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Abstract

In this thesis, we study structure of the cut locus of a Randers rotational surface of
revolution homeomorphic to a 2D sphere. The Randers rotational metric is obtained
from Zermelo’s navigation process with the wind blowing along the parallel. We show
that in the case of Ŵag curvature of the Randers surface is monotone along a meridian
from pole to equator. The cut locus of a point x ∈ M is a point on a subarc of the
opposite half bending meridian or of the antipodal parallel. More generally, when the
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of any point x̃ ∈ M different from poles is a subarc of the antipodal parallel. Some
examples are also given.
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บทคัดยŠอ
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Chapter 1

Introduction

The aim of this thesis is to study the geodesics and the cut locus of a Randers
rotational surface of revolution homeomorphic to sphere. Before introducing the main
theorems of this thesis, we would like to describe the history of the problem and our
research motivation.

1.1 Research Motivation

B. Riemann introduced a new research area combining analysis with geometry in
1854, called today Riemannian geometry, that generalizes the Ŵat Euclidean space
to non-Ŵat spaces called Riemannian spaces or Riemannian manifolds (see [8]).

A Riemannian manifold is a differentiable manifold with a given Riemannian metric,
that is a norm in the tangent bundle whose associated distance function is symmetric.
There are many researchers working in this ųeld, studying the global behaviour of
geodesics, conjugate points and cut locus amongst many other topics (see [1], [11],
[12]).

In this work, we are interested in the more general case of the so-called Finslerian
manifold, that is manifold endowed with a Finsler norm in the tangent bundle such
that the distance function is not symmetric.

Z. Shen is the ųrst person who pointed out the solutions of the Zermelo’s naviga-
tion problem. Such that the solutions are the geodesics of a Finslerian metric which
is called Randers metric, that is the deformation of Riemannian metric by adding a
linear 1-form (see [13]).

For the sake of simplicity and motivation by examples in the real world, the Rie-
mannian manifold that we use in this study is a surface of revolution, this surface is
obtained by rotating a proųle curve around an axis. The main mathematical reason
that we use this manifold is because the geodesics equation can be integrated, there-
fore it is easy to study the global behaviour of geodesics, conjugate points and cut
locus. In this thesis we consider a surface of revolution that is homeomorphic to a
sphere, such a surface is called a 2 dimensional sphere of revolution or 2D sphere
of revolution for convenience.

The global behaviour of geodesics, conjugate points and cut locus on Riemannian
2D sphere revolution with monotone curvature was studied by M. Tanaka and R. Sin-
clair in 2007 (see [12]).

R. Hama, P. Chitsakul and S. V. Sabau studied the geometry of Randers rotational
surface of revolution homeomorphic to a plane in 2015 (see [9]).
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Moreover, in 2015, B. Bonnard, B. Caillau, R. Sinclair and M. Tanaka have introduced
interesting examples of 2D sphere of revolution whose sectional curvature is non-
monotone and they show that if the cut locus of a point on the equator is a subarc
of equator then the cut locus of any point, except the pair of poles, is a subarc of the
antipodal parallel (see [5]). We will extend their result to ųnd the cut locus on a 2D
sphere of revolution endowed with a Finsler metric of Randers type whose curvature
is non-monotone.

Therefore, this thesis will extend the results from [5], [9] and [12], in order to
determine the behaviour of geodesics and cut locus on a Randers rotational 2D sphere
of revolution.

1.2 Objectives of the study

1. To study the behavior of geodesics, cut points, and cut locus on a Randers rota-
tional 2D sphere of revolution.

2. To construct concrete examples of Randers rotational 2D sphere of revolution
that illustrate the behaviour of geodesics, cut points and cut locus.

1.3 Scopes of the study

1. The Randers metric is construct from Zermelo’s navigation process.

2. The navigation data for Zermelo’s navigation process is rotational along parallels.

3. The surfaces of revolution is homeomorphic to the sphere.

4. The 2D sphere of revolution is symmetric with respect to the equator.

1.4 Beneųts of the study

1. To clarify the relation between the global behaviour of geodesics on a Rieman-
nian and a Randers rotational 2D sphere of revolution.

2. To clarify the relation between the cut locus of a Riemannian and a Randers
rotational 2D sphere of revolution.

3. To give concrete examples of Randers rotational 2D sphere of revolution.

4. To build the basic setting for a further study about conjugate points and conjugate
locus.

5. To see the study of cut locus which is deeply related to the topology of the
manifold.



Chapter 2

Preliminaries

In this chapter, we would like to introduce the collection of basic knowledge and
notations on differential geometry, that will be used in this thesis.

2.1 Notations on differential geometry

2.1.1 Differential manifold and tangent bundle
Deųnition 2.1. [8] Let M be an n-dimensional smooth manifold and (U ;x) is local
coordinates of M , that is for any point x,

x = (x1, x2, ..., xn) ∈ U ⊂M

there exists a homeomorphic mapping f : x ∈ U → Rn, where Rn is an n-dimensional
Euclidean space.
Remark 2.1. The mapping f is called homeomorphic mapping or homeomorphism
if f satisųes :
(i) f is bijective, i.e. f is surjective and injective,
(ii) f is continuous,
(iii) f−1 is continuous.
Deųnition 2.2. [8] The tangent space over a point x on M is a vector space with the
basis ( ∂

∂xi

)
x
, i = 1, ..., n such that for every tangent vector y ∈ TxM , we can write it in

the form of the linear combination
y =

n∑
i=1

yi(x)

(
∂

∂xi

)
= yi

∂

∂xi
.

Remark 2.2. The set of all tangent vectors on M is called tangent bundle and de-
noted by

TM = {(x, y) | x ∈M,y ∈ TxM} →M.

2.1.2 Riemannian manifold
Deųnition 2.3. [8] Suppose M is an n-dimensional smooth manifold, and H is a sym-
metric covariant tensor ųeld of rank n on M . If (U ;x) is a local coordinates on M , then
the tensor ųeld H can be expressed as

H = hijdx
i ⊗ dxj ,

on U , where hij = hji is a smooth function on U .
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The tensor H provides a bilinear function on TxM at every point x ∈M .
Suppose Y = Y i ∂

∂xi and Z = Zi ∂
∂xi , then

H(Y, Z) = hijY
iZj . (2.1)

Deųnition 2.4. [8] The tensor H is nondegenerate at the point x, whenever X ∈ TxM

and
H(X,Y ) = 0 (2.2)

for all Y ∈ TxM , implies X = 0.

From deųnition 2.4, it follows that H is nondengenerate at x if and only if the
system of linear equations

hij(x)X
i = 0, 1 ≤ j ≤ n,

has only the trivial solution, that is det(hij(x)) ̸= 0.

Deųnition 2.5. [8] If for all y ∈ TxM ,

H(y, y) = hijy
iyj ≥ 0, (2.3)

and H(y, y) = 0 for y = 0, then we say that H is positive deųnite at x.

Remark 2.3. From linear algebra, it is known that the condition for H to be positive
deųnite is that the matrix (hij) is positive deųnite. Thus a positive deųnite tensor H is
necessarily nondegenerate.

Deųnition 2.6. [8] Let M be an n-dimensional smooth manifold, if any point x ∈M is
given a nondegenerate symmetric covariant tensor ųeld H of rank n and H is positive
deųnite then M is called a Riemannian manifold.

We deųne the inner product on the tangent space TxM at every point x ∈ M . For
any y, z ∈ TxM by

⟨y, z⟩ = H(y, z) = hij(x)y
izj . (2.4)

Since H is positive deųnite, we can deųne the length of a tangent vector and the
angle between two tangent vectors at the same point,

|y| =
√
hijyiyj

cos∠(y, z) = ⟨y, z⟩
|y||z|

.
(2.5)

The differential 2-form
ds2 = hijdx

idxj (2.6)
is independent of the local coordinates x and ds2 is called the Riemannian metric or
metric form. ds is the length of an inųnitesimal tangent vector, called the element
of arclength.
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Remark 2.4. For the deųnition of a 2-form see [8].

Remark 2.5. The Riemannian norm H : TM → [0,∞) satisųes

(i) H is positive and differentiable on T̃M := TM \ {0},

(ii) H is absolute homogeneous, that is H(x, λy) = λ2H(x, y) for any λ ∈ R and for all
(x, y) ∈ T̃M ,

(iii) Hessian matrix hij = 1
2

∂2H
∂yi∂yj is positive deųnite on T̃M .

Suppose γ : xi = xi(t), a ≤ t ≤ b, is a continuous and smooth parametrized curve
on M . Then the arclength of γ is deųned by

L(γ) =
∫ b

a

√
hij

dxi

dt

dxj

dt
dt. (2.7)

L(γ) is called the integral length.
Remark 2.6. If we consider the matrix hij = δij , where

δij =

1 i = j,

0 i ̸= j.

then the metric form ds2 =
∑n

i=1(dx
i)2 is called Euclidean metric.

Remark 2.7. The pair (M,h) is called Riemannian manifold whereM is n-dimensional
Riemannian manifold and h is Riemannian metric.

Theorem 2.8. [8] Suppose M is an n-dimensional Riemannian manifold. Then there
exists a unique torsion-free and metric compatible connection on M , called the Levi-
Civita connnection or Riemannian connection of M deųned by

Γk
ij =

1

2
hkl
(
∂hil
∂xj

+
∂hjl
∂xi

− ∂hij
∂xl

)
, (2.8)

where hij is the inverse matrix of hij .

Remark 2.9. Γk
ij deųned in (2.8) is called the Christoffel symbol of second kind while

the ųrst kind is deųned by

Γikj =
1

2

(
∂hik
∂xj

+
∂hjk
∂xi

− ∂hij
∂xk

)
or Γilj = hklΓ

k
ij .

Theorem 2.10. [8] The curvature tensor Rijkl of a Riemannian manifold satisųes the
following properties:

(i) Rijkl = −Rjikl = −Rijlk,

(ii) Rijkl +Riklj +Riljk = 0,

(iii) Rijkl = Rklij ,
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where Rijkl is deųned by

Rijkl =
∂Γijl

∂xk
− ∂Γijk

∂xl
+ Γh

ikΓjhl − Γh
ilΓjhk. (2.9)

Deųnition 2.7. [11] Let M be 2-dimensional Riemannian manifold or surface. The
Gaussian curvature G at a point x on M is deųned by

G(x) = − R1212

det(hij(x)) . (2.10)

2.1.3 Einstein manifold
Contracting the Riemannian curvature tensor Rijkl, we get the Ricci tensor

Rij = hkmRkijm. (2.11)

Deųnition 2.8. [8] The differential manifold (M,h) is called Einstein manifold if there
exists a function λ : R → R, such that

Rij = λhij

everywhere on M .

2.1.4 Geodesics on a Riemannian manifold
Deųnition 2.9. [8] Suppose (M,h) is the n-dimensional Riemannian manifold with the
Riemannian metric deųned in (2.6). Let γ : xi = xi(t) be a parametrized curve on M ,
then y(t) called a tangent vector ųeld deųned along γ if

y(t) := yi(t)

(
∂

∂xi

)
γ(t)

.

Lemma 2.11. If γ(t) is a smooth curve then there exists a reparametrization γ(s) such
that |γ̇(s)| = 1, where | · | is the Riemannian norm.

Proof. Consider the arclength function

s(t) =

∫ t

a

|γ̇(u)|du.

We take derivative with respect to t, we have ds
dt = |γ̇(t)|, it follows that

dt

ds
=

1

|γ̇(t)|
.

Let γ(s) = γ(t(s)), we take derivative with respect to s, therefore γ̇(s) = γ̇(t(s)) dtds ,
hence

|γ̇(s)| = |γ̇(t(s))| 1

|γ̇(t)
| = 1.
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From [4] we know that if the tangent vector of a unit speed curve γ(s) is parallel
along γ(s), then γ(s) is a geodesic of the Riemannian manifold (M,h), that is γ(s)
satisųes

d2xi

ds2
+ Γi

jk

dxj

ds

dxk

ds
= 0, (2.12)

where Γi
jk is the Christoffel symbols deųned in (2.8).

Remark 2.12. The geodesic curve γ : [0, t0] →M is the local length minimizer and we
can deųned the h-Riemannian distance dh(·, ·) between p = γ(0), q = γ(t0) on M by the
length of geodesic, i.e.

dh(p, q) =

∫ t0

0

√
hij

dxi

dt

dxj

dt
dt.

Deųnition 2.10. [8] The Riemannian manifold (M,h) is called complete Riemannian
manifold if and only if for any two points x1, x2 ∈ M , there exists a geodesic curve
joining x1 and x2.

2.1.5 Jacobi ųelds and Conjugate points on a Riemannian manifold
Deųnition 2.11. [11] Let γ : [0, r] be a smooth curve in manifold M . A variation of
γ is a differentiable mapping σ : (−ε, ε) × [0, r] → M such that σ(0, t) = γ(t), t ∈ [0, r].
γ(t) is called base curve of the variation. For each u ∈ (−ε, ε), the parametrized curve
σu : [0, r] → M deųned by σu(t) = σ(u, t) which is called a curve in the variation
(t-curve); while the parametrized curves σt(u) = σ(u, t), t ųxed, are called transversal
curves (u-curves) of the variation.

A variation σ(u, t) gives us two vectors ųelds on M :

U(t) :=
∂σ

∂u
, T (t) :=

∂σ

∂t
.

In particular, the ųeld U(t, 0) = ∂σ
∂u

∣∣
u=0

is called the variation ųeld of the variation
σ along the base curve γ(t) (see [7]).

Deųnition 2.12. [8] The vector ųeld J along a geodesic is called Jacobi ųeld if it satisųes
the second order ordinary differential equation:

DTDTJ +R(J, T )T = 0,

where DT is the covariant derivative along γ with respect to the tangent vector T = γ̇.

Theorem 2.13. [7] Let σ(u, t) be a variation of base curve γ(t)

(a) If any t-curves σu(t) are geodesics then variation vector ųeld U(t) is a Jacobi ųeld.

(b) If the base curve γ(t) is a geodesic then there exists a variation ųeld U , where U
is Jacobi ųeld.
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Deųnition 2.13. [7] Let x ∈M , γ : [0, t0] →M is geodesic joining x = γ(0) and q = γ(t0).
A point q is called conjugate point to x along γ if and only if there exits a non-zero
Jacobi ųeld along γ that vanishes at x and q that is

J(0) = J(t0) = 0 and J(t) ̸= 0, ∀t ∈ (0, t0).

2.1.6 Cut points and Cut locus on a Riemannian manifold
Deųnition 2.14. [12] Let γ : [0, t0] →M be a minimal geodesic segment on a complete
Riemannian manifold (M,h). The endpoint γ(t0) of the geodesic segment is called a
cut point of p := γ(0) along γ if any extended geodesic segment γ̃ : [0, t1] → M of
γ, where t1 > t0, is not a minimizing arc joining p to γ̃(t1) anymore. The cut locus
Ch

p of the point p is deųned by the set of the cut points along all geodesic segments
emanating from p.

2.2 Two-dimensional sphere of revolution

In this section, we recall the details about a two-dimensional sphere of revolution.

Deųnition 2.15. [12] A compact Riemannian manifold (M,h) homeomorphic to a two-
dimensional sphere is called a two-dimensional sphere of revolution or 2D sphere
of revolution, if M admits a point p, called pole, such that for any two points q1, q2
on M with dh(p, q1) = dh(p, q2), there exists an h-isometry f on M satisfying f(q1) = q2,
and f(p) = p, where dh(·, ·) denote the h-Riemannian distance function on M .

Remark 2.14. The point p is also called the vertex of M , that is p is the intersection
of M with rotating axis.

From Deųnition 2.15, we construct the 2D sphere of revolution by rotating the unit
speed proųle curve for any a ∈ R+, m : (0, 2a) → R+, m(0) = m(2a) = 0 and m′(0) =

−m′(2a) in xz-plane around z-axis and obtain the following parametric equation.
Let (r, θ) be the geodesic polar coordinates around the pole p = m(0), then we

have
M := {(m(r) cos θ,m(r) sin θ, z(r)) , r ∈ [0, 2a], θ ∈ [0, 2π)} . (2.13)

Lemma 2.15. The condition for unit speed proųle curve is z(r) = ∫ r

0

√
1−m′(t)2dt.

Proof. Since the condition for unit speed curve on the xz-plane is m′(t)2 + z′(t)2 = 1,
the conclusion follows immediately.

From lemma 2.1 in [12], Ch
p = {q} and Ch

q = {p} are a pair of poles {p, q}. We
introduce the coordinate curves on M . Let r0 and θ0 be constants.

1. γ(r(s), θ0) is called meridian. If θ0 = 0 then γ is called proųle curve.
2. γ(r0, θ(s)) is called parallel. If r0 = a then γ is called equator.
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Remark 2.16. In this work a 2D sphere of revolution is obtained by rotating an unit
speed proųle curve which is symmetric with respect to the equator r = a, that is
m(r) = m(2a− r).

2.2.1 The Riemannian metric on a 2D sphere of revolution
Using the parametric representation (2.13), we will compute the Riemannian metric
on a 2D sphere of revolution

M :


x(r, θ) = m(r) cos θ
y(r, θ) = m(r) sin θ
z(r, θ) = z(r).

It follows that
dx = m′(r) cos(θ)dr −m(r) sin(θ)dθ
dy = m′(r) sin(θ)dr +m(r) cos(θ)dθ
dz = z′(r)dr.

Since x, y, z are coordinates in R3, we use the Euclidean metric in Remark 2.6,
therefore

ds2 = dx2 + dy2 + dz2

= dr2 +m(r)2dθ2,

where we use unit speed condition m′(r)2 + z′(r)2 = 1.
We obtain lemma 2.17.

Lemma 2.17. The Riemannian metric h of geodesic polar coordinates (r, θ) around
pole of a 2D sphere of revolution (M,h) can be expressed by

ds2 = dr2 +m(r)2dθ2 (2.14)

or, in the Hessian matrix form

(hij) =

1 0

0 m(r)2

 . (2.15)

Remark 2.18. If s is the unit speed parameter then

|γ̇(s)| = |γ̇(r(s), θ(s))| =

√(
dr

ds

)2

+m(r)2
(
dθ

ds

)2

= 1.

2.2.2 Geodesics on a Riemannian 2D sphere of revolution
In the previous section, we have obtained the Riemannian metric h on M when using
the geodesic polar coordinates (x1, x2) = (r, θ) on a 2D sphere of revolution. In this
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section we will show how to compute Gaussian curvature and Riemannian geodesic
equations.

Recall the formula of Christoffel symbol (2.8),

Γk
ij =

1

2
hkl
(
∂hil
∂xj

+
∂hjl
∂xi

− ∂hij
∂xl

)
.

Since
(hij) =

1 0

0 m(r)2

 ,

we obtain

(hij) =

1 0

0 1
m(r)2

 ,

by straightforward computation, we get

Γ1
11 = Γ1

12 = Γ2
11 = Γ2

22 = 0,

Γ1
22 = −m(r)m′(r), Γ2

12 =
m′(r)

m(r)
.

(2.16)

Lemma 2.19. The Gaussian curvature at a point x on a Riemannian 2D sphere of
revolution is G(x) = −m′′(r(x))

m(r(x)) .
Proof. Consider the formula of curvature tensor (2.9)

Rijkl =
∂Γijl

∂xk
− ∂Γijk

∂xl
+ Γh

ikΓjhl − Γh
ilΓjhk,

with the relation between ųrst and second kinds of Christoffel symbols

Γilj = hklΓ
k
ij ,

it follows that
Γ111 = Γ112 = Γ121 = Γ211 = Γ222 = 0,

Γ122 = Γ221 = m(r)m′(r), Γ212 = −m(r)m′(r).

From the Gaussian curvature G (2.10) at point x where x in on parallel r = r(x) on
a 2D sphere of revolution is

G(x) = − R1212

det(hij(x)) .

The following computation show that

R1212 =
∂Γ122

∂x1
− ∂Γ121

∂x2
+ Γh

11Γ2h2 − Γh
12Γ2h1

=
∂Γ122

∂r
+ Γ1

11Γ212 − Γ1
12Γ211 + Γ2

11Γ222 − Γ2
12Γ221

= m(r)m′′(r) +m′(r)2 − m′(r)

m(r)
m(r)m′(r)

= m(r)m′′(r).



