax,t) % =
= , 0<@<
Ax ox
therefore
oF OAx
19 x N el SRR
ox
a X+6Ax au
:Axa[gj‘o p(s)dsa(x+9Ax,t)},
then m = p(x)Ax,

from Newton's second law

ma = ZF,
26 )Ax‘gi_F(HAx )< F (xt),

substituting Equation (2.7) in Equation (2.9) , we have

8u(x+Axt) x 8u(x,t)
p(x) ——g{j p(s)ds ——= jo p(s)ds [
and Equation (2.10), we
o’u 0
p(x )AxF —AxaxF(x+9Ax t), 0<O<1
o*u 0 46 ou (x + OAx, t)
hence p(x)Axy =Axa(g.[ p(s)dsT], 0<o<l1

from Equation (2.11) with ¢ value between x and x + Ax, we have

10

(2.10)

have

(2.11)



11

p(x)Ax = j )ds— (&), x<E<x+Ax. (2.12)
Considering Equatlon (2.12) vvhen g=1
when the external force h@*t, ) act on the suspended string horizontally, we have
qu(x,t) O ¢x 8u(x,t)
X)————— sds————= [+ h(x,t)=0. (2.13)
px)—— | [, Plsks— (1)
Since the mass of density depends on each point x therefore equation of
density pis in the form of a power function of x or the power density is
p(x)=ax* when a and m is constant
hence

2
ax" — ——( " ax"dx Ou(x,t)J + h(x,t) =0,
ot ox| 70 ox

2 m+1
Futoa oyt sy

ot ox\ wu+l  ox

L O0'u(x,1) _2( o 8u(x,t)j+ h(x.t)

ot* ox| m+1 ox LN

- 82u(x,t) (x'"” qu(x,t)
X e~

ot

X

2

"0 h
——~+(m+1) & u(x’t)}r (1)
m+1_ oOx WA 17 770X

Divide all of equation with, we have

azu(zc,t)_( x 62u(x,t)+8u(x,t)J+h(x,t)

ot m+1 ox Ox axt

) (2.14)

obtaining L is operation of differential order 2 we have,

2
=y (2.15)
m+1ox~ 0Ox

x Ou ou

_2+_’
m+10ox"  Ox
substituting Equation (2.16) in  Equation (2.14), we obtain the suspended string

Lu=

(2.16)

equation
2
h
M—Lu(x,t)+ (xj:) =0, (2.17)
ot ax

82

u@%’t)—Lu(x,t)+f(x,u(x,t)) =0, (2.18)
by f(x,u(x, t)) = is external force.

ax
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In this research, we study the initial and boundary value problem of the
suspended string Equation (2.18).

Since the top end of the suspended string is pinned to the ceiling.
é‘u(x,t)

The boundary condition u(O,t) =0 and
X

=0, r€[0,T]. (2.19)

Since the suspended string depends on the initial shape of the string before it is

allowed to vibrate and the initial speed of the points on the string.

The initial conditions u(x,0)= f,(x) and au(;, O_ £ (x), xe[0,q]. (2.20)

Analytical Solution

The suspended string equation of the initial and boundary value problem

O’u x,t
" _lLu xp =0, (2.21)
ot
with the boundary conditions u(O,t) =0,te (O,T) (2.22)
ou(x,0
and the initial conditions u(x,O) Y, (x) and % =f,(x), xe (O,a) (2.23)
L the second order differential, we have
4
L:( X )5 20 ) (2.24)
m+1)x*  ox

Assuming the solution in the form of power series, we have

()= Xu, 04, (),
£(9)=20) 4, 229

£(x)= 20,400,

Qu(x,t) & %u, (1)

then P = ;7(15, (x)
-3 i, ()¢, (x), (2.26)
Lu(x,t) = iuj (DL, (x), (2.27)
A 0’ 0¢.
and L¢.:( al ) ¢i’+ ¢’,
o \m+1) ox ox

e ol 5202



3 i, (0,00~ X, (016, (0) =0,

13

Due to define ¢,(x) consistent with the solution of the eigenvalues problem then

Lo, (x) = Ag,(x)
3 i, (06, ()~ 31, (026, () =0,

{Z -1, (t)}zs_,. (x)=0,

> [ii () = Au,(6) , (x) = 0.
J=l
Consider of the solution Equation (2.28) as follows:
U+ Au; =0
w,(0)=p;, u,(0)=g,.
Find the solution by auxiliary Equation in the form
¥+ A =0, rEt, Mji.
The solutions are complex in general form
u;, = ¢ cos, //Ijt+cz sin , th,
u,=cq (—sin, Mjf)(1 Mj )+ c, (cos‘ th)(* Mj ),
from the boundary condition u,(0) = p, we have,
p, =¢.c080+c,sin0,
¢ = pj'
From the boundary condition ii,(0) = g, we have,

q}.:cl(—sinO)( /1j)+c2(c050)( /1j),

cz—\/z,
then
- a9 .
uj—pjcos\/Zt+\/}fjsm\/Zt.
That is

u(x,t)= Z[pj cos\//i_jt+ \%sin\/}t_jt}ﬁj(x)

o0
j=1

with  ¢,(x) the solution of the eigenvalues problem for L

L¢<x)=(( a jd +%j¢(x>=z¢<x)m 0,a),

m+1 W

(2.28)

(2.29)

(2.30)

(2.31)



14

with the boundary condition

#a) =0, (2.32)
we obtain y=+/x and y" = X2,
then () =x2$(x) = y" (),
and #x) =y "w () =x yR/x),

- -m_1 m 1
then 0,.¢(x) = (ijx Ty(Nx) Fx Ty (&)ﬁ
1 oy 1,
=23 Xy ),
cio0 =L (Lt oyt )

i {—mw’(ﬁ)ﬁ F oy () +x;l//"(\/;)ﬁ}
— w0+ Cam Dy ) 4 mn s 2w 0 |
since

X

PN LAC TR

from Equation (2.21), we have

b < [xw”(y) — 2m+ Dy () + mOn+ Dy () J

m_
21

T O G =mty ()| =490,

" (W) +y (0) = my(p) = =Ag)x 7 xA(m+ 1),
we obtain y=x, y(y)=y"¢x),
(' =x), (Bx) =y "y(»),
then
YY)+ 3w (9) +{4m+ DAy —m* fy () = 0. (2.32)
Considering Equation (2.32) in the from of Bessel Equation
Xy +xy+ (x> —0)y =0,

with the general solution yv=qJ, (x)+c,Y (x),
where J (x) is first of Bessel function

© _1 k ¢ x\2k+v

o klt(v+k+1)
and Y, (x) is the second of Bessel function
J,(x)cosvmr —J_ (x)

¥, (%)= :
sinvrzr




—n+2k

koD x,y

:—J (x)logE— Z(n P 5

1Y "
= k) rk+1)

Equation (2.32) match the form of the Bessel equation.

Let A u+DHA=a’,
and w(y)=F(ay)=F(Y),
" oy(y) _ OFX) Oy _ . OF()
en =da 5 2 =da 2 .
oy oY oy oY
since

V') + ') +{a’y’ — 1w (y) =0
s G dPFQY) | dE(Y) |
“ dy? § < dy?

+{¥’ ~ @} F(¥) =0

d’F(Y) w4 3
Y? v LEmysty F(Y)=0.
b e x @)+ ¥~ —u}F(Y)
From boundary condition y(3/a) =0,
that is w(y)=F(Y)=cJ,(V)+6Y,(Y)

&7, JAMur D) +6.Y, 2 Au+1)).

Form boundary condition, we have
w(0)=Y,(0) and limY, (y) ==,
y—0
then ¢, =0,

Equation (2.34), we have

v(») =, 2JAUu+1)y),

and boundary condition @(a) =0, we have

y(Na) = a)y (p(a)) =0,

due to ¢ #0, we have

J, 22+ a) =0,

since
#(x) =y “w(y)
= x%CJﬂ QA1 +1)y).
Let 2,\/2,{(,u+1)a =7,
2
Vi

we have A4, =—"——
4(u+Da

15

(2.33)

(2.34)

(2.35)
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by { 7o :k=12,...} lsset of all positive centers of the Bessel function Jﬂ (x)
and y, <y, < 75...

from Equation (2.35), we have

L et
2JA(u+1) =2 /—4(“1)61 T

then P (x) = Cx_gJﬂ (% \/;J,
1

(o —
\/a_Jy+l(7/k)

the specific function

1 1 X
% :—~_,,Jﬂ WA=
7 NN/ \/;

u(x,t)= i P cosﬁt+ \/qi_jsin\/}?t ¢, (x).

J=1

2.2 The Equation of Motion of Membrane
Rao S.[2] studied vibration of membrane and equation of motion of
membrane, respectively.
2.2.1 Vibration of Membrane
A membrane is a plate that is subjected to tension and has negligible
bending resistance. Thus a membrane bears the same relationship to a plate as a
string bears to a beam A drumhead is an example of a membrane.
2.2.2 Equation of Motion of Membrane
To derive the equation of motion of a membrane, consider the
membrane to be bounded by a plane curve S in the xy-plane, as shown in Figure
2.4. Let f(x,y,t)denote the pressure loading acting in the z direction and P the
intensity of tension at a point that is equal to the product of the tensile stress and

the thickness of the membrane. The magnitude of P is usually
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i _._:’_(Ej_
ay ' ay .-}y]" ¥

|
AP el Daers

T

flx v 1) dy

]
-
]
1
1
X g 240
]
1
|
I
I
|

dy’ dx X L.'J.x i

Seetion XX,

Figure 2.4 A membrane under uniform tension.
constant throughout the membrane, as in a drumhead. If we consider an elemental
area dxdy, forces of magnitude Pdx and Pdy act on the sides parallel to the y-axes
and x-axes, respectively, as shown in Figure 2.4 The net forces acting along the z

direction due to these forces are

2 2
P8 dedy and Pa vzvdxdy : (2.36)
oy ox

2

The pressure force along the z direction is f(x, v,t)dxdy,

O*w

o’
where p(x, y)is the mass per unit area. The equation of motion for the forced

and the inertia force is  p(x, ) dxdy,

transverse vibration of the membrane can be obtained as

o’w  O’w o’w
P + + f = , (2.37)
(ze & ] e
If the external force f(x,y,t) =0, Equation (2.37) gives the free-vibration equation
[ *w &*w) 'w
c —t— |=—5> (2.38)
ox~ Oy ot

where
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1/2
c=|—| .
yo,
The equation of motion for the forced transvers vibration of the membrane in
[2] as follows:
82

o*w  O*w w
Pl —+— [+ f(x,p,0)= p(x,y)—, 2.39
(ze o’ j ny8)=p5y) ot (2.39)

2.3 The Fundamental Operation on Differential Transformation

Method

The fundamental of one-dimensional, two-dimensional and three-dimensional
operation on differential transformation method as follows.

2.3.1 One-Dimensional Differential Transformation Method

The basic definitions and fundamental operations of one-dimensional

differential transformation are defined
Definition 2.1. If £(z) is analytical solution in time domain T', then it is differential
continuously with respect to time ¢.
For t=0 and & belongs to the set of non-negative integers, denotes as K-domain.

1| d"
F(k)y=—| — VkeK, 2.51
(k) k!|:dtk f(t)l = (2.51)

=0

where f(¢) is called the original function and F(k) is called the transform function.

Definition 2.2 The differential inverse transform of F(k) is defined as

J (1= Zw:F(k)tk (2.53)

In principal application, function f(s) is shown by finite numbers of terms can be

written as

f(6)= iF(k)tk (2.54)

The fundamental mathematical operations performed by differential

transform method are listed in Table 2.1 [37].



Table 2.1 The fundamental operations of one-dimension differential

transformation method.

Original function

Transform function

2.1 f(0)=y0)£z(0)

F(k) = Y(k) + Z(k)

22 f() =)

F(k) = cY (k)

23 f(t) = d);(l) F(k)=(k+1)Y(k+1)
t
n k !
24 fiy= 20 Fly=_ ;”) Y (k +n)

n

25 f(0)=y' 00

F(k) = o0 Y(m)Z(k —m)

26 f()=y0)z'(@)

F() = Sk (k+ 1-m) Y(m) Z(k +1=m)

19

27 f)=c F(k):{g”;:?
, k=

28 f()=", m==1,-2,.. F(k) = %[m(m—l)(m—Z)...(m —k+1)]

2.3.2 Two-dimensional Differential Transformation Method

The basic definitions and fundamental operations of two-dimensional

differential transform method are defined as follows.

Definition 2.3 The two-dimensional differential transform of function w(x,y)is

defined as

1 ak+hw(x’y)
Wk k)= k\h!  ox*oy" |(°’°) ’

For kand hbelong to set of non negative integers.

k>0 and h>0. (2.55)

Definition 2.4 The inverse two-dimensional differential transform of sequence

W (k,h) |7,is defined as

w(x,y) = iiW(k,h)xk Y. (2.56)

k=0 h=0

In principal application, function w(x,7) is shown by finite numbers of terms can be

written as
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N N
w(x,y) =2 > W(k,h)x"y". (2.54)

k=0 h=0

The fundamental mathematical operations performed by differential
transform method are listed in Table 3.1 The fundamental operations of two-

dimension differential transform method [5].

2.3.3 Three-Dimensional Differential Transformation Method
The basic definitions and fundamental operations of three-dimensional
differential transform are defined.
Definition 2.5 The three-dimensional differential transform of function w(x, y,t) is

define as

1 ak+h+mw(x,y,t) |

W(k,h,m) =
¥/ kK'h'm!  ox*ey'or”

k>0,h>0 and m>0. (2.57)

(0,0,0)°

Definition 2.6 The inverse three-dimensional differential transform of sequence

{W(k,h,m) }fhmzois define as

w(x, y,t) = iii Wk, h,m)x"y"t". (2.58)

k=0 h=0 m=0

In principal application, function w(x, y,7) is shown by finite numbers of terms can be

written as

w(x, y,t) =

N
k=l

NN
D> Wk h,m)xty'e. (2.54)

0 h=0



Chapter 3

Differential Transformation Method for the
Suspended String Equation and the Vibrating

Membrane Equation

In this chapter, we propose the derivation of the analytical solution for the
equation of motion of membrane in Section 3.1. the fundamental operations of two-
dimension and three-dimension differential transform method show in Section 3.2-
3.3, respectively. DTM is applied to find approximated solutions. In solving these
examples for the suspended string equation and the vibrating membrane equation
are shown in Section 3.4 and 3.5, recurrence systems are first obtained and then a
routine computer programming is used to find an approximated solution in the

Taylor series form.

