THE CUT LOCUS OF A RANDERS ROTATIONAL SURFACE OF
REVOLUTION HOMEOMORPHIC TO 2 DIMENSIONAL SPHERE

RATTANASAK HAMA

A THESIS SUBMITTED IN PARTIAL FULFILLMENT OF THE REQUIREMENTS FOR THE
DEGREE OF DOCTOR OF PHILOSOPHY PROGRAM IN APPLIED MATHEMATICS
| - DEPARTMENT OF MATHEMATICS
, FACULTY OF SCIENCE |
KING MONGKUT’S INSTITUTE OF TECHNOLOGY LADKRABANG
_ o018
KMITL-2018-SC-D-001-009



THE CUT LOCUS OF A RANDERS ROTATIONAL SURFACE OF
REVOLUTION HOMEOMORPHIC TO 2 DIMENSIONAL SPHERE

RATTANASAK HAMA

A THESIS SUBMITTED IN PARTIAL FULFILLMENT OF THE REQUIREMENTS FOR THE
DEGREE OF DOCTOR OF PHILOSOPHY PROGRAM IN APPLIED MATHEMATICS
DEPARTMENT OF MATHEMATICS
FACULTY OF SCIENCE
KING MONGKUT’S INSTITUTE OF TECHNOLOGY LADKRABANG
2018
KMITL-2018-SC-D-001-009



COPYRIGHT 2018
FACULTY OF SCIENCE
KING MONGKUT’S INSTITUTE OF TECHNOLOGY LADKRABANG



Thesis Title

Student Name
Student ID
Degree
Department
Year

Thesis Advisor

In this thesis, we study structure of the cut locus of a Randers rotational surface of
revolution homeomorphic to a 2D sphere. The Randers rotational metric is obtained
from Zermelo’s navigation process with the wind blowing along the parallel. We show
that in the case of flag curvature of the Randers surface is monotone along a meridian
from pole to equator. The cut locus of a point z € M is a point on a subarc of the
opposite half bending meridian or of the antipodal parallel. More generally, when the
flag curvature is non-monotone along the meridian from pole to equator and the cut
locus of a point = on the equator is a subarc of the same equator, then the cut locus
of any point z € M different from poles is a subarc of the antipodal parallel. Some

examples are also given.

The Cut Locus of a Randers Rotational Surface of

Revolution Homeomorphic to 2 Dimensional Sphere
Rattanasak Hama

58605004

Doctor of Philosophy (Applied Mathematics)

Applied Mathematics

2018

Asst. Prof. Dr. Jaipong Kasemsuwan

Abstract

Keywords : Flag curvature, Cut locus, Meridian, Randers



a

WadaInglinug ANlaNaveINURINANINNTNYUTBUANTUFUF 1

LUUMSINAUABINATINTUYULUULS AT

yarinfnw Saudnd winy
sraUszdn 58605004
Yseuayn US¥y1nuf Unudin (Adlnaansussend)
AR ARIRFNENTUSTENG
N.FA. 2561

sl a a s L3
91915891 n¥ Inetinus wA.nslaues nwugIsIal

unAnge
Wentinusiaui §ideladnuidassaieinladavesiiuinninainnsnyuseun aunu

douguAUNTINaN N T @ TR ITINITVYUUUU LS LA DTE LWFSN NITUYULUULT WA B5a LA wn

=

MnnssvumMsedouiiveswesiuladiofimmavesauinmuuudminfumeiieu §3duld
wanslifuilunsdidemulfaundnuuiuiddmafeimudueiifou dnlataves
uuiuinaiduduniweadumefvuuuudaiogiwgaiu vieoduduviwoadud
faanfumeiifeuiognssdugatiu Tusaei mndraaldundnldldidmaiomudu
weddeu wasmnsmmuhdlatavesauudieusesiududuniaesdudiames o
¢ idvlatavesgalagiilildgataasdudunimesduiidiantuueiifioufiegasstiugn
tfu §Afelévinnsensoganadisineg Fluanide

o o w 1 [% 13 [y [ a a s
AEIALY ! AAUlAIEn Anland lWesAeu usunesd



Acknowledgements

First of all, | am extremely grateful to my parents, my father Chalermsak Hama, my
mother Montarat Hama. Thank you very much!

| also thank to my advisor, Asst. Prof. Dr Jaipong Kasemsuwan for advising my work
and my life for long time.

A very special gratitude goes to Prof. Dr. Sorin V. Sabau from Tokai University,
Sapporo campus, for many helpful ideas about this research topics and advices about
how to be good mathematician. | am also thankful to Prof. Dr. Hideo Shimada for
taking care and teaching me many topics, when | was in Sapporo, Japan. Working with
both of you was a great experience for me.

| also thank to Prof. Dr. Pakkinee Chitsakul for many helpful discussions while
writing this thesis, even though she is now already retired.

| also thank to Asst. Prof. Dr Kanchana Kumnungkit, Asst. Prof. Dr. Kanognudge
Wuttanachamsri and Asst. Prof. Dr. Pattrawut Chansangiam from KMITL and Asst.
Prof. Dr Vimolrat Ngamaramvaranggul from Chulalongkorn university for many helpful
comments of this thesis.

Lastly, | thank to the Department of Mathematics, Faculty of Science, King Mongkut’s
Institute of Technology Ladkrabang for a three years scholarship.

Thank you all for your encouragement during the years!

... Rattanasak HAMA ...



Table of Contents

Page
Abstract in English . . . . . .. . [
Abstract in Thai . . . . . . . . i
Acknowledgements . . . . . . .. iii
Table of Contents . . . . . . . . . . . iv
List of Figures . . . . . . . . Vi
1. Introduction . . ... ... 1
1.1 Research Motivation . . . . ... ... ... ... 1
1.2 Objectives of the study . . . ... ... ... .. .. ... .. ... .... 2
1.3 Scopesofthestudy . . ... ... ... ... 2
1.4 Benefits of thestudy . .. ... ... .. ... . ... ... ... ... 2
2. Preliminaries . . . . . .. .. 3
2.1 Notations on differential geometry . . . . . . ... ... ... .. ... 3
2.1.1 Differential manifold and tangent bundle . . . . ... .. 3
2.1.2 Riemannian manifold . . . ... ............... 3
2.1.3 Einstein manifold . . . ... ... ... . L 6
214 Geodesics on a Riemannian manifold . . ... ... ... 6

2.15 Jacobi fields and Conjugate points on a Riemannian
manifold . . . ... 7
2.1.6 Cut points and Cut locus on a Riemannian manifold . . 8
2.2 Two-dimensional sphere of revolution . ... ............. 8
221 The Riemannian metric on a 2D sphere of revolution . 9
222 Geodesics on a Riemannian 2D sphere of revolution . . 9

223 The Clairaut relation on a Riemannian 2D sphere of
revolution . ... ... 12

224 Half-period function on a Riemannian 2D sphere of rev-
olution . .. .. 14
2.2.5 Jacobi fields on a Riemannian 2D sphere of revolution 16
226 Cut locus on the Riemannian 2D sphere of revolution . 17

2.3 Finslerian metrics . . . . . . . 18



23.1 Randers metrics . . . .. ... ... ...
232 Zermelo’s navigation problem . . ... ... oL

233 Geodesics on Randers manifold . . . . .. ... ... ...

3. Auxiliaryresults . . ... ... ...

3.1
3.2
3.3
3.4
3.5

The Randers rotational metric on a 2D sphere of revolution . . . .
Geodesics on a Randers rotational 2D sphere of revolution . . . .
The half period function in the Randers rotational case. . . . . ..
Jacobi fields of the Randers rotational 2D sphere of revolution . .

Cut points of the Randers rotational 2D sphere of revolution . . .

4. Mainresults . . . . . .

5. Examples . . ...

5.1

5.2

The example of the Randers rotational 2D sphere of revolution
with monotone curvature . .. ... ... L o L
5.11 m(r)y=sinr, re0,m) ... .. ...
The example of the Randers rotational 2D sphere of revolution
with non-monotone curvature . . . ... ... ... ... ...
5.2.1 The case my(r) = 2240 cjo,7], A >0.

V1+Xcos2r’

522 The case my(r) = \/%, relo,n], Ae(0,1).

6. Conclusions and Suggestions . . . ... ... ... ... ... ... .....

6.1 ConclusioNsS . . . . o
6.2 Suggestions . . ..
References . . . . . . . .
Appendix . ...
AppendixX . ...
Author Biography . . . . . . .

19
21
23

24
25
27
29
30
32

34

38

38
38

38
38
43

47
47
48

a9

50

51

52



Figure

2.1
2.2
2.3
24

2.5

3.1
3.2

List of Figures

Universal covering manifold and manifold.. . . .. ....... ...
Half period function. . .. ... ... ... . ... . ... ... ...
The h-geodesic segments 3, (t) and F,(t). . . . .. . ... L.
The cut locus when the Gaussian curvature G is monotone non-
INCrEasiNg. . . . . o i e e
The cut locus when the Gaussian curvature G is monotone non-

decreasing. . . ...

The h-half period function and F-half period function. . . ... ..
The proof of proposition 3.10. . ... ..................

14
15
16

17

17

30
33



Chapter 1

Introduction

The aim of this thesis is to study the geodesics and the cut locus of a Randers
rotational surface of revolution homeomorphic to sphere. Before introducing the main
theorems of this thesis, we would like to describe the history of the problem and our

research motivation.

1.1 Research Motivation

B. Riemann introduced a new research area combining analysis with geometry in
1854, called today Riemannian geometry, that generalizes the flat Euclidean space
to non-flat spaces called Riemannian spaces or Riemannian manifolds (see [8]).

A Riemannian manifold is a differentiable manifold with a given Riemannian metric,
that is a norm in the tangent bundle whose associated distance function is symmetric.
There are many researchers working in this field, studying the global behaviour of
geodesics, conjugate points and cut locus amongst many other topics (see [1], [11],
[12]).

In this work, we are interested in the more general case of the so-called Finslerian
manifold, that is manifold endowed with a Finsler norm in the tangent bundle such
that the distance function is not symmetric.

Z. Shen is the first person who pointed out the solutions of the Zermelo’s naviga-
tion problem. Such that the solutions are the geodesics of a Finslerian metric which
is called Randers metric, that is the deformation of Riemannian metric by adding a
linear 1-form (see [13]).

For the sake of simplicity and motivation by examples in the real world, the Rie-
mannian manifold that we use in this study is a surface of revolution, this surface is
obtained by rotating a profile curve around an axis. The main mathematical reason
that we use this manifold is because the geodesics equation can be integrated, there-
fore it is easy to study the global behaviour of geodesics, conjugate points and cut
locus. In this thesis we consider a surface of revolution that is homeomorphic to a
sphere, such a surface is called a 2 dimensional sphere of revolution or 2D sphere
of revolution for convenience.

The global behaviour of geodesics, conjugate points and cut locus on Riemannian
2D sphere revolution with monotone curvature was studied by M. Tanaka and R. Sin-
clair in 2007 (see [12]).

R. Hama, P. Chitsakul and S. V. Sabau studied the geometry of Randers rotational

surface of revolution homeomorphic to a plane in 2015 (see [9]).



Moreover, in 2015, B. Bonnard, B. Caillau, R. Sinclair and M. Tanaka have introduced
interesting examples of 2D sphere of revolution whose sectional curvature is non-
monotone and they show that if the cut locus of a point on the equator is a subarc
of equator then the cut locus of any point, except the pair of poles, is a subarc of the
antipodal parallel (see [5]). We will extend their result to find the cut locus on a 2D
sphere of revolution endowed with a Finsler metric of Randers type whose curvature
is non-monotone.

Therefore, this thesis will extend the results from [5], [9] and [12], in order to
determine the behaviour of geodesics and cut locus on a Randers rotational 2D sphere

of revolution.

1.2 Objectives of the study

1. To study the behavior of geodesics, cut points, and cut locus on a Randers rota-

tional 2D sphere of revolution.

2. To construct concrete examples of Randers rotational 2D sphere of revolution

that illustrate the behaviour of geodesics, cut points and cut locus.

1.3 Scopes of the study

1. The Randers metric is construct from Zermelo’s navigation process.
2. The navigation data for Zermelo’s navigation process is rotational along parallels.
3. The surfaces of revolution is homeomorphic to the sphere.

4. The 2D sphere of revolution is symmetric with respect to the equator.

1.4  Benefits of the study

1. To clarify the relation between the global behaviour of geodesics on a Rieman-

nian and a Randers rotational 2D sphere of revolution.

2. To clarify the relation between the cut locus of a Riemannian and a Randers

rotational 2D sphere of revolution.
3. To give concrete examples of Randers rotational 2D sphere of revolution.

4. To build the basic setting for a further study about conjugate points and conjugate

locus.

5. To see the study of cut locus which is deeply related to the topology of the
manifold.



Chapter 2

Preliminaries

In this chapter, we would like to introduce the collection of basic knowledge and

notations on differential geometry, that will be used in this thesis.

2.1  Notations on differential geometry

2.1.1  Differential manifold and tangent bundle

Definition 2.1. [8] Let M be an n-dimensional smooth manifold and (U; ) is local

coordinates of M, that is for any point «,

r= (2% .., 2" eUcCM

there exists a homeomorphic mapping f : # € U — R™, where R™ is an n-dimensional

Euclidean space.

Remark 2.1. The mapping f is called homeomorphic mapping or homeomorphism
if f satisfies :

(i) fis bijective, i.e. f is surjective and injective,
(i) fis continuous,
(i) £~ is continuous.

Definition 2.2. [8] The tangent space over a point x on M is a vector space with the
basis (52)

the form of the linear combination

Remark 2.2. The set of all tangent vectors on M is called tangent bundle and de-

i =1,...,n such that for every tangent vector y € T, M, we can write it in

z’

noted by
TM ={(z,y) |x € M,y e T,M} — M.
2.1.2  Riemannian manifold

Definition 2.3. [8] Suppose M is an n-dimensional smooth manifold, and H is a sym-
metric covariant tensor field of rank n on M. If (U;z) is a local coordinates on M, then

the tensor field H can be expressed as
H = h”d.’llv ® dl‘j,

on U, where h;; = hj; is a smooth function on U.



The tensor H provides a bilinear function on T, M at every point x € M.
Suppose Y =Yi-2- and Z = 7', then

H(Y,Z) = h;Y'Z. (2.1)

Definition 2.4. [8] The tensor H is nondegenerate at the point z, whenever X € T, M
and
H(X,Y)=0 (2.2)

forall Y € T, M, implies X = 0.

From definition 2.4, it follows that H is nondengenerate at z if and only if the

system of linear equations

— )

hij<$)Xi:O7 1<5<n
has only the trivial solution, that is det(h;;(z)) # 0.

Definition 2.5. [8] If for all y € T, M,
H(y,y) = hijy'y’ >0, (2.3)
and H(y,y) = 0 for y = 0, then we say that H is positive definite at x.

Remark 2.3. From linear algebra, it is known that the condition for H to be positive
definite is that the matrix (h;;) is positive definite. Thus a positive definite tensor H is

necessarily nondegenerate.

Definition 2.6. [8] Let M be an n-dimensional smooth manifold, if any point z € M is
given a nondegenerate symmetric covariant tensor field H of rank n and H is positive
definite then M is called a Riemannian manifold.

We define the inner product on the tangent space T, M at every point z € M. For
any y,z € T,M by
Since H is positive definite, we can define the length of a tangent vector and the

angle between two tangent vectors at the same point,

[yl = \/ hijy'y?

2.5)
(. 2) (
Ccos L(y, z) = )
©:2) = 11
The differential 2-form
ds? = h;jdz'dx? (2.6)

is independent of the local coordinates = and ds? is called the Riemannian metric or
metric form. ds is the length of an infinitesimal tangent vector, called the element

of arclength.



Remark 2.4. For the definition of a 2-form see [8].

Remark 2.5. The Riemannian norm H : TM — [0, co) satisfies

(i) H is positive and differentiable on TM := TM \ {0},

(i) H is absolute homogeneous, that is H(z, \y) = A2H(z,y) for any A € R and for all
(x,y) € TM,

O°H_ s positive definite on TM.

(iif) Hessian matrix h; = § 5241

Suppose v : z¥ = zi(t), a < t < b, is a continuous and smooth parametrized curve
on M. Then the arclength of v is defined by

dxt dzd

L(v) is called the integral length.

Remark 2.6. If we consider the matrix h;; = 4,5, where

1 =7,
(52']' =
0 i#j.
then the metric form ds* = 3" | (dz*)? is called Euclidean metric.

Remark 2.7. The pair (M, k) is called Riemannian manifold where M is n-dimensional

Riemannian manifold and A is Riemannian metric.

Theorem 2.8. [8] Suppose M is an n-dimensional Riemannian manifold. Then there
exists a unique torsion-free and metric compatible connection on M, called the Levi-
Civita connnection or Riemannian connection of M defined by

E o 1 4 Ohy 6hjl 8hij
Fij - §h’ Oxi + Ot - 9zl )’ (28)

where h' is the inverse matrix of h;;.
Remark 2.9. I'}; defined in (2.8) is called the Christoffel symbol of second kind while
the first kind is defined by

1 Oh;i (9hjk _ 6]1”
2\ OxJ ozt ozk

Fikj = ) or Filj = hlefj.