11

and det(hij(x)) = m(r)2, therefore we obtain G(x) = −m′′(r(x))
m(r(x)) .

On the other hand, we consider the geodesics equation (2.12)
d2xi

ds2
+ Γi

jk

dxj

ds

dxk

ds
= 0,

in the case of a 2D sphere of revolution, the indices i, j, k ∈ {1, 2}, and therefore it
follows that

dx1

ds2
+ Γ1

11

dx1

ds

dx1

ds
+ Γ1

12

dx1

ds

dx2

ds
+ Γ1

21

dx2

ds

dx1

ds
+ Γ1

22

dx2

ds

dx2

ds
= 0

dx2

ds2
+ Γ2

11

dx1

ds

dx1

ds
+ Γ2

12

dx1

ds

dx2

ds
+ Γ2

21

dx2

ds

dx1

ds
+ Γ2

22

dx2

ds

dx2

ds
= 0.

From (2.16), we obtain the system of second order ordinary differential equations
d2r

ds2
−m(r)m′(r)

(
dθ

ds

)2

= 0, (2.17)

and
d2θ

ds2
+ 2

m′(r)

m(r)

(
dr

ds

)(
dθ

ds

)
= 0. (2.18)

The equations (2.17) and (2.18) are called geodesic equations. We obtain the
lemma 2.20.

Lemma 2.20. Let γ(s) = (r(s), θ(s)) be a smooth unit speed curve on a Riemannian
2D sphere of revolution, if γ(s) is a geodesic then γ(s) is satisųes (2.17) and (2.18).

According to lemma 2.20, we obtain the lemmas 2.21 and 2.22.

Lemma 2.21. Every unit speed meridian is geodesic.

Proof. Let γ(s) = (r(s), θ0), where θ0 is constant, be a meridian. We get

dθ0
ds

=
d2θ0
ds2

= 0,

it follows that γ(s) satisųes (2.18).
Since γ(s) is unit speed, we obtain

dr

ds
= 1.

We take the derivative with respect to s and we get
d2r

ds2
= 0.

Hence γ(s) satisųes (2.17).

Lemma 2.22. The unit speed parallel is geodesic if and only if m′(r0) = 0.
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Proof. First step, let γ(s) = (r0, θ(s)) where r0 is constant be a unit parallel. We can
see that

dr0
ds

=
d2r0
ds2

= 0,

from unit speed condition, we get
dθ

ds
=

1

m(r0)2
is constant.

Therefore
d2θ

ds2
= 0.

Then γ(s) satisųes (2.18), if γ(s) is geodesic from (2.17), we obtain

m(r0)m
′(r0)

(
dθ

ds

)2

= 0.

Since m(r0) ̸= 0 and dθ
ds ̸= 0, hence m′(r0) = 0.

Second step, let m′(r0) = 0 and γ(s) = (r0, θ(s)) is unit speed parallel. It follows that
γ(s) satisųes (2.17). Recall the unit speed condition then γ(s) satisųes (2.18). Hence
γ(s) is geodesic.

2.2.3 The Clairaut relation on a Riemannian 2D sphere of revolution
In this section, we consider on (2.18), and by taking the integral with respect to s we
get

m(r)2
(
dθ

ds

)
= ν, (2.19)

where ν is constant called Clairaut constant.
We will use (2.19) to prove theorem 2.23.

Theorem 2.23 (Clairaut’s relation). If γ(r(s), θ(s)) is a geodesic on a 2D sphere of
revolution then the angle ϕ(s) between γ̇(s) and the meridian passing through γ(s)

satisfy
m(r(s)) sin(ϕ(s)) = ν.

Proof. Let us denote the angle between the tangent vector γ̇(s) to the unit speed
geodesic γ(s) and the meridian by ϕ(s). If we take into account that parallels and
meridians are perpendicular, then by the deųnition of inner product, we have⟨

γ̇(s),
∂

∂θ

⟩
= |γ̇(s)|

∣∣∣∣ ∂∂θ
∣∣∣∣ cos(π2 − ϕ(s)

)
.

Using now the fact that γ(s) is unit speed and γ̇(s) = dr
ds

∂
∂r + dθ

ds
∂
∂θ , we obtain⟨

γ̇(s),
∂

∂θ

⟩
=

⟨
dr

ds

∂

∂r
+
dθ

ds

∂

∂θ
,
∂

∂θ

⟩
=

∣∣∣∣ ∂∂θ
∣∣∣∣ sin(ϕ(s)).
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From the following computation⟨
dr

ds

∂

∂r
+
dθ

ds

∂

∂θ
,
∂

∂θ

⟩
=

⟨
dr

ds

∂

∂r
,
∂

∂θ

⟩
+

⟨
dθ

ds

∂

∂θ
,
∂

∂θ

⟩
=
dr

ds

⟨
∂

∂r
,
∂

∂θ

⟩
+
dθ

ds

⟨
∂

∂θ
,
∂

∂θ

⟩
=
dθ

ds

⟨
∂

∂θ
,
∂

∂θ

⟩
=
dθ

ds

∣∣∣∣ ∂∂θ
∣∣∣∣2 ,

(2.20)

taking into account that ⟨ ∂
∂r ,

∂
∂θ

⟩
= 0, it results

dθ

ds

∣∣∣∣ ∂∂θ
∣∣∣∣2 =

∣∣∣∣ ∂∂θ
∣∣∣∣ sin(ϕ(s))

dθ

ds

∣∣∣∣ ∂∂θ
∣∣∣∣ = sin(ϕ(s)).

Paying attention to ( ∂
∂θ

)
= (0, 1), we get∣∣∣∣ ∂∂θ

∣∣∣∣ = |(0, 1)| =
√
h11(0)2 + h22(1)12 = m(r(s)).

Therefore
dθ

ds
m(r(s)) = sin(ϕ(s))

dθ

ds
m(r(s))2 = m(r(s)) sinϕ(s).

From (2.19) we have
m(r(s)) sin(ϕ(s)) = ν.

From theorem 2.23, we obtain corollary 2.24.

Corollary 2.24. Let γ(s) = (r(s), θ(s)) be an unit speed geodesic of a 2D sphere of
revolution (M,h) with Clairaut constant ν.

1. The Clairaut constant ν vanishes if and only if γ(s) is tangent to a meridian.

2. If the Clairaut constant ν is non-vanishing, then γ(s) does not pass through the
pole of M .

Proof. 1. If γ(s) is meridian then the angle ϕ(s) = 0 therefore ν = 0.

2. We recall that the geodesic curve is passing through the pole is only the meridian
then if ν ̸= 0, we get γ(s) is not passing through the pole.
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2.2.4 Half-period function on a Riemannian 2D sphere of revolution
In previous section, if we consider the geodesic γ(s) emanating from equator r = a,
we know that if Clairaut constant ν of γ(s) is not vanishing. That is γ(s) is not meridian
and if we consider that the angle ϕ(s) between γ̇(s) and proųle curve is not equal
to π

2 then γ(s) is not parallel, from theorem 2.23 that the geodesic γ(s) emanating
from equator r = a with Clairaut constant ν ∈ (0,m(a)) must tangent to the parallel
ξ(ν) = m−1(r) and then it must return to the equator. We will compute the distance
function between the emanating point and the returning point.

Remark 2.25. The Riemannian universal covering manifold of the 2D sphere of revo-
lution (M \ {p, q}, h) is deųned by (see Figure 2.1).

M̃ := ((0, 2a)× R, dr̃2 +m(r̃)2dθ̃2).

Let Π : M̃ →M \ {p, q} be a covering projection.

6

-

-

-

R

θ̃

r̃

p̃

q̃

p̃0 q̃0
a

2a

0

0 π 2π

Π

p0 q0

p

q
M̃ M

Figure 2.1: Universal covering manifold and manifold.

Lemma 2.26. Let γ̃p̃0
ν be a h-unit speed geodesic, where p̃0 ∈ r̃ = a and ν ∈ (0,m(a)),

i.e. p̃0 is a point on equator and γ̃p̃0
ν is neither meridian nor parallel (equator) (see

Figure 2.2). From Clairaut relation γ̃p̃0
ν must be tangent to the parallel ξ(ν) and return

to the equator at γ̃p̃0
ν (t0). The distance from p̃0 to γ̃p̃0

ν (t0) can be computed by

H(ν) := 2

∫ a

ξ(ν)

ν

m(t)
√
m(t)2 − ν2

dt. (2.21)

H(ν) is called h-half period function.
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6

-

-

-

θ̃

r̃

p̃

p̃0

γ̃p̃0
ν (t0)

γ̃p̃0
ν (t1)

γ̃p̃0
ν (0)

a

ξ(ν)

2a

0

�

-� H(ν)

Figure 2.2: Half period function.

Proof. Let γ̃(s) = (r̃(s), θ̃(s)) be an h-unit speed geodesic emanating from equator, that
is (

dr̃

ds

)2

+m2(r̃(s))

(
dθ̃

ds

)2

= 1

multiply with
(

ds

dθ̃

)2, we have
(
dr̃

dθ̃

)2

+m2(r̃(s)) =

(
ds

dθ̃

)2

,

from Clairaut relation it follows that
ds

dθ̃
=
m2(r̃(s))

ν
.

Therefore (
dr̃

dθ̃

)2

=
m2(r̃(s))(m2(r̃(s))− ν2)

ν2
,

or
dθ̃

dr̃
=

ν

m(r̃(s))
√
m2(r̃(s))− ν2

.

By integrating with respect to r̃

θ̃(b)− θ̃(a) =

∫ r̃(b)

r̃(a)

ν

m(r̃(s))
√
m(r̃(s))2 − ν2

dr̃.

From the Clairaut relation, the geodesic γ̃(s) will be tangent to some parallel called
r̃ = ξ(ν) at γ̃(t1) and then γ̃ will return to the equator at the point γ̃(t0) and it follows
that θ̃(t0)− θ̃(0) = 2(θ̃(t0)− θ̃(t1)), we obtain

H(ν) := θ̃(t0)− θ̃(0) = 2

∫ a

ξ(ν)

ν

m(t)
√
m(t)2 − ν2

dt. (2.22)
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2.2.5 Jacobi ųelds on a Riemannian 2D sphere of revolution
In this section, we construct the Jacobi ųeld equation on a Riemannian 2D sphere of
revolution in the similarly way as Riemannian surface of revolution case (see [11]).

Let p̃0 ∈ M̃ and β̃ν(s) and γ̃ν(s) for any ν ∈ (0,m(r̃(p̃0))) denote the geodesic ema-
nating from p̃0 with (r̃ ◦ β̃ν)′(0) ≥ 0 and (r̃ ◦ γ̃ν)′(0) ≤ 0.

Since both geodesics β̃ν(s) and γ̃ν(s) depend smoothly on ν ∈ (0,m(a)), we obtain
the h̃-Jacobi ųelds Xν(t) and Yν(t) :

Xν(t) :=
∂

∂ν
(β̃ν(t)), Yν(t) :=

∂

∂ν
(γ̃ν(t)),

such that all curves in the variation are geodesics, along β̃ν(t) and γ̃ν(t). We can see
that Xν(0) = Yν(0) = 0.

6

-

-

-

θ̃

r̃

p̃

q̃

p̃0
a

2a

0

0 π 2π

β̃ν

˙̃
βν

�

�����1

q

A
A
A
AAU

γ̃ν
˙̃γν

Figure 2.3: The h̃-geodesic segments β̃ν(t) and γ̃ν(t).

Let us denote by p̃u the point of coordinates (r̃(p̃u), θ̃(p̃u)) = (u, 0), where u ∈ (0, 2a)

and ν ∈ (0,m(a)). Similarly with the case u = a, discussed above, for any ν ∈ (0,m(u)),
we consider the h̃-geodesic where γ̃uν emanating from p̃u, with Clairaut constant ν and
(r̃ ◦ γ̃uν )′(0) ≤ 0.

The geodesic γ̃uν tangent to the parallel r̃ = ξ(u) at a point γ̃uν (s0), will intersect the
equator and then will be tangent to the parallel r̃ = 2a−ξ(u) at a point γ̃uν (s1). Clearly,
the parameter values s0 and s1 are solutions of the equation (r̃ ◦ γ̃uν )′(s) = 0. Then it is
known from the proof of lemma 2.9 in [12], or proposition 7.2.3 in [11], that the Jacobi
vector ųeld Yν along γ̃uν is given by

Yν(s) =
∂θ̃

∂ν
(r̃(s), u, ν)

[
−ν m(r̃(s))√

m2(r̃(s))− ν2

(
∂

∂r̃

)
γ̃u
ν (s)

+

(
∂

∂θ̃

)
γ̃u
ν (s)

]
. (2.23)

Remark 2.27. We are interested in Jacobi ųeld because the ųrst zero solution of the
Jacobi ųeld, except emanating point, is the ųrst conjugate point and this is related to
the h-cut locus.
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2.2.6 Cut locus on the Riemannian 2D sphere of revolution
In this section, we recall the theorem of the cut locus on the Riemannian 2D sphere
of revolution.
Theorem 2.28. [12] Let (M,dr2 +m(r)2dθ2) be a 2-sphere of revolution with a pair of
poles {p, q} have the following properties
(i) M is symmetric with respect to the equator,
(ii) The Gaussian curvature is monotone along proųle curve.
Then the h-cut locus of a point x ∈ M \ {p, q} where θ(x) = 0 is depends on the

behaviour of the Gaussian curvature as follows. The cut point of x is:
1. A single point Ch

x = (2a− r(x), π), when G(x) is a positive constant.
2. A subarc of the opposite half meridian Ch

x ⊂ θ = π, when G(x) is monotone non-
increasing along meridian from the pole p to the point on r = a. (see Figure
2.4).

6

-

-

R

θ̃

r̃

p̃

q̃

x̃
r(x̃)

2a

0

0 π 2π

Π

x

p

q
M̃ M

Figure 2.4: The cut locus when the Gaussian curvature G is monotone non-increasing.

3. A subarc of the antipodal parallel r = 2a − r(x), that is Ch
x = r−1(2a − r(x)) ∩

θ−1(H(m(r(x))), 2π − H(m(r(x)))), when G(x) is monotone non-decreasing along
the meridian from the pole p to the point on r = a. (see Figure 2.5).
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R
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r̃

p̃

q̃

x̃
r(x̃)

2a

0

0 π 2π

Π

2a− r(x̃)

a

x

p

q
M̃ M

Figure 2.5: The cut locus when the Gaussian curvature G is monotone non-decreasing.
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Here r−1(k) means the parallel r = k, θ−1(a, b) means the region between θ = a to
θ = b.

On the other hand, if we consider the case that the Gaussian curvature is non-
monotone along the proųle curve, we can not ųnd the general structure of the cut
locus in this case.

But if we assume the condition, the cut locus of the point on equator is the subarc
of the equator in [5], then we obtain theorem 2.29.

Theorem 2.29. [5] Let (M,h) denote a 2D sphere of revolution, whereM is symmetric
with respect to the equator. If the cut locus of a point on equator is a subset of equator
then the cut locus of a point x with r(x) ∈ (0, 2a) \ {a} is a subset of the antipodal
parallel r = 2a−r(x).

Therefore, we can ųnd the cut locus of non-monotone Gaussian curvature on a 2D
sphere of revolution, by adding only one assumption.

We can see that the h-cut locus of a point on the equator of the 2D sphere of
revolution is the subarc of equator by using lemma 3.3 in [5], that is

Lemma 2.30. If m′ ̸= 0 on (0, a) and the h-half period function is monotone non-
increasing then the cut locus of each point on the equator is subset of the equator.

2.3 Finslerian metrics

In the previous section, we can see that the study about geodesics, conjugate points
and cut locus is already done in Riemannian case, therefore we will go further by
changing the metric on the 2D sphere of revolution from Riemannian metric to Fins-
lerian metric and we use Randers metric to see that if there is a wind blowing along
the parallel on the 2D sphere of revolution, what will happen to the properties of
geodesics, conjugate points and cut locus.

We introduce the deųnition of Finslerian norm. Let (M,F ) be a smooth n-dimensional
differential manifold endowed with a Finslerian norm F : TM → [0,∞) with properties

(i) F is positive and differentiable on T̃M ,

(ii) F is 1-positive homogeneous, that is F (x, λy) = λF (x, y) for any λ > 0 and for all
(x, y) ∈ T̃M ,

(iii) Hessian matrix gij(x, y) := 1
2

∂2F 2

∂yi∂yj is positive deųnite on T̃M .

Then (M,F ) is called a Finsler manifold, F is called the fundamental function,
and gij the fundamental tensor.
Remark 2.31. We can see that the Finslerian norm does not imply symmetry, that is
F (x, y) ̸= F (x,−y). If F (x, y) = F (x,−y), then F is called an absolute homogeneous
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Finsler metric. For instance, a Riemannian norm can be regarded as such a Finsler
metric. Of course there are many non-Riemannian absolute homogeneous Finsler
metrics (see [4]).

Next, we introduce a natural extension of the sectional curvature in Riemannian ge-
ometry, that is Ŵag curvature on Finlserian manifold (M,F ) (see [4] for the deųnition).
We will use lemma 2.32 to see the behaviour of Ŵag curvature.

Lemma 2.32. [9] Let (M,F ) be a Finsler manifold of Randers type obtained by Zer-
melo’s navigation method with navigation data (h,W ), with Ŵag curvature K. If M is
Einstein manifold then K = G, where G is Gaussian curvature of Riemannian manifold
(M,h).

A Finsler norm can be used for deųning the integral length LF of a smooth curve
γ : [a, b] →M by

LF (γ) =

∫ b

a

F (γ(t), γ̇(t))dt.

We can see that the length of curve on (M,F ) depends on the direction, i.e. the
distance is non-symmetric. We will introduce the example of deforming Riemannian
metric α(x, y) by linear forms β(x, y) deųned by

α(x, y) :=
√
aij(x)yiyj , β(x, y) := bi(x)y

i. (2.24)

2.3.1 Randers metrics
In 1941, G. Randers studied a very interesting class of Finsler manifolds. Let M be an
n-dimensional manifold. A Randers metric is a Finsler structure F that has the form

F (x, y) := α(x, y) + β(x, y),

Lemma 2.33. The Randers metric is positive deųnite if and only if

|b| :=
√
bibi < 1

where bi := aijbj .

Proof. Fix x ∈M . The positivity of the Randers metric F on TxM \ {0} means that

F = α+ β > 0

α > −β√
aijyiyj > −biyi

for all y ̸= 0.
We divide the proof in two steps (a) and (b)

(a) if √aijyiyj > −biyi then ∥b∥ < 1.
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Proof of (a). Suppose √
aijyiyj > −biyi. (2.25)

If b ̸= 0, substitute
yi = −bi := −aijbj

into (2.25), therefore √
aij(−aijbj)(−bj) > −bi(−bi)√

bjbj > bib
i

∥b∥ > ∥b∥2

∥b∥ < 1.

(b) if ∥b∥ < 1 then √aijyiyj > −biyi.

Proof of (b). Recall the Cauchy-Schwarz inequality, we obtain

|⟨u, v⟩|2 ≤ ⟨u, u⟩⟨v, v⟩

therefore
|α(b, y)|2 ≤ α(b, b)α(y, y)

|
√
aijbiyj |2 ≤

√
aijbibj

√
aijyiyj .

Since
bi := aijbj

we can see that √
aijbibj =

√
aij(aijbj)bj =

√
bjbj = ∥b∥

and
|
√
aijbiyj |2 = |aijbiyj | = |aij(aijbj)yj | = |bjyj | = |biyi|.

We obtain
|biyi| ≤ ∥b∥

√
aijyiyj .

Since ∥b∥ < 1, hence
|biyi| <

√
aijyiyj .

From (a) and (b), we obtain the conclusion.
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We consider that α(x, y) is Riemannian metric, it follows that α(x, y) is 1-positive
homogeneous and from (2.24), we can see that

β(x, λy) = bi(x)λy
i = λbi(x)y

i = λβ(x, y),

therefore F = α+ β is 1-positive homogeneous.
The last condition about Hessian matrix (gij) is positive deųnite because the Hes-

sian matrix (aij) of Riemannian metric α is positive deųnite because the deųnition of
Riemannian norm and the following fact det(gij) = (Fα )n+1 det(aij), (see [4] page 284).