3.1 Analytical Solution for the Vibrating Membrane Equation

The following is the derivation of the analytical solution. The equation of
motion for the forced transvers vibration of the membrane in [2] as follows:

2 2 2
P[a s L oW (3.1)

+ i
ot

+ f(x,»,t) = p(x,
Py @zj Jf(x,3,0 = p(x,»)
where f(x,y,t)is the pressure force loading acting in the z direction(external force),
P is intensity of tension at a point that is equal to production of the tensile stress
and the thickness of the membrane, and p(x,y)is the mass per unit area. We
assume that f(x,y,0)=0, P=1, and p(X,)=1.Then Equation (3.1) leads to

od’w 'w O'w

T T o T A
ox~ oy ot

The initial conditions of the equation of motion of a membrane [2] are assumed

(3.2)
W(x,y,0)=sinﬂsin%, 0O<x<a, 0<y<bh,
a

%—V:(x,y,o)zo, 0<x<a, 0<y<bh

We assume a =1land b =1.The boundary conditions of the equation of motion of a

membrane are assumed
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w(x,0,£)=0, 0<x<1,
w(0,y,t)=0, 0<y <],
w(x,1,t)=0, 0<x<1,
w(l,y,6)=0, 0<y<1,t>0.

Considering the initial conditions w(x, y,0) =sin zZxsin 7y and Z—V: (x,»,0)=0.

The boundary conditions as follow

w(x,0,£) =0, 0<x<1,

w(0,y,6)=0, 0<y<I,

w(x,1,t)=0, 0<x<1,

w(l,y,t)=0, 0<y<Lt=0.
The general solution can be written by the separation of variable technique.

wx, y,t) = X(x)Y())T(¢), (3.4)
subject to the eigenvalue, —@°, @*and °, can be written Equation (3.4)

X' TG T

X(x) Y@y - T@®

X(x) Y(y)

2

and
_X”(x) - Y'(») NN
X(x)  Y(y)
_X"(x) .
X(x)

5

then
X"(x)+a’ X(x)=0,
Y'(y) L8 2 3,
Y(y)

assumed (o’ +@*)=p*

b

Y'(y)+ (-’ + @)Y (y)=0
then, Y'()+BY(»)=0
T'(1)
)
X'"(xX)+a* X(x)=0, (3.5)
Y'(»)+ Y (») =0, (3.6)
T"(t)+&’T(t) = 0. (3.7)

and, =" then, T"(t) + @°T(¢) = 0,
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We get solution of Equation (3.5) as X(x) = C, cosax +C, sinaxwhere C, and C,are
arbitrary constants. Subject to the boundary conditions X(0) =0,
we have C =0.
Then X(x)=C,smax,
the boundary condition X (1) =0.
Let C, #0givea=mmymel,
we have that
X, (x)=C, sinmrx. (3.8)
boundary conditions Y(0) =0, we get solution of Equation (3.6) as
Y(y)=C,co08 Bx+C,sinfy.

According to we have C; =0.

Then Y(y)=C,sinfy,
the boundary conditions. Then Y(y)=0.
Let C, #0give f=nm;ne€l, we have that
Y (y)=C, sinnry. (3.9)
Let

o' =p+a’,
w=z\m’ +n’.
We get solution of Equation (3.7) asT,, ()= 4, coswt + B, sinawt.

Then

T, ()=A4, cosa\m’ +n’t+B, sing\m’ +n’t. (3.10)
According to Equations (2.43) - (2.44) and (2.45) can be written
W,, (x, 1) = X ()Y ()T (2),
=(A Ci& sinmﬁxsinnﬂycosn\/mt) (3.11)

+ (B,WCan sinmzxsinnrysinz\m® + nzt),
whereF, =4 C C  H, =B, C Cand for all mmn=123,.By using the

superposition principle, Equation (3.11) become

W(x3 ya t) = z Wmn (x’ y’ t)’
m=1 n=1
- ZZ(FW sin mzrxsinnrycos zNm® + nzt), (3.12)
m=l n=1

- (Hmn sinmzxsinnzysin z\m’ + nzt),
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: : ow
according to initial condition w(x,y,0) =sinzxsinzy and E(x,y,O) =0. By using

Fourier series, we have
F =1; m=1 and n=],
H, =0.
Substituting F, =1 and H,, =0in Equation (3.12), we obtain that analytical

solution is

w(x, y,t) = sin zxsin 77y cos J2t.

3.2 The Fundamental Operations of Two-dimensional Differential

transformation Method
Formulas 3.1 - 3.6 are derived in [4] and [5], respectively. The following is the

derivation of Formula 3.7.

Table 3.1 The fundamental operations of two-dimensional differential

Transformation Method.

Original function Transform function
P k h
31 v(x,t):a(x’t)a “(faf) V(k,h)=; > (ki 2)(k —i+1)AG, YUk =i +2,h = )
X NS
62 k h
3.2 v(x,t):b(x,t)M Vik,)=> Z (k—i+)(h—i+D)B(, HUk—i+1,h—j+]1)
Ox Ot =0 j=0
2 k h
33 v ) =cnn) S “(ﬁ,y) Vi)=Y (h=i+2)(h=i+DCG HUk —i,h= ) +2)
8t =0 j=0
k h
34 v(x,1) :d(x,t)% Vik,h) = ; /Z(; (k=i+1)DG, HU(k=i+1Lh~ )
0 u(x,1) Lo . . ( : .
3.5 1= il = = g
von) = e(x ) —— V(k,h) ZO: ,Z(; (h—i+DEGHU(k—ih— j+1)
V(k,h)=0(k —m,h—n)=5(k—m)o(h—n),where
3.6 v(x,t)=x"t" Lk=m Lh=n
Stk—my=1{" o Sth-ny={ "
0,k #m, 0,h#n,
ko ok, ho hyy ks ky Iy Iy
3.7 v(x,0) =u" (x,0) V=3 3 3 22 2 2 2l ko —hy )
k=0 k=0 =0 h=0 k=0 k=0 h=0 }=0

X Un (k — kn—l h—- hnfl)
k ky h )

3.8 v(x,0)=u’(x,1) Vik,)y=Y > > U, (k,, b U, (k, =k, b, — )

k=0 k=0 h=0 #K=

xU,(k—ky h—h)

Show that,
for V:I" >R, U, :I" >R, v:R—>Ru,:R—>Rnel",xeR and k=0,1,2,...
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If v(x,t) =u,(x,0)u, (x,t)..u,  (x,0)u,(x,t) then,

By kh kb b

V=3 3 3 S SIS U Gy W, (ky — by — ).

ky =0k, ,=0h, =04, ,=0 ky=04k=0h,=0 h=0,

x Un—l (kn—l -k

n=2°""n

oy =h, DU, (k—k

n-1°

h - hn—l)'

By definition 2.3 of two dimensional differential transformation, we have

1 akJrh
V(k9 h) = W{@xkath V(x9 t):'

(0,0)

Thus for v(x,t) =u,(x,t)u, (x,t)..u, , (x,0)u,(x,¢) and using definition (2.4), we then
have

1

V(k, h) = m

ak+h
{W u, (e, Oy (x,8)..a,  (x,H)u, (x, t)}

1 < Z”: k! h!
k'h ' ku—I:O han:O (kn—l ) '(k = kn—l)! (h;hl)!(h " hn—l)!

(0,0)

ak,,,ﬁ—hn,] k~k, \+h—h, |
X| —f 1ot D% A vl L Ty e, GY)
oV AT AV (K 35 \ON O jel

k i |: 1 aknfl"'hnfl
= u, (x,)u, (x,8)..u, (x,1) :|
k;() h,_1=0 (kn—l)!(hn—l )' axkn?l ath”?l : : l (0,0)

1 a]_k"’1+l_hn—1
\ un ()C, t)
(k - kn,l ) !(h B hn~1 )! axk‘kn—l athih”’l

(0.0)

k h ky_y

=S\ X' 2. Z[ 1 O e, s O (5,1) }

(kn—Z ) !(h,,_2 ) ! axk”*z athn—z

k=0 h, =0k, ,=0h, ,=0 (0,0)
i 1 akn—l_kn—Z thy o —hy s j|
X U P
k)1 Ay, o =1\
| (K, =k, o)W, =, )Y Ox 2 O s (0,0
B 1 ak—k,,,ﬁh—hn,l }
X u (x,t)
=k, | A h—h, >
| (k=k, )Wh—h,_)lox o " (0,0)
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T S R P S ak 3ty
u, (o, )y (x,8)..u, 5(x,1) }
ky1=0h, =0k, ,=0h, Z*Ohg |:(k 3) (hn 3)' a g 36t - 1 ’ ’ (0,0)
B 1 ak P TS NPES NN
% | 1 Ayhn-2=kus 2= hy 3 U, 2(x t) i|
| (ko =k, ) (h,_, —h, ) Ox" 2 ot 0.0
B 1 ak ko ¥y =k, , }
X - —u,  (x,)
_(knfl _kn—2)!(hn—1 n— 2)' axk o 26th e h (0,0)
B 1 al—k =Ry,
X ' AT A u, (x,t) .
(k k, )!(A=h,)!ox ot (0,0).

hy kb kb

V(k,h)=kZ >3 Y 2 5. 222222

,1=0h, =0k, ,=0h, ,=0k, ;7011,2 3=0  k3=0hy3=0 k=0 hy=0 k;=0 I =0
xU, (ks iU (ky =k Ty =h)U (K, = Ky = Iy
U,H (kn—l _kn—2’ n—1 n 2) (k k l’h hn 1)

Since  v(x,t) =u, (x,)u, (x,t)..u, (x,)u, (x,1),

—11 3

=Y Y 3OS ZXZZZWPWZ(k ~kioly = ).

ky_1=0h =0k, ,=0h, =0 ky=0hy=0k=0hn=0
n—l (kn~1 B n—2’hn—l ot n—2 )Un (k kn 1’h h )

The fundamental mathematical operations performed by differential
transform method are listed in Table 3.1 The fundamental operations of two-

dimension differential transform method [23].

3.3 The Fundamental Operations of Three-dimensional Differential

Transformation Method
Formulas 3.9 = 3.13 shown in [23]. The following is the derivation of the formula

3.14.

Table 3.2 The fundamental operations of three-dimensional differential

transformation method

Original function Transform function
O’ w(x, y,t) e, »
3.9 v(x,y,t) =a(x, y,t)— V(k,h,m)—ZZZ(k i+2)(k—i+1)
i=0 j=0 r=0

xA@, j,r)W(k—i+2,h—j,m—r).

3.10 v(x, y,1) = b(x, y,t)% Vi hm) =Y 33 (h-i+2)(h—i+1)

i=0 j=0 r=0

xB(@, j,r)U(k—i,h—j+2,m—r).
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Original function Transform function
alw(x t) k h m
311 v(x, y,6) =c(x, y,t)—y’ Vik,hom)=> "> (m—i+2)(m—i+1)
t i=0 j=0 r=0
xC(i, j,rW(k—i,,h—j,m—r+2).
éw(x,y,t) k h m )
3.12 v(x,y,t):d(x,y,t)T Vik,hym)=>>">" (h—i+1)
i=0 j=0 r=0
x D@, j,r)W(k—i,h—j+1,m—r).
3.13 v(x,y,0)=x"y't’ V(k,h,m)=06(k—nh—1,m—s)
=0((k—n)o(h—1)6(m—s), where
Stk—n) 1 k=n,
)=
0 k#n,
e 1 h=1,
RN
1 m=s,
o(m—p)=
0 m#s,
3.14 v(x, y,t)=w"(x, y,1) Vo) = R
bk by b om
2 20, X,
ky=0 k=0 hy=0 hy =0 my=0 my =0
X, (ke by m Wy (ky = ey By = By oy —my)...
W (k. =k, ,.h  =h m  —m )
W, (k— k”l,h by m=m ). '
315 v(x, . 0) =w (X, 1,1) V(k,hom) = ZZZZZ ZW(kl,hl m)
> =0k =0hy =0k =0m, =0m, =0
XW, (k, =k, hy =h,m, —m,)
W, (k = ky,h—hy,m=m,).
Show that,
for V:I" >R, W :I">R; viR>R,  w :Ro>Rnel

and k,h,m=0,1,2,3,...

If v(x,y,t) =w (x,y, )W, (x, y,0)..w, (x,y,0)w, (x, y,t) then,

k

hy my M

=Y 3 Y E ST ZZZZZZZ

Kyy=0ky_y=0h =0 hy_=0m,_,=0m,_,=0  ky=0k;=0 hy=0 hy=0 m,=0 m, =0

xW, (ky, by ,m )W, (ky — k,
><I/Vn—l (kn—l _kn—27h _h

n—-1 n-22

By definition 2.5 of three-dimensional differential transformation, we have

hy, —h,m, —m
mn 1 _mn—Z)VVn(k kn 19h hn l’m mn l)‘

VB m) =

1 |:6k+h+mv(x, Vs t):|
axkayhat’" 0.0.0)
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Thus for v(x, y,t) = w,(x, y,O)w, (x, y,t)..w, (x,y,t)w, (x,y,t)and using definition

2.5, we then have

1 ak+h+m
V(kah’m) = k'h'm‘ |:axkayha[m W1 (xaybt)wz(x’yat)"'wn—l('xayat)wn (‘x’yat)j|

(0,0,0)

1 i & i k! h! m!
K'h\m! = o w20 (b, )Wk =k, ) (B, )W (h=h,_ ) (m,_ ) (m—m,_,)!

akn 1Ry,
{WWI (X, 3, OW, (X, 3, 0)...

k—k,_ +h—=h, +m-m,

k —k,_ layh h,_ latm m,_

= by omoomy

> 375 53

ky_1=0k,_,=0h, ;=0 h,_,=0m, =0m,_,=0

Xwn l(x y,t)

n(x,y,t)}

(0,0,0)

ak o Ry, otm, o
l: )(h )'(m )'ax”@y”atm 5 l(x’yat)WZ(xay’t)"‘WnZ(X’yﬁt):|
n 2 n-2 n-2

(0,0,0)

1
{ n— 2) (hn 1 n72 ) !(mnfl [ mn—2 )'

akm kit =Ry —my
# aka—l —ky_2 a.))hnfl_hnfz 6tmnfl_mn72 W"_l (x’ y’ t)

(0,0,0)

1 akfk,hl+hfhn,1+mfmn_1
[(k —k, )W —h, )(m—m, ) ox oy g

w, (x,y, t)}

(0,0,0)

k gy Ky by g m My My

2&22222

Ok 3=04k, 3=0h, =0 %, »=0h, 5=0m, ;=0m, ,=0m, ;=0

- n— n n— =

|: akn—z Hhy gty

o

)'(h )'(m )'ax @ ayh”’zal‘m"’z Wl(X,y,f)Wz(xay,f)---Wn3(X,)/=t):|
n -3 n-3 n-3

(0,0,0)
1
o 3) (l’l ) 3)'(7’]’[ , —m, 3)'

aknfz —ky_3+hy g =hy ytm,_,—m, 3
X w (X, y,t
axkn—z —ky 3 ayhn—z —h, s O "2 "= n=2 ( Vs )

(0,0,0)
1
(kn 1 kn 2)!(hn 1 hn 2)!(1’/’1’1 1 mn 2)!

akn—l_ -2t Py =Ry, —m,
x w _(x,p,t)
vk 3 =Ry Ay y=m,_y 1T
ox Oy ot ©0.00)

1 61—k",|+1—h“,1+1—mn,1
{(l b D=k, )11 =m, ) ax' gyt a e

w, (x,yat)} ,

(0,0,0)
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k koo ko h h h, m m m

LEOEDIDIDIDID IDND WD WD W

ky1=0k, =0k, 3=0h, =0 h,_,=0h, 3=0m, ,=0m, ,=0m, 3=0

3 by iy omy o my

220303033

ky=0 ky=0 ;=0 hry=0 11, =0 11, =0
W (ks by, m )W, (ky =k hy = hy,my —my)...
<w _(k,,—k, ,,h, —h, ,,m_—m W (k—k ,,h—h_,m—m ).

n—1 n=2°""n-1 n-12 n-1°

since v(x, y,t) = w,(x, y,O)w, (x, y,t)..w, ,(x, v, )w, (x,,t),

k Kyt h my, ky My by my

Vikhmy=73 > > Z >y ZZZZZZ

k, =0k, ,=0h, ;=0h, ,=0m, =0m, ,=0 ky=0k=0h,=0h=0my=0m=0
W, (ky s by, m )W, (ke — Ky hy = by ymy — ).
W, (k, =k, 5.h, —h,_,m,  —m, W (k=k, . ,h—h

n—1

n-22 nfl’m_mnfl)'

3.4 Differential Transformation Method for the Suspended String
Equation

In this Section, the seven examples of the suspended string equation will be
presented and used to demonstrate how DTM is applied to find approximated
solutions. In solving seven examples, recurrence systems are first obtained and then
a routine computer programming is used to find an approximated solution in the

Taylor series form.

