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(Sampling Theory) Y9411 1OY (Shannon) Fana1n 1391 dyapnanFagiui x() Fafluuua

=y Vo 3y o " W [ [ P Y v a9 cio -3 A
Famiu £, uda szemnsavimsquiied lasdyaan 1a higydedeyanddynaoiio

anudlumsguiiogis f; dawnnimSonnnuaeauniivesnnnud £

fi 2 2/ 2.1)

3 o W 4 ad dda a

Taona Tderwiimsquaietnadionnud f,, =2/ WoA AMNIANUOUEINIT ANND

a o . & a ' " 1 e ' a

Tuniaa (Nyquist Frequency) uazmunad 7, =1/2 f, W i5unN mmm’qnmamﬂuﬂ’mm
. ' o wa 4 = 4 ] =Y Y " .

(Nyquist Interval) uvﬂumaﬂgnmﬁwamﬁuwammﬂsmgmm"lmi‘lummu (Nonlinearity)

P o 1 e 1 & o b a " e U (L o Y o
mnmﬂmmmsqumﬂmwaunhmmn‘lumsqumaun £, minnnaanud luadan £,

3 [] = " J : J o e Y Y o A [
‘uu"l'd mm:ummnn'nmﬂﬂuuiuun‘uaﬂmu:Qm'ln‘lﬂumﬁmﬁuﬂmmmuEu'u

x(1) X }— x(nT) = x; ()] =y

It

U 2.1 namsnsguiloidyasugagluiu



UM 211 uﬁmmﬁqumamq‘luTﬂmunnwaﬂﬂamsgmﬁrutgmmqﬂmu x(t) My

s

o o a o o & ] 1
RvveduNaaniamiIY £, (1) Taohd nwammawmﬁumiwummﬂNt'mﬂ'u T S a9

anunsounu 1ddeaunms

f.()= 36 (t-nT) (22)

n=—w

1)
N

2T -T T 2T ?

(=]

U 2.2 uemsdygugudieda
4 o a o A e ' o P
woziomnsuasdiSes ieimsmaannaiunnudves /(1) w'ld

F(0)=3{f,(0}= —za(w nw,) (2.3)

n=-—ao

& o ' 4y a 1 o - o
Fauaaaliimun WeRnsaniulamunnud aulnasuanudvesdyais £ ()

= v o a ] 1 o o a o =
Fuduiadnndmiang dulluuunuanudisuiu Asgih 2.3 (b)

X(w)

>

7f0 fO

(a) mlnasuvesdygangagiui x(¢)



Fi(w)
|
I A
= 0 2 —0

(b) tlnasuvesdyaugualetn S (1)

X (@)

@

N

(©) anasuvesdyanui ldnnnmsqualedis x (1)

3UM 2.3 uansmlnasuveadyuanmsguaiedie
[ ¥
& x (1) Wudyanui ldeinmsqudiedis aniu
X, (1) = [ (0)-x(t) (24)

uazd v X (o) duanlnasuanutives x(1) WieswnluTawunadygnunldnnms
b

quéredadumsguivvesansdyyi  dniululawuanudladumsiineulgiu

(Convolution) vesailnasuvues f,(¢) uaz x(7)
X, (w)=F (0)* X(w) (2.5)

a dy [ = P o Sen Y o ' [
msnouTFuiinaaaiiunsunmdsgdil 23 dawadwii ldszmiunanlnaiuves
Fyanai ldnnmsguiintin X, (@) Wumahanlnaivues X (@) mnaGeaiiume i
P 4 “ o ' kY “ as () 1
Tuaaeauuunuanud @  F39n3UN 2.3 (o) RN DIANUDVITYYIUGUAIDIN

a0 ' = a s o ] ' " " a )
£ fianteoniinnud luadadezim Iidiaivesuaaz nguuesalnasudmunewuiu



¥

Aﬂ”u Y a = :nv ot o a 4 Aol A ' a
naiii IfinannuAamou lvesmnasuvesdyaaududnatilizoisundn van1siolad
& . y 4 ar o ' 1='
(Aliasing Effect) uon9inii  juf 2.3 daaasldinudinanouaueenduivesnsssnses

o

Fyaraduay wilnanouaussnnuanidnyuziluny fe SudAuaunganiinnam
3 [l
= s

ﬂ - & daa ] @ & o da
Wu 272/T wie f, /2 Fannudilisond ANNORY AINSTNHaADUAUDINNINDNANYE

g A 1w ' [ <
Humuniiieanms quaedya aiuea

A A
2.2 aUMIHANIIAUIHBY
Tumsdinnziszuudgiuiv quantdvesszuululamunazmusadiou
= 3 a o o 5 . . i = o a o
fJTi'U'IU'IﬂUGI.‘HﬂJJﬂ'Iﬂ‘Nm{TvINﬁ (Differential Equation) [12-15] wuaeInu luszuuravne
faunsnar1aduiiios (Difference Equation) 131 1umsesuivguauiavesszunlulamu

P ' 4 v o A - o al
1081 FIFUNITHAANTVIIDWUAUTN 7 ansalou laaaunIsn 2.6

yn) = a, x(n—k)= 3 b, yn—k) @6
k=0 k=1

o ol

Taoh x(n) Wudrdudaaruvnd yn) dudvudygruviesnuas a,,b, Hum

o U g

o a o ' ¢ o ' 3/ wa [
fulszdnd aumswamemnsonaaslugdaunisilanducisloulaslsguauianiiniag

naveImsulausa AITTUNITN 2.7 1AL 2.8

a,x(n) © a, X(z) (2.7)
a,x(n—k) & a X(z)z™* (2.8)

yinpmaAnuEunsi 2.7 waz 2.8 i idaguaumsi 2.6 T lminaasdsaunsi 2.9

Y(z)=Y a, X(2)z™* =D b, Y(2)z™" (2.9)
k=0 k=1



TagdaumsiedoulieglugdaunsilnduaioTowlddsaunisi 2.10

n
Zakz_k

Y(z2) __ k=0

X() (1 +fbkz-")
k=1

H(z)= (2.10)

2.3 muasusa
Msuaisa (Z-Transform) [12-15] voedyiud luasiiesasatvmoylugy

w [ — = dyl
VAIDUNIUDUUA (Power series) AITUNITN 2.11 L%‘Uﬂﬁllﬂ']‘j“ﬂ 211 U ﬂ’]'ﬂlﬂaqu"lﬁﬂllﬂﬂﬁﬁﬂ

(Direct Z-Transform)

X(2)= ix(n)z"' (2.11)

n=-w

Wo  z  WudanalsiFadeu (Complex variable)

s a

x(n) Lfluﬁmuﬁigmum (Sequence signal)

A dmMTUszULLUURewea nisulasusavesduamui luaeisimuisotiou 14

v v

FUAISN 2.12 BungunIsN 2.12 1171 M3t ausad A7 (One-side Z-Transform)
X(2)=) x(n)z™" (2.12)
n=0

W V g - 3t & o “
msuasuravesdyanauuy liseiisadivuunu lasngduuumnin dsaumsi (2.13)

X(2) = Z{x(n)} (2.13)

¥
CY

= d ' o v & ow
HAZINAUAIN 2.11 uaz 2.12 vziu Idhwanisudasusanae synsueiud duniusy
v ¥
finquawsa M ld x(2) mideenldBunnguauwaiidn veuwam g (Region of

¥
convergence) Tava el %zumtﬂu%wmm‘m%ﬂu



23.1 Aaandavesnsulawa

2.3.1.1 puauianuiudadu (Linearity property) Aaaunisi 2.14
Zlax,(n) + bx,(n)]=aX,(z) + bX,(z) (2.14)
2.3.1.2 ?]iuﬁnﬁﬁﬂ‘litﬁﬂﬂ (Shift property)

fvuald y(n) = x(n-k) k=0

nsulauwaves y(n)=Y(z) Wouunu'ld Asaunish 2.15 uaz 2.16

Yiz) = iy(n)z - (2.15)
Yg)= i x(n-k)z™" (2.16)
ko

v 3 1
fmualdszuuimdainsauilussvuuuunowoa (Causal system) AUUANNITN

2.16 ansoou 1d 1nudsaunisy 2.17 - 2.20

Y(z)= g(;x(n —k)z™" (2.17)
Y(z)=z7*[x(0) + x(Dz™" + x(2)z7 +......+ x(n)z "] (2.18)
Y(z)=z"* g;x(n)z‘" (2.19)
Y(z2)=z"*X(2) (2.20)

2:3.1:3; ﬂmﬂuﬁaﬂﬁﬂizﬁm (Convolution Property)

NNFuMIHanIsiszau
yn)="Y h(k)x(n - k) (2.21)
k=—wm

y(n)=h(n)® x(n) (2.22)
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wmsuaausa x(n), h(n) Wi x(2), h(z) 3¢ 1dmstlszau dsaunisi 2.23

Y(z)=H(z2).X(z2) (2.23)
& do o (N1 & ar =
Fawansuaauravesileandudygaluiaeiios Asmnsah 2.1
M3197 2.1 uaaanavoansiasusa
Entry ) _ Region of
b Discrete-time Sequence z-transform
number convergence of
x(n), n=0 X(2)
X(2)
1 k&(n) k everywhere
2 k k2 231
z—1
3 Jon = 7)1
(z-1)
4 i kz(z+1) kz| 3!
(z-1)°
5 e~ ke |2y e
z—e”
6 ke _ ke zye™
(z-e™)?
7 ]—e z(1-e™%) |z|>e 2
2t —z(1+e®)+e™®
2
8 cos(an) z” —zcosha |z| )1
z? —2zcosha +1
9 sin(an) e |z| )1
2} —2zcosa +1
10 e~ sin(aan) ze”" sina |2 ) e
2t ~2ze%zcosa+e
l] e*ﬂ?l COS(&??) Ze_a(zea —COSO.’) |z|>e &
22 _2ze ®cosate
12 cosh(am) 2’ —zcosha |2| ) cosher
z —2zcosha +1
13 sinh(an) zsinha |z| ) sinha
z} —2zcosha +1
14 ka" 2 |2 @
(z-a)*
k
15 k"arr oz > |Z|> a
{z=ua)
16 2|c|[p|’r cos(nZp+ Zc) 82 z.
z—-p z-p




2.3.2 glimwaiuvesmsmlasuaa

11

Fauansuuy lideios x(n) wioszuuuuyliaeion y(n) auisamouldeslusi
U o y Q Y

X(z) n30 Y(2) 18lasmauauaam X (z) 3o Y(z) fidlodaldeglugihiamdiu awse

o as 3 1 & o ]
yenswaziduanudnyuzvesdygnauazszuy 1d wu nsudsiumisves Iwauazalsuu

o é ' ] " 1
snausannilamidsluszinuuralasmstim X(z) wie Y(z) Tdudaunmsmar z uaz

idmneuwes z TihidouasluszuiunasaiFadou (Complex Z-plane) M1 z IWuA DYDY

Gond 15 unudedydnuel 0 Mz Nidludeeuvesdau Sundr Tna unududaydnuel X

#2001 ML Iwauaz s svesdya i

a® for 0<n<M-1

*(n) = 0 for elsewhere

= o o ' a [ 1
ﬂWﬂﬂI‘i]ﬂUﬂ']‘HNﬂW‘U'J'I n l.'iilgl’u‘i]'lﬂ 0 ﬁ\‘l M-1 ﬂﬁvlﬁ‘ﬁﬂﬂﬁﬁ]ﬂﬁﬂﬁllﬂﬂﬂwﬁﬂ ﬂ\‘lﬂ'nﬂ'ﬁﬁ 2.24

M-l
X()=Ya"zs"
n=0

M
X(2)= > (az™)"

n=0

a a ) a 3
X(z)=1+—+(—] +(—) + sz +(
z 4 zZ

Faaun1sn 2.26 18 1na Aaerunish 2.27

1=(az™" )
X(gy—32E 1
l—az
o M n’.: 1
U1z ﬂmﬂﬂﬂﬂﬂﬁlﬁylmzﬂ'?u
M M M M
M —a ¥ —a
X(2)=— M1 M
z" —az z" (z-a)

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

Taunsh 2.28 mwizasyuSoudud i uied s uazmwizainutoududmma

Inadezii 2.4
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Im(z)

M-1 poles

» Re(z)

51 2.4 uaasdwmismsnaInouaz¥lsdsaunish 2.28

2.4 manasusanniu

dunsudas xz) ndudly x) Ml 3 33 snsomdaulden (2-15 Tu
msinu13sensn i nauemsulasuaanniudio3uonimydiugey  (Partial  Fraction
Expansion) 397118 Taedacunms x(z) eglugihrudauden nmiuhaumsisagy14

wilaalitly x(n) Taoldansied 2.1 Wansanaumsi 2.29

-1 -2
dy +a@2” +ayz" +....tayz

X(z)= (2.29)
by +bz +byz ot by 2™
Qr o ] lé 1 ar 1 d’
mstagtaumsvniiuluaudumises Ivaluszunuuradauniosnlddsie TUi
1. n3dl Iwaddumua lidhiu aumsh 2.29 aansodagd 1ddsaunisi 230
C & G
X(Z) = BO + : =] + £ 3 F nnn +¢u] (230)
1= pz 1-p,z I=pyz
& Cyz (&
P 0 . L. ... 2.31)
=P 7P 2= Py
M C
X(2)=B,+ 3 —* (2.32)

k=1 2= Py
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1 L 4§ o 10 ' :. o { o o
2. n3di Inaoginandmiisdegdumiainiu aumsn 229 auwnsadagiasauns

N 2.33

=Tl (2.33)
(2= py )

uazA1 D, w1 lAnaunsn 2.34

1 d™

- dz

(- )" X(2).... (2.34)

¥

uadszuunIedsudaanad Tnaunnd 1 4 uazdumiaved Inasgludumiaian
1 b

fiunaz ludniu @red1uru szl Tnananua 3 @7 Ilwa 2 AsgaumuaauInuaIuon 1

o ' o " o ' 1 o = o

Fogauazdumiamssaauns luglimdautooioy 1daunisi 232 uaz 2.33 5wy

f0013 vl aaurarniuvesdyufsaumsh 2.35 Taol§35usnirydauden

-1

X =5 moams 233
yafdawes z luaumsii 235 Widuanlaoh 2/ quaaen

R 72 ~ O.ZSZz -0.375 R
ymsuoniryaudes |ddaaumsi 2.37

X6 1 W W 237)

z  (z-0.75)z+0.5) z-0.75 z+0.5

Smualiaunmsii 2.37 ffdy F(z) faaumsi 2.38

F(2) ] < G, (2.38)

= = +
(z-0.75)(z+0.5) z-0.75 z+05

w1 C, 1 (z-0.75) guaaoalumunisi 2.38 114
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I _p ,Ga(z-075)

-¢, (2.39)
z+0.5 (z+0.5)
unuA z mm 0.75 asluaumsi 2.39 18 C, Asaunisi 2.40
4
c=—1 _-2_¢3 (2.40)
0.75+0.5 5
dau ¢, mnsam 1dddinideadumsnm ¢, 1da ¢, Asaumsi 2.41
4
C=——=_2_ o3 (2.41)
-0.5-0.75 5
unum ¢, uag C, aaluaumsh 2.37 w2ld
X(=—2 0k (2.42)
z-0.75 z+05
115199 2.1 udas x(2) Tuaumsi 242 ndudly x(x) 1@dsaunsh 2.43 uag 2.44
x(m)=2"" 08z 08z } (2.43)
z-0.75 z+0.5
x(m)=0.8((0.75)" - (-0.5)") e n>0 (2.44)
2.5 wameuaneInNNdveIszuyhineiHeamanal [12,13)
fnsanflansudioTou Hiz) Saaunisi 2.45
=) =2
H(z)=b°+b‘2 T oy 2.45)

l+az" +a,z7 +...

