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Abstract

In males, testosterone is the primary sex hormone that is secreted in a
pulsatile manner. The biosynthesis of testosterone is controlled with hormonal
interactions via feedback and feedforward relationships in the complex dynamical
system. Mathematical models for the regulation of male sex hormone have been
studied to understand the interaction of hormones in biological system. In this study,
the modified mathematical models with a time delay were developed from the
mathematical model proposed by Greenhalgh and Khan (2009). In the first model,
the mathematical model was constructed to describe the feedback mechanisms
concerning of the cycle of the male hormonal balance on the influence of variations
in the sex hormone-binding globulin (SHBG) concentration. For the second model,
the relations which explain the rate of binding SHBG to testosterone was conducted
into the mathematical model in order to investigate the change of SHBG-bound
testosterone at the time that testosterone is released into the bloodstream and then
bind to SHBG. The standard dynamical modeling method was used to analyse the
mathematical models that include a delay in order to obtain the conditions under
which bifurcation phenomenon occurs. Numerical simulations were performed to
illustrate the analytical results which correspond to the behavior of testosterone
secretion. In addition, the models will be developed to study factors causing

hormone imbalance.

1I



Keywords : Hypothalamis-Pituitary-Gonadal axis, Mathematical modeling,

Testosterone, Homeostasis, Gonadal steroid hormones.

I



Acknowledgements

First, | would like to express my sincere and immense gratitude to Associate
Professor Dr. Puntani Pongsumpun, my principal supervisor, for her guidance,
invaluable advice, continuous interest, patience and support throughout this study
which enable to complete this thesis successfully. Anything that | could have
humbly learnt and hopefully continue to learn from her as an excellent professor,
and as an intellectual have been and will be invaluable assets to me.

| am also equally grateful to my co-advisor , Professor Dr. | Ming Tang for his
support, advices, suggestions, valuable comments and for sharing his knowledge and
expertise throughout this study.

| would like to thank to Assistant Professor Dr. Kanchana Kumnungkit,
Assistant Professor Dr. Jaipong Kasemsuwan, Dr. Decha Samana and Assistant
Professor Dr. Klot Patanarapeelert for taking part in my thesis committee and
providing valuable comments, which | surely will benefit in my future research.

| would like to thank the Centre of Excellence in Mathematics (CEM) for
funding the work done in this thesis.

In addition, | thank profusely all the staffs of the Faculty of Science, KMITL for
their kind help and co-operation throughout my study period.

Last but not least, | would like to acknowledge with gratitude, the support
and love of my beloved family — my parents, brothers and sister. | am extremely

thankful for everything that they gave to me until now. They all kept me going.

Miss Tareerat Tanutpanit

v



Table of Contents

ADSTFACT IN Tl
ABSTraCt IN ENGUSN...cuiie e
ACKNOWLEAGEMENTS. ...t
Table Of CONTENES ..o
LISt OF FIQUIES.cou e
Chapter 1 INtrodUCHION. ...
1.1 Statement and Significant of the Problems..........ccccooevieiriennne.
1.2 Objectives of the StUAY ..o
1.3 Scopes of the StUY ..o
1.4 Process of the StUdY ..o
1.5 BENETIES e

Chapter 2 Literature REVIEWS........ccviiriieiiireece e
2.1 The male Hormonal Regulation.......c.cceevrenirricinereeeees

2.2 LitErature REVIEWS. ...t

Chapter 3 Mathematical Modeling of the Testosterone

Regulation Including the Role of Sex

Hormone-Binding GLOBULIN.......ccoviiieeeceecees

3.1 Mathematical MOdeLl. ..o
3.2 Analysis of the mathematical model.......ccovevivevicvieiciiee
3.2.1 The steady state sOlUtIONS.....cccovviieerricceeee
3.2.2  Local stability ANalysis....ccccoeeieriririesereseesenes

3.2.3  NUMETICAL rESULES .o

Chapter 4 A Model for the Testosterone Regulation

Taking into Account the Presence of Two

Types of Testosterone HOrmoNes. ...



Table of Contents (continued)

Page

4.1 Mathematical MOAEL. ..o 29
4.2 Analysis of the mathematical model

4.2.1 The steady state SOIULIONS......ccriericree s 31
0.2.2  NUMENCAL TESULES ...t 38
Chapter 5 Conclusions and SUZGESTIONS.........ceuriiirieiricieeiese e 45
RETEIENCES. ... art
ADPENAICES ..ttt 52
A. Theoretical BackgroUNd.......ocooiurriiiriiiririceeie e 53
B. Accepted Papers for Publication and Presentation...........ccccocveeuniencen. 60

AUTNOT BIOGIaPRNY .. 100

VI



Figure

2.1

2.2
2.3

3.1

3.2

3.3

List of Figures

Page
The normal regulation of the hypothalamus
down to the testis in the negative feedback
mechanism. Hypothamic hormone (GnRH) secreted
in plusatile pattern by the hypothalamus triggers
the production of LH in pituitary gland. After
LH is released to the bloodstream, it travels to the
testis for stimulation of the testosterone secretion.
The testosterone in turn acts to modulate GnRH and
LH secretion by negative feedback ... 6
Testosterone fractions in the BlOOd.........cciiiriii 7
Compartmental model for the regulation of
testosterone production in the male. The solid
lines denote activation, dashed line denotes
inhibition control to the hypothalamus from
TN LSS e 8
The flow and interactions block diagram of the

hypothalamo-pituitary-gonadal axis in MeN........cccoeiriencreceees 13

Numerical simulations for the equation (3.8)-

(3.11) with z=124. Hopf bifurcation occurs

from the positive equilibrium. The initial value

1S (1, 5.7, 500, 2).ciiiieieeieeiieiieiieiieeietieeie et 23
Numerical simulations for equation (3.8)-(3.11)

with  7=120. The positive equilibrium is

asymptotically stable. The initial value is (1, 5.7,

VIl



Figure

3.4

3.5

3.6

4.1

4.2

4.3

List of Figures (continued)

Numerical simulations demonstrate the solution
trajectories which projected into the 2D-space

for equations (3.8)«(3.11) with 7 =124 min. The

initial value is (1, 5.7, 500, 2)....c.oioeeeeeeeeeeeeeeeeeeeeeeeeereeseeeean

Numerical simulations demonstrate the solution
trajectories which projected into the 2D-space

for equations (3.8)«(3.11) with 7 =120 min. The

initial value is (1, 5.7, 500, 2)...cm oo

Numerical simulations for the equation (3.4)-(3.7)

with 7 =124 . Hopf bifurcation occurs from the

positive equilibrium. The initial value is (1, 5.7, 500, 2)

with the value of parameters e, =5.5/min, e, =03/min

Numerical simulation for equations (4.1)-(4.4)
with 7=120 min. The positive equilibrium is

asymptotically stable. The initial value is (1, 5.3,

65, 100).. ittt

Numerical simulation of equations (4.1)-(4.4)
exhibits the oscillating levels of three main
hormones and the boosting level of SHBG
bound testosterone in the system with

7 =123.47 min. The initial value is (1, 5.3, 645,

Numerical simulations demonstrate the solution
trajectories which projected into the 2D-space

for equations (4.1)-(4.4) with 7 =12347 min. The

initial value is (1, 5.3, 645, 100).......coumeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeae

VIII

Page



List of Figures (continued)

Figure Page
a4 Numerical simulations demonstrate the solution

trajectories which projected into the 2D-space

for equations (4.1)-(4.4) with 7z =120 min. The

initial value is (1, 5.3, 645, 100). The positive

equilibrium is asymptotically stable.........coooiniiininiccecece 43
Al AN UNSTADLE FOCUS ... 53
A2 A STADLE TOCUS e 53
A3 AN UNSTADLE NOTE.. ...t 53
A A SEADLE NOAE e 54
AL A SAAALE POINT. .. 54
A6 A Stable UMt CYCLE e 57
AT An unstable lMit CYClE . e 58
A8 A half-stable UMIt CYCLe .o 58

IX



Chapter 1

Introduction

1.1 Statement and Significant of the Problems

Mathematics plays an important role in other fields of science. In biology,
mathematical modeling is the application of mathematics. It is an efficient tool to
enhance the understanding of the behavior of complex biological systems. There are
the uses of mathematical models in endocrinology. Many modeling studies of
endocrine systems have been published since the 1960s [1,2]. These models have
been used to describe a chain of chemical reaction corresponding to the
physiological and biochemical structures.

Hormones are chemical substances which are produced by the glands in the
bodily system. It has many functions including controlling and regulation the activity
of certain tissues or organs. In the reproductive system, sex hormones are responding
to control the development of primary and secondary sexual characteristics.

In male, testosterone is the majority of sex hormone secreted into the
bloodstream by the male sex gland. This male sex hormone is synthesized and
secreted primarily by Leydig cells in the testis. It plays a crucial role in the
development and maintenance of many male characteristics. The body carefully
regulates the production of testosterone in order to ensure normal development
and regulation of male reproductive system [3]. Testosterone synthesis is controlled
by biological mechanism in the reproductive hormonal axis which contains three
main components: the hypothalamus, the pituitary gland and the gonads. Hormones
which are produced in this axis include gonadotropinreleasing hormone (GnRH),
luteinizing hormone (LH) and testosterone (T). These hormones are implicated in
regulation of reproductive operation via a complex feedback loop. GnRH is released
by the hypothalamus in an episodic manner. It then triggers the pituitary gland to
produce and secret LH into the blood, which activates the enzymatic conversion of

cholesterol into testosterone in the Leydig cells. Testosterone is secreted in pulsatile



pattern. Its levels have rapidly acting feedback activity at both hypothalamic level
and pituitary level in order to maintain adequate levels of the hormones in the male
reproductive system [4,5]. Furthermore, as testosterone circulates in the blood it
mostly binds to plasma proteins called sex hormone binding globulin, or SHBG.
SHBG-bound testosterone is so tightly bound that it is not biologically active. High
concentrations of SHBG will reduce the level of biocavailable testosterone in
circulation. Thus, levels of SHBG can have a role in determining levels of
testosterone.

As direct measurements of hormones in the human are difficult to implement
due to ethical reasons. Mathematical models for the regulation of male sex hormone
have been widely used for a long time and have been studied in order to
understand the interaction of hormones in dynamic biological system.

In this study, mathematical models with time delay is required and will be
developed. Modeling is performed with ordinary differential equations in order to
explain the operation of negative feedback in the endocrine system of testosterone
regulation in the male. The variations in the SHBG level will be considered in these
models. Furthermore, the obtained theoretical results are validated through

simulation and numerical calculations.

1.2 Objectives of the study

The major objectives of this thesis are to modify the mathematical model of
time-delayed feedback in the male hypothalamic-pituitary-gonadal (HPG) axis, which
is originally presented by Khan and Greenhalgh. They described the biological
mechanism responsible for the regulation of testosterone in the GnRH-LH-T axis.
Standard analytical techniques are used to analyse the modified mathematical
models in order to obtain the conditions under which bifurcation phenomenon
occurs. Moreover, numerical simulations are performed to illustrate concentration
curves of the hormones and interesting dynamical behavior depending on the delay

parameter. The specific objectives are:



To analyse the keeping testosterone concentration within a certain range on
the influence of variations in the sex hormone-binding globulin (SHBG)
concentration.

To investigate the correlation between total testosterone level and SHBG-
bound testosterone level.

To use the results of mathematical models for analyzing the impact of

changing on the male hormonal regulation.

1.3 Scope of the study

The goals and objectives are as follows:

1)

2)

3)

4)

To construct a mathematical model with a time delay for testosterone
hormonal regulation. The variation in the SHBG level is a factor also
considered in this model.

To develop a mathematical model of the testosterone homeostatic
mechanism to account for the correlation between total testosterone level
and SHBG-bound testosterone level in HPG-axis.

To analyze the results from the models and develop mathematical model
for the estimation of the endocrine system of testosterone regulation.

To illustrate that the constructed mathematical models in this study can
explain the regular fluctuations of the hormones in hormonal regulation of

the male reproductive system.

1.4 Process of the study

The processes of the study are

1)

2)
3)
4)
5)

Study the human anatomy and physiology in the endocrine system of male
hormonal regulation.

Study definitions, theoretical background and review the related literatures.
Set up the mathematical models.

Analyze the mathematical models.

Develop the mathematical models.



6) Compare the analytical results and discussion.

1.5 Benefits

This study gives us a better understanding of the interaction of hormones in
dynamic biological system. The resulting model can be used to study the secretory
pattern of hormones in dynamic biological system. So it can be developed to

investigate factors affecting on imbalancing in the reproductive hormonal system.



Chapter 2

Literature Reviews

2.1 The male hormonal regulation

Many hormones are made by the glands of the body. They are produced and
secreted in one part of the body and then travel to other body tissues in which they
reduce their effects. Testosterone (T) belongs to a class of male hormones called
androgens, which are sometimes called steroids or anabolic steroids. It is synthesized
and secreted primarily by the interstitial cells of the testes, small quantities are also
produced by the adrenal glands. Both men and women produce this hormone,
which is presented in much greater levels in men than women. Testosterone are
secreted in pulsatile patterns in male mammals. Its levels rise and then fall over the
short term (2-3 hours) in humans [8-11].

Testosterone is responsible for many of the physical characteristics specific to
adult males. It plays important roles in the development and regulation of bodily
functions; therefore, the regulation of testosterone production is tightly controlled to
maintain concentrations of circulating hormones required for normal development
and function in the body. Thus the body has a system for controlling androgen,
testosterone biosynthesis is operated by the endocrine hormone in the complex
dynamical system. It occurs via the negative feedback loops within the
hypothalamus-pituitary-gonadal axis (HPG-axis). The gonadotropin-releasing hormone
(GnRH) from the hypothalamus stimulates the release of luteinizing hormone (LH) at
the pituitary gland in pulses. LH, in turn, stimulates androgen production in the
Leydig cells [12,13], where cholesterol is gradually changed into a series of
compounds until it becomes testosterone. Testosterone synthesis is under the tight
control of the pituitary gonadotrophin luteinizing hormone. In the HPG-axis, negative
feedback activity is primarily responsible for minimizing hormonal perturbations and
maintaining homeostasis [14] , that is , as blood levels of testosterone is too high, in

the hypothalamic-pituitary unit, the production and secretion of GnRH and LH have



been controlled by a negative-feedback which lead to reduce the frequency and
amount of pulsatile LH release. As a result, testosterone production is dropped [8] as
shown in figure 2.1.

The secretion of the LH follows an episodic pattern resulting in there being
fluctuations of the level of testosterone levels in the circulating blood [15,16]. To
maintain the level of testosterone at some equilibrium levels, There are also
feedback mechanism that regulate the production and release of GnRH and LH , i.e,,
The hypothalamus gland signals the pituitary gland to limit the amount of LH to be
released when the concentration of the testosterone in the blood is above a certain

level. This of course will reduce the production of testosterone in the testis.

