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Chapter 1

Introduction

1.1  Research Motivation

Fixed point theory is an important area of mathematical analysis. The invention
of the fixed point method is finding the solution in many area in Hilbert space such as
nonlinear operator equations, variational inequality problems, equilibrium problems,
optimization problems and minimal problems. The solution of some problems is an
important and has many benefit in various disciplines such as physics, engineering,
mathematics and economics. In the past few years, many researcher in mathematics
has been developed and studied many topics in fixed point theory.

Let C be a nonempty closed convex subset of a real Hilbert space H with the
inner product (-,-) and the norm ||-||. A mapping T': C — C is said to be nonexpansive
if |7z —Ty|| < ||z —vy|, forall z,y € C. Recall that T is a s-strictly pseudo-contractive

mapping if there exists a constant « € [0,1) such that
T — Tyl < |le —yl* + x| (I~ T)e — (I~ T)y|*, Va,y € C. (1.1)

If k =0, then (1.1) reduces to nonexpansive mappings.
A point z € C is called a fixed point of T if Tz = z. The set of fixed points of T
is denoted by F(T)={z € C: Tx = x}.

Definition 1.1. Let f: C — C'is said to be contractive if there exists a constant n € (0,1)

such that
1f(2) = F)ll < nlle =yl
foral z,y € C.
A bounded linear operator A on H is called strongly positive with coefficient

5 > 0 with the property
(Az, ) =7 ||z

A mapping A of C into H is called a-inverse-strongly monotone if there exists a

positive real number a such that
(x —y, Az — Ay) > a||Az — Ay||*, Va,y e C. (1.2)

Let A: C — H. The variational inequality problem is to find a point u € C such
that
(v—wu,Au) >0, Yv e C. (1.3)

The set of solutions of the variational inequality is denoted by VI(C, A).
Variational inequalities were introduced and investigated by Stampacchia [8] in



1964. It is well known that variational inequalities cover as diverse disciplines as partial
differential equations, optimal control, optimization, mathematical programming, me-
chanics and finance; see [9]-[11].

Let F: C x C — R be a bifunction. The equilibrium problem for F is to deter-
mine its equilibrium point, that is to find a point z* € C such that F(z*,y) > 0, for all
yeC.

The set of all solution of equilibrium problem is denoted by

EP(F)={z"e€C: F(z*,y) > 0,Yy € C}. (1.4)

The methods which are used to solve equilibrium problems have been applied
in solving economic problem and some problems in pure and applied science; see
[1, 2]. Many authors have studied an iterative scheme for the equilibrium problems;
see, for example, [2]-[5].

In 2013, Suwannaut and Kangtunyakarn [15] introduced the combination of equi-
librium problem which is to find z € C such that

N
ZaiFi(x,y) >0, Ve, (1.5)

i=1

N
where F; : C x C — R be bifunction and a; € (0,1) with Zai =1, foreveryi=1,2,..,N.
1=1

The set of solution (1.5) is denoted by

EP(i_V:aiE) = {x eC: (ﬁ:aiFi>(Jc,y) >0,Vy € C’}.

If F;, = F,Vi=1,2,...,N, then (1.5) reduces to (1.4).
In 2007, Takahashi and Takahashi [5] proved the following theorem.

Theorem 1.1. Let C be a nonempty closed convex subset of H. Let F be a bifunction
from C x C to R satisfying

(A1) F(z,z) =0 forall z € C;,

(A2) F is monotone, i.e., F(z,y) + F(y,z) <0 for all z,y € C;

(A3) For each z,y,z € C,

Um F(tz + (1 - t)z,y) < F(z,y);

t—0+
(A4) For each z € C,y — F(z,y) is convex and lower semicontinuous,
and let S be a nonexpansive mapping of C into H such that F(S) N EP(F) # 0. Let f
be a contraction of H into itself, let {z,} and {u,} be sequences generated by z; € H
and

1
F(U'nay) + — <y_un7un _xn> >0, Vy eC,

Tn

Tpp1 = anf(25) + (1 — o) Sun,



for all n € N, where {a,,} C [0,1] and {r,} C [0,1] satisfy some control conditions. Then
{z,} and {u, } converge strongly to z € F(S) N EP(F), where z = Pp(s)ngpr)f(2).

The explicit viscosity method for nonexpansive mappings generates a sequence

{z,} through the iteration process:
Tpt1 = anf(zn) + (1 — an)Txy,, n >0, (1.6)

where {a,} is a sequence in (0,1). It is well known [6, 7] that under certain condi-
tions, the sequence {z,} converges in norm to a fixed point ¢ of T which solves the
variational inequality

(I-f)g,xz—q) >0, €S8, (1.7)

where [ is the identity of H and S is the set of fixed points of T, namely, S = {z € H :
Tx =x}.

Many authors proved a strong convergence theorem by using viscosity method;
see, for example, [5, 6].

In 2010, Kangtunyakarn [12] proved a strong convergence theorem of the itera-
N

tive scheme (1.9) to a common fixed point of ¢ € ﬂ F(T;) as follows:
=1

Theorem 1.2. Let H be a Hilbert space, let f be an a-contraction on H and let 4 be
a strongly positive linear bounded self-adjoint operator with coefficient 7 > 0. Assume
that 0 <y < 3. Let {73}, be a finite family of x;-strict pseudo-contraction of H into

N
itself, for some «; € [0,1) and & = maz{k; : i = 1,2,...,N}, with ﬂF(E) # 0. Let

i=1
(n

S, be the S-mappings generated by T, Ty,...,Ty and a{",ay", ...y, where ol =
(@i a5? az?)y e Ix I x I,I =[0,1], a7’ + ap”? + a3’ =1and k < a < aj’,a3”? <b< 1,
forall j = 1,2, ,N-Ls<c<a}Y <L,k <ap" <d<1,r<a}? <e<1,foral
j=1,2.,N. Forapointue H and z; € H, let {z,} and {y,} be the sequences
defined iteratively by

Tpal = an’y(anu +(1- an)f(xn)) + (1= apAyn, n>1,

(1.8)

where {8,},{a,} and {a,} are sequences in [0,1]. Assume that the following conditions
hold:
(i) lm o, =0, Zan =oo0and lm a, =0;

n— oo n—00
n=1

n+1,j n,j n+1,j
fo% -0y fo% -

ad’| < oo, forallje{1,2,..,N}and

(ii) i < 00, i

) 9] &S]
Z |An+1 - An| < 0, Z |ﬁn+1 - Bn| < 0, Z |an+1 - a’n| < Q5
n=1 n=1

n=1

(i) 0<Kk< B, <0<1, foralln>1, for some d < (0,1).



N

Then both {z,,} and {y,} strongly converges to ¢ € ﬂ F(T;) which solves the following
=1

variational inequality

N
(vf(a) = Ag,p—q) <0, Vp € (| F(T)). (1.9)

i=1
From the work of Takahashi with Takahashi in [5] and Suwannaut with Kangtun-
yakarn in [15], we modify the viscosity methods which is different from the work of
Kangtunyakarn in [12] as following:
Foreveryi=1,2,..,N, let F; : C x C — R be bifunction which satisfy (A1) — (A4)

N
and a; € (0,1) with Zai =1, T, : C — C be r;-strictly pseudo-contractive mapping,
=1
forall i« = 1,2,..,N and x = max{s; : i = 1,2,...,N}. For each j = 1,2,....N, let
a; = (od,ab,0d) € T x T x1, where I = [0,1] and o) + o} + o} = 1, for z; € C and

sequence {z,} generated by

N

1
ZaiFi(Umy) + — <y — Up, Un — an> Z Oavy € C)
i1 n (1.10)

xn-‘rl - /Bn (anf(xn) + (1 - an)an) + (1 - ﬁn)PC(I - )\A)un,Vn Z 1a

where A: C — H is a-inverse-strongly monotone mapping and S : C — C' is S-mapping
generated by a finite family of strictly pseudo-contractive mappings and a finite real
numbers under suitable conditions of the parameters {3,}, {a.}, {rn} € [0,1] and X €
(0,2c).

Motivated by the research going on in this direction, we prove a sequence {z,}
generated by (1.10) converges strongly to a common element of the set of fixed points
of a finite family of strictly pseudo-contractive mappings and of solutions of a finite
family of equilibrium problems and variational inequality problems. Moreover, we
apply our main theorem to prove strong convergence theorems involving optimization

problems. Finally, we utilize our main theorem for the numerical examples.

1.2  Objectives of the study

1) To prove a strong convergence theorem by modifying the viscosity methods for
finding a common element of the set of fixed points of a finite family of &;-strictly
pseudo-contractive mappings and of solutions of a finite family of equilibrium

problems and variational inequality problems.

2) For applying our main theorem to prove strong convergence theorems involving
optimization problems.

3) To give numerical examples for our results to compare converge of them.



1.3 Scopes of the study

1) Study equilibrium problems in real Hilbert space.
2) Study variational inequality problems in real Hilbert space

3) Study the fixed point problems of strictly pseudo-contractive mappings and a

convergence theorems involving optimization problems

4) Al strong convergence theorems are considered and proved in a real Hilbert

space.

1.4 Benefits of the study

1) To obtain new tools for fixed point problems on real Hilbert space.

2) To obtain a strong convergence theorem by the viscosity methods for finding a
common element of the set of solutions of equilibrium problems and variational

inequality problems.

3) To obtain a strong convergence theorem for finding a common element of the
set of fixed point problems of strictly pseudo-contractive mappings and a conver-

gence theorems involving optimization problems.

1.5 Research methodology

1) Study advanced topics in fixed point theory for a strictly pseudo-contractive map-

pings.
2) Study background in a real Hilbert space.
3) Collect and study research papers and textbooks concerning fixed point theorem.
4) Determine the objectives and scope of the research.
5) Produce tools for a strong convergence theorem of fixed point problems.

6) Prove a strong convergence theorem for fixed point problems in a real Hilbert

space.
7) Provide examples and applications.

8) Conclude the results, make suggestions for further works and write the thesis.



Chapter 2
Preliminaries and Literature Reviews

The purpose of this chapter is to collect lemma, definition, theorem and termi-
nology for used throughout of the thesis.

