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Chapter 1

Introduction

1.1  Research Motivation

Fractional calculus was introduced more than 300 years ago. It is a branch of
mathematical analysis that studies the several different possibilities of defining real of
complex number powers of the differentiation and integration operators and devel-
oping a calculus for such operators generalizing the classical one. It is applied into
many branches of mathematical science and engineering. It is dominating by modern
examples of applications in differential and integral equations. The fractional derivative
of the exponential obtained by Liouville in 1832, and the fractional of power function
got by Riemann [1] in 1847. The Riemann-Liouville fractional derivative was failed in
the description and modeling of some complex phenomena. Thus, Caputo’s fractional
derivative was introduced in 1967 by Caputo [2].

Linear matrix (fractional) differential equations are important in various fields
which including applied science, engineering, economics. For a detail survey with col-
lections of applications in various fields, see Miller and Ross [3], Podlubny [4], Kilbas and
Saigo [5], and Kilbas et al. [6]. The simplest form of linear matrix differential equations
is shown below:

X'(t) = AX(¢). (1.1)

Here, A € M,, and X (¢) is an unknown matrix-valued function to be solved. The solution
of (1.1) is given by
X(t) = X (1), (1.2)

see more detail in Ben and Rachidi [7],[8], Cheng and Yau [9] and Leonard [10]. A

general system of nonhomogeneous linear matrix differential equations takes the form
X'(t) = AX(t) +U(2). (1.3)

here, U(t) is a given matrix-valued function. The solution of (1.3) is given by
X(t) = eBTOAX (tg) + e« U(2), (1.4)

where x denotes the matrix convolution product. A general system of nonhomoge-

neous coupled linear matrix ordinary differential equations takes in the form

X'(t) = AX(t)B+ CY (t)D + U(t), (1.5)
Y'(t) = EX()F + GY () H + V(1). '



Here, A,B,C,D,E,F,G,H are given matrix-valued functions, and X(¢),Y () are unknown
matrix-valued functions. The solution is given in terms of Kronecker products, the
vector operator and matrix series concerning exponential and hyperbolic functions.
A nonhomogeneous case of (1.5) was discussed in Kilman and Al-Zhour [11] when
E=C,F=D,G=A, H=BandU(t) = V(t) = 0. The system (1.5) was investigate in
Kongyaksee and Chansangiam [12] under the assumption that AC = CA and BD = DB.

A simple system of homogeneous linear matrix fractional dynamical differential

equations takes the form
X@ @) = AX(¢). (1.6)
The solution of (1.6) is given by (see Balanchan and Kokila [13],[14] )
X(t) = Ea(A(t —to)™)C, (1.7)

where E, is Mittag-Leffler functions with parameter a > 0. The simplest form of non-
homogeneous linear matrix fractional dynamical differential equations with delays in

control is shown below:
X)) = AX () +U(1). (1.8)
The solution of (1.8) is as follows (see Balanchan et al. [14])
X(t) = Eo(At" + /Ot(t — 8) T Eo (A(t — 5)*)u(s)ds. (1.9)

A general system of nonhomogeneous coupled linear matrix differential equations takes

the form
X@(t) = AX(t)B+CY (t)D + U(t),
(t) (t) (t) (t) (1.10)
V() = EX(t)F + GY (t)H + V (1),
The system was investigated in Leonard [11] under the assumption that AC = CA and
BD = DB.

In the present work, we consider a generalization of the system (1.10), namely,

X@(t) = zp:AiX(t)Bi + Xq:CiY(t)Di + U(t),
=0 =0

YOU(t) = Y EX®F + ) GY([t)H; + V().
=0 1=0
where 0 < o < 1 and all derivatives are in Caputo’s sense. To obtain an explicit formula
of the solution, we impose an assumption on the coefficient matrices. Our result
includes the results in Al-Zhour [11], Kongyaksee and Chansangiam [12] and Killiman

and Al-Zhour [15]. We also provide and an illustrative example of the main result.

1.2  Objectives of the study

To investigate a system of nonhomogeneous linear matrix fractional dynamical

differential equations.



1.3  Scopes of the study

We solve the following couple nonhomogeneous system of linear matrix frac-

tional dynamical differential equations:

X)) = z,,: A; X (t)B; + zq: C,Y (t)D; + U(t),
Y (1) = Z EX(t)F, + Z GiY (t)H; + V (t).
1=0 =0

Here, 0 < « < 1 and A4, B, C, D, E, F, G, H are given square matrices satisfying
assumptions,U(t), V(¢) are given matrix-valued functions, and X (t), Y (¢) are unknown

matrix-valued functions.

1.4  Benefits of the Study

To provide further theory for nonhomogeneous linear matrix fractional dynam-

ical differential equations.

1.5 Research methodology

1) Study advanced topics in matrix analysis.

2) Study research and papers concerning Kronecker products and the vector opera-
tor.

3) Study background in Mittag-Leffler matrix functions.
4) Study research papers about linear matrix differential equations.
5) Study research and papers about linear matrix fractional differential equations.

6) Solve a couple of non-homogeneous linear matrix fractional dynamical differential

equations by using Kronecker products and vector operator.

7) Investigate initial value problems for systems of nonhomogeneous linear matrix

fractional dynamical differential equations in Caputo’s sense.

8) Provide numerical examples of the main result.
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Chapter 2
Preliminaries

In this section, we provide adequate tools for solving system of linear matrix
differential equations. We shall denote the set of all m-by-n complex matrices by
M,,,, and we set M, = M,, ,. We shall denote the set of all m-by-n real matrices by
My n(R) and M, (R) = M, ,(R).

2.1 Kronecker product

Definition 2.1. Let A = (a;;) € M,, and B € M,. The Kronecker product of A and B is
defined by

A® B = (O,ZJB) € My,,.

1 2 0 1
Example 2.2. Let A = ] and B = [ ] Find A ® B.
3 4 2 2

1B 2B
A® DB =
3B 4B
0 1 0 1
1 2
2 92 2 2
0 1 0 1
3 4
2 2 2 2
010 2
2 2 4 4
03 0 4|
6 6 8 8

Lemma 2.3 (see e.g. Horn and Johnson [16]). The following properties hold for matrices

of appropriate sizes:
1. I, ® I, = Iy,
2. (kA)® B=k(A® B)=A® (kB), forall k € C,
3. (A+B)@C=(A®C)+ (B (),
4. AR (B+C)=(A®B) + (A®C),
5 (Ae B)T = AT @ BT,

6. (A® B)(C ® D) = AC ® BD.



2.2 The vector operator

For each A = (a;j) € M,,, we define

T
\/eCA:[a11...aml...a12...am2...a1m...amm

1 0 2
Example 2.4. Llet A = |2 8 3|. Then

1 0 5

T
Vec(A):[121080235]-

Lemma 2.5 (see e.g. Horn and Johnson [16]). The following properties hold for matrices

of appropriate sizes:
1. Vec(kA) = kVec A,
2. Vec(A+ B) =Vec A+ VecB.

Theorem 2.6 (see e.g. Horn and Johnson [16]). Consider matrices A € M,, ,,, B € M,

and X € M, ,. The Kronecker product and the vector operator are related by

Vec(AXB) = (BT @ A)Vec X.

2.3  Functions of complex variables defined by power series

Let f(z) be a function of the complex variable . For a power series f defined as
1) =Y anlz - =),
k=0

where a; € C, The radius of convergence R of this series is a non negative real number
such that the series converges if |z — 29| < R and diverges if |z — 29| > R. In the case
when this series converges for all z € C, we write R = .

In particular, we have the following complex-valued functions represented by power

series:

Pt 2k!
) B 1 0 (_l)k—lz2k—1
sin( )_ikzzo Qk—1!
(1 — (—1)k) 2k
cosh(z) = %Z (1 (k!l) ) ,



2.4  Special functions
Recall that the Gamma function T is defined by
I'(z) = /Oootz—le—tdt, Re(z) > 0.
Then, we have the following properties:
1. T'(n) = (n—1)! for every n € N.

2. T'(n+1) = nI'(n) for every n > 0,

3. T(n)I(1 —n) = Sm?m,
4. 7(3) = V.

The Mittag-Leffler function E, s is a special function depending on two parameters
a,B > 0. It may be defined by the following series when the real part of « is strictly

positive:

Fes®) = 2 Tk s )

In particular, the following functions:

> P < k2 e —1—z

E = = frm—

13(2) ;)F(k+3) kgo(k+2)[ 22 )

) o 2k 2k A

E = = =

21(7) ];) T2k + 1) ];) Ry~ cosh(@);
Byo(22) = — 2k i 221 sinh(z)

PRI LTk +2) &= 2k+1) 2

2_00 (=2 _00 —
Eaq(—2 )—;Fﬂk—f—l) _kz::

o0 —22 k oo _1 kz2k+1 . .
Epa(-22) =) F( " > (Z(Qgﬁ_ - sz( )

2.5 Functions of complex matrices defined by power series

Definition 2.7 (see e.g. Gradshteyn and Ryzhik [18]). Let A be an nzn matrix with

complex element with eigenvalues Ay, ...\,. Then the spectral radius p(A) of A4 is

p(A) = mazx (A, ..., [An])-



Consider A € M, and an analytic function f defined on region in a complex
plane containing the origin and the spectrum of A. Then there is positive constant R

such that f admits the Taylor series expansion

f(z) = iak(z)k for |z| <R,
k=0

If spectral radius of A is less than R, than the matrix power series ZakAk converges,
k=0

denoted by f(A).
In particular, the following matrix series converge for any 4 € M,, :

k=0
00 \k A2k
cos(A) =) ( 12)k'A ,
k=0
) 1 s —1)k—1 42k—1
S'”(A>:§Z( (;kl)! ’

Definition 2.8. Let A € M,, be a diagonalizable matrix and let f be a complex-valued
function defined on the spectrum of A, that is ¢(4) € Dom(f). Let S € M, be an

invertible matrix such that,
A=8DS™'  where D =diag(\i,...,\,).
Primary matrix function f of A is defined by

f(M) 0
f(A) =S5 St

0 f(n

1 2
Example 2.9. Let A = ] . Find f(A) and eA.
2 1

Write A =SDS™1.