— MNegative feedback

{ Testosterone

Figure 2.1 The normal regulation of the hypothalamus down to the testis in the
negative feedback mechanism. Hypothamic hormone (GnRH) secreted in plusatile
pattern by the hypothalamus triggers the production of LH in pituitary gland. After LH
is released to the bloodstream, it travels to the testis for stimulation of the
testosterone secretion. The testosterone in turn acts to modulate GnRH and LH

secretion by negative feedback



After testosterone is secreted into the bloodstream, 96-98 % will be bound to
various carrier proteins. One of these will be the sex hormone-binding globulin
(SHBG). This protein is produced primarily in the liver. The entry of SHBG into
hypothalamus-pituitary-gonadal axis is shown in the lower left corner of figure 2.1.
SHBG plays an important role in determining the testosterone for its endocrinology
activity.  Because SHBG can tightly bind to the testosterone making them
physiologically inactive [17-19]. A large fraction (~ 60-70%) of the testosterone will
be of this type. Another 28 - 38% will be bound to albumin, the bind between
albumin and testosterone is weak and readily dissociates in order to create free
testosterone when it need. Only a small percentage (~ 2%) of testosterone will be
unbound. These will be considered to be free testosterone (FT). Only the free

testosterone (FT) is capable of entering a cell and activating the receptor on SHBG

Free
Testosterone

&= Albumin-Bound
=~ -2 R0,
D . Testosterone 28-38%
Red biod cel o
S

Figure 2.2 Testosterone fractions in the blood.

~2%

SHBG-Bound

- 0
Testosterone 60-70%

gene on chromosome and turning it on. The circulating bound and free testosterone
are collectively referred to the total testosterone. The free testosterone and the
albumin-bound testosterone are physiologically available to the body tissues. These
are known as bioavailable testosterone (BioT) [20]. The level of SHBG becomes one
factor that determines the total testosterone level [21-24]. High concentrations of
SHBG reduce the level of bioavailable testosterone. Consequently, the total
concentration of testosterone must increase to maintain adequate levels of

bicavailable testosterone [25].



There are several reviews of the experimental data corresponding to the
validity of the GnRH-LH-T system [26-28]. An important recurrent observation in many
experiments in adult males is that the level of both LH and testosterone undergo
cyclic fluctuations of the same period. Nankin and Troen [29] measured LH
concentration in men and found regular cyclic periods of 1-3 hours. The LH
fluctuations in the blood vary in amplitude from to 1.8 to 8.6 U/l in adult men [30].
The standard range of testosterone is about 300 -1000 ng/dl with an average level of
642 ng/dl [31] in adult men. In addition, some researchers suggest that the healthy
men have testosterone levels between 400-600 ng/dl. Blood testosterone fluctuate
over the short term (2-3 hours) in human male [32]. Furthermore, the basic range of
SHBG, the principle blood protein that ties up androgenic hormone, is 0.674-5.620
pg/dl [33].

2.2 Literature Reviews

Mathematical models for the regulation of male sex hormone have been widely
used for a long time and have been studied in order to understand the interaction of
hormones in dynamic biological system. Denoting the concentrations of GnRH, LH
and Testosterone, respectively, by R(t), L(t) and T(t). Smith (1980) proposed a
simple negative feedback compartment model involving the three hormones GnRH,
LH and T [34]. It is represented schematically as shown in Figure 2.3. This model is

generalized to explain the pulsatile hormone regulation in the GnRH-LH-T axis.

Hypothalamus R Pituitary L > Gonads
GnRH LH Testosterone
A
T
Feedback

Figure 2.3 Compartmental model for the regulation of testosterone production in
the male. The solid lines denote activation, dashed line denotes inhibition control to

the hypothalamus from the testes.



Smith's model, which reflect the scheme in Figure 2.3, comprises three differential

equations as follows

dR

dr = f(T)_bl(R) ’
% = 81(R)_b2(L) ’ (2.1)
- nW)-b(1).

The positive function b, b,, b, refer to clearing rates of hormones and g,, g&,,

f describe the hormone secretion rates, where

monotonic increasing functions and the

b, b, b, g and g, are the

negative feedback function f is a

monotonic decreasing function.

In 1983, Smith [35] enlarged this model by using a time delay 7 in the T -

equation as a period for traveling the LH hormone from pituitary gland to the target

cells and actions of gonadotrophins in the gonads. The model is represented as

delay differential equations

o = 1(1)-b(R).
% = & (R)_bz(l‘) ’ (2.2)
I~ (L(-0))-0,(1)

where 7 is a delay associated with the blood circulation time in the body. From the

model (2.1), Murray [34] suggested a simple delay model

dR

— = T)-bR ,

dL

E = glR_bZL > (2.3)
ar = g,L-bT .

dt
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Here b, b,, b,, g and g,are positive constants. Murray exhibited that there is a
critical time delay 7z, such that the positive steady state of the model (2.3) is linearly
unstable with growing oscillations. Limit cycle periodic solutions could take place
with certain parameter values.

Ruan and Wei [36] modified the model of Smith [37] which contains a time
delay. They exhibit that a unique positive equilibrium point of this model is locally
asymptotically stable for certain parameter whatever the value of the time delay.
But there is a critical time delay such that this unique positive equilibrium point is
locally asymptotically stable when the time delay is less than the critical value.
When the time delay passes through the critical value, Hopf bifurcation occurs and
the steady state becomes unstable. In sum, this model can describe the cyclic

fluctuations of three hormones for certain parameter values.

In addition, Cartwright and Husain [32] suggested the model which is based
on more recent experimental results with further delays. This model also
incorporates inhibitory effect which control to the hypothalamus from the pituitary

and testes. They proposed differential equations as follows:

d_R — ]"RH 2_L(t_TA)_T(t_TB) _dRR,

dt L, T,

dL

E = rLR(t—fC) —dLL, (2.4)
dTr

E = rTL(t—TD—TE) —dTT.

where d,.d, ,d, ,r,,r,and r, are all rate constants. z,,7,,7.,7, and 7, are all time

delays. And, H(x) is the Heaviside step function, which is defined as

H(x) =<1,x=0

This model can interpret the characteristics of the male hormonal regulation and

fluctuations of the level of GnRH and LH after castration.
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In order to produce the model more realistic, experimental results need to be
considered as much as possible in it. The effects of LH on the hypothalamus were
observed by Gay [38] and the effects of testosterone on the hypothalamus were

observed by Steiner et al. [39].

In 2009, Greenhalgh and Khan [40] proposed their model in order to interpret
the population dynamics of the hypothalamic hormone, the pituitary hormone and
testosterone in the male hormonal regulation system. They used realistic parameter
values to exhibit that their model can predict the regular oscillations observed in
concentrations of GnRH, LH and testosterone. Greenhalgh and Khan introduced the
delay differential equation mathematical model which improved on previously
simpler models by taking into account observed experimental facts. The delay-

differential equation model is therefore formulated as follows:

d_R = blR - bZR P}

dt L+bT

dL oRL

— = -cL,

di ~ R+bT 2.5)
dT

—_ b.L(it—7)T — b,T.
dt sL=7) !

where b, b,, ..., b, ,c, and ¢, are strictly positive constants.

This model can interpret the cyclic release of three major hormones in the
endocrinology processes of testosterone regulation. It also took into account a time
delay between stimulation of the testis by LH and the rise in testosterone in the
bloodstream.

In this thesis, we introduce biomathematical models which are enlarged from the
mathematical model proposed by Greenhalgh and Khan [40]. The aim of this study is
to discuss and evaluate the relations between total testosterone, SHBG and SHBG-
bound testosterone. The modified nonlinear system models are utilized to provide
wider understanding about the role of sex hormone-binding globulin in the process of

pulsatile endocrine regulation of testosterone.



Chapter 3

Mathematical Modeling of
the Testosterone Regulation Including the Role of

Sex Hormone-Binding Globulin

In this chapter, we introduce the mathematical model with a time delay is
developed from the mathematical model proposed by Greenhalgh and Khan [40] in
order to study the interaction of hormones in balancing the endocrine system of

testosterone regulation.

3.1 Mathematical model

We now construct the mathematical model in order to investigate blood
concentrations in testosterone hormonal regulation on the influence of variations in

the SHBG concentration.

We define the variables in our model as follows:

dR
o is the rate of change for plasma concentration of gonadotropin-releasing
hormone (GnRH)

dL . . o

m is the rate of change for plasma concentration of luteinizing hormone (LH)

dar . .

o is the rate of change for plasma concentration of testosterone (T)

as . : -

m is the rate of change for plasma concentration of sex hormone-binding
t

globulin (SHBG)
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— 1 Hypothalamus

@ —>+ Stimulating effect
+ — Inhibitory effect
> Pituitary > Hormone in plasma
=) Disposal
+
Testis

Free testosterone

A

A

SHBG-bound

testosterone

Figure 3.1 The flow and interactions block diagram of the hypothalamo-pituitary-

gonadal axis in men.

In order to balance the level of hormones in the bloodstream. Firstly, the
merged effect of T and LH influence the production of GnRH by the hypothalamus.
At low concentrations of T and LH, there is an increase in the production of GnRH
with increasing GnRH concentration and it is the other way around when
concentrations of T and LH are high. Hence, the secretion rate of GnRH is assumed in

the form

KR

dR
— = - R (3.1)
dt L+nT

Secondly, the pituitary secretion of LH is under controlling of the positive and
negative feedback from GnRH and T, respectively. The secretion of LH will be
decreased when the level of GnRH drops to the low level and T rises to the high
level. Conversely, the secretion of LH will be increased as the GnRH concentration is
high and the level of T is low. Therefore, the secretion rate of LH is assumed in the

form
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aL _ aRL (3.2)
dt R+a,T

Additionally, as the reason that LH stimulates leydig cells to convert cholesterol to
T in that it incorporates the time delay corresponding to the time for traveling the LH
hormone from pituitary gland to stimulate the production of T in the gonads. Hence,

The dynamics of testosterone level described by the following equation

62—7; = gL(t—7)T — uT (3.3)

In order to take into account the influence of variations in the SHBG
concentration on the testosterone production. Equations (3.1) - (3.3) are modified to

be as the following equations.

R nR

darR - nr R (3.4)
dt L+nT

dL _ _aRL L (3.5)
dt R+a,T

dr

E = glL([—T)T + gZST_ ,LI3T (36)
B S s (3.7)
dt 1+e,T

The term g,ST is added into (3.6) to support the dynamics of testosterone in the
reason that the production of testosterone will be increased in order to maintain
adequate levels of bioavailable testosterone as the levels of SHBG elevated. This is
supported by experimental study described by Winters et al. [6]. Moreover, the first
term on the right-hand side of (3.7) represents the rate of the SHBG production which
is assumed for decreasing the hepatic production of SHBG by testosterone [25]. Each
hormone is cleared from the bloodstream at a rate proportional to its concentration.
In the system (3.4)-(3.7), the parameters u, u,, u,, u, refer to the clearance rates
of the all four hormones which is proportional to their concentration and r, n, a,,

a,, &, &, ¢, e, are strictly positive.
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3.2  Analysis of the mathematical model
3.2.1 The steady state solutions
In order to find steady states of the equations (3.4)-(3.7), we let
E(R*,L*,T*,S*) be an equilibrium point of the system and then set the right hand

side of equations (3.4) to (3.7) to zero.

R *
L +rT 1
2
R‘jR LT* —ul =0 (3.9)
+a,
LT + g,ST — uT =0 (3.10)
9 _ s =0 (3.11)
1+e,T

From equation (3.8), we get R = 0 or

1

=0, (3.12)
Linr

Considering R = 0 in equation (3.9), we have

L =0.

Substituting L' = 0 in equation (3.10), we get

T°=0 o S =% (3.13)

Considering T° = 0 in equation (3.11), we have the first equilibrium point of the

system, EI(RI*,L’[,Tl*,Sf) = (0,0,0,0). Moreover, we obtain the second equilibrium

point by  substituting s =4 into  equation  (3.11),  therefore

8>
EZ(RZ’LZst ’SZ) = (0’ 0’ e_(%_lj, ?J
2 4 2

From equation (3.12), we can rewrite equation (3.10) in the form
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{gl[n—rzT*j+ 2,5 — ﬂ3}'T* =0. (3.14)

H

That is

I =0 o S :—[%—gl(n—rzTﬂ
8> Ay

Thus, we get the other equilibriums points as follows:

ay Loy
Hy 1 2.4 1 1 2 4
s @\ | e (e = Do (e = 1) (g = gy (o (- = 1)
E3(R3’L3’T3’S3) = ez(i_l) My ey Hy ¢ My 8 3 ey
#

bl
ay| ———=
e e e B R 0 v T O B T T P
and E4(R4’L4’T4’S4) = P 7g17r2{ﬂ1 gl}
2
As we see, there is only the steady state E, that has all four hormones

presented. It is the positive steady state of our equations where

ﬁ>1,i>1,i—i{i—l}>0 and 1, —g i—i[i—l} >0.
Hy Hy Hoe | Ky Ho e Hy

We can see that only the equilibrium point E,is physically relevant because it has
all hormones present. Thus, in the next section, we will only consider the stability of

the system (3.4)-(3.7) about the equilibrium E; .

3.2.2 Local stability Analysis
In this section, we study the stability of the steady state and its bifurcation

behavior for the equations (3.4)-(3.7). We look for solution of the system in the form

R(1)
L(t)
T(@)
S()

_ At
= Cye

where  C, =[¢, ¢, ¢ c4]T is constant vector and A is an eigenvalue of a
Jacobian matrix. It is direct to show that the stability matrix of the system linearized

about the positive equilibrium E, is
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* *
2 _ hR, hhR, 0
# #\? % 2\
(Lt} (Lenr)
% % % %
a,a,T; L, . ) a,a,R; L, . 0
% * % *
] = (R3 +a,T, ) (R3 +a,T, ) (3.15)
* ko, *
0 glye” 8L (e ‘ 1) A &),
*
0 0 €,6,5; )
2
(1+€2T3*)
The matrix (3.15) can be written as
2 -4 -4, 0
& A -5, 0 (3.16)
J = e e 3.16
0 Be’ Bler-1)-2 B
0 0 ) -1
where
’,R* * %k %k
¢ = "3 4 = nnRs e = aa,l; Ly e = a4a,R; Ly
! * #\2 7?2 * x\2 7 ! * #\2 77?2 * %\2
(Ls +11; ) (L3 +n1; ) (R3 + a1, ) (R3 +a,T, )
S*
* * * ee
ﬂ1=81T3’ﬂ2=81L3,ﬂ3=82T3,5=%
(1+€2T3 )

The eigenvalues are gained by solving the characteristic equation; det(J —A1,) = 0
where 1, is the identity matrix dimension 4x4. The corresponding characteristic

equation is given by

= (B =1)) A+ (9B +eBe +ad) A

(3.17)
+ (aBpe ™ —app(e? 1)) 4 + SedB = O

In the absence of delay, (3.17) becomes

A+ (B +ah) X+ afd A+ SegBy, = O (3.18)
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By using the Routh-Hurwitz criteria, it shows that this equilibrium is unstable when
=0.

We now study the stability of the equilibrium in the presence of a delay.
Here, we attend to identify whether there exists a critical delay 7~ so that the real
part of the eigenvalue A is positive for z>7". In other words, the real part of the
eigenvalue A is zero at 7= ¢, at which the equilibrium loses its stability when ¢
passes through a critical value 7.

