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Chapter 1
Introduction

1.1 Research Motivation
FSBDUJPOBM DBMDVMVT XBT JOUSPEVDFE NPSF UIBO 300 ZFBST BHP. IU JT B CSBODI PG

NBUIFNBUJDBM BOBMZTJT UIBU TUVEJFT UIF TFWFSBM EJGGFSFOU QPTTJCJMJUJFT PG EFųOJOH SFBM PG
DPNQMFY OVNCFS QPXFST PG UIF EJGGFSFOUJBUJPO BOE JOUFHSBUJPO PQFSBUPST BOE EFWFM-
PQJOH B DBMDVMVT GPS TVDI PQFSBUPST HFOFSBMJ[JOH UIF DMBTTJDBM POF. IU JT BQQMJFE JOUP
NBOZ CSBODIFT PG NBUIFNBUJDBM TDJFODF BOE FOHJOFFSJOH. IU JT EPNJOBUJOH CZ NPEFSO
FYBNQMFT PG BQQMJDBUJPOT JO EJGGFSFOUJBM BOE JOUFHSBM FRVBUJPOT. TIF GSBDUJPOBM EFSJWBUJWF
PG UIF FYQPOFOUJBM PCUBJOFE CZ LJPVWJMMF JO 1832, BOE UIF GSBDUJPOBM PG QPXFS GVODUJPO
HPU CZ RJFNBOO [1> JO 1847. TIF RJFNBOO-LJPVWJMMF GSBDUJPOBM EFSJWBUJWF XBT GBJMFE JO
UIF EFTDSJQUJPO BOE NPEFMJOH PG TPNF DPNQMFY QIFOPNFOB. TIVT, CBQVUP’T GSBDUJPOBM
EFSJWBUJWF XBT JOUSPEVDFE JO 1967 CZ CBQVUP [2>.

LJOFBS NBUSJY (GSBDUJPOBM) EJGGFSFOUJBM FRVBUJPOT BSF JNQPSUBOU JO WBSJPVT ųFMET
XIJDI JODMVEJOH BQQMJFE TDJFODF, FOHJOFFSJOH, FDPOPNJDT. FPS B EFUBJM TVSWFZ XJUI DPM-
MFDUJPOT PG BQQMJDBUJPOT JO WBSJPVT ųFMET, TFF MJMMFS BOE RPTT [3>, PPEMVCOZ [4>, KJMCBT BOE
SBJHP [5>, BOE KJMCBT FU BM. [6>. TIF TJNQMFTU GPSN PG MJOFBS NBUSJY EJGGFSFOUJBM FRVBUJPOT
JT TIPXO CFMPX:

X ′(t) = AX(t). (1.1)
HFSF, A ∈Mn BOE X(t) JT BO VOLOPXO NBUSJY-WBMVFE GVODUJPO UP CF TPMWFE. TIF TPMVUJPO
PG (1.1) JT HJWFO CZ

X(t) = eA(t−t0)X(t0), (1.2)
TFF NPSF EFUBJM JO BFO BOE RBDIJEJ [7>,[8>, CIFOH BOE YBV [9> BOE LFPOBSE [10>. A
HFOFSBM TZTUFN PG OPOIPNPHFOFPVT MJOFBS NBUSJY EJGGFSFOUJBM FRVBUJPOT UBLFT UIF GPSN

X ′(t) = AX(t) + U(t). (1.3)

IFSF, U(t) JT B HJWFO NBUSJY-WBMVFE GVODUJPO. TIF TPMVUJPO PG (1.3) JT HJWFO CZ

X(t) = e(t−t0)AX(t0) + etA ∗ U(t), (1.4)

XIFSF ∗ EFOPUFT UIF NBUSJY DPOWPMVUJPO QSPEVDU. A HFOFSBM TZTUFN PG OPOIPNPHF-
OFPVT DPVQMFE MJOFBS NBUSJY PSEJOBSZ EJGGFSFOUJBM FRVBUJPOT UBLFT JO UIF GPSN

X ′(t) = AX(t)B + CY (t)D + U(t),

Y ′(t) = EX(t)F +GY (t)H + V (t).
(1.5)
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HFSF, A,B,C,D,E,F ,G,H BSF HJWFO NBUSJY-WBMVFE GVODUJPOT, BOE X(t), Y (t) BSF VOLOPXO
NBUSJY-WBMVFE GVODUJPOT. TIF TPMVUJPO JT HJWFO JO UFSNT PG KSPOFDLFS QSPEVDUT, UIF
WFDUPS PQFSBUPS BOE NBUSJY TFSJFT DPODFSOJOH FYQPOFOUJBM BOE IZQFSCPMJD GVODUJPOT.
A OPOIPNPHFOFPVT DBTF PG (1.5) XBT EJTDVTTFE JO KJMNBO BOE AM-ZIPVS [11> XIFO
E = C, F = D, G = A, H = B BOE U(t) = V (t) = 0. TIF TZTUFN (1.5) XBT JOWFTUJHBUF JO
KPOHZBLTFF BOE CIBOTBOHJBN [12> VOEFS UIF BTTVNQUJPO UIBU AC = CA BOE BD = DB.

A TJNQMF TZTUFN PG IPNPHFOFPVT MJOFBS NBUSJY GSBDUJPOBM EZOBNJDBM EJGGFSFOUJBM
FRVBUJPOT UBLFT UIF GPSN

X(α)(t) = AX(t). (1.6)
TIF TPMVUJPO PG (1.6) JT HJWFO CZ (TFF BBMBODIBO BOE KPLJMB [13>,[14> )

X(t) = Eα(A(t− t0)
α)C, (1.7)

XIFSF Eα JT MJUUBH-LFGŴFS GVODUJPOT XJUI QBSBNFUFS α > 0. TIF TJNQMFTU GPSN PG OPO-
IPNPHFOFPVT MJOFBS NBUSJY GSBDUJPOBM EZOBNJDBM EJGGFSFOUJBM FRVBUJPOT XJUI EFMBZT JO
DPOUSPM JT TIPXO CFMPX:

X(α)(t) = AX(t) + U(t). (1.8)
TIF TPMVUJPO PG (1.8) JT BT GPMMPXT (TFF BBMBODIBO FU BM. [14>)

X(t) = Eα(At
α +

∫ t

0

(t− s)α−1Eα(A(t− s)α)u(s)ds. (1.9)
A HFOFSBM TZTUFN PG OPOIPNPHFOFPVT DPVQMFE MJOFBS NBUSJY EJGGFSFOUJBM FRVBUJPOT UBLFT
UIF GPSN

X(α)(t) = AX(t)B + CY (t)D + U(t),

Y (α)(t) = EX(t)F +GY (t)H + V (t),
(1.10)

TIF TZTUFN XBT JOWFTUJHBUFE JO LFPOBSE [11> VOEFS UIF BTTVNQUJPO UIBU AC = CA BOE
BD = DB.

IO UIF QSFTFOU XPSL, XF DPOTJEFS B HFOFSBMJ[BUJPO PG UIF TZTUFN (1.10), OBNFMZ,

X(α)(t) =

p∑
i=0

AiX(t)Bi +

q∑
i=0

CiY (t)Di + U(t),

Y (α)(t) =

r∑
i=0

EiX(t)Fi +

s∑
i=0

GiY (t)Hi + V (t).

XIFSF 0 < α ≤ 1 BOE BMM EFSJWBUJWFT BSF JO CBQVUP’T TFOTF. TP PCUBJO BO FYQMJDJU GPSNVMB
PG UIF TPMVUJPO, XF JNQPTF BO BTTVNQUJPO PO UIF DPFGųDJFOU NBUSJDFT. OVS SFTVMU
JODMVEFT UIF SFTVMUT JO AM-ZIPVS [11>, KPOHZBLTFF BOE CIBOTBOHJBN [12> BOE KJMMJNBO
BOE AM-ZIPVS [15>. WF BMTP QSPWJEF BOE BO JMMVTUSBUJWF FYBNQMF PG UIF NBJO SFTVMU.

1.2 Objectives of the study
TP JOWFTUJHBUF B TZTUFN PG OPOIPNPHFOFPVT MJOFBS NBUSJY GSBDUJPOBM EZOBNJDBM

EJGGFSFOUJBM FRVBUJPOT.
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1.3 Scopes of the study
WF TPMWF UIF GPMMPXJOH DPVQMF OPOIPNPHFOFPVT TZTUFN PG MJOFBS NBUSJY GSBD-

UJPOBM EZOBNJDBM EJGGFSFOUJBM FRVBUJPOT:

X(α)(t) =

p∑
i=0

AiX(t)Bi +

q∑
i=0

CiY (t)Di + U(t),

Y (α)(t) =

r∑
i=0

EiX(t)Fi +

s∑
i=0

GiY (t)Hi + V (t).

HFSF, 0 < α ≤ 1 BOE A, B, C, D, E, F , G, H BSF HJWFO TRVBSF NBUSJDFT TBUJTGZJOH
BTTVNQUJPOT,U(t), V (t) BSF HJWFO NBUSJY-WBMVFE GVODUJPOT, BOE X(t), Y (t) BSF VOLOPXO
NBUSJY-WBMVFE GVODUJPOT.

1.4 Benefits of the Study
TP QSPWJEF GVSUIFS UIFPSZ GPS OPOIPNPHFOFPVT MJOFBS NBUSJY GSBDUJPOBM EZOBN-

JDBM EJGGFSFOUJBM FRVBUJPOT.

1.5 Research methodology
1) SUVEZ BEWBODFE UPQJDT JO NBUSJY BOBMZTJT.

2) SUVEZ SFTFBSDI BOE QBQFST DPODFSOJOH KSPOFDLFS QSPEVDUT BOE UIF WFDUPS PQFSB-
UPS.

3) SUVEZ CBDLHSPVOE JO MJUUBH-LFGŴFS NBUSJY GVODUJPOT.

4) SUVEZ SFTFBSDI QBQFST BCPVU MJOFBS NBUSJY EJGGFSFOUJBM FRVBUJPOT.

5) SUVEZ SFTFBSDI BOE QBQFST BCPVU MJOFBS NBUSJY GSBDUJPOBM EJGGFSFOUJBM FRVBUJPOT.

6) SPMWF B DPVQMF PG OPO-IPNPHFOFPVT MJOFBS NBUSJY GSBDUJPOBM EZOBNJDBM EJGGFSFOUJBM
FRVBUJPOT CZ VTJOH KSPOFDLFS QSPEVDUT BOE WFDUPS PQFSBUPS.

7) IOWFTUJHBUF JOJUJBM WBMVF QSPCMFNT GPS TZTUFNT PG OPOIPNPHFOFPVT MJOFBS NBUSJY
GSBDUJPOBM EZOBNJDBM EJGGFSFOUJBM FRVBUJPOT JO CBQVUP’T TFOTF.

