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Research Title: Studying on the risk of cervical cancer by a mathematical model.
Researcher: Assoc.Prof.Dr.Puntani Pongsumpun
Faculty: Faculty of Science Department: Department of Mathematics

King Mongkut’s Institute of Technology Ladkrabang

ABSTRACT

Cervical cancer is the second most common cancer in women worldwide, followed by breast
cancer. It causes of death for women and ranked as the third of deaths for women around the world.
The breast cancer and lung cancer are the first and second causes of death for women. In Thailand,
cervical cancer is the most occurred in women. Each year, there are new cases of cervical cancer about
10,000 people per year, equivalent to a rate of 27 cases per hundred thousand women per year. This
means that there are 27 new cases from 100,000 women per year. The cervical cancer is related with
HPV (Human Papilloma Virus) infection, which has many strains. It does not always true that the
women with HPV infection will be Cervical cancer. There are four strains of HPYV that can be cervical
cancer The data from Bureau of Epidemiology, Thailand found that the number of new cervical cancer
cases are continuous increasing. The transmission of this discase is studied by constructing the
mathematical model. The model considers the risk and treatment of this disease. After that we use
standard dynamical modeling to analyze our mathematical model. Condition for local stability of
steady state is shown. Numerical solutions are used to support the theoretical prediction. The way for

reducing outbreak of this disease is suggested in this study.

Keywords : Stability, steady state, Mathematical model, Cervical Cancer
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Al. Theoretical Background

Many biological problems can be explained mathematically by a set of differential
equation, which may be nonlinear. In many situations, it is possible to replace the nonlinear
differential equation by a set of related linear differential equation that approximates the real
nonlinear equation close enough to give useful effects. The method of “linearization” may not
always be appropri.ated. Then the original nonlinear differential equation must be considered. The
study of nonlinear differential equation is usually confined to a variety of special cases and we
have to use various approximation methods. In this part, we shall give an introduction to the
method which we use in this research.

Definition A.1 A point X, € R" is an equilibrium point (or stationary point, singular

point, critical point or rest point) of

B = f(t, X) (A1)
dt

it f(t, X,) = 0 forall t >t
If X, is an equilibrium point of (A.1) at t* , then it is an equilibrium point forall T = i
Definition A.2 The equilibrium point X = 0 of (A.1) is stable if for every O >0 and any t,
e RT thereisa (3, ty) > 0 such that
‘u(t,to,y)‘ < 3 for every t = t
whenever | Y ‘ < (8,tg) where u(t,y) isthe solutionof (A.1).
Definition A.3 The equilibrium point X = 0 of (A.1) is asymptotically stable if
1) itis stable and
2) forevery t, = 0 there is an € (t,) > 0 such that

lim u(t,tgy, y) = 0 whenever |y| < g [10] (A2)

t—o0

Definition A.4 The equilibrium point X = 0 of (A.1) is unstable if it is not stable. In this
case there is a t; = 0 and a sequence Y, — 0 of initial points and a sequence t, such that
|u(t0 + % i to s Vi ) ‘ > y foreverym,t, = 0.

For more general setting, consider a system of two autonomous first-order differential

equations :

a
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& n Y (A3)
L opxy (A4
where g; and g, are nonlinear functions. We let (X, Y) is the equilibrium point, then
g(XY) = nXY) = o (A.5)
Setting the solution at any time in the form
X® = X+ x(t) (A.6)
and
Y = Y + y(t). (A7)

This method is called perturbation of the equilibrium point. We substitute X(t) and Y(t) from

(A.6) and (A.7) into (A.3) and (A.4),
;—t(~)2+x):g1(;(+x,?+y) (A.8)
%(—?+y)=gz(3<+x,§+y) (A.9)

On the left hand side, we expand the derivatives and on the right hand side, we expand g;

and g, ina Taylor series about the equilibrium point ( i,?). Then we obtain

dX  dx % = =
— 4+ — = + +
m m g1 (XY) +g1, (X Y)x+gp, (X Y)y
(A.10)
+ terms of order x z,yz,xy and higher,
dy dy << == =<
Ay = 220X YV) + 82 (X V)x+g2 (X Yy
(A.11)