For the equilibrium E,, we let A(r) = u(r)+iv(r) where u,v are real.
Therefore we have u(r)<0 for values of 7 such that O<r<z', that is, this
equilibrium remains stable for these values of 7. The characteristic equation (3.17) is

now in the form

(u-l—iv) (,82( i) 1))(u+iv) (5ﬂ3 +$1¢1+82ﬂ1 (wriv) )(u+iv)2
+(aBe T —sg (e 1)) (wriv) + Ggf = 0

(3.19)
The equation (3.19) can be rewritten as

u' +din’y —6u*v’ —diwy’ +v* —(,32( riv)e 1))(u3 +3iu’y —3uv’ —iv3)
(5/}3 +ed +e,Be ™) ’)(uz + 2iuv—v2)
+(eBgie T =g B (e 1)) (uiv) +3548 = 0

By using Euler's equation and then equating real and imasginary parts of this equation
to zero, we deduce that
' v =61+ B’ =3y + (3P, + £, ) (0P =)+ u+ 55,4, B,
+| 2uve, - B, (3uv=v*)=ve, (48, ~ Big) | € sin (vr) (3.20)
+us (B —4B) =B, (1w 3w )+ 2,8, (w> =v*) |e “cos(vr) = 0

4y —4uv’ +2( 5B, + .4 )uv + B, (3u2v—v3)+v
+[ug, (48, - Bg.)+ B (' =3w) =&, 8, (w> =v*) | e sin(vr) (3.21)
+ [vgl (B, —5)- P (3u2v — v3) + 252ﬁ1uv}e’” cos(vr) =0
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To determine the existence of a critical dealay 7°. We consider that u(z")=0 and

/1(1-*) = iv(r*) for some 7" >0, equation (3.20) and (3.21) become
v2e,B, cos(v'T ) +[ Ve, (48, — Bdy)— B | sin(viT) = v v (9B, +ad)+ed By (3.22)
[v*el (ﬂ1¢2—¢1ﬂ2)+v*3ﬂ2J cos(v*r*)+v*262ﬂ1 sin (v*z') =VviB -V (3.23)

Adding up the squares of both equations. Hence, equations (3.22) and (3.23) reduce

to

vy (_2(5ﬂ3 + &4, )) +y™ (26‘1¢1§ﬂ3 + (5ﬂ3 +&6 )2 =25, - 822ﬂ12 —24a/5, ['81¢2 a ¢1ﬂ2])
+ V*2 (1 - 251¢15ﬁ3 (5ﬁ3 + 51¢1) - 812 [ﬂ1¢2 - ¢1ﬂ2]2 ) + ‘C"12¢1252ﬂ32 =0

Suppose w=v", we obtain

fw) = w'+kw’ +k,w’ +kw+k, =0 (3.24)

where k = -2(5B+&d,)

=
[§)
|

= 26400, +(9P, +ed) 25, — B =265, fd —4..]
k, = 1-2648,(5B, +&d) -2 [ Bd, - 45|
k, = ¢ 6’ B;
Since k,>0, f(w) has at least one positive root when there is ¢, >0 for some i

such that f(e;)<0 and «; is one of the three tumning points of f(w).

We can solve for the critical time delays 7 by substituting v' >0 into equation (3.22)

and (3.23). We obtain

1 .
T = —arcsin
v

(3.25)

n

my’ +my”? +my” —my” ] N 2 (k-1)
v*

where m = —f3,

3
I

&LPy+ By (5ﬂ3 +ed, ) —& (ﬂ1¢2 -5 )
m; = & (5ﬂ3 +&d ) (ﬂ1¢2 - ¢1ﬂ2) — & —0e.d B.S;
m, = 5‘912¢1ﬁ3 [IB1¢2 _¢1:B2]

n=(e,pv?) +(B" +&(Bd~46)v) and k=012...
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Theorem 3.1 Suppose that 4w’ +3kw’ +2kw+k, #0 then the system of delay
differential equations (3.4)-(3.7) with the critical value 7" as in (3.25) behaves the Hopf

bifurcation when the value of time delay r passes through the critical value 7.

Proof. We now show that

du
dr

= 0.

=r

From equation (3.20) and (3.21), we find the differentiation with respect to r and

evaluate at r=7" for which u(r*)zo and v(r*)=v*. We then obtain

du P+ & 0 =R (3.26)
dT r=r" dT =T

du dv

— -0)+ —| P =S (3.27)
dr ,zx( Q) dr|,_,

where

P=1-38y" + [3/)’21/*2 +&,Btv7 +& (B4, -5, )} cos (v*z'*)
+ [252ﬁ1v* -BrVi-tVve (Bé —¢1ﬂ2):| sin (v*r*)

0=0"-2v (B +e4) + [/)’22'*1/*3 —2&,p" +7 Ve (Bd -85 )} cos (v*z'*)
+[387 +e,B v + 5 (B, - 4,) ] sin(v'T)

R = [_V*4,32 —&v? (B, - ¢1ﬂz)] cos (v*r*) — &,By’ sin (v*r*)
S =-gpv° cos(v*r*) + [/)’zv*4 +v72e (B —¢1ﬂ2)} sin(v*r*) :

To find for du

dr

, by solving equations (3.26) and (3.27) , we deduce that
du
dr

_ PR-0S

*
=T
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Consider

PR-QS = [1—3ﬂ2v2 3B+ 6,50 + 2, (Bid, - 4) [cos(v7)
+ 26, By =B ~ve, (i -4, )}sin(w)}
: ((—v“ By = (B, — 45, )|cos (v7) &, sin(vz')j
—[4& ~ 20 (0B, )+ [ 205, B+ 7B + v (B~ 4, ) Jeos(ve)
+[3p02 42,00 +5 (S, — 45, Jsin (vr)}
: (—52ﬂ1v3 cos(ve) +(v*, + &> (B, ~ 4, ))sin(w)]
= —251B" =3B ~ 45,8, (B~ 4 B)V ~ &l (B~ hB.) Y

+ [—v (1/3/172 - v) +38,v° (\/3/}2 - v)]
+ [4v4 (v + 3508, — v (9B, +£)) -2 (5B, + £,) (v' + Ge.8, —v* (9B, + &) ))]

= 4" —6(B +ep)v + (40egB +2(5B, +ed)
—28 45,8, (B, -4B.) - 4B,
+(-& (B4, -48.) ~2054B (9B, + 56 )"

=v’ [4v‘“ —6(5P, +d)v " +(40eg B, + 2P, +e8) — 268 —4eB,(Bd, -8 B,)— 4BV’
+(1-2850,5, (58, + 56,) - 5 (B~ 650 |

From equation (3.24), we get

PR-QS = v (4w’ + 3k’ +2k,w+k, ). (3.29)
We then have
d
= 0.
dT ="
Hence, the Hopf bifurcation arises as r passes through the critical value 7 . O

Therefore for 7 =0 the model (3.4)-(3.7) is unstable and whenever z passes

through a value T corresponding to v*=\/$, where w' is a simple root of f(w) =0,

Hopf bifurcation occurs.
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3.2.3 Numerical results

We now consider numerical simulations to see whether our model can
predict the regular oscillations observed in levels of GnRH, LH, testosterone and
SHBG in blood. Testosterone is altered by the hormonal milieu. In order to show the
quantitative behavior of the three hormones involved in Testosterone regulation with
relation to circulating SHBG levels. We conduct numerical simulations with the same
realistic parameter values that Greenhalgh and Khan [23] used in simulation. For the
other parameters, we take g, =00092/min, g, =0002/min, ¢ =59/min, e, =03 and
4, =0.031/min which correspond to the steady state E, and the normal range of
hormone levels. After hundreds of numerical simulations, we find that the system is
asymptotically stable when z<z"~12347. Fig.2 shows that the equilibrium E;is
asymptotically stable where ¢ =120. As shown in Fig. 3, the system undergoes a Hopf
bifurcation occurs near the positive equilibrium  E,(1.08,4.95,652.22,3.00) where

T>7 ~12347.
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Figure 3.2 Numerical simulations for the equation (3.4)-(3.7) with 7 =124. Hopf

bifurcation occurs from the positive equilibrium. The initial value is (1, 5.7, 500, 2).
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Figure 3.3 Numerical simulations for equation (3.4)<(3.7) with 7=120. The positive

equilibrium is asymptotically stable. The initial value is (1, 5.7, 500, 2).
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Figure 3.4 Numerical simulations demonstrate the solution trajectories which
projected into the 2D-space for equations (3.4)<(3.7) with 7=124 min. The initial
value is (1, 5.7, 500, 2).
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Figure 3.5 Numerical simulations demonstrate the solution trajectories which

projected into the 2D-space for equations (3.8)-(3.11) with 7 =120 min. The initial

value is (1, 5.7, 500, 2).

The mathematical model developed in this section describes the feedback

mechanisms in consideration of cyclicity of the male sex hormone balanced on the

influence of variations in the SHBG concentration. Levels of total testosterone can be

directly affected by changes in levels of SHBG to maintain an optimal concentration

of free testosterone which is biologically active for the cells in the body. In addition,

we used a time delay 7in the model to explain a period for traveling the LH

hormone from pituitary gland to the target cells and actions of gonadotrophins in the

gonads.
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We investigated our equations that incorporate a discrete delay in the time.
In order to show that Hopf bifurcation can occur, the numerical simulations are given
to explain the analytical results. We found that a family of periodic solutions
bifurcate from the equilibrium when 7 passes through a critical value. Moreover, this
model predicts the changes in the cycle in correspondence with the influence of
variations in the SHBG concentration on the testosterone production. This model can
explain the pulsatile secretion of the hormones in the human male GnRH-LH-T axis.
The oscillatory characteristics of hormones regulation agree well with experimental
data and other simulated hormone fluctuation levels.

The association between obesity and low SHBG is well established and the
reduction of SHBG contributes significantly to the reduction in circulating total
testosterone level in obese men. As SHBG binds testosterone with high affinity,
reduction in circulating SHBG decreases circulating T and therefore delivery of T to

peripheral tissues.
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Figure 3.6 Numerical simulations for the equation (3.4)<(3.7) with 7 =124. Hopf
bifurcation occurs from the positive equilibrium. The initial value is (1, 5.7, 500, 2)

with the value of parameters ¢ =5.5/min, e, =03/min.
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We postulate new parameter values in the system in order to exhibit the
quantitative behavior of testosterone when the hepatic SHBG production declines,
which is associated with obesity. The oscillatory characteristics of hormone levels, as
shown in Figure 3.6, indicate that the total testosterone levels diminish with

decreasing SHBG levels that appears in men with obesity [42,43].



Chapter 4
A Model for the Testosterone Regulation Taking into
Account the Presence of Two Types of Testosterone

Hormones

4.1 Mathematical model

As described in chapter 2, After testosterone is secreted into the bloodstream,
96-98 percent will be bound to various carrier proteins. One of these will be the sex
hormone-binding globulin (SHBG). This protein is produced primarily in the liver. The
entry of SHBG into hypothalamus-pituitary-gonadal axis is shown in the lower left
corner of figure 2.1. SHBG plays an important role in determining the availability of
the testosterone for its endocrinology activity. The reason for this is SHBG can tightly
bind to the testosterone making them physiologically inactive. A large fraction (~ 60-
70%) of the testosterone will be of this type. Another 28 - 38% will be weakly bond
to albumin. Only a small percentage (~ 2%) of testosterone will be unbound. These
will be considered to be free testosterone (FT). Only the free testosterone (FT) is
capable of entering a cell and activating the receptor on SHBG gene on chromosome
and turning it on. The circulating bound and free testosterone are collectively
referred to as the total testosterone. The free testosterone and the albumin-bound
testosterone are physiologically available to the body tissues. These are known as
bioavailable testosterone (BioT). The level of SHBG becomes one factor that
determines the total testosterone level. High concentrations of SHBG reduce the
level of bioavailable testosterone. Consequently, the total concentration of

testosterone must increase to maintain adequate levels of bioavailable testosterone.

In this section, we construct the mathematical model by improving the
previous model proposed by Greenhalgh and Khan in order to explore the presence
of two types of testosterone hormones, total testosterone and SHBG-bound
testosterone, in the endocrinology processes of testosterone regulation. We now

allow the SHBG level to vary. This makes the revised model more medically correct.
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In humans, the levels of SHBG may depend on the medical condition of the person.
The SHBG levels are decreased when the person suffers from hypothyroidism,
diabetes, obesity or the Cushing’s syndrome. The levels are elevated when the
person suffers from hyperthyroidism, cirrhosis of the liver and is pregnant. Inclusion
of the SHGB is necessary since an increase in the SHBG level leads to an increase in

total testosterone level.

By defining the variables in our model as follows:

dR
— is the rate of change for plasma concentration of gonadotropin-releasing
t

hormone (GnRH).

dL
e is the rate of change for plasma concentration of luteinizing hormone (LH).

dT
— is the rate of change for plasma concentration of testosterone (T).

% is the rate of change for plasma concentration of SHBG bound testosterone.
t

We assume that only free testosterones are bioavailable for the production of
the hormone, we must differentiate between the two and so each needs its own
individual designation. In this study, we will investicate the following delay

differential equations

dR R

a4t R (4a.1)
dt L+q,T #
ar _ 4 R L—u, L (4.2)
dt R+d,T
ar - a-L(t—7)T+—=T—u,T (4.3)
dt 1+ 7T,
dT; eT

= Ty -, T, (4.4)
dt [1+e2TJ sTHES

where ¢,q,,d,,d,,a ,p,, p,,€,e are strictly positive parameters and y,, 1, 14, 14, are

defined as the metabolic clearance rates of all four hormones.
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As we have said, the gonadotropin-releasing hormone R is released by
hypothalamus. As pointed out in reference [40], the release of R is influenced by the
combined effect of both the L and the testosterone hormones. The response
function used in (4.1) reflects this. The release of L hormone by the pituitary gland
should be high when the level of T is low and the level of R is Low. The release of
L should be low then the level of T is high and the level of R is high. The response
function used in (4.2) exhibits two different behaviors for R greater of less than L. In
(4.4), we use a hyperbolic function @(T) =¢T /(1+e,T) to describe the change of
SHBG-bound testosterone level. o(T) ,which is an increasing and bounded function
where T>0, is used to explain the rise in the level of SHBG-bound testosterone at

the time that testosterone is released into the bloodstream and then bind to SHBG.

