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Abstract

For the purpose of this thesis, we first introduce the combination of equilibrium
problem and the combination of variational inequality problem in a Hilbert space.
Then, we prove strong convergence theorems for finding a common solution of these
problems under appropriate conditions. Secondly, we obtain some properties of a
nonspreading mapping. Consequently, we prove a strong convergence theorem for
a proposed iterative scheme under some appropriate conditions. Thirdly, we modify
the generalized equilibrium problem and introduce the K-mapping generated by a
finite family of strictly pseudo-contractive mappings. Under certain control conditions,
some strong convergence theorems of the proposed method are obtained. The results
obtained in this thesis extend and improve many well-known results in the previous
literature. Finally, we give numerical examples to support our main results in the
space of real numbers.
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Chapter 1

Introduction

1.1 Iterative methods and nonexpansive mappings

Many problems in various fields of science can be formulated to the problems
of finding a fixed point of nonlinear mappings. In the past few years, many mathe-
maticians has been developed and widely studied fixed point theory. A fixed point of
a mapping T is a point z such that z = Tz, where T : X — X is a nonlinear mapping.
Throughout this thesis, Fiz(T) is used to denote the fixed point set of a mapping 7.
Therefore, fixed point theory is involved with finding conditions on the set X and the
mapping T': X — X to guarantee the existence and uniqueness of fixed points. Fur-
thermore, researchers have been studying about the structure of fixed point set and
the approximation of fixed points.

Over the past decades, many others have constructed various types of iterative
methods to approximate fixed points. Let C be a nonempty closed convex subset of
a normed space and T be a mapping of C into itself.

The first one is the Mann iteration introduced by Mann [1] in 1953 and is defined

as follows:

€ H arbitrary chosen,
S b (1.1)

Zns1 = (1 —an) zn + apnTz,,Vn 2 0,
where the sequence {a,} is in the interval (0,1). But this algorithm has only weak
convergence. Thus, many mathematicians have been trying to modify Mann’s iteration
(1.1) and construct new iterative method to obtain the strong convergence theorem.
In 1967, Halpern [5] introduced the Halpern’s iterative method as follows:

,u € C arbitrary chosen,
Ty, U ry (12)

ZTn1 = Quit + (1 — an) Ty, Vn 2 0,
where {a,} c (0,1) satisfying certain conditions. He proved that the sequence {z,}
converges strongly to a fixed point of mapping T in a real Hilbert space, where T is a
nonexpansive mapping.
By modification of Mann's iteration (1.1), the next iteration process is referred
to as Ishikawa'’s iteration process [7] which is defined recursively as follows:

zo € H arbitrary chosen,
Un = Buw + (1 — Bn) Ty, (1.3)

Tnt1 = anTy + (1 — an) Ty, Vn > 0,



where {a,} and {3, } are real sequences in [0, 1]. He also obtain the strong convergence
theorem for the iterative method (1.3) converging to a fixed point of a nonexpansive
mapping T. Observe that if 8, = 1, then the Ishikawa’s iteration (1.3) reduces to the
Mann's iteration (1.1).

In 2000, Moudafi [11] introduced the viscosity approximation method for non-
expansive mapping S.

Let C be a closed convex subset of a real Hilbert space H and let §:C - C
be a nonexpansive mapping such that Fiz(S) is nonempty. Let f: C — C be a
contraction, that is, there exists o € (0,1) such that || fz - fy| < a|lz -yl|.Vz.y € C,
and let {«,,} be a sequence defined by

xy € C arbitrary chosen,
" * (1.4)

Tpy1 = T_;}:SI,, + 12-f(za) ,Vn €N,
where {s,} c (0,1) satisfies certain conditions. Then the sequence {z,} converges
strongly to z € Fiz(S), where z = Ppiy(s)f(2) and Pri.(s) is the metric projection of #
onto Fiz(S).

In 2006, using the concept of the viscosity approximation method (1.4), Marino
and Xu [16] introduced the general iterative method and obtained the strong conver-
gence theorem. Let T : H — H be a nonexpansive mapping with Fiz(T) # 0. Let
f:H — H be a contractive mapping on H and let {z,} be generated by

0 € H arbitrary chosen,
0 7 (1.5)

Tp4l = (I = anA) T-Tn + aﬂ"ff (xn) R 2 On

where {a,} is a sequence in (0,1) satisfying the appropriate conditions. Then {z,}
converges strongly to a fixed point # of T which solves the variational inequality:

((A=~f)2,%-2) <0,z € Fiz(T).

For the past decades, many researcher are interested in studying the fixed
point of a finite family of nonlinear mappings and its properties, see [18, 27, 28].

First, in 1999, Atsushiba and Takahashi [13] introduced the W-mapping for a
finite famnily of nonexpansive mappings as follows. Let W : € — € be defined by

h=paT+(1-75)I,

Uy = BTy + (1 - 82) 1,
Us = B3T3U; + (1 — B3) 1,

Un-1=BN1TnaUn—2+ (1 - fBn-1) 1,
W =Un = ANTnUn-1+ (1 - 8N)1,



where {T;}Y, be a finite family of nonexpansive mapping of C into itself, I is the
identity mapping and {4}/, is a sequence in [0,1]. Later, Takahashi and Shimaji [18]
obtain that if X is strictly convex Banach space, then Fiz(W) = ﬂf’:, Fiz (T;) and W is

a nonexpansive mapping.

Later, in 2009, Kangtunyakarn and Suantai [24] proposed the K-mapping for
a finite family of nonexpansive mappings as follows: Let a mapping K : C = C be
defined by

U, = /\)T1 +(1 - /\1)[.
Ua = MU + (1 = A2) Uy,
Us = A3T3Us + (1 — A3) Ua,

Un-1=AN-1TN-1Un-2+ (1 = An_1) Un-2,

K=Uy=ANTNUNn-1+(1 - An)Un-1,

where {T;}Y, is a finite family of nonexpansive mappings of C into itself and let
A Az, Ax be real numbers. Furthermore, they proved that Fiz(K) = (Y, Fiz (T})
and K is a nonexpansive mapping under some control conditions.

In 2009, Kangtunyakarn and Suantai (23] introduced the S-mapping for a finite
family of nonexpansive mappings as follows. Let §: ¢ — C be defined by

Ur=alT) +all + all,
Uy = a}TzU; + G%U1 <+ rx%]‘

Us = o T3Us + adUs + a1,

Un-1=a) "Txy1Un-2+ad 'Wn-z + a1,
S=Uy=o)TnUn-r +aUn-y +ad 1,
where {T;}X, be a finite family of nonexpansive mapping of C into itself and a; =
(ur{aéa*;) € [0,1] x [0,1] x [0,1], where o + o} + o} = 1, for every j = 1,2,...,N.

Under some mild conditions, they also obtain that Fiz(S) = NN, Fiz (T:) and S is a
nonexpansive mapping.

Remark 1.1. For the special cases of S-mapping, we have

1) If of = B; and o = 0, for j = 1,2,..., N, then the S-mapping reduces to the
W-mapping introduced by Atsushiba and Takahashi [13].

2) Ifwe put o] = A; and o} =0, for j = 1,2,..., N, then the S-mapping becomes the
K-mapping defined by Kangtunyakarn and Suantai [24].



1.2 Equilibrium problems

In 1994, Blum [9] introduced the equilibrium problem which has had a great
impact and influence in the development of several branches of pure and applied sci-
ences. Many problems in physics, optimization, and economics are related to seeking
the elements of EP(F), see [9, 10]. Let F: C xC — R be a bifunction. The equilibrium
problem for F is to find a point z such that

Flz,y) > 0,Vy € C. (1.6)

Moreover, the solution set of (1.6) is denoted by EP(F).

Many authors have been studied iterative scheme for finding the solutions of
the equilibrium problem , see, for example, [10].

In 2005, Combettes and Hitstoaga [10] introduced some iterative schemes for
finding the best approximation to the initial data when EP(F) is nonempty and proved
the strong convergence theorem.

In 2007, Takahashi and Takahashi [17] proved the following theorem:

Theorem 1.2. Let C be a nonempty closed convex subset of H. Let F be a bifunction
from C x C to R satisfying

(Al) F(z,z) =0 for all z € C;

(A2) F is monotone, i.e., F(z,y) + F(y.z) <0 forall 2,y € C;

(A3) For each z,y,2 € C,

tlirz)l F(tz+(1-t)z,y) < F(z,y);

(A4) For each z € C,y — F(z,y) is convex and lower semicontinuous;
and let § be a nonexpansive mapping of C into H such that Fiz(S)n EP(F) # 0. Let
[ be a contraction of H into itself and let {z,,} and {u,} be sequences generated by
r; € H and

F(un,y) + ;4"- (y = Un,un —z) 2 0,Vy € C,

Tns1 = anf(zn) + (1 — ap) Suy,,

for all n € N, where {a,} c [0,1] and {r,.} c [0,1] satisfy some control conditions. Then
{zn} and {u,} converge strongly to z € Fiz(S) N EP(F), where z = Ppiysynepr) f(2).

For a specific case of equilibrium problem, if we take F(z,y) = (y — =, Az),
where A: C — H is a nonlinear mapping, then the equilibrium problem is equivalent
to finding an element z € C such that

(y — =, Az) > 0,Vy € C, (1.7)

which is well known as the variational inequality problem. The solution set of this
problem (1.7) is denoted by VI(C, A).



Variational inequalities were firstly introduced and studied by Stampacchia (2]
in 1964. It is now well known that variational inequalities can be applied to various
types of problems such as optimal control, optimization, mathematical programming,
mechanics and finance, see [8, 12]. There are several techniques to analyze various
iterative methods for solving variational inequality problem and the related optimiza-
tion problems, see [21, 32] and the references therein.

Let C be a nonempty closed convex subset of H and CB(H) be the family of
all nonempty closed bounded subsets of H. Let ¢ : C = R be a real-valued function,
T :C - CB(H) a multivalued mapping and ® : H x C x C — R an equilibrium-like
function, that is, ®(w, u, v) + ®(w, v, u) = 0 for all (w,u,v) € H x C x C which satisfies the
following conditions with respect to the multivalued mapping T : C — CB(H).

(H1) For each fixed v € C, (w, u) — ®(w,u,v) is an upper semicontinuous func-
tion from H x C — R, that is, for (w,u) € H x C, whenever w, — w and u, — u as
n — 09,

lim sup @ (w, 1tn, v) < Flw,u,v);

n=+o0

(H2) For each fixed (w,v) € H x C, u+~ ®(w,u,v) is a concave function;

(H3) For each fixed (w,u) € H x C, v — ®(w,u,v) is a convex function.

In 2009, Ceng et al.[33] introduced the generalized equilibrium problem (GEP)
as follows:

Find u € C and w € T(u) such that
(GEP) (1.8)

®(w, u,v) + @(v) — p(u) > 0,Yv € C.

The set (GEP).(®,¢) = {(u,w) € C x T(u) : ®(w,u,v) + ¢(v) — p(u) > 0,Vv € C} repre-
sents the solution set of the generalized equilibrium problem (GEP). In the case of
¢ =0 and ®(w,u,v) = G(u,v), where the bifunction G satisfies (A1) — (A4), then the
generalized equilibrium problem (1.8) reduces to the equilibrium problem (1.6) and
(GEP)4(®, ) is denoted by EP(G).

By using Nadler’s theorem [6], they introduced the following algorithm:

Letz, € Cand wy € T (z,), there exists sequences {w,} € H and {z,}, {u.} € C
such that

Wy € T(xn) y “wn i wu+l“ < (1 gt %)H (T (xﬂ) ,T(Iu+3)),
P(wn, un,v) + 9(v) — @(un) + % (Un = Zn, v —un) 20, Vv € C, (1.9)
Tn4l = a'uf(-rn) 5 (1 = a-'n) Suus n= 1323 v

They proved the strong convergence theorem of the sequence {z,} generated
by (1.9) as follows:

Theorem 1.3 ([33]). Let € be a nonempty, bounded, closed and convex subset of
a real Hilbert space H and let ¢ : C = R be a lower semicontinuous and convex
functional. Let T': C — CB(H) be H-Lipschitz-continuous with constant u, & : H x C x




C — R be an equilibrium-like function satisfying (H1)-(H3) and § be a nonexpansive
mapping of C into itself such that Fiz(S) N (GEP),(®,¢) # 0. Let f be a contraction
of C into itself and let {z,}, {w.}, and {u,} be sequences generated by (1.9), where
{a,} € [0,1] and {r,} C (0,0c) satisfy

oo o0
T}m”n =0,Z“n = 0012'“11+1 — anl| < o0,

n=1 n=1

llmlnfru > 0 and E I*a+1 — Tn] < co.
T n=1

If there exists a constant A > 0 such that
® (w1, Ty, (1), Tr, (22)) + @ (w2, Ty, (22) , Ty (21)) € =A||T3, (21) = T, (z2)]1°

for all (ry,r2) € Ex E, (z1,22) € C x C and w; € T (z;),i = 1,2, where E = {r, : n > 1}
then for & = PFix(S}n(GEP),(@.w)f(i)n there exists w € T(.‘f‘) such that (.‘i‘,if)) is a solution
of (GEP) and

Ty = E,wp, = W and u, = 2 as n — oo.
In 2012, Kangtunyakarn [26] introduced the iterative algorithm as follows:

Algorithm 1.4 ([26]). Let T; : i = 1,2,..., N, be ;-pseudo contraction mappings of ¢
into itself and x = max{x; :i=1,2,..., N} and let S, be the S-mappings generated by
T1,T2, ., Ty and a{™,ad™, ..., ("), wherea M= (@},af, o) e Ix I x 1, I=0,1],

MHagl+aj’ =1andk<a<af’af? <b<1forallj=1,2,....N-1, s <aP™ <1,
K<GJN £d<l, n<a§'~<e<1forall_;-1 A Let:clEC=C;andw}ET(:r]),
wi € D (x,), there exists sequence {w)},{w?} € H and {z,.}, {un},{va} € C such that

[wl e T (), [l —whin]l € (14 2) H(T @), T (2ne)),

w € D(zn) "w _wn+l I < (1 2s )H(D(I,.),D(.‘Bﬂ.u)) '

®(wp, tn, u) + @1(u) = @1(un) + = (Un — Tn,u —un) >0, Yu € C,

¢(1U3,'U;;,U) T ‘PQ(U) = ‘PQ(UH) + _.,L ('Un = Ty, V — vn) 2 0; Vv € C|

! Sty (1.10)
zn = 0o Po(l — AA)uy, + (1 — 8,) Po(I — nB)uy,

Yn = Onzn + (1 — @) Snzn;

Cry1= {3 € Cp ¢ |l — z” < |lzn = z”}v

Zn+1 = Po, 21, Y 2 1,

.

where D, T : C — CB(H) are H-Lipschitz continuous with constants u,, us, respectively,
$y,®;: Hx C x C — R are equilibrium-like functions satisfying (H1) — (H3), A:C - H
is an a-inverse strongly monotone mapping and B : C — H is a B-inverse strongly
monotone mapping.

He proved under some control conditions on {6,.}, {an}, {8} and {r,} that the
sequence {z,} generated by (1.10) converges strongly to Prz,, where F = NN, Fiz (T)n



(GEP)s (®1,¢1) N (GEP), (®2.2) N Fix (G1) N Fiz (G2), G1,G2 : C — C are defined by
Gi(z) = Pec(z—-AAz), Ga(z) = Pe(z—nBz),Yr € C and Prz; is a solution of the following
system of variational inequality:

{Az*,z —z*) > 0,

(Bz* z — z*)>0.

For the last decades, many mathematicians are interested in studying and
trying to improve this problem, see [26, 34].

1.3 Objectives of the study

1) To propose some new mathematical tools and properties for the combination
of equilibrium problem, the combination of variational inequality problem and
fixed point problem in a Hilbert space.

2) To define the new iterative methods for approximating the solutions for the
combination of equilibrium problem, the combination of variational inequality
problem, the modified generalized equilibrium problem and fixed point problem
in a Hilbert space.

3) To prove strong convergence theorems for equilibrium problems, variational in-
equality problems and fixed point problems in a Hilbert space under some con-
trol conditions.

4) To give numerical examples to support our main theorems.

1.4 Scopes of the study

1) Study variational inequality problems and equilibrium problems in a Hilbert space.

2) Investigate the fixed problems of nonlinear mappings including nonexpansive
mapping, strictly pseudo-contractive mapping and nonspreading mapping in a
Hilbert space.

3) All strong convergence theorems are considered and proved in Hilbert spaces.
4) Every numerical example for our main results are given in one- and two-dimensional

space of real numbers.

1.5 Benefits of the study

1) Obtain new mathematical tools for the properties of variational inequality prob-
lems, equilibrium problems and fixed problems of nonlinear mappings in Hilbert
spaces.



2) Obtain a strong convergence theorem for a common solution of equilibrium prob-
lems, variational inequality problems and fixed points of an infinite family of
strictly pseudo-contractive mappings.

3) Obtain a strong convergence theorems for a common solution of equilibrium
problems and fixed point of a nonspreading mapping.

4) Obtain a strong convergence theorem for a common solution of modified gener-
alized equilibrium problems and fixed point of a finite family of strictly pseudo-
contractions

5) Our new problems introduced in this thesis can be applied into the real-world
problems such as economic problems and optimization problems.

This thesis consists of five chapters as follows:

In chapter 1, we show the background of this thesis, that is, iterative meth-
ods for fixed point theorems and the definitions and properties of a finite family of
nonlinear mappings.

In chapter 2, we give the literature review and describe some definitions, no-
tations and properties of fixed point problem, equilibrium problem and variational
inequality problem that are necessary to prove our main theorems in the next chap-
ter.

In chapter 3, we first introduce the combination of equilibrium problem and
the combination of variational inequality problem for strongly positive linear bounded
operators. Some Lemmas for these problems are obtained. Then we prove a strong
convergence theorem for equilibrium problem, variational inequality problem and
fixed point problem in Hilbert space. Secondly, we obtain a Lemma showing the
properties of a nonspreading mapping. Consequently, we prove a strong convergence
theorem for equilibrium problem and fixed point problem of a nonspreading map-
ping. Finally, the modified generalized equilibrium problem and K-mapping for a
finite family of strictly pseudo-contractive mappings are introduced. Then we prove
a strong convergence theorem for the modified generalized equilibrium problem and
fixed point of strictly pseudo-contractions in Hilbert space.

In chapter 4, we obtain some additional results of our main results and give
numerical examples for our theorems in the previous chapter.

In chapter 5, we describe the conclusion of the thesis.



Chapter 2

Preliminaries and Literature Reviews

2.1 Fundamental properties in Hilbert spaces
Lemma 2.1 ([38]). Let H be a real Hilbert space. Then the following results hold:
lz +ylI? < lll|* + 2(y, = + y), for each z,y € H. (2.1)

Lemma 2.2 ([47]). Let H be a real Hilbert space. Then for all z; € H and a; € [0,1] for
i=1,2,...,nsuch that 3, a; = 1 the following equality holds:

" 2 n

2 2
E T =_S_ o ||z - E aja; ||z — x5
i=1 i=]

1<€i,5<n
Definition 2.1 (Strong convergence [37]). A sequence {z,} of vectors in an inner prod-

uct space K is called strongly convergent to a vector z in K if
|lzn — 2| = 0 as n — oo.

Definition 2.2 (Weak convergence [37]). A sequence {x,} of vectors in an inner product
space K is called weakly convergent to a vector z in K if

(Tn,y) = (z.y) @s n — oo for every y € K.

Theorem 2.3 ([37]). A strongly convergence sequence is weakly convergence (to the
same limit), that is, z, — = implies z, — .

Remark 2.4 ([19)). If z, = z and z, — y, then z = y.

Lemma 2.5 ([19]). Let {z,} be a Cauchy sequence of an inner product space € such
that z, = z. Then z,, = z.

Theorem 2.6 ([19]). Let H be a Hilbert space and let C be a nonempty closed convex
subset of H. Suppose that {z,} c C and z, = z. Then z € C.

Definition 2.3 ([19]). Let H be a Hilbert space and let C be a nonempty closed convex
subset of H. Let f be a function of C into (—oc, o], where (—oo, 0] = RU {=}. Then,
[ is called lower semicontinuous if for any a € R, the set

{zeC: f(x) <a} is closed.
Moreover, f is called convex if for any z,,z, € C and t € (0,1),
fltzy + (1 = t)ag) S tf(21) + (1 = t) f(z2).
Similarly, f is said to be concave if for any z;,z; € C and t € (0,1),

f@zy + (1 = t)xz2) > tf(z1) + (1 — t) f(z2).
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Theorem 2.7 ([19]). Let H be a Hilbert space, let C be a nonempty closed convex
subset of H and let f be a proper convex lower semicontinuous function of € into
(—o0,00]. Let {z,} be a bounded sequence in C such that z,, — zo. Then

/ (o) < iminf f (zn).

Lemma 2.8 ([4]). Each Hilbert space H satisfies Opial’s condition, i.e., for any sequence
{u,} C H with u, — u, the inequality

Linlinf“un —ul < liﬂmf||uv‘ — |
holds for every v € H with v # u.

Theorem 2.9 ([19]). Let {a.} be a bounded of real numbers. Then, there exists sub-
sequence {a,,} of {a,} such that
a=limsupa, = lim a,,.
n—o0 3R
Similarly, there exists a subsequence {a,, } of {a.} such that
B =liminfa, = lim an,.
n—oo j—oc

Remark 2.10 ([19]). Let H be an inner product space. Then we know that the following
(1) and (2) are equivalent:

1) H is complete,

2) each bounded sequence {z,} of H has a weakly convergence subsequence {z, }
of {#,}.

Definition 2.4 (Metric projection [19]). The (nearest point) projection P from H onto
C assigns to each z € H the unique point Pcz € C satisfying the property

lz - Pez|| = ';Tyg ll& = yll.
Lemma 2.11 ([20]). For a given z € H and u € C,
w=FPeze (u—2z,v—u) >20,VveC.
It is well-known that Pc is a firmly nonexpansive mapping of H onto € and satisfies
|Pex — Pey||® < (Pex — Poy,z — y) ,Vz,y € H.

Lemma 2.12 ([20)). Let H be a Hilbert space, let C be a nonempty closed convex
subset of H and let A be a mapping of C into H. Let u € C. Then, for A > 0,

u= Pe(l - AA)u & u € VI(C, A),

where P¢ is the metric projection of H onto C.
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Lemma 2.13 ([14)). Let {s,} be a sequence of nonnegative real numbers satisfying
Sn+1 S (1 —an)sn +0n,¥n 2 0,

where o, is a sequence in (0,1) and {4,} is a sequence such that

() T2 o = 6%,

(2) imsup,,_,, % <00r 352, |6n] < oc.

Then, lim,,— 0 8 = 0.

2.2 Fixed point sets of nonexpansive mappings and strictly
pseudo-contractive mappings

Let X be a nonempty set and T': X — X a self-mapping. We say that z € X
is a fixed point of T if and only if T2 = = and Fiz(T) represents the set of all fixed
points of T.

Example 2.14 ([39]). 1) If X =R and T(z) = 2? 4 5z + 4, then Fiz(T) = {-2};
2) If X =R and T(z) = 2? — z, then Fiz(T) = {0,2};
3) If X =R and T(z) = z + 2, then Fiz(T) = §;
4) If X =R and T(z) = z, then Fiz(T) = R;

Definition 2.5. Let the mapping T': C — C. Then T is called

1) a nonexpansive mapping if

“TI = Ty" < “I = yH’VI,y € C.

2) w-strictly pseudo-contractive if there exists a constant « € [0,1) such that

Tz - Ty|* < lle = yll* + & (I = T)x — (I - T)y||* ,Va,y € C.

Note that the class of s-strictly pseudo-contractions strictly includes the class

of nonexpansive mappings, that is, nonexpansive mapping is a 0-strictly pseudo-contractive

mapping.

Example 2.15. Let 5,T : R — R be defined by Sz = £ and Tz = —2z,Vz € R, respec-
tively. Then S is nonexpansive and T is «-strictly pseudo contractive, where « € [3,1).
Solution. Let z,y € R. Then we obtain

L E 1
- =|l——==|==| — < — yl.
ISz-Syl=I5-3l=3le—3| S |z—yl

Thus S is nonexpansive.
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Next, we compute

Tz — Ty* = | - 2z + 2y|* = 4(z — y)?
and
(I =Tz = (I - T)y|* = |3z = 3y|* = 9(= - y)°.
Choose « = 3. We derive

o=yl + K|(I = T)z = (I - Tyl = (e - y)* + % x 9(z — y)?

=(2-y)* +3(z - 9)® = 4(x - y)* = [Tz - Ty|*.
Hence T is a -strictly pseudo contractive mapping.

Theorem 2.16 ([19]). Let H be a Hilbert space and let ¢ be a nonempty bounded
closed convex subset of H. Let T be a nonexpansive mapping of C into itself. Then
T has a fixed point in C.

Theorem 2.17 ([19]). Let H be a Hilbert space and let C be a nonempty closed convex
subset of H. Let T be a nonexpansive mapping of C into itself. Then Fiz(T) is closed
and convex.

Lemma 2.18 (Demiclosedness principle [3]). Assume that T is a nonexpansive self-
mapping of closed convex subset C of a Hilbert space H. If T has a fixed point, then
I - T is demiclosed. That is, whenever {z,} is a sequence in C weakly converging to
some z € C and the sequence {(I — T)z,} strongly converges to some y it follows that
(I - T)z = y. Here, I is the identity mapping of H.

Lemma 2.19 ([40]). Let H be a Hilbert space, C be a closed convex subset of H. If
T is a w-strictly pseudocontractive mapping on C, then the fixed point set Fiz(T) is
closed convex, so that the projection Pry,(r) is well defined.

Lemma 2.20 ([15]). Let C be a nonempty closed convex subset of a real Hilbert space
H and S : C — C be a self-mapping of C. If S is a s-strict pseudo-contractive mapping,
then § satisfies the Lipschitz condition

1
1

+
ISz - Syll < == llz = yll. ¥,y € C.

Definition 2.6. Let the mapping T': C — C. Then T is called an a-contractive mapping
if there exists « € (0,1) such that

Tz — Ty| < allz —y|,Vz,y € C.

Obviously, if T is contractive, then T is nonexpansive. That is, the class of
nonexpansive mappings strictly includes the class of contractive mappings.
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Example 2.21. Let the mapping f : R — R be defined by fz = £, for all 2 € R. Then
[ is a }-contractive mapping.
Solution. Let z,y € R. Since |fz — fy| = |5 - ¥| = |z — y|, thus f is a contractive
mapping with o = 1.

Let {T;}X, be a finite family of nonlinear mappings with F = (¥, Fiz (T}) #
0. There are numerous mathematicians proposed the iterative methods and new
technigues for finding an element of F, see, for instance, [23, 26, 18, 13].

In 2009, Kangtunyakarn and Suantai [24] introduced the K-mapping for a finite
family of nonexpansive mappings in a real Banach space. They obtain that Fiz(K) =
NX., Fiz (T;) under some milds conditions.

Definition 2.7 ([24]). Let C be a nonempty closed convex subset of a real Banach
space. Let {T;}}¥, be a finite family of nonexpansive mappings of C into itself and
let Ay, Az,...,An be real numbers with 0 < A; < 1 for every i = 1,2,...,N. Define a
mapping K : C — C as follows:

U1 — /\1T1 +(]- S Al)Il
Uz = AToUy + (1 = A2) Uy,
Us = MTsUs + (l = /\3) Us,

Un-1=ANaTn-1Un—a + (1 = An—1) Un-g,

K=Uy=ATnUn-1+ (1= AN)Un-1. (2.2)
Such a mapping K is called the K-mapping generated by T1,T5,...,Tx and Ay, Az, ..., An.

Lemma 2.22 ([24]). Let C be a nonempty closed convex subset of a strictly convex
Banach space. Let {T;}Y, be a finite family of nonexpansive mappings of C into itself
with N, Fiz (T,) # 0 and let Ay, As, ..., Ax be real numbers such that 0 < A; < 1
for every i = 1,2,...,N-1 and 0 < Ay < 1. Let K be the K-mapping generated by
T1,Ta,...,Tn and A, Ay, ..., An. Then Fiz(K) = NN, Fiz (T;).

