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ABSTACT

The optimal value of loop filter (LF) in the phase locked loop (PLL) control system
designed by using linear quadratic regulator (LQR) approach is presented in this thesis. In
designing, the structure of PLL control system will be rearranged to be a PLL equivalent
augmented system by merging the structure of loop filter into the process and the voltage control
oscillator is considered as an integrator. The designed controller consisting of state feedback gain
matrix K and integral gain k, is an optimal controller. The integral gain k, of the controller
which is related to weighting matrix ¢ and R will be an optimal value for assigning the
parameter of LF. The experimental results in controlling the second-order lag pressure process
using three types of loop filter show that the system response is fast with small overshoot and
without steady-state error and the output disturbance effect rejection is also fast. Furthermore, the
proposed control system response can also track the step change input without steady-state error

and the system is stable when process parameter is changed.
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1. uyudmaeeusy 1 Wedmuald p=1uaz 7, =0 AsAUMS (2.3)
2. puudmade defmualdl 6=1  Asauns (2.4)

3. upuuueni PIdlodmuald p=0  @aums (2.5)
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4
auy@ldnizaums P(s) dluszuuwiia o uas Lifidls TaolifedduaroToudsil

_F(s) _ K,
1°(s)"1;,(s)“ (2315 +1)(Tpys +1)-(zp05 +1) (2.13)
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dle K, =K,KK,K, 9nmsiimeian finswdiie sasvnovesdaininiuma
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x(t) = Ax(t) + Bu(r) (3.1
y(1)=Cx(r) (3.2)

{e x(f)eR” ADAOULYDIZY  u() e R" ADBUWADISZUY uaz y(r)eR” ABIOMNA
Y9521 1A0NVUIAVOIUNING 4 B 1AL C AU nxn  nxm UAZ pxn MUAIAY

-~ = yl A ~ A
& m=1uaz p=1 wionszuuFuduiin szuunilduyaniuening desnisningns

AILANYDITZVY (3.1)
u(t)=-Kx(t) (3.3)
Mmuzauiganilddsiioussous (performance index)

J = (" (e)@x(e)+u” (r) Ru(e) (3.4)

s e y a o { 3 o
fisdiga 1ile 0 WuwnindauuiashiinuduuinnTequd (positive-semidefinite real

) = o 4 v . " .
symmetric matrix) 1122 R Aummindaumasniiauiuuan (positive definite real symmetric
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4 a do ar i 5 ar ;’f
matrix) Uaziie K Humningdanveretlounduaniug (state feedback gain matrix) ALY

ngnsmLRUTImIneauiiga v IdRaiiaussous J fifdgade
u(t)=-Kx(t)= —R'B" Px(1) (3.5)
Tavium3ng P ilusneuniiudorvesaunis3nna (Riccati equation)
A"P+PA-PBR'B'P+Q=0 (3.6)

P a o o ﬂ s 0’: a Y (TR
Hy P Li‘lummﬂ“ﬁﬁummuaznﬂn HUIN AIUY ﬁ$'UU'NT]ﬂﬂﬁ']il'l‘iﬂﬂﬁﬂ']ﬂvlﬂﬂ’lﬂﬁﬂﬂﬁ

anue
x(t)=(4-BK)x(r) (3.7)

witluszuuniiadosnm
4 = o o @ 1
iio K=[k k..k] fowningdnsvenilounduaniue szuuaiuquily
as = 9 as a o ar — d’ 9 P
fnuguiesnuuudIsiItusanieifvzuaadlddegln 3.1 szuuiizinanmisnduquiia
] v Fd
HANDIANTN1IZAIAT (offset) ﬁ'ﬁ%um«ﬁi;ﬂgﬂﬂmﬂm‘ﬂm‘zumsuﬁ 0 msunilgyniil
o A a a o o a
ansanszin 1@ Tasmsmuduinswesidn 1 Iuszuud v 1dszvuveroiiy (augmented
4 ° d Y a o v = ot
system) 992111 1 szgnadnnuszuuniuguidaaengllunmsmmmnilmesnvungay

Ngavassesnsosgilae i

u i ¥
»  i=Ax+Bu ) prly
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4 as i as 4 a a 4
51 3.1 szuumuguileunduinlddnauguiiesnnuudlitueaiies
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L, F(s) — P(s)

510 3.2 srpuauguiadengiliigndalu
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auyAlvinszuIums P(s) fgnmuguiluszuunilsdunaniiuenina Tassmua
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%p (1) = Apx, (£) + Bpup (1) (3.8)
Yo () =Cpxp (1) (3.9)

({0 x, (1) eR™) ADADIULYDINTZVIUMS 4, (F) e R' ADDUNAVBINTZUINAS AL
v, (1) eR' Ao wiyaveanszuaums lavit 4, cREVCD B e RO pag ¢, e R™
WumminduenszuIuns

1nlassadiareensesgildsaums @.11) awnsedowiuaunis lugiigi

v
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% (:)=—TixF (r)+Mu(t) (3.10)
yﬁ'(‘)=xr(‘)+r£“(’) (3.11)
Tri

io x, (1) e R' Wuaauzvearesnsesgl uaz y, (1) e R iuoninaveseeinieqyl
MnMsAseynsuAuYeesnsesguiunszuaumsmld y. (1) =u, () uaz

b ]
¥, (1) = (1) Faiu aunsesuaumsi (3.8) i G.11) Wuaunisaomuziazaunsioning
¥
TnailAd il

x(1) = Ax(t)+ Bu(t) (3.12)
y(t)=Cx(r) (3.13)

il x(r):{x”gﬂen"" Wuaaimzuesassnsesqiiismdunszuiums  u(r)eR' Ao
X

. A, B, B.a
a L3 ~ a o
SuwanIuAy uay y(r)eR' Aoonina  Tavhuming 4=| b | B=|1-ab
T T

waz C=[c, 0] WuuMingvee2993n309QUNTMAVATZVINMITATVING nxn  nx]

. & 8 Tra
1A% I1xn AMUATAY YUEN a=—=
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eI eRaFamIAes nIuudus sdunaaslugii 3.2 Wiy

suninsmed M ldszuumuguiladenglnauiuadenglaiiouszunvnoiy uaz 19
é(t)=r(()—y(t)=r(l)—Cx(l) (3.14)

{ f A s -
Taof e(r) eR' AodgygunnuaaIANany uaz r(HeR' AodyIud1eds wannsotoy

v ] td
wadengimiiouszuuvnominioglugih/sgiianie1ddae 1

%,(6)=Ax,(t)+ Bu(t)+ Fr(t) (3.15)
Y ({)=C,1x,1(t) (3.16)

