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ABSTRACT

Dengue disease is a virus infection caused by dengue virus. The transmission
vector for this disease is Aedes mosquitoes. In this research, we use mathematical
models to study the transmission of dengue disease of human and two species of
vectors (Aedes aegypti and Aedes albopictus). We obtain data of a number of
dengue cases reported to the Bureau of Epidemiology from the Ministry of Public
Health, Thailand, during 2002 - 2011. We developed the mathematical model
proposed by Esteva and vargas (1998). The human population was separated into
two groups: the human and two species of vector mosquitoes. Each group is
subdivided into three subclasses: susceptible, infectious and recovered subclasses.
The vector population was separated into two groups: susceptible and infectious in
vectors. The mathematical model is explained by the system of nonlinear differential
equations. The standard dynamical modeling method is used for determining the
behavior of solutions for each model. Then we find the conditions of parameters for
the disease - free equilibrium state and disease endemic - equilibrium states.
Numerical solutions are shown to support the theoretical predictions. Furthermore,
the human population was divided into two groups, children and adults. The results

of our models introduce the ways for controlling the transmission of dengue disease.
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6.6b) Numerical solutions projected onto (S.,7.,),(S.. ),
(I, »1.). The solutions oscillate to the endemic equilibrium

-

poiINt (8., 10y . 103, 1 1)  Where S, =0.000556913,

I7,=0.0003, 1), = 1.6622x10™"* I, = 8.23484x10® and I, = 7.38289x10™"
,respectively.
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For E, <1, and E,, =0.0307919 with parameters are following :

Mvaz =1/36,1,4,=1/46 ,N,, =61000, N, = 4800, N, =10000, &, =0.03225 ,

a,, = 0.02941, a,,, =0.000000000076 , @, =0.000000000664 , ¥, =0.04 , ¥, =0.06 ,and

N, =100,000.
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6.9.

6.10.

6.8 a)

6.8 b)

6.9a)

6.9b)

6.10a)

6.10b)

Time series: solutions of 8, ,Lay iz Lups lagg svwsrssnsosesoonsvsemsanosnss 115
Values of parameters in the model are following:

Moar =1/, Nypa =1/13, N, =30000, N, =37000, N, =19000 , @r,,, =0.25 ,

a,, =0.1428 , a,,, =0.0000000044 , @,,, = 0.000000000335, 7, =0.02,

75 =0.07 ,and N, =100,000, where E,;, =21.7785 in adult.

Numerical solutions projected onto (S,,7,1),(Ss/va)

(1,42, 1.1) . The solutions oscillate to the endemic equilibrium point

(S0 00 s Loy dogn Ihyy) Where S =0.0123201, 7;, = 0.000344474

I5= 6996110 I, = 3.18294x107"and I}, = 1.40069x10"°
respectively.

Time series sSolUtions Of 8., 7,1, 1.3, ua1sLyp) coeveeeeseeesesmsesenseereresssensasnsaens 118

Values of parameters in the model are following :

N, =50000, N,,; =32000, N, =17000, @, =0.2, @, = 0.125,

a,, = 0.0000000028 , ,;; = 0.000000000165 , ¥, =0.005 , 7, =0.004 ,and
N,=100,000 ,and E, =22.8627.

Numerical solutions projected onto

(et ) (8L ) o8 B Yo Ciro it sl it 2 ) o L L i 5B} -

Time series solutions of 8,1, s L Lwaslys s 120
Values of parameters in the model are following:

N,, =50000, N,,, =34000, N ;, = 30000, @ , =0.25 , @, = 0.1428,

a,,, =0.0000000075 , , =0.000000000625 , y,, =0.02, , =0.07 ,

and N,=100,000, when E,, =9.26764 .

Numerical solutions projected onto(S,,/,;),(Sa:1w2),

(1,2 » 1) . The solutions oscillate to the endemic equilibrium

POINt (S5, 1oy 11 0n s ey s 1py) @re limit cycles.
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Introduction

1.1 Statement and Significance of the Problems

Dengue virus is the most important arboviral disease. It belongs to the genus
Flavivirus, family Flavivirdae. There are 4 serotypes of dengue virus namely DEN - 1,
DEN - 2, DEN - 3 and DEN - 4 [1,2,3]. Humans are the primary vertebrate hosts of all
four serotypes. Infection range from simple fever to much more severe and
sometimes fatal. Dengue Haemorrhagic Fever (DHF) and Dengue Shock Syndrome
(DSS) are the severe forms of this disease. This disease has emerged as an
international public health problem, now endemic in more than 100 countries and
affecting about 40 % of the world population (2.5 billion people) living in tropical
and subtropical regions and in urban /urban areas from Asia to the Pacific [4].
Therefore, their infections may also be due to chikungunya, a coinfection of both, or
even other similar viruses. The outbreaks are often described as explosive. Dengue
infection is common in the rainy season (approximately May to September in
Thailand) when Aedes mosquito is abundant [5,6,7].

The transmission of dengue disease is caused by two females Aedes
mosquito; Aedes aegypti (Linnaeus) and Aedes albopictus (Skuse) in urban areas. We
observed that the spread of Aedes albopictus in the southern coastal states of the
United States indicates that the expansion appeared to be occurring at the expense
of Aedes aegypti. In Southeast Asia, the apparent spread of Aedes aegypti has been
caused by increased urbanization which favours breeding of this species, which is
also prevalent in indoor larval habitats, whereas Aedes albopictus breeds more
successfully in suburban and rural areas and tends not to colonize in indoor water
collections [8,9]

Thailand has experienced a three-fold increase of dengue infections. The data
of 2013, found that there were 154,773 cases and 136 deaths. India also reported
more infections with 3,952 cases during the first quarter of 2013 compared to 1,579
cases during the same period in 2012. However, the number of dengue-related death
rates decreased to 7 from 12 in 2012. Most of those affected were between 14-24
years old, and advised people to destroy mosquito larvae and monitor their
surroundings for conditions favorable to mosquito breeding. In 2013, they expect
150,000 to 200,000 cases. Up to 200 people could die in a worse - case scenario.



Even if dengue cases surpassed the 1987 record, the death toll of that year more
than 1,000 was unlikely to be exceeded owing to improved health care and
preventive measures. There was still no vaccine for dengue, a mosquito-borne
disease. Health officials claimed that unseasonably wet and warm weather had made
the situation worse, allowing mosquitoes to reproduce at a rapid rate. In May, the
country reported 16,500 dengue cases, almost three times as many as in the
previous month. In June, there could be up to 30,000 cases, for the local
communities to take more responsibility in combating the disease, especially during
the annual monsoon season from May to October when mosquito activity flourishes
[6,7,10,11].

As mentioned above, we are interested in the transmission of dengue virus by
two Aedes mosquitoes. We analyze the reported data from the Bureau of
Epidemiology, Ministry of Public Health, Thailand, during 2002 - 2011[12]. The
objectives of this study are to modify and to analyze the mathematical model for
dengue virus by two Aedes mosquitoes.

1.2 Objectives of the study

The objectives of this thesis are to study and develop a mathematical model
of dengue virus by Aedes aegypti and Aedes albopictus. More specifically, for that
reason, the following objectives for this study are:

1) To study the dengue disease transmission and develop the mathematical
model from SIR model of Esteva and Vargas (1998)[13].

2) To study the differences between the transmission of dengue virus by
Aedes aegypti and Aedes albopictus.

3) To analyze the local stability and global stability and find conditions of
parameters for stability.

4) To investigate the relationships between susceptible, exposed, infectious,
recovered classed in human and susceptible, infective of Aedes aegypti
and Aedes albopictus during outbreaks of dengue virus.

5) To use the results of the mathematical model the analyzing, and
predicting the spread of the disease, and preventing the spread and

reducing the outbreak of dengue virus.




1.3 Scope of the study

The scopes of the study are as follows:

1) study and Analyze the data from the reported of the Bureau of
Epidemiology, Ministry, of Public Health, Thailand during 2002 - 2011.

2) Analyze the mathematical model for transmission of dengue virus by
Aedes aegypti and Aedes albopictus. We suppose that the number of
population is constant. The transmission rates of the disease are seasonal
and the transmission rate of the disease is in the children and adult. The
transmission rates of disease that depend on Aedes mosquitoes is
different.

3) Analyze the results from the model by the conditions of parameter in the

mathematical model.

1.4 Process of the study

The process of the study is follows:

1) Study the data from the report of the Bureau of Epidemiology, Ministry, of
Public Health, Thailand during 2002 - 2011.

2) Study the definition and theoretical background and review the descried
literatures.

3) Formulate the mathematical models.

4) Analyze the mathematical models.

5) Develop the mathematical models.

6) Compare the results and discuss them in the research.

1.5 Benefits of the study
The analysis of this research is a guideline to reduce the spread of dengue

virus.

We are research in these models. We consider the factors causing the

outbreak, by following this model.
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In this chapter, to be discussed dengue disease by the two types of female

mosquitoes (Aedes aegypti and Aedes albopictus).

2.1 Dengue virus and Mosquitoes

2.1.1 Dengue Virus

Dengue virus is a member of the virus family Flaviviridae ahnnd the genus
Flavivirus - a family which includes other medically important vector - borne viruses.
The Flavivirus genus derives its name from the Latin is “yellow” or “flavivirus,”and
includes the dengue, West Nile, Tick — borne Encephalitis, and Yellow Fever viruses,
the latter of which are febrile and jaundice [14,15,16]. Dengue viruses are arboviruses
that are transmitted to people through the biting of the infected female Aedes
mosquitos. Dengue virus is now believed to be the most common arthropod-borne
disease in the world. Dengue is mainly found in the tropical and subtropical
worldwide that originated in Africa because the mosquitoes require a warm climate.
A major fear of epidemiologists is that the mosquitoes will develop resistance to
cooler climates and then be able to infect people in the United States and other
temperate climates [17,18,19].

The four dengue viruses serotypes (DEN 1 to 4), are members of the
flaviviridae family, genus flavivirus. All four serotypes have emerged from sylvatic
strains in the forests of South-East Asia. The four serotypes can cause a wide range of
diseases in humans. Dengue Infection may also be asymptomatic. The diseases range
in severity from undifferentiated acute febrile illness, classical dengue fever (Dengue
Fever - DF), to the life-threatening conditions DHF/DSS [6,10,11,20,21]. Dengue illness
was previously categorized on a I-IV grade scale, but a simplified categorization for
dengue case classification has been proposed by WHQ’s Special Program for
Research and Training in Tropical Diseases (TDR) in 2009 where DHF and DSS cases
are grouped together as ‘severe dengue to avoid false-negative DHF(Dengue
Hemorrhagic Fever) / DSS (Dengue Shock Syndrome) diagnosis. DHF was first
documented only in the 1950s during epidemics in the Philippines and
Thailand. This did not happen until 1981 when large numbers of DHF cases began to



appear in the Carribean and Latin America, where highly effective Aedes control
programs had been in place until the early 1970s[20,21,22,23,24,25].

2.1.2 The Virus

The virus is transmitted when Aedes mosquitoes bite an individual infected
with dengue virus. The virus in the blood of the infected individual then infects the
mosquito and travels from the mosquitoes stomach to its salivary glands were the
virus multiplies[22,23]. The virus is then injected into another person when the
mosquito vaccinates anticoagulants that prevent blood clotting when the mosquito
is feeding. The mosquito remains able to transmit dengue for its entire life. Each
year, 100 million people become infected with dengue virus. The first recognized
Dengue epidemics occurred almost simultaneously in Asia, Africa, and North America
in the 1780s, shortly after the identification and naming of the disease in 1779, but it
was most likely present long before it first appeared in literature. However, the
majority of deaths that result from dengue infection result from Dengue Hemorrhagic
Fever (DHF) and Dengue Shock Syndrome (DSS). People who develop DHF have a 5%
chance of death but if they go on to develop DSS then the mortality rate can rise as
high as 40% of the world’s population living in areas where there is a risk of dengue
transmission, Dengue spread to more than 100 countries in Asia, the Pacific, the
Americas, Africa, and the Caribbean(13,17,19,22,24].

Figure 2.1 Dengue virus particle and microscopic picture of dengue
viruses[25].

2.1.3 Transmission of the Dengue Virus

Dengue virus is transmitted between the humans through biting infective
females by the mosquitoes Aedes aegypti and Aedes albopictus, which are found
throughout the world. The mosquitoes generally acquire the virus while feeding on
the blood of an infected person. Symptoms of infection usually begin 4 - 13 days
after the mosquito bite and typically last 3 - 10 days. Infected mosquito is capable
of transmitting the virus for the rest of its life. There is no way to tell if a mosquito is




carrying the dengue virus. Infected female mosquitoes may also transmit the virus to
their offspring by transovarial (via the eggs) transmission, but the role of this in
sustaining transmission of the virus to humans has not yet been defined. Infected
humans are the main carriers and multipliers of the virus, and serving as a source of
the virus for uninfected mosquitoes. This period usually begins a little time before
the person become symptomatic. Some people never have significant symptoms
but he /she can still infect this disease. After the mosquito enter in the blood meal,
the virus will require an additional 8-12 days incubation before it can then be
transmitted to another human(22,23,24,25]. The mosquito remains infected for the
remainder of its life. In rare cases, dengue virus can be transmitted in organ
transplants or blood transfusions from infected donors, and there is evidence of
transmission from an infected pregnant mother to her fetus. But in the vast majority
of infections. In many parts of the tropics and subtropics, dengue is endemic, that is,
it occurs every year, usually during a season when Aedes mosquito populations are
high, often when rainfall is optimal for breeding. These areas are, however,
additionally at periodic risk for dengue epidemics, when large numbers of people
become infected during a short period. Dengue epidemics require a coincidence of
large numbers of vector mosquitoes, large numbers of people with no immunity to
one of the four virus types (DEN 1, DEN 2, DEN 3, DEN 4), and the opportunity for
contact between the two species of Aedes mosquito. Aedes mosquitoes may
acquire the virus when they feed on an individual during this period. In parts of
South East Asia and Africa, the transmission cycle may also involve jungle primates
that act as a reservoir for the virus [10,11,12,13,23,24].

Aedes mosquito bites dengue
infected person
Dengue symptoms show in the
infected person 4 - 13 days \

Dengue virus in the blood
Virus containing mosquito
¢ q \ ingested by the mosquito
infects another health rson (\
Ype takes 8-10 days to incubate

Figure 2.2. Transmission of dengue viruses [26].



Dengue virus is transmitted by Aedes aegypti mosquito. Aedes albopictus
mosquito and other Aedes species also transmit disease in specific areas. Aedes
polynesiensis, Aedes scutellaris and Aedes pseudoscutallaris in the Pacific Islands
and New Guinea. Aedes polynesiensis in the Society Islands and Aedes niveus in the
Philippines. The Aedes mosquito prefers to breed in water-filled receptacles, usually
close to human habitation. They often rest in dark rooms and breed in small pools
that collect in discarded human waste. Although they are most active during daylight
hours, biting from dawn to dusk, mosquitoes will feed throughout the day indoors

and during overcast weather.

2.1.4 The Vector

The Aedes mosquito is the main vector that transmits the virus that causes
dengue fever. The virus is passed onto humans through biting of infective female
Aedes mosquito, which mainly acquires the viruses while feeding on the blood of the
infected person. Two mosquitoes species have recently been found in several areas
and there is potential patient for them to spread the virus into other areas of the
world. They are named Aedes aegypti (the yellow fever mosquito) and Aedes
albopictus (the Asia tiger mosquito). Unlike the other mosquito species. Aedes
aegypti and Aedes albopictus bite during the day. Both species are small black
mosquitoes with white stripes on their back and on their legs. They can lay eggs in
any small artificial or natural container that holds water. Two mosquitoes species
have the potential to transmit several viruses, including dengue, chikungunya, and
yellow fever. None of these viruses are currently known to be transmitted within
California, but thousands of people are infected with these viruses in other parts of
the world, including Mexico, Central and South America, the Caribbean, and Asia.

2.1.5 The species of mosquitoes.

At present, it is found that in this world, there are about 3,450 mosquito
species. In Thailand, there are at least 412 species. A name based on a simple
language by following in table 2.1.



Table 2.1. Mosquito that caused the disease

Vectors Disease
Anopheles Malaria
Culex Encephalitis
Aedes Dengue fever, Dengue hemorrhagic fever,
- Aedes aegypti Dengue shock syndrome,
- Aedes albopictus chikungunya fever, yellow fever
Mansonia Filarisis, Scrub Typhus

2.1.6 Aedes aegypti

Aedes aegypti mosquito is the primary vector of dengue disease. The virus is
transmitted to human through biting of infected female mosquitoes. Aedes aegypti is
usually found between latitudes 35°N and 35°S (5,6,7,11] during the warm season. It
corresponds to a winter isotherm of 10°C. The biting behavior of Aedes aegypti
occurs during the day. This species is most active for approximately two hours after
sunrise and several hours before sunset, but it can bite at night in some areas. After
4-10 days of virus incubation, an infected mosquito is capable of transmitting the
virus for the rest of its life. Infected humans are the main carriers and multipliers of
the virus, serving as a source of the virus for uninfected mosquitoes. Patients who are
already infected with dengue virus can transmit the virus (for 4-5 days; maximum 12)
via Aedes mosquitoes after their first symptoms appear. The biting behavior of Aedes
aegypti occurs during the day. This species is most active for approximately two
hours after sunrise and several hours before sunset, but it can bite at night in some
areas. Mosquitoes can bite people without being noticed because it approaches from
behind and bites on the ankles and elbows [22,23,24,25]. Aedes aegypti prefers to
bite people but it also bites dogs and other domestic animals, mostly mammals.
Only female mosquitoes bite humans to obtain blood in order to lay eggs. This
medical importance is found in tropical and subtropical areas of the world, Aedes
aegypti historically is considered to be a primary vector of viral diseases such as the
dengue fever, chikungunya and yellow fever. The seasonal abundance of adults
peaked in February, May - June and again in September. Increasing numbers of eggs
were found in February and again in July with larval densities peaking one month
later. [25,27,28,29,30,33]




Figure 2.3. Aedes aegypti [28].

2.1.7 Aedes albopictus

Aedes albopictus received the nick-name “Tiger mosquito” a secondary
dengue vector in south east Asia, has spread to North America and Europe largely
due to the international trade in used types of mosquito (a breeding habitat) and
other goods. Aedes albopictus will be habitat in temperate and northern latitudes,
and they also survive. The biting behavior of Aedes albopictus occurs during daytime.
Its peak feeding times are during the early morning and late afternoon. They are
strongly attracted to biting humans, but feed on cats, dogs, squirrels, deer and other
mammals, as well as birds. The bites occur on any exposed skin surface. These
mosquitoes can use natural locations, habitats and artificial containers with water to
lay their eggs. About four or five days after feeding on blood, the female mosquito
lays her eggs just above the surface of the water. The entire immature or aquatic
cycle can occur about 7-9 days. The life span for adult mosquitoes is around 3
weeks. Aedes albopictus mosquitoes remain alive through the winter in the egg
stage in temperate climates (areas with four seasons) but are active throughout the
year in tropical and subtropical locations. The medical importance of Aedes
albopictus is most well known for transmitting dengue and chikungunya viruses. The
Asian tiger mosquito is similar, in terms of their close socialization with humans, to
the common house mosquito (Culex pipiens). Among other differences in their
biology, Culex pipiens prefers larger breeding waters and is more tolerant to cold. In
this respect, there is not any significant competition or suppression between the two
species. The seasonal abundance is depend on temperature and the availability of
food and water in a particular geographical area. Higher temperatures speed up larval
development, increasing the number of adult populations, the autumnal
development of immatures and consequently the rates of egg overwintering.
Oviposition takes place from mid-April to December, with the numbers of eggs peak
from mid-July to the end of the autumn, and significantly increased during mild and
rainy weather{27,28,29,30,31,33].

Chikungunya fever is a viral disease transmitted to humans by the biting of
infected mosquitoes. Chikungunya virus was first isolated from the blood of a febrile
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patient in Tanzania in 1953, and has since been cited as the cause of numerous
human epidemics in many areas of Africa and Asia, and most recently in a limited
area of Europe. Humans become infected with chikungunya virus by the bite of an
infected mosquito. Aedes aegypti, a household container breeder and aggressive
daytime biter which is attracted to humans, is the primary vector of chikungunya
virus to humans. Aedes albopictus has also played a role in human transmission
[52,53]

Figure 2.4. Aedes albopictus[32].

2.1.8 The comparison between dengue disease and chikungunya
Table2.2. Disease caused by mosquito two species [26,27,28,29,30,31,32,33,34,35,
52,53].

Disease caused Dengue disease chikungunya
Transmission Dengue virus are | Chikungunya is a viral
transmitted to humans | disease (genus Alphavirus)
though the biting of | which is transmitted to
infected Aedes mosquito. | humans by infected
mosquitoes.

Mosquitoes
vectors

Aedes aegypti and Aedes
albopictus,

Aedes albopictus (the Asian
tiger mosquito)

Disease outbreaks

Dengue has emerged as a
worldwide problem only
since the 1950s. Although
dengue rarely occurs in
the continental United
States, it is endemic in
Puerto

Rico and in

Chikungunya  occurs in
Africa, Asia and the Indian

subcontinent. Human

infections in Africa have
been at relatively low
levels for a number of

years, but in 1999-2000
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many  popular  tourist
destinations in Latin
America, Southeast Asia
and the Pacific islands

there was a large outbreak
in the Democratic Republic
of the Congo, and in 2007
there was an outbreak in
Gabon.

Symptoms

Symptoms, which usually
begin four to six days after
infection and last for up to
10 days, may include

- Sudden, high fever

- Severe headaches

- Pain behind the eyes

- Severe joint and muscle
pain

- Nausea

- Vomiting

- Skin rash, which appears
three to four days after
the onset of fever

- Mild bleeding (such a
nose bleed, bleeding
gums, or easy bruising)

Symptoms appear between
4 and 7 days after the
patient has been bitten by
the infected mosquito and
these include:

High fever (40°C/ 104°F)

- Joint pain (lower back,
ankle, knees, wrists or
phalanges)

- Joint swelling

- Rash

- Headache

- Muscle pain

- Nausea

- Fatigue
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2.1.9 Aedes Mosquito Life Cycle

Adult /Gonotrophic
;/ 3

g

Figure 2.5. life cycle of mosquitoes[34].

The mosquito has a complex life cycle with dramatic changes in shape and
habitat. Female Aedes mosquitoes commonly lay their eggs on the inner walls of
artificial containers. When the containers filled with water, mosquito larvae hatch
from the eggs. After developing through four larval stages, the larvae metamorphose
into pupas. Like the larval stage, the pupal stage is also aquatic. After two days, a
fully developed adult mosquito forms and breaks through the skin of the pupa. The
adult mosquito can fly and has a terrestrial habitat. The entire life cycle lasts 8-10
days at room temperature, depending on the level of feeding. Thus, there is an
aquatic phase (larvae, pupae) and a terrestrial phase (eggs, adults) in the life-cycle.
Mosquitoes have a complicated life cycle, as they change their shapes and habitats.
Female mosquitoes generally lay their eggs above the water line inside containers
that hold water [26,35). These containers include tires, buckets, birdbaths, water
storage jars, and flower pots. Mosquito larvae hatch the eggs when the containers fill
with water, in many cases after a rainfall. The larvae are aquatic, meaning that they
live in the water and feed on microorganisms found in the water. Larvae go through
developmental stages in which they molt, or shed their skin, three times. These
larval stages are called the first to fourth instars. This stage of the mosquito's life is

also aquatic. After two days, the fully developed adult mosquito forms and breaks
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through the skin of the pupa. The adult mosquito is able to fly and there is no
longer aquatic. It has a terrestrial habitat. This adaptation has made it very difficult to
eliminate mosquito populations completely. In many areas of the world, dengue
outbreaks occur every year during the rainy season, when conditions are perfect for
mosquito breeding. Dengue can pose a particular threat in highly populated regions
because epidemics are more likely where there are large numbers of people in
contact with large numbers of mosquito vectors than in more isolated areas, and in
countries in the equatorial area that experience tropical monsoon seasons, such as

Indonesia, India, Brazil, Thailand, Sri Lanka, and Myanmar[34,35].

2.1.10 Dengue infected patients

Dengue virus Infection

Asymptomatic Symptomatic
' |
| ]
Undifferentiated Fever Dengue Fever (DF) Dengue Hemorrhagic Fever (DHF)
(viral svndrome ) (plasma lear syndrome)
Without Hemorrhage With Hemorrhage  No shock Dengue Shock Syndrome(DSS) (DF)

Figure 2.6. Dengue virus infection [26].

The dengue infected individuals are asymptomatic; they have no clinical
signs or symptoms of disease. The first clinical course is a relatively benign scenario
where the patient experiences fever with mild non-specific symptoms that can mimic
any number of other acute febrile illnesses. The criteria for DF of the non-specific
presentation of symptoms make positive diagnosis difficult based on physical exam
and routine tests alone. For the majority of these patients, unless dengue diagnostic
serological or molecular testing is performed, the diagnosis will remain unknown.
These patients are typically young children or people who experience the first
infection. They recover fully without need for hospital care. The second clinical
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presentation occurs when a patient develops DF with or without hemorrhage. These
patients are typically older children or adults and they present with two to seven
days of high fever (occasionally biphasic) and two or more of the following
symptoms: severe headache, retro-orbital eye pain, myalgias, arthralgias, a diffuse
erythematous maculo-papular rash, and mild hemorrhagic manifestation. Subtle,
minor epithelial hemorrhage, in the form of petechiae, are often found on the lower
extremities (but may occur on buccal mucosa, hard and soft palates and or
subconjunctivae as well), easy bruising on the skin, or the patient may have a
positive tourniquet test. Children may also present with nausea and vomiting.
Patients with DF do not develop substantial plasma leak (hallmark of DHF and DSS,
see below) or extensive clinical hemorrhage. Serological testing for anti-dengue IgM
antibodies or molecular testing for dengue viral RNA or viral isolation can confirm the
diagnosis, but these tests often provide only retrospective confirmation, as results
are typically not available until well after the patient has recovered. Dengue
Hemorrhagic Fever (DHF) or Dengue Shock Syndrome (DSS): The third clinical
presentation results in the development of DHF, which in some patients progresses
to DSS. Vigilant is critical for identifying warning signs of progressing illness and early
symptoms of DHF which are very similar to those of DF.

2.1.11 Grading severity of Dengue hemorrhagic fever
Dengue hemorrhagic fever is classified into four grades of severity, where

grades lll and IV are considered to be DSS [54].

Grade I: Fever accompanied by non - specific constitutional symptoms; the
only hemorrhagic manifestation is a positive toumiquet test and/or
easy bruising.

Grade |l Spontaneous bleeding in addition to the manifestations of Grade |
patients, usually in the forms of skin or other haemorrhages.

Grade lII: Circulatory failure manifested by a rapid, wesk pulse and narrowing of
pulse pressure or hypotension, with presence of cold, clammy skin
and restlessness.

Grade IV: Profound shock with undetectable blood pressure or pulse.

In 2012 and 2013, The Rare and Imported Pathogens Laboratory (RIPL) is now
incorporated into the functions of Public Health England (PHE) reported an increase
in imported cases of dengue fever in England, Wales and Northern Ireland. RIPL
provides a clinical diagnostic service for rare and/or imported pathogens such as
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pathogenic arboviruses, haemorrhagic fever viruses and a number of Hazard Group 3
bacterial pathogens including rickettsiae, Coxiella burnetii and Bacillus anthracis.

RIPL is the frontline laboratory providing diagnostics for the Imported Fever Service
following its inception in June 2012. The increasing of cases from Thailand and
Barbados was noted. There was also a cluster of cases from Sri Lanka, Brazil and
Jamaica. Cases were also reported in residents of the Autonomous Region of
Madeira, Portugal.

2.2 Prior Mathematical Modeling Studies

In 1998, Esteva and Vargas [13] proposed a model for the transmission of
dengue fever in a constant human population and variable vector population. The
SIR model applied to the human; the susceptible, the infective and recovered; Sl
model applied to vector population; the susceptible and the infective, since the
vector is infected for life. This model is divided into two classes; N, is the human
population and N, is the vector population. The human population has constant
size, if birth rate and death rate are constants and equivalent toy, . For the
mosquito population, recruitment rate u, is death rate. g, is the mortality rate of

mosquito. The dynamic transmission of human and vector are shown in figure2.7.
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Figure 2.7 The dynamic transmission of population and vector [13].

In above diagram, Sj,, 1, , R, are the number of susceptibles, infective and
recovered in the human population; and S;,, I, are the number of susceptible and
infectives in the vector population, Because mosquito never recovers from infection.

The dynamic from susceptibles to infective for each species depend on the biting



16

rate (b) of vector; the average number of bites per vector per day, the transmission is
the probability of an infectious bite produces, where g, is the transmission
probability of dengue virus from vector to human and g, is the transmission

probability from human to vector, g is the number of alternative hosts available as

blood sources and the probability a human individual as a host by A "+ . Then, the
Nptg

number of bites that a human receives per unit of time by b(—- ")( N ) a vector
Ny+

takes -;i human blood meals per unit of time. Then, the infection rates per
ht&

N Brb
tible h b Ny y 2 b
susceptible human by ﬂhb(N )(N e ) ‘) (N;,+g

Ny s b _yeldhy o Bl
BN D= G

)1, and susceptible mosquito by
)1;,. The infected humans recover at a constant ratey,.

The model is described by the following system of differential equations:

dj; sy Ny, = %S;, I, = mySh @1
G S -l 22
%= = Mp Ry +y 41}, (2.3)
A S S, 24
a‘fiié _ pr:)g ST - u, I (2.5)

with two conditions: N,=8,+/1,+R, and N, =8, +1,

They used standard dynamic analysis to determine the conditions on the
value of parameter to establish the global stability of the endemic equilibrium
(global asymptotically stable), then the Routh - Hurwitz conditions for the
polynomial is locally asymptotically stable. The basic reproductive
number R, =m of the disease, since it represents the average number of
secondary cases that one case can produce if introduced into a susceptible
population. They used the results for R, < 1, the disease free equilibrium is globally
asymptotically stable and R, > 1, oscillate to the endemic state. Using competitive
system and stability of period orbits asymptotically stable. The control for vector
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population can be explained in terms of the basic reproductive number, when the
outbreak of dengue starts in an endemic region, and decreasing the carrying of the
environment for mosquito by frequent reduction of the vector breeding sites, to be a

more effective way to control the disease.

In 2003, Pongsumpun and Tang [36]. formulated the transmission of dengue
hemorrhagic fever (DHF) described SIR model in the human population. They
separated human into an adults classes and juvenile classes with the transmission of
the disease being different in the two classes. Two equilibrium states are found and
condition for stability of one of these states, the disease free state and endemic
state of this model is discussed. The period of fluctuations in the number of
individuals in each class is much shorter in absence of age structure. The SIR model

with age structure, the dynamic of each component of the human is given by

f_,:' =4 Ny - Ni:_%m Sy Sy = (uy +8)S; (2.6)
Gt - o Ry = Ry Ly 5 27)
d—;’i =8(S;+1,+R)) —¢&p, 7. m RUHD o (2.8)
S (2.9)
and

%"= aﬁfﬁsgl; =y + 1)1 (2.10)

where S} ,154 and R}, are the numbers of susceptible juveniles (adults),

infected juveniles (adults), and recovered juveniles (adults), respectively; N, the total
population ( taken to be constant); m, the number of the other animals the
mosquitoes can bites; &, the average number of bites a mosquito takes per day; 4',
the birth rate; u,, the death rate; g,, the probability of the virus surviving in the

juvenile after being bitten by an infected mosquito.

The dynamics of the mosquitoes is described by

ds! bp
L w ——Lr (1% +1%) - S 211
df NT+m \( J'+ .4) yv v ( )

077660
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di} bB,

Si(Iy + 1) = u, I, (2.12)
di N?'+m l( J A) Hy Ly

Where S! and I, the number of susceptible and infected mosquitoes,
respectively; u,is the death rate of the mosquitoes; Ais the carrying capacity of the
environment (for the mosquitoes) and g, is the probability that a dengue virus
transmitted to the mosquito from an infected human. The conditions for the
stability, show that age structure in the simplified model reduces the periods of
oscillations in the SIR in human population and SI in mosquito population for

dengue virus.

In 2007, Pongsumpun and Kongnuy [37], formulated the transmission model
of dengue disease with the effect of extrinsic incubation period of dengue virus in
mosquito caused the seasonality. They compared the seasonality transmission
model of dengue disease (without symptomatic and asymptomatic classes). They
found that the symptomatic and asymptomatic classes reduced the period of
oscillation in the human population.

In 2008, Supriatna, Soewono and Gils [38] formulated A two - age - classes
dengue transmission model with vaccination. They divide the human population into
two age classes by a vaccination is usually concentrated in one class and a constant
rate of individuals in the child - class is vaccinated. They analyze a threshold
number which is equivalent to the reproduction number. If there is an undeliberate
vaccination to infectious children, which worsens their condition as the time span of
being infectious increases, then paradoxically, vaccination can be counter productive.
The paradox, stating that vaccination makes the basic reproduction number even
bigger, can occur if the worsening effect is greater than a certain threshold, a function
of the human demographic and epidemiological parameters, which is independent of
the level of vaccination. If the increasing virulence so that one will develop
symptoms, then the vaccination is always productive. Use these assumptions and
notions, the dynamics of the human population is given by

a56) =B-a§() —uS() - b pl.(-1) Sit=) —5q5,(1) (2.13)
N(t-1,)
= S$,(1) —u Sy(1) = by py 1,(t-1,) M=) (2.14)
dl Si(1—
L ab.p.f..u-r,)ﬁ - uhy0) - (7—qo) L) - al, () (2.15)
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ﬁj{iﬂ =0ob, p, Iv(r—r,)%((—::_% —ul () =y L) +al(1) )
DD -1 0 1,6-r) T - D 0 - 74,0 - 2Dy 0 (2.17)
220 _p-o1 5, p, m:-r,)%::; — Dy ()= 74 Dy (1) + @Dy (1) (2.18)
d‘;(’) =5, () + (7=qg@) 1, (0) +7 1, 0) + 74 Dy (O) +74 Dy () = R() 219)

The mosquito population dynamic by

dSI'('r)_ . v S;-U—re) -ute _

—==B,=[bip, () + b2, 1O (-1,)]) M) ¢ —u,5,0) (2.20)
d’v(l)_ - Sv(’—rg') -prte _ 221
—a =B O + by py 1 0) (-T)] SEe ™~ ) (2.21)

The number of individuals in the child-class and the adults-class is denoted
by N, andN,, respectively. Let us also assume that the total number of individual in
age class ; at time t, ie. N,(1),j=12 is composed of the number of susceptible
individuals, §,(r) the number of asymptomatic infective individuals, 7,(r) the number
of symptomatic or severely infective individuals, D,(r)and the number of recovered
or immune individual, R,(r)The constant recruitment rates for humans and

mosquitoes are B and B,, respectively. The total number of mosquitoes,
N, (1) consists of the susceptible, §,(r),and the infectious, 1,(1), individuals.
Furthermore, there is an extrinsic incubation period r, and intrinsic incubation period
r,experienced by infected mosquitoes and in infected humans, respectively, before
they become infectious. If there is an undeliberate vaccination of asymptomatic
infectious children that effectively enlarges the infectious period, then a paradox of
vaccination might occur. The threshold is a function of the human demographic and
epidemiological parameters, which might be independent of the level of vaccination.
Although the region of the realistic parameters in which the vaccination might
happen is regarded as a small region, still this paradox must be avoided.

In 2010, Erickson, Presley et.al.[39]. A dengue model with a dynamic of Aedes
albopictus vector population is considered. It depends on the factors such as
socioeconomic, the local environment and biology of mosquito. They created a
Susceptible, Exposed, Infectious, Recovered human and Susceptible, Exposed,
Infectious mosquito. They consider the effect of temperature. When, they examined
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the role of temperature as a vector population driver. They found that the maximum
dengue outbreaks occurred when the average daily temperature allowed for larger
mosquito population.

In 2012, Tasman, Supriatna, et.al. [40] constructed a dengue vaccination
model for immigrants in a two - age class population. They formulated the
transmission of dengue model, by classifying the human population into child and
adult classes. They considered the transmission of disease, according to age structure
and each population into separated susceptible, infected and recovered groups.
They include immigration and emigration factors into the model, the vector
population is divided into susceptible, exposed, and infectious classes. They derived
a threshold parameter of existence and stability of disease - free and endemic
equilibrium states depending on the reproductive ratio.

In 2012, Chen and Hsieh[41] constructed the transmission dynamics of
dengue fever; implications of temperature effects are depend on entomological
parameters of Aedes aegypti. The biting rate and the initial mosquito population,
were adapted to observe features of the epidemic. They showed that the climate
factor was indeed important and influenced the system modeling of human and

vector interactions.

In 2013, Oki and Yamamoto [42] analyze the probable vector density that
caused the largest dengue outbreak in Nagasaki in 1942, using SEIR model in various
assumptions. The parameters were applied, such as proportion of symptomatic
cases, vector mortality, and human biting rate and longest vector survival of Aedes
albopictus. Then, the high vector density due to wartime practices, and the tradition
lifestyle were responsible for the earlier dengue outbreak, the outbreak occurs on
the environmental and human behavior have change. Equations for the changes in

each class of human and vector populations are follows:

ds I,

—dth =Nyd), =Sy (au,qrm N—h+dh ) (2.22)
dE I,

Tth= Sha‘,,,qrme—h—E,, (Tip+d) (2.23)
dl

_df’. =Eprip =1y (Frecovery + i) (2.24)
dR

—d:’—=1,, (—— (2.25)
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] ndex + 1
-‘%—:MPPN,, sin[0.016882 (¢ +240)]d, —S, (a7 —ff;,'—"+dv ) (2.26)
h
dE‘, Ithdex + lh
== S, (@Gt m N E,(r,,+d,) (2.27)
Ly e B, ~Id (2.28)

df vejp'“ vy

The parameters in their model, d, , Host death rate ; r,, , Viral development rate in

humans; r,, ,Viral development rate in the vector bodies; #,.cy. , ReCovery rate of

eip

humans; rg development rate of adult female mosquito ; MPP, Number of female
mosquitoes per person; I, q.,Virus introduction; a, ,Transmission probability (host

to vector); a,,,Transmission probability (vector to host), respectively. we could not
directly compare the vector densities between the earlier outbreak and the present,
since the actual density of A. albopictus in the natural environment still remains
unknown. Although conducting entomological field surveillance is beyond the scope
of this study, it is one of the study’s limitations; it is important to investigate if the
vector density in present-day Japan is definitively lower than the threshold for the
prevention of the re-emergence of dengue.

In 2013, Chong, Tchuenche and Smith. [43]. formulated a mathematical
model of avian influenza with half - saturated incidence. The virus spread from birds
to humans and from human to human. The mathematical model of avian influence
for both bird and human populations on the transmission dynamic of disease is
investigated, by as essential role in determining the basic reproduction number of
this model. By increasing the half - saturation constant for the mutant strain, in
addition to other protection measures such as vaccination and personal protection,
we can make the disease - free equilibrium globally stable and hence theoretically

eradicate the disease.

In this research, we formulate the transmission models for dengue disease
considered the influence of two species mosquitoes i.e. Aedes aegypti and Aedes
albopictus. First model, we construct the SIR model, and season for the outbreak of
this disease. Second model, we formulate the SIR model with the non construct rate
of biting. The third model, we include the incubation to our first model by age group
from the second model. The fourth model, we separated the human group. Last
model, we study the global behavior of two equilibrium states from the second

model by using Lyapunov functions.
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In chapter Ill, we described a set of differential equations for explaining the
spread of dengue disease. The different contact rates of three seasons are
considered by SIR model (S = Susceptible, | = Infective, R = Recovered) used in this
study. We analyze the dengue model of seasonality compartment (rainy season,
winter season, summer season). We determine the stability conditions of equilibrium
points from Jacobian matrix.

In chapter IV, we study transmission of dengue disease in a population
containing two mosquitoes species (Aedes aegypti and Aedes albopictus) into SIR
model of the mathematical model. We determine the conditions on the values of
the parameters for the equilibrium states to be local asymptotically stable. The
results of the model are obtained by numerical simulations.

In chapter V, we add the incubation rates for each season into SEIR model of
the mathematical model in the model Ill, The results are obtained by numerical

simulations.

In chapter VI, we modify the model in chapter IV by separating the human
population into two classes, a child class and an adult class, each class being
described by SIR model. We determine the conditions for the local asymptotically
stability. We then present the results obtained by numerical simulations.

In chapter VI, we study the global behavior of two equilibrium states from
model IV by using Lyapunov functions.

In chapter VIII, we conclude and suggest the results of our mathematical
models and propose the method to reduce the outbreak of dengue virus considering
two species vector of (Aedes aegypti and Aedes albopictus).



Chapter Il
Transmission Model of Dengue Disease with the
Different Contact rates of three Seasons in Thailand

3.1 Mathematical model

Dengue disease can not be directly transmitted between the people. The
infected female Aedes mosquito is the primary vector for this disease. The
development of the virus and the mosquito are affected by the climatic factors. The
effect of extrinsic incubation period of dengue virus caused the seasonality
transmission of this disease[2]. When a vector bites someone who be infected with
dengue virus, the virus is transferred to that mosquito and it become infected
mosquito. After the infected vector bites the susceptible human then the virus move
into the human bloodstream, and it spread throughout the body. Symptoms
~ appeared about eight to ten days after the bitting from an infected mosquito.
Symptoms are flu-like illness and can include high fever, nausea, vomiting, body
aches, and headache. The moisture content, temperature, season and rainfall are
influence to the mosquito development. Dengue infection is endemic in Thailand.
From the data of Dengue cases in 2013, we can see that most dengue patients are

occurred in rainy season as shown in figure 3.1.

35000 — — —
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g
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Figure 3.1 Reported cases of Dengue disease per 100,000 population in
Thailand in 2013 [12].

The transmission rates are depend on the climatic factors, temperature,

environment and the behaviors of human.
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Transmission model of dengue disease with the different contact rates of
three seasons in Thailand. In this model, summer season start from January to April.

From May to September was rainy season and October to December was winter

season.
o Shr > Ip, > Ry
&
F-Np ﬁ.—N"-’:’d b Sk Bln
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5hS."lr ‘sd[hr 6h1h’ chR,,,. 5!1 th
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Figure 3.2. Transmission model of dengue disease with the different contact rates of

three seasons in Thailand.



The dynamics of human population are given by

For rainy season,

d C

—S8,, = PNy - 8,S,, =6,S,, -A—=20_1 8
dt hr Ty d“hr h2hr N:r,"‘d rhr
d &

—1, = A—22_| 8 — 8,1, —8,1,,— Pl
dt hr NTr+d h d'h hth ﬂhr

d
Z th = ﬂth . 6:! th - 515: th

For winter season,

d
— 8. & PNy, — 8,8, —88,—A-—120t Coome S
dt hw wilT d“h hh ]"w+d h

d Eoue
LI s g p o S =8k, ~ Bl
dt hw N;r'w+d w2 hw d* hw h' ﬁh

d
E Ry, = PRy, —S,Rp, — 4Ry,

For summer season.

d Comrme
S = PNy — 8,8, —8,S,-A—220_1 5,
dt hs T d* hs h*2h, NT:‘.+ d " h

d
o = A2 Coops 1S = 8414 =04lhs = Blis
df N7:v+d h d ¥ hs h* hs ﬁh

d
Z Ry, = PRy =0 Rys — Sy Ry

(3.7)

(3.8)

(3.9)
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We define the variables and parameter for above model in table 3.1.

Table 3.1 Definitions of variables and parameters for equation (3.1) - (3.9).

variable/ definition

parameter
Shr the number of susceptible human population in rainy season
Iy the number of infectious human population in rainy season
Ry, the number of recovered human population in rainy season
Shw the number of susceptible human population in winter season
i the number of infectious human population in winter season
Ry the number of recovered human population in winter season
Shy the number of susceptible human population in summer season
Ihs the number of infectious human population in summer season
R, the number of recovered human population in summer season

The dynamics of the mosquito population can be described as the following

equations:
d )
=8 . =A-A—=b=2_ ] 8§ 58 3.10
dt r N',l'r + h vilvr ( )
ilﬁr =A£[}rrsvr_"5vlvr (311)
dt Ny +d
For rainy season,
s a2l g 55 (3.12)
dt Ny, +d
d

_lhw =4 Chw—n‘ Ithvw -8

wlvw (3.13)

dt Ny, +d

For winter season,

A cp-1Suw ;s 55, (3.14)
drt N;u-s'f'd

d &

Ry T BB . W 315
dl hs Nn.-!-d h A 'S ( )

For summer season.




We define the variables and parameter for above model in table 3.2.

Table 3.2 Definitions of variables and parameters for equation (3.10) - (3.15).

27

variable/ definition

parameter
Sy the number of susceptible mosquito population in rainy season
1, the number of infectious mosquito population in rainy season
Sy the number of susceptible mosquito population in winter season
L the number of infectious mosquito population in winter season
Sy the number of susceptible mosquito population in summer season
I the number of infectious mosquito population in summer season

v




Where the parameters are defined as follows:

Table 3.3 Definitions of variables and parameters for model (3.1) - (3.15).

28

variable/ definition
parameter
Ny, the total human population in rainy season
Ny, the total human population in winter season
Ny, the total human population in summer season
Ny, the total mosquito population in rainy season
Ny, the total mosquito population in winter season
Ny, the total mosquito population in summer season
S the natural death rate of human population
Sy the death rate of human population due to the disease
J, the death rate of mosquito population
P the birth rate of human population
C s the transmission probability of dengue disease from mosquito to
human in rainy season
C it the transmission probability of dengue disease from mosquito to
human in winter season
i the transmission probability of dengue disease from mosquito to
human in summer season
Chrsi the transmission probability of dengue disease from human to
mosquito in rainy season
Chrwsay the transmission probability of dengue disease from human to
mosquito in winter season
Chissr the transmission probability of dengue disease from human to
mosquito in summer season
B the recovery rate of human population
A the biting rate of mosquito population
d the number of other animals available as blood sources

We suppose that

NHr - Shr+]hr+th1 NHw =Shw+]hw+Rth NH.: = Sh.r+lh.\'+Rh.\'!

NV." = SW'+1W‘ ) NVW = SW‘+!VW aﬂd NS\F =Sw+l“- .
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We normalize equations (3.1) - (3.15) by defining new variables.

S = I R
Shr=¢:1hr_irth= hr,
NTr NT‘r N}r
. , R
Shw = f]hw ’ J"hw }C’_“ ) Rhw N_ﬁw 2
Tw Tw Tw
Shs = i! ih\‘ = "!'ﬂl' » Ryg = ._}_Qf'.;‘_’
N.‘-. N'I's N'f‘\'
- B "
S\r L - rva = va ,SH va ,
N Vr N Pw N Vs
o =2 T =32 I, = 2
Nl-’r Nl"w . N'r\

The total human and mosquito populations have constant sizes, thus rates of
change for total human and mosquito populations equal to zero. Thus, the birth rate
of human population and death rates are equivalent for human population, the total

; ' A4, . i Ay s :
mosquito population equals to i in rainy season, 3 in winter season,

v v
A,
5—‘ IN summer season.

v

The set of dynamic equations (3.1) - (3.9) and (3.10) - (3.15) is reduced from fifteen

equations to nine equations.

d = C - -

—8,, = (8, +8,)— (8, +8, + A—=1 N,,)S,, (3.16)
o (6 +0,)—(6, +6, Ny, +d vr)Sh

d - O - -

—1, =A==t NS, —(8; +8,+ B, 3.17
am N +d w— (B +0,+ B, ( )
d =

=S5, = (8,+8 O, +0, + A——=m Cooiw 1 N, )8 3.18
™ = (84+9,)—(64 +6, + Ny, +d Vi S ( )
d - v— hw T

=4 Nrw':d Loy NisSiy = (84 + 8+ By (3.19)
d = '3 - =

8. = (8,48 81 +8, $A—228 T N, IS, 3.20
dt hs ( d+ k) ( d+ T Nr_“"d vy V.\) hs ( )
d - v—shs

=2 N,;,,+h 2 LNy She = g + 63+ By (3.21)
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d - Cors - .
—1, = A== ] N, (1-1,)-6,1, 3.22
dt vr Nj",""'d hr ]r( vr) vivr ( )
d - s & .