2.3.2 Zermelo’s navigation problem
In this section, we will introduce the method for constructing the Randers metric from
Riemannian manifold with navigation data [6].

We start with the navigation problem called Zermelo’s navigation problem. Zer-
melo considered the following problem in 1931.

“Find the paths of the shortest time travel between two points under the inŴuence
of a wind or a current when we travel by a boat with maximum speed.”

It was proved by Z. Shen that the solutions of the Zermelo’s navigation problem
are the geodesics of a Randers metric.

If we consider that the sea is R2 (Euclidean case), we know that the straight line
u is the shortest path between two points. However, in the presence of wind W with
∥W∥ < 1, the straight line does not give any more the shortest traveling time. We are
going to compute a new norm (length function) F such that

F (v) = 1 for all v = u+W, ∥u∥ = 1.

We obtain

∥u∥2 = ∥v −W∥2 = ⟨v −W, v −W ⟩ = ∥v∥2 − 2⟨v,W ⟩+ ∥W∥2 = 1.

It follows that
∥v∥2 − 2∥v∥∥W∥ cos θ + ∥W∥2 − 1 = 0,

where we use the usual inner product in R2,

⟨v,W ⟩ = ∥v∥∥W∥ cos θ, θ = ](v,W ).

Then we get the equation

∥v∥2 − 2(∥W∥ cos θ)∥v∥ − λ = 0, where λ := 1− ∥W∥2 > 0,

with the solution
∥v∥ = ∥W∥ cos θ +√∥W∥2 cos2 θ + λ.
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We denote ∥v∥ = p+ q, where

p = ∥W∥ cos θ, q =
√

∥W∥2 cos2 θ + λ

and compute a norm F such that F (v) = 1 as follows :

F (v) = 1 = ∥v∥ 1

p+ q
= ∥v∥ q − p

q2 − p2
,

namely, we obtain
F (v) =

√
⟨W, v⟩2 + ∥v∥2λ

λ
− ⟨W, v⟩

λ
,

where λ = 1−∥W∥2 > 0. This is a Finsler norm written in terms of the Euclidean norm
∥ · ∥ and the wind W .
Lemma 2.34. Consider Zermelo’s navigation problem on the tangent space of (M,h)

with navigation data (h,W ), let x ∈M and y ∈ TxM . We obtain that the time minimizing
paths are the geodesics of the metric

F (x, y) = α(x, y) + β(x, y) =
√
aij(x)yiyj + bi(x)y

i,

where
aij(x) =

Wi

λ

Wj

λ
+
hij
λ
, bi(x) = −Wi

λ
.

Proof. From Zermelo’s navigation process, we obtain

F (x, y) =

√
h(y,W )2 + h(y, y)λ

λ
− h(y,W )

λ
.

It follows that

β = −h(y,W )

λ
= −hijy

iW j

λ
= −Wiy

i

λ
= biy

i,

and
α2 =

h(y,W )2 + h(y, y)λ

λ2

=
(hijy

iW j)2 + hijy
iyjλ

λ2

=
(hijy

iW j)(hijy
jW i)

λ2
+
hijy

iyj

λ

=

(
hijW

j

λ

hijW
i

λ
+
hij
λ

)
yiyj

= aijy
iyj ,

where Wi = hijW
j .

Therefore, we obtain the corresponding Riemannian metric α =
√
aij(x)yiyj and

1-form β = bi(x)y
i are given by

aij(x) =
λhij +WiWj

λ2
and bi = −Wi

λ
,

where Wi := hijW
j .
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2.3.3 Geodesics on Randers manifold
In this section, we let P(s) be an F -constant speed curve on Randers manifold (M,F =

α+ β).

Lemma 2.35. [4] The curve P(s) is called Finslerian geodesic on Randers manifold
(M,F = α+ β) if

d2Pi

ds2
+
(
Γ̃i
jk + libj|k

) dPj

ds

dPk

ds
+
(
aij − libj

) (
bj|k − bk|j

)
α(P, Ṗ)

dPk

ds
= 0,

where li = aijy
j

F , bj|k = ∂bj

∂xk − bsΓ̃
s
jk and Γ̃i

jk is a Christoffel symbols of α.

On the other hand, if the Randers manifold is obtained from Zermelo’s navigation
process, we have

Lemma 2.36. [10] The curve P(s) is called F-unit speed geodesic on Randers manifold
(M,F = α+ β), where F is obtained from Zermelo’s navigation process if

P̈i + 2Gi(P, Ṗ) = 0, (2.26)

the geodesic coefųcients of F are related to the those of h by

Gi = Gi + ζi,

where
Gi =

1

2
Γi
jkṖjṖk

ζi =
1

4

(
1

F
Ṗi −W i

)(
2FS0 − L00 − F 2LWW

)
− 1

4
F 2
(
Si + T i

)
− 1

2
FCi

0

and
Lij =Wi:j +Wj:i, Cij =Wi:j −Wj:i, S0 =W sLsiṖi,

Ti =W sCsi, Wi:j =
∂Wi(x)
∂xj −WsΓ

s
ij , Si = hijSj ,

Ci
0 = hijCjky

k, LWW =W iW jLij , L00 = LijṖiṖj .



Chapter 3

Auxiliary results

In this chapter, we will show how we construct our main theorems. We start from
showing that a 2D sphere of revolution is Einstein manifold then the computation of
the half period function in the Randers rotational case.
Lemma 3.1. Any Riemannian 2D sphere of revolution is an Einstein manifold.
Proof. From deųnition 2.8, the Riemannian manifold (M,h) is called Einstein manifold
if

Rij = λhij

where λ :M → R is smooth everywhere on M .
We start with the computation of curvature tensor, recall the formula (2.9)

Rijkl =
∂Γijl

∂xk
− ∂Γijk

∂xl
+ Γh

ikΓjhl − Γh
ilΓjhk.

We obtain that
R1111, R1112, R1121, R1211, R2111, R1122, R2211, R2221, R2212, R2122, R1222, R2222

are vanish and
R1212 = R2121 = mm′′, R2112 = R1221 = −mm′′.

Next, we compute the Ricci tensor of (M,h)

Rij := hkmRkijm,

we get
R11 = hkmRk11m = h11R1111 + h22R2112 = −m

′′

m

R12 = hkmRk12m = h11R1121 + h22R2122 = 0

R21 = hkmRk21m = h11R1211 + h22R2212 = 0

R22 = hkmRk22m = h11R1221 + h22R2222 = −mm′′.

We have to check
R11 = λh11

λ = −m
′′

m

R22 = λh22

λ = −mm′′
(

1

m2

)
= −m

′′

m
,

then we get λ = −m′′

m , therefore the 2D sphere of revolution (M,h) is an Einstein
manifold.
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3.1 The Randers rotational metric on a 2D sphere of revolution

Recall the result in [9], where we have constructed a Randers rotational metric on a
surface of revolution homeomorphic to R2. We will construct the Randers rotational
metric on a 2D sphere of revolution in a similar manner in the following.

Let (M,h) be the 2-sphere of revolution considered in the previous section. Observe
that there exists a constant µ < { 1

max{m(r)} : r ∈ [0, 2a]}, such that µ < 1
m(r) for any

r ∈ [0, 2a].
We construct a Randers rotational metric on M by putting

W := µ
∂

∂θ

that is, in the polar coordinates system ( ∂
∂r ,

∂
∂θ ) of TxM we have

W = (W 1,W 2) = (0, µ).

It follows

h(W,W ) = h

(
µ
∂

∂θ
, µ

∂

∂θ

)
= µ2h

(
∂

∂θ
,
∂

∂θ

)
= (µm)

2
< 1.

We compute
aij =

λhij +WiWj

λ2
, bi = −Wi

λ

where Wi = hijW
j , λ = 1− h(W,W ) = 1− µ2m2 > 0.

Firstly, we have

W1 = h11W
1 + h12W

2 = 0, W2 = h21W
1 + h22W

2 = µm2,

that is
(W1,W2) = (0, µm2). (3.1)

It follows
a11 =

λh11 +W1W1

λ2
=

1

1− µ2m2
, a12 =

λh12 +W1W2

λ2
= 0

a21 =
λh21 +W2W1

λ2
= 0, a22 =

λh22 +W2W2

λ2
=

m2

(1− µ2m2)
2

and
b1 = −W1

λ
= 0, b2 = −W2

λ
= − µm2

1− µ2m2
.

In other words, we have
Proposition 3.2. If (M,h) is a Riemannian 2D sphere of revolution and W = µ ∂

∂θ is a
breeze onM blowing along parallels, then the rotational Randers metric (M,F = α+β)

obtained by the Zermelo’s navigation process with data (h,W ) which is a Finsler metric
on M , where α =

√
aij(x)yiyj , β = bi(x)y

i are deųned by

(aij) =

 1
1−µ2m2 0

0 m2

(1−µ2m2)2

 , bi =
 0

− µm2

1−µ2m2

 , i, j = 1, 2. (3.2)
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Indeed, we have the inverse matrix of (aij)

(aij) =

 1− µ2m2 0

0
(1−µ2m2)

2

m2


and therefore

a11b1b1 = 0, a12b1b2 = 0, a21b2b1 = 0,

a22b2b2 =

(
1− µ2m2

)2
m2

(
− µm2

1− µ2m2

)2

= µ2m2.

It can be seen that

α(b, b) = aijbibj = h(W,W ) = hijW
iW j < 1.

Riemannian a-norm of the covariant vector b = (b1, b2). This condition guarantees
the strong convexity of the Randers metric F = α+ β (see [4]).

Let us remark that the Ŵow φ of the vector ųeld W is a rotation around the z-axis.
We have

Lemma 3.3. The Ŵow of the vector ųeld W = µ ∂
∂θ is given by

φ(s; r, θ) = (r, θ + µs).

Proof. The vector ųeld W is tangent to the Ŵow, that is

W = µ
∂

∂θ
=
dφ1

ds

∣∣∣
s=0

(
∂

∂r

)
+
dφ2

ds

∣∣∣
s=0

(
∂

∂θ

)
and φ(0; r, θ) = (r, θ), that is  φ1(0; r, θ) = r

φ2(0; r, θ) = θ.
(3.3)

The Ŵow is now given by the following system of differential equations
dφ1

ds = 0

dφ2

ds = µ
⇒

 φ1(s; r, θ) = c1

φ2(s; r, θ) = µs+ c2
, c1, c2 are constants.

Form (3.3) it follows c1 = r, c2 = θ and hence
 φ1(s; r, θ) = r

φ2(s; r, θ) = µs+ θ.

Lemma 3.4. W is Killing vector ųeld of (M,h), that is

Wi:j +Wj:i = 0,

where Wi:j =
∂W
∂xj −WsΓ

s
ij .
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Proof. Recall the Christoffel symbols of Riemannian metric h from (2.16), we see that

W1:1 =
∂W1

∂x1
−WsΓ

s
11 =

∂W1

∂r
−W1Γ

1
11 −W2Γ

2
11 = 0

W1:2 =
∂W1

∂x2
−WsΓ

s
12 =

∂W1

∂θ
−W1Γ

1
12 −W2Γ

2
12 = −µm2m

′

m
= −µmm′

W2:1 =
∂W2

∂x1
−WsΓ

s
21 =

∂W2

∂r
−W1Γ

1
21 −W2Γ

2
21 = 2µmm′ − µmm′ = µmm′

W2:2 =
∂W2

∂x2
−WsΓ

s
22 =

∂W2

∂θ
−W1Γ

1
22 −W2Γ

2
22 = 0.

We obtain the global characterization of F -geodesics.

3.2 Geodesics on a Randers rotational 2D sphere of revolution

We compute the geodesic equations (2.26) on a Randers rotational 2D sphere of
revolution, then we have

Lemma 3.5. Let (M,F ) be a Randers rotational 2D sphere of revolution the F -unit
speed geodesics P : (−ε, ε) →M is satisųes

d2P1

ds2
−mm′

(
dP2

ds

)2

− µmm′
(
µ− 2

dP2

ds

)
= 0

d2P2

ds2
+

2m′

m

(
dP1

ds

)(
dP2

ds

)
− 2µm′

m

(
dP1

ds

)
= 0.

(3.4)

Proof. We start with computation of Gi, that is

2Gi = Γi
jkṖjṖk

=

−mm′(Ṗ2)2

2m′

m Ṗ1Ṗ2

 .

Since W is Killing vector ųeld, it follows that Wi:j = −Wj:i therefore Lij = 0.
Consequently,

S0 = Si = L00 = LWW = 0,

thus
2ζi = −1

2
T i − Ci

0.

Next, we compute

(Cij) =

C11 C12
C21 C22

 =

 0 2W1:2

−2W1:2 0

 =

 0 −2µmm′

2µmm′ 0

 ,

(T i) =

W sCs1
W sCs2

 =

W 1C11 +W 2C12
W 1C12 +W 2C22

 =

−2µ2mm′

0

 ,
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(T i) = (hij)(Ti) =

1 0

0 1
m2

(−2µ2mm′
)
=

−2µ2mm′

0

 ,

(Ci
0) =

h1jCjkṖk

h2jCjkṖk

 =

h11C1kṖk + h12C2kṖk

h21C1kṖk + h22C2kṖk

 =

 C11Ṗ1 + C12Ṗ2

h22C21Ṗ1 + h22C22Ṗ2

 =

−2µmm′Ṗ2

2µm′

m Ṗ1

 .

Hence
2ζi =

µ2mm′

0

+

2µmm′Ṗ2

− 2µm′

m Ṗ1

 .

From (2.26), we get (3.4).

We obtain
Proposition 3.6. Let (M,F = α+β) be the Randers rotational metric constructed from
the navigation data (h,W ), where (M,h) is a Riemannian 2D sphere of revolution, and
W = µ ∂

∂θ , µ < { 1
max{m(r)} : r ∈ [0, 2a]}, is the breeze on M blowing along parallels, then

P(s) = φ(s; γ(s)) is the F -unit speed geodesic, where γ(s) = (r(s), θ(s)) is the h-unit
speed on (M,h) and φ(·; ·) is the Ŵow of vector ųeld W .
Proof. Let γ(s) = (r(s), θ(s)) be an h-unit speed, recall the Ŵow of the vector ųeld
W = µ ∂

∂θ from lemma 3.3, that is
P(s) = φ(s; γ(s)) = (r(s), θ(s) + µs),

remark that from Zermelo’s navigation process. Since γ(s) is h-unit speed then P(s) is
F -unit speed, that is

h(γ̇(s), γ̇(s)) = 1 if and only if F (P(s), Ṗ(s)) = 1. (3.5)
We can see that

dP1

ds
=
dr

ds
,

dP2

ds
=
dθ

ds
+ µ

d2P1

ds2
=
d2r

ds2
,

d2P2

ds2
=
d2θ

ds2
.

(3.6)

We consider that P(s) is an F -unit speed geodesic therefore P(s) satisųes (3.4), we
obtain

d2P1

ds2
−mm′

(
dP2

ds

)2

− µmm′
(
µ− 2

dP2

ds

)
= 0

from (3.6) it follows that
d2r

ds2
−mm′

(
dθ

ds
+ µ

)2

− µmm′
(
µ− 2

(
dθ

ds
+ µ

))
=
d2r

ds2
−mm′

((
dθ

ds

)2

+ 2µ
dθ

ds
+ µ2

)
+ µmm′

(
µ+ 2

dθ

ds

)

=
d2r

ds2
−mm′

(
dθ

ds

)2

= 0

(3.7)
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and
d2P2

ds2
+

2m′

m

(
dP1

ds

)(
dP2

ds

)
− 2µm′

m

(
dP1

ds

)
= 0 (3.8)

substitute (3.6) in this equation, we get
d2θ

ds2
+

2m′

m

(
dr

ds

)(
dθ

ds
+ µ

)
− 2µm′

m

(
dr

ds

)
=
d2θ

ds2
+

2m′

m

(
dr

ds

)(
dθ

ds

)
= 0

(3.9)

From (3.7) and (3.9), we can see that r(s), θ(s) satisfy (2.17) and (2.18), hence γ(s) =
(r(s), θ(s)) is an h-unit speed geodesic.

3.3 The half period function in the Randers rotational case

In this section, we will compute the F -half period function of the F -unit speed
geodesic emanating from a point on the equator. We will use a similar method
for h-half period function, with the method used in the universal covering manifold
in the Riemannian case. We obtain theorem 3.7.

Let P̃ p̃0
ν (s) = (r̃(s), θ̃(s)+µs) be an F̃ -unit speed geodesic emanating from p̃0, r(p̃0) =

a and ν ∈ (0,m(a)). We denote P̃ν(s) := P̃ p̃0
ν , we can see that

P̃2
ν (r(b))− P̃2

ν (r(a)) =

∫ r(b)

r(a)

(
dθ

dr
+ µ

ds

dr

)
dr.

We know that P̃ν(s) must be tangent to the parallel ξ(ν) at P̃ν(t1) and then return
to the equator at P̃ν(t0) (see Figure 3.1). Then, by a similar computation as in the
Riemannian case, we obtain

Theorem 3.7. The F -distance from p̃0 to P̃ν(t0) in the wind direction is given by the
following F -half period function

H+
F (ν) = H(ν) + ψ(ν), (3.10)

where ψ(ν) := 2µ(a− ξ(ν)), and H(ν) is the h-half period function deųned in (2.21). In
the other hand for the direction against the wind, we obtain

H−
F (ν) = H(ν)− ψ(ν). (3.11)

Proof. Recall that
b− a =

∫ b

a

ds =

∫ r̃(b)

r̃(a)

ds

dr̃
dr̃. (3.12)

From P̃(s) = (r̃(s), θ̃(s) + µs) obtaining from γ̃(s), we have
dP̃1

ds
=
dr̃

ds
,

dP̃2

ds
=
dθ̃

ds
+ µ
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and therefore
dP̃2

dP̃1
=
dP̃2

ds

ds

dP̃1

dP̃2

dr̃
=

(
dθ̃

ds
+ µ

)
ds

dr̃

=
dθ̃

dr̃
+ µ

ds

dr̃
.

(3.13)

By integrating (3.13), we get

P̃2(r̃(b))− P̃2(r̃(a)) =

∫ r̃(a)

r̃(a)

(
dθ̃

dr̃
+ µ

ds

dr̃

)
dr̃.

We will consider in the case that P̃(s) will tangent to the parallel {r̃ = ξ(ν)} at P̃(t1)

and return to equator at P̃(t0), from (2.22) and (3.12) therefore

H+
F (ν) = P̃2(t0)− P̃2(0)

= 2

∫ a

ξ(ν)

dθ̃

dr̃
dr̃ + 2

∫ a

ξ(ν)

µ
ds

dr̃
dr̃

= H(ν) + 2µ(a− ξ(ν)).

(3.14)

If we consider the geodesic on backward P̃−(s) = (r̃, θ̃(s)− µs), we get

H−
F (ν) = H(ν)− 2µ(a− ξ(ν)).

6

-

-

-

θ̃

r̃

p̃

q̃

p̃0 = (0, a)
γ̃p̃0
ν (t0) P̃ν(t0)

2a

0

H(ν)
H+

F (ν)

ξ(ν)

� �

-�
-�

Figure 3.1: The h-half period function and F -half period function.

3.4 Jacobi ųelds of the Randers rotational 2D sphere of revolution

This section, we consider the property of Jacobi ųelds affected for any 2D sphere of
revolution which is perturbed by the rotational wind.

Proposition 3.8. Let (M,F = α + β) be a Randers rotational 2D sphere of revolution
with navigation data (h,W ), whereW = µ ∂

∂θ is the breeze onM blowing along parallels
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µ < 1
m(r) for any r. Suppose that γ : [0, l] → M is an h-geodesic and P(s) = φ(s; γ(s))

is the corresponding F -geodesic, t ∈ [0, l]. Then P(l) is the ųrst solution of J along P

(with respect to the metric F ) if and only if γ(l) is ųrst zero solution of J along γ (with
respect to the metric h).

Proof. Let γ : [0, l] →M be an h-unit speed geodesic. Suppose Γ(t, s) : (−ε, ε)×[0, l] →M

be an h-geodesic variation of γ(s) := Γ(0, s) with variation vector ųeld

J(s) :=
∂Γ(t, s)

∂t

∣∣∣∣∣
t=0

.