4.2 Analysis of the mathematical model

4.2.1 The steady state solutions

In order to find steady states, we set the right hand side of Eq. (4.1) to
(4.4) to zero. We see that the above equations admit the nonzero steady state

E (E,Z,T,TS) where

R = dzﬂz( Hy J _ d,u, T
€

di— 1, TG H, d,—

7 q H q =
L = _l_qz[—“J: —1—q2T,
H € — &My H
T = Hy ,

e —e

and

Bl
Il
N |>—A
R
IS
7\
=
o
7N\
RS
N—
N——
|
—
Il
= |>—~
7\
R
[
IS
ol
|
—
N—

Obviously, this steady state is positive if and only if

i—M>O,€1—€2ﬂ4>O and 3 — —1> 0.

d—-uw >0,
Hoq-eH My—a L



32

In order to analyse the stability of the steady state E, we consider the system (4.1)

to (4.4) in the general form

dR
= = F(RO.LO.TO.T,0)
L
f;_ = ¢(R().L(O.T(0). Ty (1))
d; (4.5)
=~ = h(RO,LO.TO.T)
dT,
7; = k(R(@), L), T (1), T(1))

with the transformations

where L (1) = L(t-7).
By expanding f,g,h and k in the Taylor series about a steady state E and retaining

only the first order terms. We have the linearized system of (4.1) to (4.4) as follows :

%z—_”—’e_zx—%y (4.6)
t (L+nT) (L+nT)

z - ﬁw - ﬁ y (@7)
% = (&.7)x 1+r3r:4T_S)2T z (4.8)
& %y (4.9

Now, looking for solutions of (4.6)-(4.9) in the form

w(t)
x(1)
y(t)
z(1)

Al
=Ce"



where C, is a constant vector.

Then the linear system of Eq.(4.6)-(4.9) can be expressed as

I 0 %E 9, %E 0
— — —\2 2
dw (L+aT) (L+aT)
dt - _ S
0t dd,L-T 0 dd, L-R 0
_ — —\2 2
ar | | (R+d)T) (R+4,T)
dy | _ _
?)t] 0 g Te ™ 0 r3r4_ T
i (1+r4TS)
_E_ 0 0 elTS 5 0
(1+627_")
For convenience, letting
a R 49 R
7712—_1—_2’772— _lz_zs
(L+4.T) (L+4.T)
dd,L-T dd,L-R
n, =—-———3 > - — >
(R+d,T) (R+d,T)
_ eT,
s = aTl M - & r4_ P T and m= . S_ P
(1+1Ty) (1+e,T)
The system (4.10) becomes
_ﬂ_
dt
dx 0 Ui m, 0 w
| _|m 0 7 0 fix
dy 0 7™ 0 7 ||y
dt 0 0 n 0 |z
dz
L dt |

N =T
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(4.10)

(4.11)
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Let
0 m n, 0
A = 75 07/17 n, 0
0 7nse 0 7,
0 0 n, 0O

be the coefficient matrix of the the linear system with 4 being an eigenvalue of the
matrix A. The eigenvalues are gained by solving the characteristic equation;
det(A —A1,) = 0 where I, is the identity matrix dimension 4x4. The corresponding

characteristic equation is given by
A= (s +ngn, ) A% +mnsngn, — (774775 A+ 772773775/1)«9"” = 0 (4.12)
In the absence of delay, that is, 7 = 0, the equation (4.12) becomes

A= (s + 005 + 11, ) A2 =i A+ mnsngn; = 0 (4.13)

By using the Routh-Hurwitz criteria, the non-trivial steady state is unstable for 7=0.

Now, we return to the analysis of equation (4.12) in case 7>0. We rewrite the

equation in a form as
A+ p A +p, +(q1/12 +q2/1)e_“ =0 (4.14)
where

P = _(771773"‘776777) s Py =N, o= —nys and g, = — 0.

For the steady state E, we let A(7) = u(r)+iv(r) where u and v are real. The

equation (4.14) becomes

(u+ iv)4 +p, (u -H'v)2 + P, +(q1 (u+ iv)2 +q, (u+ iv))e_(”m)r =0 (4.15)
The equation (4.15) can be rewritten as follow

(u4+4i”3V—6M2V2—4iuv3+v4)+171 (u2+2iuv—v2)+p2 (4.16)
4.16
+[ g, (w0 +2iuv =)+ g, (u+iv) [e = 0
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By using the Euler's equation , € =cos@+isind, we get

(u4 +4iu'y —6u’v: —diuy’ +v4)+ )2 (u2 +2iuv—v2)+ D,

(@.17)
+[q1 (u2 + 2iuv—v2)+ q, (u +iv)}(e"” [cos (vr)—isin(vr)]) =0
Equating real and imaginary parts of this equation to zero, we deduce that

ut —6u™v’ +v* + p, (u2 —1/2)+p2

(4.18)
e [(% (u2 —v2)+ qzu)cos(vr)+(q2v+2q1uv)sin(v7)} =0
du’v —4uv’ + 2 puv

(4.19)

#e (@ 2qu0)cos(7) = (g, (") qu)sin(vr)] =

To determine the existence of a critical delay 7, the value of 7 such that u(z")=0
at which the switch of stability appears. We set r=7"and denote v(z") as v, Eq.

(4.18) and (4.19) become

gv7cos(Vr') =gy sin(vie) = v'-py?+ p, (4.20)
and

v cos(v*r*)+qlv*2 sin(v*r*) = 0. (4.21)
We sum the squares of both equations. Hence, equations (4.20) and (4.21) reduce to
vi-2py° +( 2p,+p; —qf)v*4 — (2plp2 + qf)v*z + p; =0. (4.22)
We define
A(s) = s'=2p S+ Q2 p,+pl—a))s* = (2ppo + 43 )5+ P (4.23)
where A(s=v*2) =0 and

2 _ 2
ay=-2p, a = 2p,+p’-q,a = _(2p1p2+ %) and a, = p,

The value of critical delay 7 is determined by the necessity that u(z")=0, then

the existence of purely imaginary eigenvalues depend on whether (4.22) has at least
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one positive real root. From (4.20) and (4.21), the equations can be written in the

form

cos(v*r* +6’1) _ v zplv;'*'l?z and Sin(v*r* +91) =0 (4.24)
v %V* +QZ2

where 8 is in the interval {0%} ,

cos(6) = ——91— and sin(g) = ——2 (4.25)
(av') +a; (av') +a3

Therefore, if the equation (4.22) has a positive real root, we can solve for the critical

time delays 7 from

- 1 9,

77 = — | 2kx — arcsin - for kel and v #0. (4.26)
(‘I1V*) +%2

v

Theorem 4.1  Suppose that 4s’+3as®+2a,s+a, # 0then the system of delay
differential equations (4.1)-(4.4) with the critical value 7z as in (4.26) behaves the

Hopf bifurcation when the value of time delay z passes through the critical value 7.

Proof. We now show that

du
dr

= 0.

=r

From equations (4.18) and (4.19), we find the differentiation with respect to 7 and

evaluate at 7 =17"for which u(r) =0and v(r*) =v". We then obtain

du dv

— P+ — =R (4.27)
d'Z' r=r" dT r=r Q

du dv

fited _ 22l p =8 4.28
dT T=T ( Q) dT T=T ( )
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where
P= gV rcos (v*r* ) +q, cos (vr) —q,7'v sin (v*r* ) +2¢,v sin (v*r*)
= [ql v?1" cos (vr ) +g, cos (v*r* )] + [qu v sin (v*r* ) —q, 7V sin (v*r* )]
= [q2 +qvitT ] cos (v*r*) + [qu —q,r :| v’ sin (v*r* )
Q= &> -2pyv +v7qr sin (v*r*) —24,v" cos (v*r*)
+q,v T cos (v*r*) + g, sin (v*r*)
= 47 -2py + [qz +viq ] sin (v*r* ) + [qzr* -2gq, ]v* cos (v*r*)

R= —g,v"cos (V*T*) —q,v" sin (V*T*)

S= qz\/ZSln(VT )—qlv cos(vr )

To find for du
dT =T

, by solving Equations (4.27) and (4.28) , we deduce that

ﬂ
dr

g a2

=r

Consider

PR-05 = ([ay+an”s Joos (e )+[ 24, —ar | sin(v'5"))
(o cos(v's ) - sin(v°5)
= (05 =2 [y v Jsin(ve )+ [ —24, ] cos(v'T))
(g sin(v) =g cos(v'7))

qzzv*2 +q, qzv*“r* + 24]12\/*4 -q, qzv*“r* +4v™ (qzv* sin (V*T* ) -q, v cos(v*r* ))

s

+2pp™ (ql v?cos (v*r*) — g,V sin (v r*) )

= - (qzzv"‘2 +2g7v" + 40 (—v*4 +pyv7— p2)+ 2py’? (v*4 —py?+ pz))
= WP —dpyC —2pvC+dpyt =2t +2pv = 2p v —giv”

= 4 _6P1V*6 + (4p2 _25112 + 2p12)V*4 _( 2pp, + %2)‘}*2

v (4 —6pt + (4p, =247 +2p] v =( 2P, + 43
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v (45 ~6ps” + (4,247 +2p7 )s=( 2pp, +43))
= 7 (4s3 + 3als2 +2a,s + al)

z 0.

We have just shown that the numerator of the expression on the right-hand side of
Eg. (4.29) is not equal to zero and looking at the definitions of P and Q given
below Eq. (4.28), we see that P and Q are both finite quantities and so P*+Q* #0.

We can therefore conclude that

d PR-0QS
dr|,_- P +0

Therefore, the Hopf bifurcation arises as z passes through the critical value 7.

4.2.2 Numerical results

To gain a quantitative sense of the behavior of the hormones in our
model for the regulation of testosterone when there are two types of testosterones
present, we have simulated the behaviors by numerically solving equations (4.1)-(4.4)
using routine dde23 in MATLAB. Most of the realistic values of the parameters are
taken from Greenhalgh and Khan. The values of the other parameters used in the
simulation are r, =0.023/min, r, =147/min, ¢ =0004/min, e, = 0.08/min and
4, =0.0491/min. These values when substituted into the expressions for the steady
values of the components, R,L,Tand T, yield normal range of values of the
hormone levels, i.e., E(1.07,4.95,645.39,373.96). Since (4.22) satisfies the conditions of
one of the Theorems in Ref. [44] regarding whether the fourth order (in s=v"?)
algebraic, Equation (4.22) has at least one real positive value. This would be the
value of v'. Substituting this value into (4.22), we would get the critical delay at
which the Hopf bifurcation occurs. For the values of the parameters used in our
numerical calculations, 7* =121.236 min.

For r=120 min which is less than ¢°, the values of the R, L, T and Ty would
converge to the steady state values as r —» «. For r=12347 min which is greater than
7", the values of the four variable would not converge to the steady state values,

but would instead oscillate about the steady state values. Figures 4.2 and 4.3 show
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the time evolutions of R, L, Tand Ty obtained from the numerical solutions of
Equations (4.1)-(4.4) for z=120 min and 12347 min, respectively. As we see, the plots
of R,L,T and T, show that of R, L, T and T; approach the steady state as 1 -
(Figure 4.2). Figure 4.3 shows the time evolution of R, L, Tand Ty when r=12347.
As we see, R,L,Tand T; do not approach the steady state as ¢ — « . Instead, the
values of R,L and T oscillate about the steady state values without the amplitude
of oscillation getting smaller as r— o . To see this better, we have plotted the
solutions in a 2D space when r=12347 (Figure 4.4). All the figures are of limit cycle
behaviors which are what was predicted by Theorem 2.2. To complete the story, we
have plotted R,L and T against each other for r=120 min on Figure 4.5. We see

that the trajectories are spirals which converge to the steady state values.
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Figure 4.1. Numerical simulation for equations (4.1)-(4.4) with 7=120 min. The

positive equilibrium is asymptotically stable. The initial value is (1, 5.3, 645, 100).
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Figure 4.2. Numerical simulations of equations (4.1)-(4.4) exhibits the oscillating
levels of three main hormones and the boosting level of SHBG bound testosterone

in the system with 7=123.47 min. The initial value is (1, 5.3, 645, 100).
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Figure 4.4. Numerical simulations demonstrate the solution trajectories which
projected into the 2D-space for equations (4.1)-(4.4) with z=120 min. The initial
value is (1, 5.3, 645, 100). The positive equilibrium is asymptotically stable.

In this study, we developed a mathematical model in order to examine the
characteristics of the male hormonal regulation which is effected by the binding of
testosterone to SHBG in the male hormonal balancing system. The numerical
simulations show the episodic pattern of three main hormone levels and exhibit the
boosting level of SHBG bound testosterone in the system. Also, as time passes, we
see the stability in the level of T, although the binding of testosterone to SHBG still

proceeds in the bloodstream. This result is in agreement with the format of hormone
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balancing in the system. In addition, we showed the impact of different time delays
to demonstrate that the periodic solutions bifurcate from the equilibrium when
passes through a critical value. Moreover, this can explain the pulsatile secretion of
hormones in males and the concentration curves which correspond to the data

well.



Chapter 5

Conclusions and Suggestions

In this thesis, we purpose the mathematical models to explore the mechanism
of testosterone regulation with analyzing the phenomenon of periodic fluctuations in
the concentrations of hormones. The models are modified from the proposed model
[40], that is able to explain the regular fluctuations of the three hormones in the
hypothalamic-pituitary-gonadal endocrine cycle which regulates the production of
the male hormone testosterone.

As a reason that the levels of testosterone in the actual endocrine system is
also related to event outside the GnRH-LH-T loop [3]. That is, after testosterone is
released in the bloodstream, it will be bound to various carrier proteins, resulting in a
change of bioavailble testosterone level. Large amounts of total circulating
testosterone are bound to sex hormone binding globulin (SHBG). Thus, SHBG-bound
testosterone is biologically inactive. So it such plays an important role in regulating
the amount of free testosterone in the male body. The levels of bioavailable
testosterone are inversely related to the levels of SHBG. Therefore, as the level of
SHBG is elevated, the body will increasingly stimulate the production of testosterone
in the Leydig cells in order to maintain the optimal level of testosterone.

We studied the mathematical models to describe the fluctuations of the
hormones in hormonal regulation of the male reproductive system having been
linked to changes in SHBG levels. We formulated the differential equation models
with a time delay corresponding to the time for traveling the LH hormone from
pituitary gland to stimulate the production of testosterone in the gonads. We used
standard dynamical modeling method to discover and analyze the equilibrium
points, the jacobian matrices and their stability. We gain the conditions for periodical
solutions and stability of the mathematical models.

The mathematical model presented in Chapter 3 extends the ability of the
model of Greenhalgh and Khan [40] in order to explain serum hormone levels in the
GnRH-LH-Testosterone system corresponding to SHBG. It is regulated and maintained
by a balance of positive and negative feedback loops. We see that there is a unique

equilibrium with all four hormones present. It is unstable when the time delay is
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zero and as the time delay ¢ increases passing through the critical value 7. In
simulation, we performed experiments on the model with realistic parameter values
to illustrate quantitatively similar patterns of cyclic hormone fluctuations as detailed
in Chapter 2 and the previous works. The hormone levels show oscillatory patterns
about the equilibrium point in case of instability. The phenomenon of periodic
fluctuations of the hormone levels supports and conforms to the data in the
experimental results.

The model in Chapter 4 consisted of four nonlinear differential equations. We
like to construct the mathematical model that can explain the mechanism of male
hormone regulation and can exhibit the relation between the levels of total
testosterone and SHBG-bound testosterone. The model is enlarged from the
previous model given in [40]. To investigate the characteristics of the male hormonal
regulation which is impacted by the binding of testosterone to SHBG in the male
hormonal balancing system. We found that a unique equilibrium is unstable when
the time delay is zero and whenever 7 passes through a value 7, Hopf bifurcation
occurs. The numerical simulations show the oscillating levels of three main
hormones as observed biologically and the boosting level of SHBG bound
testosterone in the system. Also, we found the very small change of SHBG-bound
testosterone level in time. This result is in agreement with the format balancing in
the system.