—1, =A—t=2r [ NpQ-1,)-6,1, (3.23)
di v NT“.-FC[ hw ?u( vw) vivw

d' C,. - 3

_!v\' s —t ] \'N ¥ l_lv\‘ _§v1vc (324)
df A Nn."’d hs T.( ) s

R, ,R,, R, and S, ,S,, S, can be obtained from conditions
Sp tlt Ry =15 Spytly ¥Ry = 1; Sy + 1 + Ry, = 1and

S.ul, =1, S+l =land 8, +1, =1

3.2 Analysis of The mathematical model

3.2.1 The Steady State Solutions
The equilibrium points are found by setting the right hand side of (3.16) -

(3.24) equal to zero. Let E=(Su, ./ + Loy sSh + Do » Ty »Shs » Ig s Trs )

Cosslip: 5 -
S, +8,)-(6,+8, + A——="-] N,.)S,, = 0 3.25
(04 +6,)-(0y +8, + Npt+d " vr JShr (3.25)
Cv—»hr < T
A=t 1 NS, —(8; +0,+ B, =0 (3.26)
Np+d
C\l—)llw 7 <o
(8;+6,)-(8; +6, + A2 ] N, )S,, = 0 (3.27)
Ny, +d
Cv—bhw N T
A lval’wShw_ (611 +5h+ ﬂ)lhw =0 (328)
Ny, +d
(8, +8,)— (8, +6, + aﬂ—i,wr.)@,. =0 (3.29)
1 N-r"i"d vy £ A}
Cv—bh.\‘ 3 i
A Iv.\'NH\'Sh.r_ (é‘d +5h+ ﬂ)]hx =0 (330)
Nh.'i'd
A—C"’Af,, N, (-1,)-86,1, =0 (3.31)
NT,'Fd r r vr r
Chwﬂv T T
A lthi"w(]—Iw)—avlvw =0 (332)

Nﬂv"'d



Shov Ty - )= E 3.33
andAN 2Ny (1= 1) = 8,0y = 0 (3.33)

Ts
we get for S,

(6, +6,) (3.34)
AC, Ny
(N, +d)*6,
R'Chr—ov].ilr Ny,

S, =
(6, +8,)+

(N, +d)+

For I'y, we have
1 (3.35)

" e Ny + ),
ACbr—wl lhr N.Tr

r

For S, ,we have

8, +5,) (3.36)

AC, .. N
(5 +§ )+ vshw ' Vw
Y W+ dys Dt d)'6,
= AC TNy,

hw—v® hw

S.hlr =

For I,,,we have

& g 1 (3.37)

)
AC,, I W N.

w ' Tw

For §;,,we have

S‘ - (64' +5h) (338)
hs =
(6, +8,)+ A'CH'RIN e nr
N, +d)+-n* 40,
;Lcl'rr—-wl IuNTs

For I, ,we have

7 I (3.39)
L (N rd)d,
AChs-wl hsNTs

Substituting equations (3.34) and (3.35) into equation (3.26),

I. a5 (6d 3 5’! )(_(NTF + d)z (ﬁ i 6‘{' + 5"’ )Jv * NTrNVrlzcv—ohrChr-w) (3.40)
" Ny (B+8,+8,)AC,, ., (N, +d)3, +8,)+N,,AC, ,,)

r—sv
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Substituting equations (3.36) and (3.37) in equation (3.28),

_ (8, +8,(~(Ny, +d)*(B+8,+8,)9, +N, N, A*C, ,,.Cuss) (3.41)
ul Ng (B+98,+6,)AC,, ,,(Ny, +d)J, +8,)+ Ny AC, )

Substituting equations (3.34) and (3.35) in equation (3.26)

I- - (54 # 5.» )(_( NT; +* d)z(ﬁ # 6:! + ah )5\1 + NTJ NVxA' sz—»)uCﬁurw) (3.42)
M NG (B+6,+6,)AC,, (N, +d)S, +8,)+ N, AC, )

One of the solutions to equations (3.41) to (3.42) arel,, = 0,1;, =0,1;, =0.
This solution yields the disease free equilibrium point(1,0,0,1,0,0,1,0,0) .

3.2.2 Stability Analysis

3.2.2.1 Local Stability
The local stability of each equilibrium point is determined from linearizing
equation (3.16) - (3.24) about equilibrium point examining the eigenvalues of the
resulting Jacobian matrix. We now consider the eigenvalues of the Jacobian matrix at
each equilibrium point. From equation (3.16)<(3.24), we can write in the matrix form

as follows:
iC AC
v=shr * v hr g gt
—(——=4L] N, +08 - .
((NTr+d) whe+8g+y) 0 ((N,rr+d) NieS ) (3.43)
AC AC
=) v=>»hr * _ v— hr .
JEI B (NTr+d)I er"' (ﬁ+5d+5h) ((NTr+d) NTrS hr)
AC
0 ( hr - v NT ‘, ) -5
(NTr+d) r" v v
in rain season
_(AC";"W;' N +8,+8,) 0 _(AC";}MN s* )
(Nﬁv+d) vw "™ d Th (NTw+d) = hw (344)
AC . iC P
Jo. =]yt ~(B+5.+6 _vorhwy o
Ey | Wy vy v Coarow v ™
C
0 ( hw—v p  g* Y B
(NT +d) Tw ww v
w /

in winter season
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AC
__h;_ —(—vohs y ¢*
((N +d)l gNeatPqt0y) 0 ((N +d)N"S hs) (3.45)
AC ¥ AC t
| Zvohs = —vorhs
JEI_ (Nrs+d)!v.t~'* (ﬁ+6d+5h) ((N L +d) Ts hx)
iC y
0 (MN S ) -6
(NTs+d) Ts™ vs v

in summer season
The eigenvalues (A) are the solution of the Characteristic equation [13,36]
det(J — Al;) =0

where J is the Jacobian matrix evaluated at the equilibrium point . 7; is the
identity matrix.

3.2.2.2 Disease free state

Equilibrium point of disease free state E,=(1,0,0,1,0,0,1,0,0) has eigenvalues as

follows:
A==6,-6,,
(N, +d)'( +6, +6) +4N2 szc C

Azz.l_ ~B-8,-8,-8,+ I P v—hr hr—v

: V (NTr+d)

2 2

", -B-6,-68,-6 - (N +d) (ﬁ+5 +5) e Tsw-'1 Cv—)hrchr—w

- 2 d “h v (N, +d)
TF

A4,==-8,-6,,

+d) (B+6,+5, ) +4N‘ S _A'E &
,4’_:1 _ﬂ_gd_ah_gv_,_ v hw hw—v
2 (NTw+d)

| (NT +d)2(ﬂ+5 +8 )=+4Nz rL® Ac C
Aﬁ=5 -f-8,-6,-4,+ w

voahw hw—v
Nrw d)

A,=-8,-8,,

vohs hs—v

1
A== -f-6,-8,-6,+
2[ (NTs+d)

2 2 2
\/(NTs+d) (B+6,+8,) +4N"}. S, 2°C e J
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2 1 2 2
L | — ](NTs+d) (B+6,+8,Y +4N", S, A°C,_ Cpo
9 2 d h v V (NT5+d)

From our evaluations, all eigenvalues have negative real parts when
R, <1.50 this disease free equilibrium point is local stability when R, <1.We define

}“’ZC C NVJNTs A ;{‘zckwﬁvcv—othVwNW

hs=sv™~"v—shs

(Ny, +d)’ (N,, +d)’ + ACunCoseNy Ny,

hr—v ™~ vahr

(f+8d+5h) (N, +d)* (B +35d +3h)
ov

R,=

3.2.2.3 Endemic disease state

The endemic disease equilibrium point
E =(S), Ly o Loy sSh s Ir s T »Shs » Iis » 1 ) s eigenvalues as follows:

A=-p-8,-5,,

A,=-5,

A=|s b +b7b1]5dba +b,(1Lb,N,, 8, = b,N1, S, bib )b + 1L Ny, Ny, (N, = Ny, )S, bibb /| 14 brbibsbNLS,
h bib, b} (bybby+ ILb,) by (bbb, + I.b)

A‘ =_ﬁ_§d —5,’1

A=-5,

uls Lty SRS+ S0 SN By =5 NS 3 + 1 N N Ny = Ne S, o ,(_H f,f.f,j;N,f,,S,,,]

i L(ALL+11) LGLAAIZS)

A4,=-f-8,-6,,

A==,

A=l +l',"g‘+g,g;6,,g,+g,(l,',,gzN,,,6,,—g,N,f,Sv,g,’gq)g,,+l:.N,,,N,.,(NW—N,,)Sv,g]ngs il = 37348285N1%.-Su ]

) £:8; g (2ze+1lg) 8:(8:8:8,+1.8)

From this model, we known the points local stability about equilibrium point
examining the eigenvalue of the results Jacobian matrix. Which we have two
equilibrium points (equilibrium point of disease free state and the endemic disease

equilibrium point).
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3.3 Numerical results

We consider the numerical solutions for dengue virus transmission. The
parameters in this study are determined by the real life observations. The values of
the parameters are as follows: &,=1/(365*170) day-l, corresponding to life expectancy
of 70 years for human. &,=1/7.5 corresponding to death rate due to the disease of
human. The other parameters are arbitrary chosen. Numerical solutions of (3.25) -
(3.33) are shown in the following figures.
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Casesl. Ry<1;

Infectious human proportion in
ruiny season
.
Infectious human proportion in
rainy season
i E £
Infectious mosquito proportion in
ruiny season
i

Time (Day) Time (Day) Time (Day)

Suscoptible human proportion in
winter season
Infectious humin proportion in
winter season
i
Infectious mosquito proportion in
winter season

£

AR SR ST S T ST
(] - m = m q W wm e W e W

Time (Day) Time (Day) Time (Day)

Susceptible human proportion in
summer sesson
|
Infectious human proportion in
Infoctious mosguito proportion in
summer soason
H i

Time (Day) Time (Day) Time (Day)

Figure 3.3. Times series solutions of susceptible, infectious human and infectious
mosquito population in rainy season, susceptible, infectious human and infectious
mosquito population in winter season, and susceptible, infectious human infectious
mosquito population in summer season respectively. The parameters are
3, =1/(365*70) 'lday, 5,=1/15,A=111,¢,,,, =0.076,¢,_,,, =0.065,c,_,, =0.04,

sy = 0.142, ¢, = 0.076, ¢, ,, = 0.067 , N,, =70,000, N,,, =51,000, N,, =13,000, N, =5,000,
N,,=2,000,N,=1300, 3 =0.143,5, =0.076 The solutions converge to the disease free
states (1,0,0,1,0,0,1,0,0)
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Cases2. Ry>1;

Susceptible human proportion in

rainy scason
Infectious humsen proportion in
rainy season
i

Infectious mosquito proportion in
rainy scason
i

Time (Day) Thene: (Duy) Time (Day)

Susceptible human proportion in
winler scason
& ]

Infectious human proportion in
winter season
Infectious mosquito proportion in
winter season

Susceptible human proportion in
summer
§
Infectious human proportion in
summer season
Infectious mosquito proportion in
summer seasan

Figure 3.4. Times series solutions of susceptible, infectious human and infectious
mosquito population in rainy season, susceptible, infectious human and infectious
mosquito population in winter season, and susceptible, infectious human infectious
mosquito  population in summer season respectively. The parameters are
5,=1/(365*70) day, 8,=1/15,A=1/8,c,,, =0.143,¢, ;. =033,c,_,, =025,

Chrosw =0.33, ¢y, = 0.25, ¢, = 0.2, N, =160,000, N,,, =62,000, N,,=33,000 , N,, =20,000,
N,,=13,000, N, =10,000, 8 =0.143,5, =0.25 The solutions converge to the disease free
states (0.704, 0.179, 0.655, 0.094, 0.551, 0.802, 0.643,0.217,0.578 )
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After our calculations, we found that all eigenvalues have negative real parts
when R, <1. This means that the endemic disease state is local stability [13] for Ry >1.

/‘ch C ‘NV.:N?'J 4 A'zchw-wcv—ahuNVwNm

hs—»v~ v—ahs

(NTJ + d)z (N]“w + d)z 4 AzCIar—va—bhr Ni’r NTr

(B+8d+5h) (NT,+d)2(ﬂ+6d+6h)_
ov

R,=

When we change the value of ¢, ¢ m »Coshs » Chrov 1 Chwosy @NA Choyy
the basic reproduction number will be changed. The transmission propability, of
dengue disease in each season is influence to the basic reproduction number.



Chapter IV
Transmission Model of Dengue virus by Aedes
aegypti and Aedes albopictus

4.1. Analysis of Data

In this chapter, we analyze the mathematical modeling by formulating the
differential equations for describing the transmission of dengue virus among human
and mosquitoes. An outbreak of this disease started in the Philippines in 1953,
subsequently in Thailand with 150,000 to 200,000 cases in 1978, dengue outbreak in
Thailand have periodically. Dengue infection is endemic in Thailand and many other
tropical and subtropical countries. The incidence rate of dengue disease reported to
the Division of Epidemiology, Ministry of Public Health classified by month, Thailand
between the period 2002 -2011 are studied. In 2010, DHF was first recognized as the
epidemic disease, there were 60,770 cases with 35 deaths reported. DF was the
epidemic disease, there were 53,149 cases with 1 deaths. DSS was the epidemic
disease, there were 3,028 cases with 103 deaths. Which that, the incidences are
increased during May 2010 - October 2010. There were 7,616 cases with 7 deaths in
May 2010, The incidences are increased to 23,462 cases with 27 deaths generally
peak in August 2010. Figure 4.1 shows the reported cases of Dengue disease per
100,000 population in Thailand during 2003 and 2011 (month - by - month)(12].

180 J—
160 .

3 s 2010
g 140

g 12 ——2009

§- 100 —— 2008

'i 80 =@ 2007

ﬁ 60 —— 2006

g 40 i 2005
= 20

= 2004
= 0

Jan. Feb.Mar. Apr. May Jun. Jul. Aug. Sep. Oct. Nov. Dec 2003

Figure 4.1. Reported cases of Dengue disease per 100,000 population in
Thailand during 2003 and 2011 (month - by - month)[12].
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The considerations of a dengue epidemic from several observations. Firstly, in
certain tropical and subtropical areas, environments, climatic variables such as
temperature, humidity, epidemics occurs on a yearly basis. Secondly, the disease and
rain cycles are correlated; the epidemic starts at the beginning of rainy, spring -
summer season, peaks 3 - 4 months afterward and ends in the beginning of the dry
autumn — winter season (F.A.B.). The epidemic exhibited bi - yearly over - winter,
appearing every other year, peaking in the summer and disappearing in the winter.
During period, epidemic were contained. It is transmission to the human by biting of
the infected female Aedes mosquitoes as the primary mosquitoes vector. These
changes can have a great impact on the densities of Aedes mosquitoes, by creating
more larval breeding habitats for dengue mosquitoes. Two species of Aedes
mosquitoes, Aedes aegypti (Linnaeus) and Aedes albopictus (Skuse) are known to be
important dengue virus vectors in Thailand. Aedes aegypti is a principal vector in
urban areas, Aedes albopictus serves as an important vector in the rural and
undeveloped areas (Pant, Halstead, ) Although different, the preferred breeding
habitats of theses 2 species that could facilitate the Aedes control of disease in
Thailand. Figure 4.2 shows monthly distribution of Aedes aegypti and Aedes
albopictus from January to December, 2010.
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Figure 4.2. Monthly distribution of Aedes aegypti and Aedes albopictus from
January to December, 2010 [15].
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4.2, Formulating the Mathematical Model

We propose a model to study the transmission of dengue virus infection by
incorporating the different behaviors of Aedes aegypti and Aedes albopictus into the
SIR model. We categorize the human population and mosquito (Aedes aegypti and
Aedes albopictus ), we assume that human and mosquito population have
constant sizes. The human population is divided into three classes: susceptible,
infected and recovered human populations. The vector population is divided into
two groups: susceptible and infected classes because the mosquito never recover
from infection. The mathematical model for this transmission is based on the
transmission diagram as shown in figure 4.3.

This model, we develop from the first model by Esteva and Vargas [13]. The
first model described the transmission of dengue disease by SIR model. We separate
the transmission of disease through the season (rainy, winter and summer) in
Thailand. We propose a mathematical model to study the transmission dengue
infection by introducing mosquito with a variable human population size into the SIR
model. We classify the human population. Each group has constant in size and it is
divided into three classes, susceptible, infectious and recovered human population.
The mosquito population is divided into two groups, susceptible and infectious
classes. The mosquito do not recover. The transmission diagram of dengue disease
between human population and two species of vector population (Aedes aegypti
and Aedes albopictus) is show in figure 4.3. We see specific characteristic of figure 4.1
and figure 4.2, the outbreak of the disease and the distribution of two species of
vector according to the sine function.
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Figure 4.3. Transmission diagram of dengue disease with Aedes aegypti and

Aedes albopictus.

The block diagram of the model is given in figure 4.3. Using diagram in figure

4.3, the dynamical system for human population and vector population are

described by the following three system of ordinary differential equations:




43

%S(r) = N, — x, (1 +@,Sin01) 1,,()S(t) =8,5(t) =5,5(t) = (1 + @ SinBr) 1, (1)S(t) (4.1)
% 1,(1) = 2, (1 +@,Sin@1) I ,(O)S(t) =S40 ,(t) = 8,1, (t) = Aol 4 (0) (4.2)
%1,,(:) = 1L+ @ Simt) 1, (10)S() =8,0,(1) =6,1,(1) = Ay (1) (4.3)
g;R(r) = —8,R(t) =8, RU) = Apgl (1) = Aoy (0) (4.4)

Equations (4.1) - (4.4) describe the transmission of dengue virus with a

variable human population size with the condition
N, =8)+1,(t)+1,(t) +R(t).
Let
S(1) be the number of susceptible human population,

1,(t) be the number of infected human population who be infected with

Aedes aegypti,

1,(r) be the number of infected human population who be infected with

Aedes albopictus ,

R(1) be the number of recovered human population,

N, be the total human population.
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The parameter defined as follows:

Table 4.1. Definitions of variables and parameters for model (4.1) - (4.4).

variable/ definition
parameter
y birth rate of human population
N, the total human population
% the biting rate of Aedes aegypti population
o the biting rate of Aedes albopictus population
, a measure of influence on the transmission process from human

population to Aedes aegypti

@, a measure of influence on the transmission process from human

population to Aedes albopictus

R the recovery rate of human population who be infected with of
Aedes aegypti

A the recovery rate of human population who be infected with of
Aedes albopictus

s, the natural death rate of human population

5, the death rate of human population due to the disease

We assume that the total population remains constant. Note
that.‘iN,=is(;)+i/u(;)+il,’(;)+in(;). If we add the RHS (right — hand side) of
dt dt dt dt dt
equation (4.1) - (4.4), then we obtain the following equations:

d d d d d
LA o Lol A, = 4.5
TN =W+ L0 + (O +—RO) (4.5)
%N, = (N, = 2, (1 +@,Sin00) 1,,(1)S(6) —8,5(t) —5,5() = 2, (1 + @, Sind1) 1,(S(0) )

+( o (1 +@,Sind0) 1,,(1NS(1) =81, (1) =61, (1) = Ayl (1))

(4.6)

+ (2 (1 + e, Sirmt) 1,5 (0S(t) =841, (1) =S4l (1) = Apul (1))

+(=8,R() =8, R(E) = Ayl (1) = Al (1))
AN = N, =8, +8,)(SU) + 1, (1) +1,(1) +R(1)) 4.7

dt

Since the total human population is constant, i.e. %N,:O, Thus the birth rate

would have to be equal to death rate, y =6,+6,.
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The dynamical change of mosquito population are described by:

B S10(0) = Hy = Zua (1 +0,, S 008,00y (1) = 8,0S,4 (1) (4.8)
%f\,‘, (1) = 700 (1 +@,,Sin00)S (O, (1) = 8,41, (1) (4.9)
%sv,, ()= Hy— 2 (1 +@,Sin0)S , ()1, (1) = 8,55, (1) (4.10)
L1 (0 = 20y (140 Sin 008, (V1 (1) =80y 1y () (4.11)

Equations (4.8) - (4.11) describe the transmission of the dengue virus with a

variable vector population size with the conditions

N, =80+ 1,0

andN,, = S(t) +1,,(1) .

Let

5.0 1e() be the number of susceptible and infected Aedes aegypti mosquitoes,
5., 140 be the number of susceptible and infected Aedes albopictus mosquitoes.

Table 4.2. Definitions of variables and parameters for equations (4.8) - (4.11).

variable/ definition
parameter
e the death rate of Aedes aegypti population
i the death rate of Aedes albopictus population
P the transmission probability of dengue disease from vector (Aedes

aegypti) to human population

L the transmission probability of dengue disease from vector

(Aedes albopictus) to human population

the constant recruitment rate of vector population(Aedes aegypti )

H, the constant recruitment rate of vector population (Aedes

albopictus)

The number of mosquitoes population is assumed to be constant.
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Note that

Ay -2s wy+Li @ for Aedes aegypti
dt dt dr

and

dy 4 4 for Aedes albopictus .
dt Now d S""“Hdr]""(’) P

It we add the RHS (right — hand side) of equation (4.8) - (4.11), then we obtain the
following equations:

dy -4 d (4.12)
dr Noa dt Sw(®) + dt Lua®)
%NW = (H,= Y (1 +@,,Sin@1)S,, (1)1 ,(t) = 6,45,a() )
(4.13)
+(Zva (1 +@,,Sin00)S 0 ()], (1) 8,01 (1))
iN,,,= Hy= 6,0(Syu(t)+ 1,(1)- (4.14)

dt

Since the total mosquitoes population is constant, i.e. -g;Nm =0 for Aedes aegypti.

d d d
ol T i (4.15)
Rl d’SvJa(f)*'d{f..p.(f)
d .
;’;va= (Hy— (1 +w,,,SIH&)SV;,(l)Ib(!) —5»5‘»(!))
(4.16)
F( xon (1 +@,, Sin)S , (1)1, (1) —(fmfvb(f))
BNty = B L8 4 Lyl (4.17)

dt

Since the total mosquitoes population is constant, i.e. %va = 0 for Aedes albopictus.

Thus we have N,, = %’— and N, =—=.
va vh
The rate of human contribute to the population of the pathogen, it is set to
the y - periodic seasonality function. That periodic functions of time with a common

period, ¥ =365 days, or 1 year.

We follow the equations outlined by Esteva and Vargas [13] and introduce
the new variables as follows:
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sw=2 150= 129 =29 py-RO

N, N, N, N,

Sa) g ta g SO g 1O,

wa va vb vh

Sia(n) =

where N,, is the total vector population (Aedes aegypti)
N,, is the total vector population (Aedes albopictus).

with conditions

SO+ + 1, () +R(1) =1, 8 o)+ 1,(0) =1 and 8" () +1, (1) =1.

We assume N, >0, N,, >0and N,, >0, for all r>0.

Then system (4.1) - (4.11) can be written as:

%Sm = (8 +8,)=[8,+8, + 2, (1 +@,SinB1) [, (N, )+ (1 +a,Sind1) I, ()N, ) IS (1) (4.18)
%I;(r) = xa (1 +@,Sin@1) 1, (1)(N )8 (1) =(8,4 + 8, + Apg ), (1) (4.19)
_:-:z;,(;) = 1y (L +@,Sin00) Iy (N(N,3)S'(6) —(84 +8), + A )} (1) (4.20)

%1;,,(:) = g (L +@,SinQ0)(1= 11, (OL(ON, =8, 10, (1) (4.21)

:T"'"'"’ = 2w (1 +@,8in 0 1)1 = Iy () Y IL(ON, =813 (1) (4.22)

with
0 <S'(0) <1, 0<7,(0) <1,0 <7;(0) < 1,0 <I’,(0)< 1 and 0 < I1,(0) <I. (4.23)

Let

QO = (S 1,0}, 1L,, 1) : 0<S'(0)< 1,0< I, (0)< 1,0< 14 (0)< 1,0< I, ()< LO<I, ()< 1}, (4.24)
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then Q" is positively invariant for system (4.18) - (4.22).

Since R'(n=1-S'(0-1,()-1,(r)and we have %R’(;): _( S(.r)+ 1' (:)+ 1,,(:))

and S,,(t) =1 -1,,(1) ,and %S{,Az):-%l;a(t). We further have §),(1)=1-1,(), we

d d

have —S5§', (1)=-—1.,(t) , repectively.
3 w (1) = w(t), rep Y

4.3, Analysis of the Mathematical Model
4.3.1. The Steady State Solutions

The equilibrium points (S°,7,,1;,1,,,1,,) are obtained by setting the right
hand side of equation (4.18) - (4.22) equal to zero.

Let (S*,1,,1,,1,,.1,,) be an equilibrium point of the following equations.

(8, +8,)-18, +8, + 2, (1 + QSO (XN, + 21 +a SO [L(OXN,)IS (@) = 0 (4.25)
Za (140, Sin00) 11, (1) (N, )S'(t) — (8, + 8, + Xy )L(1) = 0 (4.26)
25 (1 +@,Sin@ ) 1, (DN ,)S'(1) =84 +8, + A)y() = 0 (4.27)
Zoa (1@, SO0~ Ly (I(ON, =8, [0, () = 0 (4.28)
2w (1 + @, Sin01)X1 =1 (1) VI3 ()N, =8,105(t) = 0 (4.29)

We get for s°,

" Oy *y (4.30)
Sy+0,+2.(1 +@,SinB0) 1 v ()N )+ 25 (1 +@,Sin@) I s (1)(N,)

Substituting equation (4.30) in equation (4.27), for 1,

i = IwNyxy(1+@,Sin0t)(p,) (4.31)
(App +04 +3,)(p2)P3)

Substituting equation (4.31) in equation (4.29), for 1,

—(Pi)(Ps)U-M +8y +8,)8,s + PN NosAo s + AN, Nop A 15 S 01) (@3 + s *%Ivbsu(m))).] Y (432)

NN 2 (1+ @, Sin@1)(1+ w,, Sinft)
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The solutions 7., of equation (4.32) are 1, =0 and

L (~(05) (84 + 8 + LNy )+ N Noy 24 P +SIn(0) (=13, Ny £ 0@ 5 + N Ny (@ + 0,4 25 P + N, Ny@ @i 2 P Sin (1)) (4.33)
(Nyp 2 (14 @y, Sin(00))N, pg + ps + Ny, pg Sin(8)))

Substituting equation (4.33) in equation (4.30), for s”

s P (4.30)
P2

Substituting equation (4.34) in equation (4.26), for 1,

o TNy 2.0 +@,Sin00) (p)) (4.35)

I =
(Apa +0, +3,)(p2)(P3)

Substituting equation (4.35) into equation (4.28), we obtain that 7;, , a solution of the
following equation:
Lo (120N, o2l 2+ @,00,) Psta + Pa(=2 Py + Ny Nyt (2+@,0,, + (@0, + @ ) @y)xa) — NopZon(2+ @ 04 2 P4 )
-2 (anzva (levh( maa“’a+(wa+%a)%bx‘sk+§d) +mnwvn§5)Za_Nvatha"s WXy pl)cnx(m)
(4.36)
AN, 20 (@, + @) P+ Pe(= 3 0Py + N, Ny 4@, + 03, ) +(4 430,00, 0 ) 7,)
= AN 2@ +04) P30 JSIN(A) =Ny Ny 2,000, 0,496 Sint BA) 1/ [2 Nyt (1@, Sin(@) )N, ZaZis

(24,0 X +80) +2 Hun Ps+2 Hua Ps = Ny ZuaBahnPs CoNA)+( Nyiyo (@ + ) P

+ Kb s+ Koo B 25) SINE@* L) = 0

The solution of equation (4.31) are 1, =0 and

o= (2N Zual 2+ @408, Psa + Pe(=2 Py + Ny Ny (24 0,8, +(@, + @ )03 %0) = Nop 22+, @) 1)
=2 (Nyava (N 2 03,05+ (@ + 03,0 ) 0 )G +8g) + @0,0,05) X0 = NupZun@h @y P3) Cos(28)

(4.37)

+ (4 N.Y.Iw.- (wn + @, )pSZa + pﬁ(_ 4‘"1%04 + Nf anlvu( 4 [wa + @, )+ (4 +30Juﬂ.{,,,) @y, )zn )

= AN 2@y +ay) Py )SIN(A) = Ny N2 oo PXa Sin GO/ [ 2N, i, (e, Sin(@) XN, ZaZvn

(24, 0 WO, +8,) +2 Xun P4 +2 X Ps = Ny ZahahpPs COXB)+( N tyq (@4 + @0 ) P

+ X DPs + Xy g P5) SIN(A))])

where

Py = N 2 (0 +8,) + (A + 0y, +0,) 8 + N 2,504 (8), +8,4) Sin(&h) »

P2 = (848, + Ny o+ Nogks +(Nyg 2a®a Nug 2o+ Nopy 23) Sin(8)) 5
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P3 =N, xu (1+@,Sin(@)),
Py = (A 48, +8,)8,,
Ps = (A +0, +8,)0,,
and

P = X0y +0,)

If we substitute, 7!, =0,1., =0, into equations (4.25) - (4.29) , we obtain equilibrium
points. This solution yields the disease free state P, =(1,0,0,0,0) and the endemic

disease equilibrium point P, =(8",1,,1; ,15,,15)

where

S' = ﬂ (438)
P2

T LiaN o 2ol +@,Sin6)(p)) (4.39)

(Aha + 64 +84)(p2)p3)

1 I Nwxy(1+ @, Sin8t)(p,) (4.40)
(Awp +04+8, ) P2)P3)

Lng= (20N, 20l 2+ 0,00, ) Psty + Po(=2 Py + Ny Ny (2+ 0,0, +(0, + 0, ) 044)2,) = Nop (240, a4) 2 P4 )

=2 (NyuZva (N 2 0,0, + (@0, + 0,0 0, )8, +6) +0,00,085) Xo = N2y @ £4) Cos(2)

(4.41)
+AN o (@ + @) Psite + P4 @upy + N, N dtua( 4@, + @, ) +(A+30,0,,) 644 ) 7 )
= ANz @y +any) pyog )Sin() =Ny Ny 2, 0,08, 0P %, Sin G8) 1 [2 N, i, (1+ @, Sin(@) XN, Hoais
(2@, WGy +84) +2 20p Py +2 Xya Ps = Ny ZudBaOunPs COXR)+( N 2o (0 + @By ) P
+ 2vh GpPy + Koo Do £5) SIN(E))])
1 (=) (8 + 8, + 1iNotla)+ NN 2P +SirB) Lo N,oaulPs + NeNoyh, +02) 28 + NNyt @, 2651H())) (4.42)
(Nyy (1 + @, SiHB)YN, o + ps + Ny Si@)))
We define
R = 2Vl Ny op (@400 + (@ + Oog ) Oy +11g) +@usaP5)Ha + 2200 P 0 +10) + Ny 240, 0)24) (4.43)
)=

NoaZva 2N, X0a 2+ @, @y + (0, + 0y )0, )0 + 14 ) + 22+ @, @0) Ps X0 + 2N b Zob @ Dy Pa X

The square root of this number resents the average number of secondary
cases that one cases can produce if introduction into the susceptible population.
This model, we interesting in the transmission of dengue disease between human
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population and two species mosquitoes (Aedes aegypti and Aedes albopictus). The
infective human introduction into the susceptible human is bitten by z, of Aedes
aegypti and y,of Aedes albopictus. Multiplying this numberwm, a measure of
influence on the transmission process from human population to Aedes aegypti and
@, a measure of influence on the transmission process from human population to
Aedes albopictus. The multiplication between the number of infected human
population and the number of infected two species mosquitoes (Aedes aegypti and
Aedes albopictus) during the life time of the infectious. The simulation model shows
that a reproductive ratio R, that conceptualizes the rate of spread of a dengue
disease and determines a threshold: whenR,<1 , a typical infective give rise the
average number of the value to less than one secondary infection, and the disease
will die out. Otherwise when R, <1 , the disease will persist in the population.

4.3.2, Stability Analysis

From Equations (4.25) - (4.29), we obtain the following Jacobian matrix at

each equilibrium point.

KL L LD =
8, +8,+ 2,0+ S9N oW, )+ 10+ SO0 [ON,)) 0 0 2,0 +aSt NSO 40 +aqSik@)NY* SO
20+ SN N, (40, A 0 (2, (1 +ag SN, )*S" () 0
200+ SN AN, 0 48, A 0 ({1 +apSiHAN,Y*S' )
0 Kol +y S008I o), 0 By 0
0 0 Zall +eq, S0 -1 udl) W, 0 -4y
(4.49)

4.3.2.1. For the disease free equilibrium point 7, = (1,0,0,0,0)

~(8,+8,) 0 0 (~ 2. (0 +@,Sin(A)N,))  (~z(1 +@Sin{ @)) N,,)

0 ~(8y+8,+ 2) 0 (2. (1 +@,Sin(@)N,,) 0 (4.45)
oy = 0 0 = (84 +8+ ) 0 (01 + a3, Sin(G)N,,)

0 Xoa (1 + @1, SinB )N, 0 =8, 0

0 0 X (1 4@, SinB 1)N, 0 =4,

The eigenvalues are solutions of the characteristic equation, det (J py=Pls) = 0.

Where /Iis the identity matrix dimension 5x5. If all eigenvalues for the equilibrium
point have negative real parts then that equilibrium point is locally stable.

For @ =0, we obtain the following characteristic equation

(B+68,+6,)(B* +a,f° +a, > +a;B+ay) =0 (4.46)
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= Ypa + Xy 20, +26,+8,, +6y, (4.47)

Ay = (8, + 8,)(8) + 84 +28,,)+(2 (8, + 8,)+8,,)0, + 1 (8, + 8, +8,, +8,)+ L (4.48)
Xha(Xpp +05 +84 +80 +84) =N (N oo XvaXa + Nup Zup Xs)

a3 = (Xpa + 65 +84 ) (it +04 + 84 Wua +((Xna +0n + 8 Nts + 8y + 84 ) + (Xna + o + 28 + 84 0)0 (4.49)
_Nl(NvaZm {ZM! +5h +dy +5vh)zn + NwXw (Zha""sb + Ed +f5m)%)

a; = ((Zha + 5h +§d )5\«: = NJ leva).’a)(( X hb +§h +6d' )5vb - NJ thfvhxb) (450)

There are five eigenvalues corresponding to (4.46). we can see that one eigenvalue is |

ﬂ = —(5‘;’ —5“! A
we check the sign of other four eigenvalues by solving the equation
(B +ap’ +af’ +ayf+a)=0. (4.51)

The remaining four eigenvalues have negative real parts if they satisfy Routh-
Hurwitz criteria (4.47) - (4.50), each equilibrium point is locally asymptotically stable if

the following conditions are satisfied,

) a >0 (4.56)
i) ay >0 (4.57)
iii) @ >0 (4.58)
V) aaya > al +atay. (4.59)

Consider the above conditions, we can see that q, is always positive. For the
remaining conditions given by (4.57) - (4.59). They are shown in figure 4.4:
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Figure 4.4. The parameter spaces for the disease free equilibrium point which
satisfies the Routh-Hurwitz criteria. The parameter are given as follows:

4.42) 5,=1/(365*70) day ', 5,=1/4.5day ", 7., = 0.0000000179 ,

Zu = 0.000000000346, 5,, =1/40 , 8,5 =1/35 , z,=1/15, 7,=1/12 , @,=0.089 ,
0, =0.065, ©,,=0.87, @,=0.57, N, =1000, N, =2700, N,=20,000 and

2 =1/19/2).

4.4b) &, =1/(365%70) day’l,ad =1/45day ", 7, =0.0000000179 ,

Xy = 0.000000000346, 5, =1/40 , &, =1/35 , x,=1/15, z,=1/12 , @,=0.089
@, =0.065, @,,=0.87, ,,=0.57, N,,=1000, N, =2700, N,=20000 and
ha=1/(17/2).

From the above figures, the Routh-Hurwitz conditions are satisfies for R, <1 . Thus, the

disease free equilibrium point is locally stable when R,<l1. In this model, we are
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interested in the transmission of dengue virus of two species (Aedes aegypti and
Aedes albopictus).

4.3.2.2. For disease endemic equilibrium point (S°,7,,7,,1,,,1)

From equations (4.25) - (4.29), The Jacobian matrix evaluated at

P =(S",1,.1;,1.,.1,) given by

Jp, =

4+ 8, + 2 0+ SO I o XN+ 21+ SO LNN,)) 0 0 (2 (+aSi@N)* @) (50 +aSiHa)N*S ()
L+ Snon! )N, ) &) +8, +A) 0 (a (1@ SrEYN,) *S"(0) 0
10+ Sifn I HND 0 (6 8, +Aw) 0 G (1 +ay SN, *S'(0)
0 Zoall +a1,SnO00~ 11N, 0 -4, 0
0 0 a1+, S0 =1 ) N, 0 A,
(4.60)

Substituting the endemic disease equilibrium point (4.38) - (4.42) in (4.60).

The eigenvalues are solutions of the characteristic equation, det(J,-fI5)=0.

We consider two cases.

For 6 =0, the eigenvalues are solutions of the characteristic equation. The

behaviours of the solutions are same as the disease free equilibrium point.
For 6 # 0, we obtain the following characteristic equation:
B +ap + a8 +a; 7 +a,f +a5)=0 (4.61)

where S°,1,,1,.1,, andI,,are given by equation (4.38) - (4.42). The characteristic
equation for the Jacobian matrix evaluated at the equilibrium point, given by
(4.25) - (4.29). It can be seen that eigenvalues, obtained by solving
B +apt +a, B +aypr +a, B +as)=0,

where

1
oy '—“% +y—((zhu + X + 36;, +36d + (5,‘, +5|'h) Yo + vaxb (“}’lops +N,N\,,,Z,l,p(, ))l (4-62)
5 9

Y11 (Hha + Xnp +26) +28,4 +8,, + 6, + NiXva¥i2)
¥s
(38, +8,)+ 8,0 )0s + 21 (28 +284 + 8,0 +8,5)+ (4.63)
Xna(Xpp + 204 +264 +8,5 +0,)=Ni(NyaZvaXa + Nup Zws X6) 712)
+ N Zp (Xha + Znp + 20, +284 + 8,5, + 0y + N, 2ya¥12) (=110P5 + N Ny X5 P6))

1
a,= T(y9(3(5,, +8,08, +6, +0,,)
9
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| . .
ay= ; (711 ¥6((8, +8,)(8, + 84 +28,)H(2 (8, +8,)+8,,)0+ Hpp (0 + 64 +8,,+0,)
9

s
+ Xha(Thn + O + 84 + 0,y +8,5) + N(Hua(ns +2 (8, +64) + 6,5) -

N 2w ) 112)+ NNy (G 20n) 2o 1121005 + NN oo 2606)) + 75 (1o (Xnn (G + 84 NS + 84 +26,,) (4.64)
+ Ay (28, +8,) +8,0)8 ) + (8, + 8, (8 + 408y, + 8y +38,,)+305) + 13, ((8), + 88, + 5, +28,,)

F(2(8), +64)+ 8,505 + Xin (8 + 8y + 0 + 0 )) = N (N a2 + 2(8), +04) + 0 ) 1, +

+ Nop X (K + 208, +8,) +8,,)1)712) + Ny 26 (8 + 8) (8 + 8 +28,,) + 2(8, +8,) +8,,)0,

4 2 (O + 0y + 8, + 8 )+ 2oy + 0y +0, +8,, +6,)

N (Hop (X0a 208 + 84) + 80) = Nog@ou 2o )12) (= V1005 + N Ny 26.P6)))

!

s¥9
T 6vb+N1 ylz(fw (6h+5d))(svhh varvh(xha"'éh"'ad"'am)z.b _Nr th KvaXvb X ?’12))

+N Nty Y12 (Xos (Ko 0 04 + 8,0 )+ X0a(Znp +64 +84+8,)+
N XaZw?i2 (=¥100s + N Ny x4 06)) + 75 (rg (8 + 84 W xps +8) +84)pa + (84 +84) (4.65)
(Zna +0n +84 )Y xmy +84 +84)+ (ha (tnp + 208y +64))+(8y + 84 W20 +3(8y +84)))0,4 )0
+N 712N a Xva (s (G + 84 +84) +(8) +04N0p +84 +28, )0 —
N Zob (Zha (8 +84 +8,5)+(8y +84 )y +04 +28,) 20 + Ny NwaNup Xva Xt Xa X 12))
+ N o (s + 04 +04) Ps +((Xha +04 +04 N pp +8) +84)+
+ (Kpat X + 2848400400 + N ¥ 12(P(Xpa +01 +84)+ X (Xpa + 204 +64))04
“NoaZva X + X0t Zat X)) la ~NiNwava X Xa?12)(710Ps + NNy X496))

i vel(xm v, +84)ps +(Xpa + 05 + 84 W Xpp +83, +84)+(Xpa + X + 2 (84 +64))5.)

1 i . .
as=——(15(P4 =N N ouXvaZXa?12 X8y + 6,019 (s =N Ny s 2112 )+ Nos 26 (Ps + N X0 (8, + 0502

Ys¥o (q_ 66)

(11025 + NN 2626 N+ 11 (Fol Py + N 20a(8 + 8002 Ps =N N s 26712)+ NN 26712 (Xop P+ ZvalPs
N Zoa (B + 800 2(=71085 + NN oy 2696)))

with

N =N 2up(@,0,, +H(@, +@,,) 0 )) +8,4) + ©,0,, Ps
Y2= Nop Zup Op® P4 X
¥3= N Xva Xs@ua@y (8 +84)
Ya= NNy 2o (2+ 0,0, +(@0, + 0, )0y) Xa
Ys==73tN Lo Xp(2+ @00, X4 +84) + 22,63 +2 X va Ps
V6= NoaXua(2+ @04 )Ps Xa
Y1= N2 2+ @p@,, )+ pa s
78= NoaZva (11 + @0, Ps ) X

Yo= NN ps+05) 25

=2(py+yg)+2(re =y +(rg —
y|0=(§h+é‘d+ (72 YE) (}’b 7 (?4 p4)p6)

Vs
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=—2(Ny 2 Xa?1=72)+2(Vs=¥1+(74=2P4) Ps)

¥s(ps+N,pg)
N8y +6,+ Ny xp)vs+rn

Yiz=

From the characteristic equation (4.61). The eigenvalues are found by solving
(4.61).These five eigenvalues have negative real parts if they satisfy Routh -

Hurwitz criteria which are:

Da, >0 (4.67)
iay >0 (4.68)
i) ay >0 (4.69)
iv) ay >0 (4.70)
V) as >0 (4.71)
Vi) ajaya, > a3 +ajay (4.72)
Vi) (aya, —as)(aaya; — a3 —atay)—as(aay —a;)’ —ayai > 0. (4.73)

We check the stability of endemic equilibrium point by using conditions
(4.67) - (4.73). We show the above conditions are met for Ry>1. They are shown in

figure 4.5:
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Figure 4.5a) The parameter spaces for endemic disease equilibrium point which
satisfies the Routh-Hurwitz criteria with the value of parameters: respectively, for with
8,=1/365*70) day ', 5, =1/4.5day ", z,,=0.00000079 , z., = 0.0000000046 , &, =1/12,

8,5 =118 | z,=1/5, x,=1/8, @,=0.07 , 0,=0.04, o,=06, w,=003, N, =8000,
N,,=3000, N,=20000 and gz,,=1/19/2).
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Figure 4.5b) The parameter spaces for endemic disease equilibrium point which
satisfies the Routh-Hurwitz criteria with the value of parameters: respectively, for with
8, =1/(365*70) day'1,5[,=1f4.5day'l, Zva = 0.00000079 , 7,, = 0.0000000046 , &,, =1/12,

5., =118, y,=1/5, z,=1/8, ®,=0.07, w,=0.04, w,=0.6, w,=0.03, N, =8000,
N,,=3000, N,=20000and y,,=1/(17/2).

From the above figures, the Routh-Hurwitz conditions are satisfies for R,>1.
The endemic equilibrium point is locally stable when Ry >1. In this model, we are
interested in the transmission of dengue virus of two species (Aedes aegypti and
Aedes albopictus).

4.4. Numerical results

The numerical results are used for analyzing behaviors of above seasonality
transmission models. @ is the seasonality influence on the transmission process. We
use @ as an index parameter. The values of the parameters used in this study are
8,=1/365*70) per day corresponding to life expectancy of 70 years in human.
5,=1/4.5 corresponding to death rate due to the disease of human. y,,=1/8.5)
and x,, =1/(9.5) corresponding to the recovery rate of human population due to
biting of Aedes aegypti and Aedes albopictus, respectively. The transmission
probability of Aedes aegypti (x,,)and Aedes albopictus(y,, ) are arbitrary chosen. We
assume that no alternative host. The other parameters are arbitrarily chosen. We
present numerical solutions of (4.25) - (4.29) as follows:
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First case,#=0 :
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Figure 4.6. Numerical solutions of (4.25) - (4.29), demonstrate the solution
trajectories, projected of s', 1, ,1, ,1,, and I, respectively . For R,<1, when

Ro = 0.33878 with &, =1/(365*70) day |, 6,=1/4.5day ", 7., = 0.00000049,

Xw = 0.00000026, 5, =1/40, &, =1/35, gx,=1/15, y,=1/11, @,=0.07,

®,=0.04, ®,,=0.08, w,=0.03, N,,=4000, N,,=2300, N,=20000, gz, =1/(17/2)and

2w =1/(19/2) .The fractions of populations (S', 1, ,1, ,1I., and I,,) approach to the
disease free equilibrium point (1,0,0,0,0).
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Second case, 00 :
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Figure 4.7. Numerical solutions the times series of §°,7,,1;,1,,and I,
for Ry >1 ,respectively. For R,>1 ,when - .32615 with &, =1/(365*70) day‘l,

3
5,=1/45day , y,,=0.00000059 , x,,=0.00000036, &, =1/10, &, =1/16, z,=1/4,
-1/6, @,=0.7, ,=04, ®,=0.8, wb_oos N,,=28000, N, -18000, N, =60000 ,
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Figure 4.8. Numerical solutions of (4.25) - (4.29), demonstrate the solution
trajectories, projected onto (S°,1,),(S".1;),(S".1,,)and (S,1,,), respectively. For
Ry>1 ,when =32T"5 with 8,=1/(365*70) day ', 8, =1/4.5day ", 7. = 0.00000059 ,

Zw = 0.00000036 , 5, =1/10, &, =1/16, 7,=1/4, z,=1/6, ©,=0.7, @,=04, ®,=08,
©,,=0.03, N,,=28000, N,,=18000, N,=60000 , z, =1/17/2)and z,,=1/(19/2).
The behaviors of (8°,1,,1;,1,,,1,,) are limit cycles.
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Figure 4.9. Numerical solutions of (4.25) - (4.29), demonstrate the solution
trajectories, projected onto (15,15, (I 1), (Lo 15) (I 15) (I, 12 (I}, 15,) and
(I.,.13) , respectively. For R,>1 ,when g- ;T’; with &,=1/(365*170) dayhl,

-1
5,=1/45day , y, = 000000059, z,,=0.00000036, &, =1/10, &, =1/16, z,=1/4,
2y =116, ©,=0.7, @,=04, @,=08, ,=0.03, N,=28000, N,,=18000, N,=60000 ,
T =1/17/2)and g, =1/(19/2).

The behaviors of (§°,1;,1;,1,,.1,, ) are limit cycles.




64




65

Figure 4.10. Numerical solutions of (4.25) - (4.29), demonstrate the solution
trajectories, projected onto

(S' 10, 15) (S 10 134) . (ST 5u 130) (S 15, 10y (U gy Ip) @nd (1,154, 1,,) Jrespectively.
For Ry>1 ,when o= 25 with 5,=1/365*70) day’, &,=1/45day

Xva ™ 0.00000059 , Kb = 0.00000036 , 5vu =1/10, ‘va =I',]6J Xa=l’f4r Xb =1/6, Wa=0-7 )
w,=04,0,=08, ,=0.03, N, =28000, N,=18000, N,=60000, ;g,,a=l!(17/2)and
2 =1/(19/2) . The behaviors of (§7,1,

riar

Iy, 1, 1y ) are limit cycles.

va?r o v

We present the numerical results from solving equation (4.25) - (4.29). Here ,

we will discuss the all of figures.

In figure 4.6. numerical solutions of (4.25) - (4.29), demonstrate the solution
trajectories, projected of §', 1, ,1; ,1., and I, respectively . For R,<l, when
R, = 033878 with &,=1/365*70) day ', &,=1/45day , z,, = 0.00000049,
Zw = 0.00000026, 5, =1/40, &,, =1/35, x,=1/15, z,=1/11, @,=0.07, w,=004, ®,=0.08,
®,,=0.03, N,,=4000, N,,=2300, N,=20000, z,,=1/(17/2)and z,,=1/(19/2).
The fractions of populations (s§', 1, ,1, ,1I., and 1,,) approach to the disease free

equilibrium point (1,0,0,0,0).

In figure 4.7. numerical solutions the times series of S§°,1..1;,I,,and I,

for R,>1 respectively. For  Ry>1, when g- % with 8, =1/(365*70) day",

-1
§,=1/4.5day , . = 0.00000059 , z,,=0.00000036 , &, =1/10, &,, =1/16, z,=1/4, z,=1/6,
0,=07, ©,=04, ©,,=0.8, »,=0.03, N,,=28000, N,,=18000, N,=60000, z,,=1/(17/2)
and y,,=1/(19/2). The behaviors of (8", 1,

as

1,.1,,.1,,) are limit cycles.

In figure 4.8. numerical solutions of (4.25) - (4.29), demonstrate the solution
trajectories, projected onto (S8°,7,),(5",1,),(S",I,,)and (S,1,,), respectively. For

. -1 -1
R,>1 , when 9:% with 8, =1/365*70) day ,8,=1/4.5day , z,, = 0.00000059 ,

2o = 0.00000036 , 8, =1/10, &,, =1/16, z,=1/4, 7,=1/6, 0,=0.7, wy=04, ®,,=0.8,
©,,=0.03, N, =28000, N,,=18000, N,=60000 , z,,=1/17/2)and z,,=1/(19/2).
The behaviors of (S°,1.,1;,1.,, 1., Jare limit cycles.

In figure 4.9. numerical solutions of (4.25) - (4.29), demonstrate the solution

trajectories, projected onto  (I,.1;), (I 1v) ,(Iau 1) . (U, 1) (14, 15) , (g, 1) @nd

. . " . -1
(l,as1), respectively. For Ry>1, when g=3% with &, =1/(365*70) day ,

-1
d,=1/45day , z.,=0.0000059 , z,,=0.00000036, &, =1/10, &, =1/16, z,=1/4, x,=1/6,
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0,=0.7, w,=04, ®,=0.8, w,=0.03, N,=28000, N,=18000, N,=60000 , x,, =1/(17/2)
and y,,=1/19/2). The behaviors of (8, 1,,1;,1,,,1., ) are limit cycles.

In figure 4.10. numerical solutions of (4.25) - (4.29), demonstrate the solution
trajectories, projected onto (S°,7:,15), (8" 10 10), (S 1,10, (S' 10, 10), (Ioylons D)
and (I,,1,1,,) respectively. For R, >l , when .9:327”5 with &, =1/(365*70) day'l,

1

5,=1/45day , z,, = 0.00000059 , z,,=0.00000036 , &5, =1/10, &,, =1/16, z,=1/4, z,=1/6,
w,=0.7, w,=04,®,,=0.8, w,,=0.03, N, =28000, N,,=18000, N,=60000, y,,=1/(17/2)
and z,,=1/(19/2) . The behaviors of (8°,1.,1,,1,,.1,,) are limit cycles.

When 6% 0, the endemic equilibrium point P = (S*,1,,1;,1.,.1)is locally
asymptotically stable for R,>1. These behaviors correspond to figure 4.7 to figure
4.10. We can see that limit cycle occurs in this case. The fraction of Aedes aegypti
population oscillates between 0.2961 and 0.04587. The fraction of Aedes albopictus
population oscillates between 0.01026 and 0.00002. This is an example of numerical

solutions for limit cycles.