Later, in 2011, Kangtunyakarn [25] considered the fixed point sets of an infinite
family of nonexpansive mappings and obtain the results as follows:

Definition 2.8 ([25]). Let C be a nonempty convex subset of a real Hilbert space. Let
Ti,i = 1,2,... be mappings of € into itself. For each j = 1,2,..., let a; = (a},a},a}) €
Ix1IxIwherel=][0,1], o} +od+a} =1 Foreveryne N, we define the mapping
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S, : C = C as follows:

Un,n+1 =1
Unn = ThlUnnt1 + aqUnnsr + a3t

il = a?_lTn_lUn'ﬂ + ug'lUn',. +a§_1[

k4l k+1 k+1
Unis1 =] Tig1Unira + 03" Unpya+az 1

k k k
Uk = o7 TiUp kg1 + 0gUp k41 + a5l

Un,? = Q’?TQUH.!? + agUn.S 5 Ol%]

o =lUn i = ﬁiTlU,.,z s aéUn.z + (x;[
This mapping is called S-mapping generated by T, Ty—1,...,Ti and ay, an_1,..., ).

Lemma 2.23 ([25]). Let C be a nonempty closed convex subset of a real Hilbert
space H.Let {T;}:2, be &;-strictly pseudo-contractive mappings of C into itself with
Niz, Fiz (T;) # 0 and s = sup,.y x: and let o; = (o, 0,03) € I x I x I where I = [0,1]
,ol+af+al=1,a]+a} <b<1andal,al,a € (k1) foral j=12,.... For every

n € N, let S, be S-mapping generated by T,,Tn-1,...,T1 and an,an_1,...,a;. Then,

for every z € C and k € N,lim, o Un xx €Xists.

For every k € N and z € C, Kangtunyakarn [25] defined mapping U« and
S:C — C as follows:

lim Un'k:': » Uco.k-r

n—oo

and
r‘li_rj!go S,z = li_r"n Upiz = Sz.
Such a mapping S is called S-mapping generated by Ty, Tu-1,... and ay,, a1, .. ..

Remark 2.24 ([25]). For every n € N, S, is nonexpansive and lim, e SUP, ¢p [|Sna —
Sz|| = 0 for every bounded subset D of C.

Lemma 2.25 ([25]). Let C be a nonempty closed convex subset of a real Hilbert
space H. Let {T;}:2, be x;-strictly pseudo-contractive mappings of € into itself with
Niz, Fiz (T;) # 0 and & = sup, .y ki and let a; = (o, 0},0j) € I x I x I where I = [0,1]
vol+al+ef=1,0]+a} <b<1andel,ed,af € (k1) forall j =1,2,.... For every

n € N, let S, and S be S-mappings generated by Ty, Tn-1,..., 71 and an,ap_1,...,m

and T, Ty -1, ... and an, @n-1, ..., respectively. Then Fiz(S) = N2, Fiz (T3).
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2.3 Fixed point sets of nonspreading mapping with some properties

Definition 2.9. Let T : C — C be a mapping. Then T is said to be
1) a quasi-nonexpansive mapping if

ITz - p|| < ||z - p|, for every z € C and p € Fiz(T).

2) a nonspreading mapping if

2Tz = Ty|* < | Tz - ylI* + |z — Ty||*,¥z,y € C. (2.3)

In 2008, Kohsaka and Takahashi [41] introduced the nonspreading mapping T
in Hilbert space H as defined in (2.3)

In 2009, it is shown by lemoto and Takahashi [42] that (2.3) is equivalent to the
following equation.

1Tz — Ty|? < ||z - y||* + 2{z = Tz,y — Ty), for all z,y € C. (2.4)

Many researcher proved the strong convergence theorem for nonspreading
mapping and its generalized mappings in Hilbert spaces, see, for example, [43, 38, 44,
45].

Theorem 2.26 ([41]). Let H be a Hilbert space, let C be a nonempty closed convex
subset of H and let T be a nonspreading mapping of C into itself. Then Fiz(T) is
closed and convex.

Remark 2.27. From (2.4), if T is a nonspreading mapping with Fiz(T) # 0, then T is

quasi-nonexpansive.

Example 2.28. Let T : [1,100] — [1,100] be defined by Tz = 25, Then T is a non-
spreading mapping.

Solution. Let x,y € [1,100]. Thus we get
2+5 2+5

_ - 2_2 = 2_i —yl?
[Tz~ Ty = |Z5= - L2 = 2@ - ) = 5l — o,
and
2{w—T;u,y—Ty)=2(1‘—2x;5) (y— 2_1;;—5)
—9 5z —5 5y -5
. 7 7
50 :
=E(z—l)(y—1)20.(Slncez,y2]).
Therefore

|z = yl* +2(z — Tz,y — Ty) 2 | - y/*

4 2 2
o i R B o e 3
> 49!Ju y|* = |Tx — Ty|

Hence T is a nonspreading mapping.
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Example 2.29. Let an inner product (-,-) : R? x R? = R be defined by (u,v) = u v =
u1v1 + uzvy and a usual norm || - || : R? - R be given by |u] = /uf+13, for all
u = (u1,u2),v = (v1,v2) € R% Let I =[1,100] and let T': I* — I? be defined by

Tu = (m;"l’ 5u26+ 1) , for all u = (uy,up) € I2.
First, show that T is a nonspreading mapping.
For every u,v € I, we obtain

2
|Tu — To|f? =

u; +1 Sus +1 . vy +1 Sup+1
20 6 Joe 6
2

= H (%(ul - ), g{uz - ‘Us))

1 25
e (wr —w)* + 36 (ug — v3)*,
and

2(u = Tu,v — Tv)
uy +1 dug+1 v+1 Sug+1
=2<(u1,uz)—(-1—2—- 2 ).(vl,vz)—(l——. e )>

6 2 6

i 'H]_—l Uz—l ‘Ul—]. 1)2—1
- 2 TG ; 2 " 8

=2(m;{u%4)_(m;1¢24)
-2|(*5) (%) + () (=)
g (uy — 1)2(111 -1) " (ug — lis(vg =1)

>0.
This yields that

lu = v||? + 2(u = Tu,v — Tv) > |Ju— vl
= (w1 = v1,u2 = va)|?
= (u - 1J1)2 + (ug - '”2}2
2 41(111 -u)?+ %g (uz — v)*
= ||Tu — Tv|>. (2.5)

Then T is a nonspreading mapping and observe that Fix(T) = {1}, where 1 = (1,1).
For every u € I x I and 1 € Fiz(T), from (2.5), we have

|1 Tu—=T1)% < |lw— 1% + 2(u — Tu,1 - T1)

= = 1P,

Therefore T is a quasi-nonexpansive mapping.
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The following example shows that the converse of Remark 2.27 does not hold.

Example 2.30. Let 7 = [0,2] and let T : I? — I? be defined by

_ { (452, 42)  fue(1,2x (1,2,
(3. %) if ue [0,1] x [0,1].
First, show that T is quasi-nonexpansive for all u € I2,
Observe that Fiz(T) = {2} if z € (1,2] x (1,2] and Fiz(T) = {0} if u € [0,1] x [0, 1], where
2 =(2,2) and 0 = (0,0).
For any u € (1,2] x (1,2], we have

(57 -2 -]

ITu-T2| = \

('bn -2 Uz — 2
Qi
= 5l - 2,0 - 2)]
1
= 5 "(ull"2) (2:2)“
< lu-2]|.
For every u € [0,1] x [0, 1], we obtain
u] Ug I e u2
H(?’?) F (O’O)H = H( 22 )H
1
- 5” ('ut-l_l-a)”
< ).

Therefore T is a quasi-nonexpansive for all u € I2.
Choose u = (3,3) and v = (3, ), we have

P(33) -Gl -]

2

Thus we get

le = v]|® + 2{u — Tu,v — Tv)

2
-[G2)-Ga)l ~(G3)-7((3) (33)-7(Ga)
-t +2((33) - (3)-(3)- (i)

Hence we have
|1 Tu = Tv|? > ||u - v|* + 2(u = Tu,v — Tv).

That is, T is not a nonspreading mapping.

078101




18

2.4  Properties of strongly positive bounded linear operators in
Hilbert spaces

Definition 2.10 ([19]). Let E and F be linear spaces with the same scalars, and let T
be a mapping of E into F. Then T is called linear if for any z,y € E and any scalar
a€ER,

T(z+y) =T(z) + T(y) and T(azx) = aT(z).

In particular, for the case of F =R, T is called a linear functional.

Note that if T: E — F is a linear mapping, then
T(az + By) = aT(z) + BT (y),Vz,y € E and a, B € R.

Definition 2.11 ([19]). Let E and F be normed linear spaces with the same scalars,
and let T be a linear mapping of E into F. Then T is called bounded if there exists
K > 0 such that

IT(z)|| < K||z|| for all z € E.

Let T be a bounded linear mapping of E into F. So, we have that for z € E
with [lz] <1,
IT(=)ll < K, (2.6)

where T(x) is often denoted by Tz.
For a bounded linear mapping T of E into F, we define its norm by

IT|l = sup [|Tz||. (2.7

[lzl<1

For such ||T||, we have the following results.

Definition 2.12 ([19]). Let E and F be normed linear spaces and let T be a bounded
linear mapping of E into F. Then the following hold:

1) |Tz| < IT|||z|l forall z € E,
2) |T|| = SUPjz1=1 [Tz|.

Definition 2.13 ([37]). Let 4 be a bounded operator on a Hilbert space H. If (Az,y) =
(z, Ay) for all z € H, then A is called the self-adjoint operator.

Theorem 2.31 ([37]). Let T be a bounded linear self-adjoint operator on a Hilbert
space H. Then
1Tl = sup [(Tz,z)|.

[l|l=1
Definition 2.14 ([37]). A self-adjoint operator A is called positive if (Az,z) > 0 for all
T € H.
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Definition 2.15 ([16]). A self-adjoint operator A is a strongly positive operator on H if
there is a constant 5 > 0 with property

(Az,z) > 7||z||*, forall z € H.

Example 2.32. Let an operator 4; : R —» R be defined by 4;z = 2,vz € R and
i=1,2,...,N. Then 4, is a strongly positive linear bounded on R.
Solution. Let a,3 € R and z,y € R. Then, for every i = 1,2,..., N, we have

Ai(az + By) = %(aw +By) = a% + ﬁ% = adx + fAiy.

It follows that A, is a linear operator, for all i = 1,2,..., N.

Since
i

= 3lel,

i
A = | 5

then, forany i=1,2,...,N, 4, is bounded.

(Acz)y = (g) v=2(%2) = ataw),

then 4, is self-adjoint, for every i = 1,2,..., V.
Observe that

Consider

(Aiz)z = (%) g= 3-2-3 > 0. (2.8)

This yields that A; is strongly positve, fori =1,2,...,N.

Example 2.33. Let R? be the two dimensional space of real numbers with an inner
product (-,-) : R? x R? — R defined by (u,v) = u-v = wyv; + uav, and a usual norm
-]l : R2 - R given by [lul| = /u? +u3, for all u = (uy,u3),v = (v1,v2) € R% Let an
operator A : R? — R? be defined by Az = (%,%),Vz = (z1,75) € R%. Then A is a
strongly positive linear bounded on R2.

Solution. Let a,8 € R and z = (z1,22),y = (y1,32) € R Thus we derive

Alaz + By) = A(a(z1,22), B(y1,¥2))

= A(azy + aza, fy1 + By:2)

_ (o= +azz By + Bya
2 ! 2

(32T
-o(2.2)+5(2.2)

= oAz + [Ay.

This implies that A is linear. Observe that

T x2 2 1 1 1
||A1'N=I(71|32)|=\/Tl+f= Z($f+$§)='2'\/55?+I§=5”1”-
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Then A is bounded. Next, we consider

x

(Az,y) = ((31- %) ;(.111.‘92)>

L2 s =81 W,
= 2y1+2y2 2I1+2I2

=((5-%) @e) = (4y,2).
This yields that A is self-adjoint. Since

1 X3

(Az,2) = (3. 2)  (en,00)) = % (22 + 22) = 1z

N =

Hence A is a §-strongly positive operator.

Definition 2.16 ([22]). Let A be an operator of C into itself and @ > 0. Then, A4 is
called a-strongly monotone if

(z —y, Az - Ay) > a|lz — y|*, and z,y € C.

Remark 2.34. If A is a strongly positive linear operator on H with coefficient a > 0,
then A is an a-strongly monotone mapping.

Proof. Let z,y € H. Then z — y € H. Since A is a strongly positive linear operator on
H, we obtain

(t—y, Az — Ay) = (z -y, A(z - y)) > allz - y|*.
O

In 2006, under certain conditions, Marino and Xu [16] proved the property of a
strongly positive linear bounded operator in a Hilbert space as shown in the following
Lemma.

Lemma 2.35 ([16]). Assume A is a strongly positive linear bounded self-adjoint opera-
tor on a Hilbert space H with coefficient 3 > 0and 0 < 6 < ||A||=1. Then ||[I-6A| < 1-48.

Definition 2.17 ([22]). Let A be an operator of C into itself. Then, A is called an
inverse strongly monotone if there exists a positive real number a > 0 such that

(x —y, Az — Ay) > a||Am-AyH2,Vx,y eC.

Such an A4 is called a-inverse strongly monotone.

2.5 Equilibrium problems and generalized equilibrium problem in
Hilbert spaces

The equilibrium problem covers monotone inclusion problems, saddle point
problems, variational inequality problems, minimization problems, Nash equilibria in
noncooperative games, vector equilibrium problems and certain fixed point problems.
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Let F: C x C — R be a bifunction. The classical equilibrium problem for F is
to find u € C satisfying the following inequality

F(u,v) > 0,Yv € C. (2.9)

We use EP(F) to represent the set of solution of (2.9).

Let the bifunction F satisfy the following conditions for solving equilibrium problem.
(Al) Flu,u)=0forall ue C:

(A2) F is monotone, i.e., F(u,v) + F(v,u) <0 for all u,v € C;

(A3) For each u,v,w € C,

lim F(tw+ (1 = t)u,v) < F(u,v);
t—0+
(A4) For each u € C,v — F(u,v) is convex and lower semicontinuous.
Example 2.36. Let F: R x R = R be defined by
F(z,y) = =32 + zy + 2, Vz,y € R.

Then a bifunction F satisfies the condition (A1)-(Ad) and 0 € EP(F).
Solution. Let z,y,z € R. Since

F(z,z) = =322 + 72 + 222 = 0,

thus we obtain (A1) holds. Next, observe that
F(z,y)+ F(y,2) = (=32 + zy + 29%) + (=8y® + 2y + 22°) = —2? 4+ 22y —y® = —(z—3?) < 0.
This implies that F satisfies (A2). Let t € [0,1]. Consider
tl_im F(tz4+(1-t)z,y) = tim =3(tz+(1=t)z)+(tz+(1—t)x)y+2y* = -3z +zy+2y° = F(x,y).
Therefore, (A3) is true. To show (A4), first let a € (0,1). Then we derive that

F(z,az + (1 — a)y)

= -3z% + 2(az + (1 - a)y) + 2(az + (1 — a)y)?

= =32% + azz + (1 — a)zy + 2(a®2? + 2a(1 — a)zy + (1 — a)*y?)

< =8z% +axz + (1 — a)zy + 2(a?2® + a(l — a)(2® + v*) + (1 — a)2y?)

= a(-32% + 2z + 2(az® + (1 — @)2%)) + (1 = a) (=32% + 2y + 2(ay® + (1 - a)y?))

=a(-32% + 22+ 22%) + (1 - a) (=322 + zy + 20°)

= aF(z,z) + (1 — a)F(z,y).
Hence F is a convex function. Let {y,} ¢ R with y, — y as n — co. Thus we get

Y}ergo Flz,y,) = '}m —32% 4 Ty, + 292 = 3% + zy + 27 (2.10)

This yields that F is lower semicontinuous and (A4) holds. Since F(0,y) = 2y* > 0,Vy €
R, thus we have 0 € EP(F).
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Example 2.37. Let F: R x R — R be defined by
F(z,y) = (y - z)(y + 2z — 3),¥z,y € R.
Then a bifunction F satisfies the condition (A1)-(A4) and 1 € EP(F).
Solution. Let z,y,z € R. Due to the fact that F(z,z) = 0, then (A1) holds. Observe that
Fz,y)+ Fy,z)=(y-z)(y+2z-3)+ (z —y)(z + 2y - 3)
=—(z-y)(y+2r-3-z—-2y+3)
=—(z-y)>
This yields that (A2) is true. Let t € [0,1]. We derive that
\im F(tz + (1 - t)z,y) = Aim (y = (tz + (1 = £)2))(y + 2(t2 + (1 - t)z) - 3)
=(y - z)(y + 2z - 3) = F(z,y).
Then, we deduce that F satisfies (A3). By the definition of F, we obtain
F(z,y) = (y-z)(y + 22 - 3) = 3z — 22 = 3y + zy + 1°. (2.11)
Let a € (0,1). From (2.11), we have
F(z,az + (1 — a)y)
=3z - 22* = 3(az + (1 — a)y) + z(az + (1 — a)y) + (az + (1 — a)y)?
=3z - 22? - 3(az + (1 — @)y) + z(az + (1 — a)y) + a®2* + (1 — a)%y? + 2a(l - a)yz
<3z - 22% - 3(az + (1 - a)y) + z(az + (1 - a)y) + o®2% + (1 — a)®y? + a(1 — a) (3° + 2?)
=a [3z - 22 - 32+ z2 + a2’ + (1 - @)2%] + (1 - a) [3z - 22 - 3y + 2y + ay® + (1 - a)?]
=a [3z - 22° - 3z + zz + 2%] + (1 - a) [3z - 22 - 3y + 2y + 4?]
=aF(z,2) + (1 — a)F(z,y).
Thus F is convex. Next, we let {y,} ¢ R such that y, = y as n = o. Then

lim F(z,y,) = n[i_r:r;lo(y,. —z)(yn +22—-3) = (y —z)(y + 22 — 3) = F(z,y).

n=»o0

Hence F is lower semicontinuous. Therefore (A4) holds for a bifunction F.

Example 2.38. Let R? be the two dimensional space of real numbers with an inner
product (-,-) : R? x R? - R defined by (u,v) = u-v = uyv; + ugve and a usual norm

|-l : R? = R given by |ju]| = y/u] +u3, for all u = (uj,us),v = (v1,v2) € R2 Let
F :R? x R? - R? be defined by

Flz,y)=(y—=z) (y+ 6z — (7’ 7)),V:L',y € sz

Then a bifunction F satisfies the condition (A1)-(Ad4) and (1,1) € EP(F).
Solution. Let z,y,z € R*. Consider

F(z,2) = (z - 7) - (z + 62 — (7,7)) = 0.
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Thus F satisfies (Al1). Next, observe that

Fz.9) + Ely.z)
=F((x1,22), (y1,¥2)) + F((v1,¥2) , (21, 22))
=((y1,92) = (21, 22)) - (31, y2) + 6 (x1,22) = (7, 7))
+ ((z1,22) = (y1,92)) - ((z1,22) + 6 (w1,92) — (7, 7))
=(y —x1,y2 — %) (11 + 621 — 7,52+ 622 - 7)
+(z1—y1,22 = yo) - (21 +6y1 — 7,29+ 6y2 — 7)
=—(z1—ynx2—y2) (1 + 62y = T,y2 + 622 = 7) — (z1 + 61 — T, 22 + 6y2 — 7))
=~ (21 = y1, 72 — ¥2) - (521 — 541, 572 — 5y2)
=-5 ((-"?1 = 91)2 + (z2 — y:)z) <0.
Then (A2) is true. Let ¢ € [0,1]. Derive that
tl_i'rp* F(tz+ (1 - t)z,y)
= z'i'”.ﬂ (y = (tz+ (1 -t)x)) - (y +6(tz+ (1 = t)x) — (7,7))
= tlﬁi’m((yl-ya) = (t(21,22) + (1 = t) (z1,22))) - (w1, %2) + 6(t (21, 22) + (1 = ¢) (z1,22)) = (7, 7))
= ((y1,92) = (z1,22)) - (41, ¥2) + 6 (21, 22) — (7, 7))
=(y—=z)-(y+6z—(7,7) = F(z,y).

Therefore (A3) holds. From the definition of F, we obtain

F(x,y) =F((x1,22) , (y1, y2))

=((y1,92) = (z1,22)) - (11, 92) + 6 (z1,22) — (7, 7))

= T1,Y2 — T2) - (1 + 621 — T,y2 + 622 — 7)

vi—z1) (y1 + 621 = 7) + (y2 — x2) (y2 + 622 = 7)

(
= (yf + 5z — Ty — 623 + 7.1'1) + (yg + 5xay2 — Tya — 6::% + 7:1:2) 7 (2.12)
Let a € (0,1). From (2.12), we deduce that

F(z,az + (1 - a)y) = F((z1,22) ,a(z1,22) + (1 — a) (11, 2))
=F((z1,22), (az1 + (1 — a)y1, 022 + (1 — a)ya))
- [(az1 + (1= un)* + 521 (a2 + (1~ @) - 7 (e + (1 - a)yn) — 623 + T
o+ [(azg + (1 - a)ya)” + 522 (aza + (1 - a)ya) = 7(azz + (1 = @)ya) — 62 + Tas
=[a’zf + (1 = )2y + 20(1 — a)zayn + 5z (e + (1 — a)yy) — 7 (az + (1 — a)yy) — 622
+ 711] + [a2z§ +(1 = a)%y2 + 2a(1 — @)z + 523 (aza + (1 — @)ya2) — 7 (@23 + (1 — @)ya)

- 6z3 + 712]
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<[u Z+(1-a)y +a(l -a) (22 +3}) + 521 (az1 + (1 — a)n) — T(az + (1 - a)y) - 622
£ 711] & {azzg +(1-a)y: +a(l -a) (zg + y%) +5z2 (az2 + (1 — @)y2) — T(az2 + (1 — a)y2)
- 623 + 72:2]

= [azf + (L - @)y} + 521 (az1 + (1 - a)) — 7(az1 + (1 — a)y1) — 623 + Tz,
+ [e23 + (1 — a)y3 + 522 (22 + (1 — @)y2) — T(azz + (1 — a)yz) — 623 + Tz,

= [a (2] + 52121 = T2 = 621 + Tz1) + (1 — a) (4} + 52131 — T — 627 + 71,)]

+ [a (2 + 57220 — T22 — 625 + T22) + (1 — ) (13 + 5z2y2 — Tyz — 62% + Tz3)]

=a (2} + 5z121 — Tz1 — 622 + T21) + (22 + 5Ta22 — T22 — 623 + Tx3)]
+ (1= a) [(yi + 5z13n — Tyr — 6% + Tz1) + (Y3 + 5Taye — Tyz — 623 + T22)]

=aF ((z1,22), (21, 22)) + (1 = @) F ((z1, 22) , (11, 92))

=aF(z,z) + (1 — a)F(z,y).

This yields that F is convex. Suppose that {yn} C R* with y, = (y},42) = (y1,¥2) as

n — 0o. Thus we get

lim F(z,y,) = llm (yn — @)« (yn + 62 — (7,7)) = (y — z) - (y + 6z — (7,7)) = F(z,y).

n—00

Hence F is lower semicontinuous. So the condition (A4) holds.
Because F((1,1),y) = (y—(1,1))-(y+6(1,1)—(7,7)) = (y—(1,1))-(y—(1,1)) = (y—(1,1))* > 0,
then (1,1) € EP(F).

In 1994, Blum and Oettli [9] proved the following existence result:

Lemma 2.39 ([9]). Let C be a nonempty closed convex subset of H and let F be a
bifunction of € x C into R satisfying (A1)-(Ad). Let » > 0 and = € H. Then, there exists
z € C such that

(z,y)-i— -{y—z,z2-2) 20,Yy e C.

Lemma 2.40 ([10]). Assume that F: C x C — R satisfies (A1) — (A4). For r > 0, define
a mapping T, : H — C as follows:

T.a) = {2 €C: F,0) + 1y~ 22~ 1) 20,Yy € C}
for all z € H. Then, the following hold:
1) T, is single-valued;
2) T, is firmly nonexpansive, i.e., for any =,y € H,
ITe(@) = TeI* < (Te(2) = To(w), 2 — w);
3) Fiz (T,) = EP(F);

4) EP(F) is closed and convex.
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Let ¥ = {F},.,, .~ be a finite family of bifunctions from C x C to R. The
system of equilibrium problem for ¥ is to determine common equilibrium points for
U = {F};-, .. thatis, the set

EP(V)={u€eC: Fi(u,v) 20,Yv e C,Vi€ 1,2,...,N}. (2.13)

Note that if F; = F, foralli=1,2,..., N, then the system of equilibrium problem (2.13)
becomes the equilibrium problem (2.9). Moreover, the problem (2.9) extends (2.13) to
a system of such problems covering various forms of feasibility problems [10]. Several
iterative algorithms are proposed to solve the equilibrium problems and a finite family
of equilibrium problems, see, for instance, [31, 30, 10, 18, 17].

Let CB(H) be the family of all nonempty closed bounded subsets of H and
#(-,-) be a Pompeiu-Hausdorff metric on CB(H) defined as

H(U,V) = max {sup d(u, V), supd(U, v)} WU,V € CB(H),

veV
where d(u, V) = infyev d(u, v), d(U, v) = infyer d(u,v) and d(u,v) = |lu - v]|.
Example 2.41. Let H =R, U =(0,2] and V = [4,7]. Let d: R x R — R be defined by

d(z,y) = |z —y|. Then H(U,V) = 5.
Solution. Let the conditions hold. Then we have

supd(u, V) = sup mf (v —u)= sup (4—u) =4,
uel uel vE[4,T u€[0,2]

and

supd(U/,v) = sup mf (v —u)= Sup (v-2) =5
veV veV “E[D vE[4,7]

This implies that
H(U, V) = max {sup d(u, V), supd(U, v)} = max {4,5) =75
uel veV

Definition 2.18. A multivalued mapping T : C — CB(H) is said to be H-Lipschitz
continuous if there exists a constant x > 0 such that

H(T(w), T(v)) < pllu—vl|,Yu,v € C,
where H(-,-) is the Hausdorff metric on CB(H).

Lemma 2.42 (Nadler’s theorem [6]). Let (X, || - ||) be a normed vector space and (-, -)
is the Hausdorff metric on CB(H). If U,V € CB(H), then for every ¢ > 0 and u € U,
there exists v € V such that

llu—vll < (1+)HU, V).

Let C be a nonempty closed convex subset of H. Let ¢ : C — R be a real-
valued function, T : ¢ - CB(H) a multivalued mappingand @ : H x C x C — R an
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equilibrium-like function, that is, ®(w,u,v) + ®(w,v,u) = 0 for all (w,u,v) € H x C x C
which satisfies the following conditions with respect to the multivalued mapping
T:C - CB(H).

(H1) For each fixed v € C, (w,u) = ®(w,u,v) is an upper semicontinuous func-
tion from H x C — R, that is, for (w,u) € H x C, whenever w, — w and u, — u as
n — oo,

lim sup @ (wy, un, v) < &(w,u,v);

n—oo

(H2) For each fixed (w,v) € H x C, u— ®(w,u,v) is a concave function;
(H3) For each fixed (w,u) € H x C, v — ®(w,u,v) is a convex function.

In 2009, Ceng et al.[33] introduced the generalized equilibrium problem (GEP)
as follows:

Find u € € and w € T(u) such that
(GEP) (2.14)
B(w, u,v) + @(v) — p(u) > 0,Yv € C.

The set of such solutions u € C of (GEP) is denoted by (GEP),(®,¢). In the case
of ¢ = 0 and ®(w,u,v) = G(u,v), where the bifunction G satisfies (A1) — (44), then
(GEP),(®, ) is denoted by EP(G).

Example 2.43. Let T:R -+ R and ¢ : R x R x R — R be defined by
S(w,u,v) = w(v—u),V(w,u,v) e R xR x R.

Then @ satisfies the condition (H1)-(H3).
Solution. Let w,u,v € R. Then ®(w,u,v) + &(w,v,u) = w(v - u) + w(u —v) = 0. Let

wy, = W and u, — i as n — so. Since

Um @ (wn, up,v) = M w,(v - u,) = @(v — i) = &(1d, i, v), for all y € R,
n=—00

n—oc

then (H1) holds. Let t € (0,1) and 4, 2 € R. Because
S(w, tit + (1 = t)2,v) = wl(y — (ti + (1 - ¢)2))
=w(t(v—1)+ (1 —t)(v - 2))
=tw(v — @) + (1 - thw(v — 2) = tP(w, @, v) + (1 — t)P(w, 2,v),

for every z,y € R, thus & is a concave function and therefore (H2) is true. Let t € (0,1)
and 7,z € R.