8) PSPWJEF OVNFSJDBM FYBNQMFT PG UIF NBJO SFTVMU.
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Table 1.1: TIF SFTFBSDI TDIFEVMF

TJNF GSBNF
ADUJWJUZ 2017 2018 2019

AVH.-SFQ. ODU.-DFD. JBO.-MBS. AQS.-JVO. AVH.-SFQ. ODU.-DFD. JBO.-MBS. AQS.-JVO.
SUFQ 1 ←−−−−→

SUFQ 2 ←−−−−−−−−−−→

SUFQ 3 ←−−−−−−−−−−→

SUFQ 4 ←−−−−→

SUFQ 5 ←−−−−→

SUFQ 6 ←−−−−→

SUFQ 7 ←−−−−→

SUFQ 8 ←−−−−→



Chapter 2
Preliminaries

IO UIJT TFDUJPO, XF QSPWJEF BEFRVBUF UPPMT GPS TPMWJOH TZTUFN PG MJOFBS NBUSJY
EJGGFSFOUJBM FRVBUJPOT. WF TIBMM EFOPUF UIF TFU PG BMM m-CZ-n DPNQMFY NBUSJDFT CZ
Mm,n BOE XF TFU Mn = Mn,n. WF TIBMM EFOPUF UIF TFU PG BMM m-CZ-n SFBM NBUSJDFT CZ
Mm,n(R) BOE Mn(R) = Mn,n(R).

2.1 Kronecker product
Definition 2.1. LFU A = (aij) ∈ Mm BOE B ∈ Mn. TIF KSPOFDLFS QSPEVDU PG A BOE B JT
EFųOFE CZ

A⊗B = (aijB) ∈Mmn.

Example 2.2. LFU A =

1 2

3 4

 BOE B =

0 1

2 2

. FJOE A⊗B.

A⊗B =

1B 2B

3B 4B



=


1

0 1

2 2

 2

0 1

2 2


3

0 1

2 2

 4

0 1

2 2





=


0 1 0 2

2 2 4 4

0 3 0 4

6 6 8 8

 .

Lemma 2.3 (TFF F.H. HPSO BOE JPIOTPO [16>). TIF GPMMPXJOH QSPQFSUJFT IPME GPS NBUSJDFT
PG BQQSPQSJBUF TJ[FT:

1. Im ⊗ In = Imn,

2. (kA)⊗B = k(A⊗B) = A⊗ (kB), GPS BMM k ∈ C,

3. (A+B)⊗ C = (A⊗ C) + (B ⊗ C),

4. A⊗ (B + C) = (A⊗B) + (A⊗ C),

5. (A⊗B)T = AT ⊗BT ,

6. (A⊗B)(C ⊗D) = AC ⊗BD.
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2.2 The vector operator
FPS FBDI A = (aij) ∈Mm, XF EFųOF

VFDA = [a11 . . . am1 . . . a12 . . . am2 . . . a1m . . . amm]T .

Example 2.4. LFU A =


1 0 2

2 8 3

1 0 5

. TIFO

VFD(A) =
[
1 2 1 0 8 0 2 3 5

]T
.

Lemma 2.5 (TFF F.H. HPSO BOE JPIOTPO [16>). TIF GPMMPXJOH QSPQFSUJFT IPME GPS NBUSJDFT
PG BQQSPQSJBUF TJ[FT:

1. VFD(kA) = k VFDA,

2. VFD(A+B) = VFDA+ VFDB.
Theorem 2.6 (TFF F.H. HPSO BOE JPIOTPO [16>). CPOTJEFS NBUSJDFT A ∈ Mm,n, B ∈ Mp,q

BOE X ∈Mn,p. TIF KSPOFDLFS QSPEVDU BOE UIF WFDUPS PQFSBUPS BSF SFMBUFE CZ

VFD(AXB) = (BT ⊗A)VFDX.

2.3 Functions of complex variables defined by power series
LFU f(z) CF B GVODUJPO PG UIF DPNQMFY WBSJBCMF z. FPS B QPXFS TFSJFT f EFųOFE BT

f(z) =

∞∑
k=0

ak(z − z0)
k,

XIFSF ak ∈ C, TIF SBEJVT PG DPOWFSHFODF R PG UIJT TFSJFT JT B OPO OFHBUJWF SFBM OVNCFS
TVDI UIBU UIF TFSJFT DPOWFSHFT JG |z − z0| < R BOE EJWFSHFT JG |z − z0| > R. IO UIF DBTF
XIFO UIJT TFSJFT DPOWFSHFT GPS BMM z ∈ C, XF XSJUF R =∞.

IO QBSUJDVMBS, XF IBWF UIF GPMMPXJOH DPNQMFY-WBMVFE GVODUJPOT SFQSFTFOUFE CZ QPXFS
TFSJFT:

ez =
∞∑
k=0

zk

k!
,

DPT(z) =
∞∑
k=0

(−1)kz2k

2k!
,

TJO(z) = 1

2

∞∑
k=0

(−1)k−1z2k−1

(2k − 1)!
,

DPTI(z) = 1

2

∞∑
k=0

(1− (−1)k)zk

k!
,

TJOI(z) = 1

2

∞∑
k=0

(1 + (−1)k)zk

k!
.
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2.4 Special functions
RFDBMM UIBU UIF GBNNB GVODUJPO Γ JT EFųOFE CZ

Γ(z) =

∫ ∞

0

tz−1e−tdt, RF(z) > 0.

TIFO, XF IBWF UIF GPMMPXJOH QSPQFSUJFT:

1. Γ(n) = (n− 1)! GPS FWFSZ n ∈ N.

2. Γ(n+ 1) = nΓ(n) GPS FWFSZ n > 0,

3. Γ(n)Γ(1− n) =
π

TJO(πn) ,

4. Γ(1
2
) =
√
π.

TIF MJUUBH-LFGŴFS GVODUJPO Eα,β JT B TQFDJBM GVODUJPO EFQFOEJOH PO UXP QBSBNFUFST
α, β > 0. IU NBZ CF EFųOFE CZ UIF GPMMPXJOH TFSJFT XIFO UIF SFBM QBSU PG α JT TUSJDUMZ
QPTJUJWF:

Eα,β(z) =
∞∑
k=0

zk

Γ(αk + β)
.

IO QBSUJDVMBS, UIF GPMMPXJOH GVODUJPOT:

E1,1(z) =
∞∑
k=0

zk

Γ(k + 1)
=

∞∑
k=0

zk

k!
= ez,

E1,2(z) =

∞∑
k=0

zk

Γ(k + 2)
=

∞∑
k=0

zk+1

(k + 1)!
=

ez − 1

z
,

E1,3(z) =
∞∑
k=0

zk

Γ(k + 3)
=

∞∑
k=0

zk+2

(k + 2)!
=

ez − 1− z

z2
,

E2,1(z
2) =

∞∑
k=0

z2k

Γ(2k + 1)
=

∞∑
k=0

z2k

(2k)!
= DPTI(z),

E2,2(z
2) =

∞∑
k=0

z2k

Γ(2k + 2)
=

∞∑
k=0

z2k+1

(2k + 1)!
=

TJOI(z)
z

,

E2,1(−z2) =
∞∑
k=0

(−z2)k

Γ(2k + 1)
=

∞∑
k=0

(−1)kz2k

(2k)!
= DPT(z),

E2,2(−z2) =
∞∑
k=0

(−z2)k

Γ(2k + 2)
=

∞∑
k=0

(−1)kz2k+1

z(2k + 1)!
=

TJO(z)
z

.

2.5 Functions of complex matrices defined by power series
Definition 2.7 (TFF F.H. GSBETIUFZO BOE RZ[IJL [18>). LFU A CF BO nxn NBUSJY XJUI
DPNQMFY FMFNFOU XJUI FJHFOWBMVFT λ1, ...λn. TIFO UIF TQFDUSBM SBEJVT ρ(A) PG A JT

ρ(A) = max(|λ1|, ..., |λn|).
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CPOTJEFS A ∈ Mn BOE BO BOBMZUJD GVODUJPO f EFųOFE PO SFHJPO JO B DPNQMFY
QMBOF DPOUBJOJOH UIF PSJHJO BOE UIF TQFDUSVN PG A. TIFO UIFSF JT QPTJUJWF DPOTUBOU R

TVDI UIBU f BENJUT UIF TBZMPS TFSJFT FYQBOTJPO

f(z) =
∞∑
k=0

ak(z)
k GPS |z| < R,

IG TQFDUSBM SBEJVT PG A JT MFTT UIBO R, UIBO UIF NBUSJY QPXFS TFSJFT
∞∑
k=0

akA
k DPOWFSHFT,

EFOPUFE CZ f(A).

IO QBSUJDVMBS, UIF GPMMPXJOH NBUSJY TFSJFT DPOWFSHF GPS BOZ A ∈Mn :

eA =
∞∑
k=0

Ak

k!
,

DPT(A) =
∞∑
k=0

(−1)kA2k

2k!
,

TJO(A) = 1

2

∞∑
k=0

(−1)k−1A2k−1

(2k − 1)!
,

DPTI(A) = 1

2

∞∑
k=0

(1− (−1)k)Ak

k!
,

TJOI(A) = 1

2

∞∑
k=0

(1 + (−1)k)Ak

k!
.

Definition 2.8. LFU A ∈ Mn CF B EJBHPOBMJ[BCMF NBUSJY BOE MFU f CF B DPNQMFY-WBMVFE
GVODUJPO EFųOFE PO UIF TQFDUSVN PG A, UIBU JT σ(A) ⊆ Dom(f). LFU S ∈ Mn CF BO
JOWFSUJCMF NBUSJY TVDI UIBU,

A = SDS−1 XIFSF D = diag(λ1, ..., λn).

PSJNBSZ NBUSJY GVODUJPO f PG A JT EFųOFE CZ

f(A) = S


f(λ1) 0

. . .
0 f(λn

S−1.

Example 2.9. LFU A �
1 2

2 1

. FJOE f(A) BOE eA.
WSJUF A = SDS−1.
TIF FJHFOWBMVFT PG A BSF λ = 3,−1 XJUI DPSSFTQPOEJOH FJHFOWFDUPST

1
1

 BOE
 1

−1

.
WF IBWF

A =

1 1

1 −1

3 0

0 −1

1 1

1 −1

−1

,
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TP,

f(A) =
1

2

f(3) + f(−1) f(3)− f(−1)

f(3)− f(−1) f(3) + f(−1)

 .

BOE

eA =
1

2

e3 + e−1 e3 − e−1

e3 − e−1 e3 + e−1

 .