Theorem 2.10. [8] The curvature tensor R;;;,; of a Riemannian manifold satisfies the

following properties:
() Rijki = —Rjiri = —Rijur,
(i) Rijri + Rikij + Rijr = 0,

(i) Rijri = Ry



where R;jy, is defined by

(9F2‘jl 8Fijk

ozk ozl

Rijr = + T80 — TET . (2.9)

Definition 2.7. [11] Let M be 2-dimensional Riemannian manifold or surface. The

Gaussian curvature G at a point = on M is defined by

R1212
G(z) = ~detth (7)) (2.10)

2.1.3  Einstein manifold
Contracting the Riemannian curvature tensor R;;;, we get the Ricci tensor
Rij = " Ryijm. (2.11)

Definition 2.8. [8] The differential manifold (M, k) is called Einstein manifold if there

exists a function A : R — R, such that
Rij = /\hl]
everywhere on M.

2.14  Geodesics on a Riemannian manifold

Definition 2.9. [8] Suppose (M, h) is the n-dimensional Riemannian manifold with the
Riemannian metric defined in (2.6). Let v : 2 = 2%(¢) be a parametrized curve on M,

then y(t) called a tangent vector field defined along « if

w0 =y (55)

Lemma 2.11. If 4(¢) is a smooth curve then there exists a reparametrization v(s) such

that |¥(s)| = 1, where | - | is the Riemannian norm.

Proof. Consider the arclength function

(1) = / 4(w)|dus.

We take derivative with respect to ¢, we have 4 = |5(t)], it follows that

a_ 1
ds  [y()]°
Let v(s) = ~(t(s)), we take derivative with respect to s, therefore 4(s) = 4(t(s)) %,

hence



From [4] we know that if the tangent vector of a unit speed curve ~(s) is parallel
along «(s), then ~(s) is a geodesic of the Riemannian manifold (M,h), that is ~(s)
satisfies

d?z? - dad dx®

+ I =0, (2.12)

ds? IR ds ds

where 1%, is the Christoffel symbols defined in (2.8).

Remark 2.12. The geodesic curve v : [0,ty] — M is the local length minimizer and we
can defined the h-Riemannian distance d (-, ) between p = v(0), ¢ = v(to) on M by the
length of geodesic, i.e.

dat dw)

Yodt dt
Definition 2.10. [8] The Riemannian manifold (M, h) is called complete Riemannian
manifold if and only if for any two points 1,2 € M, there exists a geodesic curve

joining x; and x.

2.1.5  Jacobi fields and Conjugate points on a Riemannian manifold

Definition 2.11. [11] Let ~ : [0,7] be a smooth curve in manifold M. A variation of
v is a differentiable mapping o : (—¢,¢) x [0,r] — M such that ¢(0,t) = ~(¢), t € [0,7].
v(t) is called base curve of the variation. For each u € (—¢,¢), the parametrized curve
oy @ [0,7] = M defined by o,(t) = o(u,t) which is called a curve in the variation
(t-curve); while the parametrized curves oy(u) = o(u,t), t fixed, are called transversal

curves (u-curves) of the variation.

A variation o(u,t) gives us two vectors fields on M:

oo 0o

%7 T(t) :

U(t) = =

In particular, the field U(t,0) = 92| _, is called the variation field of the variation

o along the base curve ~(t) (see [7]).

Definition 2.12. [8] The vector field J along a gseodesic is called Jacobi field if it satisfies

the second order ordinary differential equation:
DrDrJ + R(J, T)T =0,
where Dy is the covariant derivative along v with respect to the tangent vector T' = 4.
Theorem 2.13. [7] Let o(u,t) be a variation of base curve (t)
(a) If any t-curves o,(t) are geodesics then variation vector field U(¢) is a Jacobi field.

(b) If the base curve ~(t) is a geodesic then there exists a variation field U , where U
is Jacobi field.



Definition 2.13. [7] Let z € M, v : [0,t9] — M is geodesic joining x = v(0) and q = ~(to).
A point ¢ is called conjugate point to = along v if and only if there exits a non-zero

Jacobi field along v that vanishes at =z and ¢ that is

J(0) = J(tp) =0and J(t) #0, Vt e (0,to).

2.1.6  Cut points and Cut locus on a Riemannian manifold

Definition 2.14. [12] Let v : [0,t] — M be a minimal geodesic segment on a complete
Riemannian manifold (M, k). The endpoint v(ty) of the geodesic segment is called a
cut point of p := 4(0) along ~ if any extended geodesic segment 7 : [0,¢1] — M of
v, where t; > to, is not a minimizing arc joining p to J(¢;) anymore. The cut locus
C} of the point p is defined by the set of the cut points along all geodesic segments

emanating from p.

2.2 Two-dimensional sphere of revolution

In this section, we recall the details about a two-dimensional sphere of revolution.

Definition 2.15. [12] A compact Riemannian manifold (M, k) homeomorphic to a two-
dimensional sphere is called a two-dimensional sphere of revolution or 2D sphere
of revolution, if M admits a point p, called pole, such that for any two points g1, ¢2
on M with di(p,q1) = dn(p, g2), there exists an h-isometry f on M satisfying f(q1) = o,
and f(p) = p, where d,(-,-) denote the h-Riemannian distance function on M.

Remark 2.14. The point p is also called the vertex of M, that is p is the intersection

of M with rotating axis.

From Definition 2.15, we construct the 2D sphere of revolution by rotating the unit
speed profile curve for any a € RT, m : (0,2a) — R*, m(0) = m(2a) = 0 and m/(0) =
—m’(2a) in zz-plane around z-axis and obtain the following parametric equation.

Let (r,0) be the geodesic polar coordinates around the pole p = m(0), then we
have

M := {(m(r)cos@,m(r)sing, z(r)), recl0,2a], 6€][0,2n)}. (2.13)

Lemma 2.15. The condition for unit speed profile curve is z(r) = [ /1 —m/(t)?dt.

Proof. Since the condition for unit speed curve on the zz-plane is m/(¢)? + 2/(t)? = 1,

the conclusion follows immediately. []

From lemma 2.1 in [12], C} = {¢} and C" = {p} are a pair of poles {p,q}. We
introduce the coordinate curves on M. Let ro and 6, be constants.

1. v(r(s),0p) is called meridian. If §, = 0 then ~ is called profile curve.

2. v(ro,0(s)) is called parallel. If ro = a then ~ is called equator.



Remark 2.16. In this work a 2D sphere of revolution is obtained by rotating an unit
speed profile curve which is symmetric with respect to the equator r = a, that is
m(r) =m(2a —r).

2.2.1  The Riemannian metric on a 2D sphere of revolution

Using the parametric representation (2.13), we will compute the Riemannian metric

on a 2D sphere of revolution

It follows that
dx = m/(r)cos(0)dr — m(r)sin(0)do
dy = m/(r) sin(0)dr + m(r) cos(6)do
dz = 2 (r)dr.

Since z,y,z are coordinates in R3, we use the Euclidean metric in Remark 2.6,

therefore
ds? = da® + dy® + dz?
= dr? +m(r)%do?,

where we use unit speed condition m/(r)? + 2/(r)* = 1.
We obtain lemma 2.17.

Lemma 2.17. The Riemannian metric h of geodesic polar coordinates (r,6) around

pole of a 2D sphere of revolution (M, k) can be expressed by

ds® = dr* + m(r)?db? (2.14)

(hij) = (1 0 ) : (2.15)
0 m(r)?

Remark 2.18. If s is the unit speed parameter then

5)| = 1 (), ()] = ¢ (&) e (%) =1

222 Geodesics on a Riemannian 2D sphere of revolution

or, in the Hessian matrix form

In the previous section, we have obtained the Riemannian metric h on M when using

the geodesic polar coordinates (z!,z2) = (r,6) on a 2D sphere of revolution. In this
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section we will show how to compute Gaussian curvature and Riemannian geodesic
equations.

Recall the formula of Christoffel symbol (2.8),

1y (Ohi | Ohj  Ohy
E _ L1kl il gl ij
b =35t (axj T o T ol )

Since

we obtain

iy 1 0
oo 1)
0 oy

by straightforward computation, we get

F%l = F%z = F?l = F%z =0,
! () (2.16)

F%Q = —m(r)m’(r)7 F%2 = m(r) .

Lemma 2.19. The Gaussian curvature at a point z on a Riemannian 2D sphere of

revolution is G(xz) = =),
Proof. Consider the formula of curvature tensor (2.9)

8Fijl arijk’

ozk ox!

with the relation between first and second kinds of Christoffel symbols

Rijp =

+ T3in — DT,

Tij = hiL¥

ijs
it follows that
I'iin = T2 = Thor = Tapp = Taaa =0,
[i90 = Tagy = m(r)m/(r),  Tarz = —m(r)m/(r).

From the Gaussian curvature G (2.10) at point z where z in on parallel » = r(z) on
a 2D sphere of revolution is

Ry
C) =~ ety )

The following computation show that

Ol'i22 Oy

orl 022
_ Ol'122
or

Ri212 = + I Tope — TiyTons

+ 111 212 — Tolo1y + T3 Tagg — T'5T901

m'(r)

= m(r)m (T) +m (T) - m(r)

m(r)m'(r)

=m(r)m”(r).
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and det(h;;(z)) = m(r)?, therefore we obtain G(z) = %

On the other hand, we consider the geodesics equation (2.12)

B
ds? I ds ds

in the case of a 2D sphere of revolution, the indices i,j,k € {1,2}, and therefore it
follows that

ds? gs ds 12 4s ds 2 ds ds 22 ds ds
dz? dz! dat dz! dx? dz? dzt dz? dx?

A B MT ©  —)
ds? tin ds ds T ds ds tim ds ds tle ds ds

From (2.16), we obtain the system of second order ordinary differential equations

a*r
ds?

= 27;71/((:)) <Z) (%

The equations (2.17) and (2.18) are called geodesic equations. We obtain the

m(rym/(r) <Zi>2 =0, (2.17)

and
(2.18)

lemma 2.20.

Lemma 2.20. Let y(s) = (r(s),0(s)) be a smooth unit speed curve on a Riemannian
2D sphere of revolution, if v(s) is a geodesic then ~(s) is satisfies (2.17) and (2.18).

According to lemma 2.20, we obtain the lemmas 2.21 and 2.22.
Lemma 2.21. Every unit speed meridian is geodesic.

Proof. Let ~y(s) = (r(s),6y), where 6, is constant, be a meridian. We get
diy _ &6y _
ds  ds2
it follows that ~(s) satisfies (2.18).
Since «(s) is unit speed, we obtain

dr

% — .
We take the derivative with respect to s and we get

d?r

gz

Hence ~(s) satisfies (2.17).

Lemma 2.22. The unit speed parallel is geodesic if and only if m/(ry) = 0.
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Proof. First step, let ~(s) = (ro,0(s)) where rq is constant be a unit parallel. We can

see that
dro _ d’ro _
ds =~ dsz2 7
from unit speed condition, we get
d—e = is constant.
ds  m(rg)?
Therefore
4?6
P

Then ~(s) satisfies (2.18), if y(s) is geodesic from (2.17), we obtain

m(ro)m’ (o) <Z‘:>2 = 0.

Since m(rg) # 0 and 2 £ 0, hence m’(ro) = 0.

Second step, let m/(rg) = 0 and ~(s) = (ro,6(s)) is unit speed parallel. It follows that
v(s) satisfies (2.17). Recall the unit speed condition then ~(s) satisfies (2.18). Hence
v(s) is geodesic.

[]

2.2.3 The Clairaut relation on a Riemannian 2D sphere of revolution

In this section, we consider on (2.18), and by taking the integral with respect to s we
get

m(r)? (;”) ., (2.19)

where v is constant called Clairaut constant.
We will use (2.19) to prove theorem 2.23.

Theorem 2.23 (Clairaut’s relation). If ~(r(s),0(s)) is a geodesic on a 2D sphere of
revolution then the angle ¢(s) between +(s) and the meridian passing through ~(s)

satisfy
m(r(s)) sin(¢(s)) = v.

Proof. Let us denote the angle between the tangent vector 4(s) to the unit speed
geodesic v(s) and the meridian by ¢(s). If we take into account that parallels and
meridians are perpendicular, then by the definition of inner product, we have

(36035 =B | 35

Using now the fact that ~(s) is unit speed and 4(s) = 4« 2 + 4.9 '\ve obtain

(), LN o (dr0  d60 0N |0
56 ) T \dsor  dso6' 00/ |06

Cos (g — ¢(s)) .

sin(g(s)).
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From the following computation
dro d8o o\ _[dro 0N\ [dBD O
dsOr  ds00’ 00/ \dsor’ 90 ds 06’ 90

dr /o o\ d9 /o 0
_ds<6r’80>+ds<89’80>

w6 o (2.20)
_ds<80’89>

_do| o
45 |00

taking into account that (;Z, 2} =0, it results

b

olol> |a].

75 ol = loe sin(¢(s))
di | o .

5] = sino(s)).

Paying attention to (&) = (0,1), we get

’889’ = 1(0, )] = v/h11(0)2 + haa(1)12 = m(r(s))-

Therefore

From (2.19) we have

From theorem 2.23, we obtain corollary 2.24.

Corollary 2.24. Let ~v(s) = (r(s),0(s)) be an unit speed geodesic of a 2D sphere of
revolution (M, h) with Clairaut constant v.

1. The Clairaut constant v vanishes if and only if v(s) is tangent to a meridian.

2. If the Clairaut constant v is non-vanishing, then ~(s) does not pass through the
pole of M.

Proof. 1. If 4(s) is meridian then the angle ¢(s) = 0 therefore v = 0.

2. We recall that the geodesic curve is passing through the pole is only the meridian
then if v # 0, we get ~(s) is not passing through the pole.

[]
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224  Half-period function on a Riemannian 2D sphere of revolution

In previous section, if we consider the geodesic ~(s) emanating from equator r = q,
we know that if Clairaut constant v of 4(s) is not vanishing. That is v(s) is not meridian
and if we consider that the angle ¢(s) between 4(s) and profile curve is not equal
to 7 then ~(s) is not parallel, from theorem 2.23 that the geodesic ~(s) emanating
from equator r = a with Clairaut constant v € (0,m(a)) must tangent to the parallel
&(v) = m~(r) and then it must return to the equator. We will compute the distance
function between the emanating point and the returning point.

Remark 2.25. The Riemannian universal covering manifold of the 2D sphere of revo-
lution (M \ {p, q}, h) is defined by (see Figure 2.1).

M = ((0,2a) x R, di? + m(7)?d6?).

Let I1: M — M \ {p,q} be a covering projection.

_ M M
T
2a i > 1
q 11
T
O —~ — — — — -——— Po qo
q0
0 B >0 7
0 T 2

Figure 2.1: Universal covering manifold and manifold.

Lemma 2.26. Let 520 be a h-unit speed geodesic, where py € 7 = a and v € (0,m(a)),
i.e. po is a point on equator and 720 is neither meridian nor parallel (equator) (see
Figure 2.2). From Clairaut relation 320 must be tangent to the parallel ¢(v) and return

to the equator at 52°(t,). The distance from p, to 72 (¢y) can be computed by

M) =2 /E e m”(t)Q_Vth. (2.21)

H(v) is called h-half period function.
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Figure 2.2: Half period function.

Proof. Let 7(s) = (7(s),0(s)) be an h-unit speed geodesic emanating from equator, that

(ji)2+nf@%$><jf>2=1

is

multiply with (3—3)2, we have

AR ds\?
(%) +me=(F)
from Clairaut relation it follows that

o v

ds _ m(i(s))

Therefore

or

a7 m(F(s))/m2(r(s) — V7
By integrating with respect to 7

L (b) ,
3(b) — (a) = [ i

7(a) m(r(s))y/m(r(s))? — v2

From the Clairaut relation, the geodesic 7(s) will be tangent to some parallel called

7 =&(v) at §(t1) and then 5 will return to the equator at the point 5(¢y) and it follows

that 6(to) — 6(0) = 2(0(to) — 0(t1)), we obtain

H(v) := 6(to) — 6(0) = 2 /E ( s v dt. (2.22)

m)? — 12

[]
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225  Jacobi fields on a Riemannian 2D sphere of revolution

In this section, we construct the Jacobi field equation on a Riemannian 2D sphere of
revolution in the similarly way as Riemannian surface of revolution case (see [11]).
Let 5o € M and B, (s) and 7,(s) for any v € (0, m(7(py))) denote the geodesic ema-
nating from po with (70 3,)'(0) > 0 and (7o 7,)'(0) < 0.
Since both geodesics 4, (s) and 7,(s) depend smoothly on v € (0,m(a)), we obtain
the h-Jacobi fields X, (¢) and Y, (¢) :

X0) = o Bult)), Yolt) = 5 (),

such that all curves in the variation are geodesics, along 3, (¢) and 7, (t). We can see
that X, (0) = Y,,(0) = 0.

Py T 2
Figure 2.3: The h-geodesic segments 5, (t) and 7, (t).

Let us denote by p, the point of coordinates (7(7,),8(p.)) = (u,0), where u € (0, 2a)
and v € (0,m(a)). Similarly with the case u = a, discussed above, for any v € (0, m(u)),
we consider the h-geodesic where 3% emanating from p,,, with Clairaut constant v and
(Fo7)'(0) < 0.