®(w,u, to + (1 — t)z) = w((td + (1 — £)2) - u)
= w(t(v —u)+ (1 —t)(z —u))

= tw(t —u) + (1 - tyw(z — u) = t®(u, 0) + (1 — £)®(w, u, 2),

for all w,u € R. Then & is a convex function and hence @ satisfies (H3).
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Theorem 2.44 ([33]). Let C be a nonempty, bounded, closed, and convex subset of
a real Hilbert space H, and let ¢ : C — R be a lower semicontinuous and convex
functional. Let T : H — CB(H) be H-Lipschitz continuous with constant u, and & :
H x C x C — R be an equilibrium-like function satisfying (H1) — (H3). Let » > 0 be a
constant. For each z € H, take w, € T(x) arbitrarily and define a mapping T, : H = C
as follows:

Ti(x) = {u €C: @ (ws,u,v) + p(v) — p(u) + ;(u -z, v—u)>0,Yv e C} :
Then, there hold the following:
1) T. is single-valued;

2) T, is firmly nonexpansive (that is, for any u,v € H, ||T,u — Tov|* < (Tou— Tv,u - v))
if
@ (w1, Ty (21) , Tr (72)) + @ (w2, T (22) . T (1)) <0,

for all (z1,22) € H x H and all w; € T'(2;).i=1,2;
3) F(T,) = (GEP),(®,);

4) (GEP)4(d, ) is closed and convex.



Chapter 3

Strong Convergence Theorems

3.1 Convergence theorems for equilibrium problems, variational
inequality problems and an infinite family of strictly
pseudo-contractive mappings

In this section, we introduce the combination of equilibrium problem which is
to find » € C such that

N
(Za,-F,) (u,v) > 0,Yv € C, (3.1
i=]

where F, : C x C — R be bifunctions and a; € (0,1) with =N, a; = 1, for every
i=1,2,...,N. The solution set of (3.1) is denoted by EP (Eﬁ,l a,ﬂ).
If i; = F, for all i = 1,2,..., N, then the combination of equilibrium problem (3.1)
reduces to the classical equilibrium problem (2.9).

Throughout this thesis, for solving the combination of equilibrium problem, let
the bifunction F,i = 1,2,..., N, satisfy the following conditions.
(A1) Fi(u,v) =0 if and only if u = v, for some u,v € C;
(A2) F; is monotone, i.e., F;(u,v) + Fi(v,u) <0 for all u,v € C;
(A3) For each u,v,w € C,

lirp+ Fi (tw + (1 = t)u,v) < Fi(u,v);
t—

(Ad) For each u € C,v — F;(u,v) is convex and lower semicontinuous.
Moreover, we obtain the following result.

Lemma 3.1. Let C be a nonempty closed convex subset of a real Hilbert space H. For
i=12,...,N,let F;: CxC — R be bifunctions satisfying (A1)’ —(A4) with N, EP (F,) #
0. Then,

N N
EP (Zatﬂ) = n EP(F,‘),

i=1 i=1

where a; € (0,1) forevery i=1,2,...,Nand N  a; = 1.

Proof. First, we will show that Y., EP(F)) C EP (Ef‘;l a.-F.-).
Let zo € N, EP (Fi) and a; € (0,1) for every i =1,2,..., N. Thus we get

a;F; (x0,9) 20, foralli=1,2,..., N, andy e C. (3.2)

Combining the inequalities (3.2), therefore we have

N
Y aiFi (zo,y) 2 0, forall y e C.

=1
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This follows that o € EP (L)L, aiF;). Hence we get N, EP(F,) C EP (Tl aiRy).

Next, let zo € EP ()X, aF) and z* € X, EP (F;). Then, we have

N
(Zu;ﬂ) (;L‘o.y) 2 U.Vy € C
i=1

and
Fy (z*,y) >0, forall k=1,2,...,N, andy e C.

From (3.4) and z, € C, we have
Fy (z°,29) 2 0,
forall k=1,2,...,N. From (3.5) and (A2), we obtain
Fy (zo,z") € Fi («*,z0) + Fi (20,2%) <0.

Since z* € C, it follows from (3.3) that

N
Y aiF;i(zo,2%) 2 0.

f=1

Applying (3.7), for each k = 1,2,..., N, we obtain

N
0< ) aF(z0,2%)

i=1

N

k-1
= Za,‘F.- (zo, ") + ax Fy (z0, %) + z a;F; (z,2%).
=1

i=k+1
From (3.5), (3.8) and (A2), it follows that

k=1 N
ak‘Fk (va-r’) 2 _Z‘IIF‘l (1051“)" Z n'tpt' {:7:01-7-")
i=1 i=k+1
N

k-1
> Za,»F,- (z*,z0) + Z aiF (27 ,%0) 2.0.
=1

i=k+1

Inequalities (3.9) and (3.6) guarantee that
Fy (z0,2*) =0, forevery k=1,2,..., N.
By using (3.10) and (A1)’, deduce that
To=x".

It implies that
N

zo € () EP(F).

i=1

Therefore,

N N
EP (Za,ﬂ) CEP(F).
i=1 i=1

(3.5)

(3.6)

(3.7

(3.9)

(3.10)
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Hence, we have

N N
P (Zala) =) EP(F).
i=1

i=1

OJ

Remark 3.2. Let C be a nonempty closed convex subset of a real Hilbert space H. For
=1 2w N, let F; : C x C — R be bifunctions satisfying (A1)’ — (A44). Then, TN | o, F;
satisfies (A1)<(Ad), where q; € (0,1) for every i = 1,2,...,N and &N a; = L.

Proof. For everyi=1,2,...,N, let F; : C x C — R be bifunctions satisfying (A1)’ — (44)
and let z,y,z € C and @; € (0,1) forall i = 1,2,...,N and Zf\;}a‘- =1.
To prove (A1), we get

Za. (x,9) = a1 Fi(z,y) + a2 Fa(z,9) + ... +anFn(z,y) =0z =y.

Since
N

N N
Y aFi(z,y) + Y aF(y.e) =Y a(Fiey) + Fi(y.2) <0,

i=1 =1 =1
we have YV | o, F; satisfies (A2).
Let t € [0,1], then we have

N
tl-LT Za.F(tz+(1—t):L y) = Za. llm Fi(tz+ (1 = t)z,y) = Za,F(:Ly

i=1
Thus (A3) holds.
To prove (Ad), we first let a € (0,1). Therefore, we get

N

Zu‘ (z uz+(1—u)y)<Za, (aFi(z,z) + (1 — «) Fy(z,y))

i=1 i=1

HuZaF T z)+(1—a)2a‘F(:z: y).

i=1

It follows that 3=, a; F; is convex. Next, let {y,} € C with y, — y as n — co. Thus we
obtain

lmmmeF (,yn) > Za, llmlan (z ) = Za,F (z,9).

i=1

Then TN , a,F; is lower semicontinuous. This implies that (A4) holds.
We can conclude that TN, aF; satisfies (A1)-(Ad). (]

Remark 3.3. By Remark 3.2, we have Y | o, F; satisfies (A1Y<(Ad). By using Lemma
2.40 and Lemma 3.1, we obtain

N
Fiz(T,) = EP(Za, )=ﬂEP(F.-)|

i=1

where a; € (0,1), foreachi=1,2,...,N,and &N o, = 1.
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We now propose the combination of variational inequality problem as follows:

Find = € C such that -

<y—a:,2a,-Aim> >0,Vy e C, (3.11)

i=1
where A; : C — C are nonlinear mappings and a; € (0,1) with Zf‘;, a; = 1, for every
i=1,2,...,N. The solution set of (3.11) is denoted by VI (C, I a,A.-).
If A; = A, foralli=1,2,..., N, then the combination of variational inequality problem
(3.11) reduces to the variational inequality problem (1.7).

For the generalization of Marino and Xu’s result (Lemma 2.35), we now prove
the following lemma to show the properties of a finite family of strongly positive linear
bounded operators and the combination of variational inequality problem for these
operators under mild conditions.

Lemma 3.4. Let C be a nonempty closed convex subset of a real Hilbert space H.
For every i = 1,2,..., N, let A; be a strongly positive linear bounded operator on a
Hilbert space H with coefficient v; > 0, % = mini=12,..x % and N, VI(C, A;) # 0. Let
{a;}Y, € (0,1) with =¥, a;, = 1. Then, the following properties hold:

(i) ”I - pS N aidil| < 1-pyand I-p TN | a4 is a nonexpansive mapping, for every
0<p< Al G=1,2,...,N).

i) vI(c, T, a,A,-) =Y, VI(C A).

Proof. To show (i), we will show that 7 — p "N, 4,4, is a bounded linear self-adjoint
operator.
Let z,y € H. Since A, is bounded, for each i = 1,2,..., N, then there exists k; > 0 such
that

| Aiz|| < kil|z|l, foralli=1,2,...,N and z € H. (3.12)

w ki. From (3.12), we obtain
N N
‘(I—pZa;Ai)m ;r:—pZa,-A.-:c
i=]1 =1
N
Za;Aim
i=1

N

<llzll+p)_ aillAiz|

i=1

N
< flall + 3 ask |1zl

i=1

Choose k = max;—; 2

.....

< lzll +p

N
< el + Y aik |

i=1

= (14 pk) ||z
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Then I - p Y | a;A; is bounded.

Let wy,w; € R. Since A; Is a linear operator for every i = 1,2,..., N, thus we have
N N N N
ZG;A,' (wlz + wa'y} = Za,- (wl Az + sz,-y) = wq Z a;Ajz + w2 Z a,—A;y. (313)
f=]1 =] =] i=1

This implies that 3= | a4, is linear. From (3.13), we have

N N
(1 = PzarA1) (1T + way) = Wi T + way — ﬂZGiAi (Wi + way)

i=1

N
=W +wy —p (w1 ZalA 1‘+w22(l‘ ,y)

i=1 i=1

=w (:r—pZa,A,:c) + wa (y -pZa.-A,-y)
(1 pZaA)a‘—f-wz(l pza. ,) 3.

i=1
Therefore, I — pY°Y | a;A; is a linear operator.

Since A, is strongly positive, Vi = 1,2,..., N, by Definition 2.14, then A4; is self-adjoint,

Vi=1,2,...,N. This yields that
N

N N N
<zam.z,y> = (aidizy) =Y ai(Aiw,y) = ) ai(z, Aig) = < Za, ,y> (3.14)
i=1

i=1 1=1 i=]l
Thus, S, a; 4, is self-adjoint.
From (3.14), we obtain

()

(z,y) - <Za,Az y>
= (z,y) - < Za A11>

i=]

=z, ¥} <.’L’ pZa A,y>

= (x,y- pz aiAsy)

i=1

N
=z (I — pZa,-A,—) y)
i=1

This implies that 7 — p /L, a;A; is self-adjoint. We can conclude that I - p Y a;4; is
a bounded linear self-adjoint operator on H, which follows by Theorem 2.31 that

N N
I—pZa,-Ai =sup{ <I—-pZa;Am,z>
i=1 i=1

Since A, is strongly positive operator for all i = 1,2,..., N, we get

N
<Za.—A,—x,x> Zn, Az, x) > Zan, z)? > Za,-y“:r:” =7|z|?, (3.16)
i=1

:xEH,[m”:I}. (3.15)
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which implies that SN | a,4; is a 5-strongly positive operator.
Let [|z]| = 1. Then by using (3.16), we obtain

N N
<(I = PZ%‘A‘) ;r:,a:> = <.L = pz a; A;x, .L'>
1=1 f=F
N
= |l ~p<2am‘-z.m>
=1

< (1-p9) |lz)?
=1-p3. (3.17)
From (3.15) and (3.17), we have
N
I—pZG{Ai S ].*'-p? (3.18)
=l

Next, we show that 7 — p 32 | a;4; is a nonexpansive mapping. Let z,y € C. Then

using (3.18), we obtain

N N
H(I - pZaiA,-) T — ([ - pZa,iA‘-) Yy
i=]1 =1

N

(I - pzmm) (z—-y)
1:1

(I - pZa,-A,—)
i=1

< ll= = yll
S(1-pMlz -yl
<llz-yll.
Hence, I - p3-Y, a,A; is a nonexpansive mapping.
To prove (ii), we will prove that
N N
VI(C A)c VI (C.Za,A,) . (3.19)
i=1 i=1

Let zg € N, VI(C, A;) and a; € (0,1) for every i =1,2,..., N. Thus we get
(y — By, ﬂ,‘A,’.‘r(]) 2 Vi =120 N and yeC. (320)

Combining the inequalities (3.20), hence we obtain

N N
Z (y = zo,0;Aizp) = <y — Ty, ZG,A"ZU> >0, forallyeC.

1=1 i=1

This follows that z € VI (C. b a,A.-).
Therefore we have N, VI(C,A;) C VI (C, oy u,—A.-).
Next, we let zg € VI (C’, b B a,»A,-) and z* € N, VI (C, A;). Then, we have

N
<y - Zp, ZaiA‘-:r:g> > 0,Vy e C. (3.21)

=1
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From (3.19), we have z* € VI (C,Efi, a.—A,—). It implies that

N
<'y - z*, Z a,A.J:‘) >0,YyeC. (3.22)
i=1

From (3.21), (3.22) and 2*,zp € C, we obtain

N
<x‘ == I(].Z(l.‘A{SCu) >0 (323)
i=1

and .
<1‘0 - x*, Za,-A,-:r:') > 0. (3.24)
=]

By summing up (3.23), (3.24) and Remark 2.34, we have

N N
0 < <I{; —-z°, ZG,‘A,‘I' = Zﬂ.iAI'ZE[))
i=1

i=1

N
= de (.170 = .1:', A,‘I- = A,’IQ)
i=1

N
< =Y amillzo - 2*|

i=1

N "
< =Y aiF llwo - z°|?

i=1

2 2
= 5 lao - 2"

It implies that =y = z*.
Then, we can conclude that zo € N, VI (C, 4;). Therefore

i=1

N N
VI (C.Zal/{l) CVIEC A).
i=1

=1
Hence, we have

N N
VI (c, Za.Ai) =(VI(C. A).

i=1

O

Theorem 3.5. Let C be a nonempty closed convex subset of a real Hilbert space
H. Fori=1,2,....N, let F; : C x C — R be a bifunction satisfying (A1)’ —(A4) and
let A, : C - H be a strongly positive linear bounded operator on H with coefficient
v > 0and ¥ = mini=y 2, & . Let {Ti}i2, be an infinite family of x;-strictly pseudo-
contractive mappings of C into itself and let o; = (a{,a';oﬂ,) €IxIxIwhere I =
0,1 and of + ol + 0} =1, +af < n < 1and ol,ed o} € [p,q) C (k1) forall j €
N. For every n € N, let §, and § be the S-mappings generated by T,,,Tn-1.....Th
and o,,0n-1,...,01 and Ty, Ty-1,... and oy, 0n-1,..., respectively. Assume that F =
NX,EP(F) NN, VI(C A) NS, Fiz (Ti) # 0. Let the sequences {z,} and {u,} be
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generated by z,,u € C and

Zi\il a:F; (umy) =+ % (y — Up,Un — En) >0,y e C,

Tnt1 = Pn (@nv + (1 — ap) Spzn) + (1 = Bn) Pc (I = Pn Zfﬂ b;A,—) Un, YN 2> 1,
(3.25)
where {a,},{fn},{pn} C (0,1) and 0 < a;,b; < 1 for every i = 1,2,..., N, satisfying the
following conditions:

() ooy s = oo and liffi; s an =0,
(l0<a<pB,<b<1,VREN,
(iii) iMoo pr = 0,
(V) 0<e<r, <d<1,¥neN,
(V) 2111 ai = Z:L bi=1,

(VI) E?—:J:l |Q‘n_+1 i a’n‘ < 09, E::c:l I.Bn+1 - ﬂnl < 0012;:0:1 |Tn.+1 — Tn| < 00,

Y i len+1 — pal <00 and T2 af < oco.
Then, the sequences {z,} and {u,} converge strongly to z; = Pru.

Proof. Since p,, — 0 as n — oc, without loss of generality we may assume that p, <
A YreNandi=1,2,...,N. The proof will be divided into five steps.

Step 1. We will show that {z,} is bounded.

Since YN | a.F; satisfies (A1)Y-(Ad) and

N

Za-iFi (uru y) + T-'l‘ (y — Uy, Uy — xn) 2 01 Vy & C:

i=1 "

by Lemma 2.40 and Remark 3.3, we have u, = Ty, z, and Fiz(T,,) = X, EP(F;).
Let z € F. Since z ¢ ﬂf":l VI(C,A;), by Lemma 2.12 and Lemma 3.4, we have

VI (C, ibi/‘h) = Fit (PC (I - Pn ib‘A‘)) :

i=1 =1

From Lemma 3.4 and nonexpansiveness cf T, , we have

|£ns1 — 2|

< Bnllan(u = 2) + (1 = an) (Snzn = 2)[| + (1 = fn)

N
1571. {anu + (1 = an) Sn:an it (1 = .Bn) PC (I — Pn Zb1A1> Up — 2

i=1

N
Br(anu + (1 — o) Spzn — 2) + (1 = B) (Pc (I - Pn sz’Ai) Up — z)

=1

N
Pc (1 — anblAz) Up = 2

i=1
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= ﬁn (Ct,, ”u w z" #* (1 = an) ”:I.‘n = z”) + (1 T }Bn) ”Urt = ZH
= B (an ”u = Z” = (1 = a'n) H-Tn = ZH) G (1 = Bn) ”Tr,,mn = Z“
S ﬁn (an H‘U. = z” + (1 i an) HIH- N z”) + (1 i Bn) ”In o 2”

< max{|ju—z|,|jz1 —z||} = M.

By induction, we have |z, — z|| £ M,Vn € N. It implies that {z,} is bounded and so
{un} is @ bounded sequence.

Step 2. We will show that lim, e [|Zns1 — Zal = 0.

Putting D = 1Y, b;A;, from the definition of ,,, we have

[€n+1 — anl|
=118 (tnt + (1 = @n) Sna) + (1 = B) Pe (I = puD) tn—
(Br-1 (@n-1u+ (1 = an-1) Sp-12n-1) + (1 = Bu-1) Pe (I = pn-1D) un_1) |
=[|Bn (anu + (1 — an) Snzn) = Bn (@n-18+ (1 — @n-1) Sa—1Zn-1)
+ Bn (an-1u + (1 = @n-1) Sn—-1Zn-1) = Bn-1(@n-12 + (1 = an-1) Sn—1Zn-1)
+ (1= ) Pe (I = puD) ten = (1 = ) P (I = puD) tn-s
+ (1= Bn) Pe (I = pnD) tn-1 = (1 = Bn) Pc (I — pa-1D) ttn_y
+(1=8n) Po(I = pa—1D) tin-1 = (1 = Bn_1) Po (I — pr-1D) tin—1|
<Bnlon = ovns| [l + 1| (1 = @) San = (1= @tn) Sun-s + (1 = ) Spn-1
= {1 — o) S 11 AL =) SncaZaer ~ (1 = Bip1) sﬂ_lmn_lu}
+18n = Bucs| [an-sllull + (1 = @n-1) 1Sn-12n-11l]
+ (1= Bn) |Pc (I = pnD) un = Pc (I = pnD) tn-1|
+ (1= Bn) |Pc (I = pnD)un_1 — Pe (I — pp-1D) un—y||
+18n = Bu-l I1Pe (I = pu=1 D) tn-s |
<Bn [l = atna| ]l + (1 = @) |Snn — Snn-1
+ (1= ) [Sa®n1 = Sn-1Zn-1ll + I = an-1] [Sn-12n-1l]
+ 180 = Bl [nallull + (1 = an1) Sn-12n-1]
+ (1= Bn) ltn = wn-all + (1 = B) 7 = puD) un-1 = (I = pn-1D) tn-1 |
+ 185 = Bu=l 1Po (I = pn-1D) tun—s |
<Bu otn = - full + (1 = @) o = 20
+ (1~ @n) [Sn-1 = Snor@nill + lan = an-t] [Sn-12n-1]l]
+ 180 = Baa| [an-alful + (1 = an-1) |Sn-17n-1]
+ (1= Ba) llum = wn-al| + (1 = Ba) lpn = pr-a| [ Dum-r |
+18n = Bacsl 1P (I = pu-1D) tn—a . (3.26)




By using the same method as in [29], we have

1 L { 2
|Sn2n—1 = 'Sn—l-'*“ﬂ.—lll < 0’-1‘1 “-""'n—l =T 2”

=%

Indeed, fix k € N, then, for every n € N with n > k, we get

”Un+1.k-’5n — Unkln ”2
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k 1 k : k.. k " k ! ko (12
= ”U]TkUn+1,A:+lln + ap Un+1:k+1-l'n + oz, — oy TkUn,k+1-Ln — agUn k+1%n — a:;'vbn”

2

= ||ﬂlf (TkUn+1,k+11'n = TkUn,k+1-'1'n) ol ﬂg (Un+1,k+1l'n = n,k+1l?n)||
2 2

<af | TeUnt1,k41%n = TkUnges12nll + 05 [Uns1,k41Zn — Un k2120

~ o105 (I = Te)Un k4120 = (I = Te)Unt1 k120l

<af (IVn1 4120 = Unrr@al® + 5| (1 = Te)Un,san = (I = T)Uns1 k412n?)

2 4 2
+ 0 |Uns1,6417n — Un ks1Zal® = ool ||(1 - T )Unk1Tn — (I = Te)Uns1,k41%n]|

< (1 S (lf;) IUns1,k4120 = n.fc+1-1’nH2

n
j 2
S H (1 = (1'_?5) IEUT!+1.TI-+1'TTI- i ﬂ,?l-‘rla“ﬂ”
j=k

2
< ||Un+1.n+11'n = 'J"n”

s n+1 - n+1 » n+1,_,
= ||£l‘] LariUniiny2tn + gy Un+1,n+2-lrn +og T

2
—
2
= ||Q;!+1Tn.+lwn i (1 o u;l-'Fl) Ty — J.fn”
1 2
< (™) 1 Tsazn — 2l
This implies that
1Un 1420 = Unall < 0 [ Tasazn = zall.
From (3.27), we derive
HSnIrt*l = Sr;—lx-r:—l” = ”Un,lzn—l — Uﬂ—l.l-rn-ln
< a?+] ”T;L:Eu—l = In_lll

< o™ (| Tnzn-1 — 2| + |20 = 2[))

14+ & l—k
< Q’f+1 (1 o qu-l ) Z” o m ||In7] = ZH)

T
< (85}

——llzn-1 2|,

Since u, = T, x,, by utilizing the definition of T, , we obtain

nt
o 1
Z aiﬂ (T;'..-Tfny) 37 ;' (y s Tr,. Ty, T-r-,, Ty — I'n) 2 0! V'U € Ca
‘l=.l T

and

1

n+1

N
ZG;,F,‘ (T,-"“.T.‘n_'_l,y) + =
i=1

(y A Tf‘r.+|Irl+1= TT‘..H Tniyl — -Tn+1> > U.Vy eC.

(3.27)

(3.28)

(3.29)

(3.30)




From (3.29) and (3.30), it follows that

N
1
Za,-F,- (T DogpiBnit)it o (Trues st = T Bns TooTn = 2n) 20, (3.31)
i=1 ks
and
4 1
Z aiF; (Tr, .1 Tns1, Ty 2n) + s (Trntn = Tro 1 Zas1s Ty Tngd — Znga) 2 0. (3.32)
i1 n+

From (3.31) and (3.32) and the fact that 7%, a;F; satisfies (A2), we have

1 1
e (7‘1",.4.11'"1-1 e Trnwny Tr..xn - xu) =
Tn Tntl

(Tr,.-'ﬂu - Tr,.“-'f-'n+l, Tr.H.;-"-'n«}»l 5 -'rn+l> >0,

which implies that

Tocioo - T =7
" n4+1on+1 n+l nn n
<T.,.“.'l:n ' Trn+11n+1- > 2 0.

Tn+1 n

It follows that

n
<Tr,.+1-'rn+1 — Tl".,wﬂuT?""'rﬂ = Trn+117n+1 = Tr.,+1rn+l =Zp = (Trn+1rn+1 = -En+1) ) > 0.

1"n+1
(3.33)
From (3.33), we obtain
2
]le,|+1$ﬂ+l - T,."x"”
r
< <Tr..+:$n+1 = Tfnarﬂ1Trn+]I"i+l - Iy — 5 “I (Trn+l$ﬂ+1 = -'ru+1)>
T+
T,
= <Tru+1xu+] — TpuTns Tl — Tp + (1 - ) (Tr,.+|xrt+l = .‘Bn+1)>
Tn+1
T |
S ”Tr,,+lxu+l . Tr,,In” Intl1 — Tn = (1 == - ) (Tr,.*lzn+l T In-i—l) ‘
T+l ;
T,
< ”T'"v-nxn-t-l = Tr..In” [”T‘n+l = Tl ‘1 — - "1 “Tr,.+|$n+l =, 1711+l||]
n+
== ”Tr..+11'u+1 = Trn-'rn“ |:||1:u+1 =zl + Faii |7'n+1 ~ Tal “Tr.ﬂ,,xn«}l Y I:H-l”]
n+
1
< ||T1r,,+|-rn+1 = Tr,.rn” [le"+l =% In” 7 e E Irﬂ+l == rnl IlTr.,HIn-i-l — Tn+1 ”:l ’
which follows that
1
“un+l = un" < |@ns1 = -Ln” =+ a I?"n+1 i “uu-H = -T-'n+1|| - (3.34)

From (3.34), we have

i)
Il = un-sll € ll#n = Zn-1ll + 5 Irn = o1 [ltn = znl|. (3.35)




By substituting (3.28) and (3.35) into (3.26), then we obtain

I2ns1 = Znll < Ba lan = anmil lull + (1 = @) 2w ~ 2nos|
a2

+(1 = an) oF T llzn-1 = 2ll + Jon = an-a |Sa-12n-1] ]

— K
+ 180 = Bu-1l [t lull + (1 = 1) [1Su-12n-1]

1
# 1= 82) 10 = 3l + 5 1 = s i =
+ (1 = 51:) |pn = pu-1| || Dtin-1]|
=4 I-BTI. FR ﬂn—'l' "PC (I T Pn—lD) uﬂ—lli
< Ba (1 = an) ”xﬂ T Iu—l” 4 (1 o rB'n) ||$ﬂ = 'rﬂ—lll
2
+ |lan — an-1] ||ull + a;‘m”xn—l - 2|
+10n = -1 1Sn-12n-11l + 1Bn = Bu-1] [1ul
1

+1Sa-12actll | + 5 I7n = el ltin = zal

+ |pn = pn-1| ”Dun—lll
+18n — Ba-1|1Pc (I = pn-1D) un-1||

S (1 ol aﬂlﬁﬂ) H.’I'" o xn—l" T |an = ﬂ’n—l[K +a;_‘1

2 K

—-—
1

+ Ia'n _aﬂ—ll K +|8n — Bn-1| 2K + E |rn = rn-a| K

+|pn — Pu-1| K + |Bn = Bn| K

2K
=(1 - anfy) l|lTn — Zp-1| + 2K |an — ty-1| + T ’ca?

