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Chapter 1

Introduction

The fixed point theory plays an important role in nonlinear functional analysis
and becomes a very useful tool in various fields. In the past few decades, fixed point
theorem has been applied in many branches such as mathematics, engineering, eco-
nomics, optimization, physics, and computer sciences, etc. For an interesting example,
fixed point theorems are utilized to the split feasibility problem, which was introduced
by Censor and Elfving [1]. Split feasibility problem has been used to model important
real world problems in signal processing and image reconstruction, and especially ap-
plied in medical fields such as intensity-modulated radiation therapy (IMRT) (see, e.g.
(2, 3]). Fixed point Theory are also applied to the optical effects in multi-layer struc-
tures in order to ensure the convergence of the iterative algorithm [4]. In applications
to neural networks, fixed point theorems can be used to desien a dynamic neural
network in order to solve steady state solutions [6].

Let X be a nonempty set and let T: X — X be a mapping. We say that = € X
is a fixed point of T if Tz = 2. The set of all fixed points of T is denoted by F(T). The
study of fixed point theory is concerned with finding conditions on the structure that
the set X must be endowed as well as on the properties of the mapping T: X — X ,
in order to obtain results on:

1) the existence and the uniqueness of fixed points;
2) the structure of fixed point sets;
3) the approximation of fixed points.

For proving the existence and uniqueness of fixed point theory, the Banach
contraction mapping principle, which was firstly introduced by Banach [5] in 1992, has
been an important source in fixed point theory as follows:

Theorem 1.1. (The Banach Contraction Mapping Principle). Let (X,d) be a com-
plete metric space and let T: X — X be a contraction, that is, there exists a € [0,1)
such that

d(Tz,Ty) < ad(z,y), Vr,ye X.

Then T has a unique fixed point z € X . Moreover, for each = € X , the sequence
{T"z} converges strongly to z

It is well-known that the Banach’s contraction mapping principle is the basis
theorem of the research related to fixed point problem. This theorem is simple and
useful, so it has become the most significant tool in solving many existence problems



in various fields of mathematical analysis. Banach’s contraction mapping principle has
been applied in many branches such as digital images [7].

Let H be a real Hilbert space with inner product (-,-) and norm || - ||. Let C
be a nonempty closed convex subset of H. A mapping T of C into itself is called
nonexpansive if

Tz - Tyl < |z - yl|,Vz,y € C.

Many mathematicians have been studying to construct iterative schemes and condi-
tions to guarantee the existence and the unigueness of fixed point theory for nonex-
pansive mappings, see, for instance [9, 10], and references therein.

Let A: C — H be a nonlinear mapping. The variational inequality problem is
to find a point z € C such that

(A-T-!.U—f)ZO: (1.1)

forall y € C. The set of solutions of the (1.1) is denoted by VI(C, A) = {z € C : (Az,y—
x) > 0,Vy € C}. Variational inequality problems were introduced and investigated
by Stampacchia [8] in 1964. The applications of this problem have been expanded
to problems from economics, finance, optimization and game theory, etc. Some
methods have been proposed to solve the variational inequality problem ; see, for
example, [11, 12, 13] and the references therein.

In 2003, Takahashi and Toyoda [14] introduced an iterative scheme for finding
a common element of the set of fixed points of nonexpansive mappings and the set
of solutions of variational inequalities problem in a Hilbert space as follows:

Tnt1 = 0uZn + (1 — an)TPe(I = AnA)zn,¥n > 0,

and proved weak convergence theorem of the sequence {z,} under suitable condi-
tions of parameter {a,}.

In 2005, liduka and Takahashi [15] introduced an iterative scheme for finding a
common element of the set of fixed points of a nonexpansive mapping and the set
of solutions of the variational inequality problem in a Hilbert space as follows:

Tnsl = ap& + (1 = an)TPe(I — ApA)zy,, Vi > 0,

and proved strong convergence theorem of the sequence {z,} under suitable condi-
tions of parameter {a,}.

In 2006, Marino and Xu [16] modified the viscosity approximation method
which was first introduced by Moudafi [17]. They introduced the new algorithm called
the general iterative method as follows:

Tnt1 = (I — anA) Ty + anyf (20),n > 0, (1.2)



where T is a nonexpansive mapping, f is a contractive mapping on H, and {a,} is a
sequence in (0,1). Then, they proved that the sequence {z,} converges strongly to
the unique solution of the variational inequality:

((A=vf)Z,z - %) >0,z € F(T).

By using the concept of Banach’s contraction mapping principle, Kangtunyakarn
(18] proved a strong convergence theorem of the sequence {z,} for finding a common
element of the set of fixed points of a nonexpansive mapping and the set of solutions
of variational inequality problem without assumptions on the set of fixed points of a
nonexpansive mapping and the set of variational inequality as the following iteration.

Tny1 = 0Tz, + (1 = a)Po(I — pA)zn,Vn > 0.

Now, we will introduce one of the famous problems in many fields of pure and
applied sciences, that is the Equilibrium problem. Equilibrium problem can be applied
to many problems in physics, finance, network, optimization problems, variational
inequality problems and Nash equilibrium problem as special cases, see [22, 23). Let
F:C x C — R be a bifunction where R is the set of real numbers. The equilibrium
problem of F is to find a point z such that

F(z,y) > 0,Yy € C. (1.3)

The set of solution of equilibrium problem is denoted by EP(F) = {z € C : F(a,y) >
0,vy € C}}. Given a mapping 4 : C - H, let F(z,y) = (Az,y — z) for all z,y € C.
Then z € EP(F) if and only if (Az,y — z) > 0 for all y € €, That is, z is a solution
of the variational inequality. Many authors have studied fixed point theorem for the
equilibrium problem; see, for example [24, 25, 26] and the references therein.

In 2005, Combettes and Hirstoaga [23] introduced an iterative scheme for find-
ing the best approximation to the initial data when the set of solution of equilibrium
problem is nonempty and proved a strong convergence theorem. By using the viscos-
ity approximation method, Takahashi and Takahashi [25] proved a strong convergence
theorem for finding a common element of the set of solution of equilibrium prob-
lem and and the set of fixed points of a nonexpansive mapping in a Hilbert space as
follows:

F(un,y) + 7= (¥ — tn,un — 2) 20,Vy € C
Tnt1 = anf (Tn) + (1 - an) Sun
where {a,} c [0,1] and {r,} C [0,1] satisfy some suitable conditions.

Over the past few decades, many authors have been trying to construct new
iterations to prove strong convergence theorems for finding a common element of
the set of fixed point problem and the solution set of equilibrium problem and the



solution set of variational inequality problem; see, for example, (19, 20], and the
references therein.

In 2013, by using the concept of variational inequality problems, Kangtunyakarn
[21] modified variational inequality problems and proved a strong convergence the-
orem for finding a common element of the fixed point sets of nonlinear mappings
and the set of equilibrium problem and two sets of variational inequality problems as
follows:

F(un,y) + ﬁ (Y — tUn,un —z,) 2 0,Vy € C,
Tup1 = opu+ (1 = a,)S,Pe(I —y(aA+ (1 — a)B)),¥n € N,

where {a,}, v and {r,} satisfy some suitable conditions.

The problem for finding a common element of a finite family of the set of
solutions of equilibrium problem and the solution sets of various nonlinear operator
problems in Hilbert spaces has been investigated by many authors; see, for exam-
ple, [27, 28] and the references therein. In 2013, Suwannaut and Kangtunyakarn [29]
modified the set EP(F) as follows:

N N
EP (Za.F.) = {I eC: (Zallﬂ) (z,y) >0, Vy € C}. (1.9)
=1 i=1

where F; : CxC — R is a bifunction and a; > 0 with =% @, =1,foreveryi=1,2,...,N.
It is obvious that (1.4) reduces to (1.3), if F; = F, for all i = 1,2,..., N.

They also introduced an iterative method for finding a common element of
the set of fixed points of an infinite family of nonlinear mappings and the solution
sets of a finite family of equilibrium problems and variational inequalities problems as
follows:

N

I
Za,-F,— (tn,y) + = (¥ — tny 2t — 2,) 2 0,Vy € C,
i=1 n

ZTnt1 = B (anu + (1 — an) Suzn) + (1 = B,) Pe (I — Pn Ef\;l biA;) U W= 1.
(1.5)
Under some appropriate conditions, they proved a strong convergence theorem of
the sequence {z,} generated by (1.5).
Variational inclusion problem, which was introduced and studied by Noor and
Noor [30], has a great impact and influence in the classes of mathematical problems
and widely studied in many fields of pure and applied sciences such as mathematical
programming, complementarity problems, optimal control, mathematical economics
and game theory, etc. variational inclusion is a useful and significant generalization of
the classical variational principles that include variational, quasi-variational, variational-
like inequalities as special cases. Let B: H — H be a mapping and M : H — 2 be a
multi-valued mapping. The variational inclusion problem is to find « € H such that

0 € Bu+ Mu, (1.6)



where 6 is a zero vector in H. The set of the solution of (1.6) is denoted by VI(H, B, M).
Many research papers have increasingly investigated this problem, see, for instance,
[31, 32, 33, 34] and references therein.

In 2008, Zhang et al.[34] introduced an iterative scheme for finding a common
element of the set of solutions of the variational inclusion problem with multi-valued
maximal monotone mapping and inverse strongly monotone mappings and the set of
fixed points of nonexpansive mappings in Hilbert space. They introduced the iterative
scheme as follows:

Yn = Ima(zn — /\A-T-'n)a

Tntl = @aZ + (1 — an)Syn,Vn > 0,

and proved a strong convergence theorem of the sequence {z,} under suitable con-
dition of parameters {a,} and A.

In 2008, Peng et al.[35] introduced an iterative scheme by the viscosity ap-
proximation method for finding a common element of the set of solutions of the
variational inclusion with a multi-valued maximal monotone mapping and an inverse
strongly monotone mapping, the set of solutions of equilibrium problem and the set
of fixed points of a nonexpansive mapping in a Hilbert space as follows:

F(un,y) + 7 (y — un,un —2) 20,Vy € C
Yn = Sy a(un — AAuy,),

Tnt1 = anf (zn) + (1 - n ) SYn, ¥ > 0,

and proved a strong convergence theorem of the sequence {z,} under control con-
dition of parameters {a,}, {r.} and A.

In the past few decades, approximation method for finding fixed points of non-
expansive mappings in Hilbert space have been widely studied by many researchers.
Moreover, the fixed point theory for various mappings such as nonspreading mapping
and «-strictly pseudononspreading mapping is also interesting. In 2008, Kohsaka and
Takahashi [37] introduced the nonspreading mapping in Hilbert space H. The classes
of nonexpansive mappings and nonspreading mappings in a Hilbert space are de-
duced from the class of firmly nonexpansive mappings (see, [36]). In 2010, Plubtieng
and Chornphrom [39] proved a strong convergence theorem for finding a common
element of the set of solutions of equilibrium problems and the set of fixed points
of a nonspreading mapping in a Hilbert space. In the recent years, many mathemati-
cians have been studying and concerning the problem of approximating a common
fixed point of the set of solutions of a finite family of nonspreading mappings by us-

ing the W-mapping [41], the K-mapping[43] and the S-mapping [42]; see, for example
[44, 45, 46].
For the generalization of the nonspreading mapping, in 2011 Osilike and Isiogugu




[40] introduced x-strictly pseudononspreading mapping. It is well-known that every
nonspreading mapping is a s-strictly pseudononspreading mapping. In the past few
years, many authors have been trying to construct new iterative schemes to prove
strong convergence theorems for finding a common element of «-strictly pseudonon-
spreading mapping and the solution sets of various nonlinear operator problems in
Hilbert spaces; see, for example, [47, 48] and the references therein.

In 2013, Kangtunyakarn [49] introduced an iterative algorithm for finding a com-
mon element of the set of fixed points of a «-strictly pseudononspreading mapping
and the set of solutions of a finite family of variational inequality problems as follows:

Tyl = QuU + ﬁuPC(I - )‘n(-{ - T))mn + Sz, ¥n € N,

and they proved a strong convergence theorem of the sequence {z,} under appro-
priate conditions of the parameters {a,}, {8.}, {1n}, and {A,}.

1.1  Objectives of the study

1) To study some new tools and properties for variational inclusion problems in
Hilbert spaces.

2) To study some new knowledge about fixed point theorem used in strictly pseudonon-

spreading mapping and nonspreading mapping in Hilbert spaces.

3) To investigate a strong convergence theorem for variational inclusion problems,
variational inequality problems, and fixed point problems of nonexpansive map-
ping in Hilbert spaces.

4) To investigate a strong convergence theorem for variational inclusion problems,
equilibrium problems, and fixed point problems of strictly pseudononspreading
mapping in Hilbert spaces.

5) To investigate a strong convergence theorem for variational inequality problems,
equilibrium problems, and fixed point problems of nonspreading mapping in
Hilbert spaces.

6) To give numerical examples to support our theorems in one- and three-dimensional
space of real numbers.
1.2  Scopes of the study

1) Study the definitions and properties of variational inclusion problems, variational
inequality problems, equilibrium problems and fixed point problems in Hilbert

spaces.




2) Prove a strong convergence theorem for variational inclusion problems, varia-
tional inequality problems, and fixed point problems of nonexpansive mapping
with some new sufficient conditions in a framework of Hilbert spaces.

3) Prove a strong convergence theorem for variational inclusion problems, equilib-
rium problems, and fixed point problems of strictly pseudononspreading map-
ping in a framework of Hilbert spaces.

4) Prove a strong convergence theorem for variational inequality problems, equilib-
rium problems, and fixed point problems of nonspreading mapping in a frame-
work of Hilbert spaces.

5) Give numerical examples in one- and three-dimensional space of real numbers
for supporting our main theorems.

1.3  Benefits of the study

1) Obtain new mathematical tools for the properties of variational inclusion prob-
lems and fixed point problems of nonlinear mappings in Hilbert spaces.

2) Obtain a strong convergence theorem for approximating a common element
of two sets of solutions of variational inclusion problems, the solution set of
variational inequality problem and the set of fixed points of a nonexpansive
mapping with some new sufficient conditions in a framework of Hilbert space.

3) Obtain a strong convergence theorem for finding a common element of the set of
fixed points of a s-strictly pseudononspreading mapping and the set of solutions
of a finite family of variational inclusion problems and the set of solutions of a
finite family of equilibrium problems in Hilbert space.

4) Obtain a strong convergence theorem for finding a common element of the set
of fixed points of a finite family of nonspreading mappings, the set of solutions of
a finite family of equilibrium problems and the set of solutions of two variational
inequality problems in a real Hilbert space.

This thesis is divided into 5 chapters as follows:

In Chapter 1 is an introduction of this thesis such as the history of the fixed
point theory of nonexpansive mapping, nonspreading mapping, «-strictly pseudonon-
spreading mapping, variational inequality problem, equilibrium problem, variational
inclusion problem,

In chapter 2, basic definitions, some lemmas and properties to prove our main
theorem in the next chapter are presented.

In chapter 3, the main result of this thesis is organized as follows:



In section 3.1, we introduce the modified variational inclusion and prove a
strong convergence theorem for approximating a common element of two sets of
solutions of variational inclusion problems, variational inequality problem and the set
of fixed points of a nonexpansive mapping without the conditions 32, a,, = oc and
liMp—00 an = 0 in 2 Hilbert space.

In section 3.2, we introduce new lemmas for the combination of equilibrium
problem and fixed point problem of a «-strictly pseudononspreading mapping. Then,
we prove a strong convergence theorem for finding a common element of the set of
fixed points of a «-strictly pseudononspreading mapping and the set of solutions of a
finite family of variational inclusion problems and the set of solutions of a finite family
of equilibrium problems in Hilbert space.

In section 3.3, we introduce a new lemmas for fixed point problem of a non-
spreading mapping. Then, we prove a strong convergence of a new iterative algorithm
for finding a common element of the set of fixed points of a finite family of nonspread-
ing mappings, the set of solutions of a finite family of equilibrium problems and the
set of solutions of two variational inequality problems in a real Hilbert space.

In chapter 4, we study some applications of our main results and give the
numerical examples to support our main results.

In chapter 5, we describe the conclusion of the thesis.



Chapter 2
Basic Concepts and Preliminaries

The purpose of this chapter is to collect notations, terminologies and elemen-
tary results used throughout the thesis.

2.1 Basic Concepts

In this section, we will give some definitions and lermmas that will be used in
our main theorems. For more detail, basic definitions in this chapter can be found in
most standard books on functional analysis for example [50], [51], and [52].

Definition 2.1 (Cauchy sequence [53]). A sequence of vectors {z,} in a normed
space X is called a Cauchy sequence if for every e > 0 there exists N € N such that
lzm = zu|| < € for all m,n > N.

Definition 2.2 (complete [53]). A normed space X is called complete if every Cauchy
sequence in X converges to an element of X.

Definition 2.3 (Convex set [59]). Let X be a normed space and let C be a subset of
X. Then the set C is called convex if

ar+ (l—a)y e C,
forall z,y € C and a € [0,1].

Remark 2.1 ([59]). An inner product space is called a real inner product space for the
case when the scalars are the real numbers and (z,3) is a real number. For the case,
(3) means

(z,9) = (v, 2).
Theorem 2.2 (Schwarz inequality[59]). Let X be an inner product space and let
and y be element in X. Then the following holds:

[z, )| < llzllllyll-

Theorem 2.3 (Parallelogram Law[53]). For any two elements = and y of inner product
space X we have
lz + l? + llz -yl = 2]z + 2(lyll>.

Definition 2.4 (Strong convergence [53]). A sequence {z,} of vectors in an inner
product space X is called strongly convergent to z in X if

||£n — z|| = 0 @s n = oo.
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Definition 2.5 (Weak convergence [53]). A sequence {z,} of vectors in an inner prod-
uct space X is called weakly convergent to z in X if

(zn,y) = (z,y) asn = oo forall y € X.

Theorem 2.4 ([59]). The inner product of an inner product space X is jointly contin-
uous:

zpn =z and yn =y = (2n,yn) = (7,7).

In this thesis, we denote weak and strong convergence by the notations * —*
and " =", respectively.
Remark 2.5 ([59]). We of course obtain from Theorem 2.4 that if z, — =, then for a
fixed y € X
(@n ) = (z,y) and (y,zn) = (z,y)
Theorem 2.6 ([53]). A strongly convergence sequence is weakly convergence (to the

same limit), that is, z, — 2 implies =, — =.

Remark 2.7 ([59)). If z, =z and z, — y, then z = y

Lemma 2.8 ([59]). Let {z,} be a Cauchy sequence of an inner product space C such
that z, = z. Then z, — z.

Lemma 2.9 ([58]). Let {s,} be a sequence of nonnegative real numbers satisfying
Sn+1 € (1 = ap)spn +6,,Yn > 0,
where a,, is a sequence in (0,1) and {4,} is a sequence such that

1S e o,

n=1

(= <]
(2) im supj—" <00r )" |8 < oo

n—+oo n=1

Then, lim s, = 0.

n—+0o0

2.2 Some Properties in Hilbert space
In this section, we indicate the following theorems in Hilbert space which are
very useful for our results.

Definition 2.6 (Hilbert space [53]). Let X be an inner product space and X is called
Hilbert space if X is complete inner product space.

Example 2.10 ([56]). The n-dimensional Euclidean space R™ is Hilbert spaces with
inner product defined by

(X, ¥) =z1y1 + Zay2 + Z3ya + -+ + Tayn and |X|| = y/x}+ 22+ 22+ 422

where X = (zy,z2,23....,2,) € R® and ¥ = (y1,v2,¥3, ..., ¥n) € R™.
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Lemma 2.11 ([59]). Let A be a real Hilbert space. Then the following results hold:
1) 1z + (1= Nyl* = M2l + (1 = ) llyl* = A1 = 2 [le = g,
2) llz +yl* < Iyl* + 2(y, = + v),

forallz,ye Hand Ae R

Lemma 2.12 ([56]). Let H be a Hilbert space. Then for all z,y € H and a; € [0,1] for

i=1,2,..,nsuch that ap + a; + -+ + a, = 1 the following equality holds:

lleozo + arzy + -+« + ‘JZnu-Tn”2 = Zﬂ’v'”-"f:i”2 = Z a;a|z; - 3—')‘”2-
=0 0<ij<n
Remark 2.13 ([59]). Let H be an inner product space. Then we know that the following
(1) and (2) are equivalent:
1) H is complete,

2) each bounded sequence {z,} of H has a weakly convergence subsequence {z,, }
of {z,}.

Theorem 2.14 ([59]). Let H be a Hilbert space and let C be a nonempty closed convex
subset of H with {z,} c C and z, = z, then z € C.

Definition 2.7 (Metric projection [54]). Let H be a Hilbert space, let C be a nonempty
closed convex subset of H. The metric projection or nearest point projection of H
on to C, denoted by Pg, is defined, for any = € H, as the only point in C with the

property
lz = Pez|| = inf{|lz — y|| : y € C}.

Lemma 2.15 ([54]). Let H be a Hilbert space, let C be a nonempty closed convex
subset of H. Given z € H and y € C, then following holds

Pez=y&e (x—-yy-z)>0VzeC.

Lemma 2.16 ([60]). Let H be a Hilbert space, let C be a nonempty closed convex
subset of H. Then the following hods:

1) |Pca - Pey|l < ||z -y, for all z,y € H,
2) (y —x, Pcx — Pey) 2> ||Pox — Pey?, for all z,y € H.

Lemma 2.17 (Opial’s theorem [59]). Let H be a Hilbert space and suppose =, — z.
Then

Uiminf ||z, — z| < liminf ||z, — y||
n—oo n—00

holds for every y € H with x # y.
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Definition 2.8 (Lower semicontinuous [59]). Let H be a Hilbert space and let C be a
nonempty closed convex subset of H. Let f be a function of € into (—oc, x], where
(—00,00] = RU {oc}. Then, f is called lower semicontinuous if for any a € R, the set

{v€C: f(x) <a}is closed.
Moreover, f is called convex if for any =y, 2, € C and ¢ € [0, 1],
ftzy + (1 = t)ao) < tf(x1) + (1 - t) f(za).

Theorem 2.18 ([59]). Let H be a Hilbert space, let C be a nonempty closed convex
subset of H and let f be a proper convex lower semicontinuous function of € into
(—o0,]. Let {z,} be a bounded sequence in C such that z, — . Then

Definition 2.9 ([53]). Let C be a nonempty closed convex subset of a real Hilbert
space H. Then

1) Ais called a linear operator if

Alaz + By) = aA(r) + BA(y), for all z,y € H and all scalars a, 3.

2) Ais called bounded if there is a number K such that

|Az|| < K||z|, forall z in H.

Definition 2.10 ([53]). Let A be a bounded operator on a Hilbert space H. If (Az,y) =
(z, Ay) for all z € H, then A is called the self-adjoint operator.

Theorem 2.19 ([53]). Let T be a bounded linear self-adjoint operator on a Hilbert
space H. Then
IT(| = sup [{Tz,z)|.

lizll=1
Definition 2.11 ([53]). A self-adjoint operator A is called positive if (Az,z) > 0 for all
z e H.