2.1 Fundamental properties in Hilbert spaces

Definition 2.1 (Normed space). Let X be a vector space and the function || - || : X - R

is norm if it satisfies the following conditions:
(i) [jz|| > 0;
(i) |z]| =0 <z =0
(iii) [loz| = lof|l], Ya € F;
(V) ||z +yl < =]+ |yl, Y2,y € X (triangle inequality).
Then (X, || -]|) or X is called normed space.

Definition 2.2 (Convergence in Normed Space [24]). Let (E,| - ||) be a normed space.
We say that a sequence {z,} of elements of E converges to some z € E if for every
e > 0 there exists a number M such that for every n > M, we have ||z, — z|| < e. In such

a case we write lim z,, =z or simply z, — .

n—oo

Definition 2.3 (Inner product space). An inner product space is a vector space X with
an inner product defined on X. Here, an inner product on X is a mapping of X x X into
the scalar field F = R or C; that is, with every pair of vector « and y there is associated
a scalar which is written and is called the inner product of z and y, such that for all

vectors z,y, z and scalar a € F we have:
(i) (z,x) >0and (z,z) =0 < x =0,
(i) (az,y) = alz,y);
(i) (z,y) = (y, 2);
(V) (@ +y,2) = (2,2) + (y,2).

An inner product on X defines a norm on X given by ||z| = /(x, z).

Theorem 2.1 ([25]). If x and y are any two vectors in an inner product space X, then

(=, y)] < [l [lllyll

Definition 2.4 (Hilbert space [24]). Let X be an inner product space and X is called

Hilbert space if X is complete inner product space.



Lemma 2.2 ([29]). Let H be a real Hilbert space. Then the following results hold:
|z +yl? < |l=|® + 2(y,z + y),for each z,y € H. (2.1)

Definition 2.5 (Strong convergence [24]). A sequence {z,} of vectors in an inner product

space K is called strongly convergent to a vector z in K if
|z — || = 0 as n — oco.

Definition 2.6 (Weak convergence [24]). A sequence {z,} of vectors in an inner product

space K is called weakly convergent to a vector z in K if
(rn,y) — (x,y) as n — oo for every y € K.

Theorem 2.3 ([24]). A strongly convergence sequence is weakly convergence (to the

same limit), that is, z,, — = implies z,, — =.
Remark 2.4 ([25]). If z,, — « and z,, — y, then z = y.

Theorem 2.5 ([25]). Let H be a Hilbert space and let C be a nonempty closed convex
subset of H. Suppose that {z,} c C and z,, = z. Then z € C.

Definition 2.7 ([25]). Let H be a Hilbert space and let C be a nonempty closed convex
subset of H. Let f be a function of C into (—oo, ], where (—oo, 0] = RU {c}. Then, f

is called lower semicontinuous if for any a € R, the set
{z € C: f(z) <a}is closed.
Moreover, f is called convex if for any xq,2, € C and t € (0,1),
fltzr + (1= t)a2) < tf(zr) + (1= 1) f(a2).
Similarly, f is said to be concave if for any z1,2, € C and t € (0, 1),
fltwy + (1= t)zg) = tf(z1) + (1 — 1) f(22).

Theorem 2.6 ([25]). Let H be a Hilbert space, let C be a nonempty closed convex
subset of H and let f be a proper convex lower semicontinuous function of C into

(—00,00]. Let {x,} be a bounded sequence in C such that x,, — x¢. Then

f (wo) < Uminf f ().

Lemma 2.7 ([16]). Each Hilbert space H satisfies Opial’s condition, i.e., for any sequence

{u,} C H with u,, — u, the inequality
Uiminf lu, — u| < liminf]ju, — |
n—oo n—oo

holds for every v € H with v # w.



Theorem 2.8 ([25]). Let {a,} be a bounded of real numbers. Then, there exists sub-

sequence {ay,,} of {a,} such that

a=limsupa, = lim a,,.
71— 00

n—oo

Similarly, there exists a subsequence {a,, } of {a,} such that

g =liminfa, = lim a,,.

n— 00 j—o0

Remark 2.9 ([25]). Let H be an inner product space. Then the following knowledge (i)

and (i) are equivalent:
(i) His complete,

(ii) each bounded sequence {z,} of H has a weakly convergence subsequence {z,,}
of {x,}.

Definition 2.8 (Metric projection [25]). The (nearest point) projection Pc from H onto
C assigns to each z € H, the unique point Pcz € C satisfying the property

— P, =minl|lz — y||.
e~ Poxl = min e |

Lemma 2.10 ([26]). Given x € H and y € C. Then Pgx = y if and only if there holds the
inequality
(t—y,y—2)>0 VzeC.

It is well-known that Po is a firmly nonexpansive mapping of H onto C and
satisfies
|Pox — Poyll* < (Pox — Poy, @ —y) ,Va,y € H.

Lemma 2.11 ([26]). Let H be a Hilbert space, let C be a nonempty closed convex
subset of H and let A be a mapping of C into H. Let u € C. Then, for A > 0,

u=Po(I —AA)u < ue VIC,A),
where P¢ is the metric projection of H onto C.
Lemma 2.12 ([18]). Let {s,} be a sequence of nonnegative real numbers satisfying
Snt1 < (1= ap)sp + 0,,Yn >0,

where {a,} is a sequence in (0,1) and {4, } is a sequence such that
0 Z o, = 00,
n=1

oy On =
o< E .
(ii) imsup o, = 0 or |65 | < o0

n— oo n=1

Then, lim s, =0.
n—oo



Lemma 2.13 ([18]). Let {s,} be a sequence of nonnegative real number satisfying

Spt1 = (1 —an)sn + anBn, V>0,

where {a,},{B,} satisfy the conditions

() {an} C0,1], ian = 00,
n=1

(i) imsup B, <0 or Z |t | < 0.

n—oo n=1

Then lim s, =0.

n— oo

2.2 Fixed point theorems

Let X be a nonempty set and T': X — X a self-mapping. We say that z € X is
a fixed point of T if and only if Tz = 2 and F(T') represents the set of all fixed points
of T.

Example 2.14 ([27]). 1) If X =R and T(z) = 2> — 11z + 36, then F(T) = {6};
2) If X =R and T(z) = 22% — 3z, then F(T) = {0,2};
3) If X =R and T(z) = z + 5, then F(T) = 0,
4) If X =R and T(z) = =, then F(T) =R,

Theorem 2.15 ([25]). Let H be a Hilbert space and let C be a nonempty bounded
closed convex subset of H. Let T' be a nonexpansive mapping of C into itself. Then T

has a fixed point in C.

Theorem 2.16 ([25]). Let H be a Hilbert space and let C be a nonempty closed convex
subset of H. Let T be a nonexpansive mapping of C into itself. Then F(T) is closed

and convex.

Lemma 2.17 (Demiclosedness principle [28]). Assume that T is a nonexpansive self-
mapping of closed convex C subset of a Hilbert space H. If T has a fixed point, then
I —T is demiclosed. That is, whenever {z,} is a sequence in C weakly converging to
some z € C and the sequence {(I — T)z,} strongly converges to some y it follows that

(I — T)x =y, where I is the identity mapping of H.

In 2009, Kangtunyakarn and Suantai ([20]) introduced the S-mapping generated
by a finite family of x;-strictly pseudo-contractions and a finite real numbers. The

definition can be seen below:
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Definition 2.9. Let C be a nonempty convex subset of a real Hilbert space. Let

{T;}Y, be a finite family of x;-strictly pseudo-contractions of C into itself. For each

j=1,2,..,N, leta; = (a],ab,od) € I x I x I, where I = [0,1] and o +aj + o} = 1. Define
the mapping S: C — C as follows:

Uy =1,

Uy = a1 ThUy + aslUp + a3l

Uy = 3ToU; + a2U, + o1,

U3 = Oé:ngUQ + OégUQ + Oégf,

Unv—1=a) "Tny_1Un_2+ay 'Un_g+ai ',
S=Uyn= aiVTNUN,1 +CkéVUN—1 +Olévf.
This mapping is called an S-mapping generated by T1,Ts, ...,Tny and aq, az, ..., ay.

Lemma 2.18. ([22]) Let C be a nonempty closed convex subset of a real Hilbert space

H. Let {T;}, be a finite family of x;-strictly pseudo-contractive mapping of C into itself
N

with ( F(T3) # 0 and k = max{x; : i = 1,2,...,N} and let a; = (af,af, o) € I x I x I,
=1
where I = [0,1], 0] +ad+ad = 1,a],a} € (k,1), foralli =1,2,.., N—1and oy € (k,1],ad €

(k,1],0d € (k,1], for all j = 1,2,...,N, let S be the mapping generated by Ty, Ty, ..., T

N
and a1, s, ...,ay. Then F(S) = ﬂ F(T;) and S is a nonexpansive mapping.
=1

2.3  Equilibrium problems and generalized equilibrium problem in

Hilbert spaces

The equilibrium problem provides us an natural to study problems arising in
physics, optimization, economics, finance and certain fixed point problems.

For solving the equilibrium problems for a bifunction F : C x C — R, let us
assume that F: C x C — R satisfy the following conditions:
(A1) F(z,z) =0 forall z € C;
(A2) F is monotone, i.e., F(z,y) + F(y,z) <0 for all 2,y € C;
(A3) For each z,y,z € C,

tllrgl F(tz+ (1 —t)z,y) < F(z,y);

(A4) For each z € C,y + F(z,y) is convex and lower semicontinuous.

Example 2.19. Let F: R x R — R be defined by

F(z,y) = —72% + zy + 6y, Vz,y € R.
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Then a bifunction F satisfies the condition (A1)-(44) and 0 € EP(F).

Solution. Let z,y,z € R. Since
F(z,z) = —72> + 2% 4+ 62° = 0,
thus we obtain (A1) holds. Next, observe that
F(z,y)+ F(y,z) = (=72 + 2y + 6y°) + (79> + 2y + 62%) = -2 + 22y —y* = —(z —y)*> < 0.
This implies that F satisfies (A2). Let t € [0,1]. Consider

Um F(tz+(1-t)x,y) = Um (=7(tz+(1—t)2)*+(tz+(1-t)2)y+6y*) = — 72> +ay+6y* = F(z,9).

t—0+ t—0+

Therefore, (A3) is true. To show (A4), first let a € (0,1). Then we derive that

Fla,az+ (1 - a)y)
= 72+ z(az+ (1 —a)y) + 6(az + (1 — a)y)?