Example 3.1 Consider suspended string equation without damping term.

e ZueD qu(x . AN ) 82u(x ) [ O < au((;; 1) ~0, (3.13)
with the initial and boundary condltlons,

u(x,0) =sinx, xeR,

u(l,t)=0, and O 0, teRR, (3.14)

ox

we use the following Kronecker symbols:

I ;x=y=0
5(x,y) = 6(x)6(y) ={

0 otherwise,

comparing equation (3.13) to general terms of PDEs in 3.6 Table 3.1 the fundamental

operations of two-dimension differential transform method, we have

a(x,t)=-x, c(x,t)=1, and d(x,t)=-1.

Then forall i>0 and j >0, we have

A(iaj):_é‘(i_laj)s C(laj):5(ls]) and D(lnj):_5(l’])



30

From Equation (3.13) by applying DTM and Kronecker symbols to the given

suspended string equation, we have

zi( h—i+2)(h—i+ )8, )UKk —i,h— j+2)

i=0 j

ﬁﬁ( k—i+2)(k=i+1)(=8G~1,))U(k=i+2,h~j)
+Zk‘,Zh:( k—i+1)(=8G, ) Uk —i+1Lh-j),
then
Uk, h+2) = — !
(h+2)(h+1)5(0,0)
x ii(k—i+2)(k—i+l)(—o“(z'—l,j))U(k—i+2,h_j)
+Zk:(k—i+1)(—5(i, W (k=i+1,h= j.
1
—m[(kﬂ)(kﬂw(kﬂ,h)],
that is

(h+ 2)(h+ DUk, h+2) = (k +1)>U(k +1,h). (3.15)

From the initial and boundary value problem (3.14) and definition (2.3), we found

that
sin x= x—lx3 e N
3! 5! 7!
S Uk, 0)x* = U(0,0)x+ U(1,0)x + U(2,0)x* +U(3,00x + U(4,0)x" +..

k=0

Then, we have

U k,0) = ki if k=150, (3.16)

N .

and

U(k,1)=0, k=0,1,2,.. (3.17)
From the boundary condition (3.14), we have

U0,h)=0, h=0,1,2,... (3.18)
From (3.16) - (3.18) and by recursive formula (3.15), we obtain the coefficients U(k, h)
for the series solution

That is
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s 1 5 1 4 3t Sx* X 9x*r
+—X X +... + — +
3! 5! 7! 4 48 1440 80640
st It Xt
- + +
4 36 480 1680

Example 3.2 Consider suspended string equation with damping term

@zu(x 1) ﬁzu(x ) au(x t)+( t)é‘u(x D g (3.19)

+a(x,t) —=—=+d(x,1)

c(x,t)——=
with the initial and boundary condltlons,

u(x,0)=sinx, xeR,
ou(0,1)

u(l,t)=0, and pe

=0, t>0,
comparing Equation (3.19) to general terms of PDEs in Table 3.1 the fundamental
operations of two-dimension differential transform method, we have
a(x,t) =—x, c(x,t)=1 and d(x,t)=e(x,t)=-1.
Then forall i>0 and j>0, we have
A(i:j):_é‘(i_l,j)a C(la.]):é‘(l,]) and D(lyj):E(l,]):_5(l’J)
From Equation (3.19) by applying DTM and Kronecker symbols to the given

suspended string equation, we have

Zk:i(h—i+2)(h—i+1)5(i,j)U(k—i,h—j+2)

i=0 j=0

izh:(k—i+2)(k—i+1)(—5(i—1,j))U(k—i+2,h—j)

+iﬁ( k—i+1)(=6(, ) Uk —i+1Lh— ))
+Zk:i( h—i+1)(=6@, H))Uk=i,h—j+1),
then
Uk,h+2)=— .
(h+2)(h+1)5(0,0)
x Zk: (k—i+2)(k—i+1)(—5(i—1,j))U(k—i+2,h—j)
Z(k—i+1)(—5(i, W (k=i+1,h— )]
+Z(h—i+1)(—§(i,j))U(k—i,h—j+1)]
. 2
—m[(kﬂ) Uk +1,h) = (h+ DU (k,h+1)],
that is

(h+2)(h+DU((k,h+2) = (k+1)>U(k +1,h) = (h+ 1)U (k,h +1). (3.20)
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From (3.16) - (3.18) and by recursive formula (3.20), we obtain the coefficients U(k, h)

for the series solution

u(x,t) = x—%x +%x —%x +...+0.0833xz% +0.1042x%t> —0.0042x°> —0.0049x*1* + ...

Example 3.3 Consider suspended string equation with external force

*u(x,t) o’u(x,t) rd(x t)au(x %)) W =0, (3.21)
or* ox? ox

c(x,t) +a(x,t)

with the initial and boundary conditions,

u(x,0)=sinx, xeR,
ou(0,1)

u(l,t)=0, and o>

=0, t>0,

comparing (3.21) to general terms of PDEs in Table 3.1 the fundamental operations

of two-dimension differential transform method, we have

a(x,t)=-x, c(x,t)=1 and d(x,t)=-1.

Then forall i>0 and j>0, we have

A(i,j):_é‘(i—l,j), C(la]):é‘(l’]) and D(laj):_é(l’.])
From Equation (3.21) by applying DTM and Kronecker symbols to the given

suspended string equation, we have

Zi( h=i+2)(h—i+ 1)@, HUk —ih—j+2)
zkzh“( k—i+2)(k=i+1)(=6(-1,7))Ulk—i+2,h—))

+Zklzh:( k—i+1)(=6G, ))Uk~i+1h—j)

i=0 j=0

Zk:izh:hZUl(kph)Uz(kz —k by =h)U,(k =k, ,h—h,),

k>=0 k=0 hy=0 /=0
then

1
(h+2)(h+1)5(0,0)
x Zk: h (k—i+2)(k—i+1)(=8G—1, ))Uk—i+2,h— )

i=0 j=0

+i(k —i+1)(=6G, )U (k—i+1,h— )]

i=0

k ho b
ZZZZUl(knhq)Uz(kz_klahz_hl)Us(k_kzah_hz)
k=0 ky=0 h,=0 1y =0

k k h M
1 (k+1)2U(k+1,h).—ZZZZ U, (k,,hy)

:m k=0 k=0 hy=0 1 =0 ,
XUZ(kZ_kl’hz_l'L])U3(k kz,h hz)

Ulk,h+2)=—
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that is

(h+2)(h+ DUk, +2) = (k +1)*U(k +1,h). —ZZZZ U, (k,,h) (3.22)

ky=0 k=0 1y =0 Jyy =0

XUz(kz _klahz _h1)U3(k_kz:h_hz)~
From (3.16) - (3.18) and by recursive formula (3.22), we obtain the coefficients U(k, h)

for the series solution

u(x,t) = x—%x +$x —%x +...4+0.5xt> —0.75x7t* +0.0833x°1> +0.1042x*t* + ...

Example 3.4 Consider suspended string equation with non uniform density(m = %j

azu(x t) azu(x t)

c(x,t)y——

+a(et) 2 L d(x z)a”(x D _ o, (3.23)
x

with the initial and boundary cond|t|ons,

u(x,0)=sinx, xeR,

u(l,t)=0, and ——==
X

comparing Equation (3.23) to general terms of PDEs in Table 3.1 the fundamental

operations of two-dimension differential transform method, we have

a(x,t)zl_—xz_—x, cOuf)=1 and d(x,1)=—1
1., 5/4

4
Then forall i>0 and j>0, we have

A(laj):_gé‘(l_lz]): C(l,_])=5(l,]) and D(la])=—5(la])'
From Equation (3.23) by applying DTM and Kronecker symbols to the given

suspended string equation, we have

Zk:zh:( h—=i+2)h—i+1)o@, HU(k—i,h—j+2)

=ii( —l'+2><k—i+1)[—§5(i—1,j)]U(k—i+z,h—j)
ii( k=i+1)(=6@, ))Uk—i+1,h=)),

then
Uk, h+2)=— 1

(h+2)(h+1)5(0,0)

{i (k—i+2)(k—i+)(=8G—1, ))Uk—i+2,h— )

i=0 j=

i(k—l+l)(——5(z lj)jU(k—erlh ])]
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1

4
= —(h D) {(k + 1)(§k + DUk +1, h)} R

that is

(h+2)(h+ DU (k,h+2) = (k + 1)(%1{ +D)U(k +1,h). (3.24)
From (3.16) - (3.18) and by recursive formula (3.24), we obtain the coefficients U(k, h)
for the series solution

u(x,t)= x—%)f +$x5 —%x7 +...—2025x7 +0.3542x** —0.0174x°t +...

Example 3.5 Consider suspended string equation with non uniform density(m = %j

82u(x t) 0’ u(x t)

(e, ) BB e TR0 gk z)a”(x 0 _, (3.25)
x

with the initial and boundary cond|t|ons,

u(x,0)=sinx, xeR,
ou(0,1)
X

u(l,t)=0, and =0, 120,
comparing Equation (3.25) to general terms of PDEs in Table 3.1 the fundamental

operations of two-dimension differential transform method, we have

a(x,t)zl_—xz_—x, cuf)=1 and d(x,t)=—1
Y, M52

Then forall i>0 and j>0, we have

A(i,j)=—§5(i—1,j), C@t, /) =60, j) and D(,])==6(, ).
By applying DTM to the given suspended string equation, we have

(h+2)(h+ DU (k,h+2) = (k + 1)(%1{ +DU(k +1,h). (3.26)
From (3.16) - (3.18) and by recursive formula (3.26), we obtain the coefficients U(k, h)
for the series solution

u(x,t) = x—%x3 +%x5 —%x7 +...—1.25x°* +0.1875x* > —0.00903x°¢” +...

Example 3.6 Consider suspended string equation with non uniform density (m = %)

o(x t)ﬁ u(x 1) 0’ u(x 1) —0. (3.27)

+a(x,t)—5—

+d(x,1) a”g;’t)

with the initial and boundary condltlons,

u(x,0)=sinx, xeR,
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ou(0,t)
X

comparing Equation (3.27) to general terms of PDEs in Table 3.1 the fundamental

u(l,t)=0, and =0, t=>0,

operations of two-dimension differential transform method, we have

a(x,t)=3_—x=_—x, ctnt)=1 and d(x,f)=—1
3., 714

Then forall i>0 and j>0, we have

A(i,j)=—§5(i—1,j), C@, /) =60, j) and D(,j)=—=60, ).
By applying DTM to the given suspended string equation, we have

(h+2)(h+ DU (k,h+2) = (k+ 1)(31( +DU(k+1,h). (3.28)
From (3.16) - (3.18) and by recursive formula (3.28), we obtain the coefficients U(k, k)
for the series solution

u(x,t) —x—Ly0Ls —lx7 +...—0.9167x°* +0.1319x** — 0.0063x"¢* + ...

Example 3.7 Consider suspended string equation with non uniform density (m=1)

%u(x,1) )| & O u(x,t) _ Ou(x,t) ~0 (3.29)
or’ Do Ox ’

with the initial and boundary conditions,

u(x,0)=sinx, xeR,
ou(0,1)
X

u(l,1)=0, and =0, t=>0,

comparing Equation (3.29) to general terms of PDEs in Table 3.1 the fundamental
operations of two-dimension differential transform method, we have
a(v,t) =—2 =72 c(nt)=1 and d(x,t) =1
I+1 2
Then forall i>0 and j>=0, we have

AL =S 861, CGf)=00sj) and Dl ) =0 )).
By applying DTM to the given suspended string equation, we have

(h+2)(h+ DUk, h+2) = (k + 1)(% DUk +1,h). (3.30)
From (3.16) - (3.18) and by recursive formula (3.30), we obtain the coefficients
U(k,h) for the series solution

u(x,t) = x—%f +$x5 —%ﬂ +...—0.5x7 +0.0625x* > —0.00278x°t* +...—0.125x¢* ..
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3.5 Differential Transformation Method for The Vibrating Membrane

Equation

In this Section, the four examples of the vibrating membrane equation will be
presented and used to demonstrate how DTM is applied to find approximated
solutions. In solving these examples, recurrence systems are first obtained and then
a routine computer programming is used to find an approximated solution in the

Taylor series form.

Example 3.8 Consider the vibrating equation of membrane

2 2 2

c(x, y,t) +a(x y,t)a +b(x, y,t)—W= 0, (3.31)

with the initial and boundary conditions,

1%%yﬁ)=$nz£mn%%,0£x£L 0<y<l,
a

%(x,y,O)zO, 0<x<l1, 0<y<l,

w0, 5L o702y T
W0, 53 =0, 0-£13- <1,
Wi, 1) =0, 0<x<1,
w(l,y,0)=0, 0< y<1r>0.
Comparing Equation (3.31) to general terms of PDEs in Table 3.2 the fundamental

(3.32)

operations of three-dimension differential transform method, we have

a(x, v,t) =b(x,yt)=—1 and c(x,y,t)=1.
Then forall >0, j > 0andr >0, we have

A@, j,r)y=B(,j,r)=—00,j,r) and CQ,j,r)=0(,j,r).
The following Kronecker symbols:

1 5x=y=t=0
8(x, y,1) = 6(x)o(y)o(1) = { 0

b
;otherwise,

from Equation (3.31) by applying DTM and Kronecker symbols to the given

suspended string equation, we have

Z( —i+2)(m—i+ )0, j, W (k—i,,h— j,m—r+2)
Jj=0 r=0

i=0

Zk:ii( k—i+2)k—i+1) =58, j,rW(k—i+2,h—j,m—r)

h m
> 22 (=1 = 8 oW (k= =+ Lom =),
Jj=
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then
Wk, hym+2) = !
(m+2)(m +1)5(0,0,0)
y Zh:i(k—i+2)(k—i+1)—5(i,j,r)W(k—i+2,h—j,m—r)
S zh:i(h—i+2)(h—i+1)—5(i,j,r)U(k—i,h—j+2,m—r) ]
e e D) 1)+ 20+ Dk 2, )W e+ 2, m),
(m+2)(m+1)
that is
(m+2)(m+DW(k,h,m+2)=(k+2)(k+D(h+2)(h+1) (3.33)

< W (k + 2, h, mW (k, h+ 2,m).