The geodesic 7% tangent to the parallel 7 = £(u) at a point 3%(so), will intersect the
equator and then will be tangent to the parallel 7 = 2a — £(u) at a point 7% (s1). Clearly,
the parameter values sy and s; are solutions of the equation (7o75%)/(s) = 0. Then it is
known from the proof of lemma 2.9 in [12], or proposition 7.2.3 in [11], that the Jacobi
vector field Y, along 4¢ is given by

(6) = 2 5(6),u0) | vl () . (2 ) (J . @23

v m2(i(s)) — 12 a0

Remark 2.27. We are interested in Jacobi field because the first zero solution of the
Jacobi field, except emanating point, is the first conjugate point and this is related to

the h-cut locus.
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Cut locus on the Riemannian 2D sphere of revolution

In this section, we recall the theorem of the cut locus on the Riemannian 2D sphere

of revolution.

Theorem 2.28. [12] Let (M, dr? + m(r)%d6?) be a 2-sphere of revolution with a pair of

poles {p, ¢} have the following

properties

(i) M is symmetric with respect to the equator,

(i) The Gaussian curvature is monotone along profile curve.

Then the h-cut locus of a point z € M \ {p,q} where 6(z) = 0 is depends on the

behaviour of the Gaussian curvature as follows. The cut point of z is:

1. A single point C* = (2a — (), 7), when G(z) is a positive constant.

2. A subarc of the opposite half meridian ¢ c § = 7, when G(z) is monotone non-

increasing along meridian from the pole p to the point on r = a. (see Figure

2.0) N
. M M
o~

2a —
q _
T(E); ************ - T
T
0 -0
Py ™ 2w b

Figure 2.4: The cut locus when the Gaussian curvature G is monotone non-increasing.

3. A subarc of the antipodal parallel » = 2a — r(z), that is C? = r=(2a — r(x)) N
0= (H(m(r(x))),2r — H(m(r(z)))), when G(z) is monotone non-decreasing along

the meridian from the pole p to the point on r = a. (see Figure 2.5).

N M M
7
2a — d
q AL
2a —7(T) -} L
a
r@) -F-----F-—=—- F--- x
z
0 -0
Py 7r 2m P

Figure 2.5: The cut locus when the Gaussian curvature G is monotone non-decreasing.
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Here r=1(k) means the parallel r = k, 6=*(a,b) means the region between § = a to
0 =0

On the other hand, if we consider the case that the Gaussian curvature is non-
monotone along the profile curve, we can not find the general structure of the cut
locus in this case.

But if we assume the condition, the cut locus of the point on equator is the subarc

of the equator in [5], then we obtain theorem 2.29.

Theorem 2.29. [5] Let (M, k) denote a 2D sphere of revolution, where M is symmetric
with respect to the equator. If the cut locus of a point on equator is a subset of equator
then the cut locus of a point = with r(z) € (0,2a) \ {a} is a subset of the antipodal
parallel r = 2a-r(z).

Therefore, we can find the cut locus of non-monotone Gaussian curvature on a 2D
sphere of revolution, by adding only one assumption.
We can see that the h-cut locus of a point on the equator of the 2D sphere of

revolution is the subarc of equator by using lemma 3.3 in [5], that is

Lemma 2.30. If m’ # 0 on (0,a) and the h-half period function is monotone non-

increasing then the cut locus of each point on the equator is subset of the equator.

2.3  Finslerian metrics

In the previous section, we can see that the study about geodesics, conjugate points
and cut locus is already done in Riemannian case, therefore we will go further by
changing the metric on the 2D sphere of revolution from Riemannian metric to Fins-
lerian metric and we use Randers metric to see that if there is a wind blowing along
the parallel on the 2D sphere of revolution, what will happen to the properties of
geodesics, conjugate points and cut locus.

We introduce the definition of Finslerian norm. Let (M, F) be a smooth n-dimensional

differential manifold endowed with a Finslerian norm F : TM — [0, co) with properties

(i) Fis positive and differentiable on ™,

(i) Fis 1-positive homogeneous, that is F(x, \y) = AF(z,y) for any A > 0 and for all
(x,y) € TM,

(iii) Hessian matrix g;;(z,y) := %25 is positive definite on TM.

Then (M, F) is called a Finsler manifold, F is called the fundamental function,

and g;; the fundamental tensor.

Remark 2.31. We can see that the Finslerian norm does not imply symmetry, that is

F(z,y) # F(z,—y). If F(z,y) = F(z,—y), then F is called an absolute homogeneous
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Finsler metric. For instance, a Riemannian norm can be regarded as such a Finsler
metric. Of course there are many non-Riemannian absolute homogeneous Finsler

metrics (see [4]).

Next, we introduce a natural extension of the sectional curvature in Riemannian ge-
ometry, that is flag curvature on Finlserian manifold (M, F) (see [4] for the definition).

We will use lemma 2.32 to see the behaviour of flag curvature.

Lemma 2.32. [9] Let (M, F) be a Finsler manifold of Randers type obtained by Zer-
melo’s navigation method with navigation data (h, W), with flag curvature K. If M is
Einstein manifold then K = G, where G is Gaussian curvature of Riemannian manifold
(M, h).

A Finsler norm can be used for defining the integral length £ of a smooth curve
v :la,b] = M by
b
£e() = [ P00

We can see that the length of curve on (M, F) depends on the direction, i.e. the
distance is non-symmetric. We will introduce the example of deforming Riemannian

metric a(x,y) by linear forms §(z,y) defined by

a(z,y) = \Jag @)y, Blz,y) = bi(z)y" (2.24)

2.3.1 Randers metrics

In 1941, G. Randers studied a very interesting class of Finsler manifolds. Let M be an

n-dimensional manifold. A Randers metric is a Finsler structure F that has the form
F(z,y) = a(x,y) + B(z,y),
Lemma 2.33. The Randers metric is positive definite if and only if
bl == V/bibi < 1
where b' := a'b;.
Proof. Fix z € M. The positivity of the Randers metric F on T, M \ {0} means that

F=a+38>0
a>—f
W>—biyi
forall y £ 0.

We divide the proof in two steps (a) and (b)

(@) if \/aijy'yi > —b;y* then ||| < 1.



Proof of (a). Suppose

\aiyiyl > —biy'.
If b+ 0, substitute

yl=—bl = —aijbj

into (2.25), therefore

\/aij(faijbj)(fbj) > —by(—b)

\/bibd > b;bt
]l > [[5]1*

Ib]] < 1.

(b) if ||b|| < 1 then \/aijyiyj > *blyz

Proof of (b). Recall the Cauchy-Schwarz inequality, we obtain

|(u, v)]* < (u, u)(v,v)
therefore

(b, y)]* < a(b,baly,y)

|\/aijbiyj |2 S \/aijbibj \/&ijyiyj.

Since

b= a'b;

we can see that

Vb = \fay(aib)oi = \[b;bi = o]

and

aibyi 1> = lab'y’| = laij(a;)y’| = |bjy’| = by’

We obtain
by < [[bll\/aiyiyd.

Since ||b|| < 1, hence

by’ < \/aiy'y’.

From (a) and (b), we obtain the conclusion.

20

(2.25)
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We consider that a(z,y) is Riemannian metric, it follows that a(z,y) is 1-positive

homogeneous and from (2.24), we can see that
Bx, Ay) = bi(z)Ay" = Abi(z)y" = AB(x,y),

therefore F = a + 3 is 1-positive homogeneous.
The last condition about Hessian matrix (g;;) is positive definite because the Hes-
sian matrix (a;;) of Riemannian metric « is positive definite because the definition of

Riemannian norm and the following fact det(g;;) = (E)”+1 det(a;;), (see [4] page 284).

e

2.3.2 Zermelo’s navigation problem

In this section, we will introduce the method for constructing the Randers metric from
Riemannian manifold with navigation data [6].

We start with the navigation problem called Zermelo’s navigation problem. Zer-
melo considered the following problem in 1931.

“Find the paths of the shortest time travel between two points under the influence
of a wind or a current when we travel by a boat with maximum speed.”

It was proved by Z. Shen that the solutions of the Zermelo’s navigation problem
are the geodesics of a Randers metric.

If we consider that the sea is R? (Euclidean case), we know that the straight line
u is the shortest path between two points. However, in the presence of wind W with
[W|| < 1, the straight line does not give any more the shortest traveling time. We are

going to compute a new norm (length function) F such that

Fv)y=1 forallv=u+W, |u|=1.

We obtain
[ull* = [[o =W = (v—=W,0 = W) = [[v]|* = 2(v, W) + [|[W]* = 1.

It follows that
lvll* = 2l|v][ W]l cos & + [WJ* — 1 =0,

where we use the usual inner product in R?,
(0, W) = |[v|[|W]| cos8, 6= L(v,W).
Then we get the equation
vl = 2(|W||cos@)|jv] —A=0, where X:=1—|W|?*>0,

with the solution

loll = [[W][cos 6 + /[W][2 cos? 6 + A.
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We denote ||v|| = p+ q, where

p=|Wl|cose, q=+/|W]>cos?+A

and compute a norm F such that F(v) =1 as follows :

1 q—p
Fv)=1=|v =||v ,
(v) Il = Il
namely, we obtain
2 2)\
Py = YOOPFIE W),

where A = 1—||W||? > 0. This is a Finsler norm written in terms of the Euclidean norm
| - || and the wind W.

Lemma 2.34. Consider Zermelo’s navigation problem on the tangent space of (M, h)
with navigation data (h, W), let z € M and y € T, M. We obtain that the time minimizing

paths are the geodesics of the metric
F(z,y) = a(,y) + B(z.y) = \/aij(@)y'y? +bi(2)y’,

Wi W, hy;
aij(x)ZTTj—i_Tj’ bi(l‘):—

where
Wi
-

Proof. From Zermelo’s navigation process, we obtain

Fle.y) Jh(y,W)i\ﬂL h(y, A h(yvAW)_

It follows that

 h(y, W) hgy'WI o Wiyt
B = = S by,

and
a2 _ h(y> W)2 + h’(ya y)/\
)\2
_ (higy'W7)? + hijy'y’ A
— 2
_ (higy' W) (hiyy? W*) n hizy'y’
A2 A

A A A
= aijyiij
where W; = hijo.

[]

Therefore, we obtain the corresponding Riemannian metric a = +/a;;(z)y'y? and
1-form B = b;(x)y* are given by

o) = DWW

where W; = h;;W.
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2.3.3  Geodesics on Randers manifold

In this section, we let P(s) be an F-constant speed curve on Randers manifold (M, F =

a+ B).

Lemma 2.35. [4] The curve P(s) is called Finslerian geodesic on Randers manifold
(M,F =a+p)if

dP’ dP* i i dp*
a'? = I'b7) (b — bri;) (P, P)—— =0,

erPi N (
ds ds

G (O bﬂk)

where [ = “i;}’j, bjjk = —b Fsk and I “x is a Christoffel symbols of a.

Owk

On the other hand, if the Randers manifold is obtained from Zermelo’s navigation

process, we have

Lemma 2.36. [10] The curve P(s) is called F-unit speed geodesic on Randers manifold

(M, F = a+ ), where F is obtained from Zermelo’s navigation process if
P+ 2GHP,P) =0, (2.26)
the geodesic coefficients of F are related to the those of h by
=G+

where

1
g = fF;kPJPk

: 1 ] ) 1 . . 1 .
¢ == Lpiwi (2FSy — Loo — F*’Lww) — —F* (8" +T") — FC}
4\ F 4 2
and
ﬁij = Wi:j + Wj;u Cij = Wij — Wj iy SO = Wsﬁsi'])l,
Ti=WCy, Wiy =200 Wy, S =his;,

Co=hiCuy*,  Lww =WWIiLy,  Loo=LiyPP.




Chapter 3

Auxiliary results

In this chapter, we will show how we construct our main theorems. We start from
showing that a 2D sphere of revolution is Einstein manifold then the computation of

the half period function in the Randers rotational case.
Lemma 3.1. Any Riemannian 2D sphere of revolution is an Einstein manifold.

Proof. From definition 2.8, the Riemannian manifold (M, k) is called Einstein manifold
if
Rij; = Ahyj
where X\ : M — R is smooth everywhere on M.
We start with the computation of curvature tensor, recall the formula (2.9)
Ol Ol

Rij = ozk ox!

-+ F?k]-—‘jhl — FZthk-

We obtain that
Rllllv R1112; R1121» R12117 R21117 RllZZa R2211; R22217 R22127 R21227 R1222a R2222

are vanish and

1 "
Ri212 = Ro121 = mm’”’,  Raii2 = Rigo1 = —mm”.

Next, we compute the Ricci tensor of (M, h)
Rij = A" R,
we get
Ri1 = h*" Ryq1m = W™ Rignn + h** Roppp = —WH
Riz = h*" Ry1om = WM Ri1o1 + h** Ro1a2 = 0
Ryt = B Ryg1m = h'' Ria11 + h*? Ryg12 = 0
Ry = W™ Rygom = h'' Riag1 + h** Raggo = —mm”.

We have to check

Rll = )\hll
L
m
Ry = Aha

"

A= —mm/ (12> = _miv

m m

then we get A = —™" therefore the 2D sphere of revolution (M,h) is an Einstein

manifold.

[]
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3.1 The Randers rotational metric on a 2D sphere of revolution

Recall the result in [9], where we have constructed a Randers rotational metric on a
surface of revolution homeomorphic to R2. We will construct the Randers rotational
metric on a 2D sphere of revolution in a similar manner in the following.

Let (M, h) be the 2-sphere of revolution considered in the previous section. Observe
that there exists a constant u < {
r € [0, 2a].

Ty |7 € [0,2a]}, such that p < 4 for any
We construct a Randers rotational metric on M by putting

0

W:M%

that is, in the polar coordinates system (£, %) of T.M we have

W= (W W?) = (0,p).

It follows

B a0 0\ o 0\ 2
We compute
:)\hij—&-Win b-:—%
A2 T A
where Wi:hijo,)\Zl—h(WW):l—MQm2>O,

aij

Firstly, we have

Wi =hi W' + hiaW? =0, Wo = hoy W + hooW? = um?,

that is
(W1, W) = (0, um?). (3.1)
It follows
_ Ahp +WiWh 1 _ Ahpp+WiWy 0
ail = )\2 - 1_Iu2m2, (112—#_
_ Ahgy +WolWp 0 _ Ahoo + WolWy m?2
S
and
Wi W wm?
b = —_—— = b =
! A 0, b2 A 1 — u2m?

In other words, we have

Proposition 3.2. If (M, h) is a Riemannian 2D sphere of revolution and W = p2 is a
breeze on M blowing along parallels, then the rotational Randers metric (M, F = a+f)

obtained by the Zermelo’s navigation process with data (h, W) which is a Finsler metric
on M, where a = +/a;j(x)y'yl, B = b;(z)y" are defined by

1
(ai) = T—pZm? L , b = L , i,j=1,2. (3.2)
0 Goemey — L
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Indeed, we have the inverse matrix of (a;;)
. 1 — p?m? 0
17\ —
(a ) B ( O (lil}:‘:;nZ)2 )

atlbiby = 0, a'?biby = 0, a®boby = 0,

2,22 2 2
22 ,(1_“7“) Hm _ 2 2
a““byby = 2 (1—M2m2) = pu“m-.

and therefore

It can be seen that
a(b,b) = a’bb; = h(W,W) = hyy W W7 < 1.

Riemannian a-norm of the covariant vector b = (b1, bs). This condition guarantees
the strong convexity of the Randers metric F = a + 3 (see [4]).

Let us remark that the flow ¢ of the vector field W is a rotation around the z-axis.
We have

Lemma 3.3. The flow of the vector field W = u-2; is given by
p(s;m,0) = (1,0 4 ps).
Proof. The vector field W is tangent to the flow, that is

o\, A2 (D
s=0 \ Or ds ls=0 \ 00

0 dot
W=tz = a5

and ¢(0;7,0) = (r,0), that is

901(0’ ’I",H) =r (3 3)
@*(0;7,0) =0
The flow is now given by the following system of differential equations
do' _ 0 Ygr @) =
dd32 = @ (sir ) = ,  c1,co are constants.
4 = M @*(s37,0) = ps + ¢
Form (3.3) it follows ¢; =, ¢ = # and hence
pl(s;r,0) =7
©*(s;7,0) = ps + 6.
]

Lemma 3.4. W is Killing vector field of (M, k), that is
Wi+ Wj. =0,

where W;.; = 9% — W,I';,.
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Proof. Recall the Christoffel symbols of Riemannian metric h from (2.16), we see that

Wia = %Z/ll -W,Ii, = 8;;;1 — Wil'{; = Wol'f; =0

Wia = % - W'y, = 8;/‘9/1 - er}z - W2F%2 = —um2% = —pmm/
Waq = % — W3, = % —WATY, — Wal'%, = 2umm’ — pmm' = pmm/
Wap = % — W, = % — W13y — Wal'3, = 0.

We obtain the global characterization of F-geodesics.

3.2 Geodesics on a Randers rotational 2D sphere of revolution

We compute the geodesic equations (2.26) on a Randers rotational 2D sphere of

revolution, then we have

Lemma 3.5. Let (M, F) be a Randers rotational 2D sphere of revolution the F-unit

speed geodesics P : (—¢,e) — M is satisfies

P! — ! LPQ ’ — / — QLPQ =0
asz "\ s pmmm g B ds )
PP o (APV (4PN o (aPNY
ds? m \ ds ds m ds )

Proof. We start with computation of G¢, that is

(3.4)

_ —mm’(’PQ)2
gm' pipz |

Since W is Killing vector field, it follows that W;.; = —W,.; therefore £;; = 0.
Consequently,

So=8"= Lo =Lww =0,

thus

) 1 7 7
2 = —5T = Ch.