Chapter V
Dengue transmission model with the different
incubation rate for each season

In this section, we modified from model 1 by adding the incubation rate for
each season.

5.1 Mathematical Model

In Thailand, the annual estimations of dengue fever are depend on the
season. The Aedes aegypti is the principal transmitter of Dengue fever in Thailand
but it also transmits Chikungunya fever, yellow fever and Filariasis among other
diseases. The Aedes aegypti prefers feed during daylight hours. Thailand’s rainy
season, starting from May through September, is also the high risk period for dengue
fever, a potentially serious condition is the most prevalent in tropical countries[8].
The moisture content, temperature, season and rainfall are influence to the
mosquito development. Dengue infection is endemic in Thailand. From the data of
Dengue cases in 2005 - 2010, we can see that most dengue patients are occurred in
rainy season. We can see as shown in figure 5.1.

This model is to incorporate this feature into the SEIR model. Models keep
track of an individual's infection-age for particular diseases.

S 0.35
(=]
8- 03 —e— 2005
S 025 —=—2006
b
. 0.2 2007
E'E'MS ——2008
0.1 —#—2009
E 0.05 —e—2010
o B
3 < B 5 > 2 3
£ S § = < § _§ 2 2 ,§ 8 é ¢§
Months

Figure 5.1. Reported cases of Dengue disease per 100,000 population in Thailand
during year 2005 and 2010 [12].
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We constructed the mathematical model of dengue disease by considering as shown

in figure 5.1.
K ApRyy
sr=2br g g apE
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‘ N s+t8 e pv: E, Vs
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Figure 5.2. The incubation rate for each season is considered.
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The dynamics of human population are given by

d K

LB il Ny — RS, —~ S = BmeE (5.1)
di hr riYTr d“hr h* hr NTr +g r “h

d K\'—)hr

—E, =6 1,S,,-A,E, -4 E, -a, E (5.2)
dt hr N]"r+g vr “hr d “hr h “hr hr “hr

%Iﬁrr =ap Epy =4y Ly =2 Ly =Pl (5.3)
LRy, = plyp= 2y Ry =2y Re (5.4)

K

LEWE S e p ey e Y (5.5)
df NTW +g

d Kv-—bhw

— B @5t ] 8 Ry B iy B~ B (5.6)
di hw N?w+g w ) hw d “h h ~h h h

d

Elhw =y Elm_ﬂ’d [hw —'A'h lhw _p]hw (5?)
d

ER}M = plyy— A4 Ry =2y Ry, (5.8)
d Koooie

— 84, =C Ny, —AySy, —A4,8); —6—28-1 . 8,. (5.9)
el sV e = Ay, 7 Ny +8 " h

KV—DH‘

diEh-i' =0 2 ]vx S.Fr.\' _R'd Eh.!‘ -j'h Eh.\' —Qp Ehs (510)
t N?Tr+g
%Im =ay, Epy =2 Iy =4y L = pliy (5.11)
iR,,,. = ply = A4 Ry =4 Ry . (5.12)

dt
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We define the variables and parameter for above model in table 5.1

Table 5.1. Definitions of variables and parameters for equations (5.1) - (5.12).

variable/ definition

parameter
Shr the number of susceptible human population in rainy season
E,, the number of exposed human population in rainy season
I, the number of infectious human population in rainy season
Ry, the number of recovered human population in rainy season
Shy the number of susceptible human population in winter season
E,, the number of exposed human population in winter season
1, the number of infectious human population in winter season
R, the number of recovered human population in winter season
Shs the number of susceptible human population in summer season
| . the number of exposed human population in summer season
Ly the number of infectious human population in summer season
Ry, the number of recovered human population in summer season

The dynamics of the mosquito population are given by:

d Khrav

—Sw=2, -8 N, g L1y Syp = 2,8, (5.13)
-‘%E‘,, = 5% LSy = AEyp=PorEyr (5.14)
%IW = B,.E, =21, (5.15)
%sm -7, -8 :,h::g Ly S —ASo (5.16)
% E,, = 57\%‘%; L Sow = AvE vy =BosEv (5.17)
%IW = B Epy =41, (5.18)
ds a7 -5 K""‘*“g LS, ~4.S, (5.19)

" ‘ Ny +
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iEv.\'= ) Kh.\'—)v Ih.v Sux _}’vax_ﬁstv.\' (520)
dt Npy+g

d

_lvv’_‘ cEv\-_;!'vlw- (521)
Z = BB,

We define the variables and parameter for above model in table 5.2.

Table 5.2. Definitions of variables and parameters for equations (5.13) - (5.21).

variable/ definition

parameter
S the number of susceptible mosquito population in rainy season
E, the number of exposed mosquito population in rainy season
1y the number of infectious mosquito population in rainy season
Sw the number of susceptible mosquito population in winter season
E,, the number of exposed mosquito population in winter season
L the number of infectious mosquito population in winter season
S, the number of susceptible mosquito population in summer season

E, the number of exposed mosquito population in summer season

Iy the number of infectious mosquito population in summer season
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Where the parameters are defined as follows:

Table 5.3 Definitions of variables and parameters for model (5.1) - (5.21).

variable/
parameter

definition

the total human population in rainy season

the total human population in winter season

the total human population in summer season

the total mosquito population in rainy season

the total mosquito population in winter season

the total mosquito population in summer season

the natural death rate of human population

the death rate of human population due to the disease

the death rate of mosquito population

the birth rate of human population

the transmission probability of dengue disease from mosquito to

human in rainy season

the transmission probability of dengue disease from mosquito to

human in winter season

the transmission probability of dengue disease from mosquito to

human in summer season

Khr—w

the transmission probability of dengue disease from human to

mosquito in rainy season

Khw-—)v

the transmission probability of dengue disease from human to

mosquito in winter season

K hs—»

the transmission probability of dengue disease from human to

mosquito in summer season

the incubation rate of human population in rainy season

the incubation rate of human population in winter season

the incubation rate of human population in summer season

the incubation rate of mosquito population in rainy season

the incubation rate of mosquito population in winter season

the incubation rate of mosquito population in summer season

the recovery rate of human population

the biting rate of mosquito population

the number of other animals available as blood sources
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We suppose that Ny, =S, +E;, +1y, + Ry Nigw =Spy+Epy + 1, + Ry s
NH.\- =Sl1x+Ehs+]h.\‘+Rhs’NVr =Svr+Evr+1vr JNVw =va+va+[\w and NPET =Sv.v+Ev.\'+[v.v .

We assume that total population remains constant and each group of

population (human and mosquito) also remains constant, we have

N _ g , Ny _ o in rainy season,
dt dt
AN _ , WNow _ o in winter season,
dt dt
and W _ g , Wi _ o in summer season.
dt dt
: dN d
i Ehr = L(S,, +Ep +1, +R
~ dt( hr + Epp + Ly + Ry )

=C. Ny, = (44 +24,) Ny,
SO that CrNTr = (Ad +j'h)NHr = NHr’ =

The results of above equation indicates that the total of human population
equals to the ratio between the summation of the constant recruitment rate of

human and their constant death rate in rainy season.

dNHw

Y d
i) = —(Spw+Ep+1,, +R
di df( hw hw hw hw)

=CyNp, = (A +4,) Ny,
SO that C”.N"v'w = (A'd +A’h)NHW = NHW =

The results of above equation indicates that the total human population
equals to the ratio between the summation of the constant recruitment rate of

human and their constant death rate in winter season.

AN g _ i(Shs +E + 1 +R)

iii
) dt dt

= C.\‘NI\' - (A'd +’1h)NH.\‘

C.n‘ N Ts

Sothat C,Np, = (Ay +A4) Ny, = Ny, =—L 5
sV Ty (a’ h) H H (;l-d +/T-};)
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The results of above equation indicates that the total human population
equals to the ratio between the summation of the constant recruitment rate of
human and their constant death rate in summer season.

dNy,

IV
) dt

d
= E(Sw"}'Ew"—[vr)

=Z, - ANy,

This shows that Z,-A,N,, = N, = f

r

v

The results of above equation indicates that the number of mosquitoes
equals to the ratio between the constant recruitment rate of the mosquitoes and
their death rate in rainy season.

dNy, d
V) — = —(S,, +E,, +1
) df df( VW W vw)
=Zw_AvNVw
This shows that Z, - A,Ny,, = Ny, = f* ,

The results of above equation indicates that the number of mosquitoes to
the ratio between the constant recruitment rate of the mosquitoes and their death

rate in winter season.

v) Dia o 25, 48,41,)
dt dr ‘ )
= Z,\' - A’vNV.\‘
This shows that Z, - AN, = Ny = f"’ .

v

The results of above equation indicates that the number of mosquitoes
equals to the ratio between the constant recruitment rate of the mosquitoes and

their death rate in summer season.

Introducing the normalized parameter




' SJ.\ Il E A T 11" o R
Shi:]\: ’Ehr=_L’ h\':;’ m=ﬁ-
Tx Ts Tx 7
oS o8 g -5
vr N; , ] Vi NVW b v NV-“
— E — E, 6 — E
Ew- - vr , va — W , Ev., = vs ,
N Vr N Fw N Vs
I_W — wvr s -]_:v- - VW , I_W — v )
N Vr NVw ‘ N Vs

Then we obtain normalizing equations (5.13) - (5.21);

d ¢ Koon j S
=8, =(Ay +4,)—(Ay + 2, +6 =] N, )S,,
& Jir ( d h) ( d h N'I'r +g vr Vr) h
d = Kv—)hr = I E
—Ehr =4 lvr NVr Sf?r _(A'ﬂ' +,Ih +ahr)Ehr

dt Ny +g

d = _ -
;}’Ihr =y, Ehr_(j"d i ’lh +P)[hr

d = K - -
=8, =y + 4, (A +Ay +6——22 T NS
oo (Ay +4,)— (44 +4, K, += Vi ) Sinw
d 3 Kv—)hw = = =7
—E, =6 I Ny S, —(A;+4,+ea, )E
dt hw Nrw+g vw Y P P hw ( d h hw) hw

d - _ _
E[}rw=ahw Epw = Ay + 4 +p)p,

A = (g +A)~(Ay 42, +6ebs [ N, 35,
dt N'n".t +8

I T _
d = 5 = Iv.v NV.\' th H(A'd +’lh +ah.\') Eh.\‘

dt " TN +g
d = o -
Elhx =y, Eh.f - (lu' + ’lh +p)lhx

LE

K = e = -
—E,=8—t=2 | Np(1-E, -1,)-(4, +8,)E,
dt vr N]"r +g hr !'r( vr ) ( v ﬂ»r) r
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(5.22)

(5.23)

(5.24)

(5.25)

(5.26)

(5.27)

(5.28)

(5.29)

(5.30)

(5:51)




%E,ﬁ 5{#‘:—:;?,,“, N (= Epy ~T0)=(Ay + Bo) Ene
%iw = B Eu i

%Em. = 5% The Ny (= Eyy ~T,0)~(A, +B) E,,
%iv, =B B = d T

R, .R,.. R, and S,,,S,..S, can be obtained from conditions
Sy +Ey +1 Ry =1, 8, +Ep, +1, + Ry, =1, S+ By +1 +R,. =1,
S,+E,+I,=1,8, +E,+I,=land S, +E, +I,=1.
5.2. Analysis of The Mathematical Model
5.2.1. The steady state solution

The equilibrium points

(S.hr, E.hr, I'hr, E'w-, I.w-, S‘hw, E.hw, 1.hw,E.vw, [.vw, S‘h.\'. E‘hs, I‘h.F,E'V.'i,[‘Wi)

(5.33)

(5.34)

{5.35)

(5.36)
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are found by setting the right hand side of (5.22) - (5.36) equal to zero. Then we

have

Kv—) r o7 I
(Ag +4)=(Ay +Ah+57v—jgl,, Ny )Sh =0

Tr

Kv—)hr = = —
o Ly Ny Spyp =(Ag + 4y +ay, ) Ey = 0,
NTr""g

& Epp—(Ag + 4, +p),, =0,

(hg +2)~(Ay +A4y +6rm [y NS =0,
NTw +g

Kv—) w
S h

‘va NVW §.‘lw _(’lu' +‘j’h +ahw)Ehw =0 ’
Np,+g

ahwEhw_(ld +A’h +p)]_hw =0,

(5.37)

(5.38)

(5.39)

(5.40)

(5.41)

(5.42)



(Ag +Ay) =(Ay + 4, +6—220 “Jf«" I Nu)8s =0, (5.43)
I.v g

Kv-—;hs 7 = —

' N [ NV.\‘ Sh,\- —(’ld +‘lh+ah,s-)Ehs = 0: (544)

T\

@ Ep = (Ay + & +p)} =0, (5.45)
Khr—w T il 7 =

6 —"=1, Np,(1- E,, -1,,)-(4, +B,,)E,, =0, (5.46)
NT'r +&

BuEp=-41, =0, (5.47)
‘Khw-—w 7 - 7 -

6__“__']hw NTw(l_'va "]vw)"(lv +ﬂvw)va =0, (548)
Np, +g

ﬂvwva—’lvaw =0 » (549)
Kh.\-—n' T Il T =

J—Ih.\' N'.’:\‘ (1_ Ev.\' _]v.\‘)_(;{'v +ﬂv.\‘)Ev.\' =0 H (5-50)
NT’.\' +&

ﬂv.\'Ev.c_lviv.c =0 (551)

Doing this, we get two equilibrium points
i) The disease free equilibrium point
(1,0,0,0,0,1,0,0,0,0,1,0,0,0,0).

iilThe endemic disease equilibrium point

(S hr,Ehr,l hr 5 Evr,] vr,Shw,Ehw,]hw,E vw,l vw,S h\‘,Eh\,Ih\, V‘, V\)

where
S' = (/14 +/1 ) H (552)
hr .
(;"d + A_l, )+ ]"" NT’ NV’ﬁ 5Khr-w v—shr
(Ny, + gNB, + AU NyySK,,, +(Nyp, +g)A,)
E, LNy BN, OKy 0K,y By ) ; (5.53)
(N, +gXag, +Ay +4 X B, +A XNy, 0K, +(Ny, +8)A XA, +4, + NuBNy 0K,y 0K,

(NTr +gxﬂr +’%vx! NTrfs"gr-u +(N7r +g);\')

_ (A + A XAN N0, B,0K, 0K, +(Ny, +8) (P+ Ay + 24X, + Ay + )AL, +A) , (5.54)

=

(N 6Ky (p+ 2y + 2 Ny, + 2y + 2 XN, B, 0K,y +(Np, + 8N4, +4,XB, +4,)))
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E‘ & ;’;rNTrSKﬁr—wAv (5'55)
v (ﬁrr + ;{’v )( [kr N?'ré K

+(N,, +g)A)

hr—v

[" - {}:rNTrsKhr—wﬁvr ’ (5'56)
v (ﬂw +2‘v)(lhrN7'r5K +(NT|- +g)j'p)

hr—v

S = (4, +4,) : (5.57)
" (lu’ +A}|)+ ];wN‘I‘wNVwevaKhwavﬁKv—rhw
(N'I\v + g)(ﬁvw + ﬂ'v)(]thiwaKhwav + (]Vi“»J i g)j’v)
. ,(5.58)
Foid !meﬁriwﬁxwﬁKv-m{ld +'&h)

i

(N + X +Ay + AN AN N K + (Vo + @ANA, +4 + L P Ny KiK.

(Np +8XBos + A NN OK o, + (N, +8A)

)

7 = (A, + ) AN N0 B K o OK o + (N, + g’ (p+ A+ A4 a,, + 4, +A)A (B, +4.) ' (5.59)
" (N 8K, (p+ 2, + A 0@, + Ay + 2) (N B 0K, +(Np, +8)(A, + 4B, +4.)))

E.W = 'I;WNT'lvaKfnw—fv;{'v . . (5.60)
(ﬁvw + 2‘1- )( Ihw N?'wé‘Kh + (N;"w + g)z‘v)

W=V

[‘ = {i:wNi"wakhw—wﬁw § (5_61)
" (ﬁvw + ﬁ‘v )(Ihw NT'W(SKM ip (N’."w + g)j“v )

V=¥

S, = _(Ath) ; (5.62)
(A'd + Ah)+ Ih\‘NT.VNK\‘ﬁ‘V.!"SKh.\'—waKV—DkI
(N, +8)B, + A’v)(lh.vNﬁaKhm—)v +(Ny, + 2)4,)
¢ L NBNOKs, 5K, Byt ) ,(5.63)

= N [;Miﬂanxg&ﬂ-ﬂah
(N +8X0t, + Ay + A KB, + AN, OK,  + (N + @A XAy +4, 4 (N +8XB, +AXIN,OK,,_, +(N, o)

) - (A + A NANE N0, B, 0K, 0K,y +(Nyy +g)2(19+/14 +4,Xay, + 4, +4)A B, +4) (5.64)
" (Nlié‘Kh«'ﬂv(p-'-jﬂ +)‘h)(ah.v +3‘d +Ah)(Nmﬁw5erbﬂx +(Nﬂ' +gxﬁ'u’ +;'1|Xﬂ»' +Ab)))

hs—vy

£ = 11 Np 0Ky A , (5.65)
' (ﬁur + j’v )( !h,r NT.sé‘Kir.r—-v + (NI\‘ + g)}“v)

[' _ = {;A\'N?'ngb.v—wﬂv: 3 (5_66)
T B+ AN LSK,, L+ (N, +8)A,)

hs—v

5.2.2. Stability analysis

The stability of each equilibrium point is determined from linearizing
equations (5.22) - (5.36) about equilibrium point examining the eigenvalues of the

resulting Jacobian matrix. We now consider the eigenvalues of the Jacobian matrix at




79

each equilibrium point. From equations (5.22) - (5.36), we can write in the matrix

form as follows:

5K 5K
A2 N, A ) O 0 0 Sy s (5.67)
(N, +8) ¥ (N, +8) 4
K 5K
—vohr N -y +4, +a,) 0 0 e i 1.1J N,.,S.h)
(N, +g) vr d (N5, +8) "
JI:' =(0 a, -{ﬁ.d+/1h+p) 0 0
: akhr—n' -
0 0 (W""ms w) '(i‘,"'ﬂn) 0
i
0 0 0 B -4,
5K oK
(2t N 44 ) 0 0 0 (i N.-.S',,,,,) (5.68)
Ny +8) (Nn, +8)
SK oK
v—»hw * v =3 hw *
W —(A,+4 0 0 NS
(Nn +8) ol o) (N +g) )
J’E =0 a,, —(i.d+¢1h+p) 0 0
2
8K
0 0 (ﬁ%‘i NpS'w) - (4, +B) 0
ntE
0 0 0 A. -4,
oK 8K
- v = h| l- N, +4 +)‘h) 0 0 0 #(_"—'_"L N“'S'hs} (569)
(N, +g) ¥ d (N, +8)
5K 9K
v hs "‘..Nn -(A, +4, +a,) 0 0 (MM,.S”L.)
(N, +g) W (Ny, +8) d
JI-_'3= 0 a, -(1d+alh+p) 0 0
6Khv—n' 0
1] 0 ((N-+g) Nl-‘s ) '(i‘,‘*ﬂm) 0
Ts
0 0 0 B, —AV

\

| The eigenvalues (p) are the solution of the characteristic equation
det(J —PIs)=0

where Jis the Jacobian matrix evaluated at the equilibrium point . /5 is the
identity matrix.

i) At the disease free equilibrium state

E,5; =(1,0,0,0,0,1,0,0,0,0,1,0,00,0) has eigenvalues as follows:

52 Khr—va—bhrNTrSVrahrﬂvr
(NT'r + g)2

(—p—Aq = 4)(- +=p-p-Ay =) p-ap — Ay —A)=p- B, —4)).

The eigenvalues are

p=-4;—-4, and the remaining 4 eigenvalues are the solutions of
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2
- é Khr—va—mr N?)-SVrahrﬁur
(Ni"r * 3)2

( +(=p-p-Ay=2)=p-ay =2y =4 )-p-B,—-4,)) =0

52 Khr—va--)hr NTrSI»’rahrﬂw
(Np, +8)°

(=p=24 =24 PPy =) =p = Ay =) =P =B = A))

The eigenvalues are
p= -4, -4, and the remaining 4 eigenvalues are the solutions of

52 Khw—-va—)thTwSVwahwﬁvw
(Ng, +8)

( +=p-p—Ag = X—p—apy — Ay 4P~ Py —A4,)) =0

62Khw—w KHhu-NTwSVwahwﬂuw
(Np +8)°

(=p—=4q = 4,)( H=p=P— A = 2P =y = Ag =) P = Py = 4)) -
The eigenvalues are

p= —A; -2, and the remaining 4 eigenvalues are the solutions of

s 62 Khs—rv Kv—v.‘rs NTSSF{c ah.\'ﬂv.v
(NT.\' + g)Z

( +(_p—p_2'd —)‘h)(_P-ahs _id -;{’h)(—p_ﬁv,\' _A'v)) =0

52 K, hs—v K Vs N TI\S Vs ah.\'ﬁv.\'
(N +8)°

(_p—}'d _';!'h)( +(_P_P_id _}“h)(_p_ahs _Ad _}‘h)(_P_ﬁvs _A\-))

or A+ 42+ AP+ A4A+A=0

where
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,43=p+ah *ﬁw +2/1d +2+%

Ao AR AR A DA AN PR 28

AR ANy A O XA AR P 2 By o AP, 4y
e P B oS A 3, A AR )

A3_—_p+am+ﬂw+2/ld +2+2}y

YN T RERC IS BERYRE ALY REYRER AP ERERER

R W VN AT RERC Y WER PE RER. LY By RO I PoE PER PRIy REVAY
e R T A Sy T pS PER PARE RER IR

 (Vg,®)
Ay=pray +f +2,+2+2
A=A X o A AP A B P Dy A oy (DA A 2R
A= B AN A i A g X sy B Py (B AU p A DAH iy A A

1
Azw(%wwrww g Xt A A )

Equilibrium point is local stability its eigenvalues have negative real parts

when they are according to the Routh - Hurwitz criteria:

i) A, >0 (5.70)
ii) 4 >0 (5.71)
ii) A >0 (5.72)
iv) Ay A - A —ATA >0 (5.73)

After, we consider condition of Routh - Hurwitz criteria as shown with
parameters above. For the conditions given by (5.70) - (5.73) are always positive. So
this disease free state is local stability for R, <1 when
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RO =[( aszrravaahrNTrNVrahrﬂvr )
(Nop + ) (p+ Ay + 4 (@ + Ay + A1) A (B + 4,)

+ ( 52Khw—>va—»thTwNVwahwﬁvw )
(Npy +8)2(P+ Ay + 2) @py + Ay + 23) 2 (B + 4)

¥ ( ‘sth,\-—vaahs NTI\‘NV\-ah.\' ﬂv.\-
(N +8)2(p+ Ag + 2g) (@ + 24 + 1) A (B + 4)

)]

i) At the endemic state

Ee = (Sthr B E’hr B I‘hr ) E.vr " l‘vr W S‘hw 3 E..ﬁw i ].hw ,E‘vw, [‘vw, S'hx ¥ E‘h.i‘ § I.hs, E.w: ,[.v.:) .
The characteristic equation is:

AP+ AV + AL+ A+ AA+A=0
where

For rainy season,

2 *
Ay =pray, +34,+34, 424, + B, +(1+ ] ’"K"’"*:K sV Ny
(NTr +g)(ﬂvr + 'lv)(&hr Khr—wN?'r""(NTr + g) lv)

1
(Ngy + @) Byr + )y Kppyy Ny + (N7 + 2) 4,)
(~(Npy + 8)* A, (B, + A4,) (Ag +24) 2o + 34, +32,)+2(p + 34, +34,)4,
+ B, (p+34;+34, +A,)+ay, (p+ B, + 24, +24, +24,0) -8, Ky Ny
(S Ky s Ny Bor (D + @y + By + 224 + 2244 +24)+ (Np + 2)(B,r + A)(Ag +25)
(2p + 32y +34,)+2(p+ 32, +34)A, + A2 + B, (p+34, +34, + A,)+
ap (P + Py +24;+24, +24,))))

A3=

1

Ny + 8By + A B hy Kpyyy Ny + (N, + 8) 4)

(~(Npy + )2 4, By + ) (R + 40 (P + Ay + 24)+ 20 +24) 2P + 32, +34,)A, +
(P +34; +32,)A2 + B, (Ag +4,) 2p + 32, +34,) +(p +34y +324,)4,) +

U (R +2) (P + g + 2)+2(0+ 224 +24)A) + A + By (0 + 204 + 20 + 4,))) -
iy Koy N1y BK e Ny B (g + 2 Y + g +2) +2(p + 204 +22,)A) + A, +
B (p+24,+224, +A))+ ey, (p+ B, + A4+ 4, +24,))+(Ny, + 8) B, + 4,)
(g + A2 (p+ A+ A4)+2(Ag + 4) Rp +34, +34,) A, +(p + 34, +34,)A +
Bor((Ay +4)2p +34, +34,)+ (p+34; +34)A4,) + oy, (A +24,) (P + Ay + 24) +
2(p+24, +2}L,1)/1v)+2.§ + B, (p+24, 424, +A,00))




=KoV Nl | o, 3, 1t 7+ 0t B+ 20
(Ny, +8)
+ay B mﬂv(-{h’n + 212Gy + 2 (04 A +24) =8y Ko Koo Ny o
(p+ay, + 22y +224 )+, A4y + 4 )P+ Ay +244)+ By (P +24+22))+(Ay +44)
QA+ 2 )P+ g+ 24 )+ By 2432 + 324 ), 4@, (0+ 22 +284)+ (A +24)
i Koo N1 Koy Ny By (04 2+ )y + 2y +24) -
Ny + @), Ko Ny +(Npy + 8B, (B + 4
(B3 Ky N1y Koy Ny Bor (N, + @By (0+ Ag + 3 Y@+ A + )+ Koo N,
0+, +22 +224) =}, Koo (N, + QN1 (A + 24, X0+ g + )+ B+ 205 +224)
@ By +2(p+ Ay + 2 )Y ((Np + 8 (- Ko Ny + (N + 2B, )
(T Ko N1+ (N + @A DS KNy Ky Ny By (8 KNy B +
(N1 + @)y +24)Br + AV (N, + 8 (N, + 8 (R + A )A (B + A )+
T Ko Ny (K Ny By + (N + )+ 2)B,r + 24))))

Qp+34y +34 DA

A = WG, KNG, (p+ 2y + 2 )@y + Ay + 4 YKo Ny By + Ny +.8) Ay + )
Bor+2)V + (N + 8) g+ 24 A (B + A )0 Ky Koy Ny Ny, By + (N, + 8)°
P+ A+ 2 )@y + g+ 24) ey By + ) + Ty Ky (N, + @) Ny (g + 24 )B4 4)
(0 Ky Koo NNy By g 2 )+ 2N+ 8) (04 Ay + 20 W@y + Ay +24) A,
(O Ky Ny Bor + (N + ) +24) By + AV (N + )&y Ky Niy + (N, +8)4)
(Ngy +8)* (A + 24)20 By + A+ 83y Koy Ny (O Koy Ny By + (N + 8) g + 24 By + 4,))))
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For winter season,

0" LKoo KosulVNis,
Ny +8) By + A Ay Koy Ny + Ny, +2) 2,)

Ay =p+ay,, +34,;+34,+24, + 8, +(1+

1
(Npsy + 8By + 4 )y Koy Ny + (N, + £) 4,)

(A(Npsy + 8)° Ay By + ARy +24) 2 +324+34,)+2p+ 32 +34,)A,

+ B (P +32, 434, + A)+ay, (p+ By + 244 +24, +24,))-605,, Ko N,

(O KysmiNvioBow (P+ @py + By +224 424, +22,)+ (N, + 8) By + A4 ) (A4 +44)

(2p+34,+34,)+2(p+34,+34,)4, +A§ + B, (P+34,+34, +4,)+

Cpy (P+ Bony +224 +224, +21.))))

4 =

|
B N1y + 8By + 4 YOy Kiysu Ny + (N, + 8) 4,)

(N + 8 Ay By + A (g + 24)? (P + g + 2 )+ 2Ry +4,)2p+32y +34,)4, +
(P +34y +34,)22 + B, (Mg +2) 2P +34, +34,)+(p+32, +32,)4, )+
@y (Ag + 2P+ Ay +2) 4200+ 224 +22)A)+ A2 4 B, (0 +22,+24;, + A,)))-
i Kingose N1 Ky s e N yse B (Ao + 20 W0 + Ay +24) +2(p+ 24, +24,)A,)+ 22 +
B (p+22,+24, + A,)+ @y, (p+ By + Ay + A4 + 24, )+(Npy, + 8)(B + 4,)
(A +24)2 (P + Ay +25)+2(Ay +2) 2P +3Ay +32) A, +(p+34, +32,)A2 +
B ((Ag +2) (2P + 34, +34,)+ (p+34; +34)A, )+ & ((Ay + 244 ) (p+ Ay +24) +
2 (p+20g+22)20)+ 25 + B (P+ 224 4224, + 2))))

52KthMwN'mNVuﬂhuﬁvw
(N, +3)2
+ by ———— (gt P +8) (G + 24 (0+ A4 +24)=6" Iy Ky n Ko indNrNis,
™t
(p+ay, + 24 +2&.)}+(a;.w(2(ﬂu +2 Yo+ 2y +24)+ B, (p+24,+20,)+ (A +4)
Ay +2)(P+ 2y +2)+ By 2p+34y +34 ), e (0+24 + 224 )+(Ay +4,)
(2}9“‘3}51 +3’1h ))&v ahw Khw—wN.’MKv—MwNVuﬂ\%w(p"'ld +Ah)(a’hw +A’d +zﬁ)

+ Py Bt + Bt + P By + 20 Bodi

A|=

(Npsy + &y Kingeos Vs + (Vi + 8B B + 40
S s KoMK sinssBo Vi + 8 B0+ A+ 24 )+ g + )+ Ty, Koo N,
(P+ oy + 2 +24) = oy K Ny + N1 Ry + 2 )0+ A+ 24)+ B+ 2 +2)
A Bs +2(0+ 2y + 2 ))N)Y (s, + ) (T Ko Ny * N+ 8)Bon)
(@ Koo Vs + (Vi + DAIHE Ko Ny Ko s N G Ky Nis By +
(N1 + 8ot + A4 ) B+ 20))Y (Wi, + 8) (N, +8) (g + 24 VA (B, +4,) +
s Ko N1l Ko NisuBoy + N + @ +24) B+ 4))))
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A = Ay KtV 0+ A +24) i+ A+ 24) o Vi + i+ ) )
Bt AV + N+ @) Gy + 24 2y By + A YO K Ko NN+ (N, + 8)°
0+ 2 +24) @+ A +24) 2 B+ 2)) + 8 Koy (N + @ Ny Sy + 24 ) B + )
(O K KotV NisnBoea + 24 )+ AN, + ) (D+ A+ 24 Y@+ Ay +24) 2,
OK s Ny + G + 24 ) B+ AN Vs, + ) @iy KNy Ny + DA,
(N +8 G+ A)A B+ A+ T, Ky Ny S KN H N+ ) Ces +24) B+ 40))).

For summer season.

g i / ;.\' Khx—n' K v—h’l.\'N Ts N, Vs

Ay =p+ay +34, +34,+24,+ B, +(1+ .
(NI’I\’ + g)(ﬂv.\' +’1\')(ﬁh~ Kh.s’—wNTs +(NT_\' + g)j'v)

1
(Nyy +8)Bys + A4 YOl h Ky N +(N7y +8)4,)
(~(Ngy +8)* 4, (Byy + A,)((Ay +2) (20 + 32, +32,)+2(p+34, +34,)4,
+ B (p+324 432y + A) 4@y (P + By + 224 + 24 +24,)) =l s Koy N
(O Ky Nys Bog (P + Qs + Bog +22 + 22 +24,)+ (N + )Bos + 4, )(Ag +4)
(2P +34,+34,)+2(p+34, +324,)A, + A2 + B, (p+34, +34, + 4,)+
ay (p+ B, +24,+24, +24,)))

Ay =

|

(N + )Py + A Yy Ko Ny + (N + ) 4)
(~(Ngi +8)% A (Bog + AN g +24,) (0 + g +2) + 2Ry +24) 2P+ 324 +32) 20 +
(P+34y +34)25 + B (Ay +2) 2+ 324 +34,)+(p+34, +34,)4, ) +
@ (g + 24) (P + g + 2y )4 2(P+ 20y +20,)A, )+ 2 + B (P+24 +24, +4,)))-
Oy Ky o N (K o Ny Bus (g + 4 Y+ Ay +2) +2(p+24,+22,)A,)+ 25 +
Bus (p+244 422y + &)+ (p+ B+ Ay + Ay + 24+ (N + Q) (Bos +4)
((Ay +4,) (p+ Ay +24)+2(Ay +A4) 2 +324 +34,) A, +(p+34, +34,)2 +
Bus((Ag + 23 ) 2P+ 35y +344)+ (P 434y +34,)A4, )+ @ (g + 24 )(p+ Ay + 24 ) +
2(p+244+22)A)+ 22 + B, (p+24y +24, + A,))))




= SthH'K"_"’-‘NT!Nﬂahﬁﬂr

A : +00 B+ B, i+ P By + 200 B i
(N Ts +g)
+ ahuaf\’ﬁ (A’—:_g)z' /au(_(N Ts +g)2 (}U +Aﬁ)2 (p"'jd +jh)_62! I:.'c Kthv—iuN T.'.“N Vs
Ts

(P40 + 2y + 24 )@ Ay + 4 )0+ A +24)+ By (0+ 2 +2) V(B +4)
QA +24)(p+ 2y +2)+ B+ 32y 34 DN, Hap o+ 2 +224) Hy +44)

L T KyaNilK Nl 0+ A +2) (s + A+ )
O A e DT KMy O Bt
Oy KyNyiKo N M+ €0 B0+ A+ )Gy + A + 2440 T Koo N,
(00 + 22 +24) - Ky o (N + QN QA + 24 )0+ A+ )+ B0+ 2y +2)
B+ 200+ A+ )Y (Vi +8) (-, Ky Ny H N+ OB,)
(s KN H N+ QAIVHE Koo Ny Ko Ny, O K N+
Ny + QW +2) B+ AN)Y (W + P (N + ) U+ Y (B + A )+
& KN (K Ny + Ny + QG +24) B +4.))))

A = A3, KAnNE (0+ Ay + )Gy + A+ 34) KN B+ (Vi + ) +24)
Bos+ )V + (N + ) A+ 2 Ay (B + 20 )0 Ky s Ko NNyt B + Ny + )
(0+ A+ )y + Ay +26) 20, (B + 200+ iy Ky (N + @) Niy(B + 2 ) B +4,)
(07 Ky Ko NNy @By + 24 )+ AN, + 8)(0+ Ay + 24 )@y + At +4) Ay
(KN + (N + )y +2) B + ANY (Ny + &)@ Ky Ny + (N + ) A)

(NT.-; +g)2 (Ad +ﬂ‘h )lv(ﬁv.\' +Av)+3;l,\' Kh.v-wNT.\' (aKv—iﬁ.rNV.\'ﬁvx +(NT.\' +g)(;'d +Ah)wv.t +’1v)))) .

86

The eigenvalues of endemic disease state have negative real parts, when they

are according to the Routh — Hurwitz criteria:

i) A, >0 (i=1,23,4)

ii) A>0

ii) AjAyAy— A} - A2 4> 0

V) (A A = AV (A A3 Ay = AT = AA) = A(Ag Ay = 4y)* =45 > 0

(5.74)

(5.75)

(5.76)

(5.77)

We check the conditions of Routh - Hurwitz criteria as shown with parameters

above. For the conditions given by (5.74) — (5.77). We show the above conditions are

met for R, > 1. They are shown in figure 5.3.
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Figure 5.3. Routh — Hurwitz criteria (5.74) - (5.77) for endemic disease state for
rainy season, winter season and summer season, respectively.
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We found that all eigenvalues have negative real parts when R, >1. This
means that the endemic disease state is local stability [13] for R, > 1.
when we adding the incubation rates for each season, R,is defined:

=[( JZKhr—n-Kv-»hrNTrNVrahrﬂvr )
(N'l'r +g)2(p+’?'d +3’h)(ahr +’{d +;Lh)lv(ﬁvr +Av)

R

4 ( JthW—’VKV—DhWNTWNV\HahWﬁW )
(Npy +8)2(p+Ag + A1) (@ + A + 24) (B + )

+( 52 Khs—-va—;hx N?Zv NPftahsﬁv.s
(N + @) (p+Ag + Ay @y, +Ag +4) A (B + 4,)

)]

We can see that the incubation rates for each season influence to the basic
reproduction number.



Chapter VI
Transmission model of Dengue virus by age group of
human and two species of vectors

6.1. Mathematical model of dengue virus

Dengue is a vector-borne disease. It is transmitted to humans by the biting of
the Aedes aegypti and Aedes albopictus mosquitoes. The human population is
separated into two classes, a child class and an adult class, each class being
described by a SIR model. The transmission rates of the two mosquito species are
different and depend on what class the humans belong to. We develop a single
model taking into account the presence of two type of mosquitoes and two age
classes and apply it to dengue fever. The model shows how it is possible for the
maximum level of infected human to be reached in a short time.

We analyze the SIR (Susceptible - Infected - Recovered ) equations for
human and SI (Susceptible - Infected ) equations for mosquitoes. The model will
apply empirically on data of dengue patients reports by Ministry of Public
Health ,Thailand (2002 - 2012) as shown in figure 6.1[12]. This model, we study of
the age structural model of dengue disease incorporated the influence of Aedes
aegypti and Aedes albopictus.

6.1.1. Mathematical Model

In Thailand, the data of dengue virus cases during 2002 - 2012. Which have
the number of dengue patients in shown figure 6.1. The highest proportion of cases
by age group were 0 - 4 years old, 5 - 9 years old, 10 - 14 years old, 15 - 24 years
old, 25 - 34 years old, 35 - 44 years old, 45 - 54 years old, 55 - 64 years old, more
than 65 years old, respectively. There is the different distribution of this model about
disease in each age group of two species mosquitoes (Aedes aegypti and Aedes
albopictus). We propose a mathematical model to study the transmission of dengue
virus by introducing age structure into the SIR model.

The SIR and S| simulates the spread of dengue virus between host and vector
populations. The model is based on the Susceptible, Infected, and Recovered (SIR)
model of infected disease epidemiology. The age structure is introduced into a
model, ie. children and adults, then we modify it by incorporating the different
behaviors of Aedes aegypti and Aedes albopictus. In figure 6.1, we show the age
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distribution of the incidence rates in one province in thailand during 2002 - 2012
epidemic. As we see in figure 6.1, most cases occur in children under the age of 15.
However, a small number of cases do occur in older people. Similar distributions are

seen in the other provinces in the country.

[y

[y

rates per 100,000 Pop.

2002 2003 2004 2005 2006 2007 2008 2009 2010 2011 2012

HW0-15 M>15

Figure 6.1. Age distribution of the 2002 - 2012 dengue fever incidence rates in
thailand [12].

This model with age structure, the dynamics of each component of the

human is given by

d;c = DNy~ (1 + 7,5 B0y S, —ay, (1 +7,Sin 1)1 S. —1,S, (6.1)
d;:' = ey (1 +7,85mB0) I,y S, —wqly-n4l, (6.2)
d:;?z = ap (L +78im fO) 1y S; —aley —M4l (6.3)
%: ol + @l o =1y R, (6.4)
f: = DNy =@ (L + 7,5 B0 0 Sy =y (1 +7,Sin B0V 4y S, =148, (6.5)
d;‘;’ = Qg (1 +7,8iB1) 1,2 Sy — Ouly - wyl, (6.6)
% = @ (1 +75 Sin )43 Sy —042d g3 —Nal oz (6.7)
= (6.8)

?= afal + @aalay =14 R,
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Where the variables and parameters are defined in table 6.1.

Table 6.1. Parameters for equations (6.1) - (6.8) and their definitions.

a'talr*alrta

variable/parameter definition
Seol:102.R, the number of susceptible children, infected from Aedes
aegypti and Aedes albopictus in children and recovered
children,
Soidg 142, R the number of susceptible adult, infected from Aedes

aegypti and Aedes albopictus in adult, and recovered
adult,

N, the total population ,
N.andN, the total population in children and the total population
in adult , they are constant variables ,
D, and D, the birth rate of children and adult human,
a, the transmission probability of dengue virus from Aedes
aegypti to children,
ay, the transmission probability of dengue virus from Aedes
albopictus to children,
a,, the transmission probability of dengue virus from Aedes
aegypti to adult ,
g the transmission probability of dengue virus from Aedes

albopictus to adult,

@y

the rate at which the infected children from Aedes aegypti
can recover,

¢

the rate at which the infected children from Aedes
albopictus can recover,

W)

the rate at which the infected adult from Aedes aegypti

Can recover,

the rate at which the infected adult from Aedes albopictus
can recover,

Na

the natural death rate of human,

Ya

the measure of influence on the transmission process from
Aedes aegypti mosquito to human,

¥s

the measure of influence on the transmission process from
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Aedes albopictus to human,

Peo the measure of influence on the transmission process from
Aedes aegypti to human,

Bis the measure of influence on the transmission process from

Aedes albopictus to human.

It we add equations (6.1) - (6.8) together, we get

dN, _dN, _dN

Ic fa

dr dt dt

= (S‘ +11:| +Ir.'2+RL‘)+(SH+IHI+IGZ+RH)'

The total children and adult populations are supposed to have constant sizes ,

ie., ‘%ﬁ:o and % _y, the birth rate would have to be equivalent to the death

dt

rate, P. =P, = u, in children and adult ,respectively.
Where N, is the total number of children and is equivalent to S, +1,,+/,+R.,
N, is the total population in adult and is equal to S,+/,,+/,,+R, .

The dynamics of mosquitoes is described by

ds,, |
7‘= Ay, — 0 (L +y,, Sin BU) Sy — 1y, S (6.9)
Ly (170 S A1) Ly Su = (6.10)
ds,, ’
d!z o Ava Qa2 (1 +Yva Sin ﬁi)lﬂl sz = r’l'asl'd'l (6'1 1)
Boat _ 3y (1412 Sin 1)1y Suca = Ty o (6.12)
dt a
dj;m = Ay —aun (L+yu Sin B1)] o Sy = 1y Sun (6.13)
%3 @ (1 +7 Sin B1)1 2 Sy = My L (6.14)
Bty =tz (1470511 0 2 Sz =Ty S (6.15)
Bz _ g0 (1 47,9 Sin BU) L3 Sopg tiig Liaa (6.16)

dt
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We define children as people who age 0 - 15 years old. Adult is the people who age

greater than 15 years old.

The variable and parameters are given in table 6.2.

Table 6.2. Parameters for equations (6.9) - (6.16) and their definitions.

variable/ parameter

definition

Sw.rl and ,ml

the number of susceptible and infected Aedes aegypti

mosquitoes who be infected from children,

Mg

the death rate of Aedes aegypti mosquito,

A

vl

the carrying capacity of the environment for Aedes aegypti,

R yal

the probability that a dengue virus transmitted to the Aedes
aegypti from an infected children,

S and;

vl val

the number of susceptible and infected Aedes aegypti
mosquitoes who be infected from adult,

the death rate of Aedes aegypti mosquito,

the carrying capacity of the environment for Aedes aegypti

mosquito,

the probability that a dengue virus transmitted to the Aedes
aegypti from an infected adult human,

Swnt and

vhl

the number of susceptible and infected Aedes albopictus
mosquitoes who be infected from children,

r.’ vh

the death rate of Aedes albopictus mosquito,

the carrying capacity of the environment for Aedes albopictus
mosquito,

L]

the probability that a dengue virus transmitted to the Aedes
albopictus from an infected human in children,

s,,and g

whl

the number of susceptible and infected Aedes albopictus
mosquitoes who be infected from adult human,

r’ vh

the death rate of Aedes albopictus mosquito,

the carrying capacity of the environment for Aedes albopictus
mosquito,

Ay

the probability that a dengue virus transmitted to the Aedes
albopictus from an infected adult.
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If we add equations (6.9) - (6.16) together, we get

d
E(sml +la) = Ava _nquw.rl (617)
A (Sztly,) =4y, -, N (6.18)
dt val val2 = g 77:-“ val .
2 Bl = N (6.19)
E ( wi + vhl) = Ay —’h,, vhl A
S i) = N (6.20)
;1_;( w2t lwa) = vp ~ vy Vb2 - :

Where N,,and N,, are the numbers of Aedes aegypti in children and adult
respectively, which is equal toS,,, +1,,,and S,,; +/,,,. N,yand N, are the numbers
of Aedes albopictus in children and adult respectively, which is equal to S,; +1,4
and S, +1,4,. If the numbers of mosquitoes are also constant each other (6.17) -
(6.20) gives

Nyar = Aua /'ha » Nugy = Aua "rlva y Ny = Avb /ﬂvb and Ny, =Avb /r]vb J

We normalize parameter (6.1) - (6.8) and (6.9) - (6.16) by writing

S = Se ; I)= Ly , ;2=1‘—‘2, R;.:—R# in children and
N, Ny N e
sp=te,  py=da, plde, K in adult.
NI'H N!ﬂ Nfa Nl’ﬂ
r va r ] J S ' 1
Sval e ! ) Iual L ’ val= — ) val = ue )
val Nual NvaZ va
S =h, = L , 8y, = S and Bise= ! , then the reduced
N Vbl Nypa Npo

equations become

%-ﬁ = N = (1 +7,Sin B, Nyyy ¢ —ay, (1 +7,Sinft) Ly Ny S¢ —ny4 S; (6.21)

d
E];I = Qg ( +?anﬂﬁf) ]:'aleaI S: —ﬂ)‘,ll’_'_l _qd];l (622)

d ’ . ' ’ ' '
12 = @l +7pSinBO Ly Ny Se =01y =141 2 (6.23)

%S;': Mg — Agq (l +?aSinﬁt) I:Ial Nva2St:l —Qp, (l +be’.n ﬂt) [llwb2 vaZ S; N4 S:: (624)
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d .

E[al =y (1 + ?’uSinﬂ[) 11‘02 N1'02S1'1 _wullrrll ﬁr’d[c,?l (625)
d , . y ' ' '

E!al = ap, (1 +ypSinft) L3N oyy Sy = @2y =Ml a (6.26)
d i . t r ’

EIW[ = Qyy (l +¥va Slnﬂt)lr.'l NfL'SVﬂ'] - r]va val (627)
d ' . ' ' ’

E va2 = Xya2 (l +¥va S’nﬂ‘!)lal NtuSVGQ - '?"a ]va2 (628)
d . ; ’ : ’

Elvhl = Ay (l +¥vb S‘mﬂt)[d N!L'va! - qvb ]vbl (629)
d r . r r r

E’mz = auy (1+y, SinBt) 1oy NSy =y dipa - (6.30)

Where

S.+1,+1I,+R. =1,
S,+1,,+1,,+R,=1,
St + a1 =1,
Staz +1wz =1,

w1y =1 and

w2+ Lpy =1.
6.2 Analysis of Model

6.2.1. Equilibrium states

- £ * » *

The equilibrium points (8,15, 1.2,85 Loy 1as  Dyat s Topt s Lyan » 132 ) @€ Obtained by

crfelric2s
setting the right hand side of (6.21) - (6.30) to zero. Doing this, we get four

equilibrium points,
1) The two group disease free equilibrium point

S, = (1,0,0,1,0,0,0,0,0,0) .

i) The disease free equilibrium point




S, = (S, L Lay Loy s Ly ) = (1,0,0,0,0) in children.
ii) The disease free equilibrium point

= (S0, 10 Ly Loy o Ty ) = (1,0,0,0,0) in adult.