Comparing between the coefficient of Taylor’s series of sine and the series in the

definition (2.5)

. ; 27’ A4 1967 S O~ Y1072 o 12\
sin(zx)sin(zy) = AL — xt+ b X+ Xt— X t+...
2! 4! 6! 8! 10! 12!
D2 Wik, h,0)x* y" =(0,0,0)x"y" + 1 (1,1,0)xy
k=0 h=0
W (2,1,0)x" y+W(3,1,00x° y + ... (3.34)

+W(0,1,0)xy + W (1,2,0)xy” + W(2,2,0)x> y* + ...

Then, we have

0 il ke o2 Jand ghitoc s X5,
k+h
wh0) = | EE Zhe o2 505 and h=1,3,5,7 (3.35)
(k+h)!
_ k+h
e NSy VWS ) B WNT\).2
(k+h)!
and from the initial condition (3.32)
Wk,h,1)=0, k,h=0,1,23,.. (3.36)

from the boundary condition (3.32), we have
W(k,0,m) =0, k,m=0,1,2,3,...
WO, hm)=0, hm=0,1,23,.. (3.37)
Wk,1,m)=0, k,m=0,1,2,3,..
W(l,hm)=0, hm=0,1,2,3,..
From (3.35) - (3.37) and by recursive formula (3.33), we obtain the coefficients

W (k,h,m) for the series solution.
That is

1 1 1 1
u(x,v,0) =°xy - txy+=2t'xy - — 2 txy —— '’y + =72y + ...
(x, y,1) xy X+ Xy~ ALy y+e y
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Example 3.9 Consider the vibrating membrane equation with damping term

o’w o’w o’w
c(xayJ)? (X yat)) +b(x y:t) +d(x yat) (338)
with the initial and boundary conditions,
w(x, y,0) = sinﬂsin%, 0<x<Il 0<y<],
a

(Z—v:(x,y,O):O, 0<x<l1, 0<y<l,
w(x,0,¢) =0, 0<x<1,
w(0,y,6)=0, 0<y <],
w(x,L,t) =0, 0<x<1,
w(l,y,t)=0, 0<y<1,t>0,
comparing Equation (3.38) to general terms of PDEs in Table 3.2 the fundamental
operations of three-dimension differential transform method, we have
c(x,y,t) =1 and a(x,y,t) =b(x,yt)=d(x,y,t) =-1.
Then forall >0, 7> 0andr >0, we have
C@a,j,r)=0@,j,r) and AQ,j,r)=B(,j,r)=DG,j,r)=-0(0,J,r).
from Equation (3.38) by applying DTM and Kronecker symbols to the given

suspended string equation, we have

m

zh: (m—i+2)m—i+1)o(, j,rW(k—i,,h—j,m—r+?2)

1
 (m+2)(m +1)8(0,0,0)

m

EA:ZZ(/‘ i+2)k—i+1) =8, j,rW(k—i+2,h—j,m—r)

i=0 j=0 r=0

+izh:i(h_’+2)(h_l+l) 5@, j, Uk —i,h—j+2,m-r)

then k B
+ZZZ(h—i+1)—5(i,j,r)W(k—i,h—j+1,m—r)
=0

=0 j=0 r=0

1

= (k+2)(k +D)(h+ 2)(h+ DW (k + 2, h,m)W (k,h + 2,m),
(m+2)(m+1)

that is



39

(m+2)(m + D)W (k, hym +2) = (k + 2)(k +1)(h + 2)(h +1)
X W (k + 2, hym)W (k, h + 2, m) (3.39)
— (h+ D)W (k,h+1,m).
From (3.35) - (3.37) and by recursive formula (3.39), we obtain the coefficients

W (k,h,m) for the series solution.
That is

w(x, y,t) = —éﬁztzx + é7z6t4x + i7r4t2x3 —i7z6t4x3 - L7T6tzxs + L7z8t4x5 +...
2 12 36 48 144

Example 3.10 Consider the vibrating equation of membrane with external force

2 2 2

¥ y,oa +b(x, 1)

ow
c(x,y,t) —w' =0, (3.40)

with the initial and boundary conditions,

w(x,,0) =sinﬂsin%, 0<x<l, 02y<],
a

%(x,y,O):O, 0<x<l, 0<y<],

w(x,0,6)=0, 0<x<1,
w(0,y,t)=0, 0<y <],
w(x,L,t)=0, 0<x <1,
w(l,y,t)=0, 0<y <1120,
comparing Equation (3.40) to general terms of PDEs in Table 3.2 the fundamental
operations of three-dimension differential transform method, we have
a(x,y,t) =b(x,yt)=—1 and c(x,y,t)=1.
Then forall >0, j > 0andr =0, we have
A@, j,v) =BG, j,r)=—-0(@,j,») and CQ,j,r)=0(@,]J,r).
from Equation (3.40) by applying DTM and Kronecker symbols to the given

suspended string equation, we have

k h m
DD (m—i+2)(m—i+ DS, j,r)W (ki ,h— jm—r+2)
i=0 j=0 r=0
k h m
=D (k—i+2)k—i+1) =G, j,rW(k—i+2,h—j,m—r)
i=0 j=0 r=0

k h m
XY =4 )= 500 for Wk —ish = Lm =)

hy my

+ik2i22 S Wy by W, (K = e By = By =)W (k= Ky = By ym =),

ky=0k; =0hy=0m =0m,=0m; =0

then
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1

W(k,h,m+2)=
) = N +1)5(0.0.0)
k h m
DD k—i+ 2k =i+ 1) =6, j,r W (k—i+2,h—j,m—r)
i=0 j=0 r=0
k h m
Y I (h=i+2)(h—i+1) =5, j, Uk —i,h= j+2,m—r)
i=0 j=0 r=0
k k h h m m
+Z Z sz(kl’}ﬁ’ml)%(kz_klahz_h'lsmz_m1)VV3(k_k2’h_h29m_m2)
iy =0k; =0hy =0k =0m, =0m; =0
:—(k +2)(k+ 1) (h+2)(h+ D)W (k + 2, h,m)W (k, h + 2, m)
(m+2)(m+1)

h by m m

+ZiZZZZW(k],hI,mI)XW(k iy — By — m Wk — ke =y m—m,),

ky =0 ky=0hy=0h=0m,=0m;=0
that is
(m+ 2)(m + DWW (ks hym + 2) = (k + 2)(k + 0)(h + 2)(h + D)W (k + 2, b, m)W (k, h + 2, m)

DI IINIPI AR (3.41)

ky =0k, =0y =07 =0m, =0m, =0

W, (ky ki, hy = By my —m W (k = ky, h—=hy,m —m, ).

From (3.35) - (3.37) and by recursive formula (3.41), we obtain the coefficients
W (k,h,m) for the series solution.
That is
1 Y. < DY
WX, y,8) = T2xy— Xy + =2y —(— —+ I(———Z))x
(x, 1) Y % S o 30( ( 36)) Y
—lﬂ4x3y+lﬁ6t2x3y+
6 6

Example 3.11 Consider the vibrating membrane equation with external force and

damping term.

2 2 2

c(x, y,t) a(x y,t) +b(x y,t) 8y +d(x y,t)——w =0, (3.42)

with the initial and boundary conditions,

w(x,y,O)zsinﬂsin%, 0<x<I, 0Zy<],
a

g—v:(x,y,O)zo, 0<x<1, 0<y<],

w(x,0,6)=0, 0<x<1,
w(0,y,)=0, 0<y<1,
w(x,1,6)=0, 0<x<],
w(l,y,t)=0, 0<y<11>0,
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comparing Equation (3.42) to general terms of PDEs in Table 3.2 the fundamental
operations of three-dimension differential transform method, we have, we have

a(x,y,t)=b(x,yt)=—1 and c(x,y,t)=d(x,y,t)=1.

Then forall >0, >0andr >0, we have

AG, j,v)=B@, j,r)=-0@,j,r) and DC(,j,r)=C(3,j,r)=05(,j,r).
Applying DTM and Kronecker symbols to the vibrating membrane equation, we have

(m +2)(m + DWW ke, hym +2) = (k + 2)(k + D)k + 2)(h + )W (k + 2, b, m)W (k, h + 2, m)

ky h h m

~(h+1)W(k, h+1m)+ZZZZZZW(k1,hI,mI (3.43)

ky =0k =01, =0k =0m,=0m; =0
W,(k, =k, hy = ymy —m )W, (k=k,,h—hy,m—m,).
From (3.35) - (3.37) and by recursive formula (3.43), we obtain the coefficients
W(k,h,m) for the series solution.

That is

1 0 4.4 1 9 i 6 6 1 4.2 3 1 6,4 3
w, p,t)=——xmt x+1/67t ' x+—(—~(73)+—(7? =27 N'x+—7 t°X —— 7' X +...
(x, 1) > 30(( ) 12( ) G v



Chapter 4

Applications and Numerical Examples

In this chapter, we show graphical comparison between result without a
damping term, with a damping term, with an external force and a nonuniform
densities for the suspended string equations in Section 4.1. We also propose the
graphical result of the amplitude of the approximate solution from DTM of the
vibration of membrane without a damping term, with a damping term, with an

external force in Section 4.2

4.1 The Suspended String Equation

The comparisons result of the suspended string vibration without a damping
term (a) and with a damping term (b) are shown in Figure 4.1 Graphical comparison
between the vibration displacements without a damping term (a) calculated in

Example 3.1 and with a damping term(b) calculated in Example 3.2 when m=0.

b Yo, A PRI R i S A 4T
B 58 06 04 Dz 0 02 04 08 08 1 4 08 06 04 02 0 02 04 06 03 1
DISP acement Dlsp acement

GO0

(a) (b)

Figure 4.1 Graphical comparison between the vibration displacements without a
damping term (a) calculated in Example 3.1 and with a damping term(b)

calculated in Example 3.2 when m=0.

We find that the amplitude of vibration with a damping term (b) is less than
that of the vibration without a damping term (a), as the data values shown in
Table 4.1 Data Value of the suspended string vibration without a damping term

Example 3.1 (u,) with a damping term Example 3.2 (u,), with an external force
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Example 3.3 (uy) and error for the vibration of the suspended string equations at
x =0.20.

The comparisons result of the suspended string vibration without an external
force (a) and with an external force (b) are shown in Figure 4.2 Graphical comparison
between the vibration displacements between the without an external force (a) in

calculated Example 3.1 and with an external force (b) in calculated Example 3.3

when m=0.

Position

0 o ST HMEN Ay 500 ; s ; i
-1 08 068 04D 0 02 04 06 08 1 -1 08 0B 04 02 0 02 04 0B 08 1

Displacement Disp]a.cem ent

(@ (b)

Figure 4.2 Graphical comparison between the vibration displacements between
the without an external force (a) calculated in Example 3.1 and with an external

force (b) calculated in Example 3.3 when m=0.

We find that the amplitude of vibration with an external force (b) is less than

that of vibration without an external force (a), as the data values shown in Table 4.1
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Table 4.1 Data Value of the approximate solution of vibration displacement
without a damping term in Example 3.1. (#,) with a damping term in
Example 3.2 calculated in (u,), with an external force in Example 3.3

(u,) and the errors for the vibrating suspended string equations at

x=0.20

t (sec) u, U, u, |u1 - u2| |u1 - u3|

(without damping (with damping) | (with external force)

and external force)
t=0.00 0.9134 0.9134 0.9134 0.0000 0.0000
£=0.10 0.8973 0.8928 0.8928 0.0045 | 0.0345
t=0.15 0.8772 0.8673 0.8671 0.0099 0.0101
/=020 0.8493 0.8320 0.8315 0.0173 | 0.0178
t=025 0.8135 0.7874 0.7861 0.0261 0.0274

Position

; M & x o= & : ; i g s : : ; :
0 SE 5,94 03 0 0204 06 08 1 o, -néf/E-Ja 02 0 02 04 06 08 1 5 25 i L 12 AE06R 4 'JB'UED'J:‘ ”[a 0, 03 TA-TE 03 2
Disp[acement Displacement Displacement isplacement
(a) m=0.25 (b) m=0.5 (c) m=0.75 (d) m=1

Figure 4.3 Graphical comparison between the vibration displacements with

various nonuniform densities (m=0.25, 0.5, 0.75, 1) calculated in Examples

3.4-3.7.
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We find that the shape of vibration (blue line) approach to initial shape of
vibration (red line) when the densities and time increase, as the data value shown in

Table 4.2.

The data values of the vibration displacements with the increasing densities
(i.e, m=0.25, 0.50, 0.75, 1.00) calculated in Examples 3.4 - 3.7 and the errors when

fixed x=0.2 under different times ¢ are shown in Table 4.2.

Table 4.2 Data values of the vibration displacements with the increasing
densities (i.e, m=0.25, 0.50, 0.75, 1.00) calculated in Examples 3.4 -

3.7 and the errors at x=0.20.

t(sec)

t=0.00| =010 | t=0.15|¢=020]| r=0.25 ¢

|t0.00 4025 |

w(DTM)
w(m=025) | 09134 | 08704 | 0.8176 | 0.7456 | 0.6561 | 0.2573

w(m=0.50) | 09134 | 08883 | 0.8571 | 0.8140 | 0.7549 | 0.1585

w(m=0.75) | 09134 | 08943 | 0.8705 | 0.8374 | 0.7952 | 0.1182

w(m=0.10) | 09134 | 09018 | 0.8832 | 0.8671 | 0.8412 | 0.0722

4.2 The Vibrating Membrane Equation

Next, we show the results from the Examples 3.8-3.11 as the following Figures

44-47,
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0.6+

0.4+

021

0.2

04 06

08 10

a6

----- t(DTM)=0
t(DTM)=0.015
----- t(DTM)=0.030
----- t(DTM)=0.045
----- t(DTM)=0.1
t(analytical)=0

t(analytical)=0.030
t(analytical)=0.045
t(analytical)=0.1

— t(analytical)=0.015

Figure 4.4 Graphical comparison between the amplitude of the analytical

solution and the approximate solution from DTM of the vibrating membrane

equation calculated in Example 3.8

Table 4.3 Data value of analytical solution and approximate solution from

DTM calculated in Example 3.8 and error for the vibrating membrane

equation at x =0.5and y=0.5.