2.6 Mittage-Leffler functions of complex matrices
Definition 2.10. TIF MJUUBHF-LFGŴFS GVODUJPO XJUI QBSBNFUFST α > 0 BOE β > 0 PG A ∈Mn

JT EFųOFE CZ

Eα,β(A) =

∞∑
k=0

1

Γ(αk + β)
Ak = In +

1

Γ(α+ β)
A+

1

Γ(2α+ β)
A2 + · · ·

XIFSF β = 1, XF TFU Eα := Eα,1.

IO QBSUJDVMBS, XF IBWF UIF GPMMPXJOH GVODUJPOT:

E1,1(A) =

∞∑
k=0

Ak

Γ(k + 1)
=

∞∑
k=0

Ak

k!
= eA,

E2,1(A
2) =

∞∑
k=0

A2k

Γ(2k + 1)
=

∞∑
k=0

A2k

(2k)!
= DPTI(A),

E2,2(A
2) =

∞∑
k=0

A2k

Γ(2k + 2)
=

∞∑
k=0

A2k+1

(2k + 1)!
= A−1TJOI(A),

E2,1(−A2) =
∞∑
k=0

(−A2)k

Γ(2k + 1)
=

∞∑
k=0

(−1)kA2k

(2k)!
= DPT(A),

E2,2(−A2) =
∞∑
k=0

(−A2)k

Γ(2k + 2)
=

∞∑
k=0

(−1)kA2k+1

A(2k + 1)!
= A−1TJO(A).

Lemma 2.11 (TFF F.H. SUFFC BOE HBSEZ [17>). LFU f CF BO BOBMZUJD GVODUJPO EFųOFE PO
B SFHJPO JODMVEJOH UIF PSJHJO BOE UIF TQFDUSVN PG A. TIFO

f(I ⊗A) = I ⊗ f(A),

f(A⊗ I) = f(A)⊗ I.

IO QBSUJDVMBS, UIF GPMMPXJOH SFMBUJPOT IPME GPS BOZ DPNQMFY TRVBSF NBUSJY A :

Eα(A⊗ I) = Eα(A)⊗ I,

Eα(I ⊗A) = I ⊗ Eα(A).

Lemma 2.12 ( TFF F.H KJMMJDNBO BOE AM-ZIPVS [15>). TIF GPMMPXJOH QSPQFSUJFT IPME GPS
NBUSJDFT PG BQQSPQSJBUF TJ[FT:
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1. IG AB = BA, UIFO Eα(A+B) = Eα(A)Eα(B),

2. (Eα(A))
T = Eα(A

T ),

3. Eα(A) JT BMXBZT JOWFSUJCMF BOE (Eα(A))−1 = Eα(−A),

4. Eα(A⊗ In) = Eα(A)⊗ In BOE Eα(In ⊗A) = In ⊗ Eα(A).

Proof. 1. IG AB = BA, UIFO XF IBWF

Eα(A)Eα(B) =
∞∑
k=0

Ak

Γ(αk + 1)

∞∑
k=0

Bk

Γ(αk + 1)

=

∞∑
m=0

∞∑
n=0

AmBn

Γ(αm+ 1)Γ(αn+ 1)

=
∞∑
l=0

l∑
m=0

Γ(αl + 1))

Γ(αl + 1)

AmBl−m

Γ(αm+ 1)Γ(α(l −m) + 1)

=

∞∑
l=0

1

Γ(αl + 1)

l∑
m=0

Γ(αl + 1)AmBl−m

Γ(αm+ 1)Γ(α(l −m) + 1)

=
∞∑
k=0

(A+B)l

Γ(αl + 1)

= Eα(A+B).

2. WF IBWF

Eα(A
T ) =

∞∑
k=0

(AT )k

Γ(αk + 1)

=
∞∑
k=0

(Ak)T

Γ(αk + 1)

=
∞∑
k=0

(
Ak

Γ(αk + 1)
)T

= (

∞∑
k=0

Ak

Γ(αk + 1)
)T

= (Eα(A))
T .
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3. PVUUJOH B = −A JO 1, XF IBWF

Eα(A−A) = Eα(A)Eα(−A),

BOE UIVT

I = Eα(0) = Eα(A)Eα(−A).

SP, Eα(−A) JT UIF JOWFSTF PG Eα(A).

4. UTJOH LFNNB 2.11, XF IBWF Eα(A⊗ In) = Eα(A)⊗ In BOE Eα(In ⊗A) = In ⊗Eα(A).

2.7 Caputo fractional derivative
Definition 2.13. LFU f CF B QJFDFXJTF DPOUJOVPVT GVODUJPO PO (t0,∞) XIJDI JT JOUFHSBCMF
PO BOZ ųOJUF TVCJOUFSWBM PG [t0,∞). LFU α > 0 BOE MFU n ∈ N CF TVDI UIBU n− 1 < α ≤ n.

TIF CBQVUP’T EFSJWBUJWF PG f PG PSEFS α JT EFųOFE CZ

Dαf(t) =


Dnf(t), α = n,

1

Γ(n− α)

∫ t

t0

Dnf(τ)

(t− τ)α−n+1
dτ, n− 1 < α < n.

HFSF, D JT UIF VTVBM EJGGFSFOUJBM PQFSBUPS.

Example 2.14. LFU α =
1

2
, n = 1, f(t) = t. XF HFU

D1/2f(t) =
1

Γ(1/2)

∫ t

t0

D1f(τ)

(t− τ)1/2
dτ.

TBLJOH JOUP BDDPVOU UIF QSPQFSUJFT PG GBNNB GVODUJPO BOE VTJOH UIF TVCTUJUVUJPO
u := (t− τ)1/2 UIF ųOBM SFTVMU GPS UIF CBQVUP GSBDUJPOBM EFSJWBUJWF PG UIF GVODUJPO f(t) = t

JT PCUBJOFE BT

D1/2f(t) = − 1√
π

∫ t

t0

1

(t− τ)1/2
d(t− τ)

= − 1√
π

∫ t0

√
t

1

u
du)

=
1√
π

∫ √
t

t0

2u

u
du)

=
2√
π
(
√
t− t0).

TIVT, JU IPMET

D1/2f(t) =
2(
√
t− t0)√
π

.
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TIF DMBTT PG CBQVUP’T GSBDUJPOBM EFSJWBUJWF JODMVEF UIF GPMMPXJOH GVODUJPO:

Theorem 2.15. LFU n− 1 < α < n, n ∈ N, a, β ∈ R. TIFO

1. Dαxβ =
Γ(β + 1)

Γ(β − n+ 1)Γ(n− α)
xβ−αBτ (n− α, β − n+ 1), τ =

x− t0
x

, t0 > 0,

2. Dαeax = aneat0(x− t0)
n−αE1,n−α+1(a(x− t0)),

3. Dα TJO(ax) = −1

2
i(ia)n(x−t0)n−α[eiat0E1,n−α+1(ia(x−t0))−(−1)ne−iat0E1,n−α+1(−ia(x−

t0))],

4. Dα DPT(ax) = −1

2
(ia)n(x−t0)n−α[eiat0E1,n−α+1(ia(x−t0))+(−1)ne−iat0E1,n−α+1(−ia(x−

t0))],

5. Dα TJOI(ax) = 1

2
(a)n(x − t0)

n−α[eat0E1,n−α+1(a(x − t0)) − (−1)ne−at0E1,n−α+1(−a(x −

t0))],

6. Dα DPTI(ax) = 1

2
(a)n(x− t0)

n−α[eat0E1,n−α+1(a(x− t0)) + (−1)ne−at0E1,n−α+1(−a(x−

t0))].



Chapter 3
System of linear coupled matrix fractional differential

equations
IO UIJT DIBQUFS, XF JOWFTUJHBUF B TZTUFN PG DPVQMFE OPOIPNPHFOFPVT MJOFBS

NBUSJY GSBDUJPOBM EJGGFSFOUJBM FRVBUJPOT. FSPN OPX PO, MFU A,B,C,D,E, F,G,H ∈Mn(R)

CF HJWFO DPOTUBOU NBUSJDFT BOE MFU U(t), V (t) ∈Mn(R) CF HJWFO NBUSJY-WBMVFE GVODUJPO.
WF TUBSU XJUI UXP BVYJMJBSZ MFNNBT.

Lemma 3.1. FPS BOZ A,B ∈Mn(C), XF IBWF

Eα

A 0

0 B

 =

 Eα(A) 0

0 Eα(B)

 .

Proof. UTJOH TUBOEBSE UFDIOJRVFT JO NBUSJY BOBMZTJT, XF PCUBJO

Eα

A 0

0 B

 =
∞∑
k=0

1

Γ(αk + 1)

A 0

0 B

k

=
∞∑
k=0

1

Γ(αk + 1)

Ak 0

0 Bk



=
∞∑
k=0


Ak

Γ(αk + 1)
0

0
Bk

Γ(αk + 1)



=


∞∑
k=0

Ak

Γ(αk + 1)
0

0
∞∑
k=0

Bk

Γ(αk + 1)



=

Eα(A) 0

0 Eα(B)

.

Lemma 3.2. FPS BOZ A,B ∈Mn(C), XF IBWF

Eα

 0 A

B 0

 =

 E2α,1(AB)
(
E2α,α+1(AB)

)
A(

E2α,α+1(BA)
)
B E2α,1(BA)

 ,
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Eα

0 A

A 0

 =
1

2

 Eα(A) + Eα(−A) Eα(A)− Eα(−A)

Eα(A)− Eα(−A) Eα(A) + Eα(−A)

 .

Proof. A EJSFDU DPNQVUBUJPO SFWFBMT UIBU

Eα

 0 A

B 0

 =
∞∑
k=0

1

Γ(αk + 1)

 0 A

B 0

k

=
∑
even

1

Γ(αk + 1)

(AB)k 0

0 (BA)k

+
∑
odd

1

Γ(αk + 1)

 0 (AB)kA

(BA)kB 0



=


∞∑
k=0

1

Γ(α(2k) + 1)
(AB)k

∞∑
k=0

1

Γ(α(2k + 1) + 1)
(AB)kA

∞∑
k=0

1

Γ(α(2k + 1) + 1)
(BA)kB

∞∑
k=0

1

Γ(α(2k) + 1)
(BA)k



=

 E2α,1(AB)
(
E2α,α+1(AB)

)
A(

E2α,α+1(BA)
)
B E2α,1(BA)

 .