: . o 1 1
The eigenvalues of A are A\ = 3, —1 with corresponding eigenvectors [ ] and [ ] :
1 —1

We have



S0,

and

a1 B el 3¢l

© 73 B el Biae |’
2.6 Mittage-Leffler functions of complex matrices

Definition 2.10. The Mittage-Leffler function with parameters o > 0and 8 > 0 of 4 € M,,
is defined by

o 1 - 1 1 24 ...
Ea,B(A)—EOmA —In+r(a+5)A+F(2a+ﬁ)A "

where 8 =1, we set E, := E, 1.

In particular, we have the following functions:

k=0 k=0
0 A2k 0 A2k+1 .
By (A )_;F(2k+2) _§(2k+1)' A~lsinh(A),

0 Ak 00 Nk A2k+1
Bpa(—A%) =" 4 :Z(A(lg)kjj_l)! = A~ 1sin(A).

Lemma 2.11 (see e.g. Steeb and Hardy [17]). Let f be an analytic function defined on

a region including the origin and the spectrum of A. Then

fIeA) =1 f(A),
f(A®I) = f(A) @I

In particular, the following relations hold for any complex square matrix A :

Eo(A®I)=E,(A) @1,

E.(I® A) =1 Eq(A).

Lemma 2.12 ( see e.g Killicman and Al-Zhour [15]). The following properties hold for
matrices of appropriate sizes:
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1. If AB = BA, then E,(A + B) = E,(A)E,(B),

2. (Ea(A)" = Eo(AT),

3. E4(A) is always invertible and (E,(4))~! = E,(—A4),
4. Eoq(A®1I,) = Ey(A)® I, and E,(I, ® A) = I, @ E,(A).

Proof. 1. If AB = BA, then we have

=0 m=0
= : T(al +1)AmBI-™
B ; L(al +1) mz::() L(am + DT (a(l —m) + 1)
=~ (A+B)
B (ol +1)
= E.(A+ B).

2. We have
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3. Putting B=—-A41in 1, we have
Eo(A—A) = Eo(A)Eq(-A),

and thus

So, E,(—A) is the inverse of E,(A).

4. Using Lemma 2.11, we have E,(A® I,,) = E,(A)® I, and E, (I, ® A) = I, @ E,(A).

[]

2.7 Caputo fractional derivative

Definition 2.13. Let f be a piecewise continuous function on (tg, c0) which is integrable
on any finite subinterval of [ty, ). Let a > 0 and let n € N be such that n —1 < a < n.
The Caputo’s derivative of f of order « is defined by

D f(t), a=n,

Def(t) = 1 t D" f(7)
I'(n—a) /to (

; )a_anT, n—1<aoa<n.
-7

Here, D is the usual differential operator.

Example 2.14. Let a = %m =1,f(t) =t we get

1/2 1 i le(T)
D1 = Fi7g /t T

Taking into account the properties of Gamma function and using the substitution

u := (t—7)'/2 the final result for the Caputo fractional derivative of the function f(t) =t

is obtained as

DY2f(t) = ——= | ——d(t—7)

1 (1
= w e ™
Vi
_ L
T Jt, U
2
= ﬁ(\/i—to)
Thus, it holds
D1/2f() — 2(\/i7t0)
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The class of Caputo’s fractional derivative include the following function:

Theorem 2.15. letn—1<a<n,neN, a,B€R. Then

T(B+1)
'g—n+1)I'(n—a)

2. D% = a"e“to (Z‘ - to)n_aE17n_a+1(CL(.T - to)),

—to

1. DY%P = B (n—a,B—n+ 1),7 = < Jto >0,

3. D sin(az) = —giia)" (4—to)" [ By apr ia(r—t0))—~(—1)"e ™ By _oa(~ia(e-
to))],

4. D*cos(ax) = —%(ia)"(w—to)”’“[ei“t0E17n_a+1(ia(a?—to))+(—1)”67i‘”°E17n_a+1(—ia(:r—
to))],

5. D% sinh(az) = %(a)"(w ) [0 By (0 — o)) — (=)0 Ey 1 osr (—ala —
to))],

6. D" cosh(az) = %(a)"(x )" O By (a(z — t0)) + (= 1) By i1 (—ala —

to))]-



Chapter 3

System of linear coupled matrix fractional differential

equations

In this chapter, we investigate a system of coupled nonhomogeneous linear
matrix fractional differential equations. From now on, let 4, B,C, D, E, F,G, H € M,(R)
be given constant matrices and let U(t),V () € M, (R) be given matrix-valued function.

We start with two auxiliary lemmas.

Lemma 3.1. For any A, B € M,(C), we have

Proof. Using standard techniques in matrix analysis, we obtain

- k
A 0 > 1 A 0
Ea( 0 BD - kzzof(ak+1) 0 B]

A 0
0 B

Eo(A) 0
0 E.(B)

= 1
=2 T(ok+1)

k=

[}

I

[M]8
=
B
+

Lemma 3.2. For any A, B € M, (C), we have

0 A
B 0

[ Bantan) (Fzo.001(AB))A
(B2a,a+1(BA))B  Ez,1(BA)
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0 A
A0

|

1 Ey(A)+ EL(—A) EL(A)—
=3 .

oo o) 1
2 e P 2 @y oy AP
B 1 - 1
kzzo D(a(2k +1)+1) (BA)'B kZ:O W(BA)’“
_ [ Esar(AB) (Esaas1(AB)) A
| (B2a,041(BA)) B Eaa1(BA)

We also have

0 A .
(o) Bt

0 Ak
AR 0

A0 1
+Y
0 Ar| L Tlek+1)

Now, we are in position to prove the main result of this thesis.
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3.1 The main result

Theorem 3.3. Let 0 < a < 1. Assume that

S

zp:i (D;B:)" @ Eq: Y (H;D)" @ (CiG)), (3.1)

=1 j=1 =1 j=1

s T T p
N> (FH) @ (EiA;j). (3.2)
i=1 j=1 i=1j=1

Then the general solution of the system of nonhomogeneous coupled linear matrix

fractional differential equations of order « :

X @ ZAX B+ZCY (t)D; + U(t),
=1 =1 (33)
Y@ (1) ZEX F+ZGY VH; + V (1),

=1 =1

subject to X(tp) = Wy and Y (tg) = Ws is given by

Vec X (t) = Eq((t —t0)*K)Foq1 ((t — to)**LM)Vec W,

+ Ea((t - tO)aK)(EQQ,a+1((t - t0)2aLM))MveC Wy

+ /tt(t —8)* 1 Ey((t — 8)*K)Eaq 1 ((t — 5)**LM)Vec U(s)ds

+ /tt(t —8)* EL((t — 8)*K)(Eaa.ar1((t — 8)**LM))M Vec V (s)ds

(3.4)
VecY (t) = Eu((t —to)*N)(Faq.as1((t — to)**ML))LVec W,

+ Eo((t —to)*N)Eaa1((t — to)** ML) Vec W,

+ /t(t —8)* EL((t — 8)*N)(Eaa.ar1((t — 8)**ML))LVecU(s)ds
+ / (t —8)* LEL((t — 8)*N)Eaa1((t — 8)**ML)VecV (s)ds,

where ) .
K =Y Bl'eA, N=> H oG,
= (5.5)
M = ZFf@Ei, L = ZD?@C,

=1 i=1



Proof. Using Lemmas 2.3, 2.5 and 2.11, we have

Vec X (t) = Vec (ZP: A; X(t)B; + zq: C;Y (t)D; + U(t))

=1 =1

= Vec (f: AiX(t)B,-> + Vec (f: CZ-Y(t)DZ) + VecU(t)

i=1 i=1

Vec (A; X (t)B;) + i Vec (C;Y (¢)D;) + VecU (t)

i=1

I
.M"S

s
Il
—

(Bf ® A;) Vec X (t) + Xq: (DI ® C;) VecY (t) + VecU(t)

i=1

I
KM“

&
Il
-

= KVecX(t) + LVecY (t) + VecU(t),
and

VecY @ (t) = Vec <Z E;X(t)F; + Z G;Y (t)H; + V(t))

i=1 =1

= Vec (ZT: E,-X(t)FZ) + Vec <ZS: GiY(t)H,;> +VecV(t)

i=1 i=1

= XT: Vec (E; X (t)F;) + i Vec (G,;Y (t)H;) + VecV (t)

=Y (F'@E;)VecX(t) + i (HI ® G;) VecY (t) + VecV ()
i=1 i=1

= MVecX(t)+ NVecY(t)+ VecV(¢).

Thus, the system (3.3) is transformed to the following equivalent system:

Vec X(@)(t)
VecY (@ (t)

K L
M N

Vec X (¢)
VecY(t)

VecU(t)
+
VecV(¢)

Let us denote S = P+ @Q where

K 0 0 L
P:[ ]andQ:[ ]
0 N M 0

This system has the following solution:

Vec X (t)
VecY(t)

Vec X (to)
VecY (to)

VecU(s)

= E,((t —t)*S) Vec V(s)

+ /t (t —s)* L EL((t — 5)*9)

16

S.



Now, we compute E,(S). We have

ko]0 &
PQ =

0 N||Mm o]
B [0 KL

NM 0

r p q

0 Y (Bf @A) (Do

— R . i=1 i=1

(i 0 6) Y. (K o B) 0

Li=1 i=1

r p q T

0 > > (D;B)" @ (ACy)

_ . i=1 j=1

SN (FH) ® (GiE;) 0

Li=1 j=1

and
0 L[k o
PQ =

M o] 0 N]
B [0 LN

MK 0

- . .