()(J

2) The two group endemic equilibrium point

» * *

- (Sr.’lch[dis Ial’ a2'[val=lvh]11va2’ vbl)

i) The endemic point

*

= (8., 0Ly, Ly, 00, 1y) inchildren,

where

Ny 4@y 5 1@, 240N 51+ N, M a5 1Yy 5 Sin ) (6.31)
h I(,:' a IJ’V\JMILz +N hl abt.-hud."( I:falM'alaaﬂa:'+N\'h labﬁbc)sjnﬁ) (1 +7\’ﬁSinﬂ‘0))

&,

. =

rdemau-(l"hm Sin ﬂ ’)(Nlc”davhl +(, z“?a) qvb+Mc Ma @by Vb S’"ﬁ ) (6‘32)
(M O (CQ'I+ r’d) (['l'ﬂlNl'(i"E au'+Nu\':labc+]?d+(fn rrlNvalrfraar"'MMnahc)Sm JB [)(l +7vhsm ﬂ ’))

| (1 Nyt G (4 SinB O, g @2+ 1) vy +Nic Qopt T Vo Sin 1)) (6.33)
¢ ™, ety (@t ot Nt @+ Loy Ny @t 10 oy N Yo Gty 17 Vi) SinBi) (W Sin 1)

Ba=l(2(=2 @,y 1a( @ +04) 1oy *2N a1 @0 ¢ @yar (@2 +0) 7y,
N a1 Ya@ac v (@) By ¥y o= Nypray c Apil@  +04)0,(2+7,745)
N N o1@ac@ a1 @y s 1T (247 v a e n+Val? v at?y s))
2N, g1 Ve, @y g (@) Ty .
“Noprapga y cay, (@ + )0, 7otV Nog1Gea, 1@, 1My
(Fva¥vu @y, ot ¥y s)) Cos2B0+ (4N, o @, @y ail@c 2 +1a) Ny(Ya ¥ 7 v a)
@ A @t )M N @y e @y (@ + 000, (s +7, 4)
Ny Ny a1 @ @y 1 @y a7y at ¥ )t 7. (4437, 07, )N Sinf ¢
N eNvat?e@ae @vat@vbi MaYual vp Sinft))
TN, graa 4y, SinBt ) (2a (@ +n)n, +2a, (@ a+04)m (@ +0,)0, (634)
N emgay g @y (247 ¥ o))" N g @, 0y @5 ¥Vya¥ysCos 2 B
t2(a g (@ey +0y) My Poa @ pi(@ay + 0,400 7y

N, cmga gy a yy (ry oty ) Sin f 1)
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fvhl = [(‘Nl chhl Gy Ayp rI‘J"(rvulelaac"’nd)(mc2+ﬂd) n\'b

+S¢‘nﬂ‘f(—fw|Nm1 Ya@ac (@2 +109) T+ (6.35)

Nchhl Qpe Ay p Ind(}'b"'?vh}wichh 1 ¥ Cpe @y p 1 Ta Yo Slﬂﬂf))]
INyp @y Shyy Sin BOWN, @, b g H@ ) M +N, cQupy Ty ¥ vp Sinfit))]

ii) the endemic point

*®

Sia = (8o, Iy, Iy yLowa s Iopy ) in adult, where

B (NyaMa @y + @2 +10) 0 )+ N Mg @42 Yo Sin B 1) (6.36)
(NJa avbz(rmz anzaua"'vaz abu"'qd*{f.vuz anl Ya aan+va1 Vb aba) Si"ﬁ’ )(H"rvb Sj"ﬁ’)))

a

- fvuZer!ZaaMu Sinf3 ’)(Nmrldavhz*’(“!:z‘”fd)’hb +Naqda\-h2}’vb Sin fr)) (637)
* (M uavbz(a‘hl+q:)(fua2Nva 2 aaa+va 2®pq +qd+(fvasz¢127aaaa+va2ybab a) Smﬁ’ ) (] t Yvb Slﬂﬂf))

’:ﬂ= [(f vhb2 vaZQhu(]"'beinﬁI) (Nl a al‘hznd+(wu2+’?d) qvb i Nl a avaﬂdyvbSinJBr))/

(6.38)

Nr aa\'hZ(w82+qd)(rvaZNVGZGaa"'rvaNl'b2abﬁ+nd+(rvuz Nva2 Yal@aa

N pa¥p@pa) SinBt)y(l+ y,p Sinft))]
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Liaa=(2(2a, 4304 (@, +1y) Mg ¥2N oy @up @y ga(l@, 5+ 1y,

Ny a2 @0 @ay Qg2 (D2 ¥N) My ¥y a=Nop2@pa Xy p @+ 140, (204 ¥ 4 p)
WNaNvar@aa@ya2@up2Ma (2470 ¥vst@a(ry a+7vs)))

“2(Nya2Va@aa @y a2 @aa+ ) My ¥ vaNop2l 6 @pa @y p20@0 1+, ¥ o s
N aNa1Baa@y 2@y 2Mal¥va? vp+¥alVvat?vp))) Cos2 ft+

(HN g2, 00, 4 2Oz + )0y Fa +7 v a)=Cy 5 2Mh00  +70) Ty,

“Noupa@he @y p2(@a 4000, (Faty )+

NiaNya2@a@® a2, 52Ma (407 v oty v 5)+7a(4437 0 7 v ))) Sinf t
“NiaNva27a@aa@a2@up2aWVval yvp Sin B 1)]1

[(ZNmz auq(]+}’a Smﬂ ’)(zav h z(m(ri+r]d)ﬂva

(6.39)
+2ava2(wd2+qu')'7vh (wa1+nd)r795 +Nla’?u‘ava 2@ 4oy 2( 2+7 valv 8)
_NJ alla @ yva2Qy hzrva}'vbcoszﬂ ! +2(avu2(wu2+r’d)qvb Y va
@,y 1(mal+nd)qva Yoy n‘l+N t alla avaza\vbz()’va"'yv h)) Sfﬂﬂf))l
rvb2= [(Nlanhzaaaath Ta — (rvaszaZ A, gt qd)(%2+rfd)’7\'b
+anﬂf (_fvaz Nvaz Ya @a a(waz +’7d)rf\-b +
(6.40)

NiaNMpra@paaypanalag+ pyp)+ N aNpa h@pa@yp2 napypSinft))] !
Nypaay L+ 75 Sin BOWN, g @y py Mg +(@a3 1 4) 14
+Nraavb2qdyvh Sinﬁ‘))]

6.3. Local Asymptotically Stability

The local stability of each equilibrium point is determined from Jacobian

matrix of right hand side of the above set of differential equations evaluated at the
equilibrium point.

Proposition 6.3.1 IfE, <1, E, <l and E,, <lwhen 8=0, then the disease free

equilibrium point E,. in children and E,, in adult are locally asymptotically stable,
where
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2N, 5O i (D + 10 W10 Yot + Nyt Qe AN, g +( @y +10507 4 )R+ Va¥ia )+ 2N, 113 (Vs + V1))
(e, (@ + 204 014 (20 + Non@ (2+ 13 7))+ 2N 1 @ Qi (@0 @iy 70000 4 Yo+ Nicuy Na(Fa¥ia + (Yo + Vi Vi) '

Ey= max {

2N 2 ¥ Qoo (@ + 004 W 4, Vo + Noan BB (AN, @y + (@ +105 00 0 2+ Yo Vi) + NGB 14 (Vo +710))
(e (@y +1 ) (275 + Nopg@po(2+ Yo )+ 2N @i (Vo (@2 +1700 3 Vs + Nig@ota T (Fa¥oa + (Fa + ¥ V)

E.. = ZN.,“}’,«,QMQ".M (mcl 4 )'7 va Yot Nva]ancaml(z(Nrcaqud +({t)€2 N )’7 vf,)(z +}’arva)+2Nlcavbl"d (ra *Vva )
* (Zavf!l(a)cl Ta n va(znd + Nw’ilahc(2 4 rhrvﬁ)) + 2Nvalancawl (?’a(ﬂ’cz +Vd)f] v,l,rvu + Nlcavbl qd(rarva +(ra +YM)rvb)))

in children.

E - 2N 52719802 (Dt + 1 M o, Vo + Ny a2 (AN @y + (@3 +704 00 N2+ VoY 0+ 2N @ (Vo +700))
Qﬂ (zat'bz(mal 14 )’? vg (zqd + vazaba(z +¥s¥ b )) + 2leaanam2 (ru (mnz +1y )'? vbYW + Nmavbz My (7arm + (7;: +7vwa )va )))

in adult.

Proof.

For the disease free equilibrium point in children E, =(1,0,0,0,0) and in

adult £,. =(1,0,0,0,0).

The system defined by equations (6.21) - (6.30), the Jacobian matrix
evaluated at Eq. and Eg, , respectively given by

J‘=
[~ 0 0 @ o (47, S BI)IN, o =ay (147, Sin(BON, 4] (6.41)
0 ~w . +y) 0 a, (1+y,Sin(B1)) N, o 0
0 0 @ +1y) 0 a, (14, Sin(B1))N,,
0 a,, (1+r, ,Sm(Bn) 0 N el 0
L 0 0 a,p (I+y,,Si(f1)) 0 My b1 ]
Jy=
[ - 0 0 o (147, SN BI)IN,ay =@y, (147, Sin(S1) YN, 4] (6.42)
0 @, +1y) 0 o (L4y, Sn(BI)IN,y ., 0
0 0 —(@g2+14) 0 @y (14 yy Si(f1)IN,
0 @, (l+y,, Sn(B1)) 0 Mva2 0
0 0 @ypa (L 4y, Si(pr)) 0 b2 ]

The eigenvalues are obtained by solving the characteristic equations,
detlpIs—J,| = 0. Wherey, is the 5x5 identity matrix andJ,(J;;i = c,a) is the Jacobian
matrix for (6.41) and (6.42), respectively. To evaluate the determinant, we get the

following characteristic equations:
(A0 ) (A + W2+ W, + WA+ W, ) =0 (6.43)
A+ )R +FR2+RAA+FRA+F) =0 (6.44)

where
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H/l = W) + Wy +2rl‘cf +rl‘va ‘th ’ (645)

”/2 =_Nval Qe Oy g _thl e Ayp) ) ik rfd +2n.:l T]va + 2”:1 nvb + qva nvb * (6 46)

WD) (nd'ﬁ?\‘ 1y ) +ay, (a)c:l + 1y, )y )
a b a b

Wi=(@.1+14) @2 A1 o, ~Nyp1@p e @y @140+, ) +((0 ) +772)@0 +77)

Hay 1+ @ 2000 Iy Nyar Qae @ a1 @eat 10, 4 )+ (0o @ 1 @2 +74+10, )’ e
Wy = (Na@oa = (@ 1201y 5 Y NonOhlon+ (@ +100 5 ) (6.48)
R=ay+ap+2+1, . +1,, (6.49)
Fe Ny % B2 =Ny b2 O o @ 42) F+ 210478 o #2007, 100 Th ' (6.50)

‘*ﬂ-’az(”iﬁ’ka ‘HK.;,} +wﬂl(wa2 mdﬂaﬂb)

Fs S n) (@ #1) 1, —Nyp2 Gpa A2 @411, ) H@n +1) (@ 47)
“‘(%1‘*%2"‘2'11) g )77”, _NvaZaaa avaz(wa2+qd+nvb ) ’ (651)
+(aaa Ay (G*IJZ'FWJ 'H?uh ))

EJ = (Nva2aaaam2 = (wal + )’7 Va )(MhZanava + (a)al +nd)?? v oh ) (652}

From the characteristic equations (6.43) — (6.44), we see that one eigenvalue
of (6.43) and (6.44) is 4 =-n,.The sign of other four eigenvalues can be ascertained
by solving equation (A* +W,A* + W, 22 + W34+ W,) =0 and (X' +RA+ KA+ FA+F,) =0. The
remaining four eigenvalues have negative real parts if they satisfy Routh-Hurwitz
criteria (6.53) - (6.56)[13], each equilibrium point is locally asymptotically stable if

the following conditions are satisfied,

i) Wyand F, >0 (6.53)
i) Wy and F; >0 (6.54)
iii) W, and Fy >0 (6.55)
V) (W Wy =W, YW, + W, > 0and (RF, - F)F+F2F, >0 (6.56)

After we use Mathematica to show the conditions of locally asymptotically
stable, we can see that Wyand F are always positive. For the equations given by

(6.54) - (6.56), we show these conditions by using the following figures,
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Figure 6.2. The parameter spaces for the disease free equilibrium point, which

satisfies the Routh-Hurwitz conditions, show onto

(@ ,W3), (wﬂ -Ws)v(q’alst) 1 (@a2, F3) s (@ W)y (@0 W) (0,1, Fy) i (@4, F}),
(@ (I = W)W = W3 ) s (o (W, = W)W = WEW)) (@ (R F, = B F = T F))

(@, (R F, - F)F, - K F,)), respectively. The values of parameter are follows:

0y =1/(17/2) 0, =1/19/2) ,n, =1/(365*74.6) day ', N, =9000, N,,; = 4000 , N, =5500 ,
@, =0.00769 , a,, = 0.000246 , a,,, =0.00000576 , &, = 0.00000335 , , =0.07 , , =0.067 ,and
N, =100000, @,, =1/(19/2),@,, =1/21/2) ,n, 1/365+74.6) day ', N,, = 6000, N, = 3000,
Ny =4100, @, =0.000045 , @y, = 0.000067 , @, = 0.0066 , a4, = 0.00235, y,=0.07 7, =0.067a
nd N, = 100000 .

From the above figures 6.3, the Routh-Hurwitz conditions are satisfied for E, >1.
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6.4. Endemic Disease State

Proposition 6.4.1 IfE,>1, when =0 ,then the equilibrium state

- - - . .

E=(S0, 1 Iy Loy Loy Sa Iy o Ly s o 1) s locally asymptotically stable.

Proof. For the endemic disease equilibrium point S, = (8., I, , Iy, Log s Loy ) iN

.

children and S,, =(S,, I, » I;2, a2 1yy) in adult, we obtain the characteristic

equation:
(X + DA+ D22+ DyA* + DA +Dg) =0 for children (6.57)
(X +G A +GA +G A2 +GA+Gs )= 0 for adult (6.58)
where
Dy = NygjQue 0 + Nyp @y 0y + 0 + @2 #3047, , +11 4y (6.59)

Dy=w, @.,+2 0, ny+20,, ’Id+3F}d+ﬂ’c|’Iva ey My g1+ 3a My +
(@ 1+ @ 3 B1 47, 0) Ty + Ny gy Qo (= (01 M/ Ny g2, 0,
Ny p1@p Or14) + 0@+ @+ 204+ @, 01 Mg INy gy @ g O
+N, b1 @y Oy 1g) 40,4 0,)) AN @y (= (@ p 1/ Ny a, .0
Ny 1 @4 031D +0; (@ 140, 24204+ (@ 1 14! Nyar Qa6
Vb 1@y O Ma) g+ 1))

(6.60)

|
Dy= sz d,. 0 +2 vl T2 s T T
3 Nvala 9|+th1ﬂ’“92+'7d( al %ac I(I}d' Nallyal MaThp TThg Ty

W, 3y +0, + )+ O @ 247441, +7,,)) +Nyp) &, 07,
20y M, + 204 Mty Ty @2 Mgty +1,)

0, | (@ 2+l Hhy )) +10(@, 2 CFa+ 0, Ty +2704 (1,

o A4 CF 437, Ty +304 @y +10 )+

@ 1 O 4+ 10y Mo +2000 Oy 1l ) +@c2 (g +70, 105 )

+Ny o1 @p (= 5y Mg (@ 12044, ) +65 (0A27y

(@3 ey 11774 ) + By +aypy +350,) 1, ) +(@ G440, )

174 (504440, )) 1y, + @2 (20440, , 40, D)) +

Nya1 @ {=aya) N4 (@ 2820 4410, ) +0\(@, 3 (@, 01420 4 +30,, )

0 (N, )0 a g (e, o) +10) +5047,, +(@, o +504+40, )7, )
0 (O, Ty 301 O, +10p ) +@ 5 (20441, +10, N+

Nopr@p (0, @, o n4+0, (=, p 1, +0, @10 (a@, g1+, 4
2ny+4n,, )+ 2(240,)0, +20, 00, +10,, +1, )

20 (@ 3 Wy 1, +11,,)))))) (6.61)

)
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D=ay @ , Nk, +wc|’idfk¢, RACY] ’id Ry +ri;ma T W3 MaThy,

0, g Thyy +0p 2 Py a1 @ 21, Ty +200\ T, T
I
val am:gl +val ahcgl"'ﬂd

+2a. 37 T Thy, +3'ifm‘, hy, "N

Ny p1 @y (A+6,)0, 4 0+ RO,V oy G B +N, @ . 02411
L@ 2 40 Th, + (O (@ 2 4170) H 2 420) T, ) )
+0, ((HE) a, 4 100+, ) 12Ny @ O AN, 4y @4 Brtily) (@2 0T+

O3y 1y elwczavm'fd
(wc 21, )k )))"Nva a ci t
i sk Nva]am'glwvblahc%md Nvalaar:alwv blabcgzmd
)"\-aﬁdd g 9| j'val‘}d

+ +6) @ W 1, 4‘&(0‘. nn,
N""'a"l‘e""Nvf’labcgz'*"ldNvola’acelwuhlam-ezmdl e 1°8#%a

w1, +91'fdma+9| @ W 3 TRy, 6 @ 1y 1Ry 0, Nk, *914-1%;,
Wea Xy Nuhy, ] B0 2y ) Ny Ty, zavalfid'lv;, F wlaml’fd‘%
Ny a1 @ac BN, b @5 0 Ny a1 O+N, 1@y Bty N, 1@ ac BN, 4@y Bty Ny o\Gae 0N, 1 Bty
1

Ny a1 @a O, 1@ Ot}
6 a, @, 1yt )+ G (HE) @, o @y gy =8y o (11, +60 (@ p(@ HYrtR, Wy o 0, ))))

W, 1@ 046 @ (@, g, ) + & (RO waa, o a7, 5 HA@, 5 (@ 1, )+ (i, N’
-, (o 10 @+, i, DB (HE) 0 @, 0 1y o (@, 5 1R,

0@, e, p (e, (@ 5 1 #0H3,)0)))))

A0 @\ 1, Ty 10, @y T Ty 2800 10 TR, N1 @pe 1y Ny ) @ G

(6.62)

Dy V. :aucq+N].- s ﬂz+m)zm 1@ (@) @1V s 4 My
HN b1 @y ) (@1 H110) 1, (N 4y @ [HH0)) oo TN 51 @ Bl )z(a’cz‘”?d)'?vb )
Ny 1@ BN ) @ BH40)) @, 4 4@, 1 +174) Mg ' N b1 @5 Or411,) (@2+17)
() @, o) Mg+ 30(@.1+ 1y ) My ) y) Ny @ o (T, 2+112)
(H8)a, .11 +36(@\+14) nva)nvb)'thrb] &y . OA6H+0,)a, 0, (@ +1,) Ty
+0, (@ L+ () @, o) 1 +30(@+1) 1, ) BN, b 1@ Na (HE) @y 1120047 7,,)
+2 6, 1) () a, , 1+36/(@, +17) 1,,) 1))

, (6.63)

Gy = Nuaa@aq 03+ Nypy@p Oy + @ + @y +304+ 1, , + 71, ) (6.64)

Gy =@, @, y+2 0, N2, Uﬁﬁd'iwal Mg t@a2 My 374 M, +
(@1 4@, 2130+ 10,) Ty AN, a2 A (—( @y 02 Ma I Ny 42 @ g O3+ Ny @y 04 114)
0y (@) + @3 20y H @2 Mgl Nyaz Bag O3 +N, 5y @y Oy 1) +10,,413,)) , (6.65)
Nop2@a (A yp2 14/ Nyay @ag O3+ N, 3 @y o 04 14 104 (@110 327 Mty 2 14
INyaz @y O34y Oy Oy 1) 1y, +10,))
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G= N oo 93_'_]1,‘. o, N, 42 @y o 074204 Mgt 2Ma My

1y a2 Ty 2 (a0, 1) 4@y @ 2+, 1) PN, 4 oy BT 2100 1,

V2 Tty Tyt 2 M, A A @t @y #1410, 4700 ) P (@, 0T 470, T
1210 (ot ) AT 3 10, ¥ Mg () Y@ OF 4 0

20 4 (Mot H@a2 (Mt 0, ) )+ N, p2 @ (F2 42 N (@4 ¥ 21440,

00 0 (24 @ 30, 60,595 10 ) + @O, yomg rrin Dy 0 E6O)
0,5 (20 H0, 10 ) ) ) HN, 02 @G {0 a2 N4 (@, 2+ 20440,) + 03( @, 1@, o2
A3, o (3040, )0, b2+ (2 (@ g2 RSN Dy, M@ oo+ T +40,,) 1)
0 (2 40 Moy #3 10 gy W0 o 20441, 411 ) DN 2 @ (=04 a2 T
(et 42 0, 0y ( @y g o+ @y 24274440, ) + 2 ( 20940),) 1, 120 (4, 10,
20, (@ 241411y a2 +11p)))) )

G4=(D‘, 1 Wy 2 nd'nva + wal’}u' nva‘fwa’!fd nvaﬂ}d 'ﬂ:,,*"’a 10g2 Mg ﬂvh

ta, ﬁd ’th RLC%) rfd nlrb 'Hid’?v,t, W, | @, 2na ’Tv}, + 2ma 1 Fa 'Za r]vb

1
+20; 3 Mg Ty Ty +3, Ml :N BNy 5 2% ngvazﬂh At
va aa v a

&y b2 A0 210,) + 6 Ny Gaa BN, 52 G0 O) (U@ 1) T+ O (@ 2410
a2y ) + 0t (1) @, y 20120 PN
+Nv 52%q 94‘”11) ( (a‘b 2"”11) ql'a"-(% z%a)’?vb) ) )"'Nv a2@®aa

( Wya Ay, azri;l 4 93%2 Ay a2 ’id' ay 42 ’id
Nva2aaa 0)+Nv b 20'ba94+'b Nua 2@ 4 6]+Nv b2 ae4+m Nva2 Aa 63+va 2@ha 94'”?0!
qavazrid

100, Wy N, 5@ Ty T, + O3 02 Na T,

Nvalaaag.l+Nv b2 T B‘i"ﬂl
Wy 3 Aygz '?am,,

Ay 11, 465 @y @21y + Oy My, +6s2 Ty, 405 1 +

? e din ¥ : b e Nn-aZ“aaQ*'”vbl“haﬂW

9.‘! Wy Xyg2 My qv[, 2%«12 ridri‘v}, ; 2@ Ay a2 ’ifﬂvﬁ
N.uz Rga €J+Nv h2 ahaaﬁﬂl M~a2aaaa.i+Nv hzaba@"’q! Nvaz aua%"' vaz abuﬂ*"ﬂ'

|
e, 1, My, +03 Gz Pl 2670 1,10y,
.y W e (N\'QZQaaBJWVAZQbaadmd)z

Nopa@y o N, g2 @ O3 (= Oy e (@ 11, ) +6 (W) @0 00 — @0 (11 )

+O3( @y (@ it P2 (Mt )) ) PN by @ O3 (— 6 @y (g3t ) + G((H148) @pp @y

Gy Mty )+ G @y g (@, 1) 4y aa Oy, ) )= @y pa (a0 40 (@ +a, 42

g, A (-H8) 00, 07 =@y a2 (@ py Wty WO (g @ ot O, ) + @@, 43titing))))))

, (6.67)

1
(anzaaua.l'*thZ ayy, 84'”741)
D@, 1), Ny 2 @ J(146) @ patTy+H N g2 @ O ) (@a2+0) Dy )

(V)02 @B @ +100) @ +10) My Ty + (N2 @ O

G

+N2

val

@y a O3 (N yp2 @ho Os(146,) @ 12114 (@ 417 ) Nog+ (Nypa @py O4+1y) (6.68)
(wu 2 +”u’)( (—|+33)Ch. a2 '7u'+3a3(wal +’7d)’7va) ’hb )"’Nvaz %y u(qi'(wu 2 +rl.l) .

(C146) @y 4 20+ 36@4 1+, ) Ty IV 4 2@y 64 (B5-146)) @ iz Mg @y +T0) 7y,
+64(ma2+r1:l)((_l+a) Xyar ’11‘*‘365((%1 +'b)'?v,,)'?v;, )+Nv b2 abam((_l+04) Ay p2 T
+2 a.l(wa' 1 g )qva)+294(w02 +’b)( (_H'BJ) a va2m+3@ {wa! +'Z,I) qva )qvb )))
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where

NNy o @yt @t = N1 @ A @1 1), Ny at Gae Byt @e2 1) 10, (6.69)

0
g Nya %N @yay @y p1 Mty ) (@ HIIM 01 (@ H112),) )
_ Nr c val Op e Ayp1 Ty _(Nval a, L-q+ﬁ{1)(wcz+’b)’?vb (6 70)
2= ’ g
Nopr@pe (Np o aypy NaH@c24104) 1)

(Na Nva2 Cyaq@ya2 &y p2 M X yp2 ( thZ aba+nl)(wal+’b) Uva+Nvu2 Qga aval(wa2+riu')nvb) (6 71)
(NvaE Zqq (Nfuav a2@p2 Mt avhz(wal+nl)nvam1'a2(wa2+’b) qvb)) ,

63=

_ Nra Nv b2 %pa Aypall — (Nvaz Uyy @"'ﬂfi)@ﬂ"ﬂ.ﬂ)qvb (6 ?2)
! M'bzaha(NJa avaﬂd'l'(wa2+rIl)nvb)

From the characteristic equation (6.57) - (6.58), the eigenvalues are found by
solving (* + DA + D, + D2+ DA +Ds)=0  for  children and for  adult
A +GA +G A +G A2 +GA+G; )= 0, when  T,= DyandG,for children and adult,
T,=D,and G, , for children and adult, T3=DyandG; for children and adult
T,=D,andG, for children and adult, Ty=Dsand G5 for children and adult. The five
eigenvalues have negative real parts if they satisfy Routh-Hurwitz criteria (6.73) -
(6.77)[49], each equilibrium state is locally asymptotically stable, when it satisfies
the following conditions.

i)detH, =T, >0 (6.73)
i)detH, = ,T, =T, >0 (6.74)
iidetHy = T, Ty - T ~T;3T, > 0 (6.75)
V)detH, = T, T, T, -T3T, - TT} > 0 (6.76)

Vet Hs=T, Ty T3 T\ Ts-BT, Ts-Ta T s-TBB+T,TE 2T, B-T>0 (6.77)

We check the stability condition of endemic equilibrium state by using the
Routh-Hurwitz conditions (6.73) - (6.74), the results are given in figure 6.3 and

figure 6.4.
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Figure 6.3. The parameter spaces for endemic disease equilibrium state, which
satisfies the Routh-Hurwitz conditions, plotted onto
(Ty, detH,) , (T3, det H;), (T3, det Hy) and (75, det Hs), respectively.

The values of parameter are follows:

-1
Wy =1/(17/2), @,=1/(19/2), n,=1/(365%74.6) day , N,=6000, N, =5000, N, =2500,
@, =02, @y, =0.0714, a,,, =0.00000000576 , @,4 = 0.00000435, 7, =0.08 , 7, =0.047 and
N, =100,000.

From the above figure 6.3, the Routh-Hurwitz conditions are satisfied for E,>1.
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Figure 6.4. The parameter spaces for endemic disease equilibrium state, which
satisfies the Routh - Hurwitz conditions, plotted onto
(75, det H,) , (T, det Hy), (T;, det H,) and (75, det Hs) respectively.

The values of parameter are follows:

-1
@ =1/(19/2) ,@,, =1/(21/2) ,n,=1/365 *74.6) day , N, =4000, N,,, =7000, N,,,=4300,
@y =0.1667 , @y, = 0.125 , @5 = 0.00000000176 , @, = 0.000000835 , ¥, =0.07,, , =0.027 ,and
N,=100000.

From the above figures 6.4, the Routh-Hurwitz conditions are satisfies for £, >1 .
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6.5 Numerical results

We consider the numerical solutions for dengue virus transmission. The main
effect of introducing an age structure into the model is to change the definition
of the basic reproductive rate. The parameters in this study are determined by the
real life observations. The values of the parameters are as follows:
n‘,zl/(365*74.6)day'1, corresponding to life expectancy of 74.6 years for human;
w,, =1/(8.5) and aw,=1/(9.5) corresponding to the 8.5 days and 9.5 days of recovering
due to biting of Aedes aegypti and Aedes albopictus, respectively. The death rate of
mosquitoes are 1 /28 per day and 1/35 per day satisfies to the life time of 28 days
for Aedes aegypti and the life time of 35 days for Aedes albopictus ,respectively
w, =1/(9.5) andw,, =1/(10.5) corresponding to the 9.5 days and 10.5 days of recovering
of adult human population due to biting of Aedes aegypti and Aedes
albopictus, respectively. The other parameters are arbitrary chosen. Numerical

solutions of (6.21) - (6.30) are shown in the following figures.



110

Case 6.5.1, in children, we consider the locally asymptotically stable of disease free
equilibrium point, when g=0:
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Figure 6.5. Time series solutions of S,,1,,,1.,.1,, and 1,; respectively.

For E, <1 ,and E;, = 0.000023944 with following parameters:

Mt =1/49 1,0 =1/39, N, =71000, N, = 5800, N, =10000, @, =0.0239, &, = 0.0333,
a,, =0.00000000000347 , &, =0.0000 000675, 7, =0.07 7, =0.027 ,and N, =100,000.

The proportions of populations (S.,7} .1, .1y) approach to the disease free

equilibrium point(1,0,0,0,0) .
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Case 6.5.2, in children, we consider the locally asymptotically stable of endemic

equilibrium point, when g=0 :
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Figure 6.6. 6.6a)Time series solutions of .,/ , I.5,1,., . - Values of parameters in

val»
the model are following:

Mot =1/7 1,5 =1/14 | N,.=50000, N, =32000, N,;, =17000, @, =02, @, = 0.125,
&, =0.0000000058 , @, = 0.00000000465 , 7, =0.026 , 7, =0.009 ,and N, =100,000,
when E;, =174.473

6.6b) Numerical solutions projected onto (S.,7.,),(S. Jva) s (Lyar 5 1oy)-

The solutions oscillate to the endemic equilibrium point
(S:,I5 15,00 1h) WhereS: =0.000556913, I.,=0.0003, /., = 1.6622x107*,
I,,= 8.23484x10° and 1, =7.38289x10""" respectively.
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Case 6.6.1, in adult, we consider the locally asymptotically stable of disease free

equilibrium point, when =0 :
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Figure 6.7. Time series solution of S,,7, , 1,5,1,42,1,4 , r€spectively.

ForE, <1, and E,, =0.0307919 with parameters are following :

Tz =1/36 10,52 =1/46 , N,, =61000, N, = 4800 , N, ;> =10000 , a,,, =0.03225 , &, = 0.02941
@, =0.000000000076 , ., =0.000000000664 , ¥, =0.04 , , =0.06 ,and N, =100,000.

The proportions of populations (S,,7,,

equilibrium state (1,0,0,0,0) .

s 1y, 1) approach to the disease free
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Case 6.6.2, in adult, we consider the locally asymptotically stable of endemic

equilibrium point, when g=0 :
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Figure 6.8. 6.8 a)Time series solutions of S,,7,, , 1,5,7,42, 1,4 - Values of parameters in
the model are following:

Mar =V/T , 52 =1/13 ,N,, =30000, N, =37000, N,,, =19000, a,,, =0.25 , @, = 0.1428,

@, =0.0000000044 , @, = 0000000000335, 7, =0.02, 7, =0.07 ,and N, = 100,000, where

Ey, =21.7785 in adult.

6.8 b) Numerical solutions projected onto (S,,7,,),(S,1va2) s (Traz Ly) -
The solutions oscillate to the endemic equilibrium point
(Sasloy s Iy Doy o I3py) Where S; =0.0123201, 77, = 0.000344474 , I, = 6.9961x107*,

Iy = 3.18294x1077 and /,,, = 1.40069x10™'® respectively.
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Figure 6.9. 6.9a) Time series solutions of S,,1, , 1,141, - Values of parameters in

val»
the model are following :
N,.=50000, N, =32000, N, =17000, @, =0.2, a;, = 0.125 ,&,,; = 0.0000000028 ,

@, = 0.000000000165 , 7, =0.005 , 7, =0.004 ,and N, =100,000 ,and E,, =22.8627 .

6.9b) Numerical solutions projected onto
(Ses7:)1(8es12) i Sesyar) y Seslon) s Unars 1g)  ( Logy o Lgy) - Limiit cycles are produced in
this case.
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Case 6.8, in adult, when g #0:
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Figure 6.10. 6.103) Time series solutions of S,,7,; , 1,3,7,4,1,4, - Values of parameters

in the model are following:

N,y =50000, N, =34000, N, =30000, &z, =0.25 , @, = 0.1428 , a,, =0.0000000075 ,
@, =0.000000000625 , 7, =0.02, 7, =0.07 , and N, =100,000, when E,, =9.26764 .

6.10b) Numerical solutions projected onto(S,,7,,),(S,. 1), (L + L) -
The solytions oscillate to the endemic equilibrium point

(Sas Loy o 1oy s 1oga s 10y ) @re limit cycles.
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We present the numerical results from solving equation (6.21) - (6.30). Here , we will
discuss the all of figures.

In figure 6.5, we present the time series solutions of S.,7,,/.5,0,, @and I

respectively. For E, <1,and E,, =0.000023944 with following parameters:

Moar =1/49,1,, =1/39, N, =71000, N,,, = 5800, N, =10000, e, =0.0239,a,, = 0.0333,

@, =0.00000000000347 , &, =0.0000 000675 , 7, =0.07,, 7, =0.027 ,and N, =100,000.

The proportions of populations (8.1} ,1.5,1,4.11s) approach to the disease free
equilibrium point (1,0,0,0,0) .

In figure 6.6, we present the time series solutions of S.,7. . 1.2, a1 -
Values of parameters in the model are following:n,,=1/7,n,,=1/14,N,=50000,
N,y =32000, N, =17000, a,. =02, a,, = 0.125, a,,; = 0.0000000058 , &z 5, = 0.00000000465 ,
7.=0.026, ¥, =0.009 ,and N, =100,000, when E,. =174.473.

The Numerical solutions projected onto (S.,7,,),(S.,l,u),(1.s »1.;). The solutions
oscillate to the endemic equilibrium  point(S.,), ,1);,1,.1.) Where

S, =0.000556913, I.,=0.0003,1),= 1.6622x10"* I}, = 8.23484x10° and I, = 7.38289x10""

Jrespectively.

In figure 6.7, we present the time series solution of S,,7, . 7.0 1v2,

respectively. For £, <1, and E,, =0.0307919 with parameters are following :

Mvaz =1/36 1,4, =1/46 ,N,, =61000, N, = 4800, N,;, =10000, a,,, =0.03225 , @, = 0.02941,

@, > =0.000000000076 , &, ,, =0.000000000664 , ¥, =0.04, 7, =0.06 ,and N, = 100,000

The proportions of populations (S;,7, 1., 12.112) @approach to the disease free
equilibrium state(1,0,0,0,0) .

In figure 6.8, we present the time series solutions of S,,7, , 1.5 0va2: w3 -
Values of parameters in the model are following: 7,,,=1/7, n,,=1/13, N,=30000,
Nz =37000, N, =19000 , @, =0.25 , @;,, = 0.1428 , ,,,, = 0.0000000044 , ez, , = 0.000000000335
,¥74=0.02,7,=0.07 ,and N,=100,000, where Ey, =21.7785 in adult. The Numerical

solutions projected onto (S,,1,,),(S,.1vs), (1. 1,;) . The solutions oscillate to the

astal
endemic  equilibrium  point  (S..10, Ly, 0 s diy)  Where S5 =0.0123201,
I}, = 0.000344474 , 17, = 6.9961x10™" I, = 3.18294x107"and I, = 1.40069x107'¢ ,
respectively.
In figure 6.9, we present the time series solutions of S.,7,, , 7.2, 4va, 1 - Values

of parameters in the model are following: N, =50000,N,, =32000,N,, =17000,

@, =02, @y =0.125,a,, = 0.0000000028 , a,, = 0.000000000165 , 7, =0.005 , , =0.004 ,and
N,=100,000,and E,, =22.8627.
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The Numerical solutions projected onto (S.,7.,;),(S.,12), (Sevlvat )y Sesdyt) s (s )
(La » L5 .Limit cycles are produced in this case.

In figure 6.10, we present the time series solutions of S,.7, , 1uadva2sdisr -
Values of parameters in the model are following:
N,, =50000, N,,, =34000, N, =30000, a,, =0.25 , @,, = 0.1428 , @, ,, =0.0000000075 ,
&, =0.000000000625 , 7, =0.02, 7, =0.07, and N, =100,000, when E,, =9.26764 .

The Numerical solutions projected onto(S,,7.,), (S, 1), (Lps + 1y).

The solutions oscillate to the endemic equilibrium point (S, 15,75, .1y, L) are limit

cycles.

We will see the local stability can occur when there is no effect of sinusoidal

variation (g =0) and limit cycle occurs when there is the effect of sinusoidal variation

B # 0. Therefore sinusoidal variation is effect to the behaviors of the numerical

solutions.




Chapter VI
Global Stability Analysis

7.1 Mathematical Model

We use susceptible -infected - recovered (SIR) for human and
susceptible - infected (SI) for Aedes mosquito. We find the global stability of
model 2.

7.1.1. The epidemic

The SIR model is given by the following system of ordinary differential equations:

%: KoNp—a, (| +£,5n61) 1,8 -, -, S - ay (1 +£,Sind0) 1,5 (7.1)
da;" = a, (1 +£,5in8) 1,y S—wy1, ~ w01, - Brala (7.2)
%: ay(1 + 8,500 1,8 -wyly -yl - Buls (7.3)
%: —wgR-w, R = B0, = By (7.4)
ii-;i = R, -y (| +£,5in808, I, - 0,05 (7.5)
d;—;“ =ty (1 +£,,Sin60S 01, 0,01 (7.6)
d—i"i = By = ol 48 55mE08 by ~maSs (7.7)
%’i= Gy (1 48,5 SiHS NS gly ~ Wiyl g (7.8)
with the conditions Ny =S()+ 1,() + 1,(0) + R() ., N,u=8,0+1,0nand

va =Svh(f) + "vb(’) .

All parameter in this SIR model are non- negative. We will show that equations
(5.1) - (5.8). The non - negative octant R® is positive invariant (where RY denotes

the non - negative region). With respect to system (7.1) — (7.8), we have the following

results.




124

Proposition 7.1. Let (S(1), 7,(t), 1,(t), R(1),S,, (1), 1,4(1),S,, (), 1,,(1)) be the solution of
(7.1) - (7.8) with the initial condition (S(0), 7,(0), 1,(0), R(0),S,4(0),/,4(0),S,5 (0),1,5(0))
and the compact set

KaNh
W, +ay,

Q:rz {(S’Iaslb!R’Sva’!mvsvb:lvb)e Rf!m 5NT = ’ W2 s Nm= Ra !WJ Sva= Rb }

va Dy

Then, under the flow described by (7.1) - (7.8), Q is a positively invariant set that
attracts all solutions in R? .

Proof. We choose the Lyapunov function
W () = (W) (0), W2 (1), W3(1))
= (84T, #lp+R , Soa+ L0 .S +10h)

is positive definite on R® ( by its time derivative satisfies) and we have

dW_[dW, dw, dw,
dt dt ' dt T ar

_[(dS dl, dly +ﬂ’a‘sm+a‘1m’dsvb L
dt dt dt dt  dt dt dt dt

. (KaN-‘l _(wa' +wh)(S+]a +1b+R) ’ Ra —wva(sva +lva)!Rb _wvb(svh +1vb))

=(k,Ny~(0;+0,)Ny, R, =0, N, , Ry~ ,N,,).

We used the fact that N, = KN N, = Ra and N,, = R .
Wy + @y Wy @yp
With this in mind, it is not hard to prove that
. kN, —(w; +w,)W, <0, for W, 2 KN (7.9)
dt @y +wy,
o R,~w,W, s0 for w, = R, (7.10)
dt WDy
%-th* th] SO ) fOI' W3 < Rb . (7.11)

dt @y
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From the above equation (7.9) - (7.11) one has that W <0 which implies

that Q! is a positively invariant set. In other words, by solving (7.9) - (7.11), we
obtain

0< (W), Wy ()W (0) < (k,N,, (g +@,)) + W, (0)e ™"
(Ra /wva) +W2 (0)6 ~va' 3 (Rj, fmv},) +M"(0)8_m"‘§'r ),

where W,(0),W,(0) and W;(0) are respectively, the initial conditions of
W, (1), Wy(nyand W;(r). Thus, as r—x,

0 W)Wy ()W) < (k,N, lo;+w,, R,/

vas Ry /@) =(Ny,N,,,N,)and one can
conclude that QI is attractive set.

7.1.2. Equilibrium points

From equations (7.1) - (7.9), we set the right hand side of all equations to
zero. We obtain two equilibrium points:

i) If Ry<1 , the only equilibrium is the disease free equilibrium

JI(S’[u '1.'; sRaSva’IvuSvaslvb)

N R R
= Ji(—24_0,0,0,72. ], .5 0) eff,
(OF] +a)k " W,

i) If Ry>1, there is the endemic equilibrium state
J2(8" Ig 1. R SiauLya,Syps Ty ) € Qg
and which satisfies 8,1, 15 ,R",Svz. s Sups Iy >0, With

§*= (w\’a([;raa +wm )mvh(Nh YonKa +(ﬂhb+ Wy +wh )wvb ))

, (7.12)
(o (P Ry + (@0, +@, )0 )+ 1oV aa¥ b (Vi R @yq + Vi Ro @y + (04 + @) )0,,0,))

. * 2 .
Ih — (Nh}'bhrthh Ka Wyg (Iayaa + mvu)_(ﬁkb +ay +ay )((wd +wh)wvu * layaa(yha RO i

(@4 +0,),))00 ) i By + @ +@3,)(@og” iRy +(@ +0)0) + 1 e Vs Ro@ra+,  (7.13)
Yha Ry @y (@0 +@), )0,,00,)))



R ={(Bha (=787 s Rp (Bha + @y + @3 )05 =Yy (N ¥ aa Y na Rak g + (@4 + @)
(Bha + @y + @000 Y0uh + ¥ aa? haRa B + @ + @4 )0up" D /(Y o Bra + @ + 1)
(7o Ro @y + ¥ pa Ry + (@ + @4)0,q 0, )+ (B (N 47 5 ¥ o Rb'cawva(l;rm ¥Byy), (7.14)
~ (B + 04 + 0 (@4 +03) 00" + 137 ttaa Vha Ra + (@4 + @) 0,)) 0,7 )/
((Bip + @4 + 03N @5° (P Ry + (04 +@3)004) + 137 a0 (V1o Ry @ + 7 ha Ra1s
+ @y +@y)0,,0,))} {3 (@4 + @)}

AN . (7.15)
Ia J’ﬂa +m|’a
O P 7 (7.16)
Ia }raa m\’a +m"a
Son= (B +@y +@0,) (@, Z iy Ry + (@4 +©,)0,5) + 1,7 a0 F1p Re@ya+ V1o Ry 01 (7.17)

(04 +0) @, 0 D) P 1@y (17 g + 0y XNy Vi Ko + (B + @y + @) @,))

Ly = (Ny ¥ i RoK a@yq (17 0 + @y ) =(Boy + @4 +@03) (04 +0)@00" + 137 g FpaRa + (7.18)

(@4 +0,)0,,)0,5° ) FpOra (137 sa+ 0, )0 (N 715Ky + By + 0y +@3)00,3)
’; = (767 1t Rp (Bha + @4 +mh)wva2 =Yoo (=Np¥ aa¥ hallaka +(@y +@y)
(ﬁhu ¥ @y +wh)mva2)mvb +raarhaRa(ﬁhb F: @y +wh )w\'bz)/(raaybb(ﬁha + Wy +w}r) ? (719)
(yhb wava + }’haRawvb+ (md +mh )wva )mvb ))
and
Yha =@,(1+£,(Sindt)), Vi = ap(1+£,(Sindt))
Vaa = Ay (1+£,,(Sindt)), ¥Yip = (146, (Sindt)).

The basic reproduction number for system (7.1) - (7.9), we obtain

- J’aa?haRawva(Nhyhh Kot (ﬂhh +w,; + )wvh)
YorBra + @4 + @), (1 Ry + (04 + @ )0,)

7.2. Global stability of the disease free equilibrium
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We study the ¢lobal behavior of the disease free equilibrium state for the

equations (7.1) - (7.9).
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Theorem 1. Assume that
(0, )0) = a,(+&,Simé1)S",

a, (1+ ¢, Sim&1)S", (7.20)

9 (wvh )(’)

(g +@, (1) =at,y (1+&,, SimS1)S,, ,a,, (14, Sim&1)S,,

when R, <1, then the disease free equilibrium J, is globally asymptotically stable on

Qﬂ'

-
Proof. Consider the Lyapunov function on Q,.
W)= (S-S"InS)+1,+1y+ R +(Syq =S IS0 )+ 1,5 +(Sup =Sy NSy )+ 1, (7.21)

The derivative with respect to time yields

294, . ﬁ(l—s—)+ﬂ+ﬂ+ﬁ+d‘g”" (1 S“")+d]""+ds""' (l—dS"”)+dI"" (7.22)
dt dt S ddt dr dr S dt dt S dt

d‘/;_f’) = (k,N,-a,(1+&,S5in61)1,S-w,S —w,S —a,(l +s,,Sin&)l,,,S)(l—S?)

+(a, (1 +&,5mé0l,,S-w,l, —w,l, = Bids)

+(a’,,(l +£;,an5!)]vhS —wd]b —a)hl,, _ﬁhhlh)

(7.23)
+(—w R-ayR = Byaly — Buls)
+(R,-a,,(1+¢£,Sné0S,,1,- ®,,S,, (1- g"" )
va
+(a,, (1 +£,5m60)S,,1,-w,l.,)
+( Rh —Qy ( +£\'hSin5’)Svhlh - a)vbS\-b 1= va )
vh
+(ay, (1 +£,,Sind1)S 51—, 1,4)
dy (1) 5 S S
EX) o ke N (1-20)+ R (1-=M)4 R, (1—
df Ky h( S)+ u( SW)+ h( S\,h)
+1, (e, (1 +6,5in81)S" -, )+ 1, (e, (1 +&,Sin50)S" —w,;)
(7.24)

+ 1, (a,, (1+£,5in8)S,, = (@, +w,))+ 1 (a,, (1 +&,8indt)S,, — (@, +wy,))

. S . S . S . S
+@,8 (1-=) +0,5 (1-=)+w,, 5., (1 -2+ @, S, (1 -=2)—w;R-w, R .
aS ( S') S ( S) S va s )+ @, ( s )—@y h

va vh




We define
(@, 1) = a,(1+¢&,Simé1)S",

(@, 1) = a, (1+¢, Sim&t)S”

Note that onQ’

a

equation, [21] becomes

we haves® =

-
Sva

va

(Sa=5:) _p (S5=Su)’

(wy +@,)1) = a,, (1+&,, Sim&1)S,, and

(g +@, NO)=a,, (1 +&,, SimS1)S,, .

Ka Nh

Wy +w,

)+R,,(I—S

Sea

SELBTY X 1
S S.) al S

va

Sy

vh

S

va

]S;‘=

)

+CIJ};S.“ —%) +mds‘(] —%)+&JWS:U(1- S

128

R
@

a ands;, = Ry with above this is

va Wy

(7.1) - (7.9).

JAE Aoy RS

va?

dy (1) Ll

X = kN (== R (1=
d Ka h( S) a(
dy() _ v (2_5’ S
di a'Vh

dy() _ oy =87
dt a'Vh S‘S a

W

va®

SoaSea

b

extension to Lyapunov’s theorem and we have

winly el

SysSu

(7.25)
)+ @,, S04 (1 —S—'f’)—wdR—th
vh
Su)ir,@-20-28)_p,R-0,R  (7.26)
va vb
_wdR-.th, (7.27)

We can see that all of terms in (7.27) are always non-positive. By using the LaSelle’s

d";#so. The limit set of each

solution is contained in the largest invariant set for which §=§",8,,=S,,,5,,=5,, and

va?

R=0 which is the singleton{J,}. Then, we use the LaSelle’s invariant principle

implies that the disease free equilibrium J, is globally asymptotically stable on Q.

Next, we consider the global property of the endemic equilibrium of

Theorem 7.2. If Ry>1, there is the endemic equilibrium state

exists and is globally asymptotically stable on Q7 if
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’wm () =(a,( +5GSJ'H&) N,

@, (1) = (a,(l +&,Sindt)N,)
4 (7.28)
(04 +@, +a,,)0) = Oa,, (I +£,,Sindt)S,,

(g +Hp +ap X0 = Qay, (1 +6,,Sind) S,
where

A= a,(l +&,Sindt)

A, ()= a1 +¢&,Sindt) .

Proof. The Lyapunov function is in the form

5 + ), + +ay, + B, +
() = (S-S InS)+1, +1, + (4 Pra _’B"”)(S _8.,InS,, )+ Bra ﬁ””)lm
1S +4,8,, ISva +A28vb (7.29)
Wy + @y + P+ +ay, + By, +
d :r ﬁh d ﬁhb )(va va ]ﬂSpb) ( d h ﬁh ﬂhh )!vb
AI Sva + AZva Alsva + AZva
Its derivative along the trajectories of (7.1) - (7.8),
dylt) iS‘(l_S_')_'_&idlb " @y +0 +Phq +ﬁhh) dsS,, R S:a) 5 Wy +@y +Bha+ By dl,,
dt dt- S dt dr ASS + A4S, dt S, AS, +4,S,  dt 300
4 Wy +@y, + P, +ﬁhb ds,, | ds., N @y +@y + Pt Pis ﬂ .
A S,y +4S vh dt Sup AlS:a"'AZS:b dt
d—“;ffl = (N, —a, (1 +&,Sind1)],,S-,S ~@,S - a, (1 + s,,Siné‘t)l,,[.,S)(hS?)
+(a, (1 + &,Sindt)!,,S-ew,yl, - = Brala)
@y + @y + PBua+ P (-
+ : —)(Q, — a,, (1 +4,,Sin&)8S,, 1, — @,,S,, Y1-—22) (7.31)
A]Sva +Azsvh ‘ A‘W & Sva
@y + @y + B+ Py
+ - - 1+ &,,Sindt)S, 1, —w,,1,
( A4Sy, + 4,8, )@ Bt Bhaoe)
@y + @y + Pra+ Pho : S
Pt - ; —a,, (1+ £,5in0)S,, 1, — 0, S, Y1 ——==
( A A4S, YO, 5 ( b )Suss Sy N Sw,)

: (a’d + @+ Pha+ P
AlSva + AZSvh

) (avb (] + EvbSin&)Svhlh "wvb]vb) .
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Since we assume that total number of populations are constants, so we have

’dvh =NT'(wd +wh)l Qa=Nva wva

above equation become

dy(t)
dt

S:a S':b
Nl S ) +0a,N (1 s,

va

H Sva
+h(a, (1 +&Sin)N, ) -0, '

var

+1,(ap(1 +6,SiR)N,) — Qa2

vh
+1,(0a,,(1 +£,,Sin%)S;, (@ + 3, + B,,))
+1,(0ay, (1 +£,,Sin%) Sy, ~(@y +a), + By))

W, + ), + +
when 0 =( / :1 ﬁha‘ﬁkh) -
A\ Sy + A4S,

Substituting conditions of (7.28) into (7 32), we have

B S
"“;“) —(,,+a»,)N7(l—)+Qwv§.au ”")+g(1 )

va va

tb

M, —(y +ay, + Byl

S"b vh
+1,(a,(l +aasu»&)N,,) +1,,(ay(1 +&,Sin®)N,)

+1,0a,,(1 +&,,Sin%)S,, +1,0a,,(1 +£,,Sin%)S,, .