-:; " 4 3 163)
TumsHinanouanoInIsnNuavesssuunuy ludaeniuszuny z=¢" aslu
H(z) A99UN1IN 2.46
by +be” +be " +.....

l+ae” +a,e™” +.....
1 2

H(w) =
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H(w)=H,(0)+H, () (2.46)

=1 90 Py 9/ A i‘_l o a " oA o
seiriu 18 9aunish 2.46 vxdseneudlromniduswoneSawazammiusuu
=Y A d' 1 -] s
Fadeuade lumsninanoUaueIN AN IzIUaNsAINeaNiY 2 dnYmsAe
2.5.1 HARDUAUDINNNVYUIA (Magnitude response)

° 9/ ) '3 P = Y P
dnnuldTasmsmarduyselvesaunsi 2.46 Wou ldasaumsi 2.47

|H(@)|= {H}(@)+ H] () (2.47)

2.5.2 HanoUAUDINIUNE (Phase response)

. . 4
An ldnnaunsi 2.48 Gawanouausamunaszgrunudi O(o) nie LH(o)

L H (o
O(0) = ZH () =tan™ 1{2) (2.48)
HR(a))
F10819 VI IHARDUAUBINIIANNNDVDITZ VY NABIHLDIAIFLNITN 2.49
1+
H{z)=—"2 (2.49)
Z
Sol fmuald z=¢’
1+’ 1
H(CI)) = = = 7'1“1
e e
H(@)=1+e" (2.50)

v [
0 . @ e = = 1
HAEANAUNT re’” =rcos(w)+ jrsin(@) AIUUTUNIIN 2.50 annsavoulnu’la

Faeumsdi 2.51
H(w)=1+(cos(-w)+ jsin(-w))

H(w)=1+cos(w)— jsin(w) (2.51)
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nnaumsi 2.51 v snunamiiluiiuiifie H,()=1+cos(@) 1 azduh

¥ v
WudnnuFidoudo — sin(e) ANTUHAADLAUDINVUIAIZLMAIAUNITN 2.52

|H(w)|= \m +cos(@) ] +[-sin(w)]

|H(w)| = ﬁ+ 2cos(@) +cos’ (w) +sin’ (@)

|H(o)|=+/2+2cos(w) (2.52)

nazmanpuauoImaiadou ldnnaunisn 2.48 TagiihA19 v aaz oy
FaFoUNNAUNIN 2.51 uaAd laadaunIsh 2.53

—sin(w)

O(w)=LH(w)=tan™ (2.53)

1+ cos(@)

HAZIINAUNST 2.52 uay 2.53 wondvunlaim o lure 0-z MldEouns

AN Yo 7 P
Hﬁﬁﬂﬂﬁuﬂ@ﬂ?‘l”ﬂviﬂﬂqzﬂ“ 2.5

Magnitude Response

3 T T T T T T T T T
) ......--...»...-___...L...H..d: ............................. A RO . I 2
2 ................... SRR S _E ......... decassanas desmmmman ¥ GECRE docasnenese B i -
i || RN SUNINIIE SORIOS SO - S SEERERTE SR foommnn Hossasen s .
L h SRR SRR ISR SO ST 3. SN L SRS, SR S .
[ L T T ety -
a | i | L | | | I i
0 01 02 03 04 05 06 07 08 09 1
frequency in p1 units
Phase Response
0 T T T T T T T T T
TRl A . T S R S R S S
] : ! : : : : : : :
8 : ; : e eeenn i HE—
g D2[esmeees E A e A b g T i I ]
a : : ' : ; ; ' : :
c : ! ! : ; ! i : ;
il s | R R LerscessakpEsaTG Jewsmmres e e Jemmmanna L A | —— .
a : : ! : : : ' ! !
e S Raa— e e R S g R
05 i i i ; a , . J .
0 01 02 03 04 05 06 07 08 049 1

frequency in pi units

511 2.5 HanouauRIANNAYDITEUY H(2) = —
Z




duipveayanany wizveundmanszly

§10019 IHIHARDUAUBINNMUAINAUMSHAA
y(n)=0.9y(n-1)+x(n)

Sol aunsi 2.54 annsauaaliiiu Hz) 18Racunsdi 2.5
Y(2)=0.9Y(2)z" + X(2)
Y(2)-0.9Y(z)z™" = X(z)

Y(2)[1-0.9z7|= X(2)

Hiz)= Y(z) _ 1 )
X(z) 1-09:z
unuf z = e’ asluaunisi 2.55
1-0.9¢77”

NUTUURWIZAIY

1-0.9¢7’” =(1-0.9cosw) + j0.9sinw

fimduysalasaumsi 2.56 uaziiyuasaunsh 2.57

’1 -0.9e™” | = J(l —~0.9cos®)* +(0.9sinw)’

]1 —0.9e-f°’|: J1.81-1.8cosw

Z(l "0.98_"”) = tan—l 0—9521_(_(-)_
1-0.9cosw

17

(2.54)

(2.55)

(2.56)

(2.57)


CLP10
Textbox
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¥ v ]
AAMTUANNITN 2.55 v Magnitude response AIaUNIIN 2.58 uazl Phase response
AIAUNITN 2.59
1

H(w) = 2.58
' ( )l JV1.81-1.8cosw (2:58)

O(w)=—-tan" _ 09sino (2.59)
1.81-1.8cosw

v
= o

i ldoudiunsmwanouauenmd 1ddag Ui 2.6

Magnitude Response
15 T T T T T T T T T

IHI

05 06 07 08 09 1
frequency In pi units

Phase Response

-005
-0.1
-015
02
-025
-03
-035
-04

Phase in pi Radians

frequency in p1 units

31]‘?1 2.6 Namamummmﬁumi:uu y(n)=09y(n-1)+ x(n)

d‘ e =Y
2.6 ﬂ1‘§ﬂ1Nﬁﬂi’)‘lJﬂuﬂ&ﬂﬁ"mﬂjﬂ{l']ﬁﬂ'ldlﬁ‘lﬂﬂmﬂ [12,13]
a Py " J o
'1umwmaﬁa‘uaummmnﬂ:ummqamnnmﬁmmumimummwEN Zero 1Y

Pole #4115 2.60

(z=z,)(z2—23)..L2—~2)

H(z)=K
(z-p Xz—-py)--(2—Dy)




M

H(z—zi

Hz)=K-2——

[TE-p)

unum z =e’? asluaunisn 2.60

I—[(em _'zj)

H@)=K£&—

[Te”-p)

-y

19

(2.60)

(2.61)

TumsminaneuaueinNudzAsIfmuanudidenmsm Tasunuilugauuiduy

3012990929nau5AH 1 oglugia 0—7 naumsh 2.61 Mmualvszuvil Zero uag Pole

pU19AY 2 A2 ANUANADINIMHARBUTUBIBYTYA P AgUA 2.7 HOADUAUBIANUDLTAY

Tadaaunsn 2.62

Jim ()
]
0 ﬁv P=z=¢*
U: 1 Ul
-1 6 ol &
z \ 2
2 i v, ! Re(z)
|
A #
4]
=j

U# 2.7 dedamsminansumuennud laoldiimusvinda

(" —z,)(e" - 2,)

(€’ = p)(e’ = )

H(w)=K

KU, 26, U, 26,
Vg, VyZ¢,

H(w) =

(2.62)

(2.63)
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WOISANNISH 2.63 WU U, uaz U, 19umuszoesening Zero nuya P au ¥,
uaz ¥, UNUITUZMII5ENIN Pole AUYA P AdTUKAADUAUDIN VAT IS ouumy 14

AIUNTN 2.64

UU,
VW,

oK =1 (2.64)

H@)=

dmsunanouaueIManaIzMINNYUN Zero 1A Pole YALIYA P AIAUNITN 2.65
O(w)=£LH(w)=(6, +6,) - (¢, +¢,) (2.65)

f10011 2 lFIBmasvIndsIRanauaueInNUDYeITzuY luABITl DA dUNIIN 2.66 N

A2790 de,

z+1
Higye 2t 2,66
@)= 070m .60

Sol unu z = e’ aaluaunisn 2.66 nazdnglIny

e’+1  l+cosw+ jsinw
e’*=0.7071 cosw—0.7071+ jsinw

H(w)= (2.67)

= = o o o v = o = '
Wﬂ??unlﬂu de w=0 ﬂ@uuﬂﬂj]ﬂﬂﬂ P Uu&ﬂusﬂ'ﬂ’n‘ﬂl}ﬂ 0 ﬂqzﬂ'ﬂ 2.8a Lagunum

o aaluaunsn 2.67 a2 1d

2
0.2929

=6.82820° (2.68)

[H(0) =

= T - T oo - ' T
Nnow= Z 9 P Tlx‘lf!ﬂ’JN‘lJULﬁU'iﬂU'Nﬂ'L‘!iJ Z AININHT 2.8b LAZUNUN @ :Z o

Tuaunisn 2.67 Tadaaunisn 2.69



21

T
1+cos—+jsmz

/1
H(Z)= p p=
cos——0.7071+ jsin—

4 4

(£)=M=2,61314_67,5° (2.69)
4 0.7071£90°

] o/

1 T 3.71' { ¥ w A w
MU w ‘ﬁi!ll 5, 7T JUYDIYA P 'ﬁTNUUlﬁu’iﬂﬂj\‘lﬁlﬂﬁ'l?'ﬂﬂﬁ”iﬁu 1 LA

4
519 2.8¢ - 2.8¢ MudWVAUAT H(w) UAAIAIANMSN 2.70-2.72 taznsinanouauny

L)

ANudluEae 0—7 uaasdagii 2.9

H(’—;) =1.1547.£ —80.26° (2.70)

H(%”) =0.4840£-85.93° (2.71)

H(m)=02£0° 2.72)
oT=% ol =3

oT=0

Nz

¥ ) ol =x (©)

w4

N2

)
/

(e)

(d)

z+1 - -
H(z)=——— Taul¥3i3musvindia
z—

311 2.8 M waneUAUBINNIUAYDITTUY
0.7071
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Magnitude Response
8 T T T T T T T T T
; :
6
5
4
3
2
1
0
0 01 02 03 04 05 06 07 08 09 1
frequency in pi units
Phase Response
0 T T T T T T T T T
O oo e S T SR SR
s ! : : : : E : E
8 . . . : : b : i :
g B I=a sy g e e I T y A SR 7
a ' : ' : ; ; :
o -03f----nn- . W S o bcsmesns decesesras T[T L I— (—— A -
a ! ; ] : : : ! !
£ : . : : : : . : :
B e e T R R e p .
05 i i i i .l 1 |
0.1 02 03 04 05 06 07 08 09 1
frequency in pi units
4 4 z+1
JUM 2.9 waneuauBInNUdVEITEIY H(2)=————
z—0.7071

2.7 ANUFUNUSIZHIIA NN UYNUUSTINY 2 [12-15]

@ w 3 A o a o
ANUAUNUTIZHINANUONUYNDUIEUIY z llﬁﬂ@vlﬁ’ﬂﬂzﬂ'ﬂ 2.10

A Im (2)
(z=])
3, o
KR 8 o
o
3
? oT (z=0) -
(z=-1) o, Re ()
Se T
[]
(] Y

s

4 v o ¢ 4 a
311 2.10 ANUFURUTIZTNINAMLDNUYUUUIEUI 2
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= o ' 1 ' 1 4 4
1ngUi 2.10 szmuldingm o szeglugae 0-27 wazluszuvhideiivaniwd

1 n‘: as o’: @ e o ' o ] 1 1 :
MY ANTIUANNFUNUTIEN NN NNAAULNIUTEUY 2 380G TUE 0— 7 1y

MR 2.2 ANuduiussEn e nudiuyNuusIuID 2

Frequency (Hz) w(radls) Yy 0T (rad)
0 0 0
f./8 w,/8 /4
f./4 o, /4 72
31./8 3o, /8 3n/4
f./12 @, /2 T

2.8 3931395095 av IR [12-15]

ar ar a a 4 4 J
fansosdgaransuay udinsesgduuuniisignesauuuuazaiiaiulagiens

S = o o d‘.
Avaoail lnozunsumsinu degdi 2.11 vingy

¥
Y9IRINIOI Ty

EONTIN

au

o

M2 aedyy o

o

ey I

B8

=

agihinu x@ Wudyanudunm

Yuuliidudyaadaay xm)

¥ v
uazdygrauFuavissgrdadr lifnoalumisndssana  wai ldnamsdmnudnadiy
¥
dyananfaay yin) nmivszgadsiuinivssulasdyaauduayididudyaonds

g 1Adganaudrdnmuesiinseuiludygudeguui vy

ADC x(n n t

x(t) | Input with | )‘ Digital - )‘ DAC _| Output Y
Analog| Filter sample "| Processor . Filter |Analog
Input and hold Output

v 3/
3UM 2.11 uaaalaozunsumIuveIInToAFUAYNLF Y

o a d 5 : o 1 dy
AINsouFuavezlsenoudueenlsenouNug U (Basic elements) Adan 11

s

- A2U90 (Adder)

o

- @79 (Multiplier)
- AINUN (Delay)

o

E ¥ "
TydnyalveesantsznounugIumg 3 fa Asgii 2.12
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Multiplier Adder/accumulator Delay of 1 unit of time

x(n) k x(n) _ xn) [, o
. kx (n) i O+ x(n) + w(n) : x(n = 1)

L'(n)

ci o d" 3 v g ¥ ] o a
311 2.12 uaasesndsznouiugun 3 M ldidudulsenouvesdnsousuay

aumMsNInTun10ToU (Transfer function) ¥9IFINTOUTUAY IR awsovowily

v
aums laaane 11

y k
2 bz
H(z)=—0— (2.73)
1+Y az™
k=1

VINauNIsN 2.73 swnsoii li@ouln 1 dsaunish 2.74

(2.74)

vinaunsh 2.74 i llsameuang Iminazidoulieglugdvesauniswaniald as

quNSN 2.77

Y(2)= i by X(2)z7* —i a, Y(z)z™* (2.75)