0 S (DF @)Y (1 26

_ =1 i=1
-, )

> (FEeB)) (Bl ) 0

Li=1 i=1

- . s

0 SN (H; D) @ (CiGy)

- i=1 j=1
=, ,

SN (BiF) @ (EiA)) 0

Li=1 j=1

17

Using the hypothesis (3.1) and (3.2) together with Lemmas 2.3, 2.5 and 2.11 we can
deduce that KL = LN and NM = MK. Thus, PQ = QP. From which it follows from

Lemma 6 that
Ea(S) = Ea(P+Q) = Ea(P)Ea(Q)

By Lemma 3.1, we have

By Lemma 3.2, we have

£.(Q) - [ Eza1(LM) (EQCWH(LM))M].

(E2a,a+1(ML))L Esq1 (ML)



Hence,

0  E.(N)

Therefore, the general solution of (3.3) is given by (3.4).

Esa1(LM) (B2a,a+1(LM))M
(E2a7a+1(ML))L Ega’l(ML>
Eo(K)Esq1(LM)  Eo(K)(Bya a1 (LM)M
| Eo(N)(Bsaai1t(ML)L  Eo(N)Ezan(ML) |
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[]

In Theorem 3.3, the hypotheses (3.1) and (3.2) is not too restrictive since it

includes many interesting special cases.

3.2 Special cases

Corollary 3.4. Let 0 < a < 1. Assume that (DB)T @ (AC) = (HD)" ® (CG) and
(FH)T @ (GE) = (BF)T @ (EA). Then the general solution of the system:

X©@(t) = AX(t)B+CY(#)D +U(t),
V() = EX(t)F + GY (t)H + V(¢),

subject to X(tg) = W7 and Y (tg) = Wy is given by

Vec X(t) = Ea((t — tO)QRl)E2a71((t — to)zaRgRg) Vec Wy

+ Ea((t - tO)aRl)(EQa,a-i-l((t - tO)QaRQRg))Rg VeC W2

+ /tt(t —8)* B, ((t — 8)*R1) Eaa 1 ((t — 8)**RoR3) Vec U (s)ds

+ /t (t — 5)a71Ea((t — to)aRl)(E2Q7a+1((t — to)zaRzRg))Rg VeC V(S)dS,

Vec Y(t) = Ea((t — tQ)QR4)(E2a7a+1((t — to)zaRgRg))RQ Vec Wy

+ Eo((t — to)*Ry) Fan 1 ((t — t0)**R3Ry) Vec Wy

+ /tt(t — S)ailEa((t — S)QR4)(E2a7a+1((t — S)2aR3R2))R2 Vec U(S)dS

+ /tt(t —8)* LB, ((t — 8)*N)Egq 1 ((t — 8)**R3Ry) Vec V(s)ds,

where
R, = BT®A, R, = DT"®C,

R; = FT®FE, Ry = H' ®G.

(3.6)

(3.7)

(3.8)
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Proof. Put p=q =r = s =1 in Theorem 3.3. We obtain
Vec X (t) = Eal(t — to)*(BY ® A))Eza1((t — t0)2*(FD)T @ CE)Vec W,
+ Ea((t — t0)*(B" ® A))(Bza,a41((t — to)**(FD)" ® CE)))(F" ® E)Vec Wy
+ /t:(t —t0)* T Eo((t — t0)*(BT ® A))Faa 1 ((t — 8)**((FD)' @ CE))VecU(s)ds
+ /t:(t —8)* 1 EL((t — 8)*(BT ® A))(Fan.ar1((t — 5)**((FD)T @ CE)))(F' ® E)VecV(s)ds

= Eo((t — to)* R1) Faa,1((t — to)** RoRs) Vec Wy
+ Ea((t — s)aRl)(E2a’a+l((t — S)QQRQRg))Rg Vec W,y

+ /tt(t —8)* B, ((t — 8)*Ry) Ean ((t — 8)**RoR3) VecU(s)ds

+/t (t — ) EL((t — to)*R1)(Eaa.ar1((t — to)**RoR3)) Rz Vec V (s)ds,

VecY (t) = Eo((t —t)*(H' @ G))(Eaa.ar1((t —to)**((DF)T @ EC))(DT @ C)Vec W,
+ Eo((t —to)*(H” ® G))Ean 1 ((t — t0)**((DF)T @ EC))Vec W,

+ /t(t —8)* TEL((t — 8)*(H" @ G))(Eaa.a41((t — 8)**((DF)! @ EC))) (DT @ C)VecU(s)ds
+ /t(t —8)* 1 EL((t — 8)*(H' @ G))Eza 1 ((t — 5)**(DF)" @ EC))VecV (s)ds

= Ea((t — to)aR4)(E2a’a+1((t — to)QaRng))Rg Vec Wi

+ Ea((t — to)aR4)E2a71((t — to)QaRg,Rg) Vec Wy

+ / (t — ) EL((t — 8)*Ry)(Baa.at1((t — 8)**R3Ry)) Ry Vec U (s)ds
+ / (t— ) Bo((t — 8)*N) Esu 1 (( — 5)2 Ry Ra) Ve V (s)ds.

[]

Corollary 3.5. Let 0 < a < 1. Denote K, M, N, L as in (3.5). Assume that (3.1) and (3.2)

hold. Then the general solution of the system:

q

X)) = iAiX(t)Bi + ZCiY(t)Di,
i=1

. o (3.9)
YOt) = Y EX()F + ) GY(t)H;,

subject to X(tg) = Wy and Y (tg) = Wy is given by

Vec X (t) = Eq((t —t0)*K)Eaq 1 ((t — to)**LM)Vec W,
+ Eo((t — t0)“K)(Fan,atr1((t — to)**LM)) M Vec W, (3.10)
VeCY () = Ea((t — t0)*N)(Eaaasr (t — t0)** ML) LVec W, '

+ Eo((t —to)*N)Eaa1((t — to)**ML)Vec Ws.
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Proof. Put U(t) = V(t) = 0 in Theorem 3.3. We obtain

Vec X (t) = Eq((t —to)*K)Ean 1 ((t — to)**LM)Vec W,
+ Eo((t — t0)*K)(Eaa,a41((t — to)**LM)) M Vec Wy
+0+0
=E,((t —t)*K)Eaq1((t — to)**LM)Vec W,
+ Eo((t — to)“K)(Fag a1 ((t — to)**LM)) M Vec Wy,
VecY (t) = Eo((t —t0)*N)(Baa.at1((t — to)**ML))LVec W,
+ Eo((t — to)*N)Ega 1 ((t — to)** ML) Vec W,
+0+0
= E,((t —t0)*N)(Fag.ar1((t — to)**M L)) LVec W,

+ Eo((t = to)*N) Ega 1 ((t — to)** ML) Vec W.
L]

Corollary 3.6. Denote K, M, N, L as in (3.5). Assume that (3.1) and (3.2) hold. Then the
general solution of the system:

X'(t) = Ep: A; X(t)B; + Eq: CY(t)D; + U(t),
o o (3.11)
Y'(t) = Y EXO)F; + Y GY(®)H; + V(1)

subject to X(to) = W7 and Y (tg) = Ws is given by
Vec X (t) = et 1K R,y ((t —to)2LM)Vec W,
+ I (By o ((t — to)2LM)) M Vec Wy

t
+ / =K By (¢ — 5)?LM) Vec U s)ds
to

t
n / =K (By o ((t — 5)2LM))M Vec V(s)ds,
to

(3.12)
VecY (t) = et 1IN (Eyo((t —to)>ML))LVec W,

+ e(titO)NEQJ ((t — t0)2ML) Vec Wy

t
n / =N (t=5IN (B (¢ — 5)2ML))LVec U(s)ds
to

t
+/ eIN By (¢ — s)2M L) Vec V(s)ds,
to
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Proof. Put a =1 in Theorem 3.3. We obtain

Vec X (t) = Ey((t —to)K)Ea 1 ((t — to)>LM)Vec W,

+ E1((t — to) K)(Faa((t — to)2LM)) M Vec Wy
+ t Ey((t—s)K)Ey 1 ((t — s)>LM)VecU(s)ds

to

t
+ / E1((t — 8)K)(Faa((t — S)QLM))M VecV(s)ds
to
_ e(t_tO)KEg’l((t —to)?LM)Vec W,
+ KBy o ((t — to)2LM)) M Vec Wy

t
+/ KB, 1 ((t — s)2LM)VecU(s)ds
to

t
+/ 1K (B o ((t — s)2LM))M Vec V(s)ds,
to

VecY (t) = Ey(t — to)N(Baa((t — to)*ML))LVec W,

+ El(t — tO)NEQ’l((t — to)QML) Vec Wy

+ /t Ei(t — s)Ne®IN(BEy 5((t — s)2M L)) LVecU(s)ds
+ /t e1(t — s)NEy 1 ((t — s)*ML)VecV(s)ds

= (1IN (B, o((t — tg)?ML))LVec W,

+ ettON By ((t - to)? ML) Vec W,y

t
4+ / =N =N (B, (¢ — )2M L))LVec U (s)ds
to

t
+ / e(t—s)NEzyl((t —8)2ML)VecV(s)ds.
to

Corollary 3.7. Denote K, M, N, L as in (3.5). Assume that (3.1) and (3.2) hold. Then the
general solution of the system:

q

X'(t) = iAiX(t)Bi +Y CY (D,
i=1

- o (3.13)
Y'(t) = Y EX()F+ Y GY()H,

subject to X(to) = Wy and Y (tg) = Wy is given by

Vec X (t) = e 1IK By ((t — to)2LM)Vec W, + e~ K (B, o ((t — to)2LM)) M Vec W,

VecY (t) = et tN (B, o((t — to)?ML))LVec W, 4 e**ON B, | ((t — t0)2M L) Vec Ws.
(3.14)
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Proof. Put U(t) = V(t) = 0 in Corollary 3.6. We obtain

Vec X (t) = Ey((t — to)K)Ea 1 ((t — to)>LM)Vec W,
+ E1((t — to) K)(Ea2((t — to)>LM))M Vec Wy
+0+0
= (KB, ((t— to)2LM) Vec W, + 1)K (B, o ((t — to)?LM)) M Vec W,
VecY (t) = Ey(t — to)N(Eaa((t — to)*ML))LVec W,
+ Ey(t —to)NEg 1 ((t — to)>M L) Vec W,
+0+0

= (TN, o((t — to)2M L)) LVec W, + e "N By ((t — tg)2M L) Vec W.