K
+3K|ﬂn ".Hn—ll -+ F I _Tn—1| e K[Pu = pn—llv (3.36)

where K = maX,en {llell s lzn = 2|, 1Snzall s lttn = Zoll s | Dual| s | Pe (I = puD) iy ||} From
(3.36), the conditions (i), (i), (vi) and Lemma 2.13, we obtain

'}m lZn+1 — zall = 0. (3.37)

Step 3. We will show that lim, e ||tn — Zal] = iMpseo |Po (I = puD) 2n — 24| =
iMnsoo [|Snan — za|| = 0, where D = TN b4,

To show this, let z € F. Since w, = T z, and T;, is firmly nonexpansive mapping,
then we obtain

2 2
Iz = Tr“wn” == ”Tr..z >3 Tr,.-'l'n]'

ST 2 =T s 2 —2n)

it 2 _na i
= 5 (1T = 2l + 12 = 21 = I1Tr 20 = zall?)
which follows that

lun =zl < |zn = 201 = [lun — zall? . (3.38)



)

By nonexpansiveness of Pe (I — p,D), (3.38) and the definition of z,, then we have
|2ns1 = 2]
= [|Bn (@t + (1 = @) Snza) + (1 = Ba) Pe (I = puD) up — 2|
= [1Bn (@n(u = 2) + (1 = an) (Suzn — 2)) + (1 = Ba) (Pe (I = puD) un = 2)|?
< Bu llan(u = 2) + (1 = ap) (Snzn = 2)I* + (1 = Bn) [|Pc (I = pnD) un — z®
< B (am llu = 207 + (1 = @) Suzn = 21%) + (1 = Bn) l1un — 2
< B (an llu = 2l + (1 = an) llzn = 2I%) + (1 = Ba) (llzn = 2I* = lum = 2a*)
< ap flu = z|* + |z — 2° = (1 = Bn) llun — 2all?,
which implies that
(1 = Ba) llun = zall* < an lu = 21> + |20 = 2II* = |Zns1 - 2]
< an flu=2l* + (20 = 2l + 2041 = 2l) lEns1 —2zal .~ (3.39)
By (3.37), (3.39), the conditions (i) and (i), then we have
’}m tn — 2zq|| = 0. (3.40)
Put w, = anu+ (1 — an) Spz,. By the definition of z,, and z € F, we obtain
IZns1 = 2|* = |Bawn + (1= Bn) P (I = puD) un = 2|I*
= |18u (wn — 2) + (1 = Bu) (P (I = puD) uy - 2)|I*
= Bullwn = 2* + (1 = Ba) ||Pe (I = puD) un — 2|
= Bn (1 = Bn) llwn = Po (I = puD) un®
< Ballanu + (1 = an) Snzn — 2|I* + (1 = Ba) l|un - 2|
= Bn (1 = Bn) lwn — Po (I = puD) un|®
< B (n llu= 21" + (1 = @) 1Sn@n = 21%) + (1 = ) 1z = I
= Bn (1= Bn) llwn — Po (I = paD) ua|®
< Bn (an llu = 2l + (1 = an) llzw = 201%) + (1 = Bu) 1z — 21
= Bn (1= Ba) llwn = Po (I = puD) un|®
< anllu=2l* + lzn = 2> = Ba (1 = Ba) llwn — Pe (I = puD) unl®,
which follows that
Bu (1= Bu) llwn = Pe (I = puD) un?
< an flu = 2l + ll2n = 2[1* = || Znsr — 211
< anllu = z|* + (lzn = 2ll + |Zns1 = 2) [Zns1 = zal]- (3.41)

By (3.37) and the conditions (i) and (ii), we have

"li_l;Ygo [lwn = Po (I = puD) uy|| = 0. (3.42)




a1

By definition of z,, we obtain
Intl = Pe (I = PnD) Up = fBn ('wn - Fe (I = PnD) un)- (3&-3)
By (3.43) and the definition of z,, we have

|xn = P (I - pnD) zo| < ||zn — 2t | + ”Iﬂ--?-l - Po(d = D) '”n”
+ |Pc (I = paD) tn — P (I — puD) 24|
Slzn = Tngall + Bn llwn — Po (I = an)u,,”

+ [ltn = nl|.
From (3.37), (3.40) and (3.42), we have
lim |lza ~ Pc (I = puD) ]| = 0. (3.44)
Since

“mn =2 -PC (I p=2 PuD} un“ < ”In = PC (I = PnD) In” + ”PC (I — PﬂD) Tn — PC (I s an)un”
< ||l@n = Po (I = pnD) zall + |20 = ]| s
by using (3.40) and (3.44), we have
im |lzn = Pe (I = pnD) un|| = 0. (3.45)

By the definition of z,,, we obtain

Ip41 — Ty
= fBn (a,,u b {1 =5 an) Sn.-rn) i (1 = ﬁn) Pe U = pﬂD}un = Tn
= Bn(anu+ (1 = an) Snxn — 2n) + (1 — Ba) (Pe (I — puD) up — z,)
= B (on (u — zn) + (1 = an) (SnZn = 2a)) + (1 = Bn) (Pc (I — puD) up — z,)
= anfn (u st In) + Bn (1 I un) (Snl'n - '«f"n) o (l - ﬁn.) (PC (I L= PnD) Un = 1'n)|
which follows that
Bn (1 = an) [|Snan — zall
< anfinllu = zal| + [|Zn+1 = zall + (1 = Bn) (Pc I = pnD) up = zn| .
From (3.37), (3.45), the conditions (i) and (i), we have

nll—)ngo |8szs —aqll = 0. (3.46)

Step 4. We will show that limsup,, . (v — 2,2, — 2) <0, where z = Pru,
To show this, choose a subsequence {z,,} of {x,} such that

limsup (u—z,z, — 2) = klim (u—z,2,, —2). (3.47)

n—oo
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Without loss of generality, we can assume that z,, — w as k — occ where w € C. From
(3.40), we obtain u,, — w as k — ococ.

Assume that w ¢ N, VI(C, 4:). Since N, VI(C, Ai) = Fiz (Pc (I - pn, D)), we have
w# Po (I — pn,D)w, where D = 2:\;1 b A;.

By nonexpansiveness of P¢ (I — pn, D), (3.44) and Opial’s condition, we obtain

liminf(|z,, — w|| <liminf||z,, = Pe(I = pn, D)w||
k—o0 k—o0
<liminf ( |&ny = Pe(I = ppy D)2 |
k—oc
+1Po(I = pu,D)n, = Pe(I = puy D))
i l',fﬂ';]f”‘”"k —wl.

This is a contradiction. Then, we have

N
we [VI(C A). (3.48)

i=1
Next, we will show that w € N2, Fiz (T)).
By Lemma 2.25, we have Fiz(S) = N2, Fiz(T;). Assume that w # Sw. Using Opial’s
condition, (3.46) and Remark 2.24, then we obtain

Uminf || zn, — w|| < Uminf(z,, — Sw||
k=00 k—roc
< Uminf (llan, — Sn.@n,ll + [Snung = Snyll + ISy — Sl )
k—o0

< Uminf fley, —wll.
This is a contradiction. Then we have

w € Fiz(S) = ﬁ Fix(T;). (3.49)

Next, we will show that w e N, EP (F).
Since

N
1

E a; F; (un,y) + - (Y = U, up — ) > 0,Vy € C,
n

i=1
and TN | a;F; satisfies the conditions (A1)-(Ad), we obtain
1 ad
=y = un,un —7a) 2 ) aiFi (y,un) Yy € C.

L i=1

In particular, it follows that

Un,, — Tn,

N
<y = s *> > ZaiF:‘ (Y un, ), Vy € C. (3.50)
=1
From (3.40), (3.50) and (Ad), we have

N
> aiFi(y,w) <0, YyeC. (3.51)

$==]
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Put y, ==ty + (1 - t)w, t € (0, 1], we have y, € C. By using (A1), (A4) and (3.51), we have

(e, ye)

'M?

;

E ytvty+ l_t) )
szﬂiﬂ(yta 1-'tZCh (ye,w
<tzal ytvy)

It implies that
Zu, i (ty + (1 = t)w,y) > 0,Vt € (0,1] and vy € C. (3.52)
From (3.52), taking t — 0+ and using (A3), we can conclude that
0< Za, , VyeC.

Therefore,w € EP (Z i ) By Lemma 3.1, we obtain EP (2‘ 1 O ) NX, EP(F).
It follows that

N
we [ EP(F). (3.53)

i=]1
From (3.48), (3.49) and (3.53), we can deduce that w € F.
Since z,, — w and w € F, then, by Lemma 2.11, we can conclude that

limsup (u — z,z, — 2) = klim (u—2,Tp, —2) =(u—z,w—2) 0. (3.54)

Step 5. Finally, we will show that the sequence {z,} converges strongly to z = Pru.
By nonexpansiveness of S, and Pe (I — p, D), we have

l€n+1 = 21> =118n (ants + (1 = an) Snzn) + (1 = Bn) P (I = paD) un — 2|
= [1Bn (an( = 2) + (1 = @n) (Snzn = 2)) + (1 = Bn) (Pc (I = poD) un — 2)|I°
=lanBn (1 — 2) + Ba (1 = an) (Sazn — 2) + (1 = Ba) (Pc (I = pnD) un - 2)|°
<118 (1 = @) (SnTn = 2) + (1 = Bn) (P (I = pnD) un — 2)|I?
+ 200 (1~ 2, T4y ~ 2)
< (B (1 = an) ll#n = 2]l + (1 = Ba) lltn = 2II) + 200 Bn (u = 2,Zn41 — 2)
< (Bn (1= an) |70 = 2]l + (1 = Ba) ll£n = 2[1)* + 20nBn (1 = 2,Zns1 = 2)
= (1 = anfBn)? |2a = 2|® + 20080 (4 — 2,204y — 2)

S (l = a’uﬁv:) ”-Tn = 2”2 + 2nuﬁﬂ (“ = Z,Tnp41 — Z) .

From the condition (i), we have aa, < anf,..¥n € R. Using the condition (i) and the

comparison test, we deduce that 3°° | a8, = co. From (3.54), the conditions (i), (i)
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and Lemma 2.13, we can conclude that {z,,} converges strongly to z = Pru. By (3.40),
we have {u,} converges strongly to z = Pru. This completes the proof. L]

Next, we apply our main theorem to prove strong convergence theorems for
solving equilibrium problem, variational inequality problem and fixed point problem.

Corollary 3.6. Let C be a nonempty closed convex subset of a real Hilbert space
H. Fori=12,...,N,let F:CxC — R be a bifunction satisfying (A1)’ — (44) and
let A: C — H be a strongly positive linear bounded operator on H with coefficient
v > 0. Let {Ti};2, be an infinite family of x,-strictly pseudo-contractive mappings of
C into itself and let o, = (a{.ag,ag;) €IxIxIwhereI=[0,1and ] +aj}+a}=1,
ol +of <n<1landai,ad,af € [pg] C(x,1) forall j € N. For every n € N, let §, and
S be the S-mappings generated by T,,, T,—1,...,T1 and on,0n-1,...,01 and Ty, Tp_y,. ..
and oy,0,-1,..., respectively. Assume that ¥ = EP(F)nVI(C,A) NN, Fiz (T;) # 0.
Let the sequences {z,} and {u,} be generated by z;,u € € and

F (tn; +7l’ = Un, Un — Zn) 20,V EC!
(ttms ) + 5 (¥ = tims e = 2} 2 0,V s

Tl = Bn (Q"U + (1 ol Qﬂ)snl'ﬂ) + (1 = .31';) PC (I T pu-A) unavn 2 1:

where {an},{Bn},{pn} C (0.1) and 0 < a;,b; < 1 for every i = 1,2,..., N, satisfying the
following conditions:

() X%, an =00 and lim,oe an =0,
(il)0<a<pB,<b<1lVneN,

(iii) liMyp oo pn = 0,
(V) 0<e<rn<d<l,VneN,

(v) Z?:] |etn+1 — @n| < 00, 2;.;1 [Bn+1 — Bal < o0, E:;; ITnt1 — Tl < 004

E:‘::l |Pnt1 = pn| < oo and 2:1: ajf < oo.
Then, the sequences {z,} and {u,} converge strongly to z, = Pru.

Proof. Taking F = F; and A = A;,VYi = 1,2,..., N, in Theorem 3.5, then we obtain the
desired conclusion. O

Corollary 3.7. Let C be a nonempty closed convex subset of a real Hilbert space H.
Foreveryi=1,2,...,N, let A; : C - H be a strongly positive linear bounded operator
on H with coefficient ; > 0 and 5 = min~,. Let {Ti}2, be an infinite family of ;-
strictly pseudo-contractive mappings of C into itself and let o; = (a{,ag, a{,) €IxIxI
where I = [0,1] and o] +aj + 03 =1, a] + o <n < 1and of,ad,a} € [p,q] C (k1) for all
j € N. Forevery n e N, let S, and S be the S-mappings generated by T, T-1,....Th
and on,0n_1,...,01 and T,,,T,_1,... and oy, 0n-1,..., respectively. Assume that F =
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NILL VI(C,A) N2, Fie (Ty) # 0. Let the sequences {z,} and {u,} be generated by
z1,n € C and

N
Tn4l = .811 (C!'"’H. + (1 iy an.)SnI'n} o (1 = ﬂﬂ.) -PC (I - Pn ZbIA‘) zﬂnvn 2 1' (3-56)

i=1

where {a,},{8n}.{pn} € (0,1) satisfying the following conditions:
(i) £, an =00 and im0 0 =0,
(i) 0<a<pB.<b<lVneN,
(iii) iMoo pn = 0,

(V) 0<ec<r,<d<1l,VneN,

(V) ity b =1,

(V|) Z:c=1 |an+l =5 ”nl < g, Z:D—Tl |ﬁn+l = .Bnl < 09, Z,a[o—_-l Irn+1 = rnl < 00,

E?:l lpn+1 — pn| < 0o and 3507, aff < oo
Then, the sequences {z,} and {u.} converge strongly to z, = Pru.

Proof. Putting F; = 0,vi = 1,2,...,N in Theorem 3.5, then we have u, = Pez, =
z,,¥n € N and the result of Corollary 3.7 can be obtained. |

Corollary 3.8. Let C be a nonempty closed convex subset of a real Hilbert space
H. Fori=1,2,...,N, let F; : C x C - R be a bifunction satisfying (41)' — (A4). Let
{T:};Z, be an infinite family of nonexpansive mappings of C into itself and let o; =
(a{a‘%aﬂ) € IxIxIwhereI=[0,1and a]+aj+aj =1, +o) <n<landod,al,al €
[p.q] € (0,1) for all j € N. For every n € N, let S, and S be the S-mappings generated
by T.,Tu-1.....T1 and o,,0n-1,...,01 and T,,,Tn-1,... and o,,0,_1,..., respectively.
Assume that F = N, EP (F)NNZ, Fiz (T)) # 0. Let the sequences {z,} and {u.} be
generated by z;,u € C and

z:\;l a; F; (n,y) + ri" (y = U,y — ) 2 0,Vy € C,

(3.57)
Tyl = Bn (unu =+ (1 = “‘n) Sn-'"n) h (1 sl ﬂﬂ.) Pcun,Vn = 1,

where {an},{Bn},{pn} € (0,1) and 0 < a; < 1 for every i = 1,2,..., N, satisfying the

following conditions:
() Y22, an = oo and lim, e ay =0,
(0<a<B,<b<l,VneN,
i) Uimp—oo pn =0,
(V) 0<e<r,<d<1l,¥neN,

v TN a=1,
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(VI) Z?:] Ian+l = u'ﬂ‘ < OO'E:G:] lﬁu-{-] = ,Bnl < 0012;:0:1 |Tn+1 oy TnT el 00,
Yoz Pnt1 = pnl < 00 @Nd 3002 af < oo
Then, the sequences {z,} and {u,} converge strongly to zy = Pru.
Proof. Putting A; = 0,vi = 1,2,...,N and x; = 0 in Theorem 3.5, then we obtain T; is

a nonexpansive mapping and Corollary 3.8. =

3.2 Convergence analysis for a finite family of equilibrium problems
and a nonspreading mapping

We now prove the lemma to show some properties of a nonspreading mapping
T in a Hilbert space H as follows:

Lemma 3.9. Let C be a nonempty closed convex subset of a real Hilbert space H
and let T : C — C be a nonspreading mapping with Fiz(T) # 0. Then there hold the
following statement:

() Piz(T)=VI(C,I-T);
(i) For every u e C and v € Fiz(T),

|Pc(f = AMI = T))u—v| < |lu—nv|, where A € (0,1).

Proof. To prove (i), let z= € Fiz(T). Then z* = Tz*. Since
(v—a*, (I -T)z*) =0,Yv e C,

then z* € VI(C,I - T), which follows that Fiz(T) € VI(C,I - T).
Next, we show VI(C,I - T) C Fix(T).
Let # € VI(C,I —T). This implies that

(v—%,(I-T)&) >0,Yv e C. (3.58)
Let z* € Fiz(T). Then, by (2.4), we obtain
ITZ - T2*||? < |7 — 2| + 2(& - T&,2* = Tz*) = |& — 2”||. (3.59)
Observe that

ITZ - 2*(* = |& — 2* - (I - T)a|
=& -2*|? - 2(& -z, (I - T)& + ||(I - T)&|%. (3.60)

From (3.58), (3.59) and (3.60), we get
(7 - T)z||* <2(z —z*, (I - T)z) <0,

which yields that # € Fiz(T). Therefore VI(C,I — T) C Fiz(T).
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To prove (ii), let u € € and v € Fiz(T). Since T is a nonspreading mapping and
(2.49), we get

ITu - To|? < |Ju—v||* + 2{u — Tu,v — Tv) = [Ju— |2 (3.61)
Thus we have

1T =] =|lu=2- (I - T)1:.H2
= flu—v|* =2 (- v, (I = T)u) + [|(I - T)u|?. (3.62)

From (3.61) and (3.62), we obtain
(I = T)ul® < 2(u—v, (I -T)u). (3.63)
From (i) and Lemma 2.12, we have
v € Fia(T) = VI(C,I - T) = Fiz (Pc(I - NI - T))). (3.64)
By the nonexpansiveness of P, (3.63) and (3.64), we get

IPe(I = AU = T))u—v||* = |[Pe(I = A(I = T))u - Pe(I = A(I = T))|?
ST = AT =T))u— (I = MI = T))?
= ll(u = v) = M((I = T)u — (I - T)v)||?
= [l(u—v) = A(I = T)u|®
= [lu = v® = 2\(u — v, (I = T)u) + A2(|(I — T)ul®
< [l = vl = AT = T)ul® + A%|(1 = T)u)®
= flu = ol = A1 = NI = T)u?

< Jlu =%,
which implies that [|Po(I = MI = T))u — v|| < |lu - v||. ]
Remark 3.10. By Lemma 2.12 and Lemma 3.9, we can conclude that
Fiz(T) = VI(C,I - T) = Fiz (Pc(I - M(I = T))), YA > 0.

Theorem 3.11. Let C be a nonempty closed convex subset of a real Hilbert space
H. Let f be an a-contractive mapping on H and let A be a strongly positive linear
bounded operator on H with coefficient y and 0 < vy < 2. Let T : C — C be a
nonspreading mapping. For every i = 1,2,..., N, let &, : C x C — R be a bifunction
satisfying (A1Y-(Ad) with Q := Fiz(T) nNY, EP(®;) # 0. Let {z,.}, {y.} and {v,} be
sequences generated by z; € H and

N
2,'21 a;®; (vn, y) ¥ i (y — Un,Un — wn) >0,vy e C,

y‘n = BYLPCIM. + (1 o= 61:) Un, (3.65)

Tpy1 = 0¥ S (Tn) + (I = 0, A) Po (I — pu(I = T)) yn,¥n € N,
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where {4,}, {0.}, {¢n}, {¥n} € (0,1), 0 <a; <1, foralli=12...,N. Suppose the
conditions (i)-(vi) hold.

i) UMysoo 8 = 0 and 2, 6, = oo;
(i) 0<7<6, <v<1,forsomer,u>0;
(iii) 02, ¥m < o0;

(iv) 0 < e < pn <n<1,forsomeen>o0;

V) Z::l ai = 1;

(i) 3 onei I6ns1 — 6nl < 00, E:):I [0n+1 — Bn] < 00,

Z:ll |‘¢’n+l E ‘pnl < 0%, Z?:l |‘Pn+1 = (Pnl < 0.
Then the sequences {z,}, {yn} and {v,} converge strongly to g = Po(I — A + vf)q.

Proof. The proof of this theorem is separated into five steps.

Step 1. Claim that {z,} is a bounded sequence.

Since 8, — 0 as n — oo, without loss of generality, we assume §,, < "—j,", for every n € N.
Since N | a;®; satisfies (A1Y-(A4) and

N
1

Za,—@, (vn,y) + ‘P— (¥ — Unyvn —x,) 2 0,Vy € C,
n

i=1

by Lemma 2.40 and Remark 3.3, we have v, = T, z, and Fiz(T,,) = N, EP (%;).
From Lemma 2.12 and Lemmma 3.9(i), we obtain

Fiz(T) = Fiz (Pe(I = ¥u(I - T))).
Let z € Q. By nonexpansiveness of Pz and T,,,, we have
lyn = 2ll < On || Pozn — 2|l + (1 = 6n) [Ty, 2 = || < [z — 2|l . (3.66)

From Lemma 2.35, Lernma 3.9(ii) and (3.66), we obtain

[Zntr — 2|l

< O [|vf (zn) = Az|| + [T = 60 A|| | P (T = Yu( = T)) g — 2||
S Gy If (zn) = F(2)I + 8n 1vf(2) — Azl + (1 = 8.7) lym — 2|
S dnwvallen = zl| + 6 [|7£(2) — Azl + (1 = 6n7) ll2n — 2|

= (1= 6a(5 = 7)) l|lzn = 2l| + & [|7f(2) = Az]|

< max{ e - 2|
Y=Y

By induction, we obtain |z, — z| < max{uzl -z, ﬂlﬂi‘—‘ﬂl} Vn € N. It yields that

g Sy L
{zn} is bounded and so are {v,} and {y.}.
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Step 2. Show that lim,oe |Tn41 = 2al| = 0.
By the definition of z,, and Lemma 2.35, we obtain
lZn41 = zall
Sy IS (2n) = f (@n-1)ll + 7[00 = dnal If (@n-1)ll
+ 11 = 6u Al |Pe (I = ¥u(I = T)) yn — Poc (I = Yn-1(I = T)) yu-1l|
+ (4 = 60 A) Pc (I = Yn-a({ = T)) yn-1 — (I = 6u-14) Pe (I = pn-1(I = T)) yn-all
Sonva ||Zn — Ta-1ll +710n = Sa-1| [lf (zn-1)ll
+ A =6A) IU =Yn(I =T))yn — (I = Yn1(I = T)) yn1||
+ |00 = du-1|l1APc (I = Yu1(I = 1)) g1 ||
Sowva|zn — Ta-a|l + 760 = Gn-a| [lf (zn-1)l| + (1 = n%) [ﬂu #n = a1l
+ 100 = On-a| [|[Pozn-1ll + (1 = 0) llva = va-1l + |65 — On-1] lvn-1l|
+ % (7 = T = (1 = Thnoall + 9 = s || = Tl
+ |60 — bu1| |APc (I = Ynaa(I = T)) Y1)l - (3.67)

Using the same method in (3.35), we have

1
lon = vn-1ll € llzn = zn-1|l + s lon — Pn-1]llvn — zall . (3.68)
Substituting (3.68) into (3.67), we get

|zn+1 — zal

<bpya ”'Tﬂ - -":n—l" + I‘sn —Op=1] ”f(In—l)” + (1 = 611'.7) ["In 5 In—l”
1-6,
€

+Un (I = T)yn = (I = T)yn-1|l + [¥n — ¥n-1l ”(I i T)yn—lll]
+ |65 — ‘sn—ll [|APc (I = V’f'n—l(l - T)) yn—lll
S(1=06,(7 = va)) |lTn — Tn=all + (1 4+ 7) [0n — On—1| K +2[05, — Oy | K

= |6n = gn—ll ”-chu—l“ =

lon = @n—1]llvn = || + [0n = Gn=1] [|vn-1ll

1
i i ; |‘Pu = ‘Pn—ll K + 2¢nK o a W)n. - V’)n—ll K, (369)

where & = max { l[vall, If (@a)ll,ln = al, |Pozall (T = Thynll, 4P (I = (I = 7)) ul }.
From (3.69), the condition (i), (iii), (v) and Lemma 2.13, we have

f!-l_r:go ”.‘J‘?,,+1 —In “ =0. (3.70)

Step 3. Prove that lim, .« [[vn = 2|l = iMyse || Pe (I = Yu(I = T)) 2, — 24| = 0.
To claim this, let z € . Since v, = T,,,z, and T, is a firmly nonexpansive mapping,
we have

”Z = T‘Pn'"r‘.ﬂnz = ”T‘Puz s Tw"zn”z
< (Tp.2 = Ty, Tny2 — Tn)

1 2 2 !
= 5 (ITpuzn = 21 + llzn = 2I* = |1 Ty 20 - zall*) |
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which follows that

llon = 21 < ll2n = 201 = llva = zall®. (3.71)

By the definition of z,,, Lemma 2.35, Lemma 3.9(ii) and (3.71), we get

llenss = 2]
=[l6n (v/ (n) = APe (I = $u(I = T)) y) + (Pe (I = ¥n(I = T)) yn — 2)|?
SWPc (I = ¥a(l = T)) yn — 2|I*
+ 200 (7f (2n) = AP (I = Yu(I = T)) Y, Tnp1 - 2)
< lyn = 2% + 264 117 (2n) = APc (I = (I = T)) gl 12041 - 2|
<On | Potn = 2||* + (1 - 8,) [lvn — 2|
+20n [17f (zn) = AP (I = ¥u(I = T)) yul| |l2ns1 — 2|
<Oy llzn = 2I* + (1 = 0) (llan = 21 = llvw = za?)
+ 200 7S (2n) = AP (I = ¥u(l = T)) yull |2ns1 — 2|
=lzn - 21> = (1 = 8,) v — za|?

+ 265 |h’f (Iﬂ) ~ APg (I = U‘-’n(f = T)) yn“ |E1'n+l o Z” )

which implies that

(1-6,) v = In”2 S(llzn = 2|l + |zas+1 = 2]I) |Zns2 = T,
4= 261:. ”'Tf (In) “i APC ([ = wn(l = T))yﬂ“ ”In+l d Z” .
From (3.70), the condition (i) and (ii), this yields that
"_I_I;T;c ”'Uu —xn| = 0. (3.72)
By Lemma 2.35 and Lemma 3.9(ii), we get
Izn+1 — 2|
<NPe (I = Yl =T)) yn — 2|I?
+ 24, ('Yf (‘rn) - AP (] - tf}n(I = T))ymwn-i-l - 2)
< lyn = 2% + 26 [|7f (xn) = APc (I = Yu(I = T)) gl |2ns1 — 2|
=0n || Pozn — 2||* + (1 = 1) llun — 2II* = 6 (1 = 8,) || Pezn — vall
+ 205 ||vf (2n) = APc (I = ¥n(I = T)) yul| |Zn+1 — 2|
<|lzn = 2> = Bn (1 = 85) || Pon ~ va®

+ 28 |vf (#n) = APc (I = ¥a(I = T)) ynl 2041 — 2],

which follows that

0, (1 —8,) | Pexn — T’n”:, S(llen = 2| + H"En-#l = ZH) [|[Znt1 — an

+ 280 ||vf (zn) = APc (I = Yl = T)) yall | Zn+1 = 2| -




From (3.70), the condition (i) and (ii), this implies that
Aim [|Pozn = val| = 0.
Since
|1Pczn — zn|| £ [|Pc®n = vnll + llvn — zal|,
using (3.72) and (3.73), we have
Um [|Pezn — 2| = 0.

Since
”yn - -7-':1” <, HPCmu == xn“ * (1 = 6n) ”'Uﬂ = Iu” y

by (3.72) and (3.74), thus we obtain
Uim [[ym — za]| = 0.

n—o0

Observe that

”-T'n - Fe (-{ = l}:’n(I =Y T)}yn“
< llzn = znt1ll + 12041 = Po (I = Yu(I = T)) yul|
= HTn = In+l“ + 85 |1 f (25) — APg (1 — (] - T))yn” )

which implies by (3.70) and the condition (i) that
nll_';go lza = Po (I = ¥n(l = T)) yall = 0.
Since

[lzn — Pc (' "»"n“ =T)) zal
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(3.73)

(3.74)

(3.75)

(3.76)

< llzn = Po (I = n(I = T)) ynll + [|1Pe (I = ¥n(l = T)) yn — Po (I = ¢u(I = T)) 24|l

S llan = Pe (I = ¥u(I = T)) ynll + (T = $n(I = T)) yn — (I = Yon(I = T)) |
s ”-Ln ~ P (I -y.(I- T))y,.,” 7 ”yn = In“ + U l|(I = T)yn — (I = T)z4|

by (3.75), (3.76) and the condition (jii), we obtain

m llew = Po (I = (I = 7)) 2l = 0.

(3.77)

Step 4. Show that limsup,,_, . (vf (q) — Ag,z, — q) <0, where g = Pa(I — A+ vf)q.

First, take a subsequence {z,,} of {z,} such that

lirrp_'sgp (vf (@) = Aq.zn — g) = im (vf (q) - Aq,zn, —q).

Since {z,} is bounded, we can assume that z,, — w as k = o0o. By (3.72), this follows

that v,, = w as k — oc.