+ terms of order x 2, y2, xy and higher,

_ 5 =
where g1, (XY) s % calculated  at (X,Y)and similarly for

g1y (i ?): 82, (i ?) 5 gzy (X —\_’) and other terms.

y - _ dX dy
By the definition of the equilibrium point, we have E = 0. E

g](;(,?) = Oand g, (;(,?) = (0. We consider only linear term. Thus from (A.10) and

5

(A.11), we obtain

w o
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L - aj;x+a
dt 11 12Y>
gy 471X + y
dt 21 €22V
We denote J as the Jacobian matrix of equations (A.3) and (A.4) and is given by
Jg;  0gy
o X a;; an ox
J(XY) = =l S
azr ap f82 UB2
x oy Jxy
Letting a=4ap +an
B=ajjazp —apay
and y=a? —4B is called the discriminant.

Then the characteristic equation is 32—l =0

The eigenvalues are obtained from:

M2 =

o x \/;
’ 2

A linear system can have at most one equilibrium point, (0,0) if [ =det J # 0.

Theorem A.1 The equilibrium point X = 0 of (A.1) is stable if all eigenvalues of J have
negative real parts and every eigenvalues of J which has a zero real part is a simple zero of the
characteristic polynomial of J.

The behavior of the equilibrium points of the system of equations (A.3) and (A.4) can be
determined by considering the different kinds of eigenvalues of the Jacobian matrix.

The different behavior of equilibrium points are determined from the characteristics of
eigenvalues of J.

i) The eigenvalues of J are real and distinct.
ii) The eigenvalues of J are real and repeated.
iii) The eigenvalues of J are complex.

The behaviors of the equilibrium points for all three cases are described as follows.

Case I The eigenvalues of J are real and distinct. There are three possible behaviors.

$94MTAT19158 AT.WUTT WeATUWUT
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a. If both eigenvalues of J are negative, the equilibrium point will be a stable-two tangent

node (Figure A.1),

b x

W
e

Figure A.l A stable two-tangent node.

“

b. If both eigenvalues of | are positive, the equilibrium point will be an unstable

two - tangent node(Figure A.2).

Figure A.2 An unstable two-tangent node.

c. If the eigenvalues of J have opposite signs, the critical point will be a saddle
point (Figure A.3).

$99AANII0158 AT HUTH WATUWUT
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Figure A.3 A saddle point.

ii) The cigenvalues of J are real and repeated. There are two possible behaviors.
= . . A
a.If ] isdiagonaland J issimilarto the matrix as J = " , then the

critical point is called a stellar node which be stable if A < 0 and unstable if

A >0 (Figure A4).

> H
~ |~ 7
//|\\ g g
(a) Stable (b) Unstable

Figure A.4 A stellar node.
b.If J isnotdiagonal, then it is not similar to a diagonal matrix. The critical

point is called a stable one-tangent node if A < 0, and an unstable one-tangent

node if A > 0 (Figure A.5).

A

(a) Stable

(b) Unstable
Figure A.5 The one-tangent node.

iii) The eigenvalues of I are complex.
a? - 4B is negative and then

aii\/—_y

A
12 5

It is necessary and sufficient that y

There are six possible behaviors as follows.
o o ] o w
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a. If >0 and B > (, then the equilibrium point will be unstable node.
b. If O <0and B > (), then the equilibrium point will be stable node.

c. If O <0 then the equilibrium point will be a saddle point.

2

d.If a® < 43 and O >0 , then the equilibrium point will be an unstable spiral

node (Figure A.6).

Figure A.6 An unstable spiral node.

e If a? < 43 and (X <0, then the equilibrium point will be a stable spiral node
Figure A.7 A stable spiral node.
£1f o? < 4B and O = 0 mean that the cigenvalues of J are purely imaginary, then the

1

critical point will be a center (Figure A.8).

¥ o
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Figure A.8 A center.

In this section, we use the above ideas to apply for systems of n > 2 equations.

Consider
i_)t( = (X1, X2, Xi)  wherej=12,...k (A.12)
or in the form of vector notation
ry = F(X) (A.13)

for X = (X,X,...,X,) and F= (f, f,,..., f,) where each function f, depend on all or some
Y, Y ..., Y, The equilibrium point Y s obtained by solving F(Y) = 0. The next step is to
- determine stability properties of this equilibrium point.