[]

The next result was firstly obtained in Kongyaksee and Chansangiam [12].

Corollary 3.8. Let 0 < a < 1. Denote Ry, Ry, R3, Ry as in (3.8). Assume that DB =
HD,AC = CG and FH = BF,GE = EA. The general solution of the system:

X'(t) = AX() B+ CY(t)D + U(¢), (3.15)
Y'(t) = EX(1)F + GY()H + V (1), '

subject to X(tp) = Wy and Y (tg) = Ws is given by

Vec X (t) = et g, | ((t —tg)? RyR3) Vec W,

+ e(t_tO)Rl (EQ’Q((t — to)zRgRg))Rg VeC W2

t
n / =R B, | (t — 5)? Ry Rs) Vec U (s)ds
t

0

t
+/ =By o((t — 5)* Ry R3)) Ry Vec V(s)ds,
to

(3.16)
Vec Y(t) = e(t_tO)R4 (EQ’Q((t — t0)2R3R2)>R3 Vec Wy

+ e(t_tO)R‘lEQ’l((t — t0)2R3R2) Vec Wy

t
+ / e(t—S)R4 (E2’2((t — 8)2R3R2))R3 \/eC U(S)ds
to

t
+/ =R g, | ((t — 5)2RyRy) Vec V (s)ds.
t

0
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Proof. Put a =1 in Corollary 3.4. We obtain

Vec X(t) = El((t — to)Rl)Ez’l((t — to)gRgRg) Vec Wi

=+ El((t — to)Rl)(Egyz((t — to)zRgRg))Rg Vec Wo

+ El((t — 5)R1)E271((t — 8)2R2R3) Vec U(s)ds

to
t
+ / El((t — to)Rl)(Egyg((t — t0)2R2R3))R3 Vec V(s)ds
to
= e(t_tO)Rl E2’1((t — t0)2R2R3) Vec Wi
-+ e(titO)Rl (Ezﬁg((t — to)szRg))RQ VeC W2

t
+/ e(tis)RlEQJ((t — S)2R2R3)Vec U(S)dS
to

t
+/ e (By 5 ((t — 8)°RaR3)) Ry VeC V(s)ds,
to

Vec Y(t) = El((t — to)R4)(E2’2((t — t0)2R3R2))R2 Vec Wi
+ El((t — to)R4)E271((t — t0)2R3R2) Vec Wy

+ /t E1((t — 8)Ry)(Ea2((t — 8)?R3Ry)) Ry Vec U (s)ds

+ [ E(t—s)N)Ex1((t — s)*R3Ry) VecV (s)ds

to

= (710 R (By o ((t — t9)? Rs Ry)) Rs Vec W,

+ €(t_t0)R4E2’1((t — t0)2R3R2) Vec Wo

t
+ / e(t_S)R4 (E2’2((t — 5)2R3R2))R3 VeC U(S)ds

to

t
n / et =B By | ((t — 5)2 Ry Ry) VeC V(s)ds.
to

The next result was firstly obtained in Al-Zhour [11].

Corollary 3.9. Let 0 < a < 1. Denote Ry, R, as in (18). Assume that AC = CA, BD = DB.
The general solution of the system:

X@(t) = AX(t)B+ CY (t)D,

(3.17)
Y(@(t) = CX(t)D + AY (t)B,
subject to X(tg) = Wy and Y (¢y) = Wa is given by
VeCX(t) = %Ea((t — to)aRl)(Ea((t — to)aRQ) + Ea((t — to)aRQ)) Vec Wi
+ %Ea((t — 10)*Ry)(Ea((t — t0)*Ra) — En(—(t — to)*Ry)) Vec Wa,
(3.18)

VecY (t) = %Ea((t 1) Ry)(Ba((t — t0) Ra) — Bu((t — to)*Ra)) VeC W,

+ %Ea((t 1) Ry) (Ea((t — t0)* Ra) + Eu(—(t — to)*Ra)) VEC W,



24

Proof. From Corollary 3.4, put U(t) =V (t)=0and E=C,F =D,G=A,H = B. []



Chapter 4

Examples

4.1 An auxiliary lemma for computing Mittage-Leffler functions of

matrices

In this section, we provide an example in order to illustrate our main result in Section

3. The next lemma is used to compute certain Mittage-Leffler function.

Lemma 4.1. For any a,c,d € R with a # d, we have

a 0 Ea<a) 0
E, =| . . (4.1)
([ dD L_ +(Fa(a) = Fa(d)) Ea<d>}

Proof. By expanding, we have
r k
B a 0 B 1 a 0
* c d o F(Ozk + 1) c d

I(ak +1)

M8

b
Il
=]

i
o

I
[~]e
—
T
)
7 N
Q
ol
I
QU
>
~
QU
o

I'(ak + 1)
ak}

o

>
Il

c d* d*
0
a—d \TI'(ak+1) I(ak +1)

= T(ak +1) 0
B c = aF — gk > dF
_afd kZ:OF(akJrl)> kZ:OI‘(akJrl)
- [ E.(a) 0
| (Bal0) ~ Ea(d)) Eold)
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4.2 Examples

Example 4.2. Let 0 < o < 1. Consider the following coupled matrix fractional differen-
tial equations:

X@ () = AX(t) + CY(b), (4.2)
Y (t) = CX(t) + AY (1), |

under the initial contidions X (0) = W, and Y (0) = W» , where

2 0 1 0 1 0
W = and Wy = .
-2 1 1 2 -2 2

First, note that AC = CA. From Corollary 3.9, we have

0
O =
2 2

Vec X (t) = %Ea(ta(l QRANEL((I®C)) 4+ Eu(—t*(I 2 C))) VecW,

4 %Ea(t“(l % ) Ea(t*(I & C)) — Bu(—t*(I ® C))) Vec Wy,
Vecy (t) = %Ea(t“(I 9 AN (Ea(t>(I @ C)) — En(—t*(I @ C))) Vec W,

4 %Ea(t"(l % A)(Ea(t*(I & C)) + Bu(—t*(I & C))) Vec Wy

To obtain the solution of the system, we compute

E,t*(I® A)) = 1R E,(t*A)
e Eo(20%) 0
2B, (1% + 2B, (2t%)  Eo(2t)
m(t) 0 0 0
_ |m@® m@) 0 0
0 0 @) o |
0 0 m(t) ns(t)
E,(t*(I®C)) = I ® E,(t*C)
. Ea(2t%) 0
2B (1%) — 2B, (20%)  Eo(t%)
n3(t) 0 0 0
_ ) m() 0 0
0 0 om0 |
0 0 —na(t) m(t)
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where ny(t) = Eo (1Y), n2(t) = —2E,(t%) + 2E4(2t*), n3(t) = E,(2t), and

Eo(-t*(I®C))
= I ® E.(-t*C)

= I® (Ey(t*0)~!

_ 1®< 1 ) Eq(t*) 0
= —2E,(t*) + Eo(t*)E,(2t) + 2E,(2t%) 2L (1%) + 2B (2t%)  Eo(2t%)

m() 0 0 0

) | RO mEH 0 0

o)+ () | o 0 m() 0
0 0 na(t) m3(t)

It follows that

ra(t) | 0 0 mi(t)
0 0 rks(t) ralt)
where
ri(t) = mi(t) +ng (O3 (t) +mOn2(t)na(t),
Ka(t) = m(t)ns(t) +m2(t)
r3(t) = m@)na2(t) + n2(t)ns(t),
ra(t) = nf(O)n5(t) +m(One(t)ns(t) + 15 (t)

Similary, we have

Eo(t*(I @ A)(Ea(t*(I® C)) — (Ba(t*(I © C)))7)

ks(t) 0 0 0
_ 1 —r3(t)  ke(t) 0 0
ra(t) | 0 0  ws(t) 0

0 0 —rs3(t) re(t)

where
ks(t) = —n3 () + mi (On3 (t) + m (On2(t)ns(t),

re(t) = 7 (t)n3 (L) + m(E)m2(t)ns(t) — ns(t).
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Hence, by Corollary 3.9, we have

k() 0 0 0 1 ks(t) 0 0 0
VeCX(t) _ 1 Kg(t) I<L4(t) 0 0 1 —K3(t) Hﬁ(t) 0 0 —2
2ra(t) 0 0 m@® 0 |0 0 0  ks(t) O
O O Iig(t) I{4(t) 2 0 0 —Hg(t) Hﬁ(t)
ki) + rs(2)
1| )~ 26(0)
 2ka(t) 0 ’
_2/64(t) + 2%36(15)
ks (t) 0 0 0 1 ki(t) 0 0 0
1 —I€3(t) Hﬁ(t) 0 0 1 /Qg(t) Iﬂl4(t) 0 0 -2
VecY(t) =
= 2ra(t) 0 0 kst 0 |]o o 0 () O
0 0 —Iig(t) Kg(t) 2 0 0 Kjg(t) H4(t) 2
K1(t) + k5 (1)
1 |~ 2ka(t) + me(t)
h 2/€2(t) 0
2%4(15) + 2/&5 (t)
Therefore,
1 _m(t) +rs(t)  ma(t) — 2k6(t)
X - ’
) 2e2t) | 0 254(t)+2/£6(t)]
1 [m® s —26a(t) + ()
Yt = 2k (t) i 0 264(t) + 2k6(t) ]

Example 4.3. Let 0 < o < 1. Consider the following coupled matrix fractional differen-

tial equations:

X)) = AX(t)B+CY(t)D, (4.3)
Y@(t) = CX(t)D + AY (t)B, |

under the initial contidions X (0) = W; and Y (0) = W» , where

and



First, note that AC = CA and BD = DB. From Corollary 3.9, we have

Vec X (t) = %Ea(t“(BT @ A))(EL(t*(DT @ C)) + Eo(—t*(DT ® ©))) Vec W,

+ %Ea(t“(BT % A))(Ea(t*(DT @ C)) — Ea(—t*(D" & C))) Vec Wy,

VecY(t) = %Ea(to‘(BT ® A))(Eq(1°(DT ® C)) — Ba(—t*(DT ® C))) Vec W,

+ %Ea(ta(BT @ A))(Eq(t*(DT @ C)) + Eo(—t*(DT @ C))) Vec Ws.