Assume w ¢ Fiz(T). Since Fiz(T) = Fiz (Pc (I — ¢n, (I - T))), we have w # Pc(I -

R R e
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Yn, (I — T))w. By nonexpansiveness of Pg, the condition (iii), (3.77) and the Opial’s
condition, we get
Uminf lzn, —wll <UMinflaa, ~ Po (I = ¥n, (I - T))w]
<UMinf (fizn, = Po (I = ny (I = 7)) 2w |
+ 1P (I = YL = T)) Ty = Po (I = (I = T)) ] )
<lim inf([\rnk = Po(I = Yn (I = T)) 2, |
T = Yy (T = T 2y = (I = Y, (1 = T)) ]|
<lim inf(||:cm_ — Po(I = ¢n (I = T)) zn,|l
+ 12, = @l + Yy |0 = TN, — (I = T )
< likm inf ||z, —w|.
This is a contradiction. Then, we have

w € Fiz(T). (3.78)

By continuing the same argument as in (3.53), we obtain
N
we [EP(®:). (3.79)
i=l
From (3.78) and (3.79), we get w € Q. Since z,, — w as k — oo and Lemma 2.11, we
can conclude that

limsup (vf (g) — Ag,z, — q) = lel”& (vf(q) — Aq,xn, — @) = (v (q) — Aqw —q) < 0.
(3.80)

Step 5. Finally, claim that the sequence {z,} converges strongly to g = Pa(I—A+vf)q.
By Lemma 2.1, Lemma 2.35 and Lemma 3.9(ii), we obtain

|Zn+1 — all* =116n (vf (20) — Aq) + (I = 8,4) (Pe (I = Y (I = T)) y — @)
< = 604) (Pe (I = Yn(l = T)) yn — @)II* + 260 (vf (xn) — Agy Zns1 — 0)
< (1= 609" llyn — all* + 2827 | f () = £(@)]| [ Zns1 - gl
+ 260 (vf(q) — Aq,Zn+1 — q)
< (1= 6.5)" (6a IPoan = gl* + (1 = 6) Jow — )
+ 26nva||zn = gl |Zn+1 = gll + 200 (vf(q) — Ag,Tns1 — q)

< (1= 829)* llew = all* + duva (llen = all* + lwnss - all*)

+ 28, (vSf(9) — Agy Ty — g,
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which implies that

Hl'n+l = ‘1”2

(1= 6,%) + dnyex . 25,
< - g =
ST _4a Iz —qll” + 1= d.7a (vf(q) — Aq,Zn+1 — q)

lzn — q|)?

i - 205 (§ = va) o2 20 (¥ — @) §a?
—(1 1—dnya )”mn ™+ 1-dpya \2(5-7a)

[ - ('Yf(Q)_AQ1I11+l _Q))

¥ - ya

From (3.80), the condition (i) and Lemma 2.13, we can conclude that {z,} converges
strongly to q = Pa(I — A+ vf)q. By (3.72) and (3.75), we have {v,} and {y,} converge
strongly to ¢ = Pa(I — A ++f)q. This completes the proof.

O

The following corollaries are directed results from Theorem 3.11.

Corollary 3.12. Let C be a nonempty closed convex subset of a real Hilbert space
H. Let f be an a-contractive mapping on H and let 4 be a strongly positive linear
bounded operator on H with coefficient 3 and 0 < vy < 1. Let T: C = C be a
nonspreading mapping. Let ® : C x C — R be a bifunction satisfying (A1Y-(Ad) with
Q:= Fix(T)N EP(®) # 0. Let {z,}, {yn} and {v,} be sequences generated by =, € H
and

B (Vn,y) + o= (¥ = UnyVa — Z0) 20, VY € C,

Yn = 0 Poxn + (1 = 6,) vn, (3.81)
Tnt1 = VS (Tn) + (I = 62 A) Po (I = Yu(I = T)) yn,Vn € N,
where {4,}, {6x}, {¥n}, {¥n} C (0,1). Suppose the conditions (i)-(vi) hold.
(i) liMpooodn =0and 332, 6, = oc;
(i 0<T<0, <v<l,forsome r,u>0;
(i) =2, ¥ < o0
(iv) 0 < e <, <n<1,for someen>0;

(v) 2?:1 [On+1 = 6n| < o0, Z:o-;l |9n+1 - ﬂni < 09,

2?:1 |wn+1 - ’d"nl < 09, Z':..;l [’19n+1 i an.l < 00,
Then the sequences {z,}, {yn} and {v,} converge strongly to ¢ = Pa(f — A +vf)q.

Proof. Putting ® = &,, forall i = 1,2,..., N, in Theorem 3.11, then the desired result
is obtained. O

Corollary 3.13. Let C be a nonempty closed convex subset of a real Hilbert space H.
Let f be an a-contractive mapping on H and let A : H — H be a strongly positive linear
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bounded operator with coefficient 5 and 0 < v < 1. Let T : C — C be a nonspreading
mapping with Fiz(T) # 0. Let {z,} be the sequence generated by =, € H and

Tnt1 = 0Yf (Tn) + (I = 6,4) Po (I = Yu(I = T)) Pcza,¥n € N, (3.82)
where {4,}, {¥} € (0,1). Suppose the conditions (i)-(vi) hold.

(1) dithn s o =0/20d T

net On = 00;
(i) 52, ¥n <
(iil) Yooy 6n+1 — 0n| <00, o [Wnt1 — Y| < 00
Then the sequence {x,} converges strongly to g = Priyry(I = A +vf)g.

Proof. Taking ®; = 0, for every i = 1,2,...,N, in Theorem 3.11, then we have v, =
Pcz,,, for every n € N and the result of Corollary 3.13 can be obtained. l

3.3 Viscosity approximation methods for the modified generalized
equilibrium problem and a finite family of strictly
pseudo-contractive mappings

In this section, modifying the generalized equilibrium problem (2.14), we intro-
duce the modified generalized equilibrium problem (MGEP) as follows:

Find u € C and w € T(I — AA)u, VA > 0,
(MGEP) (3.83)

O (w,u,v) + p(v) — @(u) + (v—u, Au) > 0,Vv € C,

where A : C — C is a mapping. The solution set of (MGEP) is denoted by (MGEP), (®, ¢, A).

If A =0, the modified generalized equilibrium problem (3.83) reduces to the general-
ized equilibrium problem (2.14).

Next, we prove the following Lemmas for the K-mapping of a finite family of
strictly pseudo-contractive mapping that is necessary to prove our main results.

Lemma 3.14. Let C be a nonempty closed convex subset of a real Hilbert space
H. Let {T;}Y, be a finite family of &;-strictly pseudo-contractive mapping of € into
itself with s; <, forall i =1,2,..., N, and NX, Fiz (T;) # 0. Let Ay, Aq, ..., Ay be real

numbers with 0 < \; < 79, foralli = 1,2,..., N and 7, +7, < 1. Let K be the K-mapping
generated by T, Ty,..., Ty and Ay, Az,..., An. Then the following properties hold:

() Fiz(K) = NN, Fiz (Ty),
(i) K is a nonexpansive mapping.

Proof. To prove (i), first, we show that N, Fiz (T}) C Fiz(K).
Let z e NN, Fiz (T;). Then

z€ Fiz(T),vi=1,2,...,N. (3.84)




55

By the definition of U; and (3.84), we obtain
Uiz = A1T12+(1—A1)2 =/\|Z+(1 —/\1)2 =z

which implies that
z € Fiz (U3). (3.85)

By the definition of U, (3.84) and (3.85), we have
Usz = MTalUhz + (1 = A)Urz = MTaz+ (1= M)z = Aaz + (1 = Do) z = 2,
which follows that z € Fiz (Us). By continuing this method above, we get
z € Fiz (U;),Vi=1,2,...,N - 1. (3.86)
By the definition of K-mapping, (3.84) and (3.86), we obtain

Kz=Unz=AnTnUn-12+ (1 = AN)UNn-2
= ANTnUn-12+ (1 — AN)Un-a2
=ANTNz+ (1 - An)z
=Anyz+(1=An)2

=z’

that is z € Fiz(K). Therefore N, Fiz (T;) C Fiz(K).
Next, we claim that Fiz(K) C N, Fiz (T;). Let z € Fiz(K) and y € nf‘;, Fiz (T;).
By the definition of K-mapping, we get

ll = yI?
=|| Kz - y||?
= [|ANTNUn-17 + (1 = An) Un—1z - y||?
= A (TnUn-12 = y) + (1 = An) (Un-1z — 9)|1?
=A% ITnUn-12 = y|* + (1 = An)? [Un-az — ol
+ 228 (1 = AN){(TNUn-1z =y, Un_1z — 3)
<N (IUn-12 - I + ky ITwUn-12 = Un-az]?) + (1= An)? [Un-12 = ol

1—knN

+ 22w (1= Aw) (uUN-w == | TwUn-12 - Um'-w-'llz)
= (3% + (1= )+ 22w (1 = Aw)) UN-12 - 3]
+ (Avrn = Anv (1= An) (1 = &w)) ITWUn-12 — Un-12)?

=(An+1=An)?|Uv-rz =yl

+Anv (Avan = (1= An) (1 = &3)) ITNUn-12 — Un_1z?
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= |Un-12 - y|®

+An (Avkn = (1= &)+ Av (1= 68)) [TwUn-12 = Uy 12|
=[Un-12 = yl* + An (5w + An = 1) [TwUn-12 = Uy-12|?
<Un-1z = ylI* + Av (m + 712 = V) | TwUn-12 — Unaa|®

< || Un-12 - y|?

= ||Uaz - y||?
= X2 (Talhz = y) + (1 = Xo) (Urz - 9)|?
=M |1 T2Uhz - gl + (1 = A2)* |Uha - y|I?
+2X (1 = ) (TyUro — y, Uz — )
=33 (112 = 9lI* + w2 I TaU1z = Uszl?) + (1 = Xa)? Uz =

+2X2 (1 = Ag) (“Uﬁl‘—w2 'U1I—U137||2)
= (M8 + -2 +20 (- X)) [hz -y

+ (M3k2 = A2 (1= A2) (1 = k2)) | T2Urz — Uz||®

|
‘ = (A + 1= Ag)? [z — y?
+ A2 (Mak2 = (1 = M) (1 = k2)) | T2lh 2 - Uha?
= Uiz - y|I* + Az (k2 + A2 — 1) | ToUsz — U z||?
<Oz =yl + Az ((m +72) = 1) | Telrz — Uz
< Uz -y
=\ (T —y)+ (1= M) @ - )l
=X} Tz = yl* + (1 = A)? [z — o)
‘ +2M (1= M) (Tiz -y, 7 — )
=% (llz = yll* + k1 [Tz - mu*) +(1=2) Jlz -yl
+2h (1= 20) (o= i - 157 )

=(R+a-aP+2m (-2 )n:r-yn2

+ (A3ky = M (L= M) (@ - &) ITaz = =)
|

=M +1- M) [z - yl?
+ A (k= (1= A) (1= m) [Tz — 2|
=llz = ylI* + M (k1 + A1 - 1) | Taz — 2|
<l =yl + M ((n + %) = 1) Tz - z*. (3.87)

From (3.87), it yields that A, (1 — (11 +72)) [|ITyz — ||* < 0. This implies that |Tiz - z|| =
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0. Therefore & = Tyz, that is,

z € Fix (Ty). (3.88)
By the definition of U; and (3.88), we have Uiz = \\Tiz + (1 — M) z = z, that is,

z € Fiz (U,). (3.89)
Again by (3.87) and (3.89), we obtain

e = ylI* < Uz = ylI* + X2 ((m +72) = 1) (| Tolhz = Usz®
=z = ylI> + A2 (m +2) = 1) | Taz - *,

which implies that = = Tyz, that is,

z € Fiz (Ty). (3.90)

By the definition of Uz, (3.89) and (3.90), we get Uyz = A TaUiz 4 (1 — Ap) Uyz = x, which
follows that z € Fiz (U2). Using the same argument, we can conclude that

z € Fizx(T}) and z € Fiz (U;),Vi=1,2,...,N - 1.
Next, we show that « € Fixz (Ty). Since
0=Kz—-z2=ANTnUn-12+ (1 = AN)Un1z2 — 2 = Ay (Tvz — 2)

and Ay € (0. 1], we obtain z € Fiz (Tw) . which follows that z € N, Fiz (T;) . Therefore
Fiz(K) C VX, Fiz (T:) and the claim is proved. Hence, Fiz(K) = (X, Fiz (T}).
To prove (i), we claim that K is a nonexpansive mapping. Let z,y € C. Then we obtain

Kz — Ky|?
= |(ANTNUn-12 + (1 = AN) Un-12) — ANTNUN-1y + (1 = An) Un-19)|1?
= |(Un -1z = AN (Un-12 = TNUN-12)) = (Un-1y = AN (Un-1y = TNUn-19))II®
= |(Un-12 = Un-1y) = AN (I = Tw) Un-12 = (I = Tn) Un-1y)|?
=|[Un-12 = Un-19l* + A} I(7 = Tn) Un—1z = (I = Tw) Un-13®
=2 ({Un1z2 = Unay, (I = Tn)Unoyz = (I = Tn) Un—1y)
< Un-12 = Un-1yll® + M3 (T = Tiw) Un 1z — (I = Tiy) Uyl

) =
- 2w (52 10 = To) Un-sz = (1 = Ti) Uy

=|Un-12 — Un_1y|?
+Av (An = (1= k) I(F = Tw) Un—12 — (I = Tw) Un—1ll®
< | Un-1z = Un—1y|?

+Av (422 - D)= Tn)Un-rz — (I = Tn) Un—1yf®
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=||Un-1z — Un—1y|®
=N (1= (1 + 7)) (T = Tw) Un-12 = (I = Tw) Un-1y*

= [(AN-1TN-1UN-23 + (1 = An_1) Un—22) = (AN1Tv—1Un—2y + (1 = An—1) Un—29)|
= An (1= (n + 1) I = Tw) Un-12 = (1 = T) U1y

=I(Un-22 = AN—1 (I = Tn-1) Un-22) = (Un-2y = An—1 (I = Tw—1) Un—29)|?
= AN (1= (m+72) It = Tw) U1z — (I = Tw) Un—1yll°

= (Un-22 = Un—2y) = AN—1 (T = Tn-1) Un -2z = (I = Tn—1) Un-29)|I®
=N (1= (n + 1) I - Tw) U1z - (I = Tn) Un-19]*

= |Un-22 = Un-2yl* + My I = Tn-1) Un -2 = (I = Tiv-1) Un-2y]®
= 2AN-1 (Un—2x = Un_ay,(I = Tn_1)Un_22 = (I = Tn_1) Un-2%)
=M (1= (43D I = Tn) Un-r2 = (I = Tw) Un—yl?

< ||Un-22 = Un—-ayll* + M-y |(f = Tn-1) Un—22 — (I = Ty-1) Un 2y

1- ¥
BT (%ﬁ) N = Toemy) Uncaz = ( = Tyo1) Un-apll®

= AN (1= (11 +92) I( = Tw) Un-12 = (I = Tn) Un-1yl®

= ||Un-22 — Un -2y
+AN-1(Av-1 = (1= sx-)) I(7 = Tv-1) Un—22 = (I = Tn-1) Un—2y®
= AN (1= (11 + ) I( = Tw) Un-12 — (I = Tn) Un—1yl®

< |[Un-22 — Un—ayl)®
+Av-1(n+ % = D) (I = Ty-1) Un—2z — (I = Tn—1) Un—2y?
— A (= +%) I =Tx)Un-rz = (I = Tn) Un 192

= |Un-22 — Un—ayl|*
= Avo1 (1= (1 + ) I = Tv-1) Un—22 — (I = Tv-1) Un—ayll®
= A (1= (m +72) I = Tn) Un-1z = (I = Tn) Un 19

= |Un-2 — Un—a2yl)?

N
—(l=(m+m) X MU =T Uieyz — (I - T) Uiyl
i=N-1

N
<llz-yl* - (1= (m +92) 3NN = T Uiaz — (I = T) Uiy,

i=1
which implies that

N
1Kz - Kyl < llz = ylI* = (1= (n +92)) MU = T Uicaz — (T = T) Uicayl®. (3.91)

=1

From (3.91) and v, + 72 < 1, we obtain |[Kz — Ky|| < ||z — y||,Vz,y € C, that is, K is a
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nonexpansive mappine. O
Next, we give an example for Lemma 3.14.
Example 3.15. Let R be the set of real numbers and let T; : R — R be defined by
Tix=—(i+1)x, forallzeR

and \; = g;—l for all i = 1,2,...,5. Obviously, for all i = 1,2,...,5, T} is «;-strictly
pseudo-contractions with x; = 7%;. Let K be be the K-mapping generated by Ty, T3, ..., Ts
and Ay, Az,..., As. Choose v = 13 and 42 = §, which follows that vy + v, = & + L =
1% < 1. Then, by Lemma 3.14, we obtain Fiz(K) = N°_, Fiz (T:) = {0}.

Lemma 3.16. Let C be a nonempty closed convex subset of a real Hilbert space
H. Let {T:}Y, be a finite family of x,-strictly pseudo contractive mappings of € into
itself with x; < v and NX, Fiz(T;) # 0. For every i = 1,2,....N and n € N, let
AL Az, .., A and AT, AZ, ..., A% be real numbers with 0 < A, A" < ya and 1 +92 < 1
such that AT — A\; as n — oc and 302, [P — AP| < cc. For every n € N, let K and

n=1

K, be the K-mappings generated by T,T3,..., Ty and Ay, Az,..., Ay and T4, o, ..., T
and Y, A%, ..., AR, respectively. Then, for every bounded sequences {z,} in C, the
following properties hold:

(l) Umn_.w “anu == KITI” = 0 ;
(") ZT:I ”Kn-’:n—l = Kﬂ-lg‘"’l—'l” < 0.
Proof. Let {z,} be a bounded sequence in C and let Uy and U, be generated by
T, Th,....Tnv and Ay, Ay, ... Ay and T4, Ty, .., Ty and A}, AR, ..., A%, respectively.
First, we shall prove that (i) holds. For each n € N, we obtain
||U1l,l‘rﬂ- " UlIn" e “’\TTIZH +: (l = ‘\?) Tn — (AlTlxﬂ = (1 = '\IJIn)”
= "ATTlI" - )\?.‘L‘n o /\1T1.'I'n + A]In”
= (AT = A1) Tz, — (‘\’1‘ = A1) |
= |A;1 g All ”Tlxn - In” . (392)

For k € {2,3,...,N}, we have

|Un k25 = Urznl|
= |\ Teln k=1Zn + (1 = AP) Unko1Zn — MeTkUko12n + (1 = M) Us—120) |
= |2 TuUn k-1Zn — MeTkUk-1Zn + (1 = M) Up 12 = (1 = i) Us—1Zn]l
=”/\}:TkU,,‘k_la'ﬂ = NTclliar s + X ThUiicrZn — MLk 1To 4 (1= AD) Ui bt
~ (L= A2 Uiy (1 = X2V U2 = (1= )\k)Uk_lzr:,,”
= |\ (Tl ko120 = Telkorza) + (A = Ae) Telk-r 2

F{0 = A0 (U bmimn = Upan) + (1 =22 « (1 = Ae)) Uk_l:r,.‘
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< /\E ”TkUu,k—imu = TkUk—lEnH +r |A2 — /\kl "TkUk—lxn”

+ (1 g ’\Tk‘) ”Un.k—lxﬂ R Ukulxn” T |Ak “1 :l IIUk—1In||
14 Ky
1 — kg

<M |Un k=120 = U-1Zn|| + 1A% = Ae| (| TieUk-12n|

+ (1= AR) 1Un k=120 = Uk—1zn|l + |Ak = AR [|Uk-12x]|

1+k l-&
S T Un k120 = Uk-1Znll + 7= IUn.k=12n = Uk-124]
- Kk 1 — kg
+ [AR = Ak (| TeUk=12n|| + [|[Uk-17x]l)
2
=Ty IWnk=12n = Ukazall + X = Ml (1TeUk-12nl| + Vk-12al) (3.93)

By (3.92) and (3.93), we get

”KHIu N K-Tra.”
= “Un.N-'ru i UNIu”

<

S NUn,w =120 = Un-12a]| + |A% = An| (1T Un=12a]| + |Un-124ll)

2 2
< Unn-22n — Un- + (AN = An-
_I—KN(l—KN_l NUn.x—a2n N-22n| I Pt W ll

(ITn-1Un—22n| + |FUN—2$nH)) + AN = ANl (ITNUn <12l + |Un-124]])

2 2
- ( ) |Un,N-2%n — Un_2zx]|
1 - &Ky 1—-Kn=y

2
1= RN A% -1 = An=1| (ITN-1Un—2zal + |UN—224]))

+ |’\R' = )‘NI (“TNUN—IIHH + ”UN—Ixn“)

l 2
= H (1 = Kj) |Un.N=2Tn = Un_azn]l

j=N-1

+

N 2 N-j
"2 (= xm) A3 = X5 (IT3Us-12all + U120l

J

N
= )nuu.lxn—ulx,.ﬂ

j=3 1- K
N 2 N—j

ot (1 S ) A7 = 2| (IT;Uj-12all + |Uj-121)
j=2 i1

2

=TT (12 ) e - Ml iz — 2l

7=2 i
N 9 N—-j

B Z (l =54 ) |A;’L =, ’\J'I (IT5Uj—1znll + |Uj-12all) - (3.94)
j=2 f+1

By (3.94) and the fact that A? - A\, asn — oo forall i = 1,2,..., N, we can deduce that
“mn—ﬁm ”K'lzﬂ - k'I"” =0,
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Next, we will claim that (i) holds. For each n € N, we obtain
Un1Zn-1 = Un-112n-1]l = |[AM{Tizn-1 + (1 = A}) Zp—1 - ('\?-lTﬂ?nq +(1- /\?—1) mn—l)"
= X Tiznm1 = APnmt = AP Tizpey + AT
= [|(AF = A7) Taznoy = (A = AT™") 2|
= |A} = 227 I Ti2zno1 = 2|l - (3.95)
For k € {2,3,...,N}, we have
Un k-1 — Un-1 kZTn-1l
=[N Tl k- 1201 + (1= X)) U121 = O Telno1 k=120
+ (1= 27 Vs emrzad)|
=R Tl k1201 = N T k1Zn + (1= X UngrZacn
(1= Un—],k—lzn—-l”
=”A2TkUn.k—1In-1 — MeUn 161801 + AR TUn_y k=12h-1
= AT T Un—1 k-18n-1 + (1 = AR) Un k=1Zn-1 = (1 = A7) Un—1,k=1n—1
+ (1= AP Un-1k-12n-1 — (1 = AF7Y) Uﬂ—l.k—lIn—IH
=[|2% (b1t = Bencspmrzacs) + O = X)) Telnot ho1znes
+ (1= AP Ungornot = Unorga@ns) + (1= M = (1= X7)) Vnet oz |
< AN TUn k—12n-1 = TelUn-1k-1Zn-1ll + |AR = Mo 1 TeUn=1,k-1Zn-1 |

+ (1= AR) lUnk-1Tn-1 = Un—1,k-1Zn-1| + IAﬂ 7 A:_ll 1Un-16-1Zn-1l|
14+ ki

SA;:I—KJG

”Un.k—lzu—l = Un.—l.k—lz'nkl” + I/\: e ”\E_ll “TkUﬂ—l.k—lmn—lll

+ (1 =A%) W k-12n-1 = Un-rk-1Zn-1ll + | AR = Ap ™} WWn-1.4-12Zn-1l

1+ &g 1-k
< % WUnmiZnei = Un-1k-1Zn-1] + 2 1 Unk-1Zn-1 = Un=1,6-12Zn-1]|
11—y 1—Kx
+ AR = A (ITeUn=1,k-1Zn-1 ]| + 1Un-1.6=12Zn-1]))
2
g |Unk=1Tn-1 = Up=1 k=1Tn-1]|
=y
+ AR = A7 (ITeUn-1,6-1Zn-1 | + 1Un-1.k-1Zn=1]]) - (3.96)

From (3.95) and (3.96), we obtain

”Knxn-l = Knnlxu--l.“
= "Uﬂ.NIn—l - Un—l.Nzn—l”

e
~“l1l=-KNn

+ |AN = AV ITWUn-1,N-12n-1ll + [Un-1,¥=1Zn-1]])

||Un.N—lIn—1 o Un—l.N—l-Tn—l”

2 2 "
(1 B ”Uu,N—zl'ﬂ—l a Uv\—l.N—an—lll G i |'\K'_] e )\R.'_lll

—1—kn
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(ITw-1Un-1,N-22Zn-1]l + ||Un—1,N-2wn-ti|))

+ AN = AN TN Un=1, 8 <1Zn-1]l + Un=1,8=1Zn-1]l)

2 2
i (1 ) ( . ) Un.w=-22n-1 = Un-1,N-2Zn-1||
— KN l-8Nn_
2
1-kn

i l’\Rl iy Ar."v‘_ll (“TNUn-l,N-I-Tufl" + ”Uu—I,N—lmn—l”)

e 2
= H ( ) |Un.N-2%n-1 — Un-1,N-2Tn-1]|

FEN—1 1- Kj

N N-j
2 .
+ ) ( ) IAF = A (ITjUn-15-1Zn-1]l + 1Un-1,j-1Zn-1]])
=N-1

+

|'\R'—l | Ar,"\.f_—lll (IITN—IUH—].N—2IH—1" + ||U::—1.N—2In—1”)

1-kKjn

| ={ 8
| S H ) ”Uu.lzu—l & Un—-l.lrn—i‘l

l—ftj

N N-j
2 o
+ Z( ) A2 = A2 (IT3Un-1,5-12n=1ll + |Un=15=12n-1l)

=L B
= H ) I/\? - A?_il HT}.In—] = mn—l”

o2 1-k;j
N 9 N-j - e
+3 (1=2s) 8= %7 T Unossmneall + W os2acal)
Al 2 n n—1 Y e n n-=1
gg(r_-’;) |AP = AT |M+2j§(1—nj+1) A7 = A2 M, (3.97)

where M = MaxXnen {IT1Zn-1 — Tn-1l, 1 TiUn-1,-1Zn-1ll s |[Un-1,j-12n-1ll}, for all j =
2,3,...,N. Hence, by (3.97) and 3";2, [A\f*! = A7| < oo forall i = 1,2,..., N, we have

2]
”Kn:rn—l e Kn—lmn—lH < 00,
1

n=

O

Theorem 3.17. Let C be a nonempty closed convex subset of a real Hilbert space H.
For every i = 1,2,...,N, S; : H - CB(H) be H-Lipschitz continuous with coefficients
pi, ¥ : Hx C x C — R be equilibrium-like function satisfying (H1)(H3). Let ¢ : C — R be
a lower semicontinuous and convex function and A : C — C be an a-inverse strongly
monotone mapping. Let {T,—}f"_=1 be a finite family of &;-strictly pseudo-contractive
mappings and k; < v, with F := ﬂi[ Fiz (T;) N ﬂf‘;l(MGEP), (Pi, 0, A) # 0. For every
n € N, let K,, be the K-mapping generated by T\, T,...,Tg and A}, Ag,..., A%, where
0<p< AP <Y<, foralli=1,2,....,Nand v+ < 1. Foreveryi=1,2,...,N,
let {x,} be the sequence generated by z; € C and wj € S; (I - r{A) z,, there exists
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sequences {wy } € H and {a,},{u},} € C such that

wh, € S; (1 = hA) T, ||wl — wi || S U+ L) H (S (I -2 A) 20, Si (1 =781 A) Tnta) o
Qi (w;,ﬂ}uy) =+ ‘P(y) - (‘U:‘) + % (u:l = In,Y = u:.) + (Axnuy el u:;) = O-Vy € Cg

ZTnt1 = nf (Tn) + Bn (Zi] a:'lu:") + 6 KT, 2 1,
(3.98)

where f : C — C be a contraction mapping with a constant ¢ and {an}, {8n}, {6.}
C (0,1) with a, + . + 6, = 1, Vo > 1. Suppose the following conditions hold:

() limpyooon =0and ¥, ay, = oo;
(") 0<T$ﬁnv6n <l

([i0<n<a, <<, forall i =1,2,....N-1and0<n<al¥ <o <1 with
Z:’:]ail:l;

(V) 0<e<ri <w<2a, forall neN and i=1,2,...,N;

(v) 2?-.11 Iaﬂ+1 — ay| < 00, 2:;1 [Br+1 — ﬁni < oo, E?:l |0n+1 = 0n| < o0,
Zle |T:l+l —T‘:-‘I < 00, E?:l |a:l+l i ﬂ:.‘l < 00, Zra::l |A:+1 1 Al'k:t| < 00, for au i=
1,2,....Nand k=1,2,...,N;

(vi) For each i = 1,2,..., N, there exists p; > 0 such that

2
Ty (21) - Ty (2)]|
(3.99)

@ (Wi Ty (21). Ty (@2)) + @i (wh, Ty (22) , Tog (21)) < i

for all (r{,73) € ©i x ©;, (z1,72) € H x H and w} € S;(z;), for j = 1,2, where
8,»={r:',:n21}.

Then {z,} and {u},} converge strongly to ¢ = Pxf(g), for every i =1,2,...,N.
Proof. Let z € F. From (3.98), we have
D, (wh,uh,y) +e(y) — ¢ (u)) + Ti:l (b = (I =1 A) 2,y —ul) > 0, (3.100)
for every y € C. From (3.100) and Theorem 2.44, we obtain
ul, =T (I —riA) 2a,Vi=1,2,...,N.