= —72% 4 azz + (1 — a)zy + 6(a?2? + 2a(1 — a)zy + (1 — @)*y?)

< -T2+ axz+ (1 — Q)zy +6(a?2% + ol —a)(22 +y?) + (1 — a)?y?)
=a (=72 + 22+ 6(2” + (1 — a)2?)) + (1 — a) (2® + 2y + 6(ay® + (1 — a)y?))
=a(=72% + 22+ 62%) + (1 — ) (—72* + 2y + 6y°)

=aF(z,z)+ (1 — a)F(z,y).
Hence F is a convex function. Let {y,} C R with y,, — y as n — oo. Thus we get

im F(z,y,) = im =722 + 2y, + 6y = —72* + zy + 61> (2.2)

n—oo n—oo

This yields that F is lower semicontinuous and (A4) holds. Since F(0,y) = 6y > 0,Vy €
R, thus we have 0 € EP(F).

In 1994, Blum and Oettli [14] proved the following existence result:

Lemma 2.20 ([14]). Let C be a nonempty closed convex subset of H and let F be a
bifunction of C x C into R satisfying (A1) — (A44). Let » > 0 and = € H. Then, there exists

z € C such that

1
F(Zay)+;<y—2,2’—$>207Vy€C

Lemma 2.21. ([17]) Assume that F : C x C — R satisfies (A1) — (44). For r > 0, define a
mapping T, : H — C as follows:

T.(z) = {z € C:F(z,y)—l—%(y—z,z—x} >0,Vy € C},
for all z € H. Then, the following hold:

(i) T, is single-valued,
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(i) T is firmly nonexpansive, i.e., for any z,y € H,
|7, (z) = To(m)|1* < (To(z) = To(y), 2 — y) ;

(i) F(T;,) = EP(F),
(iv) EP(F) is closed and convex.

Lemma 2.22. ([15]) Let C be a nonempty closed convex subset of a real Hilbert space
H. Fori = 1,2,..,N, let F; : C x C — R be bifunctions satisfying (A1) — (A4) with

N
() EP(F:) # 0. Then
i=1

N

EP(iaiFi) - N EP(F,),

i=1

N
where a; € (0,1), for every i =1,2,..,N and } "a; = 1.

i=1

Remark 2.23. ([15]) From Lemma 2.21 and Lemma 2.22, we have the following results;

N
() > a;F; satisfying (A1) — (A4);
N
(i) P(T) = (| EP(F),

i=1

N
where r > 0 and a; € (0,1), for every i =1,2,.., N with ¥ "a; = 1.
=1



Chapter 3

A Theorem for Solving Equilibrium, Fixed Point and

Variational Inequality Problems

In this chapter, we prove a strong convergence theorem for finding a common
N

element of ﬂ EP(F; ﬂ F(T;)nVI(C,A) and apply theorem 3.1 for the numerical
=1

example.

Theorem 3.1. Let C be a nonempty closed convex subset of a real Hilbert space H. For

every i =1,2,...,N, let F; : C x C — R be bifunction with satisfy (A1) — (44), T, : C — C

be k;-strictly pseudo-contractive mapping and let A : C — H be a-inverse strongly
N

monotone mapping with F = ﬂ EP(F;)N ﬂ F(T;)NVI(C,A) #0. Let S be S-mapping
i=1
generated by T, Ts,...,Ty and ay,as, ..., ay, vvhere a; = (oﬂl,ag,a?,) el xIxII=][0,1]

with of +od +of =1 and k < af,of < 1,foralli=1,2,.,N -1,k <ol <1,k <af <
1,k <a) <1, forall j =1,2,..,N, where k = maz{r; : i = 1,2,..., N}. Let the sequence
{x,} generated by x; € C and

Zal (Un,y (y—un,un—xn> >0,Vy € C,
(3.1)
Tr1 = Bn(anf(zn) + (1 — an)Szyn) + (1 = Bn)Pe(I — AA)uy,, Vo > 1,

where {8,}, {a,} € [0,1] and X € (0,2«). Suppose the following conditions hold:

0) Zan:oo,nl@oanzo,

n=1

(i) 0<a<Bn,rn<b<l, foralln>1,

(iii) f:C — C be np-contraction,

N
(iv) Y a; =1, where a; >0, forall i = 1,2, ..., N,
=1

(V) Z |an+1 _an‘ < 00, Z |Bn+1 Bn| < 00, Z |rn+1 _rnl < 00.

n=1 n=1

Then {z,} converges strongly to z = Prf(z2).

Proof. First, we show that (I — \A) is a nonexpansive mapping. Let z,y € C. Since A is
a-inverse strongly monotone and A < 2a, we have
I(Z = M)z — (I = MA)y| = o — y|* = 2X\(z — y, Az — Ay) + X | Az — Ay’
<o —y|” = 20A || Az — Ay|* + 3 || Az — Ay|?
= [z = yl” + A\ - 20) | Az — Ay|?

2
<z —yl”-
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Then (I — A\A) is a nonexpansive mapping. We will divide our proof into 5 steps.

N
Step 1. We show that the sequence {z,} is bounded. Since Z a; F; satisfies (A1) — (A44)

i=1

and
Zaz una <y_unaun_xn> ZON?JEC,
N
by Lemma 2.21 and Remark 2.23, we have u,, = T, z,, and ﬂ EP(F;) = F(T,,).
=1

Let z € F. By nonexpansiveness of (I — AA) and T, , we obtain

@1 = 2l =B (@nf(2n) + (1 = an)Sza) + (1 = Ba) Pe(I — AA)uy, — z||
=||Bn(anf(zn) + (1 = an)Szn — 2) + (1 = Bn) (Po(I — AA)uy, — 2)||
B ||on (f(@n) = 2) + (1 = an)(Sz — 2)
+ (1= Bn) [[Pc(I = AA)uy, — 2|
<Bn(an 1 f(@n) = f) + an [f(2) = 2] + (1 — an) |2y — 2]])
+ (1= Bu) [Pc(I = AA)uy, — 2]
B (ann llzn — 2] + an [[f(2) = 2] + (1 = an) l2n — 2| )
+ (1= Bn) lun — =
:Bn((l —an(1 =) lzn — 2l + an | f(2) — 2] ) + (1= Bp) lzn — 2

<max{ o — 2, 1 )_772” }

By induction we can prove that {z,} is bounded and so is {u,}.

Step 2. We will show that LLrn |lZni1 — xn| = 0. By definition of z,,, we have

i1 = 2l =|| (Ba(nf (@a) + (1 = an)Sen) + (1 = Ba)Pe(l = Ad)un)
- (@H (atn 1 f(@n1) + (1= an_1)Szn_1)
+ (1= Bp1)Pe(l - AA)un,l)‘
<Bn [[(en f(zn) + (1 — ) San) — (n—1f(@n—1) + (1 — 1) Szr_1)||
+1B8n = Br-1lllom—1f(#n-1) + (1 = an—1)Szn_1]|
+ (1= Bn) [[Pc(I = AA)un — Po(I = AA)un—1]|
+1B8n—1 = Bal [[Pc(I = AA)up—_1]|
<Bn(an [ f(@n) = fl@a—1)|l + lan — an_1] | f(zn-1)]|
+ (1= an) 1Sz = Sza—a || + |an—1 — an| [ Szn-1]])
+ 180 = Ba-a|(@n—1 [ f(@n—1) ]| + (1 = a—1) [|Szp—1]])
+ (1= B 1P = AA)un — Po(l — AA)un_1 |




+ [Bn-1 = Bul [Pc(I = AA)un—1]|
LB (e |20 — 2nall + |an — an_1| | f(zn-1)|l
+ (L= ap) [lzn = | + lan—1 — an| [[Szn]|)
+ 18 = Baal(an—1 | f(@n-1)] + (1 = an-1) |Sza-1])
+ (1= Bn) [lun = tn—1]|
+1Bn-1 = Bul [Pc(I — AA)up—1||

Sﬂn(|an - an71|M + |an71 - an|M + (1 - an(l - 77)) ||xn - xn71||)

+ 18 = Ba-1l(@n—1M + (1 — ay-1)M)
(1= Ba) = wna |
+|Bn—1 — Bn|M

=B, (2M s = | + (1= an(1 =) [len = 2] )
+ 208 = Bl + (1= Ba) un = una

where M = rpeag{ 1f @)l 1Szl s [ Po(I = AA)u]| }.
Since u, = T, x, and definition of T, , we obtain

N

1
Z aiFi(Tr"xn7 y) + 7”7 <y - Trnxn7Trn37n - xn> >0,Vy € C
i=1 n

and
N

1
Z aiFi(Trn+1xn+17 y) +
i=1

<y — T Ty, T Ty — xn+1> >0,vy € C.
+1

Tn
From (3.3) and (3.4). It follow that

al 1
Z aiFi(Trnmna Trn,+1xn+1) + 7
i=1

n

<Trn+1xn+1 - Trnzna Trnxn - xn> Z 0

and

N
E aiFi (Trn+1 Tn+41, Trnxn) +
i=1 Tn+1

N
From (3.5),(3.6) and the fact that ZaiFi satisfies (42), we have
=1

1
- <Trn+1 Tp41 — Trnl‘ny Trnxn - mn>
n

+

<Trn$n - Trn+1 mn+1aTr,L+1$n+1 - mn+1> Z 0.
Tn+1

Which implies that

T .. x —x T. x, —x
nt1n+1 n+1 Tnn n
<Trnxn - Trn+1$n+1» - 2 0.

Tn+4+1 Tn
It follows that

Tn
<Trn+1xn+1 - Trnxn7Trnxn - Tr7L+1xn+1 + Trn+1xn+1 — Tp — r
n+1

<Trnxn - TTnJrlxn—i-l, Trn+1xn+l - xn+1> > 0.