1(sec) w(analytical | \DTM) | error =|w(analytical)~ w(DTM)|
solution)
¢ =0.000 1:0000 1001 1.00x107*
120015 0.999978 1.00008 3.00x10°
£ =0.030 0.999911 1.00001 9.9x10°
/= 0.045 0.9998 0.999901 L01x107
£ =0.100 0.999013 0.999115 102 %10~

From the graphical comparison between the amplitude of the analytical

solution and the approximate solution from DTM calculated in Example 3.8 for the

vibration of membrane as shown in the Figure 4.4 and the value analytical solution

and approximate solution from calculated in Example 3.8 and error for the vibrating

membrane equation at x =0.5and y =0.5as shown in Tables 4.3, we can see that

the amplitude of the analytical solution and the approximate solution from DTM in

Example 3.8 of the vibration of membrane are close to each other.
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=0.015

10 -
— t=0
08
. t=0.015 ;
04 — 1=0.030
02 — t=0.045 ]
02 04 06 08 X T t=0.1 L

Figure 4.5 Graphical result of the amplitude of the approximate solution from

DTM of the vibration of membrane with a damping term in Example 3.9

Table 4.4 Data value of DTM calculated in Example 3.8, DTM with a damping
calculated in Example 3.9 and the errors for the vibrating

membrane equation at x=0.5 and y=0.5.

t(sec) w(DTM) | WDTM withdamping) | ¢rer - Yff,%; \ o
¢ = 0.000 1.0001 1.00011 10010~
1=0.015 1.00008 1.00009 10010~
£=0.030 | 1.00001 1.00002 1.00x10°
1=0045 | 0999901 0.999904 3.00x10°
{=0100 | 0999115 0.998968 |47 %10~

From the graphical result of the amplitude of the approximate solution from
DTM of the vibration of membrane with a damping term in Example 3.9 as shown in
Figure 4.5 and the data value DTM in Example 3.8, DTM with damping in Example 3.9
and error of the vibrating membrane equation at x=0.5 and y =0.5as shown in
Tables 4.4, they show that the amplitude of motion for the vibrating of membrane

decreases when damping term is added to the problem.
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=0.015

- — t=0
) t=0.015 !
—— t=0.030
— t=0.045
. — t=0.1 :

0.0 0.2 0.4 0.6 0.8 1.0

Figure 4.6 Graphical result of the amplitude of the approximate solution from

DTM of the vibration of membrane with an external force in Example 3.10

From the graphical result of the amplitude of the approximate solution from
DTM of the vibration of membrane with external force Example 3.10 shown in Figure
4.6 and the value DTM in Example 3.8, DTM with a damping in Example 3.9 and error
of equation of the motion for the vibration of membrane at x=0.5 and y=0.5,
they show that the amplitude of motion for the vibration of membrane decreases

when external force is added to the problem.

=0.015

—_— t: 0 W

Figure 4.7 Graphical result of the amplitude of the approximate solution from
DTM of the vibration of membrane with a damping term and an external force

in Example 3.11

From the graphical result of the amplitude of the approximate solution from
DTM of the vibration of membrane with a damping term and external force in
Example 3.11 shown in Figure 4.7 and the value DTM Example 3.8, DTM with a

damping in Example 3.9 and error of vibrating membrane equation x=0.5 and
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y=0.5as shown in Table 4.4, they show that the amplitude of motion for the
vibration of membrane decreases when a damping term and external force are

added to the problem.



Chapter 5

Differential Transformation Method for the nonlinear

functions, Applications and Numerical Examples

In this chapter, DTM is applied to find approximated solutions for the nonlinear
functions. The two examples in following Section 5.1, recurrence systems are first
obtained and then a routine computer programming is used to find an approximated
solution in the Taylor series form. We showed the comparison results obtained from
the recurrence relation of the differential transformation to [37] and modified

recurrence relation of the differential transformation in this work.
5.1 Differential Transformation Method for the Nonlinear Functions

In this Section, DTM is applied to find approximated solutions for the nonlinear
functions.
Example 5.1 Consider f(7)=¢" from definition 2.1, we have k=0
1 d°f,(0)
FO) =— ]
(©) 0!{ &

= £.)

at

=e
Differentiating £ (t,) = e*™ - with respect on ¢,

df. (¢
% = ae™ = afi(t), (5.1)

differential transformation method Table 2.1 The fundamental operations of
one-dimension differential transformation method, we have

(k+1)F (k+1) = aF (k),
we obtain k+1 with &k, we have

kF; (k) = aF (k-1)
aF (k-1)

k

and recursive method of T-function for £ (¢, )=€"® , we have

F (k) = . k>1,



Fl0]=e", k=0,
F (k)=1 aF (0)
!

, k=1

Example 5.2 Consider f,(t)=e" coswt by h(t)=e" sinwt.
From definition 2.1, considering k=0

F, (t0 ) =e“™cosalt,),

H(ty)= e“sineo(ty),

Differentiating f5(f) = e“coswt and h(t) = e“sinwt with respect
df (t
sz() = — (e sinon) + a(e™ coswr) = —wh(t)+afs (©),
dh (t) AV at at - o, -
7 4 4 w(e” coswt)+a(e” sinot) = w f5(t) + ah(t),

recursive method of T-function for fz(t)=e‘”cosa)t ,we have

e™ cos wt, k=0,
By (k) =3 —wH (0) + aF, (0) y S
k £4 i o)

and recursive method of T- function for a(¢) = e“sinwt , we have

eat0 sin at, 1 P 0,
H(k) =1 wF;(0)+aH (0)

k=1,
k

5.2 Applications and Numerical Examples
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(5.2)

(5.7)

In this Section, we will show the comparison results obtained from the

recurrence relation of the differential transformation in [37] and modified recurrence

relation of the differential transformation in this work.

The following recursive formulas of the differential transformation of £ () =e“

is obtained by definition 2.1 when ¢, =0 as applied in [37]

1, k=0
B (k)=1 aF; (k-1)

, k=1
k
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Equation (5.8) is the recurrence relation for finding the coefficient of the approximate
Maclaurin series of the original nonlinear function
fily=e".
We find that for the given k=600 and ¢e[-0.2,0.2], the graphical comparison
results between f(t)=e“ and the approximate Maclaurin series using DTM are the
same for defined —450<a <450 as shown in Figure 5.1 However the approximate

Maclaurin series is diverge for defined a<-450 and a>450 as shown in Figure 5.2.

= f,(t)Original
- /(ODIM

Figure 5.1 The graphical comparison results  between f(t)=¢" and

£ =1 +7¢ +4—29t2+3;23!3+%t4+%t5+...+9x10’902t(’(’° using DTM when

t€[-0.2,0.2], a=4 and k=0600.

== f,(t)Original
—_— () DTM

Figure 5.2 The graphical comparison results between f(¢)=¢“ and

83187500 e

£() =1£° +550¢" +151250¢% + +..+1.3x10%°/°  using DTM when ¢e€[-0.2,0.2],

a=550 and k=600.
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By the similar way to Equation (5.8), the following recursive formulas of the
differential transformation of f,(t)=e“coswt is obtained by definition 2.1 when
t, =0 as applied in [37]
1, k=1,
By (k) =1 ~wH (k -1)+aF, (k1) (5.9)
k b
and recursive method of T-function for h(f) = e“sinwt , we have

0, k=0

H(k) =1 oF;(k—1)+aH (k1) o (5.10)
k bl =5

We find that for the given k=600 and ¢e[-0.5,0.5], the graphical comparison

results between f,(1)=e”coswt and the approximate Maclaurin series using DTM
are the same for defined -180<a<180 and -70<@<70  as shown in Figure 5.3
However the approximate Maclaurin series is diverge for defined @ <-180,4>180 and

< -70,0>70 as shown in Figure 5.4.

= f,(t)Original
— [, () DTM

Figure 5.3 The graphical comparison results between f,(t)=e“coswt and

f()=12¢ Splp T
: 2

19 .
3 24t4+%t5+...-6.1x10’12°°t6°° using DTM when ¢ <[-0.5,0.5],

a=-2, k=600 and w=1.
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= f,(t)Original
— f,()DTM

Figure 5.4 The graphical comparison results between f,(t) =¢e“coswt

7ot £+ 4813342 2+, —1.1x1072% " from DTM when and

and £, (¢) = 1¢°+8¢' —-3168¢° —

t€[-0.5,0.5], a=8, k=600 and w=2380.

The graphical comparison results between the original functions and the
approximate Taylor’s series with the coefficients obtained from the modified
differential  transformation method as the recurrence relations of f(t)=e" in
Equation (5.2) and the recurrence relations f5(¢) =e"coswt in Equation (5.6) are shown

in Figures 5.5 - 5.6, respectively.



f1(t)

25 x 103!

20 x10%'

15 x10%"

1.0 x 1031

50 x 10

= f(OOriginai
—OM

-02 -01

0.1

02

Figure 5.5 The graphical comparison results
1 .

f(@) =1" +550¢" +151250¢7 +wl3 +..4+1.3x1070¢% using
t€[-0.2,0.2], a=550, and k=:600.

fa(t)

— L) Original
4 —_— A {)DTM
20
EXJdIRERNT: 0 ’
~20
=40

DIM
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between f(t)=¢” and

when

Figure 5.6 The graphical comparison results between f,(t)=¢" sinot and

76544 , 4813312 ,
- 3 t

£ () =1"+8¢' —3168¢" —

t €[-0.5,0.5], a=8,k=600, and w=280.

4o =1 1% 10720500

using

DTM when



Chapter 6

Conclusion

In first problem, the modified theorem of the two-dimensional differential
transformation method for cubic term is manifested. The proof of the theorem is
derived. The theorem can be applied in several applications. The cubic term of
differential transformation can be applied efficiently to the nonlinear terms of
suspended string equation. This work demonstrated that the differential
transformation method can be applied to the initial and boundary value problem of
the partial differential equation.

The second problem, the vibrating membrane equation is studied we found
that the analytical solution and the approximate solution is very identical when the
equation without a damping term and an external force that can depict the DTM
(Differential Transformation Method) can efficiently detecting the vibration of
membrane. Then we added a damping term, and an external force in the vibrating
membrane equation to find the approximate solution by DTM, we found that as we
added the damping term, and the external force con can cause the amplitude of the
vibrating membrane equation to decrease.

The third problem, the modified recursive formulas of differential
transformation method is presented in this work. The obtained formulas is used to
find the coefficients of the Taylor’s series applied to the approximate the nonlinear
functions. The comparison results between the approximate Taylor’s series and the
original function are the same. These obtained formulas can be used to solve many

applications in the future works.
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1. Introduction

Many researchers have attempted to understand several phenomena occurring in
nature by applying knowledge from different field such as mechanical engineering, electrical
engineering, industrial engineering, energy and medicine. Most of these problems have been
studied by employing some form of mathematical modeling using both ordinary differential
equation (ODE) and partial differential equation (PDE). These problems require an accurate
solution, either as an analytical solution or approximate solution. The differential transform
method (DTM) is among the most effective mathematical methods for finding solutions to
these differential equations (Hatami, Ganji, & Sheikholeslami, 2017).

The differential transform method (DTM) is based on the high-order Taylor series
expansion. This method is a powerful tool for solving linear and non-linear ordinary
differential equations (Ayaz, 2004; Arikoglu, & Ozkol, 2006; Catal, 2008) and for solving
two-and three-dimensionals partial differential equations in both linear and non-linear
problems. DTM can be used to solve the differential equation subject to initial and boundary
conditions having both linear and non-linear terms within an acceptable error range.

The two-dimensional differential transform method (2D-DTM) is used to find the
solutions of both linear PDEs (Chen, & Ho, 1999; Othman, & Mahdy, 2010; Ayaz, 2003;
Yang, Liu, & Bai, 2006) and nonlinear PDEs (Bildik, Konuralp, Bek, & Kucukarslan, 2006;
Kangalgil, & Ayaz, 2009; Biazar, & Eslami, 2010; Biazar, Eslami, & Islam, 2012).

Additionally, the three-dimensional differential transform method (3D-DTM) is
applied to find the solutions of linear and non-linear PDEs (Saravanan, & Magesh, 2013;
Bagheri, & Manafianheris, 2012). It is noted that the differential transform method can be
used to solve multidimensional PDEs such as the Westervelt equation (Jafari, Sadeghi, &

Biswas, 2012), heat-like and wave-like equations (Tabaei, Celuk, & Tabaei, 2012), and fuzzy
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partial differential equations (Mirzaee, & Yari, 2015) as well as the linear and nonlinear
system of PDEs (Ayaz, 2004; Zedan, & AliAlghamdi, 2012).

Many researchers are concerned with the use of non-linear PDEs by applying several
transform methods as follows. The Fitzhuah Nangumo (FN) equation is a mathematical
model for solving scientific and engineering problems by using q-HATM and the fractional
reduced differential transform method (FRDTM) which is based on DTM (Kumar, Singh, &
Baleanu, 2017).

The numerical solutions to non-linear fractional dynamical model of interpersonal and
romantic relationships are presented by applying g-homotopy analysis via the Sumudu
transform method (q-HASTM) (Singh, Kumar, Qurashi, & Baleanu, 2017).

Jeffery-Hamel flow in non-parallel walls, which relates to non-linear PDE and occurs
in fluid dynamics and other scientific applications, is solved by using an efficient hybrid
computational technique, the homotopy analysis transform method (HATM) (Singh, Rashidi,
Sushila, & Kumar, 2017).

The homotopy perturbation Sumudu transform method (HPSTM) and homotopy
analysis Sumuda transform method (HASTM) are more convenient than the homotopy
perturbation method (HPM) and the homotopy analysis method (HAM) since they produce a
comparative analytical study for a system of time factional non-linear differential equations
(Choi, Kumar, Singh, & Swroop, 2016).

Further examples of the application of PDEs by Laplace transform method to various
problem include Case [-application of drum head vibration solving by separation of variables
method, and Case II and Ill-application of signal transmission and application of chemical
communication in insects. All three cases give simulations on the solutions implemented by

MATLAB software (Ojwando, 2016).
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A modified He-Laplace method (MHLM) is applied to solve space and time nonlinear
fractional differential-difference equations (NFDDEs) (Prakash, Kothandapan, & Bharathi,
2016).

In our previous work, we studied the suspended vibrating string equation using 2D —
DTM. It was found that DTM can be applied to various problems of the suspended string
equation.

In this proposed work, we study further the vibration equation in three dimensions of
the motion of a membrane using the 3D-DTM. The oscillation of a membrane-like plate,
which is determined by the tension and insignificant resistance to the bending. The
differential transform method was applied to find solutions of the motion equation of a
membrane with an external force and damping term. We compare the results with an
analytical solution. We show in detail the derivation of the transformed formula of DTM
which is of the n™ power form (to be shown in theorem 3.6). The obtained formula helps
simplify the use of DTM in solving non-linear PDEs. It is noted that the formula requires
high computation to find a complete solutions mainly due to the fact that the formula is in the

recursive form.

The equation of motion of a membrane
The equation of motion for the forced transverse vibration of a membrane, after (Rao,

2011) is as follows:

2

Fw w w
P( 6%2 + ayz J+f('x7y!"")=p(x:y)?5 (1)

where f(x,y,f)is the pressure acting in the z direction(external force), P is the intensity of

tension at a point equal to production of the tensile stress and the thickness of the membrane,
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and p(x,y) is the mass per unit area. We assume that f(x,,f)=0, P=1, and p(x,y)=1.
Then Eq.(1) leads to:

dw  Ow_w

T 2
6x2+3y2 ot @

The initial conditions of (2) after (Rao, 2011) are:

w(x, y,0) =sinEsin%, 0<x<a, 0<y<h,
a

%w(x,y,o):(), 0<x<a, 0<y<bh,
t

we assumed that a=1and b=1.Therefore, the boundary conditions of the equation of

motion of a membrane are definded thus:

w(x,0,6)=0, 0<x<1,
w(0,1,1)=0, 0<y<1,
wix,L6)=0, 0<x<1,
w(l,y,6)=0, 0<y<LteR.