Furthermore, we wish that our study will represent a step forward in the
development of the mathematical models. Next, we will develop a model including
other factors that impact on male sex hormone in order to describe blood levels of

hormones important for controlling the male sex hormone.
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Appendix A

A. Theoretical Background

In this section, we introduce some theoretical background which is used to derive
and characterize the properties of solutions of dynamical system in our models. As
we have seen that our biological problems encountered in dynamical system
modeling are nonlinear in structure. It can be proceeded to analyse the solution
which visualizes the behavior of the real system [6].

Consider the system of ordinary differential equations as follows:

e fx,y)
dt
(A1)
dy _
i g(x,y)

where f and g are nonlinear functions.

Definition A.1 A point (x,,y,) is call a steady state solution or equilibrium of the

system (A.1) when

f(x(]’y(]) = g(x()’yo) =0

Definition A.2 The Jacobian matrix of the system (A.1) evaluated at (x,,y,) is

defined by

o o
ox 0
J (%) = a,; a, _ X y
ay Ay og g
ax y (Xo»y())

Theorem A.3 An equilibrium (x,,y,) of the differential equation system (A.1) is stable
if all the eigenvalues of J(x,,y,), have negative real parts. The equilibrium point is

unstable if at least one of the eigenvalues has a positive real part.

The equilibrium (x,,y,) of the system (A.1) can be classified based on their
eigenvalues of J(x,,¥,):
- If the eigenvalues of J(x,,y,)are complex with positive real parts, the point

(x,,¥,) is called an unstable focus.



54

Figure A.1 An unstable focus.

If the eigenvalues of J(x,,y,)are complex with negative real parts, the point

(x,,¥,) is called a stable focus.

Figure A.2 A stable focus.
If all eigenvalues of J(x,,y,)are real and positive, the point (x,,y,) is called

an unstable node

Figure A.3 An unstable node.
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- If all eigenvalues of J(x,,y,)are real and negative, the point (x,,y,) is called

a stable node

Figure A.4 A stable node.

- If the eigenvalues of J(x,,y,) have opposite signs, the point (x,,y,) is called

a saddle point

Figure A.5 A saddle point.

Now, we use the above ideas to consider a system with populations

X, X,, ..., X, as follows:

dx,
— = X5 Xyyeees X))
dt fl( 1 2 k)
dx,
= X.X,,...X,),
dl f2( 1 2 k) (AZ)
ax
dtk = (X, X, X,).

or in the form of vector notation
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ax_ F(X) (A.3)
dt

for X=X,X,,..X), F= (.t f), where each of the function
fis fos o f, depend on all or some X,, X,,.... X,. A point X = (X/, X,,.... X,) s
called the equilibrium point when it satisfies F(X) = 0. In the same way, next step is
to determine stability properties of the steady state. In linearizing equation (A.3), the

Jacobian of F(X) is obtained by setting

J=£(>‘<) (A.4)
eX
or

o o ]
X, oX, X,
afz 3f2 afz

J=|6X, &X, X, (A.5)
o o O
| oX, 0oX, X, |1x

Here, J is a kxk matrix. Eigenvalues A of this matrix satisfy

det(J —AI) = 0. (A.6)
We obtain a characteristic equation of the form
A +a ! +a,A 7+ +a A +a, = 0. (A7)

The stability of the equilibrium point can be determined without solving the actual

values of eigenvalues by using the Routh-Hurwitz criteria.

Theorem A.4 (Routh-Hurwitz criteria for local asymptotical stability)

Given the characteristic equation (2.7), define k matrices as follows:

H, = [al],
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14 a4,
a 1 0
H, =la;, a, q],
a, a, a,
faq, 1 0 0
a, a, a, 1
3 2 1
H4 = )
a a, 4d; a,
a, a, as; a,
a 1 0 0 0
a, a, aq 0
and H, =|a; a, a, a, -+ 0
0 0 0 0 - q

Then all eigenvalues have negative real parts, i.e., the equilibrium point X is stable if

and only if the determinants of all Hurwitz matrices are positive that is
det H; >0 for j =12,..,k

Here,
detH, = aa,a.a, +a,a,a +2aaa +a2aa +a.a —aza —azaz—aaza —az—aaa —a,a,a
4 17234 2735 17745 1 %26 377 3%4 174 177255 5 1736 17277

The conditions of Routh-Hurwitz criteria for local asymptotical stability in a"
order characteristic polynomial equation:
i) a >0
i) a, >0
i a,>0

V) aaa,—a;—ala, >0
In the following theorem, we discuss the Hopf bifurcation theorem [7].

Theorem A.5 For a system of first order differential equations given by

ax _

F(X;
o = FXr)
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where X is a column vector. If

() F(X;r) =0 for 7 in an open interval containing 7 and X, is an
equilibrium point of F.

(i)  F isanalyticin X and ¢ in a neighborhood of (X,,7").

(i) the Jacobian matrix J(r) = Dy F(X,,7) has a pair of complex conjugate

eigenvalues A and A such that

A@)=u(r)+iv(r)

where

v(r)=v >0, u(r)=0, du =0

for the critical value of bifurcation parameter 7.

(iv)  The remaining eigenvalues of J(z) have strictly negative real parts,

then the system dd—X = F(X;7) has a family of periodic solutions that means there
t
is a loss of linear stability of the equilibrium point X, as r crosses 7 .

A limit cycle is an isolated closed trajectory which neigbouring trajectories are

not closed but spiral away or toward the limit cycle. A limit cycle can be stable,

unstable, or half-stable.

Figure A.6 A stable limit cycle.



Figure A.7 An unstable limit cycle.

Figure A.8 A half-stable limit cycle.
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Stability and oscillations

of time-delayed model

for the testosterone regulation

T. Tanutpanit, P. Pongsumpun* ,and I. M. Tang

Abstract— 1In this paper, we develop the mathematical model
with a time delay to describe the feedback mechanisms concerning
of cyclicity of the male hormonal balance on the influence of
variations in the sex hormone-binding globulin (SHBG)
concentration. We show that a Hopf bifurcation occurs when a time
delay T passes through a critical value. Numerical simulations are
performed to illustrate the analytical results. Moreover, this model
can explain the pulsatile secretion of hormones in male.

Keywords—Hormone, Time delay, Oscillation, Testosterone,
SHBG, Hormonal regulation.

I INTRODUCTION

N males, testosterone (T) is the primary sex hormone that

has many direct effects on the anatomy and metabolism.
The biosynthesis of testosterone is controlled with hormonal
interactions via feedback and feedforward relationships in the
complex dynamical system. The hypothalamus and pituitary
gland are important for regulation the amount of testosterone
produced by the male testes. Testosterone levels rise and then
fall over the short term (2-3 hours) in humans [1]. To
stimulate testosterone production, The gonadotropin-releasing
hormone (GnRH) from the hypothalamus stimulates the
anterior pituitary to produce luteinizing hormone (LH) which
travels in the bloodstream to the testes. LH influences activity
in the Leydig cells [2,3], where cholesterol is gradually
changed into a series of compounds until it becomes
testosterone. When high testosterone level is reached, the
level of testosterone production is regulated by a negative-
feedback to mhibit GnRH secretion which leads to a
reduction in the frequency and amount of pulsatile LH
release. As a result, testosterone production is dropped [1].
Once testosterone is transported in the blood, a large fraction
of the circulating testosterone (~ 50%) is tightly bound to sex
hormone-binding globulin  (SHBG) and is therefore

T. Tanutpanit is with the Department of Mathematics, Faculty of
Science, King Mongkut’s Institute of Technology Ladkrabang,
Chalongkrung road, Ladkrabang, Bangkok 10520, Thailand ( e-mail:
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author phone : 662-329-8000 ext. 6196; fax: 662-329-8400 ext.284; e-mail:
kppuntan@kmitl.ac.th).

I. M. Tang is with the Department of Mathematics, Faculty of Science,
Silpakorn University, Nakorn Pathom 73000, Thailand and Department of
Physics, Faculty of Science, Mahidol University, Rama 6 road, Bangkok
10400, Thailand.
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physiologically inactive [4]. A further approximately 48%
circulates bound weakly to albumin and only a small
percentage (~2%) of testosterone is unbound or free
testosterone (FT). Circulating bound and free testosterone is
collectively referred as total testosterone. The free
testosterone and albumin-bound testosterone, which are
physiologically available to the body tissues resulting in an
effect on the cell, are known as the bioavailable testosterone
(BioT) [5,6,7]. SHBG is a protein produced primarily in the
liver. The level of SHBG is one factor that determines the
total testosterone level [8,9] because it binds with high
affinity to a large fraction of the testosterone in circulation
therefore high concentrations of SHBG reduce the level of
bioavailable  testosterone.  Consequently, the total
concentration of testosterone increases to maintain adequate
levels of bioavailable testosterone [10].

Mathematical models for the regulation of male sex
hormone have been widely studied and developed in order to
understand the interaction of hormones in dynamic biological
system for a long time. A simple mathematical model
describing the hypothalamic-pituitary-gonadal system is
proposed by Smith [11], it is generalized to explain the
pulsatile hormone regulation in the GnRH-LH-T axis. We
denote the concentrations of the GnRH, LH and T

respectively by R(t), L(l‘) and T(l‘). Smith's model

comprises three differential equations

R r(n)-ar),
= alR)-n). 0
il_f = gz(L)_ba(T)

The positive function b, b,, b, refer to clearing rates of
hormones and g, &,. J describe the hormone secretion

rates, where b, b,, b,, g and g, are the monotonic

increasing functions and the negative feedback function [
is a monotonic decreasing function. In 1983, Smith [12]
enlarged this model by using a time delay 7 in the 7 -
equation as a period for traveling the LH hormone from
pituitary gland to the target cells and actions of
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gonadotrophins in the gonads. The model is represented as
delay differential equations

o= F)-h(R).
= alR)-h(L). @
= a(L(-0)-1(1)

where 7 is a delay associated with the blood circulation time
in the body.

Free testosterone |[7)

SHBG-bound
testosterone

U

Stimulating effect

l:l Hormone in plasma

Inhibitory effect

E> Disposal

Fig.1. The flow and interactions block diagram of the
hypothalamo-pituitary-gonadal axis in men.

Greenhalgh and Khan [14] proposed the delay differential
equation model which explains the population dynamics of
GnRH, LH and T. This model was modified from the models
of Smith [6,15] and Cartwright and Husain [1] by taking into
account experimental findings about the hypothalamic-
pituitary-gonadal system. In this model, the only one of four
equilibriums where all three hormones were presented. They
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analyzed the stability and Hopf bifurcation of the equilibrium.
Tt is therefore unstable with no time delay, and Hopf
bifurcation occurs repeatedly as the time delay increases
through an infinite sequence of positive values.

In this paper, a mathematical model for the hormonal
regulation of testosterone production in the mechanism of the
hypothalamic-pituitary-gonadal system which was proposed
by Greenhalgh & Khan (2009) is enlarged by taking into
account the influence of variations in the SHBG
concentration on testosterone level. This system incorporates
a discrete delay in the time that LH requires to travel through
the bloodstream to reach its site of action at the gonads [8]. In
addition, the existence and stability of steady states of the
system are considered as well.

II. MATHEMATICAL MODEL FOR THE TESTOSTERONE
REGULAION

A. Mathematical Model

To develop a mathematical model for testosterone
hormonal regulation on the influence of variations in the

SHBG concentration. We represent R(t) s L(t), T(t) and

S (t ) as plasma concentrations of gonadotropin-releasing

hormone (GnRH), luteinizing hormone (LH), testosterone (T)
and sex hormone-binding globulin (SHBG) , respectively.

In order to balance the level of hormones in the
bloodstream. Firstly, the merged effect of T and LH
influence the production of GnRH by the hypothalamus. At
low concentrations of T and LH, there is an increase in the
production of GnRH with increasing GnRH concentration
and it is the other way around when concentrations of T and
LH are high. Hence, the secretion rate of GnRH is assumed in
the form

&R
dr

nR
= — uR 3
L+nT # )

Secondly, the pituitary secretion of LH is under controlling
of the positive and negative feedback from GnRH and T,
respectively. The secretion of LH will be decreased when the
level of GnRH drops to the low level and T rises to the high
level. Conversely, the secretion of LH will be increased as the
GnRH concentration is high and the level of T is low.
Therefore, the secretion rate of LH is assumed in the form

dL

L
dt

= - ul 4
R+aTl e vl

Additionally, as the reason that LH stimulates Leydig cells
to convert cholesterol to T in that it incorporates the time
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delay corresponding to the time for traveling the LH hormone
from pituitary gland to stimulate the production of T in the
gonads. Hence, The dynamics of testosterone level described
by the following equation

dar _
dt

= gL(r-2)7 — wT 5)

In order to take into account the influence of variations in
the SHBG concentration on the testosterone production.
Equations (3) - (5) are modified as the following equations

dR 1R

== 1 _ 4R 6

dt L+nT & ©
dL aRL

== - 4L 6b
dt R+a,T 4 )
‘;—{ = glL(t-7)T + g,ST— T (6¢)
as s

2 - uS 6d
dr 1+eT #a &g

The term g,S7 is added into (6¢) to support the
dynamics of testosterone in the reason that the production of
testosterone will be increased in order to maintain adequate
levels of bioavailable testosterone as the levels of SHBG
elevated. This is supported by experimental study described
by Winters et al. [12]. Moreover, the first term on the right-
hand side of (6d) represents the rate of the SHBG production
which is assumed for decreasing the hepatic production of
SHBG by testosterone [10]. In the system (6), the parameters

}’i’ rZ’ al’ a2’ gl’ gl -] el’
positive constants 4, 4, , i, M, refer to clearing rates of

the all four hormones which is proportional to their
concentration.

e, are strictly positive and the

B. Steady state

In order to find steady states, we set the right hand
side of equations (6a) to (6d) to zero. We obtain the four
possible equilibrium states :

) E(R.LTLS) = (0,0,0,0)

i E, (R, L. T,.5; )
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i) B (R, 15, S;)
0, L
Hy hn 4 1

i3 A i
TR T 75(74* )'é’z (g - g (

i

o .

22(71,1) Mol My
o]

4 e

&
1
(74 -0

) E4 (R:,LZ,T:,SI)

As we see, there is only the steady state F, that has all

four hormones presented. It is the positive steady state of our
equations where

By physically meaning, we will consider only the steady
state [, .

C. Local Stability and local Hopf bifurcation analysis

Based on the theory of differential equations, we
consider the Jacobian matrix of our equations evaluated at the

positive equilibrium £, , that is

& 0 ~&; 0
F=
0 pe” Bl -1) B
0 0 -6 0
where

¢ — ’1R; ¢ — ﬁ’zR;

Y Bems) " (es)

£ = 49550 £ = 4080

1 * 2?72 * 27
(Rz*“sz) (Rz*“sz)

*

k *
=gl , B=glL, b=8gT%.
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Therefore the characteristic equation is given by

(B (e 1) 2+ (88, + 8, 460 ) A

7
* (5‘1161%@7ZT —& b, (eih = 1))1'Jr deppf. = 0 v

In order to find the local stability of the steady state, we
consider the case without delay time 7. Setting7 =01in (7),
we have the characteristic equation

A+ ( 5ﬂ3 + gzﬁl + ‘€‘1¢1)]“2 + glﬂ1¢zﬂ“ + 5‘91¢1ﬂ3 =0 (®
By using the Routh-Hurwitz criteria, the non-trivial steady
state is unstable for 7 =10 .