Y(z)=bX(z)+ b,X(z)z"l + ...4-17,\,){(2){’"r -aY(2)z" -...—a,Y(z)z7™" (2.76)
N M

y(n) =Y bx(n-k)-Y a,y(n—k) (2.77)
k=0 k=1

nnaunsh 277 ansothyndouiiulassadevesdanseusuay 1R ludisonn

Tnsaard 1A 1 (Direct form 1) AgUi 2.13
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y(n)
i'
by, Ay
+
. z'
by | ~au_ ]
,,,,,,,,, All —Zero System i | All-Pole System |
51U 2.13 uamslnssadednsouFuas IR HUVATI
i 73 aamaoaluaumsi 2.74 9218
W) ©
-1 -N
H(z):W(z)xb°+b‘zl o~ +szM (2.78)
W) l+az +... +a,z
-1 -N
H(z)= Y(z) :W(z)xb°+b'z_l . +sz_M 2.79)
AX(z) W2y l+a2™ *ins +ayz
X(@z)=W()+aW(2)z" +...+a,W(z)z™ (2.80)
W(z)=X@)-aW(2)z ™" —....—ay,W(z)z™ (2.81)
Y(z)= bW (2)+bW(2)z +....+ bW (2)z™" (2.82)
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vInaumsh 2.81 uazaunisi 2.82 annsah lidouilulnssadsvesdansoaFuay IR
' 1 . o { &4 i '
1@ Inmaisundt Tnsead1aunuasa 11 (Direct form 1) fa310# 2.14 @91n317 2.14 sziitu1d

o o \ gy 4 A A a o ¥
‘J‘]H']uﬂql}’lu’)\?ﬂicﬂﬂzﬁﬂaQﬂsqﬂuﬂuBLﬂUUﬂﬂTﬂﬁQﬂ'ﬁ]QllUUﬂﬁﬂ I

> o+ }_»y(n)

-
=4
e
s
0
.‘ —
\ A

i < ‘
Q -4 7 by N
F i ; > + )
‘ ¥ il
z! |
—a, [ b,

el 5]

Y

31 2.14 uaaslasaadiedanseuduay IR uuuAs 11

HAILDI0INAINS DAFUAY TR N1l IR 10U unAs e I NSauuuns 11 el 17U 1A
Q' J 0 ’ = 2 o = n{ A; 1 - ' ar o n’
muvuaziinigu lauriin (Dynamic range) ¥03dulsz@nTuINAIU na1ane maulszans lu
a0 [N = q' [ o "
mey a wilamnuazdulsedntlumen b srlinnieui Ididuilymiediannlavmmz
] ﬂl A'l a 3 = Y a Y o = [
puvluiSesvoinmstszulana aniuda laimsdsulaseasvesdInsouvaay IR 1ny

Taodaldil Tnssadrailunuuuui fagdin 2.15
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VQ

» H,(z)

x(n) H,(z)

H, (z) — +)gy()n)

U 2.15 uaaslnssaddnseusauny IR nyvvuIY

Y

Tugdn 215 wmuldd dnsesFuav R - #ill Tnseadradunuuvuiuiiee
¥ [
Usznoudaw H,(z), Hy(2),...., H,(z) waznwlu H, (z) waazaatieziilnseadiedsgli 2.16

¥
ot ¥ [ a . 3 £y 1 a
Tunmséalnssadavesdanseasuay i Inseadratluuvvuuive 1waa Ao lauriia

qrq L

vosdudszansiiantoom W hiduilam dei adueiadaudan)szuranauuugansailon
ﬂd'ﬁ; (Fixed point processor) ﬁ?mmuqﬂﬂﬁﬁuuaﬂu (Floating point processor) uaﬂmnﬁyms 0
Tnsaadravesdminseufuay IR weuddamuivadumiem laundadeamsansziinldsn
dnumznilaffomsialassadaliegludnumzAed WU (Cascade form) Aag1lfi 2.17 uaz

2.18



x(n)

gUN 2.16 uanalnssadisdesdiinsoudauay IR UYLy

x(n)=x,(n)

H\(2)

xl(n_)_

H:(z)

Xy (n)
- —

Hy(2)

y,(n)'

. (n)

y(n)

31U 217 uaaalnsaadieaansendauay IR nuud1AY

X, (n)

byo ¥ (n)

-+

U 218 uaaslnseadrsdesdnseuduay IR Ly 1Ay
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UNN 3

MIONUUUAINTDNTAUAY IIR UV Notch

3.1 N30T IR VY Single notch
HAABUAUDINIININDVBIRINTBUFAAY TIR 11UV Single notch 05U 1A 1oy

> @,

HQW):ﬁ G.1)

. otherwise

. ¢ o @ o
1o @, 70 Notch frequency uﬁxgﬂﬂamm‘lﬂmm Transfer function Y9IAINTDUFIAY

IIR LU Single notch Aou)asumasduimianiin Pole [12] uaas lddaaunisi 3.2

1-2coswyz” +z7°

H(z)=5 -
(2)=k 1-2rcosw,z™" +r'z”

(3.2)
A (= @ o o c‘l, ] A
\iio b, Ao dasvviwvesddnseaazuiaunsilinsum

®, A0 YUV Pole VUIZUI z M50 Notch frequency

r fi0 52UzY19581 I3 Pole 1A Origin

VINANNITN 3.2 92 UAUMUINITIN Pole-zero VUTEUIV z 71 3.1

o o o
5B O o

o
[N

Imaginary Part
o

& &6 6 &6
[T S )

K 05 0 05 1
Real Part

5UN 3.1 @H1aN1521 Pole-zero ¥0IAINTBUFUAY TIRIVY Single noteh nov/asuni/as

113719 L1 U4 Pole
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= o ' 1o A - | ° '
iﬂﬂjﬂ'ﬂ 3.1 %3!““1511“””93 Pole LI Zero ﬂ:ﬂgﬁ‘“l“u\“ﬂﬂjﬂu FINTIINAUIH U

q

pole-zero #9317 3.1 M muali  0,= 037 uaz r=10.7, 0.8, 0.9, 0.99 vz lAn1sADVAUDS

NNNVUIA (Magnitude response) ﬁﬁzﬂﬁ 3.2

Magntude

P ISR SN 5 V4.4

[0 1 | IO SO

0.2+ weevesforeceenecborecns YU

00 0.1 02 03 04 05 06 07 08 09 1

317 3.2 HARDUAUDINVUIAYDIFINTBUFAAY [IR LUV Single notch now/asu)aans

AU Pole

110319 3.2 AnwnaununuD (Bandwidth) Y89AIN30UFUAY TR UV Single notch
3/ as ¥ S 3 Yy 9 A Ay ¥
i]zgﬂmnqnmumuﬂs r Tﬂtjiﬂ r !Jﬂwilﬂﬂﬁlffu‘iﬂ‘lj'NH58”ﬂ111]11ﬂﬂ 1 mmﬂ’hqunu

A0 nezunvas uazlumsmiar anunwouanun  anson 1@ laolevannis

[ ]
=)

151188 [2, 4] 1azIngUH 3.2 92191897 Notch  frequency vz 0gfina1ud 0.377 Wod ug

]
=

sas1vulurrenuddiue avuassulasdasvorenanud o lumidusasiveion
-ﬂ. :A s = 1 o 4 1] @ 1 o
A0 7 Faemds r vziina laoaseae oasiveie N luauasou Taoa » TNT0AIUIN
o ] o d U a’ ' ° ' 1 1
189 ndmmiiaues Pole 1TuNMIIWAINNVUET Pole  gAI190g Tud e lumanzay

¥
YY)

&£ o a 3 o ] P 3 VoA o Y o (]
paiudasuunozdeamidiumiiaves pole Mmuzavivanlnimei ionswerlugaa
AMUDAIUTANUANNIATAY

91NN13DONULVAINTBUTAUAY IIR LUV Single notch A2035N15219A UM Pole-zero

@ a 4dap 1A o o ' ] ¥ "
Muranmsaui liinsn)dounasdiumianisng Pole 921U 1491 Pole gna19egly
o " - ' ar n’: A2 o "ﬂ 3/ “ o ' ' ° l
Arumuan Tz au(4,9] Aniudasuduasutasunasd uimuan1s219 Pole dud MUl

¥ 1 ¥ ¥
Y94 Zero 1uvz liTin1si)dvunasiatiing 1231 Notch frequency 32QNAIMUATINANHUA
{ ° ' 3 ﬂl” o ar P 4
Y03 Zero Tumsnlasuin)asdumis Pole immnzamiueusoilddsg Ui 3.3 uaziiod
msiasuiilasdumaves Pole 114 Transfer Function ¥93@305031%531a% [IR 11V Single

d:i = 1 Yo a
notch MUTUNITN 3.1 l‘UU'lJGlHIJqﬂﬂQﬁ'llﬂ’lﬁﬂ 33u0e 34
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-
new position .~

0

3UN 3.3 dumiavea pole Nigniasuuias

A 1-2 A g ?

H(z)=bh, e . M (3.3)
1-2rcos(w, + @)z +rz

A 1=2 -ie 2w

F(e™)=b, coswye ’ +e (3.4)

1-2rcos(w, +@)e”’” +rie”

e H(z) fio Transfer function ¥0IAINTDAFIAY IR 11UV Single notch
numsulasuulasfimuaues Pole

¢ Ao yuinldoulives pole

o lioas1verolus193a1udr I UTANUENLIATHIULAE ADAAABINUMITADUAUDY
. v ¥ [ v 1] '
AW AIWAVNITN 3.1 AU OATIVUINA1LD DC AU DATIVOIINANND 7 3zADITAT

AU AIAUNITN 3.5 DIAUNITN 3.9

Py _2 -J0 =240
F1(0) = b, 1-2cosw,e 7+Ge _— (3.5)
I —2rcos(w, +p)e " +rie™
~ 1-2cosm,e /™ +e 7
H(m)=b, - — (3.6)
= I -2rcos(o, +¢)e"” +rie 7
H(0)=H(r) (3.7)

- E Y
1-2cosw,e’’ +e?° 1-2cosw,e '™ +e
. =b : (3.8)

“1-2rcos(w, +8)e " +re™® T 1-2rcos(w, +¢)e T +rie T
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1+cosw, 1-cosw,
2 = 2 (3-9)
1+2rcos(w, +@)+r* 1-2rcos(w, +¢)+r
VINTUMIN 3.9 TTAUATUMITNIAL ¢ TARIaumsh 3.10
2rcos(w, +$) = cosw, +r’ cosw,
1+ 72
. :cos"( 2: cosa)oJ—mG (3.10)

Amualv w, = @, + ¢
y "‘ . ] & o a
e @, Ao yuYed Pole N IAAvuIasly A9l Transfer function vBIAINTDAFUAY IR

LU Single notch 1Wou Tadaaumsh 3.11)

1-2coswyz™" +z7°
A

1-2rcoswyz”' +r’z”

H(z)=b, G.11)

2

Mneumsh 3.11 fmuald »=07,08,09,0.99 1Az o, =03 uag b, =114 ms

ABUAUBINIVUIAAIFUN 3.4

r| D A S S R T N I
0 01 02 03 04 05 06 07 os 0% 1

UM 3.4 wanpUAUDINIIVLIAYDIAINTBUFUAY TIR 1V Single notch #ilAndoulaq

A111M14 Pole

1317 3.4 M1snldvundasdumiisuensna Pole 9871 1d HanBUTUDINIIVIIA
Y9IFINT DT 1R LU Single notch TuranudMIuTANUaUNIATAY AU DATIVLI0N

AR DC 1ag 8as1veinud 7 Bauminu uass limmsenuguidivuianiudens
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Y o VYo v ' o & a l “ - (g Ve
18 imlisuiludesmminei b, Moadugudnswoslugnanuidmuiaumastuliisng

-y ' v ° Y o o =
auideams Tunismia 5, awsomldsinmssmuald sasivers Annud ouag

A5 1900NANUD 7 A UNINY UNUAININD DC nag 77 aaluaunish 3.11

-0 -2,0
1-2coswe™” +e 2
A

1-2rcosw, e’ +rie™’

(3.12)

H(0)=b,

1-2cosme® +e 7

H(e")=b, (3.13)

A

1-2rcosw, e’ +rie ™

Mmualidniinsveenaud DC AUANUD ZHAINY & uaalddsaunisn 3.14

o 3.15

I -2cosmye™’ +e?/°

-3 ~ =k (3.14)
1 -2rcoswy e/ + r2e
1-2cosa,e™™ +e 7
b, - =k (3.15)
1-2rcoswye’™ +rie ™

VInauMsh 3.14 uagaumsi 3.15 iandagdimiiema b, 1ddsaunsi 3.16 uaz 3.17

A
1-2rcosw, e’ + rie?°
o B o
by = — (3.16)
1-2cosw,e™’” +e

A
- 2 <
I -2rcosw, e’ +r2e”

by =k - (3.17)

1-2coswe ™ +e

#19019N1DONIVVAINTDAUFAAY TIR LUV Single notch vaIMsilavuuasdimua
115214 Pole Taoimualy Notch frequency 08AMWA 0.3 7 Az = 0.7, 0.8, 0.9 1Az 0.99
sasimsverwlugaennudriuminy 1 v3ea k=1 lumseenuuulyaunisi 3.3 Heauns

#3.17 188 1mM1ian15219 Pole #9317 3.5 nazwanauaupInvuIAfIg N 3.6
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o o o
a2 o @
=

o
)

(=]

Imaginary Part

& 6 b6 6
[ )

-

-1 -05 0 0?5 1
Real Part

a ° ' o a i =l
3‘1]71 3.5 AWYMUINITINY Pole-zero U9IAINIDUTIUAY IIR LU Single notch ﬁ.‘lﬁyﬂﬂﬁ

avulaadiumuan1sNa Pole

Magnitude

0 01 02 03 04 05 06 07 08 09 1

714 3.6 wameVTUBINIIVUIAYEIRINIBUTUAY TIR LYY Single notch N 1ANMIA0Y

111238 1M1LaN132149 Pole

¥
- o =

1A 3.6 wuhwmziidnsouFuay IR Y Single notch M ldn/asuuas
AMUINTIN Pole WUNBATINMIVOIWNAIND DC wazANud 7 aunsamuguliiving

b YV
MUADN 19

3.2 MINI9UT Y IR (1UD Multiple Notch

NA9INNITIIAINTDUFUAY TIR UUY Single notch MABAIAUNUNANDUAUDINI
AMUAYDIFINTDUTAILY Multiple notch naRaseaumsA 318 wazdnihvansouFuuy
Single notch Aouiszlavuuasdumisves Pole madraudludinsensuay IR wuy

Multiple notch 9214 Transfer function AYAUNISN 3.19
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7 0 ’ ]
H, (%)= A a)z, (3.18)
1 ; otherwise
X 1-2cosw z ' + 272
H,(z)= b & — 3.19
u(@) [:,[( "1-2rcosw,z”’ +r'z"J R

MINaAUNITN 3.19 i muald o =027, w, =037 uag =07 32 ldAnanouauos

o . id
NvIA @93 3.7

oar

Magnitude

06

o4t

02r

o a1 02 03 o4 05 o8 07 o o8 1
Normalized Frequency

U7 3.7 HAADUAUBIMIUIAYBIINTBATUAY TIR LUV Multiple notch Na$1991nAIN504

19189 1R BV Single notch ApURINMIIWFoUNIaIA MUV pole

Pnaunsh 3.3 1aunsn)dvuinlasdumig Pole ¥o3AINI0UTUAY IR 1V Single

' - AII 9/ o ] a0 9 —
notch tazvIAAei eldnruquonsinisvernlusianudriulasldaunish 3.16 uay
aumsi 3.17 uazidioinadiadudinseaFauay IR 1UD Multiple notch 9218 Transfer

function AIANNITN 3.20 [5]

1

H(z)=]]

n=1

k _ -1, -2
[b 1-2cosw,z”" +z J (3.20)

"1-2rcosa@,z” +riz7?