4 x\t - a
Taed x, (:):[ E‘;]ERMM Lﬁuﬁmu::'umwlﬂﬁﬂﬂqﬂmﬁausznuwwmu AN N
e

4 0 B 0 -
A"=|:—C 0] BA=[0:| FA=[J waz ¢, =[c 0] Wuwmindueamadongiiaiiou
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FTUVVORUATVIIA (n+1)x(n+1)  (n+1)x] uaz 1x(n+1) awdwy madengll
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u(t)=-[K —k,][:gﬂ (3.17)
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Abstract: This paper presents the application of adaptive phase-locked loop (adaptive PLL) technique to control the process variable
of the process control system. The adaptive algorithm is related to the error. When the error of the system is changed, the adaptive
gain will be directly changed according to the error. If the value of the adaptive gain is large, the value of the error will be large. In
this experiment, the reference input is 50% step input. The experimental result in controlling the first order lag process by the adaptive
PLL shows that the response of the controlled system has no overshoot, short rise time, and zero steady-state error. The experimental
result also shows that when the output disturbance enters to the process control system, the adaptive PLL can maintain the stability of
the system and the effect of the output disturbance can also be fast rejected. The adaptive PLL has better performance compared with

the standard PLL for controlling the same process.

Keywords: process control system, adaptive control, phase-locked loop.

1. Introduction

In the industry, most of plants or processes are type 0 with
three to five first-order lags or one first-order lag plus dead
time and the process variables of most systems to be controlled
to meet the desired performance are flow, level, temperature,
pressure, speed etc. [1]. One of the popular conventional
controllers with well-tuned parameters to match the plant
characteristics is proportional controller (P controller) and
proportional plus integral controller (PI controller) while
proportional-integral-derivative (PID) is comparatively less
used [2]. On the other hand, the phase-locked loop (PLL)
technique has been extensively applied in the fields of
teleccommunication, instrumentation, control system, and
multimedia apparatus. It has been reported that the closed-loop
speed control of ac induction motor drives controlled by PLL
technique gives the steady-state speed regulation on the order
of 0.002% ~ 0.008% [3]. The PLL technique can also be
applied together with PID controller to control the temperature
of the water bath by converting the temperature to frequency
and the overshoot and undershoot of the temperature response
are greatly reduced, and the error in the steady state is within
0.1°C [4].

Other methods of decreasing the acquisition time of a PLL
have been presented [5], [6], [7]. They arrive at the solution
though channel-switching systems, by non-linear amplification
of phase error, or by injecting additional signals into the VCO.
These techniques inherently increase the noise bandwidth of
the PLL. It has been reported that the adaptive phase-locked
loop for video signal sampling to alleviate the long acquisition
time of a narrow band PLL [8].

This paper presents the application of adaptive PLL technique
to control the process variable of the process control system.
The adaptive algorithm is related to the error. Because the PLL
technique utilizes the compared value in term of frequency, it
is required to convert the process variable to be frequency.
Since the PLL synchronization will lose when there is a sudden
change of error and the acquisition time for PLL tends to be
slow which will cause the rise time of the controlled system too
long, the adaptive gain changed directly to the error has been
introduced. When the error of the system is changed, the
adaptive gain will be directly changed according to the error.
The value of the adaptive gain is large when the value of the
error is large. Hence, the large adaptive gain will cause the
speed of the system response fast.

In order to demonstrate the effectiveness of adaptive PLL, the
process to be controlled is simulated by the programmable
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indicating controller (SLPC-151*E) which is represented by
K, / (1+s7), where K, is the process gain and r is the time
constant. The adaptive PLL consists of a phase detector, a loop
filter, a SLPC-151*E, two voltage controlled oscillator and two
counter modulus N. The phase-frequency detector (PFD) is
used as the phase detector. The loop filter is the active low-pass
filter. The SLPC-151*E is used for computing error (e), for
simulating the process model and for adjusting the adaptive
gain according to the error.

In this experiment, the reference input is set to be 50% step
input. The experimental result in controlling the first order lag
process by adaptive PLL shows that the response of the
controlled system has no overshoot, short rise time and no
steady-state error. The experimental result also shows that
when the output disturbance enters to the process control
system, the adaptive PLL can maintain the stability of the
system and the effect of the output disturbance can also be fast
rejected. The experimental result of the process control system
using the adaptive PLL has better performance when compared
to the system using the standard PLL.

2. Adaptive PLL for Process Control System

2.1. System Operation Principles

The block diagram of the process control system using
adaptive PLL technique is illustrated in Fig. 1. It composes of
an error (e), a voltage control oscillator (VCO,), a counter
modulus N, a phase frequency detector (PFD), a loop filter
(LF), an adaptive gain, a process, a voltage control oscillator
(VCO,) and a counter modulus N,. The SLPC-151*E is served
as the adaptive gain and the process. The combination of the
VCO, and the counter modulus N, are employed to provide a
reference frequency (fg) according to the set point voltage
(Vsp). The output voltage is converted to be feedback
frequency (fg) by the VCO,; and the counter modulus N,. The
feedback pulse train at frequency f from the counter modulus
N, is compared by PFD with the reference pulse train of
frequency fi. The error signal from the PFD output is passed
through the LF to obtain analog voltage V. The SLPC-151*E
receives the V, from the LF and multiplies it by the adaptive
gain. So the output signal of the adaptive gain is related to the
error, if the error is large then the output signal of the adaptive
gain is large too. The output signal from the adaptive gain is
fed to the process. Therefore the output of process will be
altered to reduce the frequency error between fy and fz. The
voltage V, is varied until the two signals at the PFD inputs are
equal in both frequency and phase. When this happens, the
loop is locked and the feedback frequency (ff) of the process
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Fig. 1. System block diagram of the proposed process control system.

control system is perfectly synchronized with reference
frequency (fz).

2.2. Adaptive PLL Design

In order to design of the adaptive PLL system as shown in
Fig. 1, the feedforward transfer function G(s) from f to the
output of process and the feedback transfer function H(s) from
the output of the process to fi will be derived. The model of
process in this experimental is a first-order lag model. Hence
the model of the process is represented by (K,) / (1457 ),
where 7 is the time constant and K, is the process gain.
So, the model for SLPC-151*E can be represented as
KK, (1-¢*Ty / s(1+s7), where T is a specified time interval
over which the analog voltage V from the LF is sampled and
K, is the adaptive gain which assumed to be represented as
1+K/(e(t)) whereas K is a fixed gain. The model for PFD can
be represented by K,, where K, is the constant gain in rad/V.
The active low-pass filter can be represented as (1+sz) / sz,
where 7; is greater than 7; and both are the RC time constants
[9]. The feedback transfer function H(s) from the output of the
process to the output of counter modulus N, is represented by
K, / Ns, where K, is the gain in rad/sec/V and N is the
frequency divider.