To obtain the solution of the system, we compute E, (BT @ A). We have

BT® A =

o= OO
N O O O

The eigenvalues of BT @ A are A =1,2,-1,-2.
3

Write E,(X) =

SO,

Thus,

E t*(BT @ A)

> re(t)X*. We have

1

2
0
0

o O N O

k=0

Ea(ta) 1 1 1 To(t)

E.2%) | |1 2 8 | |m)

Ea—t) | |1 -1 1 —1| [ro|’

Eo(—2t%) 1 -2 4 8| |rst)
ro(t) = 1—12(8Ea(tc‘) OB (26%) + 8E(—t%) — 2B (—2)),
(t) = 1—12(8Ea(t0‘) B (24) — 8Ea(—) + Bo(—2t%)),
ro(t) = 1—12(—2Ea(ta) OB (24) — 2E (—t%) + 2Ea(—2%)),
ra(t) = 1—12(—2Ea(t”‘) + Ba(26%) 4 2B (—t%) — Eo(—26%)).

1 0 0 0 0 0
01 00 0 0
= ro(t) +r1(t)
0010 10
00 01 2 2
ro(t) +r2(t) 0
67’2 (t) To (t) + 47’2 (t)
r1(t) +r3(t) 0

2r1 (t) + 147"3(t) 2r1 (t) + 67”3(t)

1
2
0
0

+ 7a(t)

o O N O

T1 (t) + 73 (t)

o O O =

27"1 (t) + 14’["3 (t)

ro(t) + ra(t)
6T2 (t)

ro(t) ] +r1(t)(BT @ A) + ro(t) (BT @ A)? +r3(t)(BT @ A)®

0

0
+ 173 (t)

1

6

S O e~ O
- O o O

0
2r1(£) + 8r3(t)

. .
ro(t) + 4r2(t)

29

14

o o o O

14

o O oo O
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To compute E, (DT ® C), we have

0
0

2
-2 1 -2 1
0 2
-2 1 -2 1

0

DT ®C

Consider

Ea(c) - Ea(c)
Eo(C) + Ea(C)

(Ea(c))2 + Ea (C)Ea(*c)

_(Ea(c))2 - Ea(C)Ea(*C)

(Ba(C))? +1
C

(Ea(C))? =1

— | N

It follows that

and

Thus,

. |
— —
Nadt =

0201
3 3

— /N /N

b SR Y

B2 B 2R
N - M

3 3 3 3
— —
Nadt =

o o o
3 3

—~ o~ o~

== = =

~— N~ S~

— o o0 <

3 3 3 3
— N
I
—
=
QO
®
&~
=2
)

o
-~

S—
S—
o

where

wi(t) = (Ba(2t™)? +1,

wa(t) = (Ba(t*)® -1,

wa(t) = —2(E4(2t%))* = Ea(t*)Ea(2) + (Ea(t¥))* + 1,
wi(t) = —2(EL(2t%))? = Bo(t*) By (2t) + (B4 (t*))* — 1.
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Hence, by Corollary 3.9, we have

To (t) —+ 79 (t) 0 1 (t) + T3 (t) 0 1
Vec X (1) = 1 672 (t) ro(t) +4ra(t)  2ri(t) + 14r3(t)  2r1(¢) + 8r3(t) 3
1 (t) + 173 (t) 0 0 (t) + 7o (t) 0 0
27’1 (t) + 147’3 (t) 27‘1 (t) + 67’3 (t) 67"2 (t) To (t) + 47"2 (t) -1
wi®) 0 we(t) O 0
1 |ws (t) w1 (t) w4(t) w2 (t) 1
+ = ’
Alu@® 0 w@ 0 | ]-1
wW4q (t) w2 (t) w3 (t) w1 (t) 2
27"0(t) + 27"2 (t) — W2 (t)
_ 1 679 (t) —4rq (t) + 3679 (t) — 167‘3(t) + w1y (t) + 2w (t) — Wy (t)
4 21 (t) + 2r3(t) — wy (1) ’
727‘0 (t) —+ 16T1 (t) — 87”2 (t) =+ 64T3(t) —+ 2(.011) + wo (t) — W3 (t)
wi(t) 0  wet) O 1
\/eCY(t) _ 1 ws (t) w1 (t) W4(t) w9 (t) 3
4 UJQ(t) 0 wl(t) 0 0
wa(t) wa(t) ws(t) wi(t)| |—1
0 (t) + 7o (t) 0 1 (t) + 73 (t) 0 0
} 679 (t) 70 (t) + 4ro (t) 2rq (t) + 14T3(t) 2rq (t) + 8T3(t) 1
20 () +rs(t) 0 7o 4 72 (t) 0 ~1
27’1 (t) + 147‘3 (t) 27‘1 (t) + 67’3 (t) 6T2 (t) To (t) + 4T2 (t) 2
—27“1 (t) — 27‘3 (t) + w1 (t)
_ 1 2rp (t) +4rq (t) + 4079 (t) — 28’/’3(t) + 3w1 (t) — Wo (t) + w3 (t)
4 —2rg(t) — 2ra(t) + wat) '
4T2 (t) + 47"1 (t) + 28T2 (t) + 127‘3(t) — W1 (f) + 3(,02 (t) + wy (t)
Therefore,

X(t) = 1| 2ro(t) + 2ra(t) —wa(t)  6ra(t) — 4r1(t) + 36r2(t) — 16r3(t) + wi(t) + 2wa(t) — wa(t)
4 27‘1 (t) + 27’3 (t) — W1 (t) 72?”0(15) + 167"1 (t) - 8T2 (t) + 64T3(t) + 2CLJ1’U + wao (t) — W3 (t) ’

NG

Y(t) =

—2r (t) — 2r3 (t) + wq (t) 2rp (t) + 4rq (t) + 4079 (t) — 2873 (f) + 3w1 (t) — Wsy (t) + ws (t)
—2rg (t) — 279 (t) =+ wo (t) 4rq (t) +4rq (t) + 2879 (t) + 12r3 (t) — W1 (t) + 3ws (t) + W4(t) .



Chapter 5

Conclusions and Suggestions

We solve a nonhomogeneous system of coupled linear matrix fractional dy-

namical differential equations. We consider the fractional derivative taken in Caputo’s

sense. We have an explicit form of the general solution to this obtained in terms of

Kronecker product, the vector operator and Mittage-Leffler functions.

5.1 System of linear coupled matrix fractional differential equations

and A general solution of the system

1. Nonhomogeneous system of coupled linear matrix fractional dynamical differen-

tial equations

Assumption

X@(@) = zp:AiX(t)Bi + Xq:CiY(t)Di + U(t),

i=1 i=1

Y(t) = Z E; X(t)F; + Z GY (t)H; + V(t),

=1 i=1

~
Il
—

<
Il
—
«
Il
—

<
Il
—

A general solution of system

Vec X (t) = Eq((t —t0)*K)Eaq 1 ((t — to)**LM)Vec W,

+ Eo((t — t0)*K)(Ban,at1((t — to)**LM)) M Vec Wy

+ [t(t —8) By ((t — 8)*K) FBag 1 ((t — 5)**LM) Vec U(s)ds

+ /t (t — ) EL((t — 8)*K)(Fag.ar1((t — 8)**LM))M Vec V(s)ds,

VecY (t) = E,((t —to)*N)(Faq.a+1((t —to)**ML))LVec W,

where

+ Ea((t — to)aN)Ele((t — to)QaML) Vec Wo

+ /tt(t —8)* By ((t — 8)*N)(B2a,at1((t — s)**ML))LVecU(s)ds

+ /tt(t —8)* EL((t — 8)*N)Eaq 1((t — 5)** ML) Vec V(s)ds,

K = iBf@Ai, N = ZS:HiT®Gi,

i=1 i=1

T q
M =Y F'eE, L=>) DIaC.
=1 =1
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2. Nonhomogeneous system of coupled linear matrix fractional dynamical differen-

tial equations
X©@(t) = AX(t)B+CY(#)D + U(t),

V() = EX(t)F + GY (t)H + V(¢),
Assumption (DB)T @ (AC) = (HD)” ® (CG) and (FH)T @ (GE) = (BF)" @ (EA).