Vnaunsh 320 ddmuald 0, =027, ©,=037 uay r=07 wld

HARBUAUDINIIULIARI3 N 3.8
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Magnitude

0 o1 02 03 [} s 0‘5 o7 O‘B 0s 1
Normalized Frequency

51N 3.8 HARDUAUBINNVUIAYDIAINTBUTUAY TIR LU Multiple notch NA319910AINTB

(T8 IR LUV Single notch vaIMIMsilavunlasinmives Pole

- 3 " o a
91314 3.7 szmuldiwaneuauBINIIVLIAYEIRINTBNFUAY IIR LY Multiple
c{ 9/ ar =y . " ci = c; o 1 o
notch NA31991NAINTOAUTIVY Single notch  noUNVZAMIMIAvuNIFH MU Pole BRI
M3VUHAUA DC, 7 1azAudNeyszn I Notch frequency 93 liausanlugu 1A img
v ¥ '
fdhuruiiingiz 31 Pole ¥99@INT0UFUAY IIR LUV Single notch  gnI19g Iudmua 1
¥ " ¥
wmnzay Bnnsdalifmned b, dmsumugusasimsvnslugie anuikiu Juunalii
% , 3 = ol T
nN3041Fa1aY IR LU Single notch vzilnanpuausinisviaiiiaiu hiauuasiusnnali
' ' ’ ¥ '
NTOAIVANEATINIVOIHANNE DC Az 7 18 naasdsglit 3.2 dnfudioinnadaily
ar = A o 3 i 1 o
#IN500F @Y 1R 1YY Multiple notch Nvz TdnanouausImsvan liansaniuguda
o o o Hy Yy Y
MsveIwNANNDAIG Aei lana1und?
a3 3.4 HARBUAUBINIIVLIAVBRINTOUTUILY Multiple notch N3 190INA
ATBUTINVY Single notch naIMIsi/avuu/asdumia Pole naziinmslgainei b, iearuny
L ) ﬂ-‘; 1 é U o L) H ] { dl
8n31M U0 Tur19n NI FaaznuoaTIM e TuganuaRIunA N DC 7
[~ 3 1 d o aa ' 1
aunsandugu ldlfiduldaiudeants 1d udedialsiain Anudnegszning Notch
] o 1w { a = Y1 oa
frequency liausanugueaINsvneldiiAuNALD DC wazanud 7 14 fadad
nIBUFAAY IR LU Single notch MITMIADMIAUAUILY WANDUAUDINIVUIANTUNIATAY
o P Py Yy ¥ d a 1 qygi
LAz IITAAIUANEATIMIVIWARALE DC naz 7 T8udanam maidhuguiiiieanan
Aumuaves Pole  Maouutlasuazaind b nlddmsunirugudasimsveislugag
a o o [ = = = o
ANWDAIL PAMIIINANUFURUTVBIBATINTVWIRWIEAANLE DC uaz 7 [4] ¥In5m
¥ ¥
ANHULTIMIZAUADNITOONLUVIRNIZAINTBAUFUAY TIR U Single notch MU 138919
na11'1d1@nseaFauay IR uUY Single notch  MitnAeMdufuNoaauiudnso it

o [ v s - ] [ w [
11 Multiple notch #1LH1v04 Pole gnosnuuy I ludnymzi lifinamwduiusdu 3
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3 i P ' [
Wuwalinaneuausimavinain 1@ Taomnizauisening Noteh frequency 8A51M150010

Tiamnsanauaud (5]

3.3 MI0ONIUUAINTBUT AV IIR HUL Multiple notch Agnanmsniinane
HAADUAUDINIIAIUD (Frequency response) UBIAINTDIFIAY IIR 11UV Multiple

Yo — . ) {
notch 1aaa IAAITUNITN 3.21 LA Transfer function LA 1AAIaUMIITN 3.22

. 0 : o,
HM(ef"’)={ - (3.21)
1 : otherwise
e 2 —
HM(Z):HHn(z)
n=|
~ 2 1-2cosw. z ' +z7°
H = b = .22
(2) 1,,—1.[ "1-2r,cosd,z”! +rfzz] G20

Mnaumsi 3.22 s 1dhdnseuFua IR 1Y Multiple notch 17n91AN1511H7
A509%FAUAY [IR LUV Single notch MW LAU TaolumsesnuuudInsoudaay IR uuy
Single notch Worhinadiuiludanseufuay IR wuy Multiple notch  93UANAIIAUAINTO
{$1a% IR 11UV Single notch 11211fe finwd DC uaziinud 7 eziisasimsveinl
MY uaﬂmnﬁyﬂzﬁ'mﬁmsm‘uqué’ﬂﬂmwuwﬁmmﬁﬁags:mﬁa Notch  frequency
WuRunMianE TuvazidinseuFuay IR 1y Single notch fi‘a"lﬂ*n:ﬁmsmm;u
§asIMsveImMEinud DC uazanwd 7 Lﬁnfuuazﬁ;aﬁﬁty%nﬂi:mmﬁqﬁaﬁansm
1¥ 9109 1R LU Single notch Fhredduiuty Sasmsvneiinnud De Al 7 uag
#7210 521719 Noteh frequency 1zd8atinuFuRuT iU Wofiai lisnsimIveniinaui
DC AMUA 7 1arfinuAsenI1e Notch frequency (@, ) ¥99AINTOAUTAAY IR DY Multiple
noteh filter MuAY I TVIAMLADINT 1A

&imualigansoudua IR 1UY Multiple notch i) Notch frequency #2131
@, 1AZANUDTNBYIENTIS Notch frequency 11U @, FufudansouFuay IR 1w Single
Notch filter R9ziinndedIguiuszdosdidrofuaead ufie Notch filter 1§93 Notch
frequency 111U @, 1Ag Notch filter 2 &afl Notch frequency AU o, dutusasmsvnud

AR YD IR INTBUFUAY IR 1Y Single notch NId09 1Az Multiple notch aas 1AA

- 1 P ' 1 Y o =
3197 1 3109 3.9 uazgUlii 3.10 daud o, uaaalddemunish 3.23
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0 <0, <o, (3.23)

M99 3.1 8a5IN3V0WNANE DC, 0, ®,,, 1AL 7 Y93 Notch filter 1, Notch filter 1az

Multiple notch filter

Gain at frequencies :
DC , o, @, T
Notch filter 1 k, 0 k, = k/a
Notch filter 2 k, - K 0 ak,
Multiple notch filter Kk, 0 Kk, 0 kk,
o a, k, ,k, Wusnai
: k

&

n

0 @ n

31/ 3.10 HAABUAUBINIIVUIAYDA Notch filter 2
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¥

o 3 Y = []
AuiumsasedanseauFuay IR VY Multiple notch 333nuiluszdvaaiis Notch
9. wa s H " 1 o o Y c‘n
filter 1 1Az Notch filter 2 IRDAMAVTARIN IdnAIVWANRNADIIAUAY MIoBNIUVILITY
910 Notch filter 1 TaoazABIMIMIMIAMNUINIGIN Pole MMINZAUAUNARDUAUDING
a & ° ' d” ' 1 - -~
yaawgli 3.9 Falumsmidumisues Pole Hvzijamsmeenidiuansdiufoyy @,
UAZITUZMINNINGA Origin 7 1AOMIMIAWY &, 92 1FauN1S Transfer function AIAUMIIA

3.24 naz 198931M5v00NA LA DC HaZAMUD 7 MUAI51N |

-~ 1-2cosw,z”" +z7°

H((z)=5 - - (3.24)
(2)=5 1-2rcosa,z"' +r’z7?
Nn08 DC unum z =¢’° 314
ﬁu (eﬂ,)zkl - I—IZ(:osa_)l +l1
1-2r,cosw, +r’
2-2
k=4 e (3.25)
1-2rcosw, +1°
“ a " jx uly
NANUD 7 UNUAT Zz =€ 9T IA
- k 1+2cosw, +1
Byt RO
a, 1+2ncosm, +n°
sk 2+ 2cosw, (3.26)

1 11 ~ 2
1427 cosw, +4°

MINETUNIN3.25 uazaunsi 3.26 munsaiundagyIntdiionim cosad, uay @, 18

AIUNIIN 3.27 DIauNITN 3.29

2-2cosw, 2+2cosm,
ki :bl . > :albl ~ 2
1-2rcos@, +r’ 1+2rcosm, +r,
2-2cosw, 2+ 2cosw,

-~ 3 1 ~
1-2rcos@, +r; 1+2r,cosd, +r]
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(’iz +1)(al —1+C05a)| +a1 Cosa)|) (3 27)

cos@, =
2r, (a, +1-cosw, +a,cosw,)

a, —1+cosw, +aq

COS®W, o & = - "y
AU cosd, annsnoulniladsaums

Amuald [ =
a, +1-cosw, +a,cosw,

13.28

_ (.‘rl2 + I)
cos@, = A (3.28)
2n
rt+1
@, =cos™ (r )1, (3.29)
2r,

WA cos@, MNANMSIN 3.28 unumaaluaunisi 3.24 9218 Transfer function Y04

Notch filter 1 1A MauN1I5H 3.30

1-2cosw,z”' + 272

(3.30)
1- (r,2 +1)I,z'l +riz7?

Hlay=4,

MNAUMSN 3.30 UNUAIANNDNIAY DC, 7 uaz @, 1aaaunisi 3.31 Beawumsi

3.33 @ua1AY

k—b 2-2cosw, (3.31)

l 1—(1",2 +1)lI +?‘|2

2+ 2cosw,
k, =a,b,2—'2 (3.32)
]+(rl +l).!'I +r

= ~Jo, -2 jo,
k =b 1-2coswe ™ +e (3.33)

1 _ -
]—(rl2 + l)i,e 1 g prei%

o o 1 o 1 F o ar o = =)
Sdvuae lezdimsmin . Taslumsmazldanudunusyosaunsi 3.31 1o
4 &0 ; ; 4
qun1si 3.32 aumslaaumsnilanuaunish 3.33 Wonldaunish 3.31 uazninaunisi 3.31

wazaumsi 3.33 WniagdImilieglugdaiduysel (Absolute) Tddserun1sh 3.34 nag 3.3



2
2 _ 2-2cosw, ‘
=t I——(r,2 +])1I +rf|
lk 2 _lp 1-2coswe™’™ +e2/™ |2
1 L

l—(r,2 4 l)[,e * 4 ple i

VINAUNITN 3.34 taz 3.35 thuuou Ini 1ddsaunish 3.36, 3.37 uag 3.38

2-2cosw,
(1) 4R

2
|k[| - b 2 _-2jm,

2 2
|, 1-2cosme™ +e ™ '
"1
l~(r,2+l)1,e FE e

Q-20ma) o RN X,

q =
A=+ 220+ 0+ R+ 45, +r 47, 4 Y,

(2-2cosp)” XX+ X,

=12 +220-12 ++17 By 4%+ 147 + Y

1 4 3

X =X ((cos 20, —1 cosw,_)’ + (I sinw, —sin 2(0c)2)

4]

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)

X, =2X,((cos2a, —1I cosw,)(1-1 cosw,) + (I sinw, —sin 2w,)(/, sinw,))

X

= X4((]“1. cosw, ) +(I, sina)f)z)

X, =(1-2cosw, cosw, +c0s2w,)’ +(2cos @, sinw, —sin2w,)’

Y, =(cos2m, —I cosw,)" + (I sinw, —sin2w,)’

+ 2(cos2w, -1 cosw, )2 (I, sin o, —sin2m, )?

Y, = (cos2w, —1 cosw,)'(1-1 cosw, )+ (I sinw, —sin2w,)*(/ sinw,)

+ (cos2w, -1 cosw.)(1-1 cosw,)(/ sinw, —sin 2(:)0)2

+ (cos2w, =1, cosw, )’ (I, sinw, —sin2w,)(/, sinw,)



Y, =8((cos2m, —1 cosw,)(1-1 cos @, )(/, sin®, —sin 2w, )(I, sinw,))
+6((cos 20, -1 cosw,)’(1-1, cosw,)’ + (I, sinw, —sin20,)’ (| sinw, )’ )

+2 ((cos 20, -1 cosw,)’ (I cosw,)’ +(1-1 cosw,)’(, sinw, —sin 2@,)’ )

Y, =(cos2w, —I cosw,)(1-1 cosw,)’ + (I sinw, —sin 2w, )(/ sinw_)’
+(cos2m, -1 cosw, )(1-1 cosw,)(I sin w,)’

+(1-1 cos coc)z(ll sinw, —sin2a,)(I sinw,)
Y= 2((1 ~l cosm,) (I sinm,)’ )+ (1-1 cosw,) +(I sinw,)’
ynaumsi 3.38 Sagd Imiienma 7 18saumsi 330
(X, A=) -Y@2-2cos@)) + 1 (X, + X,)1-1) -4Y,(2-2cos @)’ )+
r((X,+2X,+ X)(1-1) =¥,(2-2c0s0) )+ 17 (X, +2X,)1-1) -4Y,(2-2cosw,)’ )+
(X,0-1) - Y,(2-2cos®)*) =0 (3.39)

C: ¥ 1 ‘3‘ 1 -3 ] é 1

NnauMsi 3.39 wunm 4 imldnamsudaumsznunimeeuinnnimiem

v u§1uIU05e (Real number) azv1an19ziilus MBI OU (Complex number) uA
v Ed

fpouiiuiaieves r Wuvzdoaildszuy Stable Taodumiian1sae Pole vzdoteyly

o a4 ' a Ql: o | VoA ° a a

2nauiainiamie [12-15] Aniudeduiludeadendr » mwzamndiusmousTwaziinm

3 3 & 1 n’:‘ o o LY 1 = 4 o [ -

Wesnimilaviniu Sdugamorziiunmsmisinegd b Favzirlaounu 7 a sluagunisi

3.25 n3eaumsn 3.26 uazdagliniuaaslddaaunsi 3.40 nazaumsi 3.41

~ 3
b=k 127 cosi@, + 1 (3.40)
2-2cos o,

bz:£x1+2rlcosa"),+r,2 _—_
a, 2+2cosw,
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difmuali Noteh filter 1 1if1 Notch frequency 0, =027, 0, =0257, k=1 uag

a,=0.7,0.8,0.9,0.95 v ldnanouauosmevinadsgiii 3.11

Magnitude

— a1=07
— al=038
— a1=09
— al1=095

o o1 02 03 04 05 06 07 03 08 1
Normalized Frequency

3UM 3.1 HaRBEUAUBINIAYUIAYDS Noteh filter 1 7N @, =0.7,0.8,0.9,0.95

ar

91317 3.11 sziu ¥ hiinmd o, o, uoz 7 ol AsIMIVILATINNTTIMUA
wazlumsnavulasm g, Wisuniulaeiinudalndnils szdawald Bandwidth ves
Notch filter HAVAY 1{LMUI0AMNNAINGT g, 92HaTAUATIRD Bandwidth Y93 Notch filter
Sunmnsi a, 131 Bandwidth factor : BIVF 1az@M5uUM380n1U Notch filter 2 3o