Definition 2.12 ([16]). A self-adjoint operator A is a strongly positive operator on H if
there is a constant 4 > 0 with property

(Az,z) > 7 ||z|)?, forall z € H.

Lemma 2.20 ([16]). Let A be a strongly positive linear bounded self-adjoint operator
on a Hilbert space H with coefficient 5 > 0 and 0 < p < ||[A]|~. Then |1 - pA| € 1 - p7.

Definition 2.13 (Inverse strongly monotone [59]). Let i be a Hilbert space, let C be
a nonempty closed convex subset of H. The mapping A : C — H is called a-inverse
strongly monotone if there exists a positive real number a such that

(Az — Ay, z —y) > a| Az — Ay||2 ;

forall z,y € C.
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2.3 Fixed Point Theorems

Let X be a nonempty set and let 7': X — X. We say that = € X is a fixed point
of T if and only if Tz = 2 and denote by F(T) the set of all fixed points of T, i.e.,

F(T)={zeC:Tz=z}.
Example 2.21. [54] Let X = R.
1) If T(z) = 22 + 5z + 4, then F(T) = {-2};
2) If T(z) = 22 — z, then F(T) = {0,2};
3) If T(x) = x + 2, then F(T) =0;

4) If T(z) = z, then F(T) =R.

2.3.1 Fixed Points of nonexpansive mapping

Let H be a real Hilbert space with inner product (-,-) and norm || - ||. Let C be
a nonempty closed convex subset of H.

Definition 2.14 (Contraction mapping [59]). A mapping f : C — H is called contrac-
tion on C if there exists a constant a € (0,1) such that

1f(z) = f(W)l < allz -yl ,Vz,y € C.

Theorem 2.22 ([59]). Let H be a Hilbert space and let C be a nonempty bounded
closed convex subset of H. Let T be a nonexpansive mapping of € into itself. Then
T has a fixed point in C.

Theorem 2.23 ([59]). Let H be a Hilbert space and let C be a nonempty closed convex
subset of H. Let T be a nonexpansive mapping of C into itself. Then F(T) is closed
and convex.

The following classical demiclosedness principle was introduced by Browder
in 1967.

Lemma 2.24 (Demiclosedness principle [9]). Assume that 7" is a nonexpansive self-
mapping on closed convex subset C of a Hilbert space H. If T has a fixed point, then
I - T is demiclosed. That is, whenever {,} is a sequence in C weakly converging to
some z € C and the sequence {(I — T)z,.} strongly converges to some y it follows that
(I = T)ax = y. Here, I is the identity mapping of H.

Lemma 2.25 ([59]). Let H be a Hilbert space, let C be a nonempty closed convex
subset of H. Let o > 0 and let A : C — H be a a-inverse strongly monotone. If
0 < A < 2a, then I — AA is a nonexpansive mapping of C into H.
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23.2 Fixed Points of a nonspreading mapping and a x-strictly
pseudononspreading mapping

In 2008, Kohsaka and Takahashi [37] introduced the nonspreading mapping in
Hilbert spaces H which is defined as follows:

Definition 2.15 (Nonspreading mapping). The mapping T : ¢ — C is called non-
spreading if
2||Tz = Ty||* < Tz - y|I” + ||z - Ty||* ,Ya,y € C. (2.1)

It is shown in [38] that (2.1) is equivalent to the following equation.
[|Tz - TyH2 <z —yl® +2(x - Tz,y - Ty),Vz,y € C. (2.2)

Proposition 2.26 ([37]). Let C be a nonempty closed convex subset of a real Hilbert
space H, and let T : C — C be a nonspreading mapping from C into itself. Then F(T)
is closed and convex.

Example 2.27, Let T": [0,00) — [0,oc) be defined by

Tz = —— Vz € [0,0). (2.3)
r+1

>
z+1

To see that T is a nonspreading mapping. For every z,y € [0,), we have Tx =

and Ty = —2—. From (2.3), we have
y+1
2
x Y
z+1 y+1
1 2
(z +1)2(y + 1)2 le =l

[Tz - Tyl =

<lz - y/?
and
2(x —Tz,y - Ty) =2(z - o )
T tr—a\ (Y +y—y
- z+1 y+1
2

—_——_— -2 2> iz i <z 4,
(m+1)(y+1)1y >0. (Since 0<z,y < )

From the above, we have
|z = y|* + 2(x — Tz,y — Ty) >|Tz - Ty|*.

In 2011, Osilike and Isiogugu [40] introduced the x-strictly pseudononspreading
mapping in Hilbert spaces H which is defined as follows:

Definition 2.16 (x-strictly pseudononspreading mapping). A mapping T : C — C is
called a x-strictly pseudononspreading mapping if there exists « € [0,1) such that

1Tz - Ty||* < e = yI* + 5 ||(I = T)z — (I - T)y|)* + 2(z — Tz,y — Ty),Vz,y € C.
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Clearly every nonspreading mapping is a s-strictly pseudononspreading map-
ping.
Example 2.28. Let T: [1,00) = [1,20) be defined by

Tz =sinz,Vr € [1,00).

To see that T is a s-strictly pseudononspreading mapping. For every z,y € [1,00), we
have Tz = sinz and Ty = siny. From the definition of T, we have

|Tz = Ty|* = |sinz — sin y? < |z — y{z,

(I = T)z — (I - T)y|* =|z - sinz - (y - siny)|?
=|( - ) - (sinz - siny)|?
<(lz -yl + |sinz — siny|)?
<(lz -yl + [z - yl)?

=4|I W y|2|
and

2(z — Tz,y — Ty) =2(z — sinz,y — siny)

=2(z —sinz)(y — siny) 2 0. (Since 1< 2,y < oo, (z - sinz)(y — siny) > 0).
From the above, then there exists x € [0,1) such that

|z = yI* + &|(I - T)z — (I = T)y|* + 2z — Tz, y - Ty) |z — y?
>|sinz — siny|?

=|Tz - Ty|>.

Proposition 2.29 ([40]). Let C be a nonempty closed convex subset of a real Hilbert
space H, and let T': C — C be a &-strictly pseudononspreading mapping. If F(T) # 0,
then it is closed and convex.

Proposition 2.30 ([40]). Let C be a nonempty closed convex subset of a real Hilbert
space H, and let T: C — C be a x-strictly pseudononspreading mapping. Then (I-T)
is demiclosed at 0.

Lemma 2.31 ([49]). Let C be a nonempty closed convex subset of H. Let T:C — C
be a «-strictly pseudononspreading mapping with F(T) # 0. Then F(T) = VI(C,I -T).
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2.4 Variational inequality Problems and Equilibrium Problems

In this section, we give some useful lemmas, propositions and theorems for
variational inequality problems and equilibrium problems to prove the main results.

Lemma 2.32 ([59]). Let H be a Hilbert space, let C be a nonempty closed convex
subset of H and let A be a mapping of C into H. Let u € C. Then, for A >0,

u=Pc(l - AA)u e ue VI(C, A),
where Pc is the metric projection of H onto C.

Lemma 2.33 ([59]). Let H be a Hilbert space, let C be a nonempty closed convex
subset of H. Let a > 0 and let A: C = H be a a-inverse strongly monotone. Then
VI(C,A) # 0.

In 2013, Kangtunyakarn [21] modified VI(C, A) as follows:
VI(C,aA+(1-a)B)={z€C:(y-z,(aA+ (1 —a)B)z) >0,Vy € C,a € (0,1)}, (2.4)

where A, B : C — H are nonlinear mapping. It obvious that VI(C,aA+(1—-a)B) reduces
to VI(C, A), if A = B. He also introduced a new mathematical tool for variational
inequality problems as follows:

Lemma 2.34 ([21]). Let C be a nonempty closed convex subset of a real Hilbert space
Handlet A, B: C — H be a and g-inverse strongly monotone mappings, respectively,
with a., 8 > 0 and VI(C, A)\VI(C, B) # 0. Then

VI(C,aA + (1-a)B) = VI(C, A)[|VI(C, B),Ya € (0,1).

Furthermore, if 0 < v < min{2a, 28}, we have I — y(aA4 + (1 — a)B) is a nonexpansive
mapping.

Definition 2,17 ([22]). For solving the equilibrium problem for a bifunction F: ¢ xC —
R, let us assume that F satisfy the following conditions:

(A1) F(z,z) =0 forall z € C;

(A2) F is monotone, i.e., F(z,y) + F(y.z) <0 forall z,y € C:

(A3) For each z,y,z € C,

ljm F(tz+ (1 - t)z,y) < F(z,y);

(Ad) For each z € C,y = F(z,y) is convex and lower semicontinuous.

Lemma 2.35 ([22]). Let C be a nonempty closed convex subset of H and let F be a
bifunction of € x C into R satisfying (A1)-(Ad). Let r > 0 and z € H. Then, there exists
z € C such that

F(z,y) + -}: (y—z,2—z)>0,YyeC.
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Lemma 2.36 ([23]). Assume that F : C x C — R satisfies (A1) — (44). For r > 0, define
a mapping T, : H = C as follows:

Ty(z) = {2 € C: Flz,y) + %(1,— 2,2-12) >0,¥y € C}
for all z € H. Then, the following hold:
1) T, is a single valued;

2) T, is a firmly nonexpansive, i.e., for any =,y € H,
ITo(z) = T@)II* < (To(2) - To(y), = — )

3) F(T;) = EP(F);
4) EP(F) is closed and convex.

Lemma 2.37 ([29]). Let C be a nonempty closed convex subset of a real Hilbert
space H. Fori=1,2,...,N, let F; : C x C — R be bifunctions satisfying (A1) — (44) with
N, EP(F) # 0. Then,

N N
EP (Zalﬂ-) = EP(F),
i=1

=1

where a, € (0,1) forevery i =1,2,...,Nand ¥~ a; = 1.

Remark 2.38 ([29]). From Lemma 2.37

N N
F(T,) =EP (Zaiﬂ) - ﬂ EP(Fy),
i=1

i=1

where q; € (0,1), foreach i =1,2,...,N,and =N 4, = 1.

2.5 Variational inclusion problems

In this section, we give some useful lemmas and definitions for variational

inclusion problems to prove the main results.

Definition 2.18 ([57]). The graph of a multi-valued mapping M : H — 27 is defined by
Graph(M) = {(z,y) e Hx H:z € H,y € Mz}.

Definition 2.19 (Monotone[57]). A multi-valued mapping M : H — 2% is called mono-
tone, if for all z,y € H, v € Mz and v € My implies that (u — v,z —y) > 0.

Definition 2.20 (Maximal monotone[57]). A multi-valued mapping M : H — 24 is
called maximal monotone, if it is monotone and if for any (z,u) € HxH, (u-v,z—y) > 0
for every (y,v) € Graph(M) (the graph of mapping M) implies that « € Mz.

078098
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Definition 2.21 (Resolvent operator[34]). Let M : H — 2" be a multi-valued maximal
monotone mapping, then the single valued mapping Jy .\ : H — H defined by

Jua(z) = (I +AM)~(2),v¥z € H,

is called the resolvent operator associated with M, where A is any positive number
and I is an identity mapping.

Lemma 2.39 ([34]). « € H is a solution of variational inclusion (1.6) if and only if
u=Jyr(u—ABu),¥YA >0, ie,

VI(H,A,M) = F(Jya(I - AA)),YA > 0.
Further, if A € (0,2q], then VI(H, A, M) is closed convex subset in H.

Lemma 2.40 ([34]). The resolvent operator Jy,, associated with M is single-valued,
nonexpansive for all A > 0 and 1-inverse strongly monotone.



Chapter 3

Strong Convergence Theorems in Hilbert space

In this chapter, we introduce and study the new iterative schemes for fixed
point theorem of nonlinear mappings in Hilbert space.

3.1 A Strong Convergence Theorem for Nonexpansive Mapping with
Some New Sufficient Conditions

In this section is to modify the variational inclusion problems and introduce
a strong convergence theorem for approximating a common element of two sets of
solutions of variational inclusion problems, variational inequality problem and the set
of fixed points of a nonexpansive mapping without the conditions 2% | a, = oo and
imy—00 @ = 0 in 2@ Hilbert space.

We first modify the variational inclusion problems in a Hilbert space as follows.

Fori=1,2,..,N,let A;: H -+ H be asingle valued mappingand let M : H — 24
be a multi-valued mapping. From the concept of (1.6), we introduce a new problem

for finding u € H such that
N

= Za.-Alu+Mu, (3.1)

i=1

N
for all a; € (0,1) with z a; = 1 and @ is a zero vector. This problem is called the modi-
j=]

Jfied variational inclusion. The set of solutions (3.1) is denoted by VI (H, YN wALM )
If A; = Aforalli=1,2,..,N,then (3.1) reduce to (1.6).

Now, we introduce and prove the following lemma and remark which will be
needed for the proof of our main theorems.

Lemma 3.1. Let H be a real Hilbert space and let M : H — 2¥ be a multi-valued
maximal monotone mapping. For every i = 1,2,..., N, let A; : H = H be a;-inverse
strongly monotone mapping with n = min;=y 2. n{a:} and Y, VI(H, A;, M) # 0. Then

VI(H, A;, M),

s

N
VI(H,Y  aiAi, M) =

i=1 i=1

U

where Y a; = 1,and 0 < a; < 1 for every i = 1,2,..., N. Moreover, we then have
Jup(I = AT N a;A;) is a nonexpansive mapping, for all 0 < A < 27.

Proof. We will first show that NN, VI(H, A;, M) C VI(H, YN @A, M). Letze M., VI(H, Ai, M),

then z € VI(H,A;, M), for all i = 1,2,3,..,N. Since z € VI(H,A;,M), for all i =
1,2,3,...,N, then
0e Aiz+ Mz2,Vi=1,2,3,....N.
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Since Y ,a; =1,and 0 < a; < 1, forall i =1,2,..., N, then

N
0 e Za,A,—z + Mz.
i=1
It implies that z € VI(H, )%, a;A;, M). Next, we will show that VI(H, TN a;A;, M) C
Nicy VI(H, Ai, M). Let 2y € VI(H, TN a;A;, M) and let z* € NN, VI(H, A;, M). From

Lemma 2.39, we have
N

o € F(Iua(I = 2 aidy)).

ge=]
Since ML, VI(H,Ai, M) € VI(H, TN a;A;, M), we have z* € VI(H, SN a,Ai, M).
From Lemma 2.39, we have

N
z* € F(Iuall - 2 ) aidy)).

i=1
From the nonexpansiveness of Jy », we have
N N
lle* = zoll* = ITma(F =AY asAi)z® = Juall - /\Za.‘Ai)l‘qu

i=1 i=1

N N
SN =AY @da® - (1= A aAi)zo|?
=1 i=1
N N
= [[(z* = =) - A(ZO‘IAI'I- = Zﬂ--‘/’li-’ﬂo)nz
i=1 i=1

N N
< lla® = zoll® = 20 ) aifa” — 2o, Aw® — Auzo) + A Y asl| Aia* ~ Aizol®

i=1 i=1

N N
< lle* = zoll* = 20 ) aseil| Asz® — Aiol|? + A2 ) ail| Aiz™ — Aio|?

i=1 i=1

N N
< lle® = 2ol = 220 Y ail| Auz™ — Aizol)* + A2 D asll Aiz* — Ayao|?
i=1 =1
N

= Jlz" — 2ol + A Y ai(A — 2n)[| diz* — Azoll®. (3.2)

i=1

This implies that
N
A a2 - A)l| Azt - Aizo||? < 0.

i=1

Then
Aiz® = Ajzo,¥i=1,2,...,N. (3.3)

Since zq € VI(H, YN, a;A;, M), we have

N
0 e MID i Z G.,'A"J,'D. (34)

=1

From z* € VI(H, N | a;A;, M), we have

N
6e Mz* + Za,-A.-z‘. (3.5)

=1
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From (3.4) and (3.5), we have
N N
0 e Mag + Za.‘AiIu — Mz* - Za,‘A{IL“. (36)

i=1 =]

From (3.3) and (3.6), we have
e Mxy— Mz*. (3.7
Since z* € ., VI(H, Ai, M) and we have (3.3) and (3.7),

0 € Mzg— Mz* + Mz* + A;z*

C Mzy + Ajzo,

forall i = 1,2,..., N. It implies that =y € N, VI(H, A;, M). Hence

N N
VI(H,Y aiAi, M) C (| VI(H, A;, M).
i=]1 i=1
Applying (3.2), we can conclude that Jy (I =AY, a;A;) is a nonexpansive mapping
for all i=1,2,...,N.

O

Next, we will prove a strong convergence theorem for approximating a com-
mon element of two sets of solutions of variational inclusion problems, variational
inequality problem and the set of fixed points of a nonexpansive mapping without
the conditions 3°2° | &, = 00 and lim, e @, = 0 in a Hilbert.

Theorem 3.2. Let C be a nonempty closed convex subset of a real Hilbert space H.
Let M : H — 2" be a multi-valued maximal monotone mapping and A,B : C - H
be a and g-inverse strongly monotone mapping, respectively, and let D : ¢ — H be
a strongly positive bounded linear operator with coefficient 4 > 0. Let T: € — C be
a nonexpansive mapping with 7 := F(T)n VI(H, A,M) nVI(H,B,M)nVI(C,D) # 0.
Suppose that the sequence {z,} is generated by z, € C and

Yn = Il — MaA + (1 — a)B))zy, (3.8)

Iy41 = GHPC(I = pD)?J‘u + (1 o an)TJ:n,Vn 21

where a € (0,1), {an} C [e,d] c [0,1], forall n e N, 0 < p < ||D||~! and 0 < A < 25 with
n = min{a,8}. Then the sequence {z,} converges strongly to z* € F.

Proof. Let x,y € C. From Lemma 2.20, we have

I(f = pD)x — (I = pD)y|| =||(I — pD)(z — y)||
<(1 = pF)|lz = y||. (3.9)
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Let 2* € F. From the definition of 3,, Lemma 3.1, we have

lyn = 2*[| =[|Jpa (7 = A(aA + (1 — a) B))zn, — z*||
<|lzn — 2. (3.10)

From the definition of z,, (3.9) and (3.10), we have

[#n+1 = 2°|| =llow(Pe(l — pD)yn — z*) + (1 — an)(Tzn — z°)||
<an||Pe(l — pD)yn — z*|| + (1 — o) || Tz — 27|
San|(f = pD)yn — (I — pD)z*|| + (1 — 0)||zn — 2|
San(l = pY)llyn — 2*|| + (1 = an)llzn — 27|
San(l = p¥)llzn — 2*|| + (1 = an)||lzn — 2°||
<(1 - pyan)||lzn — 2|
<1 - pic)llan — 2°||
=p|lzn — z*||
<p(pllzn-1 —z*|))

=1 - ="

<p"||zy - z*||, (3.11)

where p = (1 - p7c) € (0,1).
Since p™ — 0 as n — oc and (3.11), we can conclude that the sequence {z,} converges
strongly to z* € F. O

3.2 A Strong Convergence Theorem for a x-Strictly
Pseudononspreading Mapping in Hilbert space

In this section, we introduce a strong convergence theorem for finding a com-
mon element of the set of fixed points of a «-strictly pseudononspreading mapping
and the set of solutions of a finite family of variational inclusion problems and the set
of solutions of a finite family of equilibrium problems in Hilbert space.

Now, we prove the following results which will be needed for the proof of our
main theorems.

Remark 3.3. Let C be a nonempty closed convex subset of H. Then following state-
ments are equivalent:

() T:C - Cis a «-strictly pseudononspreading mapping,

(i) L = BN =Tz = (I =TI < (I - T)z - (I = Tz — ) + (I = Tz, (I - Th),

forall z,y e C.
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Proof. Let x,y € C. Case (i)=(ii), let T be a &-strictly pseudononspreading mapping,
then there exists « € [0,1) such that

ITz = Ty||* < llz = yI* + & ||(] = T)z = (I = T)yl* + 2(z — Tz,y — Ty). (3.12)
Since

I(Z = T)z = (I - TYI* = | Tz - Ty|* - 2(Tz - Ty,x — ) + ||z - yll?, (3.13)
we have

1Tz = Ty|l? = |(I = T)z — (I - T)ylI* + 2(Tz - Ty, x - y) - ||z — y||*. (3.14)

From (3.12) and (3.14), we have
(I = T)x = (I = T)ylI* + 2(Tz - Ty,z — y) — ||z — yl|
<llz = yI* + k(I = T)z = (I = T)y||* + 2(z - Tz,y — Ty).
It follows that

(1= II(I = T)z — (I = TYyl? <2|z - ylI® - 2Tz — Ty,z — ) + 2(z - Tx,y — Ty)
=2((I = T)z - (I - T)y, z - y) + 2z — Tz, y — Ty).

Then
SN =Ty = ([ =Tl < (I = Tha ~ (I~ T)y,z — 3) + (I = T)a (1 - Thy).
Case (i)=(i), let z,y € C and
I =Tz = (1 = TP (U ~T)e = (I =Ty, 2 = 4) + (&~ Tz, ~ Ty)
=z - yll* - (Tz - Ty, z — y) + (z = Tz,y - Ty).
Then

(L =m)I = T)z - (I - T)yl* < 2|z - yl* - 2(Tx — Ty, z — y) + 2(z - Tz, y - Ty).
It follows that
2Tz —Ty,z-y) <2z -yl = (1= w)||( - Tz — (I - T)y|]* + 2(z — Tz, y — Ty). (3.15)
From (3.13), we have
ATz - Ty,z —y) = [Tz = Ty|* + |lz = y||* = (I - T)z - (I - T)y|>. (3.16)
From (3.15) and (3.16), we have
ITz = Tyl + ll& = ylI* = (I = T)a = (I - T)y|l* <2lz - yl|* - (1 = &)||( = T)z — (I - T)yl|?
+2(z — Tx,y — Ty).
Then
1Tz = Tyll* < lle = yl* + & (I = T)z ~ (I = T)y|l* + 2({ = T)z, (I - T)y).

Therefore, T : C — C is a «-strictly pseudononspreading mapping. O
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Example 3.4. Let T': [0,00) — [0, 00) be defined by
1.2

Tz =
i T

VreC.

To see that T is a «-strictly pseudononspreading mapping. For every z,y €
[1,00), we have

(I =T)e — (I -T)yl* = |z - Tz - (y - Ty)|*

4a? 4y?
= | — —iliapi=

5+4dx 5+4dy
_ |5z +42® -42®  (Sy+4® - 4P\ [
5+ 4 5+ 4y

_|_5z 5y
T |5+4z \5+4y

52(5 + 4y) — 5y(5 + 4z) |
(5 + 42)(5 + 4y)
25z + 20zy — 25y — 20zy |2
(5+4z)(5+4y)

25x — 25y |
(5 + 4z)(5 + 49)

625

G+ G ray?