= (um (Sva +Il’a) and Qb =th a),.,, = (t),b (Svh +]vb) 3 Then

(7.32)

(7.33)

Noting that Qf, we have @, =1,,Qw,,and Q, =1,,Qw,,. The above equation (7.33)

become.
dyr) s‘ s
— = (ay +@,)Ny t l""+ - Sia
dl ( d %) T( ()Sva( S ) Q( Sm "a)
+08,, @,(1) Siy —';”
OS5 @, Svh Svh)

+1,(e, (1 +s,,S:ra)N,,) - @, (1)

+1,4(ay (1 +&,Sin®)N,) @, (1))

+1,00,,(1 +£,,Sin9)S,, ~(@;+ay+ B )01,
+1,Qt, (1 +£,,Sind) S}y ~(ay, +a, + Bp) O,

d0 s.s Sia_ S Sa_ Sia
a = (ay +a@),)N, (2 = S_)+Qﬂm S:)-.-Q(Z Sea S;a)
+0Sp a2 Sy, 50 Se_ Sva)

Svh S’vh va ‘xb

(7.34)

(7.35)
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dy (o) (S-S'Y’ Sua=S) _ ; Sua=Si)’
=— + N {3 S - *
g - g A P s
CoSf P (7.36)
., Sv t vh " Yvb) vh ™~ :b
A A
We use the LaSalle’s invariant principle to show that dvf(t) <ofor all
(8,1, 01, RS, L., Son D0p) € Q,, and the strict equality dv;(') =0 holds only for

S=8",1,=1,,1,=1, ,R=R",S,, =80, I, =1,,,S =Sy and I, =1,,. Then, the

equilibrium state J,is the only invariant set of the equations (7.1) - (7.8) contained
entirely in
(S ol R S S bs) 8= 8" 0, = L 0y =05 R= B8, = ST =10ys8 = S

and 1, = 1".,} and hence the asymptotic stability theorem, the positive endemic

equilibrium state ./, is global asymptotic stability in Q.




Chapter ViII
Conclusions and Suggestions

In this research, we present a non - linear ODE system that include
seasonality into the transmission model of dengue virus by two species of
mosquitoes (Aedes aegypti and Aedes albopictus). In formulating our model, our
model simulates seasonality, it is set to the @ - periodic seasonality function. We
explore the biological consequences of combining SIR ( Susceptible — Infected -
Recover ) system for dengue virus transmission in the human population with a
corresponding non - autonomous, multistage Sl ( Susceptible - Infected) system for
vectors (Aedes aegypti and Aedes albopictus). We assume that the human and
mosquito populations remain constant. We derive a reproductive number and
establish conditions for existence of an endemic equilibrium point for this research.
We then incorporate the spatial element into the ODE system to obtain a non -
linear system of coupled reaction - diffusion equation.

We prove that if the initial conditions are positive, the size of the total human
population is constant. We then do variable substitutions to obtain a simplified,

proportion - based system. Next, we set 6 = % day, one reproductive cycle, taking

place over the course of one year, is fixed. Under this and other assumption, we are
able to derive conditions for the existence of a threshold parameter, the basic
reproductive ratio, R, denoting the expected number of secondary cases produced by
a typically infective individual. We analyze the reported data from the Bureau of
Epidemiology, Ministry of Public Health, Thailand during year 2003 - 2011 in figure 4.1
and formulated the system of differential equations of dengue virus transmission by
biting of two species of mosquitoes (Aedes aegypti and Aedes albopictus). We use
the standard dynamical analysis to determine the conditions of parameters for local
asymptotically stability. Numerical solutions are shown to confirm the analytical
results. We constructed the Lyapunov functions with the conditions of parameters
for global asymptotically stability.

For each model, there exists a threshold parameter, the basic reproductive
number for disease free and endemic equilibrium point. The disease free equilibrium
point exists and is locally asymptotical stable if the basic reproductive number is less
than one and become unstable when the basic reproductive number is more than

one. We used numerical simulations to confirm these results.
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The basic reproductive numbers are the geometric mean of these guantities
(R — Ry and E, )

In chapter I, we study the SIR transmission of dengue disease with the
different contact rates, we have

2c A Chs 3 vCy— hsNysNTs | lz(hw—w( v—hwNvwNTy
(NTs +d)2 (NTw*'d)z {lzf'hravcv—bhvarNTr
(B+dd+an) (N2
RDI = E

In chapter IV, We develop a mathematical model considering the
transmission of dengue virus from Aedes aegypti and Aedes albopictus mosquitoes,
we have

Ry, = 2NsaZod N o (@ura @y + D)D) Ty +104) +@u,a5) s + 20 P QAT +700) + N2+ @, @) 73)
valva(lezva(z"'a} Wy +(w RE wva) b)(”h +f]d)+2(2+fi) a)va)%xa vbXvb@h Dop P4 X

For the mathematical model in chapter V, the transmission of dengue disease
with the different incubation rate for each season into SEIR model, we have

2
43 Khr—}va—bhererrrahrﬂvr

Ryy =[( )
(Nyp + 82 (p+ 2y + Ay @y, + 2y +4) 4, (B, +4,)

2
s Khw—va—;th'f'w Nlr’wahwﬂvw

)
(NTW +g)2(p+j'd + ’Ih)(ahw +ﬂd * j’h)‘q’v(ﬂiw + ;i'v)

+(

( 5 Kh'i—va-ahsNT\NV\ahsﬂvs
(le‘ +g) (P""ld +’i'h)(ahs +Ad' +/1h)/1 (ﬁn +"1v)

).

In chapter VI, the SIR and SI models which provide suitable for the states of
children and adult in two species are used in this study.(Aedes aegypti and Aedes
albopictus), we have

2Ny @ (@ + T W1y o+ Nyt @t AN, Gy g (@3 + 1100 4 YR+ Yoo+ 2N, i1 (P +710))
Qe (@ +74 104,204 + Ny 2+ 7,7+ 2N o, 04 (@, (@2 +700 3 Yo+ NocBogy My (FaVa +(Fa + 7))

Ey= max {

2N, 552 Va1 * 14 W1 v o Noaia B AN sy @z + 4013 )R+ ¥ ¥ )+ 2N oga T Vs + Foa)

Qi (@) + 1 11 (20 + Nypg @24 111 ))+ 2N, 0G0 (Yol +17,0m vphvat Mg Na Y aVva + (Fa +70a)i)))
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For the mathematical model in the last chapter, we presented a
mathematical study on global stalility of our model using the Lyapunov function, we

have

_ Yaa¥ ha Rawva(NhyNJ Ka +(ﬂhh +wy,; +w, )wvh)

04 —
) (ﬂhu tw,; @, )a)m2 (J’hh Rh + (wu’ +@, )wvb)

For the transmission model, we formulate the model for describing the
transmission of dengue disease:

chapter Il describes the transmission of dengue disease with the different
contact rates of three seasons in Thailand.

chapter IV describes the transmission of dengue disease when human are
infected from Aedes aegypti and Aedes albopictus mosquitoes

For 8 =0, the threshold parameter for this model is

_ 2(NoaZoa(N: 2 (@0 H@y + B, ) B3 )y + 1) + 0 005) Yo + 220 L4 0y +100) + NipR+ @) 44) )
NvaXva(ZM R.’va(:2 T, a4, + (ma +a, ) ﬂ%,b)('?h +14 ) + ?(2 +a), wva)pSf‘(a + vavaa% Py Xp

Rox

For@ =0 the threshold parameter for this model is

Rop = RNt N, Zop (e +(a + @ )i (0 +1) +ag00) 2,Cof 200+ 1,42 py2+ay ) 1 24 (1 +10) + N2+ @, e4) 25)
+4(py( @+ 1)+ N @ + @) 1) SO0 + N, N2 By + 1) Ha Sin(300] /[@N,p249 s C oL 200) +
Noatoala 2N 22+ @y @+ (e, + 6, ) )@, +10) + 22+ @, @ ) +(N 2l e, + ) )0 +10) +
(e, +a, )) Sin(01)]

Analysis of this model reveals the existence of two equilibrium points. The
quantity El,:,/ﬂis called the basic reproductive number of disease, it represents

the average number of secondary cases that one case can produce if he/she
introduced into a susceptible population. We consider human and vector (Aedes
aegypti and Aedes albopictus) populations, when values of =0 and@=0. Ifg=0,
we use Routh-Hurwitz criteria to determine the locally asymptotically stable of
equilibrium points. If@= 0, we considered time series of human and vector (Aedes
aegypti and Aedes albopictus) populations, when the transmission probability from
Aedes aegypti to human and the transmission probability from Aedes albopictus to
human are different.

For the disease free equilibrium point (8= 0), £, =(1,0,0,0,0) we represents the

state in which dengue disease is not endemic in human and it is locally

asymptotically stable for R,<1. Figure 4.1. shows the proportions of human and
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vectors (Aedes aegypti and Aedes albopictus). The proportions of all
population (S',1.,,1;,1,,,1.,) approach to the disease free state (1,0,0,0,0) when R, <1 .

For the endemic equilibrium point P = (S°,1,,1;,1,,.1,,), when 6=0 the
endemic equilibrium point locally asymptotically stable for Ry >1 . Figure 4.2 shows
the proportions of human and vectors for (S*,1,,1,,1.,.1.,) when Ry>1 .

ar

For the mathematical model in chapter V, the transmission of dengue disease
is analyzed by using the standard dynamical modeling method. We have shown that
several standard theorems in mathematical epidemiology can be extended to this
kind of SEIR model. If basic reproductive number less than one, the disease-free
equilibrium state is local stable. If basic reproductive number more than one, then
an endemic equilibrium is local stable. The results of this study are used for finding
the condition of parameters to be the way for controlling this disease.

In chapter VI, Several investigations have been conducted using the SIR and SI
models.

The basic reproductive number of equations (6.21) - (6.30) is defined as
follows [55]:

2N, 70y O (@ + 174 0 valuw* Nyt @Oyt (AN, 17y + (02 +11500 v )2+ YaVua )+ 2N @iy (Ve +0a))

Ey= max { ,
¥ Qe (@ + 7740 (20 + N (24 13100+ 2N, @ (@ (0,0 +17,00 v Yot N Ta(YaVoa + (Vo + Y0V 1))

2N, ¥ @ (@ + 10y My, Vi + N @l (AN 8oy H(Wy 10000 3, M2+ Yo Yoo )+ 2N @in 10 (Vo +¥1a))
(ot (@ + 14 1 4 (205 + N @2+ 13710 )+ 2N, @ ooy (Yo @z +1000 4 Voo + Ntz T FaVva + (Vo + Y0l )

describes the number of infectious human produced from primary infection of
children and adult. Using the initial values and parameter values from data, the
obtained result of threshold parameter value E, for E,. and E,, can be rewritten
in mathematical form as follows:

B 2N 7@ Qo (@ + 04 0 Vb + N st @@t QN @y @y #1000 4 N2+ V¥ o)+ 2N, Q114 (Fa + V)
o =
(e (@ + 17400 5 (204 + N @ 2+ 7570 )) + 2N 1@ @) (Vo (@2 +¥a I 4y ¥oa + Ny Ma (Fa¥va +(Fa +Via) Vb))

in children.

B 2N 2 ¥ a2 (@ + 100 W7 3 Vs Noa @ Cn (AN @ a1y (@0 1000 4, W2+ ¥V a) + 2N @i 1a (o +70a))
(Ml'bz(wnl +ily n \-0(2"?:1' * valaha(z + Vb N+ ZNmzauaamZ(rn (@, +14 )’] vp/va 1k Nraavbz U (7«?»\:; + (7.; *¥va )N. D)}

in adult.

EQ'!

The reproductive rates are depend on the number of infected mosquitoes 7

val »

I, in children and 1,,,, 1,,,in adult.




Table 8.1. Determination of the values E, of infected mosquitoes
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I, value 1,, value 1,,, value 1,4, value E, value
- - 2.3860%10-18 6.44744%10-7 0.00310
2.5687X10-26 0.00006 . = 0.00732
0 0.00036 - - 0.06795
- < 4.9155X10-23 0.0007175 0.68842
g - 7.3376X10-14 1.07169X10-8 3.61291
8.234X10-6 7.982X10-17 - a 38.6066
3.16331X10-5 1.118X10-6 - - 80.3505
- - 9.933X10-8 2.822X10-17 89.3077

From the above table (table 8.1), we will see that if the number of infected
mosquitoes are increased, the basic reproductive rate is also increased.

Moreover, we have considered the effect of sinusoidal variation (8), we will see
that if (8 =0), then the solutions oscillation to the steady state. The limit cycle occurs
for (B#0). Thus the limit cycles occurs while there is the seasonal variation of
mosquitoes (Aedes aegypti and Aedes albopictus). It can be seen that the dynamical
behavior of the endemic state changes while there is the influence of season.

The basic reproductive number of disease is defined by E, = E . This value is
the threshold condition for the existence of the endemic state. When E,<1, the

solutions oscillate to disease free equilibrium state, whereas when E, >1, the solutions

oscillate to the endemic state. The behaviors of the proportion of susceptible, infective
human into two classes (a child class and an adult class) and infective vectors of the
two species (Aedes aegypti and Aedes albopictus) are initially positive numbers. If this
can be seen as follow; the infective human are introduced into the susceptible is bitten

sl (l) (that the biting rate 5 of mosquitoes is
h +m) nv

during each period, by the fraction(

the average number of bites per mosquito per day, n, is the per capita mortality rate of
mosquito, of these bites becomes new infective in the human population, N, is the
human population and N, is the vector population and m is the number of
alternative hosts available as blood sources) [13,14,15,45,48,49]. The parameters a,.,
Qpey Auyy Apgs Auey Ay s Ayar, Ay ANA a,,, are effects to the basic reproductive number
of this disease as we see in (6.21) - (6.30). If the basic reproductive number is less than
equal to one, then the infective replaces less than one, then disease dies. On the other
hand, if this number is greater than one and when the susceptible fraction gets large
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enough to birth of new susceptible, then there are secondary infections and endemic
equilibrium state occur. As we can see in this study, the seasonal parameters such as y,,
and y,, which are the measure of influence on the transmission process reflect the

environment.

For the mathematical model in the last chapter, the basic reproductive
number of equations (7.1) - (7.8) is defined as follows [55]. Then, we define
Ry =R, as the basic reproductive number of disease. Also, it represents the average
number of secondary cases produced from susceptible population. We consider
human and vector (Aedes aegypti and Aedes albopictus) populations. It depends on
the transmission rate of dengue virus. The global stability of transmission of dengue
disease in human and vector (Aedes aegypti and Aedes albopictus) by using
Lyapunov functions. If basic productive number less than one, then each solution
converges to the disease - free equilibrium state and it is globally asymptotically
stable, in the feasible region and the disease dies out of population. If basic
reproductive more than one, then there is the unique endemic equilibrium state is
globally asymptotically stable in the interior of feasible region and the disease is
present. If the disease is present in the population,then it will persist.

For the future, other reseachers will develop an SIR model for the
transmission of dengue virus by considering the side effect of the susceptible and
infected populations. The life cycle of mosquito and the influence of environment
should be furture considered.
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Appendix A.1

Theoretical Background

The models are characterized by quantities that interact. The systems of
equations need to be analyzed. Below is the brief introduction to the analysis of

nonlinear systems of ordinary differential equations (ODEs) [49,50].

Suppose we consider a system of two autonomous first — order equations

% = f(x,y) (A1)
% = g(x,») (A.2)

The system has autonomous equations because f and g are independent of
t. A solution of (xg.y,)is a pair of two functions x(r) and y(r) that satisfy the
equation plus any initial conditions, this system is defined by f(x,.,) = g(x,.3,)=0. It
is rare that an analytic formula for the solution of (A.1) - (A.2) can be constructed so
we usually construct a numerical solution or study the qualitative behavior of the
solution.

If fand g are nonlinear functions. A solution (xy,y,) of this system is defined
by f(xg.y0)=g(xp.¥9)=0 and (x,y) is called a steady state solution, equilibrium
point at the origin, singular point or critical points.

The critical points are classified based on the vector field around the point.
The Jacobian of the vector quantity is defined by

g I
| @z |_|dox oy
J(xo,yo)—(au azzJ— 6_g _‘.35

Let o =a)+dg, W=a)| dy—dappdy) and r]=a2-4w, then the characteristic

equation is 22 -a4 +@ =0 and the eigenvalues are Ala= atn

2
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Theprem A.1 An equilibrium or critical point [45,49,50] x=(x,,y,)€ R of
dynamic system is stable if all eigenvalues of the equilibrium points of system have
negative real parts. The behavior of the equilibrium points can be determined form
the characteristicg of eigenvalues of Jacobrian matrix J.

Let 4 and 4, be eigenvalues of the Jacobrjan matrix with g and a, as the

corresponding eigenvectors. Then
Case |

a) If both eigenvalues are real and positive (4, >4,>0), then we have an unstable
node. The phase arbits (trajectories) near (x,,y,)are a parabola shaped family of

curve that are tangent which is the eigenvector associated with the smaller of the
two eigenvalues.

o
. |
o vt
\ l |
| 1 b4 ¢
. \ ’-’ P
- . / s
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— o —
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" 1 %
& b
[ [ ' "\
f" . . f

Figure A.1 An stable two -tangent node (Sink).
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Theor_em A.l An equilibrium or critical point [45,49,50] x=(x,,y,)€ R of
dynamic system is stable if all eigenvalues of the equilibrium points of system have
negative real parts. The behavior of the equilibrium points can be determined form

the characteristics of eigenvalues of Jacobrian matrix J.

Let 4 and 4, be eigenvalues of the Jacobrian matrix with g and a, as the

corresponding eigenvectors. Then
Case |

a) If both eigenvalues are real and positive(4,>4,>0), then we have an unstable
node. The phase orbits (trajectories) near (x,,y,)are a parabola shaped family of
curve that are tangent which is the eigenvector associated with the smaller of the

two eigenvalues.

* ' . ’
\ |
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Figure A.1 An stable two —tangent node (Sink).
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b) If both eigenvalues are real and negative (4 <4,<0, thatis |4, |>]4[) we have a
stable node. The phase orbits are a family of parabola shaped curves that are

tangent.

Figure A.2 An unstable two -tangent node (Source).

c) if the eigenvalues coincide 4 = 4, then we have an inflected node: stable if

A= 72y <0 and unstable if 4=4,>0

c.1) 4=4,>0

Figure A.3 Stable Star.
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d) If both eigenvalues are real and one is positive 4, >0 and the other is negative
4 <0 then we have a saddle. The phase orbits are a hyperbola shaped family of
curves that are unstable in the line direction and stable in the line direction.

Figure A.6. A saddle node.

Case |l

Let a=w(J) and @ =det(J), where Jis the jacobian matrix evaluated at a
fixed point of the two - dimensional dynamical system, x' = f(x,y)and y' = g(x,y), of
two autonomous differential equations. Then the eigenvalues of J, 4 and 4,, satisfy
the quadratic equationA? —ad +@ =0, and the fixed point is locally asymptotically
stable if Re(4;)<0and Re(4,)<0 or, equivalently, if #(J/)<0and det(J)>0 .

a) If w<0, (so the eigenvalues are real, one positive and one negative ) then the

fixed point is a saddle.

b) fe>0, @ <0, and a’-4w>=0 ( so the eigenvalues are real and negative ) then

the fixed point is a sink node.

A If @>0and a>0, and a’-40>=0 ( so the eigenvalues are real and positive )

then the fixed point is a source node.

d) If @>0anda =0 (so the eigenvalues are complex with zero real parts) then the

fixed point is a center.
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Figure A.7. A center.

e) If a<0 and a*-4w <0 ,(so the eigenvalues are complex with negative real parts )
then the fixed point is a spiral sink.

Figure A.8. A spiral sink.

f)If @ >0 and a®-4w <0 (so the eigenvalues are complex with positive real parts)
then the fixed point is a spiral source.

Figure A.9. A spiral source.
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Next we consider stability of steady state for »n - variables system:

%}=]ﬂanﬁ,m%) with i=123,..,n
!

The equilibrium point P is obtained by solving F(P)=0.The next step, The
equilibrium point would be to determine stability properties of this steady solution.
By the steady state us leads to consider the Jacobian matrix:

-

(2]

J=—F(P) ,
pw (P)

% %

8x1 3x2 h ax,,

_ % Y% Y%

J( P) - axl axz axn

b o Y

Kax] axz a ax

n

This J is now a nxn matrix. The eigenvalues are obtained by solving the following

equation: det(J - A7) =0. The characteristic equation is a polynomial of degree n :
Aral Ve 2+ 4a, =0. (A.3)

The stability of the equilibrium point can be determinant without actually solving for

these eigenvalues by checking certain criteria, by using Routh - Hurwitz.

Theorem A.2  (Routh - Hurwitz Criteria)[46,49] to determine local asymptotic
stability of an equilibrium for characteristic equation (2), where the coefficients 4, are
real constants,i=1,2,3,..,n, define the » Routh - Hurwitz matices using the

coefficients a; of the characteristic polynomial:

Hy = (a),
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(¢ 1 0
Hy=|lay ay a|,..,
ds 4y
a | 0 0 0
ay a2 al 1 Vis 0
H} = ds a, as az 0 ' ’
Ayj-1 @2 Gy 3 dyj4 a;
a 1 0 0
a  a a 0
Hy = :
0 0 0 ay

where the (|, m) element in the matrix H; is
ay_mfor 0<2/—-m<N

1 for 21 =m

0 for 20<m or 21 >N+m

Then, all eigenvalues have negative real parts (steady stable) if and only if the

determinants of all Routh — Hurwitz matrixes are positive:
det(H;)>0 when j=123,.
Show conditions of Routh — Hurwitz criteria for j=2,3,4 and 5 as follows:
When j =2, the Routh - Hurwitz criteria simplify to

1 1
ay d, 0 a,

For characteristic polynomial of j =2, the Routh - Hurwitz criteria are H

a>0 and H ay>0 .

When j =3, the Routh - Hurwitz criteria simplify to
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a) detH, =det(a;) = a, >0

a1
b) det H, =det =aa, —ay >0
a; a
aq 1 0 a 1 0
o detH; =det|a; a, a |=det|a; a, a [=a;(aqa,-a3)>0
as a; a 0 0 a

If coefficients a, and as in 3 “ order characteristic polynomial equation

eqgual to zero.

For characteristic polynomial of j =3, the Routh - Hurwitz criteria are a,>0 ,

aa-ay>0anda; >0 .
When j =4, the Routh - Hurwitz criteria simplify to

a) detH1 =det(a1) =4q, >0

]
a

3 @
aq 1 0 a 1 0
C) detH; =det| a; a, a |=detla; a, a |=aja,a,-ai - ala,>0
as a; @ 0 ay a
d)
aq 1 0 0 g 1 0 0
a a a | a a a |
det H, =det A =det| ° " =a,aya;a, —ata, —atal >0
as ay ay a 0 ay a3 a
a; ag as a, 0 0 0 a

: i o i i3 ; ;
If coefficients as, ag and ay in 4 " order characteristic polynomial equation

equal to zero.

For characteristic polynomial of j =5, the Routh — Hurwitz criteria are ;>0 ,

ajap—ay>0, a|a2a3—a32 = a]2a4 >0and ayaya3a4 -a%a4 —alza‘% 0 .

When j =5, the Routh - Hurwitz criteria simplify to

a) det H, =det(a;) =a >0
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1
b) delH2 =det[a' ]= ajay —ay > 0

a3 @
q 1 0 q 1 0
C) det H3 =det a a; a |= det ay apy a |=aaaz tayas —ag - 0120'4 >0
as ay as a4 a3
q 1 0 0 a 1 0 0
ay ay a 1 a; ap a 1
d) detH, =det| > "2 =def > 2
as 4y a3 @ as ay a3 @
as 4ag ds day 0 0 as dy

=ajayayay —a§a4 - alzag —ala§a5 —052 +ayayas+2aagas >0

aq 1 0 0 0 aq 1 0 0 0
a a aq 1 0 ag a a 1 0
e) detHs =det (as ay a3 ay a | =det|as ay a3 ay q
aj dg ds dg g 0 0 as dg a3
ag ag aj ag as 0 0 0 0 as

=a)a; ayay as —a_%a‘; as— alzag as —ala%ag —ag‘ +ap az ag +2ajay ag >0

. .o th o . ,
If coefficients a4 , a,,a3 and a, in 5  order characteristic polynomial equation

equal to zero.

For characteristic polynomial of j = 4, the Routh — Hurwitz criteria are

a >0, qqay—a3>0, ayayaz +ayas —a32 - a12a4 >0,
ayay ayay —ata, — afal —-aalas —a? +a, ayas+2aja4a5 >0 and

a) a Ay dy ds —a§a4a5— alzafas—ala%ag —ag tar a§+2ala4 a§>0 .

Theorem A.3 (Hopf Bifurcations)[45,49] A Hopf bifurcation occurs when a periodic
solution or limit cycles, surrounding an equilibrium point, arises or goes away as a
parameter u varies. When a stable limit cycle surrounds an unstable equilibrium
point, the bifurcation is called a supercritical Hopf bifurcation. If the limit cycle is
unstable and surrounds a stable equilibrium point, then the bifurcation is called a

subcritical Hopf bifurcation. Consider the system:
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Lyapunov Stability Theorem

Theorem A.4 (Stability) [44,45,47,48,51]. Let x=0 be an equilibrium point x = f(x)

and f:DcR".Let V:D —Rbe a continuously differentiable function such that:
1. V() =0 and V(x)=0
2.V(x)>0, in D—{0}
3.f ¥(x) <0 , in D-{0} then x=0 is “stable”.

Theorem A.5 (Asymptotically Stable) [44,45,47,48,51]. Let x=0 be an equilibrium
point x= f(x) and f:DcR". Let ¥:D—R be a continuously differentiable function

such that:
1. ¥(0)=0 and V(x)=0
2.V(x) >0, in D-{0}
3.If V(x) <0, in D-{0}, then x=0 is “asymptotically stable”.

Theorem A.6 (Globally Asymptotically Stable) [44,45,47,48,51] Let x=0 be an
equilibrium point x=f(x) andf:DcR". Let V:D-sRbe a continuously
differentiable function such that:

1. ¥(0)=0

2.V(x) >0, in D—{0}
3. ¥(x)is “radially unbounded”
4.1f V(x) <0 , in D-{0}, then x=0 is “ globally asymptotically stable”.

Theorem A.7 (LaSalle’s theorem) [35,36] Let f:D cR" be a compact invariant set
with respect to x= f(x). Let ¥ (x) be a continuously differentiable function defined
over R" such that ¥(x) <0 in D .

Let P be a set of all points in D where V(x) =0 and E be the largest

invariant set in P . Then every solution starting in D approaches E as tr—w.
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Moreover, if the set P contains only one pointx=0, then x=0this point is

asymptotically stable in D .

Theorem A.8 (Krazovskii - LaSalle’s theorem) Let x =0 be an equilibrium point for
¥=f(x) and DcR". Let V:DcR be a continuously differentiable positive definite
function over R" such that ¥(x) <0 in D . Let P={xeD:V(x)=0} and suppose

that no other solution can stay in P, other than x=0. Then x=0 is asymptotically

stable.
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disease is occurred by biting of infected Aedes aegypti and Aedes
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they depend on the temperature and areas. The standard dynamical
modeling method is used in this study. The SIR (susceptible-infected-
recovered) model is modified to describe the transmission of dengue
virus by two species of vectors. The transmission of dengue virus is
varied with time. The dynamical analysis method is used for analyzing
this model. We confirm these results by using numerical results.

Introduction

Dengue is the disease transmitted by arthropods of the genus Aedes, is
universally in different parts of the world. There are two species of dengue
vectors such as Aedes aegypti and Aedes albopictus. Aedes aegypti is usually
found in urban areas. Aedes albopictus is usually found in the suburban/rural
areas.

Dengue disease has the different three forms: Dengue Fever (DF),
Dengue Haemorrhagic Fever (DHF) and Dengue Shock Syndrome (DSS). It
has emerged as an international public health problem, which is now an
endemic in more than 100 countries. It affects about 40% of the world
population (2.5 billion people) living in tropical and subtropical regions [1].
There are four serotypes of dengue virus, namely DEN-1, DEN-2, DEN-3
and DEN-4. Dengue disease cannot be directly transmitted between people.
The infected female Aedes mosquito is the primary vector of this disease.
The development of virus and mosquitoes is affected by climatic factors. The
effect of extrinsic incubation period of dengue virus caused the seasonality
transmission of this disease [2, 3]. When a vector bites someone who is
infected with dengue virus, the virus is transferred to mosquito and it
becomes infected mosquito. After the infected vector bites the susceptible
human, the virus moves into the human bloodstream and it spreads
throughout the body. Symptoms appear about eight to ten days after the
biting of an infected mosquito. Symptoms are flu-like illness and can include
high fever, nausea, vomiting, body aches, and headache. The moisture
content, temperature, season and rainfall influenced the mosquito
development. Dengue infection is endemic in Thailand. From data of dengue
cases in 1999-2011, we can see that most dengue patients are occurred in

rainy season.
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Figure 1. Reported cases of dengue disease per 100,000 population in Thailand
during 2002 and 2011 (month-by-month).

The Aedes aegypti has spread throughout the tropics, especially in urban
areas. Aedes aegypti, a day bitting mosquito, is highly anthropohilic and
often resides near human dwellings [4). Aedes aegypti mosquitoes are known
to rest in secluded and unreachable places such as inside wardrobes and
under beds [5, 6]. Insecticide-related factors (type, dosage, droplet size) and
environmental factors (air temperature, wind direction, speed) also
influenced the efficacy of ultra-low-volume insecticide application [6-8].

Aedes albopictus is commonly known as the Asian Tiger mosquito. It has
been confirmed as the primary dengue vector for several outbreaks [9, 10].
Aedes albopictus is relatively exophilic, feeding on various kinds of hosts
finding and feeding on human hosts at every gonotrophic cycle is not easy
for Aedes albopictus. It is likely that the number of bites given to human per
cycle of bites per gonotrophic cycle of Aedes albopictus is lower than that of
Aedes aegypti, although the exact numbers are unknown [11, 12]. Vector
mortality is important for entomological parameter that influences to the
efficiency of viral transmission in mosquito-borne disease [13, 14]. Thus, we
believe that it is important to consider the number of female Aedes albopictus

per person that caused a large dengue outbreak in the past.
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Figure 2. Monthly distribution of Aedes aegypti and Aedes albopictus from January
to December 2010 [15].

From data of dengue vectors such as Aedes aegypti and Aedes albopictus
from January to December, we can see that most mosquitoes are in June to
October and during the rainy season.

This may provide some perspectives towards reducing the dengue
epidemic potential in Thailand but also in other temperate regions where
Aedes aegypti and Aedes albopictus are the vectors for dengue disease.
Therefore 7 is defined as the expected number of secondary cases produced

by index case in a population during the entire period of infectiousness.
When 7j > 1, transmission is maintained and spread between the people;

conversely, 7y <1 indicates that transmission declines and ceases.

Esteva and Vargas developed a model for dengue disease transmission
and included the dynamics of the Aedes aegypti mosquito into standard SIR
(susceptible-infected-recovered) epidemic model [16]. In 2010, Kongnuy and
Pongsumpun [17] considered the transmission of dengue disease with the
effect of season. Erickson et al. [18] considered a dengue model with a
dynamic movement of Aedes albopictus vector population. Pongsumpun and
Kongnuy [19] considered the Lyapunov function of dengue model infant
with maternal antibody.

In this paper, we develop a mathematical model for dengue transmission
dynamics on the reported number of dengue diseases. We used SIR model
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for analyzing and finding the method to decrease the outbreak of this disease.
The purpose of this study is to use mathematical model to study the behavior
for the transmission of dengue disease in population containing two species
of dengue vectors such as Aedes aegypti and Aedes albopictus. In the next
section, we formulate the model. In Section 3, we analyze the model. The
equilibrium states of this dynamical system and their stability are obtained.
In the last section, we give the numerical results and conclusion.

Methods

Mathematical model

To create our model, we define an SIR and SI equation into both human
and mosquito population, respectively. Then we modify it by incorporating
the different behaviors of Aedes aegypti and Aedes albopictus.

The considered population in this study are human and mosquito (dedes
aegypti and Aedes albopictus), we assume that human and mosquito
population have constant sizes. The human population is divided into
susceptible, infected and recovered classes. The mosquito population is
divided into susceptible and infected classes because the mosquito never
recovers from infection.

Let
S'(¢) be the number of susceptible human population at time 1,

I,(r) be the number of infected human population who be infected with
Aedes aegypti at time ¢,

I;(1) be the number of infected human population who be infected with
Aedes albopictus at time ¢,

R'(t) be the number of recovered human population at time ¢,
Sya(r) be the number of susceptible Aedes aegypti population at time ¢,

I,,(7) be the number of infected Aedes aegypti population at time ¢,

v (¢) be the number of susceptible dedes albopictus population at time
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I, (t) be the number of infected mosquito population Aedes albopictus

at time 1.

The dynamical change of human population is given by
d i . r ' t '
77 570) = 8N, = A g (1 + €4 Siny1) [, (1) S°(6) = g S'(t) = M S'(0)
= hp(1 + &, Sinyr) I, (1) S'(7), (1)

L 140) = 7ol + £ Sin ) g ()S'O) = ma L 0) = MpTa(0) - BralaD), @)

%fé(f) = Ap(1+ 85 Sinyr) L (1) S(¢) = Mg 5 (0) = pd 5 (€) = Bpp L3 (), (3)

d r I 1 (] !
7 R@0) = g R(0) = mpR () = Brala (1) = ol (1)- (4)
The dynamical change of mosquito population is given by
d 1] - ’ r ’
sta(t) = Ka - ava(l + €y Sin W)Sva(t)‘ra([) - T’vaSva(t)s (5)
d r . ' ] '
EIWJ’([) = ava(l + Eya Sin W)Sva(t)la([) - nvalva(t)a (6)
d ' . r r ’
7S (0) = Kp — oy (1+ 84 Sinyt) S5 () 1 (1) = upSip (1), (7)
d . : ’ ' '
= Do (0) = oy (L4 24 Siny2) 3 () 1 (1) = My L3 (0). ®)
We define

& is birth rate of human population,

N, is the total human population,

A, is the biting rate of Aedes aegypti population,
A is the biting rate of Aedes albopictus population,

£, is a measure of influence on the transmission process from human
population to Aedes aegypti,

£, is a measure of influence on the transmission process from human

population to Aedes albopictus,
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€yq 15 a measure of influence on the transmission process from Aedes
aegypti to human population,

€yp is a measure of influence on the transmission process from Aedes
albopictus to human population,

Bra is the recovery rate of human population who be infected with
Aedes aegypti,

Brp is the recovery rate of human population who be infected with
Aedes albopictus,

Ny, is the natural death rate of human population,

Ny is the death rate of human population due to the disease,

Ty is the death rate of Aedes aegypti population,

Ny is the death rate of Aedes albopictus population,

Oy is the transmission probability of dengue disease from vector (dedes
aegypti) to human population,

yp Is the transmission probability of dengue disease from vector (dedes
albopictus) to human population,

K, is the constant recruitment rate of vector population (4edes aegypti),

Ky is the constant recruitment rate of vector population (dedes
albopictus).
Analysis of the transmission models

We suppose that N, = S'(¢) + I,(¢) + Ij(1) + R'(£), Ny, = S'(¢) + I, (1)

and Ny, = S§'(¢) + I,;(1). We normalize equations by defining new variables

=80 _LO 50 L RO
t

® NI NI Nt ’
Sha(?) Lia(t) Syp(t) Lo (2)
Spg=—2~ | =2V , Sy =L T =
va N, va - N va v N. vh » N. vb

where N, is the total vector population (dedes aegypti),
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N, i1s the total vector population (dedes albopictus).
The total human and vector populations have constant sizes, thus rates of

change for total human and vector populations equal to zero

d d . d.
?J—I'N, = 0, ENVG =0 and dr va = 0.

Thus, the birth and death rates are equivalent for human populations

Ka

(8 = ng +my); the total vector populations equal to for Aedes aegypti

va
L
Nvb

and the total vector populations equal to for Aedes albopictus. Then the

reduced equations become
d :
250 = (g +np) = [na +np + Ao (1 + 8, Siny1) Lz ()N,
+ Ay (1 + &5 Sinyt) Ly (1) Ny ]S (1), 9)

T 1a(0) = A1+ 80 SN g (O NyoS@) — (g + M4+ Bra) Lo(0), (10)

%Ib(’) = (1 + 5 Sinyt) Ly () NypS() — (g + My +Brp) Ip (1), (1)
'jTtIva(t) = 0ty (1 + 8,4 SInY) S, () I, ()N, = yalya (1), (12)

d ;

= () = 0y (1 + &, Sinye) Sy () I, (1)) Ny = My 1,5 (1) (13)
with conditions S+ I, + I, + R=1,S8,, +I,, =1 and S, + I, = 1.
A. Equilibrium points

In this paper, equations (9)-(13) have two equilibrium points: the disease
free equilibrium and endemic equilibrium points. Two equilibrium points are
found by setting the right hand sides of (9)-(13) to zero. The results are as
follows:

(i) The disease free equilibrium point

Ey=(1,0,0,0,0).
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(ii) The endemic disease equilibrium point
By = (S, Ig, 15, gy 1),

where

_ LiaNygh (1 + €4 Sinyt) (xy)

I = ,
“ (Bua +a +n2)(12)(x3)
It = Ly Nyphy (1 + €5 Sinyt) (1))

Brs + Mg +np)(12)(13)

[:a = [Z(Nvauva (2 + E:aawz)'rS;”a' * 1"6(_21:4
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(14)

(15)

(16)

+N, Nvaava(z‘*'saava {8 +£va)avb)la)"vaavb(2+ €pEyp)ApT4)

‘Z(Nvaava(Ntavb(Eaava + (e, + Eva)evb)(rlh +Mg)+ €a€yaTs) A,

- vbavbebsvblbtﬂcos(z'i’t) + (4Nvaava(sa + 8va)":fim'a

+ 76(_4£vbt4 + NNy, (4, + Eyg) + (4 + 35a5va)8vb)7"a)

- 4vaavb (Eb +Eyp )t4k6)Sm(W) - Nl Nvaavaaaavaevb‘rGlaSinGW)]/

[ZNva}\'a (l + eaSi"(W)) (Ntavaavb (2 + EyqEyp ) (nh + T]d')

+ 20,574 + 20,15 — N0, 0808, T16Cos(yt)

+ (N.rava (Sva + avb)TG T OypEypTy + avaevaTS)Sm(Yt))]s

(_(TS)(na‘ +tn, + IJanala) + NthbA‘b%

+ Sin(yt) (—I:analaeaTS + Nthb(sb + evb)AbTG

. + N NypepeyphpteSin(yr)))

I =
YT T (N ok (U + 24 Sin(y0)) (Nt + t5 + N,e057eSin()))

and

(17)

(18)

T = Nowy(p +a) + Brs + Mg+ Na)Myp + Npoypes(ny, + Ny )Sin(yt),
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1 =My +Na + LaNyaha + Nophp +(LaNyaha€aNyaka + NypEphs )Sin(yt)),
13 = Ny (1 + gy Sin(yr)),

T4 = Baa + i + Na)Mvas

15 = (Brp + Ma + N )Ny

16 = ayp(Mp + Ng)-

B. Local stability

The local stability of each equilibrium point is determined from
linearizing equations (9)-(13) about equilibrium point examining the
eigenvalues of the resulting Jacobian matrix. We now consider the
eigenvalues of the Jacobian matrix at each equilibrium point. If all
eigenvalues have negative real parts, then that equilibrium point is locally
asymptotically stable. The standard dynamical modeling method is used in
this study.

Proposition 1. If Ty <1 and y = 0, then the equilibrium E is locally
asymptotically stable.

Proof. For the disease free equilibrium point £y = (1, 0, 0, 0, 0).

From equations (9)-(13), the Jacobian matrix evaluated at Ej =
(1, 0, 0, 0, 0) is given by

-(Mg +Mp) 0 0
0 —(g +Mp +Bha) 0
0 0 (g + My +Bps)
0 Ay (1 + €,,Sin(yt)) N, 0
0 0 uvb(l + EvbSiﬂ(Yf))N,
_;\'a(l + ﬁaS""(Yf)) Nya —lb(l L sbSi"(Tt))va
Aa(1 +£,Sin(yt))N,, 0
0 Ap(1+ &, Sin(yt)) Nyp |-
“Nva 0
0 —TNvb

The eigenvalues are solutions of the characteristic equation, det(J —Als)
=0.
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For y = 0, we obtain the followring characteristic equation:
A+ +ng) (A + @) + apd? + agh + a4) = 0, (19)
where
ap = Bug + Bpp + 2Np + 2Mg + Nyg + Nyps (20)
ay =(Mp +Mg)(p + Mg +205) + (24 +Mg) + Nya)Mup
+Brs(Mp + Mg + Nya +Myp) + Bra(Bro + N + M + Mg + Nup)
= N(Nyg@yah g + Nyptyphp), @n
a3 = Bpa +Mp +Ma) Brp + i+ Ma)Mva
+(Bra +Mp +Ma) ((Brs +n +Ma)+ Bpa +Bup + 2(Mp + Mg D Mva) Mup
= N(Nyaya Bpo +Mp+Ma +Myp)ha
+ NypOyp Bra + M + Mg + Nya)Ap)), (22)
ag = ((Bra + M + Ma)Mva = NeNya®uada) (Brs + Mi + M) s
= NiNypayphp). (23)
There are five eigenvalues corresponding to (19). We can see that one
eigenvalue is A = —n), —ny, if Ty < 1. Next, we check the sign of other

four eigenvalues are obtained by solving the equation (14 + a]7t3 + azlz +
azh + ay) = 0. The remaining four eigenvalues have negative real parts if
they satisfy Routh-Hurwitz criteria (20)-(23), each equilibrium point is
locally asymptotically stable if the following conditions are satigﬁed:

a >0, (24)
ay >0, (25)
ay >0, (26)
aayaz > a:% + alza4. (27)

After checking the locally asymptotically stable of Ej, we can see that

ay is always positive. For the equations given by (25)-(27), we show these

conditions by using the following figure:
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Figure 3. The parameter spaces for the disease free equilibrium point which satisfies
the Routh-Hurwitz criteria. The parameters are given as follows:

(3a) ny, = 1/(365 * 70)day", P I/4.5day_l, a,, = 0.0000000179, o, =
0.000000000346, n,, = 1/40, n,; = 1/35, A, = V15, &p =1/12, g, = 0.089, ¢,
=0.065, &,, = 0.87, g, = 0.57, N,, = 1000, N,;, = 2700, N, = 20000 and B,
= 1/(19/2).

(3b) ny = 1/(365 * 70)day_', Ng = 1/4.5 day'l, oy, = 0.0000000179, o,, =
0.000000000346, 1,, = 1/40, n,, = 1/35, Ag =115, &y =1/12, €, = 0.089, g,
= 0.065, &,, = 0.87, g, = 0.57, N,, = 1000, N,; = 2700, N, = 20000 and B,
= 1/(17/2).
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From the above figures, the Routh-Hurwitz conditions are satisfied for
5 <1
C. Disease endemic equilibrium point

For the endemic disease equilibrium point, E;, we now consider

eigenvalues of the Jacobian matrix at each equilibrium point. If all
eigenvalues have negative real parts, then the local stability analysis of each
equilibrium state is given in the following proposition.

Proposition 2. If Ty > 1 and y = 0, then the equilibrium point E; is
locally asymptotically stable.

Proof. For the endemic disease equilibrium point E; = (S7, Iy, Iy,
Las T)-

From equations (9)-(13), the Jacobian matrix evaluated at £ =

(S*, I, Iy, I, Ip) is given by

~[ng + 1 + Ag(1 + €4 Sinyt) 1Ny + Ap(1 + €5 Sinyt) [N,y ] 0
Al + &4 Sinyt) [;Nyq ~(Ma + 4 + Bra)
(1 + €5 Sinyt) [1pN,, 0
0 Oy (1 + €y Sinyt) (1 - 13) N,
0 0
0 Al + €4 Sinyt) Ny oS*  =hy(1 + €5 Sinyt) I}y N, S”
0 Ag(1+ €, Sinyt) NyoS* 0
—(Mg + My + Brs) 0 Ap(1 + &5 Siny) N,y S*
0 ~Nva 0
o1+ €y Sinyt) (1= I3) N, 0 ™

The eigenvalues are solutions of the characteristic equation, det(J —AJs)
= 0. We consider two cases:
y=0 and y # 0. For y =0, we obtain the following characteristic
equation:
(i + al)L4 + azl3 - a3l2 + agh + as) = 0,

*

where S*, I, I,, I,, and I, are given by equations (14)-(18). The
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characteristic equations for the Jacobian matrix evaluated at the equilibrium
point are given by (9)- -(13). It can be seen that eigenvalues, obtained by

solving (A + at + azl +ah? + ash + as) = 0, where

q }7”151 N —((Bha ¥ Pro 304 + 30 + yg + )19

+ Nuphp(=Y10Ts + N, Nyyhpte)),

= Y11Bra + Bpp + 214 + 20y + Mg + My + Nycty110)
¥Ys

ap
1
+ ;9—(79(3(71;, + M)y + Mg + 1) + Gy, + Na) + Nya)Nyp

+ B2y + 2y + My + 1) + BraBrs + 21y + 2ng + 1y +1,p)
= N (Nya0tygh g + Nypayprs)y12)
* Moo Bra +Brs + 20y + 20y + 1y, + Nup + NyyaY12)

(=110T5 + N, NypAyt6)),

ay = '},S—Y;(Yl 1Yo((y, + ng) My + Ng +21n,,) + (2(% +Mg) + Nva)Nvp

+Brs (M + M+ Myg + M) + Bra Brp + 1y + Mg + 1y + Mvb)

* Nieva Brs + 2 + ng) + M) = Nypetiphy)11s)

t NilNyp (@yg + atyp) Ay 112 (=Y10Ts + N, Nyydpte))

+¥5(oBro(Ma + 1) (s +1y +2n,,) + Brs (2 +Mg) +ny0)ny)
+(a +na) (1 +ng) (g + g + 3Nyq) + 315)

+Bra((n + ng)(p + g +2m,,) + (2 +ng) + nya)mys
+Bro (M + M + Mg +45)) = Ny Nyt (B + 2(Mp +Mg) +Myp)Ag
* Noptyp Bra + 24 +14) + Mya)Ap)712)

+ vay"b((nh i nd)(nh +tNg + 2‘r]va) + 2(71}; + Tld) + nva)nvb
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+ Brs(Ma + M + Mva + M) + PraBrs + Mn + Ma + Mva + Mup) '
+ Nr(avb(Bhaz(nh + T]d) b T]va) = Nvaavala)yn)
(—110Ts + N Nyphpte))s

|
ay = W(Yll%((ﬁhb + 1, +Ma) % + Bra + Mk +Ma) Brs + Mk + Ma)

+ (Bra + Bros + 2a + Ma))Mva) + Mo + Nevi2(ca(a + a)) s
— Nypotys Bra + i + N + Mua) s = NiNypOyaupha12))

+ N, Nyphp¥12(0ts Bra +Mh + N +Mya) + %oaBrb + M+ N + s
+ Nytyg0upY12) (Y105 + NeNyphsTe))

+v5(vo((Mn +na) Brs +Mh + Na) T4

+ (M + Mg) Bra + Mk +Ma) Brp + M4 + M)

+ (BraBrp + 200 + 1)) + (g + 1a) 2B + 300 + M) Mva) Mot
+ N Y12 (= NygOiya Brs M + Mg + M) + (i + )M+ 7 + 2106 ) Ma
— N0y Bra(Mp + Mg + Mya) + (M + 1) (Mg + Mg+ 200a)Ap

+ Ny NyaNyp0tya®phars¥12))

+ Nyphs(Bro + M + Ma)Ta + (Bra + i + na) Bro + i + M)

+ Bra + Bro + 204 + 1a)Mva) b + Ni¥12(t6Bra + M +Ma)

+ 0ty Bra + 2(h + M) Mva = NoaGyaBrs + M + N + Mup) g

— N,N,gOgOpa¥12)) (<7105 + NeNyphpT6)))s

1
as = E(YS(M — NN, oyahg¥12) s +Na)Y9(ts — NeNypoyphp¥i2)

+ Nyphp(ts + Neap (s + 1) 112(=Y10Ts + NeNyprpTs))

+y11(Yo (T4 + Notya(Mp + Ma)12(ts = N(Nypotuphp¥i2)

+ N Nyphp¥12(0,pTa + 0yaTs + Niotyayp (i + M) V12
(=705 + NiNyprpT6)).
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These five eigenvalues have negative real parts if they satisfy Routh-Hurwitz

criteria:
a >0, (28)
az >0, (29)
ay > 0, (30)
ag >0, (31)
as > 0, (32)
ajaza; > a} + atay, (33)

(may - as)(ayaya3 — a3 — afay) - as(aay — a3)* - aja? > 0. (34)

We check the stability of endemic equilibrium point by using conditions
(28)-(34). We show the above conditions by Figure 4:
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Figure 4. The parameter spaces for endemic disease equilibrium point which
satisfies the Routh-Hurwitz criteria with the value of parameters: respectively.

(42) ny =1/(365+70)day™", ny = 1/4.5day”!, a,, = 0.00000079, o, =
0.0000000046, 1y, = 1/12, n,p = /18, A, = I/5, Ay = /8, &, = 0.07, &, = 0.04,

|
‘ Eyq = 0.6, €, = 0.03, N,, = 8000, N, = 3000, N, = 20000 and B, = 1/(19/2).

(4b) ny =1/(365+ 70)day™", my = 1/4.5day”!, o, = 0.00000079, oy =
0.0000000046, n,, = 1/12, n,, = 1/18, A, = 1/5, A, = I/8, £, = 0.07, ¢ = 0.04,
€va = 0.6, €5 = 0.03, N, = 8000, N, = 3000, N, = 20000 and B, = 1/(17/2).
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From the above figures, the Routh-Hurwitz conditions are satisfied for

T(; = |
D. Numerical results

In this paper, the numerical results are used for analyzing behaviors of
above seasonality transmission models. Y is the seasonality influence on the
transmission process. We use y as an index parameter. The values of the
parameters used in this study are ny, = 1/(365 * 70) per day corresponding

to life expectancy of 70 years in human. Ng = 1/4.5 corresponding to death
rate due to the disease of human. B, =1/(8.5) and Bre = 1/(9.5)
corresponding to the recovery rate of human population due to biting of
Aedes aegypti and Aedes albopictus, respectively. The transmission
probability of Aedes aegypti (a,,) and Aedes albopictus (a,,) are
arbitrarily chosen. We assume that no alternative host. The other parameters
are arbitrarily chosen. We present numerical solutions of (9)-(13) as follows:
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First case, vy = 0:
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Figure 5. Numerical solution of (9)-(13) demonstrates the solution trajectories,
projected onto S, /,, Iy, I,, and I, respectively. For Tp <1, when Ty =
033878 with 1, = 1/(365 = 70)day™!, ng = /4.5day”!, a,, = 0.00000049, a,,
= 0.00000026, n,, = 1/40, n,s =1/35, k, =1/15, &, =1/11, g, =0.07, g, =
0.04, g,, = 0.08, g, =003, N, =4000, N,, =2300, N, =20000, B, =
1/(17/2) and By = 1/(19/2). The fractions of populations (S, /,, /4, Iyas Ivs)
approach to the disease free equilibrium point (1, 0, 0, 0, 0).
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Second case, y # 0:

I |

,_JuuUWUUUUuUUwUUuUUUg b

Tyt b S prspertrs
!