We now return to the analysis of equation (7) for 72 0. In
order to determine the conditions on the parameters for
Hopf bifurcation. For the steady state E,, we let

A(t)=u(r)+iv(r) where u and v are real. The equation
(7) becomes

(u + iv)4 = (,62 (e’f('”w) - l))(u + iv)3
+ (6‘ﬁ3 +&,fe ™ Log ) (u+ iv)2

H(aBpe™ ) g, (7 1)) iv)
+o54f, = 0

©

Separating the real and imaginary parts, we obtain

u' +v —6u™’ +u+ 55,4, B, + 2uve, P sin(vr)
— B, Gulv—v") sin(vr)
~vee (4,8, - B¢)sin(vr)
+us,e™ (B, ~$,)cos (vr) a0
+ (W’ =V )EB, + 6,6, + 8,8 cos(vr))
— B, @’ =3’ ) e cos(vr)-1) = 0

and

da’v—duy’ +v+ Be (1 —3uv)sin(vr)
— &8, —vhe ™ sin(vr)
—B,GBu*v—v")e ™ cos (vt )-1)
+2uv(3B, + &6, + &,Be " cos (vr))
+vee " (B, — 6B, cos(vr)
+use (¢ f, - Bg,)sin(ve) = 0

an
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To determine the existence of a critical delay 7", the value

of 7 such that u(r*):O at which the switch of stability

appears. We set 7= 7 and denote V(T*) as v, Equation

(10) and (11) become

v~252ﬂ‘ cos(v'z ) — (v~£‘ [ﬂ‘yﬁz A ] + v”ﬂz)sin(v*r”)
= v+ 8608, -v (58, +e4,)

12

and

(Ve (Bd,~9.8)+ "B, )eos(v'T")

v, Bsin(vc) = VB, -

a3

Adding up the squares of both equations. Hence, equations
(12) and (13) reduce to

Fo) = w' +kw +l,wt +kw+k, =0 14)

where w=v" and
kl = _2(5ﬁ3+g1¢1)

k, = 266,06, +(5ﬂ3 +&6 )2 -25
- gzzﬁl2 - 281#2 [ﬂ1¢z ) ¢1ﬂz ]

k3 =1- 25‘1¢15ﬁ3 (5ﬁ3 + gl¢1 )_ glz [ﬁ1¢2 - ¢1ﬁz ]2

k= &410°B;

The value of critical delay 7'is determined by the
necessity that u(r*):O, then the existence of purely

imaginary eigenvalues depend on whether equation (14) has
at least one positive real root. To follow this necessity, we
state the conditions to ensure that equation (14) has a positive
real root.

Lemma. Let f (w) has the three turning points denoted
byoy, 0.0 .

(i) If k, <0, then f(w) has at least one positive real root
(i) If k, =z0and there is o, >0 for some / such that

f(e,)<0, then f(w)has exactly two positive real

roots.
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@iif) If f'(c )> 0 forall 7, then f'(w)has no the positive

real roots.

Thus, if the solution of the equation (14) exists, we can solve

for the critical time delays 7 by substituting V' into
equation (12) and (13). We obtain

5 5 55 .
. :ixarcsin my +my +my —my . 27r(kx—l)
v n v
as
where
m=-p

m, = gz@ﬂz + ﬂz (5ﬂ3 + 81¢1 ) -& [ﬁ1¢z = ¢1ﬂz]
m =& (5ﬁ3 + gl¢1)[@¢z = ¢1ﬁ2]7 gzﬁl - 5€1¢1ﬁ2ﬁ3
Ty 5812¢1ﬁ3 [ﬂ1¢2 - ¢1ﬁz]

n= (gzp’lv*z)z + (ﬁzv*3 +& [ —Qﬂz]v*)z
and k=0,12,....

We now show that the system of delay differential
equations (6a)-(6d) exhibits the Hopf bifurcation as the value

of time delay = passes through the critical value 7 by
showing that

du

— =z 0
dr

p=tt

From equation (10) and (11), we find the differentiation with

respect to T and evaluate at T=T7T "for which
u (‘L'* ) =0and V(‘L'* ) =" We then obtain
du dv
— +— @ =R (16)
dr r=t" dr r=r"
du dv
— (-0)+ — P =38 a7n
dr r=t" dr =1
where
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P=1-38y"
+ I:Sﬁ’zv*z +¢&,p7 (,81¢2 -5 ):Icos (v*r*)
+ [282,6’1\)* - ﬁZT*Vﬂ - T*V*Sl (,6’1¢2 -¢8, ):Isin(v*r*)

+ 4

votg

Q=8"-2"(0,+5¢)
+ I:/fzr*v*3 —2e,pv +TV's (B¢, - 45, )] cos (v*r*)
+[389" 2BV + 5, (Be,—4.8,) |sin(v'T")

vot+eg

R = ("B —sv"(Bg,~#5.))cos(v'T)

N
—&,pV s1n(vz‘)

S == gzﬁ;v*3 cos (V*T*)

BV 978 (B, B,))sin(v'T)

By solving equations (16) and (17) , we have

du

du _ PR-OS
dr T

PP+ ? (8

Consider

PR-0S = 4" —6(88, +eg,)v"
(489 p+2(68, +4) - 2618
~45,8,( B4, ~4,8,)~ 48, "
+(-5(Bs, - 88) —26:4,5, (68 +5,4 )"

=7 (4" —6(8, + e g)v"
+(485,9 B, +2(68, +£4)' — 2. 5]
~45,B,(Bd, ~ $,8) 48"
+(-285,45, (3B, +e) & (B~ 4,67

=" (4wz +3klwZ +2k2w+k3)

_ 2 Fw
=P i
dw “

=
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Since % equal to zero where w is the turning point
of f. Following on from the Lemma, we see that
d

¥iw) # 0. Thus, we can conclude that

dw |,
d FPR-0S
2 Cit (19)
dr|_- P +Q

Therefore, the Hopf bifircation arises as ¢ passes through
the critical value T .

III. NUMERICAL RESULTS
Testosterone is altered by the hormonal milieu. In order to
show the quantitative behavior of the three hormones
involved in Testosterone regulation with relation to
circulating SHBG levels. We conduct numerical simulations
with the same realistic parameter values that Greenhalgh and
Khan [14] used in simulation. For the other parameters, we

take g, =0.0092/min, ¢ =59/min,  ¢,=03
44, = 0.031/min which correspond to the steady state E, and

the normal range of hormone levels. After hundreds of
numerical simulations, we find that the system is

asymptotically stable when 7 < 1" ~ 12347 . Fig.2 shows that
the equilibrium [ is asymptotically stable where 7 =120.

and

As shown in Fig 3, the system undergoes a Hopf bifurcation
ocours near the positive equilibrium F4(1.07,4.95,641.83,1.28)

where £ > 7 ~12347 The oscillatory characteristios of

hormone regulations agree well with experimental data and
other simulated hormone fluctuation levels.

IV. CoNCLUSION

The mathematical model developed in this paper describes
the feedback mechanisms in consideration of cyclicity of the
male hormonal balanced on the influence of variations in the
SHBG coneentration. Levels of total testosterone can be
directly affected by changes in levels of SHBG to maintain a
constant concentration of free testosterone. In addition, we
used a time delay 7in the model to explain a period for
traveling the LH hormone from pituitary gland to the target
cells and actions of gonadotrophins in the gonads.

We investigated our equations that incorporate a discrete
delay in the time. In order to show that Hopf bifurcation can
occur, the numerical simulations are given to explain the
analytical results. We found that a family of periodic
solutions bifurcate from the equilibrium when T passes

through a critical value. Moreover, this model predicts the
changes in the cycle in correspondence with the influence of
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Fig 2. Numerical simulations for equation (6a)-(6d) with
T =120. The positive equilibrium is asymptotically
stable. The initial value is (1, 5, 600, 1)
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variations in the SHBG concentration on the testosterone
production. This model can explain the pulsatile secretion of
hormones in male [16] as well as concentration curves
correspond to the experimental data well [17,18].
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The purpose of this paper is to study the effect of sex hormone binding globulin (SHBG)
on the mathematical model of the hypothalamic-pituitary-gonadal (HPG) endocrine
cycle which regulates the production of the male hormone testosterone. Large amounts
of total circulating testosterone are bound to SHBG making them. Standard analytical
techniques are used to analyze the modified mathematical model which includes a delay
to account for the time required for luteinizing hormone emitted by the pituitary gland to
reach the testis, to determine the steady state, its stability and the critical delay needed
for the bifurcation. Numerical simulation of the solutions of the model is performed to
illustrate the possible behaviors.

Keywords: Hormone; Time Delay; Oscillation; Testosterone; SHBG; Hormonal Regula-
tion.

1. Introduction

Testosterone is an androgenic hormone which can be found in both males and
females. The level of testosterone in males is about 7 to 8 times greater than that in
females. In males, it plays the key role in the development of the male reproductive
tissues. As an androgen, it promotes protein synthesis and as such it has an effect
on the growth of muscle mass and increase in bone density. Its production in males
is 20 times that in females. It is necessary for male physical development and other
male processes such as beard growth and the lower pitch of the male voice.

§Corresponding author.
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Testostarone iz deived from cholesterol and is produced primarily by the
Leydig eells in the testiz The amount of testosteromne iz carsfully regulated by
the endoerinclogy processss conneeted to the hypothalaraus-pituitary-gonadal axds
{HP G-aads) shown i Fig 1. Two glands eloss to the brain, the hypothalamus and
pituitary glands regulate the secretion of the testosterone through a feedback mech-
anizm involving hormones being seereted by the two glands. The hypothalamus
releases ponadotropinreleasing hormone (GnEH) in o pulsatile manner. This acts
as a sgnal for the pituitary gland to seeret luteinizing hormons (LH) into the blood
streamn where it travels to the testes. Onee the LH reaches the testes, it smulates
the Leydig cells to produce the testosterons. The sseretion of the LH follows an
episodie pattern resulting in Auetuations of the lewl of testosterone in the ereu-
lating blood.t? To maintain the level of the testosterone at some equilibrinm level,
the hypothalamus gland signals the pituitary gland to limit the smoumt of LH to be
released when the coneentration of the testosterone in the blood iz above a ertain
lewel. This of eourse will reduce the production of testosterone in the testis.

Megative foodback

Fig. 1. A sdhematic cverview detads the steps inwolved in the homaonel control of mele repro-
dustiomn,
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Mathematical models for the regulation of male sex hormone have been widely
used for a long time and have been studied in order to understand the interaction of
hormones in dynamic biological systems. A simple mathematical model describing
the hypothalamic-pituitary-gonadal (HPG) system was first proposed by Smith.?
It was used to explain the pulsatile hormone regulation in the GnRH-LH-T' axis.
Denoting the concentrations of GnRH, LH and BioT, respectively by R(t), L(%)
and T'(¢), Smith’s model becomes

= I =)
= 1B~ ba(D), (L)
= )~ b(D),

where the positive functions by, bs, b3 are the clearing rates of three hormones and
g1, g2, f describe the hormone secretion rates. by, bo, b3, g1 and g2 are assumed to be
monotonic increasing functions while the negative feedback function f is assumed
to be a monotonic decreasing function. In 1983, Smith? made an improvement to
the model by introducing a time delay 7 into the T-equation since it takes time
for the LH to travel from the pituitary gland to the target cells and actions of
gonadotrophins in the gonads to start. The last equations for the system (1.1)
would become a delay differential equation, i.e.,

D) - haiR),
B ha(D), (12)
= (Lt~ )~ bs(T),

where 7 is a delay caused by the time it takes the LH to reach the testis after it
is released by the pituitary gland (there being a great distance between this gland
and the testis).

After testosterone is secreted into the bloodstream, 96-98% will be bound to
various carrier proteins. One of these will be the sex hormone-binding globulin
(SHBG). This protein is produced primarily in the liver. The entry of SHBG into
the hypothalamus-pituitary-gonadal axis is shown in the lower left corner of the
figure. SHBG plays an important role in determining the availability of the testos-
terone for its endocrinology activity. The reason for this is that SHBG can tightly
bind to the testosterone making it physiologically inactive.”7 A large fraction (~60—
70%) of the testosterone will be of this type. Another 28-38% will be weakly bound
to albumin. Only a small percentage (~2%) of testosterone will be unbound. This
will be considered to be free testosterone (FT). Only the FT is capable of entering a
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cell and activating the receptor on the SHBG gene on the chromosome and turning
it on. The circulating bound and FT are collectively referred to as the total testos-
terone. The FT and the albumin-bound testosterone are physiclogically available to
the body tissues. These are lmown as bicavailable testosterone (BioT).® The level
of SHBC becomes one factor that determines the total testosterone level.%~ ™ High
concentrations of SHBG reduce the level of Biol. Consequently, the total concen-
tration of testosterone must increase to maintain adequate levels of BioT. 1314
Creenhalgh and Khan,'® sought to improve on the models of Smith* and of
Cartwright and Husain® by using different response functions which incorporated
more qualitatively observed biological behaviors. Greenhalgh and Khan did not use
the Heaviside step function to be a response function which leads to the GnRH
and LH being produced when the testosterone falls below a given value. Instead
they use two Michaelis-Menten-like response functions which take on different val-
ues depending on whether the feedback component biochemical is large or small.

Their model included the same time delay as Smith’s model. Tanutpanit et «f.1®

improved the model of Greenhalgh and Khan by including the effects of the SHBG.
As we mentioned, testosterone can bind to SHBG, making them ineffective as an
endocrinology agent. Only free teatosterone is important to the HPG.

In the present study, we have improved on our previous work. We now allow
the SHBG level to vary. This makes the revised model more medically correct. In
humans, the levels of SHBG may depend on the medical condition of the person.
The SHBG levels are decreased when the person suffers from hypothyroidism, dia-
betes, obesity or the Cushing’s syndrome. The levels are elevated when the person
suffers from hyperthyroidism, cirrhosis of the liver and is pregnant. Inclusion of the
SHGRE is necessary since an increase in the SHBG level leads to an increase in total
testosterone level.

2. Mathematical Model for the Testosterone Regulation
2.1. Mathemalical model

Since we assume that testosterone exists in two different forms in the blood:
bounded testosterone and FT. We must differentiate between the two and so each
needs its own individual designation. We need to introduce four variables; R for the
plasma concentration of the GnRH, LU/ for the LH, 1" for FT and Ty for SHBG
bound testosterone. In this study, we will investigate the following delay differential
equations

dR @R
& " I0+qr @1

ALU diR
. (R+d2T> LU — paL U, (2.2)
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df 73
E—a-LU(th)TerTf,ugT, (2.3)
dls [ el
s _ (—1 MT) g~ dTa (2.4)

where g1, g2, d1, da, 2, p1, P2, €1, €2 are strictly positive parameters and g1, g2, p3,
g are defined as the metabolic clearance rates of all four hormones.