WF BMTP IBWF

Eα

0 A

A 0

 =
∑
even

1

Γ(αk + 1)

Ak 0

0 Ak

+
∑
odd

1

Γ(αk + 1)

 0 Ak

Ak 0



=


∑
even

1

(αk + 1)
Ak

∑
odd

1

(αk + 1)
Ak

∑
even

1

(αk + 1)
Ak

∑
odd

1

(αk + 1)
Ak



=



∞∑
k=0

(
1 + (−1)k

2Γ(2k + 1)

)
Ak

∞∑
k=0

(
1− (−1)k

2Γ(2k + 1)

)
Ak

∞∑
k=0

(
1− (−1)k

2Γ(2k + 1)

)
Ak

∞∑
k=0

(
1 + (−1)k

2Γ(2k + 1)

)
Ak



=
1

2

 Eα(A) + Eα(−A) Eα(A)− Eα(−A)

Eα(A)− Eα(−A) Eα(A) + Eα(−A)

 .

NPX, XF BSF JO QPTJUJPO UP QSPWF UIF NBJO SFTVMU PG UIJT UIFTJT.
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3.1 The main result
Theorem 3.3. LFU 0 < α ≤ 1. ATTVNF UIBU

p∑
i=1

q∑
j=1

(DjBi)
T ⊗ (AiCj) =

q∑
i=1

s∑
j=1

(HjDi)
T ⊗ (CiGj) , (3.1)

s∑
i=1

r∑
j=1

(FjHi)
T ⊗ (GiEj) =

r∑
i=1

p∑
j=1

(BjFi)
T ⊗ (EiAj) . (3.2)

TIFO UIF HFOFSBM TPMVUJPO PG UIF TZTUFN PG OPOIPNPHFOFPVT DPVQMFE MJOFBS NBUSJY
GSBDUJPOBM EJGGFSFOUJBM FRVBUJPOT PG PSEFS α :

X(α)(t) =

p∑
i=1

AiX(t)Bi +

q∑
i=1

CiY (t)Di + U(t),

Y (α)(t) =
r∑

i=1

EiX(t)Fi +
s∑

i=1

GiY (t)Hi + V (t),

(3.3)

TVCKFDU UP X(t0) = W1 BOE Y (t0) = W2 JT HJWFO CZ

VFDX(t) = Eα((t− t0)
αK)E2α,1((t− t0)

2αLM)VFDW1

+ Eα((t− t0)
αK)(E2α,α+1((t− t0)

2αLM))M VFDW2

+

∫ t

t0

(t− s)α−1Eα((t− s)αK)E2α,1((t− s)2αLM)VFDU(s)ds

+

∫ t

t0

(t− s)α−1Eα((t− s)αK)(E2α,α+1((t− s)2αLM))M VFDV (s)ds,

VFDY (t) = Eα((t− t0)
αN)(E2α,α+1((t− t0)

2αML))LVFDW1

+ Eα((t− t0)
αN)E2α,1((t− t0)

2αML)VFDW2

+

∫ t

t0

(t− s)α−1Eα((t− s)αN)(E2α,α+1((t− s)2αML))LVFDU(s)ds

+

∫ t

t0

(t− s)α−1Eα((t− s)αN)E2α,1((t− s)2αML)VFDV (s)ds,

(3.4)

XIFSF
K =

p∑
i=1

BT
i ⊗Ai, N =

s∑
i=1

HT
i ⊗Gi,

M =
r∑

i=1

FT
i ⊗ Ei, L =

q∑
i=1

DT
i ⊗ Ci.

(3.5)
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Proof. UTJOH LFNNBT 2.3, 2.5 BOE 2.11, XF IBWF

VFDX(α)(t) = VFD
(

p∑
i=1

AiX(t)Bi +

q∑
i=1

CiY (t)Di + U(t)

)

= VFD
(

p∑
i=1

AiX(t)Bi

)
+ VFD

(
q∑

i=1

CiY (t)Di

)
+ VFDU(t)

=

p∑
i=1

VFD (AiX(t)Bi) +

q∑
i=1

VFD (CiY (t)Di) + VFDU(t)

=

p∑
i=1

(
BT

i ⊗Ai

)VFDX(t) +

q∑
i=1

(
DT

i ⊗ Ci

)VFDY (t) + VFDU(t)

= K VFDX(t) + LVFDY (t) + VFDU(t),

BOE

VFDY (α)(t) = VFD
(

r∑
i=1

EiX(t)Fi +

s∑
i=1

GiY (t)Hi + V (t)

)

= VFD
(

r∑
i=1

EiX(t)Fi

)
+ VFD

(
s∑

i=1

GiY (t)Hi

)
+ VFDV (t)

=
r∑

i=1

VFD (EiX(t)Fi) +
s∑

i=1

VFD (GiY (t)Hi) + VFDV (t)

=
r∑

i=1

(
FT
i ⊗ Ei

)VFDX(t) +
s∑

i=1

(
HT

i ⊗Gi

)VFDY (t) + VFDV (t)

= M VFDX(t) +N VFDY (t) + VFDV (t).

TIVT, UIF TZTUFN (3.3) JT USBOTGPSNFE UP UIF GPMMPXJOH FRVJWBMFOU TZTUFN:VFDX(α)(t)

VFDY (α)(t)

 =

K L

M N

VFDX(t)

VFDY (t)

+

VFDU(t)

VFDV (t)

.
LFU VT EFOPUF S = P +Q XIFSF

P =

K 0

0 N

 BOEQ =

 0 L

M 0

.
TIJT TZTUFN IBT UIF GPMMPXJOH TPMVUJPO:VFDX(t)

VFDY (t)

 = Eα((t− t0)
αS)

VFDX(t0)

VFDY (t0)

+

∫ t

t0

(t− s)α−1Eα((t− s)αS)

VFDU(s)

VFDV (s)

ds.
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NPX, XF DPNQVUF Eα(S). WF IBWF

PQ =

K 0

0 N

 0 L

M 0


=

 0 KL

NM 0



=


0

p∑
i=1

(
BT

i ⊗Ai

) q∑
i=1

(
DT

i ⊗ Ci

)
s∑

i=1

(
HT

i ⊗Gi

) r∑
i=1

(
FT
i ⊗ Ei

)
0



=


0

p∑
i=1

q∑
j=1

(DjBi)
T ⊗ (AiCj)

s∑
i=1

r∑
j=1

(FjHi)
T ⊗ (GiEj) 0


BOE

PQ =

 0 L

M 0

K 0

0 N


=

 0 LN

MK 0



=


0

q∑
i=1

(
DT

i ⊗ Ci

) s∑
i=1

(
HT

i ⊗Gi

)
r∑

i=1

(
FT
i ⊗ Ei

) p∑
i=1

(
BT

i ⊗Ai

)
0



=


0

q∑
i=1

s∑
j=1

(HjDi)
T ⊗ (CiGj)

r∑
i=1

p∑
j=1

(BjFi)
T ⊗ (EiAj) 0


UTJOH UIF IZQPUIFTJT (3.1) BOE (3.2) UPHFUIFS XJUI LFNNBT 2.3, 2.5 BOE 2.11 XF DBO
EFEVDF UIBU KL = LN BOE NM = MK. TIVT, PQ = QP . FSPN XIJDI JU GPMMPXT GSPN
LFNNB 6 UIBU

Eα(S) = Eα(P +Q) = Eα(P )Eα(Q).

BZ LFNNB 3.1, XF IBWF

Eα(P ) =

Eα(K) 0

0 Eα(N)

.
BZ LFNNB 3.2, XF IBWF

Eα(Q) =

 E2α,1(LM) (E2α,α+1(LM))M

(E2α,α+1(ML))L E2α,1(ML)

.
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HFODF,

Eα(S) =

Eα(K) 0

0 Eα(N)

 E2α,1(LM) (E2α,α+1(LM))M

(E2α,α+1(ML))L E2α,1(ML)


=

 Eα(K)E2α,1(LM) Eα(K)(E2α,α+1(LM))M

Eα(N)(E2α,α+1(ML))L Eα(N)E2α,1(ML)

.
TIFSFGPSF, UIF HFOFSBM TPMVUJPO PG (3.3) JT HJWFO CZ (3.4).

IO TIFPSFN 3.3, UIF IZQPUIFTFT (3.1) BOE (3.2) JT OPU UPP SFTUSJDUJWF TJODF JU
JODMVEFT NBOZ JOUFSFTUJOH TQFDJBM DBTFT.

3.2 Special cases
Corollary 3.4. LFU 0 < α ≤ 1. ATTVNF UIBU (DB)T ⊗ (AC) = (HD)T ⊗ (CG) BOE
(FH)T ⊗ (GE) = (BF )T ⊗ (EA). TIFO UIF HFOFSBM TPMVUJPO PG UIF TZTUFN:

X(α)(t) = AX(t)B + CY (t)D + U(t),

Y (α)(t) = EX(t)F +GY (t)H + V (t),
(3.6)

TVCKFDU UP X(t0) = W1 BOE Y (t0) = W2 JT HJWFO CZ

VFDX(t) = Eα((t− t0)
αR1)E2α,1((t− t0)

2αR2R3)VFDW1

+ Eα((t− t0)
αR1)(E2α,α+1((t− t0)

2αR2R3))R3 VFDW2

+

∫ t

t0

(t− s)α−1Eα((t− s)αR1)E2α,1((t− s)2αR2R3)VFDU(s)ds

+

∫ t

t0

(t− s)α−1Eα((t− t0)
αR1)(E2α,α+1((t− t0)

2αR2R3))R3 VFDV (s)ds,

VFDY (t) = Eα((t− t0)
αR4)(E2α,α+1((t− t0)

2αR3R2))R2 VFDW1

+ Eα((t− t0)
αR4)E2α,1((t− t0)

2αR3R2)VFDW2

+

∫ t

t0

(t− s)α−1Eα((t− s)αR4)(E2α,α+1((t− s)2αR3R2))R2 VFDU(s)ds

+

∫ t

t0

(t− s)α−1Eα((t− s)αN)E2α,1((t− s)2αR3R2)VFDV (s)ds,

(3.7)

XIFSF
R1 = BT ⊗A, R2 = DT ⊗ C,

R3 = FT ⊗ E, R4 = HT ⊗G.
(3.8)
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Proof. PVU p = q = r = s = 1 JO TIFPSFN 3.3. WF PCUBJO

VFDX(t) = Eα((t− t0)
α(BT ⊗A))E2α,1((t− t0)

2α((FD)T ⊗ CE)VFDW1

+ Eα((t− t0)
α(BT ⊗A))(E2α,α+1((t− t0)

2α((FD)T ⊗ CE)))(FT ⊗ E)VFDW2

+

∫ t

t0

(t− t0)
α−1Eα((t− t0)

α(BT ⊗A))E2α,1((t− s)2α((FD)T ⊗ CE))VFDU(s)ds

+

∫ t

t0

(t− s)α−1Eα((t− s)α(BT ⊗A))(E2α,α+1((t− s)2α((FD)T ⊗ CE)))(FT ⊗ E)VFDV (s)ds

= Eα((t− t0)
αR1)E2α,1((t− t0)