Since ze F= ﬂf—i‘ Fiz (T;) nﬂf':,(MGEP), (®;, ¢, A), then, for every i =1,2,...,N, we
derive
Di(w, z,v) +w(y) — (2) + (y — 2z, Az) 2 0,y € C,

= ®;(w, z,v) + o(y) — (z) + %(y —z,2—2+71LA2) > 0,Vy € C,

= &, (w, z,v) + ¢(y) — ¢(2) +'rit.(y —z,2—(I-r4A)z) >0,Vy € C.

n
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From Theorem 2.44, we obtain
z=T, (I-rhA)2,¥i=12,...,N.
Putrie o, foralli=1,2,...,N. From (3.99), we have

®; (wirTr‘ (-"'1) s T (1'2)) + &y (w;!Tr" (~L2) 3 T (J"l)) < —pi ”Tr‘ (J‘l) — T (3-2)"2 <0,
(3.101)

for all (z;,72) € H x H and w} € S; (z;) ,j = 1,2.

From (3.101), it implies that Theorem 2.44 holds.

The proof shall be divided into seven steps.

Step 1. We will prove that I - i A is nonexpansive, for all i = 1,2,...,N.

It it obvious to see that 1 — r} 4 is a nonexpansive mapping, for every i =1,2,...,N.
Indeed, A is a-inverse strongly monotone with r, € (0,2a), we get

(= riA)z = (T = riA) y* = o - y - ri(Az — 4y)|’
= llz - yl* = 2r}, (2 — y, Az — Ay) + (r5)* | Az - Ay|?
< llz - yl* - 207}, | Az — Ay|)® + (i)* | Az ~ Ay|®
= ||z - yl* + 7}, (v}, - 20) | Az - Ay|?

2
<z -yl

Thus I — ri A is a nonexpansive mapping, for all i = 1,2,..., N.
Step 2. We will show that {z,} is bounded.
By nonexpansiveness of K, we have

N

Za; (uh, - 2)

i=1

|Zn+1 = 2|l Sen ||f (zn) = 2|| + Bn + 8y || Knzn — 2|

N
<ap ||f (zn) = f(2) + f(2) = 2| + Bn Za:x ”u:l = z” + 6n [|zn — 2|l

i=1
N
San (I (@n) = FE + /() = 1) + Ba 30, [Ty (I = 15.4) 2 — 2]
i=1

+ 8, ||an — 2|

N
San (€ llzn = 2l + 11/ (2) = zll) + Bn D _ ak |l2n — 2l| + 6n ||zs — ]|

i=1
=(1-an(1=§)) llzn — 2| + an |l f(2) - 2|l

< max { a1 — 2|, ——"f(lzJ__Ez“ } .

By induction, we have ||z, — z|| < max {||.r1 -z, Ml_—LE—H} ,¥n € N. It follows that {z,}
is bounded so is {ui}, Vi=1,2,...,N.
Step 3. We will show that lim, e ||Tne1 — Ta] = 0.
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By the definition of x,, we obtain

||$n+1 = Znll
N

anf (zn) + Ba (Z a;u:;) + 8, KnZn

i=1

N
- (ﬂn-lf{mn-l) + Bn-1 (Z a::.—l":;—l) +5n—lKn—IIn—1) ”
i=1

Sap [|f (za) = f (Za-1)ll + lan — an-1| [|f (za-1)l

N N
i,4 1 i
Zanun = Zan—lun—l

i=1 i=1

N

i 1
E :an-lun—l

i=1

T )'37; H |}3u iy ﬁn—ll

+0n | KnTn — KnZn-a|| + 0n | KnZn-1 — Kn_17n_1||
+ |00 = Sn_1| | Kn-1zn-1ll
Soné ||Tn — Zn-a1|l + |an = an-1| || f (n-1)ll

N N N N

E : L § : L § : Lo i i
aptty, = Qpln_y + Aplp_1 — Z Gp—1Un-1

i=1 i=1

i=1 i=1

+ B

N
+ lﬁrz == ﬁn.—ll Za:-;_i ||u:|_1|| 4+ 6"_ ”Iu = Iu—l“

=1

+ 51: HKﬂxn-l = Kn—l-rn—lll + !611 Tt Jﬁ—ll "Kn-la’ﬂ—lll

N » N .
Y al, (- ul,_y)

i=1

<apé "‘Ln = -'L'n—l“ + |an — ﬂ’n——ll If (zn=1)l + Bn

N

Z (a-'ﬁ =1 Up_y

i=1

N
+ Bn + |Bn — Bn—]iza:.-l ||u:|_1|f
=1

+dp ”Iﬂ = -Trt—1“ +0p "K"Z‘ﬂ,_l — Kp=13n=1 H 5 |‘5n o Jn—ll ”Kﬂ—lxn—l“

N
San€ [|£n = zn-1ll + lan = an_1| |f @n-1)ll + Bn Y @l |lul, — ul,_, |

=1
S T

+ ‘B“Z |a:, - a:.._ll ”U:,_lu + Iﬁu T .Brl—ll Za::-l ”u:‘i—l“
i=1 $=1

o 511 ”-’*"u B -’Cn—ln + Jn ”KﬂIn—l g Kn—lmn—lll =t |6n - 5n-1| Hanl:nn—lll . (3102)

From u}, =T,, (I —riA)z,, foralli=1,2,...,N, we have
o : e ) .
®; (wh,uh,y) + o(y) — @ (uh) + = (up — (I = ryA) Tp,y —up) 2 0,Vy € C,
n
and

) ) 1 ’ ] .
®; (w::+l'u:1+lsy) +oy) —¢ (u:,+1) + ;Z:_L (u,‘,“ - (I - 7'::+1A) Tn+lh Y — “:1+1> 20,vyeC.
’l+

In particular, we obtain

®; (wh, uh, uhyy) + o(ubsq) — o (ul) + % (ub, = (I —rEA) zpyulyy —ul) >0, (3.103)
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and

®; (w:wlau:wlru}n) +p(uy) — @ (u:z+l) + o (u:1+1 T (I = 7':;+1A) Tnt1) Uy — u:‘_‘_l) 2 0.
n+l

(3.104)
Summing up (3.103) with (3.104) and applying (3.101), we get

'l"_': (u:l - (I T T:aA) ‘Tﬂ‘u;l+1 = u:z) + ?'1__ <“‘:H—l = (I = r:t.+1"4) rn"’]’“‘:l = ";a+1> = 0,
n n+1

which implies that

i i i L
<'h’,::1+1 —_ Uy = (] iF TNA) Tn _ Ung1 = (I _ T:H-]A) Tn+1 > > 0.

ni i 1
Tn Tn+1

It follows that

i
n

ad e i i i =
<u‘u+1_un’un_uﬂ+1+un+1_('{ . 'rnA) LIn—

(uiﬁ—l =5 ([ T "'iwlA) 1'71*-1) > >0. (3.105)

i
Tan+1

From (3.105), we obtain
i i |2
”un+1 B “n”

sl . i o i =
< <Un+1 UpyUn i (I i TnA) In —

i

T ; 5
e {'”:1-9-1 = (I = Trsid) l'n+l)>
n+1

r

=<u;+1 —ub, (I =rh g A) apgr — (I =1 A) 2,

. T;u P (T
+{1 P (unts — (1 7”:L+1A)-73n+1)>

Tn+1

< ||utsr = | | (I =rh1A) Ty — (I -7 A) 2,
ok
# (1= 72 ) (o = (= s 20) |
n+1

< s = | [” (7 = rns14) Tns1 = (I = g1 A) 2 + (I = 7741 4) 20

= (f—'r‘:lA)In|+‘1— :'n
1

luhr = (7 = rh1 ) g
< [l = 2z [HU = Tht14) Znp1 = (1 = 741 4) 2|
(7 - rhrd) 2n — (1~ 134) aa

1 .. st :
t Irhe1 = Tal flunsr = ( = 7542 4) m,,+1||]
n+1

i 1
Tn+1 — Tn

< [lrther = i [|\~’l'n.+1 - Zn|| + | Az, ||

1 : - :
o . |T:|+1 = T:x| ||u:1+1 = (I = ":»HA) ""’ﬂHM’
which follows that
[whi1 = up|| € 1Ensr — zall + [rhyy — 4| | Azl + 3 |7her = Th] [|haer = (1 = 71 A) Tnga |-
(3.106)
From (3.106), we have

llun = whmall < l2n = 2nall + 7 = i 1Aaall + = |rh = i |k = (T = 7 A) 2a|.

(3.107)
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From (3.102) and (3.107) , we obtain
lZn+1 = znll
N
<an§ ”mﬂ - mn—l" 3 Ia'n = a‘l‘l—ll ”f(mn—l)” +.fn Za:. [ ”-’rn — Iu-l”

i=1

i i 1y i i i
+ [k =t [ HAzacall + < [rh = 7y [l = (7 = riA) 2]

N N
+ 'B" E |a:1 a ail-ll ||u;1—1” + [ﬁ" - JB“-ll Za:\—l lluf’l—lll + 611. ||IJ'I = xu'—l”
i=1

i=1
+ 6y ”Knﬂ:n-l — Kn-1Zn-1|| + 165 = 8n-1] “Kn—l-'rn—lll
N N
=ané ||zn — Tn-1]| + |an - Q’n—i| | f (n=1)|| + Bn Za; “-Lﬂ = ""n-IH

=1

ad " Wi bdade o : :
+B0 ) an |rn = rhca | 1Azl + =2 Y al e = vy luh = (7= rh4) 2|
i=1 i=1

N

N
B ﬁ" Z I(li‘ = ai‘—ll Iluil_l ” + |JB"¢ — ﬁﬂ-—ll Za‘:a-l ”u:l.—l |I = {sn ”xn = mﬂ’-l”

i=1 i=1
-+ 511 "I(nl'n—l = K.n-lxn-lu + |6n = 5n—l| ”I(n—-lxn-ln
S -an(l =) llzn = Ta-1ll + lan = an-1| | f (Zn-1)l|

N N
. ‘ 1 : ‘
i+ Z |rh = rn-1] | AZn-1 ]| + 7 Z l¥n—~ 1| |[Un = (I — rp A) 24|

i=1 i=1

N . ) 3 N . .
+ Z |as, = aq_y| [Jun-a|| + 18 — Bu-a] D ad_y [fuch—s |
i=1

i=1
+ | Kntn—1 — Kn-12n-1| 4 |6n — n—1| | Kn—1Zn—1||

N N
S.(l iy Cl',.,(l = E)) “:rn “ In—l“ * |an - anHIIM ) er:l - r:l—ll M+ ; Z IT:.‘ _r:'l-ll M

i=1 i=1
N
BT Z |a:1 == a‘:;—ll M + |Bn — Bn—]l""'f + ”ann—l . Kn—lxn-l” =+ |6n aal éu—ll M-
1=1

Choose M = MaX,en and i=1,2,...,N {”f(-ln)” | Aza|l ”'“:. - (I = T;A) Jm“ s “u:,” ’ ||Kn$n”}-
Applying the conditions (i), (v), Lemma 2.13 and Lemma 3.16(i), we obtain

ﬂll_r"go |Zns1 — x|l = 0. (3.108)

Step 4. We will show that lim, o [|uf, = 2n|| = iIMpooo | Knan — za]| = 0,Vi = 1,2,..., N.
Since T}, is a firmly nonexpansive mapping, for every i = 1,2,..., N, we obtain
Ty (7 = riA) 2o = 2|* = [Ty (T = 73 A) 20 = Try (1 = ria) 2|
<{((I-ryA)z, - (I -r:,A) z,ul - z)
1 i i 2 i 2
=5 (10 = r2A) = (1 = i A) 2" + [Ju, - 2|

(07 = 734) 20 = (I = rid) 2 = (uh - 2)")
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<5 (lhen = 2 + 1wt = 2]* = || (2n = ) = 7, (Azn - A2)]* )

N =N =

(N2 = 20 + 1wt = 2]* = flzn - u|* - (3)” Il Azn ~ Az
+ 2} (T — ul, Az — Az))
1 i i 1 i
<5 (len = 217 + flup = 2| = [z — wi])* + 27} [lo — wh]| | Az, — A21),
which implies that
[l = 2||* < llzn = 20% = [|zn = ub]|® + 258 [|zn — wl|| [| Az — Az]]. (3.109)
From the nonexpansiveness of T,: and ul, = T,s (I —riA) z,, foreveryi=1,2,...,N,
we have
[, = 2||* = ||Tos (I = r5A) 20 = Tos (I = 75A) 2|
< ||(:rn - z) -1} (Az, — Au':)“2
= ||z, - zﬂ2 - 27{, (zn — 2, Az, — Az) + (1":‘1)2 ||Azy, — .Azn2
<@ - 211* = 207, || Azy, — A2|)® + (r4)? | Az — Az|?
= ||z — 2||® = i, (22 - 1) || Az, — Az|?. (3.110)
From the definition of z,, and (3.110), we get
I 2n+1 = 2l

N
<an (1 (zn) = 2I® + Bn 3 @i [, = 2|| + n [l — 2112

i=1

N
<an |1f (@n) = 2lI* + Ba Y i, (llen = 2I* = v, (20 = 13) | Az — Az]?)

=1

2
= au "1‘" = z”

N N
=an ||f (za) = 2> + Ba D a4 l2n = 2I1 = Bn Y abrt, (2a — 1) || Az — Az?

i=1 o]
+ 8, |20 — 2|2
N
<llzn = 2l* + an || f (@a) = 2lI* = B Y abr (20 = r}) Az, — Az|?,
=]

which follows that
N

Bn Y airi (2a —14) | Azn — Az|® < llzn — 2 = l@nsr = 21| + an [If (z) = 2
i=1

< (”I,‘ i 2” 05 ”In+1 - z“) ”In+1 == In” + an ”f (xn) T 3”2 .
(3.111)

From (3.108), (3.111), the conditions (i), (i), (iii) and (iv), we obtain

}1_1:20 ||Az, — Az|| = 0. (3.112)
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From the definition of z,, and (3.109), we have

N
2 ; 2
Izns1 = 21* San lf (za) = 21> + 80 Y @} [|uh = 2| + u Iz — 211

i=1

N
S |1/ (n) = 2I* + Bn Y i (llen = 2I* = [Jon - i
i=]1
+2r |zn = up || | Azn — Az||) +0n ||z — z.||2
N N -
San |If (a) = 2I* + Ba Y ah ll2n = 2I° = Bn Y al ||zn — ub|

i=1 i=1

N
+26 Y abrh [|on = wh|| |Azn — Az|| + 0, ||z0 — 2|

i=1

N
< lzn = 2l® + an 1/ (@n) = 2I* = Bu 3 @}, [0 — ui||?

i=1
hr » .
+ 28, Za:,r;, |zn = up || |Azn — Az|,
i=1
which implies that
'k s .
Bn Y ah flzn — uh]l” < llwn = 211 = [lznsr — 21 + o [1f (@) — 2]

i=1

N
+ 28, ZH:‘:':‘ ||a':n - uﬁ‘H | Az, — Az||

i=1

< (lzn = 2ll + llznt1 = 2I1) [Zns1 = Znll + @n [ (zn) = 2/

N
+ 28, Z ayrh ||zn — uh|| | Az, — Az|. (3.113)

i=1
From (3.108), (3.112), (3.113) and the conditions (i), (ii), (iii), we get

im ||z, — up]| =0, foralli=1,2,...,N. (3.114)

n—»o00

By the definition of z,,, we obtain

N

T4l — Ty = auf(zn) + .Bn (Z a;u;) i 6IlKﬂxﬂ = Tn

i=1

N
=an (f (zn) — zn) + Bn Za:‘ (uf, - Tn) + On (KnTn — Tn).

i=1

From (3.108), (3.114) and the conditions (i) and (ii), we get
nli_mﬂ [|[Knzn — 20|l = 0. (3.115)

Step 5. We show that {z,},{w’} and {r.} are Cauchy sequences, for every i =
LBy N.
Let a € (0,1), by (3.108), there exists N € N such that

|Tnt1 — zul| < @™, Vn > N. (3.116)
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Thus, for any n > N € N and p € N, we have

) n+p-1 n+p-1 oo
ltnsp = @all € 37 llzsr =zl € D) a* < Y a*= (3.117)
k=n =n k=n

Since a € (0,1), we get lim, . a™ = 0. From (3.117), taking n — oo, we obtain {z,} is a
Cauchy sequence in a Hilbert space H. Let lim, o z, = z*. Since §; : C = CB(H) be
H-Lipschitz continuous on H with coefficients u;, for every i = 1,2,..., N, and (3.98),
we have

ok = ol < (14 3 ) 5 (S0 (1 = rh) 2, S (1 = 1) 2000)
< (14 3) m = rh) 0 = (1= o A) ]
(H )10 = ri) 0 = (1 = 74) 2
10 = r8) 2 = (L= 741 4) 200 )

(

3

14 1) 6 (fon = amsall + rbos = rh 1Az

IA

1+ 2 (llon =zl + s = 2| 1), (3.118)
where M = max,en {||Az,||}. From (3.108), (3.118) and the condition (vi), we obtain
lim_ ||ws — whyq|| =0, foreveryi=1,2,...,N.

By continuing the same argument as (3.116) and (3.117), we have {w},} is a Cauchy
sequence in a Hilbert space H, for all i = 1,2,...,N. Let lim,o w), = w}, for every
i=1,2,...,N. Using the same method as above and the condition (vi), we have {r}} is
a Cauchy sequence, for all i = 1,2,...,N. Put lim,_,oc v, = 7, for every i = 1,2,..., N.
Next, we will prove that w; € S; (I —r;A)z*, foralli=1,2,..., N.

Since wj, € 8; (I -}, A) z,,, for every i =1,2,..., N, we obtain

d (w:‘, S; (I —rlA) :r') = inf d (!U;,?.EI,') <d (1uf.,1b.-) N € Si (I —r]A)x”.
B €8 (1-r; A)z*
(3.119)
and
d(Si(I =Mz, @)= inf  d(8,@) <d(Sd:), V5 € Si(I - 1} A) 2.
S.ES‘-(I—rI‘A)xn
(3.120)

From (3.119) and (3.120), we get

d(wfl,S,- (- T:A);L") <d(Si (I —1]A) wp, W) ,VD; € S; (I —1]A) 2"

< sup d(Si (I =7} A) T, ;). (3.121)

BES, (I-r; A)z"
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From (3.121), we can assume that

d (wy, S (I -r}A)z")

< maxy d(wy,, S (I -rfA)z"), sup d (S (I = rjA) zn,10;)
u—i,'ES.'(f-f:A)z“

< max{ sup d(w;, S; (I -l A)z*), sup d(Si (I —rhA) .’r:n,u'r,-)}

W, €S, (11} A)z,, WieS:(I-r; A)z*

=H (8 (I - r}A) ;cn,S,: (I-r;A)z"), foreveryi=1,2,...,N. (3.122)
Observe that
dw, $i(I-riA)a") = inf  d(w},§) <d(w},5),Y5 € 8 (I - r; A)z"

Sie8i(1-r; A)z"
V8 € Si(I-r;A)z*

-

< ||wp = wi || + |

w; "5‘5'

wh - 8| ,vS8; € Si(I - r}A)z"

This follows that

d.'(w:,Si(I—r;'A).r")—| wi—gt-

- i
w; — m“” < |

{.vs‘i €S:i(I-rrA)z".

Since d (wy,8; (I — rf A)z*)—||w; — wi || is a lower bound of|

wi, — 8 ' andd (wi, S (I — r; A) z*)
is the greatest lower bound of ||w:'l - §.-||, for every §; € S; (I —r; A)z*, then it implies
that

d(w],Si (I —=r]A)z*) = ||w] — wi|| <d(wh,S: (I -r;A)z*).

That is, by (3.122), we derive
d(w},S; (I —r;A)z*) < ||wf — wi || +d (wh,Si (I -rfA)z*)
< |lwp = wi || +H (S (1 = riA) 24, S; (1 =7 A) 2*)
< Jlwf = whll + e (1 = i, A) 2 = (7 = 77 A) 2|
= g = wh | + s | (@ - %) = (rhAze — 7 42")]|,
taking n — oo, we have
d(w;,S;(I-rfA)z*) =0,
Let £ > 0. Since d(w},8; (I - rfA)z*) = 0, we obtain

i Si(I-riA)a)= __inf  d(u]§)<e
SIESI(I—T‘.A)I'

Since ¢ is not a lower bound of d (w,-', S",-), where §; € 8; (I — r; A) z*, then there exists
St € 8 (I —rfA)z* such that
d{w],S}) <e=d(w],S5)<0=d(w,S;)=0

= |lwf - Si||=0

»* A
= w] -85 =0

= w} =S} €85 (I-rlA)z"
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which implies that
wi €8;(I-r;A)z*, foralli=1,2,...,N. (3.123)

Step 6. We will show that limsup, , . (f(q) = ¢,2» — q) <0, where ¢ = Pz f(q).
To show this, choose a subsequence {z,,} of {z,} such that

limsup (f(q) - g.7n — g) = im (f(q) — ¢,2n, — ).

Without loss of generality, we can assume that z,, — % as k = oo.
Forevery i =1,2,...,N,0< ¢ < A! < ¢ < 12 < 1, without loss of generality, we may
assume that

A 5 X €(0,1) as k — oo, foreveryi=1,2,...,N.

Let K be the K-mapping generated by T,T3,...,Ty and Ay, Az,...,A5. By Lemma
2.12, we have K is nonexpansive and Fiz(K) = n;i, Fiz (Ty).
From Lemma 3.16 (i), we obtain

lim || Ky, &n, — Kxg, || = 0. (3.124)
k—o0

Since
”Iuk = K-Tru,“ < ”Iﬂu i K“l::r“k“ + IIKvmr-T-'mr = K-”r'ng”;

by (3.115) and (3.124), we have
im |jzn, — Kzp, || = 0. (3.125)

Since z,, — & as n — oo, (3.125) and Lemma 3.14(i), we have

®
i € Fiz(K) =[] Fiz(T)). (3.126)

i=1

Next, we show that z* € NX,(GEP), (®;,, A).
Since zn, — 2* as k — oo and (3.114), we have

uh, 2" ask— oo, foralli=1,2,...,N. (3.127)
From (3.98), we obtain

. ‘ 1 : ] .
@i (why un,o¥) + W) = @ (un,) + = (Un, = Tnoy = U, ) + (Any, ¥ — U, ) 20,

Tig

forevery ye Cand i = 1,2,...,N. From (3.114), (3.127), the condition (H1) and the
lower semicontinuity of ¢, we get

@, (w],z*,y) + o(y) + (Az*,y — z*) > lim sup e (u;*) > Uminf(p (u;b) > p(z")

k—oo

= ®; (w;,2°,y) + o(y) — 9 (z*) + (Az",y — z*) 2 0,
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forevery ye C and i = 1,2,..., N, which follows by (3.123) that
z* € (GEP), (®i,9,A), foreveryi=1,2,...,N.

It implies that
N
z* € [\(GEP), (®i,¢, A). (3.128)
i=1

Since z,, — # and z,, — z* as n — oo, then & = z*. From (3.126) and (3.128), we have
z* e F. (3.129)
Indeed, since z,, — z* as k — oo, (3.129) and Lemma 2.11, therefore we obtain

imsup (f(q) = g,2zn = g) = im (f(¢) = ¢,n, = @) = (f(g) — ¢,2" — q) < 0. (3.130)
Step 7. Finally, we will prove that {z,} and {u}} converges strongly to ¢ = Prf(q),
for every i =1,2,...,N.

By Lemma 2.1, we have

N 2
Op (f (xn) == Q) #* .Bu Z a:1 (‘U.:I e q) 2 61! (Kﬂ‘rﬂ = Q‘)

i=1

2
|51 = gl|* =

2

N
B Za; (up, — q) + 60 (Knzn — q)|| +2an (f(zn) — ¢ Tnt1 — )

i=1

<[

N ¥ r
> ah (uh —q)
i=1
+ 2an (f (-Tu) 3 f(q): Tni1 — q) + 20 (f(Q) — 0, Tny1 — Q)
2

N
< (r@ﬂ. Za'l"l “Iﬂ = q|l + dn ”xn = qu) + 2ay, ”f (Iﬂ) = f(q)“ ”Iu+1 = 9”

i=1

<

2

+ 0 || KnZn — ‘I”)

+ 200 (f(9) — ¢, Tns1 — q)

<((1 = an) lzn = ql))* + 20n€ ||2n = ql| lZns1 — gl
+ 20 (f(q) — 0, Tn41 — @)

< (1= an)* [@n = al* + ang (lzn = glI* + zns1 - al®)
+ 20, (f(q) — ¢, Tns1 — @),

which implies that

lensr ~ al® s% lzn = 0l + 7o /(@) = 2m2 ~ )
=1 nf B0l o gl 4 12 o - gl
*1 Ea(;'" £ /(@ - a.2001 - 0)
= (1- 20 o g o gi?
2ar,

Tt (f(@) - ¢, Zn+1 - q)
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2
= [

(1 = M ”xﬂ =i

2 20“(1 _E} Qp

I~ 0,16 2(1 -5 a)
|
s o (f(@) = 4. Tnsr '-0))-
Applying the condition (i), (3.130) and Lemma 2.13, we have the sequence {z,} con-
verges strongly to ¢ = Prf(g). From (3.114), we also obtain {u}} converges strongly
to ¢ = Prf(q), for every i =1,2,..., N. This completes the proof. 6!

The following corollaries are consequences which are applied by Theorem
34T,

Corollary 3.18. Let C be a nonempty closed convex subset of a real Hilbert space H.
For every i = 1,2,..., N, S;: H = CB(H) be H-Lipschitz continuous with coefficients
i, ®; : HxCx C — R be equilibrium-like function satisfying (H1)-(H3). Let ¢ : C = R be
a lower semicontinuous and convex function and A : ¢ — C be an a-inverse strongly
monotone mapping. Let T : € — C be x-strictly pseudo-contractive mapping with
x <y and F = F(T) NN, (MGEP), (®;,¢,A) # 0. For every n € N, let {\,} be a
sequence of real numbers where 0 < A, <2 and 7, +v, < 1. Forevery i =1,2,...,N,
let {z,.} be the sequence generated by z; € C and w} € S; (I - r{A) z1, there exists
sequences {w},} € H and {z,},{u}} C C such that

w), € S; (I = rhA) zn, ||wh — why|| S (1 + 2)H (Si (I = riA) 20, Si (I = 7811 A) Tngr)
®; (wi,ub,y) + o) — v (uh) + ri:‘ (uh, = Ty —uh) + (Azp,y —ul) > 0,¥y € C,

Tns1 = anf (zn) + Bn (Z:’\;l ailuil) + 0 (AT +(L=An) ) zn,Vn > 1,
(3.131)
where f : C — C be a contraction mapping with a constant ¢ and {an}, {8a}, {6x}
C (0,1) with an + 8, + 6, = 1, ¥n > 1. Suppose the following conditions hold:

() impyo0an =0 and T2, @y = o0;
() 0% < fnid SoE];

(io<n<a, <0<, forall i =1,2,...,N=1land0<n<al <o <1 with
Zf=10i==1i

(iVV0<e<ri<w<2a forall neN and i=1,2,...,N;

(V) E:C:I |ons1 — an| < oo, E:}:] [Bn+1 — Bal| < 00,
2:0:1 |6n+1 L 611] < 0o, z::]_ IT:H.] = r:-.l < oo,

Yonei|aber —ab| <00, X232, [Ans1 — Ma| <00, forall i=1,2,...,N;

(vi) For each i =1,2,..., N, there exists p; > 0 such that

2
Ty (01) - Ty (@)
(3.132)

@, (W}, Ty (22), Ty (22)) + @ (wh, Ty (32) Ty (1)) < -
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for all (r}.r}) € ©; x ©;, (z1,22) € H x H and w} € 8;(zy), for j = 1,2, where
B; = {7‘:‘ o l}.