7(Trn+1$n+1 - xn+1)

15

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)

> 0.
(3.7)
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From (3.7), we obtain

Tn

- (TTn+1xn+1 - xn+1)>

2
HTrn+1 Tn4+1 — Trnan < <Trn+1xn+1 - Trn'rn7Tr,L+1 Tn4+1 — Tp — r
n+1

- <T’“"+1xn+1 — T Ty Tnp1 — T + (1 — I )(Tm+13«"n+1 - 3Un+1>>
Tn+1

S HTrn_Hanrl - Trnan I ||5L'n+1 - :EnH

+ |1 - In | ||Trn+1xn+1 - xn+1||:|

Tn+1

= HTrn+1xn+1 - Trnan I ||5L'n+1 - l'nH

+ |Tn+1 - Tn| ’|T7'n+1xn+1 - xn+1|| :|

TnJrl

S HTrnJrlxn—i-l - Trnan I ||xn+1 - xn”

1
+ g|rn+1 - rn| HTrnJrlanrl - anrlH :|7
which yields
1
Hun+1 - un” < ”mn-&-l - zn” + g|rn+1 - Tn| ”Un-H - zn—&-l” . (3.8)
From (3.8), we have
1
[tn = un—1| < lon — 2nall + a|rn = 1| lun — anl|. (3.9)
By substituting (3.9) into (3.2), we have
Jns1 = @l <Bn(2Mlan = an-al + (1= an(l =) llon = zn-all )
+2M|Bn — anl‘ + (1= Bn) [[tn — tn—1]|
<Ba(2Mlan = -] + (1= an(L =) o — a1 )
1
+ QM‘ﬁn - ﬁn—l‘ + (1 - ﬁn)( ||mn - mn—l” + E‘Tn - rn—1| ||un - xn”)
S(]- - ﬁnan(l - 77)) H-Tn - $n71|| + 2M‘an - anfl‘
1
+2M|Bn — Bn—1| + (1 — Bn)a\rn — rpe1] ||un — 20| - (3.10)
From (3.10), conditions (i),(v) and lemma 2.12, we obtain

Um ||zps1 — 20l = 0. (3.11)
n—oo

Step 3. We will show that lim |lu, — z,|| = lim ||[Pc(I — AA)u, — x| = lim ||Sz, — z,]| =
n—00 n— 00 n— 00
0. Since T, is a firmly nonexpansive mapping, then we obtain
2 — TrnanQ =T,z - Trnxn||2
S <Trnz - Trn'rny z = xn>

1
25( ||TT7an - ZH2 + Hxn - ZHQ - HTrnxn - $n||2 )7
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which yields

lun = 201* < lln = 21 = llun — zall*. (3.12)

By nonexpansiveness of Po(I — \A),(3.12) and definition of z,,, we have

l#ns1 — 21° =1|Bn (0 f (@) + (1 = 0n) Sz — 2) + (1 = Ba) (Po(l — AA)up, — 2) |
B [lon (f(wn) = 2) + (1= ) (S — 2)|
+ (1= Ba) [IPo(I = A)un, — 2|
B £ () = 27 + Ba(1 = @) [lzn = 211> + (1= Ba) lun — 2|
Bt | F(@n) = 2)° + Ba(1 — o) wn — 2|
+ (1= B8) (llon — 2% = llun — 2a]*)

<Bncin | f(@n) = 2l° + llwn = 217 = (1= Ba) fun — zall”.

which implies that

(1= Bn) llun — xn”Q <Bnan || f(zn) — ZH2 + (|77 — ZH2 = lzngr — ZH2

<Brain | f(@n) = 2l* + (Non = 2l + |2ars = 2l|) [l7ner = 2ol (3.13)
By (3.11),(3.13), conditions (i) and (ii), we have
Um Jlun — 2| = 0. (3.14)
Put w, = a, f(z,) + (1 — a,)Sz,. By definition of z,,, we have

nt1 = 2lI* = [1Buwn + (1 = Ba) Pe(I — AA)uy, — 2||?
=||Bn(wn — 2) + (1 = Bn) (Po(I = M)u,, — 2)
<Bn llwn — 21> + (1 = Ba) [1Pc(I — M)uy, — 2
= Bu(1 = Bn) llwn — Pe(I = AA)u,||?
=B [ln f(@n) + (1 = ) Sz — 2| * + (1 = Ba) [|Pe (I = AA)uy, — 2
— Bu(1 = Bn) lwn — Pe(I = AA)uy |
B |1 (@n) = 2II° + (1 = an) [Szn — 2[1*) + (1 = Bn) [Jun — 2|
— Ba(1 = Bn) lwn — Pe(I = AA)uy |
=By || f(@n) = 2I* + Ba(1 -
— Bu(1 = Bp) l[wn — Po(I = AA)uy|?
( _
( _

I

2 2
an) [|an = 2[7 + (1 = Bn) [lun — 2|

<Buctn || f(@n) = 2lI* + Ba(1 = an) 20 — 2 + (1 = Ba) |z — 2]
— Bu(1 = Bn) lwn — Pe(I = AA)uy |

=B | f(@n) = 2|° + (1 = Buawn) ||z — 2|
= Bn(1 = Bn) [lwn — Pe(I = AA)u,|?

B | f () = 2[* + l&n — 2]

— Bn(1 = Bn) lwn — Po(I — AA)u, || .

e
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Which yields

/Bn(l — fBn) Hwn - PC(I - )‘A)un”2 <Bnom, Hf(xn) - 2H2 + Hwn - ZH2 - Hanrl - 2H2
<Bnown || f(zn) — 22

+ (lzn = 21 + lensr = 2l1) lensr —2all. - (3.15)
By (3.11),(3.15), conditions (i) and (ii), we have
lim fun — Pe(I = A)ug || = 0. (3.16)
By the definition of z,,, we obtain

Tpt1 — Po(I — AA)u, =fpwy, — BnPo(I — ANA)u,

By (3.17), we have

|zn — Po(I — M)z, || = ||2n — Tnt1 + Tny1 — Po(I — AA)uy + Po(I — MA)uy, — Po(I — AA)z,||
< = Tngr | + 201 — Po(I — AA)un, ||
+ || Po(I — A)u, — Pe(I — M), ||

<ll#n = @ngall + Bn lwn — Po(I = AA)upl| + [[un — zn]| -
Form (3.11),(3.14) and (3.16), we have
lim 2, — Po(I = M)z, = 0. (3.18)
Since

|xn — Po(I — AA)uy,|| = ||lxn — Po(I — M)z, + Po(I — M)z, — Po(I — M), ||
<|zn — Po(I — MNA)zy|| + || Po(I — M)z, — Po(I — AA)uy, ||

<|lan — Po(I = AA)zn || + [lzn — unl| -
From (3.14) and (3.18), we have
lim 2, = Po(I = AA)un |l = 0. (3.19)
By the definition of z,,, we obtain

Tnt1 — T =Pn0n (f(mn) - xn) + Bl — an)(Szn — 1)
+ (1= Bn) (Po(I = A)u, — 2y). (3.20)

It follows that

Bn(l - an) Han - xn” Sﬁnan Hf(ﬂjn) B an

+ (1= Ba) [Pe(I = AA)un — @pl| + [|Tns1 — zn] -
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By (3.11),(3.19), conditions (i) and (ii), we have

lim || Sy — 2] = 0. (3.21)

Step 4. We will show that limsup (f(z) — z,z, — 2) <0, where z = Prf(2).
To show this, choose a subs%aaoence {zn, } Of {z,} such that

limsup (f(z) — 2,z — 2) = lim (f(2) — z,2p, — 2). (3.22)

00 k—o00

Without loss of generality, we can assume that z,, — w as k — oo, where w € C.
From (3.14), we obtain u,, — w as k — oc.

Assume that w ¢ VI(C, A). Since VI(C, A) = F(Pc(I — MA)), we have w # Po(I — AM)w.
By nonexpansiveness of Po(I — AA),(3.18) and Opial’s condition, we have

Uminf||z,, —w| <lminf|z,, — Po(I — AA)w||
k—oco k—o0
=iminflle,, — Po(I = AA)2n, + Po(I = AM)a,, — Po(l = A)w|
—00
<liminf||z,, — Pe(I — AA)z,, ||
k—o0
+ lil[n inf||Pc(I — M)z, — Po(I — AA)w||
c— 00
<lminf |z, —w]|.
k—o0
This is a contradiction. Then we have

we VI, A). (3.23)

N
Next, we will show that w € (") F(T)).

i=1
N

By Lemma 2.18, we have F(S) = ﬂ F(T;). Assume thatw # Sw. Using Opial’s condition,
i=1

(3.21), we obtain
iminf||z,, —w| <lminf|z,, — Sw||
k—oo k—o0
=liminf|z,, — Sz, + Sz,, — Sw||
k— o0
<Uminf|z,, — Sz, | + Uiminf|Sz,, — Sw||
k— o0 ) ) k—oco i
<lminf||z,, —w| -
k—o0

This is a contradiction. Then we have

N

we F(S) =) F(T). (3.24)

i=1

N
Next, we will show that w € (7] EP(F;).
N 1 =t N
i E. = — _ > B i iti
Since ;%Fl(un,y) + o (y — up,un —x,) > 0,Yy € C and Zaze satisfies condition

i=1



(A1) — (A4), we obtain

1
. (Y — Up, un — Ty >E a;iFi(y,u,),Vy € C.
n

In particular, it follows that

<y - unkv > Z (Z,L y, Unk Vy e C.

From (3.14),(3.25) and (A4), we have

Zaz w) <0,Vy € C.

20

(3.25)

(3.26)

Put y; .=ty + (1 — t)w, for all ¢ € (0, 1], we have y; € C. By using (A1), (44) and (3.26), we

have

WE

0=> a;Fi(ye,u)

1

.
I

-

Il
-

aiFi(ye,ty + (1 — t)w)

K2

N
<ty aiFi(ysy) + (1—1) Zaz (Y2,
=1

N
St Z azF (yt; y)
i=1

It implies that
N
0< Y aiFi(ty+ (1 —tw,y),
i=1

forallte (0,1] and y € C.
From (3.27), taking ¢t — 0% and using (43), we can conclude that

1kL()+(Z:az (ty + (1 =), y))

<Zal (w,y),Vy € C.