As we have said, the GnRH £ is released by the hypothalamus. As pointed out
in Ref. 15 the release of GnRH is influenced by the combined effect of both the LH
and the testosterone hormones. The response function used in (2.1) reflects this.
The release of the LH hormone by the pituitary gland should be high when the level
of T is low and the level of GnRH is low. The release of LH should be low then the
level of T is high and the level of GnRH is high. The response function used in (2.2)
exhibits two different behaviors for R greater of less than LU. In (2.4), we use a
hyperbolic function @(T') = e17/(1 4 e2T") to describe the change of SHBG-bound
testosterone level. (1), which is an increasing and bounded function where T' > 0,
is used to explain the rise in the level of SHBG-bound testosterone at the time that
testosterone is released into the bloodstream and then bind to SHBG.

2.2. Steady state

In order to find steady states, we set the right hand side of Egs. (2.1) to (2.4) to zero.
We see that the above equations admit the nonzero steady state E(R,LU,T,Ts)
where

= Fel d —
po Game ( 4 ) _ _ta2 4
di — o \ €1 — enjig dy — po
Wzﬂffh (L> :Effiﬂi
1 €1 — €aliy “#1
F__ M
€1 — €z/t4

and

_ 1 T3 1 T3
ok NIV
T4 (/«ba—a(ﬁ—%(ei“ﬁm)) ) ra \jpg — ol U
Obviously, thiz steady state is positive if and only if
@ om
P el —eapu

3
7_71>0.
s —alll

dy — po >0, >0,

€1 — egitg > 0 and
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2.3. Local stability and local Hopf bifurcaltion analysis

In order to analyze the stability of the steady state E, we now use the transforma-
tions

w=R—R z=LU-TU, y=T-1T,
z=Tg—Tg and x, =LU, — LU,

where LU (¢) = LU(t — 7) and then linearize the system of (2.1)—(2.4) (See also

Appendix A).
We get the linear system of Eqs. (2.1)-(2.4) at E as follows:
-dw]
dt
di 0 i ne 0] |w
dt 0 0
dt | |73 . T4 x ’ (2.5)
dy 0 nse™ 0 ms| |w
dt 0 0 = O
dz
Ldtd
where
_ nfl  qpR  LAIE-T
Sy W e ermy MV ey
(LU +¢2T) (LU + g2T) (R+dxT)
dldgw : R T T34 = elTS
= =a = =
BT R e BT L e T ATy

We obtain the corresponding characteristic equation as follows

At — (mns + nenn)A® + msnenr — (mnsA® + mumgnsA)e ™ = 0. (2.6)

To find the local stability of the steady state, we consider the case without delay
time 7. Setting 7 = 0 in (2.6), we have the characteristic equation

At — (mms + mams + nemr) A* — namans A+ mmaneny = 0. (2.7)

By using the Routh—Hurwitz criteria, the nontrivial steady state is unstable for
=0

Now, we return to the analysis of Eq. (2.6) in case 7 > 0. We rewrite the
equation in a form as

M4 pmAZ £ pa+ (ql)\Q e QQ)\)e*)‘T =0, (2.8)
where

p1=—(mns+nem7), Pz =mmsnenr, @1 =-mans and g = —mansns.
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In order to determine the conditions on the parameters for Hopf bifurcation, we

introduce the following theorem.?

Theorem 2.1. For a system of first order differential equations given by

% = F(x;7),

where X is a column vector, If

(i) F(x;7) =Q for 7 in an open interval containing 7, and X s an equalibrium
point of F.
(ii) F is analytic in X and 7 in a neighborhood of (x.,7*).
(i) The Jacebian matriz J(7) = DxF(x¢, 7) has a pair of complez conjugate eigen-
values A and X such that

A7) = ulr) +dv(7),

where

du
By 0k 0 LA g 0
wry=vt >0, wry=0, B 4

YEER s
for the eritical value of bifurcation parameter 7*.

(iv) The remaining eigenvalues of J(r) have strictly negative real parts, then the
dx

X =F(x;7) has a family of periodic solutions.

system

For the steady state E, we let A(t) = u(7) + iv(7) where u and v are real. The
Eq. (2.8) becomes

(u+ i) + pr (w4 ) + pa+ (qulu+ i0)? + glu+iv))e G =0 (2.9)
Separating the real and imaginary parts, we get
ut — 6uv® 4t 4 (uQ — "UQ) + pa
+ e *[(g1(w® — %) + gau) cos(vr) + (gov + 2quw) sin(er)] =0 (2.10)
and
Andy — da® + 2puv
+ e [{gav + 2q1u) cos(vr) — (g1(u® — v®) + pu)sin(er)] = 0. (2.11)

To determine the existence of a critical delay 7*, the value of 7 such that w(r*) =0
at which the switch of stability appears. We set 7 = 7* and denote v(7*) as v*,
Eags. (2.10) and (2.11) become

g2 cos(v' ) — gov” sin(vt ) = ot — prv*? 4 py (2.12)
and

gav” cos(v' ) + qru*Fsin(vtrt) = 0. (2.13)
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We sum the squares of both equations. Hence, Egs. (2.12) and (2.13) reduce to

v*® = 2p10*® + @pa + 11 — )0 — @pipe + @3 + 15 =0 (2.14)
We define
A(s) = s* — 2p18® + (2p2 + 0§ — of)s® — (2p1pe + 4B)s + 13, (2.15)

where A(s = v*2) =0

The value of critical delay 7*is determined by the necessity that w(r*) = 0, then
the existence of purely imaginary eigenvalues depend on whether (2.14) has at least
one positive real root. From (2.12) and {2.13), the equations can be written in the
form

U*4 o pl’U*Q + po

cos(vir* +81) = ~ and  sin(o'r" +61) =0, (2.16)
v/ (q1v*)? + 43
where ) is in the interval [0, £),
qv” g2

cos(fl1) = and sin(fy) =

(g1v*)? + g2 (o )2+ a2

Thus, if Eq. (2.14) has a positive real root, we can solve for the critical time delays

(2.17)

7* from
Tt :M for ke I. (2.18)
v
Theorem 2.2. Suppose that 4s° + 3a15% +2azs + ag # 0 then the system of delay
differential eguations (2.1)—(2.4) wnth the critical value 7" as in (2.18) behaves the
Hopf bifurcation when the value of time delay T passes through the critical value 7,

The proof of this theorem is given in Appendix B.

3. Numerical Results

To gain a quantitative sense of the behavior of the hormones in our model for the
regulation of testosterone when there are two types of testosterones present, we
have simulated the behaviors by numerically solving Fqs. (2.1)—(2.4) using rou-
tine dde23 in MATLAB. Most of the realizstic values of the parameters are taken
from Greenhalgh and Khan.'® The values of the other parameters used in the sim-
ulation are rg = 0.023/min, ry = 1.47/min, e; = 0.004/min, e; = 0.08/min and
g = 0.0491 /min. These values when substituted into the expressions for the steady
values of the components, B, LI, T and T yield normal range of values of the hor-
mone levels, i.e., F(1.07,4.95,645.59,373.96). Since Fq. (2.14) satisfy the conditions
of one of the Theorems in Ref. 16 regarding whether the fourth order (in s = v*#)
algebraic, Eq. (2.14) has af least one real positive value. This would be the value of
v*. Substituting this value into Fq. (2.14), we would get the critical delay at which

T
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Numerical simulation for Eqs. (2.1)—(2.4) with = = 120 min. The positive equilibrium is
asymptotically stable. The initial value is (1, 5.3, 645, 100).
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Numerical simulation of equations (2.1)—(2.4) exhibits the oscillating levels of three main
hormones and the boosting level of SHBG bound testosterone in the system with = = 123.47 min.
The initial value is (1, 5.3, 645, 100).
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Fig. 4. Numerical simulations demonstrate the solution trajectories which projected into the
2D-space for equations (2.1)—(2.4) with 7 = 123.47 min. The initial value is (1, 5.3, 645, 100).

the Hopf bifurcation occurs. For the values of the parameters used in our numerical
calculations, 7° = 121.236 min.

For 7 = 120min which is less than 77, the values of the R, LU, T and Tgs
would converge to the steady state values as { — oo, For 7 = 123.47 min which is
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Fig. 5. Numerical simulations demonstrate the solution trajectories which projected into the

2D-space for equations (2.1)-(2.4) with 7 = 120 min. The initial value is (1, 5.3, 645, 100). The
positive equilibrium is asymptotically stable.

greater than 7*, the values of the four variables would not converge to the steady
state values, but would instead oscillate about the steady state values. Figures 2
and 3 show the time evolutions of R, LU, T" and Tg obtained from the numerical
solutions of Eqgs. (2.1)-(2.4) for 7 = 120min and 123.47 min, respectively. As we
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see, the plots of R, LU, T and T show that K, LU, T' and Ts approach the steady
state as ¢ — oo (Fig. 2). Figure 3 shows the time evolution of R, LU, T' and Ts when
7 =123.47. Aswesee, R, LU, T and T's do not approach the steady state az £ — co.
Instead, the values of R, LU and T' oscillate about the steady state values without
the amplitude of oscillation getting smaller as ¢ — oo. To see this better, we have
plotted the solutions in a 2T} space when 7 = 123.47 (Fig. 4). All the figures are of
limit cycle behaviors which are what was predicted by Theorem 2.2. To complete
the story, we have plotted R, LU and T' against each other for 7 = 120min on
Fig. 5. We see that the trajectories are spirals which converge to the steady state
values.

4. Conclusion

In this study, we developed a mathematical model in order to examine the char-
acteristics of the male hormonal regulation which is effected by the binding of
testosterone to SHBG in the male hormonal balancing system. The numerical sim-
ulations show the episodic pattern of three main hormone levels and exhibit the
boosting level of SHBG bound testosterone in the system. Also, as time passes, we
see the stability in the level of T¢ although the binding of testosterone to SHBG
still proceeds in the bloodstream. This result iz in agreement with the format of
hormone balancing in the system. In addition, we showed the impact of different
time delays to demonstrate that the periodic solutions bifurcate from the equilib-
rium when 7 passes through a critical value. Moreover, this can explain the pulsatile
secretion of hormones in males and the concentration curves which correspond to
the data well.
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Appendix A. Linearization

We consider the system (2.1)—(2.4) in the general form

% = F(RE),LU), T, Ts(t)
% — g(R(), LU, T(t), Ts (1)) 5.0
% — h(R(), LU@), T(®), Ts(t)
% — KR, LU®),T(®), Ts(t)

with the transformations

w=R—R, z=LU-LU, y=

v,

-7

~

?

z2=Tg—Ts and zy=LU;—

g

where LU (t) = LU — 7).

By expanding f, g,k and k in the Taylor series about a steady state E and

retaining only the first order terms, we have the linearized system of (2.1)—(2.4) as
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follows:
dw (iiR) . (iiR) 7 (A.2)
dt (LU 4 ro1)2 (LU +raT)?
dx _ alagm ‘ T alagm E R
= () o () A
dy o e 7374 F
dz e T
at = ((1 +52T)2) v @2
Now, looking for sclutions of (A.2)—(A.5) in the form
w(?)
z(t) Y
y(®)
()

where (] is a constant vector.!

Then the linear system of Eqs. (A.2)-(A.5) can be expressed as

- dw]
dt
dz 0 M 2 O] |w
E 3 0 T4 0 T
d - 0 — AT 0 k] (AG)
7y s€ g Yy
& 0 0 nr 0
dz
L dt |
where
me— @R aeR _ &dIU-T
(LU +a:T)*’ (LU + Ty’ R+ d.T)2’
Ny = 7M’ 75 = QT7 g = 77‘377“4_1? sl - eng
(R+daT)2 (1+raTs)? 1+ esT)2

Appendix B. Proof of Theorem 2.2
We now show that
du

| _

£0.

T
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From Egs. (2.10) and (2.11), we find the differentiation with respect to 7 and
evaluate at 7 = 7*for which u(7*) = 0 and v(7*) = v*. We then obtain

du dv

o . P+ p . Q =R, (B.1)
du dv
E . (—Q) + E . P S S, (B?)

where
P = qv"rcos(v" ") 4 go cos(* %) — gor v sin(v" 7)) 4 210" sin{a ")
= [q197%7* cos(v* ™) + go cos{v* 7*)] + [2q10* sin(v*T7) — gor 0" sin(v**))
= g2+ q1v*?7 ] cos(v*77) 4 21 — g7 0" sin(v*77)
Q = 40*® — 2pp0* 0 g7 sin(e" ) — 2g10" cos(vT )
+ gov' 77 cos(v T + gosin(vtrT)
= 40" —2pv" + 9o + v ] sin(et ) + [gar — 210" cos(u )
R = —gev 2 cos(v™r*) — gro ¥sin(v*r*)
8 = gov*Zsin(v* %) — gro* cos(v ).
To solve for % —es DY solving Fqs. (B.1) and (B.2}, we deduce that
du _PR-Q8
dr . P22

T=T

(B.3)

Consider
PR Q8 = ([g2 + q1v*?7*] cos(v*t*) + [2q1 — go7* ] sin(v™1%))
A—gav*? cos(v* ) — g™ sin(v 7))
— (40" = 2p1o’ + g + 017 sin(e ) + [gor — 2q]v cos(v )
Agev*? sin{v* ) — grv* cos(vt 7))
= 40" —6p1v*® + (dpy — 247 + 201 0™ — (Cpape + g5)0"
= v (40 — 6p1vtt + (dpz — 241 + 201)0"% — 2pipz + 63))
£

We have just shown that the numerator of the expression on the right-hand side of
Eq. (B.3) is not equal to zero and looking at the definitions of P and ) given below
Eq. (B.2), we see that P and @ are both finite quantities and so P? + Q2 £ 0. We

can therefore conclude that
du _PR-QS8
dr . Py Q2 70 (B4)

T=T

Therefore, the Hopf bifurcation arises as 7 passes through the eritical value 7*.
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Abstract: 4 mathematical model describing the feedback mechanisms of the male hormonal regulation is
presented The mathematical models with a time delay are performed in ovder to explain the relationship
between the concentrations of the hormones in the hypothalamic-pituitary-gonadal axis with the concentration of
sex hormone-binding globulin (SHBG). Moreover, we determine new parameter values to exhibit the change in
testosterone level which is due to the lower SHBG level that observedin obese men.
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1. Introduction

The gonadal sex hormone, testosterone (T), is synthesized and secreted primarily by the interstitial cells of
the testes. It plays important roles in the development and regulation of bodily functions; therefore, the
testosterone production is carefully controlled to maintain balanced levels in blood. The body has a system for
controlling androgen, testosterone biosynthesis is operated by the endocrine hormone in the complex dynamical
system. It occurs via the negative feedback loops within the hypothalamus-pituitary-gonadal axis (HPG-axis).
The gonadotropin-releasing hormone (GnRH) from the hypothalamus stimulates the release of luteinizing
hormone (LH) at the pituitary gland in pulses. LH, in turn, stimulates androgen production in the Leydig cells [1,
2], in which cholesterol the enzymatic conversion are where cholesterol is gradually changed into a series of
compounds until it becomes testosterone. When high testosterone level is reached, in the hypothalamic-pituitary
unit, the production and secretion of GnRH and LH have been controlled by a negative-feedback which leads to
reduce the frequency and amount of pulsatile LH release. As a result, testosterone production is dropped [3].
Testosterone levels rise and then fall over the short term (2-3 hours) in humans [3]. Once testosterone is
transported in the blood, most testosterone is bound; 50% of testosterone is tightly bound to sex hormone-
binding globulin (SHBG) and is therefore physiologically inactive [4]. A further approximately 48% circulates
bound weakly to albumin and only a small percentage (~ 2%) of testosterone is unbound or free testosterone
(FT). Circulating bound and free testosterone is collectively referred to as total testosterone. The fiee
testosterone and albumin-bound testosterone, which are physiologically available to the body tissues resulting in
an effect on the cell, are known as the bioavailable testosterone [5, 6, and 7].