A general solution of system

Vec X(t) = Ea((t — t())aRl)Ega,l((t — t0)2aR2R3) Vec Wy

+ Ea((t — S)QRl)(E2a7a+1((t — 8)2QR2R3))R3 VeC W2

+ /tt(t —8)* L EL((t — 8)*Ry) B ((t — 8)2**RoR3) Vec U (s)ds

+ /t (t — ) Ba((t — t0) Ra)(Baaasr ((t — t0)?* RoRs)) Rs VieC V(s)ds,

Vec Y(t) = Ea((t — to)aR4)(E2a)a+1((t — ﬁo)QaRg,Rg))Rg Vec Wy

+ Ea((t — to)aR4)Ega’1((t — t0)2aR3R2) Vec Wy

+ / (t —8)* By ((t — 8)*Ra)(Ban.ar1((t — 8)**R3Ry)) Ry Vec U(s)ds
+ / (t —8)* B ((t — 8)*N)Eaq1((t — 8)**R3Ro) Vec V (s)ds.

where
Ry = B"®A, Ry = D" ®C,
Ry = F'®FE, Ry = H' ®G.
3. Nonhomogeneous system of coupled linear matrix fractional dynamical differen-

tial equations

P q
XO@) = ST AX@)B; + > CY(4)D;,
i=1 i=1

YO) = Y EX@H)F+ Y GY(t)H;,
i=1 i=1

Assumption
P 4q T q s -
Z Z (DjBi) & (Alcj) = Z (H]DZ) ® (Csz) s
i=1 j=1 i=1j=1
s r r P
Z (FjHi)T ® (GiEj) = Z Z (Bsz‘)T ® (E;4;)

A general solution of system

Vec X (t) = Eq((t —to)*K)Ean 1 ((t — to)**LM)Vec W,
+ Eo((t = t0)*K)(Fag a+1((t — to)**LM)) M VecC W,
VecY (t) = Eq((t — t0)*N)(Eaa.as1((t — to)?*ML))LVec W,

+ Eo((t —to)*N)Eaa1((t — to)**ML)Vec Wy,
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where , A
K =Y Bl'®A, N => H oG,

i=1 i=1
r q

M = ZFf@Ei, L = ZD{@C,
=1 =1

4. Nonhomogeneous system of coupled linear matrix fractional dynamical differen-

tial equations

X/(t) = zp: Al)((t)Bz + Zq: CiY(t)Di + U(t),

i=1 i=1

Y'(t) = Er: E,X(t)F; + ES: G,Y(t)H; + V(t),

i=1 i=1

Assumption

A general solution of system
Vec X (t) = et 1K Ry ((t — to)2LM)Vec W,
+ TR (By o ((t — to)2LM)) M Vec Wy

t
—|—/ IR, ((t — s)2LM) VecU(s)ds
to

t
n / =K (B, o ((t — 5)2LM))M Vec V(s)ds,
to

(5.1)
VecY (t) = et tN (B, o((t — to)>ML))LVec W,

+ e(titO)NEQJ((t — t0)2ML) Vec Wy

t
+/ eINE=IN (B, o ((t — 5)2M L)) LVecU(s)ds
to
t
+ / e =INE, (¢ — 5)2ML)Vec V(s)ds,
to

where , .
K =Y Bl'®@A, N=> H oG,

i=1 =1
r q

M = ZFf@Ei, L = ZD{@C,
=1 =1

5. Nonhomogeneous system of coupled linear matrix fractional dynamical differen-

tial equations

X'(t) = zp:AiX(t)Bi + Zq:CiY(t)Di,

Y'(t) = iEiX(t)Fi + iGiY(t)Hi,
i=1 i=1



35

Assumption

A general solution of system
Vec X (t) = et 1K By ((t — to)2LM)Vec Wy + e —tK (By o((t — to)2LM)) M Vec Wy,
VecY (t) = e 1IN (Byo((t —to)2ML))LVec Wy + 1IN By | ((t — to)>M L) Vec W,

where .
K =Y Bl'eA, N => H oG,

=1 =1
r q

M = ZF?@Ei, L = ZD?@C,
=1 =1

6. Nonhomogeneous system of coupled linear matrix fractional dynamical differen-

tial equations
X'(t) = AX(t)B+ CY (t)D + U(t),

Y'(t) = EX(t)F +GY (t)H + V (t),
Assumption DB = HD,AC = CG FH = BF and GE = EA.
A general solution of system
Vec X (t) = et B g, ((t —tg)?RyR3) Vec W,
+ e(titO)Rl (E272((t — to)zRgRg))RQ VeC W2

t
+/ e(tis)RlEQJ((t — S)2R2R3)Vec U(S)dS
to

t
+/ et (By 5((t — 5)°RaR3)) Ry Vec V(s)ds,
to

Vec Y(t) = e(t_tO)R4 (EQ’Q((t — t0)2R3R2))R3 Vec Wy

+ e(t_tO)R4 Ez’l((t — t0)2R3R2) Vec Wo

t
+ / eI (By o((t — 5)*RsR))Rs Vec U(s)ds
to

t
+/ 6(t_s)R4E2,1((t_ S)2R3R2)V6CV(S)dS,
t

0

where
R = BT®A, R, = DT ®C,

R; = FT®FE, Ry = H' ®G.

7. Nonhomogeneous system of coupled linear matrix fractional dynamical differen-

tial equations
X(t) = AX()B+CY (¢)D,

Yo(t) = CX(t)D + AY (t)B,
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Assumption AC = CA and BD = DB.

A general solution of system
Vec X () = %Ea((t —10)*R1)(Ba((t — to)* Ra) + Ea((t — to)*Ry)) Vec W,

+ %Ea((t —10)*R1)(Ea((t — to)*Ra) — Eo(—(t — to)*R2)) VeC Wy,
VecY (t) = %Ea((t —10)*R1)(En((t — t0)“Re) — Eo((t — to)*R2)) Vec W,

+ %Ea((t —to)*R1)(Eu((t — to)* R2) + Eo(—(t — to)*Ry)) VeCc Wy,

where

R = BT®A, R, = DT®C.

5.2  Suggestions

In this thesis, we investigate initial value problems for the Systems of Nonho-
mogeneous linear matrix fractional dynamical differential equations in Caputo’s sense
and provide examples numerical method of the main result. Whereas in fractional cal-
culus have other methods to calculated such as Riemann-Liouville fractional deriva-
tive, Weyl’s derivative derivative and etc. Systems of Nonhomogeneous linear matrix
fractional dynamical differential equations in Chapter 3 can be calculated by using all

method had mentioned.
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Abstract: In this paper, we investigate a nonhomogeneous system of coupled linear matrix fractional dynamical
differential equations with delays in control. The fractional derivative considered here is taken in Caputo’s sense.
We obtain an explicit form of its general solution in terms of the Kronecker product, the vector operator, and
matrix series concerning Mittag-Leffler functions.
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1 Introduction

Fractional calculus was introduced more than 300 years ago. It is a branch of mathematical analysis that
studies the several different possibilities of defining real of complex number powers of the differentiation and
integration operators and developing a calculus for such operators generalizing the classical one. Itis applied into
many branches of mathematical science and engineering. It is dominating by modern examples of applications
in differential and integral equations. The fractional derivative of the exponential obtained by Liouville in 1832,
and the fractional of power function got by Riemann [1] in 1847. The Riemann-Liouville fractional derivative
was failed in the description and modeling of some complex phenomena. Thus, Caputo’s fractional derivative
was introduced in 1967 by Caputo [2].

Linear matrix (fractional) differential equations are important in various fields which including applied
science, engineering, economics. For a detail survey with collections of applications in various fields, see Miller
and Ross [3], Podlubny [4], Kilbas and Saigo [5], and Kilbas et al. [6]. The simplest form of linear matrix
differential equations is shown below:

X(t) = AX(). (1)
Here, A € M,, and X () is an unknown matrix-valued function to be solved. The solution of (1) is given by

X(t) = eI X(t), )

see more detail in Ben and Rachidi [7],[8], Cheng and Yau [9] and Leonard [10]. A general system of nonho-
mogeneous linear matrix differential equations takes the form

X'(t) = AX(t) + U(1). 3)
here, U(t) is a given matrix-valued function. The solution of (3) is given by

X(t) = eUtAX (1) + !« U(t), (4)

41
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where * denotes the matrix convolution product. A general system of nonhomogeneous coupled linear matrix
ordinary differential equations takes in the form

X'(t) = AX(t)B+CY (t)D + U(t),
Y'(t) = EX(tH)F + GY (t)H + V (t).

Here, A,B,C,D,E,F,G,H are given matrix-valued functions, and X (), Y (¢) are unknown matrix-valued func-
tions. The solution is given in terms of Kronecker products, the vector operator and matrix series concerning
exponential and hyperbolic functions. A nonhomogeneous case of (5) was discussed in Kilman and Al-Zhour
[11]when E =C,F =D,G = A, H = Band U(t) = V(t) = 0. The system (5) was investigate in Kongyak-
see and Chansangiam [12] under the assumption that AC' = CA and BD = DB.

A simple system of homogeneous linear matrix fractional dynamical differential equations takes the form

(%)

X@@t) = AX(#). ()
The solution of (6) is given by (see Balanchan and Kokila [13],[14] )
X(t) = Ea(A(t —t0)*)C, (7

where E,, is Mittag-Leffler functions with parameter @ > 0. The simplest form of nonhomogeneous linear
matrix fractional dynamical differential equations with delays in control is shown below:

X)) = AX(t) + U(1). ®)
The solution of (8) is as follows (see Balanchan et al. [14])
t
X(t) = Eu(At™ + / (t = 8)* L EL (At — 5)™)u(s)ds. )
0

A general system of nonhomogeneous coupled linear matrix differential equations takes the form

I

X@(t) = AX(t)B+ CY (t)D + U(t), 10
Y@@t = EX(t)F +GY () H + V(t), )

The system was investigated in [11] under the assumption that AC' = CA and BD = DB.
In the present work, we consider a generalization of the system (10), namely,

X@(t) = Xp: A X(t)B; + Xq: CiY (t)D; + U(t),

i=0 i=0

Y@@ = XT:EiX(t)Fi +XP:GiY(t)HL- +V(t).

=0 i=0

where 0 < a < 1 and all derivatives are in Caputo’s sense. To obtain an explicit formula of the solution, we
impose an assumption on the coefficient matrices. Our result includes the results in Al-Zhour [11], Kongyaksee
and Chansangiam [12] and Killiman and Al-Zhour [15]. We also provide and an illustrative example of the main
result.

2 Preliminaries
In this section, we provide adequate tools for solving system of linear matrix differential equations. We

shall denote the set of all m-by-n complex matrices by M, ,, and we set M,, = M,, ,. We shall denote the set
of all m-by-n real matrices by M,, ,(R) and M, (R) = M, ,(R).