2

2

-y 20,

(#=Tz-(y-Ty)z-y) = <(5 354“;—(52?43;) >

25

(o +4zx)(5 + 4J)( y)? 20

and

5z 5y
e slngy Sy = <m'5+4y>

25

= —_— =)
GranGra Y =Y

From the above inequalities, we have

25 X 25
GraGrm® YVt Eraerw

2 3
= G+42)(5 +4y) (z-9)
> L (z -
(5 +42)2(5 + 4y)?

(I-Tz-(I-Thy,z-y)+(z-Tz,y-Ty) = zy

v)?

_ 2 25
T2 ((5+4:r)2(o + 4 )2( v) )

1 625
=2 ((5+43‘)2(o +4y)2( )2)
= 5l ~T)z — (1= Th?

From Remark 3.3, we have T is a ;—:-strictly pseudononspreading mapping.
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In particular, we have

Z a;Fi(T, z, T,z) + ;1- (Tiz—T T,z —z) =20, (3.17)

and

Zm (Trz, Ty, z) + 71 (T, — Trz,Trz — z) > 0. (3.18)

Summing up (3.17) and (3.18) and using (A2), we have

;l‘- (Ty,x — Tz, Trx — z) + & (Ge—=T.. 2, T 2—=2) 20

Tn

It follows that

<T.n"z T Twzr— ¢ T,z- x> > 0.

Tn

This implies that
0< <T,.:t: -Ta T x—x— ﬁ(T z— x)>
= <Trx -T2 T z—Tx+ (1 - —r-) (Trz - :z}> :
It follows that
ITr2 = Troll? < [1 = 22| ITo = T2l (I Trl + )

Then we have
1
Tz - Tr || < = = Ir = ral (1Tl + [lz]) -

Since r, — r as n = oo, we have

|75,z — Trz|| = 0 @s n — oo.

Next, we prove that a strong convergence theorem for finding a common ele-
ment of the set of fixed points of a x-strictly pseudononspreading mapping and the set
of solutions of a finite family of variational inclusion problems and the set of solutions
of a finite family of equilibrium problems in Hilbert space.

Theorem 3.7. Let C be a nonempty closed convex subset of a real Hilbert space
H. Let M : H - 2¥ be a multi-valued maximal monotone mapping. For every
i=12,...,N, let F,: C x C - R be a bifunction satisfying (A1)-(A4) and A; : H - H
be a;-inverse strongly monotone mapping with n = min;=12,. n{a}. Let T : H -
H be a s-strictly pseudononspreading mapping. Assume F := F(T) NN, EP(F:) N
N, VI(H, A, M) # 0. Let the sequences {z,} and {u,} be generated by z,,u € H
and

N
i?
( E a; F; (tn,y) + = (¥ — U, un —2,) > 0,Vy € C,
i=1 7

N
\ Tntt = QU+ BnZn + Y a(l — A Z bi Az, (3.19)

i=]

+ 1L = pn(I = T))n + Sptin,¥n > 1,
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where {an}, {Bn} {1}, {nn}. {2} C (0,1) and A > 0 With an + B + 9n + Tl + 00 = 1,
0<a<l and0 < a;b <1, for every i = 1,2,..,N, r, € [e,d] € (0,1), 0 < p <
Brs Yrs My 0 < g < 1, pr, € (0,1—x) for all n > 1. Suppose the following conditions hold:

(i) r}mun =0 and ZO:“ = 00;

n=1

1) W T L

(i) 0 < A < 2p;

N N
(IV) Za; = th i
i=1

i=1

oo o = <]
(V) Y lans1 — an| <00, 3 |Bas1 = Bal <00, 3 [Fnt1 = nl < 00,
n=]

n=1

g fos oo
Z [Prt1 = pn| < 00, Z |n41 — 05| < o0, Z [rns1 — Tl < o0,
n=1

n=1 n=1

Then the sequence {z,} and {u,} converge strongly to z = Pru.

Proof. The proof of Theorem 3.7 will be divided into five steps:
Step 1. We show that the sequence {z,} is bounded.
N
Since " a;F; satisfies (A1)-(A4), and

=1

N

1
D aiF; (un,y) + = (Y = un,un —20) 20,Vy € C,
i=1 b

N
by Lemma 2.36 and Remark 2.38, we have u, = T, z, and F(T,,) = [| EP (F).
i=1

Let z € F. From Lemma 2.39 and Lemma 3.1, we have
N
z=Jua(I =2 ) b))z
=1
From the nonexpansiveness of Jy (I — ,\va: , biAi), we have

N
ITMAT =AY biAi)an — 2| € 2w - ] (3.20)

=1

From Remark 3.5, we have

I(I = palI = T))zn = 211> = ||(1 = pn)Tn + puTzn — z||?
< |len — 2|12 (3.21)
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From the definition of z,, (3.20), and (3.21), we have

N
”In-i-l = 2” = ”anu =+ Hn-'rn e "T’nJM,A([ == Az biAi)In

i=1

+ (Il = pn(d - T))In + dptty — z“
N
< anllu = 2l + Ballzn — 2l + vl daal = A3 biA)zn - 2]

i=1
+ (I = pn(I = T))zn = 2|| + dnlun - 2]
< anllu =zl + (1 - ap)llzn — 2]

< max{|lu—zl|, oy - 2|} = K.

By using the mathematical induction, we have ||z, — z|| < K,¥n € N. It implies that
{z.} is bounded and so is {u,}.
By continuing in the same direction as in step 1 of Theorem 3.1 in [49], we have

1+

Tz, — z” < 1-

2z ~ 2l (3.22)
K
Indeed, since T is a x-strictly pseudononspreading mapping, we have

[1T2zn = 2| < |lxn = 21 + &I(I = T)zn = (I = T)z|* + 2(zn — T2n, 2 ~ T2)
= |lzn = 2|* + &ll(zn = 2) = (Tza — 2)|I?
= ||lzn — zI* + & (llzn — 2l + | T2n - 2||% = 2(zn — 2z, T2y — z))

= ||zn — 2||* + kllzn — z|® + k|| Tzy — z||2 +26(z — 2, Tz, — 2).
It implies that
(1 = &)ITzn = 2l < (1 + &)l|lzn = 2] + 26|20 — 2[[[|Tzn - 2|l.
From the above inequality, we have

0 2(1 = K)|ITzn — 2* = (1 + &)||zn = 2| = 2l|zp — 2[|[|T2n ~ 2|
=(1 = 8)ITzn - 2|* = Kllzn = 2l|Tzn — 2|l = (1 + K)llzn = 2II* + Kl|zn — 2]|[| Tz - 2]])
=(1 = &)||ITzn — 2l|* - kllzn = 2ll|T2n = 2l + |20 = 2[||T2n - 2|
= (A + 8)llzn = 2l|* + £ll@n = 2| Tzn = 2I| + [l2n = 2ll[|Tzs - 2])
=(1 = &) (ITzn = 21 + llzn = 2[[IT2n = 2[l) = (1 + &) (20 = 2] + 120 = 20 T2n — 2[)))

=(1 = K)|Tzn = 2| (T2 = 2|| + |2n = 2lI) = (1 + £)l|2n — 2[| (|20 = 2|| + | Tzn = 2]))).

It implies that
14

1=
From (3.22), we can conclude that {Tz,} is bounded.

IT2n - 2| <

K
|z - 2]l



29

N
Step 2. Put G = b;A; and P = I - T. We will show that lim {|znt1 = za|| = 0. From

$=]
the definition of z,,, we have

|Tas1 = 2ol = |lans + Bnzn + FnJma(I = AG)Zn + 1n(I — pnP)zy

+ Ontin — -1 — Br-1Zn-1 — m-1Jma(l = AG)zp -y
= fa=1I = Pn=1P)Ts<1 = Gpytin-i]

< len = an-a| lull + Bu |2 = Zn-1ll + |Bn = Br-al |Zn-1 ||
+ Y [T = AG)zn — I a(I = AG)zp ||
+ | = W1l Il = AG)zy ||
+ M ll(I = paP)an = (I = po-1P)Tn1|l + [0 = Ba-1| |1 = pr-1P)zn-1l
+ Onlltn = Un-1l| + |60 = Gu-1| Jun-l

< |an = an-1| [[ull + Bn lzn = Zn-1ll + 1Bn = Bu-1] |Za=1ll + W |22 = Zn-1l
+ | = -1l IIma (T = AG) a1l + [0 = s | |( = pr-1P)zp-1||
+ M (@0 = Zn-1ll + pu [|Pzn — Pza_ill + |pn = pa-1| | PZn-1])
+ On [lun — tn—1|l + [6n = Gn—1] |tn-1]l

< lan = an-1| [[ull + Bn |n = Zn-1ll + |Bn = Br-1] |2n-1]l + ¥n l|lZn = Zn-1]|
+ | = -1l IWaa (I = AG)zp1ll + [nn = a—a | |(T = pr—1 P)zn-1|
+ 1 l|2n = Znoall + pn | Pen = Peacill + 0n = pueil [ PZnos
+ On [lun — un-1ll + |00 = dn-1| lutn-1l. (3.23)

By continuing in the same direction as in step 2 of Theorem 3.1 in [29], we have
1
”“n = ”-n—l” < H-En = mn—l” -+ 2 lrn - rn—ll ”un == 'Bn" .

Indeed, since u, = T;, z,, by utilizing the definition of T, , we obtain

N
1
> aiF (T on,y) + — (¥ = Trazn, Tr 2 — 2n) 2 0, Yy € C, (3.29)
=1 i
and

N
1

ZQJFE (Tr-,,+1:'::;+lsy) + ﬁ (II T T’1--,....1:l":'n-{--l)’I‘-r'.,.H-"T:n-}-l i i -7:n.+1) 2 O.Vy G C- (3-25)
n+

i=1

From (3.24) and (3.25), it follows that

N
1
ZazFi (Tr,.:”mTr"“wn-}-l) + r_ (Tr,,+15’:n+l = Tr..xn, Tr Tn — In) =0, (3.26)
i=1 %
and
N
Z aiF‘i (7;',.+|In+1-Tr‘..xn) &+ = k (Trnxn = Tr..+1mu+11 T'r'u+;$n+1 “u -T:ﬂ+l) > 0. (327)
i=1 n+1
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From (3.26) and (3.27) and the fact that °I¥ | o, F; satisfies (A2), we have

1 i
- (Tr,.ﬂ-rn+l N Tr“InaTrﬂIn & 1':1) 1
n Tn41

(Tra®n~ T ity Trgpy Bl = Tia ) 20,

which implies that

T Bt = gy TouBa—1
<T"ﬂ In = Tr‘n+1 Ln4ls Tbi ¥ L Tesh - > 0.
Tn+1 Tn

It follows that

T'ﬂ
<Tr“+,.1:n+1 = T"’nmﬂrTT“Iﬂ = Tr..+|xn+1 + Tr..+;1'n+1 =g (Tr,ﬂ,;zn-i—l T $n+1) > 2 0.

Tn+1
(3.28)
From (3.28), we obtain
2
|'Tr“+1$n+l e Tr.,In”
T,
S <Tr,,+1$n+i - T‘v-,.:‘v'ru Tr“+1rn+1 = Zn — e (Trn+1zn+l = .’1'.‘,1+1)>
Tr+1
[ T
< ||Tr..+;:rn+1 - w'nIn|| ”:Eu+1 = -'rn“ T ‘1 - P :1 ||Tr..+11'ﬂ+1 = I‘H+I”]
L n
= T siZnt1 = Tron| | Zn+1 = znl| + Conen Irasr = Tl | Truss ZTngr = ’-‘n+1||]
o n+
[ 1
< ”Tr...H-rvH—l = Tr.,In” ”-'-cn+l = zn” - E lrn+1 et 'rul “Tr,‘.'.;z'n«}l T $n+1”] )
which follows that
1
lens1 — unll < |2n+1 — znll + d [Pnt+1 = Tal lngr — Znta. (3.29)

By applying (3.29) and (3.23), we obtain

lzn+1 = 2zall < lan = an-a| lull + B llzn = Za-1ll + [Bn = Ba-1l |2a-1]l + Yn |20 = Zn-1]|
+ I = =1l M (T = AG)zn-1ll + |70 = a-1| (T = pn-1P)Tn-1]|
+ fnl|lzn = Zn-all + pn |P2n = Pza_1|| + |on = pa-1| | Pen-il|
+ O llun — tin_1ll + |05 — dn-1] lun-1|
< lan = an-al [[ull + Bn llzn — Tn-1ll + [Bn = Ba-al |Tn-1ll + W |20 — Za-all
+ | = Yn-a| I a (I = AG)Zn-a || + [n = Ba=a| |(1 — pr-1P)zn-1l

+ Mn ”In = In—l” + Pn ”P'Tn i~ Pﬂ:n—lll 25 |pn e pn—ll ”PIn‘A”

1
A 511 (”In = xﬂ—-l” 2 E |rn e Tn—-ll ”un s In”) A |6n 3 Jn.—ll ”un-lll
< lan — an-al llull + (1 = ap) l|lzn - -1l + |Bn = Br-1| [|Zn-1]l
i h’n == 'Yn—ll ”Jﬂ-l.a\(I = ’\G)wn—lll " |’In = 71n—l| ”(I = Pnulp)wn—lll
+ on||Pzy — Pan_y| + |pn — Pr-1| ”Pitn—lu

1
+ d ITn = Ta-a| [ln — zn|| + [6n — 6n—1| |[t2n-1] - (3.30)




Applying Lemma 2.9, (3.30), and the conditions (i), (ii), (v), we have
’}m |Zn+1 = 2za)l = 0.

Step 3. We show that lim, . [[un = Znll = iMpqeo |(I = paP)Tn — n |
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(3.31)

= liMpso0 [T A (I = AG)zy,, — 24| = 0. By the definition of z,,, (3.20), and (3.21), we have

|Zns1 — 2“2 = |lapu + Bnzn + Ind ML — AG)xn + Ml = pnP)xy + Sy — 2”2

< anflu = 2|* + Bu lwn — 21 + Y 1 Jara (I = AG)zy — 2|1
+ M (I = prP)zn — 2||* + 85 [|lun = 2|1 — Budnllzn — unl®
= Ban [Imall = AG)ay — 2,

=apllu—z|> + (1 - an) |lzn - z||2 — BudallTn — ua)?

— Ba¥a lIma(I = AG)zy — 2

< i flu = z|* + |20 = zl? = Badnllzn — tnll? = Bavn [T a(I = AG)zn — z, 2.

It implies that

Bubn lun = Tul® < an llu = 2l + 2 = 201 = [Zns1 = 2[|* = Batn |Fag A (I = AG)Zn — 2n]|?

< anllu=z|* + (Il&n = 2l| + |1Zns1 = 2[1) |Zns1 = zall.-
From the condition (i) and (3.31), we have
lm lun = zall = 0.
By continuing in the same direction as (3.32), we have
lim | Tp (I — AG)xp — 2| = 0.
n—oo
From the definition of z,, we have

Tn+l —Tn = 0n (U= Zpn) + Y (AT — AG)zy — )

+ T ((I - Pnp)mn - 13“) = 611(”11 # mn)-
From the condition (i), (3.31), (3.32), and (3.33), we have
’}L[T;c I = pu(I = T))zy — 20| = 0.

Step 4. We will show that limsup (u - z,z, — z) < 0, where z = Pru.
To show this, choose a subsgaljcénce {zn, } Of {z,} such that

limsup (u—z,2, — 2) = im (u— 2,2, - z).

n—oo k=00

(3.32)

(3.33)

(3.34)

(3.35)

Without loss of generality, we can assume that x,, — w as k¥ — oo. From (3.32), we

obtain u,, — w as k — .
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First, we will show thatw € N, VI(H, A;, M). Assume thatw ¢ NY., VI(H, A, M).
By Lemmas 2.39 and 3.1, N, VI(H, Ai, M) = F(Ju((I = AG))). Then w # Jy (I -
AG)w, where G = TN b,A;. By taking the nonexpansiveness of Jy x((I — AG)), (3.33),
and Opial’s condition, we obtain

likminf\[:cnk -w| < Up’\inf”xm = Jua(( = AG))u|
< h;fn inf("I:u = JM'.:\((I = ’\G))mﬂk”
+ (1 = AG))zn, = I (I = AG))w]))
< likm inf ||z, —w]|.

This is a contradiction. Then we have
N
we [ VI(H, A, M). (3.36)

i=1
Next, we will show that w € F(T). Assume that w ¢ F(T). From Remark 3.5 (i),
F(T) = F(I = pn,(I1=T)). Then w # (I — pn, (I - T))w. From the condition (ii), (3.34), and
Opial’s condition, we obtain

li{ninf{]a-,,k —w|| < “{ﬂinfllwnk = (I = pn (I = T))w||
< li{nj;\f(”xnk = = pnp(I = T))zn, |l
3 ”(] - pnk(l i T)).E," w (I "Pm‘(I = T))w”)
< “’L’n Inf(HTHk =" (I = Pm.(I = T))mﬂt ”
+ |lzn, = wll + o, I(I = T)zn, — (I — T)w|))
= limiogf”u:nk —wl.
This is a contradiction. Then we have
w € F(T). (3.37)

Since0<c<r,<dVneN, thenwehaver, wrask—oocowthdo<c<r<d
Applying Lemma 3.6, we have |T;.,, zn, —Tr2n, || = 0 as k — co. Next, we will show that

N
wE ﬂ EP (F;). Assume that w ¢ n?;, EP (F;). From Remark 2.38, we have w ¢ F(T}).

i=l
By Opial’s condition and (3.32), we have
U{n inf||zn, —w| < li{‘n inf |z, — Trw||

< liminf(”:rm Y,
k=00 k

+ Trukxﬂk - Loy, || + ||T,-.r,,k - Tw|)

< Uiminf |z, — wl||-
k-+o0

This is a contradiction. Then, we have

N
we [)EP(F). (3.38)

i=1
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From (3.36), (3.37), and (3.38), we can conclude that w € F.
Since z,, — w as k — oo and w € F. By (3.35) and Lemma 2.15, we have

limsup (u - z,z, — 2) = lim {(u—z,z,, —2)
k—oo

n-—+00

=(u-—z,w-—2)

<0. (3.39)

Step 5. Finally, we will show that .Li_r:n z, = z, where z = Pru. From the definition of

x,, We have

Zns1 = 2lI* = lonu + Bnn + Yo MA(L = AG)&p + (I = pnP)zn + Snun — 2|2
< llan (u = 2) + Ba (20 = 2) + W (IMA(L = AG)zp — 2)
+ 0 (I = paP)zn — 2) + 6y (un — 2) |2
< (Ballzn = zll + 0 I (I = AG)zn = 2| + 1 [|(7 = paP)zn — 2||
+ On [lun — z[1)* + 200 (u — 2,241 — 2)

< (1—-ap)||zn - 7.“2 + 2an{u — 2,zp41 — 2).

From the condition (i), (3.39), and Lemma 2.9, we can conclude that the sequence
{zn} converges strongly to z = Pru. By (3.32), we find that {u,} converges strongly to
z = Pru. This completes the proof. O]

As a direct proof of Theorem 3.7, we obtain the following result.

Corollary 3.8. Let C be a nonempty closed convex subset of a real Hilbert space
H and let M : H — 2" be a multi-valued maximal monotone mapping. For every
i =12...,N, let F, : C xC — R be a bifunction satisfying (A1)-(44) and let A4 :
H — H be an a-inverse strongly monotone mapping. Let 7 : H — H be a x-strictly
pseudononspreading mapping. Assume F := F(T)N., EP(F)NVI(H, A, M) # 0. Let
the sequences {z,} and {u,} be generated by z;,u € H and

N
> aiFi (un,y) + TL (¥ — tn,un — z4) 2 0,¥y € C,
i=1 L
.40
In+l = QuplUu +.Bu-rn +'YnJAf.A(I = /\A)l‘n (3 )

+ '77!([ = pu([ = T))-Tn e J,,u“,\‘!n 2T

where {Ct.,,}‘ {ﬁn}p {7?!}! {7]11}' {dn} Cc (09 1) and A > 0 with On+ B +Tn+0n +dp = 1,0 o <
l,and0<a; <1, foreveryi=1,2,..,N,r, €[e,d] C (0,1), 0 <P < B, Yn: s O < g < 1,
pn € (0,1 — k) for all n > 1. Suppose the following conditions hold:

(i) "Li_l:'goan =0 and Zan = 00;

n=1

(i) T, pu < o0;

(i) 0 < A < 2a;




N
(iv) Zai =1;
y=]

oo o0 oo
(v) z |ﬂ'n+l — &y < oo, Z |.8n+1 i ﬁnl < 00, Z |'Yﬂ.+1 = '7n| < 00,
n=1

n=1 n=1

[o.<] o0 oc
Y 1brt1 = pul <00, 3 [dns1 = ba| < 00, D Irat1 = Tu| < oo
n=1

n=1 n=1

Then the sequence {z,} and {u,} converge strongly to z = Pru.

Proof. Put A; = Aforalli=1,2,..., N in Theorem 3.7. So, from Theorem 3.7, we obtain
the desired result. O

Corollary 3.9. Let C be a nonempty closed convex subset of a real Hilbert space H
and let M : H - 2% be a multi-valued maximal monotone mapping. Let F: CxC - R
be a bifunction satisfying (A1)-(A4). For every i =1,2,..., N, A; : H - H be a;-inverse
strongly monotone mapping with n = mini=1 2. y{a:}. Let T: H - H be a s-strictly
pseudononspreading mapping. Assume F := F(T)NEP(F)NOY, VI(H, A;, M) # 0. Let
the sequences {z,} be generated by z,,u € H and

F(un:y) 7 ,.L" (¥ —up, uy ~ T,) 2 0,Vy € C,
N
Zns1 = At + BuZn + Iy p(I = A biAi)an (3.41)
i=1
+ 0 = pu(I = T))xy + Sntin, Vn 2 1,
where {an}, {Bn}, {1} {mn}, {6n} € (0,1) and A > OWith an+Bn+Tm+Tm+dn =1,0< a <
Land0<b <1, foreveryi=1,2,.,N,r,€le,d C(0,1),0<p < BnYn,n,0n g <1,
pn € (0,1 — &) for all n > 1. Suppose the following conditions hold:

o0
i) i =0an = o0;
(i) \im an =0 and Y an=o;

n=1

() Eeiipn < o0}
(iif) 0 < X < 2;
N
(iV) Zb, =1,
t=1

oo oo
(V) Z |“n+1 == a!’ll < o9, Z |ﬂn+l Wt ﬁ"ll < 00, Z |7n+1 - 'Ynl < 00,

n=1 n=1 n=1

00 =) o0
z |Pﬂ+1 T Pnl < oo, z |5n+l -3 511' < 00, Z |rn+l = Tnl < o0.
n=1 =l nEl

Then the sequence {z,} and {u.} converge strongly to z = Pru.

Proof Take F=F,and N =1,Vi=1,2,...,N in Theorem 3.7, we obtain the desired
conclusion. ]
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3.3 A Strong Convergence Theorem for Nonspreading Mappings in
Hilbert space

In this section, we prove a strong convergence therem of a new iterative al-
gorithm for finding a common element of the set of fixed points of a finite family of
nonspreading mappings, the set of solutions of a finite family of equilibrium problems
and the set of solutions of two variational inequality problems in a real Hilbert space.