2αR2R3)VFDW1

+ Eα((t− s)αR1)(E2α,α+1((t− s)2αR2R3))R3 VFDW2

+

∫ t

t0

(t− s)α−1Eα((t− s)αR1)E2α,1((t− s)2αR2R3)VFDU(s)ds

+

∫ t

t0

(t− s)α−1Eα((t− t0)
αR1)(E2α,α+1((t− t0)

2αR2R3))R3 VFDV (s)ds,

VFDY (t) = Eα((t− t0)
α(HT ⊗G))(E2α,α+1((t− t0)

2α((DF )T ⊗ EC))(DT ⊗ C)VFDW1

+ Eα((t− t0)
α(HT ⊗G))E2α,1((t− t0)

2α((DF )T ⊗ EC))VFDW2

+

∫ t

t0

(t− s)α−1Eα((t− s)α(HT ⊗G))(E2α,α+1((t− s)2α((DF )T ⊗ EC)))(DT ⊗ C)VFDU(s)ds

+

∫ t

t0

(t− s)α−1Eα((t− s)α(HT ⊗G))E2α,1((t− s)2α((DF )T ⊗ EC))VFDV (s)ds

= Eα((t− t0)
αR4)(E2α,α+1((t− t0)

2αR3R2))R2 VFDW1

+ Eα((t− t0)
αR4)E2α,1((t− t0)

2αR3R2)VFDW2

+

∫ t

t0

(t− s)α−1Eα((t− s)αR4)(E2α,α+1((t− s)2αR3R2))R2 VFDU(s)ds

+

∫ t

t0

(t− s)α−1Eα((t− s)αN)E2α,1((t− s)2αR3R2)VFDV (s)ds.

Corollary 3.5. LFU 0 < α ≤ 1. DFOPUF K,M,N,L BT JO (3.5). ATTVNF UIBU (3.1) BOE (3.2)
IPME. TIFO UIF HFOFSBM TPMVUJPO PG UIF TZTUFN:

X(α)(t) =

p∑
i=1

AiX(t)Bi +

q∑
i=1

CiY (t)Di,

Y (α)(t) =
r∑

i=1

EiX(t)Fi +
s∑

i=1

GiY (t)Hi,

(3.9)

TVCKFDU UP X(t0) = W1 BOE Y (t0) = W2 JT HJWFO CZ

VFDX(t) = Eα((t− t0)
αK)E2α,1((t− t0)

2αLM)VFDW1

+ Eα((t− t0)
αK)(E2α,α+1((t− t0)

2αLM))M VFDW2,

VFDY (t) = Eα((t− t0)
αN)(E2α,α+1((t− t0)

2αML))LVFDW1

+ Eα((t− t0)
αN)E2α,1((t− t0)

2αML)VFDW2.

(3.10)
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Proof. PVU U(t) = V (t) = 0 JO TIFPSFN 3.3. WF PCUBJO

VFDX(t) = Eα((t− t0)
αK)E2α,1((t− t0)

2αLM)VFDW1

+ Eα((t− t0)
αK)(E2α,α+1((t− t0)

2αLM))M VFDW2

+ 0 + 0

= Eα((t− t0)
αK)E2α,1((t− t0)

2αLM)VFDW1

+ Eα((t− t0)
αK)(E2α,α+1((t− t0)

2αLM))M VFDW2,

VFDY (t) = Eα((t− t0)
αN)(E2α,α+1((t− t0)

2αML))LVFDW1

+ Eα((t− t0)
αN)E2α,1((t− t0)

2αML)VFDW2

+ 0 + 0

= Eα((t− t0)
αN)(E2α,α+1((t− t0)

2αML))LVFDW1

+ Eα((t− t0)
αN)E2α,1((t− t0)

2αML)VFDW2.

Corollary 3.6. DFOPUF K,M,N,L BT JO (3.5). ATTVNF UIBU (3.1) BOE (3.2) IPME. TIFO UIF
HFOFSBM TPMVUJPO PG UIF TZTUFN:

X ′(t) =

p∑
i=1

AiX(t)Bi +

q∑
i=1

CiY (t)Di + U(t),

Y ′(t) =
r∑

i=1

EiX(t)Fi +
s∑

i=1

GiY (t)Hi + V (t),

(3.11)

TVCKFDU UP X(t0) = W1 BOE Y (t0) = W2 JT HJWFO CZ

VFDX(t) = e(t−t0)KE2,1((t− t0)
2LM)VFDW1

+ e(t−t0)K(E2,2((t− t0)
2LM))M VFDW2

+

∫ t

t0

e(t−s)KE2,1((t− s)2LM)VFDU(s)ds

+

∫ t

t0

e(t−s)K(E2,2((t− s)2LM))M VFDV (s)ds,

VFDY (t) = e(t−t0)N (E2,2((t− t0)
2ML))LVFDW1

+ e(t−t0)NE2,1((t− t0)
2ML)VFDW2

+

∫ t

t0

e(t−s)Ne(t−s)N (E2,2((t− s)2ML))LVFDU(s)ds

+

∫ t

t0

e(t−s)NE2,1((t− s)2ML)VFDV (s)ds,

(3.12)
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Proof. PVU α = 1 JO TIFPSFN 3.3. WF PCUBJO

VFDX(t) = E1((t− t0)K)E2,1((t− t0)
2LM)VFDW1

+ E1((t− t0)K)(E2,2((t− t0)
2LM))M VFDW2

+

∫ t

t0

E1((t− s)K)E2,1((t− s)2LM)VFDU(s)ds

+

∫ t

t0

E1((t− s)K)(E2,2((t− s)2LM))M VFDV (s)ds

= e(t−t0)KE2,1((t− t0)
2LM)VFDW1

+ e(t−t0)K(E2,2((t− t0)
2LM))M VFDW2

+

∫ t

t0

e(t−s)KE2,1((t− s)2LM)VFDU(s)ds

+

∫ t

t0

e(t−t0)K(E2,2((t− s)2LM))M VFDV (s)ds,

VFDY (t) = E1(t− t0)N(E2,2((t− t0)
2ML))LVFDW1

+ E1(t− t0)NE2,1((t− t0)
2ML)VFDW2

+

∫ t

t0

E1(t− s)Ne(t−s)N (E2,2((t− s)2ML))LVFDU(s)ds

+

∫ t

t0

e1(t− s)NE2,1((t− s)2ML)VFDV (s)ds

= e(t−t0)N (E2,2((t− t0)
2ML))LVFDW1

+ e(t−t0)NE2,1((t− t0)
2ML)VFDW2

+

∫ t

t0

e(t−s)Ne(t−s)N (E2,2((t− s)2ML))LVFDU(s)ds

+

∫ t

t0

e(t−s)NE2,1((t− s)2ML)VFDV (s)ds.

Corollary 3.7. DFOPUF K,M,N,L BT JO (3.5). ATTVNF UIBU (3.1) BOE (3.2) IPME. TIFO UIF
HFOFSBM TPMVUJPO PG UIF TZTUFN:

X ′(t) =

p∑
i=1

AiX(t)Bi +

q∑
i=1

CiY (t)Di,

Y ′(t) =
r∑

i=1

EiX(t)Fi +
s∑

i=1

GiY (t)Hi,

(3.13)

TVCKFDU UP X(t0) = W1 BOE Y (t0) = W2 JT HJWFO CZ

VFDX(t) = e(t−t0)KE2,1((t− t0)
2LM)VFDW1 + e(t−t0)K(E2,2((t− t0)

2LM))M VFDW2,

VFDY (t) = e(t−t0)N (E2,2((t− t0)
2ML))LVFDW1 + e(t−t0)NE2,1((t− t0)

2ML)VFDW2.

(3.14)
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Proof. PVU U(t) = V (t) = 0 JO CPSPMMBSZ 3.6. WF PCUBJO

VFDX(t) = E1((t− t0)K)E2,1((t− t0)
2LM)VFDW1

+ E1((t− t0)K)(E2,2((t− t0)
2LM))M VFDW2

+ 0 + 0

= e(t−t0)KE2,1((t− t0)
2LM)VFDW1 + e(t−t0)K(E2,2((t− t0)

2LM))M VFDW2,

VFDY (t) = E1(t− t0)N(E2,2((t− t0)
2ML))LVFDW1

+ E1(t− t0)NE2,1((t− t0)
2ML)VFDW2

+ 0 + 0

= e(t−t0)N (E2,2((t− t0)
2ML))LVFDW1 + e(t−t0)NE2,1((t− t0)

2ML)VFDW2.

TIF OFYU SFTVMU XBT ųSTUMZ PCUBJOFE JO KPOHZBLTFF BOE CIBOTBOHJBN [12>.

Corollary 3.8. LFU 0 < α ≤ 1. DFOPUF R1, R2, R3, R4 BT JO (3.8). ATTVNF UIBU DB =

HD,AC = CG BOE FH = BF,GE = EA. TIF HFOFSBM TPMVUJPO PG UIF TZTUFN:

X ′(t) = AX(t)B + CY (t)D + U(t),

Y ′(t) = EX(t)F +GY (t)H + V (t),
(3.15)

TVCKFDU UP X(t0) = W1 BOE Y (t0) = W2 JT HJWFO CZ

VFDX(t) = e(t−t0)R1E2,1((t− t0)
2R2R3)VFDW1

+ e(t−t0)R1(E2,2((t− t0)
2R2R3))R2 VFDW2

+

∫ t

t0

e(t−s)R1E2,1((t− s)2R2R3)VFDU(s)ds

+

∫ t

t0

e(t−s)R1(E2,2((t− s)2R2R3))R2 VFDV (s)ds,

VFDY (t) = e(t−t0)R4(E2,2((t− t0)
2R3R2))R3 VFDW1

+ e(t−t0)R4E2,1((t− t0)
2R3R2)VFDW2

+

∫ t

t0

e(t−s)R4(E2,2((t− s)2R3R2))R3 VFDU(s)ds

+

∫ t

t0

e(t−s)R4E2,1((t− s)2R3R2)VFDV (s)ds.