Then {z,} and {u},}, for every i = 1,2,..., N, converges strongly to ¢ = Px f(q).
Proof. Taking N = 1 in Theorem 3.17. Then, we obtain the desired conclusion. [

Corollary 3.19. Let C be a nonempty closed convex subset of a real Hilbert space H.
Foreveryi=1,2,...,N, S; : H— CB(H) be H-Lipschitz continuous with coefficients y;,
®; : H x C x C — R be equilibrium-like function satisfying (H1)-(H3). Let ¢ : C -+ R be a
lower semicontinuous and convex function. Let {T.-}ﬁ‘l1 be a finite family of &;-strictly
pseudo-contractive mappings and ; < v, with F := nil F(T)PNX,(GEP), (®;, ) # 0.
For every n € N, let K,, be the K-mapping generated by Ty, Ty, ..., Ty and A}, A3, ..., A%
where 0 < ¢ < AP <y <y <, foralli=1,2...,Nand 7, + v, < 1. For every
i=12,...,N, let {z,} be the sequence generated by z;, € C and wi € S;(z;), there
exists sequences {w;,} € H and {z,},{u},} C C such that

wy, € 8 (wn), [} = whga || S (1+ 1) H(Si(2n) i (2ns1))
B (wh,uh,y) + 0(1) = 0 (uh) + & (b — 20y~ uh) 20, Yy €€, (3.133)
Zusr = 0nf (20) + B (UL, alidh) + 6Kz, ¥ 2 1,
where f : C — C be a contraction mapping with a constant ¢ and {an}, {8n}, {6n}
C (0,1) with a,, + 8, + 6, = 1, ¥n > 1. Suppose the following conditions hold:
(i) limy—oo @ =0 and T Ty 00
(o<t <Buda<svcy;

(ilo<y<a, <o <1, forall i=12... . N-land0<n<al¥ <0 <1 with

e
Zn.—.lav _1’

(V) 0<e<ri<w<l, forall neN and i=1,2,....N:

(V) Z:‘;l |uﬂ+l = aﬂ[ < 00, Er:l |,Bn+l. T IBT!I < 09,
Yonmi 1041 —8a| <00, 0% |r:z+l - T;;| < 09,
Yoo |absr —al| < 00, T0L, ARt - AP| < o0, forall i = 1,2,...,N and k =

| % TS 1
(vi) For each i = 1,2,..., N, there exists p; > 0 such that

Ty (@) = Ty @)
(3.134)

& (. Ty (01), Ty (22)) + @i (wh, Ty (22) Ty (31)) < —pi

for all (r{,r}) € 8i x Oy, (z1,72) € H x H and w} € S;(z;), for j = 1,2, where
eiz{T;ZHZI}.

Then {z,} and {u},} converges strongly to q = Pxf(q), for every i = 1,2,..., N.
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Proof. Putting A = 0 in Theorem 3.17, hence, Corollary 3.19 holds. O

Remark 3.20. From Corollary 3.19, put N = 1, then iterative scheme (3.133) reduces
to
wl € Sy (zn), ||wh — wia] € (1 + L) H (S (zn). 51 (Tas1)),

P, (w,l,.u}l,y) +o(y) —¢ (u,']) “+ ;1:'.— (m’}l —In, Y — u,ll) >0,Vy € C,
Tnt1 = 0 f (Tn) + Batul + 6, (AT + (1 = AD) ) 2,V > 1,

which is a modification of iterative scheme (1.8) in the results of Ceng, Ansari and Yao
[33]. By assuming the initial condition z; € C, w} € S: (z1) and the following conditions
hold:

() liMpe0 ap =0a0d. 23, it = 00;
() 0<T<Bnbn<sv<
(i) 0<e<rl <sw<], foral neN;

('V) 2:;] |a1|.+] . an.l < 00, E;.l‘l] |ﬂﬂ+l = ﬂﬂl <>,
Z.i'il |8n+1 — 8n| < o0, Er=1 |7'rla+1 i 7'11| < 00,
oot AT -2 < oo;

(v) There exists p; > 0 such that

2
@, (w}, Ty (1), Ty (72)) + @1 (w3, T,y (22), Tt (1)) < =1 [T (1) - Ty (a)||

for all (r},r3) € €1 x ©), (x1,72) € H x H and w} € 8 (z;), for j = 1,2, where
91={r,‘1:n21}.

Then {z,} and {ul} converge strongly to ¢ = Pxf(q).

Proof, Taking N =1 in Corollary 3.19, we obtain the desired result. [



Chapter 4

Applications and Numerical Examples

4.1 General iterative methods for equilibrium problem:s,
nonspreading mapping and quasi-nonexpansive mapping

By changing T from a nonspreading mapping to a quasi-nonexpansive mapping
with Fiz(T) # @, we obtain the same result as shown in Lemma 3.9.

Lemma 4.1, Let C be a nonempty closed convex subset of a real Hilbert space H
and let T: C — C be a quasi-nonexpansive mapping with Fiz(T) # 0. Then there hold
the following statement:

() Fiz(T)=VI(C,I-T);
(i) For every u € C and v € Fiz(T),

| Pe(f = A(I = T))u—v| < |lu—wv|, where X € (0,1).

Definition 4.1 ([23]). Let C be a nonempty convex subset of a real Banach space.
Let {T:}¥, be a finite family of (nonexpansive) mappings of C into itself. For each
i=12..,leta; = (a],a},al) € I x I x I where I = [0,1] and o + o + o, = 1. Define
the mapping §: C — C as follows:

Uy =1,
Uhi= (I}TlUu + (téUu + 0‘;151,
U; = rrngUl + rx%Ul : ar%[,

Us = O?szUz e GgUz + 0’%1,

Un-y = ()"?._ITN_IUN_z + ﬂév_lUN_z + (‘zgi_lf,

S=Un=alTyUy-1+adUn_y +ai I
This mapping is called the S-mapping generated by T, T3, ..., Ty and ay, ay, ...ay.

Lemma 4.2 ([27]). Let C be a nonempty closed convex subset of a real Hilbert space
H. Let {T;}X, be a finite family of nonspreading mappings of C into itself with
NI, Fiz (T;) # 0 and let o; = (o], ad,a}) e I x I x I where I = [0,1), of + o} +af =1,
o),aj € (0,1) forall j = 1,2,...,N -1 and & € (0,1], af € [0,1), o € (0,1) for all
i=12,...,N. Let S be the S-mapping generated by T, T,...,Tnx and oy, az,...,an.

Then Fiz(S) = N, Fiz (T;) and S is a quasi-nonexpansive mapping.
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Theorem 4.3. Let C be a nonempty closed convex subset of a real Hilbert space
H. Let f:C — C be an a-contractive mapping, let A: C — C be a strongly positive
linear bounded operator with coefficient ¥ and 0 < v < 1. Fori = 1,2,...,N, let
®; : C x C — R be a bifunction satisfying (A1Y-(A4). Let T;: C — C, fori =1,2,...,N be
a finite family of nonspreading mappings with @ := NN, Fim{Ti)nﬂﬁl EP(®;) #0. Let
p; = (o, 03,0}) € IxIx1I,j=12,...,N,where I =[0,1],od +al+ad = 1, ei,a} € (0,1)
forall j=1,2,...,N-1and oy € (0,1), o} € [0,1), &} € (0,1) for all j =1,2,...,N, and
let § be the S-mapping generated by Ty, Ty, ..., Ty and py,pz,...,pn. Let {za}, {yn}
and {v,} be sequences generated by z, € H and

2?11 a;®; (vn,y) + Tl,. (Y = n,vn — ) = 0,Vy € C,

Yn = OnPcZn + (1= 0n) vn, (4.1)

Tny1 = 07 Sf (Tn) + (I = 6, A) Po (I = Yu(I = S)) ym,Vn € N,

where {é,}, {fa}, {¢n}, {¥n} € (0,1),0<a; <1, forall i =1,2,...,N. Suppose the
conditions (i)-(vi) hold.

(i) limp—o0 6 =0 and 2, 6, = oo;

(il 0<7<8, <v<l,for some r,v>0;
(iil) =02, ¥ < o0;
(iv) 0 <e<pn <n<1,for someen>0;
WM TN a=1

(VI) 2:‘;1 |6ﬂ+l = 6n| < o0, z:';’_ lan+i = 0!’!' < 09,

Yomet [Vnt1 = ¥l < 00, Toov, [@n+1 — n| < 00
Then the sequences {z,}, {y.} and {v,} converge strongly to g = Po(I — A+ vf)q.

Proof. Using Lemma 4.1, Lemma 4.2 and the same method in Theorem 3.11, we have
the desired conclusion. O

Remark 4.4. Theorem 4.3 can be considered as an improvement of Theorem 3.1 in
the result of Tien and Jin [48] in the sense that some conditions are not assumed.

() T,:=(1 -w)+wT, we (0, 1),
(i) T is demi-closed on H,

where T is quasi-nonexpansive mapping on H.
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4.2 Examples and numerical results

In this section, an example is given for supporting Theorem 3.5.

Example 4.5. Let R be the set of real numbers and let the mapping 4; : R = R
defined by A;z = £, vz e Rand b; = & + whx forevery i =1,2,....N. ForneN, let
the mapping T,, : R — R defined by

n
Thwet=———u, R,
T 7ﬂ+lz Yz € R,

and let F: R x R — R defined by
Fi(z,y) =i(-32 + zy + 24%) ,Vz,y € R.

Furthermore, let a; = £ + 5w for every i =1,2,...,N. Then, we have

N

N
2 1 !
Sah(e) =3 (5 + v ) (56 4o+ 27)

=F (-31:2 + zy + 2y%)

where E = Y, (£ + xiv) i. From Example 2.36, we have F; satisfies the conditions
(A1Y-(A4) for each i = 1,2,...,N. Then, by Remark 3.2 and Lemma 3.1, we have
Y, a;F; satisfies the conditions (A1Y-(Ad) and 0 € EP(TN | a;Fi) = N, EP (F)). Let
{z.} and {u,} be the sequences generated by (3.25). By the definition of F, we have

1
a; Fi (u“'y) + _ (y = Up,y Un — In.)

T
1 n

(=
IA
-MZ

i

E

]

1
3“&: tuny + 2y2) + — (¥ — un) (un — 2n)

Il

||
F“\ »-—-\

—3u +uny + 2%) + i (yun — Yz, — 12 + UnTn)
A
0 < Ery (—3ul + uny + 2¢°) + (yun — yzn — ul + tnn)
= —SEu';i'r'n + Bunrny + 2Ey%r, + yun — ya, — ul + Unz,
= 2Er,1? + (Bunry + tn — Tn) ¥ + UnZpn — m,z1 - 3Eu§rn.
Let G(y) = 2Eray® + (un (Ern+1) — 25) y + unan — u2 — 3Bulr,. G(y) is a quadratic

function of y with coefficient a = 2Er,,, b = u, (Er, + 1) =25, and ¢ = upzp —u —3EBulr,.
Determine the discriminant A of G as follows

A =b% — 4ac
= (un (Bry + 1) — z,)* — 4 (2Er,,) (unzpn — uz — 3Eulr,)
*u (Er, + 1) - 2z Uy (Er, + 1) + :r - 8Er unx, + 24E2unrn

+8Eulr,
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=E*u2r? + 2Er,u? + u2 — 2Bz unry — 2T,y + 22 — 8Eraunty
+24E*2r? + 8Eulr,

=u? + 10Er,ul + 25E%u2r2 — 22,uy — 10Bz,u,ry + 22

= (Un + 5Bunry)’ = 22, (un + 5Bunry) + 22

= (u" + 5Eunry, — -'L'u)z '

We know that G(y) > 0,¥y € R. If it has most one solution in R, then A < 0, so we

obtain
Ln

1+5E:_ (& + wiw) irn’
For every n € N, z,y € R and T,z = 51%;z, then we have

n i n (o n
Tn+1  Tn+1?| Tn+1

(4.2)

Tz — Toy =

lz=y| <lz=yl.

This implies that T, is a nonexpansive mapping, that is, 7' is 0-strictly pseudo contrac-
tive for every n € N. For everyj =1,2,...and let of = W’ a) = ;},{% o = 5—,2’%
Then g; = ( i ) for all j =1,2,.... Since S, is S-mapping generated by

55343 5j243° 5;’+J

Ti Lot vy By, AN ThOhanss sodys W obtain

Un,n+11'ﬂ =Zn

3 n 3n? _2n2
U,;...I,, = (5112 I3 (—7ﬂ T 1) Uu,u+1 <= (51’12 T 3) Un,n+1 1 5n2 i 3) Ty

)3'“.

(n—1) 3(n — 1) 2(n - 1)?
Unn-1%n = (J(n_l 2.3 (7(n—1)+ I)U"‘“+ (5(:1.— 1)2+3 Unin + 5(n—1)2+3 o
B 7(k + 1) 3(k +1)2 2(k +1)?
Unkt1&n = (5 k+1 2+3 Tk+1) + 1) Uniera+ (5(k+ 2 +3) U T g 43
( ( B L 2%?
Unazn =\ r3 \To+1) P+ gas ) Uk Y 53 ) ©

3 /14 12 8
Uu.2$n *= (ﬁ (E) Uu..s =t (23) Uu 2t 23) Iy

3 T 3 2
Suzn =Un1Tn = (g (g) Uﬂ,‘l H (g) Un‘2 =+ g) Ly

From the definition of T;,, we obtain

{0} = ﬂ Fiz (T, (4.3)

=]

4 T o N
y-mvgaiAim =(y—x)z; gtNey ) o
1= i=

then0e VI (C, el a,-Ai) =L, VI(C, A;). From (4.3), it follows that

Since

ﬂEP(F)ﬂnV!(CA)nanm(T)
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Put an = £,8n = #it% rn = 525, pn = 3, ¥n € N, Since
. L
lim a, = lim = =0,

n—oo n—oo N

and

?-'H'—'

=31

||MB

then the sequence {a,} satisfies the condition (i). Since lim, o0 B = 3 and liMy, 00 1y =
1, then the sequences {8,} and {r,} are bounded. This follows that the conditions
(i) and (iv) hold. Because lim, -0 pn = liMusa & = 0, then the condition (iii) holds.
By Example 2.32, we get 4; is §-strongly positve, fori =1,2,...,N. Since a; = & + 7w

)N)]+_1_=1

for every i =1,2,...,N., we have

N N N %1_(
;“FZ(%*NLM):Z;@“LZM”: ’ (1—

o L R

3N
Using the same method as above, we get SV | b; = 1. This deduces that the condition
(iv) is true. We compute

1 i

n+l n

=
T ni+4n’

|Qn+1 - Ct,,l =
By using the comparison test, we obtain 377, |ani1 — an| < co. We derive

|Jﬂn+1 T r81|.| =

n+2 n+1 e 5
™+9 Tn+2| 492+ 7Tn+ 18"

This follows by the comparison test that 307, [Bn+1 — Bal < co. Similarly, we obtain
the same result for the sequences {r,} {p.} and {a}}. Thus, the condition (vi) is true.
For every n € N, from (4.2) we rewrite (3.25) as follows:

n+l /1 n+1
Intl = 382 (_‘”’ (1_ —)S T“) " (1_ 7n+2)

I 7 1 x
) (__+ )A‘. = ,¥n > 1, (4.9)
( Z 5 W )Hszs‘;u%wfw)m

Then, we can conclude that the sequences {z,} and {u,} converge strongly to 0.

The following table shows the values of sequences {z,} and {u,} where u = z; = -5
andu=x=5andn=N = 30.

Remark 4.6. (i) Table 4.1 and Figure 4.1 show that the sequences {z,} and {u,}

converge to 0, where {0} = N, EP(F)nNNX, VI(C, A)NNZ, Fiz (T)).

i=1
(i) Theorem 3.5 guarantees the convergence of {z,} and {u,} in Example 4.5.
Next, the following numerical examples are given for supporting Theorem 3.11.

Using these examples, we see that our iteration for the combination of equilibrium
problem converges faster than our iteration for the classical equilibrium problem.
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Table 4.1: The values of {u,} and {z.} with n = N = 30.

U=z =-5 U=T1=9
T Un TIn Un Tn
1 -1.428571 -5.000000 1.428571 5.000000
2 -0.396825 -1.587302 0.396825 1.587302
3 -0.215646 -0.908795 0.215646 0.908795
4 -0.130112 -0.563820 0.130112 0.563820
5 -0.086732 -0.382407 0.086732 0.382407
15 -0.017597 -0.081457 0.017597 0.081457
26 -0.009365 -0.043819 0.009365 0.043819
27 -0.008982 -0.042053 0.008982 0.042053
28 -0.008630 -0.040424 0.008630 0.040424
29 -0.008304 -0.038916 0.008304 0.038916
30 -0.008002 -0.037517 0.008002 0.037517
T e = 5 g
P e el 2 ) a5 £ i
Y 4 e
a8 s T
== 2 = 3 :
l_ 26 E= 8 i
|
a L “\\ i
EE] s '\L. 1
3 P i, By et S TS . ~
3 10 15 x * Ed [ ] 0 15 F 1 n
(@u=z=-5 blu=z1=5

Figure 4.1: The convergence numbers of iterative calculations with different initial values of u
and z;.
Example 4.7. Let the mappings A: R = R, f: R — R, be defined by

Az =

[N

fr= %, for all z € R.

Foreveryi=1,2,...,N, let &, : [1,100] x [1,100] = R and T : [1, 100] — [1,100] be defined
by
2r 45
B
i(z,y) =i(y — x)(y + 22 - 3), for all z,y € [1,100].

Tr=

Put a; = & + ygv, forevery i =1,2,...,N. Let v = §, 6 = 35, On = 523, ¥n = 5055 and

¥n = 25 for every n € N. Let the initial values be defined as in the following cases:
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(i) z; =50, N =1and n = 10,
(i) z; =50 and n = N = 10,

Then, for both cases, the sequences {r,}, {yn} and {v,} converge strongly to 1.
Solution. From Example 2.28, we get T is a nonspreading mapping and Fixz(T) = {1}.
Since a; = & + v, We obtain

N N 4 1
S adi(e) =Y (5 + g ) -2+ 20 -3

i=1 i=1

= ply — 2)(y + 2¢ - 3),

where u= N | (& + kv)i. By Example 2.37, we get &, satisfies the conditions (A1)-
(AQ). It follows by Remark 3.2 and Lemma 3.1 that 3N | a,®, satisfies the conditions
(A1Y-(A4) and 1 € EP(TN | a;®;) = N, EP (®;). Then we have

=1
N
Fiz(T)n (| EP (&) = {1}.
i=1
Observe that
& 1
‘ 0< Zal‘i)i (vmy)'{"v_(y_vmvn_mn)
i=1 s

=u(y—vn)(y+2vn—3)+¢l(y—vn)(vn—xn)

n

A
0 < o (¥ = vn) (¥ + 20n = 3) + (y — vn) (vn — 2n)
= jpny? + (W0n@n + Un = Tn — 3 ) Y + 3Pty — V2 = 2upnvE + vazy. (4.5)
Let G(y) = ppny? + (Hn@n + Vn — Tn — 3uPn) Y + 3p@nvn — v2 = 2upnv2 + vpz,. G(y) is

a quadratic function of y with coefficients a = up,, b = pvaw, + vp — T, — 3ue,, and
€ = 3pupntn — v — 2upnv2 + vax,. Determine the discriminant A of G as follows:

A =b* - dac
= (WUn@n + Un — Tn — Bipn)* — 4 (1on) (3ppnrn = va = 2upav + UnTn)
=9;12t,9ﬁ — 6ty — 18;1.2(;»3,11.1 “+ 'uﬁ + ﬁuwnvﬁ + 90?202 + Bupnz, — 20nTy
— 61 UnTn + a:?'
= (vn — 3upn + 3pnvn — zn)° .
From (4.5), we have G(y) > 0, for every y € R. If G(y) has most one solution in R, thus
we have A < 0. This implies that

Ty + 3upy
o S kSl a.
1+ 3upn (4.6)

n

N ;
where p =37, (& + miw)i. PUt 6, = 35, 0n = 525, on = 5225, ¥n = 71, Y EN.
+

Since liMy, 500 80 = iMoo 37 = 0,and 302, 6, = Y72, 3= = oo, then the sequence {4,}
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satisfies the condition (i). Since lim, o 6, = 3 and lim,_,o vn = 3 , then the sequences
{0.} and {p,} are bounded. This follows that the condition (ii) and (iv) hold. Because
iMoo ¥n = liMy00 47 = 0, then the condition (iii) holds. Since a; = & + i, for
everyi=1,2,...,N, we have

This deduces that the condition (v) is true. We compute

1 1
3n+1) 3n

1

nel —O0n| = T TR
[0n+1 | 3n? + 3n

By using the comparison test, we obtain 3777 | |6n41 — da| < 00. We derive

n+1 n 3

B = B = - = :
[Bns1 — Onl 2n+5 2n+3' 4n? +11n+ 15

This follows by the comparison test that 3°27 , |0.4+1 — 8, < co. Similarly, we obtain
the same result for the sequences {y,} and {¥x}. Thus, the condition (vi) is true.
For every n € N, from (4.6), we rewrite (3.65) as follows:

= = T . n 1 2n
Yn = gns3flia00Zn + (1 2u+3) ey (I" + 3“3n+2) )

Tnyl = ;;ﬁ;nl‘n T (I o ﬁA) P[l,um] (I e ,”,15(1 =~ T)) Yn,Vn € N,

(4.7)

From Theorem 3.11, we can conclude that the sequences {z.}, {y»} and {v,} gener-
ated by (4.7) converge strongly to 1.
For case (i), with N = 1, we have u = 1. Then (4.6) becomes

Tn + 3iop
Vg = A (4.8)
J 1+ 3pn
Then we have
e -1} n 2
Un = 3233 Pll.lﬂﬁi-"’" ¥ (1 = ‘2'n+a) 1+31;T=‘~_-5"+ (:::,. + 33n:2) ' (4.9)

Tni1 = ga=tn + (I = 3= A) Pyaog (I = (I = T)) yn.Vn € N.

From Corollary 3.12, we can conclude that the sequences {z,}, {y.} and {v,} gener-
ated by (4.9) converge strongly to 1.

The following table and figure show the values of sequences {z,}, {y»} and {v,} in
two cases.

Remark 4.8. (i) From Table 4.2 and Figure 4.2, the sequences {z,}, {y.} and {v,}
converge to 1, where {1} = Fiz(T) NN, EP (&,).

(i) For case (i), Corollary 3.12 guarantees the convergence of {z,}, {v.} and {v,}.

(iii) For case (ii), the convergence of {z,}, {y.} and {v,} can be guaranteed by The-
orem 3.11.




Table 4.2: The values of {vn}, {yn} and {z.} with z; = 50.

N=1] N=10
n Un Yn Tn Yn Yn Tn
1 23.272727 28.618182 50.000000 20.600006 26.480004 50.000000
2 4.119192 5.455988  8.797980 3.535267 4.893445 8.288890
3 2.287423 2989653 4.394114 1.973077 2.636539 3963461
4 1.631883 2025784 2.715111 1.446758 1.794880  2.404095
5 1.331444 1.556406 1.916346 1.219216 1.405203 1.702781
6 1.178502 1.307023 1.499805 1.109733 1.208492 1.356631
7 1.096153 1.168453 1.271738 1.053976 1.104708 1.177182
8 1.050342 1.089475 1.143282 1.024666 1.048632 1.081587
9 1.024377 1.043831 1.069769 1.009019 1.018015 1.030010
10 1.009539 1.017314 1.027423 1.000654 1.001320 1.002186
« et o T
b ] B »
) E
L b
= mp = mph
5 I -\::.
': i e |
w3 a-“.“-_ls T 7 8 8§ W 2 5—: R v .
(@N=1 (b) N =10
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Figure 4.2: The convergence numbers of iterative calculations with an initial value =, = 50.

(iv) The iteration (4.7) for the combination of equilibrium problem converges faster
than the iteration (4.9) for the classical equilibrium problem.

Finally, we give the numerical example for our main theorem in two dimen-
sional space of real numbers.

Example 4.9. Let R? be the two dimensional space of real numbers with an inner
product {-,-) : R? x R? = R defined by (u,v) = u-v = uyv; + uzv, and a usual norm
| -]l : R = R given by |jul| = y/u? + 3, for all u = (u1,u3),v = (v1,v2) € R2. Let the
mappings A : R? - R?, f: R? —» R? be defined by

o (G
Au~(2.2 )

ooy Mg iC 2
fu_(4,4),forallu (u1,usz) € R*.

Foreveryi=1,2,....Nand I =[0,1], let ®; : I?x I? - Rand T : I? - I? be defined by

wy +1 dug+1
Tu=|—— '
" ( 41 b )




86

®;(u,v) =i(v—u)- (v+6u—"T), for all u = (u1,uz),v = (v1,v2) € I%,

where 7= (7,7). Lety=},dn =&, bn = 325, ¥n = and ¢, = 7 foreveryn e N.

n?’ .5n+2

By Example 2.29, we obtain T is a nonspreading mapping and Fiz(T) = {1}, where
1=(1,1).

Put a; = 3 + xaw, for every i = 1,2,...,N. From Example 2.38, we can conclude
that <I>[i] satisfies the conditions (A1)'-(A4). This implies by Remark 3.2 and Lemma 3.1
that 3" | a;®; satisfies the conditions (A1Y-(Ad) and 1 € EP(TN | a,8:) = NY, EP (¥,),
where 1 = (1,1). Then we have

Fiz(T) nﬂEP ) = {1}

f=1
Then, by Theorem 3.11, the sequences z, = (z},22), yn = (y3,42) and v, = (v},2?)
converge strongly to {1}.
Putting p = N | (& + i) i, we obtain

D<Za‘¢' UmU)"'_( Um'”n_l'n)
i=1

1

=p(y —vn) - (y+6vp — (7,7)) + — (¥ = vn) - (v — Zp)
'ﬂ-

=p (y1 — vp, y2 — v2) - (1 + Bv} ~ T,y + 60 = 7)

1
+ o = vnva —wn) - (vn =z, v — 27)

n

=p (11— vn) (1 +6vn = 7) + (v2 = v7) (2 + 60, = 7))

+:pi((yl—v ) {(vn = 2a) + (ya—v3) (v3 —23))

n

1
= (P (11 = vn) (3 +6v, = 7) + . (11 =) (vh - T—:’:))
n

- (p (y2 —2) (y2 + 602 = 7) + S (v = v2) (v - :rﬁ))

n

&
0 < (pon (1 —vh) (31 +60u) = 7) + (31 —v}) (v] —z))
+ (pon (y2 — v2) (va + 602 - 7) + (y2 —v2) (v2 - 3:31)}

(ﬂwn(Ja) + (5pvhpn + vk — 2L = Tpgn) i1 + Tpenvl — (v1)” — 6ppn (v})” +v‘T')

+ (pt,an (v2)? + (5pv3n + V2 — 22 — Tpgn) ya + Tppnv? — (vfl) — 6pin (V2 ) + vzzﬁ)

=G1 (1) + Gz (y2), (4.10)

where Gi (1) = ppn (11)* + (5pvhen + vk — 2L = Tppn) 11 + Townvl — (v})° = 6pgn (v2)” +
vizh and Gy (2) = pon (¥2)° + (5002 0n + v2 = 2 — Tppn) Y2+ Tppnv2 — ( vﬁ)z—-ﬁpcp,. (uﬁ)z-i-
2z2. Then Gy(y1) and Ga(yz) are quadratic functions with coefficients a; = pyn, by =
Spupen + vl — z} — Tppa and ¢ = Tppavl — (v ,‘l)2 — 6ppn (v 1)2 + vlz} and ax = pgn,
by = S5pvion + v2 — 22 - Tppn and c; = Tppnvl — (v2 ) — 6ppy, (1)2) +v2z?, respectively.
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Determine the discriminant A; of G, as follows:

A] = (b].)2 — 4&;61
= (5pvhpn + v} — 2} — Tppa)® — dppn (TPvnvi — (v2)? ~ 6ppn (v1)” + viwi)
= (le-.a = Tppn + 7P‘anrl1 = 3:711)2 ’

From (4.10), if G1(y1) = 0,¥y: € R and it has most one solution in R, thus A; < 0. This
follows that
1 _ Tt Tpen (a.11)

" 14 Tpps
Next, we determine the discriminant A, of G, as follows:

Ag = (b2)2 — 4aqcy
= (5pv2pn +v2 — 22 - 7,a~;:,,)2 — 4pp, (qu:,,vﬁ - (uf,)2 — 6ppn (*u,?l) . vza:z)

e (Ur21 . TP‘PH T 799911”?; n x?l)z #

From (4.10), if Ga(y2) = 0,¥y2 € R and it has most one solution in R, then A, < 0. This

yields that )
ot %. (4.12)

Put 6, = 3=, 0n = 323, ¢n = 3225, Un = 5, for all n € N. From Example 4.7, it is
obvious to prove that the sequences {d.},{0.},{¢n} and {y.,} satisfy the conditions
()-((vi)) in Theorem3.11. For every n € N, from (4.11) and (4.12), the iterative scheme
(3.65) becomes

¥ = g5 Pozn + (1= 5lg) va
Tpil = dﬁﬂ.:r:ﬂ +(I-A)Pc(I-H(I-T))yn,YneN,

(4.13)

n? 147p@n ' 14+Tppn
Let the initial values be defined as in the following cases.

where &, = (21,22), yn = (32,32) and v, = (v},02) = (Jﬂer- pilece).