N

(3.27)

N N
Therefore, w € EP(ZaiFi). By Lemma 2.22, we obtain EP(ZaiFi) = ﬂ EP(F). It

=1 i=1

follows that
N

we () EP(F,

=1
From (3.23),(3.24) and (3.28), we can deduce that w € F.
Since z,, — w € F and Lemma 2.10, we can conclude that

limsup (f(z) — z,z, — 2) = lim (f(2) — 2,2, — 2)

n— oo k—o0
=(f(z) —zw =2

<0

)

=1

(3.28)

(3.29)
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where 2z = Prf(2).

Step 5. Finally, we will show that the sequence {z,} converges strongly to z = Prf(z).

By nonexpansive of S and Po(I — AA), we have

i1 — 2% = || Bu(@nf (@) + (1 — an)Szp) + (1 = Bu)Pe(l — AA)u, — z|°
= | Bnctn (f(@n) = 2) + Ba(l — @) (Szn — 2) + (1 = Bo) (Pe(I — AA)uy, — 2) |
< 1Ba(1 = @) (S — 2) + (1 = ) (Pe (I — AA)uy — 2)||°
+ 2Bnan(f(xn) — 2, Tpy1 — 2)
<(Ba(1— an) IS0 — 2l + (1= Ba) [ Pe(I — AA)uy, — 2||)?
+ 2Bnan(f(xn) — 2, Tpy1 — 2)
<((1 = Bac) 2n — 2| + (1= ) [|zn — 2]|)°
+ 2800 (f(@n) = F(2), Tns1 — 2) + 2800 {f(2) = 2, T2 — 2)
<(1 = Brom)? 2 — 2|* + 2Bn0vn | f (@) = F() 2041 — 2]
+2Bnan(f(2) — 2z, Tpy1 — 2)
<(1 = Bucn)? 2 — 2|* + 280 |0 — 2| 201 — 2|
+ 2Bnan(f(2) — 2, Tpy1 — 2)
<(1 = Bnan)? |2 — 2° + Bucnn |zn — 2 + Buann [€ni1 — 2
+ 2Bnan(f(2) — z,xpny1 — 2).
Which implies that

1- Bnann —2Bp0, + ﬂga% + 2671051177 H
X
1= Bnann

2
n— 2|l

|21 = 2% <

2Bn 0
+ %U(Z) — 2, Tpt1 — 2)
2ﬂnan(1 - 77) 2 ﬂga% 2
~(1- = 22 + 222 g, — 2
1 — Broann 1 — Bronn

2Bnan
() = 5,201 - )
2ﬁnan(1 - n) 2 25nan(]— - 77) 5710471

1= 1- /Bnann ) Hxn - ZH N 1- ﬁnann (2(1 - 77) Hxn o

+

2
|

7 N\

+

1
) — s = 3)).
Applying the conditions (i),(ii),(3.11),(3.29) and Lemma 2.12, we have the sequence {z,}
converges strongly to z = Prf(z). From (3.14), we obtain {u,} converges strongly to

z = Prf(z). This completes the proof. []
Next, we give the numerical example to support Theorem 3.1.

Example 3.2. Let R be the set of real numbers and let the mapping 4 : R — R defined
by Az =2 vz € R. Foralli=1,2,..., N, let the mapping 7; : R — R defined by

_ _6i
Tiv = g7, Vo € R
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and let F; : R x R — R defined by
Fi(z,y) = i(=72> + zy + 6y*),Vz,y € R.

Furthermore, let a; = & + w4, for every i =1,2,..., N. Then we have
N

N
6 1 y.
E a;Fi(z,y) = E (? + 7N7N>z(—7x2 + zy + 6y?) = E(=7x* + zy + 69°),
1

i=

1
where E = Z ( N7N>Z it is easy to check that Z‘“F satisfies all the conditions
of Theorem 3 1. By the definition of F;, we have

N
1
< g ain‘(Umy) + r <y — Up, Up — xn>
=1

n

1
—E(—7.T2 + zy + 6y2) + r—(y — Up) (Up, — Ty)

n
=E(=7x? + 2y + 6y°) + Ti(yun — YTy — UZ — UnTy)
n
54
0 <Er, (=72 + 2y + 6y%) + (Yun — yTn — u2 — upx,)
:6E7'ny2 + Buprpy — 7Eu,217'n + yu, — yxr, — ufl — Up T,

=6Er,y° + (up, — Ty + Bupry)y + (—7Eui7’n — ufl — UpZp)-

Let G(y) = 6Er,y*+ (un(1+ Ery) — )y — TEulr, —u2 —unz,. G(y) is a quadratic function
of y with coefficient a = 6Er,, b = u,(1 + Er,) — x, and ¢ = —~TEu?r, — u? — u,z,.
Determine the discriminant A of G as follows:

A =b? — 4ac
=(un(1+ Ery) — xn)2 — 4(6Er,) (~TEU2ry — U2 — unty)
=ty (1 + Bry)? = 2unan (1 + Ery) + ap + 168 E*ujry + 24Eupm, — 24Buy sy
=u? + 2Bulr, + E*u2r2 — Qupzn — 2Eunanrn + 22 + 168E%u2r2 + 24Eur,
—24FEunxnry
=u2 + 26 EuZr, + 169E%uZr2 — 2u,x, — 26 Bu,z,r), + 22
=(tn + 13Bunr0)? — 220 (un + 13Bunry) + 22

=(un + 13Bu,ry, — 2,).

We know that G(y) > 0,vy € R. If it has at most one solution in R, then A <0, so we

obtain
Tn,

1+ 13 NE (76 + 71 )ir
(2 N n
— 7 N7

- Jj _ 1 J _ 3j—1 J __ 135-—7 _ 1 3j—1 135-—-7
For every j =1,2,...,N, let o = 25, 0y = e, o = Then a; = (277 {6 16 ),

forall j =1,2,..,N. Let S-mapping generated by 71,75, ...,y and ay,as,...,an. From

, for all n € N. (3.30)

Un
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the definition T;, A and F;, we have

N N
{0} = (" EP(F)n (| F(T;) NVI(C, A).

i=1

Put oy, = 4, Bn = 442, 1 = 57, f2) = % and A =1, ¥n € N. From (3.30) we rewrite

(3.1) as follows:
ruin =(Mg ) (o) + (1= 35) 90
L e TS
1+ 13; (; + %W)zrn

It is clear that the sequence {a,}, {8.} and {r,} satisfy all the conditions of Theorem

,Vn > 1. (3.31)

3.1. From Theorem 3.1, we can conclude that the sequence {z,} and {u,} converges
strongly to 0.

Table 1 shows that values of sequences {z,} and {u,}, where z; = —5 and
rr=5andn=N = 14.

Table 3.1: The values of {u,} and {z,} where n = 14.

z1 = —5 z1 =5
Un, Tn Un, Tn
-0.825688 -5.000000 0.825688 5.000000
-0.241546 -1.706927 0.241546 1.706927
-0.070026 -0.525198 0.070026 0.525198
-0.019977 -0.154636 0.019977 0.154636
-0.005630 -0.044447 0.005630 0.044447

(& I N

8 -0.000120 -0.000980 0.000120 0.000980

11 -0.000002 -0.000020 0.000002 0.000020
12 -0.000001 -0.000006 0.000001 0.000006
13 -0.000000 -0.000002 0.000000 0.000002
14 -0.000000 -0.000000 0.000000 0.000000

x_andu
n n
~
o

(O) r1 = —5 (b) r1 =5

Figure 3.1: The convergence comparison of the sequences {z,} and {u,} with different initial

values z;.

Next, vve prove a strong convergence theorem for finding a common element

of EP(F ﬂF )N VI(C,A).
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Corollary 3.3. Let C be a nonempty closed convex subset of a real Hilbert space H. Let
F:C x C — R be a bifunction with satisfy (A1) — (44), T; : C — C be x;-strictly pseudo-

contractive mapping, for all i = 1,2,...,N and let A : C — H be a-inverse strongly
N

monotone mapping with 7 = EP(F) N ﬂ F(T;)NVI(C,A) # 0. Let S be S-mapping
=1

generated by 71,15, ...,Tx and ai,as, ...,an, where o = (af,ad,al) € I x I x I,1 =10,1]

with o —l—aé—l—aé =1land k < a{,aé <l foralli=1,2,..N-1Lk<al <1,k <ol <

1L,k <al <1, forall j =1,2,..,N, where k = max{x; : i = 1,2,..., N}. Let the sequence

{z,} generated by z; € C and

1
F(uruy) + — <y — Un, Un — xn> >0,y € C,
T'n (3.32)

Tpt1 = ﬂn(anf(zn) +(1- an)an) + (1= Bn)Pc(I—XA)uy,Vn > 1,

where {8,},{a,} C [0,1] and X € (0,2a). Suppose the following conditions hold:

0) Zan = oo,nll_ETgo o, =0,

n=1

(i) 0<a<Bp,m<b<l1 foraln>1,

(i) f:C — C be n-contraction,

oo o o0
(IV) Z |an+1 - anl < 09, Z |ﬂn+1 - ﬂn' < 00, Z |rn+1 —Tp| < 0Q.

n=1 n=1 n=1

Then {z,} converges strongly to z = Prf(z).

Proof. First, we show that (I — A\A) is a nonexpansive mapping. Let z,y € C. Since A is

a-inverse strongly monotone and A < 2a, we have
I(Z = )z — (I = Ady|? = o — yI* — 2Mx — y, Az — Ay) + A || Az — Ay|?
< o = yl* = 20\ [ Aw — Ay||* + A? || Az — Ay)?
= o = ylI* + A\ - 20) | Az — Ay]”

2
<lz—yl”.

Then (I — \A) is a nonexpansive mapping. We will divide our proof into 5 steps.