: l" ““n “
ii..\\ “ 'I l ‘-.-3."""-‘;\':"'“
Wit il T
UYL A
“
il
f - H”H ||ll
% :: [iﬂ !' ]:'Iﬁ
i san
o JLJU@UQ'UUQUU“;JU\LUUQ

Figure 6. Numerical solutions of the times series of S*, 1%, 1, Iy and Iy, for
ﬁ, > 1, respectively. For Ty, > 1, when y = % with n;, = /(365 l"'.?O)day'l,

ng = V4.5day™", oy = 0.00000059, ct,p = 0.00000036, Ny = /10, Nyp = /16,
A, =1/8, Ay =1/6, €, =07, g5 =04, £,, =08, &y = 0.03, N,, = 28000,
N,y = 18000, N, = 60000, By, = 1/(17/2) and By = 1/(19/2). The behaviors of

*

(S*, 15, 14, 14, Iyp) are limit cycles.
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Figure 7. Numerical solution of (9)-(13) demonstrates the solution trajectories,

projected onto (S*, 7;), (S",7;), (S*,1,,) and (S*, 1)), respectively. For

Ty > 1, when y = I it Ny = /(365 * 70)day™"!, n, = 1/4.5day”", a,, =

365
0.00000059, @, = 0.00000036, n,, = 1/10, n,, = /16, A, =1/4, &, =1/6, €,
=07, €, =04, £,, =08, £, = 0.03, N,, = 28000, N, = 18000, N, = 60000,
ng = 1/4.5day”", and By, = 1/(19/2). The behaviors of (S*, I3, I}, 15, I5) are

limit cycles.
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Figure 8. Numerical solution of (9)-(13) demonstrates the solution trajectories,
projected onto (13, 13), U5+ Iva)s (as 13s): (15, 13), (U5, 13), U5, 15,) and

2
(12, 15), respectively. For Tg > 1, when y = 3L;r5_ with 1, = 1/(365 * 70)day ™",

ng = 1/4.5day™", o, = 0.00000059, o, = 0.00000036, Nyg = 1/10, Myp =116,
Ay = /4, Ay =16, €, =07, £ =04, £, =08, £y =0.03, Ny, = 28000,
N, = 18000, N, = 60000, By, = 1/(17/2) and By =1/(19/2). The behaviors of

(S*, 13, I}, Iy, I3p) are limit cycles.
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Figure 9. Numerical solution of (9)-(13) demonstrates the solution trajectories,
projected onto (S*, 7, 1), (S7, !/

*

var Top)s (8™, gy a)e (87, 13 )y

(15, 1%, 12)and (15, 13, 1),), respectively. For Ty > 1, when y = % with 1,

= 1/(365 * 70)day ", ny = 1/4.5day”", «,, = 0.00000059, a,, = 0.00000036,
Nva = /10, nyp =116, A, =1/4, Ay =1/6, €, = 0.7, g5 =04, £, =038, €,
=0.03, N,, =28000, N, =18000, N, =60000, B,, =1/(17/2) and B, =
1/(19/2). The behaviors of (S*, 1, I, I,4, 1) are limit cycles.
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Discussion and Conclusion
We develop a mathematical model considering the transmission of
dengue virus from Aedes aegypti and Aedes albopictus mosquitoes.
For y = 0, the threshold parameter for this model is

2(Nvaozw;r(‘I\/‘rm\u&o(sagva' + (Sa + sva)gvb)(ﬂh i na') + E:a":vaTS)Aa

T = *+ 20,574 (2 + Ng) + Nyp(2 + €485 ) 1)
"Vva'c’-v.q(2]\".rav¢:r(2 T E4Eyg + (Sa * ava)svb)(nh + T]d)

+ 2(2 o+ Saava)TSJ\'a + 2vaavb£b8vbt4lb

For y # 0, the threshold parameter for this model is

To = [2(N 100 (N1t (€48 14 + (€4 + £40)80) (N + 11y )
+ 8aE1aT5)haCos(2y1) + 0ty (214(2 + €4, ) ApTa(ny + Myg)
*Nup 2+ €580 )04 )+ d(ta(ers () + 1y )+ Ny (e + Evp) Ay ) Sin(yr)
* NiNyaOya gty (Ny + Ng ) A Sin(3yt))/
[2(N 0420805 T4k s COS(2YE) + Nygtyoh g (2N, 0,5 (2 + E4€yq
t(ea +&ua)e) My + ng) + 2(2 + £46,,) 15
+ (N0t (4eq + £04)E05) (N +Mg) + 4((E, + £1g)s)Sin(yr)].

Analysis of this model reveals the existence of two equilibrium points.
One is the disease free equilibrium point and it is locally asymptotically
stable if and only if 7; < 1. The another one is an endemic equilibrium
point. This equilibrium point is locally asymptotically stable if and ofnly if

Ty > 1. The quantity ﬁ) > Ty is called the basic reproductive number of

disease, it represents the average number of secondary cases that one case
can produce if introduced into a susceptible population. We consider human
and vector (dedes aegypti, Aedes albopictus) populations, when values of
Y=0and y = 0. If y =0, we used Routh-Hurwitz criteria to determine the
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locally asymptotically stable of equilibrium points. If y # 0, we consider

time series of human and vector (dedes aegypti, Aedes albopictus)
populations, when the transmission probability from Aedes aegypti to human
and the transmission probability from Aedes albopictus to human are
different.

The disease free equilibrium point £y = (1, 0, 0, 0, 0, 0), represents the
state in which dengue disease is not endemic in human and it is locally
asymptotically stable for 7; <1. Figure 3 shows the proportions of
population human and vectors (dedes aegypti, Aedes albopictus). The
proportions of all population (S, I,, Iy, I,,, I,,) approach to the disease

free state (1, 0, 0, 0, 0) when Ty < 1.

For the endemic equilibrium point Ey = (S*, I}, I}, I},, I,,), when
y =0 the endemic equilibrium point is locally asymptotically stable for

Ty > 1. Figure 4 shows the proportions of human and vectors for

(S™, 15, 1, Iy, Ip), when Ty > 1.

When y # 0, the endemic equilibrium point £y = (S*, I, I}, 1,,, I})
is locally asymptotically stable for 7 > 1. These behaviors correspond to

diagram as shown in Figure 4 to Figure 9. We can see that limit cycle occurs
in this case. The fraction of dedes aegypti population oscillates between
0.2961 and 0.04587. The fraction of Aedes albopictus population oscillates
between 0.01026 and 0.00002.

We can see that when 7 <1 and y=0, E; will be locally

asymptotically stable and for 7 > 1, E; will be locally asymptotically

stable. The locally asymptotically stable of all equilibrium points are
determined by the threshold number 7;,. To reduce transmission of this

disease, we should control the above threshold number.
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Abstract: Dengue is a vector-borne disease. It is transmitted to humans by
the bites of the Aedes aegypti and Aedes albopictus mosquitoes. The human
population is separated into two classes, a child class and an adult class,
each class being described by a SIR model. The transmission rates of the
two mosquito species are different and depend on what class the humans
belong to. We develop a single model taking into account the presence of
two type of mosquitoes and two age classes and apply it to dengue fever.
The model shows how it is possible for the maximum level of infected
human to be reached in a short time. The nature of stability of the
equilibrium state and the trajectories of the individual classes in the model
are determined by the values of the basic reproduction number by setting
the values of the parameters in the model to different values which reflect
the environment in which the epidemic is occurring in the model.

Keywords: Aedes Aegypti, Aedes Albopictus, Dengue Disease, Endemic

Introduction

Dengue fever is regarded as a serious infectious
disease that risks about 2.5 billion people around the
world, especially in tropical countries. It is a major
epidemic disease occurred in Southeast Asia. Such
epidemic arises due to climate change, knowledge of
people and awareness on dengue fever so as to the
dengue fever possibly become an endemic for a long
time. Moreover, World Health Organization (WHO)
(WHO, 2009) estimated 50 to 100 million cases
worldwide. About 500,000 people are estimated to be
infected by dengue hemorrhagic fever each year.

Dengue fever is caused by four serotypes and they are
closely related as a family of dengue virus 1 (DEN 1), virus
2 (DEN2), virus 3 (DEN3) and virus 4 (DEN4). There are
viruses carried by two kinds of mosquitoes such as Aedes
aegypti and Aedes albopictus. This disease is transmitted to
the human though biting of mosquitoes. Recently, It was
detected in Asia. However, Aedes aegypti is still the
principal vector of dengue fever transmission.
Another interesting fact is the shift of patients’
phenomena where dengue fever previously attacks
children of primary school age, but now everybody is

% Science

» Publications

Disease State, Equilibrium State, SIR Model

vulnerable to fever (Pongsumpun and Tang, 2001;
Syafruddin and Noorani, 2012).

Dengue virus is transmitted between the human by
biting of an infected Aedes mosquito. When a vector
bites someone who be infected with dengue virus, the
virus is transferred to mosquitoes and it become
infected mosquito. After the infected vector bites the
susceptible human, then the virus move into the
human bloodstream and it spreads throughout the
body. Usually, the mosquitoes bite susceptible people
during the day time. Dengue fever is the most
common disease in urban areas. The outbreaks
commonly occur during the rainy season when the
mosquitoes heavily breed in standing water. The
dengue fever cases are increasing worldwide. The
complications of the disease are leading cases of serious
illness and most death in children (Kerpaninch er al.,
2001; Kabilan er al., 2003; Malhotra er al., 2006;
Wiwanitkit, 2006; Pongsumpum, 2011; Joshi et al.,
2002; Koenraadt ef al., 2007). One of the major public
health problems in many tropical and subtropical regions
where Aedes aegypti and Aedes albopictus are present.

© 2015 R Sungchasit, P Pongsumpun and | M. Tang This open access article 1s distributed under a Creative Commons

Attribution (CC-BY) 3.0 license
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It is noted that Aedes albopictus was the principal
vector in the 1940 s outbreaks in Japan (Hotta, 1998),
whereas, Aedes aegypti is commonly the principal
dengue vector in the tropical and subtropical regions.
Aedes aegypti is highly domesticated and exhibits
strong anthropophilia.

Traditional modeling in epidemiology focus on
stability equilibria, since this characterizes if a disease
will become endemic and this is a major concern for
public health officers. The concept of a basic
reproductive number (Rg) was introduced and became
a modeling paradigm (Smith et al., 2012) for a very
recent review on the works by Ross and Macdonald
from a medical modeling point of view. In a fairly
large class of models, we can define Ry
unambiguously and it can be shown that if Ro<l, the
disease is extinct while if Ro >1 it becomes endemic
(Diekmann and Heesterbeek, 2000).

Hence, in this study, we analyze the SIR
(Susceptible-Infected-Recovered) equations  for
human and SI (Susceptible-Infected) equations for
mosquitoes. The model will apply empirically on data
of dengue patients reports by Ministry of Public
Health, Thailand (2002-2012) as shown in Fig. 1. The
purpose of this paper is to study the age structural
model of dengue disease incorporated the influence of
Aedes aegypti and Aedes albopictus.

Mathematical Model

The SIR and SI simulates the spread of dengue virus
between host and vector populations. The model is based
on the Susceptible, Infected and Recovered (SIR) model
of infected disease epidemiology, which was adopted by
(Nuraini ef al., 2007; Yaacob, 2007). The age structure is
introduced into a model, i.e., children and adults, then
we maodify it by incorporating the different behaviors

of Aedes aegypti and Aedes albopictus. In Fig. 1, we
show the age distribution of the incidence rates in one
province in Thailand during 2002-2012 epidemic. As
we see, most cases occur in children under the age of
15. However, a small number of cases do occur in
older people. Similar distributions are seen in the
other provinces in the country.

This model with age structure, the dynamics of each
component of the human is given by:

ds,

—£= PN, - 1+a,sinet

~t= PN, ~f. (1 +a,sine) o
lwl Sc—ﬂhf (l +aﬂ Sin Er)lnﬁlsr —ﬂdSc

dl,, :

d; = ﬁm‘ (l +a"Sm Et} Im| St -Kcllt]—pdlcl (lb)
dl., .

v B (1 +a,sinet) ], S, —xk,1, —#l, (lc)
dR.

L. 8 Kalo + Kolo—HR, (1d)
dt

ds,

rdr_z PN, -pf.(+a,sinet) (le)

1,8, —f.(+a,sine)],, S, — 1,5,

%: ﬂun(l +a"sina') lw! Su_ Kullal '-"dlul (10
dl .

T';x = B.(+a,sinen)l,,S, =K1, —#d. (1g)
dR

dfﬁ = xullul LE A‘uz"uz . ﬂdRu (lh)

where the variables and parameters are defined in Table 1.

Reported cases of dengue haemorrhagic fever per
800 - 100,00 population, by age-group, thailand, 2002 - 2012
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Fig. 1. Age distribution of the 2002-2012 Dengue fever incidence rates in Thailand
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Table 1. Parameters for equations (1a)-(1h) and their definitions

Variable/parameter Definition
Se L Lo, Re The numbers of susceptible children, infected from Aedes
aegypti and Aedes albopictus in children and recovered children
Sa Las L2, Ry The numbers of susceptible adult, infected from Aedes aegypti and
Aedes albopictus in adult and recovered adult
N, The total population
N and N, The total population in children and the total population in adult they are constant variables
P, and P, The birth rate of children and adult human
Bac The transmission probability of dengue virus from Aedes aegypti to children
i The transmission probability of dengue virus from Aedes albopictus to children
B The transmission probability of dengue virus from Aedes aegypti to adult
Boa The transmission probability of dengue virus from Aedes albopictus to adult
Kl The rate at which the infected children from Aedes aegypti can recover
Kea The rate at which the infected children from Aedes albopictus can recover
Ka1 The rate at which the infected adult from Aedes aegypti can recover
Ke2 The rate at which the infected adult from Aedes albopictus can recover
My The natural death rate of human
a, The measure of influence on the transmission process from Aedes aegypti mosquito to human
The measure of influence on the transmission process from Aedes albopictus to human
Ay P
Pva The measure of influence on the transmission process from Aedes aegypti to human
Pyvb The measure of influence on the transmission process from Aedes albopictus to human
It we add Equation (1a) — (1h) together, we get: dl .
q (Ya)~(1h) tog & T‘:": A1 +p,sinet)l, S, - u, 1, (2
ﬂ _ dNn‘ 4 d‘vm
dt dt dt ds,,, _
=(S.+1,+1,+R)+(S,+1,+1,+R,) er = A, Ay (1 +pysinet) ], Sy, — 4, Sy, (28)
i i dl .
The total children and ::I]:Izlt populauo:’; are supposed to d.,:z = Ay (149, SINEN T, Sy = 4, 1y (2h)

have constant sizes, i.e., =0 and —= =0, the birth

where, the variable and parameters are given in Table 2.

rate. would have to be equivalent to the death rate, If we add Equation (2a)-(2h) together, we get:

P = P, = u, in children and adult, respectively.

where, N,_ is the total number of children and is d(S,., +1.)
i i S L) gy, Ga)
equivalent to §, +/,+/,+R ,N,, the total population di
in adultand is equal to S, +/,,+/,,+R,. d(S,,+1,,) p . o
The dynamics of mosquitoes is described by: = = A TH (35)
ds, A8y # 1,
T;ﬂ‘: A -4, +p,sinet)] S - B S (2a) % = A, ~H, Ny (3¢)
dil,, : ] d( Sy + [43) _ 5 ;
di e /J.“”(_] +ﬂ“,,51['|£'f)f‘| 'Sml - :H.. ]\nl (Zb) T B "’M ‘“-'.. "\t"-’ (3d)
ds,, ) where, N and N, are the numbers of Aedes aegypti
iy A, ~Aa(1+p, SN0, 8,5 = 1, S,y (%) in children and adult respectively, which is equal to
Svaitlia and Sy + L. Ny and Ny, are the numbers of
dl,, . Aedes albopictus in children and adult respectively,
= Aa(l4p sine) 8., — u, 1, (2d) which is equal to Sy, + Iy and Sy, + L. If the
numbers of mosquitoes are also constant each other (3a)-
dS (3d) gives N, = AT, N, = A.’ lp, s Ny, = A, /#\‘,
~vh | - -
=T A, =AU +p,sinet)l, S, - u S, (2e) and N, =4, /4, .
428
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Table 2. Parameters for equations (2a)-(2g) and their definitions

Variable parameter Definition .

Syar and 14 The number of susceptible and infected Aedes aegypti mosquitoes who be infected from children

M, The death rate of Aedes aegypti mosquito

A, The carrying capacity of the environment for Aedes aegypit

. The probability that a dengue virus transmitted to the Aedes aegypti from an infected children

S and I, The number of susceptible and infected Aedes aegypti mosquitoes who be infected from adult

H,, The death rate of Aedes aegypti mosquito

A, The carrying capacity of the environment for Aedes aegypit mosquito

b The probability that a dengue virus transmitted to the dedes aegypti from an infected adult human

S, a0d Ly The number of susceptible and infected Aedes albopictus mosquitoes who be infected from children

H, The death rate of Aedes albopictus mosquito

4, The carrying capacity of the environment for Aedes albopictus mosquito

. The probability that a dengue virus transmitted to the Aedes albopictus from an infected human in children
Smand Lv2 The number of susceptible and infected Aedes albopictus mosquitoes who be infected from adult human
H, The death rate of dedes albopictus mosquito

A, The carrying capacity of the environment for Aedes albopictus mosquito

i The probability that a dengue virus transmitted to the Aedes albopictus from an infected adult

We normalize parameter (la)-(lh) and (2a)-(2h) by d

— .= A (1 +pva5in8’)l:!l NmS:-z = H, L (4h)
writingSL:i—, I =£, Ij,,=l—"-, R:_:i in children dt
NM. Nﬂ "Vk Nh
and S;=§' , !;;=i‘," , I;z=i:2 s R;=::“' in adult, ZIMI: A (I +p,sinet) [, NS, - pu, I, (41)
ta ta o ta
St =3 Loy = Sy =t 1 =t p
N N N N Zliﬁz = A (1+p,sinet),N, S, -, 1y, (4j)
S{,,,=—S‘*' adi= L S ry= Sur and L= Jf5 , then the
i N vh2 N, T —
reduced equations become: :
d S+ I+, +R =1, S+, +I,+R.,=1,
—S8!=u,—p,. (l+a,sinet) - . y ' . !
dr° ¢ “ (4a) St ¥l =1, Sir + L, =L S + [y, =land S, + I, =
I Ny S. =B M +aysinet) I, N, S.-u, S,
Mathematical Analysis
d ; ' v ' .
Iln i ﬂw (1 +a,siner) LN, S -k, 1 —H (4b) Eq"”jbrju’n States
p The equilibrium states
E["’* = B, (1 +a,sine)l[,;N,, S -« I'y = ul, (4¢) (S Lsd oSkl oDl i Loy By ) 87€ obtained by

setting the right hand side of (4a)-(4j) to zero.
d Therefore we obtain
—S = u,—f.(1+a,sinet)

p (4d) (S, L dn I and (8., 1,10 0 s ) - Doing this,
Iy NS A, (1 +a,sin el N, S ~u,S. we get four equilibrium states. o

o A. The two group disease free equilibrium state:
& 5 ; WA ) ;
—a'_fil”: BV +a,sinet) I N, .S, —x,do —p,l, (4¢) Ey '*(n".(). 0,1.0,0,0,0,0,0)
d , , , ) , , Al.the disease free equilibrium state:
E[”’ = B, +a,sinet),,N,,, 5 —«, I, —u,l, (4f)

E, =(8.0,1,1,.1, )=(1.000.0)inchildren

d
—lw= Ay (L +p,sinet)I NS, —u I, 4 : —
dr ' F e (4e) A2.the disease free equilibrium state:
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E, =(S,.1},. 15,1, ) = (1.0,0,0,0) in adult
B. The two group endemic equilibrium state:

E=(SL, 15 o Dyl Ty oiSe s s By ilagstag)
B1.the endemic state:

E.=(S

(3 3

0L, T, ) inchildren
Where:

(N g Apy +(Kq + 1) pyy
S:= '-"Nx Hy Ay Py SINE L) i (5a)
(Ne A (Lo oy Ny Boc N By + 11, + oy N
a,f,.+ Ny a, B )sinet)(1+ p,, sinet)))

L Noa B, (4a, singt)(N, p, A
# (Ko * )by + N Hy A P SiRED) (5b)
(N, Ay (K + 1)U Ny B + Ny, B+ 18, +
(IyN,a, B, +N,, a, B, )sinet) (1+p,, sin £1))

(1o Ny B, I+, sine) (N, A, 4,
’.-1 ) +(x‘.2+;.r‘,)u‘__-+.'\!,‘, Ayl f)msim:f))
T (N A (g + YT Ny B + 15 Ny B + 1, +
(LN, B+ N, a B )sinet)(1+ p, siner))

val
L =[Q=240 4, (K, +11,) 14,
2N B A Ky + 1) 1,
+ Noa @, By A (Ky +11,)
Hy, Pra=N oy Boc A (K +21) 11, 2+, p,)
N N Boc A Aui 1,2+ P, Pa + 0, (P, 454 ))
“2N @, B, A (Kt u)H, o,
“Na@, B Ay (K, + 1) 11, P
N Nt B A A (P P+, (P, + Py D) 08
261+ (AN By A Ky + 1) 18, (@, +p,,)
= Apdly (K + ), =Ny B A (K +an) i, (e, +p,,)
+ N N B A Ann 1, (4o, +0,)
+a, (443 p,, 0, N)siner
=N N a, B A At P, By SINED]
/[(2N,,, (e, sinen) (24, (&, +1,) 41,

(50)

F 24, (K + ) i, (K + 0,0,
Ny A A (240, 00) =N, 1y Ay Ay P, Py €08 261
+ 24, (K, + 1 )1, Pt Ag (K 1) 1,0,

+ N bty Ay An (8, +p,))sinEL)] (5d)

I:M =[(N, Ny B Ay i~ (l;d Nwlﬂ-"'”d)(xc:"’ﬂ.;)ﬂ,.

+SINEN (=L Ny @, B Ky + 11, i,

+ N Ny Boe Ay g (@, + 9,) (5¢)
+ N Ny@, B Ay 1, pysinet)))

/[N,y B(1+a, sinet)(N,_ A, u,

(Kt ) 1, + N Ay 1, p,sinen))]

B2. The endemic state:

Lis Ll

val?

E. =(S, I3, )in adult

a a?

Where:

(Noo g Ay +(Ky + 11, ) ph, +N,, i, Ay, Py SINEL) (62)
¥ (Nudpalln N2 B+ Ny, B+ 1y
+(I, N, a, B +N,,a, B, )sinet)(1+p,, sinet)))

Ly N B (4@, sinet)(N,, i, A,,
L +(K, ) 1, +N,, fy Ay P, SINED) (6b)
“ (N, Ay (K "‘l"d}(l:u: N2 Bt Ny B+ 1y
+(I, N,y @, B +N,,,a, B,)sinet)(1+p,, singr))

I,=1U5, Noa B (M+a,sinet) (N, A4, 1,

(Kt p) f, + N, Ay, iy P, SinEL))

lNlu R‘\n\z(xuz-"ﬂd)(l;az le it (66)
+!:az Nus ﬁhu+yd+(l;llelanﬁuu

+N,,,a, b, )sinet)(1+p, sinetr))]

l:ul =[(2(-24,, 4,(x,, UM DN G By Ay (K + Mo,
N &, B A (K, + 4, M, P,

=N Bu A K+ 1, 2+a, p,)

+ Ny N B Aur Any 14 (24 P, Ps + 2, (P +P)))

= 2N, B, An (Kot 1) 4, P,

~Naa @, B, Ay (K1) 1. Py

+ Ny N2 By A Auy (P, Po+a, (0, + B,)))c0s 26t
HAN G B, A (K + 1) 11, (@, +9,) (6d)
= A s (K1) b, =Ny By Ay (K + 1) 14, (2, +0,))
+ N N2 B A Ay (KD + Pa)

+a, (4+3p, P ) SInEL

=N N2 @, B,y A Any g Py Py SN ET))]

2N, B, (1+a,sinet)(24,, (x, M,

+ 240 (K + 1) 1, (Kg 4 1), + N g Ay Ay (240, 04)
=N Hy Aur Ay Py Py COS 281+ 24y (K g HH 1, Py

A0 (K + DK P + Ny 1y Ay Ay (P, +5,))sin 1))
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[ =[N, Ny Bou A2 nud_(l:nl Nogz Bat 1) (K + 1) K,
+singt(=1,,, N, @, B, (Ko + 4, 1,

+N,, Ny, Bro Az (@ +D,) (6¢)
+N,, Ny @, B, Ay 1, Py sine))/

[N, B+ a, sinet) (N, Ay, g, + (K, + 1, 4,

+N,, Ay My Py SinEN)]

Local Asymptotically Stability

The local stability of each equilibrium state is
determined from Jacobian matrix of right hand side of
the above set of differential equations evaluated at the
equilibrium state.

Proposition A. If S,<1, Sp.<I and Sy,<Iwhen € = 0,
then the disease free equilibrium state £, in children and
E,, in adult are locally asymptotically stable, where:

NG B A (K + 1 )0, P+
N B A (UN, Aty + (K oy + HOH,)
(2+a,p,)+2N, A (@, +0,)) ,
(244 (K, + 1 )p, (20, + Ny B 2+ a,p,))
+2N B An(a, (K, 1)1, P
§,= max: +N, Ay (P, + (@, +£,)P4 1)) L (66
2N @ Braar (Ko + 1 H . Pra
+ N, 2B A UN, Aty + (K, +1)H,)
2+a,p,)+2N, A2, +p,.))
(24, (K, + 4,080, (24, + Ny B,
(2+a,p )+ 2N B, A (@, (K, +1,)
Hy Pt NoAy 1P, +(@, +5,)Ps))

AN g B A (K + 1, )1, Py
+N B A (2N Ayt + (K + )0 ,)
R+a,p)+2N, e, +p,))
(24, (k, +u)p, u,+ N, B 2+ap,))  (68)
+2N (B A, (K, + )4, P,
+N, Ay s la,p, +(a,+p.,)p.)))
in children

AN B A (K + 40 01, P

+N 2B A AN Aty + (K,

_ruu, N2+ ap 2N A, +0,)
- (24, (K, + g )0 (240, + Ny B, (2+a,0,))
+2N B A (K, + 1)1, P,

N Any HAG P+ (2, +P,)P4))

inadult  (6h)

e

Proof.

For the disease free equilibrium state in children Eq
=(1,0,0,0,0)and in adult Ey, = (1,0, 0, 0, 0).

The system defined by Equation (4a) - (4j), the

Jacobian matrix evaluated at E,. and E,, respectively,
given by:

| 0=(x, +4,) 0 B, (1 +a, sin(er)) N, 0

[ =(1,) 0 0-5,. (1+a, sin(en)

No= B, (1 +a, sin(enN)N,,
_|0=Gkat 1) 0 B (1 + @, sin(EN)N,, 0 o
00 -(x,,+u,)08.(1+a,sin(eN)N,,
04, (1+p, sin(eN)0-p,, 0

| 00 4, (I1+p,,sin(er) 0=y,

[ —(u,) 00 -8, (1+a,sin (eN)N,,,
=f,. (1 +a, sin (et)) N,

(7b)
0 0—(x,, +1,)0 B, (1+a,sin ()N,
04, (+p,sin(et) 0-p,, 0

10 0 A,, (1+p, sin(et )0 -4,

The eigenvalues are obtained by solving the

characteristic equatiuns, det lnls—J.|= 0. Where /s is the
5x35 identity matrix and J,(J;; i = c,a) is the Jacobian matrix
matrix for (7a) and (7b), respectively. To evaluate the
determinant, we get the following characteristic equations:

(n+u) 0" +Wn' + W' + W+ W) = 0 (8a)
(n+u) ' +En’+ B’ + FEn+ F) =0 (8b)
Where:

W=k +K,+2u,+ 4, +4, (9a)

;VI = Nwl ﬁac ’?‘wi '_‘,Vn‘ll ﬂfu’ AM] )
U2 2 A, (9b)

+K,, (4, + H, YK, (Kt + 1, +ﬂ|_’)

W=k, + K+ i) p, =Ny, Do A (o + g+ 44,

(K + g ) Ky + 1, ) (K K, +200,) 14,) (9¢)
H, = le ﬂ.. }\ul (":1 +H, +4",; )+ (ﬂ“ )\u‘ (k'“, + 4y +H, ))
W :('err lf“ j‘m -(K" + 4 )ﬂ, )
4 1 i 1 1 d . (9d)
('Vm ﬂh.- At (K + 1, );!“ )
Fl=x,+K,+2u,+ M+, (9e)
'F:’. == Nw: ﬂau '{»ul_Nlh! ﬂhu sz)"’.”j +2‘“{I ,u‘.‘ +2ﬂﬂ. ‘u‘.n (gf)

U, K (g, ) K (K 1, 4)
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=g+ ) (K + 1)1, =Ny By Any (K + 11, + 14, 1998), each equilibrium state is locally asymptotically
0+ ) (K + 1)+ 0 K 4200, 10, VK, (9g) stable if the following conditions are satisfied:
‘Nmzﬂ.-}wz(“a:"'ﬂa*'ﬂv.)"'(ﬂ..,'iuz(’(az"‘ﬂu"'ﬂq)) W,and F, >0 (10a)
F; =(Nw2 Jauu J\n! _(Kul +ﬂd )p\, )('Nvﬁl ﬂtu J\M + (Nal +Ju¢'):u\; ) (9h) ”/1 and F; >0 ( lob)
From the characteristic equation, Equation (8a)-(8b), W, and F, >0 (10¢)

we see that eigenvalues are 5, =—, and 7, =y, , all of
these cigenvalues are negative, for S,<1. The sign of (W, =W, W, + W'W, > 0and (FF, -F)F,+ FF, >0 (10d)
other four eigenvalues can be ascertained by solving

equation (7' +Wp*+W,n* +W,n+W,) = 0 and After we use Mathematica to show the conditions

. 3 N o of locally asymptotically stable, we can see that ¥,
(" +Fn + Fn +Fn+F) =0.  The remaining four and F, are always positive. For the equations given by
cigenvalues have negative real parts if they satisfy (10b)-(10d), we show these conditions by using the
Routh-Hurwitz criteria (10a) - (10d) (Esteva and Vargas, following Fig. 2.
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Fig. 2. The parameter spaces for the disease free equilibrium state, which satisfies the Routh-Hurwitz conditions, show onto
(K H5) 0 (R )0 (K Fy) s (han B) s (kg W) (R W)y (K F) e (Kaa ) s (e (R, = W)W = EW,),

(K AV =W =WEW)) (Ko SR Fy = F)F; = FEFY) s (K s ((FyFs = Fy)Fy = FEF,)) . respectively. The values of
parameter are follows: x, =1/(17/2), x,=M(192)» u,=1/365746)day"" N,_=9000, N, =4000, N, =5500. B, =000769
By, = 0000246 A, =000000576, A, = 000000335, a,=007, a,=0067 and N,=100000, «,=1/(19/2), «x ,=1/2V2),

a,

w,=11365+746) day™, N = 6000, N, = 3000, N,,=4100. f,,=0.000045. B, = 0000067, A,,=0.0066. A,,=0.00235,
a,=007, a,=0.067 and N,=100000. From the above figures, the Routh-Hurwitz conditions are satisfied for s, >1
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Endemic Disease State
Proposition B. If S¢>1, when £= 0, then the equilibrium

state  S=(S', 1y, Ly o Do Sou Iy Ly Lo 1) 08
locally asymptotically stable.

Proof.
For the endemic disease equilibrium
state £, =(S., I, , I,,,0,,,1,,) in children and

E,=(S.. 1, [,,,01,,.0,) in adul, we obtain the

characteristic equation:
(11a)
(11b)

(7° +Dn'+ Dy’ + Dy’ + Dy + Dy) = 0 in children
7’ +Gn' +Gn’ +Gn* + G+ Gy) = 0 in adult
Where:

D =N, B 0 +NubuO + K +K+3u,+ 1, +H,, (12a)

D, =K,K,+ 26, 4, +2K, /-‘4+3l‘i+"'c| H, K Ky
+3 1, (K + K+ 34+ Hg ), + N Ba
(_(j\vl pd‘j N\ul ﬂa gl +NMI ﬂaa! MJ}+9| (rrl +K—LZ +2yn‘

H Aty Ny B O+N oy B Oy )+ 1, +H))

(12b)

B 1
b, N, B.6+N, B, 0,+pu,
F24, ph, K, KGR, K (Kt Hy
+u, + 1, )N, B 6
(5 +2u, 1, + 24, 44,
+ M+ K (e )+ K (K 1+
+ )+ (K g+, 1, 200, (1, + 1,))
+py ( + 300, i, +3 4, (i, + 0, )+ Ky (pag+ 4, 1,
+ 200, (p, + 1) K, (1,0 + Ny, B
(= A By (K + 2, + 8, )+0, (1, (285 (K5 + An
+ 1)+ (3K, + Ay 50, 1, )+ (K Bpy + 41,)
g (S, +Ap ), +K, (20, + 4, +14,))
+N g B (A My
(K, +2p,+ /uv,)"'al (K2 (A
T2, 430, ) + K, Gpy+ 4 ) 1,
(200, (A + 24)
Sty 1, (A + S+ ) 4, + Koy (2pag + 4, 1,
+3 4, + 1)K (L pg+ , + 1))
+ Ny B (CO A 1,40, (= A 1, 40, (1, (A + A
+2y‘,+4;1‘,.)+2(2;1,, +H, ) H,

( sznl ﬂ:r elz (ﬂ: + 24, f

12¢
AN B (—(Au 1,/ Ny B, 0+ Ny, B, 6, 11,) 46, (k +2K, (py+ 1, +4,) 126)
+K,y + 204+ (Ap My Ny B O+ Ny B Oy B +H,)) +2&, (K + fy+ 4, +14,)))
D4 =K"| Kd yd H\’, +Kc1 ﬂ: Jut-_ +Kr2 ﬂ:’ #I', +”:’ ﬂ\', +K‘r.'l Ks'l ﬂa’# Vi
+K.I l"j #l; +K., ﬂ: llv. +”:’ Jut-. +x¢'l xrl l"h', ”l-. +2Ks‘l Hy -uv_ ]-II,.
1
+2K,, Hy M, ;.r‘,"+3u’ H, M+
R e N B 6+N,, By O+,
N B (=146,) 4, w4y +2p, )+ 6,(N, B, 0+ Ny By O, + 14,)
(at, (K + g Vi, + (g (K + 12 ) H (K + 20, ) 1K)
+ K, ((=146)) Ay 41, (1, +2p1, )+ 6y (N, B0 + Ny B O+ py) (K + 1 )1,
Ko Al a9 x 2
Ky g i1, ) A, W+ Ny Bl - : i i , | K2 At M
N Ba O+ Ny B0 +u, N, BB+ N, B0+,
3 3
' 8, A, ..
e ’{mnlf.r & A a M FO K Ky, + O Kl H,
N, B.B+NB.O+p, N, B.6+N, B 0,+u, . :
v, K Ly p, v O @, A0 K K g A0 K iy i, HO K G MR, +0 1, u,,
_ Koy A My 1, M O K, An M 1, 24, 14 H,, g 20,4, MM Ve
NaB O+ N, B, 0+, N, B. 6+N, BO+p, N B, O+N, B 6+u, NoyB,6+Ny b0+,
1
vOK om0 K g p 20,0 p + =N, (N 7]
1 nl;l‘!x, 1 n.’l‘lﬂ I}J}',‘tn (.’leﬂmal'i'.v,*,,6,,‘91+,U,,)' a‘!lﬂhtltu'( \ulﬂm 1
(= 0 Ay (K + py+ p, )0, (-1 +O)K G Ay = A (M, + B ) H0 (A (K + 1, + 4, )+ A Laty + 12, M)
+ Ny B, 0, (= 6, 4y (K, + 1, + 1, )+ 0, ((=1+0)x,, A=A ity + 15 )0 (A (K + 1+ 1)
+ A Gy + o, I + (= A (= A + 8 (K + A+, + 4, N+ O, (=14 0k Ay = A (A + 1, + 1, )+ (12d)

O (K Ay + Ay (4 + 1, )+ A, (A + 2+ 4,00




195

R. Sungchasit et al. / American Journal of Applied Sciences 2015, 12 (6): 426.443
DOI: 10.3844/ajassp.2015.426.443

1
Oy» (N.],, ﬁ,:,_.o"(K[ + ) (K, + 1) Mo M,
s (N, B..6,+N, B.6 +4,) ! )V (K T Hy My G

(N Boc 0,4 11,) (K + 1) 1, (N gy By (=140)) Ay, i3+ (N oy B Oy + 11, (Ky+ ) 1)

+ N1 BLO,(N,y B 0,(=1+0,) Ay 11, (K + 1), + (N B O+ 1) (Ko + 11,) -~ (12e)
=1+ 6) Ay, 11y +30, (e, + ) 1) 1, )+ Ny B (41 (6 + 1) (S148) A, 1,

+36, (K, + ) 1, Y )+ NGy B 0,8, (=14 0,) A 1ty (K + )t +0, (K + 1 ) (=14 0) Aty + 36, (6 + ) 4, ) 4,)

+ Ny Bi 1, (14 6,) A, 41, +26, (k. + ) p, )+ 26, (K, + 44,) (=] +O0) A 430K+ p ) p )4, )

GI = Nw?. ﬂm BJ L Nrﬂl ﬁbu 81 + lKa.-l + Kal na 34“11 + #r. +l”v. (] 2f)

Gy =Ky Kg+ 2K,y +2K g fy + 3105+ K gy U, + Koy, +30, 1, +
(K + K+ 3, +u, )i, +N o B (= (A 40y I N B, 05+ Ny, B0, 1)) (12g)
+0, (K, K+ 20, + (A, Hy I Ny B+ Ny, B0, 1)+, +p, )+ N, By,

(=( Az Hyl Ny B, B+ Ny B, 0 11,)+ 0, (K 4Ky + 20y + (A 1y IN oy By O+ Ny B Ot ) 1, + 1))

G, = N ﬁ,,&»”\:'mﬁ., T (NJ2 B 05 (g + 2,1, +2p, 1,

Al s (YK (K + g+ i, + 1, )+ N B, 65 (uy + 2, 1,

P2, b, Ky () K (K gty a4 ) (K (g +

w2ty (G, )+ gy 43, g, + 3, (a, + )+ K, (g + a1,

+ 2, (p,, + ) K (g + N+ N s By (= Ay pty (K + 240, + 10, ) (12h)
0, (1, 2ty (K + A+ 1) 3K+ Ay + 500, 11, Y+ (Ko (3pty o+ pa, )+, (S + 8, ) 4,
+ K, Quy+p, NN LB (=4, m, (K, + 24, +p, )6, (K, 1(4,,,
2p0, 434, )+ K Gty + g, Vs + g (g (A s+, ) 450, 0, + (A, +5u,+40, )4,
i, (2p)+py, p, + 30, + g, )+ K (p + p, + o, N+ N By, (=0, A 1,
+0, (= A 4,+0, (p.,(zlw,+ipu+2p.,+4,u,_)+2(2y_,+p_.)y,. F2K,y (g, +pn, )20, (K, + py fs 1, D)
Gy= K, Ky Myl +Ky Hy H, + K fti fy 1 B, Ky Koy Hy 1,
L B R K Yy B, K K M Y 2Ky B M,
. ]
V2K, My M, M, R SHH, R+ R T W YT Ny B ((=1+6,)
P . pi,(yd +2u, )+ 0,(N,,B..6 + Ny B O+ 11,) (g (K g+ ), (K, + 1y)
(Kt 20, p, Y4 ,,) + Ky, ((=1+8,) A, ﬂ,,(u.,+2/-f,_)+04(N‘.,,;ﬁ,.,53
+ Ny Boa O+ p1,) ((Kp+ 1) 1, + (K, v pty o, Yo, M+NG B,
(= Kz Ay Ha 5 05 Kuy Az M B Koz 15 N 0, A, M
Ny Bow O+ Ny B Bttty Noy By G+ Ny 800+ 1ty Nop B, 6+ Ny By, 05+ 11, N,2B..0:+ Ny By 00+ 1,
+0, K, K, M+ Oy Ky iy, 05 K, pty i, + 6, ;rj U, +8, Kk, pm, 000, py ft 8y K Hy a0, .uj uy,
- Ky Ay dig it N s Kiahis By B, B 24, Ml N 28, Ak,
Nz Bon @+ Ny Bttty Ny By @5+ Nuy B, 6+ 0y NonBL0+Ny B, O+, Ny B, 04N, By, 0, + 1,
1
+8, Kk, iy e +0,x,, ,u“,u,p+2 Oypy p, p, + Voo o Ot N BB 1 J}I
Ny Boo ts (Noy B0 (= 05 Ay (K +piy+ 0, )+ 60 (S48, )k Ay = A (a4 a,)
+ Oy( Agy (K iy + g, )+ A (py+ H NN B, 0 (=8, Ay, (K +p,+p, )+ B, (-1 +6,)K,; A,
= Ay (21, + u )+ O (A (Kt +ar, )+ A, (g, N+ U(=Ap (=4, +0(K, + A,
(12i)

g, DO, (=14 8) Ky Ay — A (A + i, + M, )HE (K, A w2t A (gt 1, V4 Ay (Aot g+ 1, D))
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1

G5 = z(N:bz p:aag(xa1+yd)(xnz+ﬂd)

(Nyuz Bobs+ Ny By Gt u )

M, H, + (Ny By 0 +u) (K +u) M, (N2 B, (-1+6) szyza"‘(’vvﬁz By, 0,+u,)
(K, +H, ) H,) +NL, B 6, (N, By, 0,(-1+ 004, 1y (K, +HIH, (N2 Buo 04+ 1y)

(K + (146 Ay Hy+3 Oy(k, + 1M, H)+N,, B.. (1 (K + (14 8) A, 1y

(12))

+30,(k, + ) M) B )Y N B 6,(0,(=1+6)) Ay 1y (K + 1) K, +0,(K,; + 1)
(=1+6,) Ay ,+30,(x, + 1) 1, Y1, )+ N,y Bty (1+6,) Ay 1y +205(K, + 11 ,)H,)

+26, (K, + ) (=14 65) A0, +36; (K, + 1) 1, ) H,)))

Where:

(N N Bac At A 1y = At (N oy Bic + 1)
L (K. + 1) H,, AN B A (K + 1) 1)
U (Ve B (N A s M+ A
(ko +p,)H, + Aac,+ 1) 0,))

(13a)

_ Nx NMI ﬂbc ;'\M Hy— (le ﬁugl +yd )(Kcz + /‘ld)ﬂv,
Ny Boe (N Ay s+ (K + ) H4,)

6, (13b)

(N Noar Brw Auz Az My = A2 (N Brat114)
B (K + M 1, + N2 By Ao (K + 10,0 18,)
i (N2 B (Nyy Ay Az Hy
+ Ay (K + B U, + Ay (Kyy + M) 1))

0, (13¢c)

e N Nooz B Az Ha= (N B O+ 1) (Kp + HH,
Nz B (N Ay g+ Ky + 41 1,)

6, (13d)

From the characteristic Equation (11a)-(11b), the
eigenvalues are found by solving

(7 +Dn' +Dyp’ + Dy’ + Dy +D.) =0 in children and in
adult (' +G* +G* +G* +Gn+G, )= 0, when T, = D,

DetH,

200 400 600 800 1000

and G, for children and adult,7,=D,and G,, for

children and adult, T;=D; and G; for children and
adult T,=D, and G, for children and adult, Ts=Ds
and Gs for children and adult. The five eigenvalues
have negative real parts if they satisfy Routh-
Hurwitz criteria (14b)-(14e) (Edelstein-Keshet, 1988),
each equilibrium state is locally asymptotically stable,
when it satisfies the following conditions:

det H, - T.>0 (14a)
detH,=T,T,-T,>0 (14b)
detH, = T,T,T,-T}-T'T,> 0 (14¢)
detH, = T,T,T,T,-T)T,-T'T >0 (14d)
detH =TT LTI LI T (14¢)

+TLLT +2T LT T >0

We check the stability of endemic equilibrium
state by using the Routh-Hurwitz conditions (14a)-
(14e), the results are given in Fig. 3.
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Fig. 3. The parameter spaces for endemic discase equilibrium state, which satisfies
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the Routh-Hurwitz conditions, plotted

onto (K, ,det Hy) , (ky,det Hy) . (x,,det Hy), (k. ,detHs), (k,,detH,), (x,,detH;), (x, ,det Hy) and

(k,.det Hy). respectively. The values of parameter are follows: (a)x, =1/07/2): k=109 D)s g1, =1/(365* 74.6) day™'.
N, =6000, N =5000. Nyy=2500, f,=02. B, =00714, A, =000000000576. A = 0.00000435 ., a,=008.
a,=0.047 and N, =100,000. (D)y  =1/019/2): 5, =121/ 2} Lu=1/3650746)day ™', N, = 4000+ Ny = 7000, N,y =4300,

B.u=01667. By, =0125, A,2=000000000176, A,,=0000000835. a,=007, a,=0.027 and N,=100000. From the

above figures. the Routh-Hurwitz conditions are satisfics for §; >1

Numerical Results

We consider the numerical solutions for dengue
virus transmission. The main effect of introducing an
age structure into the model is to change the definition
of the basic reproductive rate. The parameters in this
study are determined by the real life observations. The

values of the parameters are as follows: u,=1/(365%74.6)
day™, corresponding to life expectancy of 74.6 years for
human; «,=1/(8.5) and «,=1/(9.5) corresponding to
the 8.5 days and 9.5 days of recovering due to biting

of Aedes aegypti and Aedes albopictus, respectively.
The death rate of mosquitoes are 1/28 per day and
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1/35 per day satisfies to the life time of 28 days for
Aedes aegypti and the life time of 35 days for Aedes
albopictus, respectively Ka = 1/(9.5) and Ka

1/(10.5) corresponding to the 9.5 days and 10.5 days

of recovering of adult human population due to biting
of Aedes aegypti and Aedes albopictus, respectively.
The other parameters are arbitrary chosen. Numerical
solutions of (4a)-(4j) are shown in Fig. 4-9.
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to the disease free equilibrium state (1,0,0,0,0)
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Fig. 7. (a) Time series solutions of 8,7, , F.2.0e2sTue2- Values of parameters in the model are following: g4 ,=1/7,
N, =30000 N2 =37000. N 4o =19000, B, =025, By, = 01428, A,,,=0.0000000044 ,
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trpa =113

equilibrium  state

projected onto (S, .7, (S, L) (Lyar 1) The solutions oscillate to the endemic
(S50 oy Ly Dy WheETE ST = 0.0123201 . [,=0000344M. 1]y = 69961x10™ s [ly= 18204007 and = 14006%107¢
respectively ,

Case A.l. in children, we consider the locally asymptotically stable of disease free equilibrium state, when € = 0

as shown in Fig. 4.
Case A.2, in children, we consider the locally asymptotically stable of endemic equilibrium

as shown in Fig. 5.

Case B.1, in adult, we consider the locally asymptotically stable of disease free equilibrium state, when
shown in Fig. 6.

Case B.2, in adult, we consider the locally asymptotically
in Fig. 7.

Case C, in children, when ¢ # 0 as shown in Fig. 8.
Case D, in adult, when € # 0 as shown in Fig. 9.

state, when g = 0
e=0as

stable of endemic equilibrium state, when € = 0 as shown
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2+a,p,)t 2 ‘Vh"{vhl}’.t(au +£,))

Vi

S,= max { - - t
(24, (K, + 01, (20, + N B

Discussion ’

Several investigations have been conducted using

the SIR and SI models. The SIR and SI models which Q+a,p )+ 2N Buhal@ (K, +ity)
provide suitable for the states of children and adult in Uy Pt N i @p + (2, + 0,02 )
two species are used in this study. (Aedes aegypti and IN 0 Bradhas (Ko + 1 Py

Aedes albopictus).

1 1 2 - * !\'\':; uu/llu’ 2( '\'lllAI—" { +[K-n + 4, L
The basic reproductive number of equations (4a)-(4)) it ty + (K + )

is defined as follows (Chong er al., 2013): (2+0,0.)+ 2N Aus s (@, + Pu))
(24, (x, + 4y )1, (2p,+ Noa:Bha(2+ )
2N @ B A (K + MM P 2N, 2B (@ (K + DM P

+ N B A (2N, Adty (K +H)H,,) +N A Ml P, + (X, £.)Pu )
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Table 3. Determination of the values S, of infected mosquitoes

I, value Iy value 1,42 value 1,4 value Sp value

2.3860x10-18 6.44744%10-7 0.00310
2.5687x10-26 0.000065 - - 0.00732
0 0.00036 - - 0.06795
= = 4.9155%10-23 0.0007175 0.68842
” - 7.3376x10-14 1.07169x10-8 3.61291
8.234x10-6 7.982x10-17 - - 38.6066
3.16331x10-5 1.118x10-6 - - 80.3505
- - 9.933x10-8 2.822x10-17 89.3077

S, describes the number of infectious human
produced from primary infection of children and
adult. Using the initial values and parameter values
from data, the obtained result of threshold parameter
value S, for So. and Sy can be rewritten in
mathematical form as follows:

IN @By A (Ko + Hy I, P
+ N B A (2N, Aty + (K +14,)
K )2+ ap 2N AH (@, +P,,))
e (24, (K + p )0, (2, + N B,
(2+a,p,)) + 2N B A (@, (K, +4,)
HoPut Ndgty(ap, + (@, +p,)P,)))

in children

2N @, Bt (K + MO Pyt

N 2B (UN A tty + (K + 00,002 ,)

2+a,p,)+2N, A (@, +pP,))
A,k + ), (2u, + N, B,
(2+a,p,)) + 2N, B A, (K, +14,)
o Pyt N pyla,p, + (@, +p,)pP,))

in adult

Sou =

The reproductive rate is depend on the number of
infected mosquitoes I,,;, I,y in children and 1., L
in adult.