Now, we introduce and prove the following remark which will be needed for
the proof of our main theorems.

Remark 3.10. If we replace the mapping T in Lemma 2.31 by T is a nonspreading
mapping, then Lemma 2.31 is still holds. Applying the same method in [49], we have

IPo( = A1 = T))z - y|| < ||z - yll,
forall z € C,y € F(T) and X € (0,1).
Proof. Indeed, let 2 € C and y € F(T). Since T is a nonspreading mapping, we have
ITz - Ty||? < ||z - yl* + 2(z - Tz, y - Ty) = |lz - y||. (3.42)
From (3.42), we obtain
IT2 -yl = [Tz -y - = + z|)?
=lz-y—- (I - T)z|*
=z - yl* - 2(z - 9, (I - T)z) + |(I - D)z
< llz - ylI*.

It implies that
I =T)z|* <2(z -y, (I - T)a). (3.43)

From F(T) = VI(C,I - T) and Lemma 2.32, we have
Y€ F(T)=VI(C,I-T)=F(Pe(I - \(I-T))). (3.44)
By the nonexpansiveness of P, (3.43) and (3.44), we get

I1Pe(I = MI = T))z = yl|> = [|Pe(I = MI = T))x — Po(I - A(I - T))yl®
ST = AT =Tz = (I = XTI =Tyl
= ||z - y) = A = T)a||?
= llz - ylI* - 2Mz — v, (I - T)z) + N2||(J = T)z||?
< lle = yl* = AT = T)xl|? + 2|1 - T)z|)?
= |z =yl = M1 = VI - )z

< [lz = ylI*.
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Next, we show that a strong convergence therem of a new iterative algorithm
for inding a common element of the set of fixed points of a finite family of nonspread-
ing mappings, the set of solutions of a finite family of equilibrium problems and the
set of solutions of two variational inequality problems in a real Hilbert space.

Theorem 3.11. Let C be a nonempty closed convex subset of a real Hilbert space
H. Fori=12,....N, let F, : C x C = R be a bifunction satisfying (A1) — (A44) and
A,B : C —» H be a and g-inverse strongly monotone mapping, respectively, with
n = min{a,B}. Let {T}}}L, be a finite family of nonspreading mappings of C into
itself. Let f: C — C be a contractive mapping with a € (0,1). Suppose that 7 :=
Nic, F(T)NNY, EP(F)NVI(C,A)NVI(C, B) # 0. Let the sequences {z,} is generated
by z; € C and

N

1
§ aiF‘: (”nuy) + T_ (.?I — Uy, Uy — In) 2 U.Vy € C-
i=1 i

Yo = bazn + (1 = ba) Po(I = Aa(I = T}))ttn,
Tnt1 = an f(Tn) + BuPo(l — pu(ad + (1= a)B))xn + Yn Ef—_l c,-y,"”Vn =1,
(3.45)
where a € (0,1), {bn}, {an}, {Ba}, {1}, {An}, {pa} C [0,1] With a, + B + 7= = 1 and
0 < aj,e <1, for every i = 1,2,..., N. Suppose the following conditions hold:

[+ «}
(i) HLT;\O a, =0 and Zaﬂ = 00}

n=1

(ii) 7}:_::(_10 bn = b€ (0,1);
(iii) 0 < pn < 2n;
(iv) Z In < 00;

n=1

N N
W Y a=> ca=1and0<g<a,ca<h<lforalli=1,2..,N;
=1

i=1

oo oc oo
(Vi) Y~ |Ba+1 = Bal <00, Y Ins1 = nl < 00, > lpns1 — pal < 00,
n=1 n=1

n=1

0 oo o0
Z lonsa — an| < 0%, Z Ib'n+l — by| < o0, Z |Tn+1 —ta| < o8}
n=1 n=1

n=1

(Vi) 0<e<rp, By 1n <d < 1,¥n €N.
Then the sequence {z,} converges strongly to zy = Prf(z).

Proof. We divide the proof of Theorem 3.11 into five steps:
Step 1. We show that the sequence {z,} is bounded. Since

N

1
E aiFi (unsy) i T'— (‘U = Up, Up — In‘/“ > O,Vy € CI
i=1 "
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by Lemma 2.36 and Remark 2.38, we have u, = T}z, and F(T;,) = X, EP (F,).
Let z € F. From Lemma 2.34 and Lemma 2.32, we have

ze VI(C,aA + (1 = a)B) = F(Pc(I — pn(aA + (1 = a)B))).
Since = € N, F(T:). By Remark 3.10, we have

”PC(I = AH(I 9 Tl‘))"n - 2”2 S""n o 2”2
=[|T, zn - z“2

<|\zn — 2|2 (3.46)

Put M, = =N | ey, and (3.46), we have

| My, - z|| =

< zq||y;_z”

= Zq“bnxﬂ-f(l—bn)Pc(I Al = T3))up — 2|

J

z

Z i (bn [l2n = 2l| + (1 = by) [ Po(d = An(I = T3))un = 2[|)

IA

(bn |z = 2|l + (1 = by) ||z — z|[)
lzn — 2]l (3.47)

From the definition of z,, Lemma 2.34 and (3.47), we have

Il:l:n+1 = ZH = "anf(l'n) it .BnPC(! et Pn(aA + (1 s U)B))In + YnMp, - Z”
< an [|f(zn) = 2l + Bn |Pc(T = pn(aA + (1 = a) B))zn — z|| + Yl My - 2]
an ([l f(zn) = F(2) + 1/ (2) = 2ll) + Bn lzn = 2| + Yn Iz — 2]

(1 - an(l—a))llzn — 2|l + an [|f(z) - 2|
Hf(z} I£(z) - =l
max {Hzl = }

IAIA

IA

Put K = max< |[z; -

z||, w . By employing the mathematical induction, we

have |z, - z|| < K,¥n € N. It implies that {z,.} is bounded and so are {y,} and {u,}.
Step 2. Foreveryi=1,2,..,N, put P=aA+ (1 -a)B and D; = I - T;. We will show
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that lim,—eo [|2nt+1 — 24| = 0. By the definition of x,, and Lemma 2.34, we obtain

|Zas1 = zall =llanf(zn) + BaPoll = puP)Tn + YnMn

=3 anflf(xn—l) — Bn-1Fc(I — pn-1P)Tn—1 — Yn-1M;1||

San||f(zn) = f(@n-2)|| + |on — an-a|llf(za-1)ll
+ BullPe(I = puP)zn — Po(I = ppP)Tn-1|
+ BullPc(I = puP)zn-1 — Po(l — pn-1P)Tn-1l|
+1Bn = Ba-1lllPc(I = pr-1P)zn-1|
+ Yl Mn = Mp—i|| + |vn — Yn-1|l| Mn 1|

Sanallzn — an-all + |on — an-a|llf@a-1)l| + Bullzn = za-1ll
+ Ball(I = pnP)an-1 = (I = pn-1P)zn-1ll + |Bn = Bu-1|llPc(I = pp—1P)zn1||
+ nl[[Mp = Mu—1|| + [¥n = Yn-1|[| M|

Sanal|zn = n-a|| + lan — an-a|llf (@n-1)]| + Bullzn — zn-1l]
+ Bnlon = pn-1lllPn-1ll + |Bn = Ba-1lllPc(I = pn-1P)za-1l|
+Ynl|Mn = My_y || + [vn = -1l Maa - (3.48)

By continuing in the same direction as in step 2 of Theorem 3.1 in [29], we have
1
““n ™ un—l” < ”:En = ml‘l-—l” + (_i [Tﬂ 3= T'n—ll ”Ttn h Tﬂ” .

Indeed, since u,, = T, z,, by utilizing the definition of 7;.,, we obtain
- 1
> aiFi (Ty,n,y) + — (U= Tron, Tryn — 2n) 2 0,Vy € C, (3.49)

i=1

and
N 4 .
Z;ﬂ-iFi (Tr i1 Zns1,9) + s (U = Trpr sty Trn 1 Znt1 — Tnsr) 20,Vy € C.  (3.50)
From (3.49) and (3.50), it follows that
= 1
Za,;ﬂ (Do ns T pa Pt ) i (e siPndt =Trn T T B~ ) 2 0, (3.51)
i=1 b

and

N
S R, (T i, Tr) +

i=1

From (3.51) and (3.52) and the fact that Y, o, F; satisfies (A2), we have

i=1

il

Tn+1

(Tr.. Iy — Tr..+lzn+11Tr..+1mn+l o -Tn+1> == () (352)

1

1
;“ (Tr.,,f.l:":n-{-l = Tr..-'rnv TT"'T‘.H = xn) +
n

Tn+1

(Tr,.-rn = Tr,..,.]-rn+h Tr,.+;3'n+l = II'H-l) = 0,

which implies that

L Tnd1 = &ty - T =23
<Tr,,$n—Tr"+,ﬂ'n+]. Tn41¥n+ n+ —Iratn n 20

Tn41 Tn
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It follows that

™=
<Tr"+'zﬂ+1 =T Tr2n = Ty @nid + Ty Tngr — T — (Trn+1In+1 = In+l) > = 0.

Tn41
(3.53)
From (3.53), we obtain
2
“Trnnmn-%-l e Tr.,-rn”
7
< <T'r“+|-'17n+i o Tr,,znp Tr,,+lIn+1 —Tn — - (Tr,.+137n+l s Tn+1)>
) Tn41
[ T
< 'ITr..+:7’n+1 i Tr,.“'-'n” |£n4e1 = zall + Ll R nl ||Tr,.+;-7"n+1 = $n+1”:|
T ||T"‘u+I‘T“+1 =5 Tfn‘lrn” “:’:'n+1 - oy + Yast [Tns1 = 7l ||T1'..“In+1 T -77n+1”]
L n+
[ 1
= ”Tru+l-'r1=+1 = TrnIn" |Zn41 — 2l + 4 |Fng1 = ¥al l L1 @1 — In+1”] 3
which follows that
1
”un+1 = un“ < ||15n+1 - za|| + a |Tn+l - ral ”Un+1 = Tpql]. (354)

By the definition of M,, and applying (3.54), we have

N N
”Mu - AJH—]" =” Z ciy::; = zc‘iy:l-lll

i=1 i=1

N
< Z Cy ”y:; = y:l—l”

—

e

C1”bn-'rn + (1 == bn)PC([ = ’\nDi)un == bTL—IIﬂ—l

= (1 =7 bn—l)PC{I — ’\ﬂ—-lDi)un—lll

=z

S (.‘,‘(b,.,”.'l’.'" O xr:-l” + |bn = bn—ll”-'rn—iu

1l
A

(1 = bn)“(I s ’\nDi)ur’l " (I o )‘ﬂ.-lDi)u‘n—ln
‘bn = bn—l”lPC(I o= An—lD:)un—l”)

+ +

<

M=

c,-(b,,”a:,, = Zn-a| + |bn — bn—1|||It|-1||

Il
-

+ (1 = bu) (”url = Up-1 ” = /\n”Di“n == Di"n—l” + |An = /\ﬂ—llnDi“n—l")
+ |bn 5 bn—l”IPC{I - An—ll)i)""'yl—l”)

Sbillzn — Zn=1 |l # |bn = bn—lmxu—l” a5 (1 = bp) |l — tn-1||

N N
+ 3 cidn(l = ba)[|Dittn = Dittn_a || + D ei(1 = b2)|An = Anci || Diti—s |

i=1 i=1

N
3 Zci“)n = bpa||Pe(f = An—1Di)upn_y||
i=1
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Sbnllrn - -rn—-lil o |bu = bﬂ—ll"zn—l”

+(1=bn) (Hxn o % Irn = Pa-1] llun = xu[l)

N N
+ 3 cidn(l = ba) |1 Dittn — Dittn—a|| + Y (1 = ba)|An = Anca || Ditin—1 |

i=1 i=1

N
-+ Z C"lbn = bn—l“IPC(I = ’\““lDi)u'ldlll

=1
1
Sllzn = Ta-1] + |bn — bﬂ—llllrn—lll 53 a‘ |Tn ~Tn-1] “un T In"
N N
+ 3 etn( = )it — Ditincsll + 3 (1 = bu) An = A1l Ditins

i=1 i=1

N
+ 3 cilb = bnoallPe(I = Ano1 D)1 . (3.55)

i=1

Substitute (3.55) into (3.48), we have

[Zn4+1 — Znll Sanallzn = zn-all + lan = an-a|lf(@a-1)|| + Bullzn = Zn-1l|
+ Bulon = Prn-1||PZn-1|l + |Bn = Bn-1lllPe(I = prn-1P)zn-1|
+ YallMn = Mp_a|| + [0 = Va1 [[| Ma-1]|
Sanallzn — Zn-all + |en = an-1|l|f(Zn-1)l| + Bullza = Za-all
+ Balon = pr-1lllPza-1ll + |Bn — Bu-1lllPe(I = pu-1P)Tn-1|

1
+ ‘7"11(”1'11 i 1':1—1” + Ibn - bn-—l ”'wn—'l " " 3 a‘ irn s rﬂ'—ll ”un - zn"

N N
=+ ZC!-AH(I - bn)”Dt‘uu - Diun—lll + Zci(l 2 bn)ll\n M "n—l“lDiuﬂ-—lll
i=1

i=1

N
+ Y cilbn = ba-sllPo(l = A1 Dy)tin-1 )

i=1
+ [ = n=1{| Ma- ||

Sanalzn — znoa| + lan = an-1|lf(@a-1)l| + (1 = an)l|an = Tp-i||
+ Bnlpn — pn-1|ll Pzn-1|l + |Bn — Bu-1lllPc(I = pn-1P)zn-1||

1
+ |bn = bn—l]“xn—lll G a |Tn ~ 1| "'”"n — 25|

N N
+ Zci-’\n(l = bn)||Diun = Diun_s|| + Zci(l = ba)|An = Anca || Ditin-a|

i=1 1=1

N
K Zcilbn = bna|[|Pe(I = An—1Ds)tin—1 ||
=1

+ [ = Yn-1l||Mn=1|




a1

5(1 - an(l ", Q‘))"'.'L‘n . -Tnﬁl“ + |C£,-, L an—ll“f(-'rn—l)‘l
i 'Pn - pn—llllpzu~1” +|6n - ﬂn—l“lPC(I = Pu—lP)In—lll

1
+ |bn = ba-1lllEn-1] + d [rn = a1 [lun — zall

N N
+An Y Cill Dittn = Ditins[| + |An = Anca] Y cill Ditin |

i=1 i=1

N
+ lbn = ba-11 Y &l Po(d = An—1D; Y1 |

i=1

+ I'Yn _'Yn—lllan—l”- (356)

Applying Lemma 2.9, (3.56), and the conditions (i), (iv), (vi), we have
}LTO |Tns1 — 2ol = 0. (3.57)

Step 3. We show that im0 [|tn = 20|l = iMasee |Pe(I = puP)En — 2, =
liMymso0 l|Po(f — AnDy)zn — 24|l = 0, for all i = 1,2,3,..., N.
To show this, let z € F. Since u, = Tz, and T;, is firmly nonexpansive mapping,
then we obtain
Iz = Tr zall* = Ty, 2 = Tr,za?
S. (T,-"Z 5o Tr..-'rmz i mﬂ)
1

=5 (1T = 2l + llza = 21 = ITs, 20 — 2al?)
which follows that

llun = 201? < flzn = 21 = lun — za|l*. (3.58)

From the definition of z, and (3.58), we have
l2ns1 = 2l = llanf(@n) + BaPc(l = puP)tn +¥aMa — 2|
<an [|f(@n) = zl|* + Bn |1Pc(I = puP)zn — z||* + Ya | M0 — 2|

N b}
> el - 2)
i=]

<an [|f(2n) = 2lI* + Bn |20 — 21> + 1m

<an[|f(zn) = 2lI* + Bn llzn = 2II*
N
+ Tn Zci ”(bnwn + (1 e bn)PC(I = ’\nDi)un = Z)“2
i=1

<an [lf(@a) = 2 + Bn ll2n - 2|
N
+ 9 ¢ (bnllen = 21 + (1 = b) 1Pe (I = AnDi)un — 2I1°)

=1
2 2
=an || f(zn) — zlI” + Bn llxn — 2|

+ In (bn |y = 2"2 + (1 =by) [lun = 2”2)
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<an [l f(zn) = 2l + Bu llza - 2II*
% (0 2w = 20 + (1 = 8a) llew = 2I1* = (1 = ba) llun = 2al”)
San [lf(zn) = 2> + |2 = 21> = (1 = ba)yn llun — 2al|*.
It implies that
(1= ba)vn llun — znl® S [|f(@n) = 2|* + llzn = 2)* = |@ns1 - 2)I?
< anllf(@n) = 2I* + (lzn = 2]l + l|Zns1 = 211) 241 = all.
From the condition (i) and (3.57), we have
Um [l — za|| = 0. (3.59)
el
From the nonexpansive of P, we have
I1Pe(I = puP)an = 2l =||Po(I = puP)za — Po(I = puP)z|?
I = puP)zn = (I = puP)z|?
=||(zn = 2) — pu(Pzn — P2)|?
<llzn = z|* + P2l|Pan — Pz|? = 2pn (2 — 2, Pz — Pz).  (3.60)

For every z,y € C and P = aA + (1 — a) B, we have

(Px — Py,x —y) ={aAz + (1 — a)Bzx — (aAy + (1 — a)By),z — y)
=(a(Az — Ay) + (1 — a)(Bz - By),z — y)
=a(Az - Ay,x - y) + (1 — a){Bz — By,z — y)
>aal|Az — Ay||* + (1 - a)g|| Bz — Byl|®
2n (al| Az - Ay||* + (1 - a)|| Bz — By||?)
>n|la(Az — Ay) + (1 - a)(Bz - By)|*
=n|laAz + (1 — a) Bz — (aAy + (1 — a) By)||*
=n||Pz — Py|*. (3.61)
From (3.60) and (3.61), we have
”PC‘(I = pnP):En - 2“2 $f|1‘n i 3“2 = p?-;”PIn = lelz o~ 2pn(rn e z*P_'g,"_ = PZ)
Sllzn - 2|? + p2|| Pzn — Pz = 2pun | Pzn - Pz|?
=||zn — 2|1* + pn (pn — 20) | Pzn — Pz|)2. (3.62)
: From the definition of =, and (3.62), we have
21 = 2l = llanf(zn) + BuPe(I = puP)tn + Ya My — 2|
<ay || f(za) = 2|* + Ba |IPc(I = puP)zn — 2|* + ¥a | Ma — 2|?

<o || f(xn) = 2lI* + Bn (l2n = 2II* + pn (pn — 20) | P2n — P2|?) + n |20 — 2|

<ay [|f(zn) = 2||* + |lzn = 2|1* + pnBn (pn — 20) || Pz — Pz|%.
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It follows that
PnBn (20 = pn) | Pan = Pz|? San ||f(zn) = 2II* + llzn = 2I* = |Zas1 = 2|
<an || fzn) - 2”2 + ([|zn = 2[| + |zn41 — 2|} |Zns1 = zal|.

From the condition (i) and (3.57), we have

lim ||Pzy — Pz|| =0. (3.63)
From Lemma 2.34, we have
1Pc( = puP)an — 2||* = ||Pc(I = paP)zs — Pe(I - puP)2|”
(I = puP)w = (I = puP)2, Pc(I = puP)zn - 2)
=2 (1T = uPY2 = (I = puPY#IP + |Po(] = puP)zn - 2|
— I = puP)zs = (I = puP)z = (Pe(I = puP)an - 2)|*)
<2 (llzn = 2l + 1Poll = puP)z — o
= ll&n = Pc(I = puP)zs — pu(Pza — P2)|?)
=%( 2n = 2l|* + | Pe(I = puP)zy — 2|* = ||2n = Pe(l = ppP)za|®
= p2 || Pz — Pz||* + 2p, {2 — Pc(I = puP)zn, Pz, — Pz))
<3 (llz = 21 + 1Pe(l — uPYen ~ 21 = 2 = Po(l = puP)zal?
= P2 |Pzn = Pz||* + 2pn |2 — Po(I = pnP)aal| || Pz — Pz])).
It follows that .
1Pe(I = puP)an — 2|I* < l@n = 2I|* = |20 = Po(I — puP)zal®
+2py |Zn = Po(I = puP)zy| || Pza — Pz| . (3.64)
From the definition of z,, and (3.64), we have
[2ns1 = 2I1* = llan f(@n) + BuPe(I = puP)an + Ya My = 2|
San [|f(2n) = z|* + Ba |Po(I = puP)an — 2I|* + 7a | My — 2]
<an || f(2n) = 21 + Ba( ll&n = 2I* = llza = Pe(I — pnP)za?
+ 200 |20 — Po(I = pnP)znl| | Pzn — Pz} + Y llzn ~ 2|
<an |f(@n) = 2II” + ll&n = 2[1* = Bn l&n — Po(l = pnP)za|?
+2pn |2 = Pe(I = paP)za|||P2n — Pz|.
Which implies that
Bullzn = Po(I = puP)eal|® San £ (@n) = 21° + 120 = 211° = |1Zns1 - 2|

+2pn |20 — Po(I — puP)zal| | Pzn — Pz||

2
San [f(@n) = 2lI° + (|20 = 2l + [lzn+1 = 2[1) 1T+ = 2all

+4n ||z, — Po(l — pnP)zn| || Pzn — Pz|.




44

From the condition (i), (3.57), and (3.63), we have
Nim |Pe(I = pnP)zn — 2nll = 0. (3.65)
From the definition of z,, we have
Tni1 = &n = an(f(@n) = 2n) + Bu(Pe(l — pnP)2n — n) + n(Mn — z5).
From the condition (i), (3.57), (3.63) and (3.65), we have
lim [|Mp = ]| = 0. (3.66)

From the definition of M,, and (3.46), we have

N
IMa =21 < 3 i [l - 2|

i=1
N

= _Zc,- b (20 = 2) + (1 = bp)(Po(I — AnDi)un — 2)||

i=1
N «

= 3" ci(bn llzn = 2II* + (1 = ba) 1P = AuDi)n — 2|
i=1

— bn(1 = ba) |2n — Po( = AaDi)un|*)
N
< lln = 2l1* = ba(1 = 5a) Y ci llen — Po(I = AnDy)un||.

i=1

It implies that

N
bu(1=bn) D ¢i[lzn = PolI = AnDi)un® < |lzn — 2|? = | Mn - 2|

i=1

S(lzn = 2l + IMn = 2|) | My, = za| .
From the condition (ii) and (3.66), we have
nLL"Jo |Pe(I = AnDi)un — || = 0, (3.67)

foralli=1,2,..,N.
Step 4. We show that limsup (f(z0) — z0,z, — 20) < 0 where z, = Prf(z). To show
this, choose a subsequenzgn{oa:nk} of {z,} such that

lim sup (f(ZQ) — 20y Tn — Zg) = kll_p; (_f{ZQ) — 20y Tn, — 20). (3.68)

n—o0

Without loss of generality, we can assume that z,, — w as k — oco. From (3.59), we
obtain u,, — w as & — oc.