3)

An analytical solution

The following is the derivation of the analytical solution of the problem (2).

-~

Considering the initial conditions w(x, y,0) =sin zxsin 7y and iﬂt(x, »,0) =0, the boundary
0

conditions are shown in (3).The general solution can be derived by the separation of variables
technique:

wx, 1) = XY ()T (), 4)
Subject to the eigenvalue, ~@’,c* and B’ , can be written (2)

X'@ Y0 _TO__
X0 YO 10

]

X'@ Y0

X(x)  Y(p)
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X _ YO,
X@ Yy

2 2

and o =a,

X' _ e
X(x)

then X'"(x)+a’ X(x) =0,

Y'(y) —d -’
¥(y) ,

assumed -’ +w' =, Y'(y)+(—a’ +@")Y(y) =0,

then Y'(y)+ BY(y) =0,

O
I(t)

and

then T'(6)+ &’ T(t) =0,

X'"(x)+a’X(x) =0, (5)

Y'(y)+ BY(y) =0, (6)

T'() + &’ T(t) = 0. (7
We obtain a solution of (5) as X (x) = C, cosax + C, sinax, where C,and C, are arbitrary
constants. Subject to the boundary conditions X(0) =0, we have C, = 0. Then
X(x)=C,sinax full step the boundary condition X (1) =0.Let C, # Ogivea =mm,mel,
we have that

X, (x)=C, sinmrx. (8)
We obtain a solution of (6) as ¥(¥)=C, cos fx+C, sin fy.According to boundary
conditions ¥(0) =0, we have C, = 0. Then the boundary conditions Y (y) =0.

Letting C, # 0 gives f =nm;n €1, then we see that:



Y (y)=C, sinnzy.
From

P :ﬂz +a2’

wzzr\fmz +n*.

We obtain a solution of (7) as

L. ()=A4,cosat+B, sinot.

i

Then

T, (1) =4, cosz\m* +n’t + B, sintm’ +n’t .

According to (8), (9) and (10) can be written
Wmn (xs)’,t) - X(x)Y(}’)T(f)e
+ (Am,i C,C, sinmzxsinnzycos zam’ +n’ I)

B . . 2 2
+ (BMCMC,, sinmzxsinnzysinz\m’ +n r),

where F,, = A C, C =B,C Candforall mnel

min LY AT AP 2 mn mn = m

By using the superposition principle (11) become

W(x,y,t) = Zzwnm (xiyﬂz)s

m=l n=1

- ii(Fm sinmzxsinnzy cosﬂ\/mt),

=1 n=1

m
- . : 2 2
+ (Hm sinmzxsin nzysinz\m® +n t).

)

(10)

(11)

(12)

- ) ow
According to the initial condition w(x,y,0)=sinzxsinzy andg (x,»,0)=0. By using

Fourier series, we have

F =1; m=1 and n=1,

nn

H, =0mnel

w=2x.

69



70

Substituting £, =1, H,, =0 and @ = 27 in (12), we obtain the analytical solution:

w(x, y,t) =sin 7xsin Ty cos 2zt (13)
In the case of the problem (2) with damping term are represented by

o'w 0w &Fw ow
PR E e S
ot x”  oy° ot

By similar calculation, we obtain the solution of T, () as

r+B

T,.(t)=€? (4,,c0s———1+B,, (14)

Considering (14), we can see that substituting = Ji}r to (14), it make «1—4@" be the

complex number. Therefore 7(¢) are not solvable.

2. Three-Dimensional Differential transform method
The basic definitions and fundamental operations of differential transform are defined
below.

Definition 2.1 The three-dimensional differential transform of function w(x, y,¢) is defined

as:

1 ak+n’r+m W(x, v, t) ‘

Wk, h,m) =
: ) kthtm! ox*oy' o™

k=20, hz0and m=0.

(0,0,0)
Definition 2.2 The inverse three-dimensional differential transform of sequence

(W (k,h,m) }" s defined as:

k.h,m=0

w(x, y,1) = ZZZW(k hym)x*y"t" (14)

k=0 h=0 m=0
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3. The fundamental operations of three-dimensional differential transform method .
From Table 1 theorem 3.1-3.5 shown in (Yang, Liu, & Bai, 2006).

The following is the derivation of theorem 3.6:

If v(x, y,t) = w,(x, v, )w, (x, y, 1 )..w,_ (x, ,t)w, (x, y,t) then,

k L h my_) ky kg

vanm-3¥ 3 YT T T ST ZZZ

by, =0k, =0k _,=0h,_>=0m,_=0m, =0 k=0 k=0 hy=0h=0m,=0
W (k,, by ,m )W, (ky =k, hy — hy,m, —m,)...
W,k s —h W, (k —

] kﬂ—Z 2 n =22

h—h

n—-1?

mn—l = n-1? m= mn-l )'

For V:I' >R, W :I' >5Rnel’, v:R>R w:R->Rnel',xeR
and k,h,m=0,1,2,3,...

By definition of the three-dimensional differential transform:

k+h+m
FEAGR (57 | T3 YT T
k'himl| = ox"oy 0" (0.0.0)

we obtain v(x, y,1) = w, (X, »,0)w, (X, v, )., (6, v, D)W, (X, 1,1)

Then by using definition (13), we have:

1 a.fHJHm
Vk,h,m) = AT ![ax*ay"a:'" w, (x, v, O)w, (x, p, 0w, (X, y, D) w, (x, y,t)}

1 e | (R k! h! m!
“k'him! ,‘.;M;M;n (k,_ DNk=k, D (h,_)(h=h ) (m,_ ) (m—m, _)!

(0,0,0)

aku—l +hy_+m,
ax;("_L ayh"_' atm"_' wl (I, ys t)wz (xs y: t)‘ L

k=K, _ +h=h,_ +m=m,_,

w,n-l(x?y?t) "’Fu(}:’yﬁt)}

ax.v’.'-ku_lQvii-trﬂ_,alni-ni,,_l

(0,0,0)
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k h m

=0 h,_;=0 m,_;=0

k,-)! (h,,_l)'(m,,_,)' S gl

1 al‘—kn_, +h—h,_+m-m,_,

(0,0.0)

akﬂ yH,_+m
{ wl(‘x=ysf)wz(xsyﬂt)'"wu—l(xiy’t):|

’ Jt
(k kn 1) (h h" |)T(m m, _ 1)T i a)’b_b" N, siaa (5 )]

(0,0,0)

kg by y m my_y

DIDIPIPIP D)

bt =0 h,_=0 hy_2=0 niy_y=0m,_>=0

aﬁ o+l g 4m, o
|: ) (h )T(m )' ax "—’ay by L2 atm" 2 VI (xsyrr)wz(‘I’y’r)"'m’n—l(xsyst):|
n -2 n=2 n=2

(0,0,0)
{ n—2 = n—2
" g n")(hnl -,)!(mﬂlfm -,)'

o by —huathy =y o +my =, 5
X w/ (X, P,
ax“nfl —hn s ayhx—l —hy_ o1 M2 m ( 2> )

(0,0,0)

1 ak —k,_ +h-hy,_ +m—m,

Lk?hIMMh N = m, )Y O Gy e o

ZZZIZZZZZEZIZ b

=0k, =0k, =0k, =04, =0h,_;=0m, =0m, _5=0m, =0

w, (x, v, t)}

(0.0.0)

aA,, 2ty o
:t £l :t W, 3 ,t
[ ”Mmymdy&hmMW%WﬁJ)%ﬁy)W“UY%

(0.0,0)

1
|: n -2 "}yl 3) (hrr D1\ 3) (mn—’ —er—S)!

Koz ki3 # By a S Py oy, a—m, 5
w, 5 (X, .0

X
L = g3 Dy gy —my_3
0 ov" ot B

1
|:(kn] —k, A, —h, ) (m—m, )

ARk by By o+t =m,
Wn—l (‘I 2 y 2 i )

(e,

X
A Fn1—kn-2 3y Fin1=Ra=a ey~ 2
Ox oy ot .

1 al Ky #l=h,_ +1-m,_,
X, 7t s
{(l—k"l)!(l—hn.)-'(l— m, ) Q'™ gy’ o i )}

(0,0,0)



k,_» h,_y M,y M,_»

veam-Y SETTTIEYT.

Ky =0k, =0k, _s=0h,_;=0h,_,=0h,_s=0m,_=0m,_,=0m,_s=0
ki kZ! &24 hlzj mi i
Ky =0 ky =0 hy =0 hy =0 m; =0 m, =0

W, (k, by om, Wy (ky — K, Iy — By oy —m))...

n-] (k n—2 ’kn-] - hﬂ—2 b4 mn—l - mn—Z )I/Kf (k - lkn—l ’ h - 'hn—] s = mn-] )'

since V(x, 1,1) = W, (x, ¥, )w, (x, v, 1)..w,_ (x, v, )w, (x, ¥,1) then,

m, hy my M,

m,h,m)—z Z > Z DI ZZZZZZ

=0k, _;=0h,_=0h,_,=0m,_=0m,_,=0 =0 k=0 hy =0 k=0 m,=0 m;=0
W(k,, LmOW, (ke =k by — by ymy —imy)..
n— I(kn- n—Z’hu-I 7hn—2’m )W (k k

n—12

h=h

n=1?

m,_, m—m,_).
4. Application

In this section, we apply the three-dimensional differential transform method to the
vibration of a membrane. We demonstrate four examples of the problem under different
conditions. The conditions are (i) without damping term, (ii) with damping term, (iii) with
external force, and (iv) with damping term and external force. The initial and boundary
conditions as defined as follows.
Example 4.1 Considering the equation of the motion for the vibration of 2 membrane

w ¢ w 9w

ot

(15)
with the initial and boundary conditions,

w(x,y,()):sin?;xsm? 0<x<l, 0<y<],

%(x,y,0)=0, 0<x<l 0<y<l,
i

w(x,0,1)=0, 0<x<1,
w(0,y,0)=0, 0<y<1,
wix,1,)=0, 0<x<1,
w(l,y,t)=0, 0<y<lteR.

(16)
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Comparing (15) to the general terms of PDEs in Table 1, we have:
a(x, y,t) =b(x,vt) =c(x, y,t) =1.
Then forall >0, j=>0andr >0, we have
A, j,ry=B(, j,r)=CG,j,r)=00,j,r).
The following Kronecker symbols can be used:

Lx=y=t=0
FEIEEED Sk y) = (080,

0; otherwise,

5()(,}),1,‘) = 5(x)5(y)5(l) = {

By applying DTM and Kronecker symbols to the given equation of motion for the vibration

of a membrane, we have

Wk, h,m+2) = !

(m+2)(m+1)5(0,0,0)

k h m
x|:zz (k=i +2)k =i + 1) AG, jor Wk =i+ 2,h— j,m—r)

i=0 j=0 r=0
+iii{h —i+2)(h—i+ DB, jr WU (k=i,h=j+2,m=r) ],

i=0 j=0 r=0

2V e D)+ 2 b D2 ) e+ L),
(m+2)(m+1)

that is

W (k, hym +2) = [(k -+ 2)0k + D+ 2)(h+ Dk + 2., mW (K, +2,m)]/

(17)
(m+2)(m+1D)(m+2)(m+1).

Comparing between the coefficient of Taylor’s series of sine and the series in the definition

(14)
. . 27’ - l4xt 67° 8 107" 127"
Sln(ﬂ'x)sm(fry)“:‘ixt—ift-kift—ix?t-s- A P L LV
2! 4! 6! 8! 10! 12!
3D Wk, h,0)x" y" =(0,0,0)x"y" + W (1,1,0)xy + W (2,1,0x"y
k=0 h=0
; 18
+W(3,1,00x°y + ..+ W(0,1,0)xy + W(1,2,0)x)” (18)

W (2,2,00x° 5 + ...
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Then, we have

0 if k=012.. and h=0,2,4,6,..
k+h
Uk, h,0) = % if k=159, and h=1357,. | (19)
+h)!
k+h
m if k=371L.. and h=13.57,..
+h)!

and from the initial condition (16)
Wik,h,1)=0, k,h=0,1L2,3,..., (20)
and from the boundary condition (16), we have

W(k,0,m)=0, k,m=0,12,3,..
W(0,h,m) =0, h,m=0,1,23,...,
Wk, L,m)y=0, k,m=0,1,2,3,..,
W(L,h,m)=0, hm=0,1,23,..,

21

for each k,h,m substituting(19)-(21) and by recursive method of (17), we obtain the

coefficients W(k, h,m) for the series solution.
That is

1 1 1 111"
u(x, y,t =n'xy-m'txy+—atx—-—r -ty + =Py +
(x,y,) =7"xy N o QHEE Rt V4 >

As the result in (14), we can not apply the separation of variables technique to find the
analytical solution to the problem with damping term as equation (22). In the following
example, we apply the DTM to find the approximate solution to the problem.

Example 4.2 Considering the equation of motion for the vibration of a membrane with
damping term.

azw_62w+azn’_@
at  at @t o

(22)

comparing (22) to general terms of PDEs in table 1, we have

a(x, y,t) = b(x, yt) = c(x, y,t) = Ld(x, y,t) = -1.



Then forall i 20, j > 0and7 >0, we have

A(, j,r) =BG, j.r)=C, j,r) =00, j,r).D{, j,r) ==060, j.r).
By applying DTM and Kronecker symbols to the given equation of motion for the vibration

of a membrane, we have:

W (ke hym + 2) = [ (k + 2)(k +1)(h + 2)(h + DWW (k + 2, h, m)W (k, h +2,m)

(23)
~(h+ DWW (ko h+1,m)]/ (m+2)(m +1).

For each k,h,m substituting(19)~(21) and by recursive method of (23), we obtain the

coefficients W (k, h,m) for the series solution.

That is

5 5 5 1 1
X, ¥, ———JT x+ =2 tx+ =ty - =2 ==X +— '+
it 2,2 - 6,4 2 643 6,75 8745

12 36 48 144
Example 4.3 Considering the equation of motion for the vibration of a membrane with

external force.

6w_c32w O w
02 ) /a2 X3

- (24)

Comparing (24) to general terms of PDEs in table 1, we have:
a(x, y,t) =b(x, 1) =c(x,y,t) =L q(x, p,t) =—1

Then forall i >0, j = 0and# > 0, we have:

A, j,r)=B(i, j,r) =CG, j,r)= 5(1-,]',1’),Q(1‘,j,?‘) =-0(i, j,r)-
By applying DTM and Kronecker symbols to the given equation of motion for the vibration
of a membrane, we have

W (ks hym + 2) = [k + 2)(k +1)(h +2)0h+ DIV (k +2, b, m)W (k. + 2,m)

m  my

—zzzz’zzwwm 25)

ky =0k =0hy=0h =0m, =0m =0

W, (ky =k by = Iy sy = m W, (k = Ky = By, = my) |/ (m+ 2)(m +1).
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For each k, h,m substituting (19)-(21) and by recursive method of (25), we obtain the

coefficients W(k,h,m) for the series solution.