From the above table (Table 3), we will see that if the
number of infected mosquitoes is increased, the basic
reproductive rate is also increased.

Moreover, we consider the effect of sinusoidal
variation (g), we will see that if € = 0, then the
solutions oscillation to the steady state. The limit
cycle occurs for £ # 0. Thus the limit ¢ycles occurs
while there is the seasonal variation of mosquitoes
(Aedes aegypti and Aedes albopictus). It can be seen
that the dynamical behavior of the endemic state
change while there is the influence of season.

Conclusion

The basic reproductive number of disease is defined by
S, = ﬁ . This value is the threshold condition for the

existence of the endemic state. When S, < 1, the solutions
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oscillate to disease free equilibrium state, whereas S, >
1, the solutions oscillate to the endemic state. The
behaviors of the proportion of susceptible, infective
human into two classes (a child class and an adult
class) and infective vectors of the two species (Aedes
aegypti and Aedes albopictus) are initially positive. If
this can be seen as follow; the infective human are
introduced into the susceptible is bitten during each
——"ﬁh—-{l](:hat the biting
(N, +m)\ p,

rate b of mosquitoes is the average number of bites per
mosquito per day, p, is the per capita mortality rate of
mosquito, of these bites becomes new infective in the
human population) (Esteva and Vargas, 1998). The
Paramelefs Bam ﬁbcv ﬁu- Bbas Bnc: R-wh )‘-vﬂs A-\'bl and
Awoare effects to the basic reproductive number of this
disease as we see in (6)-(6h). If the basic reproductive
number is less or equal than one, then the infective
replaces less than one, then disease dies. On the other
hand, if this number is greater than one and when the
susceptible fraction get large enough to birth of new
susceptible, then there are secondary infections and
endemic equilibrium state is occurred. As we can see in
this study, the seasonal parameters such as €, p,, and
pw Wwhich are the measure of influence on the
transmission process reflect the environment.

period, by the fraction
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TRANSMISSION MODEL OF DENGUE DISEASE WITH THE DIFFERENT
CONTACT RATES OF THREE SEASONS IN THAILAND

Rattiya Sungchasit, Puntani Pongsumpun*

Department of Mathematics , Faculty of Science , King Mongkut's Institute of Technology
Ladkrabang , Bangkok 10520, Thailand

*e-mail: kppuntan@kmitl.ac.th

Abstract: A Mathematical model is used for describing the transmission of dengue
disease. The person can infected this disease by biting of the infected Aedes mosquitoes.
Dengue disease is separated into 4 serotypes: DEN-1,DEN-2, DEN-3 and DEN-4. In this
study, we formulate the model with different contact rates in each season. The standard
dynamical modeling method is used in this study. We derive stability conditions of
parameters for disease free equilibrium state and disease endemic equilibrium state. The basic
reproductive number of this disease is found. The results of this study will point the way for
controlling this disease.

Introduction: Dengue Fever (DF), Dengue Haemorrhagic Fever (DHF) and Dengue Shock
Syndrome (DSS) have emerged as an international public health problem, which is now
endemic in more than 100 countries and affecting about 40% of the world population ( 2.5
billion people) living in tropical and subtropical regions[1]. There are four serotypes of
dengue virus, namely DEN-1, DEN-2, DEN-3 and DEN-4. Dengue disease can not be
directly transmitted between the people. The infected female Aedes mosquito is the primary
vector for this disease. The development of the virus and the mosquito are affected by the
climatic factors. The effect of extrinsic incubation period of dengue virus caused the
seasonality transmission of this disease[2]. When a vector bites someone who be infected
with dengue virus, the virus is transferred to that mosquito and it become infected
mosquito. After the infected vector bites the susceptible human then the virus move into the
human bloodstream , and it spread throughout the body. Symptoms appeared about eight to
ten days after the bitting from an infected mosquito. Symptoms are flu-like illness and can
include high fever, nausea, vomiting, body aches, and headache. The moisture content
.temperature, season and rainfall are influence to the mosquito development. Dengue
infection is endemic in Thailand. From the data of Dengue cases in 1999 - 2010, we can see
that most dengue patients are occurred in rainy season as shown in figure 1.

Esteva and Vargas developed a model for dengue disease transmission and
included the dynamics of the Aedes aegypti mosquito into standard SIR ( susceptible -
infective-recovered) epidemic model[3]. In 2010, R.Kongnuy and P.Pongsumpun[4]
considered the transmission of dengue disease with the effect of season. In this paper,
we used SIR model for analyzing and finding the method to decrease the outbreak of this
disease. We analyze the dengue model of seasonality compartment (rainy season, winter
season and summer season).

© 38" Congress on Science and Technology of Thailand (Full paper)
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Figure 1: Reported cases of Dengue disease per 100,000 population in
Thailand during May 2007 and April 2008.

Methodology: The mathematical modeling for dengue disease describes the relevance
of human and mosquito population. In this study, we assume that the human and
! mosquito population have constant sizes. The human population is divided into
susceptible , infected and recovered classes for the first model. The mosquito population is
divided into susceptible and infected classes because the mosquito never recover from

infection.
The dynamics of human population are given by
2 S\ = BN, 8,5, -6,5, -3~ 1S, M
Tr
d C
—I, =A—x21S5-6,1, -61, -pI, ()
df h Nn_-}-d h d~h h™h hi
% R, = pl,,-6,R,.-6,R,, 3)
d C,
—S,.=P.N;,—6,S,,-6,S,, - A——2-1_5, 4
dt hw w' " Tw d“ hw h~ hw Nrw+drwhw ()
d C
—1I, =A—2185-6,1,-6,1,-B81] ]
dthw Nrw+drwh d~ hw h™ hw ﬂhw ()
d
dr R,.= Bl,,—6,R,, —6,R,, (6)
d G,
— 8,,=PNy,~5,5, 8,5, —~A—2-1 S (7
dfhs T d“hs h=hs Nﬁ_{_drshs‘
d C.
— I, =A—">%13S5,.-06d.-6,1.,—pI 8
dths Nrs+drshw d'hs h™ hs ﬂhs ()
d
ER.&:: B, _§dRhs_5ths (9)
We define
S,, is the number of susceptible human population in rainy season,
I, is the number of infectious human population in rainy season,

R,, is the number of recovered human population in rainy season,
S, is the number of susceptible human population in winter season,
2

h
R,, is the number of recovered human population in winter season,

. is the number of infectious human population in winter season,

S,. is the number of susceptible human population in summer season,
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I,. is the number of infectious human population in summer season,
R, is the number of recovered human population in summer season

The dynamics of the mosquito population can be described as the following
equationS'

—5 = A —A——h=r f\i,md 1.S,-6,S, (10)

%g: Ao Ai‘:':'d 1S, -6, (1)

ES R N::vd 1,uS,=6,5s, (12)

%I,w: 4G Ncrirrd IS8, (13)

-‘15,,= A -—l—ﬁ%—:"—d 1.5 ~&5, (14)

4, L gL Aif::vd L8 -£1. (15)
We define

S, is the number of susceptible mosquito population in rainy season,
I, is the number of infectious mosquito population in rainy season,

S, is the number of susceptible mosquito population in winter season,
I, is the number of infectious mosquito population in winter season,
S,. is the number of susceptible mosquito population in summer season,

I, is the number of infectious mosquito population in summer season.
Where the parameters are defined as follows :

N, isthe total human population inrainy season,

N,, isthe total human population in winter season,

N,, isthe total human population in summer season,

N,, isthe total mosquito population inrainy season,

N, isthe total mosquito population in winter season,

N,, isthe total mosquito population in summer season,

o, is the natural death rate of human population,

d, is the death rate of human population due to the disease,
d, is the death rate of mosquito population,

P is the birth rate of human population,

C,,, isthe transmission probability of dengue disease from mosquito to human in

rainy season,

&

' .» is the transmission probability of dengue disease from mosquito to human in
winter season ,

C is the transmission probability of dengue disease from mosquito to human in

v—>hs

summer season,
& is the transmission probability of dengue disease from human to mosquito in

hr—v

rainy season,
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Ciwos is the transmission probability of dengue disease from human to mosquito in
winter season,

Cpsy, 1s the transmission probability of dengue disease from human to mosquito in
summer season, '

B is the recovery rate of human population,
A is the biting rate of mosquito population,
d is the number of other animals available as blood sources.

We suppose that N, = S, +1,, +R,, N,, = St 1L, +R,,,
N.Hs = Shs+Ihs +Rhs'NVr= Svr+Iw 'NVW= va+1vw and NV5= Svs+]vs
We normalize equations (1) - (15) by defining new variables.

5 = I = R — S — T - R
S, =t J —_br = _h =—tw ] = P _ T,
hr NTr hr Nn, hr Nrr hw NTW hw Nrw hw NTW
~_ S, — I = R
S =2b T Rl
" NTS " NTS " NT:
St et Th Tk Tk
NVr NVW N, Vs NVr NVW NVS

The total human and mosquito populations have constant sizes , thus rates of change
for total human and mosquito populations equal to zero. Thus , the birth and death rates

; . : A
are equivalent for human population , the total mosquito population equals to ?” in

v

S

: - A :
rainy season, —-g"—- in winter season , 7 in summer season. These give

v v

ths—,,,=(5d+5h)—(§d+5,,+a%jNV,)E;Z (16)
Ir
d _ 2 G T u T Tl (17)
E = ﬂ.m Ivr NVrShr = (p+5ci+§h)]hr
Tr
d?- Cv»aflw T < (18)
E‘; hw:(§d+6h)_-(§d+§h+;l_m]mNVW)Shw
Tw
2T = A= TN, S, - (843,461, (19)
TIV
Eshs:(§d+§h)_(§d+§h+lm1vs NVs)‘S‘hs
Ts
d T Cv—;hs T T T
E Ihs =-'AN__JIPS N"s Shs - (ﬁ+5d +5h)]h.\‘ (21)
Ts
d— . Cop = . —
— I, =A—te=2e [ NS -657 22
d[ vr NTr'f"d hr Irvr v iwr ( )
i v . A'@ENTHTS‘: - é‘va (23)
dt N;, +d
if_: hs—v —]_N _S__é‘]'_ (24)

S can be obtained from conditions

Analysis of the Mathematical Model
© 38" Congress on Science and Technology of Thailand Full paper
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A. Equilibrium points
The equilibrium points are found by setting the right hand side of (16) - (24)

equal to zero. This gives
1)The disease free equilibrium point E, =(1,0,0,1,0,0,1,0,0)
2)The endemic disease equilibrium point

El = (S'hr ’ I.h.r ’ rw'S‘hw 4 rhw ¥ rvw’S‘hs J I‘hs ' I'vs)v

where
Sw= (5";%) N, RE =_Wl+_d')5_’
(5 +5)+ v—hrt " Vr 1+—l——'
o (N. +d)+_(Nrr+d]z5., ACy s T o Ny,
. AChr—wrhrNTr
r — (54 +6h) (_(NT,- +* d)z (ﬂ+6d +5h)6v+NTrNVrlzCHhrCiv—w) .
T Ny, (B+8,+8,)AC,, (N, +d) (8, +8,)+ N, AC,,,)
. (6,+6,) ' .
T (6,+6,)+ AC o N i - N+ 615,
T Wy s Dt D70 Ao Tl
| : T '1 Chw—ovrthTw
I I' - (6‘1 +6;,){_(NTW + d)z (ﬂ+5d +5h) Jv + NTWNVMJ'Z Cv-thcrm-—»v} .
" NTw(ﬁ+ Jd + é‘h)achw—hv((NTw + d) (Jn' + 6’:) = NVwﬂCv—ihw)
(6,+96,) i 1 ’
S-hs= d T % AT S
AC,,, N, * (N, +d)§,
S vahst Vs o e
( d+5h)+ (N +d)+ (NTs+d)2§v +1Ch4vrMNTi
" j'C‘hs—-vj‘.hsjv'n".:
f' = (Jd' + 6h) (_(Nfs + d)z (ﬂ + ad +5h)5v + NTSNVJ/IZCV—-MCM—w)
=

N, (8+3,+3,)AC,_, (N, +d)(8,+8,)+ N,AC,,,)

B. Local Stability

The local stability of each equilibrium point is determined from linearizing equation
(16) — (24) about equilibrium point examining the eigenvalues of the resulting Jacobian
matrix. We now consider the eigenvalues of the Jacobian matrix at each equilibrium point.
From equation (16)-(24) ,we can write in the matrix form as follows:

_(V_—'hL i N,+6 ,+48,) 0 _("'Cvﬂ) hr NVS‘ )
(NTr+d) v’ Td Th (NTr+d) ~ hr
I, = _i:)_f.l.{[' 3 —(B+6,46,) (fcv—)hr s )
E] (NTr+d) v ¥ d h (NTr“ﬂ Tr™ hr
AC ”
0 _brsvy =
((NTr+d) Tr vr) v
_(f&—,‘,,by I N +8,+6,) 0 _('{Cva hw " )
(Np, +d) W d “h Ny, +d) h
AC AC *
J. = v—y hw N, B+, +8,) (v hwy g )
EZ (NTw+d) w d h (NTw+d) Tw™ hv
0 (Lcﬂvﬂ,v s =
(NTw+ Tw vu) v
( T5+d) ( Ts+d)
AC
v—> hs . v— hs i
= : - 8 ,+6 N.
JEI (NTs”ﬂ s v B+ d h) ((NTS,Ld) TsS hs}
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The eigenvales (A) are the solution of the Characteristic equation[5]

det (J-AL) =0
where ] is the Jacobian matrix evaluated at the equilibrium point . I is the identity matrix.
C. Disease free state
Equilibrium point of disease free state E; = (1,0,0,1,0,0,1,0,0) has eigenvalues as
follows:
‘41 =_‘5d = 5"’ ! &:1{-,3—6 -8 -6 +J(N77‘+d)zw+‘sd+6h)z+4MTrS"AZCv—>hrChr—>v]
2 S (N, +)

2 2 2 2
) B - (NTr+d) (ﬂ+§d+§h) N TrSw’l Cv—)brchr-—)v
A3 2 d "h v (NTr+d]

A=-6,-5,,

4:1 -f~6,-06,-6,+ I(NTW+d)!w+6d+6h)z+4MTWS"'AZCV-)thhw-+v
2 d” “h" Cy v {NTW“‘d)

(N, +d)*(B+6 ,+6,) +4N* S A'C C
‘4s=';'{_ﬁ-5d‘5f.'5v+ DW d " h Tw wt v—hw_ hw—v

V (NTw+m
A7=—§d_5h'4q:l -B-8,-6,-8,+ ’(NTs+d}zw+5d+5h)z+4MTSS‘AZCV->MCM—W
2 d h v (NT +d)
S
2 2 2
A,:l B0 6 - (N?Ts+d) (ﬂ+5d+5h) +4AFTSS,,/I Cv—)hschs—>v
d h v
2 (NTs+d)

From our evaluations, all eigenvalues have negative real parts when R <1.So this
disease free equilibrium point is local stability when R <1.We define
A*C,.,,C. 1Ny Ny, +AZC C,sVi N

hs—v " v—hs hw—r v~ v— hw

(NTs 5 d)z (NTW + d)z + Azchr-—wcv—rhrNVrNTr
R = (B+0d+dh) (N, +d)*(B+35d+6h)
ov '

D. Endemic disease state
The endemic disease equilibrium point

E.= (', . I, .I,.S, . I IS, I, I,) haseigenvalues as follows:
A=-p-6,-6, A=-0,

T4 BB +b(LbN,S,~bNS,bib) b + I Ny Ny, (N, - N;,)S, bbb [ bbbB NS, ]
A=|d, + + =1+

h™ bb, b (bbb + I.h) b, (bbb, + I.B)
A=-p-6,-6,,A=-F,

A=l Tk, B B8+ GUL LN b NLSL ) i+ L Ny Noy (No = Ne)SW B0 | [ £ £ NS,
hht, G666+ 0.1) L(h GG+ 1K)

A=-f-6,-6, A=-6,
A= [ 5 o In8 , 285,88 (1.8, NuS,~ 8 N15.8:8) 8 + L. Ny N, (N, — N:,) S,.8,8.8; ] ,[_] 818,88 V1,S,s ]
h s 8 (888+1.8) ] 2 (888, +1.8)
After our calculations, we found that all eigenvalues have negative real parts when
R, >1 . This means that the endemic disease state is local stability for &, >1 .

Results, Discussion and Conclusion: This paper studied the transmission model of dengue
disease with different contact rates in each season. The standard dynamical modeling method
is used in this study. We found two equilibrium states; disease free state and endemic
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disease state. The disease free state is local stability when R, <1 .The endemic disease state

is local stability when R, >1 .R, is defined as the basic reproductive number. The output

of this study should introduce the alternative way for controlling the outbreak of dengue
disease, ie., if we can control the parameters same as in the conditions of local stability for
each equilibrium points, then we can reduce the transmission of this disease.
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Abstract

A model is used for describing the transmission of dengue disease. This disease is
occurred by biting of the infected Aedes mosquitoes. Dengue outbreak is found in the rainy,
winter and summer seasons. Each season has the different dengue outbreaks and they are
depend on the temperature of the environment. The standard dynamical modeling method is
used in this study. The SEIR (S = susceptible , E= exposed , 1 = infected and R =
recovered) model is used. We use conditions of parameters for determining the local
stability of disease free equilibrium state and disease endemic equilibrium state. The basic
reproductive number of disease is found. The disease free state is local stability when
R, <1 .The endemic disease state is local stability when R, >1 . The control of this

disease is discussed in this paper.

Keywords: Dengue disease, local stability, transmission model ,SEIR model, season,
incubation rate.

Introduction

Transmission of dengue virus may serve to retain viral pathogen in nature during inter-
epidemic periods of the disease [2]. Dengue fever (DF), Dengue Haemorrhagic Fever (DHF)
and Dengue Shock Syndrome (DSS) are three types of dengue disease. There are four
serotypes of dengue virus, namely DEN-1, DEN-2, DEN-3 and DEN-4. Dengue disease can
not be directly transmitted between the people. Transmission is occurred by biting of the
female Aedes mosquito. The development of virus and mosquito are affected by the climatic
factors. When infected mosquito bites the human , thus the human are exposed and
infected. Symptoms of dengue fever are depend on age. In older children, teenagers and
adults, the most common symptoms of dengue disease are fever that comes on quickly and
lasts two to seven days but this usually is not severe, muscle and joint pain, a red rash that
starts on chest, back or stomach and spreads to your limbs and face, feeling sick, vomiting
and diarrhea. The symptoms of dengue fever usually begin between five and eight days after
each person be get bitten by an infected mosquito. Dengue fever is caused by a type of virus
called a flavivirus, which is transmitted by infected female Aedes mosquitoes. We can catch
the virus if we get be bitten by an infected mosquito. Mosquitoes become infected when they
bite an infected person and are able to pass on the virus for the rest of their life. In Thailand,
the annual estimations of dengue fever are depend on the season. The Aedes aegypti is the
principal transmitter of Dengue fever in Thailand but it also transmits Chikungunya fever,
yellow fever and Filariasis among other diseases. The Aedes aegypti prefers feed during

1* Mae Fah Luang University International Conference 2012 .
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daylight hours. They adapt very easily to human surroundings and will lay their eggs where
there is water, including plastic containers, bins, plant pots etc. Thailand’s rainy
season, starting from May through September, is also the high risk period for dengue fever, a
potentially serious condition is the most prevalent in tropical countries. dedes aegypti
mosquitoes carry the virus that causes dengue fever, and they infect 50 million people a year,
including 500,000 serious cases requiring hospitalization[8].The moisture content
;temperature,season and rainfall are influence to the mosquito development. Dengue infection
is endemic in Thailand. From the data of Dengue cases in 1999 — 2010, we can see that
most dengue patients are occurred in rainy season. We can see as shown in figure 1.
The purpose of this paper is to incorporate this feature into the SEIR model. Models keep
track of an individual's infection-age for particular diseases, for instance tubercolosis[3].
Esteva and Vargas developed a model for dengue disease transmission and included the
dynamics of the Aedes aegypti mosquito into standard SIR ( susceptible — infective-
recovered) epidemic model [5]. In this paper , we used SEIR model for analyzing and
finding the method to decrease the outbreak of this disease. We analyze dengue model of
seasonality compartment (rainy season, winter season and summer season).

IncidencD
rate per

N __Months

Figure 1 Reported cases of Dengue disease per 100,000 population in
Thailand during year 2005 and 2010 .

Methodology

The mathematical modeling for dengue disease describes the relevance of human and
mosquito population. In this study, we assume that the total human and mosquito
population have constant sizes. The human population is divided into susceptible ,
exposed , infected and recovered classes for the first model. The mosquito population is
divided into susceptible , exposed and infected classes because the mosquito never
recover from infection. The model considers transmission of dengue virus in human and
mosquito population by model :

The dynamics of human population are given by

g; S, =C,N,, - 4,S,, - 4,5, -6 % 1S, (1)
37 ¥ = 5% 1,8, —AE, ~AE, —a,E, )
g’- I, =, ~Ad, -4l —pl. 3)
<Ry = Pl ~ AR, 1R, )
57 S =0, N5, = A=A —5-&:‘%8 1.5, (5)
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d K

—Ew=§—"'"l"-—1m8w—/{ E -AE, -aE (6)
dr " °N_+g h d Lo hh hw i
d
Elm'_‘a}m -1, 1,,-pl, @)
d
E R,, = pl,, — AR, — 4R, (8)
d _ _ _ v—.h 9
ZrSu=CNyy =480 = hS,, 6N,.,+gls )
d K
—E =6—=0 ]S -AE -AE, —-a,E, 10
dr N, +g " hs i Eons = A L, hsLoh (10)
d
— 1, =y, - A0, 41, - pl,, (11)
dt
d
—R,, = ply,— R, — 4R, (12)
dt

We define

S,, is the number of susceptible human population in rainy season,
E,, is the number of exposed human population in rainy season,

I,, is the number of infectious human population in rainy season,

R,, is the number of recovered human population in rainy season,
S,, is the number of susceptible human population in winter season,
E,, is the number of exposed human population in winter season,
1,, is the number of infectious human population in winter season,
R,, is the number of recovered human population in winter season,
S,. is the number of susceptible human population in summer season,
E,. is the number of exposed human population in summer season,
1, is the number of infectious human population in summer season,
R

.. 18 the number of recovered human population in summer season

The dynamics of the mosquito population are given by :
d

LA . Y (13)
d NT’ + g hrlvr A\

d Eur - 6 ’”’—“’ [hrSw /1 E BwEvr (]4)
dt N, +g

21, = BE AL, (15)
dt

i ‘g = Z 5 }"“ " ]i'm S\’n |Sm‘ ( 1 6)
dt N, +g

d

T E 5 h“ = ] ™ Sl'" E v E\'\I (1 7)
dt N, +g ™ AE. =P

i I"“' = w E\'"' = &' II"“‘ (1 8)
dt

A -7 —s5Kuw ;5 _s5. (19)
de ' N, +g
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d K

ZE =§—kx»18 -AE -B.E 20
df vs NT,+g hs™vs A’v vs ﬁvs vs ( )
d
2i=0F =i 21
dt vs ﬁﬂ' w AV ve ( )
We define

S, is the number of susceptible mosquito population in rainy season,
E,, is the number of exposed mosquito population in rainy season,

I, is the number of infectious mosquito population in rainy season,

S_, is the number of susceptible mosquito population in winter season,
E,, is the number of exposed mosquito population in winter season,
I, is the number of infectious mosquito population in winter season,
S, is the number of susceptible mosquito population in summer season,
E,, is the number of exposed mosquito population in summer season,
I, is the number of infectious mosquito population in summer season.

5

Where the parameters are defined as follows :

N, isthe total human population in rainy season,

N,, isthe total human population in winter season,

N,, isthe total human population in summer season,

N,, isthe total mosquito population in rainy season,

N,, isthe total mosquito population in winter season,

N,, isthe total mosquito population in summer season,

A, is the natural death rate of human population,

A is the death rate of human population due to the disease,
A, is the death rate of mosquito population,

K is the birth rate of human population,

K, ,, isthe transmission probability of dengue disease from mosquito to human in

rainy season,

K,_,, is the transmission probability of dengue disease from mosquito to human in
winter season ,
K, . is the transmission probability of dengue disease from mosquito to human in

summer season,
K, ,, is the transmission probability of dengue disease from human to mosquito in

rainy season,

K,, ., is the transmission probability of dengue disease from human to mosquito in
winter season,
K, _,, is the transmission probability of dengue disease from human to mosquito in

summer season,
@, is the incubation rate of human population in rainy season,
@, is the incubation rate of human population in winter season,

W

@, is the incubation rate of human population in summer season,
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«, is the incubation rate of mosquito population in rainy season

vr

o, is the incubation rate of mosquito population in winter season
o, 1s the incubation rate of mosquito population in summer season,

p is the recovery rate of human population,

6 isthe biting rate of mosquito population,
g is the number of other animals available as blood sources.

We suppose that N, =S, +E, + I, +R,, N, =S, +E, +1I,, +R,,,

Ny =8,+E,+1, +R,,N,,=5,+E, +I, ,N, =S8, +E,+1, and N, =S, +E_ +1I,
we assume the total human and mosquito populations have constant sizes
dN y . dN, dN ..
9 =0, —% =0in rainy season, —2 = (0, — = () in winter season and
dt dr dt dt
N
ANy =0, N 0 in summer season
dt dt
S_hr:Shr’Ehrthr,:zlhr s Ry = th,
NTr NTr Nﬁ NTr
— S — E. — I — R
S=__hL’E=hw,]=hw'R=hw,
hw Nm hw Nn, hw N,., hw Nm
S, — E_ — I — R
S, =2 E =—2 ] =8 R ="1s
" NTfr " N Ts . NTs " N Ts
. _ _ = B == & =
Svr = S"’ 2 va = SV“ 2 Sw = S"’ ’EW' = = 3 va = =i 2 EV\' = Ev:
vr NVu NV.: NVr NVw NV:
7. = I = I, e Iy
vr NVW NV.:
These give
d pr=—si Kv—ahr 7 A
=(A4,+4,)-(4,+4, +6N I,N,)S,, (22)
Tr
d Kv—)hr T~
—FE, =622 ] N,,,S,,, (a, +4,+A,)E,, (23)
dt N,+g "
d N —
s l,, =a,E, —(‘}'d + 4, + p),, (24)
K - ——
d =(A+4)— (A4 +4,+6 =21 N,)S,, (25)
N, +g
d — K — ’
d Efm = 5 N v_i:‘g j Nl W Shl (ahw + J’d + /IJJ)Ehu- (26)
Tw
ifT..= o By — (g + 2+ )Ty 27
dt
A+ Ay + A, +6 “”"INS 28
dr = (A4 +4,)—(4; +4, N +g vs IS (28)
d — K b Ty = —
—E, =6—=%1I_N,S, —(a,+A4,+4)E, (29)
dt N,+g =~
d s
dt ].'u - aln (,{ +A +p)]h (30)
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%Eka;’fﬁ"—gﬂmﬁ—(maﬁ (31
47, = B E,-AT, (32)
CF, - JFK—*;ET,:NS_ ~(A+B.)E (33)
4T = BuEL AL (34)
2E. - 67":51_ N,5, - (A +BE, (35)
4T, = AE-AL (36)
R, R, R, and S, S, S, can be obtained from conditions

S,y + E, +1, + R, =1 .8, +E,  +1,, + Ry =1,8, + E +1I,+ R, =land
Sw+Ew+Iw —y . B+l = I, Svs+E“+I” =1.

Analysis of the Mathematical Model

The equilibrium points are found by setting the right hand side of (22) — (36) equal to
zero. This gives

1)The disease free equilibrium point M, = (1 ,0,0,0,0,1 ,0,0,0,0,1,0,0,0,0)

2)The endemic disease equilibrium point

M2 = (S.hr ’E'hr 91-hr ? E.vr’I-vr’S’hw ’ E‘hw’I‘hw ’E‘\M"I.VW’S"U L] E‘h:’].h.c ’E.vx’].vs)’

where

§ . Ay +4,)
" !J-vNT NVrﬂwaKh — 5Kv hr
(Ad +'{h)+ r 4 r v -
(N, +8XB, + AU, N,K,, ,, + (N, +8)A)
g, = 15Ny, BoNp 6Ky 1 0K, 0 (A + 5)
» I;rNVrﬁwNFrJKhr-w‘SKv—ohr
(N, + g)a,, + A+ A0, + l\-)(lhrNTr‘sKhr-bv +(Ng, + QAN A, + 4 + N, T 2)p.+ )'v)u;.-NrraKk..v F (N, + g);.')))
s l.), - (lif + j'll)(-_-(-lv'n'i"h,ri’rtzhrﬁ\r'r6Khr4v¢§‘]<v—ln‘lr +(NTI' * g)z(p + ;Ld + A’l)(abr + id + A‘h)}\f(ﬂw +: }'v))) 5
' (NTTJKhr-iv(p + Ad + A'h)(ahr + An' + Aﬁ)(NVrﬂwé‘Ku—ihr + (NTr =+ g)(ﬂ'd ¥ Ah)(pw + /Iv)))
E' - ];rNTraKhr—n'A\v 3 I' = I;rNTré‘Khr—wﬂw
" (ﬁvr +A‘v)(]krNTr5Khr—w +(NTr +g)’q’v) " (ﬂw-"}’v)(lhrNTraKhr-w +(N7'r+g)ﬂ\')
" (A4 +4)
S = I"N. N, B.0K,. .0K
(/AI\.‘r + /1], Yo =——— hw' " Tw” T Vw = hw—sv v—bhw
(N?'w * g)(ﬁvw + /L-)(IthTWJKhw—-w +(NT\- i g)}‘v)
E = LN B Np 0Ky 0K,y (s + )
"W - TN B N7y O K e OK e
(N, +8Na,, + A+ AN B+ )‘\-)(lb»NTwé.ka-w +(Np, + YA, + A4+ (N, + ) B, + AN l;,,Nn,ﬁKh_‘_w +(Ny, + g)&));
F = (A + A XN N X e O Kipe 1K s + (N 8 (p+ A, + )@ + Ay + A)AB + 4D |
" (NT\"SK}:»—u-(p + A’J it A’h)(akw + A:l +j'h)(NIfme6Kv——vhw +(NTw #* g)(j'd + Ah)(ﬂm + Av)))
E‘ I;wNT\fJKb\v—w’T’v r = II'mNTwaKlm—wﬁm

i - - ? 1 - =
(ﬂm + /?'\-)(IthTwéKhwqr + (N'n"ll + 3)2\-) (ﬂ\u + ’1\1 )(IthTwé‘Khwdv + (NT\v + g)':!\’)
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. _ (4 +4,) s
I, NN, B.6K, 0K
A+ )+ hs' "I Vs .v.q hs—sv v—shs
Rt At N eX B+ A U NS Ky + (N + A
E" - I;rNV:an‘NTrJKM-WJKv-ﬂu (A'l' s '{h)

(N, +8)a,, +4,+ A8, + &)(I;JNT:‘SKu-w +(Np, + A N4, + 4, +(

];:NPrﬂwNTSJKJn-wJKv—;h
N'Fx + g)(ﬂw i A\!)(I;‘NTISKhI—.V * (NTJ + g)lb)
I.)u = (A’d + 'Ih)(_(NTINV:ah:ﬂwaKh—wéKv—um +(NT: + g)z(p 2 J’d F A‘h)(ah: Ly 2’0’ T Aﬁ)"i\'(ﬁw + j'v))) s
(NTEJKh—tv(p+ A’J +Ah)(aﬁu + ld' + AhXNVxﬁué‘Kv—aks +(NT.| +g)(’1d + J”!)(ﬂvs + A‘v)))
E' = !J:JNIT\-JKM—wA'v " I' - IJ:.:NT:SKh:—wﬂw
i (ﬁ\'x +2&)(If:sNT:‘5Kh:—w +(N73- +g)A'b) " (ﬁn +1U)(IhINT15K'u’—PV +(NTI +g)’1v)
and R,>1,R, =
l( 82 K rav Kyanr Ner Nyr @ne Bor ] . ( 52 Rpyeav Kyanw New Now @nu By ] .
(g+ Nee)? (P + 2+ An) (ane * Xa+ An) Av (Bvr + Av) (g+New)? (P + Aa+ An) (anw *» Aa+ An) Av (Bww + Av)
[ 82 Rpgav Ryans Neg Now @ns Bus ]]
(g Nea)? (0+2a+2n) (ons * Xa + An) Av (Bvs ¢ Av)

)

B. Stability

The stability of each equilibrium point is determined from linearizing equation (13) — (21)
about equilibrium point examining the eigenvalues of the resulting Jacobian matrix. We now
consider the eigenvalues of the Jacobian matrix at each equilibrium point. From equation
(13)-(21) ,we can write in the matrix form as follows:

M[' N, +A,+4) 0 0 0 (MN st
K & o
Wy ey vt ™ (Np+g) " br
Hyoamrp y —(A,+4, +a,) 0 0 SEvahry, st )
(N, +g) ¥ N it s (N, +8) = hr
JH]= 0 a,, —U.d+lh+p) 0 0
0 0 (MJ——'lN 5 (4. +4.) 0
(Nr, +8) e v "
0 0 0 A, -2,
/
_(ﬁv_:!ﬂ;' No+d,+4.) 0 0 0 _[i:?_blN L
(Np+g) W ™ d "h (Np+g) = v
5K 5K
v— I _ v— hw o
My +8) ] L (Ad.d»lhi-a,_) 0 0 ( N, +£) NS hw)
JI:.2= 0 a,, (4,44, +p) 0 0
5K
vy Y
0 0 (QRE2LNS ) -G, +h) 0
0 0 0 B -,
oK K
(—yo2hs gt Ny o+ A, +4,) 0 0 0 ~(r2he s )
(N, +g) ¥ (N;, +8) o
6K, e o oK, .
—y=2 0 N, ~(d,+4, +a,) 0 0 —r iy )
(Nr.+g) ¥ (N;, +8) ol
J.’:‘.‘: 0 a,, -[Ad+2.h+p) 0 0
: 5K i
0 0 (B2 Y N8y —(A +A) 0
(Ny, +8) v
0 0 0 B, -4,

The eigenvalues (A) are the solution of the Characteristic equation
det(J-BIs) = 0
where J is the Jacobian matrix evaluated at the equilibrium point . I is the identity matrix.

C. Disease free state
Equilibrium point of disease free state Ei23 = (1,0,0,0,0,1,0,0,0,0,1,0,0,0,0) has eigenvalues
as follows:
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§2K K NTPNVrSVrahrﬁvr

hr—=v " *v—hr

(NTr +g)2

(—B—A.,—A,)[ +(—B—p—ad—A,)(—B—a,,—id—z,)(—s—ﬁ,,-a,))

The eigenvalues are
B=-4,-2, and the remaining 4 eigenvalues are the solutions of

(_ 52 Khr-—w Kv—bhr NTr NVrSVr ahr ﬂv
(NTr + g)2

'+(—B—p—ld—/u)(—B—a,,,—Ad—/l,.)(—B—a,—A)J =0

8 Ky K s s N 1o N 3 Sipe Qi B
(Np, +8)°

(-B-4, "'1:.)(_ +(-B-p-4 = A -B-a,, -4, -4 )-B-5, "L)J

The eigenvalues are
B=-J,-2, and the remaining 4 eigenvalues are the solutions of

5K, K ., N.N.S a
(— hoery (“'A"; :’g)‘;“' e "‘”‘B"‘“+(—B-p—»’~d-lh)(—B—am-id—&.)(—B-ﬁw—A)J=0
Tw
(—B—Ad—zl,,)[ Prlendn utule o p-p=3y - AN-B-tu= A= AX-B- L. —&)J
Ts

The eigenvalues are
B=-4,-4, and the remaining 4 eigenvalues are the solutions of

2
[_5 Kh.\-—-va—-bhsN?itN;’.l.‘SVsah_rﬁv.v ‘*"(—B—P—id _A'h)(_B_am ___/ld _;Lh)(_B_ﬁw —/?'V)J - 0
(NT«' +g)
or '+ A A+ A AP+4A+A=0

where
Ay=p+a,, +ﬁvr +2’1d +2+2Av
A2=(’Id+}“hXp*'"d*'{h)*'z(pu’ld*'uh)’Iv”s?*ﬁvr(p"'ud*uh*)»)*'ahr(p+ﬂvr+’1d+‘*h+uv)
A4=B,, (p+A, +4, )(ahr +ld+/lh )+(2ud+'1h )(p+;id +A )+ﬁw(p+2,1d+241h )+ahr(ﬂw+2(p+zid+,lh )))&+(p+a'h’_+2.&d+2lh)15
2
i 2 (-§ Khr—)va—rhrNTrNVrSVrahrﬂw+(NTr+g)(p+'1d+’lh)(ahr +ld+lh))’v(ﬂvr +/"v ))
Ay=p+ap, + P, +22; +2+24,
A2=(ld+Ath+Ad+Ah }+2(p+2,1d+2,1h)}.v+13+ﬂvw(p+2id+2,lh+zv}+ahw(p+ﬁvw+2d+ih +2,lv)

.4l= ﬁvw(p'"'la' +lh)(ahw+id+ih )+(2(Ad +Ah)(p+;ld+i.h )+ﬁvw(p+2ld+21h)+&hw(ﬂvw+2(p+}.d+,{h)))/K}+(pf—ahw+2id+211h),13
1
(NTw"'g)

A=

7 (0 K Ko7 NS P Vs X0+ A+ X g+ 2y B A,
Ay=p+ay +ﬁvx +24, +2+24,
Ay =(Ad+.«lh X p+}£a, +)th )+2(p+21d+24h )Av+/13 +'Bvs (p+2ld+21h+2v)+ahs (p+ﬂvs +Ad +/Ih +2/1v )

A]= ﬂvs(’”'{d +’{h)(ahs+’ld+)‘hHaud”faxp”‘d*'lh )+ﬁw(p+21d+241h)+am(ﬁw +2(p+,%a,+/l‘,1)))/IV+(p+¢:|.v‘,u+2,{d+2,1‘,’)/l“;2

1 5
A= (Note) Npre) (“’ K s v Ky NTsNysSys@nsPos H(Np +8X P+ Ay + 4, X + 25+ )A, (B, + '{v))
s
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Equilibrium point is local stability if eigenvalues have negative real parts. when they are
according to the Routh — Hurwitz criteria:

A3 > 0,

AI > 0,

> 0,
AhA-A-£A4 >0
Consider condition of Routh — Hurwitz criteria as show with parameter above. Condition in

above is always true . So this disease free state is local stability for R, <1 when R, =

[[ 82 Khrev Fvahr Ner Nyr @nye Bor ] B [ &2 Rowsv Fyahw New Nyy any Byw ]
(g*Ner)? (04 Aa+ An) (anr+ A * An) Av (Bvr + Av) (g +*New)? (P + A+ An) (Ghw + Ad + An) Av (Byw + Av)
{ 62 Kpgov Kvona Nea Nyw Gy Bys ]]
(g+* Nea)? (0 + A+ An) (s * A + An) Av (Bva + Av)
D. Endemic disease state
The endemic disease equilibrium point
* - * . . - *

Bi= (8'y s E sl s s E
characteristic equation as follows:

A+ AN+ A+ A+ A4A+A=0
Where

vr ’Iavr’S‘hw ’E-hw’l‘hw ’E W’I vw’Sh.\- L] E hs’] hs ’E'vs ’].vs) h&S

82 fipe Kiryo Kogpe Py g
(o Meg) (Bg v A) (8 ne Rocaer B v (90 Ho) A)

AMepemyvIAg+32 +2A, +8, [1

- 1
(9 s b (b o 2o (8 ey Rous By e (90 Mad A}
(TR WA SRR IEFRP RIS PR ENRE T7TE EAEE ENE IR Y PRI VR PSSR SRR ST ERE PN P
By Ryl By
TT F T DTS B PG SRS SRR T8 W Sl (TVRT R TS FVRE ERIRE NS B AR PRSP LNT S TR PREE PREPRTITE ST T E PR PR P 1

1
B Rl B e 1) (i R B 19 Fl A)
(e M A 1By o 2 (e ) P rdgady) o2 (0o dy) (@032 3 k) Ao loedlgedhad A By (lAgs 3;) (20 e33a e i) e (padigedly) ic)e
Gy (i s ) Pohgo k) o28e2Rg o2 0p) Ay s Al o By (B2 2y =25 » AD)) -
By Kyqg Py (8K oy My Ba [(2a o &) lp-»\.u.)-?(ooit.-:&:h---\i B P2 N T h s h ) e el rdge e L)) .
(g0 My, ) By e As) (“,.;,:‘ Bodgod) o2 (hgely) (203053 0) A, s (BedNg =32 A o B, (g e by} (20032523 0)) e (Pedigedy) i)
Gy [l s ) (Pede o dy) e (pea2hg o2 ) du il o BeAer22 =210}
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& v Ko
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(9 + Bae) (B # 1) (8 i Kiw e # (94 H) 22

1
B oWt (e ) (8 ke B, B (90 B} 10
{(5 Mt & e e 20 (U v 1) T TR P TIC TYPE TR PSPS LIy B TTS PR ENPE ML EEE SR LR R et
| &l B B
(1B B B

ITYT WY WS SPRS PAEE R M LR 0 (B + 23 {4 s A} ﬂnl!hl)%)-I[D-lictlhlk--‘\f-,--h s digedi i) ey (9oburdigr2d20]))

1
R T B o) (B B P+ (97 B A}
(16 Bt & (B 0 b ((Rg 0 20T (20 da o 1) 02 (g By) (2503000 300 v (edd e 30 A e B (Lag e ) (200 3R e300 4 (e ¥R 0 ING A«
e (U o+ 20) Bedgady) 2320 s2h) Ay o i B (Pe2 222l e Ml))
i Fowar e (8K B B ({Ae » 20} (7Y VES R TTYE YRS PR B SRR LY VT PR N
@+ W) (Bw v 3od (g o )T (B0 da e ha) 02 Qv ) (200300 3M) 2, P PR PR LY S 1o WP Wt RS PORS PR RN TR PRI PR R
o (e d) o dgs M) 0210 TRe a2 ) X i B a2 02200 40))))

I N S R R I

PN I SOTEP T M UL Y TN S L o (ot Bd G e 20 (00 g e o) - 6 e B Koy B B (oo 2hs2hl}
5 E)t 908’
B 12 Lhg e B} (30 Ao M) o B
# e B Ko By B B, (00 24+ M) (e < 34 - 1)
TRt (30 B e s 102 B ) e o)
(8 e B B B B (1 ) B0e Godgode) (Omodgrhd o FILRL B Bran eIl Tk~
e T (G0 Be) e (9 (g e 1a) G20 2g o By) o B (e 20y e 20} v (8, -2 o der M)/ (@0 Be)? (b B, P o (50 )
P KL Ko B By B O 5 (9B B b + (90 ) (4 2 ) (B0 = 10)
T T T T e e e i dda (hg » da] By = L01)

A
Be2dge200) v iy s o) @ thgoinl Wedgo ) obu Re3dge 301} Aer lan bl?&-’l\il-ﬂo-t\qlt?ﬂ-lu-!hl?f.-

Bl (8 K B o 190 Ba) A1) 0

The eigenvalues of endemic disease state have negative real parts ,when they are according
to the Routh — Hurwitz criteria:
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A4 >0

A (i=1,2,3,4),

A >0,

Ah-B—-44 >0,

(g = A Ay =13~ A )~ A( A=A ) =47 > 0
Consider condition of Routh — Hurwitz criteria as show with parameter above. Condition in
above is always true. We can represent conditions (39)-(40) with the figure 2 as follows:

(37)
(38)
(39)

(40)
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Figure 2 The condition of Routh — Hurwitz criteria(39) — (40) in endemic disease state for
rainy season, winter season and summer season, respectively.
We found that all eigenvalues have negative real parts when R, >1 . This means that

the endemic disease state is local stability [3] for R, >1 when

R, =

5% Rnrar Rty Nee Wop 0p Buy

Keanw Mow New @nu B

[((q-w.

P17 (Pe g da) (anr ® Aa s &) Ao (Ber = 2v)

5% Rogor Koats Nea Mo @is Bua

(g Mea)® (00 Ad = Au) (ane = Ag * M) Ae (Bua * Ac) ]]

Results, Discussion and Conclusion

-~

(g * M) ® (0+ dg+ 23) (one +

A + An) Ae (Byw * Ax)

The transmission of dengue disease is analyzed by using the standard dynamical modeling
method. We have shown that several standard theorems in mathematical epidemiology can
be extended to this kind of SEIR model. R, can be expressed as

1* Mae Fah Luang University International Conference 201 2“
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[[ 8 Kyraw Rty Nag Hor @y By l( 6 Byuay Kowsw Now Ny O Bre }
(g Wer)? (0 da s da) (@nr + da v de) Ao (Byr + hy) {9+ Mew)® (0o ha e du) (@ o dg v J) Ay (Bow » e}

( 67 Fgur Frts Nog oy @y Bey ]]

(g Nea)? (P v Aa* An) (oma » As + &) Av (Bua * 2)

R, =

is the basic reproductive number of the disease. If R <1 , the disease-free equilibrium
state is local stable . If R >1 , then an endemic equilibrium is local stable. The results of

this study are used for finding the condition of parameters to be the way for controlling this
disease.
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Mathematical model of dengue disease with the different seasons

P. Pongsumpun’ R. Sungchasit’

'Department of Mathematics , Faculty of Science , King Mongkut’s Institute of Technology
Ladkfabang , Bangkok 10520 ,Thailand
e-mail:kppuntan@kmitl.ac.th

Abstract

In this paper, the transmission of dengue disease in the mathematical model is
analyzed. This disease is occurred by biting of the infected Aedes mosquitoes. Dengue
outbreak is found in the rainy, winter and summer seasons. Each season has the different
dengue outbreaks and they are depending on the environment temperature. The standard
dynamical modeling method is used in this study. The SIR ( S = susceptible , I = infected
and R = recovered ) model with season is studied. Conditions of parameters for determining
the local stability of disease free equilibrium and endemic equilibrium states are found. The
basic reproductive number (g, ) is calculated, giving a numerical measure of this particular

epidemic’s infectiousness. The disease free state is local stability when R, <1 .The endemic
disease state is local stability when R, >1 . The control of this disease is discussed in this
paper. .

Keywords : Dengue disease, transmission model ,SIR model, season.

Introduction

Dengue is a mosquito-borne viral disease found in tropical and subtropical regions
around the world. Dengue disease can not be directly transmitted between the people.
Transmission is occurred by biting of the female Adedes mosquito. The development of virus
and mosquito are affected by the climatic factors. When infected mosquito bites the human ,
thus the human are exposed and infected. Dengue fever (DF), Dengue Haemorrhagic Fever
(DHF) and Dengue Shock Syndrome (DSS) are three types of dengue disease. There are
four serotypes of dengue virus, namely DEN-1, DEN-2, DEN-3 and DEN-4. Infection from
one serotype grants life-long immunity to that strain, and also appears to temporarily grant
the host a degree of cross — protection. Dengue fever is caused by a type of virus called a
Savivirus, which is transmitted by infected female Aedes mosquitoes. We can catch the virus
if we get be bitten by an infected mosquito. Mosquito become infected when it bites an
infected person and pass on the virus for the rest of its life. Aedes aegypli mosquitoes carry
the virus that causes dengue fever and they infect 50 million people a year, including 500,000
serious cases requiring hospitalization [8]. In older children, teenagers and adults, the most
common symptoms of dengue disease are fever that comes on quickly and lasts two to seven
days but this usually is not severe, muscle and joint pain, a red rash that starts on chest, back
or stomach and spreads to your limbs and face, feeling sick, vomiting and diarrhea. The
symptoms of dengue fever usually begin between five and eight days after each person be get
bitten by an infected mosquito. In Thailand, the annual estimations of dengue fever cases are
depend on the season. Aedes aegypti is the principal transmitter of Dengue fever in Thailand
but it also transmits Chikungunya fever, yellow fever and Filariasis among other diseases.
Aedes aegypti prefers feed during daylight hours. They adapt very easily to human
surroundings and lay their eggs where there is water, including plastic containers, bins, plant
pots, etc. Thailand’s rainy season, starting from May through September, is also the high risk
period for dengue fever, a potentially serious condition is the most prevalent in tropical
countries. The moisture content temperature ,season and rainfall are influence to the
mosquito development. Dengue infection is endemic in Thailand. From the data of Dengue
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cases in 1992 — 2011, we can see that most dengue patients are occurred in rainy season.

We can see in figure 1.

The purpose of this paper is to incorporate this feature into the SEIR model. Models keep
“track of an individual's infection-age for particular diseases, for instance tubercolosis[3].

Esteva and Vargas developed a model for dengue disease transmission and included the

dynamics of the Aedes aegypti mosquito into standard SIR ( susceptible — infective-

recovered) epidemic model [5].

In this paper, we used SIR model for analyzing and finding the method to decrease
the outbreak of this disease. We analyze dengue model of seasonality compartment (rainy
season, winter season and summer season). '

Takdence rute per  TUWMI0
populatus

fﬁ?ﬁﬁ&#ﬁ€§$ﬁ $€ $$f@

Year

Figure 1: Reported cases of Dengue disease per 100,000 population in
Thailand during year 1992 and 2011 .