Observe that this J is actually given by (2.23) for any ν ∈ (0,m(a)). If we assume
that γ(l) is the ųrst zero solution of J it follows that

J(0) = J(l) = 0 and J(s) ̸= 0, s ∈ (0, l).

By using the wind W , blowing up on M , with the Ŵow φ, by deviating γ we obtain
the corresponding F -geodesic P(s) = φ(s; γ(s)).
Let us consider the F -geodesic variation

P(t, s) = φ(v(t)s; Γ(t, s)),

where v(t) is the constant h-speed of the geodesic variation Γ(t, s).
We compute the F -Jacobi ųeld by

J (s) =
∂P
∂t

∣∣∣∣∣
t=0

=
∂φ(v(t)s; Γ(t, s))

∂t

∣∣∣∣∣
t=0

=
∂φ(v(t)s; Γ(t, s))

∂v(t)s

∣∣∣∣∣
t=0

dv(t)s

dt

∣∣∣∣∣
t=0

+
∂φ(v(t)s; Γ(t, s))

∂Γ(t, s)

∣∣∣∣∣
t=0

∂Γ(t, s)

∂t

∣∣∣∣∣
t=0

=
∂φ(s; γ(s))

∂s
v′(0) +

∂φ(s; γ(s))

∂γ(s)
J(s) = dφJ(s).

If we consider the Ŵow φ = (φ1, φ2) = (r, θ+µs), it follows that dφ is the identity matrix.

dφ =

∂φ1

∂r
∂φ1

∂θ

∂φ2

∂r
∂φ2

∂θ

 =

1 0

0 1

 . (3.15)

We obtain that J vanishes if and only if J does, hence

J (0) = J (l) = 0 and J (s) ̸= 0, s ∈ (0, l),

that is P(l) is ųrst zero solution of J along P , whenever γ(l) is ųrst solution of J along
γ.

Remark 3.9. From remark 2.27, we obtain that the ųrst conjugate point of the F -
geodesics is the displacement of the ųrst conjugate point of h by the Ŵow of the wind
W .
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3.5 Cut points of the Randers rotational 2D sphere of revolution

This section, we will show how to construct F -cut point on the Randers rotational 2D
sphere of revolution (M,F = α+ β).

Proposition 3.10. Let x ∈ M \ {p, q} be an arbitrary point. Then q0 is an F -cut point
to x on P if and only if q̂0 is h-cut point to x on γ, where P(s) = φ(s; γ(s)) is the
corresponding F -geodesic obtained from γ, P(0) = γ(0) = x.

Proof. Let γ : [0, l] → M be an h-unit minimizing geodesic from x to q̂0 = γ(l) and q̂0 is
a h-cut point of x, i.e. q̂0 ∈ Ch

x .
Let P(s) be the F -unit geodesic obtained from γ(s) and let q0 := P(l).

Assume that q0 is not F -cut point of x on P , that is there exists a shorter minimizing
F -geodesic P0 : [0, l0] →M from x = P0(0) to q0 = P0(l0) where dF (x, q0) := l0 < l.

From P0, we construct the corresponding h-geodesic

γ0 : [0, l0] →M, γ0(s) = φ(−s;P(s)),

where γ0(0) = P0(0) = x and γ0(l0) = φ(−l0;P0(l0)) = φ(−l0; q0) = φq0(0).
Let us denote by ζ the curve

ζ : [−l0,−l] →M, ζ(s) = φ(s; q0),

(see Figure 3.2).
Then, from triangle inequality, we have

Lh(ζ) ≥ Lh(γ)− Lh(γ0). (3.16)

On the other hand, we compute Lh(ζ) as follows

∥ζ̇(s)∥2h = ∥Wφ(s;q0)∥
2
h = ∥dφ(Wq0)∥2h = ∥Wq0∥2h = (µm(r(q0)))

2 < 1,

where dφ is identity from (3.15).
It follows that

Lh(ζ) =

∫ −l0

−l

∥ζ̇(s)∥hds <
∫ −l0

−l

ds = l − l0 = Lh(γ)− Lh(γ0). (3.17)

From (3.16) and (3.17), we get a contradiction, hence q0 is an F -cut point of x along P .
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•

•

•

•

6the Ŵow direction

ζ(s)x

q̂0 = γ(l)

γ0(l0)

q0 = φ(l; γ(l)) = P(l) = P0(l)

γ0(s)

γ(s)

P(s)

P0(s)

-

-

�
�

?

Figure 3.2: The proof of proposition 3.10.



Chapter 4

Main results

In this chapter, we will show the main theorems, we obtained from chapters 2 and
3. Let x ∈ M \ {p, q}. We recall that the Ŵow for navigation data is φ(s; r(s), θ(s)) =

(r(s), θ(s) + µs).

Lemma 4.1. The Ŵag curvature K at a point x on the Randers rotational 2D sphere
of revolution (M,F = α + β) is monotone or non-monotone if and only if the Gaus-
sian curvature G at the point x of the Riemannian 2D sphere of revolution (M,h) is
monotone or non-monotone receptively.

Proof. From lemma 3.1, we obtain a Riemannian 2D sphere of revolution is Einstein
manifold then lemma 2.32, tell us the Ŵag curvature is equal to Gaussian curvature.

Next, we will show the structure of the F -cut locus on the Randers rotational 2D
sphere of revolution (M,F = α + β), when the Ŵag curvature is monotone along the
meridian.

We recall the result from [12] and we obtain theorem 4.2.

Theorem 4.2. Let (M,F ) be a Randers rotational 2D sphere of revolution with navi-
gation data (h,W ), where W = µ ∂

∂θ is the wind blowing along parallels, µ < { 1
max{m(r)} :

r ∈ [0, 2a]}, with a pair of poles p, q, dh(p, q) = 2a and satisųes

(i) M is symmetric with respect to equator,

(ii) the Ŵag curvature K is monotone along a meridian.

Then the F -cut locus CF
x of a point x ∈M \ {p, q} with {θ(x) = 0} are

1. The subarc of the opposite half bending meridian,

CF
x = φ(d(x, τ(t)), τ(t)), t ∈ [c, 2a− c],

where φ is the Ŵow of the wind, when K is monotone non-increasing.

2. The following subarc of the antipodal parallel r = 2a− r(x) to x,

CF
x = r−1(2a− r(x)) ∩ θ−1{H(m) + ψ(x), 2π − (H(m)− ψ(x))},

where ψ(x) = µdh(x, q̂0), q̂0 is the h-ųrst conjugate point of x with respect to h and
m := m(r(x)), when K is monotone non-decreasing.
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3. A single point on the antipodal parallel CF
x = (2a − r(x), π(1 + µR)), where R is

radius of sphere, when K = 1
R2 is constant.

4. If the cut locus of x ∈M \ {p, q} is a single point, then K is constant.

Proof. Propositions 3.8 and 3.10 imply that F -cut locus is corresponding to the h-cut
locus.

1. The case of K is monotone non-increasing.
In Riemannian case the h-cut locus Ch

x of x with the Gaussian curvature is
monotone non-increasing, is a subarc of the opposite half meridian θ = π, which
is denote by τx|[c,2a−c], where τx(c) is the h-ųrst conjugate point of x along τx.
Therefore by taking into account propositions 3.8 and 3.10, the F -cut locus is the
following subarc of the opposite half bending meridian of x:

CF
x = φ(d(x, τ(t)), τ(t)), t ∈ [c, 2a− c].

2. The case of K is monotone non-decreasing.
In the Riemannian case (see [12]), if the Gaussian curvature G is monotone

non-decreasing then the h-cut locus Ch
x of x is a subarc of the antipodal parallel

r = 2a− r(x), that is

Ch
x = r−1(2a− r(x)) ∩ θ−1{H(m), 2π −H(m)},

where H is h-half period function deųned in (2.21) and m := m(r(x)).
Next, let q̂0 be the h-ųrst conjugate point of x on front side, i.e.

q̂0 = (2a− r(x),H(m)),

and recall that our wind is blowing along the parallels, therefore the F -ųrst con-
jugate point to x is

r−1(2a− r(x)) ∩ θ−1{H(m) + ψ(x)},

where ψ(x) = µd(x, q̂0). On the other hand the F -ųrst conjugate point to x on the
back side is

r−1(2a− r(x)) ∩ θ−1{2π − (H(m)− ψ(x))},

hence we obtain

CF
x = r−1(2a− r(x)) ∩ θ−1{H(m) + ψ(x), 2π − (H(m)− ψ(x))}.

3. The case of K is constant.
Let M be the round sphere of radius R. Recall that in the Riemannian case

when G = 1
R2 is constant, the cut locus of any point x ∈M \ {p, q} is its antipodal
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point, i.e. Ch
x = q̂0 = (2a − r(x), π), where θ(x) = 0. Since dh(x, q̂0) is equal to the

half of circumference, i.e. dh(x, q̂0) = πR, from proposition 3.10 we obtain that
the F -cut locus of x is

CF
x = φ(dh(x, q̂0) = φ(πR, q̂0)

= (2a− r(x), π(1 + µR),

where R is radius of round sphere.

4. If the F -cut locus of x ∈ M \ {p, q} is a single point, say q ∈ M , then q̂ := φ(−l, q)

is a h-cut point, where dF (x, q) = l. Obviously q̂ is the only h-cut point of h due
to the proposition 3.10.
Since the h-cut locus of x ∈ M \ {p, q} is made of a single point q̂, we know
from [12] that G = 1

R2 must be a positive constant and hence (M,h) is the round
sphere of radius R.
Taking now into account that (M,h) is a constant Gaussian curvature Riemannian
surface andW is a Killing ųeld on (M,h), it follows from [6] that the corresponding
Randers metric by the Zermelo navigation must be of constant Ŵag curvature.

On the other hand, if we consider in the general case that is the Ŵag curvature is
non-monotone along the meridian, in this case is quite complicated to ųnd the struc-
ture of the F -cut locus, even in the Riemannian case, we can not ųnd the structure of
the h-cut locus on the Riemannian 2D sphere of revolution (M,h) when the Gaussian
curvature is non-monotone.

Therefore in [5] gives an extra assumption that if the h-cut locus of a point on the
equator is the subarc of the equator then the structure of h-cut locus is explained in
theorem 2.29.

We use the fact that when we move the point on the equator with the rotational
wind, it is still on the equator because the equator is invariant under the rotational
wind. It follows that if we assume the F -cut locus of the point on the equator is the
subarc of the equator then we obtain theorem 4.3.

Theorem 4.3. Let (M,F = α + β) be the Randers rotational 2D sphere of revolution
constructed from the navigation data (h,W ) of the Riemannian 2D sphere of revolution
(M,h).

If the F -cut locus of a point x on the equator r = a is a subarc of the equator r = a,
then the F -cut locus of any point x̃ with r(x̃) ∈ (0, 2a) \ {a} is a subarc of the antipodal
parallel r = 2a− r(x̃).

Proof. If the cut locus of a point x on r = a is a subarc of r = a, since the equator
is invariant under the Ŵow action, then by proposition 3.10 it follows that the h-cut
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locus of the point q is a subarc of r = a. Hence, by using theorem 3.5 in [5] it results
that the h-cut locus of the point x̃ is a subarc of the antipodal parallel r = 2a− r(x̃).

Taking now into account that any parallel is Ŵow-invariant by proposition 3.10, it
follows that the F -cut locus of x̃must be a subarc in the antipodal parallel r = 2a−r(x̃).
Clearly, the F -cut locus is obtained by rotating the h-cut locus via Ŵow action on the
parallel r = 2a− r(x̃).



Chapter 5

Examples

In this chapter, we will show some examples of the Randers rotational 2D sphere
of revolution and ųnd the F -half period function and the structure of the F -cut locus.

5.1 The example of the Randers rotational 2D sphere of revolution with
monotone curvature

5.1.1 m(r) = sin r, r ∈ (0, π)

We can see that the Gaussian curvature of this Riemannian 2D sphere of revolution
is

G = −m
′′(r)

m(r)
= 1, m(r) ̸= 0.

From theorem 4.2, the F -cut locus is a single point.

5.2 The example of the Randers rotational 2D sphere of revolution with
non-monotone curvature

5.2.1 The case mλ(r) =
√
λ+1 sin r√
1+λ cos2 r

, r ∈ [0, π], λ ≥ 0.
Let us consider the Riemannian 2D sphere of revolution Mλ := (S2, hλ), introduced in
[5], where

mλ(r) =

√
λ+ 1 sin r√
1 + λ cos2 r , r ∈ [0, π], λ ≥ 0. (5.1)

It is clear that the function r 7→ mλ(r) is symmetric with respect to the equator
r = π

2 .
From (2.14), we get the Riemannian metric

hλ = dr2 +m2
λ(r)dθ

2, (5.2)

for λ = 0, we obtain the round sphere, that is

h0 = dr2 + sin2
rdθ2.

On the other hand, for λ→ ∞ the metric

h∞ = dr2 + tan2 rdθ2,

that is singular along the equator r = π
2 .

A straightforward computation shows that the ųrst derivative of mλ(r) is
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m′
λ(r) =

√
1 + λ cos2 r(√λ+ 1 cos r)−√

λ+ 1 sin r( 12 −2λ sin r cos r√
1+λ2r

)

1 + λ cos2 r
=

(1 + λ cos2 r)(√λ+ 1 cos r) + λ
√
λ+ 1 sin2

r cos r
(1 + λ cos2 r)3/2

=

√
λ+ 1 cos r + λ cos2 r√λ+ 1 cos r + λ sin2

r
√
λ+ 1 cos r

(1 + λ cos2 r)3/2
=

√
λ+ 1 cos r(1 + λ)

(1 + λ cos2 r)3/2
=

(1 + λ) cos r
1 + λ cos2 r

( √
λ+ 1 sin r√
1 + λ cos2 r

)(
1

sin r
)

=
(1 + λ) cos r

(1 + λ cos2 r) sin rmλ(r),

and the second derivative mλ(r) is

m′′
λ(r) =

(
(1 + λ) cos r

(1 + λ cos2 r) sin r
)2

mλ(r)

+mλ(r)(1 + λ)

(
−(1 + λ cos2 r) sin2

r − (1 + λ cos2 r) cos2 r + 2λ cos2 r sin2
r

((1 + λ cos2 r) sin r)2
)

=
(1 + λ)mλ(r)

((1 + λ cos2 r) sin r)2
(
(1 + λ) cos2 r − (1 + λ cos2 r) + 2λ cos2 r sin2

r
)

=
(1 + λ)mλ(r)

((1 + λ cos2 r) sin r)2
(
cos2 r + λ cos2 r − 1− λ cos2 r + 2λ cos2 r sin2

r
)

=
(1 + λ)mλ(r)

((1 + λ cos2 r) sin r)2
(
− sin2

r + 2λ cos2 r sin2
r
)

=
(1 + λ)mλ(r)

(1 + λ cos2 r)2
(
−1 + 2λ cos2 r) .

Therefore, from lemma 2.19 the Gaussian curvature of (S2, hλ) is

Gλ(r) =
−m′′

λ(r)

mλ(r)

=
(1 + λ)(1− 2λ cos2 r)

(1 + λ cos2 r)2 .

By taking the derivative of Gλ,

G′
λ(r) =

λ+ 1

(1 + λ cos2 r)3
(
(1 + λ cos2 r)(4λ cos r sin r) + (1− 2λ cos2 r)(4λ cos r sin r))

=
(λ+ 1)(4λ cos r sin r)

(1 + λ cos2 r)3
(
2− λ cos2 r)

=
(λ+ 1)(2λ sin 2r)

(1 + λ cos2 r)3
(
2− λ cos2 r) .

Since
2− λ < 2− λ cos2 r < 2,

therefore Gλ is non-monotone along the meridian from a pole to the equator,when
λ > 2.

Therefore mλ(r) is non-monotone Gaussian curvature, we will compute the h-half
period function.
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From
mλ(r) =

√
λ+ 1 sin r√
1 + λ cos2 r

and
m′

λ(r) =
(λ+ 1) cos r

(1 + λ cos2 r) sin rmλ(r).

By putting x = m2
λ(r), we have

dx

dr
= 2mλ(r)m

′
λ(r),

dr =
1

2mλ(r)m′
λ(r)

dx

=
(1 + λ cos2 r) tan r

2(λ+ 1)x
dx.

We can see that
x = m2

λ(r)

=
(λ+ 1) sin2

r

1 + λ cos2 r
=

(λ+ 1)(1− cos2 r)
1 + λ cos2 r

=
λ− λ cos2 r + 1− cos2 r

1 + λ cos2 r
x+ λx cos2 r = λ− λ cos2 r + 1− cos2 r

λx cos2 r + λ cos2 r + cos2 r = λ+ 1− x

cos2 r = λ+ 1− x

λx+ λ+ 1
.

Recall the fact that

tan2 r =
sin2

r

cos2 r =
1− cos2 r
cos2 r =

1

cos2 r − 1,

we have
tan2 r =

λx+ λ+ 1

λ+ 1− x
− 1

=
λx+ λ+ 1− λ− 1 + x

λ+ 1− x

=
(λ+ 1)x

λ+ 1− x

therefore

dr =

(
1 + λ

(
λ+1−x
λx+λ+1

))(
(λ+1)x
λ+1−x

) 1
2

2(λ+ 1)x
dx

=
λx+λ+1+λ2+λ−λx

λx+λ+1

2
√
λ+ 1

√
x(λ+ 1− x)

dx

=
2λ+ 1 + λ2

2
√
λ+ 1

√
x(λ+ 1− x)(λx+ λ+ 1)

dx

=
(λ+ 1)

3
2

2
√
x(λ+ 1− x)(λx+ λ+ 1)

dx,
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we use that r = ξ(ν) = m−1
λ (ν) implies x = m2

λ(r) = m2
λ(ξ(ν)) = ν2 and r = a = π

2 implies
x = m2

λ(
π
2 ) = λ+ 1. From lemma 2.26, we obtain

H(ν) = 2

∫ a

ξ(ν)

ν

m(r)
√
m(r)2 − ν2

dr

= 2

∫ λ+1

ν2

ν
√
x
√
x− ν2

(λ+ 1)
3
2

2
√
x(λ+ 1− x)(λx+ λ+ 1)

dx

= (λ+ 1)
3
2 ν

∫ λ+1

ν2

1

x
√
(x− ν2)(λ+ 1− x)(λx+ λ+ 1)

dx.

Recall the lemma 4.2 in [5]∫ c

b

1

x(x+ a)
√
(x− b)(c− x)

=
π

a

(
1√
bc

− 1√
(a+ c)(a+ b)

)
. (5.3)

We can see that, if we put

a =
λ+ 1

λ
, b = ν2, c = λ+ 1,

therefore

H(ν) = (λ+ 1)
3
2 (ν)

(
1

λ

)
π

λ

λ+ 1

 1√
ν2(λ+ 1)

− 1√(
λ+1
λ + λ+ 1

) (
λ+1
λ + ν2

)


= (λ+ 1)
3
2
πν

λ+ 1

 1

ν
√
(λ+ 1)

− 1√(
2λ+1+λ2

λ

) (
λ+1+λν2

λ

)


= (λ+ 1)
3
2
πν

λ+ 1

(
1

ν
√
(λ+ 1)

− λ

(λ+ 1)
√

(λ+ 1 + λν2)

)

= (λ+ 1)
3
2
πν

λ+ 1

(
(λ+ 1)

√
(λ+ 1 + λν2)− λ(ν

√
(λ+ 1))

ν(λ+ 1)
3
2

√
(λ+ 1 + λν2)

)

=
π

λ+ 1

(
(λ+ 1)

√
(λ+ 1 + λν2)− λ(ν

√
(λ+ 1))√

(λ+ 1 + λν2)

)

= π − λπν
√
λ+ 1

√
(λ+ 1 + λν2)

.

We obtain proposition 5.1.