(3.16)
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Proof. PVU α = 1 JO CPSPMMBSZ 3.4. WF PCUBJO

VFDX(t) = E1((t− t0)R1)E2,1((t− t0)
2R2R3)VFDW1

+ E1((t− t0)R1)(E2,2((t− t0)
2R2R3))R3 VFDW2

+

∫ t

t0

E1((t− s)R1)E2,1((t− s)2R2R3)VFDU(s)ds

+

∫ t

t0

E1((t− t0)R1)(E2,2((t− t0)
2R2R3))R3 VFDV (s)ds

= e(t−t0)R1E2,1((t− t0)
2R2R3)VFDW1

+ e(t−t0)R1(E2,2((t− t0)
2R2R3))R2 VFDW2

+

∫ t

t0

e(t−s)R1E2,1((t− s)2R2R3)VFDU(s)ds

+

∫ t

t0

e(t−s)R1(E2,2((t− s)2R2R3))R2 VFDV (s)ds,

VFDY (t) = E1((t− t0)R4)(E2,2((t− t0)
2R3R2))R2 VFDW1

+ E1((t− t0)R4)E2,1((t− t0)
2R3R2)VFDW2

+

∫ t

t0

E1((t− s)R4)(E2,2((t− s)2R3R2))R2 VFDU(s)ds

+

∫ t

t0

E((t− s)N)E2,1((t− s)2R3R2)VFDV (s)ds

= e(t−t0)R4(E2,2((t− t0)
2R3R2))R3 VFDW1

+ e(t−t0)R4E2,1((t− t0)
2R3R2)VFDW2

+

∫ t

t0

e(t−s)R4(E2,2((t− s)2R3R2))R3 VFDU(s)ds

+

∫ t

t0

e(t−s)R4E2,1((t− s)2R3R2)VFDV (s)ds.

TIF OFYU SFTVMU XBT ųSTUMZ PCUBJOFE JO AM-ZIPVS [11>.

Corollary 3.9. LFU 0 < α ≤ 1. DFOPUF R1, R2 BT JO (18). ATTVNF UIBU AC = CA,BD = DB.
TIF HFOFSBM TPMVUJPO PG UIF TZTUFN:

X(α)(t) = AX(t)B + CY (t)D,

Y (α)(t) = CX(t)D +AY (t)B,
(3.17)

TVCKFDU UP X(t0) = W1 BOE Y (t0) = W2 JT HJWFO CZ

VFDX(t) =
1

2
Eα((t− t0)

αR1)(Eα((t− t0)
αR2) + Eα((t− t0)

αR2))VFDW1

+
1

2
Eα((t− t0)

αR1)(Eα((t− t0)
αR2)− Eα(−(t− t0)

αR2))VFDW2,

VFDY (t) =
1

2
Eα((t− t0)

αR1)(Eα((t− t0)
αR2)− Eα((t− t0)

αR2))VFDW1

+
1

2
Eα((t− t0)

αR1)(Eα((t− t0)
αR2) + Eα(−(t− t0)

αR2))VFDW2.

(3.18)
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Proof. FSPN CPSPMMBSZ 3.4, QVU U(t) = V (t) = 0 BOE E = C,F = D,G = A,H = B.



Chapter 4
Examples

4.1 An auxiliary lemma for computing Mittage-Leffler functions of
matrices

IO UIJT TFDUJPO, XF QSPWJEF BO FYBNQMF JO PSEFS UP JMMVTUSBUF PVS NBJO SFTVMU JO SFDUJPO
3. TIF OFYU MFNNB JT VTFE UP DPNQVUF DFSUBJO MJUUBHF-LFGŴFS GVODUJPO.

Lemma 4.1. FPS BOZ a, c, d ∈ R XJUI a ̸= d, XF IBWF

Eα

a 0

c d

 =

 Eα(a) 0
c

a− d
(Eα(a)− Eα(d)) Eα(d)

. (4.1)

Proof. BZ FYQBOEJOH, XF IBWF

Eα

a 0

c d

 =

∞∑
k=0

1

Γ(αk + 1)

a 0

c d

k

=
∞∑
k=0

1

Γ(αk + 1)

 ak 0

c

(
ak − dk

a− d

)
dk



=
∞∑
k=0


ak

Γ(αk + 1)
0

c

a− d

(
ak − dk

Γ(αk + 1)

)
dk

Γ(αk + 1)



=


∞∑
k=0

ak

Γ(αk + 1)
0

c

a− d

( ∞∑
k=0

ak − dk

Γ(αk + 1)

) ∞∑
k=0

dk

Γ(αk + 1)



=

 Eα(a) 0
c

a− d
(Eα(a)− Eα(d)) Eα(d)

.
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4.2 Examples
Example 4.2. LFU 0 < α ≤ 1. CPOTJEFS UIF GPMMPXJOH DPVQMFE NBUSJY GSBDUJPOBM EJGGFSFO-
UJBM FRVBUJPOT:

X(α)(t) = AX(t) + CY (t),

Y (α)(t) = CX(t) +AY (t),
(4.2)

VOEFS UIF JOJUJBM DPOUJEJPOT X(0) = W1 BOE Y (0) = W2 , XIFSF

A =

1 0

2 2

, C =

 2 0

−2 1

,W1 =

1 0

1 2

 BOEW2 =

 1 0

−2 2

.
FJSTU, OPUF UIBU AC = CA. FSPN CPSPMMBSZ 3.9, XF IBWF

VFDX(t) =
1

2
Eα(t

α(I ⊗A))(Eα(t
α(I ⊗ C)) + Eα(−tα(I ⊗ C)))VFDW1

+
1

2
Eα(t

α(I ⊗A))(Eα(t
α(I ⊗ C))− Eα(−tα(I ⊗ C)))VFDW2,

VFDY (t) =
1

2
Eα(t

α(I ⊗A))(Eα(t
α(I ⊗ C))− Eα(−tα(I ⊗ C)))VFDW1

+
1

2
Eα(t

α(I ⊗A))(Eα(t
α(I ⊗ C)) + Eα(−tα(I ⊗ C)))VFDW2.

TP PCUBJO UIF TPMVUJPO PG UIF TZTUFN, XF DPNQVUF

Eα(t
α(I ⊗A)) = I ⊗ Eα(t

αA)

= I ⊗

 Eα(2t
α) 0

−2Eα(t
α + 2Eα(2t

α) Eα(2t
α)



=


η1(t) 0 0 0

η2(t) η3(t) 0 0

0 0 η1(t) 0

0 0 η2(t) η3(t)

,

Eα(t
α(I ⊗ C)) = I ⊗ Eα(t

αC)

= I ⊗

 Eα(2t
α) 0

2Eα(t
α)− 2Eα(2t

α) Eα(t
α)



=


η3(t) 0 0 0

−η2(t) η1(t) 0 0

0 0 η3(t) 0

0 0 −η2(t) η1(t)

,
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XIFSF η1(t) = Eα(t
α), η2(t) = −2Eα(t

α) + 2Eα(2t
α), η3(t) = Eα(2t

α), BOE

Eα(−tα(I ⊗ C))

= I ⊗ Eα(−tαC)

= I ⊗ (Eα(t
αC))−1

= I ⊗
(

1

−2Eα(tα) + Eα(tα)Eα(2tα) + 2Eα(2tα)

) Eα(t
α) 0

−2Eα(t
α) + 2Eα(2t

α) Eα(2t
α)



=
1

η1(t)η3(t) + η2(t)


η1(t) 0 0 0

η2(t) η3(t) 0 0

0 0 η1(t) 0

0 0 η2(t) η3(t)

.

IU GPMMPXT UIBU

Eα(t
α(I ⊗A))(Eα(t

α(I ⊗ C)) + (Eα(t
α(I ⊗ C)))−1)

=
1

κ2(t)


κ1(t) 0 0 0

κ3(t) κ4(t) 0 0

0 0 κ1(t) 0

0 0 κ3(t) κ4(t)

.

XIFSF
κ1(t) = η21(t) + η21(t)η

2
3(t) + η1(t)η2(t)η3(t),

κ2(t) = η1(t)η3(t) + η2(t),

κ3(t) = η1(t)η2(t) + η2(t)η3(t),

κ4(t) = η21(t)η
2
3(t) + η1(t)η2(t)η3(t) + η23(t).

SJNJMBSZ, XF IBWF

Eα(t
α(I ⊗A))(Eα(t

α(I ⊗ C))− (Eα(t
α(I ⊗ C)))−1)

=
1

κ2(t)


κ5(t) 0 0 0

−κ3(t) κ6(t) 0 0

0 0 κ5(t) 0

0 0 −κ3(t) κ6(t)

.

XIFSF
κ5(t) = −η21(t) + η21(t)η

2
3(t) + η1(t)η2(t)η3(t),

κ6(t) = η21(t)η
2
3(t) + η1(t)η2(t)η3(t)− η3(t).
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HFODF, CZ CPSPMMBSZ 3.9, XF IBWF

VFDX(t) =
1

2κ2(t)




κ1(t) 0 0 0

κ3(t) κ4(t) 0 0

0 0 κ1(t) 0

0 0 κ3(t) κ4(t)




1

1

0

2

+


κ5(t) 0 0 0

−κ3(t) κ6(t) 0 0

0 0 κ5(t) 0

0 0 −κ3(t) κ6(t)




1

−2

0

2





=
1

2κ2(t)


κ1(t) + κ5(t)

κ4(t)− 2κ6(t)

0

2κ4(t) + 2κ6(t)

,

VFDY (t) =
1

2κ2(t)




κ5(t) 0 0 0

−κ3(t) κ6(t) 0 0

0 0 κ5(t) 0

0 0 −κ3(t) κ6(t)




1

1

0

2

+


κ1(t) 0 0 0

κ3(t) κ4(t) 0 0

0 0 κ1(t) 0

0 0 κ3(t) κ4(t)




1

−2

0

2





=
1

2κ2(t)


κ1(t) + κ5(t)

−2κ4(t) + κ6(t)

0

2κ4(t) + 2κ6(t)

.

TIFSFGPSF,

X(t) =
1

2κ2(t)

κ1(t) + κ5(t) κ4(t)− 2κ6(t)

0 2κ4(t) + 2κ6(t)

,
Y (t) =

1

2κ2(t)

κ1(t) + κ5(t) −2κ4(t) + κ6(t)

0 2κ4(t) + 2κ6(t)

.
Example 4.3. LFU 0 < α ≤ 1. CPOTJEFS UIF GPMMPXJOH DPVQMFE NBUSJY GSBDUJPOBM EJGGFSFO-
UJBM FRVBUJPOT:

X(α)(t) = AX(t)B + CY (t)D,

Y (α)(t) = CX(t)D +AY (t)B,
(4.3)

VOEFS UIF JOJUJBM DPOUJEJPOT X(0) = W1 BOE Y (0) = W2 , XIFSF

A =

1 0

2 2

, B =

0 1

1 0

, C =

 2 0

−2 1

, D =

1 1

1 1

.
BOE

W1 =

1 0

3 −1

,W2 =

0 −1

1 2

.
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FJSTU, OPUF UIBU AC = CA BOE BD = DB. FSPN CPSPMMBSZ 3.9, XF IBWF

VFDX(t) =
1

2
Eα(t

α(BT ⊗A))(Eα(t
α(DT ⊗ C)) + Eα(−tα(DT ⊗ C)))VFDW1

+
1

2
Eα(t

α(BT ⊗A))(Eα(t
α(DT ⊗ C))− Eα(−tα(DT ⊗ C)))VFDW2,

VFDY (t) =
1

2
Eα(t

α(BT ⊗A))(Eα(t
α(DT ⊗ C))− Eα(−tα(DT ⊗ C)))VFDW1

+
1

2
Eα(t

α(BT ⊗A))(Eα(t
α(DT ⊗ C)) + Eα(−tα(DT ⊗ C)))VFDW2.