First, we will show that w € N/, F(T;). Assume w ¢ NY, F(T}), then we have
w ¢ F(T;,), for some iy = 1,2,...,N. From Lemma 2.32 and Remark 3.10, we have
w # Po(l = An, (I = T;,))w. From the nonexpansiveness of Pe, the condition (iv), (3.67)
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and the Opial’s condition, we have

Uminf|jun, —w|l < UmMinf|lun, — Pe(I = An, (I = Ti,))w|
k—o0 k—oo
< l'mg;]f( “um, = -'L'm.“ oF ”Iﬂ»k —Pe(l'= Am,(I = Tiu))uﬂn |
+ Po(I = An (I = Tiy))ttn, = Po(I = An (I = Tyl )
S llm!;\f( ””m: = Zny | + ”x"lrr = PC(I = A“k (I- Tiu))unh ”

+ “uﬂk f w” 3 ’\ﬂk “(I 7 Tfu)uﬂk e (I - T‘ln)w")

< lminf||up, —w] .
k=00

This is a contradiction. Then

N
we [ F(T). (3.69)
i=1

By continuing the same method of proof as Step 4 of Theorem 3.1 in [29], we obtain

N
we () EP(F). (3.70)

i=1

Indeed, Next, we will show that w e Y., EP (F,).
Since

N

1
E a; Fi (un,y) + == (¥ = tnsun — zn) 2 0,Vy € C,
i=1 I

and N | ;F; satisfies the conditions (A1){A4), we obtain

N
1
i (Y = Uny Uy — Ty} = ZQ.-F, (y,un),Yy € C.

i=1

In particular, it follows that

N
<y—un*,w>EZa‘F}(y,unk),VyEC. (3.71)

Thb i=1

From (3.59), (3.71) and (A4), we have
N
Z“"F‘ (y,w) <0, Vy € C. (3.72)
i=1

Put g := ty + (1 — t)w, t € (0,1], we have y, € C. By using (A1), (A4) and (3.72), we have

N
0=">"aiFi (v, u)

i=1
N
=Y aiF; (i ty + (1 - t)w)

i=1

N N
<ty aiFi(yny)+(1 -1 aF (yw)
f=]

=1

N
StzaiFi (we,y) -

i=1
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It implies that

N
D aiFi(ty+(1-thw,y) 20,V € (0,1] and vy € C. (3.73)

=1

From (3.73), taking t — 0* and using (A3), we can conclude that
N
0< Y aiFi(w,y), YyeC.
i=1

Therefore,w € EP (Zf‘;l a,ﬂ). By Lemma 2.37, we obtain EP (Z;"‘;l a,-Fi) =iy EP(F).
It follows that I
we [ EP(F).

i=1
Next, we will show that w € VI(C, A) nVI(C, B). Assume that w ¢ VI(C,A)NVI(C, B).
Since Lemma 2.32 and Lemma 2.34, we have w # Po(I - pp, (aA + (1 — a) B))w. By the
nonexpansiveness of Pc(I — pn, (aA + (1 — a)B)), (3.65) and the Opial’s condition, we
have

Uminf ||z, —w|l < Uiminf|z,, — Pe(I = pu, (@4 + (1 = a)B))zn,
k—oc k—oc
+ Pc(I = pn, (@A + (1 — a)B))zn, — Pe(I — pn,(aA + (1 — a) B))w||
< li‘:ﬂinf\lmnk —wl.
This is a contradiction. Then

w e VI(C,ANVIC,B). (3.79)

From (3.69), (3.70), and (3.74), we get w € F. Since z,, — w as k — oo and w € F. By
(3.68) and Lemma 2.32, we have

limsup (f(z0) — 20, Zn — z0) = Aim (f(z0) = 20, ns = 20)

= (f(20) = zo,w — z0)

< 0. (3.75)

Step 5. Finally, we show that li_rp an = 29, Where zy = Prf(z0). From the definition of
T, we have

|£n+1 = zl)"2 = Mﬂn(f(-rn) —29) + Bn(Pec(I = pn Pz — ZU) + 'Yn(Mn = ZU}”2

< Bn(Pe(l = puP)zy — zp) + 'Yn(Mn = ZO)!|2 + 20n(f(Tn) — 20, Tn41 — 7-0)
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< (1 - an)?llen — 20l + 200 {f(zn) = F(20), Tns1 — 20)
+ 2a,(f(20) — 20, ZTn+1 — 20)
< (1= an)?llzn = 20[* + 201 £ (zn) = F(20) || Zn41 = 20|
+ 20n(f(20) — 20, ZTn+1 — 20)
< (1= an)?llzn — 20|l + 2anallzn — 20| €n+1 — 2ol
+ 2a,(f(20) = 20, Zn+1 — 20)
< (1= an)?lzn = 20l + @na(llzn — 20l + Zns1 — 20]|*)
+ 2an(f(2) - 20, Tn41 — 20)
= (1 - an)?llzn = 20|* + anallza - 20* + anallzass — 2ol

+ 2a,(f(2) — 20, Tn+1 — 20)-

It implies that

w1 = 20l < “;fj):’T“““nxu = 20l + T (£ o) = 20,1 — 20)
- loled ot g 22 (F(a0) ~ 20, ns1 = 20)
= I o e~ ol
+ E‘Z‘“ (£(20) = 20, Ent1 — 20)
+ {1 (0) - zu.w,.+1-zn>).

From the condition (i), (3.75) and Lemma 2.9, we can conclude that the sequence
{zn} converges strongly to zy = Prf(20). This completes the proof. 0

As a direct consequence of Theorem 3.11, we obtain the following result.

Corollary 3.12, Let C be a nonempty closed convex subset of a real Hilbert space
H. let F: C xC — R be a bifunction satisfying (A1) — (44) and A,B : C —» H
be a and g-inverse strongly monotone mapping, respectively, with = min{e, 8}.
Let {T:}¥, be a finite family of nonspreading mappings of C into itself with F :=
NiL, F(T,) N EP(F)NVI(C,A) N\VI(C,B) # 0. Let f: C — C be a contractive mapping
with « € (0,1). Suppose that the sequence {z,} is generated by z; € C and

1
F(uﬂ'y) + 7‘_ (y_"'rlv"'ﬂ ﬂIﬂ) 2 O!Vy & Cv
n

Vi = bnn + (1= bp) Po(I = An(I = Ty))tm,

Tnt1 = 0nf(Zn) + BuPo(l = pu(aA + (1 = @) B))Zp + Y Tov, civii, Vr > 1,
(3.76)
where a € (0,1), {ba}, {an}, {Ba}, {1} {An}, {n} € [0,1] With @y + Bn +9n = 1. Assume
the following conditions hold:
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(i) li[n an =0 and Zan=oo;

n=1

(i) Um b, =be (0,1);
n—oo
(i) 0 < p,, < 2n;

00
(iv) ZA,, < 00,
n=1
N
M Y a=1ando<g<g<h<iforalli=1,2..,N;

i=1

o0 [ =] oo
Vi) 3" 1Bns1 = Bal <00, Y Iyns1 = Wl <005 Y |pns1 = pal < o0,
n=1

n=1 n=1

00 o0 )
Z |an+l i anl < 00, Zlbn+l = bnl < o0, Z |1‘"+1 - rnl < o0,
n=1 n=1

n=1

(Vi) 0 < ¢ € 7, By ¥n <d < 1,¥n € N.

Then the sequence {z,} converges strongly to z, = Prf(z0).

Proof. For every i = 1,2,...,N, put F = F; in Theorem 3.11, we obtain the desired
result. O

Corollary 3.13. Let C be a nonempty closed convex subset of a real Hilbert space H.
Fori=1,2,...,N,let F; : CxC — R be a bifunction satisfying (A1) - (44) and A,B: C —
H be a and g-inverse strongly monotone mapping, respectively, with n = min{a, 8}.
Let T be a nonspreading mappings of C into itself with F := F(T) N, EP(F,)nNVI(C, A)
NVI(C,B) # 0. Let f: C — C be a contractive mapping with a € (0,1). Suppose that
the sequence {z,} is generated by =z, € C and

N
1

§ al'Fx (uﬂ! y) L r (y = Up, Uy — Iu) 2 O,Vy € Ca
11

i=1

Yn = buzn + (1 = bn) Pe(I = Ma(I = T))up, (3.77)

Tn4l = anf(xrl) + .Bn.PC(I i pn(a'A by (1 iy a)B))In + 'Yn‘ymVn > 19

where a € (0,1), {bn}, {an}, {Ba}, (W}, {Mn}, {Pn} € [0,1] With &y, + B, + ¥a = 1. Assume
the following conditions hold:

oo

(i) lim a, =0and ay, = 00,
n—00 n:l

(ii) lir’go b, =be€ (0,1);
(iii) 0 < p. < 2

(V) 3 An < oo
n=1]
N
(V) Y ai=1and0<g<a;<h<lforalli=12..N;

f=1
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o

oo [= ]
(V|) Z |ﬁn+1 '—Bnl < 00, Zh’u+l == ‘Ynl < 00, len+1 = Pn| < 00,

n=
oo o0 oo

D lanis = anl <00, 3 gt — bal <00, Y [rns1 = 7l < 005

1 n=1 n=1

1 n=1 n=1

n

(Vi) 0<e<rn,fn,¥m <d<1,¥neN.

Then the sequence {z,} converges strongly to zo = Prf(z0).

Proof. For every i = 1,2,...,N, put T = T; in Theorem 3.11, we obtain the desired
result. O]

Corollary 3.14. Let C be a nonempty closed convex subset of a real Hilbert space
H. Fori=12,....,N, let F, : C x C - R be a bifunction satisfying (41) — (44) and
A:C — H be a -inverse strongly monotone mapping. Let {Ti}, be a finite family of
nonspreading mappings of C into itself with F := NY, F(T;) n N, EP(F) n VI(C, A)
# 0. Let f: C — C be a contractive mapping with « € (0,1). Suppose that the
seguence {z,} is generated by z, € C and

N
Zmﬂ (tn,y) + TL (Y = Unyun — 25) 2 0,Vy € C,
n

=]

¥ = baza + (1 = bu)Po(l = An(l = T2))t, (3.78)

Tnt1 = on f(2n) + BnPe(l = ppA)Zn + Vn Z:\;I C,-y;;,Vn =1

where {b.}, {an}, {Bn}, {1}, {An} {pn} C [0,1] With an + B +9n =1and 0 < a;,¢; < 1,
for every i = 1,2,..., N. Assume the following conditions hold:

(0] nlm a, =0 and Z ap = 00

n=1

(ii) nli_l:’fgo bn =b € (0,1);
(i) 0 < pp < 2ax;

(iv) i As < 00}

n=1

N N
M > =) c=1and0<g<a,ci<h<lforali=1,2..,N;

i=1 i=1
00 o0 00

(Vi) Z Iﬁn+l B ﬁﬂl < 00, Z I'Yu+1 25 'Y'nl < 00, Z |pﬂ+1 W pﬂl < o,
n=1 n=1 n=1

o o0
lensi = onl < oo; z |bat1 = bn| < o0, Z IPag1 = ra| <00

n=1 n=1

14

1

(Vi) 0 < e <1y, Bnyin <d < 1,¥n e N,
Then the sequence {z,} converges strongly to zp = Prf(z0).

Proof. Put A = B in Theorem 3.11, we obtain the desired result. [



Chapter 4

Applications and Numerical Examples

4.1 A Strong Convergence Theorem for a Finite Family of

Nonexpansive Mappings in Hilbert Space

To prove a strong convergence theorem in this section, we need the definition
and lemma as follows:

Definition 4.1 ([26]). Let C be a nonempty convex subset of a real Banach space
X. Let {Ti})_, be a finite family of nonexpansive mappings of € into itself and let
A1, Ag,....An be real numbers such that 0 < A\ < 1 for every i = 1,...,N. Define a
mapping K : C — C as follows:

Uy=MT1 +(1-M)I,
Uz = /\2T2U1 + (1 — /\z)Ul.
Us = A3T3Us + (1 — A3)Us,

Un-1=Anv-1Tn-1Un-2 + (1 = An-1)Upn-2,
K=Uyn=ANTnUn-1+ (1 = An)Un-1.

Such a mapping is called the K-mapping generated by 71,75, ..., Tx and Ay, Asz,...Aw.

Lemma 4.1 ([26]). Let C be a nonempty closed convex subset of a strictly convex
Banach space. Let {T}}}, be a finite family of nonexpansive mappings of C into itself
with N, F(T;) # 0 and let A,,..., Ax be real numbers such that 0 < A; < 1 for every
i=1,..,N—-1land 0< Ay < 1. Let K be the K-mapping generated by T, T3, ..., Ty and
A1 Az, An. Then F(K) = N, F(Ty).

Remark 4.2. From the definition of K, it is obvious that K is a nonexpansive mapping.

Theorem 4.3. Let C be a nonempty closed convex subset of a real Hilbert space H.
Let M : H — 29 be a multi-valued maximal monotone mapping and A,B : C - H
be a and g-inverse strongly monotone mapping, respectively, and let D : ¢ — H
be a strongly positive bounded linear operator with coefficient 5 > 0. Let {T;}¥, be
a finite family of nonexpansive mappings of C into itself and let A,;,..., Ay be real
numbers such that 0 < A\, < 1 foreveryi=1,..,.N-1and 0 < Ay < 1. Let K be
the K-mapping generated by Ty,T},...,Ty and Ay, Ay, .. Ay. Assume F := NN, F(T))
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NVI(H,A,M) nVI(H,B,M) nVI(C,D) # 0. Suppose that the sequence {z,} is gener-
ated by =, € C and

Yn = Jua(l = MaA + (1 = a)B))zn, (@.1)

Zntl = 0nPo(l — pDlyn + (1 — an)Kz,,Vn 2 1,

where a € (0,1), {an} C [e,d] c [0,1], foralln € N, 0 < p < |D||7! and 0 < A < 2y with
n = min{a, B}. Then the sequence {z,} converges strongly to z* € F.

Proof. From Theorem 3.2 and Lemma 4.1, we obtain the desired conclusion. O

4.2 A Strong Convergence Theorem for a xk-Quasi-Strictly
Pseudo-Contractive Mapping in Hilbert space

In this section, we utilize our main theorem to prove a strong convergence
theorem for finding a common element of the set of fixed points of a k-quasi-strictly
pseudo-contractive mapping and the set of solutions of a finite family of variational
inclusion problems and the set of solutions of a finite family of equilibrium problem
in Hilbert space.

To obtain this result, we recall some definitions, lemmas, and remarks as fol-

lows

Definition 4.2. Let C be a subset of a real Hilbert space H and let T : C — C be a
mapping. Then T is said to be k-quasi-strictly pseudo-contractive or demicontractive
mappings if there exists a constant « € [0,1) such that

|Tz - p||® < ||z = p||* + &||z — Tz||?, vz € C and Vp € F(T).
T is said to be quasi-nonexpansive if
|Tz - p|| < ||z —pl|l,¥z € C and Vp € F(T).

The class of s-quasi-strictly pseudo-contractions includes the class of quasi-
nonexpansive mappings.

Remark 4.4, If T : C — C be a s-strictly pseudononspreading mapping with F(T) # 0,
then T is a sk-quasi-strictly pseudo-contractive mapping.
Example 4.5. Let T': [0,1] — [0, 1] be defined by

2 1
T T+

, forall z € [0,1].

Then T is a x-strictly pseudononspreading mapping where « € [0,1). Since 1 € F(T), T
is also k-quasi-strictly pseudo-contractive mapping.

Next, we give the example to shows that the converse of Remark 4.4 is not
true.
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Example 4.6. Let T': [-2,2] = [-2,2| be defined by
T = —gx, Vz € [-2,2]

First, show that T is a x-quasi-strictly pseudo-contractive mapping for all z € [-2,2].
Observe that F(T) = {0}. Let x € [-2,2], we have

(T ~TOP = [~22~0 b 2
and
(2= 0P+ 217 =Ty =l + Lo+ 3]
4 + 3
1 2
=i+ |57
=lef + 5 (3) el

(B
Then T is a }-quasi-strictly pseudo-contractive mapping. Next, we show that T' is not

a 1-strictly pseudononspreading mapping .
Choose z = # and y = 32, we have

()-7(5)

4
=25,
|$—y|2“‘g+§2—9=
il @) -e-n @) -HE) 5 6)- (3G
=8P
and
() (=) 13)-(2) ()
=2(4)(—4) = ~32.

Then we have
1
Tz = Ty|*> > |z —y|* + ZI(I ~T)x—(I-T)y|*+2(x - Tz,y - Ty).

By replacing x-strictly pseudononspreading mapping with s-quasi-strictly pseudo-
contractive mapping, we obtain the same result as in Remark 3.5 as follows:
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Remark 4.7. Let T : H — H be a k-quasi-strictly pseudo-contractive mapping with
F(T) # 0. Define S: H —» H by Sz := ((1 — A)I + AT)z, where A € (0,1 - x). Then the
following hold:

1) F(T) = F(S) = F(I - A(I = T));
2) for every x € H and y € F(T),

ISz yll < llz -yl

In 2009, Kangtunyakarn and Suantai [42] introduced the S-mapping generated
by Dy Fogesg LN and ], Q2,..,N AS follows:

Definition 4.3 ([42]). Let C be a nonempty convex subset of a real Banach space.
Let {T;}, be a finite family of (nonexpansive) mappings of C into itself. For each
i=12,.,leta; = (a],ad,a}) € I x I x I where I = [0,1] and ol + o + o, = 1. Define
the mapping S : C — C as follows:

Up=1
Uy = alThily + allUp + all,
Us = nszUl + ﬂgUl + a%[.

Uy = (X?T;:;Uz 4= Q%Uz i Olgl,

N-=1 -1 -1
Unv-1=a] Tn-1Un-2 +(1§’ Un-2 -l'-ntltéV I,

S'=Tin =a‘{VTNUN_1 +C!9'UN_1 +n’:';vl.
This mapping is called the S-mapping generated by Ti,Ts, ..., Ty and a;, ag, ..., an.

Lemma 4.8 ([46]). Let C be a nonempty closed convex subset of a real Hilbert
space H. Let {T;}X, be a finite family of nonspreading mappings of C into itself
with /., F(T3) # 0 and let a; = (od, 0d,a)) € Ix I x I where I = [0,1], &} + o} +af =1,
o, o4 € (0,1) forall j = 1,2,...,N -1 and o € (0,1], o € [0,1), & € (0,1) for all
i=12,...,N. Let S be the S-mapping generated by T\,T3,...,Ty and a;,aq,..., ay.

Then F(S) =N, F(T;) and § is a quasi-nonexpansive mapping.
Remark 4.9. From Lemma 4.8 is still holds if C = H.

Theorem 4.10. Let C be a nonempty closed convex subset of a real Hilbert space
H. Let M : H — 2" be a multi-valued maximal monotone mapping. For every
i=12,...,N, let F; : C x C = R be a bifunction satisfying (A1)-(A4) and A; : H — H
be a;-inverse strongly monotone mapping with n = min;=12_ ~{a;}. LetT: H - H

be a s-quasi-strictly pseudo-contractive mapping. Assume F := F(T) nNX, EP(F) N
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NY, VI(H,A;, M) # 0. Let the sequences {z,} and {u,} be generated by z;,u € H

and
.

N
1
Za,-F.- (un,y) + i (y — Un,up — zn) 2 0,Vy € C,

i=1

N
i Tnt+1 = QU+ ;BnIn T ‘YHJM,)\(I =X Z biAz')zn

i=1

+ (I = pn(I = T))xp + bpun,Vn > 1,

(4.2)

\

where {an} {Bn} {7n} {mn}: {6n} C (0,1), and A > O With an + Ba + Yn + n + 6n = 1,
0O<a<land0 < a;,b <1, foreveryi =1,2,.,N, r, € [e,d] € (0,1), 0 < p <

By Yns 0 < g < 1, pn € (0,1-x) for all n > 1. Suppose the following conditions hold:
(i) T}i_moa,, =0 and ;an = 00;

(ii) Yoy pn < 00;

(iii) 0 < A < 2n;
N N

(iv) Zﬂ-.‘ = Zbi =1;
i=1 =1

o0 0 oc
(V) Z ian+l i anl < 0, Z Iﬁn+l h=p ﬁnl < cQ, Z |7n+1 == 'Tn] < o0,

n=1 n=1 n=1

50 o0 oo
Z |Prt1 = pn| < 00, 2 |0n+1 = dn| < 00, Z P41 = Ta| < 00,
n=1 n=1 n=1

Then the sequence {z,} and {u,} converge strongly to z = Pru.

Proof. Using Remark 4.7 and the same method of proof in Theorem 3.7, we have the
desired conclusion. ]

Theorem 4.11. Let C be a nonempty closed convex subset of a real Hilbert space
H. Let M : H — 2" be a multi-valued maximal monotone mapping. For every
i=1,2,...,N, let F; : C xC = R be a bifunction satisfying (41)-(A4) and let A; : H - H
be a;-inverse strongly monotone mapping with n = mini=1,. ~n{ai}. Let T;: H — H,
for i = 1,2,...,N be a finite family of nonspreading mappings with 7 := (X, F(T;) n
NN, EP(F)NNY, VI(H, A, M) # 0. Let 6; = (ad,ad,ad) € IxIx 1, j=12...,N,
where I =[0,1], o] +od +a} =1,ed,a} € (0,1) forall j =1,2,...,N -1 and o € (0,1],
al € [0,1), o € (0,1) for all j = 1,2,...,N, and let S be the §-mapping generated
by T\,T>,...,Tn and 6,,6,,...,0y. Let the sequences {z,} and {u.} be generated by
z1,u € H and

( N

1
> iFi (un,y) + — (¥~ un, un — 2n) 20,¥y € C,
n

i=1

N
1 Tn4i =0.f,,u+,3,,.1:n +711JM',)(I _AzbiAi)zn (4.3)

i=1

+ (I = pn(I = 8))zp + pthyy, Vo > 1,
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where {un}-{ﬁn}:{?’u}\{vn}s{an} c (U!]')J and A > 0 with an+ o+ T+ M + op =1,
0<a<l and0<ab <1, foreveryi=12,..,N,m € [e,d C (0,1),0 < p <

By Yrs s 00 < g < 1, py, € (0,1) for all n > 1. Suppose the following conditions hold:
(i) nlma“ =0 and ;a" = 00;

(i) T35, pn < o0;

(i) 0 < X < 2n;

N N
(iv) Zul = Zbi =A]r
i=1 i=1

o0 o0 00
(V) z |0'n+1 = C"nl < 0, Z !ﬁn-{-l f== ﬁn] < o0, Z 1"fn+1 = 'Tnl < 00,
n=1 n=1 n=1
00 00 00
D 1pnt1 = pnl <00, 3 |8ns1 = 8n| <00, I |rny1 — | < 00.
n=1 n=1 n=1

Then the sequence {z,} and {u,} converge strongly to z = Pru.