Sex hormone-binding globulin (SHBG), which is a protein produced primarily in the liver, binds to and
transports sex hormones in the bloodstream. Since SHBG binds with high affinity to a large fraction of the
testosterone, high concentrations of SHBG will reduce the level of bioavailable testosterone (BioT) in
circulation. As a result, testosterone need to be further released in order to maintain adequate levels of BioT [8],
so the level of SHBG is a significant factor that determines the total testosterone level [9,10]. The normal range of
SHBG levels in adult males is between 0.674 to 5.620 micrograms per deciliter (ug/dL). A decrease in testosterone level
can impact many of the body’s systems. A deficiency in male sex hormone is due to hypogonadism. In men, low
testosterone and low SHBG are associated with higher rates of obesity and diabetes [11-13].

Mathematical models for the regulation of male sex hormone have been widely studied and developed in
order to understand the interaction of hormones in dynamic biological system for a long time. A simple
mathematical model describing the hypothalamic-pituitary-gonadal system is proposed by Smith [14], It is
generalized to explain the pulsatile hormone regulation in the GnRH-LH-T axis. We denote the concentrations
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of the GnRH, LH and T respectively byR(t), L(t) andT(t), respectively. Smith's model comprises three
differential equations

R r@)-a®)
L g (m)-u(0). @
L~ g(0)-6,(1).

The positive function b, b,, b, refer to clearing rates of the hormones and g,, g,, [ describe the
hormene secretion rates, where by, b,, b, g, and g, are the monotonic increasing functions and the negative

feedback function [ is a monotonic decreasing function. In 1983, Smith [15] enlarged this model by using a

time delay 7 in the 7 -equation as a period for traveling the LH hormone from pituitary gland to the target cells
and actions of gonadotrophins in the gonads. the model is represented as delay differential equations

R fr)-a®).

2
% - a(R-uL)., @
L~ alLl-a)-5(T).

Where 7 is a delay associated with the blood circulation time in the body.

Greenhalgh and Khan [16] attempted to enhance on the models of Smith [15] and of Cartwright and Husain
[3] by using different response functions which incorporated more qualitatively observed biological behaviors.

In this study, we use the model of Tanutpanit et al. [17], which was modified from the model of Greenhalgh
and Khan in order to describe the relation of the sex hormone-binding globulin (SHBG) and hypothalamic-

pituitary-gonadal hormones, by determining new parameter values that concern with the change of SHBG
production rate observed in obese men to exhibit the changes in testosterone levels.

2. Mathematical Model
Tanutpanit et al. [17] proposed a modified mathematical model with a time delay to consider the mechanism
for maintaining the balance of testosterone levels in bloodstream.

They presented the differential equation model as follows:
dG G

=Z =47 4G
dt Lh+#Te £

dbh _ G Lh — u,Lh 3)
dt G+1Te
% = alh(r—7)Te + a8-Te—~ wTe
t

s aS

A 1+aTe

-8

WhereG(t) . Lh(t) 5 Te(z) and S(t) as plasma concentrations of gonadotropin-releasing hormone (GnRH),
luteinizing hormone (LH), testosterone (T) and and sex hormone-binding globulin (SHBG), respectively. In

nrn it aga ada

the system (3), the parameters 1, are strictly positive and the positive constants

Ho Hs B refer to clearing rates of four hormones which are proportional to their concentration.
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This model can explain the mechanism of testosterone regulation in the male reproductive system shown in Fig 1.
GnRH is released in a pulsatile manner from the hypothalamus [18], which in turn leads to act as a signal to the
pituitary gland for the pulsatile LH secretion into the blood stream. LH travels to the testes to stimulate the
Leydig cells for the testosterone production. The pulsatile LH releasing conduces to fluctuations in the levels of
testosterone [19,20]. To maintain the level of the testosterone at some equilibrium level, the hypothalamus gland
signals the pituitary gland to limit the amount of LH to be released when the concentration of the testosterone in
the blood is above a certain level. This of course will reduce the production of testosterone in the testis.

Hypothalamus

—+> Stimulating effect
—p hibitory effect
IZD Disposal

[:] Homone in plasma

SHBG-bound
Free testosterone
testosterone

Fig. 1: The flow and interactions block diagram of the hypothalamo-pituitary-gonadal axis in men.

E(G",Lh",Te',8’
The only possible equilibrium state ( St ) of the system (3) is given by

G = S e L[u]

BT, My a
=4, =4 —rz(—%_”“j .
Hi Ay Ay
Te' = a3—/,l4,
aH,
- 1 . 1 " a,— U,
and S = —(,uj—ath) = —| pgy—a| L —n| +T—
a4, @, Hy Aty

Which also satisfies the conditions

A > My, s>, g rz_[armj and P 1,,2[%;#4] K
H Aty Hy Ayby
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3. Numerical Results

In order to show the quantitative behavior of the hormones in the hypothalamic-pituitary-gonadal axis,
including the concentration of sex hormone-binding globulin (SHBG) We conduct numerical simulations with the
same realistic parameter values that Greenhalgh and Khan [16] used in simulation. For the other parameters, we

take %= %92 /min, % =6 /min, % =% and 4 = **!/min which correspond to the steady state £ and the
normal range of hormone levels. Fig.2 shows that the equilibrium £ is asymptotically stable where =120,

¢

p Lh” ]
3 = 4 1
) E.
& =
(&) =
!
\
o an B Yo 0 a o 2 G o0 0
Time (minutes) Time (minutes)
0y
I .
!
It —
‘
% | % //—'
£ )
: R
& “ / {
s
|
000 T 5 o0 To000 ] ps e o) o foacn
Time (minutes) Time (minutes)

Fig. 2: Numerical simulations for eqs.(3) with 7 =120 . The positive equilibrium is asymptotically stable. The initial value
is (1, 5, 642, and 3).
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Fig. 3: Numerical simulations of equation (3) exhibit the oscillating levels of four main hormones in the system with
7=124. The initial value is (1, 5, 642, 3). The values of parameters are # =28, #, =0.001, # =0.016, #, =0.001,
a =0.0092, a,=0.0016, ¢, =6 and @, =0.3/min.

The behavior of the trajectories tending to the steady state E”(1.10,4.94,663.33,3.64) As shown in Fig. 3 and
4, the system undergoes a Hopf bifurcation occurs near the positive equilibrium E where 7=124.

4. Conclusion

In this study we postulate new parameter values in the system in order to exhibit the quantitative behavior of
testosterone when the hepatic SHBG production declines, which is associated with obesity. The oscillatory

characteristics of hormone levels, as shown in Fig.3 and 4, indicate that the total testosterone levels diminish
with decreasing SHBG levels that appears in men with obesity [21, 22].
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Fig. 4: Numerical simulations of equation (3) exhibit the oscillating levels of four main hormones in the system with
7 =124. The initial value is (1, 5, 642, 3). The values of parameters are 4 =238, r, =0.001, # =0.016, ¥, =0.001,

@ =0.0092, @,=0.0016, @, =5.5 and a, =03 /min.
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Abstract: We propose a modified mathematical model for male sex hormone regulation taking into account the
quantitative behavior of two forms of testosterone hormones. The model is able to present a significant relation
between total testosterone and bound testosterone levels in the hypothamic-pituitary-gonadal axis. Moreover, we
show the numerical simulations of the model to illustrate the possible behaviors.
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1. Introduction

Hormones are chemical substances which are produced by the glands in the bodily system. It has many
functions including control and regulation the activity of certain tissues or organs. In the reproductive system,
sex hormones are responding to control the development of primary and secondary sexual characteristics.

In male, testosterone is the majority of sex hormone secreted into the bloodstream by the male sex gland.
This male sex hormone is synthesized and secreted primarily by Leydig cells in the testis. It plays a crucial role
in the development and maintenance of many male characteristics. The body carefully regulates the production
of testosterone in order to ensure normal development and regulation of male reproductive system [1].
Testosterone synthesis is controlled by biological mechanism in the reproductive hormonal axis which contains
three main components: the hypothalamus, the pituitary gland and the gonads. Hormones which are produced in
this axis include gonadotropinreleasing hormone (GnRH), luteinizing hormone (LH) and testosterone (T). These
hormones are implicated in regulation reproductive operation via a complex feedback loop. GnRH is released by
the hypothalamus in a episodic manner. It then triggers the pituitary gland to produce and secret LH into the
blood, which activates the enzymatic conversion of cholesterol into testosterone in the Leydig cells. Testosterone
is secreted in pulsatile pattern. Its levels have rapidly acting feedback activity at both hypothalamic level and
pituitary level in order to maintain adequate levels of the hormones in the male reproductive system [2,3] shown
in Fig 1. In normal men, plasma levels of testosterone range from 270 to 1,070 nanogram/deciliter (ng/dl) with
an average level of 679 ng/dl [4, 5]

After this male sex hormone is released, testosterone, it is principally bound to proteins in the blood, most of
which is sex hormone binding globulin (SHBG). Approximately 2% of the testosterone exists in the free
(unbound) forms which are the biologically active. Approximately 60% is tightly bound to SHBG. The resting
testosterone is weakly bound to albumin and other proteins [6-8].
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Fig. 1: The normal regulation of the hypothalamus down to the testis in the negative feedback mechanism. Hypothamic
hormone (GnRH) secreted in plusatile pattern by the hypothalamus triggers the production of LH in pituitary gland. After
LH is released to the bloodstream, it travels to the testis for stimulation of the testosterone secretion. The testosterone in
turn acts to modulate GnRH and LH secretion by negative feedback

Mathematical models of the male sex hormone regulation have been numerously present and continuously
developed over the decades. The classical model of testosterone regulation in the male is proposed by Smith [9].
The model is formed by the following differential equations

R= f(T)=k(R),
. (1
L=g(R)-b(L),

T = g (L)1)

Where R L and 7' are concentrations of GnRH, LH and Testosterone, respectively. The positive function
bl, bz, b3 refer to clearing rates of the hormones and gl, & ) f describe the hormone secretion rates, where
bl, bz, b3, & and £2 are the monotonic increasing functions and the negative feedback function f is a
monotonic decreasing function. In 1983, Smith [10] improved the model in [9], he considered a period for LH
hormone traveling from pituitary grand in the brain to the Leydig cells in the testis. In 1986, Cartwright and
Husain [11] presented another model in order to account into the pulsatile release of the hormones within the
HPG-axis, which is able to elucidate the cyclic behavior of GnRH and LH after castration. Greenhalgh and Khan
[12] modified the models of Smith [10] and of Cartwright and Husain by using different response functions
which incorporated more qualitatively observed biological behaviors. Tanutpanit et al. [13] extended a modified
model in [12] to explain the presence of two types of testosterone hormones related with hypothalamic-pituitary-
gonadal axis.

2. Mathematical Model

In this present work, the model considered in [13] is re-examined to interpret the relation of two forms of
testosterone in the male hormonal regulation. Here, we need to introduce four variables; G for the plasma
concentration of the gonadotropin-releasing hormone, LR for the luteinizing hormone, Te for free testosterone

and 75 for SHBG bound testosterone. We consider the change in SHBG-bound testosterone concentration is
independent of itself. The model in this case can be expressed as
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G __86 G

dt Lh+g,Te
Ak kl—Gthmth, ()]
dt G+ kT

T k
L2 prh(t—7)Te + | —2— |-Te— mT .
dt 14k, AT

ﬁ = _wre mTs .
dt 1+v,Te

where 51 . & ,kl F kz ,k3 5 k“ 5 k! ” V2 and b are strictly positive parameters and L 5 , A " and 1 are defined
as the metabolic clearance rates of all four hormones. We find that the above equations accord with the nonzero

steady state E(G.LhTeTs) where

G- fkm _h:&—gzﬁ and E:l[ Te ]

ky—m, ’ n m, 1+vzﬁ

And T€ s the positive root of the quadratic equation
a-Te+b-Te+c=0
where

a= g+ &8y o [ &, (B ) 2R g mm—sbomk,
3 b m m b mb

4

Furthermore, because of the small change of SHBG-bound testosterone level in time[10], we such consider

ars

Ts a5 being in a quasi-steady-state. We invoke the steady-state approximation by setting dat approximately
equal to zero. Thus, from I -equation in (2) we have

= | _uE 3)
m, \ 1+v,Te
Substituting it into eqs (2), then eqs. (2) reduces to

dG G

G __80 e

dt Lh+g,Te

& _ [ g JLh —mIh. 4
dt G+k,T
dTe 1+v,Te

— = b-Lh(t-7)-Te + k

Tew mT .
dr v

1+(vz+k—4vlee
ny
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3. Numerical Results

Numerical simulations of the delayed system (4) are performed to exhibit the dynamical behavior depending
on the delay parameter. We determine some parameter values like as in the simulation of Greenhalgh and Khan.
ik, s y=15 fien, Yo~ 0'08/min, k, =147 q " =0.0491
the steady-state equation.

We used routine dde23 in MATLAB to simulate the behaviors for equation (4). Fig.2 shows the simulated
results of GnRH, LH and testosterone which correspond to the steady state £ that exhibits stable behavior

where 7 =120  Numerical simulations of the concentrations of the hormones in the system where & =125 such
varied behaviors occur in the form of periodic fluctuations, is shown in Fig.3.

/min an /min, which are estimated from

£
&
le
g
Wi i m
U (L e
| v
| 1
)
¥ ¥ ¥ ¥
‘Time (minutes}
<4 Wi
WY
= |
g |
=
3
‘Time (minutes)
|
g
o
=
=

Tirne (minutes)

Fig. 2: The graphs show results of numerical simulations of hormone concentration (G(¢) vs. time, L/(¢)vs. time and
Te(r) vs. time for eqs.(4) with 7 =120 . Initial values are (G,, LA, Te,) = (1,5.3,600). The positive
equilibrium is asymptotically stable.
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Fig. 3: The graphs show results of numerical simulations of hormone concentration
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4. Conclusion

We have modified the mathematical model of the male sex hormone regulation which explains a significant
reaction between the two forms of testosterone within the hypothamic-pituitary-gonadal system. A time-delay
which is corresponding to the LH secretion in the pituitary gland and travel of the hormone to the testis is
considered in the model. It exhibits periodical solutions of the hormones that are consistent with the
experimental data well.
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