When we linearlize equation (A.13), the Jacobian is obtained by setting
J = ¢ F(Y) (A.14)
oX '

where J is a kXk matrix. The eigenvalues A of the matrix satisfy det( J —AI) =0. We obtain a
characteristic equation in the form
W At g iy, = 0 (A.15)
The stability of the equilibrium point can be determined without solving the actual values of
eigenvalues by using the Routh-Hurwitz criteria.

Definition A.5 (Routh-Hurwitz criteria for local asymptotical stability)

w d
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Take the characteristic equation (A.15), define k matrices as follows:

H =[b],
o {bl 1 }
" [b3 b2
by 1 0
H,=|b3y by by
bs by bs
[ by 1 0 0 0
b b b 1 0
A= bz bj b; by 0
|baj-1 baj—a byj-3 bajg bj
by 1 0 o 0
- b‘3 b.z b.l 0
00 .- by
where the (I,m) term in the matrix H;is
b,, for 0 < 2Im < k
1 for 2 = m
0 for 2 < m or 21 > k+m.

Then all eigenvalues have negative real part. This means that the equilibrium point X is
stable if and only if the determination of all Hurwitz matrices are positive which is
Det Hj > 0 for § = L2k

Next, we show conditions of Routh-Hurwitz criteria for case k = 3 and 5 which are appeared

in the thesis.
Fork =3;
We need to show that DetH; > 0 for j = 1,2and3.
H, = [b]l; DetH, =b,
by 1
H, = [b3 bg} DetH,=bb, - b,,
b, 1 0
Hy=|b; by by | DetH = bbby —b3 —blby +bybs.
bs by by

ar
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Since coefficients b, and by in 3" order characteristic polynomial equation equal to zero
then we have
DetH, = b,
DetH, = bb,- b, and
DetH, =  bybybs —b3 = by(b;by —b3).

So the three conditions which correspond to Det H > O0forj = 1,2and3are b, >
0, b, > 0 and bb, > b,

Therefore the three conditions of Routh-Hurwitz criteria for local asymptotical stability iﬁ
3" order characteristic polynomial equation are

i) b, > 0,

i) b, > 0 and

iii) bb, > b,
Fork=35
We need to show that De:tHj > 0 for j = 1,2,3,4and5.
H, = [b]; DetH, =b,,
H, = {b' ! J; Det H,=byb,- b, ,
. by by : .
by 1 o
Hy= by by by | DetH = bybybs —b3 —b¥by +bybs,
by ba by
by I 0 0
by by b 1
17 Lby by by by
bs B be by

DetH, = b,b,b,b, —b2b, —b?b? —b,b2b, +b,bsb, +2b,b,b, —b2 +b2b,b, —b,b,b,

—-b,b,b, +b,b,,

@ w

o s
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Det H,=b,b,b,b,bs —b3b,b; —bibib, —b blbZ +b,b,b? +2b,b,b? -b} —b,b,b3b,
+b3bg +bib;b,b, +2bjb,bsb, —3b bbb, —b’bi +b,bib,b, —b,blb,
—bib,b,b, =b,b,bsb, +2b,b,b, +2b7b,b, —b, b2 ~b’b,b,b, +b,b3b,
+bjb,b, —bbsby +b,b,b,b, —bb, —b’b,b, +b,b;b,.

Since the coefficients b, b,, b, and b, in 5" order characteristic polynomial equation equal to
zero then we have

DetH, =b,,

DetH,=bb, - b,,

DetH,= b,b,b, =b} —blb, +b,b;

b;(bib; ~b,) —b, (b, b, —h,),

DetH,= b,b,b;b, —b3b, —b/bZ —b,blb, +b,b.b, +2b,b,b, —b?