18 udnyuziAuIfUN19BNIUY Notch filter 1

3.4 M29E1INIVONIVUAINTDAUFUAY IR UV Multiple notch

fmualiiansoudaay 1R LUU Multiple notch IHAADUAUBINWIANUDAINANNT

#i 30 uazilan BWEF =0.7

0 ; w=027,037

1 3 otherwise

H(e®) = { (3.42)

MINAUMST 3.23 Heni o, = 0257 uaznnased 1 eldm k =1, k, =luaz
A1 BFW =a, = 0.7 Notch filter 1 &M w, =021 49U Notch filter 2 9£3A1 w, =037
aniulaunisf 3.24-3.41 M1 Transfer function 493 Notch filter 1 t1a2 Notch filter 2 14#1

' N ¥
AUMIST 3.43 LASANNITN 3.44 AIUHARDUAUDININVUIAYDY Notch filter NaapuIan 1A

JUN 3.12 uaz 3.13



-~ 1.150437-1.8614462"' +1.150437z"

H. (z 343
(2) 1-1.237098z7" —0.676525z"" —

7.2y - 0.663712-0.780240:" +0.663712" s
: 11231882z +0.7790662 -

Magnitude

R TR R T R L TR
Normalized Frequency

31]171 3.12 HARDUAUDINIIVUIAUDY Notch filter 1 AIUHANNITNUNAUD

Magnitude

o a1 82z o3 04 05 o8 07 o8 08 1
Normalized Frequency

317 3.13 HOADUTUBINIIVUIAYD Noteh filter 2 MUNTNMTNUNTUD

i ¥ &
159111 Notch filter ﬁ'aﬁmmﬂaﬁmuauﬂﬂﬁﬁumi Transfer function UBININTDIUW
U1 Multiple notch  A3aUN15N 3.45 @IUNITINAUNUY Pole-zero HATHANDUTUDINI

w119 waae IdaagUi 3.14 uaz 3.15

0.763559—2.133080z " +2.979492z7% —2.133080z +0.763559z""

-l 9 -2 -3 —4 (3.45)
1-2.468980z"" +2.979551z 1.797181z7 +0.527058z

H(z)=
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08 ©
[ x o
x
oo
& o2t
z |
B 1
l?'ﬂ!?‘
E |
ncu:r
-as![ : o
ae}t o
- -1 -0‘5 6 i 0s - 1
Real Part
310 3.14 7152198 WMUA Pole-zero YBIAINTBAFUAY IR 11V Multiple notch HDONUVLAN
HanMINILaUD
16
12
3
g
g
=

01

02

03 04 05 o8 o7
Normalized Frequency

o8 o9 1

314 3.15 waREUAUBINIIVIAVBININTDUTIAY TIR UUY Multiple notch NOBANUUAM

HanNMINUUAUD



UNN 4

Hanmsnaaedazmslszyna

4.1 wamsnaassmsifSeunsussnnananmsiaununanmsntinaue
Turiadeiive Tsunsy MATLAB adndansousauay IR wu Multiple notch A2y
wanmsiviiaue  nSvuifvurarunisaiediondnnisin Tasdanseufuay TR wuy
Multiple notch ﬂ%’nifuil:ﬁf]mﬁnﬁﬁmnﬁunﬁﬁ 342 unzdmualdm o, =0257,
BWF=0.7,0.8,0.9 11z 0.95 12 18&1M1am15919 Pole-zero tazf1 77,5 uaz b, st
41 uagmsadt 4.2 vintiuszinsadudanseadany TR Multiple notch MUMANNTS
Auneuiazndimsaouudasdumiia Pole amaumsi 3.19 uaz 3.20 nazlda 7,7, 10
AT 4.1 1azAIs i 4.2 IFUREITUFIHOABANDINIUIAYBIAINIBAFUAY TR LUy

. a Yy o a o a o Y o P =2 o
Multiple notch ﬂﬁ'i’l\?ﬂ')ﬂﬂaﬂﬂ']ﬂﬂuua3ﬂﬁﬂﬂ]5ﬂu“ﬁuBllﬁﬂ\flﬂﬂ@iﬂ‘n 4.1 mgﬂ'ﬂ 43

M 3191 4.1 R WNUIUBY Pole-zero AzA by, 7 UBI Notch filter 1

BWF Notch filter 1 : @, =0.27

(al) Pole Zero h b,
0.7 0.619+0.542; | 0.809+0.587; 0.823 1.150
0.8 0.664+0.540; | 0.809+0.587/ 0.856 1.058
0.9 0.71420.546; | 0.809+0.587; 0.899 0.994
0.95 0.745+0.554; | 0.809+0.587 0.928 0.975

A19197 4.2 MUMaves Pole-zero Liaze b,,r, Y94 Notch filter 2

BWF Notch filter 2 : @, =0.37

(al) Pole Zero r b,
0.7 0.616£0.632; | 0.587+0.809/ 0.883 0.664
0.8 0.585+0.665; | 0.587+0.809/ 0.886 0.744
0.9 0.567+0.709; | 0.587+0.809; 0.908 0.838
0.95 0.564+0.741; | 0.587+0.809/ 0.931 0.975
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— a1=07
11— a1=08 [

a1=09
— a1=095

e1:) Ojl 02 03 04 0‘5 08 017 08 09 1
Normalized Frequency

JUN 4.1 WOADUAUBININYUIAVBIAINTOUTUAY TIR HUY Multiple notch NOBAUVUATY

nanmaunoumMslasunlasdumiuinisg Pole

04-
— al=07
02 al=08
al=09
a1=095
0 i H i i
03 04 05 06 o7 08 09 1

0 01 02
Normalizeed Frequency

3N 4.2 WARBUAUDINIIVUIAYDIRINTBUTUAY TIR LUV Multiple notch NOBALLLAILY

wanmMaunoumslasunlaidruanisna Pole

co 0‘1 0.2 03 04 0:5 086 o7 0.8 [15:] 1
Normalized Frequency

3N 4.3 WaREUAUBINIVLIAYBIRINTOUTAUAY TIR LU Multiple notch NOBALLLAM

nanmsniuaue
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3/ a Y ar o -

4.2 MIasNIIMmIEMIlszinanadygastuay

Y v
luratisgdhinsadedinseaduay IR wuy Multiple notch MmuManMISNINAUD
fwueimlszuronadyanmataea  TMS320031 [17-20] leesdwmuald o, = 50Hz
]

w,=100Hz ®,=75Hz BWF =095 uay Sampling frequency f, =800Hz #1z'ld
Transfer function MNANMIN 4.1 wWampUAUBINIVUIANT AR TYsUNTY MATLAB
tlﬁﬂﬂﬁ\‘lgﬂﬁ 4.4 nazafuesaindunies Dynamic signal analyzer Agilent 35760A IIE7A4AY
37 4.5 Az 4.6 uamsvesalszuanadyguAtnea TMS320C31 LAZIATEY Dynamic

signal analyzer i 1942 1M1INARDA

0.873896 —2.850625z™" +4.03193627* - 2.850625z + 0.873896z™* @.1)
1-3.057892z7' +4.031558z7 — 2.643359z™° +0.747627z™* '

H(z)=

>

L)
T

o
s =
— T T 1 j T

Magnitude
=

o
-

o
[

100 150 200 250 300 350 400
Frequency

a2
a
-]

JUN 4.4 HaREUAUBINNVLIAYEIFINTDUFUAY TIR LUY Multiple notch NoBAUUUAN

wanmMIniuaueiiasinsiuals lilsunsy MATLAB

Freq Resp 2:1
1.4

Magnitude

0
0 Hz 400 Hz

3N 4.5 womBUAUBIMIVUIAYBIAINTBUTUAY TTR HUY Multiple notch NDOAUUUAILY

ar A o a o ar aa s A
ﬁanmwuuﬁuaﬂ%’nwaﬁ’wummhzmaNamytmiummmmz’mﬁ"wmiEN

Dynamic signal analyzer
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A A v o

1l 4.6 veimlszinanadyauAinen TMS320C31 HAZIATEY Dynamic signal analyzer #

Fvuziminanns

43 maszgnalumsaamendaanasumuiitzhunfudyananiuliihvle

luaii sz naneni@NsouFuay IR Ly Multiple notch fadraduaumdnmsi
diaueluiaden 4.2 WAANDUAYYIUIN Power line AC [10] ﬁﬂ:ﬂumﬁ'ﬂﬁtgigm
A I 19 Electrocardiogram : EKG) Tausmualidyanundu Infinialeiidyanann
Power line AC A2 50Hz az 150Hz Uzlueg waminaaeuaaslddegit 4.7 wazangil
i 4.7 Upper trace uarnsdgygnanau Ifnialait lufinisUsauvesdoyaa Sine, Middle trace
warnsdygnanay i leiifidyga sine Ad 50 Hz uaz 100 Hz vuim 0.5 v, sy
1ag Lower trace HAAINAN3 19AIN30UFUaY IR LUV Multiple notch fieenuuumunanms

Mminaue aaneudyg u Sine Nzlumndudygruaau il

W 1 ———————

Chi Ampl
1.28V

K i ! A \ A L LA L “h3 Ampl
ol R P A

Ch4 Ampl
1.26 V

D.............—-—.., :M _,.......r"\—-q
o ! ' Chd Freq
1.001 Hz

Chil o0V | M 200ms A Chi J-40.0mV.
chijl .00V @} 100V 26 Jun 2006
11:28:28

3UM 4.7 waaaneudgyarusumuilzuindudygranaulndiiale



=
Unns

aglwamInaaes

P a ) a 4 @ o
2INNIINAABINYIIAINITDUTAUAVUUY Multiple notch  NQAASNYUAWHANMTN
v ' ' [
UNTUeY  HEABUAUDINNYMIATNIINNIUANEATIMIVILRANNE  DC  Anudiey
1 - Vet -ial 3/ & Y e oA
3¢9 Notch frequency (@, ) Hazn MU0 7 Tlivuanuindeans 18 sz Iinandniuile
o [ a v d " ar io o '
WS ouMoununanmsian TUNMEANUIMANMI NI UTUDTIITONIAUNUINITIN Pole
Y0IHINTOUFUAVUVY Multiple notch 1Aot1ausudmazmanzay uavonalsfaiu nannsi
° A:lydm a3 o o 1 A Y a o d ° y:
vaueiingaiidesiiaeguissznmsie 1IMsMNTIUIY Notch frequency Nz lvidunsu
o 1 s - =1 o J
MIMIANUINITIN Pole VOIAINTDUTAAVLUY Multiple notch filter HAINFUFOULINYY
[ : o -] ad a e a 9§ ¥ L} b
gaiunuamalumsianidenie MiIsnuasiamaas nANuFUFoUpouaziui 111%
¥ ¥ ¥ ¥
TumIf IR N0 Pole NatitiWonazyi 1fin1sMus 119U Notch frequency @150
o 9 J o = " A da aa & A 1 A da
Asei lAdwin  HazuUINIIMIRAIBNBY 1IN TANABIT NS ¥AFuIN a3 DN TIaNAD
a ' ' ' 4 ' " w a1 3 o
ABMIBABUAIMUNINGN (Group delay) FIAMUIINGUTIZUUTHAAUANVAT Bandwidth ¥DIA7
N30UFUAY TIR 11UV Multiple notch na1Aviile Bandwidth iAnioy vedanalimmiangy
o o o & o '
nn aniudygiufidunszuaumsnsesssdealdaszeznilsgldyapaiadiganiae
) & a = d yu ' ad o U
510500 (Stable) FaTudnoniinus s i ldieusitmsvaoaainan

.
] o A

dmsumsasiasidsdanlsanadnlsananadygiaFaaviidandessz el

° £ 5 W a ) a0 Y]

mssmualyl Bandwidth ¥89RIN50UTUAY TIR 1YY Multiple notch Ha1tiy vxiiuwald
ar = =~ s = 9 9 A ot o’: ﬁ!‘ o v 3 at as

duilszansvoadanseslnutnlnduiionng  aduiwdorh ldadedeanlszuianadyyio
%} . i : ¥ o

\FUAVIUY Fixed point WaRdLANBINIILIADIRzAANA Tilinnuuiui Metlilesnin

@ 1 = Y o a . . & o
MsdaRMATuNYDRI1sEuIaRATURNIMFUAVIDY Fixed point AauuImaud lunszi 14

aad 4

» .
a0937 [21] fafine F5nnilaldmatianadiu Software 191970 Fniaoalilsulnseadeves

o o =

@ 1 Vo u’-:r 3) & s @ a
fansealnd wadmsuInoiinusi 1819 T™™S320031 Fadludanlszuanadyyinduay

v '
o

LY Floating point A4t UNARDALBINIYLIAN IADTANMINLIAT azIIudIZ



(1]

(3]

[4]

(5]

(6]

(7]

(8]

(9]

[10]

51

UITUIYN TN

Craig Marven, Gillian Ewers, “A simple approach to digital signal processing” John wiley &
sons,1996.

C.-C. Tseng, S.-C. Pei, “lIR Multiple Notch Filter Design Based on All-pass Filter,” IEEE
Trans. Circuit and Systems-II: Analog and Digital Signal Processing, vol.44 no.2, pp.133-
136, February 1997.

C.-C. Tseng, S.-C. Pei, “Stable IIR Notch Filter Design with Optimal Pole Placement,” IEEE
Trans. Signal Processing, vol.49, no.11, pp. 2673-2681, November 2001.

S.Yimman, W.Hinjit, S.Sriboonsong, M.Puangpool, K.Dejhan”lIR Notch Filter Design with
Modified Pole-zero Placement Algorithm,” The IEEE International Symposium.on Signal
Processing and Information Technology (ISSPIT 2003), Darmstadt, Germany, December
2003.

S.Yimman, W.Hinjit, W.Ussawongaraya, P.Thoopluang, K.Dejhan “Design and
Implementation of IR Multiple Notch Filter with Modified Pole-zero Placement
Algorithm” International Conference on Control, Automation and Systems (ICCAS 2003),
Gyeongju, Korea, October 2003.

Hirano, K.; Nishimura, S.; Mitra, S, “Design of Digital Notch Filters,” IEEE Trans
Communications, vol.22, pp.964-970, Jul 1974.