Next, we compute

(C )_ C11 612 . 0 2W1:2 . 0 —2umm'
K Co1 Co —2Wi.2 0 2pmm/ 0 7

(7 = WeCa\  [(W'Ci+ W22\ [ —2u*mm/
WCso W1Cia + W2Cos 0 ’
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m?2

() = RYCHPF\  [RMC P+ h2Cu PR\ [ CuP 4+ CP? | [ —2umm/P?
’ h?1Cj, Pk h21Cy PF + h#2Co, PP h?2Co P! + h*2Coy P? 2“Tmlpl '

Hence
) 2mm/ 2 mm!/ P2
aci = " T
0 —2pm_ pl

From (2.26), we get (3.4).

- (; 3) (Copm) - (mm> |

[]

We obtain

Proposition 3.6. Let (M, F = a+ ) be the Randers rotational metric constructed from
the navigation data (h, W), where (M, k) is a Riemannian 2D sphere of revolution, and
W=pZ, n< {m 7 € [0,2d]}, is the breeze on M blowing along parallels, then
P(s) = ¢(s;7(s)) is the F-unit speed geodesic, where ~(s) = (r(s),0(s)) is the h-unit
speed on (M, h) and ¢(+;-) is the flow of vector field W.
Proof. Let ~y(s) = (r(s),0(s)) be an h-unit speed, recall the flow of the vector field
W = pZ from lemma 3.3, that is
P(s) = @(si7(s)) = (r(s),0(s) + ps),
remark that from Zermelo’s navigation process. Since «(s) is h-unit speed then P(s) is
F-unit speed, that is
h(5(s),%(s)) = 1 if and only if F(P(s),P(s)) = 1. (3.5
We can see that
N .
ds  ds’ ds ds M (3.6)
PP &Pr PP d% '

ds?  ds?’ ds2 — ds?’

We consider that P(s) is an F-unit speed geodesic therefore P(s) satisfies (3.4), we

obtain

ds?
from (3.6) it follows that

&_ 4 ﬁ_f_ 2_ / ) ﬁ_t'_
asz M\ g TH) T Hmme K as H

2 2
dr mm/ ((Zi) + 2,u£ + ,u2> + pmm’ (u + 22@) (3.7)

21 2\ 2 2
P _mm,(d’P> —mnm’(u—?dp):()

ds? ds

_&_ ’ﬁ 2_0
T ds? mm ds )
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and 22 / 1 2 / 1
iy <ddps> (“Z;) - 2em (CZCZ) —0 (3.8)
substitute (3.6) in this equation, we get
o (i) (&) -2 (&)
ds? m \ds ds m ds (3.9)

_d2¢9+2m’ dr de _o
T ds2 T m \ds) \ds)
From (3.7) and (3.9), we can see that r(s), 6(s) satisfy (2.17) and (2.18), hence ~(s) =
(r(s),0(s)) is an h-unit speed geodesic.

[]

3.3 The half period function in the Randers rotational case

In this section, we will compute the F-half period function of the F-unit speed
geodesic emanating from a point on the equator. We will use a similar method
for h-half period function, with the method used in the universal covering manifold
in the Riemannian case. We obtain theorem 3.7.

Let Pio(s) = (7(s), 6(s)+us) be an F-unit speed geodesic emanating from po, r(po) =

a and v € (0,m(a)). We denote P,(s) := Pi, we can see that

~ ~ r® rdg ds
2 2 — _ _
P~ Pirt) = [ (4 u ) ar
We know that P,(s) must be tangent to the parallel ¢(v) at P,(t,) and then return

to the equator at P,(ty) (see Figure 3.1). Then, by a similar computation as in the

Riemannian case, we obtain

Theorem 3.7. The F-distance from p, to P, (o) in the wind direction is given by the
following F-half period function

HE(v) =Hv) + (), (3.10)

where ¥(v) := 2u(a — £(v)), and H(v) is the h-half period function defined in (2.21). In

the other hand for the direction against the wind, we obtain

Hp(v) =H(V) —d(v). (3.11)

7(b)
—a—/ ds—/ ds (3.12)
(a) d?"

From P(s) = (7(s), (s) + us) obtaining from 3(s), we have

Proof. Recall that

ds  ds’ ds ds M



and therefore

PP s
apt  ds gp?
ap:_(do ) ds
o \as "M@
_ai s
PN

By integrating (3.13), we get

P2(F(b) — P2(F(a) =

/F(a) (dg
—+
7(a) dr

30

(3.13)

ds\ -
,ud?> dr.

We will consider in the case that P(s) will tangent to the parallel {7 = £(v)} at P(ty)
and return to equator at P(t,), from (2.22) and (3.12) therefore

Hix(v) = P2(to) = P*(0)

—9 / W iy o /
gw) A7 £(v)

= H(v) + 2p(a = £(v)).

uj—id? (3.14)

If we consider the geodesic on backward P~ (s) = (7, 6(s) — us), we get

Hp(v) =H(v) = 2pu(a = £(v)).

Figure 3.1: The h-half period function and F-half period function.

3.4

Jacobi fields of the Randers rotational 2D sphere of revolution

This section, we consider the property of Jacobi fields affected for any 2D sphere of

revolution which is perturbed by the rotational wind.

Proposition 3.8. Let (M, F = a + ) be a Randers rotational 2D sphere of revolution

with navigation data (h, W), where W = p.2 is the breeze on M blowing along parallels
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pt < sy forany r. Suppose that v : 0,1] — M is an h-geodesic and P(s) = ¢(s;7(s))
is the corresponding F-geodesic, t € [0,1]. Then P(l) is the first solution of 7 along P
(with respect to the metric F) if and only if (1) is first zero solution of J along v (with

respect to the metric h).

Proof. Let~:[0,1] = M be an h-unit speed geodesic. Suppose I'(t, s) : (—e,&)x[0,1] — M

be an h-geodesic variation of «(s) := I'(0, s) with variation vector field

t=0
Observe that this J is actually given by (2.23) for any v € (0,m(a)). If we assume
that (1) is the first zero solution of J it follows that

JO)=Jl)=0 and J(s)#0, se(0,1).

By using the wind W, blowing up on M, with the flow ¢, by deviating v we obtain
the corresponding F-geodesic P(s) = p(s;v(s)).
Let us consider the F-geodesic variation

P(t,s) = ¢(v(t)s;T(L, 5)),

where u(t) is the constant h-speed of the geodesic variation T'(¢, s).
We compute the F-Jacobi field by

0P _ 0p(v(t)s;T'(t,s))
T ot t=0 ot t=0
_ Op(v(t)s; T(t, s)) dv(t)s n do(v(t)s;T'(t,s)) T (t, s)
ov(t)s o dt o aT'(t, s) o ot o
_ 9p(s:9(s)) dp(s:7(s) 7o\
=g " (0) + T(S)J(S) =dpJ(s).

If we consider the flow ¢ = (¢1, p2) = (r, 0+ us), it follows that dy is the identity matrix.

dp1  Op1 1 0

d(p — or 06 — (3 15)
dpa  Jpo 0 1 ’ )
or 06

We obtain that J vanishes if and only if J does, hence

\7(0) - j(l) =0 and j(s) # 0, s € (O7l)a

that is P(1) is first zero solution of 7 along P, whenever ~(i) is first solution of J along

Y.

[]

Remark 3.9. From remark 2.27, we obtain that the first conjugate point of the F-
geodesics is the displacement of the first conjugate point of h by the flow of the wind
w.
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3.5 Cut points of the Randers rotational 2D sphere of revolution

This section, we will show how to construct F-cut point on the Randers rotational 2D

sphere of revolution (M, F = a + f3).

Proposition 3.10. Let x € M \ {p,q} be an arbitrary point. Then ¢, is an F-cut point
to z on P if and only if gy is h-cut point to = on v, where P(s) = ¢(s;7(s)) is the
corresponding F-geodesic obtained from ~, P(0) = v(0) = z.

Proof. Let 4 :[0,1] -+ M be an h-unit minimizing geodesic from z to go = (1) and 4o is
a h-cut point of =, i.e. 4o € CI.

Let P(s) be the F-unit geodesic obtained from ~(s) and let ¢ := P(1).
Assume that ¢ is not F-cut point of x on P, that is there exists a shorter minimizing
F-geodesic Py : [0,1y] — M from x = Py(0) to qo = Po(lo) Where dr(x,qo) =1y < L.

From Py, we construct the corresponding h-geodesic
Y : [Oa lO] - Ma 70(8) - (p(,s;’])(s))v

where ~(0) = Py(0) = = and o(lo) = w(—lo; Po(lo)) = (105 g0) = ©40(0)-
Let us denote by ¢ the curve

C:l=lo, =l = M,  ((s) = ¢(s;90),

(see Figure 3.2).

Then, from triangle inequality, we have
Lr(¢) = La(v) = Ln(v0)- (3.16)
On the other hand, we compute £,(¢) as follows
IS()I7 = 1Wepsian) 17 = lldo(Wa )II7 = 1Waoll7. = (Hm(r(a0))* < 1,

where dy is identity from (3.15).
It follows that

—lo | —lo
ch<<>:[l ||<<s>\\hds<[l ds =1~y = La(y) — La()- (3.17)

From (3.16) and (3.17), we get a contradiction, hence ¢, is an F-cut point of = along P.

[]



q0 = ¢(L;v(1) =P(1) = Po(l)

\the flow direction

Figure 3.2: The proof of proposition 3.10.
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Chapter 4

Main results

In this chapter, we will show the main theorems, we obtained from chapters 2 and
3. Let z € M\ {p,q}. We recall that the flow for navigation data is ¢(s;r(s),0(s)) =

(r(s),0(s) + ps).

Lemma 4.1. The flag curvature K at a point z on the Randers rotational 2D sphere
of revolution (M, F = a + 3) is monotone or non-monotone if and only if the Gaus-
sian curvature G at the point = of the Riemannian 2D sphere of revolution (M, h) is

monotone or non-monotone receptively.

Proof. From lemma 3.1, we obtain a Riemannian 2D sphere of revolution is Einstein

manifold then lemma 2.32, tell us the flag curvature is equal to Gaussian curvature.

[]

Next, we will show the structure of the F-cut locus on the Randers rotational 2D
sphere of revolution (M, F = a + ), when the flag curvature is monotone along the
meridian.

We recall the result from [12] and we obtain theorem 4.2.

Theorem 4.2. Let (M, F) be a Randers rotational 2D sphere of revolution with navi-
gation data (h, W), where W = 1.2 is the wind blowing along parallels, x < {

1 .
max{m(r)} °

r € [0,2a]}, with a pair of poles p,q, dn(p,q) = 2a and satisfies
(i) M is symmetric with respect to equator,
(i) the flag curvature K is monotone along a meridian.
Then the F-cut locus €I of a point x € M\ {p, ¢} with {8(z) =0} are
1. The subarc of the opposite half bending meridian,
CF = p(d(z,7(t),7(t), t€lc2a—d,
where ¢ is the flow of the wind, when K is monotone non-increasing.
2. The following subarc of the antipodal parallel r = 2a — r(z) to z,
CF = 1 (2a — r(2)) N0 {H(m) + (x), 27 — (H(m) — ()},

where ¢(x) = pdp(z, §o), o is the h-first conjugate point of = with respect to h and

m = m(r(z)), when K is monotone non-decreasing.
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3. A single point on the antipodal parallel ¢ = (2a — r(x),7(1 + uR)), where R is

radius of sphere, when K = 4z is constant.
4. If the cut locus of z € M\ {p,q} is a single point, then K is constant.

Proof. Propositions 3.8 and 3.10 imply that F-cut locus is corresponding to the h-cut
locus.
1. The case of K is monotone non-increasing.

In Riemannian case the h-cut locus C* of z with the Gaussian curvature is
monotone non-increasing, is a subarc of the opposite half meridian ¢ = =, which
is denote by 7, (24—, Where 7,(c) is the h-first conjugate point of z along 7,.
Therefore by taking into account propositions 3.8 and 3.10, the F-cut locus is the

following subarc of the opposite half bending meridian of z:

Cf = (d(z,7(t)), (1)), t € [c,2a — (.

2. The case of K is monotone non-decreasing.

In the Riemannian case (see [12]), if the Gaussian curvature G is monotone
non-decreasing then the h-cut locus C! of x is a subarc of the antipodal parallel
r =2a—r(z), that is

Cl =r=1(2a — r(z)) NO~HH(m),2r — H(m)},

where H is h-half period function defined in (2.21) and m := m(r(x)).

Next, let go be the h-first conjugate point of z on front side, i.e.
do = (2a —r(z), H(m)),

and recall that our wind is blowing along the parallels, therefore the F-first con-
jugate point to z is

r=!(2a = r(z)) N0~ {H(m) + ()},

where ¢ (z) = pd(z, o). On the other hand the F-first conjugate point to = on the
back side is
rH(2a — (@) N7 H2m — (H(m) — v(x))},

hence we obtain
CE =r712a —r(2)) NOHH(m) + (x),2m — (H(m) — (x))}.

3. The case of K is constant.

Let M be the round sphere of radius R. Recall that in the Riemannian case

when G = 4; is constant, the cut locus of any point z € M\ {p, ¢} is its antipodal
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point, i.e. C* = gy = (2a — (), ), where §(x) = 0. Since dy(z,qo) is equal to the
half of circumference, i.e. di(z,4y) = 7R, from proposition 3.10 we obtain that

the F-cut locus of z is

Cl = o(dn(x,do) = o(TR, do)

= (2a — r(z), (1 + pR),
where R is radius of round sphere.

4. If the F-cut locus of x € M \ {p, ¢} is a single point, say ¢ € M, then ¢ := ¢(—1,q)
is a h-cut point, where dg(z,q) = I. Obviously 4 is the only h-cut point of h due
to the proposition 3.10.

Since the h-cut locus of z € M\ {p,q} is made of a single point ¢, we know
from [12] that G = 4; must be a positive constant and hence (M, h) is the round

sphere of radius R.

Taking now into account that (M, h) is a constant Gaussian curvature Riemannian
surface and W is a Killing field on (M, h), it follows from [6] that the corresponding

Randers metric by the Zermelo navigation must be of constant flag curvature.
[]

On the other hand, if we consider in the general case that is the flag curvature is
non-monotone along the meridian, in this case is quite complicated to find the struc-
ture of the F-cut locus, even in the Riemannian case, we can not find the structure of
the h-cut locus on the Riemannian 2D sphere of revolution (M, h) when the Gaussian
curvature is non-monotone.

Therefore in [5] gives an extra assumption that if the h-cut locus of a point on the
equator is the subarc of the equator then the structure of h-cut locus is explained in
theorem 2.29.

We use the fact that when we move the point on the equator with the rotational
wind, it is still on the equator because the equator is invariant under the rotational
wind. It follows that if we assume the F-cut locus of the point on the equator is the
subarc of the equator then we obtain theorem 4.3.

Theorem 4.3. Let (M, F = o + 3) be the Randers rotational 2D sphere of revolution
constructed from the navigation data (h, W) of the Riemannian 2D sphere of revolution
(M, h).

If the F-cut locus of a point z on the equator r = a is a subarc of the equator r = q,
then the F-cut locus of any point z with »(Z) € (0,2a) \ {a} is a subarc of the antipodal

parallel r = 2a — r(7).

Proof. If the cut locus of a point z on r = a is a subarc of r = a, since the equator

is invariant under the flow action, then by proposition 3.10 it follows that the h-cut
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locus of the point ¢ is a subarc of r = a. Hence, by using theorem 3.5 in [5] it results
that the h-cut locus of the point 7 is a subarc of the antipodal parallel r = 2a — ().
Taking now into account that any parallel is flow-invariant by proposition 3.10, it
follows that the F-cut locus of Z must be a subarc in the antipodal parallel r = 2a—7(Z).
Clearly, the F-cut locus is obtained by rotating the h-cut locus via flow action on the

parallel r = 2a — r(2).

[]



Chapter 5

Examples

In this chapter, we will show some examples of the Randers rotational 2D sphere
of revolution and find the F-half period function and the structure of the F-cut locus.

5.1 The example of the Randers rotational 2D sphere of revolution with

monotone curvature

51.1  m(r)=sinr, re(0,n)

We can see that the Gaussian curvature of this Riemannian 2D sphere of revolution

is

=1, m(r)#0.

From theorem 4.2, the F-cut locus is a single point.

5.2 The example of the Randers rotational 2D sphere of revolution with

non-monotone curvature

52.1 The case mk(r):ij, relo,n], A>0.

Let us consider the Riemannian 2D sphere of revolution M, := (S?, hy), introduced in
[5] where

A+ 1sinr
ma(r) = —m, r €[0,7], A > 0. (5.1)
A7) V14+Acos?r [0, ]

It is clear that the function r — m(r) is symmetric with respect to the equator

7"25.

From (2.14), we get the Riemannian metric
hy = dr? +m3 (r)d6?, (5.2)
for XA =0, we obtain the round sphere, that is
ho = dr? + sin® rd6?.
On the other hand, for A\ — oo the metric
hoo = dr* + tan® rdf?,

that is singular along the equator r = .