TP PCUBJO UIF TPMVUJPO PG UIF TZTUFN, XF DPNQVUF Eα(B
T ⊗A). WF IBWF

BT ⊗A =


0 0 1 0

0 0 2 2

1 0 0 0

2 2 0 0

.

TIF FJHFOWBMVFT PG BT ⊗A BSF λ = 1, 2,−1,−2.
WSJUF Eα(X) =

3∑
k=0

rk(t)X
k. WF IBWF


Eα(t
α)

Eα(2t
α)

Eα(−tα)

Eα(−2tα)

 =


1 1 1 1

1 2 4 8

1 −1 1 −1

1 −2 4 −8




r0(t)

r1(t)

r2(t)

r3(t)

 ,

TP,
r0(t) =

1

12
(8Eα(t

α)− 2Eα(2t
α) + 8Eα(−tα)− 2Eα(−2tα)),

r1(t) =
1

12
(8Eα(t

α)− Eα(2t
α)− 8Eα(−tα) + Eα(−2tα)),

r2(t) =
1

12
(−2Eα(t

α) + 2Eα(2t
α)− 2Eα(−tα) + 2Eα(−2tα)),

r3(t) =
1

12
(−2Eα(t

α) + Eα(2t
α) + 2Eα(−tα)− Eα(−2tα)).

TIVT,

Eαt
α(BT ⊗A) = r0(t)I + r1(t)(B

T ⊗A) + r2(t)(B
T ⊗A)2 + r3(t)(B

T ⊗A)3

= r0(t)


1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

+ r1(t)


0 0 1 0

0 0 2 2

1 0 0 0

2 2 0 0

+ r2(t)


1 0 0 0

6 4 0 0

0 0 1 0

0 0 6 4

+ r3(t)


0 0 1 0

0 0 14 8

1 0 0 0

14 8 0 0



=


r0(t) + r2(t) 0 r1(t) + r3(t) 0

6r2(t) r0(t) + 4r2(t) 2r1(t) + 14r3(t) 2r1(t) + 8r3(t)

r1(t) + r3(t) 0 r0(t) + r2(t) 0

2r1(t) + 14r3(t) 2r1(t) + 6r3(t) 6r2(t) r0(t) + 4r2(t)

 .
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TP DPNQVUF Eα(D
T ⊗ C), XF IBWF

DT ⊗ C =


2 0 2 0

−2 1 −2 1

2 0 2 0

−2 1 −2 1

.

CPOTJEFS

Eα(D
T ⊗ C) = Eα

C C

C C


= Eα

C 0

0 C

Eα

0 C

C 0


= Eα

Eα(C) 0

0 Eα(C)

 1

2
Eα

Eα(C) + Eα(C) Eα(C)− Eα(C)

Eα(C)− Eα(C) Eα(C) + Eα(C)


=

1

2

(Eα(C))2 + Eα(C)Eα(−C) (Eα(C))2 − Eα(C)Eα(−C)

(Eα(C))2 − Eα(C)Eα(−C) (Eα(C))2 + Eα(C)Eα(−C)


=

1

2

(Eα(C))2 + I (Eα(C))2 − I

(Eα(C))2 − I (Eα(C))2 + I

 .

IU GPMMPXT UIBU

Eα(C) = Eα

 2 0

−2 1


=

 Eα(2) 0

−2Eα(2) + Eα(1) Eα(1)

 ,

BOE

(Eα(C))2 =

 (Eα(2))
2 0

−2(Eα(2))
2 − Eα(1)Eα(2) + (Eα(1))

2 (Eα(1))
2

 .

TIVT,

Eα((t)
α(DT ⊗ C)) =

1

2


ω1(t) 0 ω2(t) 0

ω3(t) ω1(t) ω4(t) ω2(t)

ω2(t) 0 ω1(t) 0

ω4(t) ω2(t) ω3(t) ω1(t)


XIFSF

ω1(t) = (Eα(2t
α))2 + 1,

ω2(t) = (Eα(t
α))2 − 1,

ω3(t) = −2(Eα(2t
α))2 − Eα(t

α)Eα(2) + (Eα(t
α))2 + 1,

ω4(t) = −2(Eα(2t
α))2 − Eα(t

α)Eα(2t
α) + (Eα(t

α))2 − 1.
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HFODF, CZ CPSPMMBSZ 3.9, XF IBWF

VFDX(t) =
1

2


r0(t) + r2(t) 0 r1(t) + r3(t) 0

6r2(t) r0(t) + 4r2(t) 2r1(t) + 14r3(t) 2r1(t) + 8r3(t)

r1(t) + r3(t) 0 r0(t) + r2(t) 0

2r1(t) + 14r3(t) 2r1(t) + 6r3(t) 6r2(t) r0(t) + 4r2(t)




1

3

0

−1



+
1

4


ω1(t) 0 ω2(t) 0

ω3(t) ω1(t) ω4(t) ω2(t)

ω2(t) 0 ω1(t) 0

ω4(t) ω2(t) ω3(t) ω1(t)




0

1

−1

2

 ,

=
1

4


2r0(t) + 2r2(t)− ω2(t)

6r2(t)− 4r1(t) + 36r2(t)− 16r3(t) + ω1(t) + 2ω2(t)− ω4(t)

2r1(t) + 2r3(t)− ω1(t)

−2r0(t) + 16r1(t)− 8r2(t) + 64r3(t) + 2ω1v + ω2(t)− ω3(t)

,

VFDY (t) =
1

4


ω1(t) 0 ω2(t) 0

ω3(t) ω1(t) ω4(t) ω2(t)

ω2(t) 0 ω1(t) 0

ω4(t) ω2(t) ω3(t) ω1(t)




1

3

0

−1



+
1

2


r0(t) + r2(t) 0 r1(t) + r3(t) 0

6r2(t) r0(t) + 4r2(t) 2r1(t) + 14r3(t) 2r1(t) + 8r3(t)

r1(t) + r3(t) 0 r0 + r2(t) 0

2r1(t) + 14r3(t) 2r1(t) + 6r3(t) 6r2(t) r0(t) + 4r2(t)




0

1

−1

2

 ,

=
1

4


−2r1(t)− 2r3(t) + ω1(t)

2r0(t) + 4r1(t) + 40r2(t)− 28r3(t) + 3ω1(t)− ω2(t) + ω3(t)

−2r0(t)− 2r2(t) + ω2(t)

4r2(t) + 4r1(t) + 28r2(t) + 12r3(t)− ω1(t) + 3ω2(t) + ω4(t)

.

TIFSFGPSF,

X(t) =
1

4

2r0(t) + 2r2(t)− ω2(t) 6r2(t)− 4r1(t) + 36r2(t)− 16r3(t) + ω1(t) + 2ω2(t)− ω4(t)

2r1(t) + 2r3(t)− ω1(t) −2r0(t) + 16r1(t)− 8r2(t) + 64r3(t) + 2ω1v + ω2(t)− ω3(t)

,

Y (t) =
1

4

−2r1(t)− 2r3(t) + ω1(t) 2r0(t) + 4r1(t) + 40r2(t)− 28r3(t) + 3ω1(t)− ω2(t) + ω3(t)

−2r0(t)− 2r2(t) + ω2(t) 4r2(t) + 4r1(t) + 28r2(t) + 12r3(t)− ω1(t) + 3ω2(t) + ω4(t)

.



Chapter 5
Conclusions and Suggestions

WF TPMWF B OPOIPNPHFOFPVT TZTUFN PG DPVQMFE MJOFBS NBUSJY GSBDUJPOBM EZ-
OBNJDBM EJGGFSFOUJBM FRVBUJPOT. WF DPOTJEFS UIF GSBDUJPOBM EFSJWBUJWF UBLFO JO CBQVUP’T
TFOTF. WF IBWF BO FYQMJDJU GPSN PG UIF HFOFSBM TPMVUJPO UP UIJT PCUBJOFE JO UFSNT PG
KSPOFDLFS QSPEVDU, UIF WFDUPS PQFSBUPS BOE MJUUBHF-LFGŴFS GVODUJPOT.

5.1 System of linear coupled matrix fractional differential equations
and A general solution of the system

1. NPOIPNPHFOFPVT TZTUFN PG DPVQMFE MJOFBS NBUSJY GSBDUJPOBM EZOBNJDBM EJGGFSFO-
UJBM FRVBUJPOT

X(α)(t) =

p∑
i=1

AiX(t)Bi +

q∑
i=1

CiY (t)Di + U(t),

Y (α)(t) =

r∑
i=1

EiX(t)Fi +

s∑
i=1

GiY (t)Hi + V (t),

ATTVNQUJPO
p∑

i=1

q∑
j=1

(DjBi)
T ⊗ (AiCj) =

q∑
i=1

s∑
j=1

(HjDi)
T ⊗ (CiGj) ,

s∑
i=1

r∑
j=1

(FjHi)
T ⊗ (GiEj) =

r∑
i=1

p∑
j=1

(BjFi)
T ⊗ (EiAj) .