2.1 Kronecker Product

Definition 1. Let A = (a;j) € M, and B € M,,. The Kronecker product of A and B is defined by

A® B = (a;jB) € Myp.

a2
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Lemma 2 (see e.g. Horn and Johnson [16]). The following properties hold for matrices of appropriate sizes:
1 Iy @ I = Iy,
2. (kA)® B=k(A® B)=A® (kB), forallk € C,
3. (A+B)@eC=(A2C)+ (B (),
4. A (B+C)=(A®@B)+(A®C),
5. (Ao B)T = AT @ BT,
6. (A® B)(C® D)= AC ® BD.

2.2 Vector operator
For each A = (a;;) € M,,, we define
VecA=[a11.. Q1+ Q12+ Gm2 - - - Gl - - - G|
Lemma 3 (see e.g. Horn and Johnson [16]). The following properties hold for matrices of appropriate sizes:
1. Vec(kA) = kVec A,
2. Vec(A+ B) = Vec A + Vec B.

Theorem 4 (see e.g. Horn and Johnson [16]). Consider matrices A € My, ,,, B € M, , and X € M, ,. The
Kronecker product and the vector operator are related by

Vec(AXB) = (BT @ A) Vec X.

2.3 Mittage-Leffler function

The Mittag-Leffler function E,, s is a special function depending on two parameters «, 3 > 0. It may be
defined by the following series when the real part of « is strictly positive:

ok

E, = e e
=8(2) ;, T(ak + B)’
When the Gamma function I is defined by
T'(z) = / t*“te~tdt, Re(z) > 0.
0

Definition 5. The Mittage-Leffler function with parameters o > 0 and > 0 of A € M, is defined by

1 1

> 1
Eop(A) = AF =1, A A2 4. ..
#(4) ; T(ak+B) TTarp T T’ *

where f =1, we set E,, := E, 1.

Lemma 6 ( see e.g Killicman and Al-Zhour [15]). The following properties hold for matrices of appropriate
sizes:

1. Eo(A) is always invertible,

2. (Ba(a))™" = Ea(~A) and (Eq(a))” = Eq(A7),

3. IfAB = BA, then Eo(A+ B) = Eq(A)Eo(B),

4. Bo(A® 1) = Ea(A) ® I, and Eo(I, ® A) = I, ® Eo(A).
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2.4 Caputo’s fractional derivative

Definition 7. Let f be a piecewise continuous function on (0, 00) which is integrable on any finite subinterval
0f [0,00). Let o« > 0 and let n € N be such that n — 1 < o < n. The Caputo’s derivative of f of order o is
defined by
Drf(t), a=n,
D f(t) = 1 b Drf(r)
I'(n—a) /0 (t — 7)o+l

Here, D is the usual differential operator.

dr, n—1<a<n.

For a matrix-valued function X (£) = [2;;(t)] and @ > 0, we defined X (@ (t) = [D%x;;(t)], provided
that D®w;;(t) exists for each i, j. In particular, X' (t) = [a};(t)].
3 System of linear coupled matrix fractional differential equations

In this section, we investigate a system of coupled nonhomogeneous linear matrix fractional differential
equations. From now on, let A, B, C, D, E, F,G, H € M, (R) be given constant matrices and let U (t), V (t) €
M,,(R) be given matrix-valued function. We start with two auxiliary lemmas.

Lemma 8. Forany A, B € M, (C), we have

w (5 5]) =% slm]

Proof. Using standard techniques in matrix analysis, we obtain

i (fi- ) = Sraerals 5

2 1 [Ak o]
C & Tek+1) [0 B
Ak 0
_ i |:F(ak+ 1) o
Al T(ak + 1)
| kX::OF(akJrl) 0 .
> B
0 PR
kgof(ak+1)
g 1, (1), 9 ()
= [ 0 EQ(B)}
o
Lemma9. Forany A, B € M,(C)
0 A1\ _ [ E2i(AB) (B2a,0+1(AB)) A
E“([B o]) ‘[(EQH,MI(BA))B Eonr (BA) ]

w (3 3 3BTRS BATECR]

Proof. A direct computation reveals that

aq
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E“([Jg QD :il‘ak+1 [g’ g]k

k=0

_ L (AB)*
=2 T(ak +1) [ 0

even

1
I(a(2k)+1)
1
T(a(2k+1) +1

|
M

e
Il

0

_ [ Eba,1(AB)

(AB)*

B

B Y5

191

0 (AB)*A
]*%rw” {BA)’“B 0

1 .

= T(a2k+1)+1) (4B)*4
1

(a(2k) + 1) (BA)*

o0

=0
=3

.—0

k

(B2a.0+1(AB))A } i

(Baa,a11(BA))B  Esa,1(BA)

We also have

m (k)= Sraenle S rmrs(e o]

even

Z(ak+
Z (ak+1

L even

B %0(21‘ 2%k +1) )
kz(zlr_zch
I

1 k
{%{;((xkle)A
1 v
Z(akJrl)Ak

odd
o )
kz::U(QF(QAH) =
) k
) ,;U(ﬁ 2k+1) >

a(A) Ea(*A)]
Eo(A) + Ea(-4) |

Now, we are in position to prove the main result of this paper.

Theorem 10. Let 0 < o < 1. Assume that

> (D;B) @ (4C)"

1j=1

Mu

@

DD (FH) @

i=1j=1

s

ZZ(HJ-DM@ (CiGy), an

i=1 j=1

Ma

® (EiA;). (12)

i=1 j=1

Then the general solution of the system of nonhomogeneous coupled linear matrix fractional differential equa-

tions with delays in control of order « :

X@ ¢ EAX B+ZCY )D; + U(t),

i=1

i=1 (13)

Y@ ZEX F+ZGY(t)H +V(t),

i=1

i=1
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subject to the control delays X (ty) = Wy and Y (to) = Wy is given by

Vec X (t) = Ea((t —to)*K)Ean,1((t — to)**LM) Vec W;
+ Ea((t = t0)*K) (Baa,as1((t — to)** LM))M Vec Wy

+ /tt(t —8) VB, ((t — 8)K) Baa,1((t — 8)>*LM) Vec U(s)ds

+ /Lt(t —8) VB, ((t — 8)"K) (Ban,a1((t — 8)**LM))M Vec V(s)ds,

14
Vec Y (t) = Ea((t — t0)*N)(Ean,as1((t — to)**ML))L Vec Wy (4
+ Ey((t — t0)*N) Egq 1 ((t — to)>** M L) Vec Wy
t
+/ (t—8) VB ((t — 5)*N)(Ban,as1((t — 8)**ML))L Vec U(s)ds
to
t
+ / (t — 8)* L EL((t — 8)*N)Baa,1((t — 5)>* ML) Vec V(s)ds,
to
where,
P s
K=Y BleA, N =) H'2G,,
i:rl i:ql (15)
M=) F'eE L=Y D'acC.
i=1 i=1

Proof. Using Lemmas 2, 3 and 6, we have

Vee X (t) = K Vec X(t) + LVecY (t) + VecU(t),
Vee X@(t) = M Vec X (t) + N Vec Y (t) + Vec V(1).

Thus, the system (13) is transformed to the following equivalent system:
Vec X ()]  [K L][VecX(t) VecU(t)
VecY@(t)| — |M N||[VecY(t) VecV(t)]

Let us denote S = P + () where

K 0 0 L
P:[O N]andQ:[A[ 0]'

This system has the following solution:

) A vt R AN CEEE Mot

Now, we compute E, (S). We have

0 KL 0 LN
PQ = [NM ()]"‘“dQP— [MK 0]

Using the hypothesis (11) and (12) together with Lemmas 2, 3 and 6 we can deduce that KL = LN and
NM = MK. Thus, PQ = QP. From which it follows from Lemma 6 that

Ea(S) = Ea(P+Q) = Ea(P)E4(Q)-

By Lemma 8, we have

Ea(P) = [E“((JK) E(X?N)].
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By Lemma 9, we have

[ Baa(M)  (Baean(LM)M
Fal@) = [(EM,ZJI(ML))L “Ean (ML) ]

Hence,
Ea(S) = E,(K) 0 Esa1(LM) (Eaa,a+1(LM))M
¢ 0 Eo(N)| |[(F2a,a4+1(ML))L Esan (ML)
_ E.(K)FE3q1(LM) Eo(K)(Eaq,a41(LM))M
EQ(N>(E2Q.Q+1(1\JL)>L Ea(N)E2a,1(JWL)
Therefore, the general solution of (13) is given by (14). O

In Theorem 10, the hypotheses (11) and (12) is not too restrictive since it includes many interesting special
cases.