Proposition 5.1. For the Riemannian 2D sphere of revolution Mλ deųned in (5.1), we
get

H(ν) = π − λπν√
λ+ 1

√
λ+ 1 + λν2

,

for each ν ∈ [0,mλ(
π
2 )].
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On the other hand, the ųrst derivative of h-half period function is

H′(ν) =

(
−πλ√
λ+ 1

)
∂

∂r

(
ν√

(λ+ 1 + λν2)

)

=

(
−πλ√
λ+ 1

)√
λ+ 1 + λν2 − ν

(
1
2

1√
λ+1+λν2

2λν
)

(λ+ 1 + λν2)


=

(
−πλ√
λ+ 1

)(
λ+ 1 + λν2 − λν2

(λ+ 1 + λν2)
3
2

)

=
−πλ

√
λ+ 1

(λ+ 1 + λν2)
3
2

< 0.

Therefore, H is monotone non-increasing from lemma 2.30, the h-cut locus of a
point on equator is a subarc of equator then by theorem 2.29, we get
Proposition 5.2. If λ > 0, then, for each point of q of Mλ deųned in (5.1) distinct from
a pole, the cut locus of q is a subarc of the antipodal parallel to q.

Let us consider the associated Randers rotational metric F = α + β obtained by
Zermelo’s navigation method from the navigation data (hλ,W ), where W = µ ∂

∂θ ,
µ <

{
1

maxmλ(r)
: r ∈ [0, π]

}
= 1

mλ(
π
2 ) =

1√
λ+1

. From proposition 3.2 it follows

(aij) =

 1+λ cos2 r
1+λ cos2 r−µ2(λ+1) sin2 r

0

0 ((λ+1) sin2 r)(1+λ cos2 r)

(1+λ cos2 r−µ2(λ+1) sin2 r)2

 , bi =
 0

−µ(λ+1) sin2 r

1+λ cos2 r−µ2(λ+1) sin2 r

 .

Observe that due to lemma 4.1 and the formula for G′
λ it follows that the Randers

rotational metric constructed in this example is non-monotone Ŵag curvature along
meridian.

Moreover, observe that the F -cut locus of any point q in r = π
2 is a subarc of r = π

2 ,
as well as, that the F -cut locus of any point q̃ ∈ Mλ, such that r(q̃) ∈ (0, π) \ {π

2 } is a
subarc of the antipodal parallel r = π − r(q̃). Indeed, taking into account the h-cut
locus of the points q and q̃, respectively and the fact that the equator and parallels
are invariant under the Ŵow, the F -cut locus can be obtained from proposition 3.10.

Therefore, we obtain proposition 5.3.
Proposition 5.3. Let (S2, Fλ = α + β) be the Randers rotational metric induced from
the navigation data (hλ,W ) on S2. If λ > 0, then

1. The cut locus of a point q ∈ S2 on the equator is a subarc of the equator.

2. The cut locus of a point q̃ ∈ S2 which is distinct from the pair of poles, is a subarc
of the antipodal parallel r = π − r(q̃).

This is the generalization of the theorem 2.29 to the Randers rotational case.
For the sake of simplicity, let us consider

µ =
1

2

1√
λ+ 1

.
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Then (3.10) implies

H+
F (ν) = π − λπν√

λ+ 1
√
λ+ 1 + λν2

+
1√
λ+ 1

(π
2
− ν2

)
, λ > 0

and therefore

(H+
F )

′(ν) =
−λπ

√
λ+ 1

(λ+ 1 + λν2)
3
2

− 2ν√
λ+ 1

, λ > 0.

We observe that if H(ν) is monotone non-increasing, then H+
F (ν) is decreasing on

ν ∈ (0,
√
λ+ 1).

5.2.2 The case mλ(r) =
sin r√

1−λ sin2 r
, r ∈ [0, π], λ ∈ (0, 1).

Another example is obtained from the Riemannian 2D sphere of revolution (S2, hλ)

given in [3], where hλ is declare in(5.2) and

mλ(r) =
sin r√

1− λ sin2
r
, (5.4)

where r ∈ [0, π], λ ∈ (0, 1).
The Riemannian metric (2.14), when λ = 0 and λ = 1 are

h0 = dr2 + sin2
rdθ2, h1 = dr2 + tan2 rdθ2.

By straightforward computation it follows that the ųrst derivative with respect to
r is

m′
λ(r) =

√
1− λ sin2

r(cos r)− sin r 1

2
√

1−λ sin2 r
(−2λ sin r cos r)

1− λ sin2
r

=
(1− λ sin2

r)(cos r) + λ sin2
r cos r

(1− λ sin2
r)3/2

=
cos r

(1− λ sin2
r)3/2

,

and the second derivative is

m′′
λ(r) =

(1− λ sin2
r)3/2(− sin r)− cos r 32 (1− λ sin2

r)1/2 − 2λ sin r cos r
(1− λ sin2

r)3

=
(− sin r)(1− λ sin2

r − 3λ cos2 r)
(1− λ sin2

r)5/2

=
(− sin r)((1− λ)− 2λ cos2 r)

(1− λ sin2
r)5/2

.

From lemma 2.19 the Gaussian curvature is

Gλ(r) =
−m′′

λ(r)

mλ(r)

=
(1− λ)− 2λ cos2 r

(1− λ sin2
r)2

.

It follows that
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G′
λ(r) =

4λ sin r cos r(2(1− λ)− λ cos2 r)
(1− λ sin2

r)3
.

It is clear that for λ ∈ (0, 1), G′
λ vanishes at the pair of poles and the equator and the

Gaussian curvature Gλ is non-monotone for λ ∈ (0, 23 ) with a local extremum of λ = 2
3 .

Since, Gλ is non-monotone, the h-half period function can be obtained by the
following computation as in previous example.

Let
mλ(r) =

sin r√
1− λ sin2

r
, r ∈ [0, π], λ ∈ (0, 1)

and

m′
λ(r) =

cos r
(1− λ sin2

r)3/2
.

By putting x = m2
λ(r), we have

dx

dr
= 2mλ(r)m

′
λ(r)

=
2 sin r cos r

(1− λ sin2
r)2

dr

dx
=

(1− λ sin2
r)2

2 sin r cos r .

Since

x =
sin2

r

1− λ sin2
r

x− λx sin2
r = sin r

sin2
r =

x

1 + λx
,

and
cos2 r = 1− sin2

r

= 1− x

1 + λx

=
1 + λx− x

1 + λx
.

Therefore

dr

dx
=

(
1− λx

1+λx

)2
2
√

x
1+λx

√
1+λx−x
1+λx

=
1 + λx− λx

(1 + λx)2
1 + λx

2
√
x
√
1 + λx− x

.

Hence
dr =

1

2
√
x(1 + λx)

√
1 + λx− x

dx. (5.5)
Recall the formula for h-half period function

H(ν) = 2

∫ a

ξ(ν)

ν

m(r)
√
m2(r)− ν2

dr



45

we use that r = ξ(ν) = m−1
λ (ν) implies x = m2

λ(r) = m2
λ(ξ(ν)) = ν2 and r = a = π

2 implies
x = m2

λ(
π
2 ) =

1
1−λ , we get

H(ν) = 2

∫ 1
1−λ

ν2

ν
√
x
√
x− ν2

1

2
√
x(1 + λx)

√
1 + λx− x

dx

= ν

∫ 1
1−λ

ν2

1

x
√
x− ν2(1 + λx)

√
1 + λx− x

dx

= ν

∫ 1
1−λ

ν2

1

xλ(x+ 1
λ )
√
x− ν2

√(
1

1−λ − x
)
(1− λ)

dx

=
ν

λ
√
1− λ

∫ 1
1−λ

ν2

1

x(x+ 1
λ )
√
x− ν2

√(
1

1−λ − x
)dx.

By setting
a =

1

λ
, b = ν2, c =

1

1− λ
,

we obtain
H(ν) =

ν

λ
√
1− λ

∫ c

b

1

x(x+ a)
√
x− b

√
c− x

dx. (5.6)

From (5.3), we obtain

H(ν) =
ν

λ
√
1− λ

λπ

 1√
ν2

1−λ

− 1√(
1
λ + 1

1−λ

) (
1
λ + ν2

)


=
νπ√
1− λ


√
1− λ

ν
− 1√(

1−λ+λ
λ(1−λ)

) (
1+λν2

λ

)


=
νπ√
1− λ

(√
1− λ

ν
− λ

√
1− λ√

1 + λν2

)
= π − πνλ√

1 + λν2
.

Next, we compute the ųrst derivative with respect to ν of H(ν)

H′(ν) = −πλ

(√
1 + λν2 − ν 1

2
√
1+λν2

(2λν)

1 + λν2

)

= −πλ
(
1 + λν2 − λν2

(1 + λν2)
3
2

)
=

−πλ
(1 + λν2)

3
2

.

Therefore, H is monotone non-increasing from lemma 2.30, the h-cut locus of a
point on equator is a subarc of equator then by theorem 2.29, we get

Proposition 5.4. If λ ∈ (0, 1), then, for each point of q of Mλ deųned in (5.4) distinct
from a pole, the cut locus of q is a subarc of the antipodal parallel to q.
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If we consider again the Randers rotational metric (S2, Fλ = α + β) obtained by
Zermelo’s navigation method from navigation data (hλ,W ), W = µ ∂

∂θ , µ <
√
1− λ,

then (3.10) gives

H+
F (ν) = π − πνλ√

1 + λν2
+
√
1− λ

(π
2
− ν2

)
, ν ∈ (0,

√
1− λ),

where we consider for simplicity µ = 1
2

√
1− λ, and hence

(H+
F )

′(ν) =
−πλ

(1 + λν2)
3
2

− 2(
√
1− λ)ν.

By a similar argument with previous example it follows that proposition 5.3 is true
for this example as well.

Remark 5.5. We can see that H and H+
F have the same monotonicity.



Chapter 6

Conclusions and Suggestions

6.1 Conclusions

In this thesis, we have obtained the following conclusions:

1. Lemma 3.1, Any Riemannian 2D sphere of revolution endowed with a Randers
rotational metric is an Einstein manifold.

2. Lemma 3.4, the rotational wind is Killing vector ųeld.

3. Proposition 3.6, we clarify the relation between any geodesic on a Riemannian
and a Randers rotational 2D sphere of revolution, that is the F -geodesic obtain
from moving the h-geodesic along rotational wind Ŵow.

4. Proposition 3.8, when we move the h-Jacobi ųeld with the rotational wind Ŵow,
we obtain the F -Jacobi ųeld. This is the basic setting for study about conjugate
points and conjugate locus on a Randers rotational 2D sphere of revolution.

5. Proposition 3.10, we clarify the relation between the cut locus of a Riemannian
and a Randers rotational 2D sphere of revolution, that is if we move the h-cut
point of Riemannian 2D sphere of revolution along the wind Ŵow, we obtain the
F -cut point on Randers 2D sphere of revolution.

6. Theorem 4.2, the F -cut locus on a Randers rotational 2D sphere of revolution
with the Ŵag curvature is monotone obtaining from moving the h-cut locus on
Riemannian 2D sphere of revolution when the Gaussian curvature is monotone
along the rotational wind Ŵow.

7. Theorem 4.2, the fourth case told that, if the cut locus is a single point, then
the Ŵag curvature is constant, that is the topology of manifold is related to the
cut locus.

8. Theorem 4.3, the F -cut locus on Randers rotational 2D sphere of revolution with
non-monotone Ŵag curvature of any point distinct from pole is the antipodal
parallel, when the F -cut locus of a point on equator is the subarc of equator.
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6.2 Suggestions

There are many open problems following from this thesis, e.g.

1. The case that the wind for navigation data is not Killing vector ųeld.

2. The conjugate locus on Randers rotational 2D sphere of revolution.

3. The geometry of Randers rotational on cylinder of revolution, that is the surface
of revolution is open two ends.

4. The Randers rotational Zoll surface of revolution, that is the sectional curvature
is a function but it can not everywhere negative (see [2]).
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Abstract 
 

We study the properties of the geodesics on a Randers rotational surface of revolution by using 

Zermelo navigation data  ,h W , where h  is the induced Riemannian metric on the surface of 

revolution and W  is the rotational wind. We are in special interested in the half-period function 

that can be computed by similar methods to the Riemannian case. Our result can be applied to find 

the structure of the cut locus of a Randers rotational 2-sphere of revolution. 

 

Keywords: Randers rotational sphere, surface of revolution, Zermelo navigation 

 

 

1. Introduction 
 

The Riemannian geometry is one of the important research topics for differential geometry field. 

In general, Riemannian geometry has many interested topics to study, but they are almost well 

known study. So we are interested to do research in something more complicated or general 

(nearest the problem in real world) more than Riemannian geometry, that is Finsler geometry ([1], 

[2]). In this paper we will show that Riemannian case is the special case of Finsler case and we use 

the Randers metric as an examples for the Finsler case. In the case of a Riemannian surface of 

revolution, one can study the behaviour of geodesic by using Clairaut relation, we can see that if 

the geodesic is neither a profile curve nor s parallel then it will be tangent to the some parallel. The 

length between starting point and returning point can be calculate by using half period function.

 The aims of studing the half-period function for Randers rotational case is to find the cut 

locus on Randers rotational surface of revolution. If we can find the exactly form of this function 

then we can see the behavior of the cut locus. In this paper, we will show how to construct the half 

period function for Randers rotational surface of revolution. 

 

 

2. Materials and Methods 
 

2.1 The geometry of Riemannian surface of revolution 
We recall the definition of Riemannian geometry. 

Definition 2.1 (Local surface) A subset S  of 3  is called a local surface if there exists a C  

map   of a domain D  in 2  into 3 , i.e. ( , ) ( ( , ), ( , ), ( , ))u v x u v y u v z u v   , such that 
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1. ( )S D  
2.   is injective. 

3. the rank of the matrix 
u

v





 
 
 

 is 2 at each point on D . 

Definition 2.2 (2-sphere of revolution) A compact Riemannian manifold ( , )M h  homeomorphic 

to a 2-sphere is called a 2-sphere of revolution if M  admits a point p  such that for any two points 

1q , 
2q  on M  with 

1 2( , ) ( , )d p q d p q , where (,)d  denoted the Riemannian distance function, 

there exists an isometry f  on M  satisfying 
1 2( )f q q  and ( )f p p . The point p  is called a 

pole of M . Let ( , )r   denote geodesic polar coordinates around a pole p  of ( , )M h . The 

Riemannian metric can be expressed as 2 2 2( )h dr m r d   on \{ , }M p q , where q  denotes the 

unique cut point of p  , i.e. p , q  are called a pair of poles. 

 From Definition 2.2 we can construct the classical Riemannian surface of revolution by 

rotating a unit speed smooth curve ( )x f z , where :[ , ]f a b  , ,a b  and ( ) ( ) 0f a f b  , 

include in the xz  plane around the z  axis. We will consider the curve f  in parametric form 

( )
:

( )

x m r
f

z z r





, 

where [ , ]r a b , 0m   and of the Euclidean unit speed condition, that is 

2 2( '( )) ( '( )) 1m r z r  . 

Then we obtain the surface of revolution 

 : ( , ) ( )cos , ( )sin , ( )M r m r m r z r     , [ , ]r a b ,  0,2  . 

One can see that the mapping   is satisfied Definition 2.1. 

 We recall the Riemannian metric on surface of revolution is 
2 2 2 2( )ds dr m r d  , 

and the geodesic equations of h  -unit speed ( ) : ( ( ), ( ))s r s s   of ( , )M h  are 

22

2

2

2

' 0

'
2 0

d r d
mm

dsds

d m dr d

m ds dsds



 

  
   

  



 

, 

with the unit speed condition 
2 2

2 1
dr d

m
ds ds

   
    

   
. 

Remark 2.3 We can see that every profile curve, i.e. 
0( ) : ( ( ), )s r s  , where 

0  is constant, is an 

h  -geodesic and parallel, i.e. 
0( ) : ( , ( ))s r s  , where 

0r  is constant and 
0'( ) 0m r  , is an h  -

geodesic. 

Theorem 2.4 (Clairaut relation [6]) If ( ) : ( ( ), ( ))s r s s   is a geodesic on surface of revolution 

( , )M h  then the angle ( )s  between tangent vector of ( )s  and the profile curve passing through 

a point ( )s  satisfy 

( ( ))sin ( )m r s s  , 

where   is constant and called Clairaut constant. 
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Lemma 2.5 The Clairaut constant for any profile curve is vanishes, i.e. 0  . 

 From Clairaut relation, we can see that if ( )s  is neither a profile curve nor a parallel, i.e. 

 0, ( )m r  , then for some 
1 0t  , 

1( )t  will be tangent to the same parallel of (0) , where 

(0)  is the emanating point of geodesic. 

 Let us denoted the geodesic that emanating from a point 
0p  with Clairaut constant   by 

0p

 . 

Remark 2.6 We always assume that our 2-sphere of revolution with a pair of poles p , q  

satisfying the following properties 

 1. ( , )M h  is symmetric with respect to the reflection fixing r a , where 2a  denotes the 

distance between p  and q  . 

 2. The Gaussian curvature G  of M  is monotone along a profile curve from the point p  

to the point on r a  . 

We can find the length between 0 (0)
p

  and 0

1( )
p

t  by using 

Lemma 2.7 (Half period function of Riemannian surface of revolution) Let 0p

  be an h  -unit 

speed geodesic, where  0p r a   and  0, ( )m a   , i.e. 
0p  is a point on equator and 0p

  is 

neither meridian nor equator. From Clairaut relation 0p

  must be tangent to the parallel ( )   and 

return to the equator at 0

1( )
p

t  . The distance from 
0p  to 0

1( )
p

t  can be computed by 

( ) 2 2
( ) : 2

( ) ( )

a

H dt
m t m t

 








  

where H  is called half period function. 

 

2.2 The geometry of Randers rotational surface of revolution 
In this section, we will consider that if there is a wind blow up on our surface of revolution along 

the parallel, by using Zermelo navigation problem [3], therefore we obtained 

Proposition 2.8 (Randers rotational metric [4]). If ( , )M h  is a surface of revolution whose 

profile curve is the bounded function 
1

( )m r


  and W 



 


 is the breeze on M  blowing 

along parallels, then the Randers metric ( , )M F     obtained by the Zermelo’s navigation 

process on M  is a Finsler metric on M  , where ( ) i j

ija x y y  , ( ) i

ib x y   are defined in 

2 2

2

2 2 2

1
0

1
( )

0
(1 )

ij

m
a

m

m





 
 
 
 
 

 

, 2

2 2

0

1

ib m

m





 
 

  
  

 , , 1,2.i j   

We obtained the flow of the wind ( ; ( ), ( )) ( ( ), ( ) )s r s s r s s s      . 

 From [5], the geodesic equation of F  -unit geodesic 1 2( ) ( ( ), ( ))P s P s P s  is 

2
2 1 2 2

2

2 2 1 2 1

2

' ' 2 0

' '
2 2 0

d P dP dP
mm mm

ds dsds

d P m dP dP m dP

m ds ds m dsds

 



    
       
    



  


 



KMITL Sci. Tech. J. Vol.17 No.1 Jan.-Jun. 2017 

45 

Remark 2.9 If ( ) : ( ( ), ( ))s r s s   be a geodesic on ( , )M h  then we obtained geodesic ( )P s  for 

( , )M F  constructed as above by
 

( ) ( , ( )) ( ( ), ( ) )P s s s r s s s      . 

 

 

3. Results and Discussion 
 

In this section we assume that there is a wind :W 






 blowing along the parallels on 2-sphere 

of revolution ( , )M h , where 
  

1

max ( ) : 0,2m r r a
 


. Therefore we obtain the Randers 

rotational 2-sphere of revolution ( , )M F    . 

So, we can obtain our main result 

Theorem 3.1 (Half period function of Randers rotational 2-sphere of revolution) Let 
0 ( ) ( ( ), ( ) )

p
P s r s s s     be an F -unit speed geodesic obtained by 0( ; ( ))

p
s s  , where 0 ( )

p
s  is 

an h -unit speed geodesic on ( , )M h , emanating from  0p r a   and  0, ( )m a   if the 

direction of 0 ( )
p

P s
 is along the wind then 0 ( )

p
P s

 will tangent to parallel ( )   at 0

1( )
p

P t
 and 

return to the equator at 0

0( )
p

P t
. The distance from 

0p  to 0

0( )
p

P t
 can be computed by 

( ) ( ) ( )FH H      ,    (3.1) 

where ( ) : 2 ( ( ))a      . 