Soo-Chang Pei; Chien-Cheng Tseng, “A technique for transient suppression of IIR notch filter,”
IEEE International Conference on Acoustics, Speech, and Signal Processing, Vol. 3,
pp 209-212, April 1994.

Chien-Cheng Tseng; Soo-Chang Pei;” Complex notch filter design using allpass filter,”
Electronics Letters, Vol.34, pp 966-967, May 1998.

Yimman, S.; Praesomboon, S.; Klunium, S.; Navarattara, S.; Dejhan, K.;” Two-Pole Band-pass
Filter Based on All-pass Filter,” The IEEE 2005 Fifth International Conference on
Information Communications and Signal Processing, Dec 2005.

Casper, B.K.; Comer, D.J.; Comer, D.T.;” An integrable 60-Hz notch filter,” IEEE Transactions
on Circuits and Systems II: Analog and Digital Signal Processing, Vol.46, pp 74-77, Jan

1999.



(11]

(12]

[13]

[14]
(15]

(16]

(17]
(18]
(19]

(20]

52

Jackson, L, “Roundoff-noise analysis for fixed-point digital filters realized in cascade or parallel
form,” IEEE Transactions on Audio and Electroacoustics, Vol.18, pp 107-122, Jun 1970.

J. G. Proakis, D. G. Manolakis, “Digital Signal Processing Principle, Algorithms, and
Applications,” Prentice Hall, 1996.

A.V.Oppenheim, R.W .Schafer, J.R.Buck, “Discrete Time Signal Processing,” Prentice Hall,
1999.

S. K. Mitra, “Digital Signal Processing, A Computer-Based Approach,” McGraw-Hill, 2001.

S. J. Orfanidis, “Introduction to Signal Processing,” Prentice Hall, 1995.

R.Chassaing, “Digital Signal Processing Laboratory Experiments Using C and the TMS320C31
DSK,” John Wiley & Sons Inc, 1999.

TMS320C3x User’s Guide, Texas Instruments Inc., 1994,

TMS320C3x DSP Starter Kit User’s Guide, Texas Instruments Inc., 1996.

TMS320C3x/4x Optimizing C Compiler User’s Guide, Texas Instruments Inc., 1998.

Digital Signal Processing Applications With The TMS320 Family, Vol.l Texas Instruments

Inc., 1987.

v o .—: o o aa
qIinuT - tuuu. “fﬂ'iﬂﬂﬂLlUULlﬁﬁiﬁ%’Ni3UUIIS:,’ll'lﬁﬂﬁﬂﬂjﬂnﬂ!ﬂi)ﬂﬂﬁlllm‘l}u'lu."

Imnssumansumtuga @v13a03550 I Tasiainede, aonfumalulad

NILIDUNTLUATIMIID, 2541



NMARNHIN

a Yo '
HANHN AS UM SINEINS



54

K. Dejhan S. Yimmun A. Trirat F. Cheevasuvit “ TMS320C31-Base Narrow-Band Noise
Rejection Kalman Filter Implementation” IEEE International Conference on Industrial
Technology. 11-14 December 2002 Shangri-La Hotel, Bangkok, Thailand.

S. Yimmun, W. Hinjit, P. Komonchaisak, W. Bholsithi, P. Tosranon, P. Yoongsuntia “Design
and Construction of an ECG Monitorvia Network System” Conference on Internet
Technology 2003 & Workshop on UniNet Network and Computer Application 10" 12-20 May
2003 Asian Institute of Technology, Thailand.

S. Yimmun, K. Dejhan, S. Soommart, W. Hinjit, C. Pradabpet “Design and Implementation of
symmetry Digital Notch Filter Using Least Square Approximate” Third Asian Conference on
Industrial Automation and Robotics May 8-9, 2003 Bangkok, Thailand.

S.Chivapreecha, K. Dejhan, F. Cheevasuvit, C. Pradabpet, S. Yimmun * An Optimal Multi-
band Digital Filter Design-Based Spline Transiton Function Technique” International
Technical Conference On Circuit/Systems, Computers And Communications 7-9 July 2003
Phoenix Park, Kang-Won Do, Korea.

K. Dejhan, S.Chivapreecha, S. Yimmun, W.Hinjit, C. Pradabpet “Design and Implementation
of Multi-Narrow Band Digital Filter” International Technical Conference On Circuit/Systems,
Computers And Communications 7-9 July 2003 Phoenix Park, Kang-Won Do, Korea.

C. Pradabpet, S. Yimmun, W.Hinjit, S.Chivapreecha, K. Dejhan “Design and Implementational
of Biquad Digital Filter” The 9" Asia-Pacific Conference On Communications (IEEE) City
Bayview Hotel, Penang, Malaysia 21-24 September 2003

K. Dejhan, P. Thoopluang, S.Yimmun , W.Hinjit, W.Ussawongaraya “ Design and
Implementation of IIR Multiple Notch Filter with Modified Pole Zero Placement
Algorithm” International Conference on Control, Automation and Systems (ICCAS 2003) 22-25
October 2003 Gyeongju TEMF Hotel, Gyeongju, Korea.

N. Eawsakul, N. Watjanathepin, A. Namahoot, M.Puangpool, S.Yimman “Implementation of
PI Controllers with the FPGA” International Conference on Control, Automation and Systems
(ICCAS 2003) 22-25 October 2003 Gyeongju TEMF Hotel, Gyeongju, Korea.

S.Yimman, W.Hinjit, S. Sriboonsong, M.Puangpool, K. Dejhan * IIR Notch Filter Design With
Modified Pole Zero Placement Algorithm” The 2003 IEEE International Symposium on Signal

Processing and Information Technology 14-17 December 2003. Darmstadt Germany.



10.

11.

12.

13.

15.

17,

=]

N.Whamook,S.Yimman,M.Puangpool,S.Chivapreecha,K.Dejhan “Speed Sensorless DC Motor
Using Kalman Filter” International Conference on Control, Automation and Systems (ICCAS
2004) 25-27 August 2004 The Shangri-La Hotel Bangkok Thailand.

S.Klunium,S.Praesomboon,W.Hinjit,S.Yimman K.Dejhan “Adjustable Phase, Discrete Time
Sinewave Generator” International Conference on Control, Automation and Systems (ICCAS
2004) 25-27 August 2004 The Shangri-La Hotel Bangkok Thailand.

S.Praesomboon,S.Klunium,S.Sriboonsong,S.Yimman,K.Dejhan “Implementation of IIR Notch

Filter on FPGA” International Conference on Control, Automation and Systems (ICCAS 2004)

25-27 August 2004 The Shangri-La Hotel Bangkok Thailand.
W.Bholsithi,S.Yimman,W.Hinjit,K.Dejhan “Real-Time QRS Detection Using Wavelet Packet
Transform” International Conference on Control, Automation and Systems (ICCAS 2004)

25-27 August 2004 The Shangri-La Hotel Bangkok Thailand.

. P.Piriyawirut,K.Dejhan,S.Yimman,W Rattanakoch “Performance Analysis of CDMA System

Integrated Voice” International Conference on Control, Automation and Systems (ICCAS 2004)
25-27 August 2004 The Shangri-La Hotel Bangkok Thailand.

S.Chivapreecha,N.Ronnarongrit,S.Yimman,C.Pradabpet,K.Dejhan “Multiplierless Digital PID
Controller Using FPGA” International Conference on Control, Automation and Systems

(ICCAS 2004) 25-27 August 2004 The Shangri-La Hotel Bangkok Thailand.

. N.Eawsakul,A.Thoopluang,M. Puangpool,S.Yimman “A Modified Floating-Point Format for

Implementation of FPGA” The Embedded Signal Processing Solution Event 27-30 September
2004. Santa Clara Convention Center, Santa Clara ,CA USA.

K.Dejhan,P.Muangnual,P. Piriyawirut,S.Yimman,W.Rattanakoch “Reverse Link
Analysis of CDMA System Supporting Heterogeneous Traffic With Different Velocity
Users” The IEEE International Symposium on Communications and Information Technologies

2004 (ISCIT 2004) October 26-29, 2004 Sapporo Convention Center, Sapporo, Japan.

. S. Yimman, W. Hinjit, P. Desyoo, W. Bholsithi and K. Dejhan, “Wavelet packet transform

applications on QRS detection,” Proc. of the 4" TEEE International Symposium on Signal
Processing and Information Technology, Jolly Hotel-Vittorio Veneto, Rome, Italy, December

18-21, 2004.



19.

20.

21,

22,

23.

24.

25.

56

S.Klunium, P. Desyoo, S. Yimman, C.Pradabpet, K. Dejhan, “The Implementation of an
Adjustable Phase Digital Sine Wave Oscillator,” Proc of the 2005 RISP International
Workshop on Nonlinear Circuits and Signal Processing, Waikiki Beach Marriott Resort Honolulu,
Hawaii, USA, March 4-6, 2005.

S. Praesombool, P. Desvoo, S. Yimman, A.Thoopluang, K. Dejhan, “Real Time Multiple
Output FIR Filter Design,” Proc of the 2005 RISP International Workshop on Nonlinear
Circuits and Signal Processing, Waikiki Beach Marriott Resort Honolulu, Hawaii, USA, March
4-6, 2005.

S.Jongsataporn, S. Yimman, C.Pradabpet, A.Thoopluang, F.Cheevasuvit, “Real Time ECG
Compression/Decompression System with Multirate Digital Signal Processing,” Proc of the
2005 RISP International Workshop on Nonlinear Circuits and Signal Processing, Waikiki Beach
Marriott Resort Honolulu, Hawaii, USA, March 4-6, 2005.

S. Sriyapong, S. Junnapiya, S. Yimman, S. Chivapreecha and K. Dejhan, “IIR notch filter
design using quadratic programming for removal of ECG baseline wander,” Proc. The 2005
ECTI International Conference (ECTI-CON 2005), Pataya, Thailand, May 12-13, 2005.

S. Yimman, M.Deeudom, J.Ittisariyanon, S.Junnapiya, K. Dejhan,”An Implementation of
Discrete Mathematical Model for ECG waveform,” Proc of the 2005 International Conference
on Control, Automation and Systems (ICCAS 2005), KINTEX , Gyeonggi-Do, Korea, June 2-5
2005.

S.Chivapreecha, K. Dejhan, S. Yimman, “ Design of IIR Notch Filter for Removal of Baseline
wander and Power Line Interference from ECG Signal,” Proc of the 2005 International
Conference on Control, Automation and Systems (ICCAS 2005), KINTEX , Gyeonggi-Do, Korea,
June 2-5 2005.

S. Yimman, P.Boonsompong, S. Praesombool, K. Dejhan, P.Srisangngam ,”TMS320C31-Based
Real-Time QRS Detection,” Proc of the 2005 International Conference on Robotics, Vision,
Information and Signal Processing (ROVISP2005), School of Electrical & Electronic Engineering,

Engineering Campus, Universiti Sains Malaysia, July 20-22 2005.



26.

27,

28.

29.

30.

31,

32.

57

S. Yimman, S.Siramanee, S.Klunium, K. Dejhan, P.Srisangngam, ”Constrained Bandwidth IIR
Notch Filter Design With Improved Pole-zero Placement Techniques,” Proc of the 2005
International Conference on Robotics, Vision, Information and Signal Processing (ROVISP2005),
School of Electrical & Electronic Engineering, Engineering Campus, Universiti Sains Malaysia,
July 20-22 2005.

S. Chivapreecha, S. Yimman, C. Pradabpet and K. Dejhan, “FPGA implementation of multi-
functional digital filter based on non-recursive scheme,” Proc of the 2005 International
Conference on Robotics, Vision, Information and Signal Processing (ROVISP2005), School of
Electrical & Electronic Engineering, Engineering Campus, Universiti Sains Malaysia, July 20-22
2005.

C.Uakarn, N.Eawsakul, A.Thoopluang, S.Yimman and T.Rung-ruangkijkrai, “Implementation
Eighth Order IIR Filter using FPGA” The Embedded Signal Processing Solution Event 24-27
October 2005. Santa Clara Convention Center, Santa Clara ,CA USA.

S. Yimman, S. Praesomboon, S. Klunium, S. Navarattara and K. Dejhan, “Two-pole band-pass
filter based on all-pass filter,” Proc. The 5" IEEE International Conference on Information,
Communications and Signal Processing (ICICS 2005), Bangkok, Thailand, December 6-9, 2005.
S.Anumas, S.Yimman, S.Klunium and K. Dejhan, “The Implementation of Discrete Time
Sweep Sine Oscillator” The IEEE International Symposium on Communications and
Information Technologies 2006 (ISCIT 20_06) October 18-20, 2006 Grand Mercure Fortune Hotel,
Bangkok, Thailand .

W.Kusathitsiriphan, S.Yimman, C.Suwancheewasiri and K.Dejhan, “Automatic ECG
Characteristic Analysis Using Wavelet Packet Transform” The IEEE International
Symposium on Communications and Information Technologies 2006 (ISCIT 2006) October
18-20, 2006 Grand Mercure Fortune Hotel, Bangkok, Thailand .

S. Yimman, K. Dejhan,* IIR Multiple Notch Filters Design with Optimun Pole Position,”
Journal of Signal Processing, Research Institute of Signal Processing, Japan, vol. 12, no. 1,

January 2008.



PAPER

58

IIR Multiple Notch Filter Design with Optimum Pole Position

Surapun Yimman and Kobchai Dejhan

Faculty of Engineering and Research Center for Communications and Information Technology,

King Mongkut’s Institute of Technology Ladkrabang, Bangkok 10520, Thailand

E-mail: sym@kmitnb.ac.th, kobchai@telecom.kmitl.ac.th

Tel: 66-232-4238, 66-2326-4242, Fax: 66-2326-4554

Abstract This paper presents a new design and implementation of IIR multiple notch filter by using the
application of suitable pole placement technique. The initial step is to design the two IIR single notch
filters with different notch frequency to obtain the suitable pole that can control the pass-band gain at 3
frequencies such as DC, 7 and frequency between the notch frequencies. After that, the IIR single notch
filters with different notch frequencies are cascaded to create IIR multiple notch filter which can control
the pass-band gain at DC and n frequencies, especially the frequency between the notch frequencies.

Keyword: Multiple notch filter, Optimum pole position, Electrocardiogram

1. Introduction

The implementation of notch filter in the past is
in analog circuit form. However, the filters in
analog circuits have several drawbacks especially
accuracy. Later on, the notch filter has become
either FIR or IIR digital filter. However, FIR notch
filter cannot be a narrow band notch filter.
Therefore, the digital notch filter is generally an IIR
filter which can be done in several ways such as
transforming from analog notch filter [1],
implementing from all-pass filters [2], and the pole-
zero placements, which is the easiest one. However,
the pole-zero placements have the constraints on the
asymmetric and uncontrollable  gain.  The
rectification for this problem is to carry the proper
pole positions to make symmetric and controllable
gains [3, 4].