=b,(b,b,b, - bi- bib,)-bs(bb; —b,b, —2b,b, +b,),

DetH = b b,b,b,bs —bib,b, —b;bib, —b,b3b? +b,b,b2 +2b,b,bZ — b}

= bs(b,(b,b,b, - b3 - bib,)-b,(b,bZ-b,b, ~2bb, +b;))

So the conditions which correspond to Det H >0 for j = 1,2,3,4and5.

are b, > 0,
bb,- b, > 0,
b,(bby; =by)—by(b;b, =by) > 0,

b,(b,b,b, - bi— b,zb4)-b5(b1b§wb2b3f2blb4+b5) > 0.
After we rearrange all above inequalities, we get the conditions of Routh-Hurwitz criteria
for local asymptotical stability in 5" order characteristic polynomial equation
i) b > 0(=1,23,45)

ii) bbb, > bl+blb, and
i) (b,b, =b,)(b,b,b; —~b% —b?b,) >b,(b;b, —b,)? +b,b2.

A2. Numerical Solutions of Differential Equations

In this research, we use Runge-Kutta-Fehlberg’s method which is one of the most widely
used methods, and is particularly suitable in cases when the computation of higher derivatives is
complicated. It can be used for equations of arbitrary order by means of a transformation to a

o w o
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system of first-order equations. We shall discuss the solution of three first-order equations. Let

this system be
dx

— = fix,y,z,t
It X ¥ 2,1)
dy

—_— = X MoZid
s 8(x, ¥,2,1)
dz

— = hx, v.z,t
5 (%, ¥,2,1)

with initial point (X, y,,Z,,t,) and interval length h.

Runge-Kutta-Fehlberg’s method for finding approximate values of x,y and z at each step is
& (2375k | + 11264k 3 +10985k 4 — 4104k 5

X s
el . 20520

B + (2375r | +11264r 3 +10985r 4 — 4104k 5
Yn+i1 ¥n 20520

(2375s | +11264s ; +10985s , — 4104s %
z = z +
n+l n 20520
where

kl = hf(xll’yn!zll’t||)3

k2 = hf(xn +};{_I=yn +%:Zn +‘iT|=tn +%)’
K, = hftx, , Bk, +9k2), n , G, +9r2)’zn L G, +952),tn +gh_),
32 32 32 8
k. = hfix. + (1932k , — 7200k , + 7296k ,)
f n 2197 ’
. (1922r , - 7200r , +7296r ,)
Y 2197 :
8 (1932s |, - 7200s , + 7296s ,) o 12h 3
2197 13
k. = hix . + (8341k |, - 32832k , + 29440k , - 845k ,)
d B 4104 :
, (8341r , -32832r , +29440 r, - 854r ,)
Yo 4104 ’
. (8341s | - 32832s , +29440 s, - 854s ,) toah),
4104
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(-6080k | + 41040k , — 28352 k, + 9295k , - 5643k ;)
20520 ’

ke = hf(x, +

, (-6080r | +41040r , — 28352 r; +9295r , - 5643r )

n 20520
, o (-6080s , +41040s , — 283525 , + 92955 , - 5643s ) i, +£),
n 20520 2

and the error for each step will be

k, 128k, 2197k4+k_5
360 4275 75240 50 °

Error =

f1>0p50. Tgand the error of y value can be evaluated from the above equations.

S15835 Sgand the error of z value can be evaluated from the above

equations.k |, k,,..., k, and error of x by replacing function f with function g and function h.
Runge-Kutta-Fehlberge’s method can be applied directly to a system of n first-

order differential equations

Definition A probability space (Q,F,P) , a stochastic process (or random process) with state

space X is a collection of X-valued random variables indexed by a set T ("time"), That is,

a stochastic process F is a collection

{Fy :teT}

where each F; is an X-valued random variable.

[
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Mathematical Model of Cervical Cancer due to
Human Papillomavirus Infection

P. Pongsumpun

Abstract—Cervical cancer is usually found in women from teen-
age fo older women, Around the world, the cervical cancer cases are
inereased to 500,000 and 200,000 deaths from this discase per year,
Abour 80% of cervical cases live in developing countries. In
Thailand, cervical cancer is the top ten cause of death in Thai
women, About 99% of all cervical cancer cases are related to Human
Papillomavirus (HPV). In this paper, we formulate the mathematical
model to deseribe the transmission of cervical eancer in women with
HPV Infection. The standard dynamical modeling method is used in
this study. The numerical results are presented.