Then G(s) and H(s) can respectively be obtained as

(1+SI‘2) | el

. (D
d (l+sz’)(sz']) 5

G(s)=K,K K
and
H(s)=—2. @)

and the open-loop transfer function of the PLL system is

KK KK, ' (1+ srz)(l —e—.s-r)

G(s)H(s)= N (1+sz’)(52f.)

-3

By applying z transform to (1) and (3), then (4) and (5) are
respectively obtained as

3 (4z+4,)
G(z)_K-mc—), (4)

and
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KK, (A,z+A0) z
G()H (2) == -D(z-c) z-1’

(5)

where

_—a+b+ac—bc+abT

3

KK K.t
K= d dp2‘ Al

57 b’
a-b—ac+bec—-abcT
A() == bg ?
and where
a:i‘ b:l' c.—_e’br
z T

The closed-loop transfer function from fi to fi is

Bz 6
M(z)—m- (6)

Substituting (4) and (5) into (6) yields

ek K(Az+4,)(z-1) @
(=1 (z-c)+ 5]\’% (42" +4,2)

From the characteristic equation of (7) with known parameters
K, =04rad/V. K, =112, K,=1. N =64,

7 =5seconds, 7, =100seconds, 7, =10seconds and
T=0.2second, the root locus method is utilized to design the
gain K to meet the performance specifications. In this case,
the natural frequency (%)0-239 rad/sec 1s chosen and

K, =374 rad/sec/V is consequently selected. It can be

observed from the above analysis that the various design
parameters can affect the system stability of the PLL operation
[10] including the adaptive gain. The system stability in the
adaptive PLL operation is affected by the adaptive gain once
the type of the loop filter and other parameters (K, K, K,
K,,..., etc.) have been chosen.
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3. Experimental Results

In this experiment, the value of fixed gain K, and the reference
input Vgp are set to be 20 and 50% step input, respectively.
The experimental result recorded by the recorder model
LR180 (Yokogawa). The speed of recorder is set to be 450
mm/hr, which can assure the accuracy of the experimental
results. The response of the process control system using
adaptive PLL is shown in Fig. 2. It is found that the response
of the controlled system has no overshoot and no steady-state
error, and the rise time ¢, is 152 seconds. The experimental
result also shows that when the output disturbance with
magnitude of -20% enters to the output of the process control
system, the adaptive PLL can maintain the stability of the
system and the effect of the output disturbance can also be fast
rejected. It can observe that the response of the proposed
process control system using the adaptive PLL has short rise
time, no steady-state error and faster disturbance effect
rejection when compared to the response of the system using
the standard PLL (Fig. 3.).

50

40—

30+

Output (%)

E i 1
0 200 400

5 b -
"800 1000
Time (sec)

Fig. 2. Closed-loop response using adaptive PLL
control with K,;=20.

Output (%)

ol : S

0 200 400 600 80D 1000
Time (sec)

Fig. 3. Closed-loop response using standard PLL
control.
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Figure 4 and 5 show the responses of the process control
system using adaptive PLL with the fixed gain K} set to be 10
and 30 respectively. It can be observed the response from Fig.
4 that the rise time ¢, is 204 seconds, the percent overshoot P,
is 1 % and the steady-state error is zero. The response found
from Fig. 5 indicates that the rise time ¢, is 120 seconds and
there is no overshoot and steady-state error. This means that
the required system performances at the transient state can be
obtained by adjusting the values of the fixed gain K, . When
the constant output disturbance with magnitude of -20% enters
to both systems, it is also found that the effects of constant
output disturbance can be fast rejected. Fig. 5 is also shown
that the disturbed response of controlled system has a few
swings at the time where the output disturbance entering to the
controlled system.

4. Conclusions

The process control system using the adaptive PLL technique

= p 4t - g
504 _ e
404"
9
< 30
5 304
3
=
&
20{5H=
10
0
0 200 400 | 600 | 800 1000
Time (sec)

Fig. 4. Closed-loop response using adaptive PLL
control with K;=10.

Output (%)

i< > 2 3 = b
0o | 200 400 600 800 1000
Time (sec)

Fig. 5. Closed-loop response using adaptive PLL
control with K,=30.
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has been proposed. The adaptive algorithm is related to the 74
values of the error. When the error of the system is changed,
the adaptive gain will be directly changed according to the
error. Using adaptive PLL, the experimental results in
controlling the first order lag process show that the responses
of the controlled system have no overshoot, short rise time,
and zero steady-state error. The adaptive PLL can maintain the
stability of the system and the effects due to constant output
disturbance can also be fast rejected. From the experimental
results, the adaptive PLL gives the proposed process control
system has better performances both in transient and steady
state when comparing to the system using standard PLL.
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Abstract: This paper presents the application of feedforward adaptive Phase-Locked Loop (feedforward adaptive PLL)
for process control systems. The feedforward controller whose gain is less one, is added to the adaptive PLL in order to
improve the response at transient state. The experimental result in controlling the first order lag process shows that the
speed of the response is faster than the response of the adaptive PLL process control system. The proposed process
control system has also the properties of tracking, fast load disturbance rejection and stability for the process parameter

change.

Keywords: Process control system, feedforward controller, phase-locked loop.

1. Introduction

In the industry, most of plants or processes are type 0
with three to five first-order lags or one first-order lag plus
dead time and the process variables of most systems to be
controlled to meet the desired performance both in transient
and steady state are flow, level, temperature, pressure, speed
etc. Common controllers utilized are the proportional (P)
controller, proportional-integral (PI)  controller or
proportional-integral-derivative (PID) controller. In the
literature, the phase-locked loop (PLL) technique has been
extensively applied in the fields of telecommunication,
instrumentation, control system, and multimedia apparatus.
It is also known that the PLL technique gives the result of
controlling the system accurately because it uses the more
stable reference frequency. It has been reported that the
closed-loop speed control of ac induction motor drives
controlled by PLL technique gives the steady-state speed
regulation on the order of 0.002% ~ 0.008% ". The PLL
technique, moreover, can also be applied together with PID
controller to control the temperature of the water bath by
converting the temperature to frequency and the overshoot
and undershoot of the temperature response are greatly
reduced, and the error in the steady-state is within 0.1°C *.