That is:

8 8 10

1 1 T T
X, )= xy—m'tay+ -ty + — (- +3(- -
w(x, 1) xy iR 30( p ( 1236

Example 4.4 Considering the equation of the motion for the vibration of a membrane

with external force and damping term.

Iw Pw Ow ow
e LY (26)
o o' o ot

Comparing (26) to general terms of PDEs in table 1, we have
a(x, y,0) =b(x,y1) = e(x, ;1) = Ld(% 1) = q(x, y,0) ==1.
Then forall i 20, 7= 0andr 20, we have
A(G, j,r) = BG, j.r) = CG. j,r) = 00, 1), D, j.r) = X, jor) = =0, /. 7).
By applying DTM and Kronecker symbols to the given equation of motion for the vibration
of a membrane, we have:

W (k, hym +2) =[(k4+ 2)(k + 1)(h+ 2)(h + D (k + 2, h,m)W (k, h+ 2,m)
~(h+ W (k, h+1,m)

ky hooh om m

LSS Sk By — kB — o —m,)

ky =0 k=0l =0/ =0m;=0my =0

W,k = ky = By = m1y)] / (m + 2)(m+ 1), @7
For each k,h,m substituting (19)-(21) and by recursive method of (27), we obtain the

coefficients W(k,h,m) for the series solution.

That is:

(SIS

1 1 o1 1 S|
wix, 1.0) =——mx+1/ 67 x +— (73 )+ — (72 =22 0N°x+— ' —— 2% + .
Ax, y,1) 5 30(( ) 12( ) ) 36

1 1
N xy —gfr"fy + gﬁﬁtlfy +...
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5. Results and Discussion

Next, we will show the results from examples 4.1 to— 4.4.

Figure 1 Graphical comparison between the amplitude of the analytical solution and the
approximate solution from DTM of the vibration of a membrane.

In Figure 1, at the initial time, the approximate solution (dashed blue lines) obtained
from DTM in Example 4.1 is close to the analytical solution (solid orange line) calculated
from equation (13). With increasing time, both results continue to lie close to each other.

Figure 2 Graphical result of the amplitude of the approximate solution from DTM of
the vibration of a membrane with a damping term.

The graphical results of the approximate solution from DTM of the vibration of a
vibrating membrane with a damping term (Example 4.2) are shown in Fig.2. We found that
the amplitude of vibration is less than that of the vibrating membrane without a damping
term, as shown by the results in Table (2).

The values for the exact solution, approximate solution with a damping term and error
for the vibration of membrane are shown in Tables 2 below.

Table 2 Data Value at x =0.5, y=0.5.

Figure 3 Graphical result of the amplitude of the approximate solution from DTM of
the vibration of a membrane with an external force.

The graphical results of the approximate solution from DTM of the vibration of a
membrane with the external force (Example 4.3) are shown in Fig.3. We found that the
amplitude of vibration is less than that of the vibrating membrane without the external force,
as shown by the results in Table (3).

Figure 4 Graphical result of the amplitude of the approximate solution from DTM of

the vibration of a membrane with a damping term and external force.
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The graphical results of the approximate solution from DTM of the vibration a
membrane with a damping term and external force (Example 4.4) are shown in Fig.4. We
found that the amplitude of vibration is less than that of the vibrating membrane without a
damping term and external force as shown by the results in Table (3).

The values of the approximate solution for the vibration of a membrane with the
external force, with the external force and a damping term, and error for the vibration of a
membrane are shown in Table 3 below.

Table 3 Data Value at x =0.5, y=0.5.

6. Conclusions

We found that the analytical solutions and approximate solutions are very similar in
case of the problem with no damping and external force. In the case of the problem with a
damping term and external, the analytical solutions are not solvable. Therefore the DTM is
used to find the approximate solutions. The obtained results show that the addition of a
damping term, and addition of external force in the equation of motion of the membrane, can

cause the amplitude of motion for the vibration of a membrane to decrease.
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Figure 1 Graphical comparison between the amplitude of the analytical solution and the

approximate solution from DTM of the vibration of a membrane.
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Figure 3 Graphical result of the amplitude of the approximate solution from DTM of

the vibration of a membrane with an external force.

=0.01%

' w

é = =0.000 .
g =0.015

<

5 = =0.030

=

@ . 1=0045

R LA == 1=0.060 %

L

Position

Figure 4 Graphical result of the amplitude of the approximate solution from DTM of

the vibration of a membrane with a damping term and external force.

84



The fundamental operations of three-dimensional differential transform method

Original function

Transformed form

31

2
VCx, 1, 1) = acx, 1) 2B 20
ox”

V(k,h,m) = iii(k —i+2)(k—i+1)

=0 =0 r=0

A, j,r)W(k—i+2,h—j,m—r).

&w(x, y,1)

k b m

32 v(x, 1) =b(x, y,1) —— Vik,hom)=Y3"> (h—i+2)(h—i+])
oy i=0 j=0 r=0
B, j,r)Uk—i,h—j+2,m—r).
2 = k h m
33 V(xa}’wf):'?(l',)’,f)w Vk,hom)y="3"3" (m—i+2)(m—i+)
oL~ i=0 j=0 r=0
Ci, j,rW(k—i,,h—j,m—r+2).
'}} b 1 k h m )
34 v(x.y.!}:d(x,y,f)% Vik,h,my=>">"%" (h—i+1)D(i, j.r)
t i=0 j=0 r=0

DU, j,r )Wk —ish=j+Lm—r).

35

vix, v, 1) =x"y't*

Vik,hy,m)=06(k—n,h—I,m—s)=8((k —n)é(h—1Dd(m—s), where

=3 1 h=1, I m=s,
a(h—!):{ a(m—p):{

1
o(k—n)=
0 h=l, 0 m#s,

0 k#n,

3.6

v(x, v, 1) = p(x, y, O)w" (x, y,1)

my

fhm=3 5 Y8 55 IYIIEY

by =0k =0k =0k _,=0m =0m_,=0 k=0k=0h=0h=0m,=0m=0
P (ke m WV, Cky = By = By, = m)...
Wk =k by =hom s —m )W (k=k  h=h_ m=m,_).

n-23 n-2 =1

37

V(X 1 0) = g(x, y, W (x, y,1)

b omomy

&k,
Vikohom)= "33 %" > > Wk h,m)

ey =0ky =0l =00y =01y =0y =0

W, (k, — ki hy — By my —m W (k—k,,h—h,,m—m,).

Table 1 The fundamental operations of DTM
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t(sec) S\Zﬁﬁt) w(DTM) w(damping) | W(exact)- w(DTM) || | w(DTM)- w(damping) |
£ =0.000 | 1.00000 1.000101 | 1.0001078 0.000101 0.0007806
£=0.015 | 0.99113 0.997883 | 0.9970827 0.000103 0.0008003
£=0.030 | 0.980081 | 0.991239 | 0.9780586 0.000109 0.0131804
£=0.045 | 0.980081 | 0.980198 | 0.9133756 0.000117 0.0668224
1=0.060 | 0.964679 0.96481 |  0.7544184 0.000149 0.2103916

Table 2 Data Value at x=0.5, y=0.5.
t(sec) w(DTM) wiexternal w(damping+external w(DTM)- Ww(DTM)-
force) force) wiexternal force) | w(damping+external
force)

£=0.000 | 1.00000 | 0.999787 0.999787 0.000313 0.000313
£=0.015 | 099113 | 0.9810904 |  0.9834975 0.0167926 0.0143855
£=0.030 | 0.980081 | 0.4118883 | 0.5655184 0.5793507 0.4257206
£ =0.045 | 0980081 | -5.3055571 | -3.556495 6.2857551 4.536693
1=0.060 | 0902917 | -34.028812 | -24.203159 34.9936223 25.1679693

Table 3 Data Value at x=0.5, y=0.5.

86



Jour of Adv Research in Dynamical & Control Systems, Vol. 10, 06-Special Issue, 2018

Differential Transform Method for the
Suspended String Equations

K. Mansilp' and J. Kasemsuwan®
'2 Department of Mathematics, Faculty of Science, King Mongkut’s Institute of Technology Ladkrabang,
Bangkok 10520, Thailand.

Abstract. The purpose of this paper is to show the derivation of theorem for the non-linear term transformation
of the differential transformation method (DTM) and apply this method to find the approximated solution for the
initial boundary value problem of the suspended string vibrating equation. The suspended string with non-
uniform densities is solved easily by this method. The nonlinear external force with damping term and without
damping term of this problem is also investigated.

Keywords: Suspended String Equation, Differential Transformation Method, Approximated Solution.

1 Introduction

The differential transformation method (DTM) is a very powerful and efficient tool applied in so many
research works to solve a partial differential equation (PDE) such as done in [1]-[3]. [3]demonstrated the solving
of the second-order PDE with the initial conditions but without boundary condition. The DTM applied to second
order PDE under boundary conditions were studied in [4] without initial condition.

The suspended string equation was previously studied using numerical method in [5]-[10]. The numerical
solution excluding an external force has been shown in [10] using the Crank-Nicolson method. [8] and [9] have
shown the numerical simulation including both linear and nonlinear damping terms yet without an external
force. The numerical simulation including an external force has been considered in [10]. However, all of those
works considered suspended string only in the uniform density case and defined form of the nonlinear external
force including the linear and nonlinear damping cases.

In this work, we apply the proposed the non-linear term transformation to find an approximated solution of
the suspended string equation as shown in (1.1) where u(x,#) denotes the horizontal displacement of the heavy
and flexible string suspended with the upper end fixed and the lower end free.

Bu(x,f)— Ll Au(x,) —du(x,0) + f(xu(x,0)=0, (x,0)eQ, (1.1)

m+

u(a,t) =0, re[O,T],

u(x,0) = g(x), 6,u(x,0)=yp(x), xe[0.a]
Where € is a cylindrical domain (O,a)x[O,ﬂ and the power density are denoted

by p(x) = ax™ where @ and m are constants.

2. Two-Dimensional Differential transform method
The basic definitions and fundamental operations of differential transform method are defined in as
followed.
Definition 2.1]3] The two-dimensional differential transform of function w(x, y) is defined as

1 8% w(x,y)

W(k,h)=—1 TR k20 and h20. 2.1
khl\ @0V |
Definition 2.2[3] The inverse two-dimensional differential transform of sequence {W(k, h)}: R defined as
w(x,y) =D ) Wk hu' y'. (2.2)
k=0 h=0
3. The fundamental operations on DTM [3]
a general terms of PDEs Transformed form
3.1 .-(,\‘,!):u(,r‘r)‘;g":‘i ) £ b
ax’ Vi hy=Y > (k=i+ 20k =i + ) AG, HUk =i+ 2,k = j).
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*Corresponding Author: K. Mansilp
Article History: Received: 15 Apr. 2018 Revised: 1 May.2018 Accepted:20 May 2018



Differential Transform Methad for the Suspended String Equations

& u(r 1]
32 t)=b(x,t k&
w0 =be0=5 5 it Vi) =33 (k—i+1)(h =i+ DB HUKk—i+1Lh—j+1).
=0 j=0)
Fu(r )
3.3 wi . I
o) ===z Vik.)y=3 3 (h=i+2)(h=i+)C(i, UKk =ih= j+2).
i=0 j=0
r'u(x t)
34 N=d(x,t . [
=)~ Vikyh) =33 (k =i+ DD, HUk =i +1,h = ).
i=0 j=0
ru(x..l]
3.5 ) =e(x,t) —— E k
Vet = e Vi) =YY (h=i+ DEG, Nk =ik = j+1).
=0 j=t
3.6 v(x,t)=x"t" Vik.h)y=8(k=mh=n)y=8k—m)é(h=n), where

L k=m h=n

3 1,
S(k-m)= S(h-
&—m) {U. k=m * ”){".L h=n

3.7 vix,ty=u"(x.1). Vik.,h)= i izi S i i bz‘ i U,k hy)

by =0k 3 =0k, ‘—on =n ky=0 =0 y=0 hy =0,

xUy(k; =k, = By)-..

wU, (b =k By = b, U, (k =k h=h, )
38 wix) =1 (x,0). mm:i‘}:z Z U,y WUtk — Ry, — 1)U, (k= ky = h).

Table 1: The fundamental operations on DTM
Theorem 3.1-3.5, 3.6 are derived and shown in [3] and [1], respectively.
The following is the derivation of the theorem 3.7.
If  yxn= u1 (x, I)u,(,x )., (x, 0, (x,1) then
V=Y 33 i Zzizu (kb Wy =y, = ).

by =0k y=0 b =0 o= ey k=0 hy =0 B, =0,
xUpglhyy =k ahy = WU, (k=k,_ ;h=h, ).

For V:I' >R, U, :1* >R ner, v:I 5 R, u ;4 >R nel, xelR

and

By  k=0,1,2,.. definition of two- dimensional differential transform, we have

k+h
V(k,h) = )0 v(x, 1)
kh!| axtart R

v(x,1) = (2, Ou, (x, )., (x,t)u, (x,1),
using definition(2.1), we have

obtain

+h

For By = 21 .W'E have
ﬁ(’ﬁhfi) s 6ﬂ€‘u(x s (2, )2ty (x, ), (x,8) Zs
Vik,h)= (o P)uy (x, 2)., (6 ), (X, 1)

k- R
Kl ox'or 1

83 k! h!
>k !fru;m.ﬂ (ko )1k — k) () Ch— B!

Pt

x|:€~_r""6!"~' u, (2, Dty (x, 1), (X, I)Wu"[;c,l)}

(0,00

i i [lilu,[.r,.r!uz(.r.l)..an_,(.r,r! ]

Eu55] (k) ) it e (0.01

”[(k Sk =Tyt admap ) L.,.

- Z_nZZ [(h T

) ) e

Sber+hes

1 (x, )y (x,0). .y (x, ) }
0.0}
1 a
i
(kg —k )k, —h_,) &x™=

(5.1 ]
(0.0
1 bbb
"3
T r b g ) lm,
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CCVTS 30 30 30 35 3 3P0 30 30 39 NIA WS AR RN
Eyyiy Ky ot by ol Byt By 1m0y ) g i it
vty ol Dl el ety e R )
B Ay

then  yun=3 3 3 3 ST Y S0 A L G~k ..