Step 1. We show that the sequence {z,} is bounded. Since

1
F(unvy)+7<y_unaun_xn> Zoavyec

Tn

Form Lemma 2.21, we have u,, =T, z, and EP(F) = F(T,,).
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Let 2z € F. By nonexpansiveness of (I — XA) and T, , we obtain

n41 = 2l = [|Bn (an f(@n) + (1 = @n)Sap) + (1= Ba) Po(I = AA)uy, — 2|
= |8 (@nf(@n) + (1 — an)Szn — 2) + (1 = Ba) (Po(I — AM)u, — 2)||
B | (F(@n) = 2) + (1 = ) (S — 2)||
+ (1= Bn) [ Po(I = AA)Jun, — 2|
<Bn(an [1f(@n) = F@) + o [ () = 2] + (1 = o) [ Sz — 2]|)
+ (1= Bn) 1Pl = AA)uy — 2|
<Bn(ann e = 2ll + an [ £(2) = 2 + (1 = an) lzn = 21|
+ (1= 5a) [lun — 2|
=B (L= an(L=m) llzn = 2l + an [1£(2) = 21 ) + (1 = Ba) 2 = I

Smax{ lz1 = 2, 'f(l)_nz” }

By induction we can prove that {z,} is bounded and so is {u,}.

Step 2. We will show that lETw |Zn+1 — zn]| = 0. By definition of z,,, we have

st = all = || (B (@nf(@a) + (1 = an)Swa) + (1= Bu) Poll = A)un)
- (571—1(04n—1f(93n—1) +(1— Oén—l)SIn—1)

(1= Bpr)Pe(l — )\A)un_1> ‘

B | (enf () + (1 = an)Szn) — (@nrf (1) + (1 — dn_1)Szoy)
+ Bn = Br—1lllom—1f(zn-1) + (1 — an_1)Szn_1|
+ (1= Bn) [[Pc(I = AA)un — Po(I — AA)uq—1|
+ [Bn-1 = Bul [Pc(I = AA)un—1||
B (an 1f (@) = fl@n-1)ll + lan — an_1] [l f(zn-1)]|
+ (1= an) 1Sz — S|l + |an—1 — an| [ Szn-1]])
+ 180 = Ba-tl(@n—1 [ f(@n—1) || + (1 = an—1) [|Szn—1]l)
+ (1= Ba) IIPe(I = M)up — Po(l = AMAYun—1|
+ [Bn—1 = Bl [1Pc(I — AA)tn—1||
B (ann llzn = zn-1ll + lan — an—1] || f(zn-1)]|
+ (1= an) lzn = znall +lan—1 — anl[|Sza—1])
+ 180 = Ba-tl(@n—1 [ f(@n—1)l| + (1 = an—1) [|Szpn—1ll)
+ (1= Ba) lun = tn—1ll + [Ba—1 = Bl [[Pc(I — AA)tn—1||
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Sﬁn(|an - an—1|M + |an—1 - an|M + (1 - an(l - 77)) ||mn - xn—l”)

+ 1Bn = Ba—1l(an—1M + (1 — ap_1) M)
(1= Bu) 1t = s | + Bams = Bal M
=B (2M oy — | + (1= (1 = 1) llen — )
+2M1Ba = Bl + (1= Ba) = s,
where M = max { | f(z,)I|, Sz, 1P (I = A)un| }.

Since u, = T, x, and definition of T;., , we obtain

1
F(Trnxna y) + — <y =T, Ty Xy — xn> >0,vyeC

n

and
F(T,, , ,tny1,y) + Tri1 (Y= T 1Tt 1, Ty T — Tpy1) > 0,y € C.
From (3.34) and (3.35). It follow that
F(Tr @, Ty Tngr) + % <TTn+1zn+1 =T, xn, Ty, Tn — ;pn> >0
and
F(Ty, g1, Ty wn) + # (Trnxn — Ty iy Tng1, Trp oy Tt — Tngr) = 0.
From (3.36),(3.37), we have
Ti <Trn+1xn+1 — Ty xn, Ty Ty — IEn>
+ rnlﬂ (Trnan — Ty  Tng1, Trp oy Tt — Tngr) > 0.

It follows that

T. .. x —x T, xp —x
nt14vn+1 n+1 rndn n
<Trn-rn - Tr,,,+1xn+17 - Z 0.

Tn+1 Tn
Which implies that
Tn

<Trn+11’n+1 - Trn,xnyTrnxn - Trn,+1xn+l + Trn+1xn+1 — Ty — r
n+1

From (3.38), we obtain

2 Tn
HTT"+1$H+1 - T’r‘”an S <T7‘”+1-’L‘n+l - Tr,anaTr,L+1$n+1 —Tp — r
n+1

T'n

= Trn+1xn+1 - Trnxnyl'nJrl — Tn + (1 -
Tn41

< ||Trn+1xn+1 - Trnan {Hxn-&-l —an| +[1- ™ |
Tn+1
X ||T7"n+1xn+1 - xn—i—l” ]
|| Trss 1 — T [||xn+1 — 2l 4+ —— g1 — T
Tn+1

x ||Trn+1x”+1 - m”+1H }

— (Trn+1 Tpt1 — Tnyl)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

> 0.

(3.38)

- (Trn+1$n+1 - xn+1)>

)(T”‘n+1$n+1 - xn+1)>
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1
§ ||Trn+1xn+l - Trn‘rnH |:Hxn+1 - xn” + g|rn+1 —Tn

]

< || T s g1 — T
which yields
s =l < Bonsn = @all + Slrmsn ol fumss = zasall (3.39)
From (3.39), we have
et — ]| < [ — Zos || + %m 1| [t — 2] (3.40)
By substituting (3.40) into (3.33), we have

1 = @all <8 (2Mlan — @] + (1= (1 =) lan = @ ] )
+ 2M|By = Bt |+ (1= Ba) [l =
B (2M 0ty — |+ (1= (1 =)l — 0] )
+2M18, = Bt + (L= ) (o = il + I = il e = 2]
=(1 = Bnan(l = n)) [lzn — @n-ll + 2M|ay — cn—1|
$2MIB, — Bl + (1= Ba) 2lr = sl un = 2ol (3.41)
From (3.41), conditions (i),(iv) and lemma 2.12, we obtain

Um ||zpg1 — 20l = 0. (3.42)
n—oo

Step 3. We will show that lim |lu, — z,|| = lim ||[Pc(I — AA)u, — x| = lim || Sz, — z,]| =
n—00 n—00 n—oo
0. Since T, is a firmly nonexpansive mapping, then we obtain
= — ngjnHz =T}, — Trn,xn”Q

S <Trnz - Trnxna Z = $n>

1
25( 177, 20 — ZH2 + llzn — ZH2 =T, zn — xn”2 )a
which yields
i — 2))° < lzn — 2]1> = [t — @n® . (3.43)

By nonexpansiveness of Po(I — AA),(3.43) and definition of z,,, we have

|Znt1 = 2l* =[|Bn(nf (@) + (1 = @) Say — 2) + (1 = Ba) (Pe(I — A)u, — 2) |

<Bo [Jan (f(@n) — 2) + (1 = an)(Szm — 2)||” + (1 = Ba)

X |Po(I = AA)u, — z|?
B || F(xn) = 2* + B (1 = an) [l2n — 21> + (1 = Bn) [lun — 2|
<Buown |f () = 2I° + B (1 — an) [z — 2] + (1 = Ba)

X (llon = 217 = llun — 2]

2 2 2
<Bnan | f(@n) = 2|7 + |2 — 2[I" = (1 = Bn) lun — za||”,
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which implies that
(1= Bn) llun — CL’n||2 <Bnon || f(zn) — ZH2 + [lan — ZH2 = [lzn+1 = ZH2
Buoin [|f(@n) = 21> + (l2n = 2| + 21 — 211) |2nsr — 20l (3.84)
By (3.42),(3.44), conditions (i) and (ii), we have

im [ = za]| = 0. (3.45)

Put w, = a,f(z,) + (1 — a,,)Sx,. By definition of z,,, we have

|Zns1 — 2H2 = ||Bnwn + (1 = Bn) P (I — XA)up — Z||2

= Hﬁn(wn —2)+(1- Bn)(PC(I - AM)u, — z)

<Bn lwn — Z||2 + (1= Bn) [Pc(I = AA)uy, — 2”2 — Bn(1 = Bn)
X |lwn — Po(I — AA)uy, ||?

2
I

=B o f(@n) + (1= an)San — 2> + (1= B,) [|Po(I = M)un, — 2|
— Ba(1 = Bp) Iy — Po(I = AA)uy|?

B (an [1f(@n) = 2|° + (1= an) |Swn — 2[1*) + (1 = Ba) [fun — 2]
— Ba(1 = Bp) lwp — Pe(I

=B || (zn) — 2 + Bu(1

(I = Ad)un|®
(1-
= Bu(1 = Bn) wn = Pe(I = AM)u,|”
( —
( _

2 2
an) |z = 2" + (1 = Bn) [Jun — 2|

<Brcn | f(@n) = 2|° + Bu(l = an) fwn — 2[1* + (1 = Bp) ||z — 2|
= Bu(1 = B) l[wn = Pe(I = AA)un|”

=Bt || f(wn) = 2[* + (1= Buan) [[2n — 2[|* = Ba(1 = Bn)
X ||wp = Po(I = AM)un||*

2

<Broin | f(zn) = 21> + [z — 2]1* = Bl = Bn)
X |lwn — Po(I — AA)u,||* .