A straightforward computation shows that the first derivative of my(r) is
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V1+Acos?r(VA+1cosr) — VA+ Isinr(3=2220rcoer)
1+ Acos?r
(14 Acos?r)(VA+1cosr) + A\A + Lsinrcosr
(14 Acos?r)3/2
VAT 1CosT + ACos? /A + 1Cos T + Asin®ry/ A+ 1cosr
B (1+ Acos?r)3/2

my(r) =

VA4 1cosr(l+N)

(1+ Xcos?r)3/2

_ (T+X)cosr A+ 1sinr 1

1+ Acos?r (m) (sim)
(I+X)cosr

(1+ Acos?r)sin sUBNCOE

and the second derivative my(r) is

v (14+ M) cosr
mar) = ((1 + Acos?r)sinr malr)
—(1+ Acos?r)sin®r — (1 + Acos?r) cos? r + 2X cos? r sin’ r
1+ A -
+ma(r)(1 + )( ((1+ Acos?r)sinr)?

1 .
T JE AJFCS_Z?A)(QL B ((1 + ) cos?r — (1 + Acos?r) + 2X cos? r sin? r)
r r

14+ A '
(e JE Atoigl:)(;)n BE (COS2 r+ACos?r — 1 — \cos?r 4 2\ cos? r sin® r)

(14 X)ma(r) L .
N ((1+ Acos?r)sinr)? (75”7 r 42X COS” rsin r)

(1 4+ XN)mx(r)

Therefore, from lemma 2.19 the Gaussian curvature of (S?, hy) is

oma(r)
(1+X)(1—2Xxcos?r)
(1+Xcos?r)?

By taking the derivative of G,

A+1 ) . ) .
G\ (r) = T hcost (14 Xcos*r)(4Xcosrsinr) + (1 — 2 cosr)(4AcosrsinT))
(A+1)(4XcosrsinT) 9
= 92 _
(1+Xcos?r)? (2= Acos®s)
(A +1)(2Asin2r) 9
= 2— .
(1+Xcos?r)? (2 - Acostr)
Since

2-N<2-)Cos?r < 2,

therefore G, is non-monotone along the meridian from a pole to the equator,when
A>2

Therefore my(r) is non-monotone Gaussian curvature, we will compute the h-half
period function.



From
VA4 1sinr
ma(r) = ————
vV1+Xcos2r
and

(A+1)cosr
(14 Xcos?r)sinr

m(r).

mi\(r) =

By putting x = m3(r), we have

dx
o= 2m (r)m)\ (r),
1
dr = —————dzx
2my (r)m/\ (r)
~ (14 xcos?r)tanr
B 200+ D)z
We can see that
T = mi(r)
(A +1)sin?r
1+ Acos?r
(A 1)(1 —cos?r)
o 1+ Acos?r
A= )\cos?r+1—cos?r

1+ Xcos2r
T+ Axcos?r=X\—Acos?r+1—cos?r

Az COS?r+Acos?r+cos?r=A+1—=x
5 At+1l—z

cos?r=-——-—"".
S VR W
Recall the fact that
tanQT_sinzr_l—cos%_ 1
©cos?r  cos?r  cosr
we have
Ar+A+1
tan?r =22 —
" A+1—2
AT+ A+TI - A1+
o A+1—2x
(A
A+ 1l—1z
therefore

(102 () (8522)°
200+ 1)z *

AzHAF14AZ2 42—
Az+A+1

2V + 1y/z(A+ 1 —x)dx
2A + 1+ \? "
2VA+ Iy/z(A+ 1 —2)( Az + A +1)
A+1)2

dx,
2z A+ 1—z) Az +A+1)

dr =

40
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we use that r = £(v) = my ' (v) implies = = m3 (r) = m3(£(v)) = v? and r = a = Z implies

z=m3(5) =X+ 1. From lemma 2.26, we obtain

H(v) =2 ’ v dr

v /E(V) m(r)y/m(r)? —v?

At v (A+1)2 "
v Vv —122y/z(A+1—2)( Az + A+ 1)

=2

N\w

=(A\+1)z2v

A+1 1
[2 P I Ty s Ty N W

Recall the lemma 4.2 in [5]

¢ 1 0 1 1
=—|=-——. (5.3)
/b z(x+a)y/(x—b)(c—x) a (\/% (a+c)(a+b)>

We can see that, if we put

:E7 b=1?, c=A+1
A
therefore
3 1 1
H)=A+1)2(v >7r
R e VO 241 (52 +02)

3

=(A+1)2
)\—i-l ( )\+1 (2>\+1+>\2) (A+1+)\u2))
hy py

Mw

=(A+1)*

A
+1\vy/(A+1) A+1)(A+1+MﬂJ

i < 1) A+1+Aﬂ) A(v u+1»>
A+1 vIN+ 12O+ 1+ A2

. <A+1¢m Ay <A+1>>>

T+ A+ 1+12)

ATV

AL/ O+l

We obtain proposition 5.1.

Proposition 5.1. For the Riemannian 2D sphere of revolution M, defined in (5.1), we

get

ATV
VAFIVAF+ 1T+ w2’

Hy)=m—

for each v € [0,mA(%)].
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On the other hand, the first derivative of h-half period function is

wor=(75) 5 (Jorires)
_( —7A ) (m—u(émw\u))

VA+1 (A+1+2)
_( —TA ) A+ 142 =2
VA+1 A+ 1+ A 2)%
—TAVAF 1
- TIWATL

(A +1+2)3
Therefore, H is monotone non-increasing from lemma 2.30, the h-cut locus of a

point on equator is a subarc of equator then by theorem 2.29, we get

Proposition 5.2. If X > 0, then, for each point of ¢ of M, defined in (5.1) distinct from

a pole, the cut locus of ¢ is a subarc of the antipodal parallel to q.

Let us consider the associated Randers rotational metric F = « + 8 obtained by

Zermelo’s navigation method from the navigation data (hy,W), where W = 2,

p< {m ir€ [O,ﬂ} = sz = g [rom proposition 3.2 it follows
14X cos?r
(a- ) _ 142 cos2 r—pu2(A+1) sin? r 0 b — 0
R 0 (A1) sin2 7)(1+ cos? r) AR —p(A+1)sin%r :
(14X cos2 r—p2(A+1) sin? )2 14+ cos2 r—p2 (A1) sin®r

Observe that due to lemma 4.1 and the formula for G/ it follows that the Randers
rotational metric constructed in this example is non-monotone flag curvature along
meridian.

Moreover, observe that the F-cut locus of any point ¢ in r = % is a subarc of r = Z,
as well as, that the F-cut locus of any point q € M,, such that r(q) € (0,m)\ {3} is a
subarc of the antipodal parallel r = = — r(q). Indeed, taking into account the h-cut
locus of the points q and g, respectively and the fact that the equator and parallels
are invariant under the flow, the F-cut locus can be obtained from proposition 3.10.

Therefore, we obtain proposition 5.3.

Proposition 5.3. Let (S?, F\ = a + ) be the Randers rotational metric induced from
the navigation data (hy, W) on S2. If A > 0, then

1. The cut locus of a point ¢ € S? on the equator is a subarc of the equator.

2. The cut locus of a point g € S? which is distinct from the pair of poles, is a subarc
of the antipodal parallel r = 7 — ().

This is the generalization of the theorem 2.29 to the Randers rotational case.

For the sake of simplicity, let us consider
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Then (3.10) implies

ATy 1 T
HEW) =7 — + ——%), A>0
r)=m VAFIVAF1+ M2 \/)\+1(2 V)
and therefore
—“ATVA+1 2
) () = AT 2 s

A+1+M2)3  VA+T
We observe that if H(v) is monotone non-increasing, then Hj.(v) is decreasing on

ve (0,VA+1).

_ sinr
522 The case my(r) = oy e€l0,7], Ae(0,1).
Another example is obtained from the Riemannian 2D sphere of revolution (S?, hy)
given in [3], where hy is declare in(5.2) and

ma(r) = 0" (5.4)

V1—Asin?r
where r € [0, 7], A € (0,1).

The Riemannian metric (2.14), when A=0and A =1 are
ho = dr? + sin*rd6?,  hy = dr?® + tan® rd6>.

By straightforward computation it follows that the first derivative with respect to

ris
V1= \sin?r(cosr) — sinr——L— (—2X\sinrcos
, T( T) T2\/17)\sin2r( " T)
m)\(r) = )
1—-Asin“r

(1= Asin®r)(cosr) + Asin®rcosr
(1 — Asin®7)3/2
B cosr
(1= Asin?r)3/2]

and the second derivative is

(1= Asin7)3/2(—sinr) — cosr3(1 — Asin®7)1/2 — 2Xxsinr cosr
(1—Asin®r)3
(—sinr)(1 — Asin®r — 3Acos?r)
(1 —Asin®r)5/2
_ (=sinr)((1—X) —2xcos?r)
B (1= Asin®r)5/2 '

m(r) =

From lemma 2.19 the Gaussian curvature is

—mi(r)

m(r)

(1—X)—2\cos?r
(1—=Asin®r)2

Gi(r) =

It follows that



aq

_4Xsinrcosr(2(1 — \) — Acos?r)

B (1—Asin®r)3 '

It is clear that for X € (0,1), G4 vanishes at the pair of poles and the equator and the

Gaussian curvature Gy is non-monotone for X € (0, 2) with a local extremum of A = 2.
Since, G, is non-monotone, the h-half period function can be obtained by the

GA(r)

following computation as in previous example.

Let
sinr
m)\(r):77 e [0577]7 )‘E(Oal)
V1= Asin?r
and

il () — cosr
A (1—Asin®r)3/2’

By putting x = m3(r), we have

dz
- = 2ma(r)mi (1)
_ 2sinrcosr
(1—Asinr)2

dr (1—Asinr)2
dz  2sinrcosr
Since

sin?r
1—Asin“r

r— Axsin®r =sinr

x
1+ Az

sinr =

)

and

cos?r =1—sinr
X
:1—
14+ A\x
B 1+Xz—x
14+ M\

Therefore

2
Az
dr (1 - 1+>\m>

% - 9 /| =z [1+dx—z
1+Az 1+X\x
1+ - 14+ Az

(1+Xx)? 2/aViI+de —z

Hence
1

dr = d
" 2yVz(1+ Az)vV1i+ e —z ’
Recall the formula for h-half period function
H(v) =2 / v dr
¢

) m(r)y/m?(r) —v?

(5.5)
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we use that r = £(v) = my ' (v) implies = = m3 (r) = m3(£(v)) = v? and r = a = Z implies

z=m3(3) = 1, we get

) v 1
H(v) =2 d
¥) /u2 Vreve —v2 2y/x(1+ dx)vV1i+ e — v
== 1
71//1,2 vV — 121+ dx)vV1+ e —

T—x 1
:l// dCE

o ;Wm\/(l_g ) -

dz

1

v /11A
- dx.
WITAR ey Ve (25 - o)
By setting
a= l, b=12 c= %,
we obtain
v ¢ 1
= dz. 5.6
He) )\\/1—/\/17 z(z+a)Vae —bye—x ’ 5.6)
From (5.3), we obtain
v 1 1
H(v) = AT -
AMV1—A v?
V Vi (k) ()
Rz VvV1—=2X\ _ 1
VI=A v 1-AEA ) (142
PYCESY) (22)
N (\/1—/\_)\\/1—/\)
V1= v NAEYZ
g _TVA
B Vit w2

Next, we compute the first derivative with respect to v of H(v)

/ 1
, _ 1+)\U2—UW(2)\I/)
H (v) = -7
14+ M2

(1 + 2 — )\1/2)
B e s
L+ 22)3

—TTA
L+ a2t

Therefore, H is monotone non-increasing from lemma 2.30, the h-cut locus of a

point on equator is a subarc of equator then by theorem 2.29, we get

Proposition 5.4. If X € (0,1), then, for each point of ¢ of M) defined in (5.4) distinct

from a pole, the cut locus of ¢ is a subarc of the antipodal parallel to g.



a6

If we consider again the Randers rotational metric (S*, Fx = a + 3) obtained by
Zermelo’s navigation method from navigation data (hy,W), W = M%; nw< V1=,
then (3.10) gives

TUA s
H;(V):W—\/ﬁ+\/l—>\(§—yz>, VE(O,Vl—)\)7

where we consider for simplicity p = 3+/1— X, and hence

—TA

7(1 n )\1/2)% —2(vV1-=A)v.

(HE) (v) =

By a similar argument with previous example it follows that proposition 5.3 is true

for this example as well.

Remark 5.5. We can see that H and #}. have the same monotonicity.
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Chapter 6

Conclusions and Suggestions

Conclusions

In this thesis, we have obtained the following conclusions:

1. Lemma 3.1, Any Riemannian 2D sphere of revolution endowed with a Randers

rotational metric is an Einstein manifold.

2. Lemma 3.4, the rotational wind is Killing vector field.

3. Proposition 3.6, we clarify the relation between any geodesic on a Riemannian

and a Randers rotational 2D sphere of revolution, that is the F-geodesic obtain

from moving the h-geodesic along rotational wind flow.

Proposition 3.8, when we move the h-Jacobi field with the rotational wind flow,
we obtain the F-Jacobi field. This is the basic setting for study about conjugate

points and conjugate locus on a Randers rotational 2D sphere of revolution.

Proposition 3.10, we clarify the relation between the cut locus of a Riemannian
and a Randers rotational 2D sphere of revolution, that is if we move the h-cut
point of Riemannian 2D sphere of revolution along the wind flow, we obtain the

F-cut point on Randers 2D sphere of revolution.

Theorem 4.2, the F-cut locus on a Randers rotational 2D sphere of revolution
with the flag curvature is monotone obtaining from moving the h-cut locus on
Riemannian 2D sphere of revolution when the Gaussian curvature is monotone

along the rotational wind flow.

Theorem 4.2, the fourth case told that, if the cut locus is a single point, then
the flag curvature is constant, that is the topology of manifold is related to the

cut locus.

Theorem 4.3, the F-cut locus on Randers rotational 2D sphere of revolution with
non-monotone flag curvature of any point distinct from pole is the antipodal

parallel, when the F-cut locus of a point on equator is the subarc of equator.



6.2

48

Suggestions

There are many open problems following from this thesis, e.g.

1.

2.

3.

The case that the wind for navigation data is not Killing vector field.
The conjugate locus on Randers rotational 2D sphere of revolution.

The geometry of Randers rotational on cylinder of revolution, that is the surface

of revolution is open two ends.

The Randers rotational Zoll surface of revolution, that is the sectional curvature

is a function but it can not everywhere negative (see [2]).
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The Theory of Geodesics on Some Surface of Revolution
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Abstract

We study the properties of the geodesics on a Randers rotational surface of revolution by using
Zermelo navigation data (/4,W), where & is the induced Riemannian metric on the surface of

revolution and W is the rotational wind. We are in special interested in the half-period function
that can be computed by similar methods to the Riemannian case. Our result can be applied to find
the structure of the cut locus of a Randers rotational 2-sphere of revolution.

Keywords: Randers rotational sphere, surface of revolution, Zermelo navigation

1. Introduction

The Riemannian geometry is one of the important research topics for differential geometry field.
In general, Riemannian geometry has many interested topics to study, but they are almost well
known study. So we are interested to do research in something more complicated or general
(nearest the problem in real world) more than Riemannian geometry, that is Finsler geometry ([1],
[2]). In this paper we will show that Riemannian case is the special case of Finsler case and we use
the Randers metric as an examples for the Finsler case. In the case of a Riemannian surface of
revolution, one can study the behaviour of geodesic by using Clairaut relation, we can see that if
the geodesic is neither a profile curve nor s parallel then it will be tangent to the some parallel. The
length between starting point and returning point can be calculate by using half period function.

The aims of studing the half-period function for Randers rotational case is to find the cut
locus on Randers rotational surface of revolution. If we can find the exactly form of this function
then we can see the behavior of the cut locus. In this paper, we will show how to construct the half
period function for Randers rotational surface of revolution.

2. Materials and Methods

2.1 The geometry of Riemannian surface of revolution
We recall the definition of Riemannian geometry.

Definition 2.1 (Local surface) A subset S of R’ is called a local surface if there exists a C*
map ¢ ofadomain D in R* into R®,ie. o(u,v)=(x(u,v),y(u,v),z(u,v)) , such that

*Corresponding author:  E-mail: rattanasakhama@gmail.com
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1. S=¢(D)
2. ¢ isinjective.

3. the rank of the matrix ((/7”] is 2 at each pointon D .

?,

Definition 2.2 (2-sphere of revolution) A compact Riemannian manifold (M,%) homeomorphic
to a 2-sphere is called a 2-sphere of revolution if M admits a point p such that for any two points
4, 9, on M with d(p,q,)=d(p,q,), where d(,) denoted the Riemannian distance function,
there exists an isometry f on M satisfying f(q,) =g, and f(p)= p. The point p is called a
pole of M. Let (r,0) denote geodesic polar coordinates around a pole p of (M,h). The
Riemannian metric can be expressed as h=dr’ +m(r)’d9’ on M \{p,q}, where ¢ denotes the
unique cut point of p ,i.e. p, g are called a pair of poles.