In the others hand, if the direction of 0 ( )
p

P s
 is against the wind then the distance is 

( ) ( ) ( )FH H      .    (3.2) 

Proof. In this proof we denoted 0 ( )
p

s  by ( )s  and 0 ( )
p

P s
 by ( )P s . 

Let ( ) ( ( ), ( ))s r s s   be an h -unit speed geodesic, i.e. 

2 2

2 ( ( )) 1
dr d

m r s
ds ds

   
    

   
.   (3.3) 

Multiply (3.3) with 

2
ds

d

 
 
 

, we have 

2 2

2 ( ( ))
dr ds

m r s
d d 

   
    

   
.   (3.4) 

From Clairaut relation we have 
2 ( ( ))ds m r s

d 
 .     (3.5) 

Therefore (3.4) can be written as 
2 2 2 2

2

( ( ))( ( ( )) )dr m r s m r s

d



 

 
 

 
,   (3.6) 

or 

2 2( ( )) ( ( ))

d

dr m r s m r s

 





.   (3.7) 

By integrating (3.7), we get 
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( )

2 2
( )

( ) ( )
( ( )) ( ( ))

r b

r a

b a dr
m r s m r s


 


 


 .    (3.8) 

From Clairaut relation we know that the geodesic ( )s  emanating from the point (0)  on the 

parallel will tangent to other parallel called  ( )r    at 
1( )t  and after that it will return to the 

parallel again. We can see that 
0 0 1( ) (0) 2( ( ) ( ))t t t       , i.e. 

0
2 2

( )

( ) : ( ) (0) 2
( ) ( )

a

H t dt
m t m t 


  


  


 ,   (3.9) 

( )H   is called h -half period function. Recall that 

( )

( )

r bb

a r a

ds
b a ds dr

dr
    .    (3.10) 

From ( ) ( ( ), ( ) )P s r s s s    obtained from ( )s , we have 

1dP dr

ds ds
 , 

2dP d

ds ds


  ,   (3.11) 

and therefore 
2 2

1 1

2

dP dP ds

dsdP dP

dP d ds

dr ds dr

d ds

dr dr









 
  
 

 

.    (3.12) 

 

By integrating (3.12), we get 
( )

2 2

( )

( ( )) ( ( ))

r b

r a

d ds
P r b P r a dr

dr dr




 
   

 
 .   (3.13) 

We will consider in the case that ( )P s  will tangent to the parallel  ( )r    at 
1( )P t  and return 

to equator at 
0( )P t  , from (3.9) and (3.10) therefore we got (3.1) 

2 2

0

( )

( ) ( ) (0)

2

( ) 2 ( ( ))

F

a

H P t P

d ds
dr

dr dr

H a

 






   

  

 
  

 

  

 . 

If we consider the geodesic that against the wind ( ) ( ( ), ( ) )P s r s s s   , we get (3.2) 

( ) 2 ( ( ))FH H a       . 

Remark 3.2 The function ( ) 2 ( ( ))a       is decreasing function, where ( ) (0, )a   , and it 

is increasing, where ( ) ( ,2 )a a   . 
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4. Conclusions 
 

Finally, we can find the half period function for Randers rotational 2-sphere of revolution 

therefore we can see the structure of cut locus on Randers rotational 2-sphere of revolution as in 

[7]. 
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The cut locus of a Randers rotational 2-sphere of revolution

By Rattanasak HAMA, Jaipong KASEMSUWAN and Sorin V. SABAU

Abstract. In the present paper we study the structure of the cut locus of a Randers
rotational 2-sphere of revolution (M,F = α + β). We show that in the case when the
Gaussian curvature of the Randers surface is monotone along a meridian, the cut locus
of a point q ∈ M is a point on a subarc of the opposite half bending meridian or of
the antipodal parallel (Theorem 1.1). More generally, in the case when the Gaussian
curvature is not monotone along the meridian, but the cut locus of a point q on the
equator is a subarc of the same equator, the cut locus of any point q̃ ∈M different from
poles is a subarc of the antipodal parallel (Theorem 1.2). Some examples are also given
at the last section and some differences with the Riemannian case are pointed out.

1. Introduction

The study of the global behaviour of geodesics, conjugate points and cut
locus is a fundamental problem in modern differential geometry. In the Riemann-
ian case, an extensive literature is available (see [1], [10], [11]), but in the more
general case of a Finsler manifold, the results are not so easily obtained. The
main difficulty is that the dependence of the metric on the direction implies the
non-symmetry of the distance function and the non-reversibility of the geodesics.

We recall (see [2] for details) that Finsler manifolds (M,F ) generalize the
Riemannian ones in the sense that they are defined by a norm F : TM → [0,∞)

with the properties

(i) F is positive and differentiable on T̃M := TM \ {0};

Mathematics Subject Classification: 53C60, 53C22.
Key words and phrases: Randers metrics, 2-sphere of revolution, cut locus, Gaussian curvature.
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(ii) F is 1-positive homogeneous, i.e. F (x, λy) = λ · F (x, y) for any λ > 0 and
for all (x, y) ∈ T̃M ;

(iii) the Hessian matrix gij(x, y) := 1
2
∂2F 2(x,y)
∂yi∂yj , i, j ∈ {1, ..., n}, is positive definite

on T̃M.

Here TM denotes the tangent bundle of an n-dimensional smooth manifold
M and (x, y) the canonical coordinates on TM . The Finsler structure is called
absolute homogeneous if the homogeneity condition (ii) is replaced by F (x, λy) =
|λ| · F (x, y) for any λ ∈ R.

A Finsler norm F determines and it is determined by its indicatrix bundle
SM := ∪x∈MSxM , where SxM := {y ∈ TxM : F (x, y) = 1}.

Obviously, the simplest Finsler manifolds are the Riemannian cases, but this
is the trivial case for us. Less trivial examples are deformations of Riemannian
metrics by linear forms β = bi(x)y

i defined on TM . This type of Finsler manifolds
include Randers, Kropina and Matsumoto metrics ([13]).

A Finsler norm can be used for defining the integral length LF of a C∞ curve
γ : [a, b] →M by

LF (γ
∣∣
[a,b]

) =

∫ b

a

F (γ(t), γ̇(t))dt,

where γ̇(t) = dγ
dt is the tangent vector of γ. This definition easily extends to the

integral length of any piecewise C∞ curve on M.

A smooth curve γ on a Finsler manifold that minimizes the integral length
LF over the set of all piecewise C∞ curves with fixed end points is called an
F-geodesic.

Any F -geodesic γ emanating from a point p in a compact Finslerian (or
Riemannian) manifold is losing its global minimizing property of a point q on
γ. Such point is called a F -cut point of p along γ. The F -cut locus of a point
p ∈M is the set of all cut points along all geodesics emanating from p on a Finsler
manifold. This is an important geometrical object related to the topology of the
manifold and to the global geometrical properties of the Finsler manifold.

Even though in general the cut locus may have a very complicated structure,
it is known that the F -cut locus CF

p of a point p on a Finsler surface is a local tree
and that any two points on the same connected component of CF

p can be joined
by a rectifiable Jordan arc in CF

p (see [12] for details).
Based on this theoretical result, we have studied in [7] the actual structure

of the cut locus of a point on a Randers rotational surface of revolution homeo-
morphic to R2.

The main aim of the present paper is to explicitly determine the structure
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of the cut locus of a point of a 2-sphere of revolution endowed with a Randers
rotational metric.

Randers metrics are special Finsler metrics whose indicatrices are obtained
by rigid translations of the Riemannian unit sphere. It was Shen [14] who pointed
out for the first time that Randers metrics give solutions to the classical Zermelo’s
navigation problem, namely, find the paths of shortest time travel between two
points under the influence of a wind or a current when we travel by a boat capable
of a certain maximum speed.

Formally, if we consider the background landscape to be a Riemannian man-
ifold (M,h), endowed with a vector field W on M , ∥W∥h < 1, then the shortest
time travel paths are precisely the geodesics of a Finsler metric of Randers type

F (x, y) = α(x, y) + β(x, y) =

√
λ · ∥y∥2h +W 2

0

λ
− W0

λ

uniquely induced by the navigation data (h,W ). Here W =W i · ∂
∂xi is the velocity

vector field of the wind, λ = 1− ∥W∥2h, W0 = h(W,y).
The corresponding Riemannian metric α =

√
aij(x)yiyj and 1-form β =

bi(x)y
i are given by

aij(x) =
λ · hij +WiWj

λ2
and bi = −Wi

λ
,

where Wi := hijW
j .

This Randers metric satisfies all three conditions in the definition of a Finsler
metric provided ∥W∥h < 1 (see [2], [5], [9], [14] for details).

Our main theorems on the structure of the F -cut locus of a surface of revo-
lution endowed with a Randers rotational metric are the following.

Theorem 1.1. Let (M,F ) be a Randers rotational 2-sphere of revolution
with navigation data (h,W ), where W = µ· ∂

∂θ is the wind blowing along parallels,
µ < { 1

max{m(r)} : r ∈ [0, 2a]}, with a pair of poles p, q, dh(p, q) = 2a and satisfying
• M is symmetric with respect to {r = a},
• the flag curvature K is monotone along a meridian.

Then the F -cut locus CF
x of a point x ∈M \ {p, q} with {θ(x) = 0} is

(1) The subarc of the opposite half bending meridian,

CF
x = φ(d(x, τ(t)), τ(t)), t ∈ [c, 2a− c],

where φ is the flow of the wind, when K is monotone non-increasing.
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(2) The following subarc of the antipodal parallel {r = 2a− r(x)} to x:

CF
x = r−1(2a− r(x)) ∩ θ−1{H(m) + ψ(x), 2π − (H(m)− ψ(x))}.

where ψ(x) = µ · dh(x, q̂0), q̂0 is the h-first conjugate point of x with respect
to h, m := m(r(x)), when K is monotone non-decreasing.

(3) A single point on the antipodal parallel CF
x = (2a− r(x), π(1 + µR)), where

R is radius of sphere, when K = 1
R2 is constant.

(4) If the cut locus of x ∈M \ {p, q} is a single point, then K is constant.

More generally, if the Gaussian curvature of h, or of F , is not monotone, the
following characterization of the cut locus is possible.

Theorem 1.2. Let (M,F = α + β) be the Randers rotational 2-sphere of
revolution constructed from the navigation data (h,W ) of a 2-sphere of revolution
(M,h).

If the F -cut locus of a point x on the equator {r = a} is a subarc of the
equator {r = a}, then the F -cut locus of any point x̃ with r(x̃) ∈ (0, 2a) \ {a} is
a subarc of the antipodal parallel {r = 2a− r(x̃)}.

This is a generalization of Theorem 3.5 in [4] to the Randers case.
Here it is the structure of our paper.
We start by recalling the geometry of a Riemannian 2-sphere of revolution

and the structure of its cut locus (Section 2.1). This section is an excerpt from
[11].

By using the navigation data (h,W ), where h is the induced Riemannian
metric on the 2-sphere of revolution M , and W := µ· ∂

∂θ a mild wind blowing along
the parallels, we construct in Section 2.2 a Randers rotational metric F = α+ β

on the 2-sphere of revolution M . We determine the F -geodesic equations in
Proposition 2 and extend the Clairaut relation to F -geodesics. The conjugate
and cut points along F -geodesics are obtained by mapping the conjugate and cut
points along h-geodesics by means of the flow φ, Propositions 3 and 4, respectively.

Moreover, we show here that the flag curvature of this Randers metric coin-
cide with the Gaussian curvature of h (Lemma 2.4). Even though some of these
results were proved already in [7], for a surface of revolution homeomorphic to
R2, we show here how they extend to a 2-sphere of revolution.

Section 3 is where we prove Theorem 1.1 by using a certain number of lemmas.
Finally, in Section 4, we prove Theorem 1.2 and give some examples of Randers
rotational metrics whose Gaussian curvature is not monotone (Subsection 4.2).
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We show that the convexity of the second derivative of the F -half period
function different from the convexity of the h-half period function.

In a forthcoming research we will study the convexity of injectivity domain
and other related topics of Randers rotational surface of revolution.

Acknowledgements . We express our gratitude to Prof. H. Shimada for many
useful discussion and to Prof. M. Tanaka for his important suggestions.

The first author is grateful to Prof. P. Chitsakul for many years of supervi-
sion.

2. The 2-sphere of revolution

2.1. The Riemannian 2-sphere of revolution. A compact Riemannian
manifold (M,h) homeomorphic to a 2-sphere is called a 2-sphere of revolution if
M admits a point p, called pole, such that for any two points q1, q2 on M with
dh(p, q1) = dh(p, q2), there exists an h-isometry f on M satisfying f(q1) = q2,
and f(p) = p, where dh(·, ·) denoted the h-Riemannian distance function on M .

Let (r, θ) denote geodesic polar coordinates around a pole p of (M,h). The
Riemannian metric can be expressed as h = dr2+m2(r)dθ2 on M \{p, q}, where
q denotes the unique h-cut point of p and

m(r(x)) :=

√
h

((
∂

∂θ

)
x

,

(
∂

∂θ

)
x

)
,

for any point x ∈M \ {p, q} with coordinates (r(x), θ(x)) (see [11]).
It is known that each pole of a 2-sphere of revolution M has a unique cut

point (see [11], Lemma 2.1.). A pole and its unique cut point are called a pair of
poles.

From now, for the rest of the paper, we fix a pair of poles p, q and the
geodesic polar coordinates (r, θ) around p.

Remark 2.1. We always assume about (M,h) the following conditions (as in
[11]):

1. M is symmetric with respect to the equator, i.e. reflection fixing {r = a},
where dh(p, q) = 2a. In other words, we assume

m(r) = m(2a− r), ∀r ∈ (0, 2a).

2. The Gaussian curvature G(x) = −m′′(r(x))
m(r(x)) of (M,h) is monotone along the

meridian from pole to the equator.
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We observe that both functions m(r) and m(2a− r) are extensible to a C∞

odd function around {r = 0} and m′(0) = 1 = −m′(2a).
Any periodic h-geodesic passing through a pair of poles is called a meridian,

i.e. we have γ(t) = γ(t+ 4a), for any t ∈ R, and p = γ(0).
Any curve r = c ∈ (0, 2a) is called a parallel. The parallel {r = a} is called

the equator of (M,h).

Remark 2.2. For the sake of simplicity we will often make use in the following
of the Riemannian universal covering of (M \ {p, q}, dr2 +m(r)2dθ2), namely

(M̃, h̃) := ((0, 2a)× R, dr̃2 +m(r̃)2dθ̃2),

with the covering projection Π : M̃ →M \ {p, q}.

Recall that the equations of an h-unit speed geodesic γ(s) := (r(s), θ(s)) of
(M,h) are {

d2r
ds2 −mm′ (dθ

ds

)2
= 0

d2θ
ds2 + 2m′

m

(
dr
ds

) (
dθ
ds

)
= 0,

(1)

where s is the arclength parameter of γ with the h-unit speed parametrization
condition (

dr

ds

)2

+m2

(
dθ

ds

)2

= 1. (2)

It follows that every profile curve, or meridian, is an h-geodesic, and that a parallel
{r = r0} is geodesic, r0 is constant, if and only if m′(r0) = 0.

We observe that (1) implies

dθ(s)

ds
m2(r(s)) = ν, where ν is constant, (3)

that is, the quantity dθ
dsm

2 is conserved along the h-geodesics.

Lemma 2.1 (The Clairaut relation). Let γ̃(s) = (r̃(s), θ̃(s)) be an h̃-unit
speed geodesic on (M̃, h̃). There exists a constant ν such that

m2(r̃(s))θ̃′(s) = m(r̃(s)) cosϕ(s) = ν (4)

hold for any s, where ϕ(s) denotes the angle between tangent vector of γ̃(s) and
∂

∂θ̃
|γ̃(s) (see Figure 1). The constant ν is called the Clairaut constant of γ̃.
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θ̃
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p̃

q̃
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a
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0

0 π 2π

ϕ
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˙̃γ

�

������1

Figure 1. The angle ϕ between tangent vector of γ̃ and ∂

∂θ̃
|γ̃(s).

Remark 2.3. (1) Usually, a geodesic γ̃ : [0, l] → M , l > 0, is determined
by its starting point p̃0 ∈ M̃ and initial velocity v := γ̃(0) ∈ Tp̃0

M . How-
ever, from the Clairaut relation above one can see that this is equivalent to
characterize geodesics by the initial point p̃0 and Clairaut constant ν. It is
customary to use the notation γ̃p̃0

ν .
(2) Let p̃0 ∈ {r̃ = a} be a point on the equator, and let γ̃p̃0

ν (s) = (r̃(s), θ̃(s)) be
the h̃-geodesic from p̃0 with Clairaut constant ν. Observe that
(a) if ν = 0, then ϕ = ±π

2 and γ̃p̃0

0 is a meridian, i.e. dθ̃(s)
ds = 0;

(b) if ν = m(a), then ϕ = 0 and γ̃p̃0

m(a) is a parallel, namely the equator in
this case, i.e. dr̃(s)

ds = 0;
(c) if ν ∈ (0,m(a)), then ϕ ∈ (−π

2 ,
π
2 )\{0}, and hence the geodesic γ̃p̃0

ν (s) =

(r̃(s), θ̃(s)) is neither a meridian nor a parallel and dθ̃(s)
ds > 0.

By combining the Clairaut relation with (2) it follows that the tangent vector
along the unit h̃-geodesic γ̃p̃0

ν has the components

dr̃(s)

ds
= ±

√
1− ν2

m2(r̃(s))
,

dθ̃(s)

ds
=

ν

m2(r̃(s))
.

If we assume dr̃(s)
ds ̸= 0, for all s in some interval (s1, s2), i.e. our geodesic

γ̃p̃0
ν is not tangent to a parallel, then it follows

θ̃(s2)− θ̃(s1) = signdr̃(s)
ds

∫ r̃(s2)

r̃(s1)

ν

m(τ)
√
m2(τ)− ν2

dτ, (5)
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where signdr̃(s)
ds is the sign of the component dr̃(s)

ds of the tangent vector. Indeed,
if the h̃-geodesic is not a parallel, then the theorem of implicit functions allows
us to write locally γ̃p̃0

ν as θ̃ = θ̃(r̃), for r̃ ∈ (r̃(s1), r̃(s2)), with the tangent vector

dθ̃

dr̃
= signdr̃(s)

ds

ν

m(r̃)
√
m2(r̃)− ν2

. (6)

Likewise, the h̃-length of such an γ̃p̃0
ν |(s1,s2) is given by

Lh̃(γ̃
p̃0
ν |(s1,s2)) = signdr̃(s)

ds

∫ r̃(s2)

r̃(s1)

m(τ)√
m2(τ)− ν2

dτ, (7)

and taking into account the obvious identity

m(τ)√
m2(τ)− ν2

=

√
m2(τ)− ν2

m(τ)
+

ν2

m(τ)
√
m2(τ)− ν2

,

it follows

Lh̃(γ̃
p̃0
ν |(s1,s2)) = signdr̃(s)

ds

∫ r̃(s2)

r̃(s1)

√
m2(τ)− ν2

m(τ)
dτ + ν[θ̃(s2)− θ̃(s1)]. (8)

Let us assume that γ̃p̃0
ν (s) = (r̃(s), θ̃(s)) is an h̃-unit speed geodesic from

p̃0, {r̃(p̃0) = a}, {θ̃(p̃0) = 0}, such that ν ∈ (0,m(a)), and dr̃(s)
ds |s=0 < 0. From

Clairaut relation it follows that γ̃p̃0
ν must be tangent to the parallel {r̃ = ξ(ν)} at

a point γ̃p̃0
ν (t1) and and return to the equator at p̃1 = γ̃p̃0

ν (t0), where

t0 = min{t > 0 : r̃(t) = a}.

Observe that here ξ : (0,m(a)) → R is the inverse function of m : [0, b) → R,
where b is the smallest value such that m′|[0,b)] > 0.