Which yields
Bn(1 = Bn) |lwn — Pe(I — )\A)unHQ <Bnon || f(xn) — 2”2 +l|zn — Z”2 — |Tpt1 — z||2

Bt If(@n) = 21> + (llon = 2| + [2ns1 — 2]|)
% |[Tnt1 — zn]) - (3.46)

By (3.42),(3.46), conditions (i) and (ii), we have

Uim ||w,, — Po(I — AA)uy,|| = 0. (3.47)

n—oo

By the definition of z,,, we obtain

Tn4+1 — Pc([ — /\A)un Zﬁnwn — 6nPC(I — )\A)un
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By (3.48), we have

|xn — Po(I — A)zy|| = ||2n — Tnt1 + Tny1 — Po(I — AA)uy, + Po(I — ANA)uy,
—Po(I = M)y
Sllan = zngall + [l2nts — Po(I = AA)un|
+ [|Po(I — MA)u, — Po(I — M)z, ||

Sllwn = zngall 4 Bn llwn — Po(I = AA)un || + [[un — 20|
Form (3.42),(3.45) and (3.47), we have
lim flan — Po(I = Az, = 0. (3.49)
Since

|xn — Po(I — AA)uy|| = ||xn — Po(I — M)z, + Po(I — M)z, — Po(I — AA)uy,||
<|#n — Po(I — MA)zy|| + || Pc(I — MA)x, — Pe(I — M)y, ||

<lan — Po(I = AA)zn| + [lzn — unl|-
From (3.45) and (3.49), we have
lim 2y, = Po(I = AA)un || = 0. (3.50)
By the definition of z,,, we obtain

Tn+l — Tn :5nan (f(xn) - xn) + ﬂn(l - an)(sxn - -Tn)
+ (1= Bu)(Po(I = XA)uy, — z). (3.51)

It follows that

6n(1 - an) Han - xn” Sﬁna” Hf(x") o x”H

+ (1= Bn) [Pe(I = AA)un — 2p|| + |T041 — nl|-
By (3.42),(3.50), conditions (i) and (ii), we have

im ||Sz, — z,| = 0. (3.52)
n—oQ

Step 4. We will show that limsup (f(z) — z,z, — z) <0, where z = Prf(z).
To show this, choose a subsgaaoence {2, } of {z,} such that

limsup (f(z) — z,z, — 2) = lim (f(2) — z,2n, — 2). (3.53)

n—o00 k—o0

Without loss of generality, we can assume that z,, — w as k — oo, where w € C.

From (3.45), we obtain u,, — w as k — co.
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Assume that w ¢ VI(C, A). Since VI(C, A) = F(Pc(I — AA)), we have w # Po(I — AM)w.
By nonexpansiveness of Pc(I — AA),(3.49) and Opial’s condition, we have
Uminf ||z, —w| <liminf||z,, — Pc(I — AA)w||
k—o0 k—oc0
= li}gn inf||zn, — Po(I — ANA)zy, + Po(I — AA)z,, — Po(I — MA)w||
—00
<Uminf|z,, — Pe(I — AA)ay, |
k—o0
+Uminf || Pe (I = AM)a, — Po(I - A)uw|
—00
<liminf||z,, —w] .
k—o0
This is a contradiction. Then we have

weVI(C,A). (3.54)

N
Next, we will show that w € (") F(T)).

=1
N

By Lemma 2.18, we have F(S) = ﬂ F(T;). Assume that w # Sw. Using Opial’s condition,
(3.52), we obtain

i=1

Uiminf ||z, —w| <liminf|z,, — Sw]||
k—o0 k—o0
=liminf|z,, — Szn, + Sz, — Sw||
k—o00
<liminf||z,, — Szp, || + liminf|Sz,, — Sw||
k—o0 k—o0
<lminf||z,, —w] .
k—o0

This is a contradiction. Then we have
N

we F(S) =) F(T). (3.55)

i=1
Next, we will show that w € EP(F).
Since

1
F(un7y)+ 7 <y—u7laun —‘Tn> Z Oavy € C7

n

By (A2), we have

1
- <y — Up, Un — x’ﬂ> 2 F(y7un)7vy € C.
Tn

In particular, it follows that
<y — Up,, un’cr_x”’“> > F(y,un,),Vy € C.
ok
Since (1/rn,)(tun, — xpn,) = 0 and u,, — w, from (A4) we have
Fy,w) < k“l{]o Fly,u,,) <0,Vy € C. (3.56)

Replacing y with y; := ty + (1 — t)w, t € (0,1], we have y, € C. By using (A1), (A44) and
(3.56), we obtain

0= F(yt,y:) <tF(ys,y) + (L =) F(y,w) < tF(ys,y). (3.57)
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Hence, F(ty + (1 — t)w,y) > 0, for all t € (0,1] and for all y € C. Letting t — 0™ and using
assumption (A3), we can conclude that

F(w,y) >0,y e C. (3.58)

Therefore, w € EP(F).
From (3.54),(3.55) and (3.58), we can deduce that w e F.

Since z,, — w € F and Lemma 2.10, we can conclude that

imsup (f(z) — z,2, — 2) = im (f(2) — 2,2, — 2)

n—00 k—o0
=(f(z) —zw—2)

<0, (3.59)

where 2z = Prf(2).

Step 5. Finally, we will show that the sequence {z,,} converges strongly to z = Prf(z).
By nonexpansive of S and Po(I — AA), we have

lzns1 = 2% = || Ba(anf (@) + (1 = an)Szn) + (1 = Ba)Po(I = AA)u, — 2|
= | Bucin (f(2n) = 2) + Bu(l = @) (S = 2) + (1 = Ba) (Po(I = AMA)u, — 2)|
<|8a(1 — @) (S — 2) + (1 = o) (Po(I = AM)uy, - 2)]|°
+ 2Bnan(f(xn) — 2, Tpy1 — 2)
<(Ba(1 = an) 1Sz, — 2l| + (1= Ba) [ Pe(I — AA)u, — 2||)?

2

+ 2Bnan(f(xn) — 2, Tpy1 — 2)
<((1 = Buom) |z — 2 + (1 = ) [l — 2 )?
28000 (f(20) = F(2), Zas1 — 2) + 2800 (f(2) = 2,21 — 2)
<(1— Buan)? 20 — 2% + 2800 1f (@n) = £ l2nss — =]
+ 2Bnan(f(2) — 2z, Tpy1 — 2)
<(1 = Bacn)? 2n — 27 + 2Bucinn 20 — 2| i1 — 2|
+ 2Bnan(f(2) — 2z, Tpy1 — 2)
<(1 = Buata)? 20 — 2% + Buctan |20 — 21 + Buctan [2ns1 — 2|

+ 2Bnan(f(2) — z,xpny1 — 2).
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Which implies that

1-— 577,047177 - 2Bnan + 5727,@727, + 2ﬂnan77
1 - Bnann

|21 = 2]* < ’

[ = 2|

2Bnan
T B an 5nan77<f(z) — %, Tp41 — 2)
2ﬁnan(1 - 7’) 2 6727,@% 2
=\1-———F—" ) llen =27+ 57— llza — 2|
1 - Brann 1 — Bnann
2Bna
T B an ﬂnann<f(z) = %, Tpg1 — 2)

/N

1— 2ﬂnan(1 - n)) Hxn _ ZH2 T Qﬁnan(l - 77) ( Brou,

2
1- ﬁnann 1- 5nann 2(1 - 77) Hxn H

-z

1

-n

+
—_

(1) = 20001 = )

Applying the conditions (i),(ii),(3.42),(3.59) and Lemma 2.12, we have the sequence {z,}
converges strongly to z = Prf(z). From (3.45), we obtain {u,} converges strongly to
z = Prf(z). This completes the proof. []

Next, we prove a strong convergence theorem for finding a common element

N
of (VF(T:) NVI(C,A).

Corollary 3.4. Let C be a nonempty closed convex subset of a real Hilbert space

H. T, : C — C be x;-strictly pseudo-contractive mapping, for all i = 1,2,..., N and let
N

A: C — H be a-inverse strongly monotone mapping with 7 = ﬂ F(T,)NnVI(C,A) # 0.
i=1

Let S be S-mapping generated by Ty, Ty, ..., Ty and ay, as, ..., an, Where a; = (o, o, o) €

IxIxI,I=[0,1]withol +aol+al=1andr <al,a}<1,foralli=1,2,.,N—-1,r<
o <lk<aod <1,k<a <1, forallj=12..N,where k = maz{r; : i = 1,2,..,N}.

Let the sequence {z,} senerated by z; € C and
Tni1 = Bn (anf(xn) +(1- an)an) + (1= Bn)Pc(I—AA)xy,,Vn > 1, (3.60)
where {8,},{a,} C [0,1] and X € (0,2a). Suppose the following conditions hold:

o0
(i) Zlan = oo, im a, =0,
n=

(i) 0<a<By,rm<b<l foraln>1,

(i) f:C — C be n-contraction,
(iv) Z |an+1 — | < o0, Z |Brns1 — Bn| < oo, Z [Pna1 — Ta| < o0o.
n=1 n=1 n=1
Then {z,} converges strongly to z = Prf(z).

Proof. Put F, =0,Vi = 1,2,...,N. Then we have u,, = Pox,, = z,,Vn € N. Therefore the
conclusion of Corollary 3.4 can be obtained by Theorem 3.1. []



Chapter 4

Applications

4.1 Constrained convex optimization problems

In this section, we apply our main theorem to prove strong convergence theo-
rems involving optimization problems.

Let us recall the standard constrained convex optimization problem as follows:

find z* € C such that g(z*) = min g(z), (4.1)

zeC
where ¢ : C — R is a convex, Fréchet differentiable function, C is closed-convex subset
of H. The set of all solutions of (4.1) is denoted by €,.

The following lemmas is important to prove Theorem 4.2.

Lemma 4.1. ([23]) (Optimality condition) A necessary condition of optimality for a point
r* € C to be a solution of the minimization problem (4.1) is that z* solves the variational
inequality

(Vg(z*),x —2*) >0, Vx € C. (4.2)

Equivalently, z* € C solves the fixed point equation
z* = Po(z* — AVg(z")),

for every constant A > 0. if, in addition, g is convex, then the optimality condition (4.2)

is also sufficient.

Next, we prove a strong convergence theorems involving optimization problems

for finding a common element of ﬂ EP(F, ﬂ F(T;) nQ, and apply theorem 4.2 for

i=1
the numerical example.

Theorem 4.2. Let C be a nonempty closed convex subset of a real Hilbert space H.
Foreveryi=1,2,....N, let F; : C xC — R be bifunction with satisfy (41)—(A44),g: C — R

be a real value convex function with gradient Vg is e—mverse strongly monotone and

continuous function for all L > 0. Assume that F = ﬂ EP(F, ﬂ F(T;) N Qg # 0. Let
=1
S be S-mapping generated by 11,75, ..., Ty and ai, ag, ..., ay, vvhere a; = (af,ad,af) €

IxIxI,I=[0,1]withal+al+ol=1and k<o, <1,foralli=1,2,...N -1,k <
o <l,k<aol <1,k<af <1,forall j =1,2,..,N, where x = max{x; : i = 1,2,..., N}.