Proof. From Theorem 4.10 and Remark 4.9, we obtain the desired conclusion. [l

4.3 A Strong Convergence Theorem for a Quasi-Nonexpansive
Mapping in Hilbert space

In this section, we utilize our main theorem to prove a strong convergence the-
orem for finding a common element of the set of fixed points of a quasi-nonexpansive
mapping and the set of solutions of a finite family of equilibrium problem and two
set of solutions of of variational inequality problems in Hilbert space.

To obtain this result, we recall some definitions, lemmas, and remark as fol-
lows:

Remark 4.12. If T : C — C be a nonspreading mapping with F(T) # 0, then T is a
guasi-nonexpansive mapping.

Next, we give two examples of quasi-nonexpansive mapping.

Example 4.13. For every i =1,2,.... N, let T; : [0,00) — [0, c) be defined by

2i

Tix = ——z, for 0, :
F= st orall z € [0,0c)
For every z,y € [0, 0), we obtain
2i 2 | 4i?
Tix — Toy|? = - o et o o Ml
EE At e o Ea o ] Bilv: prproneg ot |
and
21 21
2(.1:—-T;:r,y-Tm)_Z<r—2i+lz,y—2i+1y>

2

= W(I)(U) > 0,( since z,y > 0).
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[t follows that

2i)2
| = yI? +2(x - Tiz,y - Tiy) > [z - y|* > (2_5'1)1TI$ -y* = |Tiz - Tl

Then T; is a nonspreading mapping for all i = 1,2,..., N and observe that N, F(T;) =
{0}. For every z € [0,00) and 0 € F(T), we have
2i 2i
IT:I—U’ = ‘mi— ‘ = mlml < |:E| i |3"_U"
Therefore T; is a quasi-nonexpansive mapping for all i = 1,2,..., N.

Example 4.14. For every i = 1,2,..., N, let T; : [0, 00) — [0,00) be defined by

= sin(iz)

Tiz , for all z € [0, ).

For every z,y € [0, 00), we obtain
A T pii G
sin(ix Sin(iy, 1o, Toey -
|Tiz - Tiyl? = ‘~———( Y. sl 731 sin(iz) - sin(iy)|* < o - yl?

? 2

and

%z - Tiz,y — Toy) = 2 <m 5 singim)‘y & singiy)>

- %{m — sin(iz))(iy — sinig)) > 0,  since z,y > 0).
It follows that
| = N
|z —y|* + 2(x - Tiz,y - Tiy) 2 [z —y|* > = lsin(iz) - sin(iy)|* = |Tiz — Tuyl*.

Then T; is a nonspreading mapping for all i = 1,2,..., N and observe that NY, F(T;) =
{0}. For every z € [0,>) and 0 € F(T;) for all i = 1,2,..., N, we have

sin(iz)

Tz~ 0] =

- 0’ = %| sin(iz)| < %|i$| = |z -0|.
Therefore T; is a quasi-nonexpansive mapping for all i = 1,2,..., N.

Remark 4.15. Let C be a nonempty closed convex subset of a real Hilbert space H
and let T : C — C be a quasi-nonexpansive mapping with F(T) # 0. Then there hold
the following statement:

1) F(T)=VIC,I-T);
2) Forevery z € C and y € F(T),

|Pe(I = AT = T))z -yl < |lz—yll, for all A € (0,1).

From remark 4.15 and Theorem 3.11, we obtain the following theorem.
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Theorem 4.16. Let C be a nonempty closed convex subset of a real Hilbert space
H., Fori=1,2,..., N, let F; : C x C = R be a bifunction satisfying (A1) - (44) and
A,B : C — H be o and g-inverse strongly monotone mapping, respectively, with
n = min{e, }. Let {T;}Y, be a finite family of quasi-nonexpansive mapping of € into
itself with F := N, F(T)) NN, EP(F)NVI(C,A) n\VI(C,B) #0. Let f :C -+ Cbe a
contractive mapping with a € (0,1). Suppose that the sequence {z,} is generated by
z, € C and

Za. (Un,y) s (y Un, Un — Tn) = 0,Vy € C,
i=1

b = bz + (1 = bu)Poll = A(I = T:))un, @.4)

Inyl = ﬂnf( 'n) + anPC([ pn(aA * (1 - a)B))-I'n + Tn Z"Zl Ciyi,Vﬂ il

where a € (0,1), {bn}, {an}, {Ba}. {W}, {Aa}, {£a} C [0,1] With ay, + B+ + 7, = 1 and
0 < ay¢ <1, forevery i =1,2,..., N. Assume the following conditions hold:

o0
1) "ll_’l’gon.‘ =0 and ;rxn = 00;

2) lim b, =be€ (0,1);
n—oo

3) 0 < p, < 21, where n = min{a, 8};

4q) i An < 00;
n=1

-

Za. Zc‘—land0<g<a,c,<h<1f0rallz—12 N

i=1

6) Z |Hn+l . Bnl < oo, Z |'7n+1 71:' < 0, Z |P11+1 Pr|| < 00,

n—l

me | < 00, ZIan—b | < o0, Z|r,.+1-r,.|<oc,

n=1

TNO0<e<rnBu,n<d<1l,¥neN.

Then the sequence {x,} converges strongly to zyp = Px f(z0).
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44 Examples and Numerical Results

For the purpose of this section we give a numerical example to support our
some result. Theorem 3.7 is supported by the following example.

Example 4.17. Let R be the set of real numbers. For every i = 1,2,...,N, let F; :
RxR =R, 4, : R - R be defined by

F,‘(.'L', y) = l(y -5 $)(3I + U)s
ix
A;‘I = E,

forall z,y € R and let T : R — R be defined by

3 ==  ifz€[0,00),
T =

x if 2 € (—o0,0).

For every i = 1,2,..., N, suppose that Jua =1, A= §, ai = 3 + giw, bi = § + xbv-

Let {zn} and {u,} be generated by (3.19), where a, = 5=, f, = 3E0-1 , _ 220n-1)

220m ' In 220n  ?
o = 2501 5, = Wnel g = 30 and p, = 5i5 for every n € N. Then the sequences

{z,} and {u,} converge strongly to 0.

Solution. To show that T is a 3-strictly pseudononspreading mapping, we consider
three cases as follows.

Case 1. Let z,y € [0,00). From the definition of T, we have

2

-3z 3y 9
Tz -T 2 - | = b s ul 2‘
e~ Ty = |55+ 2 = Re -l
3z 3y |
|(1"T)$—(I—T)v|2=1:+—,——(y+?y
J
_|8= _ 8y
B
_64 2
=gslz =l

and

20z —Tx,y—Ty) =2<:::+3—:€‘y+ 3%)
J

4
=2 (g-g) zy 2 0. (Since 0<z,y < o0).
Choose « = 3, we have

(7~ ol + 31U =Tz — (I = T)yl? + 2 — T,y — Tg) 2fz — yI?

9
st oo
_25|2 vl

=|Tz - Ty[>.
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Case 2. Let z,y € (—o0,0). From the definition of T, we have

Tz — Tyl? = |z - y/?,

U-T)z-(I-Thl*=|z-z-(y-y)* =0,
and
2z - Tz,y — Ty) =2z — z,y — y) = 0.
Choose & = 4, we have

z -y +&l(I =Tz - (I - T)y|* + 2(z — Tz,y — Ty) 2|z — y|*

=|Tz — Ty|%

Case 3. Let z € [0,00) and y € (—o0,0). From the definition of 7', we have

2

9 2.9 2
= =2—5x +-5;t:y+y.

-3z :
ITmﬂTy|2=‘T—y =ty

2

(=)= (I =Twit =|e+ 2 - (y-v)

()

2{z —Tz,y—Ty) =2<1‘+3§,y—y>=0.

and

Choose « = 2, we have

|z = yI* + /(I = T)x — (I - T)y* + 2(z — Tz,y — Ty) 2|z — y|?

6
2 gy

9 6 9
=2~ 2ay+ P + -2t + cay— —2 5

25 5 25

B 5 rom s
—251: +5.1:y+y +z" —2zy 251‘ 5:i:y
= E-I- 2+E 2_&..
il R R e
2
3z
2(?4‘!})
=Tz - Ty|%.

Thus, T is a -strictly pseudononspreading mapping. From the definition of T, then
F(T) = {0}.

Next, we will show that for every i = 1,2,3,..., N, 4; is 1-inverse strongly mono-
tone mapping. Let z,y € R. From the definition of A;, we have

2

1 ey

10 10

i
Zjz -yl

|Aiz — Agyl? = s
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From the above equation, we have

it PR B S
(Aiz — Ay, z — y) <10 0% y>

LR g
—-mlz yl

i
>—|p—yl*
—100|” vl

1= a2 3
“t\ ")

=1\ A - A,
1

Then, for every i = 1,2,3,...,N, A; is a -inverse strongly monotone mapping. More-
over, we have n = miniz12,. {3} = % .

Next, we show that F; satisfies (A1) — (A44), for all i = 1,2,..., N. For every
i=1,2,.., N, from the definition of F;, we have

Fi(z,z) =i(z —xz)(3z+x)=0.

Then F; satisfies (A1), for alli = 1,2,..., N.
From the definition of E;, we have,

Fi(z,y) + Fi(y,z) =i(y — 2)(3z + y) +i(z — y)(3y + 2)
=i[2zy + y* — 322 + 2zy + 2? - 337
=i[—22% + 4zy — 237
= — 2i[2? - 2zy + y7]
= - 2i(z ~y)°

<0.

Then F; satisfies (A2), for all i = 1,2,..., N.
Let ¢ € [0,1], we then have

Um Fi(tz + (1 - t)z,y) = c[—im+ iy — (tz+ (1 - )x))(3(tz+ (1 — t)z) + y)

t—0+
=i(y — z)(3z + )
=F;(z,y).

Then F; satisfies (A3), forall i =1,2,..., N.
Finally, we will prove (A4). Since

Fi(z,y) =i(y — z)(3z + y) = 2zy + % — 322
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Let a € (0,1) and above the equation, we get

Fi(z,az + (1 - a)y) =i (2z(az + (1 - a)y) + (az + (1 - a)y)® - 32?)
=i (2azz + 2(1 - a)zy + a®2* + 2a(l — a)zy + (1 - a)?y® - 32?)
<i(2azz + 2(1 — a)zy + a?2® + a(l — a)(22 + ¥*) + (1 — a)*y* — (a + (1 — a))32?)
=i(a (222 + a2’ + (1 - a)z* - 32?%)
+ (1= a) (22y + ay® + (1 - a)y® - 32?))
=i (a (222 + 2% - 327) + (1 - a) (2zy + y* - 327))
=ai (222 + 2° - 32%) + (1 — a)i (2zy + ¥ - 32?)
=aFi(z,2) + (1 - a)Fi(z,y).

Then F; is convex function, for all i = 1,2,...,N. Let {y.} Cc R with y, = y as n — cc.
Thus we obtain

iminf £, (2, y) =M inf(i(yn — 2)(3z + yn))
=(i(y - z)(3z +y))

=l§(1|y)-

Then F; is lower semicontinuous, for all i = 1,2,..., N. Hence F; satisfies (A1) — (A4),
foralli=1,2,..,N. Since a; = £ + 54w, then

Ewas (2ol
fmr S LEs s NG

i=1

Then ¥ a; = 1and sois IV, b = 1, where b; = & + xiw. Using the same method

as the proof of F; satisfying (41) — (A4), foralli = 1,2, ..., N, then we can conclude that
YN | aiF; satisfies (A1)-(A4), where a; = & + ix.

Since a; = & + wiw, we obtain

N

N
Zaipi(l'»y) - Z (% S ﬁ) i(y — z)(y + 3z).

i=1 i=1
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Since o | aiFi(0,y) = oI, aii (y = 0)-(3(0) + y) = TN, aii(y?) 2 0,then 0 € EP(TN, aiFy) =

NY, EP (F,). It implies that

N
F(T)n () EP(F;) = {0}. (4.5)

i=1

Put S; = SN (& + xiw) i, then we have

3

1
aiFi (u"! 1}) =+ T_ (1/ = Up, Un — :l?“)
1 n

(=]
IA

1

[

=81 (y — un) (y + 3un) + % (¥ = un) (un — zn)
L=

0 < S1mn (Y = un) (¥4 3un) + (¥ — wn) (un — zn)

2

g

= Siray® + (un + 2raSiun — ) Y + UnZn — 31',,8114?; —u

Let G(y) = Siray® + (Un + 2rnSitn — Tn) ¥ + UnTn — 3raS1u2 — u2. G(y) is @ quadratic
function of y with coefficient a = Siry, b = un +2r,S1Un — 2n, aNd ¢ = upzy, — 37, S1u2 —u?

n'

We will determine the discriminant A of G as follows
A =b* — dae
= (tn + 2rpSiun — :t:,,)2 - 4(Sr,) (un:r:ﬂ - 3rnSiul — ui)
=u3, + 81‘,,51113, + lﬁrﬁs,zufl — 2UnTn — 87nS1UnZn + 1',2;
= (tun + 4817nUn — Tn)>.
We know that G(y) = 0,¥y € R. If it has at most one solution in R, then A < 0, so we

obtain
In

Up = m*l;:. (4.6)
where 8, = TN (& + xiw) i
Since Az = £ and b; = & + 7w, then
N N
8 1 iz
=1 =1
From the definition of the modified variational inclusion, it follows that
N
(VI(H, A, M) = {0}. (4.7)
i=1
From (4.5) and (4.7), we have
N N
F(T)N () EP(F;) n (| VI(H, A;, M) = {0}. (4.8)

i=1 =]

3(20n-1 2(20n-1 - 5(20n—1
For every n € N' let Qn = ﬁ' ﬂ" et %21%5 l' Wi (221(;71 )’ T = 235:.1111’ 5"‘ i %l' we
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have

1 3(20n—1) 2(20n-1) 20n-1 5(20n-1)

n+ Pnt+ntn+ds=

20n 220n 220n 220n 220n
1 11(20n-1)
~20n 220n
o 1
=%n "1 30m

=1.

Since an = 55, for all n € N, then lim,,uan = My gz = 0and 02 00 =
Yoo 5t = o0. It implies that the condition (i) holds.

Since p, = 52, for all n € N, by the p-series, then 377 | 51; converges. That is
the condition (ii) holds. Moreover, since T is a %-strictly pseudononspreading mapping,
then p, € (0,3). From A = & and n = &, then 0 < A < 25. It implies that A satisfy the
condition (iii). Observe that

1 1 1

o1 = anl = I550=75 = 30n! = 20n7 5 200

By using the Limit comparison test, putting p, = s5riggs and gn = 2, then

2
1
D2 = ) s .
n—oo g, n—oo20n?2+20n 20

Since 3.7, ¢ converges, then 3> p, converges. It implies that 327, |ans1 — an| <
co and 5o are Y77, |Bns1 = Bnl < 00, Tov; ITntr — Ml < 00, To2: lont1 = Pl < o0,
o 1841 = Bnl < 00, oo, ITn1 — Tl < 00. Then the condition (v) holds. Thai implies
that the sequences {a,}, {8}, {7}, {m}, {0n}, {ra}, and {p,} satisfy all the conditions
of Theorem 3.7.

For every n € N, from (4.6), we rewrite (3.19) as follows:

N -
A sl 3(20n—-1)  2(20n—1) 1 8 1 1Ty
Tl =gt —oam " T T oen \T" TN ; o T NoV ) 10

5(20n — 1) ( 1 ) 20n — 1 B
L o uled B GRS S, ) TS :
220n 9n? 220n %4 (Zi{il (_3{ s N:- )2) 3n

Using the algorithm (4.9) and choosing u = z; = 5 with N = 1 and N = 100 , we
have the numerical result as follows:
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Table 4.1: The values of the sequences {u.} and {z,} with initial values u = z; = 5,
N=1 N =100
n Uy Iy Un Ty
1 2391304 5.000000 2.037037 5.000000
2 1480316 3.700791 1.211068 3.633203
3 0982649 2667191 0.784335 2577101
4 0667619 1900147 0.523043 1.810533
5 0459689 1.349410 0.354712 1.270096
50 0.004726 0.015803 0.003739 0.015422
96 0.002359 0.007951 0.001867 0.007854
97 0.002334 0.007866 0.001847 0.007687
98 0.002309 0.007783 0.001828 0.007606
99 0.002284 0.007702 0.001808 0.007526 >
100 0.002261 0.007622 0.001790 0.007448
§ 5 T T
* :‘ P

(@) N=1 (b) N =100

Figure 4.1: The convergence of {u,} and {z,} with initial values u = z; = 5.

Conclusions

1. The sequences {z,} and {u,} converge to 0 as shown in the Table 4.1 and Figure
a.1.

2. From Theorem 3.7, we can conclude that the sequence {«,} and {u,}, in Exam-

ple 4.17, converge to 0.
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Next, we give the numerical example to support Theorem 3.7 in a three di-
mensional space of real numbers.

Example 4.18. Let R® be the three dimensional space of real numbers with an inner
product (-,-) : R* x R® — R defined by (X,¥) =X-¥ =z, -y1 + 23 - 2 + 23 - y3 and a usual

norm |- || : R* = R defined by ||x|| = /2% + 22 + 22 for all X = (21, 22, 23), ¥ = (31, ¥2,¥3).
Foreveryi=1,2,...,N, let F; : R? x R®* - R, A, : R* = R® be defined by

Fi(xy) =i(y —x) - (9x +Y),
iy 1Ty 13
e ( 6 ’T"é‘) -
and let T : R®* - R?* be defined by

. (a8 =Tz if x € [0,00) x [0,00) x [0,00),
K==

(.I'],.’Ez,.’l’.';j) if x e (—OC,O) X (—00,0) X (—OO,U),

for all x = (z1,22,23) € R®, Yy = (y1,2,y3) € R®. For every i =1,2,...,N, suppose that

dggs =1, A= ﬁ, a; = 53;+ Né b= ET.— + waw. Letx, = (z},22,23) and u, = (u},u? u")

n'n

be generated by (3.19), where ay, = i}, B, = ¥E2=D) 4, = An-b) ,, _ 50D 5,

=L, ra = 72 and p, = 557 for every n € N. Then the sequences x, = (1“,:}1,:;’,)

and u, = (ul,u?,ud) converge strongly to 0 where 0 = (0,0,0).

Solution. To show that T is a {-strictly pseudononspreading mapping , we consider
three cases as follows.

Case 1. Let X,y € [0,00) x [0,00) x [0,00). From the definition of T, we have

=3r1 =dzg =Tg -3y —5y2 —Ty\ |
Tyl = 1 2 a0 Y1 =51
-y = | (R 5 ) - (S, S, =)

7
=321 |, 3m -5z  Sy2 ~Tz3 , Tys
_”(5+5)‘(7+7'9+9

BN TR 2 49 2
—25(11 Y1) +49(:r2 ya) +81(I3 ¥3)®

‘2

5 7 9

=3y —5Sy2 —Tya
((yl-yz-ya) 57 5 ))

8z, 12z, 16x4 8 12y, 16ys ) |
H(T '—)‘(?’7'7)
1
5

2

I - T)x - (I - T)x|? zu ((-’El.—'cz,xa) i (-311 e e 7 ))
(

Il

- )%, (-l-z—yz)2 —(1‘1 v3)*|?

“"lw

144 256
——(-51—3!1)2"'4—9( b — 2)2+ﬁ(-ﬁ3—y3) A
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and

. -3z; -5z —Tx3 =3y1 —=dy2 —Tys
2{x — T,y — Ty) =2( (z1,22,%3) — ( O )(yhyzya) ( S

2<(81‘] 1212 16.1,3) (?ﬂ 12& %)
3 W el
9 ((81‘1) (Syl (12:1:2) 12y, i (161‘3) 16y3
7 T, 9 9
144 256 .
2((25)3:13;, (49)2‘2_}2+(81 )1:33;3) > 0. (Since 0<X,Y < 00).

From the above equation, choose x = { such that

X = Y12 + 210 =TI ~ (I = T)y| +2(¢ = T,y = Ty) > |x - y|1
2| (21,22, 23) = (y1, 2, 93) ||
=ll(z1 = ), (22 — v2), (23 — wa) ||
=(z1 = 9)* + (22 - 2)* + (23 — )’
> @1 = ) + (@ — ) + 51 (2~ 10)?
=% - Ty

Case 2. Let X,y € (—00,0) x (—00,0) x (—00,0). From the definition of T, we have

ITx - Tyl* = [x - yl|?,

I(7 =Ty~ (I -T)yl* = Ix=x~ (y -y)I* =0,
and
2X —=TX, Yy -TYy) =2(Xx-xy-Yy)=0.
From the above equation, choose « =  such that
I = yiI* + —|| (I =T)x= (I = T)y|* + 2(x - Tx,y - Ty) 2|Ix - y|®
=|Tx - Ty|*.

Case 3. Let x € [0,00) x [0,00) x [0,00) and y € (—00,0) x (—00,0) % (—00,0). From the
definition of T, we have

-3z; —bmy —Tz
= 7y? = | (52 522 252 ) - e

- —3.’1:1 —51.‘2 —7.'1.'3

’ = 5 =1 7 —Y¥ ., 9 — U3

i’ —3.’1‘,‘1 4 '“5.771 * —713 2
= ( e m) + ( 7T yz) + 5 ¥
(3 Y N (T Y
=17z hn 7 Y2 9 Y3

—gx +61* + 1 252+10r1+2+
=251 W +Yi+ 5 7 Fala T2

2

2

9, 14 s
813:'! i 9 - T3Ys +y3|




=T IR

(I =T)x -

and

lIx -yl +

Thus, T'is a Z-strictly pseudononspreading mapping. From the definition of T, we have
{0}, where 0 =

F(T) =

(I -Thyl* =

=(0.

2(x-Tx,y - Ty) =2<((z1,xz,xs) a3 (

From the above equation, choose x = {

:
S - T)x-

—3.?11 —5:!32 —7:1’,‘3

((xls:cZomS)_ ( 5 ) 7 i 9

((‘ , _)_(—3.1:1 —5z; -7:53) r
£y, x2,I3 5 ] 7 3 g

1225 16x3]|°
1 7 1 9

8.‘]’,‘1

5

2 2 2
8z, 12z, 16z3
(3)+(7) + (%)

—331 —522 —713
LR R

such that

(I =Tyl +2(x-Txy-Ty) > |x - y|?

=l (z1.72,73) — (11, v2,93) |1

=[|(z1 -

=(z1 - 1)* + (22 — 12)* + (73 — y3)?