From Definition 2.2 we can construct the classical Riemannian surface of revolution by
rotating a unit speed smooth curve x = f(z), where f :[a,b)] >R, a,beR and f(a)= f(b)=0,
include in the xz plane around the z axis. We will consider the curve f in parametric form
x=m(r)

f:{z:z(r) ’

where r €[a,b], m >0 and of the Euclidean unit speed condition, that is

(m'(r)’ +(z'(r)* =1.
Then we obtain the surface of revolution
M = g(r,0) =(m(r)cos 0,m(r)sin 6,z(r)) , r €[a,b], 0 [0,27).
One can see that the mapping ¢ is satisfied Definition 2.1.
We recall the Riemannian metric on surface of revolution is
ds* =dr’ +m’ (r)d&*,
and the geodesic equations of 4 -unit speed y(s) = (r(s),0(s)) of (M,h) are

2 2
ﬂ—mm'(d—gj =0

ds® ds

2 ] ’
40, ,mdrdd_
ds m ds ds

with the unit speed condition

(dr jz ) [dejz

— | +m" | — | =1.

ds ds

Remark 2.3 We can see that every profile curve, i.e. y(s):=(r(s),6,), where 6, is constant, is an
h -geodesic and parallel, i.e. y(s):=(#,0(s)), where r, is constant and m'(7))=0, is an i -

geodesic.
Theorem 2.4 (Clairaut relation [6]) If y(s):=(r(s),0(s)) is a geodesic on surface of revolution

(M, h) then the angle ¢(s) between tangent vector of y(s) and the profile curve passing through
a point y(s) satisfy
m(r(s))sing(s)=v,

where v is constant and called Clairaut constant.

43



KMITL Sci. Tech. J. Vol.17 No.1 Jan.-Jun. 2017

Lemma 2.5 The Clairaut constant for any profile curve is vanishes, i.e. v=0.
From Clairaut relation, we can see that if y(s) is neither a profile curve nor a parallel, i.e.

ve (O, m(r)), then for some # >0, y(#,) will be tangent to the same parallel of y(0), where
7(0) is the emanating point of geodesic.

Let us denoted the geodesic that emanating from a point p, with Clairaut constant v by
AR
Remark 2.6 We always assume that our 2-sphere of revolution with a pair of poles p, ¢

satisfying the following properties
1. (M,h) is symmetric with respect to the reflection fixing » =a, where 2a denotes the

distance between p and ¢ .

2. The Gaussian curvature G of M is monotone along a profile curve from the point p
to the pointon r=a .

We can find the length between y*(0) and y/* (¢,) by using

Lemma 2.7 (Half period function of Riemannian surface of revolution) Let y/ be an % -unit
speed geodesic, where p; e{r=a} and v e(0,m(a)) ,ie. p, isa point on equator and y is
neither meridian nor equator. From Clairaut relation y? must be tangent to the parallel £(v) and

return to the equator at y’*(z) . The distance from p, to y* () can be computed by

A
O mom(ey v

Hy)=
where H is called half period function.

2.2 The geometry of Randers rotational surface of revolution

In this section, we will consider that if there is a wind blow up on our surface of revolution along
the parallel, by using Zermelo navigation problem [3], therefore we obtained

Proposition 2.8 (Randers rotational metric [4]). If (M,h) is a surface of revolution whose

1
profile curve is the bounded function m(r)<— and W = ,u-% is the breeze on M blowing
U

along parallels, then the Randers metric (M,F =a+ ) obtained by the Zermelo’s navigation

process on M is a Finsler metric on M , where o =, /a,.j. (x)'y , B= b(x)y" are defined in

1
1 2_.2 0 0
_# m . .
(a;)= ? s b= um® | i, =12
() N

We obtained the flow of the wind ¢(s; #(s), 8(s)) = (r(s), O(s) + us) .
From [5], the geodesic equation of F -unit geodesic P(s) = (P'(s), P*(s)) is

dZPI—mm' d—Pz 2— mm' —201—P2 =0
ds® ds H " ds |

da’p* _m'dpP' dpP’ ) m' dP'

44



KMITL Sci. Tech. J. Vol.17 No.1 Jan.-Jun. 2017

Remark 2.9 If y(s):=(r(s),0(s)) be a geodesic on (M,h) then we obtained geodesic P(s) for
(M, F) constructed as above by P(s) = @(s, y(s)) = (r(s),0(s) + us) .

3. Results and Discussion

In this section we assume that there is a wind W = y% blowing along the parallels on 2-sphere

of revolution (M,h), where u< ! . Therefore we obtain the Randers

max{m(r) ‘re [O,Za]}

rotational 2-sphere of revolution (M,F =a+ f).

So, we can obtain our main result
Theorem 3.1 (Half period function of Randers rotational 2-sphere of revolution) Let

PP (s)=(r(s),6(s)+ us) be an F -unit speed geodesic obtained by ¢(s; ™ (s)) , where y (s) is
an / -unit speed geodesic on (M,%), emanating from p, e{r=a} and ve(0,m(a)) if the
direction of P (s) is along the wind then P’ (s) will tangent to parallel £(v) at P™(z) and
return to the equator at P’ (¢,) . The distance from p, to P” (#,) can be computed by

H (V)= HW) +y (), 3.1
where w(v) =2u(a—-£&(V)).
In the others hand, if the direction of P™ (s) is against the wind then the distance is

H, (V)= HO) (). (3.2)
Proof. In this proof we denoted y’* (s) by y(s) and P™(s) by P(s).
Let y(s)=(r(s),0(s)) be an & -unit speed geodesic, i.e.

aY doY
. . ds
Multiply (3.3) with (%j , we have
(—j;) +m2(r(s))=£—j; j . (3.4)

From Clairaut relation we have
ds m’ (r(s))

(3.5)
do 1%
Therefore (3.4) can be written as
( dr j _ ()0’ (r() ) (3.6)
do v’ ’ '
or
do v 3.7)

A () () v
By integrating (3.7), we get
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r(b)

v
dr.
<I> m(r(s)\/m* (r(s)) —v*

From Clairaut relation we know that the geodesic y(s) emanating from the point y(0) on the

0(b)—6(a) = (3.8)

parallel will tangent to other parallel called {r = f(v)} at y(#,) and after that it will return to the
parallel again. We can see that 6(¢,) —6(0) =2(6(¢,) - 6(¢,)) , i.e.

f v
Hy)=0(t)-600)=2 | ————=dt, (3.9
5<jv) m()\m(t)’ —v*
H(v) is called 4 -half period function. Recall that
b r(b) dS
b—a=jds= j—dr. (3.10)

3
a r(a)
From P(s) = (7(s),6(s)+ us) obtained from y(s), we have
1 2
dp_ _dr dP”_do . 3.11)
ds ds ds ds
and therefore

dP_dp* ds
dP' ds dP'
dP? do ds
= 4|2 3.12
dr (a’s 'ujdr ( )
_do, ds
dr 'udr

By integrating (3.12), we get

P*(r(b)) - P (r(“)):r([) e U (3.13)

We will consider in the case that P(s) will tangent to the parallel {r =&(v)} at P(t) and return
to equator at P(t,) , from (3.9) and (3.10) therefore we got (3.1)

H(v) = P(4,)~ P*(0)
f [d& ds

"“”(de ds

=2I — 4 u—dr .
s\ dr dr

=H(V)+2u(a=5(v))
If we consider the geodesic that against the wind P(s) = (r(s), &(s) — us) , we get (3.2)

H; = HW)-2u(a—E(v)).
Remark 3.2 The function yw(v)=2u(a—~&(v)) is decreasing function, where &(v) €(0,a), and it

is increasing, where £(v) € (a,2a) .
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4. Conclusions

Finally, we can find the half period function for Randers rotational 2-sphere of revolution
therefore we can see the structure of cut locus on Randers rotational 2-sphere of revolution as in

[7].
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The cut locus of a Randers rotational 2-sphere of revolution

By Rattanasak HAMA, Jaipong KASEMSUWAN and Sorin V. SABAU

Abstract. In the present paper we study the structure of the cut locus of a Randers
rotational 2-sphere of revolution (M, F = a + 8). We show that in the case when the
Gaussian curvature of the Randers surface is monotone along a meridian, the cut locus
of a point ¢ € M is a point on a subarc of the opposite half bending meridian or of
the antipodal parallel (Theorem 1.1). More generally, in the case when the Gaussian
curvature is not monotone along the meridian, but the cut locus of a point ¢ on the
equator is a subarc of the same equator, the cut locus of any point ¢ € M different from
poles is a subarc of the antipodal parallel (Theorem 1.2). Some examples are also given
at the last section and some differences with the Riemannian case are pointed out.

1. Introduction

The study of the global behaviour of geodesics, conjugate points and cut
locus is a fundamental problem in modern differential geometry. In the Riemann-
ian case, an extensive literature is available (see [1], [10], [11]), but in the more
general case of a Finsler manifold, the results are not so easily obtained. The
main difficulty is that the dependence of the metric on the direction implies the
non-symmetry of the distance function and the non-reversibility of the geodesics.

We recall (see [2] for details) that Finsler manifolds (M, F) generalize the
Riemannian ones in the sense that they are defined by a norm F : TM — [0, 00)
with the properties

(i) F is positive and differentiable on TM :=TM \ {0};

Mathematics Subject Classification: 53C60, 53C22.
Key words and phrases: Randers metrics, 2-sphere of revolution, cut locus, Gaussian curvature.
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(ii) F is 1-positive homogeneous, i.e. F(x,Ay) = A - F(x,y) for any A > 0 and
for all (z,y) € TM,;

’F?(x,y)

%W’ 1,7 € {1,...,n}, is positive definite

(iii) the Hessian matrix g;;(z,y) :=
on TM.

Here T'M denotes the tangent bundle of an n-dimensional smooth manifold
M and (z,y) the canonical coordinates on T'M. The Finsler structure is called
absolute homogeneous if the homogeneity condition (ii) is replaced by F(x, \y) =
[A| - F(x,y) for any A € R.

A Finsler norm F' determines and it is determined by its indicatrix bundle
SM :=Uyep S M, where S; M :={y € T,M : F(z,y) = 1}.

Obviously, the simplest Finsler manifolds are the Riemannian cases, but this
is the trivial case for us. Less trivial examples are deformations of Riemannian
metrics by linear forms 3 = b;(x)y® defined on T'M. This type of Finsler manifolds
include Randers, Kropina and Matsumoto metrics ([13]).

A Finsler norm can be used for defining the integral length L of a C*° curve
v :la,b] = M by

b
Lol = [ FO).50)

where 4(t) = ‘fi—;’ is the tangent vector of . This definition easily extends to the
integral length of any piecewise C*° curve on M.

A smooth curve v on a Finsler manifold that minimizes the integral length
L over the set of all piecewise C*° curves with fixed end points is called an
F-geodesic.

Any F-geodesic v emanating from a point p in a compact Finslerian (or
Riemannian) manifold is losing its global minimizing property of a point ¢ on
~. Such point is called a F-cut point of p along v. The F-cut locus of a point
p € M is the set of all cut points along all geodesics emanating from p on a Finsler
manifold. This is an important geometrical object related to the topology of the
manifold and to the global geometrical properties of the Finsler manifold.

Even though in general the cut locus may have a very complicated structure,
it is known that the F-cut locus Cf of a point p on a Finsler surface is a local tree
and that any two points on the same connected component of Cf can be joined
by a rectifiable Jordan arc in C}" (see [12] for details).

Based on this theoretical result, we have studied in [7] the actual structure
of the cut locus of a point on a Randers rotational surface of revolution homeo-
morphic to R2.

The main aim of the present paper is to explicitly determine the structure
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of the cut locus of a point of a 2-sphere of revolution endowed with a Randers
rotational metric.

Randers metrics are special Finsler metrics whose indicatrices are obtained
by rigid translations of the Riemannian unit sphere. It was Shen [14] who pointed
out for the first time that Randers metrics give solutions to the classical Zermelo’s
navigation problem, namely, find the paths of shortest time travel between two
points under the influence of a wind or a current when we travel by a boat capable
of a certain maximum speed.

Formally, if we consider the background landscape to be a Riemannian man-
ifold (M, h), endowed with a vector field W on M, ||[W]||;, < 1, then the shortest
time travel paths are precisely the geodesics of a Finsler metric of Randers type

VAT WE  Wo

F(z,y) = a(z,y) + B(z,y) = A\ A

uniquely induced by the navigation data (h, W). Here W = Wt. 621‘ is the velocity
vector field of the wind, A =1 — |[W||3, Wy = h(W, y).

The corresponding Riemannian metric @ = \/a;j(x)y'y’ and 1-form § =
b;(z)y" are given by

A hiy + W, W5
aij(z) = —2———2 2 . and b = —

where Wz = hij WJ

This Randers metric satisfies all three conditions in the definition of a Finsler
metric provided ||[W||, < 1 (see [2], [5], [9], [14] for details).

Our main theorems on the structure of the F-cut locus of a surface of revo-
lution endowed with a Randers rotational metric are the following.

Theorem 1.1. Let (M, F) be a Randers rotational 2-sphere of revolution
with navigation data (h, W), where W = p- % is the wind blowing along parallels,
u< {m :r € [0,2al]}, with a pair of poles p, q, di(p, q) = 2a and satisfying

e M is symmetric with respect to {r = a},
e the flag curvature K is monotone along a meridian.

Then the F-cut locus CI' of a point x € M \ {p,q} with {6(x) =0} is
(1) The subarc of the opposite half bending meridian,

Cl = p(d(z,7(t),7(t), t€lc,2a—d],

where ¢ is the flow of the wind, when K is monotone non-increasing.
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(2) The following subarc of the antipodal parallel {r = 2a — r(x)} to x:
C; =11 (2a —r(x)) N~ H{H(m) + ¢(x), 21 — (H(m) — 9 (x))}.

where ¥(x) = p - dp(x, o), Go is the h-first conjugate point of x with respect
to h, m := m(r(z)), when K is monotone non-decreasing.

(3) A single point on the antipodal parallel CI' = (2a — r(x), (1 + uR)), where
R is radius of sphere, when K = # is constant.

(4) If the cut locus of x € M \ {p, q} is a single point, then K is constant.

More generally, if the Gaussian curvature of h, or of F', is not monotone, the
following characterization of the cut locus is possible.

Theorem 1.2. Let (M,F = « + ) be the Randers rotational 2-sphere of
revolution constructed from the navigation data (h, W) of a 2-sphere of revolution
(M, h).

If the F-cut locus of a point x on the equator {r = a} is a subarc of the
equator {r = a}, then the F-cut locus of any point T with r(Z) € (0,2a) \ {a} is
a subarc of the antipodal parallel {r = 2a — r(Z)}.

This is a generalization of Theorem 3.5 in [4] to the Randers case.

Here it is the structure of our paper.

We start by recalling the geometry of a Riemannian 2-sphere of revolution
and the structure of its cut locus (Section 2.1). This section is an excerpt from
[11].

By using the navigation data (h, W), where h is the induced Riemannian
metric on the 2-sphere of revolution M, and W := p- % a mild wind blowing along
the parallels, we construct in Section 2.2 a Randers rotational metric F' = a + 3
on the 2-sphere of revolution M. We determine the F-geodesic equations in
Proposition 2 and extend the Clairaut relation to F-geodesics. The conjugate
and cut points along F-geodesics are obtained by mapping the conjugate and cut
points along h-geodesics by means of the flow ¢, Propositions 3 and 4, respectively.

Moreover, we show here that the flag curvature of this Randers metric coin-
cide with the Gaussian curvature of h (Lemma 2.4). Even though some of these
results were proved already in [7], for a surface of revolution homeomorphic to
R?, we show here how they extend to a 2-sphere of revolution.

Section 3 is where we prove Theorem 1.1 by using a certain number of lemmas.
Finally, in Section 4, we prove Theorem 1.2 and give some examples of Randers
rotational metrics whose Gaussian curvature is not monotone (Subsection 4.2).
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We show that the convexity of the second derivative of the F-half period
function different from the convexity of the h-half period function.

In a forthcoming research we will study the convexity of injectivity domain
and other related topics of Randers rotational surface of revolution.

Acknowledgements . We express our gratitude to Prof. H. Shimada for many
useful discussion and to Prof. M. Tanaka for his important suggestions.

The first author is grateful to Prof. P. Chitsakul for many years of supervi-
sion.

2. The 2-sphere of revolution

2.1. The Riemannian 2-sphere of revolution. A compact Riemannian
manifold (M, h) homeomorphic to a 2-sphere is called a 2-sphere of revolution if
M admits a point p, called pole, such that for any two points g1, g2 on M with
dn(p,q1) = dn(p,qe), there exists an h-isometry f on M satisfying f(q1) = go,
and f(p) = p, where d},(+,) denoted the h-Riemannian distance function on M.

Let (r,6) denote geodesic polar coordinates around a pole p of (M, h). The
Riemannian metric can be expressed as h = dr? +m?(r)df? on M \ {p,q}, where
q denotes the unique h-cut point of p and

- ((8).-(3))

for any point x € M \ {p, ¢} with coordinates (r(z),0(z)) (see [11]).
It is known that each pole of a 2-sphere of revolution M has a unique cut

point (see [11], Lemma 2.1.). A pole and its unique cut point are called a pair of
poles.

From now, for the rest of the paper, we fix a pair of poles p, ¢ and the
geodesic polar coordinates (r, ) around p.

Remark 2.1. We always assume about (M, h) the following conditions (as in
[11]):
1. M is symmetric with respect to the equator, i.e. reflection fixing {r = a},
where dj(p, q) = 2a. In other words, we assume
m(r) =m(2a —r), Vr € (0,2a).

2. The Gaussian curvature G(x) = —7;1;/((72%))) of (M, h) is monotone along the

meridian from pole to the equator.
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We observe that both functions m(r) and m(2a — r) are extensible to a C'*°
odd function around {r = 0} and m/(0) = 1 = —m/(2a).