However, the response of the process controlled by PLL
technique tends to be slow. The PLL incorporated with PI
controller that gives fast response but slow rejection of the
disturbance effect has also presented *. It has been proposed
that the adaptive phase-locked loop for process control
system to give fast rejection of disturbance effect but the
speed of the response at transient state is still slow *.

This paper presents the application of feedforward
adaptive PLL technique to control the process variables of
the process control system by adding a feedforward
controller to the adaptive PLL for process control system ¥
in order to improve the transient performance. The adaptive
algorithm is related to the error ¢=¥,, -V, , where J, and

SICE 2002 Aug. 5-7, 2002, Osaka
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v, are the set point voltage and the feedback voltage

respectively. The value of the feedforward gain of the
feedforward controller is less than one.

The experimental result in controlling the first order lag
process by the proposed feedforward adaptive PLL shows
that the response of the controlled system is fast without
overshoot, short settling time, and zero steady-state error.
The experimental result also shows that when process
parameter changes or load disturbance enters to the process
control system, the feedforward adaptive PLL can maintain
the stability of the system and the effect of the load
disturbance can also be fast rejected. The tracking property
for the step changed of the reference signal is also shown.
Hence, the proposed feedforward adaptive PLL gives better
performance at transient state compared with adaptive PLL
in controlling the same process.

2. Feedforward Adaptive PLL
for Process Control Systems

In this section, the system operation principles and the
feedforward adaptive PLL design will be described in
detail.

2.1 System operation principles

The block diagram of the process control system using
feedforward adaptive PLL technique is illustrated in Fig. 1.
It composes of two voltage control oscillators, VCO, and
VCO,, two counter moduli, N, and N,, a phase frequency
detector (PFD), a loop filter (LF), a feedforward controller,
an adaptor and a process. The programmable indicating
controller (SLPC-151*E) is served as the adaptor, the
feedforward controller and the process. The combination of
the VCO, and the counter modulus N, are employed to
provide a reference frequency f, according to the set point

PR0001/02/0000-2861 ¥400 © 2002 SICE
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Fig. 1 System block diagram of the proposed process control system

voltage V,, . The output voltage is converted to be feedback
frequency f, by the VCO, and the counter modulus N,. The

characteristic of the VCO, and the counter modulus N, is
same as the characteristic of the VCO, and the counter
modulus N,. The feedback pulse train at frequency £, from

the counter modulus N, is compared by PFD with the
reference pulse train of frequency £, . The error signal from

the PFD output is passed through the LF to obtain analog
voltage V. When the error & of the system is changed, the

gain of the adaptor called the adaptive gain will be directly
changed according to the error. The value of the adaptive
gain becomes large when the value of the error is large.
Hence, the large value of the adaptive gain will cause the
speed of the system response fast. The input of the adaptor
is the combination of the loop filter output 7, and the

feedforward controller output. Hence, the input of the
adaptor will be changed according to the change of the
output of the feedforward controller. The output signal from
the adaptor is fed to the process. Therefore the output of
process will be altered to reduce the frequency error
between f, and f, . The voltage J, is varied until the two

signals at the PFD inputs are equal in both frequency and
phase. When this happens, the loop is locked and the
feedback frequency f, of the process control system is

perfectly synchronized with reference frequency f,.

Therefore, the system response can be improved due to the
feedforward gain.

2.2 Feedforward adaptive PLL design

The feedforward adaptive PLL for process control
system consists of two parts of process controller, first the
adaptive PLL and second the feedforward controller. The
adaptive PLL including an adaptor whose gain is one
becomes the PLL.

Adaptive PLL design: The feedforward controller and
the loop connected to the adaptor shown in Fig. 1 are first
neglected ¥ in order to describe the adaptive PLL concept.
The model of process considered is a first-order lag
represented by K, /(zs+1) and an adaptor represented by

adaptive gain K, =1+ K, -&, where 7 is the time constant,

K, is the process gain and g, is a fixed gain.

-2862-

The feedforward transfer function G(s) from f, to the

output of the process and the feedback transfer function
H(s) from the output of the process to f, will be derived

firt ¥. The model of PFD represented by K, is the

constant gain in rad/V. The LF is an active low-pass filter
represented as (z,s+1)/z,s, where 7, is greater than 7, and

both are the RC time constants. The feedback transfer
function f/(s) from the output of the process to the output

of counter modulus N, is represented by K /Ns, where K

is the gain in rad/sec/V and N is the frequency divider.
Then G(s) and H(s) can respectively be obtained as

(z,5+1)

(z’s+1)(‘r,s) kW

G(s)=K,K K,

and

H(s)=22 @

: ]

Ns
and the open-loop transfer function of the PLL system is

KdKudeKn
N

(z,5+1)

.(:rs+1)(rlsz)- ®

G(s)H (s)=

From (3) with known parameters K, =0.4rad/V, K,=112,
Kad =] N= 643
7, = 22 seconds, the root locus method is utilized to design

r=10seconds, 7, =220seconds and
the gain K to meet the performance specifications. In this
case, the natural frequency @, = 0.964 rad/sec is chosen and
K, =374 rad/sec/V is consequently selected.

Since the SLPC-151*E is a digital controller and served
as a process and an adaptor, then K K,(1—e ")/ s(rs+1)

can be obtained. The term of (1—e ™)/s is the zero order

hold, where T is a specified time interval over which the
analog voltage )/, from the LF is sampled. Hence, the

transfer function G(s) of (1) becomes



(z5+1) 1-€™

G(s)=K,K K, (4)
()= KiKuiK, (zs+1)(z,s) s
By applying z transform to (4) and (2),
G(z)= g (A2t4) 5)
(z—l)(z—c)
and
K, =
H(z)="e. 2 6)
(z)==7"=
where
K= K,K, KT, . d —a+b+ac:bc+abT and
T, b*
A(]:a—b—ac+bc-abcT, and where a:L, b:l
b’ (A T

and c=e” are obtained. The closed-loop transfer
function from f, to £, isthen

K(4z+4,)(z-1) R
(z-1)° (z—c)+%(/1122 + Aﬂz)

M(z)=

From (7) with known parameters and 7 =(.2second, the
closed-loop poles are obtained as z = 0.979423+0.172946 ,
2=0.979423-0.172946; and z=0.990921 respectively,
and lie within unit circle in the z plane. Thus, the adaptive
PLL control system is stable.

Feedforward adaptive PLL design: The structure of
feedforward controller to be added in the controlled system
for improving the speed of the transient response is a
constant value called the fixed gain K . The designed value

of K, proposed in this paper is less than one.