1), (22 — 12), (23 — )|

=1} - 2zy1 + 9} +a:§ - 2z3y2 + 43 +—"’§ 5

2 6
=] — 2I1y] + yl 25$] = 5$1y| 25
2 25 9 .40 25 o
+ 2% — 2zays + ¥3 + 1052 =i 7 T2y2 ~ gaTa

49

2 2 2

+ 12 — 2z a1 Al S S e
T3 T3Yys + Y3 813:“ gfsya 81

9

e 2 6 2
=it Tt n +a] -
2,
39"?
49 5,

9
2my) — 25

t 9"

2z3y3 —

14
et g%t g ¥sus +y3 + 23 -
3z, ¢ 16 , 16
= g £ U R e ek S
+

9
81"

25 5

5
. 2
o Y L Ha A
N 2072 7 2Y2

5
<4 1{_+ 2+?_?.32_E
0 Y3 g1 8~ Tg Taws

2 2
3z 3z Txs
o it ot
_(5 +y;) +(5 +y1) +(9 + ya

=||Tx - Ty,

(0,0,0).

7
14 49 ,

10 25 2
= T2y + Y3+ 73— 2Toys — —z
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)) = ((y1, 2. 93) — (1,92, 33))

)) s (1,42, 93) — (y1=y2,y3)>

2z3ys + Y3

— il

10
L2Y2

14

—_— — Tl
9 33

= sl
5

10

= 5 I2Y2

7
14

———
9 33

2
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Next, we will show that for every i = 1,2,3,..,N, 4; is a L-inverse strongly
monotone mapping. Let X = (z1,z2,73) € R®, ¥ = (y1,%2,y3) € R, For every i =
1,2,3,..., N, from the definition of 4;, we have

11‘1 t:rg tI'; i iye iys ;
B L850
6 6 /\ 6 6
; % ¥ 2 . ‘ 2
o\, (im i) (@i
6 6 6 6 6
;2

.'r
6
—3— ( —1) + (22 — y2)* + (23 — ¥a) )

|Aix — Asy|? = ’

i? 2
=—|x - y]|*
5=Vl
From the above equation, we have
iz gy iw 1y iye 1
(A{x = Aiy:x > y) = < (?15 ?25 ?3) (%\ '_2'v '?3) :(551»1’211?3) =i (y11y2!y3)>

6
( () (i (i i) L
_<(6 6)'(6 6)'(6 6)’(I1 ) + (72 — 42)

v
| =

lIx - yi?

(=21

Il

N N ]

(| Aix ~ A%

Then, for every i = 1,2,3,..., N, 4; is a 3-inverse strongly monotone mapping. More-
overwe have n = mini=12,. .~{3} =% . Since A= andn= 4, then0 <A < 2n It
implies that A satisfies the condition (m).

Next, we show that F; satisfying (A1) — (A4), for all i = 1,2,..., N. To prove (A1),
let X = (71,72, 73) € R®, ¥ = (1,92, y3) € R®, then we have

Fi(%, %) =i(X = X) - (9% + X)
=i((z1, %2, 23) = (71, 22, 23)) - (9(21, 22, 23) + (21,22, Z3))

=),

Then F; satisfies (A1), forall i =1,2,..., N.
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To prove (A2), we have

Fi(x,y) + Fi(y.x) =i(y = X) - (9 +y) +i(X - y) - (9 +X)

=i (41,42, ¥3) — (21, 22,23)) - (9(z1, 22, 23) + (1, 92, ¥3))

+ 1 (21, 22, 23) — (1,42, 3)) - (9(y1, y2, 3) + (21, 22, 23))
=i(8(21, %2, 23) (Y1, Y2, ¥3) + (¥1,¥2,¥3)* — (21, 22, 23)°

+ 8(z1, 72, 23) (41, ¥2,¥3) + (71,72, 23)% — U1, ¥2,43)%)
=i (16(x1, 72, 23) (1, Y2, ¥3) — 8(y1, ¥2, ¥3)* — 8(z1, 72, 23)%)
= — 8i (21,2, 73)* — 2(x1, T2, 3) (U1, 2, ¥3) + (1, v2,3)?)
= - 8i (21,72, 73) = (1, V2, v3))*

<0.

Then F; satisfies (A2), foralli=1,2,.... N
To prove (A3), let z = (21,22, 23) and t € [0,1], then we have

t@m Fi(tz+ (1 -t)x,y) = ,L_','R iy — (tz+ (1 - £)x))(9(tz + (1 = £)x) +y)
=£l_i’r51+ i((y1, y2,93) = (t(21, 22, 28) + (1 = t) (w1, 22, 73))) (9(t(21, 22, 23)
+ (1 = t)(z1, 22, 23)) + (11,92, 93))
=i((y1,y2,v3) — (x1, %2, 23)) (9((21, 2, %3)) + (¥1,2,¥3))
=F;(X%,Y).

Then F; satisfies (A3), foralli=1,2,...,N.
To prove (Ad4), we first show that F; is convex. Since Fi(x,y) = i(y —X) - (9x +Y), we get

Fi(x,y) =i ((y1,y2,y3) — (21,22, 23)) - (21, T2, T3) + (Y1, ¥2.¥3))
=i(y1 — 21,42 — T2, ys — x3) - (921 + ¥1, 922 + y2, 973 + ¥3)
=t ({1 —21)(921 + 1) + (y2 — 22) (922 + ¥2) + (y3 — z3) (923 + ¥3))

=i ((8y121 + vf — 923) + (8yaz2 + ¥3 — 923) + (Syazs + y3 — 923)).

Let a € (0,1) and the above equation, we get

Fi(x,az + (1 — a)y) = Fi ((z1, 22, 23), a(21, 22, 23) + (1 = ) (1. y2. ¥3))
=Fi ((z1,22,23) , (@21 + (1 = a)y1, az2 + (1 — @)y2, az3 + (1 — a)ys))
=i( (8(az; + (1 — @)y)zy + (azy + (1 — a)y)? - 923)
+ (8(azz + (1 — a)ya2)za + (@22 + (1 — a)yz)? — 923)

+ (8(azs + (1 = @)ya)xs + (azz + (1 — a)ys)® — 923) )
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=i( (a2} + (1 - )’y +2a(1 — @)z1yn + 821 (azy + (1 = a)yy) — 9z%)
+ (2?23 + (1 - @)*y3 + 2a(1 — a)zays + Bz (azs + (1 - a)ya) — 923)
+ (23 + (1 - a)®y3 + 20(1 — @) z3y3 + Bas(azs + (1 — a)ys) — 923) )
<i( (2] + (1 - a)?yf + a(1 = a)(z} + 4i) + 8ua(az + (1 — a)pn) — 923)
+(@®23 + (1 - @)’y +a(l - a) (2 +43) + 8za(azs + (1 — @)yz) — 923)
+ (@23 + (1 - a)®y3 + a(1 — a)(23 + y3) + 8z3(azs + (1 — a)ys) — 923))
=i(a (21 + 8z121 — 927) + (23 + 8w22y — 923) + (23 + 8z323 — 923))
+ (1= a) ((yf +8z1yn — 92%) + (y3 + 8xayz — 923) + (3 + Bways — 923)) )
=i(a( (2} + 92121 — 2121 — 927) + (23 + 9229 — 222y — 923)
+ (zg + 92323 — 2323 — 973) )+ (1= a)( (yf + 97121 — 3121 — 927)
+ (43 + 92225 — 920 — 923) + (3 + 92323 — T325 — 923) )
=i(a((z1 —z1)(921 + 21) + (22 — 22) (922 + 22) + (23 — 23)(923 + 23))
+ (1= a)((sn — 21)(921 + 3n) + (y2 — 22)(972 + y2) + (ys — £3) (923 + ya)))
=a(i(z) —T1,22 — T2, 23 — x3) - (971 + 21,973 + 22,973 + 23))
+ (1 —a)(i(y — 21,92 — T2,¥3 — T3) - (971 + 1,922 + y2, 973 + ¥3))
=a (i ((21, 22, 23) = (21, T2, 23)) - (31, 22, 23) + (21, 22, 23)))
+((1 = a)) (( (11, v2,33) — (71,72, 73)) - (=1, 22, 73) + (41, Y2, ¥3)))
=aF;(X,2) + (1 — a)F;(X,Y).
Thus F; is convex function, for all i = 1,2,3,..., N. Suppose that {y,} c R® with y,, =
(i v2.¥3) = ¥ = (11,12,¥3) @ n — oo. Thus we have
m Fi (¢, yn) = Im i (Yn —X) - (9X+¥n) =iy = X) - (9X+Y) = F(X.y).

Then F; is lower semicontinuous , for all i = 1,2, ..., N. Hence the condition (A4) holds.
Therefore F; satisfies (A1) — (44), for all i = 1,2,..., N.
Since a; = & + z4» and by using the same method as Example 4.17, we have
SN ai = 1, which implies that
ZaF{xy =Z(§ )i(y—X)-(y+9><).
i=1
for all x = (z1,22,23) € R%, ¥y = (y1,92,43) € R®. It implies that TV
(A1) — (A4).
Since T, aiF(0,y) = T, aiFi((0.0,0), (31,32, 33)) = S0, aii (1, 2. 93) — (0,0,0))-
(9(0,0,0) + (y1,¥2,¥3)) = i, ai(y)? > 0, then 0 € EP(N aiF3) = N, EP(F). It im-
plies that

a; F; satisfies

i=1

N
F(T)n () EP(F;) = {0}. (4.10)

i=1
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Put S; = Y, (& + wxix) i, then we have

N
0<Y " aiF; (un,y) + TL {Y = tn, Un — Tn)
i=1 iy

282 (Y - un) 2 (y =+ gun) ar Ti (y o u!l) (un == IT‘I)

=83 (y1 — un,v2 — ud,yz — ud) - (1 + uh,y2 + 9ud, ys + 9ud)
1 .
+T—"(y1—u,',,yz—uf,,ya—ui)v(u,',—a:,’,,uﬁ—xﬁ,ui-;u;',)
=82 (11 — un) (1 +9up) + (v2 — up) (v2 +9u) + (y3 = up) (va + 9u3))

# = (= ) (uh = h) + (1 =) (= o) + (3o — ) (uh — 22))
(Sz (v1 —up) (y1 +9ul) + = (yl - u}) (u,ﬂ—-:c},))
+ (Sg (y2 —u2) (y2 + 9u2) + ri" (2 — u?) (u2 — 22)

)
(52 0~ 08) (m 4 908) + - (on - 08) (48 - 52) )

o
0% B o~ o) Do) i < HEHE el
+ (Sarn (v2 — ) (v2 + 9ul) + (2 — up) (uf — 23))
+ (Sarn (s — u3) (w3 + 9up) + (s — ) (uy — 7))
= (szrn (1) + (uh + 8raSqul — 1) y1 + ulal — 91,8 (ul)? — (u;)z)
+ (Sgr,, (y2)* + (U2 +8rSqu? — 22) yo + ul2? — 9r, S, (u2 ) = (uf,)z)
+ (327':1 (y3)® + (ud + 8rnSqud — 23) ys + 1l — 9 Sy (ud)® — (U;’.)z)

=G(n) + G(y2) + G(w3), (4.11)

where G(y1) = Sara (11)* + (ul + 8r,Squl — 2}) yy + ulzl — 9, Sy (’u,},)2 - (11,11)2, G(y2) =
Sarw (y2)* + + (u2 + 8r,Saul — 22) yp + ula? — 9r,. S, (u?,)z = ('uf,)2 and G(y3) = Sarn (v3)®
(ud + 8raSqud — 23) ys + udad — 9.8, (u ) - (uﬂ)z. Then G(y), G(y2) and G(ya) is
a quadratic function of y with coefficient ay; = Sarn, b = ul + 8r,Soul - 2},

h=9r, S (ul)—(ul)?, ag = Sarn, by = U2 +8r,Saul —a2, c3 = u2a? —9r,5; (u2)*—(u2)?,

n

+

cp =

ag = Sirp, by = ud + 8rpSoud — 23 and ¢ = wdad - 9,5, (uﬁ)? - (u‘;’z)z, respectively.
Determine the discriminant A, of G, as follows:
Al =b? - 4&161
= (up, + 8rnSaup, — x},)z —4(Sary) ( - 9,52 (u ) — (up) )
= (u:.)ﬂ + 207, 5, (u},)2 + 1007283 (ul ) - 2ulzl — 207, Syulzl + (z! )2

= (ul, + 108zr,u;, — I}‘)z,

From (4.11), if G(11) = 0,¥y; € R and it has most one solution in R, then A; <0, so we
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obtain :

1 Ln
N T 105, %12)

Next, determine the discriminant A, of G; as follows:
Ag =bg - 4asco
= (u2 + 8raSaud — 22)® — 4(Sary) (uﬁ.:.i - 9r, Sy (u2)? - (u,z,)2)
= (ui) + 207, Sy (ui) + 1007253 (u? ) - 2ulz? — 20r,Soulz? + (2 )2
= (ui + 1085 u? ~ .I:i)2 :

From (4.11), if G(y2) = 0,¥y2 € R and it has at most one solution in R, then A; <0, so

we obtain

1.2

7 n
U = T 0S5 (4.13)

Next, determine the discriminant A; of G as follows:
Az =b2 — dazc;
= (uh + 8raSoud — 23)° — 4(Sora) (e - 9 (u3)” - (ud)”)
= (u3)” + 2015z (u8)® + 100r252 (u3)? — 2ud23 — 20r,Spula? + (22)’
= (u} + 10Sarpud — 1':,“)2.
From (4.11), if G(y3) > 0,¥y; € R and it has at most one solution in R, then Az <0, so

we obtain
3
' T 14108, (@.19)

Since Aix = (4,22 1) and b; = & + wiw, then

6 6 6
1
S b;A;x = E ( NSN)A‘X'

From above and the deﬁnltlon of the modified variational inclusion, we obtain

&
b
1,

N
(N VI(H, A, M) = {0}. (4.15)

i=1

From (4.10) and (4.15), we have

N N
F(T)n () EP(F)n | VI(H, A;, M) = {0}. (4.16)
i=1 i=1
Forevery n € N, an = 1k, fn = 352t 4, = H0cl) g, = 30802l) 5, = 1ncl 1, =

s2ne and p, = —}1, By using the same method as Example 4.17, then the sequences

{on} {Bn} {on}  {mn}, {6}, {rx} and {p.} satisfy all the conditions of Theorem 3.7.
For every n € N, from (4.12), (4.13), and (4.14), we rewrite (3.19) as follows:

oy =Ly 0= 201 (o Lateals
T 165m " 1651 N 8‘ * Nev

5(15'".—1) l 1‘)’1'_ 1
1 165n. ([ = On2 (I T)) Xn + 165n Uy, (417)




[,

where x, = (zh,23,23) and un = (ul, 13, u3) = (sl ridors ool )-

Using the algorithm (4.17) and choosing u = x; = (5,10,15), we consider the
parameters for two cases as follows: (i) n = 100 and N = 1. (ii) n = 100 and N = 100.
The numerical results for the sequences =, and u, in two cases are show in the

following table and figure.

Table 4.2: The values of the sequences {u,} and {x,} with initial values u = (5,10,15), x; =
(2,12,20), and n = N = 100.

Uy In
(0.453608, 2.721649, 4.536082) (2.000000, 12.000000, 20.000000)
(0.336995, 1.776168, 2.930220) (1.916656, 10.101958, 16.665628)
(0.289738, 1.439132, 2.364314)  (1.841903, 9.148767, 15.030279)
(0.259512, 1.239451, 2.030799)  (1.756695, 8.390131, 13.746949)
(0.236507, 1.096332, 1.792646)  (1.666990, 7.727376, 12.635260)

wm A W N =3

50 (0.017724, 0.045633, 0.070850)  (0.147537, 0.379859, 0.589773)

96

(0.006069, 0.012338, 0.018554)

(0.051022, 0.103729, 0.155990)

97 (0.005987, 0.012158, 0.018280) (0.050339, 0.102226, 0.153703)

98 (0.005907, 0.011984, 0.018015) (0.049677, 0.100775, 0.151496)

99  (0.005830, 0.011816, 0.017760)  (0.049033, 0.099372, 0.149365)

100 (0.005755, 0.011653, 0.017513)  (0.048408, 0.098015, 0.147304)
Conclusions

1. The sequence {x,} and {u,} converge to 0 as shown in the Table 4.2 and Figure

4.2, where 0 = (0,0,0).

2. From Theorem 3.7, we can conclude that the sequence {x,} and {u,}, in Exam-

ple 4.18, converge to 0, where 0 = (0,0,0).
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Figure 4.2: The convergence of {u.} and {x.} with initial values u = (5, 10, 15), x; = (2,12, 20)
and n = N = 100.
The following example is given to support Theorem 3.11.

Example 4.19. Let R be the set of real numbers and let the mapping 4,B: R — R,
f:R— R, be defined by

I I xr
Az = g.Bm = m,f:r, =5 for all z,y € R.
Foreveryi=1,2,...,N, let F; : [0,10%] x [0,10°] = R and T; : [0, 10%] — [0, 10%] be defined
by

Tiane= smgix)‘F,-(w, y) = i(y — z)(y + 5z), for all =,y € [0,10%].

For every i = 1,2,...,N, suppose that a; = & + giw, ¢ = & + yaw and a = §. Let

{za}, {yn} and {u,} be generated by (3.45), where a, = &, B, = 282=1 4 = Aon-1)
Th = gaas, ba = 524, A = 707 @nd p = 225 for every n € N. Then the sequences {z,},

{yn} and {u,} converge strongly to 0.

Solution. For every i = 1,2,..,N. From Example 4.14, T; is a nonspreading
mappings and F(T;) = {0}, forall i = 1,2,..., N. It implies that

N
() F(T:) = {0}. (4.18)
i=]1

Next, we will show that A isa 1-inverse strongly monotone mapping. Let z,y €
R. From the definition of 4, we have

")) 1
|Az — Ay|* = |g = 5|2 = 2—5|3~'—y|2-
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From the above equation, we have

T
(Az — Ay,z -y) =(z - £,2-9)

Then, for every i = 1,2,3,..., N, A, is a 1-inverse strongly monotone mapping. Similarly,
B is a l-inverse strongly monotone mapping.
From the definition of f, then

7@ - fw)l =13 - Y1 = Sle ~yl.

Then f is a i-contractive mapping. From the definition of A and B, we have

T

(v =a,(a5 +(1-a)35)) = (v~ 2)2agg + (1 - @) 55) = (1+ )y - 2) (o

5 10 )

From the above equation, we have
0e VI(C,aA+ (1 —a)B) = VI(C,A) N VI(C,B). (4.19)

Similarly, from Example 4.17 and the definition of F;, we have F, is satisfies
(A1)-(Ad) foralli=1,2,...,N.

Since a; = & + waw, then
N N .
] 1

Soo =3 (5 4w

- +-5—+L+3+L+ + 5+L
“\6' T NeN 62 ' NN 6% ' N6V 6N NN
—3+5+—5-+ +5+ 1+1+l+ +L
A6 62 6l 6N N6N ° N6N ° NgV N6N

e | o
: 6N N6N

Then ¥ a; = 1 and so is TN, b = 1, where ¢; = & + wkv. It implies that the
condition (v) holds. Using the same mathod as the proof of F; satisfying (A1) — (44),
for all i = 1,2,...N, then we can conclude that V| o, F; satisfies (A1)-(Ad), where

= 1] 1
a.—a+W.
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From the definition of a; and F; foralli = 1,2, 3, ..., N, we obtain 2 14 Fi(0,y) =
SN aF((0,y) = TN aii(y - 0) - (5(0) +y) = TN, aii(y?) > 0,¥y € R. It implies that

N N
0 EP (Z al-F,-) =\ EP(F). (4.20)

=1 f=1

From (4.18), (4.19), and (4.21), we have

ﬂF nﬂEP (E)NVI(C,A)NVI(C,B) = {0}. (4.21)
i=1

Put 83 = T, (& + wiw) i, then we have

=
IA
Mz

(ILF', "—n;y + WL (J Upyy Up — xﬂ)

—

N

1( +N6N) (y‘un)(y+5un)+%(y—un)(un—:j:n)

1=
=
0 < Sarn (y — wn) (y + 5un) + (¥ — tn) (tn — z5)

= S3rny® + (Un + 41, S1Un — Tn) Y + UnZp — 5raSiud — ul.

Let G(y) = Sarny®+(un + 47, S3ttn — Tn) Yy+Unn—5r,S3u? —u2. G(y) is a quadratic
function of y with coefficient a = Ssrp, b = tn +4r,S3tn — T, AN € = U Ty — 57, Saul —u?.
Determine the discriminant A of G as follows

A =b? — dac
= (un + 4rnS3tn — 24)* — 4(S3ry) (Unn — 5, S3ud — ul)
=u2 + 12r, S + 36r2 S3u2 — 2unz, — 12r,Sauny, + 22

— (u“ + GSSTnuu Y I,-;)Q .

We know that G(y) > 0,¥y € R. If it has most one solution in R, then A <0, so

we obtain
.
= SR Es 4.
b 14 683r,’ (4.22)
where S3 =N | (& + wiv) i
Forevery neN, leta, = &, B, = 3=t o, = 2000 ) = 200y, = o0
An = 727 and p = %4, we have
1  3(6n-1) 2(6n-1) 1 1
n + =i 1= =1
Ot B e T . oL s

Since ay, = g, for all n € N, then lim, 00 an = liMpyo & =0and T2 ay, =
Yone, & = oo. It implies that the condition (i) holds.




i

Since b, =

g2, forall n € N, then lim, oo bn = iMpoeo 525 = £ € (0.1). It
implies that the condition (ii) holds.

Since A; , B are l-inverse strongly monotone mappings and p = for all

5n+1'
n € N, then 0 < p, < 2. Then we have the condition (iii) holds
Since A, = 53, for all n € N, by the p-series, then 372, 51z converges. That is the
condition (iv) holds. Observe that

] 3! 1

ot =l = I35+ 1) ~ 20m! ~ 67 7 6m

By using the Limit comparison test, putting p, = zgmtg= and ga = 7, then

2
Pn n 1
,}Egc qn = nlﬂ;gc 6n2+6n 6

Since 377, g» converges, then 3> | p, also converges . It implies that 30, |ans1 —
an| < 00 and so are 350, [Bns1 — Bal < 00, Lol In+1 — Tl < 00, Xnl; [Pns1 — Pl < 00,
Yoo i bt = bu| < 00, 02, |rns1 — Ta| < 0o. Then the condition (vi) holds. Moreover,
liMp—s00Tn = liMpyoo gats = 3. Then 0 < c <1, <d < 1, Yn € N and so are {B,}, {7}
It implies that the condition (vii) holds.

From the above description, we have the sequences {an},{8n}, {1}, {ra},
{bn}, {pn} and {X,.} satisfy all the conditions of Theorem 3.11. From (4.22) and (3.45),
we have

Yn = (5nﬂ+4) Ty + (1 = 5n+4) Plo,109] (I = _]5([ T T")) (ﬁ-—ﬁz'fu-_..) g
1

In+l = (_n.) T (Et;:_;l) Plo 10 ( es ) ( A+(1- .’:‘) B)) In (4.23)
+ (A=) B, (f + who) o,

forall n > 1 and i = 1,2,..., N. Using the algorithm (4.23) and choosing u = z; = 5 with
N =1and N = 100, we have the numerical result as follows:

"y
==X

T—
Y
u‘

(b) N = 100

Figure 4.3: The convergence of {u.} and {z,} with initial values u = z; = 5.