Any periodic h-geodesic passing through a pair of poles is called a meridian,
i.e. we have y(t) = v(t + 4a), for any ¢t € R, and p = 7(0).

Any curve r = ¢ € (0,2a) is called a parallel. The parallel {r = a} is called
the equator of (M, h).

Remark 2.2. For the sake of simplicity we will often make use in the following
of the Riemannian universal covering of (M \ {p, q}, dr? + m(r)?d6?), namely

(M, ) := ((0,2a) x R, di* + m(F)2d6?),

with the covering projection II : M— M \ {p,q}.

Recall that the equations of an h-unit speed geodesic v(s) := (r(s),0(s)) of
(M, h) are

(1)

where s is the arclength parameter of v with the h-unit speed parametrization

(£) e (8) -

It follows that every profile curve, or meridian, is an h-geodesic, and that a parallel

condition

{r =ro} is geodesic, 1¢ is constant, if and only if m’(rg) = 0.
We observe that (1) implies

do
#mz(r(s)) =v, where v is constant, (3)
s

that is, the quantity %mg is conserved along the h-geodesics.

Lemma 2.1 (The Clairaut relation). Let 5(s) = (7(s),0(s)) be an h-unit
speed geodesic on (M, h). There exists a constant v such that

m* (7 (s))6'(s) = m(7(s)) cos §(s) = v (4)

hold for any s, where ¢(s) denotes the angle between tangent vector of 5(s) and
%h(s) (see Figure 1). The constant v is called the Clairaut constant of 7.
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0 >0
Py T 2

Figure 1. The angle ¢ between tangent vector of ¥ and 8%\:,(3).

Remark 2.3. (1) Usually, a geodesic 7 : [0,]] — M, [ > 0, is determined
by its starting point py € M and initial velocity v := 7(0) € Ty, M. How-
ever, from the Clairaut relation above one can see that this is equivalent to
characterize geodesics by the initial point py and Clairaut constant v. It is
customary to use the notation JE°.

(2) Let po € {F = a} be a point on the equator, and let £ (s) = (7(s),0(s)) be
the h-geodesic from py with Clairaut constant . Observe that

(a) if v =0, then ¢ = £7 and %70 is a meridian, i.e. ded(ss) =0;

(b) if v = m(a), then ¢ = 0 and ﬁg’(a) is a parallel, namely the equator in

this case, i.e. dz(;) =0;

(c) if v € (0,m(a)), then ¢ € (—Z, Z)\ {0}, and hence the geodesic 72 (s) =

272

(7(s),6(s)) is neither a meridian nor a parallel and % > 0.

By combining the Clairaut relation with (2) it follows that the tangent vector
along the unit h-geodesic 720 has the components

dr(s) _ |, V2 db(s) _ v
ds =1 m2(7(s))’ ds m2(7(s))’

If we assume d;—(j) # 0, for all s in some interval (s1, s2), i.e. our geodesic

AP0 is not tangent to a parallel, then it follows

~ ~ F(s) [T(s2) v
O(s2) —0(s1) = signdT(S) /ﬂﬁ) B e o dr, (5)
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dr(s)

where sign =5 s the sign of the component dr(s)

of the tangent vector. Indeed,
if the h- geodesic is not a parallel, then the theorem of implicit functions allows
us to write locally 720 as 0 = 0(7), for 7 € (7(s1), 7(s2)), with the tangent vector

dj . di(s)
dr T ds mjm

Likewise, the fNL—length of such an §5°|(51,52) is given by

e . dr(s) /%2) m(r)
L5 (WP (s,.50)) = sign dr, 7
R0 l(s1,52)) = sign— N e (7)
and taking into account the obvious identity
m(T) /mA(T) — V2 n v?
m2(r) — v? m(T) m(7)y/m?(7) — v2’

it follows

£ ) =i [

7(s2) m?(1) — V2

e [0(s2) — 0(s1)].  (8)
7(s1)

Let us assume that 379(s) = (7(s),6(s)) is an h-unit speed geodesic from
Po, {F(Bo) = a}, {8(po) = 0}, such that v € (0,m(a)), and dr(s |s=0 < 0. From
Clairaut relation it follows that 20 must be tangent to the parallel {F=¢()} at
a point 77°(t1) and and return to the equator at p; = 37°(to), where

to =min{t >0 : 7(t) = a}.

Observe that here £ : (0,m(a)) — R is the inverse function of m : [0,0) — R
where b is the smallest value such that m’|[o7b)] > 0.

On the universal covering, we can see that

6(to) — 0(0) = 2(6(to) — 0(t1)) (9)

By integrating (6) with condition (9), it follows (see [4]):
Lemma 2.2 (Half period function of Riemannian two-sphere of revolution).
Let 420 be a h-unit speed geodesic, where py € {¥ = a} and v € (0,m(a)), i.e.
Do Is a point on equator and ﬁ,@fo is neither meridian nor parallel (equator) (see
Figure 2). The h-distance from py to 32° (to) is given by the h-half period function

H:(0,m(a)) =R,  H)= 2/a Y _dr, (10)

gy m(r)y/m(7)? —v

where 7 = £(v) is the parallel tangent to Y2 (to).
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’7;'

Figure 2. The Riemannian half period function H(v).

Let po € M and B,(s) and 7, (s) for any v € (0, m(7(Po))) denote the geodesic
emanating from pg with (7o E,:)’(O) >0and (707,)(0) <0.

Since both geodesics S, (s) and 7,(s) depend smoothly on v € (0,m(a)) we
obtain two geodesic variations such that all curves in the variation are geodesics.

We obtain the h-Jacobi fields X, (¢) and Y, (¢t) :

0

Xu(t) = 5o B0), olt) = o Gul0)

along (3, (t) and 7, (t). We can see that X, (0) = Y, (0) = 0.

Let us denote by p, the point of coordinates (7(pu), g(ﬁu)) = (u,0), where
u € (0,2a) and v € (0,m(a)). Similarly with the case u = a, discussed above,
for any v € (0,m(u)), we consider the h-geodesic 7 emanating from p,, with
Clairaut constant v and (7o 5%)’(0) < 0.

The geodesic 7¥ is tangent to the parallel {7 = £(u)} at a point ¥%(sg), will
intersect the equator and then will be tangent to the parallel {r = 2a — {(u)}
at a point 7%(s1). Clearly, the parameter values sp and s; are solutions of the
equation (7074)'(s) = 0. Then it is known from the proof of Lemma 2.9 in [11],

or Proposition 7.2.3 in [10], that the Jacobi vector field Y, along ¥ is given by

xwszmw#ué?gwxgkw%%kJ.un

Pay attention to the fact that we are using here the parametrization 0 =

] (7(s),u,v) explained above. Some straightforward computations show that (7, u, )
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given by

2a—u
O(F, u,v) = H(v) — / v dr, (12)
7 m(T)y/m?(1) — v?
where H is the Riemannian half-period function in Lemma 2.2.
A point qo = ,(I), where v € (—m(7(po)), m(7(po))) and I > 0, is h-
conjugate to py along 7, (t) if and only if Y, (I) = 0, and taking into account that

(%)~ o’ (%)~ ) are linear independent vectors on T5u (4 M, one obtains the
Fu (s 72 (s Y
differential equation N
o (Fyu,v) =0 (13)
g, W) =

along 7¥(s).

It can be shown that this differential equation has a unique solution 7(s.., v, u)
that is the 7 coordinate of the h-first conjugate point of p,, on F¥(s).

The 6 coordinate of the h-first conjugate point is obtained by substitution
O0(se,u,v) = O(F(5e,u,v),u, ).

Definition 2.1. Let ~v : [0,4g) — M be a minimal h-geodesic segment on
a complete Riemannian manifold (M, h). The endpoint v(¢y) of the geodesic
segment is called a h-cut point of p := (0) along ~ if any extended geodesic
segment v* : [0,¢1] — M of v, where t; > t¢, is not a minimizing arc joining p to
~v*(t1) anymore. The h-cut locus CI}} of the point p is defined by the set of the cut
points along all geodesics segments emanating from p.

The structure of the h-cut locus C of (M, h) was obtained in [11].

Theorem 2.3 ([11]). Let (M,dr? + m(r)?d#?) be a 2-sphere of revolution
with a pair of poles p,q and satisfying properties in Remark 2.1. Then the h-cut
locus of a point x € M \ {p,q} with {0(z) =0} is

1. the antipodal point C* = (2a — r(z),n), when G(z) is a positive constant;
2. a subarc of the opposite half meridian C* C {§ = 7}, when G(z) is monotone

non-increasing along meridian from the pole p to the point on {r = a};

3. a subarc of the antipodal parallel {r = 2a — r(x)}, that is C* = r~1(2a —

r(z)) N O~ (H(m(r(x))),2r — H(m(r(x)))), when G(x) is monotone non-

decreasing along meridian from the pole p to the point on {r = a}.

2.2. Randers rotational metrics. In a previous paper [7] we have constructed
a Randers rotational metric on a surface of revolution homeomorphic to R2. We
will construct a Randers rotational metric on a 2-sphere of revolution in a similar
manner in the following.
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Let (M, h) be the 2-sphere of revolution considered in the previous section.

Observe that there exists a constant p < { : 1 € [0,2a]}, such that

1
max{m(r)}

1t < iy for any r € [0, 2a].

Proposition 1. If (M, h) is a surface of revolution and W = p - % is a
breeze on M blowing along parallels, then the Randers metric (M, F = « + f3)
obtained by the Zermelo’s navigation process with data (h, W) is a Finsler metric

on M, where a = \/a;;(x)y'y’, B = b;(x)y" are defined by

1
1 0 0
(a”) = ( 1*#02’”12 m2 ) s b; = ( _ um? ) R 273 = ]_72 (]_4)
u2m2)? e

Indeed, observe that due to our condition p < ( for all r € [0,a], W in
the canonical basis (2, Z) of T,M, reads W = (W', W?) = (0, ), and hence
h(W, W) = b? = (um)
covariant vector b = (b, bs). This condition guarantees the strong convexity of
the Randers metric F' = a+ 3 (see [2]).

It is trivial to see that W is a Killing vector field of (M, h), and taking into
account that the flow of W is ¢(s;7(s),0(s)) = (r(s),0(s) + 1 - s), we obtain the
global characterization of F-geodesics.

msa

» 90
< 1, where b? := g% b;b; is the Riemannian a-norm of the

Proposition 2. Let (M, F = a + ) be the Randers rotational metric con-
structed from the navigation data (h, W), where (M, h) is a Riemannian 2-sphere
m : r € [0,2al}, is the breeze on
M blowing along parallels, then the F-unit speed geodesics P : (—e,e) — M are

of revolution, and W = p - %, w <A
given by

P(s) = (r(s),0(s) + ps), (15)
where y(s) = (r(s),0(s)) is an h-unit speed geodesic.

Indeed, taking into account that Zermelo’s navigation gives
h(3(s),%(s)) = 1 if and only if F(P(s),P(s)) = 1. (16)

It follows that we can use the same arclength parameter s on both Riemannian
and Randers geodesics, and since W' is h-Killing vector field, the conclusion follows
from [9], or can be verified by straightforward computation.

Corollary 1. The pair (M, F') is a forward complete Finsler surface of Randers
type.
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We recall from our previous work [7] the Finsler version of Clairaut relation.

For an F-unit geodesic P(s) = ¢(s,7v(s)) obtained by deviating an h-geodesic
~(s) with Clairaut constant v by means of the W-flow ¢, the following relation
holds

v+ um?(r(s))

(o) L+ 2w + 12 1

cos(s) =

where 1)(s) is the angle between the vectors P(s) and %‘p(s) (see Figure 3). We

have proved this formula for a surface of revolution homeomorphic to R? in [7],

but the proof carries out on any kind of surface of revolution.

4
9

or

¥ P
QS /
/
v/
/
— .9
W=p- 3 55

Figure 3. The angle ¢ between P and a parallel.

Remark 2.4. (1) We have seen in Remark 2.3 that an h-geodesic is char-
acterised by its initial point and Clairaut constant (po,v), that is equiva-
lent to the usual initial conditions (pg,v) € TM. Since the corresponding
Finsler geodesic is also determined by its starting point py and initial ve-
locity y := v+ p - % € T,,M, where 1 is constant, we can see that this
F-geodesic is uniquely determined by its initial point and Clairaut constant
v. We have to pay attention though that v is the Clairaut constant of the
original hA-Riemannian geodesic.
Let pg € {r = a} be a point on the equator, let v2°(s) = (r(s),6(s)) be the
h-geodesic from pg with Clairaut constant v, and let P(s) = (r(s),0(s) + us)
be the corresponding F-geodesic. Observe that
(a) P is a meridian, that is ¢» = £Z, if and only if v = —um?(a).
Indeed, ¢ = £7 means cost = 0, and from Finslerian Clairaut relation
(17) we obtain the desired value.



The cut locus of a Randers rotational 2-sphere of revolution 13

(b) P is a parallel, namely the equator in this case, that is ¢ = 0, if and
only if v = m(a).

(¢) if v € (—pm?(a),0)U(0,m(a)), then ¢ € (-5, %)\{0}, and the geodesic
Pro(s) = (r(s),0(s) + ps) is neither a meridian nor a parallel with

d6(s)
22> > 0.

We have the following important result.

Lemma 2.4. The flag curvature K of the Randers rotational metric (M, F =
a+ () given by (14) lives on the base manifold M. Moreover, we have K(x,y) =
K(z) = G(x), for any (x,y) € TM, where G is the Gaussian curvature of (M, h).

PROOF. Even though similar with the proof of Lemma 4.3 in [7] we sketch it
here for the sake of completeness. We can see that our Randers rotational surface
of revolution is Finsler-Einstein with Ricci scalar Rictf) = K(x), where K(z) is
the sectional curvature of (M, F').

From [5], we know that (M, F) is Finsler-Einstein with Ricci scalar Ric(") =
K(z) if and only if (M, h) is Einstein with Ricci scalar Ric® = K(x) and W is
Killing vector field for (M, h).

Next, we recall that any Riemannian surface (M, h) is an Einstein manifold
with Ricci scalar Ric™ = G(z) that completes the proof.

O

We turn now to the study of the conjugate points of F-geodesics.

Proposition 3. Let (M,F = «a + ) be a Randers rotational surface of

revolution with navigation data (h, W), where W = p - % is the breeze on M

blowing along parallels p < mb) for any r. Suppose that v : [0,]] = M is an

h-geodesic and P(s) = p(s,v(s)) is the corresponding F-geodesic, t € [0,1]. Then
P(1) is conjugate to p = P(0) along P (with respect to metric F') if and only if
~(1) is conjugate to p = v(0) along ~ (with respect to metric h).

PROOF. Let 7 : [0,I] = M be an h-unit speed geodesic. Suppose I'(¢,s) :

(—¢g,e) x [0,1] = M be an h-geodesic variation of v(s) := I'(0, s) with variation
vector field

t=0
Observe that this J is actually given by (11) for any v € (0,m(a)). If we
assume that (1) is h-conjugate to v(0) it follows that

JO)=J(1)=0 and J(s)#0, se€(0,1).
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By using the wind W, blowing up on M, with the flow ¢, by deviating v we
obtain the corresponding F-geodesic P(s) = (s, 7v(s)).
Let us consider the F-geodesic variation

P(ta 5) = <P(v(t)sa F(t7 S))a

where v(t) is the constant h-speed of the geodesic variation I'(¢, s).
We obtain the F-Jacobi field

JI(s)) =dp-J(s).
If we consider the flow ¢ = (¢1,¢2) = (r,0 + ps), it follows
9p1 9p1 1 0
oo (B %)-(0) "
ar 09

that is the identity matrix.
We obtain that J vanishes if and only if J does, hence

JO)=J(1) =0 and J(s)#£0, se(0,0),

that is P(I) is conjugate to p = P(0) along P, whenever (l) is conjugate to

p =(0) along ~.
0

3. The proof of Theorem 1.1

Let (M, F = a+f) be a Randers rotational 2-sphere of revolution obtained
from the navigation data (h, W), where h is the Riemannian metric of the 2-sphere
of revolution M, and W := p - % is the wind blowing along the parallels, where
< {m ;7 €10, 2al}.

Extending by analogy the definitions of poles from Riemannian setting (see
Section 2.1), we obtain

Lemma 3.1. The F-cut point of the pole p on (M, F) is the other pole q.

PROOF. Recall that a pair of poles p,q on (M, h) are invariant under the

flow acting along parallels, i.e. ¢(s,p) =p and p(s,q) = ¢, for any s € R.
Since the h-geodesics joining p and ¢ are meridians and all of them have same
h-length, it follows that the F-geodesics joining p and ¢ are bending meridians
with same F-length by (16). Hence we get that ¢ is the cut point of p on (M, F).
([l
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Remark 3.1. In [7] the curve P(s) = ¢(s,v(s)) is called a twisted meridian,
where (s) is a meridian. However since a pair of poles on 2-sphere of revolution
M are invariant under the wind, we prefer to use the words bending meridian for
P(s) = ¢(s,7(s)), where y(s) is meridian on (M, h).

Corollary 2. The points p, g are a pair of poles on (M, F').