(i) 2y = (z},2}) = (-1,0), N =1 and n = 20,
(i) z; = (z},2}) = (-1,0)and n = N = 20.

For case (i), with N = 1, we have p = 1. Then, from (4.11) and (4.12), we obtain

1 _ =430, 2 _ z2+3pn
v, = —W and v, = —ln_{—_-.‘.— Then we have

= n
In = 2n+3PC-rn (1 = 2“+3) VUn,

Zart = g+ (I = 24) Po (I = (I = T)) ym,Vm €N,

(4.19)

! +3 2 43¢0
where z, = (e3,22), 1 = (uh,42) 2nd v = (ul,02) = (e, aen).

The following table and figure show the values of sequences {z.}, {y»} and {v,} in

two cases.




Table 4.3: The values of {vn}, {yn} and {xa} with 2, = (=1,0) and N = 1.

Un = (U}‘, 1}?‘)

Yn = (Yn:02)

ITn = (x}n I?l)

[ - O T N -

10

16
17
18
19
20

(0.473684,0.736842)
(0.880767,0.899610)
(0.944343,0.947678)
(0.967678,0.968228)
(0.978604,0.978548)

(0.992787,0.992723)

(0.995890,0.995878)
(0.996158,0.996149)
(0.996393,0.996386)
(0.996601,0.996595)
(0.996785,0.996780)

(0.178947,0.589474)
(0.761533,0.799220)
(0.873506,0.881086)
(0.920665,0.922015)
(0.944718,0.944575)

(0.979067,0.978881)

(0.987473,0.987437)
(0.988232,0.988203)
(0.988903,0.988879)
(0.989499,0.989479)
(0.990033,0.990017)

(-1.000000,0.000000)
(0.463450,0.548246)
(0.731833,0.747902)
(0.838391,0.841141)
(0.890502,0.890217 )

(0.961231,0.960887)

(0.977477,0.977412)
(0.978908,0.978856)
(0.980164,0.980121)
(0.981276,0.981241)
(0.982268,0.982239 )

Table 4.4: The values of {v.}, {yn} and {z,} with z; = (=1,0), N = 20.

=

Un = (L‘v}n U?l)

¥ = (yh 1)

o )

w»BRA W N e

10

16
17
18
19
20

(0.518072,0.759036)
(0.894328,0.911003)
(0.951505,0.954360)
(0.972025,0.972470)
(0.981489,0.981428)

(0.993655,0.993602)

(0.996360,0.996351)
(0.996597,0.996589)
(0.996804,0.996798)
(0.996987,0.996982)
(0.997150,0.997146)

(0.214458,0.607229)
(0.775448,0.810881)
(0.882070,0.889012)
(0.926247,0.927421)
(0.948508,0.948339)

(0.980077,0.979909)

(0.987975,0.987942)
(0.988698,0.988671)
(0.989336,0.989315)
(0.989905,0.989888)
(0.990416,0.990401)

(-1.000000,0.000000)
(0.478246,0.560576)
(0.743199,0.758316)
(0.846135,0.848585)
(0.895738,0.895396)

(0.962426,0.962110)

(0.978017,0.977957)
(0.979405,0.979357)
(0.980624,0.980585)
(0.981706,0.981673)
(0.982671,0.982644)

Remark 4.10.
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(i) Table 4.3, 4.4 and Figure 4.3 show that the sequences {z,}, {y.}
and {v,} converge to 1, where {1} = {(1,1)} = Fiz(T) nY, EP (;).

(ii) For case (i), Corollary 3.12 guarantees the convergence of {z,}, {y.} and {v.}.

(iii) For case (ii), the convergence of {z,}, {y.} and {v,} can be guaranteed by The-

orem 3.11.

(iv) The iteration (4.13) for the combination of equilibrium problem converges faster

than the iteration (4.14) for the classical equilibrium problem.
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(@ N=1 (b) N =20

Figure 4.3: The convergence numbers of iterative calculations with an initial value z; = (-1,0)
for both cases.
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Figure 4.4: The convergence numbers of iterative calculations with an initial value z; = (-1,0)
for both cases in three-dimensional spaces.




Chapter 5
Conclusions and Suggestions

In this section, we conclude all main results obtained in this thesis.

5.1 Convergence theorems for equilibrium problems, variational
inequality problems and an infinite family of strictly
pseudo-contractive mappings

(1) Let C be a nonempty closed convex subset of a real Hilbert space H. For i =
1,2,...,N, let F; : CxC — R be a bifunction satisfying (A1)’ —(A44) and let 4; : ¢ —
H be a strongly positive linear bounded operator on H with coefficient v; > 0
and 7 = mini=12,..~7%. Let {T;}32, be an infinite family of «;-strictly pseudo-
contractive mappings of € into itself and let o; = (a{,a;,a.i) € I x I x I where
I=[0,1]and of +aj+0od =1,ed +a} <n<landal,a}.of € [p,g] C (x,1)forall j e
N. For every n € N, let S, and S be the S-mappings generated by T,,,T-1,..., Ty
and oy,04-1,....01 and Ty, Ty—1,... and oy, 04-1,..., respectively. Assume that
F=NN,EP(F)nOY, VI(C, A)NNZ, Fiz (T;) # 0. Let the sequences {z,} and
{un} be generated by z;,u € C and

Zf‘;l a;i Fy (un, y) + % (Y = Un,un —z,) = 0,¥y € C,

Znt1 = Bo (anu+ (1= an) Sun) + (1 = B) Po (1 = pu TSI, 6iAs) tn, ¥ 2 1,
where {an}, {Bn}.{pn} € (0,1) and 0 < a;,b; < 1 for every i = 1,2,..., N, satisfying
the following conditions:

() 2, an =00 and lim, e e =0,
(i) 0<a<B.<b<1lV¥neN,
(i) imp—oo pn =0,
(V) 0<e<r,<d<1l,VneN,
V) ZiN=lai = Zfil bi=1,
(Vi) 302 lan+1 = an| <00, Xo i Ba+1 = Bal < 00, L Itns1 — ] < 00,
Yomeilpns1 — pnl < oo and 20 af < oo.

Then, the sequences {z,} and {u,} converge strongly to z; = Pru.

(2) Let C be a nonempty closed convex subset of a real Hilbert space H. For i =
1,2,...,N,let F: C xC — R be a bifunction satisfying (A1) —(44) and let A: C —
H be a strongly positive linear bounded operator on H with coefficient v > 0.
Let {T:};Z, be an infinite family of x;-strictly pseudo-contractive mappings of C

LR EETER R
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into itself and let o; = (a{ o-;ag) €IxIxIwhereI=[0,1ando]+a}+aj=1,
of +aj3 <np<landai,ad,af € [pg] C (k1) forall j € N. Foreveryn €N, let S,
and S be the S-mappings generated by Ty, Th-1,..., 71 and o,,0n-1,...,0; and
Tn,Tu-1,... and 0,,04-1,..., respectively. Assume that F = EP(F)nVI(C,A)n
Nic, Fiz (T;) # 0. Let the sequences {z,} and {u,} be generated by z;,u € C
and

F(un,y) + -:: (y — Un,up — zq) 2 0,Vy € C,

Tpnyl = ﬂn (ﬂ'nu i (1 = aﬂ) Sn.In) + (1 =~ .Bn) PC (Jr = pnA) u,,,Vn 2 1,

where {an},{Bn},{pa} € (0,1) and 0 < a;,b; < 1 for every i = 1,2,..., N, satisfying
the following conditions:

(i) T2, an = 00 and limy 00 n = 0,
(i) 0<a<B,<b<l,VneN,
("I) Limn—too Pn = 0,

(V) 0<e<r,<d<1l,VneN,

(V} 2:3:1 |an+1 = ani < 00, z::;] Iﬂu+l i Bnl < OO.E:ZI |7'n+1 i rnl < o0,

E?:] |pﬂ+1 . pnl < 0 and zr'.-:[ a;‘ < 00.
Then, the sequences {z,} and {u,} converge strongly to zo = Pru.

Let C be a nonempty closed convex subset of a real Hilbert space H. For every
i=1,2,...,N,let A; : C —» H be a strongly positive linear bounded operator on H
with coefficient ; > 0 and 4 = min ;. Let {T;};2, be an infinite family of x;-strictly
pseudo-contractive mappings of C into itself and let o; = (a{ a';,a';) eIxIxI
where I =[0,1]and of + o3 +0af =1, o + o <n < 1and o},0}, 0} € [p.g] C (x,1)
for all j € N. For every n € N, let S, and S be the S-mappings generated by
T, Thor,..., Ty and on,00-1,...,010 and T,,, T—1,... and on,0n-1,. .., respectively.
Assume that F = /L, VI(C, A;) N Niz, Fiz (Ti) # 0. Let the sequences {z,} and
{un} be generated by =, € € and

N
Tnt1 = Bn (anti+ (1 — ap) Spzy) + (1 = 8n) Pe (I -~ anbiA.') Tn,Vn > 1,
=1
where {an}, {8.}.{px} C (0,1) satisfying the following conditions:
() 2, @, = 0o and im0 an =0,
(i) 0<ca<pf.<b<l,¥neN,

(i) limp—oe pn =0,

(iv) 0<e<r,<d<1lVneN,

(V) va:]l b;‘ =13
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(Vl) Z:O=1 |an+1 - u’nl < OGvE:c;; [Bnt1 — ﬂnl < 00, Z:Zl |7'n+l — rn| < 00,

Z:D:l Iﬂ"+1 = Pnl < 00 and Z?:;l ai‘ < 00.
Then, the sequences {z,} and {u,} converge strongly to z, = Pru.

Let C be a nonempty closed convex subset of a real Hilbert space H. Fori =
1,2,...,N, let F, : C x C — R be a bifunction satisfying (A1)" — (A4). Let {T}}2,
be an infinite family of nonexpansive mappings of C into itself and let o; =
(a’l,tr;kaf,') eIxIxIwherelI=[01anda]+aj+a} =10 +a) <p<1
and af,a}, 0l € [p.q]  (0,1) for all j € N. For every n € N, let S, and § be the
S-mappings generated by T,,, Ty—1,...,T1 and op,0n-1,...,01 and Ty, Tu_y, ... and
TnsOn-1,..., f€spectively. Assume that F = L, EP(F) N2, Fiz (T:) # 0. Let
the sequences {z,} and {u,} be generated by z;,,u € C and

S iF; (tn,y) + & (U = Un,tn — 24) 2 0,Vy € C,
Tnt1 = Bn (Qﬂu i (1 — ay) Sn-rn) - = (1 = BH)PC'UH-V" =1,
where {a,},{Bn}.{pn} € (0,1) and 0 < a; < 1 for every i = 1,2,..., N, satisfying

the following conditions:

() 3%, an =00 and limpe0an = 0,
(i) 0<ca<pB,<b<l,¥neN,
(iii) imp—oc pn =0,
(iv)0<e<r,<d<1VneN,
(v) 2‘11 a; =1,
(vi) Yot longr —ay| < 00'):3‘11 1Bn+1 = Bal < 00,300 ITns1 = 1| < 00,
Yoy Ipnrt —pn] <on.and Y0 o< oo,

Then, the sequences {z,} and {u,} converge strongly to z = Pru.

Convergence analysis for a finite family of equilibrium problems

and a nonspreading mapping

Let C be a nonempty closed convex subset of a real Hilbert space H. Let f be
an a-contractive mapping on H and let A be a strongly positive linear bounded
operator on H with coefficient §and 0 < y < 1. Let T : C — C be a nonspreading
mapping. For every i = 1,2,...,N, let ®; : C x C — R be a bifunction satisfy-
ing (A1Y<(A4) with Q := Fiz(T) NN, EP(®;) # 0. Let {z,}, {va} and {v,} be
sequences generated by z, € H and

Tisy @i (vn,y) + L (y = vn, 00 — 2) 2 0,¥y € C,

Yn = HH.PCJ:!I. + (1 - an)vr”

Tnt1 =0y f (zn) + (I — 8, A) P (I — Y(I — T)) yn,Vn € N,
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where (.}, {#n}, {¢n}, {¥n} € (0,1),0 < a; < 1, forall i =1,2,...,N. Suppose
the conditions (i)-(vi) hold.

() UiMgaoodn=0and T .=, &, = o0;

(i) 0<7<6, <v<1,forsomerv>0;

(iii) Yoo, ¥n < o0;

(iv) 0<e<p, <n<1,forsomeen>0;

W) TN a=1;

(Vi) Foori [6ns1 = 8al €00, 302, 1041 — 8| < 00,

Yonet [¥ne1 = ¥n| <00, 1021 [Pn+1 — al < 00.

Then the sequences {z,}, {y.} and {v,} converge strongly to g = Pa(I - A+~f)q.

(2) Let C be a nonempty closed convex subset of a real Hilbert space H. Let f be
an a-contractive mapping on H and let A be a strongly positive linear bounded
operator on H with coefficient 5 and 0 <y < 1. Let T: C - C be a nonspreading
mapping. Let & : C x C — R be a bifunction satisfying (A1Y-(A4) with Q := Fiz(T)n
EP(®) #0. Let {z,}, {yn} and {v,} be sequences generated by z, € H and

® (vn,y) + -51: (y = U, vp — 1) 20,y € C,
Yn = 0 Pex, + (1 — 85) vn,
Tnsl = 5n‘Yf ('I:ﬂ) 4 (I i1 JFIA) PC' (I B 'U—"n(-[ b | T))ymV'ﬂ = Ns

where {8,}, {8}, {¥n}, {¥n} € (0,1). Suppose the conditions (i)-(vi) hold.

() limp_yoodp =0and 352, 6, = o0;

=

(i) 0<7<6, <v<l, for some r,v >0

(i) ., ¥ < 00}

(iv) 0 < e € @, <n <1, for some e,n > 0;

(V) E:;l |6n+l = ‘sn} < o0, E:;] len-l-l = gul < 09,
Yonet [¥n+1 = ¥nl <00, T0U, [on+1 = | < o0

Then the sequences {z,}, {y»} and {v,} converge strongly to q = Po(I— A+~f)q.

(3) Let C be a nonempty closed convex subset of a real Hilbert space H. Let f
be an a-contractive mapping on H and let A : H — H be a strongly positive
linear bounded operator with coefficient yand 0 <y < 1. LetT:C +Cbea
nonspreading mapping with Fiz(T) # 0. Let {z,} be the sequence generated by
z, € H and

Intl = Ju"ff (In) 5 (I " 67114) PC' (I i 1{')"(1 i T)) PCInsvn € Nv

where {4,}, {¢¥n} € (0,1). Suppose the conditions (i)-(vi) hold.
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(i) iMpoec 6 =0and T2, 6, = oo;
(i) 22, ¥n < 00;
(iii) 3%y [8n+1 = On| < 00, Tnmy [¥n+1 — ¥l < 0.

Then the sequence {z,} converges strongly to ¢ = Ppiy(r)(I — A+ 7f)q.

(4) Let € be a nonempty closed convex subset of a real Hilbert space H. Let f :

53

(1)

C — C be an a-contractive mapping, let A : C — C be a strongly positive linear
bounded operator with coefficient 4 and 0 < v < 1. Fori =1,2,...,N, let &, :
C x C — R be a bifunction satisfying (A1Y<(A4). Let T, : C —» C,fori=1,2,...,N be
a finite family of nonspreading mappings with 2 := N, Fz‘a:(’I‘.-)nn;il EP(®;) # 0.
Let p; = (of,0f,03) € IxIx1I,j=1,2,...,N,where I =[0,1], od + o} + i = 1,
o, o4 € (0,1) forall j =1,2,...,N -1 and oV € (0,1], ay € [0,1), od € (0,1) for
all j =1,2,...,N, and let S be the S-mapping generated by T1,T3,...,Ty and
p1. P2, -, pN- Let {z,}, {yn} and {v,} be sequences generated by z; € H and

S i (vn,y) + & (Y~ Vo, U0 — 20) 2 0,Yy € C,

Yn = On P + (1 — 0n) vp,

Tn+1 = OnVf (zn) + (I — 80 A) Pc (I = Yu(l = S)) yn,Yn €N,
where {6,}, {6n}, {¥n}, {¥n} C (0,1),0 < a; <1, foralli=1,2,...,N. Suppose
the conditions (i)-(vi) hold.

(i) Uimyoseo b =0and 22, 8, = oc;
(i) 0< 7 <6, <v<1,for some r,uv >0
(i) Yor2; ¥ < 003
(iv) 0 <e <y, <n<1,for someen>0;
W SN a=1
(Vi) 3002 10n+1 = 8n) < 00, Tomey [Bns1 — O < 00,

Zr:l 14“!)"‘?‘1 = w"-‘ < 00, E:J:l i‘Pl’l-}-l y= ‘Pul < oo,

Then the sequences {z,}, {y.} and {v,} converge strongly to ¢ = Py(I — A+~f)q.

Viscosity approximation methods for the modified generalized
equilibrium problem and a finite family of strictly
pseudo-contractive mappings

Let C be a nonempty closed convex subset of a real Hilbert space H. For
every i = 1,2,...,N, S; : C = CB(H) be H-Lipschitz continuous with coef-
ficients u;, ® : H x C x C — R be equilibrium-like function satisfying (H1)-
(H3). Let ¢ : € — R be a lower semicontinuous and convex function and
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A : C - C be an a-inverse strongly monotone mapping. Let {T:}/, be a fi-
nite family of «;-strictly pseudo-contractive mappings and «; < y with F :=
NX, Fiz (T;) NN, (MGEP), (;,¢,A) # 0. For every n € N, let K, be the K-
mapping generated by 7,75, ..., Tx and AT, AZ,..., A% where 0 < ¢ € AP < 4 < 7,
foralli =1,2,...,Nand v, +7v, < 1. Foreveryi=1,2,...,N, let {z,} be the
sequence generated by z, € C and w} € S; (I —r{4) z,, there exists sequences
{wi} € H and {z,},{u}} C C such that

wh € S; (I - riA) zp, ||wh —wi, || S A+ L) H(Si (I - riA) 20, 8i (I = 1511 4) Tnsa)
D, (wh, uh,y) +e(y) — ¢ (uh) + ;’: (ub, = Zp,y — ul) + (Az,,y —ul) > 0,Vy € C,
Tnt+l = auf (mn) 7+ ﬁn (E:i]_ a;"’:;) + a'ﬂ}(ﬂ.-""':ru Yn 2 13

where f: C — C be a contraction mapping with a constant ¢ and {an}, {8n}, {6n}
C (0,1) with ay, + 8, + 8, = 1, ¥n > 1. Suppose the following conditions hold:

() impooan =0and 320, an = oo;

(i) 0<7 < Pn,bnSv<;

(o<n<a,<o<l, foral i=1,2,...,.N-1land0<p<al <o <1 with
E:‘:L“L =1;

(V) 0<e<ri<w<2a forall neN and i=1,2,...,N;

(V) Tolilanss = an] <00, Too, [Bns1 — Bl <00, Xne |61 — 8a < 00,
b Sl ﬁr,",| < 00, Yoner [oh41 —a:ll L -, <P e |A:‘“ - 2| < oo, forall
=100 NG

(vi) For each i=1,2,..., N, there exists p; > 0 such that

B (1. Ty (22), Tog (2)) + @i (w8, Ty (22), Ty (1)) < =i [Tog (@) = Ty (22)|

for all (r{,r3) € ©; x 6, (z1,22) € C x C and w} € S; (z;), for j = 1,2, where
Biz{r;:nal} :

Then {z.} and {u},} converge strongly to ¢ = Pxf(q), for every i = 1,2,...,N.

(2) Let C be a nonempty closed convex subset of a real Hilbert space H. For every
i=12...,N, S :C — CB(H) be H-Lipschitz continuous with coefficients u;,
®; : H x C x C = R be equilibrium-like function satisfying (H1)-(H3). Let ¢: C - R
be a lower semicontinuous and convex function and A4 : C = C be an a-inverse
strongly monotone mapping. Let T : € — C be s-strictly pseudo-contractive
mapping with k < v, and F := F(T)n Y, (MGEP), (&;,¢,A) # 0. For every
n € N, let {)\,.} be a sequence of real numbers where 0 < A, <y and v +72 < 1.
For every i = 1,2,...,N, let {z,} be the sequence generated by z; € C and
wj € S; (I - riA) z,, there exists sequences {w!} € H and {z,},{u}} € C such
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that
wh € Si (1 = riA) n, 0k, — who ]| € (14 2) H (S (1 = 14,4) 2, Si (I = i1 4) Tnan)
&y (wn up,y) + o) — @ (uh) + 7 (Uh = 2n, ¥ — uh) + (Azpn,y — uf) 20,y € C,
Za1 = anf (2a) + Bu (Tily 0kt ) + n MaT + (1= M) ) 20,V 2 1,
where f : C — C be a contraction mapping with a constant ¢ and {ax}, {8.}, {6.}
C (0,1) with ay, + B, + 6, = 1, ¥n > 1. Suppose the following conditions hold:
() limyaean =0and 3520, ay = o0}
(M o<r <P bn<v<li;
(i)0<n<a,<o<l, forall i=1,2,...,N-1and0<n<al <o <1 with
Ttk =1;
(V) 0<e<r,<w<2a forall neN and i=1,2,...,N;

(V) z:°=l lara+1 =E in < 00, Ef:! |.6n+l = Bnl < 00,
Z:ozl |6n+1 — 6nl < 00, E:o—_q |"':;+l = "'3.| <00,

Yoozt |afsy —al| €00, 22, | A1 = An| <00, forall i=1,2,...,N;

(vi) For each i = 1,2,...,N, there exists p; > 0 such that

2
T (21) = Ty (aa)|

P; (wi-Tr; (x1), Ty (Iz)) +®; (w;aTr; (22) , T4 (-L‘l)) < —pi

for all (r{,r}) € ©i x ©;, (z1,22) € C x C and w} € S;(z;), for j = 1,2, where
Q= {ri :n>1}.

Then {z,} and {u!} converges strongly to q = Pxf(q), for every i = 1,2,...,N.

(3) Let C be a nonempty closed convex subset of a real Hilbert space H. For every
i=12...,N, S;: C = CB(H) be H-Lipschitz continuous with coefficients u;,
®; : H x C x C — R be equilibrium-like function satisfying (H1){H3). Let ¢: C = R
be a lower semicontinuous and convex function. Let {T;})¥, be a finite family
of ri-strictly pseudo-contractive mappings and x; < v, with F := n;‘;l F(T)n
Ni.,(GEP), (®:,¢) # 0. For every n € N, let K, be the K-mapping generated
by T\, Tp....,Tn and A}, AZ,..., Ak where 0 < ¢ < AP <y <y < 1, foralli =
1,2,....Nand v +v < 1. Foreveryi=1,2,...,N, let {z,} be the sequence
generated by z, € C and wj € S;(z1), there exists sequences {wi} € H and
{zn}.{ul} C C such that

wy, € Si (Zn), |lwh = whia| < (1 + 2) H(Si(2a), Si (Zn+1)),
0 (i o )Pt = o (o) + 0~y ~ b OV € 6,
Tyl = anf (-'rn.) + Bn (2:11 a:.;u;l;) 4 0 Knzn, Yo 21,

where f : C — C be a contraction mapping with a constant ¢ and {a,}, {8.}, {6.}
€ (0,1) with a,, + . 4+ 6, = 1, ¥n > 1. Suppose the following conditions hold:
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(i) iMoo an =0and 300 an = oo;

(i) 0<7<Brdnsv<]

(io<n<a, <0<, forall i=1,2,...,N-1and0<n<al <o <1 with
Zﬁ;ta:. =1

(iv) 0<e<ri<w<l, forall neN and i=1,2,...,N;

(V) ZoLi lans1 = an] <00, Too; [Bat1 = Bal < 00,
Lzt [0nt1 = dn] <00, T2, [y — | < o0,

Yo i labey —ah] <00, T2, A - AP <00, forall i=1,2,...,N;

(vi) For each i = 1,2...., N, there exists p; > 0 such that

2
Ty (@) - Ty (@)

®; (w{,T,; (1), T (.7:2)) + @, (w;.Trg (z2), Ty (-ﬁ)) < -pi

for all (ri,ry) € ©i x O, (z1,22) € C x C and wi € S (z;), for j = 1,2, where
8;={ri :n21},

Then {z,} and {u}} converges strongly to g = Pxf(q), for every i =1,2,...,N.

5.4 General iterative methods for equilibrium problems,
nonspreading mapping and quasi-nonexpansive mapping

(1) Let C be a nonempty closed convex subset of a real Hilbert space H. Let f :
C — C be an a-contractive mapping, let 4: C — C be a strongly positive linear
bounded operator with coefficient ¥ and 0 < v < . Fori =1,2,...,N, let &, :
C x C — R be a bifunction satisfying (A1){(A4). Let T;: ¢ — C,fori=1,2,...,N be
a finite family of nonspreading mappings with @ := Y., Fiz(T,))nNX., EP (&;) # 0.
Let p; = (o], 0d,03) € IxI xI,j=1,2,...,N,where I = [0,1] , el +ad +of =1,
af,0f € (0,1) forall j = 1,2,...,N -1 and a¥ € (0,1}, o € [0,1), ad € (0,1) for
all j = 1,2,...,N, and let S be the S-mapping generated by Ty, T3,...,Ty and
P1,pP2,--.,pn. Let {z,}, {yn} and {v,} be sequences generated by z, € H and

sy ai®; (vn,y) + o (¥ = Vn,Va = 2a) 2 0,¥y € C,

Yn = 0 Poxy + (1 — 6,) vy,

Tns1 = 07 (2n) + (I = 60 A) Po (I = Yu(I = §)) yn,¥n € N,
where {4,}, {0}, {¥n}, {¥n} € (0,1),0 < a; <1, forall i =1,2,...,N. Suppose
the conditions (i)-(vi) hold.

() liMmpoe8n =0 2and 32, 8, = oc;
(i)o<r<0, <v<l,for some r,v > 0;
(iii)) 302, ¥ < o0

(iv) 0 < e <, <1 <1, for some e, > 0;
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W SN a=1;
(VI) Z?:l |6n+1 - Jnl < 09, Z:ozl [9n+l _8n| < 00,

Z?:]_ |7J,<’r|+] o wnl < 0o, Ezc,:] |‘~Pn+1 == ‘pnl < 00,
Then the sequences {z,}, {v.} and {v,} converge strongly to ¢ = Po(I — A+~f)q.

(2) Theorem 4.3 can be considered as an improvement of Theorem 3.1 in the result
of Tien and Jin [48] in the sense that some conditions are not assumed.

0 T,=01-wl+wTwe (0. -%),
(i) T is demi-closed on H,

where T is quasi-nonexpansive mapping on H.

5.5 Examples and numerical results

5.5.1 Conclusions for Example 4.5

(1) Table 4.1 and Figure 4.1 show that the sequences {z,} and {u,} converge to 0,
where {0} = NX, EP (F)n AN, VI(C, A)NNZ, Fiz (T)).

(2) Theorem 3.5 guarantees the convergence of {z,} and {u,} in Example 4.5.

5.5.2 Conclusions for Example 4.7

(1) From Table 4.2 and Figure 4.2, the sequences {z.}, {y.} and {v,} converge to 1,
where {1} = Fiz(T)NNY, EP (®,).

(2) For case (i), Corollary 3.12 guarantees the convergence of {z,}, {y.} and {v,}.

(3) For case (i), the convergence of {z.}, {v.} and {v,} can be guaranteed by The-
orem 3.11.

(4) The iteration (4.7) for the combination of equilibrium problem converges faster
than the iteration (4.9) for the classical equilibrium problem.
5.5.3 Conclusions for Example 4.9

(1) Table 4.3, 4.4 and Figure 4.3 show that the sequences {z,}, {y.} and {v,} con-
verge to 1, where {1} = {(1,1)} = Fiz(T)nNY., EP (®;).

(2) For case (i), Corollary 3.12 guarantees the convergence of {z,}, {y.} and {v,.}.

(3) For case (ii), the convergence of {z,}, {s.} and {v.} can be guaranteed by The-
orem 3.11.

(4) The iteration (4.13) for the combination of equilibrium problem converges faster
than the iteration (4.14) for the classical equilibrium problem.
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5.6 Suggestions

In our thesis, we obtain some results of equilibrium problem, variational in-
equality problem and fixed point problem in a Hilbert space. For those who would
like to extend these results, we suggest that proving our results in a Banach space
would be better. Furthermore, if some conditions of our Lemmas and Theorems are

omitted, the proof would be more complicated.
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