Keywords—cervical cancer, local stability, mathematical model i

steady state.
Tcells. Normal body cells grow, separate into new cells.
Early years of each person's life, normal cells divide faster
to allow the person to grow. After each person becomes an
adult, most cells divide only to replace dying cells or to repair
damage cells. Cancer begins when cells in a part of the body
start to grow without control. There are many kinds of cancer.
They all start because of abnormal growth cells [1]. Cancer is
usually named for the part of the body where it starts, even if it
spreads to other parts later. The behaviors of different kinds of
cancers are difference, The development of each kind of
cancer grows at different rates. Cervical cancer cases are
occurred around the world. In United Kingdom, there are
approximately 2,800 cases of cervical cancer. In each year,
there are 1,000 women die from cervical cancer. There were
282 new cases found in 2004 and 127 deaths from this disease
in 2005. The survival rate of five-year in Scotland between
1997 and 2001 was 70.6%[ 2]. In 2008, about 1,300 women
were diagnosed with cervical cancer and 380 deaths in
Canada. Most cervical cancers are related to Human
Papillomavirus (HPV) infection. There are more than 100
different kinds of HPV, several of them are harmless.
Nevertheless, some types of HPV can nterrupt the normal
functioning of the cells of the cervix. HPV consists of many
types such as HPV-16, HPV-18. HPV-31, HPV-35, HPV-39,
HPV-45, HPV-51, HPV-52, HPV-58. There are about 70% of

I. INTRODUCTION
HE body of each person is composed of several living
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Percentage of cervical cases

all cervical cancers are caused by HPV-16 and HPV-18. The
symptoms of cervical cancer cases are abnormal vaginal
bleeding, pain during sexual intercourse, increased amount of
discharge from the vagina and foul-smelling discharge from
vagina. Cervical cancer is an abnormal kind of cancer that
develops in woman's cervix. Tt is the entrance to the womb
from vagina[3 ]. The cervix joints the uterus to the vagina.
Blood flows from the uterus through

the cervix into the vagina during a menstrual period. Cervical
cancer mnay sometines be a threat to life. It can attack nearby
tissues and organs. It can extend to other parts of the body.
Cervical cancer cells can spread by breaking away from the
cervical tumor. They can transmit through lymph vessels to
nearby lymph nodes. The spread of cancer cells occurred
through the blood vessels to the lungs, liver, or bones [4].
Cervical cancer cases in Thailand are occurred in every year as
shown in fig.1. We will see that most cases are occurred in
Central region of Thailand.

100
80 - B B M
60 17 m Bangkok
P ™ South
40+
m Central
36 . Bl K M W ioclfieas
m North

Fig. I The data of Thai cervical cases by region of Thailand[5-6]*, *
There is no data in year 2006.

In 2010, Muller and Bauch [7] studied the relations of sexual
partnerships  and  the tranmission  of  Human
Papillomavirus(HPV), In 2012, Lee and Tameru (8]
constructed the model of Human Papillomavirus(HPV)
developed to cervical cancer of African American women in
the United States. They gave the method to prevent this
disease thought the ideal of modeling. In this study, we
construct the mathematical model of cervical cancer in
Thailand with the influence of HPV infection.

o @ =l L4 w &
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II. MATHEMATICAL MODEL

The diagram of our dynanucal equations can be described
by following figure:

W
Sy Loy

Tig. 2 Dingram ol owr equations

The dynamucal equations of this model is given by the
following systems of differential equations:

ds
p ;
dt thl.‘» —(Py +1y)Sy W
dlygpy ;
% =P.S, - (1-P)lgpy - (Fe + 1y )Igpy
(2)
d1
f = (1=P)lypy = Pyl ()
dl..
£ = PIgpy — Hplee “)
dt

with a condition Sy, + Tgpy +Tye +Ie= Ny
where the variables and paramerers in the above equations are
given by

S

P is the number of susceptible women,

Igpy is the number of infected women with HPV,
I.c 1s the number of Infectious HPV women population who
be infected with cervical cancer,

Ie is the number of Infections HPV women population who

be uninfected with cervical cancer.
bh is the birth rare of lunan population.