On the universal covering, we can see that

θ̃(t0)− θ̃(0) = 2(θ̃(t0)− θ̃(t1)) (9)

By integrating (6) with condition (9), it follows (see [4]):

Lemma 2.2 (Half period function of Riemannian two-sphere of revolution).
Let γ̃p̃0

ν be a h̃-unit speed geodesic, where p̃0 ∈ {r̃ = a} and ν ∈ (0,m(a)), i.e.
p̃0 is a point on equator and γ̃p̃0

ν is neither meridian nor parallel (equator) (see
Figure 2). The h̃-distance from p̃0 to γ̃p̃0

ν (t0) is given by the h̃-half period function

H : (0,m(a)) → R, H(ν) = 2

∫ a

ξ(ν)

ν

m(τ)
√
m(τ)2 − ν2

dτ, (10)

where r̃ = ξ(ν) is the parallel tangent to γ̃p̃0
ν (t0).
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6

-
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θ̃

r̃

p̃

q̃

q̃0
p̃0 = (0, a) p̃1 = (2π, γ̃p̃0

ν (t0))

2a

0

0 π 2π

γ̃p̃0
ν (t1)

γ̃p̃0
ν (0)

ξ(ν)

�

-�

Figure 2. The Riemannian half period function H(ν).

Let p̃0 ∈ M̃ and β̃ν(s) and γ̃ν(s) for any ν ∈ (0,m(r̃(p̃0))) denote the geodesic
emanating from p̃0 with (r̃ ◦ β̃ν)′(0) ≥ 0 and (r̃ ◦ γ̃ν)′(0) ≤ 0.

Since both geodesics β̃ν(s) and γ̃ν(s) depend smoothly on ν ∈ (0,m(a)) we
obtain two geodesic variations such that all curves in the variation are geodesics.

We obtain the h-Jacobi fields Xν(t) and Yν(t) :

Xν(t) :=
∂

∂ν
(β̃ν(t)), Yν(t) :=

∂

∂ν
(γ̃ν(t)),

along β̃ν(t) and γ̃ν(t). We can see that Xν(0) = Yν(0) = 0.
Let us denote by p̃u the point of coordinates (r̃(p̃u), θ̃(p̃u)) = (u, 0), where

u ∈ (0, 2a) and ν ∈ (0,m(a)). Similarly with the case u = a, discussed above,
for any ν ∈ (0,m(u)), we consider the h̃-geodesic γ̃uν emanating from p̃u, with
Clairaut constant ν and (r̃ ◦ γ̃uν )′(0) ≤ 0.

The geodesic γ̃uν is tangent to the parallel {r̃ = ξ(u)} at a point γ̃uν (s0), will
intersect the equator and then will be tangent to the parallel {r̃ = 2a − ξ(u)}
at a point γ̃uν (s1). Clearly, the parameter values s0 and s1 are solutions of the
equation (r̃ ◦ γ̃uν )′(s) = 0. Then it is known from the proof of Lemma 2.9 in [11],
or Proposition 7.2.3 in [10], that the Jacobi vector field Yν along γ̃uν is given by

Yν(s) =
∂θ̃

∂ν
(r̃(s), u, ν)

[
−ν m(r̃(s))√

m2(r̃(s))− ν2

(
∂

∂r̃

)
γ̃u
ν (s)

+

(
∂

∂θ̃

)
γ̃u
ν (s)

]
. (11)

Pay attention to the fact that we are using here the parametrization θ̃ =

θ̃(r̃(s), u, ν) explained above. Some straightforward computations show that θ̃(r̃, u, ν)
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given by

θ̃(r̃, u, ν) = H(ν)−
∫ 2a−u

r̃

ν

m(τ)
√
m2(τ)− ν2

dτ, (12)

where H is the Riemannian half-period function in Lemma 2.2.
A point q0 := γ̃ν(l), where ν ∈ (−m(r̃(p0)),m(r̃(p0))) and l > 0, is h̃-

conjugate to p̃0 along γ̃ν(t) if and only if Yν(l) = 0, and taking into account that(
∂
∂r̃

)
γ̃u
ν (s)

,
(

∂

∂θ̃

)
γ̃u
ν (s)

are linear independent vectors on Tγ̃u
ν (s)M , one obtains the

differential equation
∂θ̃

∂ν
(r̃, u, ν) = 0 (13)

along γ̃uν (s).
It can be shown that this differential equation has a unique solution r̃(sc, ν, u)

that is the r̃ coordinate of the h̃-first conjugate point of p̃u on γ̃uν (s).
The θ̃ coordinate of the h̃-first conjugate point is obtained by substitution

θ̃(sc, u, ν) = θ̃(r̃(sc, u, ν), u, ν).

Definition 2.1. Let γ : [0, t0] → M be a minimal h-geodesic segment on
a complete Riemannian manifold (M,h). The endpoint γ(t0) of the geodesic
segment is called a h-cut point of p := γ(0) along γ if any extended geodesic
segment γ∗ : [0, t1] →M of γ, where t1 > t0, is not a minimizing arc joining p to
γ∗(t1) anymore. The h-cut locus Ch

p of the point p is defined by the set of the cut
points along all geodesics segments emanating from p.

The structure of the h-cut locus Ch
p of (M,h) was obtained in [11].

Theorem 2.3 ([11]). Let (M,dr2 +m(r)2dθ2) be a 2-sphere of revolution
with a pair of poles p, q and satisfying properties in Remark 2.1. Then the h-cut
locus of a point x ∈M \ {p, q} with {θ(x) = 0} is

1. the antipodal point Ch
x = (2a− r(x), π), when G(x) is a positive constant;

2. a subarc of the opposite half meridian Ch
x ⊂ {θ = π}, when G(x) is monotone

non-increasing along meridian from the pole p to the point on {r = a};
3. a subarc of the antipodal parallel {r = 2a − r(x)}, that is Ch

x = r−1(2a −
r(x)) ∩ θ−1(H(m(r(x))), 2π − H(m(r(x)))), when G(x) is monotone non-
decreasing along meridian from the pole p to the point on {r = a}.

2.2. Randers rotational metrics. In a previous paper [7] we have constructed
a Randers rotational metric on a surface of revolution homeomorphic to R2. We
will construct a Randers rotational metric on a 2-sphere of revolution in a similar
manner in the following.
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Let (M,h) be the 2-sphere of revolution considered in the previous section.
Observe that there exists a constant µ < { 1

max{m(r)} : r ∈ [0, 2a]}, such that
µ < 1

m(r) for any r ∈ [0, 2a].

Proposition 1. If (M,h) is a surface of revolution and W = µ · ∂
∂θ is a

breeze on M blowing along parallels, then the Randers metric (M,F = α + β)

obtained by the Zermelo’s navigation process with data (h,W ) is a Finsler metric
on M , where α =

√
aij(x)yiyj , β = bi(x)y

i are defined by

(aij) =

(
1

1−µ2m2 0

0 m2

(1−µ2m2)2

)
, bi =

(
0

− µm2

1−µ2m2

)
, i, j = 1, 2. (14)

Indeed, observe that due to our condition µ < 1
m(r) for all r ∈ [0, a], W in

the canonical basis ( ∂
∂r ,

∂
∂θ ) of TxM , reads W = (W 1,W 2) = (0, µ), and hence

h(W,W ) = b2 = (µm)
2
< 1, where b2 := aijbibj is the Riemannian a-norm of the

covariant vector b = (b1, b2). This condition guarantees the strong convexity of
the Randers metric F = α+ β (see [2]).

It is trivial to see that W is a Killing vector field of (M,h), and taking into
account that the flow of W is φ(s; r(s), θ(s)) = (r(s), θ(s) + µ · s), we obtain the
global characterization of F -geodesics.

Proposition 2. Let (M,F = α+ β) be the Randers rotational metric con-
structed from the navigation data (h,W ), where (M,h) is a Riemannian 2-sphere
of revolution, and W = µ · ∂

∂θ , µ < { 1
max{m(r)} : r ∈ [0, 2a]}, is the breeze on

M blowing along parallels, then the F -unit speed geodesics P : (−ϵ, ϵ) → M are
given by

P(s) = (r(s), θ(s) + µs), (15)

where γ(s) = (r(s), θ(s)) is an h-unit speed geodesic.

Indeed, taking into account that Zermelo’s navigation gives

h(γ̇(s), γ̇(s)) = 1 if and only if F (P(s), Ṗ(s)) = 1. (16)

It follows that we can use the same arclength parameter s on both Riemannian
and Randers geodesics, and sinceW is h-Killing vector field, the conclusion follows
from [9], or can be verified by straightforward computation.

Corollary 1. The pair (M,F ) is a forward complete Finsler surface of Randers
type.
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We recall from our previous work [7] the Finsler version of Clairaut relation.
For an F -unit geodesic P(s) = φ(s, γ(s)) obtained by deviating an h-geodesic
γ(s) with Clairaut constant ν by means of the W -flow φ, the following relation
holds

cosψ(s) =
ν + µm2(r(s))

m(r(s))
√

1 + 2µν + µ2m2(r(s))
, (17)

where ψ(s) is the angle between the vectors Ṗ(s) and ∂
∂θ |P(s) (see Figure 3). We

have proved this formula for a surface of revolution homeomorphic to R2 in [7],
but the proof carries out on any kind of surface of revolution.

-

6

-��������*

�
�
�
��
ϕ

ψ

∂
∂r

W = µ · ∂
∂θ

∂
∂θ

γ̇ Ṗ

Figure 3. The angle ψ between Ṗ and a parallel.

Remark 2.4. (1) We have seen in Remark 2.3 that an h-geodesic is char-
acterised by its initial point and Clairaut constant (p0, ν), that is equiva-
lent to the usual initial conditions (p0, v) ∈ TM . Since the corresponding
Finsler geodesic is also determined by its starting point p0 and initial ve-
locity y := v + µ · ∂

∂θ ∈ Tp0M , where µ is constant, we can see that this
F -geodesic is uniquely determined by its initial point and Clairaut constant
ν. We have to pay attention though that ν is the Clairaut constant of the
original h-Riemannian geodesic.

(2) Let p0 ∈ {r = a} be a point on the equator, let γp0
ν (s) = (r(s), θ(s)) be the

h-geodesic from p0 with Clairaut constant ν, and let P(s) = (r(s), θ(s)+µs)

be the corresponding F -geodesic. Observe that
(a) P is a meridian, that is ψ = ±π

2 , if and only if ν = −µm2(a).
Indeed, ψ = ±π

2 means cosψ = 0, and from Finslerian Clairaut relation
(17) we obtain the desired value.
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(b) P is a parallel, namely the equator in this case, that is ψ = 0, if and
only if ν = m(a).

(c) if ν ∈ (−µm2(a), 0)∪(0,m(a)), then ψ ∈ (−π
2 ,

π
2 )\{0}, and the geodesic

Pp0
ν (s) = (r(s), θ(s) + µs) is neither a meridian nor a parallel with

dθ(s)
ds > 0.

We have the following important result.

Lemma 2.4. The flag curvature K of the Randers rotational metric (M,F =

α+ β) given by (14) lives on the base manifold M . Moreover, we have K(x, y) =

K(x) = G(x), for any (x, y) ∈ TM , where G is the Gaussian curvature of (M,h).

Proof. Even though similar with the proof of Lemma 4.3 in [7] we sketch it
here for the sake of completeness. We can see that our Randers rotational surface
of revolution is Finsler-Einstein with Ricci scalar Ric(F ) = K(x), where K(x) is
the sectional curvature of (M,F ).

From [5], we know that (M,F ) is Finsler-Einstein with Ricci scalar Ric(F ) =

K(x) if and only if (M,h) is Einstein with Ricci scalar Ric(h) = K(x) and W is
Killing vector field for (M,h).

Next, we recall that any Riemannian surface (M,h) is an Einstein manifold
with Ricci scalar Ric(h) = G(x) that completes the proof.

�

We turn now to the study of the conjugate points of F -geodesics.

Proposition 3. Let (M,F = α + β) be a Randers rotational surface of
revolution with navigation data (h,W ), where W = µ · ∂

∂θ is the breeze on M

blowing along parallels µ < 1
m(r) for any r. Suppose that γ : [0, l] → M is an

h-geodesic and P(s) = φ(s, γ(s)) is the corresponding F -geodesic, t ∈ [0, l]. Then
P(l) is conjugate to p = P(0) along P (with respect to metric F ) if and only if
γ(l) is conjugate to p = γ(0) along γ (with respect to metric h).

Proof. Let γ : [0, l] → M be an h-unit speed geodesic. Suppose Γ(t, s) :

(−ε, ε) × [0, l] → M be an h-geodesic variation of γ(s) := Γ(0, s) with variation
vector field

J(s) :=
∂Γ(t, s)

∂t

∣∣∣∣∣
t=0

.

Observe that this J is actually given by (11) for any ν ∈ (0,m(a)). If we
assume that γ(l) is h-conjugate to γ(0) it follows that

J(0) = J(l) = 0 and J(s) ̸= 0, s ∈ (0, l).
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By using the wind W , blowing up on M , with the flow φ, by deviating γ we
obtain the corresponding F -geodesic P(s) = φ(s, γ(s)).
Let us consider the F -geodesic variation

P(t, s) = φ(v(t)s,Γ(t, s)),

where v(t) is the constant h-speed of the geodesic variation Γ(t, s).
We obtain the F -Jacobi field

J (s)) = dφ · J(s).

If we consider the flow φ = (φ1, φ2) = (r, θ + µs), it follows

dφ =

(
∂φ1

∂r
∂φ1

∂θ
∂φ2

∂r
∂φ2

∂θ

)
=

(
1 0

0 1

)
, (18)

that is the identity matrix.
We obtain that J vanishes if and only if J does, hence

J (0) = J (l) = 0 and J (s) ̸= 0, s ∈ (0, l),

that is P(l) is conjugate to p = P(0) along P, whenever γ(l) is conjugate to
p = γ(0) along γ.

�

3. The proof of Theorem 1.1

Let (M,F = α+β) be a Randers rotational 2-sphere of revolution obtained
from the navigation data (h,W ), where h is the Riemannian metric of the 2-sphere
of revolution M , and W := µ · ∂

∂θ is the wind blowing along the parallels, where
µ < { 1

max{m(r) : r ∈ [0, 2a]}.
Extending by analogy the definitions of poles from Riemannian setting (see

Section 2.1), we obtain

Lemma 3.1. The F -cut point of the pole p on (M,F ) is the other pole q.

Proof. Recall that a pair of poles p, q on (M,h) are invariant under the
flow acting along parallels, i.e. φ(s, p) = p and φ(s, q) = q, for any s ∈ R.
Since the h-geodesics joining p and q are meridians and all of them have same
h-length, it follows that the F -geodesics joining p and q are bending meridians
with same F -length by (16). Hence we get that q is the cut point of p on (M,F ).

�
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Remark 3.1. In [7] the curve P(s) = φ(s, γ(s)) is called a twisted meridian,
where γ(s) is a meridian. However since a pair of poles on 2-sphere of revolution
M are invariant under the wind, we prefer to use the words bending meridian for
P(s) = φ(s, γ(s)), where γ(s) is meridian on (M,h).

Corollary 2. The points p, q are a pair of poles on (M,F ).

Remark 3.2. In the Finslerian universal covering manifold (M̃, F̃ = α̃ + β̃),
with the covering projection Π : M̃ → M \ {p, q} we use the notation P̃+(s) =

(s, γ̃(s)) for an F̃ -geodesic obtained from γ̃(s) in the wind blowing direction and
P̃−(s) = (−s, γ̃(s)) for an F̃ -geodesic advancing against the wind.

Lemma 3.2. Let γ̃(s) = (r̃(s), θ̃(s)) be an h̃-unit speed geodesic on M̃ with
Clairaut constant ν = m(a) joining the points p̃0 := (a, 0) and q̃0 := (a, π) , i.e.
γ̃(s) is an equator and θ̃(p̃0) = 0, θ̃(q̃0) = π or q̃0 is antipodal point of p̃0 along γ̃.
Then the F̃ -unit speed geodesic P̃+(s) = φ(s, γ̃(s)) will join the point p̃0 = P̃+(0)

with q̃1 = P̃+(π) = (a, π(1 + µ)). On the other hand, P̃−(s) = φ(−s, γ̃(s)) will
join p̃0 = P̃−(0) to the point q̃2 = P̃−(π) = (a, π(1− µ)).

Remark 3.3. Observe that Π(q̃1) = Π(q̃2) ∈M .

Proof. Let p̃0 be an arbitrary point on equator and q̃0 be an antipodal
point to p̃0. Let γ̃(s) = (r̃(s), θ̃(s)), be an h̃-unit speed geodesic joining p̃0 to q̃0,
that is

p̃0 = γ̃(0) = (a, 0), q̃0 = γ̃(π) = (a, π).

We recall that the wind is blowing along the parallels (see [7]). Since d̃h(p̃0, q̃0) =
π, we know that the F̃ -unit speed geodesic P̃+(s) = φ(s, γ̃(s)) obtained by γ̃(s)
is joining p̃0 to the point

P̃+(π) = φ(π, γ̃(π)) = (a, π(1 + µ)),

therefore the point q̃0 will change the position to q̃1 = (a, π(1 + µ)), hence
d̃F (p̃0, q̃1) = π.

On the other hand P̃−(s) will join p̃0 to q̃2 = (a, π(1− µ)).
�

Remark 3.4. Let P̃ p̃0
ν (s) = (r̃(s), θ̃(s) + µs) be an F̃ -unit speed geodesic

emanating from p̃0 ∈ {r = a} and ν ∈ (0,m(a)). One can see that

(P̃ p̃0
ν )2(r(b))− (P̃ p̃0

ν )2(r(a)) =

∫ r(b)

r(a)

(
dθ

dr
+ µ

ds

dr

)
dr.
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We know that P̃ν(s) := P̃ p̃0
ν must be tangent to the parallel ξ(ν) at P̃ν(t1) and

then return to the equator at P̃ν(t0) (see Figure 4). Then, by a similar compu-
tation as in the Riemannian case, the F -distance from p̃0 to P̃ν(t0) in the wind
direction is given by the following F -half period function

H+
F (ν) = H(ν) + ψ(ν), (19)

where ψ(ν) := 2µ(a − ξ(ν)), and H is the h-half period function (see (10)). For
the direction against the wind we obtain

H−
F (ν) = H(ν)− ψ(ν), (20)

see [8] for computational details.

6

-

-

-

θ̃

r̃

p̃

q̃

p̃0 = (0, a)
γ̃p̃0
ν (t0) P̃ν(t0)

2a

0

H(ν)
H+

F (ν)

ξ(ν)

� �

-�
-�

Figure 4. The h-half period function and F -half period function.

If m′|[0,a) ̸= 0 then we can assume m′ > 0 on (0, a), in this case, taking into
account that ξ(ν) = (m|(0,a))−1 observe that the function ψ(ν) = 2µ(a− ξ(ν)) is
decreasing function when ξ(ν) ∈ (0, a) and increasing when ξ(ν) ∈ (a, 2a).

Proposition 4. Let x ∈M\{p, q} be an arbitrary point. Then q0 is an F -cut
point to x on P if and only if q̂0 is h-cut point to x on γ, where P(s) = φ(s, γ(s))

is the corresponding F -geodesic obtained from γ, P(0) = γ(0) = x.

Proof. Let γ : [0, l] → M be an h-unit minimizing geodesic from x to
q̂0 = γ(l) and q̂0 is a h-cut point of x, i.e. q̂0 ∈ Ch

x .
Let P(s) be the F -unit geodesic obtain from γ(s) and let q0 := P(l).

Assume q0 is not F -cut point of x on P, that is there exists a shorter minimizing F -
geodesic P0 : [0, l0] →M from x = P0(0) to q0 = P0(l0) where dF (x, q0) := l0 < l.
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From P0, we construct the corresponding h-geodesic

γ0 : [0, l0] →M, γ0(s) = φ(−s,P(s)),

where γ0(0) = P0(0) = x and γ0(l0) = φ(−l0,P0(l0)) = φ(−l0, q0) = φq0(0).
Let us denote by ζ the curve

ζ : [−l0,−l] →M, ζ(s) = φ(s, q0),

(see Figure 5).
Then, from triangle inequality, we have

Lh(ζ) ≥ Lh(γ)− Lh(γ0). (21)

On the other hand, we compute Lh(ζ) as follows

∥ζ̇(s)∥2h = ∥Wφ(s,q0)∥
2
h = ∥dφ(Wq0)∥2h = ∥Wq0∥2h = (µm(r(q0)))

2 < 1,

where dφ is identity from (18).
It follows that

Lh(ζ) =

∫ −l0

−l

∥ζ̇(s)∥hds <
∫ −l0

−l

ds = l − l0 = Lh(γ)− Lh(γ0). (22)

From (21) and (22), we get a contradiction, hence q0 is an F -cut point of x along
P.