3. Experimental Results

In order to test the feasibility of the proposed
feedforward adaptive PLL, the experiments are conducted
by giving the value of fixed gains K, and K - be 20 and

0.8, respectively. The experimental results are recorded by
the recorder model #R.180 (Yokogawa).

3.1 Response of feedforward adaptive

PLL process control system

The responses of the process control system using
feedforward adative PLL when the reference signal is 50%
of the maximum input and the output disturbance with
magnitude of -10% of the maximum input enters to the
output of the system at 61 seconds is shown in Fig. 2. It is

-2863-
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found that the response is fast without overshoot, the rise
time ¢ is 1.5 seconds, the settling time 7 is 3 seconds and

steady-state error is zero. The feedforward adaptive PLL
can also reject the effect of the output disturbance fast and
reach to its reference signal again.

40

30

Output (%)

20-

0 s 100 15 200
Time (sec)

Fig. 2 Step response using feedforward adaptive
PLL control for 7 =10seconds.

Figure 3 is the response of the process control system
using the adaptive PLL alone. It is seen from Fig. 2 that the
transient response of the feedforward adaptive PLL process
control system has been improved obviously.
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Fig. 3 Step response using adaptive PLL
control for r =10seconds



3.2 Tracking

Figure 4 shows the response of the process control
system using feedforward adaptive PLL when the reference
signal is changed from 0% to 20%, form 20% to 35% and
from 35% to 50% of the maximum input respectively. It
can be observed the response of Fig. 4 that the output of the
process control system can track the reference signal

properly.
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0 50 100 150
Time (sec)

Fig. 4 Tracking property

3.3 Response when process parameter

change

The ability of the feedforaward adaptive PLL will be
shown by changing the process time constant 7 from 10
seconds to 50 seconds. The response of the process control
system without alteration of the feedforward adaptive PLL
used for previous experiment is shown in Fig. 5. It is seen
from the figure that the rise time ¢, is 10.2 seconds, the

settling time ¢ is 19.2 seconds and there is no overshoot

and steady-state error. The effect of output disturbance can
also be rejected. This means that the system is still stable
while the process parameter is changed 5 times.

4. Conclusions

The process control system using the feedforward
adaptive PLL technique has been proposed in this paper.
The value of the feedforward gain of the feedforward
controller is less than one. The feedforward adaptive PLL
gives the proposed process control system has better
performances at transient state than the adaptive PLL.
However, in design of the feedforword adaptive PLL, it is

-2864-
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Fig. 5 Step response using feedforward adaptive
PLL control with 7 = 50 seconds

used the trial and error method to find the appropriate
feedforward gain of the feedforward controller.
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PLL Equivalent Augmented System Incorporated
with State Feedback Designed by LQR

Somsak Wanchana, Taworn Benjanarasuth, Noriyuki Komine, and Jongkol Ngamwiwit*

Abstract: The PLL equivalent augmented system incorporated with state feedback is proposed in
this paper. The optimal value of filter time constant of loop filter in the phase-locked loop control
system and the optimal state feedback gain designed by using linear quadratic regulator approach
are derived. This approach allows the PLL control system to employ the large value of the phase-
frequency gain K; and voltage control oscillator gain K,. In designing, the structure of
phase-locked loop control system will be rearranged to be a phase-locked loop equivalent
augmented system by including the structure of loop filter into the process and by considering the
voltage control oscillator as an additional integrator. The designed controller consisting of state
feedback gain matrix K and integral gain k; is an optimal controller. The integral gain k;
related to weighting matrices ¢ and R will be an optimal value for assigning the filter time
constant of loop filter. The experimental results in controlling the second-order lag pressure
process using two types of loop filters show that the system response is fast without steady-state
error, the output disturbance effect rejection is fast and the tracking to step changes is good.

Keywords: Linear quadratic regulator, phase-locked loop, PLL equivalent augmented system,
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process control system.

1. INTRODUCTION

In the industry, root-locus technique and frequency-
response method are mainly used to design the control
system to meet the desired performances. They
require the transfer function for designing an
acceptable performance system but cannot be
applicable for designing the optimal control system.
For linear optimal control system, the system is
expressed in state-space representation. The most
fundamental control system design approach is the
linear quadratic regulator (LQR) approach where the
process or plant is assumed linear and the controller is
constrained to be linear [1].

On the other hand, the phase-locked loop (PLL)
technique has been extensively applied in various
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fields. The standard PLL is composed of a phase
frequency detector (PFD), a loop filter (LF) and
voltage control oscillator (VCO) [2]. In control system
applications, it is well known that the PLL techniques
give the result of controlling the system accurately
when system is in locked state as stated in [3].

In literature, most of PLL control systems are
designed by root-locus technique which exhibits the
following drawbacks.

1) Response speed of the PLL control system for
process with several first-order lags is slow, when
the value of filter time constant of LF is large.

2) The value of gain K, K, must be kept to be

small value for stable system. This will cause the
slow system response.

Many researchers proposed several techniques in
order to improve the response speed of PLL control
system. The first technique has been proposed by
using two-mode control scheme as reported in [4] and
[5]. The condition of changing the control mode is
based on the error signal between the reference and
output signal of the system. As shown in [4], the
utilization of PLL control and the advantage of a
fuzzy controller in a single system have been
employed for improving the performance of induction
motor speed drives. In [5], PLL control incorporated
with PI controller that gives fast response of water
flow rate has also been presented. However, slow
rejection of the disturbance effect still occurs.



162 Somsak Wanchana, Taworn Benjanarasuth, Noriyuki Komine, and Jongkol Ngamwiwit

The second technique has been reported in [6] and
[7] in order to improve either the speed of transient
response or the speed of disturbance effect rejection.
This technique is based on the adaptive gain changed
according to the error signal between reference and
output signals. The adaptive PLL for process control
system giving fast rejection of disturbance effect and
satisfactory response speed has been proposed in [6].
By adding a feedforward path to the system reported
in [6], the improvement of response speed and fast
disturbance effect rejection has been obtained as
reported in [7].

However, both techniques as reported are still using
trial and error method in selecting the proper value of
filter time constant of LF when the root-locus
technique is employed. This leads to time consuming
in PLL control system design. Consequently, LQR
technique is employed to assign the value of filter
time constant of PLL process control system as
proposed recently in [8] and [9]. In [8], the filter time
constant for a first order lag filter can be obtained by
assigning the values of natural frequency a,,

weighting matrices ¢ and R. However, in [9], the filter
time constant for an active-Pl filter can be obtained
from the value of K;K,, g and R where K, is
the phase-frequency gain and K, is the voltage
control oscillator gain. According to these two papers,
the large value of K,K, can be assigned. This

implies that the response of the control system is fast.