Table 4.3: The values of the sequences {u.} and {z.} with initial values u = z; = 5.

=]

N=1

Up

T

N =100

TUn

Tn

b A W N -

20

36
37
38
39
a0

2777778
1.508621
1.029955
0.740664
0.545021

0.009089

0.000134
0.000103
0.000079
0.000061
0.000047

5.000000
3.232758
2.403229
1.817993
1.383515

0.025998

0.000392
0.000302
0.000232
0.000179
0.000138

2.551020
1.350608
0.897762
0.631121
0.454871

0.005806

0.000065
0.000050
0.000037
0.000028
0.000021

5.000000
3.202870
2.334181
1.732715
1.294633

0.018768

0.000216
0.000164
0.000124
0.000094
0.000071

Conclusions

1. Table 4.3 shows that the sequence {z,.} and {u.} converge to 0.

2. Theorem 3.11 guarantees the convergence of {z,} and {u,} to 0 in Example 4.19.



L |

Chapter 5
Conclusions
In this chapter, we conclude all main theorems obtained in this thesis.

Strong Convergence Theorems for Nonexpansive Mapping with
Some New Sufficient Conditions

(1) Let € be a nonempty closed convex subset of a real Hilbert space H. Let M :

H — 2" be a multi-valued maximal monotone mapping and 4,B : C — H be a
and g-inverse strongly monotone mapping, respectively, and let D : C — H be a
strongly positive bounded linear operator with coefficient 4 > 0. LetT: C — C be
a nonexpansive mapping with 7 := F(T)nVI(H,A,M) nVI(H,B, M)NVI(C, D) #
0. Suppose that the sequence {z,} is generated by z, € C and

Yn = Jmar(l = AMaA + (1 —a)B))z,,
Tntl = ﬂnPC(I - PD)yn o Q’n)TIny Vn 21,

where a € (0,1), {an} C [e,d] C [0,1], forallne N,0<p < ||D|"'and 0 < A < 27
with n = min{a, 3}. Then the sequence {z.} converges strongly to z* € F.

(2) Let C be a nonempty closed convex subset of a real Hilbert space H. Let M :

Dl

H — 2" be a multi-valued maximal monotone mapping and A,B: C — H be a
and g-inverse strongly monotone mapping, respectively, and let D: C — H be a
strongly positive bounded linear operator with coefficient 5 > 0. Let {T;} ¥, be a
finite family of nonexpansive mappings of C into itself and let Ay, ..., Ax be real
numbers such that0 < \; < 1foreveryi=1,..,N-1and 0 < Ay < 1. Let K be the
K-mapping generated by Ty,Ty,.... Tw and Ay, Ay, .. Ax. Assume F := NN, F(T})
NVI(H,A,M) nVI(H,B,M) nVI(C,D) # 0. Suppose that the sequence {z,} is
generated by z;, € C and

Yn = ']M,n\(I I8 A(GA + (1 = G')B))In|
Tn+1 = anPo(l — pD)yn + (1 — an)Kz,,¥n > 1,

where a € (0,1), {an} € [e,d] c [0,1], forallne N,0<p < ||D|"*and 0 < A < 29
with 7 = min{a, 8}. Then the sequence {z,} converges strongly to z* € F.

Strong Convergence Theorems for a x-Strictly
Pseudononspreading Mapping in Hilbert space

(1) Let C be a nonempty closed convex subset of a real Hilbert space H. Let M :

H — 2% be a multi-valued maximal monotone mapping. For every i =1,2,..., N,
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let F; : C x C = R be a bifunction satisfying (A1)-(44) and A; : H — H be a;-
inverse strongly monotone mapping with n = min;—1 2 y{oi}. LetT: H - H
be a x-strictly pseudononspreading mapping. Assume F := F(T) X, EP(F)n
N, VI(H, A, M) # 0. Let the sequences {z,,} and {u,} be generated by z;,u € H
and

3

N
1
> aiF; (un,y) + — (U= tn,un —70) 20,Vy € C,
i=1 7
N

i Tntl = Qp+ Ban + 'YnJM.A(I = /\Z b,‘A,').’I.‘,,

=1

+ (I = pn(I = T))zn + Ontn,Vn > 1,

\
where {an}, {An} {1} {mn}, {6n} € (0,1) and X > 0 With ap + B+ + 1 + 60 =1,

0O<ac<land0<a,b <1, foreveryi=12.,N,r, €lcd c(0,1,0<p<
Brs Yny Ty 6 < g < 1, pn € (0,1 — k) for all n > 1. Suppose the following conditions
hold:

(i) lim o, =0and Zan = 00

n—400
n=1

(ii) 2:;1 Pn <00

(i) 0 < A < 27

N N
(V) Y ai=3 bi=1;
i=1 i=]

o< oo

oo

(V) Z |Q’n+1 — anl < 00, lﬂfl+l = ﬂul < 00, z j')"rﬂ-l £= ’Yﬂ[ < 00,
n=1 n=1 n=1
50 00 o0
Z |Pr+1 — pn| < 00, Z |On41 — On| < 00, Z ITn+1 — ™| < 00
n=1 n=1 n=1

Then the sequence {z,} and {u,} converge strongly to z = Pru.

Let C be a nonempty closed convex subset of a real Hilbert space H and let M :
H — 2" be a multi-valued maximal monotone mapping. For everyi =1,2,...,N,
let F; : € x C — R be a bifunction satisfying (A1)-(A4) and let 4 : H - H
be an a-inverse strongly monotone mapping. Let T : H — H be a k-strictly
pseudononspreading mapping. Assume F := F(T)NN\X., EP(F)NVI(H, A, M) # 0.
Let the sequences {z,} and {u,} be generated by z,,u € H and

N
1

D @i (uny) + — (U = un,un = 7a) 2 0,Yy € C,
n

t=1

ZTntl = Ot + BnZn + Wl — Ad)z,
+ 0l — pu(I = T))zn + Sntin,¥n > 1,

where {a,}, {fn}, {¥n}, {M}. {oa} € (0,1) and X > 0 With o + B+ Y + 1 + 6 = 1,
0O<a<land0<aq; <1, foreveryi=12.,N,r, €lcd c(0,1),0<p<

Br.¥nsMns 60 < g < 1, pp € (0,1—k) for all n > 1. Suppose the following conditions
hold:
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oo
(i) ﬂlma,. =0 and 21&,, = 00}

(il 3%, s < 00;

(i) 0 < A < 20
N

(lV) Z&,‘ = 1;
i=1

00 oo o0
(V) Z |an+1 — aﬂl < o0, Z: |.Bn+l s ﬂnl < 00, E |‘7n+1 i ‘Tnl < 0Q,

n=1 n=1 n=1

o o )
Z |Pn+1 — pn| < 00, Z |0n4+1 — dn| < o0, Z IPat1 —Tal| < o0
n=1

n=1 n=1

Then the sequence {z,} and {u,} converge strongly to z = Pru.

(3) Let C be a nonempty closed convex subset of a real Hilbert space H and let
M : H — 29 be a multi-valued maximal monotone mapping. Let F: C xC =R
be a bifunction satisfying (A1)-(44). For every i = 1,2,...,N, A; : H — H be
ay-inverse strongly monotone mapping with n = mini=; 2, n{o}. Let T : H -
H be a «-strictly pseudononspreading mapping. Assume F := F(T)n EP(F)n
N, VI(H,A;, M) # 0. Let the sequences {z,} be generated by ;,u € H and

F (un,y) + 7= (y = tn,un — ) 2 0,¥y € C,
N

Tnt1 = Cnt+ BuZn + Tndu (I = A D bidi)zn

=t n“([ o pn(I # T))In + Optiy, Vn 2> 15

where {an}, {Bn} {mn} {n}. {0} € (0,1) and X > 0 With oy + fn + Tn + 1 + 60 = 1,
0O<a<land0<b <1, foreveryi=12.,N,r, €cd c(0,1),0<p<
By ¥nyTnsOn < g < 1, pn € (0,1 - &) for all n > 1. Suppose the following conditions
hold:

(i) nlman =0 and “Zg;a,, = 00;

(i) Yopz1pn < o0
(i) 0 < A < 2

N
(iv) Zb. =]

i=1

o o o0
(V) D lans1 — @n] <00, 3 |Bas1 — Bl <00, Y [tnt1 = Ml < 00,
n=1 n=1

n=1

00 o0 o0
Z |Pn+1 == an < o0, Z |5u+1 = 6n| < o0, Z ,ru+.l e Trll < 00.
n=1

n=1 n=1

Then the sequence {z,} and {u,} converge strongly to z = Pru.

(@) Let € be a nonempty closed convex subset of a real Hilbert space H. Let M :
H — 2% be a multi-valued maximal monotone mapping. For everyi =1,2,..., N,
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let F; : C x C — R be a bifunction satisfying (A1)-(44) and A; : H —» H be «;-
inverse strongly monotone mapping with n = min;—1 2. n{a;}. LetT: H — H be
a s-quasi-strictly pseudo-contractive mapping. Assume F := F(T)nN, EP(F;)n
N, VI(H, A, M) # 0. Let the sequences {z,} and {u,} be generated by z;,u € H

and
f N 1
Zaaﬂ(un-y)+ 1"_- (?J = Up,Upn — :Cn) 20,YyeC,

i=1

N
! T4l = Guu + ﬁnru + 'YIIJM.)\(I - ’\ZbiAi)mn

i=1

+ (I = pu(I = T))2n + Onun, ¥n > 1,

\

where {an}, {Bn}, (Y} (M}, {02} € (0,1), and A > 0 With ay + Bn +¥n + 7+ = 1,
O<a<landO0<a,b; <1, foreveryi=1,2.,N,r€led c (0,1),0<p<
Brs YnrTiny0n < g < 1, pn € (0,1 - &) for all n > 1. Suppose the following conditions
hold:

(i) nli_l:‘l‘:‘l‘J a, =0 and Z_:lan = 00;

(@) T2 on < o0
(i) 0 < A < 2i;

N N
V) Y ai=) bi=1;
i=1

i=1

oo oo oo
(v) Z |ong1 — anl < 09, Z [Br+1 — ﬁnl < 20, Z |")"n+1 - 1| < 00,
n=1 n=1

n=1

o0 o0 oo
Z |pu+l _Pnl < o9, z |'5n+1 == 61:' < 09, z |rn+l _Tu’ < 0.
n=1

n=1 n=1

Then the sequence {z,} and {u,} converge strongly to z = Pru.

(5) Let C be a nonempty closed convex subset of a real Hilbert space H. Let M :
H — 2% be a multi-valued maximal monotone mapping. For every i =1,2,...,N,
let F; : C x C = R be a bifunction satisfying (A1)-(44) and let A; : H —» H be a;-
inverse strongly monotone mapping with 5 = min,—1 2, ~{a:}. Let T; : H — H, for
i=1,2,...,N be a finite family of nonspreading mappings with ¥ := NX, F(T:) N
N EPF)NNY, VI(H, A;, M) # 0. Let 8; = (of,0d,0d) e IxIxI, j=1,2,...,N,
where I = [0,1] , o] +a} + o} = 1, &f,a} € (0,1) for all j = 1,2,...,N - 1 and
ad €(0,1], ad €[0,1), od € (0,1) forall j = 1,2,.... N, and let § be the S-mapping
generated by T, Ts,...,Tx and 6,,6,,...,8x. Let the sequences {z,} and {u,}
be generated by «;,u € H and

P

N
Za\'ﬂ (”rny) == 'f'i (?} = Up,Un — :rn) > O,Vy € C‘
n

i=1
N

) T4l = Qpu + Enl'n = 7nJM.A(I - A ZbiAi)zn

i=1

+ (I — pu(I — S))xp + bpuun,Vn 2> 1,
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where {an}, {Bn}, (W} {mm}. {82} € (0,1), and A > 0 With an + Bn + n+ 1 +8a =1,
O<a<l,and0<a,b <1, foreveryi=12.,N,m €[cd C(0,1),0<p<
BryYns a0 < q < 1, pn € (0,1) for all n > 1. Suppose the following conditions
hold:

0] 'lil;l;lc a, =0 and z ay, = 0o;

n=1
(i) X2, pn < o0;
(i) 0 < A < 2,
N
(iv) Zug = Zb, =1

-

i=1

1=

=<} oo

o0
V) D lanss — an] <00, 3 1But1 = Bul <00, 3 [tnt1 — 1l < 00,

n=]1 n=1 n=1

o0 oo o0
Y [Pnt1 = pnl < 00, 3 [8ns1 = 8n| < 00, Y Irns1 — | < o0.

n=1 n=1 n=1

Then the sequence {z,} and {u,} converge strongly to z = Pru.

Strong Convergence Theorems for Nonspreading Mappings in
Hilbert space

Let C be a nonempty closed convex subset of a real Hilbert space H. For i =
1,2,...,N, let F; : C x C — R be a bifunction satisfying (A1) — (A4) and A, B :
C — H be a and g-inverse strongly monotone mapping, respectively, with n =
min{a, 8}. Let {T;}Y, be a finite family of nonspreading mappings of € into
itself. Let f: C — C be a contractive mapping with a € (0,1). Suppose that
F =N, FT)nNY, EP(F)nVI(C,A)nVI(C,B) # 0. Let the sequences {a,}
is generated by =, € € and

N

1
>~ aiF (n 1) + — (U = tim, n = ) 2 0,y € C,
¥ n

i=1

1}:1 = b'ra-zn 5 (1 = bTI)PC(I i ’\n(I = T}))ufl!
Tn41 = @nf(n) + BuPe(l = pn(aA + (1 - a)B))an + v TiL, cithy V0 > 1,

where a € (0,1), {ba}, {an}, {Ba}s {W} {An}, {pn} C [0,1] With a + By + 7 = 1 and
0 <aj e <1, foreveryi=12,..,N. Suppose the following conditions hold:

(i) .U—I;?ca" =0 and Zan = 00}
n=1
(i) nLLr&bn =be (0,1);
(iil) 0 < pn < 2m;
(iv) Z An & 00;

n=]
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N N
W) Y a=) c=1and0<g<a,c<h<liforalli=12..N;
i=1

i=1
20 o0

)
(Vl) Z |ﬂn+l i }G‘n! < 00, Z i‘Tﬂ+1 i 711' < 00, Z |Pn+1 - pnl < Q,

n=1 n=1 n=1

o0 oo o0
Z |an41 — an| < o0, Z |bps1 = bn| < 00, Z [raer —1al < 05
n=1 n=1 n=1

(V") 0<c<ryPnmsd<l,VneN.
Then the sequence {z,} converges strongly to zy = Prf(z).

(2) Let € be a nonempty closed convex subset of a real Hilbert space H. Let F :
C x C — R be a bifunction satisfying (A1) — (44) and A,B : C — H be a and g-
inverse strongly monotone mapping, respectively, with 5 = min{a, 8}. Let {T}}Y,
be a finite family of nonspreading mappings of C into itself with F := N, F(T:)n
EP(F)NVI(C,A) nVI(C,B) # 0. Let f: C — C be a contractive mapping with
a € (0,1). Suppose that the sequence {z,} is generated by z; € C and

F(un!y) + T‘L (y — Un, Up — -'-L'n) 2 vay € Cn
Yh = bnzn + (1 = bp)Po(I = An(I = T))um,

Tn+1 = onf{xn) e ﬁﬂPC(I = ,(J,.((IA 2= (1 =, G)B))mu + Tn Zfil Ci'yi,Vn =1

Where a € (0! l)l {bﬂ}l {aﬂ}l {ﬁn}) {‘Tl’l}t {AH}! {pﬂ} c [0' 1] Wlth Qn +ﬂﬂ +7ﬂ ] 1‘
Assume the following conditions hold:

o0
(i) lim a, =0and Za,, = oo}
fi=roo n |

(i) lim b, =be(0,1);
n—+o0
(iii) 0 < pn < 2n;

(iv) i’\“ < 60;
n=1

N
VM Y e=1and0<g<e <h<iforalli=1,2,..,N;

=1

o0 ) oc
(V|) Z [ﬁrﬂ-l — Bn| <0, Z [Py = ‘Yn' < 00; z |f3n+1 - Pvtl < 00,
n=1

n=1 n=1

o0 oc o0
Y lons1 —an] <00 Y lbuss — bnl <00, 3 IFns1 = il < 00}
n=1 n=1

n=1

Vi) 0 < e<rp, Buytn <d < 1,¥neN.

Then the sequence {z,} converges strongly to zy = Prf(z0).

(3) Let C be a nonempty closed convex subset of a real Hilbert space H. For i =
1,2,...,N, let F; : CxC — R be a bifunction satisfying (A1)-(44)and A,B: C — H
be a and g-inverse strongly monotone mapping, respectively, with i = min{e«, 8}.
Let T be a nonspreading mappings of C into itself with F := F(T)NX, EP(F,) n

=1
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VI(C,A) nVI(C,B) # 0. Let f : C = C be a contractive mapping with a € (0,1).
Suppose that the sequence {z,} is generated by =, € C and

1
ZCM (Un,y (y = UnyUn — Zn) 2 0,Yy € C,

Un = bnTy + (1 = by)Pe(I = An(I = T))uty,

Tns1 = 0n f(Zn) + BnPe(l = pu(aA + (1 — a)B))Zn + Yaln, V0 2> 1,

where a € (0,1), {bn} {ﬂtn} {Bn} {'Yn} {An}v {Pn} & [01 1] with an+Pn+7=1.
Assume the following conditions hold:
(i) rlu-énc:.o o, =0 and ZQn =09}

n=1

(ii) ﬂli_r'l;\obn =be (0,1);
(ii)) 0 < pu < 2m;

(iv) i An < 00;

n=1
N
V) Y a;=land0<g<a<h<lforalli=12..N;

i=1

(vi) Z |Bra1 = Bl < o0, Z I+ = n| < o0, Z |Pu+l Pnl < o0,

u—l u 1
Z Iﬂn+l. 5— ﬂ'nl < 00, Z |bﬂ+1 T bl’ll < 09, Z Irﬂ+1 o, rﬂl < 0g;
n=1 n=1 n=1
(Vi) 0 < ¢ € Tny By In <d < 1,¥Vn € N.
Then the sequence {z,} converges strongly to zq = Pr f(z0).

Let C be a nonempty closed convex subset of a real Hilbert space H. For i =

N, let F,: ¢ xC = R be a bifunction satisfying (A1) — (44) and A :
C — H be a -inverse strongly monotone mapping. Let {T;}, be a finite family
of nonspreading mappings of C into itself with F := N, F(T:) NN, EP(F) N
VI(C,A) # 0. Let f: C — C be a contractive mapping with « € (0,1). Suppose
that the sequence {z,} is generated by =, € C and

1
Zal i uruu (y = Uy, Uy — rn) 2 O.V.U = C1

jal Tn

Yh = bazn + (1 = bp)Pe(I — Au(I = T3))un,

Intl = Q’nf(zn) e ﬂu-PC(I = puA)xu + Tn E:v=1 ciyvl:::vn >1

where {bn}, {an}, {8n}, {3}, {Aa}, {Pn} C 0,1] With @y + Bn + 72 = 1 and 0 <
ai, ¢; < 1, for every i = 1,2,..., N. Assume the following conditions hold:

00
(i) im a, =0 and Z on = o0}
n—00
n=1

(ii) nli_r"gob,, =be (0,1);



(i) 0 < Pn < 200,

(iv) i An < 00;

n=1

(V)Za, Zc.—land0<g<a,,c,<h<1f0rallz—l2 WiV

i=]

oc

(VI) Z |ﬁﬂ+l o ﬁul < 00, Z |'Yn+1 ’Yul < 0, Z [Pu+1 e pn[ < 00,
n=1 n=1
00 o0

Z |Qns1 = an| < 00, Z |brt1 = by| < o0, z [rasi = rnl < oQ;

n=l n=1 n=1

(Vi) 0 < ¢ € 7, By n £d < 1,¥n € N,
Then the sequence {z,} converges strongly to zp = Prf(z0).

(5) Let C be a nonempty closed convex subset of a real Hilbert space H. For i =
., N, let F; : CxC — R be a bifunction satisfying (A1)~ (A4)and A.B: C -+ H
be a and -inverse strongly monotone mapping, respectively, with 5 = min{a, 3}.
Let {T3}/%, be a finite family of quasi-nonexpansive mapping of C into itself with
= N, F(T)nNX,EP(F)nVI(C,A) NVI(C,B) # 0. Let f: C — C be a
contractive mapping with a € (0,1). Suppose that the sequence {z,} is generated

by z; € € and

N
1
ZG.F} (un.y) + e (Y — Un,un — x,) = 0,Vy € C,

=1

Yi = bazn + (1= b,)Pe(I = AT = T3))tim,

Tnyr = on f(zn) + ﬂnPC(I = Pn(flA + (1= a) ))In + Tn Z, 1 Cilns Vn > 1,

where a € (0,1), {ba}, {an}, {Bn}, {1} {An}, {£n} C [0,1] With ap + B + 7, = 1 and
0 < ay,¢; <1, forevery i = 1,2,..., N. Assume the following conditions hold:

1) lim a, =0and Za’" = 00;

n—oo
n=1

2) lim b, =be (0,1);
n—oo

3) 0 < pu < 2n;

4) i An < 00;
n=1

N
5) Z“*:Z =land0<g<a,c;<h<lforalli=1,2,..N;

i=1

6) Z'ﬁn-H ﬁnl < 00, Z |7‘n+l 'Tnf < 00, 2 |ﬂn+l _Pnl < 09,

n 1 n— n-l
Z |ont1 — an| < oo, Z [bps1 — by < o0, Z |Prar = 1| < i00;
n=1

7) 0(051’,,,,8,,,7,, <d<l1l,¥VneN.

Then the sequence {z,} converges strongly to z, = Prf(z).
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5.4 Examples and numerical results

5.4.1 Conclusions for Example 4.17

(1) The sequences {z,,} and {u,} converge to 0 as shown in the Table 4.1 and Figure
4.1.

(2) From Theorem 3.7, we can conclude that the sequence {z,} and {u,}, in Exam-
ple 4.17, converge to 0.
5.4.2 Conclusions for Example 4.18

(1) The sequence {x,} and {u,} converge to 0 as shown in the Table 4.2 and Figure
4.2, where 0 = (0,0,0).

(2) From Theorem 3.7, we can conclude that the sequence {x,} and {u,}, in Exam-
ple 4.18, converge to 0, where 0 = (0,0.0).
54.3 Conclusions for Example 4.19

(1) Table 4.3 shows that the sequence {z,} and {u,} converge to 0.

(2) Theorem 3.11 guarantees the convergence of {z,} and {u,} to 0 in Example 4.19.

5.5 Suggestions

In our thesis, we obtain some results of variational inclusion problems, equi-
librium problem, variational inequality problem and fixed point problem in a Hilbert
space. For those who would like to extend these results, we suggest that they should
prove our results of fixed point problem for demicontractive mappings which is more
general than quasi-nonexpansive mapping in a Hilbert space and investigate our results
in a Banach space.
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