Let the sequence {z,} senerated by z; € C and

Zaz unay ! <y_unaun_$n>207Vyeca
n (4.3)

Tnt1 = ﬁn (anf(xn) + (1 - an)an) + (1 - ﬁn)PC(I - )‘Vg)unavn > 1,
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where {8,},{a,,} € [0,1] and X € (0, 2). Suppose the following conditions hold:

(i) Zan = oo,nll_EQO o, =0,

n=1

(i) 0<a<Bn,rm<b<l foraln>1,

(i) f:C — C be n-contraction,

N
(iv) Zai =1, where q; >0, foralli=1,2,...,N,

i=1

o) o)
(V) Z |an+1 - anl < 00, Z |ﬁn+1 - 671' < 00,

n=1 n=1
oo

Z |7ng1 — 7n| < 0.

n=1

Then {z,} converges strongly to z = Pxrf(z).

Proof. The conclusion of Theorem 4.2 can be obtained from Theorem 3.1 and Lemma

4.1. L]

Next, we give the numerical example to support Theorem 4.2.

Example 4.3. In this example, we consider the same mappings and parameters as in
Example 3.2 except the following mapping g : R — R be defined by gz = 222 4+ 1. It is

clear that

{0} = (N] EP(F)N (N] F(T;) N Q,.

i=1

Put A = £. From (3.30), we rewrite (4.3) as follows:

s =70 (o) + (1 gy )
+(1_4q;2)(1_évg) n n > 1. (4.4)

1+13§:(6+1)ir
2 \7i T )t

It is clear that the sequence {a,}, {8.} and {r,} satisfy all the conditions of Theorem
4.2. From Theorem 4.2, we can conclude that the sequence {z,} and {u,} converges
strongly to 0.

Table 2 shows that values of sequences {z,} and {u,}, where z; = —5 and
ry=5andn=N = 14.
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Table 4.1: The values of {u,} and {x,} where n = 14.

z1 = —5 z1 =5
Un Tn Un Tn
-0.825688 -5.000000 0.825688 5.000000
-0.254147 -1.795972 0.254147 1.795972
-0.077666 -0.582496 0.077666 0.582496
-0.023370 -0.180898 0.023370 0.180898
-0.006949 -0.054859 0.006949 0.054859

(& I N R

8 -0.000175 -0.001422 0.000175 0.001422

11 -0.000004 -0.000035 0.000004 0.000035
12 -0.000001 -0.000010 0.000001 0.000010
13 -0.000000 -0.000003 0.000000 0.000003
14 -0.000000 -0.000001 0.000000 0.000001

x_andu

n
.
b o N o
x_andu

IN]
N w

(@) z1=—5 b))z =5

Figure 4.1: The convergence comparison of the sequences {z,} and {u,} with different initial

values z;.

Remark 4.4.

(1) Table 3.1 and Figure 3.1 show that {z,} and {u,} converges to 0, where {0} €
EP(F)n Y, F(T;) N VI(C,A). The convergence of {x,} and {u,} of Example 3.2 can
be guaranteed by Theorem 3.1.

(2) Table 4.1 and Figure 4.1 show that {z,} and {u,} converges to 0, where {0} €
EP(F)N Y, F(T;) N Q,. The convergence of {z,} and {u,} of Example 4.3 can be
guaranteed by Theorem 4.2.

(3) From these two Examples, we obtain that the sequence {z,} in Example 3.2 con-

verges faster than the sequence {x,} in Example 4.3.



Chapter 5
Conclusions

In this chapter, we summarize all main theorems and applications obtained in

this thesis.

According to the first objective of the study, we have proved strong convergence

theorems by modifying the viscosity methods as follows.

(1)

(2)

Let C be a nonempty closed convex subset of a real Hilbert space H. For every
i=1,2,...,N, let F; : C x C — R be bifunction with satisfy (A1) — (44), T; : C — C

be r;-strictly pseudo-contractive mapping and let A: C — H be a-inverse strongly

monotone mapping with F = ﬂ EP(F, ﬂ F(T)NVI(C,A) # 0. Let S be S-
=1
mapping generated by T1,Ts, ..., Ty and ai,as,...,an, Where a; = (ad,ad,a}) €

IxIxI, T=[0,1]withod+al+aod =1andr <ad,of <1,foralli=1,2,...N-1,x <
o <1k <ol <1,k < a% <1, forall j = 1,2,..,N, where k = max{s; : i =

2,...,N}. Let the sequence {z,} generated by z; € C and

Zaz una <y_un7un_xn> ZO,VQGQ
(5.1)

Tn+1 = ﬁn(anf(xn) + (1 - an)S-rn) + (1 - /Bn)PC(I - )\A)Un;vn >1,

where {8,},{a,} € [0,1] and X € (0,2a). Suppose the following conditions hold:

(i) Zanfoo im a, =0,

n—oo
n=1

(i) 0<a<pB,,rn<b<1, foralln>1,

(i) f:C — C be n-contraction,
N

(iv) Y a; =1, where a; >0, forall i =1,2,..., N,
i=1

(v) Z |an+1 - an| < 00, Z |ﬁn+1 - /Bn| < o0, Z |Tn+1 - 7"n| < 0.
n=1 n=1 n=1
Then {x,} converges strongly to z = Prf(2).

Let C be a nonempty closed convex subset of a real Hilbert space H. Let F :
C x C — R be a bifunction with satisfy (A1) — (A4), T; : C — C be x;-strictly pseudo-

contractive mapping, for all i = 1,2, .. N and let A: C — H be a-inverse strongly
monotone mapping with 7 = EP(F mﬂ F(T,)NVI(C, A) # 0. Let S be S-mapping
generated by T1, Ty, ..., Ty and ay, ag, ..., an, where o, = (af, af, o) € I x I x I,T =
0,1 with o + o} + o} =1and k < of,a} <1, foralli=1,2,...N -1,k < ¥ <
Le<a) <1,k<a} <1, forall j =1,2,..,N, where x = max{x; : i = 1,2,..., N}.
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Let the sequence {z,} generated by z; € C and

1
F(Umy) + — <y — Unp, Un — .Z’n> Z Oavy S 07
Tn (5.2)

Tn1 = B (o f(zn) + (1 — an)Szy) + (1 = Bn)Po(I — AA)uy,, Vo > 1,

where {8,},{a,} € [0,1] and X € (0,2a). Suppose the following conditions hold:

(oo}
(l) z_:lan = OO’yzU—)rT;o an =0,
(i) 0<a<pBy,rn<b<l1, foralln>1,

(i) f:C — C be n-contraction,
oo oo oo

(IV) Z |an+1 - an| < 00, Z |ﬁn+1 - ﬁn| < 00, Z |rn+1 - Tn| < oo.
n=1 n=1 n=1

Then {z,} converges strongly to z = Prf(z).

(3) Let C be a nonempty closed convex subset of a real Hilbert space H. T; : C — C

be r;-strictly pseudo-contractive mapping, forall i =1,2,...,Nand let 4A: C — H
N

be a-inverse strongly monotone mapping with F = ﬂ F(T)NnVI(C,A) #0. Let S
=1
be S-mapping generated by T1, Ty, ..., Ty and ai, ag, ..., ax, Where a; = (o, o, ad) €

IxIxI,I=[0,1]witha]+al+ol =1andk <al,af <1,foralli=1,2,...N—1,k <
ol <1,k <al <1,k <a) <1, foralj=12.,N, where x = maz{s; : i =

1,2,..,N}. Let the sequence {z,} generated by z; € C and
Tn4+1 = ﬁn (Oénf(xn) + (1 - an)an) + (]- - ﬂn)PC(I - )\A)xn,Vn >1, (53)
where {8,},{a,} € [0,1] and X € (0,2a). Suppose the following conditions hold:

o
(|) Zlan = OO7nL|—>rTgc Qp = 0;
fo—

(i) 0<a<By,rn<b<l1, foralln>1,

(i) f:C — C be n-contraction,
o0 oo oo

(iv) Z |atpt1 — | < o0, Z |Brt1 — Bnl < 00, Z [Frt1 — rn| < o0.
n=1 n=1 n=1

Then {z,} converges strongly to z = Pxf(z).

According to the second objective of the study, we have proved strong con-

vergence theorems involving optimization problems as follows.

(4) Let C be a nonempty closed convex subset of a real Hilbert space H. For every
i=1,2,..,N, let F, : C x C — R be bifunction with satisfy (A1) — (44),¢:C — R

be a real value convex function with gradient Vg is +-inverse strongly monotone
N

N
and continuous function for all L > 0. Assume that F = ﬂ EP(F;) N ﬂ F(T;) N
i=1

i=1
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Q, # 0. Let S be S-mapping generated by 71,75, ...,Tx and ai, as, ...,an, Where
a; = (ad,ad,al) e Ix I xI,I=10,1]with o] + o} +c} =1and k < o, < 1, for
ali=1,2,..,.N-lL,k<al <1,k<a) <1,k<of <1, forall j=1,2,..,N, where

k=max{k; :i=1,2,.., N}. Let the sequence {xz,} generated by z; € C and

N
1
§ a/iFi(unay) + — <y — Up, Up — xn) Z 07Vy € Ca
i=1 'n (5.9)

Tn+l1 = Bn (anf(xn) + (1 - Oén)Sl‘n) + (1 - Bn)PC(I - /\v.g)unavn >1,

where {8,},{a,,} € [0,1] and X € (0, 2). Suppose the following conditions hold:
(i) Zan = 00, U_)m oy =0,
n=1

(i) 0<a<pBy,rn<b<l1, foralln>1,

(i) f:C — C be n-contraction,

N
(iv) Z‘“ =1, where q; >0, foralli=1,2,...,N,
i=1

o0 oo
(V) D lants = an| <00, ) |Bus1 = Bal < oo,

n=1 n=1
oo

Z [Prp1 — rn| < o0

n=1

Then {x,} converges strongly to z = Prf(2).
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