The application of notch filter is to remove some
particular frequencies. It is necessary to utilize an
IIR notch filter with multiple notches to remove
frequencies along with harmonics. It can be done
by cascading the IIR single notch filters. However,
cascading IIR single notch filters may create
uncontrollable pass-band gains.  However, the
change in the pole placement in the IIR single notch
filter by cascading the notch filters to form multiple
notch filters can create some controllable
frequencies. Even so, the gain at some frequencies
between notch frequencies cannot be controlled [5].

Recently, Tseng and Pei [3] proposed a method
to design IIR multiple notch filter, which can be
controlled the gains at various frequencies,
especially the frequencies between notch
frequencies. The proposed design method searched
for pole placement using quadratic programming
method, in which pole positions are iteratively
calculated until the optimal ones are obtained.

However, the convergence of the pole positions
depends on a suitable initial parameter. If the initial
parameter is not suitable, the number of iterations
for calculation will be increased.

The proposed design method creates the transfer
function equations derived from relationship of
gains of magnitude response at various frequencies.
Then, the proposed method solves the transfer
function equations for optimal pole positions.

2. Theory

2.1 Conventional Design

The IIR multiple notch is derived by cascading
lIR single notch filters. The frequency response of
IIR multiple notch filter can be described as shown
in Eq. (1). If one implement of an IIR multiple notch
filter by cascading IIR single notch filters before
changing the pole positions, the transfer function for
IIR multiple notch filter will be shown in Eq. (2).

HM(ef“’)={O Wy @,y @, B

1 ; otherwise

L 1-2 iy o
HM(Z)=H[5,,| coS@,z”_ +2 _2] -
n=1

—-2rcosw,z”' +r’z

From Eq. (2), definew, =0.27, @, =0.37 and

r = 0.7, the magnitude response will be shown in
Fig. 1. After changing the pole positions of an IIR
single notch filter and calculating the constant to
control the pass-band gain by applying Egs. (4) and
(5) as in previous paper [4], the result will be a
transfer function of the IIR multiple notch filter as
shown in Eq. (3).
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Fig. 1 Magnitude response of IIR multiple notch
filter derived from cascading IIR single
notch filters before changing the pole
positions.

From Eq. (3), definesw, =027, w, =037 and

r = 0.7, the magnitude response will be shown in
Fig.2. The magnitude response of [IR multiple notch
filter implemented from single notch filters before
changing pole positions shown in Fig. I reveals the
uncontrollable gain at frequency DC,7 and
frequency between the notch frequencies. The
reason for this shortcoming is due to the fact that the
pole positions of the IIR single notch filters are not
at the appropriated positions. Furthermore, the
constant for controlling pass-band gain rate b, is

unknown,  causing the  asymmetric  and
uncontrollable pass-band gain at DC and =7
frequencies [4]. Therefore, the IR multiple notch
filters from cascaded IIR single notch filter without
changing the pole position and it has uncontrollable
gain at the magnitude response.
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Fig. 2 Magnitude response of the IIR multiple notch
filter derived from IIR single notch filters
after modifying the pole positions.

Fig.2 shows magnitude response of IIR multiple
notch filters implemented from IIR single notch
filter after modifying pole positions and applying
constant b, to control pass-band gain.

The result has shown that the pass-band gain at
DC and 7 frequencies become controllable while
the frequency between the notch frequencies cannot
be control at the same level for DC and 7
frequencies, even after cascading another single
notch filter to make symmetric pass-band gain while
control pass band gain at DC and 7 frequencies.
However, this kind of IIR multiple notch filter still
has uncontrollable gain between the notch
frequencies due to the changing pole positions and
gain controlling constant b, at pass-band is derived

from frequencies at DC and 7 which only works
for IIR single notch filters.

In the other word, the pole positions within the
IIR multiple notch filters derived from cascaded IIR
single notch filters have no relationship with
another, which causes the uncontrollable gain at the
frequency between notch frequencies [5].

2.2 Proposed Design

The frequency response of IIR multiple notch
filters are shown in Eq. (6) while the corresponding
transfer function as shown in Eq. (7).
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Eq.(7) shows the transfer function of the IIR
multiple notch filters implemented by cascading IIR
single notch filters with special design that differs
from the normal design. The IIR single notch filter
with special design will have the different gains at
DC and 7 frequency.

Furthermore, there will have gain control at other
frequency or frequencies between the notch
frequencies (@, ) of multiple notch filter in addition
to the gain control at DC and 7 frequencies, while
each cascaded IIR single notch filters will have
relating gain at DC frequency, 7 frequency and
frequency between the notch frequencies. It causes
the gain of the multiple notch filters can be
controllable at DC frequency, 7 frequency and
frequency between the notch frequencies to
correspond the specifications.

Define a multiple notch filter with notch

frequencies as @, , , while the frequency between
notch frequencies as @_, the IIR single notch filters
is cascaded and will be separated into two parts, IIR
notch filter 1 with notch frequency at @, and IIR
notch filter 2 with notch frequency at @, . Therefore,

gain at several frequencies in two IIR single notch
filters and IIR multiple notch filter can be shown in
Table 1, Fig.3 and Fig.4 while @ is shown

according to Eq. (8).

0, <, <o, (3)

Therefore, I1IR notch filter 1 and IIR notch filter 2
will meet the specifications before cascading to
form an IIR multiple notch filter. The design starts
at IIR notch filter 1 by appropriated pole-zero
placements. The pole placement depends upon pole

angle @, and distance from the origins. The

calculation for pole angle @, will need transfer

function shown in Eq. (9) while the gain at DC and
x frequencies will be shown in Table 1.
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At DC frequency, let z =¢’° transfer function
and k, will become:
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Fig.4 Magnitude response of IIR notch filter 2

Table 1 Gain at DC,®,, ®,, @, and 7 frequency

of 1IR notch filter 1, 1IR notch filter 2 and
IIR multiple notch filter.

Gain at frequencies :
DC| o |o |0 b4
IIR notch filter | k| 0| k| - | kig
IIR notch filter 2 k, - k, 0 ak,
“R multiple k|k1 klkl kk
notch filter 0 . £
Where: a,, k, and k, are constant.
Interm of (-) is undefined.
bl 2-2cosw, (10)

1 ~
1-2r,cos@, +r

At 7 frequency, define z = /", transfer function
and k,; will become

H(e")—ﬁ— 1+2cosw, +1
' a, ' 1+2rcosd +r’
k= 2+ 2cosm, (11

171 ~
1+2r,cosd, +r



From Egs. (10) and (11), the transfer functions
can be rearranged to calculate for cos@, and @, to
get factors as shown in Eqs. (12) to (14).
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be rewritten as shown in Eqgs. (13) and (14).
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(14)

Substitute cos@, in Eq. (13) into Eq. (9) to get
the new transfer function of single notch filter as
shown in Eq. (15).
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1—(:"2 + l);",z'l +riz?
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Substitute DC, 7 and @, frequencies into Eq.

(15) to get k; as shown from Egs. (16) to (18)
respectively.

2—-2cosw,
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k =a,b,—i+,2coij (17
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Next step is to calculate r, by applying the
relationship between Egs. (18) and Eq. (16) or Eq.
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(17). Choose Eq. (16), Eqs. (16) and (18) can be
rewritten in absolute form. The results will be
shown in Egs. (19) and (20).

2
2-2cosw, i
kI = ‘ 19
o '1—(rf+1)1,+r,2’ (19)
1-2coswe ™ +e /™ r
k|* = ! 20
el =18 1= (r? +1)he™ +r2e ™™ @0

Egs. (19) and (20) can be rearranged as shown in
Eqs. (21), (22) and (23).

2
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22)
(2-2005)° _ XXX
PA-1P+220-17+(+17 Y+ a4 478 Y,
(23)

From Eq. (23), the solution for 7, can be obtained

as in Eq. (24). The results 7, in Eq. (24) can be more
than one value, either real numbers or complex
numbers. However, the actual r, must be real
number with value less than one so the pole position
must be within a unit circle to ensure the system
stability [6, 7].

The last step is to calculate a constant b, by
substituting r, in Eq. (10) or (11) and the results

will be shown in Egs. (25) and (26).

1-2r,cos@, +r}

b=k 25
'l 2-2coso, e
~ 2
blzﬁx!+2r,cosw|+r] (26)
a, 2+ 2coso,

Assume the factors of notch filter 1 equal
tow =027 ,w, =0.257, =1 and
a,=0.7,0.8,0.9,0.95 the magnitude response will
become as shown in Fig. 5.
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Fig. 5 Magnitude response of IIR notch filter 1 at
a, =0.7,0.8,09,0.95.

Fig. 5 shows that the gain atw,, @  and 7«

frequencies has gain according to specification. The
increasing of a, approaches one it will have narrow
notch filter bandwidth. It implies that a, has direct
effect to notch filter bandwidth, thus a, is bandwidth
factor (BWF). The design of 1IR notch filter 2 will
follow the example as shown in IIR notch filter 1.

3. Designed Example

Define the IIR multiple notch filter with
frequency response as shown in Eq. (30) for
BWFE=0.7.

ey = {? ; w=027,037 @7)

& otherwise

From Eq. (8), select @, =0.257 and results from
Table 1 willbek, =1, k, =1 and BWF =a, =0.7.
The IIR notch filter 1 will have @, =0.2r while

IIR notch filter 2 will havew, = 037 . After that,

the transfer function is derived by applying
expression Eq. (9) to Eq. (26). The transfer function
for IIR notch filter 1 and IIR notch filter 2 will be
shown in Egs. (28) and (29), respectively while
magnitude response of each notch filter will be
shown in Fig.6 and Fig. 7, respectively.

~ N 1.150437 —1.8614462"" +1.150437z"

H
1(2) 1-1.237098z " — 0.676525z*
(28)

- _ 0.663712-0.780240z"' +0.663712z7*

H,(z
:(2) 1-1.231882z7" +0.7790662*
(29)

After cascading both IIR notch filters, the
transfer function of IIR multiple notch filter will be
shown in Eq. (30) while pole-zero plot will be
shown in Fig.8 and the magnitude response will be
shown in Fig. 9, respectively.
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Fig. 6 Magnitude response of IIR notch filter 1 from
the proposed design.
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Fig. 7 Magnitude response of IIR notch filters 2
from the proposed design.
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Fig. 8 Pole-zero plot of IIR multiple notch filter
from the proposed design.

Fig. 9 Magnitude response of IIR multiple notch
filter from the proposed design.

4. Results and Applications

4.1 Example I: Comparison with the conventional
design.

In this example, there is an application of
MATLAB to implementation multiple notch filters
as following the proposed design compared the
results from the conventional design. The proposed
design uses Eq. (27) and define w, =0.257 while
BWF = 0.7, 0.8, 0.9 and 0.95 to calculate pole-zero
positions along with r, r, .4 and b, as shown in
Table 2. After the calculation, it should apply the
conventional design by using Egs. (2) and (3) to
implement IIR multiple notch filter before and after
changing the pole positions by using r,r, as shown
in Table 2. The magnitude response of IIR multiple
notch filter from the conventional design and
proposed design will be shown in Fig. 10 to Fig 12.

Magnitude

—a1=07
— a1=08 ™
— at=09

=095
] 01 0.2 03 04 05 06 o7 L] o9 1
Normalized Frequency

Fig. 10 Magnitude response of the IIR multiple
notch filter before changing the pole
positions.
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Fig. 11 Magnitude response of the IIR multiple
notch filter after changing the pole
positions
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Fig. 12 Magnitude response of the IIR multiple
notch filter from the proposed design.

Table 2 Pole positions with 4_,r, of IIR notch filter 1 and IIR notch filter 2.

Notch filter 1 : @, =0.27 Notch filter 2 : @, =037
BWF (a,)
Pole r b, Pole r b,

0.7 0.619+ j0.542 | 0.823 | 1.150 | 0.616+ j0.632 | 0.883 | 0.664

0.8 0.664 + j0.540 | 0.856 | 1.058 | 0.585% j0.665 | 0.886 | 0.744

09 0.714 £ j0.546 | 0.899 | 0.994 | 0.567+ j0.709 | 0.908 | 0.838

0.95 0.745+ j0.554 | 0928 | 0975 | 0.564+ j0.741 | 0.931 | 0.975
4.2 Example II: Implementation. Freq Resp 2:1 i :

1.4 ; ;

The following example will show the — ! : 1

construction of a IR multiple notch filter according
to the proposed design by using TMS320C31 DSP

Board [9-11] by defining @, =50Hz, @, =100Hz,
o, =75Hz , BWF = 0.95 and sampling frequency
f, =800Hz to get a transfer function as shown in

Eq. (31) while the magnitude response simulated by
MATLAB can be shown in Fig.13 and the actual
results shown on dynamic signal analyzer Agilent
35760A can be shown in Fig. 14.

(] 5 100 150 200 250 300 350 40
Frequency

Fig. 13 Magnitude response of IIR multiple notch
from the proposed design simulated on
MATLAB.

!

|
i

0

0 Hz 400 Hz

Fig. 14 Magnitude response of IIR multiple notch
from the proposed design measured from a
dynamic signal analyzer.

4.3 Example I1I: Power line interference canceling
in Electrocadiogram (ECG) signal.

In this example, there is an application of IIR
multiple notch filter constructed from the proposed
design as shown in Example II to reduce sinusoidal
signals of 50Hz and 100Hz with 0.5Vpp amplitude
interference from AC power line in ECG signal. The
results from this experiment can be seen in Fig. 15.
The upper trace shows ECG without sinusoidal
signal interference, while the middle trace shows
ECG with interference from sinusoidal signals of
50Hz and 100Hz with 0.5V amplitude, and lower
trace shows the result after applying the IIR multiple
notch filter by using the proposed design to reduce
AC power line interference in ECG signal.
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Fig. 15 Power line interference canceling in ECG
signal.

5. Conclusions

The experiment results are shown that IIR
multiple notch filter implemented from the
proposed design could control the magnitude
response at DC frequency as well as the
frequencies between notch frequency @, and 7

frequency to meet the specifications, and accurate
pole placement as well as a testify of superiority of
the proposed design over the previous design. It
implies that it is possible to find accurate pole
placement for multiple notch filter.

However, this principle has some limitations.
Complicated calculation for pole placements is
needed if there are more than a few notch
frequencies. Therefore, the further development is
to find new algorithms to simplify the calculation
for pole placement while retaining the high
accuracy as increasing the number of notch
frequencies.
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Abstract

This paper proposes a design and development of narrow
frequency band filter based on Kalman algorithm by
using TMS 320C31 as processor. The center frequency
of this filter is between 10 Hz to 1.5 kHz by changing
the coefficient of sinusoidal model in normal form
realization and the results have been carried out. It is
used to reject the narrow-band noises.