A HFOFSBM TPMVUJPO PG TZTUFN
VFDX(t) = Eα((t− t0)

αK)E2α,1((t− t0)
2αLM)VFDW1

+ Eα((t− t0)
αK)(E2α,α+1((t− t0)

2αLM))M VFDW2

+

∫ t

t0

(t− s)α−1Eα((t− s)αK)E2α,1((t− s)2αLM)VFDU(s)ds

+

∫ t

t0

(t− s)α−1Eα((t− s)αK)(E2α,α+1((t− s)2αLM))M VFDV (s)ds,

VFDY (t) = Eα((t− t0)
αN)(E2α,α+1((t− t0)

2αML))LVFDW1

+ Eα((t− t0)
αN)E2α,1((t− t0)

2αML)VFDW2

+

∫ t

t0

(t− s)α−1Eα((t− s)αN)(E2α,α+1((t− s)2αML))LVFDU(s)ds

+

∫ t

t0

(t− s)α−1Eα((t− s)αN)E2α,1((t− s)2αML)VFDV (s)ds,

XIFSF
K =

p∑
i=1

BT
i ⊗Ai, N =

s∑
i=1

HT
i ⊗Gi,

M =
r∑

i=1

FT
i ⊗ Ei, L =

q∑
i=1

DT
i ⊗ Ci.
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2. NPOIPNPHFOFPVT TZTUFN PG DPVQMFE MJOFBS NBUSJY GSBDUJPOBM EZOBNJDBM EJGGFSFO-
UJBM FRVBUJPOT

X(α)(t) = AX(t)B + CY (t)D + U(t),

Y (α)(t) = EX(t)F +GY (t)H + V (t),

ATTVNQUJPO (DB)T ⊗ (AC) = (HD)T ⊗ (CG) BOE (FH)T ⊗ (GE) = (BF )T ⊗ (EA).
A HFOFSBM TPMVUJPO PG TZTUFN

VFDX(t) = Eα((t− t0)
αR1)E2α,1((t− t0)

2αR2R3)VFDW1

+ Eα((t− s)αR1)(E2α,α+1((t− s)2αR2R3))R3 VFDW2

+

∫ t

t0

(t− s)α−1Eα((t− s)αR1)E2α,1((t− s)2αR2R3)VFDU(s)ds

+

∫ t

t0

(t− s)α−1Eα((t− t0)
αR1)(E2α,α+1((t− t0)

2αR2R3))R3 VFDV (s)ds,

VFDY (t) = Eα((t− t0)
αR4)(E2α,α+1((t− t0)

2αR3R2))R2 VFDW1

+ Eα((t− t0)
αR4)E2α,1((t− t0)

2αR3R2)VFDW2

+

∫ t

t0

(t− s)α−1Eα((t− s)αR4)(E2α,α+1((t− s)2αR3R2))R2 VFDU(s)ds

+

∫ t

t0

(t− s)α−1Eα((t− s)αN)E2α,1((t− s)2αR3R2)VFDV (s)ds.

XIFSF
R1 = BT ⊗A, R2 = DT ⊗ C,

R3 = FT ⊗ E, R4 = HT ⊗G.

3. NPOIPNPHFOFPVT TZTUFN PG DPVQMFE MJOFBS NBUSJY GSBDUJPOBM EZOBNJDBM EJGGFSFO-
UJBM FRVBUJPOT

X(α)(t) =

p∑
i=1

AiX(t)Bi +

q∑
i=1

CiY (t)Di,

Y (α)(t) =
r∑

i=1

EiX(t)Fi +
s∑

i=1

GiY (t)Hi,

ATTVNQUJPO
p∑

i=1

q∑
j=1

(DjBi)
T ⊗ (AiCj) =

q∑
i=1

s∑
j=1

(HjDi)
T ⊗ (CiGj) ,

s∑
i=1

r∑
j=1

(FjHi)
T ⊗ (GiEj) =

r∑
i=1

p∑
j=1

(BjFi)
T ⊗ (EiAj) .

A HFOFSBM TPMVUJPO PG TZTUFN

VFDX(t) = Eα((t− t0)
αK)E2α,1((t− t0)

2αLM)VFDW1

+ Eα((t− t0)
αK)(E2α,α+1((t− t0)

2αLM))M VFDW2,

VFDY (t) = Eα((t− t0)
αN)(E2α,α+1((t− t0)

2αML))LVFDW1

+ Eα((t− t0)
αN)E2α,1((t− t0)

2αML)VFDW2,
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XIFSF
K =

p∑
i=1

BT
i ⊗Ai, N =

s∑
i=1

HT
i ⊗Gi,

M =
r∑

i=1

FT
i ⊗ Ei, L =

q∑
i=1

DT
i ⊗ Ci.

4. NPOIPNPHFOFPVT TZTUFN PG DPVQMFE MJOFBS NBUSJY GSBDUJPOBM EZOBNJDBM EJGGFSFO-
UJBM FRVBUJPOT

X ′(t) =

p∑
i=1

AiX(t)Bi +

q∑
i=1

CiY (t)Di + U(t),

Y ′(t) =
r∑

i=1

EiX(t)Fi +
s∑

i=1

GiY (t)Hi + V (t),

ATTVNQUJPO
p∑

i=1

q∑
j=1

(DjBi)
T ⊗ (AiCj) =

q∑
i=1

s∑
j=1

(HjDi)
T ⊗ (CiGj) ,

s∑
i=1

r∑
j=1

(FjHi)
T ⊗ (GiEj) =

r∑
i=1

p∑
j=1

(BjFi)
T ⊗ (EiAj) .

A HFOFSBM TPMVUJPO PG TZTUFN

VFDX(t) = e(t−t0)KE2,1((t− t0)
2LM)VFDW1

+ e(t−t0)K(E2,2((t− t0)
2LM))M VFDW2

+

∫ t

t0

e(t−s)KE2,1((t− s)2LM)VFDU(s)ds

+

∫ t

t0

e(t−s)K(E2,2((t− s)2LM))M VFDV (s)ds,

VFDY (t) = e(t−t0)N (E2,2((t− t0)
2ML))LVFDW1

+ e(t−t0)NE2,1((t− t0)
2ML)VFDW2

+

∫ t

t0

e(t−s)Ne(t−s)N (E2,2((t− s)2ML))LVFDU(s)ds

+

∫ t

t0

e(t−s)NE2,1((t− s)2ML)VFDV (s)ds,

(5.1)

XIFSF
K =

p∑
i=1

BT
i ⊗Ai, N =

s∑
i=1

HT
i ⊗Gi,

M =
r∑

i=1

FT
i ⊗ Ei, L =

q∑
i=1

DT
i ⊗ Ci.

5. NPOIPNPHFOFPVT TZTUFN PG DPVQMFE MJOFBS NBUSJY GSBDUJPOBM EZOBNJDBM EJGGFSFO-
UJBM FRVBUJPOT

X ′(t) =

p∑
i=1

AiX(t)Bi +

q∑
i=1

CiY (t)Di,

Y ′(t) =
r∑

i=1

EiX(t)Fi +
s∑

i=1

GiY (t)Hi,
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ATTVNQUJPO
p∑

i=1

q∑
j=1

(DjBi)
T ⊗ (AiCj) =

q∑
i=1

s∑
j=1

(HjDi)
T ⊗ (CiGj) ,

s∑
i=1

r∑
j=1

(FjHi)
T ⊗ (GiEj) =

r∑
i=1

p∑
j=1

(BjFi)
T ⊗ (EiAj) .

A HFOFSBM TPMVUJPO PG TZTUFN

VFDX(t) = e(t−t0)KE2,1((t− t0)
2LM)VFDW1 + e(t−t0)K(E2,2((t− t0)

2LM))M VFDW2,

VFDY (t) = e(t−t0)N (E2,2((t− t0)
2ML))LVFDW1 + e(t−t0)NE2,1((t− t0)

2ML)VFDW2,

XIFSF
K =

p∑
i=1

BT
i ⊗Ai, N =

s∑
i=1

HT
i ⊗Gi,

M =

r∑
i=1

FT
i ⊗ Ei, L =

q∑
i=1

DT
i ⊗ Ci.

6. NPOIPNPHFOFPVT TZTUFN PG DPVQMFE MJOFBS NBUSJY GSBDUJPOBM EZOBNJDBM EJGGFSFO-
UJBM FRVBUJPOT

X ′(t) = AX(t)B + CY (t)D + U(t),

Y ′(t) = EX(t)F +GY (t)H + V (t),

ATTVNQUJPO DB = HD,AC = CG FH = BF BOE GE = EA.
A HFOFSBM TPMVUJPO PG TZTUFN

VFDX(t) = e(t−t0)R1E2,1((t− t0)
2R2R3)VFDW1

+ e(t−t0)R1(E2,2((t− t0)
2R2R3))R2 VFDW2

+

∫ t

t0

e(t−s)R1E2,1((t− s)2R2R3)VFDU(s)ds

+

∫ t

t0

e(t−s)R1(E2,2((t− s)2R2R3))R2 VFDV (s)ds,

VFDY (t) = e(t−t0)R4(E2,2((t− t0)
2R3R2))R3 VFDW1

+ e(t−t0)R4E2,1((t− t0)
2R3R2)VFDW2

+

∫ t

t0

e(t−s)R4(E2,2((t− s)2R3R2))R3 VFDU(s)ds

+

∫ t

t0

e(t−s)R4E2,1((t− s)2R3R2)VFDV (s)ds,

XIFSF
R1 = BT ⊗A, R2 = DT ⊗ C,

R3 = FT ⊗ E, R4 = HT ⊗G.

7. NPOIPNPHFOFPVT TZTUFN PG DPVQMFE MJOFBS NBUSJY GSBDUJPOBM EZOBNJDBM EJGGFSFO-
UJBM FRVBUJPOT

Xα(t) = AX(t)B + CY (t)D,

Y α(t) = CX(t)D +AY (t)B,
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ATTVNQUJPO AC = CA BOE BD = DB.
A HFOFSBM TPMVUJPO PG TZTUFN

VFDX(t) =
1

2
Eα((t− t0)

αR1)(Eα((t− t0)
αR2) + Eα((t− t0)

αR2))VFDW1

+
1

2
Eα((t− t0)

αR1)(Eα((t− t0)
αR2)− Eα(−(t− t0)

αR2))VFDW2,

VFDY (t) =
1

2
Eα((t− t0)

αR1)(Eα((t− t0)
αR2)− Eα((t− t0)

αR2))VFDW1

+
1

2
Eα((t− t0)

αR1)(Eα((t− t0)
αR2) + Eα(−(t− t0)

αR2))VFDW2,

XIFSF
R1 = BT ⊗A, R2 = DT ⊗ C.

5.2 Suggestions
IO UIJT UIFTJT, XF JOWFTUJHBUF JOJUJBM WBMVF QSPCMFNT GPS UIF SZTUFNT PG NPOIP-

NPHFOFPVT MJOFBS NBUSJY GSBDUJPOBM EZOBNJDBM EJGGFSFOUJBM FRVBUJPOT JO CBQVUP’T TFOTF
BOE QSPWJEF FYBNQMFT OVNFSJDBM NFUIPE PG UIF NBJO SFTVMU. WIFSFBT JO GSBDUJPOBM DBM-
DVMVT IBWF PUIFS NFUIPET UP DBMDVMBUFE TVDI BT RJFNBOO–LJPVWJMMF GSBDUJPOBM EFSJWB-
UJWF, WFZM’T EFSJWBUJWF EFSJWBUJWF BOE FUD. SZTUFNT PG NPOIPNPHFOFPVT MJOFBS NBUSJY
GSBDUJPOBM EZOBNJDBM EJGGFSFOUJBM FRVBUJPOT JO CIBQUFS 3 DBO CF DBMDVMBUFE CZ VTJOH BMM
NFUIPE IBE NFOUJPOFE.
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