�

Here is the proof of our Theorem 1.1
Proof of Theorem 1.1. Let x ∈ M \ {p, q}. We recall that the flow for

navigation data is φ(s; r(s), θ(s)) = (r(s), θ(s) + µs). Propositions 3 and 4 imply
that F -cut locus is corresponding to the h-cut locus.
(1) The case when K is monotone non-increasing.

In Riemannian case the h-cut locus Ch
x of x, when the Gaussian cur-

vature is monotone non-increasing, is a subarc of the opposite half meridian
{θ = π}, which are denote by τx|[c,2a−c], where τx(c) is the h-first conjugate
point of x along τx.
Therefore by taking into account Propositions 3 and 4 the F -cut locus is the
following subarc of the opposite half bending meridian of x:

CF
x = φ(d(x, τ(t)), τ(t)), t ∈ [c, 2a− c].
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•

•

•

•

6the flow direction

ζ(s)x

q̂0 = γ(l)

γ0(l0)

q0 = φ(l, γ(l)) = P(l) = P0(l)

γ0(s)

γ(s)

P(s)

P0(s)

-

-

�
�

?

Figure 5. The proof of Proposition 4.

(2) The case when K is monotone non-decreasing.
In the Riemannian case (see [11]), if the Gaussian curvature G is

monotone non-decreasing then the h-cut locus Ch
x of x is a subarc of the

antipodal parallel {r = 2a− r(x)}, that is

Ch
x = r−1(2a− r(x)) ∩ θ−1{H(m), 2π −H(m)},

where H is h-half period function defined in (10) and m := m(r(x)).
Next, let q̂0 be the h-first conjugate point of x on front side, i.e.

q̂0 = (2a− r(x),H(m)),

and recall that our wind is blowing along the parallels, therefore the F -first
conjugate point to x is

r−1(2a− r(x)) ∩ θ−1{H(m) + ψ(x)},

where ψ(x) = µ · d(x, q̂0). On the other hand the F -first conjugate point to
x on the back side is

r−1(2a− r(x)) ∩ θ−1{2π − (H(m)− ψ(x))},

hence we obtain

CF
x = r−1(2a− r(x)) ∩ θ−1{H(m) + ψ(x), 2π − (H(m)− ψ(x))}.
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(3) The case when K is constant.
Let M be the round sphere of radius R. Recall that in the Riemannian

case when G = 1
R2 is constant, the cut locus of any point x ∈ M \ {p, q} is

its antipodal point, i.e. Ch
x = q̂0 = (2a − r(x), π), where θ(x) = 0. Since

dh(x, q̂0) is equal to the half of circumference, i.e. dh(x, q̂0) = π · R, from
Proposition 4 we obtain that the F -cut locus of x is

CF
x = φ(dh(x, q̂0) = φ(πR, q̂0)

= (2a− r(x), π(1 + µR),

where R is radius of round sphere.

(4) If the F -cut locus of x ∈ M \ {p, q} is a single point, say q ∈ M , then
q̂ := φ(−l, q) is a h-cut point, where dF (x, q) = l. Obviously q̂ is the only
h-cut point of h due to the Proposition 4.

Since the h-cut locus of x ∈ M{p, q} is made of a single point q̂, we
know from [11] that G = 1

R2 must be a positive constant and hence (M,h)

is actually the round sphere of radius R.
Taking now into account that (M,h) is a constant Gaussian curvature

Riemannian surface and W a Killing field on (M,h), it follows from [6] that
the corresponding Randers metric by the Zermelo navigation must be of
constant flag curvature.

Remark 3.5. We recall that in order to obtain all F -geodesics P(s) with
dP
ds > 0 emanating from a point p = P(0), θ(p) = 0, we need to consider the
Riemannian geodesics γpν with Clairaut constant ν ∈ (−µ ·m2(a),m(a)).

On the other hand, we have determined the F -cut point q of a point p = P(0)

by mapping the h-cut point q̂ of the same point p = γpν (0) along the corresponding
h-geodesic γpν = φ(−s,P(s)), and using the structure of the h-cut locus for such
h-geodesics determined in [11], for ν ∈ (0,m(a)). Hence, strictly speaking we have
determined only the F -cut locus of a point p along the F -geodesics corresponding
to the h-geodesics having ν ∈ (0,m(a)), having out the h-geodesics corresponding
to ν ∈ (−µ ·m2(a), 0).

However, in the Riemannian case, due to the reversibility of h-geodesics and
symmetry of the distance function dh, it is easy to observe that the cut locus of a
point p ∈M made of h-cut points along the h-geodesics γpν , ν ∈ (−µ ·m2(a), 0) is
actually a subset of the h-cut locus of p made of h-cut points along all h-geodesics
γpν , ν ∈ (0,m(a)), hence we are not missing any points in CF

p .
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4. The behaviour of cut locus when the cut locus of a point on
equator is the subarc of the equator

4.1. The cut locus. From the previous section, we can see that, if the Gauss-
ian curvature is monotone non-decreasing (increasing) then h-half period function
is monotone non-increasing (decreasing), but the inverse is not true, i.e. if h-half
period function is monotone non-increasing does not implies Gaussian curvature
is monotone non-decreasing.

In this section, we will consider the more general case by extending the results
in [4] to the Randers case.

Let (M,h) be the Riemannian 2-sphere of revolution considered in the pre-
vious sections, but in this section we do not assume the second condition in
Remark 2.1, and let W = µ · ∂

∂θ the wind blowing along the parallels, µ <{
1

maxm(r) : r ∈ [0, 2a]
}

. If we denote by (M,F = α + β) the Randers rotational
constructed from navigation data (h,W ) in Section 2.2, then we have

Proof of Theorem 1.2. If the cut locus of a point q on {r = a} is a
subarc of {r = a}, since the equator is invariant under the flow action, then by
Proposition 4 it follows that the h-cut locus of the point q is a subarc of {r = a}.
Hence, by using Theorem 3.5 in [4] it results that the h-cut locus of the point q̃
is a subarc of the antipodal parallel {r = 2a− r(q̃)}.

Taking now into account that any parallel is flow-invariant by Proposition
4 it follows that the F -cut locus of q̃ must be a subarc in the antipodal parallel
{r = 2a− r(q̃)}. Clearly, the F -cut locus is obtained by rotating the h-cut locus
by flow action on the parallel {r = 2a− r(q̃)}.

�

4.2. Examples.

Example 1. Let us consider the Riemannian 2-sphere of revolution Mλ :=

(S2, hλ), introduced in [4], where

hλ = dr2 +m2
λ(r)dθ

2 (23)

and

mλ(r) =

√
λ+ 1 · sin r√
1 + λ cos2 r

, λ ≥ 0. (24)

It is clear that the function r 7→ mλ(r) is symmetric with respect to the equator
{r = π

2 }, and a straightforward computation shows that the Gaussian curvature
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of (S2, hλ) is

Gλ(r) =
(λ+ 1)(1− 2λ cos2 r)

(1 + λ cos2 r)2
.

For λ = 0 one obtains the the round sphere S2 with canonical Riemannian metric
and for λ→ ∞ the metric

h∞ = dr2 + tan2 rdθ2,

that is singular along the equator {r = π
2 }.

By taking the derivative of Gλ one can see that Gλ is not monotone along
the meridian from a pole to the equator. Indeed, we have

G′
λ(r) =

2λ(λ+ 1) sin 2r

(1 + λ cos2 r)3
(2− λ cos2 r).

On the other hand, more computations lead to

H(ν) = π − λπν
√
λ+ 1

√
(λ+ 1 + λν2)

, λ > 0, ν ∈ (0,
√
λ+ 1),

where we use ξ(ν) = ν2, and from here

H′(ν) =
−πλ

√
λ+ 1

(λ+ 1 + λν2)
3
2

, λ > 0,

moreover
H′′(ν) =

3πλ2ν
√
λ+ 1

(λ+ 1 + λν2)
5
2

, λ > 0,

see [4] for detailed computations.
Then Lemma 3.3 in [4] implies that the h-cut locus of a point q on {r = π

2 }
is a subarc in {r = π

2 } and hence by Theorem 3.5 in [4] it results that for this
2-sphere of revolution, the cut locus of any point q̃ ∈ S2, r(q̃) ∈ (0, π) \ {π

2 } is a
subarc of the antipodal parallel {r = 2a− r(q̃)} (see [4] for details).

Let us consider the associated Randers rotational metric F = α+β obtained
by Zermelo’s navigation method ([7], [9]) from the navigation data (hλ,W ), where
W = µ · ∂

∂θ , µ <
{

1
maxmλ(r)

: r ∈ [0, π]
}
= 1

mλ(
π
2 ) =

1√
λ+1

. From Proposition 1 it
follows

(aij) =

(
1+λ cos2 r

1+λ cos2 r−µ2(λ+1) sin2 r
0

0 ((λ+1) sin2 r)(1+λ cos2 r)
(1+λ cos2 r−µ2(λ+1) sin2 r)2

)
, bi =

(
0

−µ(λ+1) sin2 r
1+λ cos2 r−µ2(λ+1) sin2 r

)
.
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For the sake of simplicity, let us consider

µ =
1

2
· 1√

λ+ 1
.

Then (19) implies

H+
F (ν) = π − λπν√

λ+ 1
√
λ+ 1 + λν2

+
1√
λ+ 1

(π
2
− ν2

)
, λ > 0

and therefore

(H+
F )

′(ν) =
−λπ

√
λ+ 1

(λ+ 1 + λν2)
3
2

− 2ν√
λ+ 1

, λ > 0,

and

(H+
F )

′′(ν) =
3πλ2ν

√
λ+ 1

(λ+ 1 + λν2)
5
2

− 2√
λ+ 1

, λ > 0. (25)

We observe that if H(ν) is monotone non-increasing, then H+
F (ν) is decreasing on

ν ∈ (0,
√
λ+ 1).

Moreover, observe that the F -cut locus of any point q in {r = π
2 } is a subarc

of {r = π
2 }, as well as, that the F -cut locus of any point q̃ ∈ Mλ, such that

r(q̃) ∈ (0, π) \ {π
2 } is a subarc of the antipodal parallel {r = π − r(q̃)}. Indeed,

taking into account the h-cut locus of the points q and q̃, respectively and the
fact that the equator and parallels are invariant under the flow, the F -cut locus
can be obtained from Proposition 4.

Therefore, we obtain

Proposition 5. Let (S2, Fλ = α + β) be the Randers rotational metric
induced from the navigation data (hλ,W ) on S2 given by (23), (24). If λ > 0,
then
(i) the cut locus of a point q ∈ S2 on the equator is a subarc of the equator.
(ii) the cut locus of a point q̃ ∈ S2, distinct from the pair of poles, is a subarc of

the antipodal parallel {r = π − r(q̃)}.

This is the generalization of the first part of Theorem 4.4 in [4] to the Randers
case. Observe that due to Lemma 2.4 and the formula for G′

λ it follows that the
Randers rotational metric constructed in this example is not of monotone flag
curvature along meridian.
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Remark 4.1. The Riemannian 2-sphere of revolution (S2, hλ) given by (23),
(24), λ ≥ 0 gives an example for Theorem 3.6 in [4] due to the fact that the h-half
period function satisfies

H′(ν) < 0 < H′′(ν) for any λ > 0.

However, this type of relation is not true in the Randers case. Indeed, even though
the h- and F -half period function H(ν) and H+

F (ν) have the same monotonicity,
respectively, they do not share the same convexity. Formula (25) implies that
(H+

F )
′′(ν) is not always positive. For instance, numerical simulations show that

(H+
F )

′′(ν) ≤ 0, for λ ≤ 1.5, while for λ > 1.5 the function (H+
F )

′′(ν) can take
both, positive and negative values, where ν ∈ (0,

√
λ+ 1), see Figure 6.

Figure 6. The graphs of H′′(ν) and (H+
F )

′′(ν), where λ = 1.5 and
λ = 1.6 respectively.

Example 2. Another example is obtained from the Riemannian 2-sphere of
revolution (S2, hλ) given in [3], where hλ is given by (23) and

mλ(r) =
sin r√

1− λ sin2 r
, r ∈ [0, π], λ ∈ (0, 1).

By straightforward computation one can see that

Gλ(r) =
(1− λ)− 2λ cos2 r

(1− λ sin2 r)2

and
G′

λ(r) =
4λ sin r cos r(2(1− λ)− λ cos2 r)

(1− λ sin2 r)3
.
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It is clear that for λ ∈ (0, 1), G′
λ vanishes at the pair of poles and the equator and

the Gaussian curvature, Gλ is monotone for λ ∈ (0, 23 ) with a local extremum of
λ = 2

3 (see [3] for details).
A similar computation with [4] shows that

H(ν) = π − πνλ√
1 + λν2

, ν ∈
(
0,

1√
1− λ

)
and hence

H′(ν) =
−πλ

(1 + λν2)
3
2

, H′′(ν) =
3πλ2ν

(1 + λν2)
5
2

.

(compare with the form in [3] obtained in Hamiltonian formalism).
One can easily see that

H′(ν) < 0 < H′′(ν) (26)

and hence the h-cut locus of a point q on the equator is a subarc of the equator
(Lemma 3.3 in [4]), and the h-cut locus of a point q̃, distinct from equator of
(S2, hλ) is a subarc of the opposite parallel (Lemma 3.4 in [4]).

If we consider again the Randers rotational metric (S2, Fλ = α+β) obtained
by Zermelo’s navigation method ([7], [9]) from navigation data (hλ,W ), W =

µ · ∂
∂θ , µ <

√
1− λ, then (19) gives

H+
F (ν) = π − πνλ√

1 + λν2
+

√
1− λ

(π
2
− ν2

)
, ν ∈ (0,

√
1− λ),

where we consider for simplicity µ = 1
2

√
1− λ, and hence

(H+
F )

′(ν) =
−πλ

(1 + λν2)
3
2

− 2(
√
1− λ)ν,

(H+
F )

′′(ν) =
3πλ2ν

(1 + λν2)
5
2

− 2
√
1− λ.

By a similar argument with Example 1 it follows that Proposition 5 is true for
this example as well.

Remark 4.2. When we consider the second derivative of the F -half period
function HF (ν), we observe that, even through the Riemannian counter part
satisfies (26), in the Finsler case we have (H+

F )
′(ν) < 0, however (H+

F )
′′(ν) ≤ 0,

for λ ≤ 0.6, while for λ > 0.6 the function (H+
F )

′′(ν) can take both, positive and
negative values, where ν ∈ (0, 1√

1−λ
), see Figure 7. that is, in this case also the

convexity of the half period function in the Riemannian and Finsler case are quite
different.
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Figure 7. The graphs of H′′(ν) and (H+
F )

′′(ν), where λ = 0.6 and
λ = 0.65 respectively.

References

[1] M. Abate, F. Tovena, Curves and surfaces, Springer-Verlag, Springer Milan Dordrecht
Heidelberg London New York, 2012.

[2] D. Bao, S. S. Chern, Z. Shen, An Introduction to Riemann Finsler Geometry,
Springer-Verlag, Springer-Verlag New York Berlin Heidelberg, 2000.

[3] B. Bonnard, J. B. Caillau and G. Janin, Conjugate-cut loci and injectivity domains of
two-spheres of revolution, ESAIM: COCV 19 (2013), 533–554.

[4] B. Bonnard, J. B. Caillau, R. Sinclair, M. Tanaka, Conjugate and cut loci of a two--
sphere of revolution with application to optimal control, Ann. I. H. Poincare-AN 26 (2009),
1081–1098.

[5] D. Bao, C. Robles, Ricci and flag curvatures in Finsler geometry, Riemann–Finsler Ge-
ometry, MSRI Publications 50 (2004), 198–256.

[6] D. Bao, C. Robles and Z. Shen, Zermelo navigation on Riemannian manifolds, J. Diff.
Geom 66 (2004), 377–435.

[7] R. Hama, P. Chitsakul, S. V. Sabau, The Geometry of a Randers rotational surface, Publ.
Math. Debrecen 87/3-4 (2015), 473–502.

[8] R. Hama, J. Kasemsuwan, The Theory of Geodesics on Some Surface of Revolution, KMITL
Science and Technology Journal 17 No. 1 (2017), 42–47.

[9] C. Robles, Geodesics in Randers spaces of constant curvature, Trans. AMS 359 4 (2007),
1633–1651.

[10] K. Shiohama, T. Shioya, and M. Tanaka, The Geometry of Total Curvature on Com-
plete Open Surfaces, Cambridge tracts in mathematics 159, Cambridge University Press,
Cambridge, 2003.

[11] R. Sinclair, M. Tanaka, The cut locus of a two sphere of revolution and Toponogov’s
comparison theorem, Tokyo Math. J. 59 (2007), 379–399.

[12] S. V. Sabau, M. Tanaka, The cut locus and distance function from a closed subset of a
Finsler manifold, Houston J. Math 42 No. 4 (2016), 1157–1197.

[13] M. Matsumoto, Finsler Geometry in the 20th-Century, In: Handbook of Finsler Geometry,
(ed. P. L. Antonelli), Kluwer Academic Publishers, 2004.

[14] Z. Shen, Finsler metrics with K=0 and S=0, Canadian J. Math (55) (2003), 112–132.



26 Rattanasak HAMA, Jaipong KASEMSUWAN and Sorin V. SABAU

DEPARTMENT OF APPLIED MATHEMATICS

KMITL

1 CHALONGKRUNG 1 ROAD , LAT KRABANG, LAT KRABANG, BANGKOK 10520

THAILAND

Current address: Department of Applied Mathematics

KMITL

1 Chalongkrung 1 road , Lat Krabang, Lat Krabang, Bangkok 10520

Thailand

E-mail: rattanasakhama@gmail.com

DEPARTMENT OF APPLIED MATHEMATICS

KMITL

1 CHALONGKRUNG 1 ROAD , LAT KRABANG, LAT KRABANG, BANGKOK 10520

THAILAND

Current address: Department of Applied Mathematics

KMITL

1 Chalongkrung 1 road , Lat Krabang, Lat Krabang, Bangkok 10520

Thailand

E-mail: jaipui@hotmail.com

SCHOOL OF SCIENCE, DEPARTMENT OF MATHEMATICS

LIBERAL ARTS EDUCATION CENTER, SAPPORO CAMPUS, TOKAI UNIVERSITY, SAPPORO CAM-

PUS

5-1-1-1 MINAMISAWA, MINAMIKU, SAPPORO, 005-8601

JAPAN

Current address: School of Science, Department of Mathematics

Liberal Arts Education Center, Sapporo Campus, Tokai University, Sapporo Campus

5-1-1-1 Minamisawa, Minamiku, Sapporo, 005-8601

JAPAN

E-mail: sorin@tokai.ac.jp
URL: http://sorindb.sap.u-tokai.ac.jp/pub/Publications.html





Author Biography
Name Mr. Rattanasak Hama
Date of Birth 19 March 1991
Address 3/19 Moo 2, Soi Phahonyothin 54/1(Wat-Kao), District Klong Thanon,

Area Saimai, Province Bangkok, 10220.
Education (2012) Bachelor of Science in Applied Mathematics GPA 3.17

(King Mongkut’s Institute of Technology Ladkrabang)
(2014) Master of Science in Applied Mathematics GPA 3.94
(King Mongkut’s Institute of Technology Ladkrabang)

Scholarship The contribution scholarship from Faculty of Science,
King Mongkut’s Institute of Technology Ladkrabang

Academic Publications
1. with P. Chitsakul, S. V. Sabau, The Geometry of a Randers

rotational surface, 2015, Publ. Math. Debrecen, 87/3-4 (2015), 473-502.
2. with J. Kasemsuwan, The Theory of Geodesics on Some Surface

of Revolution, KMITL Science and Technology Journal, 17 (2017) no. 1, 42–47.
3. with J. Kasemsuwan, S. V. Sabau, The Cut locus of a Randers

rotational 2-sphere of revolution, 2018, Publ. Math. Debrecen, volume 93.