In PLL control, the general structure of LF called
first-order low-pass filter is used, and its filter time
constant must be assigned carefully but should still be
obtained easily for practical use. Therefore, this paper
presents the state feedback design of PLL equivalent
augmented system using LQR approach which leads
to the proper tuning of those filter time constants.

The implementation results in controlling the
second-order lag pressure process by using PLL
control designed by proposed method are shown.

2. AUGMENTED SYSTEM FOR PLL
CONTROL SYSTEM

The structure of PLL control system will be
described in this section first. Then how to construct a
PLL equivalent augmented system for PLL control
system will be described later.

2.1. PLL control system

A basic block diagram of the process control
system using PLL technique is illustrated in Fig. 1. It
is known that the PLL is a feedback-controlled system
maintaining a constant phase/frequency difference
between a reference input signal and a feedback
output signal [2]. It composes of two exactly matches
VCO, a PFD, a LF and a process. One VCO is
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employed to provide a phase or frequency @,
according to the reference voltage V, and another
one converts the output voltage V, to feedback
output phase or frequency @,. The PFD compares
the phase or frequency @, with the phase or

frequency @,. A phase detector output pulse of the

PFD is generated in proportion to that phase
difference. This output pulse is smoothed by passing it
through the LF. The resulting dc component from
output of LF is used as the input voltage for
controlling the process variable. So the process output

voltage V, is related to the phase difference. The
output frequency @, is fed back to the PFD input for

comparison, which in turn controls the VCO
oscillating frequency to minimize the phase difference.
Therefore, both of frequency and phase are regulated
until the synchronization, i.e., 8, =6, and w, =@,
or namely the phase and frequency of the VCO and
the reference signal source are in a locked state.

The transfer function of the VCO is represented by

K . e & :

—2, where K, is the gain in rad/sec/V. K, is the
s

constant gain in V/rad for the PFD. From the Fig. 1,

LF has a major role in determining the characteristics

of the PLL response. The transfer function of first-

order low-pass filter can generally be expressed as

Yi-(s +1
T s+b
where generally 7> 7, and b=1 or bh=0.

This means that pole of LF is located near the origin
more than zero of LF. The most commonly used LF
are a lag filter (b =1), an active-PI filter (b=0)and a
first-order lag filter (b=1 and 75, =0), In order to
meet the desired performance, a filter time constant
7;y and 7p, of LF must be specified properly.
Since LF is a low-pass filter type, it implies that the
value of the filter time constant 7, should be less
than the appropriate value of the filter time constant
Tr)-

From Fig. 1, the open-loop transfer function of the

vCO = ! LF Process
v, K PFD U Y, output
— - K, =l F(s) | P(s) >
ol ' v,
vCoO
Kh
=T
PLL L i

Fig. 1. PLL control system.
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PLL control system with LF in (1) can be expressed as

VO(S) B KdKO ) Tﬁ‘zs"‘] )

V,(s) s  Typs+b

P(s). 2

If root-locus technique is employed in designing the
PLL control system, the response speed may be slow.
For instance, if P(s) is a type 0 system with no zero. It
is seen from (2) that there is one pole located at the
origin. In order to maintain the stability at the large
value of gain K,K,, it is necessary to locate the

zero of LF near the origin than process poles.
However, this will result in large 7, which still
causes the slow closed-loop response [3,5-7]. To
overcome this limitation, the state feedback designed
by LQR is employed in this paper to improve the
speed of the response. The suitable filter time constant
7, will also be directly assigned from the proposed

procedure.

2.2. PLL equivalent augmented system arrangement

In this sub-section, a PLL equivalent augmented
system obtained from the PLL control system shown
in Fig. 1 is described first. The state feedback gain
matrix and the integral gain relating to filter time
constant assigning for LF of the PLL control are then
described later.

The process P(s) to be controlled is a SISO system
and its state-space form can be represented as

xp(t)zApxp(t)-'r B,u, (1), 3)
yp(t)chxp(t)ﬂ 4)

where x,, (1)e R("™) s the state vector, u, (1)e R!

is the input, y, (1)e R! is the output, and where

Ap é R(n—i)x(n—l), Bp . R(n—]}xl o Cp E RIx(nfl)
are the matrices of the process.

The structure of LF shown in (1) is now expressed
as follow

PR L L1 LT
Tr Tr
v (6) = x5 (1) + L2 u(1), (6)
Trl

where x(t)e R' is the state variable of LF.

Merging the above LF into the process, the new state
equation and output equation can be respectively
given as

x(1)= Ax(t)+ Bu(t), (7
y(1)=Cx(1), (8)

831 63

xp (1)
xp ()

process including LF, u(t)e R! is the control input

where x(f)= [

}e R" is the state vector of the

and y(r)e R' is the output, and where A=

4, B, B,a .
o b | B=|1-ab .C=[C, 0] and a=—L2.

SO T
g T "

In order to express the PLL control system into PLL
equivalent augmented system, the summing point of
the block PFD in Fig. 1 is first moved to the front of
the block VCO. This will make the process including
LF be an augmented system. Therefore, PLL
equivalent augmented system arranged from the PLL
control system with

e()y=r(1)-y(t)=r(t)—Cx(1) 9)
can be expressed as

%,(0)= Agx, (D) + Bou(0)+ Fr(t), (10)

(1) =Cax, (0), (11)
x(1)
e(r)

PLL equivalent augmented system, e(f)e R' is the

where xa(t)=[ }e R s the state vector of

error signal, r(f)e R! is the reference signal, and

A 0 B 0
where A4, = & 6 B, = ol F, = e and

C,=[C 0]. The block diagram of the feedback

system of the PLL equivalent augmented system can
be illustrated as Fig. 2.

If the system (10) is completely controllable, then
the control law

u(t)=-[K _k,]["(‘ )}

e()
T
__R_i[B} {P]l Plz}[).’(t)}
0] [ph pnjel)
that minimizes the performance index

J= ;iﬂ:gﬂr [(g ﬂ{:gﬂ +ul (t)Ru(:)]dt (13)

0
]20, R>0 and the
q

(12)

can be found, where [Q

P P2

matrix {
P12 Pxn

]>0 is the unique solution of the
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x=Ax+Bu

=
Yy
-

-0

Fig. 2. Feedback system of the PLL equivalent
augmented system.

following Riccati equation
[ A OT {PH Plz}{Pn Pu“i A Oii
-C 0 P172 P2 P12 Pn -C 0
Py pPr||B| |B "o mo Q0 0
- R " o 2|70
P2 pn L0 0] P2 Pn q
(14)

where T denotes transpose operation. Consequently,
the stable closed-loop system can be given as

] FATH O

where K =[k, ky

o

kn} is the state feedback

gain matrix and k; is the integral gain. The integral
gain k; will play an important role to assign the filter
time constant of LF.