Methodology

The mathematical modeling for dengue disease describes the relevance of
human and mosquito population. In this study, we assume that the total human and
mosquito  population have. constant sizes. The human population is divided into
susceptible, infected and recovered classes for the first model. The mosquito population is
divided into susceptible and infected classes because the mosqulto never recover from
infection. The model considers transmission of dengue virus in human and mosquitc
population:

The dynamics of human population are given by

d

dt hr =H NTr rd hr ThShr_pN;_._’:alehr (1)

d

E;] p ] wSu ~Taly =71y, 01, @
Ny,

d

ERM =81, -t,1, -7, (3

d v dv-—’ W

;’_blnv = HWNT\r_Tn’Shw7rhShw_pW:—a-1m-Sm- 4

d d,_. .

—1,, = I.Sh, —Talp —Tudp =01, 5

df h pNT hh h ( )

d

d R, =01, —1,1,, -1,l1,, (6)

d dysns

ar S, = H Ny, —1,S,, TASA;“PK:‘ZI.,SM @)

d d, ps

dr —1I, = p%—;;jusm_rdlh_rhjhr -601, (3

d

ERJ:: =01, 1,1, -7,1, )

We define
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is the number of susceptible human population in rainy season,

is the number of infectious human population in rainy season,

is the number of recovered human population in rainy season,

is the number of susceptible human population in winter season,
is the number of infectious human population in winter season,

is the number of recovered human population in winter season,
is the number of susceptible human population in summer season,
is the number of infectious human population in summer season,
is the number of recovered human population in summer season

The dynamics of the mosquito population are given by:

d
=8, =P ~%,S, ~p—="2-0,S, (10)
dt .
d d,
=1, = pE>_ 1S -1.1, 11
d " er, +a " an
d

4, =P 1.8 —pot= LS, (12)
dt N, +a

d
i w = ety ™ v ‘-'T“'va - (1 3)
dt Ny, +a

d
2 S, =P 1.5, P22 1,8, (14)
dt n+a
d d
=1, = p—2_1.8, -1, 15
df v pNn, +a hs“ s whs ( )
We define

S, is the number of susceptible mosquito population in rainy season,
I, is the number of infectious mosquito population in rainy season,
s, is the number of susceptible mosquito population in winter season,
I, is the number of infectious mosquito population in winter season,
S, is the number of susceptible mosquito population in summer season,

~

is the number of infectious mosquito population in summer season,

where the parameters are defined as follows :

is the total human population in rainy season,

is the total human population in winter season,

is the total human population in summer season,

is the total mosquito population in rainy season,

is the total mosquito population in winter season,

is the total mosquito population in summer season,

is the natural death rate of human population,

is the death rate of human population due to the disease,
is the death rate of mosquito population in rainy season,
is the death rate of mosquito population in winter season,
is the death rate of mosquito population in summer season,
is the birth rate of human population in rainy season,

is the birth rate of human population in winter season,

21
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is the birth rate of human population in Summer season,
is the transmission probability of dengue disease from mosquito to human in

- H
d,
rainy season,
d,, 1s the transmissjon probability of dengue disease from mosquito to human in
winter season s

F

d,., i the transmissjon probability of dengue disease from mosquito to human in
summer season,

d,., isthe transmission probability of dengue disease from human to mosquito in
rainy season,

d,,,, 18 the transmission probability of dengue disease from human to mosquito in
winter season, '

d, . 18 the transmission probability of dengue disease from human to mosquito in
Summer season,

] is the Te€covery rate of human Population,

P is the biting rate of mosquito population,

a is the number of other animals available as blood sources.

We suppose that N, =S, +1I, +R, , =S, +I, +R,_ N, =S, +I,+R,, N_=§,_ +I, ,

Now=S,+1,, and §y _g ,;

We assume the total human and mosquito populations havye constant sizes
BN ~-N.,=0 in rainy season, d w=09% _oin winter season and
de ™ dr dr ™ dr ™
Z N =0, 4 N - o in summer season.
dr ™ dr *

Eh, ='”Sh*’ ’]-kr: Ly ’Ehr ‘R}i‘ 1S = S vjhw:—j‘hl !Ehw: K

i Ny, Ny, N, Ny, N,

§ =S : _ I, - R

Spe = 22 o 4y, =22 » Ry, = 2o

NT: N'ﬁ NT:
= 8 § =Sw : I, - g I
S:~—”’j o Swz-—"”h,]w:_‘?_sv,:—"’_’[w:_“'_

The total human and mosquito populations haye constant sizes. Thus rates of change
for human ang mosquito  populations equal to zero. Thug » the birth and death rates are
equivalent for human populations |, the tota] mosquito equal to 2, j, rainy season , the

total mosquito equal to 2. in winter Season and the tota] mosquito equal to £ in
ri’!' rw

Summer season,.
The reduced €quation become -

;{;S;, =t +1,) ~ (z, +7, + "";:":'a I.N)S, (16)
j':f,,, -{p /‘Z:j’a I.NS,) - (z, +1, +0)], a7
27, - p;;’—‘ Ioy S, ~a 0. as)
;%S'_h‘_ =(t,+1,) - (z, +1, +p]\i:’:’:'a f“,N»,)S_,", (19)
L= p AZT:"}: Luln5y,~(z, 1, +8)], (20)
%i_,, < 5 ;'Ia B8 v 1 @1
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%Slu =(r,+7,;) — (7, +7, + p;::,:awaw )§h (22)
Ay = p£f NS, —(z,+7,+0)I (23)
dt hs Nr, +a w” e hr d h hs

d - d

drIu = pﬁjm"vﬁgu _T\af\s (24)
Ts

R, .R,. .R,and s_.s . s_can be obtained from conditions §,_+7 + R, =1,
S, +1,,+R,, =158, +I,+R, =1, S, +1, =1, S, +I,, =1,and §_+1_=1.

Analysis of the Mathematical Model

A. Equilibrium Points
The equilibrium points are found by setting the right hand side of (16) — (24) equal to
zero. This gives

1)The disease free equilibrium point in rainy season, in winter season and in
summer season , respectively:

E,, = (1,0,0)
E,,, = (1,0,0)
E=(1,0,0)

2)The endemic disease equilibrium point in rainy season, in winter season and in
summer season.

Ey= Spolis 15) By = S Lo 1) and By = (8,13, 1,)

. 1
I;rrNTerpz thl' d

1 + " v—shr
(Ng, +a)(zr, +7,)1, Ny pd +(N;, +a)r,)

hr—wv

]‘ = (rh T rd )(NTvarlcﬁhravpdv—ihr - (NTJ- + a)2(9+ T}a + Td')rvf) s v _ ].
¥ Nfrm’:r—w (9 + Th * Td )N?“rﬁﬁv—»hr + (N]"r + a) (rh * rd )) v ]. 4 (N]"p + a)rw
]hrNTrlxih»—)\»
% = 1 :

1 4 ];II’NTWNMvp:V _q’hw—w dl'—hh\r
(Ng, +a)r, +7,)(

Fr\--NTn-pdhu—u- + (NTn- + a)rnv)
‘ = (Th + Td )(NTWN\W mhuh)\’M\’ahw - (NTW + (J)2 (6 b rb + rd )rl'w) v - l
U NT\--/xiku-—w(g + rh + rd )NTde\-Ath 5 (NTW + a)(rh i rd )) " 1 B (NTW * a)rm'

];:-\--NTu-denHv
. 1
Sy, = - , ’
IL,/IN,N_p°d,, d

s—v “v—ahs

1+ ,
(Ny, +a)z, +7,) 1, Ny, pd +(Ny, +a)r,)

hs—v
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P (T + 1)V Ny oy pA, 5 —(Ng, + )’ (O +7, + T4)7T,)

hs

. 1
Np,pdy, ,,(0+7, +T,)Np,pd, ;. +(Ne, +a) (7, +17,)) L. = ™ (N, +a)r,,

I;:Nh‘xihs—w

B. Local Stability
The local stability. of each equilibrium point is determined from linearizing equation
(16) — (24) about equilibrium point examining the eigenvalues of the resulting Jacobian
matrix. We now consider the eigenvalues of the Jacobian matrix at each equilibrium point.
From equation (16)-(24) ,The Jacobian matrix evaluated at E,,E, ,E,, is the 3x3
matrix given by

d
- (. +7,) 0 - (P2t N ) .
Ny +a for rainy season,
d
0 = +7, +60 =t R
(z, +71,+8) (er'M i)
0 dhr—w = —T'
L N; +a J
[ du—oh-
- (fd +7),) 0 = (p__Nm) -
N +a for winter season ,
' d
0 —(r, +1,+6 iz Ny
(z, Ty ) ( er.. a vw)
d
0 Ll ad N -7
i er.. S ™ ™ ]
. }
- (r,+71,) 0 - (p—=£_N) y
Ny, +a for summer season.
d
0 = (r, 41, +8) (p—=2_N_)
Ny,
d
0 hs—»v N -
L P N, +a " T ]

The eigenvalues are the solution of the characteristic equation , det(J -AlL) = 0.

To evaluate the determinant, where J is the Jacobian matrix evaluated at the equilibrium
point . /is the identity matrix.

(-A-7, -t N +ri+r) = 0, (—l—rh—‘rd)(/?.2+wll+w2) = 0,
(—A-17,= d)(,12+slz?.+sz) = 1)

Where
L i DN,
n=0+t,+7,+1, , rzz—ﬂh"” b I 4 (@+1,+1,)T,,
(N, +a)
d Ny ¥
w=0+1,+7,+1, , wzzﬁpd’""*" vk Twowe  (Q+1,+1T,)T,, :
(N, +a)
1o d, . N, N
$,= 041, 41,47, , 5, =L hsnCohs L %4 (@+71,+1,)1,
(N +a)

From the above characteristic equation , we can see that one of the eigenvalues are
~7,- 17, inrainy season, —7,—7, in winter season and —7, —7, in summer season.
From (2’ +nr1 +7,), (P +w A+ w,)and (A’ + 5,4 +s,) equal to zero.

The two conditions of Routh-Hurwitz criteria for local stability in second order
characteristic equation polynomial equation are

1) n >0,r, >0 inrainy season

2) wy >0,w, >0 in winter season
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3) 5, >0,s, > 0 insummer season
After we check the stability of equilibrium point, we cansee 7 ,7,,w, , w, and
N, +a)’(0+1,+1,)7 S
= Wy 20y (043, 4507, <1 in rainy season,

pzNTvarthvdv—)hr

s, .5, are positive when R,

N, +a)*(@+r1, +1,)1 : ;
=( v + ) ( 2 “')"‘”<1mwmterseason and

Rﬂw 2
p NTwNwthvdv—)hw
2
o
e Wy Ha) (0 45,48, )8, <1 in summer season. Moreover , we found that the

: pzNTSNwdhsavdv—bhs
disease free equilibrium point is local stable.

E,, ,E,,is determinant

C. Disease Endemic Equilibrium Point
The stability of the endemic disease equilibrium point , E,,

by looking at the eigenvalues of the Jacobian matrix, given follows:
[ d ; d oy
- (Ty+1,+p—_I'N,) 0 - (p=2-N_5,) .
Ny, +a Np +a for rainy season,
d
hr L v—rhr td
L2, —(r, +7, +0 —vbr N 8
(pNT'M,, ) (r, +7, +6) (pN,-,+a wShe)
0 p dﬁm NT.:S:r _rw
L N, +a ]
[ d,_,. d —
_ Pa— vosh  F 0 = —vethw  Ar O
e PN ta ™ Pt = for winter season,
F A d :
. ] N _ 6 v=shw N S
(p_—th i, ) (ry+7,+8) (er..M e )
d )
0 hee NS -
i er"_{_a o var L7 ]
- (an e LNy 0 - (pZomey_s7)
Ny, Ny, +a for summer season.
d_, . d ;
—wc¥hs [° AT — +8 —rths N @
(pNnM N (z, +1, +8) (er,+a wShs)
d .
0 e N 9 =
pNT,"‘a TiY v e ]

where S, .1,.1,.8S, .1 .1..,S,,1I, and I are given by equation the above . The
characteristic equation for the Jacobian matrix evaluated at the second equilibrium point,

given by (16) — (24) , is

3 2 .
season and A" + s, 4" +5,,4 +5;; = 0 in summer season.
+27, +2t,))))r,, +

A +n A +ryA+r; = 0 inrainy season, A +w,A +w,,A+w;, = 0 in winter
Ay Ty + T NP, N, +a(0+21, +27,)+ Np, (8 +2r, +21,)) + (N, +a)(-pd
hr—rv

(s (N7, + @)

v—shr

where
(t, +7,M0+7, +1,)+pd,,, (a@+7, +7,)(0+21, +27,)+ N, (87 +(1, +7,)(30 +d

= (Nr,pzd;,rm-
(N +a)' pd .\ (@47, +1,)0 Ny, +a)pd,_, (Npopd,, L (7, +7,)+ (N, +aX@+7, +1,)7,.)),

r.= (N, +a)p’d, ,.d, ... (N, pd, (1, +1,)+ (Np,+a)@+1,+1,)t ) (T, +T, 0+ 7, +7,)+(0+ 21, +2r,)r.) -
A, (N N, p%d, d, ., (1, +1,X0+1, +1,)+ pd, (7, +T, W@ (@ +7, +7,)} + N2 (@+7, +1,)0+ pd, ., +T, + T,)
+ Ny, (-N,p'd, .d,.,, +apd, O+t +1,)+2a@+1, +7,) )1, + (N, +a) (@+1, +7, ) pd,, (T, +T,)+

tpd,, (0 +1, +T NN/ (N, +a)p’d,, . d, ., (Np pd,, (1, +1,)+ (N, +a)@ +1, +1,)1,))

ny=={z, +t,(0+1,+1,)1,) (N,,;:dm_"(—(Nr’ +a) P:d»-.-dv-om(ﬁ + ra)*ﬂiv-h(*‘v-—pedb wloaie + Py, Ny, +a)(z, + TN +(N,, + a):
i AR ¢ (Np.pd,, (1, +7,)+ (N, +a)@+1, +1,)7,)) |

s eshr

(pd, . (od,, ., +pd,, ) ﬂ:dhr—o-dv—-b)(8+ o+t )r.)) [ (Ny, +a) o
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w,= (an’dh_,,d,_m(r,, +7,0pd, N, +a(0+27, +27,)+ Np, (0 +27, +27,)) + (N,, +a)—pd, Ny, +a)
(z, +T, N0 +7, +1,)+pd, (a0 + 7T, + 7,)(0+ 27, +27,4) +Nﬂ,(6’z +(z, + 1,030 +d,,.,, +27, + 2t +
(N, + aypmd,,, (0+7,+ TJ)T:- I((Np, + a)aCdth(Nmde-(Tn +7,)+(Np, + a)@+1, +7,)7.))»

wyn= ((Npn, +a)pd, 4, o Npp/d,, . (T, +7,)+ (N, +a)@+7, +1,)7,.) (r, + 7, M0+ 7, +7,)+(8+27, +21,)7,,) —
MHh(_Nﬂ'pr:dev-bh(rl +7, 00 +7, +7,)+ A, (T, +fi)(al(9+rn +Td)1 +N;\.(9+fh +T, )0+ Ay, + T, +74)
+ Ny (-N_p*dyd,p, +apd,,, (O +1,+7,)+ 200+ 7, +7,) 07, +(Np, +@)' (@ +7, +7, XA, (7 +T4)+
+pd,,, (@+7, +7, NN/ (Nr, +a)p'd,, . d, Ny Py, (Th +7,)+(Np, +a)@+1, +7, ) L9)) I

Wi =— ((rs +T B +T, +7,)7.) (Nppd, . (~(N,, +a) Pzd-..-wd.._.).-(ra +rl)+d--th(_prxdh-—wdv—om- +pd,, . (Ny, +a)r, + TN+ (N, +a)z
(Fd»..b-(pin.._w +pod,, ) prdh-udv-w-)(g"'fu +ra)r..)) (N, +a)p1dh—»-dv—nh(‘Nh—Fd§-—~ (z, +r¢)+(Nr- +a)@+1, + rg}f..,))»

sy = (NP dyydy (74 + T XA, 0 N o +a(@+2r, +21,)+ Np(6+27, +27,)) + (N, +a)(-pd,_,, (N, +4)
(r, +T, X0 +7, +1,)+pd, . (al@+1, + 7,)(6+2r1, +2-r,)+l'\fn,(91 +(r, +1, )30 +d,,,, +21, +2r,)))r, +
(Ny, +a)2 pd, . 0+T, +17, )T: /((Ny, +a)de-m(Nm£dqu(ra +7,)+ (N, +a)f+1,+17,)%,)),

55,= ((Ny, + a)p’d,, d, Ny pd, (7, + 7, Y+ (Ny, +a)@+7, +7,)7,) ((ry +T N0 +T, + r,)+(0+27, +2r,)1,) —
Mv—bh(—NﬂNszdh—wdv—Qh(rh +7,)80+7, +1,)+pdy, (T, + 74)(‘7!(0"'1. +7,)" + N,.'-‘,(0+ T, +T N0+ pdy,, + T, +7,)
+ Ny (~N, p*dyy sy +apd,, (0 +7, +7,)+2a(0 + 1, +1,) 01, +(Np +a) (@ + 1, + 7, Xy (7, +T) +
+lﬂm-w(9*rh +t¢))r:))l((NTs +a)p'dy, o dy (N oy, (T, +1,)+ (N, +a)@+1, +7,)1,,)) »

Sy=—((r,+ T N0 +7,+ 1.)7.) (Nr.-lx’h-w(—{Nn + a)pzdh-wdv—uu(fh +rd)+Pdv-ﬂ}u(_'Ntlpszuﬂvdv—bh +pd,, (N, +a)(r, + TN +H(N,, + a):
(pdo (o + Py )= P d ) (O +7, +7,)7,)) 1Ny, +8) pdy e Ny oy, (5, +T,) + (N + @)@+ 7, +7,)7,))

By using Routh-Hurwitz criteria, each equilibrium point is local stability when the
following conditions are satisfied,

1) 25 Wiy s 8y >0,
2) 7y, Wi, 853 >0
3) By > Tsas Wi Wa > Wiz > S5 > 533
We can see 7, , W, and s,, are always positive. then we consider the next
conditions. Consider r,; , wy, and s;, are always positive, and

Bty — T3 > 0wy Wy — Wi > 0,.8,85,— 553 > 0 are positive when R <1

Discussion and Conclusion

Mathematical model of dengue disease is analyzed by using the standard dynamical
modeling method. We have shown that the outbreak of this disease can be reduced by the

basic reproductive number (R,) and we defined R, for each season as follows:

_(Np + a2 (0+1,+T4) T _ (Nyy t a)’ B+t +T4) Ty

- 2 > 80w T
P NTvardhr—wdv—)hr

i and

2
P N TwN vwdhw—wdv—)hw

N. 20+ . .
Rys = ( 7;' +a) (O 7ptTg) Ty for rainy ,winter and summer seasons, respectively.
P NTstsdhs%vdv—)hs
If Ry, , Ry, and Rog <1 then the disease-free equilibrium state is local stable. If

Ry, » Royy and Ry > 1 then the endemic equilibrium state is local stable. The results of this

study are used for finding the condition of parameters to be the way for reducing the disease
outbreak in each season.
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ABSTRACT

The transmission of dengue disease in the mathematical model is
analyzed. We used SIRS model to describe the transmission of dengue
disease in mosquito due to the different of dengue transmission rate in
each season. Aedes aegypti and Aedes albopictus are primary vectors for
the disease. The human population is separated into three population such
as human in winter season, human in summer season and vector
population. The infection rate of dengue disease depends on difference of
the season and the number of the mosquito infected in season. We use
standard dynamic analysis method for analyzing mathematical model.
The conditions for the disease free equilibrium state and the endemic
state are determined from the value of the reproductive number for the
disease.

Keywords : Dengue, equilibrium state, mathematical model, SIRS model.
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1. Introduction

Dengue fever is transmitted to human by bitting of the female mosquitoes infected with a
dengue virus. When the female mosquitoes bites the human with dengue virus in their blood,
thus the human are exposed and infected. It can’t be spread directly from human to another
human. In a human, the virus incubates for 3 to 14 days before symptoms appear, with an
average symptom onset at 4 to 7 days. The exactly symptoms depend on age. In older
children, teenage and adults, the most common symptoms of dengue disease are a fever that
comes on quickly and lasts two to seven days, a headache, muscle and joint pain ( dengue
fever is also known as “breakbone fever” ), a red rash that starts on chest, pain behind eyes
and feeling sick and vomiting. Dengue fever (DF), Dengue Haemorrhagic Fever (DHF) and
Dengue Shock Syndrome (DSS) are three types of dengue disease. There are four serotypcs
of dengue virus, namely DEN-1, DEN-2, DEN-3 and DEN-4[1,2,3]. Infection from onc
serotype grants life-long immunity to that strain, and also appears to temporarily grant the
host a degree of cross — protection. Dengue fever is caused by a type of virus called a
Slavivirus, which is transmitted by infected female Aedes mosquitoes. Aedes mosquitoes are
commonly found in tropical and subtropical countries. -Each year, an estimated 100 million
cases of dengue fever occur worldwide. Most of these cases are in tropical areas of the world,
with the greatest risk occurring in the Indian subcontinent, Southeast Asia, Southern China,
Taiwan, Mexico, Africa and India. There are about 2.5 billion people—nearly 40 percent of
the world’s population live in areas where the disease can be acquired from local mosquitoe::.
According to the WHO, many dengue cases were reported in Southeast Asian and South
Asian countries during the first to eight months of 2010, with 60,000 cases recorded in
Indonesia, 58,000 in Thailand and 27,000 in Sri Lanka[7,8,9,10,11].

In recent decades, mathematical models were developed to investigate the infectious
epidemiology. Most of the models incorporate several factors of the disease to predict the
possible magnitude of the outbreaks. The moisture content, temperature, season and rainfall
are influence to the mosquito development. Dengue infection is endemic in Thailand. From
the data of Dengue cases rate and deaths rate in 2001 — 2013, we can see that most dengue
patients are occurred in rainy season. We can see as shown in figure 1.

Figurel : The reports cases rate and deaths rate of dengue disease in Thailand by year during
2001 -2013.[4] '

Reported Cases - Rate and Deaths - Rate by Year, Thailand 2001 - 2013.
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Esteva and Vargas developed a model for dengue disease transmission and included the
dynamics of the Aedes aegypti mosquito into standard SIR (susceptible — infective-recovered)
epidemic model [5]. This disease is occurred by biting of infected Aedes aegypti and Aedes
albopictus mosquitoes. Dengue outbreak is found during the rainy season. Each Aedes
mosquito has the different dengue outbreaks and they are depend on the temperature and
areas[3]. Dengue outbreak is found in the rainy, winter and summer seasons. Each season has
the different dengue outbreaks and they are depend on the temperature of the environment[6].
In this paper, we develop the transmission of dengue disease by formulating the mathematical
models. We used SIRS model for analyzing and finding the method to decrease the outbreak
of this disease. We analyze dengue model of seasonality compartment (rainy season, winter
season and summer season).

2. Methodology

The model consists of the standard SIRS model, where S, I ,R denote the number of
susceptible, infectious, and recovered hosts, respectively. The mathematical modeling for
dengue disease describes the relevance of human and mosquito population. In this study,
we assume that the total human and mosquito population have constant sizes. Hence,
the set-of ordinary differential equations (ODESs) representing the SIRS model is given by:

The dynamics of human population are given by

S, RN, -z 2= [ 5 _p 5 46K (1a)
dr N, +g
di b = = "
Lo cr oo [ 5, —n,1, ], (1b)
dt N, +g
dR . -
£ - yI-n,R -0 (1c)
dt y r qd’ r r
By o Bymuis _wLam (1d)
e WNr an+gle,, 45 +OR,
dl - = _ N
e crleue 15 g, -yl (1)
dt N +g
dR, = _
2% - yI.-n,R.-0R (1)
& w Tl tt, En
S, SN, -zl [ 5 _p 5 40K, (1g)
dt N,+g
dI b = 2o s e

t=r= 13 g T, -yl (k)
dt N,+g
dR - - _ :
e = yL-nR-0F, (19)

The variables are defined as follows: § is the number of susceptible human population in
rainy season,7, is the number of infectious human population in rainy season,® is the
number of recovered human population in rainy season,s_is the number of susceptible
human popn'ation in winter season,j_ is the number of infectious human population in
winter sez o ,g_ is the number of recovered human population in winter season, §, is the
number of s sceptible human population in summer season, ;, is the number of infectious

human popv ation in summer season, k, is the number of recovered human population in
summer season.
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The dynamics of the mosquito population are given by:

B Vo (e ] e 1)), -5, (28)
dt N, +g N, +g N,+g
e (L) ]y r (22 [ ))5, —n, ], (2b)
dt N, +g Nn.+g Ny, +g
We define
Tablel : Definitions of variables and parameters for our model.
variable/parameter definition
S, the number of susceptible mosquito population
I, the number of infectious mosquito population
Ny the total human population
Ny, the total human population in rainy season
Nn the total human population in winter season
Ny, the total human population in summer season
N, the total mosquito population
N4 the natural death rate of human population
R the birth rate of human population in rainy season
4 the birth rate of human population in winter season
s the birth rate of human population in summer season
by he the transmission probability of dengue disease from mosquito to human
in rainy season '
by the transmission probability of dengue disease from mosquito to human
In winter season
B the transmission probability of dengue disease from mosquito to human

In summer season

the transmission probability of dengue disease from mosquito to human
In summer season

- the transmission probability of dengue disease from human to mosquito
in rainy season ]

By the transmission probability of dengue disease from human to mosquito
in winter season

Brrre the transmission probability of dengue disease from human to mosquito
N summer season

’ the recovery rate of human population

the biting rate of mosquito population

@ [~ =

the infection rate of human population

g the number of other animals available as blood sources

We suppose that N, =S, +1, +R, N,=S,+1,+R, N, =§,+f: +R_ and N,=5,+1, .

We assume the total human and mosquito populations have constant sizes ¥V _  in rainy

dt
season, 4¥n. _ ;in winter season, 9Vr. _ oin summer seasonand 94V, _ .
dt dt dt
S I R K I R, K I R,
G fomit B g ate gt pede o S8 b zeE,
NTr NTr NTr N;o-.,, NT- NT\- NTJ Nﬁ NII
ol s ,I - v
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The total human and mosquito populations have constant sizes. Thus rates of change for
human and mosquito populations equal to zero. Thus, the birth and death rates are equivalent

for human populations , the total mosquito equal to V.

q'
The reduced equations become:
. = R“TL"—"'—JI, (-Ii) S, -n,8, +0(1-5,-1))
dt Np+g .,
LARPR I RLAY Yy e
dt Np+g n,
s, _ W—-rh—lv <5, -1, 8,+6(0-5,~1.)
dt Nn+g " n,
d
Lo wploiwe y Vyg pr yr,
dt Ny, +g 7,
By selew Yy s +0(1-8,-1,)
dt N, +g 7,
dl v
T LAy ey
dt Np+g " 'n,
b b b
E&= (f(£1, N, )+7( s IwNm)+T(£LI. NT‘))SV_,]J”(:;g)
dt N, +g N, +g N, +g

(3a)
(3b)
(32)
(3d)
(3¢)
(3

from conditions S, +7, +R, =1, S, +I,+R,=1,S +I,+R, =1land S, +1, =1.

3. Analysis of the Mathematical Model

From the above equations, we find two equilibrium states; the disease free equilibrium

state 4, = (1,0,1,0,1,0,0) and the endemic disease equilibrium state 4 =(S,.1,,8,,.1.,

where

s = U+n4)n, (R+0)

T I +0) + 1L V(y 40, +O) e,

I = I, V(R+O)rw,
+nadn, (g + O +1, V(y+n, + Ora,

s = r+na)m, (W +6)

Y )N +0) I, V(y +ny +O)rw,

e I, V(W +60)rw,

T ) O+ I V(yn, + O,

& . r+74)7, (5+0)

L )0, (a4 0) + 1, V(r+ 1, +0) 1w,
_ I, V(R+8)ro,
LI O Vi, + O o,
P om 1,

m Ay Npmr+ g, I, Nyt + 1,1, Npgyt

with
b b
o= v—rhr s o, = v-rhw s =
NTr +g Nrw tg
b —S v b v
m= hr s n= hw— _

Np+g —Nm+g'

and

b

v=hs

Np+g

bﬁ!-!v

NTJ+g

S, .1,

£ Rhar 24

1)
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% 17; @; Ny,
The reproductive number, E, is defined by E, == = . The parameters are defined as
T
follows: 7, =1/(365*74.61), y =1/4.5,0=1/((180+365) / 2).. WE suppose that
3.961x10% y,

N =<Nrp><n; ><w, >7*. Thus, we obtain E,= <Ny > the weighted average

8.8083x1022

defined as <N, > = N, + N, +Ny,, <n > when i=1,2,3 and <w. > when i=1,2,3. Which is
. T Tr Tw Ts i i
n; the efficiency of the transmission of the dengue virus to the mosquito from human in each

season (rainy, winter, summer).

4. Numerical Simulation
In this paper, we are interested in transmission of dengue disease with the season. The values
of the parameter used in this study are as follows: 7, =1/(365*74.61) per day corresponds to a

life expectancy of 74.61 years in human. The other parameters are arbitrarily chosen. We
presented the numerical solutions of (3a) — (3g) for endemic equilibrium state on the follows

figures.

Figure 2 : Numerical solutions of (3a)-(3g), demonstrate the times series of each human
population, for E;>1 in rainy season, in winter and in summer. N, =190,000,

Ny, =95,000, N, =30,000, N, =20,000, n, =1/(365*74.61),y=1/4.5, =35, n, =1/4,
@=1/((180+365)/2), g=3800 and R,=2.13674.
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From the above figures we can see that the solutions converge to the disease free state
for E,<1.1f E,>1 the solutions oscillate to the disease endemic state [12, 13, 14, 15];

5. Results, Discussion and Conclusion
When the value of E, is lowered such as lowering the weighted average efficacy <, >or

changing the transmission probability of dengue disease from mosquito to human <m; > or
changing the transmission probability of dengue disease from human to mosquito in the
difference season. The incidence rate at the equilibrium state 4, , can be determined by
setting the time rate of change of the different season (by using equations 3a — 3g ) and the
equivalent equations for the infected and recovered to zero.
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Figure 3 : The value of solutions of each human population, for in infective rainy season,
winter season and summer season. 7q =1/(365*74.61), ¥ =1/45, n,=1/4, 0=1 /((180+365)/2).
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From fig.3, the variables are /,»/,, 1, and J . The number of infectious mosquito population
affect the value of ; ,j and I,- When are the number of infectious mosquito population
increase will do the number of infectious population of different season.
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ABSTRACT

Model of dengue epidemics are parametrized on disease incidence data
and therefore high — quality data are essential. Dengue disease is
occurred by biting of the infected Aedes mosquitoes. When infected
mosquito bites the human, thus the human are exposed and infected.
Dengue fever (DF), Dengue Haemorrhagic Fever (DHF) and Dengue
Shock Syndrome (DSS) are three types of dengue disease. dengue virus
is separated into DEN-1, DEN-2, DEN-3 and DEN-4. The Symptom of
each dengue case is depending on type of dengue disease (DF,DHF,DSS)
that each person is infected. In this model, we studied the yearly
distribution of dengue cases between 2000 and 2012.The curves are fitted
with data. Mathematical model is formulated by type of dengue disease.
Numerical simulations of the model are shown by solving a system of
differential equations. It shows that the local stability of endemic and
disease free equilibrium states are depend on the basic reproductive rate
of the disease.

Keywords; DF,DHF,DSS, transmission model, SIR model, Aedes aegypti .
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1. Introduction

Transmission of dengue discase is occurred by biting of the female Aedes ‘mosquito. The
development of virus and mosquito are affected by the climatic factors. When infected
mosquito bites the human, thus the human are exposed and then infected. Dengue fever (DF),
Dengue Haemorrhagic Fever (DHF) and Dengue Shock Syndrome (DSS) are three types of
dengue disease. There are four serotypes of dengue virus, namely DEN-1, DEN-2, DEN-3
and DEN-4. Infection from one serotype gives life-long immunity to that strain, and also
appears temporarily immune with the other strains. Dengue fever is caused by a type of virus
called a flavivirus, which is transmitted by infected female Aedes mosquitoes. We can catch
the virus if we get be bitten by an infected mosquito. Mosquito become infected when it bites
an infected person and pass on the virus for the rest of its life. Aedes aegypti mosquitoes
carry the virus that causes dengue disease. There are 50 million cases a year, including
500,000 serious cases requiring hospitalization[1,2,3,4].

Dengue fever (DF), a viral mosquito — borne infection is a major international public health
concern with about 3 billion people at risk of acquiring the infection [5]. It is estimated that
every year, there are 70500 million dengue infections, 36 million cases of DF and 2.1
million cases of DHF/DSS. There are more than 20,000 deaths per year [5,6]. Infection by
dengue virus causes a wide range of clinical manifestations and its classification into DF and
DHF/DSS are given according to World Health Organization (WHO) guidelines. DF is an
acute febrile viral disease frequently presenting with headaches, bone or joint and muscular
pains, rash and leukopenia as symptoms. DHF is characterized by four major clinical
manifestations: high fever, haemorrhagic phenomena, often with hepatomegaly and, in severe
cases, signs of circulatory failure. Infected patients may develop hypovolaemic shock
resulting from plasma leakage. This is designated DSS and can be fatal [7].If DF cases are
often benign or asymptomatic, DHF cases may evolve towards a group of symptoms with
haemorrhagic fever leading to shock or DSS. In Thailand, the annual estimations of dengue
fever cases are depend on the season. Aedes aegypti is the principal transmitter of Dengue
fever in Thailand but it also transmits Chikungunya fever, yellow fever and Filariasis among
other diseases. Aedes aegypti prefers feed during daylight hours. They adapt very easily to
human surroundings and lay their eggs where there is water, including plastic containers,
bins, plant pots, etc.This disease is occurred by biting of infected Aedes aegypti and Aedes
albopictus mosquitoes. Dengue outbreak is found during the rainy season. Each Aedes
mosquito has the different dengue outbreaks and they are depend on the temperature and
areas [7]. The symptom of each dengue patient is depend on the type of dengue disease that
each person is infected[8]. Dengue infection is endemic in Thailand. From the data of Dengue
cases in 2000 - 2012, we can see that most dengue patients are occurred in rainy season [9].
Models keep track of an individual's infection-age for particular diseases, for instance
tubercolosis[10]. Esteva and Vargas developed a model for dengue disease transmission
and included the dynamics of the Aedes aegypti mosquito into standard SIR ( susceptible
— infective-recovered) epidemic model [11] and each season has the different dengue
outbreaks and they are depend on the temperature of the environment. The standard
dynamical modeling method is used in this study. The SEIR ('S = susceptible , E= exposed ,
I'=infected and R = recovered ) model is used[12].

In this paper, we study the yearly distribution of dengue cases (DF,DHF,DSS) in Thailand
(2000 -2012) by finding the analytical approximated equations. We used SIR model for
analyzing and finding the method to decrease the outbreak of this disease.
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2. Methodology

We analyze the data of dengue cases in Thailand [13] , between 1992 and 2012 by fitting
curves.

We denote x; as the 1 i year and £ (x,) as the number of dengue cases (DF, DHF,DSS) of i

year .Here, we use the polynomial curve fitting to find the best analytical approximated
equations.
Consider the general form of Polynomial order j

f(x,) = a+bx,+bx] +bx' +..+bx! = a-!—tbx (1)

where a, by,ba,...,bj are some coefficients; i=1,2,3,...,n and n is the total data sets. Error-
Least squares approach is the method to find the general form of the Error -Least squares
approach. We define

err=3d) 2)
where d,=y,— f(x);i=123,...,n; yi is the real data of dengue cases in each year and
f(x,) is the approximated number of dengue cases from fitting curves.
Thus,
ar= 30— ()’ 3)
then we obtain;
er = 3y~ (a+ Lbx!)’ @

Coefficient of determination is the proportion of variability in a data set. The value of R? is
always positive and it is between 0 and 1. If this value is closed to 1, then the model is
appropriated. We define

()=
R=H— (5)
20, -y
where ¥ is the average of real data. From the data of dengue cases (DF DHF,DSS), we
found the polynomial equations and coefficient of determination (R?) as follows:

Table 1 : Polynomial equations and R? of DF cases by year (2000 —2012)

Polynomial equations R’
0.2497x* — 0.2908x+27.197 0.3871
0.0033x° +0.1797x* +0.1159x+26.637 0.3872
—0.0776x* +2.1759x" — 19.895x" + 68.243x—36.679 0.6209
0.0208x° —0..8073x* +11.453x> —71.702x" +188.68x+121.74 0.7743
—0.0011.x°+0.068x° —1.15714x" +17.452x> —95.067x* +229.68x—145.46 | 0.778

Table 2 : Polynomial equations and R? of DHF cases by year (2000 —2012)

Polynomial equations R*
0.468x* —9.0354x+105.69 0.0834
0.1337x> —2.3393x* + 7.2739x+83.235 0.1031
—0.1925x" +5.5232x> —52.138x% +176.27x—73.831 0.4993
0.056x° —2.1508x" +30.422x" —191.18x* +499.5x+302.12 0.8036
—0.0115x° +0.5402x° —10.001x" +92.048x> —431.21x* +920.72x+545.86 | 0.9117
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Table 3 : Polynomial equations and R” of DSS cases by year (2000 - 2012)

Polynomial equations R’
0.0213x* — 0.3056x +3.1742 0.0402
0.0032x° —0.046x* +0.0851x+2.6362 0.0495
—0.0077x" +0.22x> —2.0495x” +6.8846x—3.6831 0.5755
0.0013x° —0.053x* +0.7956x" —5.2638x" +14.357x—8.9605 0.7089
T 0.0002x° +0.0106x° —0.2032x" +1.9749x’ — 9.8569x +22.417x—13.625 | 0.7414

“Table 4 : Polynomial equations and R? of DF deaths by year (2000 —2012)

Polynomial equations R’
—0.000004x* +0.0006x —0.0013 0.0013
— 0.0000008x +0.0002x> —0.0006x 0.0004 0.4
~ 0.0000002x" —0.000006x" +0.0007x” —0.0025x+0.0023 0.4712
0.00000009x° —0.000003x" -+ 0.0004x — 0.002x* +0.0041x—0.0026 0.6631
~ 0.000000002x® + 0.0000002x° — 0.000005x" + 0.0005< —0.0026x +0.0052x—0.0032 | 06642

Table 5 : Polynomial equations and R? of DHF deaths by year (2000 — 2012
yn q

Polynomial equations R’
0.0006x* —0.0106x+0.0788 0.1412
0.0001x° —0.0017x* +0.0029x+0.0602 0.1649
~0.000009x" +0.0025x> —0.024x" +0.0784x—0.01 0.3036
0.000005x° —0.0018x" +0.024x* —0.1441x” + 0.3578x—0.2073 0.7019
~ 0.000001x° +0.0005x° —0.0088x" +0.0798x" — 0.3595x% +0.7356x—0.4259 | 0.8544

Table 6 : Polynomial equations and R” of DSS deaths by year (2000 — 2012)

Polynomial equations R’
0.0008x* — 0.0147x+0.1606 0.0796
0.0002x° —0.0033x? +0.0091x+0.1278 0.0944
—0.0003x" +0.0084x" —0.0788x” +0.2653x—0.1103 0.415
0.000009x° —0.0036x" +0.05x> —0.3112x* +0.8056x—0.4918 0.7144
—0.000002x° +0.001x° —0.0176x" + 0.1605x° —0..7418x> +1.5612x—0.9291 | 0.837

From the above tables, the appropriated equations are 6 ™ order polynomial equations
because R? converges to 1.
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Figure 1 : The real data and the corresponding fitted curves of dengue disease (DHF,DSS
DF) in Thailand (a)Cases and (b) Deaths by Year).
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3. Mathematical model ‘
In this study, we assume that the total human and mosquito populations have constant
sizes.” The human population is divided into susceptible, infected and recovered classes. The
model considers transmission of dengue virus in human and mosquito population:
The dynamics of human population are given by

ips(:) =y P, —1,Ds(t) —a; Oy Ds(:)Ai(:)—(l—a,)B‘”’”’ Ds(1) Ai(t) (6.1)

dt P, +c B, +c

iFi(:) =a STy Ds(t) Ai(t) -7 ,Fi(t) —6,Fi(t) ‘ (6.2)

dt : P, +c 1 '

4 " =(1-a) diid Ds(f) Ai(t)—7, Hi (t)— B Hi (t)— (1— B)Hi (1) (6.3)

dt B, +c

%HF:‘ (t) = B Hi(6) 7, HFi (t)~ 8, HFi (¢) (6.4)

%Si(r) = (1— B) Hi (1) — 7,4 Si(t)—7,, i (£)— 5, 5i (1) (6.5)

%Dr(t) _5,Fi(f) +8,Hi (t) + 85 Si (€) —7,Dr(t) (6.6)
We define

Ds(1) is the number of susceptible human population at time t,
Fi() is the number of DF infectious human at time t,
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Hi(r) is the number of infectious human who be suspected with DHF infection,
HFi(f) is the number of DHF infectious human at time t,

Si(1) 1is the number of DSS infectious human at time t,

Dr(t) is the number of recovered human population at time t.

The dynamics of the mosquito population are given by :
Ow

d ; _p Oog . B

EAS(!,)— =P, P tc Fi(t) As(f) + P te Hi(t) As(t)—17, As(1) (7.1)
d . _ GWW = gway . _ "

= Ai(t) = P +c Fi(t) As(t)+ P e Hi(t) As(f) -7, Ai(t) (7.2)

We define
As(1)  1s the number of susceptible mosquito population at time t,

Ai(r)  is the number of infectious mosquito population at time t.
The parameters of our equations are defined as follows:

P, is the total human population,

P, is the constant recruitment rate of mosquito population,
y is the birth rate of human population,

] is the biting rate of mosquito population,

a is the probability of infection with DF,

I-a, is the probability of infection with DHF,

B is the probability of patient with type DHF plasma leakage is not in shock,
1-p  is the probability of patient with type DHF plasma leakage in shock,

c 1s the number of other animals available as blood sources,
Ty is the natural death rate of human population,
T, is the death rate of human population due to the disease,

A is the death rate of mosquito population,

@y 1s the transmission probability of DF from mosquito to human ,
@y 18 the transmission probability of DHF from mosquito to human,
@y 18 the transmission probability of DF from human to mosquito,
@y 1S the transmission probability of DHF from human to mosquito,

T

8 is the recovery rate of human population from DF infection,
8, is the recovery rate of human population from DHF infection,
8, is the recovery rate of human population from DSS irfection.

We suppose that B, = Ds+Fi+Hi+HFi+Si+Dr and N,= As+4i we assume the total
human and mosquito populations have constant sizes ditP,, =0 and %P, =0

4. Analysis of the mathematical model
Equilibrium Points:

The equilibrium points (Ds",Fi",Hi",HFi",8i",Dr" , 45", 4i") are found by setting the right hand

side of (1.1) — (1.6) and (2.1) — (2.2) equal to zero. The system has two possible equilibrium
points: disease free equilibrium point and endemic discase equilibrium point. This gives

. — . P,
1) Disease free equilibrium point: $, = (~*£,0,0,0,0,0 ,Q,O)
Th Ty

2) Endemic disease equilibrium point: S, = (Ds", /i, Hi*  HFi* i .Dr" ,As", Ai") where
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. By ’
- 8.1
g Ai(ay (z,—£2)+52)+r,, ( )
W AiPa, y g (8.2)
(Ai(a, (g “52)"‘6'2)'*'?1:)(51 +173)
. o AR (-l+a))ye, (8.3)
(I+7,X4i(a, (5 —£)+&)+1,)
= AiF(-1+a)) Bre, (8.4)
(I+7, X i (a, (g —&2)+&)+ T NS, + 7)
§i* = j‘“Ph(_l +a )(—Hﬁ)}’é’z (85)
(I+7,)(Ai(e (5 —.92)+52)+r,,)(52 + 1, +1,)
AiP,y _@&9  (Cl+ay)fe,s, __Cl+a)fBes,
. YU a+r, (47X +73) (147, )83 +1, +1,)
Dr = : (8.6)
7, (i (e, (¢, —&6)+&;)+1,)
P b i (8.7)
AI.P,' 7(a,€1£‘3 +(—‘l+a])£z 546‘1 +(a'18|83 +(“l+ a])gz £4)l“,,)
(I+7,)(Ai (e (&1-8)+8,)+7, )8, +17,) '
. B r@ag +(-1+ a))e, £,8, +(ay&,¢, It ay)e, £4)1) - 1,(141,) (8, +1,)c2) (8.8)
(r, (Py(ay 6,65 +(-14 ))&, 648, +(ay 6,55 +(-1+a))s, £)1)+ (7 (5 —&)+& )1 +7,)(8; +1,)7,))
. _Bag)  (Boy) _(Bagy) _(Bay,)
- B+0) " (B O T Bt T (Bro
and
D, = FBF, 7a1(5|£3(1+fh)+ £ 6,(6,+1,))

G+ 1, XBB yey 6, + 7, (1+1,)1))
It can be seen from the above equations that the steady state solution is positive for D, >1

‘The local stability of each equilibrium point is determined by the sign of eigenvalues for
cach steady state. If all eigenvalues have negative real parts, then that steady state is local
stability [9]. The eigenvalues are obtained by solving the following characteristic equation

det (J —yd,)=0

where /s the identity matrix dimension 8x8

or the disease free steady state S, = (fﬂ,o,o,o,o,o ,5-,0) , the Jacobian matrix is given by
Ty 7,

Hn) (a5 A)-((1-a)(e)4)-p 0 0 0 0 0 0 -(aD9)-((i~a,Xe,)Ds) ]
' (@6, 4i) H)-(&)-v 0 0 0 0 0 (a6, D)
((1-a ) (e,) 4i)) 0 (Hn)=(A-0-)-v 0 0 0 , 0 ((1-a,)&,) Ds)

) 0 B Hn)-E)-v 0 0 0 0

v 0 (S)] 0 (Hr)-(r)~(&)-v 0 0 0

0 4 0 s, & -(n)-v 0 0

0 ~(&,45) ~(£,45) 0 0 0 HeF)~(e, H)~(r, )=y 0

0 (£,4s) (&,4s) 0 0 0 (&, Fi)+ (e, Hi) (-r,)-w ]
where

WSS o = Asw=_rh—51,y/=_rk_5]_rdsw=_Tv,

Tl.z characteristic equation is defined by ¥ +Ay’+4, y+4,
where
! % +2r0, 4,
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PP +&, £, -
4= (147,)+(5,+1,)- 207 (@58 +e, ¢, “’515‘)+(1+6,+2r,_)r”
rkrv

1
A, =——(~—P,,Ry(a;£,s, - (-1 +a,) ¢, £, S, + (5,6, +6,8,~a ¢, £, )+1,(1 +7, X4, +7,)1?
rkrv

We check the sign of eigenvalues by using Routh Hurwitz criteria can impact eigenvalues
with negative real parts. If the characteristic equation satisfy Routh Hurwitz criteria, we can
say that the steady state is local stability. Thus, this disease free state will be local stability
when D, <1.0n similarly method, we found that the disease endemic state will be local

stability when D, >1.

5. Numerical results
The parameters are given as follows: 7, =1/(365*74.6) corresponds to the life expectancy of

74.6 years for human, &,=1/5 corresponds to the 5 days at which qQuarantine human change
to be recovered human for DF, 3, =1/6 corresponds to the 6 days at which quarantine human

change to be recovered human for DHF, 6,=1/3 corresponds to the 3 days at which

quarantine human change to be recovered human for DSS. The other parameters are arbitrary
chosen

Casesl. D, < 1;

Figure 2 : Times series solutions of susceptible, DF infectious human, DHF infectious human,
DSS infectious human, susceptible mosquito population, infectious mosquito population,
respectively.
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The parameters are

7,=1/(365*74.6) ,6,=1/5 ,5,=1/6 ,5,=1/3, F,=100,000, F,=8000, @,,, =1/8 , w,, =1/10,
w,, =113, @,,=1/7,7,=1/2,2,=0.7, =0.007, D,=0.319108 The solutions converge
o the disease free states (272290, 0, 0, 0, 0, 0, 98000, 0)

Cases2. D, >1;

Figure 3 : Times series solutions of susceptible, DF infectious human, DHF infectious
human, DSS infectious human, susceptible mosquito population, infectious mosquito

population, respectively.
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The parameters are 7, =1/(365*74.6) ,§,=1/5,65,=1/6 ,0,=1/3 B,=100,000 ,
P,=48000,a)m=1/8,a),m=1/10,a)n,=1/3,a)m,=1/7,r,=1/2,a,=0.9,ﬂ:0.04,

D, =2.3622 . The solutions oscillate to the endemic discase states (100182, 26.1172,
0.515961, 0.113488, 0.550336, 164588, 671749, 206.223).
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Figure 4 : Times series solutions of susceptible , DF infectious human, DHF infectious
human, DSS infectious human, susceptible mosquito population, infectious mosquito
population, respectively.
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The parameters arc 7, =1/(365*74.6) | 6,=1/5,5,=1/6 ,0,=1/3

£,=100,000, £, 78000, &, =1/8, @,,, <1/10, @, =1/3 ,@,,,=1/7 , 7, =1/2, @,~0.7
$=0.007, D, =3.43912 . The solutions oscillate to the endemic disease states (61654.8,
31.9637, 0.631462, 0.138894, 0.673532, 201432, 0.000001091, 410. 1).

When vaiuc of probability of infection with DF (&;) and probability of patient with type

DHF plasma leakage is not in shock (ﬂ ) ,as aresults Fig 3 converge to endemic faster
than Fig 4.
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6. Discussion and co. lusion
In this study, we constricted the mathematical model of dengue cases (DF,DHF,DSS) and
analyzed the results by using standard dynamical modeling method. The basic reproductive

number is defined by D, .From Fig 3 ,parameter values are a, =0.9 ,3=0.04 and Fig 4,

parameter values are &, =0.7, =0.007 ,so that the convergence of the graph are different.
The others parameter were, too. Therefore, we know that, when values a; ( the probability of
infection with DF) and g (the probability of patient with type DHF plasma leakage is not in
shock), the convergence to endemic state are different. The time series parameter inference
shows different dynamic behaviours, depending on the data collection to be described via the

modeling approaches. The output of this model should introduce the way for reducing the
transmission of this disease.
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