Keywaords: Kalman Filter, TMS 320XXX

1. Introduction

The narrow band implementations of analog, IIR and
FIR digital filters are difficult because of the limitation
of the design and accuracy of devices. The digital
Kalman filter is able to be design in order to have the
narrow band, but its algorithm is quite complicated. The
processor has to be high accuracy, high resolution. This
paper proposes to design the narrow-band Kalman filter
with TMS 320C31 as processor with algorithm of
Kalman incorporatry with the sinucidal model. The
sinusoidal frequency is equal to the center frequency of
Kalman filter. The narrow band filter is widely used to
eliminate some noises, especially the noise from the
motor in mechanical movement of robot, radar
controlling, navigation and etc.

2. Theory

The Kalman filter uses the continuous state-space and
can be classified into 3 types [1], continuous Kalman
filter (CKF), continuous discrete Kalman filter (CDKF)
and discrete Kalman filter (DKF). DKF has the error
covariance less than CKF when compared the average
value if DKF is better than CDKF [1]. This paper
proposes the design by using the DKF type, the equation
form is divided into two types, consists of the time
update period. It is assigned as shown in equations (1)
and (2).

R(K)=A*P(K -1)* 4' + BOB' (1)
X (K)=4*k(x-1) 2
where k¥ =1,2,3,...

P(k) and p(k)are the error covariance, ( is

covariance matrx, j’(x) and (K -1) are state-vector,

0-7803-7657-9/02/$17.00 ©2002 [EEE. 332

A is matrix variable. The measurements during the
variation period are shown in equations (3)-(5) [2, §, 6).

K(K)=R(K)*C' *[c*RkyC +RI' &)
XKy =X, (K)+ K(K)* k- &, (5] )
P(K)=F(K)-K(K)*C*R(K) (&)

Where K (K) is Kalman gain
y (K) is measurement of y (1), y (2) ,..,y (k)

The dynamic state variable system is in equation (6) [7].
X(K +1)= A(K)* X(K)+ B(K)* W(K) (6)

The measurement system is assigned as in equation (7).

MK +1)=CK+ DX K +1) +¥(K +1) (M

W(K) is noise in the dynamic system and V(K +1)is the
measured signal.

3. Proposed design

The Kalman filter is designed for narrow band, the
center frequency of pass-band is assigned by the sine
model with direct form structure as shown in Fig.1. It is
necessary lo arrange to be state space form as in
equations (8) until (16).

i €08 ay /:‘\ I
¥ {n) = cos axm
sin oy
—3i0 oy
! * g
R

Fig. | Structure of sine model with direct form type
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[ax, (K)+ayx, (K)+W(K)Z™ = x (k) (8)
[alx,(K -1)1 a,.\'l(K)*W(K—l)] =X,(K) &)
l—a,x.(K)+a|xl(K)+W(K)IZ" =X:(K) (10)
o (K -D+ax(K-D+w(K-1)] = x,(x) (n
a a, _ Lol |X(K) (12)
e e S P
_ o Xi(K) 13
yK)=[l 0] [X:(K):I+R(K) (13)
Let
a, = cos, (14)
a, =s.r'na)o (15)
where wn=2n&—=2nf
Js

J = normalized frequency
[ = sampling frequency
f » = desired frequency

The variance from the noise depends on the number of
bits of A/D converter and number of bits of the processor
by using the equation (16) [3].

l 2
=[E) (16)
o.R T

R = covariance of signal while measuring
(@ = covariance of system
b = number of bits

where

4. Hardware and Software design

The hardware in this paper is based on DSP TMS
320C31 starter kit board, the diagram of this board is
shown in Fig. 3. Kalman filter has complicated
algorithm, it needs more memory. The memory on board
is not enough, the memory is extended from 8 kbytes to
be 256 kbytes by connecting as shown in Fig. 5.
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Fig. 3 Diagram of TMS 320C31 with extending memory
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Fig. 4 Flowchart of program on TMS 320C31
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5. Result

All results have been camied out by doing the
experiment as diagram shown in Fig. 6. The equipment
set up uses the dynamic signal analyzer 35665A. The
center frequency test of passband is 1 kHz and the
frequency response can be shown in Fig. 7.

Dyoamic Signa) Analyner
—
=[O1==
T \\ ‘:‘D o
= Hddd
= R
.
V= HEES ,
[=] b Cam 2

4

”@‘*Iti

SYSTEM

Fig. 6 Frequency response equipment set up
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Fig. 7 Frequency response of experimental result

The signal attenuation test is also carried out by adding
White noise with the sinusoidal input signal by using the
diagram as shown in Fig. 8 and the result is obtained as
shown in Fig. 9. The sinusoidal signal is 1 kHz, 1 Vp-p
is added with random noise (upper trace). The output
signal of narrow band Kalman filter (lower trace). Fig.
10, 11, 12 and 13 shows the results in frequency domain.
Fig. 10 shows the spectrum of the sinusoidal signal
adding with White noise. Fig. 11 shows the signal
attenuation ability.
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6. Conclusion

This paper presents an implementation of narrow-band
Kalman filter which is able to eliminate the noise,
especially from some kinds of motors in mechanical
movement of robots. The band-stop is | Hz, the
operating range is between 10 Hz-1.5 kHz. It eliminates
the White noise, the noise attenuation is —40 dB.
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Abstract: This paper proposes a design and application of the
narrow band Notch filter using least square technique to
establish the appropriate position(s) of the pole(s) on the unit
circle in z-plane in order to achieve the symmetry of the filtered
Jrequency. In the implementation, the digital signal processing
circuit board, TMS320C31 was chosen to apply the narrow
band Notch filter in cascade manner to ellminate the harmonic
due 1o electrical noise from robot s sensor.

Key words: Notch filter, Least square

1. INTRODUCTION

Digital Notch Filter can be constructed by applying the
following methods such as all-pass filters, transformation of
analog filters , and pole-zero placement method. ' However,
these methods of digital notch filter construction have problems
about asymmetric magnitude response in'the filter pass-band
and the control of filter gam. This paper will introduce a
solution for digital notch filter design by applyirig the Pole-
Zero Placement with Least Square Approximation Technique to
find suitable positions for the poles in Z-plane to correct
asymmetric magnitude response problems in the filter and
control the pass-band gain according to filter specifications.

2. THEORIES

2.1 Old Design

Digital Notch filters have the transfer function according to
Equation (1).
oy 1=2cos@=" 427

He= bb] - 2rcosmy="'ris (D
by is a filter gain
@, is a pole angle on the Z-plane or the central

frequency of the filter

r is the distance from the origin to the pole or radius

The pole-zero plot for the transfer function in (1) can be shown
in figure (1)

1

1 o
0.8
08 4
0.4 ! s
t H
For ;
¥ oo T
! i
go2t §
0.4}
08 :
0.8 : e
-1 »-%—-— At
-1 05 0 as 1
Real Part

Fig. 1. Pole-zero plot for digital notch filter according to the
old design.

According to Figure 1, the angle of poles and zeros are at
the same position while the bandwidth of the stop band (A@)
can be found in Equation 2. -

Aw=2(1-r) @)

Fig. 2. Pole-Zero position to calculat: the Bandwidth Value.



If the Center Frequency = 0.3x and r = 0.7, 0.8 the magnitude
response of the notch filter will.become Figurer 2. Even
though the center frequency of the notch filter is exactly at
0.1x, the pass-band gain for the filter is asymmetric.

—r=Q7
ssm- r-ul
- |

)

[ a1 Qs o8 a7 o0& Qs 1

Fig. 3. Megnitude response of the notch filter accord ucotding‘

to the old design Center Frequency = 02x, and r=0.8
2.2 Proposed Design

The cause of asymmetric pass-band gain is asymmetric pole-
zero placement between 0 to x interval as shown in Figwe 1.
Asymmetric pole-zero placerhent will result in asymmetric
pass-band gain in every center frequency except the pole-zero
placement. The solution to set a symmetric pass-band gain in
every center frequency can be found by finding new position
-for pole placement while keeping zero placement at the same
places on Z-plane which can be shown in Figure 4. Therefore,
the modified transfer function for digital notch filter will
become Equation (3) and (4).

P
% .
. new position
.

0

Fig: 4. the Change of Pole Angle according to the Proposed
Design.
] 3)

] (4

Notch filter transfer function after the

readjustment of pole position.

= the difference between old and new angle
of pole.

1-2cos@pz™ +17
~2rcos(me+ ¢) 27 +1°27

.";'(z)-:b,[]

1-2cosa e + e
1-2rcos(o, + #) e + e

Hia) -—-b,'l:
H(z), H@) =

¢

218
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Gain must be readjusted to ensure the symmetric pass-band
gain in frequency berween 0 and x which can be shown in
equation 5 to 8.

-l (5)

1-2cosaye™ + e

—2rcos(a, +@)e " + e

l—2oosm°z"" - e ®
~2rcos(w, + @) e T + rleT

H(0)=H(x) U]

1-2coswye™” + 7"
1-2rcos(@, +¢)e™” +rle’”

Substitute & with cos® + j sin @ into (8) to zet equation (9)

4

!;‘(D)=5c[l

ﬁ(r)ua\,[l

y
y

+re

_1-2cosme™™ + e

L)
| -2rcos(@, +¢)e ™ +rle? ™ @

1+ cosw, I -cosa,

1+ 2rcos(w, + @) + 1 'I-Zrcos(m,-ré)-&r‘ @

From (9), the value of f can be found by using equation (10)

2rcos(@, + #) = cos@, + r’ cosa,

1+

p= cos"[ o (10)

cosw,]—m.

Define &, = @, +¢ , d,is & new pole angle ater refine the
equations. Therefore, the transfer function of the digital notch
filter can be written according to equation (11)

l}(;):bﬂ[__IML:! an

1=2rcos@ 2™ +r'z7?

The research group had applied (11) to sbnulate MATLAB
program to find magnitude response of the cligital notch filter ©
by defining r = 0.7, 0.8 while ap = 0.3 and 4o = 1. The
simulation result can be shown in figure 5.

14 —
i
1.2] =5
TS s
— r=a?
L ]
I J
s as o7 as 08 1

Fig. 5. Magnitude Response after Readjusting the Pole
Positions.

From Figure 5, the magnitude response of the notch filter
becomes symmetrical. However, changing r and ax cannot
change the filter gain. Therefore, the readjustment of b value
becomes necessary to control the gain within the pass-band to



meet the specifications. In- this paper, the research group has
applied least square technique to estimate value to b, since the
megnitude response of the digital notch filter at frequency from
0to x must have the same gain. Substituting frequency 0 and «
into (11) to get equation (12) and (13)

- - 10 4 g M0

Fi() = by| — 222 a2
1-2rcosmye™ +rie??

- al =T =2 X

Ary=4 llcos?,c +e ] (3)
1-2rcosw,e™™ +rie " |

Define gain at frequency 0 and x= &

o 0,
1=2cos ft,e +€ -k (14)
1-2rcoswye™® +rle”

i -, A
5 1 2cusT£ +e -k (15)
1-2rcosmye ™ +rle”

Equation (14) and (15) have a characteristic of over-determine
systemn which define @, and a, according to equation (16)

=| _1-2cos@gel +¢3"
-

1—2rcosw,e™ +rle

1-2cos@e™™ + 77 J

a =
1 =
I:l'- 2rcosa, e +rie?®

which results in
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ah=t |
16
ab, =k J el

Define A-[a':’. K-[k
a,

k:| and be cen be found from equation
(17)

b =[ATAT'AK an
3. DESIGN EXAMPLES

The specifications for the old design znd proposed design
example are as follows:.

Center Frequency at 0.3x, r = 0.6. However, the old design
will follow (11) while the proposed design will follow (17).
The calcalated values of pole-zero pesition and the gain &o can
be shown in Table 1 and pole-zerc: plot on z-plane can be
shown in Figure 6.

4
Table 1. The calculated values of pole-zero position and the

gain bo
Old design Proposed Design
Zero' | 0.58779 £0.80917j 0.58779 +0.805017j
Pole | 0.35267 +0.485411j 039969 + 0.445748)
b, 1 0.69546

4. RESULTS FROM EXPERIMENTS

In the experiment, the research group 1as designed digital notch
filter with the center frequency at 02z 0.5x and 0.7x end
radius r at 0.6, 0.7, and 0.8. After the experiment. the research
group has made 8 comparison between the results from the old
design and the results from the propos=d design.
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Fig. 6. Pole-zero position at @y =0.3xand r=0.6



—re 0
c= raQl
s re 08

] a1 02 03 p4 05 08 QT Q4 n'g

'
a) Old Design
Fig 7. ap=0.2x
8 1.8 .
’l 4 H
14 1.
12] 1.2}
1 s 1
as o8} -
| i
os 04|
adé o4
0z ¥
o o % 02 as
b) Proposed Design
Fig. 8. ap=0.5x
18 : 18 .
14 m_ 14
¥ 12
1 1 -
gn. ;
as| os :
Q. (718 +
o2k 02
o i | "o -
t ’ ‘; 01 a2 03 o4 05 08 a7 08 09 . 1 0 a1
a) Old Design b) Proposed Design
- Fig 9. ap=0.7x
5. CONCLUSION 6. REFERENCES

The digital notch filters derived from the proposed design have
shown that they work according to the specifications with
symmetric pass-band. The proposed design of the digital notch
filter can be applied to eliminate noises at some specific
frequencies that contaminate the instrumentation System,
especially as in the case of noises in the robot system, without
detrimental side effects to the signal in other frequencies.

Manolakis, D. G. & Proakis, J. G. (1996). Digital Signal
Processing: principles, algorithms, aad applications,
Prentice-Hall, ISBN 0-13-373762-4, USA

Pei, 5. C. & Tseng, C. C. (2001). Stable ITIR Notch Filter
Design with Optimal Pole Placement, IEEE Trans. Signal
Processing, Vol. 49, No. 11, pp. 2673-2681, November
2001

William, W. H. (1988). Applied Numerical Linear Algebra,
Prentice-Hall, ISBN 0-13-041369-0, USA

71



78

YV

sz Iagiae

¥
@ [

w da < = § o ] a —
HIWTITWUT JUWU mmﬁmu'ﬁ 26 AIHIAN WAL 2510 NIIHIANTIUNWUNIUAT

1l 2529
1 2532

1 2534

1 2541

Yoyt

o o = = oA A @ A oA oA
dusamsnuininTssSousddliienms iWninSousddiionmsquizg
tha. Anodumalulatgaamnssy  aoidumaluTadwszvemndinge
=}
UAINID
a o a

pau.maluTad lWihgammnssy auzdmnssumans aoumalulad
WIZVDUNAINITZUATIND

a a d LY = ¥
e denssu i anzdmnssumans aanfumalulatwszeouna
WITUATINID
] ° v L4 a
MIIFILMLTEIMans 19130 aw13rans sy Wi

a a o L4 o o 1 =
MAINAANTgAAIMNITULAzQUNTAINTUNNG LAZAINUITOINUUA

a o o a = Vv A
ﬂmzﬁ'ﬂﬂ’]ﬂ’]ﬂﬂiﬂizqnﬂ ffﬂ'lﬂulﬂﬂiuTﬁUWﬁ:ﬂﬂulﬂa']Wﬁiﬁuﬂﬂﬁuﬂ