Ay, is the death rate of human population.
Np 1s the number of women.
P, is the probability of women who be infected with HPV.,
P is the probability of women with HPV can be infected
with cervical cancer,
We normalize our equations by letring

Sp . Tupv

Thpy =T ye =

I
H cC
ICL =—=_then

Np Np

ISBN 978-1-61804-256-9

the reduced equations become

ds
i o e

5t =up(l-s,)—Pysp (5
dijypy ‘

. P‘.slJ - 1hp‘.'{1+“h) (6)
dt
di . .

dl;c = (1=Peippe —Nplye (7

where Sp = hpy Tlue Tlee = 1

III. ANALYSIS OF MODEL

A Sreadv srates:
Setting our equations(5)-(7) to zero, we obtain a steady state:

L K
(Sp. 1hp‘\' “Tue)

" B | . .
where SP =, fsE = .

ny +Py } (I+ )y +Py)
* = P B (=8, )

9 uy I+ pp )iy + Py)
To determine the local stability of our steady state. we find the
eigenvalues and then check the sign of the real parts, If the
sign of the real parts appear negative, we can say that steady
state is local stability[9]. The eigenvalues are the solutions of
the characteristic equation:

det(J-AI)=0

&F, OF  OF :
asp Al Ay i
3 F‘) L:F-a (EF-' |
where J=| — —= —
asy Al Ay i
61:3 C"F; (:'71:_; E
asy Al Al |

After evaluating owr equations(5)-(7), the jacobian matrix(J) is
defined by

._ﬂh_P\‘ 0 0 ]
I= 0 -uy=1 0 |
0 0 '“rll'h V,I

The characteristic equation 1s
(At )+ = DA+ +P)=0.
Thus, the eigenvalues are
Ay ==Hp. ko ==y — L Ay =-py — Py Ircan be easily
seen that the real part of all eigenvalues are negatives.
Therefore this steady state is local stability.
B. Numerical Solunions:

We find the numerical simulations [10] by simulating our
equations(5)-(7). The paramerters are follows:
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Hy, =1/(365 - 65) corresponds to the life cycle 65 years of 4 |
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Fig. 3 Numerical solutions of our equations(5)-(7), the parameters are

e uy, =1/(365%65), B, = 60%, P, = 70%.
0 e 10 45 €0

Tine (daya) From fig.], we will see that the solutions converge to the
p—— steady state (0,0000702, 0.000042, 0.45298).
i ey
4 / /
i / ‘ . C. Analyvsis of the Paramerers Py and P
8 .auzs = | . . .
g T f{ | In this section, we analyze the model given by equation (5)-
5 | f ‘ (7). The trajectories of the solutions. when P‘. (the probability
2 | | g
: 23050 4 ‘ of women who be infected with HPV) and P (the probability
¢ , | of women with HPV can be infected with cervical cancer) are
g | I difference as shown in the following figures.
g "
§ aamm
i
¢
i
®
H 1)

1 1
. . s P
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— Fig. 5 Time series solutions of owr model (5)-(7), when the

— probability of women with HPV can be infected with cervical cancer
v, A are difference.

L3 Lebriial valoer

IV. DISCUSSION
In this sy, we analyze a mathematical maodel of cervical
cancer due to HPV. From fig.2 and fig.3, we will see that
P, (the probability of women who be infected with HPV) and

Mo e l0fecied o

P (the probability of women with HPV can be infected with
cervical cancer) are influence to the beliavior of the solutions.

ifectiing BV ot SLe3eitica

1 l T When P, is higher, the time of convergence to the steady

o 1 ' R s
T 4t bty - : .
: ; : ; " ; states of both infectious HPV women classes( I . and I,
Fig 4 Time series solutions of our model (5)-(7). when the : (Lee uc’)
probability of women who be infected with HPV are difference. are shorter. The steady solution of Iuc (Infections HPV

women population who be uninfected with cervical cancer) is
smaller when P (the probability of women with HPV can be

infected with cervical cancer) is higher. But . (Infectious

wd HPV women population who be infected with cervical cancer)
. / [ is higher when P,. (the probability of women who be infected

i with HPV) is higher. The results are corresponding to the real
situations because when the probability of infection with HPV
e is high then each woman can be infected in a short rime.
! | Furthermore, when the probability ot women with HPV can be
il | infected with cervical cancer is high. the number of infectious
[ i TR, & e i HPV women population who be infected with cervical cancer
is also high.
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