Bare Y e e P o e e

Bl =K by = U, (K=K =11 )

=22 ey = My

Since

4. Application
In this section, two examples of the suspended string equations will be presented and used to demonstrate
how DTM is applied to find approximated solutions.
Example 1 Consider Suspended string equation with external force
8 u(x,1) —r o u(x,1) _ du(x,1)
or* T ax
with the initial and boundary conditions,
u(x,0)=sin x, xeR,

+ud =0, o @.1)

u(l,r)=0, and %{0,;):0, 1k, 42

CI)

By applying DTM to the given suspended string equation, we have
(h+ 2 h+ DUk, h+2) = (k + 17Uk +1,h). ' (4.3)
k kb &
VY Utk k)
y=0 k=0 =0 by =0 :

Comparing  between Uy (ky kb, =h)Us (k=Ko h=hy) e coefficient of the Taylor’s series of sine and the
series in the definition (2.2)

Then, we have

0 Lif (k=024
AP (4.4)
Uk, 0) =4 - i k=159,
A
(_;3 k=371,
and from the initial " condition (4.2), we have
Ulk1y=0, k=0,12... (4.5)
From the boundary condition (4.2), we have
U0,h)y=0, h=0.1,2,... (4.6)

For each kand Ausing (4.4) - (4.6) and by recursive method of (4.3), we obtain the coefficients U(k, /) for the
series solution. That is

u(x,t)=x —%xl +$)c5 - %XT Fo.+05xt" —0.75x7F +0.0833x° 4 +0.1042x* 7 +..-
Example 2 ’ ) ' 1
Consider Suspended string equation non uniform [m = EJ
2 2
é u(ic,r] x 8 u()f,f) _ Cu(x.1) -0 4.7
o 1/2 & ax
By applying DTM to the given suspended string equation, we have
(h+2)(h+ DU (k b+ 2) = (k +1)(2k+ DU (k+1,h). (4.8)

For each kand /using (4.4) - (4.6) and by recursive method of (4.8), we obtain the coefficients {/(k,#) for

the series solution. That is
1 15 1 2.2
u(x,t)=x —gf + ;x’ - ;x? +..=1.25x°t" +0.1875x% " —=0.00903x°" +...
5. Results and Discussion
The derivation of the differential transform for non-linear term is presented. The proof of the theorem is also
derived. The theorem can be applied in several applications. The non-linear term of differential transform can be
applied efficiently to the nonlinear terms of suspended string equation. This work demonstrated that the

[ 465
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differential transformation method can be applied to the initial and boundary conditions problem of partial
differential equation.

"HE 06 43 07 1 0708 g i1 |98 g5 41 31 0 07 04 OF 08

Displacement
(a)m=0 (b)ym=0

Figure 1 Graphical comparison between the vibration displacements between the without the external
force (a) and with the external force(b).

The comparisons result of the suspended string vibration without external force (a) and with external force

(b) are shown in Fig.l. We found that the amplitude of vibration with external force (b) is less than that of

vibration without external force (a).
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Figure 3 Graphical comparison between the vibration displacements with various non-uniform
densities (m=(0.25, 0.5, 0.75, 1).
The comparisons result of the suspended string vibration with the different values of m (i.e, m=0.25, 0.5,
0.75, 1) are shown in Fig.3. We found that the shape of vibration (blue line) approach to initial shape of
vibration (red line) when the density and time increase.

6. Conclusions

We found that the amplitude of vibration with external force decreases when comparisons result of the
suspended string vibration without the external force. The obtained results show that the vibration characteristics
with non-uniform densities for different values of m, the shape of vibration approach to initial shape of vibration
when the density and time increase.

References

[1] C. Kuang Chen and S. Huei Ho, “Solving partial differential equations by two-

[2] dimensional differential transform method,” Applied Mathematics and computation, no.106, pp. 171-
179, 1999.

[3] E. Ayaz, “On the two-dimensional differential transform method,” Applied Mathematics and
computation, no. 143, pp.361-374, 2003.

[4] X. Yang,Y. Liu and S. Bai, “A numerical solution of second-order linear partial

[5] differential equations by differential transform,” Applied Mathematics and computation, no. 173, pp.
792-802,2006.

[6] Mohamed I. A. Othman and A.M.S. Mahdy, “Differential Transformation method and variation
iteration method for cauchy reaction-diffusion problems,” The Journal Mathematics and Computer
science, no.2, pp. 61-75, 2010.

[7] J. Kasemsuwan, “Exponential Decay for Nonlinear Damped Equation of Suspended String,
Proceedings of 2009 International Symposium on Computing,” Communication, and Control,
pp.308-312, 2009.

[8] 6. J. Kasemsuwan, P. Chitsakul and P. Chaisanit, “Simulation of Suspended String Equation,” The 3rd
Thai-Japan International Academic Conference, pp. 60-61, 2010.

466

90



Jour of Adv Research in Dynamical & Control Systems, Vol. 10, 06-Special Issue, 2018

[9] K. Subklay and J. Kasemsuwan, “Numerical Simulation of Suspended String Vibration. The 8th
Kasetsart University Kamphaeng Saen Campus Conference,"Nakhon Pathom : Kasetsart University,
pp-1486-1491, 2011.

[10] J. Kasemsuwan,“The Finite Difference Scheme for the Suspended String Equation with the Nonlinear
Damping Term,” International Conference on Applied Physics and Mathematics, pp. 566-568, 2012.

[11] J. Kasemsuwan, “Numerical Solution of the Damped Vibration of Suspended String,” University of the
Thai Chamber of Commerce Journal 33, no.2, pp.77-90, 2013.

[12] J. Kasemsuwan, “The Finite Difference Scheme for the Suspended String Equation with the Nonlinear
External Forces,” International Conference on Mathematics, Statistics and Computational Sciences, pp.
456-461,2013.

_— 467
*Corresponding Author: K. Mansilp
Article History: Received: 15 Apr. 2018 Revised: | May.2018 Accepted:20 May 2018

91



Jour of Adv Research in Dynamical & Control Systems, Vol. 10, 06-Special Issue, 2018

The Modified Differential Transformation
Method of the Nonlinear Function

K. Mansilp' , J. Kasemsuwan’
!2 Department of Mathematics, Faculty of Science, King Mongkut’s Institute of Technology Ladkrabang,
Bangkok 10520, Thailand.

Abstract. The propose of this work is to present the modified differential transformation method for the
nonlinear functions based on Laplace table. The derivation of the differential transformed recurrence formulas
are shown and applied to find the coefficients of the Taylor’s series which are the approximant for the nonlinear
functions. We found that the comparison results between the approximate Taylor’s series and the nonlinear
function are the same. The program are also implemented in this work.

Keywords: Differential Transform, Nonlinear Function, Laplace Transform Table.

Introduction

The differential transformation method (DTM) [1-2] is a very powerful and efficient tool applied in so
many researches works to solve both linear and nonlinear ordinary differential equations(ODEs) [3-6], occurring
in many areas of science and engineering such as vibration problems [8], prediction control problems [9-10] and
steady nonlinear heat conduction [11] problems.

A new algorithm for calculating one- dimensional differential transform of nonlinear functions was first
presented in [12] applying the Taylor’s series about the origin (Maclaurin series) to approximate the nonlinear
functions in the basic function forms such as exponential function, logarithm function, the trigonometric
function and the hyperbolic trigonometric function. However we tried to apply the Maclaurin series to
approximate the nonlinear functions based on Laplace Table, we found that the approximate Maclaurin series
were not in good agreement with the nonlinear functions. In this work, we should study further from the
previous work [12] to modify the differential transformation method to find the approximate Taylor’s series
about any points for the nonlinear functions based on Laplace Table.

The differential transform method is based on the coefficients of Taylor’s series to find the transformation

of the original function #%(t) at a point{, .

We recall that the Taylor series of u(#) ata point , is

a0 (k)

t

u(t):Zuk'() (t—tu)k,where
k=0 K|

H(“{!)
k!

the transform function of u(¢) is defined by U (k) =

t=t,

Therefore, we can rewrite the Taylor series as u(?) = ZU(/{) - (=1, ).
k=0

Normally, we use f, =0 for simplicity. However in this work, we need to find the differential

transformation for any point 7, .

In this paper, we study the modified differential transformation for the nonlinear functions base on Laplace
table. The coefficients of the Taylor series are obtained by the recurrence differential transform formulas and
calculated by computational work.

2. Differential transform method|[1-2]

Definition 2.1 If f(r) is analytic in time domain T, then it will be differential continuously with respect to
time .

For t =1, and k belong to the set of non-negative integers, denotes as K-domain.
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1| d*
ky=—| — Vke K
F(k) k!{dﬁf(r)} VkeK,

r=ry
where f(¢) is the original function and F(k) is the transform function

Definition 2.2 The differential inverse transform of F(k) is defined as

1= Fyi-1,)".

k=0

In principal application, The function f(¢) is shown by finite numbers of terms and can be written as

FO) =Y Fk)t—1,)".

k=0

The fundamental mathematical operations are performed by differential transform method listed in Table 1.

2.1)

(2.2)

23

3. The derivation of the modified differential transform method for the nonlinear

function.
3.1 Considering f;(¢) =" and from definition (2.1), when k=0

differentiating f; (z,)=e""™ with respect to 7,

df. (t
% = ae"™ = afy (1)

By the differential transform method, Eq. (3.1) became
(k+1)F (k+1) = aFk).
Substituting k£ +1 by k , we obtain
KE, () = aF, (k1)
aF, (k=1)
—— g
The recurrence differential formulas of £, (1,)=¢"" are obtained as follows

F (k) = k=1,

Fl0]=¢™, k=0
F(k)=1 aF(0)

k]
k!

3.0

(3.2)

3.2. Considering f5(f)=e* sinot and h(t)=e"sinwt from definition (2.1), when k = 0 differentiating

f35(t) = e cosewt and h(t) = e“'sinwt with respectto f,

dj’z (!) ar - at P
v = —a(e” sinwt) +a(e® coswt) = —wh(t) + af, (t)
C‘rh (!) ai af o
T = w(e” cosat)+a(e” sinwt) = a [, (1) + ah(r).
The recurrence differential formulas of f>(#) = ¢”cosw! are obtained as follows
e™ cos oty k=0
£ (k) = —wH(0) + aF, (0 .
wH(0) +aF, ( ), FE
k
and
oMo sin oty , k=0
H{k) =1 wF, (0)+aH(0 -
ol ( );a ( )1 k1

4. Results and Discussion.
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In this section, we will show the comparison results obtained from the recurrence relation of the differential
transformation in the previous paper [12] and modified recurrence relation of the differential transformation in
this work.

The following recursive formulas of the differential transformation of f;(f)=¢“ is obtained by definition
2.1 when ¢, =0 as applied in [12]
1, k=0
aF, (k=1)
Y

The Eq. (4.1) is the recurrence relation for finding the coefficient of the approximate Maclaurin series of the

F (k)= (4.1)

k=1

original nonlinear function f,(r) =e".
By the similar way to Eq. (4.1), the following recursive formulas of the differential transformation of

L= e“ coswi is obtained by definition 2.1 when t, =0 asapplied in [12]

1, Tl
F5 (k) =5 —wH(k=1)+aF; (k -1) i1’ and recursive
k [ T
method of T-function for A(f) = e“sinwt ,we have
0, k=0
H(k) = a)F}(k—l);-aU(k—l)’ 2} (4.2)

The graphical comparison results between the original functions and the approximate Taylor’s series with
the coefficients obtained from the modified differential transformation method as the recurrence relations of

fi(t)=e" in Eq. (3.2) and the recurrence relations f>(f) = ¢“coswt in Eq. (3.3) are shown in Fig 1 and 2,
respectively.

25 %107

20107

157107

10 % 10%

505107

=02

Fig. 1. The graphical comparison results between f;(¢) = ¢ and

83187500 .

£i) = 16" +550¢' + 1512507 +f: o+ 1.3%10%4 using DTM when a =550,k =600

andt €[-0.2,0.2] .
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Fig. 2. The graphical comparison results between f; (£) = e*' sinw1 and

76544 , 4813312 ,

fr()=1"+8:' =3168° = +..=1.1x107%1 using DTM when a =8,0=280,k =600

and 1t €[-0.5,0.5].

4. Conclusion

The modified recursive formulas of differential transformation method are presented in this work. The
obtained formulas are used to find the coetficients of the Taylor’s series applied to approximate the nonlinear
functions based on the Laplace table. The comparison results between the approximate Taylor’s series and the
original function are the same. These obtained formulas can be used to solve differential transform problem in
the future works.

5. Reference.

[1] Zhou, J.K.: Differential Transformation and Its Applications for ElectricalCircuits, Huazhong
University Press, Wuhan, China, 1986(in Chinese)

[2] Shepley, L.: Introduction to ordinary differential equation. United States of America,Malloy
Lithographing, 1989

[3] Ayaz, F.: 'On the two-dimentional differential transform method'. Applied Mathematics and
computation, 143, 361-374, 2003

[4] Ayaz, F.: ' Applications of differential transform method to differential- algebraic, equations’.
Applied Mathematics and computation, 152, 549-657, 2004

[5] Arikoglu, A.and Ozkol, I.: 'Solution of differential-difference equations by using differential
transform method'. Applied Mathematics and computation, 181, 153-162, 2006.

[6] Shih-Hsiang, C. and I-Ling C.:' A new algorithm for calculating one-dimensional differential

transform of nonlinear functions ', Applied mathematics and computation, 195,799-808, 2008

[7) Kreyszig E.:Advanced Engineering Mathematics, Ohio State University, New york,1962.

[8] Catal, S.:Solution of free vibration equations of beam on elastic soil by using differential transform
method. Applied mathematical modeling, 32, 1744-1757, 2008

[9] Wazwaz, A.M.: Adomian decomposition method for a reliable treatment of the Bratu-type equations,
Appl. Math. Comput. 166, 652-663, 2005

[10] Yu, L.T. and Chen, C.K.: The solution of the Blasius equation by the differential transformation
method, Math. Comput. Model. 28, 101-111, 1998

[11] Chen, C.L., Lin, S.H. and Lin, C.K.: Application of Taylor transformation tononlinear predictive
control problem, Appl. Math. Model.20, 699-710, 1996

[12] Shih-Hsiang Chang,I-Ling Chang, A new algorithm for calculating one- dimensional differential
transform of nonlinear functions, Applied mathematics and computation, 195, 799-808, 2008.

_— 471
*Corresponding Author: K. Mansilp

Article History: Received: 15 Apr. 2018 Revised: 1 May.2018 Accepted:20 May 2018

95



Name
Date of Birth
Address

Education

Scholarship

96

Author Biography

Mrs.Kamonpad Mansilp

24 April 1976

29/19 M.5 Plaung Sub-district, khoakitchagood District,
Chantaburi 22210

2000 Bachelor of Water Resource Engineering GPA 2.01

Kasetsart University

2011 Master of Science in Mathematics Education GPA 3.60
Kasetsart University

Ph.D Scholarship from Rajamangala University of

Technology Tawan-ok Chanthaburi Campus

Academic Publications

1. Kamonpad Masilp and Jaipong Kasemsuwan. 2018
“Differential =~ Transformation =~ Method ~ for Vibration of
Membrane” Songklanakarin - Journal = of — Science  and
Technology : 20 pages (accepted)

2. K- Mansilp and J. Kasemsuwan. 2018 “Differential Transform
Method for the Suspended String Equations” Journal of
Advanced Research in Dynamical and Control Systems,
Vol.10, 06-Special Issue: 463 - 467

3. K. Mansilp and J. Kasemsuwan. 2018 “The Modified
Differential -~ Tranformation  Method of the Nonlinear
Function” Journal of Advanced Research in Dynamical and

Control Systems, Vol.10, 06-Special Issue: 468 — 471