3. CONTROLLER DESIGN

In order to design a controller by LQR approach,
the procedure in assigning the filter time constant of
LF and feedback gain matrix obtaining for the PLL
equivalent augmented system which is rearranged
from the PLL control system will be described in this
section.

3.1. Assignment of loop filter time constant

In assigning the filter time constant of LF, the
following assumptions are given:

Assumption 1: The process parameter matrices of
the system (3) and (4) satisfy the following
assumptions:

1) All column vectors of matrix 4, are linearly
independent with the column vector B,,.

2) All row vectors of matrix A, are linearly
independent with the row vector C,.

3) The pair (AP,BP) is completely controllable.

Assumption 2: The integral gain &, obtained from
LQR approach is equal to K,;K, divided by natural
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frequency @, of PLL because the unit of K,K, is

in frequency.
Based on the Assumption 1 and Assumption 2, the
following lemmas and theorem can be obtained.
Lemma 1: System (7) is completely controllable if

and only if the pair (AP,BP) is completely

controllable and ab #1.
Proof: The proof is shown in Appendix A.

A B
Lemma 2: The matrix { 0} is maximum

rank if the Assumption 1 is satisfied.
A B B,a

P P
A B -
Proof: Since = 0 -L b2t N
- 0 Tr Thl
-y 0 0

the Assumption 1 clearly guarantees that all row
vectors and all column vectors are linearly

A- B
independent. Therefore, the matrix [ e O} is

maximum rank.
Lemma 3: The PLL equivalent augmented system
(10) is completely controllable if and only if the pair

A, B) is completely controllable and the matrix
y
A B\ . .
is maximum rank.
-C 0

Proof: The proof is shown in Appendix B.
Lemma 4: If the system (10) is completely
controllable, then the optimal integral gain is

q
k=L,
-4

Proof: From (14), it can be found that

T 2
(,r}lrsz)}v‘fl (Brpu):'('B%z):q,

and from (12), the integral gain k; is equal to

Solving these two equations yield k; = \/%

Theorem: If the system (10) is completely
controllable and Assumption 2 holds, the optimal
value of filter time constant 7, of PLL equivalent

augmented system is

E
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Kd Ko
TF1

Proof: Since system (10) is completely controllable,

the optimal integral gain can be found by Lemma 4 as

when @, isdefined by @, = [10].

k;=\]% while Assumption 2 gives the relation

- KdKo

k; . Equating these equations yield @, =

n

KK, \/E From definition of @, the optimal value
q
of time constant 7, of LF (1) can be obtained as

13
K K, R

Tp =

In order to have fast system response, the value of
filter time constant 77, must be less than 10%~10°
times of the process time constant. Finally, the filter
time constant 7y, could be assigned with its value is
much less than 75, to have a lag filter characteristic
for loop filter.

3.2. Controller for PLL equivalent augmented system

The steps for assigning the state feedback gain
matrix K and integral gain k; of the controller are
as follows:

1) Choose Q, g and R. Then, from the values of g, R
and K;K,, find the filter time constant 75 of
the LF stated in the theorem.

2) Construct the PLL equivalent augmented system
(10) and (11) by using the matrix 4, Band C.

3) Find the control law u(r) of (12).

4. EXPERIMENT

In this section, the structure of pressure process in
laboratory is described first and the experimental
results of the proposed control system using two types
of LF will be investigated later.

4.1. Structure of pressure process

A second-order lag pressure process illustrated in
Fig. 3 is employed and controlled by the proposed
controller. Hence, the corresponding state equation
and output equation of the process are expressed as

1 1

[fpl(’)]= T RG R,Cy [xpl(t)}
Xpa (1) = _[Rl’fRz] xpa (1)

R, R R,C,
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+ K, |u,(0) (16)

and

yp(t)=[] O:IIXpI (f)]’ a7

Xp2 (t)

where K, is the process gain, R, and R, are the

gas flow resistance of valve V; and V,, and C
and (', are the capacitance of pressure tank 1 and tank
2 respectively, and where u,(7) is the input of the

process, y,(f) is the output pressure of tank 2,

xp (¢) is the pressure at tank 2 and x,,(r) is the
pressure at tank 1.

4.2. Experimental results
The unknown values K,, R, Ry, ¢, and ()

of the process shown in Fig. 3 can be found from the
experiment, where the capacity of the two tanks are

set to be the same value, ie., C,=C,=C. The

pressure process parameters in the experiments are
shown in Table 1. The frequency of the feedback
system of the PLL equivalent augmented system is
assigned to lock at 225.73kHz which corresponds to
the pressure of 7.5psi. At this pressure, the two
pressure transmitters PT, and PT, are calibrated to
give a voltage of 2.5 volts. The IC chip No.
CD4046BE is employed for PFD and VCO.
Furthermore, the values of K; and K, are
rest})ectively assigned to be 1.4324V/rad and 3.4548x
10 rad/sec/V.

In the following case studies, the two types of LF,
namely, the lag filter and the active-PlI filter of which
their filter time constant 7., values obtained from

the theorem will be used in the experiments.

4.2.1 Case study 1: PLL control using lag filter
By choosing the values of weighting matrices as

diag[Q q]=d:ag[0 00 0.01] and R=0.1, and

adopting the theorem, the value of time constant 7z,
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of the lag filter with the transfer function

_Tpas+l

F(s
fF|S+l

is obtained as 2x10 ®second. As the value of Tra
must be smaller than 75, 7z, used in this
experiment is selected to be less than 10 times of 7,

or Tpy is 2xI 07" second. Consequently, the PLL
equivalent augmented system (10) is obtained as

()] [-0.1 01 0 01 x (1)
%, (1) _ 0.1 -0.2 0.1 01l x, ()
B | 0 0 -4.9487x10° 0| x(r)
e(n)| | -1 o 0 0]l e(f)
0 0
0.01 0 0 o
+ u(t)+| |r(0).
4.4538x10° 0
0 1

After solving (14), the state feedback gain matrix K
and integral gain k; of the control law (12) for the

PLL equivalent augmented system can be obtained as

[K —k; |=[3.0550 1.1794 0.0000 —0.3159]

1) PLL equivalent augmented system response

When apply the step reference signal at 7.5psi to
the augmented system rearranged from PLL control
system using LQR approach, its response is shown in
Fig. 4. It is found that the response is fast, percent
overshoot P, is 1.9%, rise time is 14.8seconds

75 i st v

Pressure (psi)

0 125 25 37.5 50 62.5
Time (sec)

Fig. 4. Response of PLL equivalent augmented system.
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75

1.5

0 .“ W
0 125 25 | 315 S0 625
Time (sec)

Fig. 5. Tracking capability.

approximately, settling time ¢, (2% of final value) is

19.5seconds and steady-state error is zero.