Corollary 11. Let 0 < o < 1. Assume that (DB)T @ (AC) = (HD)" @ (CG) and
(FH)' @ (GE) = (BF)T @ (EA). Then the general solution of the system:

X@(t) = AX(t)B+ CY (t)D + U(t),
Y@(t) = EX(t)F + GY (1) H + V (1),
subject to X (to) = Wy and Y (to) = W is given by
Vec X(t) = Ea((t — to)*R1) E2a1((t — to)** RaR3) Vec Wi
+ Eo((t — 8)*R1)(Fao,as1((t — 8)**RaR3)) Rz Vec W

(16)

s /t(t —8)* LB, ((t — 8)*Ry1) Eon 1 ((t — 5)**R2R3) Vec U(s)ds
to

[ (= 9" Bt~ )" B) (B (¢~ 10)2* RaR0) Ry VeV (5)ds,

17
Vee Y (t) = Eo((t — t0)® Ra)(Eza.as1 ((t — o) R3Ry)) Ry Vee W, S

+ Eo((t — t0)* Ra) E2a 1 ((t — to)** R3Ra) Vec Wy

12 /‘(t = 8)* ' Eo((t — 5)* Ra)(Eza,a41((t — 8)** Ry Ry)) Ry Vec U (s)ds

t
+ / (t = 8)* L Ea((t — 8)*N)E2a.1((t — 5)**R3R) Vec V (s)ds.
to
where,
R, = BT"®A, R, = DT ®C, a8
Ry = FT®E, Ry = HT ®G.
Proof. Putp =q =1 =s=1inTheorem 10. O

Corollary 12. Let0 < o < 1. Denote K, M, N, L as in (15). Assume that (11) and (12) hold. Then the general
solution of the system:

14 q
X@) = Y AXH)Bi+ Y CY(1)D;,
i=1 i=1

B R (19)
YO = N EX@F+ Y GY (4)H,,
i=1 i=1
subject to X (tg) = Wy and Y (tg) = Wy is given by
Vec X(t) = Eo((t — to)*K)Ean1((t — to)**LM) Vec W,
+ Ea<(t - t[])a}()(Ezmﬂ+1((t - tg)zaLJW))]\[ Vec Wa, 20)

VecY(t) = En((t —to)*N)(Baa,at1((t — to)**ML))L Vec Wy
+ Eo((t = to)*N)Eag1 ((t — to)** ML) Vec Ws.
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Proof. Put U(t) = V(t) = 0 in Theorem 10. O

Corollary 13. Denote K, M, N, L as in (15). Assume that (11) and (12) hold. Then the general solution of the
system:

X'(t) = zp:AiX(t)Bi + zq:C,-Y(t)D, +U®),

'i:TI i:sl (21)
Y'(t) = Y EX@F+ Y GiY () H; +v(t),
i=1 i=1

subject to X (tg) = W1 and Y (to) = Wa is given by
Vee X(t) = et tK B, 1 ((t — t9)2LM) Vec Wy
+ @t (By o ((t — to)2LM))M Vec Wa

t
+ / =K, | ((t— s)2LM) VecU(s)ds
t

0

t
+ / eI (B o((t — 5)2LM))M Vec V (s)ds,
to

(22)
Vec Y (t) = e N (By o ((t — to)2M L)L Vec W,
+ eIV B, | ((t — 5)2M L) Vec W,
t
+ / U= IN =N (B, o ((t — 5)2M L)) L Vec U(s)ds
Jto
t
+ / U=INE, | (¢ — 8)2ML) Vec V(s)ds,
to
Proof. Put = 1 in Theorem 10. O

Corollary 14. Denote K, M, N, L as in (15). Assume that (11) and (12) hold. Then the general solution of the
system:

14 q
X'(t) = Y AXW®B + Y CY(t)D;,

ijl i:l (23)
Y/(t) = Y EBXWMF+ Y GY(H)H,

=T i=1

subject to X (tg) = Wy and Y (tg) = Ws is given by

Vec X (t) = et IR E, | ((t — to)2LM) Vec Wy + 1K (By o((t — to)2LM))M Vec Wa, "
VeeY () = e 0N (Ey o ((t — to)> M L)) L Vee Wy + e 1N By (¢ — to)2M L) Vec Wa,

Proof. Put U(t) = V(t) = 0 in Corollary 13. m]
The next result was firstly obtained in Kongyaksee and Chansangiam [12]

Corollary 15. Let 0 < o < 1. Denote Ry, Ro, R3, Ry as in (18). Assume that DB = HD, AC = CG and
FH = BF,GE = EA. The general solution of the system:

X'(t) = AX(t)B+CY(t)D+U(t),

Y'(t) = EX(t)F + GY (t)H + v(t), 3
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subject to X (to) = Wiy and Y (to) = W is given by
Vec X(t) = e(titu)R' Ezyl((t — tg)szRg) Vec Wy
+ E(titU)Rl (Ez,z((t — t0>2R2R3))R2 Vec Ws
t
+ / =By ((t — 5)2RyR3) Vec U (s)ds
t

0

t
+ / =R By o((t — 5)2RaR3)) Ry Vec V (s)ds,

fo (26)
VecY (1) = R (By o((t — t9)?R3R2)) Rs Vec W,

+elt=t) By (8 — t0)2R3Ra) Vee Wy

t
+/ et =9 (B 5((t — 5)2R3Ro)) Ry Vec U(s)ds
t

0

i
+/ B, ((t - 5)°RyRz) Ve V(s)ds,
t

0

Proof. Put o = 1 in Corollary 11. O
The next result was firstly obtained in Al-Zhour [11]

Corollary 16. Let 0 < o < 1. Denote Ry, Rs as in (18). Assume that AC = CA, BD = DB. The general
solution of the system:

X@(t) = AX(t)B+ CY(¢)D,

7
Y@ () = CX(t)D + AY (t)B,
subject to X (to) = Wy and Y (to) = Wa is given by
Vec X (t) = %Ea((t —t0)*Ry)(Ea((t — to)" Ra) + Eo((t — to)* Ra)) Vec Wy
1
+ 5 Bal(t = 8)"R1)(Ea((t = t0)" R2) — Ea(=(t — to)" Rz)) Vec W,
(28)
1
VecY(t) = S Ea((t = to)* R1)(Ea((t — t0)* Re) — Ea((t — t0)*Rz)) Vec W3
1
+ 5 Ea((t = 10)* Ra) (Ea((t = t0)* Re) + Ea(=(t — to)* R2)) Vec Wa.
Proof. From Corollary 11, put U(t) = V(t) =0and E = C,F = D,G = A, H = B. O

4 Example

In this section, we provide an example in order to illustrate our main result in Section 3. The next lemma
is used to compute certain Mittage-Leffler function.

Lemma 17. For any a,c,d € R with a # d, we have

e ([0 7)) :L—fdwf?a()a  5a@) Eaa)| @)
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Proof. By expanding, we have

a([: ) - Sl

0

o 1 a 0
:Z ak — qk "
kjﬂl‘(ak#—l) c<a7d> d

ak

_ i ) T(ak +1)

(lk*dk dk
g a—d<r(ak+1)) T(ak+ 1)

0

oo k

kT p

2 Tak 1)

c — a* —d~ - BF
a—d Z:F(ak+1)> ;I’(ak+l)

k=0 k=0

[ Eq(a) 0
= c
| (Fa(a) = Ea(d)  Ea(d)]’
O
Example 18. Let 0 < o < 1. Consider the following coupled matrix fractional differential equations:
X@(t) = AX(t) + CY (1),
() = AX()+CY (1) 0

Y1) = CX(t) + AY (1),

under the initial contidions X (to) = Wy and Y (to) = Wa , where

1% 0, 290 10 1 0
a=ly o= m=[i oaaw {4 3.

First, note that AC' = C'A. From Corollary 16, we have
Vee X(t) = %E,,((t —10)*(I ® A))(Ea((t = t0)*(I ® C)) + Ea(—(t — to)*(I ® C))) Vec W,

+ %Eu((t —t0)*(I ® A)(Ea((t — t0)*(I ® C)) = Ea(=(t — to)*( ® C))) Vec Wy,

VeeY () = %Eu((t —10)* (I ® A))(Eo((t — t0)*(I ® C)) — Ea(—(t — to)*(I © C))) Vec W,

+ %E(z((t —10)*(I ® A))(Ea((t —to)*(I ® C)) + Eo(—(t — to)*(I ® C))) Vec Wa.

To obtain the solution of the system, we compute

Eo((t=to)"(I® A)) = I @ (Ea(t —10)"A)

e Ea(2t°) 0

N —2BE,(tY +2E,(2t%)  Ea(2t?)
m 0 0 0

_m om0 0

10 0 g 0}

0 0 n2 m
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Ea((t—t0)*"(I®C))

where . = Eq(t%),n2 = —2E,(t%) + 2E,

Eo(—(t—t)*(I®C))

1® (Ea(t —t)°C)

. Ea(2t%)
2B, (17) — 2B, (2t%)

0 0 0

—nN2 0 0
=lo 0o 4 0
00 —m m

(2t*),m3 = Eo(2t*), and

1 ® Eqo(~(t - t)*C)
1@ (Bal(t—10)*C) ™!

1

i (—2Ea(ta) + B (%) Ba(2t%) + 2B (2t%)

mn

- 1 M2
mns+n2 | 0

0

it following that

Eo((t=10)*" (I ® A)(Ea((t = 10)*" (I ® O)) + (EBa((t =t0)* U ®C))™") =

0 0 0
ng 0 0
0 m O
0 m 3

where k1 = 1§ + 1303 + mnans, ke = mns + N2, K3 = M7 + 0203, Ka = 1703 + MTRN3 + 13-

Similary, we have

Bo((t=10)*(I ® A)(Ea((t = 10)* (I ® C)) = (Ba((t =) * I ® )"
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0
Ea(t7)
Eo(t) 0
—2E,(t%) +2Eq(2%)  Eo(2t°)
kK 0 0 O
i K3 Kg 0 0
|0 0 K O
0 0 K3 K4
ks 0 0 0
_ i —K3 K¢ 0 0
K 0 0 ks O
0 0 —K3 K¢

where k5 = —1% + 1202 + mn2n3, Ke = 103 + mn2n3 — n3. Hence, by Corollary 16, we have

g O O O¥]: L ks 0
— ! oo Moo W (UK X0 1 —K3 K¢
VeXt) =5-1lo 0 x oflo|T]|0 o
0 0 K3 K4 2 0 0
K1+ K5
_ L Ky — 2K6
B 2/{2 0 ’
2K4 + 2Kg
K5 0 0 0 1 k1 0
1 —K3 K¢ 0 0 1 K3 K4
Ve = 5110 0w oflo]T]o o
0 0 —ks kel |2 0 0
K1+ K5
-~ L —2k4 + K6
- 2/‘62 0 ’

2k4 + 2K,

6

0 0
0 0
0

K5
»

K6

o o
o O o

K1
K3
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5 Conclusions

We solve a nonhomogeneous system of coupled linear matrix fractional dynamical differential equations.
We consider the fractional derivative taken in Caputo’s sense. We have an explicit form of the general solution
to this obtained in terms of Kronecker product, the vector operator and Mittage-Leffler functions.
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