Remark 3.2. In the Finslerian universal covering manifold (M F=a+ B),
with the covering projection II : M — M \ {p, ¢} we use the notation 75+(5) =
(s,7(s)) for an F-geodesic obtained from F(s) in the wind blowing direction and
P~(s) = (—s,3(s)) for an F-geodesic advancing against the wind.

Lemma 3.2. Let 3(s) = (7(s),6(s)) be an h-unit speed geodesic on M with
Clairaut constant v = m(a) joining the points po := (a,0) and qo := (a,7) , Le.
~(s) is an equator and G(po) =0, H(qo) = T or qp is antipodal point of py along .
Then the F-unit speed geodesic P (s) = ¢(s,7(s)) will join the point py = P*(0)
with ¢, = P*(x) = (a,7(1 + p)). On the other hand, P~ (s) = ¢(—s,7(s)) will
join py = P~(0) to the point gy = P~ (7) = (a,7(1 — ).

Remark 8.5. Observe that II(¢q1) = II(g2) € M.

PROOF. Let py be an arbitrary point on equator and gy be an antipodal
point to py. Let 5(s) = (¥(s), g(s)), be an h-unit speed geodesic joining py to qo,
that is

po=7(0) = (a,0), qo=7(m) = (a,7).

We recall that the wind is blowing along the parallels (see [7]). Since dn(Bo, Go)
7, we know that the F-unit speed geodesic PT(s) = ¢(s,7(s)) obtained by 7(s)
is joining pg to the point

PH(m) = p(m,7(m)) = (a,7(1+ p)),

therefore the point gy will change the position to ¢ = (a,7(1 + p)), hence
dr(po, 1) = . N
On the other hand P~ (s) will join py to g = (a, 7(1 — u)).
O

Remark 3.4. Let PPo(s) = (7(s),0(s) + ps) be an F-unit speed geodesic
emanating from py € {r = a} and v € (0, m(a)). One can see that

B . r(b) S
(PP2)2(r(b)) — (PE)2(r(a)) = /( : @f +“Z )dr'
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We know that P, (s) := PP must be tangent to the parallel £(v) at P, (t;) and
then return to the equator at P, (to) (see Figure 4). Then, by a similar compu-
tation as in the Riemannian case, the F-distance from py to 731,(150) in the wind
direction is given by the following F-half period function

Hi(v) =Hv) + ¥ (v), (19)

where ¥(v) := 2u(a — £(v)), and H is the h-half period function (see (10)). For
the direction against the wind we obtain

Hp(v) =H(v) —P(v), (20)

see [8] for computational details.

Tk
2a

| | |
| | |
\ \ \
q \ \ \
\ \ \
\ \ \
\ \ \
\ \ \
\ \ \

Figure 4. The h-half period function and F-half period function.

If m/|[g,q) # 0 then we can assume m’ > 0 on (0, a), in this case, taking into
account that £(v) = (m(g,4)) " observe that the function ¢(v) = 2u(a —&(v)) is
decreasing function when £(v) € (0,a) and increasing when £(v) € (a, 2a).

Proposition 4. Let z € M\{p, q} be an arbitrary point. Then qq is an F-cut
point to x on P if and only if §y is h-cut point to x on vy, where P(s) = ¢(s,7v(s))
is the corresponding F-geodesic obtained from v, P(0) = v(0) = «.

PRrROOF. Let v : [0,{]] = M be an h-unit minimizing geodesic from z to
Go = (1) and o is a h-cut point of z, i.e. gy € C.

Let P(s) be the F-unit geodesic obtain from ~(s) and let gg := P(1).
Assume qg is not F-cut point of z on P, that is there exists a shorter minimizing F-
geodesic Py : [0, 1] = M from x = Py(0) to go = Po(lo) where dp(z,qo) := 1y <.
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From Py, we construct the corresponding h-geodesic
Yo - [07 ZO] — M7 ’YO(S) = @(_8773(8))7

where v9(0) = Po(0) = 2 and o (lo) = ©(—lo, Po(lo)) = ©(—lo,q0) = g, (0)-
Let us denote by ¢ the curve

¢: [_l07 _l] — M, C(S) = (,0(8,(]0),

(see Figure 5).
Then, from triangle inequality, we have

Ln(€) = Ln(v) — Ln(0)- (21)

On the other hand, we compute L, (¢) as follows

ICE = W tssao 17 = Ildp (W, )IIR = IWaolli = (m(r(g0)))® < 1,

where dyp is identity from (18).
It follows that

—lo | —lo
£r(0) = / ) s < / ds =1 1o = Ln(1) — Lu(r0).  (22)

From (21) and (22), we get a contradiction, hence gy is an F-cut point of = along
P.
O

Here is the proof of our Theorem 1.1
Proof of Theorem 1.1. Let x € M \ {p,q}. We recall that the flow for
navigation data is ¢(s;7(s),0(s)) = (r(s),0(s) + us). Propositions 3 and 4 imply
that F-cut locus is corresponding to the h-cut locus.
(1) The case when K is monotone non-increasing.
In Riemannian case the h-cut locus C* of , when the Gaussian cur-
vature is monotone non-increasing, is a subarc of the opposite half meridian
{0 = 7}, which are denote by 7,|[c,24—c], Where 7, (c) is the h-first conjugate
point of x along 7.
Therefore by taking into account Propositions 3 and 4 the F-cut locus is the
following subarc of the opposite half bending meridian of x:

CE = p(d(z,7(t),7(t), tE€][c,2a—d.
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G0 = (L) =P(1) = Po(l)

the flow direction

Figure 5. The proof of Proposition 4.

(2) The case when K is monotone non-decreasing.

In the Riemannian case (see [11]), if the Gaussian curvature G is
monotone non-decreasing then the h-cut locus C* of z is a subarc of the
antipodal parallel {r = 2a — r(x)}, that is

€ =r(2a — r(x) N0 {H(m), 27 — H(m)},

x

where H is h-half period function defined in (10) and m := m(r(x)).
Next, let gy be the h-first conjugate point of x on front side, i.e.

do = (2a - T(.T}),H(m)),

and recall that our wind is blowing along the parallels, therefore the F-first
conjugate point to x is

rt(2a = r(x)) N0~ {H(m) + ()},

where ¥(z) = p - d(z,do). On the other hand the F-first conjugate point to
z on the back side is

rmH(2a —r(z)) N 6721 — (H(m) — 4(x))},
hence we obtain

Cr =r""(2a —r(2)) N O~ {H(m) + ¢(x), 27 — (H(m) — ()}
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(3) The case when K is constant.

Let M be the round sphere of radius R. Recall that in the Riemannian
case when G = % is constant, the cut locus of any point x € M \ {p,q} is
its antipodal point, i.e. C* = §o = (2a — r(z),7), where 8(x) = 0. Since
dn(z,do) is equal to the half of circumference, i.e. dp(z,go) = 7 - R, from
Proposition 4 we obtain that the F-cut locus of z is

CE = o(dn(z,do) = (R, Go)
= (2a —r(z),7(1 + uR),

where R is radius of round sphere.

(4) If the F-cut locus of & € M \ {p,q} is a single point, say ¢ € M, then
G := p(—1,q) is a h-cut point, where dp(z,q) = . Obviously § is the only
h-cut point of h due to the Proposition 4.

Since the h-cut locus of x € M{p,q} is made of a single point ¢, we
know from [11] that G = 3z must be a positive constant and hence (M, h)
is actually the round sphere of radius R.

Taking now into account that (M, h) is a constant Gaussian curvature
Riemannian surface and W a Killing field on (M, h), it follows from [6] that
the corresponding Randers metric by the Zermelo navigation must be of
constant flag curvature.

Remark 3.5. We recall that in order to obtain all F-geodesics P(s) with
dp

% > 0 emanating from a point p = P(0), 0(p) = 0, we need to consider the
Riemannian geodesics 72 with Clairaut constant v € (—u - m?(a), m(a)).

On the other hand, we have determined the F-cut point g of a point p = P(0)
by mapping the h-cut point § of the same point p = v2(0) along the corresponding
h-geodesic vF = p(—s,P(s)), and using the structure of the h-cut locus for such
h-geodesics determined in [11], for v € (0, m(a)). Hence, strictly speaking we have
determined only the F-cut locus of a point p along the F-geodesics corresponding
to the h-geodesics having v € (0, m(a)), having out the h-geodesics corresponding
to v € (—u-m?(a),0).

However, in the Riemannian case, due to the reversibility of h-geodesics and
symmetry of the distance function dy, it is easy to observe that the cut locus of a
point p € M made of h-cut points along the h-geodesics 2, v € (—u-m?(a),0) is
actually a subset of the h-cut locus of p made of h-cut points along all h-geodesics
2, v € (0,m(a)), hence we are not missing any points in Cg.



20 Rattanasak HAMA, Jaipong KASEMSUWAN and Sorin V. SABAU

4. The behaviour of cut locus when the cut locus of a point on
equator is the subarc of the equator

4.1. The cut locus. From the previous section, we can see that, if the Gauss-
ian curvature is monotone non-decreasing (increasing) then h-half period function
is monotone non-increasing (decreasing), but the inverse is not true, i.e. if h-half
period function is monotone non-increasing does not implies Gaussian curvature
is monotone non-decreasing.

In this section, we will consider the more general case by extending the results
in [4] to the Randers case.

Let (M, h) be the Riemannian 2-sphere of revolution considered in the pre-
vious sections, but in this section we do not assume the second condition in
Remark 2.1, and let W = pu - % the wind blowing along the parallels, u <

{7111“%(” :r €0, Qa]}. If we denote by (M, F = a + ) the Randers rotational

constructed from navigation data (h, W) in Section 2.2, then we have

PROOF OF THEOREM 1.2. If the cut locus of a point ¢ on {r = a} is a
subarc of {r = a}, since the equator is invariant under the flow action, then by
Proposition 4 it follows that the h-cut locus of the point ¢ is a subarc of {r = a}.
Hence, by using Theorem 3.5 in [4] it results that the h-cut locus of the point ¢
is a subarc of the antipodal parallel {r = 2a — r(q)}.

Taking now into account that any parallel is flow-invariant by Proposition
4 it follows that the F-cut locus of ¢ must be a subarc in the antipodal parallel
{r =2a —r(q)}. Clearly, the F-cut locus is obtained by rotating the h-cut locus
by flow action on the parallel {r = 2a — r(q)}.

|
4.2. Examples.
Ezample 1. Let us consider the Riemannian 2-sphere of revolution M) :=
(S?, hy), introduced in [4], where
hy = dr? + m3 (r)do? (23)

and

ma(r) = VAL oy, (24)

V1+ Acos2r’ -

It is clear that the function r — my(r) is symmetric with respect to the equator
{r = %}, and a straightforward computation shows that the Gaussian curvature
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of (S%,hy) is
A+ 1)(1 — 2\ cos®r)
(14 Acos?r)?

GA(T) =

For A = 0 one obtains the the round sphere S? with canonical Riemannian metric
and for A — oo the metric

heo = dr? + tan? rd6?,

that is singular along the equator {r = 7}.
By taking the derivative of G one can see that G is not monotone along
the meridian from a pole to the equator. Indeed, we have

2A(A+ 1) sin2r

2
m(? — A cos 7’).

G4(r) =

On the other hand, more computations lead to

ATY
Hv)=m— , A>0, e (0,VA+1),
)= VAT + 1+ 02) vel )

where we use £(v) = 2, and from here

WA
W)= VAT S,

A+ 1+ 2)3

moreover

2
V4 1
’H”(V) = M A>0,

A+1+a2)%
see [4] for detailed computations.

Then Lemma 3.3 in [4] implies that the h-cut locus of a point ¢ on {r = 5}
is a subarc in {r = §} and hence by Theorem 3.5 in [4] it results that for this
2-sphere of revolution, the cut locus of any point ¢ € S?, r(q) € (0,7) \ {Ztisa
subarc of the antipodal parallel {r = 2a — r(q)} (see [4] for details).

Let us consider the associated Randers rotational metric F' = a+ 3 obtained
by Zermelo’s navigation method ([7], [9]) from the navigation data (hy, W), where

W=u- %, "< {m ‘T € [O,w]} = mxl(%) = \/Alﬁ From Proposition 1 it

follows

14+Acos?r 0 0
(Cl' ) o 1+Acos2 r—pu2(A+1)sin? r b — L
v 0 (A1) sin? 7) (14X cos® r) » YT —p(A+1)sin” 7 .
(1+Acos?2 r—pu2(A+1)sin? r)? 1+Xcos? r—p?(A+1) sin? r
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For the sake of simplicity, let us consider

1
= ot
Then (19) implies
ATY 1 T
HEW) =7 — + ——v%), A>0
r)=m VAFIVA T 02 \/)\-1—1(2 V)

and therefore

(HEY () = —)\m/)\—&—l‘_ 2u >0
F A+1+M2)3 A+ ’

and

Mo/ +1 2
(Hp)' () = STXVAEL ) (25)
Atrl+a2)3 ATl

We observe that if H(v) is monotone non-increasing, then H1(v) is decreasing on
ve (0,VA+1).

Moreover, observe that the F-cut locus of any point ¢ in {r = 7} is a subarc
of {r = %}, as well as, that the F-cut locus of any point ¢ € My, such that
r(q) € (0,7)\ {5} is a subarc of the antipodal parallel {r = 7 —r(¢)}. Indeed,
taking into account the h-cut locus of the points ¢ and ¢, respectively and the
fact that the equator and parallels are invariant under the flow, the F-cut locus
can be obtained from Proposition 4.

Therefore, we obtain

Proposition 5. Let (S?, F\ = a + 3) be the Randers rotational metric
induced from the navigation data (hy, W) on S? given by (23), (24). If A > 0,
then

(i) the cut locus of a point q € S? on the equator is a subarc of the equator.

(ii) the cut locus of a point ¢ € S?, distinct from the pair of poles, is a subarc of
the antipodal parallel {r = m —r(q)}.

This is the generalization of the first part of Theorem 4.4 in [4] to the Randers
case. Observe that due to Lemma 2.4 and the formula for G} it follows that the
Randers rotational metric constructed in this example is not of monotone flag
curvature along meridian.
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Remark 4.1. The Riemannian 2-sphere of revolution (S2, h,) given by (23),
(24), A > 0 gives an example for Theorem 3.6 in [4] due to the fact that the h-half
period function satisfies

H'(v) <0< H"(v) for any A > 0.

However, this type of relation is not true in the Randers case. Indeed, even though
the h- and F-half period function H(v) and H}.(v) have the same monotonicity,
respectively, they do not share the same convexity. Formula (25) implies that
(HE)"(v) is not always positive. For instance, numerical simulations show that
(HE)"(v) <0, for A < 1.5, while for A > 1.5 the function (#}.)"(v) can take
both, positive and negative values, where v € (0,y/\ + 1), see Figure 6.

lambda = 1.5 lambda = 1.6
o

o T Tz T4 16 T 2z =22

Figure 6. The graphs of H"”(v) and (H})”(v), where A = 1.5 and
A = 1.6 respectively.

Example 2. Another example is obtained from the Riemannian 2-sphere of
revolution (S?, hy) given in [3], where h) is given by (23) and

sinr

=T s c0q], Ae(0,1).

m)\(r) - b
V1= Asin’r

By straightforward computation one can see that

(1 —=X) —2\cos?r
(1 — Asin?r)2

Gi(r) =

and
_ 4Xsinrcosr(2(1 — \) — Acos®r)

(1 — Asin®7r)3

GA(r)
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It is clear that for A € (0,1), G\ vanishes at the pair of poles and the equator and
the Gaussian curvature, G is monotone for A € (0, 2) with a local extremum of
A = 2 (see [3] for details).

A similar computation with [4] shows that

2 1
Hw) =7 — 2 ve (o,
W =r= e Y ( 1—)\>
H (v) = _omA W (v) = ﬂ
(14 2)2’ (14 A2)3

(compare with the form in [3] obtained in Hamiltonian formalism).
One can easily see that

and hence

H(v) <0< H'(v) (26)

and hence the h-cut locus of a point ¢ on the equator is a subarc of the equator
(Lemma 3.3 in [4]), and the h-cut locus of a point ¢, distinct from equator of
(S2,hy) is a subarc of the opposite parallel (Lemma 3.4 in [4]).

If we consider again the Randers rotational metric (S?, F\ = o+ 3) obtained
by Zermelo’s navigation method ([7], [9]) from navigation data (hx, W), W =
e %, < +/1—X, then (19) gives

YN TUA — (T o —
Hp(v)=m 7\/@—1—\/1 )\(2 1/)7 ve(0,V1-=MN),

where we consider for simplicity u = %\/1 — A, and hence

V() = —TA 7 N
(V) = sy~ 2T
(HE) (v) = STV

(14 \2)3
By a similar argument with Example 1 it follows that Proposition 5 is true for
this example as well.

Remark 4.2. When we consider the second derivative of the F-half period
function Hg(v), we observe that, even through the Riemannian counter part
satisfies (26), in the Finsler case we have (H}) (v) < 0, however (H})"(v) <0,
for A < 0.6, while for A > 0.6 the function (H}.)" () can take both, positive and
negative values, where v € (0, \/%), see Figure 7. that is, in this case also the
convexity of the half period function in the Riemannian and Finsler case are quite
different.
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1 lambda = 0.6 1 lambda = 0.65
o L3

T 2z 24 G oz Joa o6 o8 T2 14 16 18 2 22 24

Figure 7. The graphs of H”(v) and (H%)”(v), where A = 0.6 and
A = 0.65 respectively.
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