In order to investigate the effectiveness of the
proposed control system in term of output disturbance
rejection, the valve V, is opened at 37.5seconds and
closed when the pressure drops to 4.5psi. The effect of
the disturbance is also shown in Fig. 4. It is seen that
the effect of the output disturbance can also be fast
rejected and converge to its reference signal again
without steady-state error.

2) Tracking capability

The capability of tracking of the proposed control
system is investigated here. The step reference signal
is considered to change from Opsi to 4.5psi, from 4.5
psi to 6.75psi and from 6.75psi to 8.25psi of the
interval 25seconds respectively.

The experimental result of the proposed control
system is shown in Fig. 5. It is seen that the output of
the system can track the changed reference signal
properly without steady-sate error. However, there is a
remarkable maximum overshoot occurred at the first
tracking.

4.2.2 Case study 2: PLL control using active-PI filter
Similarly to the case study 1, the value of time
constant 7z, of LF

F(s)="F2_“"

TFIS
can be obtained as 1x10~* second when the values of

the weighting matrices are selected as diag[Q q]

:diag[O 00 0.5] and R=0.1. In this experiment,

the value of filter time constant 7, is selected to be
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1107 second. From the pressure process parameters
shown in Table 1 for this case, the PLL equivalent
augmented system (10) can be obtained as

()] [-0.05 005 0 0] x()
% (1) | 005 —0.1 0.05 0 x,(r)
X3 (1) 0 0 0 0| x()
é(r) -1 0 0 0] efr)

0 0

0.005 0

+ i u(t)+ 3 r(r)
0 1

and the state feedback gain matrix K and integral gain
k; of the control law (12) can be found as

(K -k |=[2.0875 0.0489 0.0007 -22361].

1) PLL equivalent augmented system response

The response of the PLL equivalent augmented
system rearranged from PLL control system using
LQR approach to the step reference signal at 7.5psi is
shown in Fig. 6. It is found that the response is fast,
percent overshoot P, is 6%, rise time f, is 37.4

seconds, settling time £, (+2% of final value) is 45

seconds and steady-state error is zero.

The effectiveness of the proposed control system in
term of output disturbance rejection is investigated.
By opening the valve V, at 37.5seconds and closing it
when the pressure drops to 4.5psi, the effect of the
disturbance is also shown in Fig. 6. It is seen that the
effect of the output disturbance can also be fast
rejected and converge to its reference signal again.

2) Tracking capability

$

7.54 - \

Pressure (psi)

o 25 | s0 75 100 125
Time (sec)

Fig. 6. Response of PLL equivalent augmented system.
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Table 1. System performances of PLL equivalent
augmented system.

Process Parameter | Performance Criteria

Type of LF
K, | RC sec.| R,C sec.| P, % | 1,sec. | 1, sec.

Lag 1 10 10 1.9 | 148 | 195
Active-PI | 1 20 20 6 374 | 45

75

Pressure (psi)
-
w

0 25 0 75 100 125
Time (sec)

Fig. 7. Tracking capability.

The capability of tracking of the proposed control
system is investigated. The experimental result is
shown in Fig. 7 when the step reference signal is
considered to change from Opsi to 4.5psi, from 4.5psi
to 6.75psi and from 6.75psi to 8.25psi of the interval
50seconds respectively. It is seen that the output of the
system can track the changed reference signal
properly without steady-state error. The first tracking
response with remarkable maximum overshoot is
occurred.

System performances of the PLL equivalent
augmented system incorporated with state feedback
designed by LQR are summarized in Table 1. It is
seen that the responses are fast with small overshoot
and no steady-state error. Hence, the scheme of phase-
locked loop control system with the large values of
the phase-frequency gain K, and voltage control

oscillator gain K, designed by linear quadratic
regulator approach can really be utilized in practice.

5. CONCLUSIONS

The PLL equivalent augmented system incorporat-
ed with state feedback designed by LQR approach has
been proposed in this paper. The fast response, fast
output disturbance effect rejection, good tracking
capability are achieved as demonstrated in its
application to second-order lag pressure process.
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It can be concluded here that the proposed
technique allows the designer to easily assign the filter
time constant of the LF from the gain K;K, and the
weighting matrices g and R. Its value is also

optimal in sense of LQR.

APPENDIX A
Let y= .4 and ﬁ=—i, then the control-
Tr TF

lability matrix O, of the system (7) is

0.=[B 4B 4B - A4"'B]=Mp, (A1)
where
1
Apa+ I— Bpa
= TFI 3 (A2)
0 y

and

2
Nzlo B, A,B,+B,B A:B,+(4,B,+B,p)p

1B p? g
n-2 n-3
4 Bp+(Ap Bp+~-+(Apo+Bpﬂ)ﬁ)ﬂ.
ﬂ"_l
(A3)
A.l. In case that LF is a lag filter (=1 and
a=£3-<<1)
o

It is seen from (A2) and (A3) that the rank of M and
N isn. Hence, Q.is maximum rank. Consequently,

the system (7) is completely controllable.

A.2. In case that LF is an active-PI filter (b=0 and

a=F2 «1)
Tr
It can be obviously seen from (A2) and (A3) that the
rank of M and N is alson. Hence, the system (7)
is completely controllable since O, is maximum

rank.

A.3. In case that LF is a first-order lag filter (b=1
(3
and a=-f2=0)

T
The proof is same as case A.1 and case A.2.

APPENDIX B
Let Q. be the controllability matrix for the PLL
equivalent augmented system (10). Hence

2 —1
QCG = |:Ba Aa Bﬂ Aﬂ Ba A: Ba:|
[4 B0 o (BI)
l-c of[1 o]
From Appendix A, the rank of (O, isn, therefore
0 A B
the rank of O is n+1. When is
1 0 -C 0

maximum rank [11], then @, is also maximum rank.
Therefore, the system (10) is completely controllable.
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