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Abstract

In this research, we introduce a new iterative algorithm for solving systems of
linear equations. The algorithm is based on a gradient and along with a sequence of
optimal convergent factors. We show that the algorithm is applicable with any initial
vector as long as the coefficient matrix is invertible. Then we analyse the convergent
rate and error estimates. Furthermore, we demonstrate the numerical simulations
comparing to well-known methods and recent methods.
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Chapter 1
Introduction

1.1 Research Motivation
In mathematics, a linear system (or system of linear equations) is a collection

of two or more linear equations involving the same set of variables. For example,

x1 + 2x2 + 4x3 = 15

−3x1 + x2 + 5x3 = 20

2x1 + 3x2 + x3 = 7

is a system of three linear equations in three variables x1, x2, x3. A solution to a linear
system is an assignment of a value to each variable for which all the equations are
simultaneously satisfied. The solution to the system above is given by

x1 = −1, x2 = 2, x3 = 3

since it makes all three equations valid collectively.
The theory of linear systems is a basis and a fundamental part of linear algebra,

a subject which is used in most areas of modern mathematics. The computational
algorithms for finding solutions are an important part of numerical linear algebra, and
play prominent roles in engineering, physics, chemistry, computer science, and also
economics.

In computation, simultaneous equations must be transformed into matrix and
vector forms and considered as a linear system Ax = b where A is a coefficient matrix
and b is a known constant vector. Obviously, such system has a unique solution if and
only if A is invertible. The methods of solving the linear systems can be classified into
three groups: direct methods, semi-direct methods, and iterative methods.

Direct methods are a way to solve for an exact solution. Most of direct methods
are well-known in general linear algebra such as Gaussian Elimination, Inversion Matrix,
Cramer’s Rule, and several decompositions of matrix. Direct methods are advantage in
availability for any invertible matrices except for a decomposition method which has to
be considered at different types of matrices. A disadvantage of direct methods is that
the solution occurs at the final step of computation. In other word, we must finalize
the entire process in order to obtain the solution. Stopping at somewhere during
the process does not offer even a numerical solution. In addition, miscalculation in
some steps might have an effect to every step afterwards and the outcome solution
eventually absolutely differ from the exact solution. Also, large linear systems require
huge spaces of memory. Therefore, direct methods are suited for small linear systems.
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Semi-direct methods are other ways to seek the exact solution from numerical
solutions with an exact step number. At each iteration, the numerical solution gets
closer and closer to the exact solution and the exact solution occurs at the final
iteration. The important semi-direct method is the conjugate gradient method.

Iterative methods are numerical methods that create a sequence of numerical
solutions which converges to the exact solution. By utilizing knowledge from linear
algebra together with matrix analysis such as norms of vector and matrix, convergence
of sequence of vectors and matrices, etc. The advantage of iterative methods is having
less steps of computation but the result solution is considerably close to the exact
solution. Moreover, the number of iteration is able to be calculated for which the
iteration can stop when the approximated solution has reached the satisfactory error.
Above all, the iterative methods are suited for large linear systems. However, each
method guarantees the convergence of solutions for different kinds of the coefficient
matrix. Examples of well-known iterative methods:

• Jacobi method,

• Gauss-Siedel (GS) method,

• Successive Over-Relaxation (SOR) method.

Also the methods that developed from SOR such as:

• Extrapolated Successive Over-Relaxation (ESOR) method,

• Jacobi Over-Relaxation (JOR) method,

• Accelarated Over-Relaxation (AOR) method.

In this research, we shall introduce a new iterative method for solving linear
system. Our method is an enhancement of a gradient based iterative method. With
a sequence of optimal convergent factors, we may fasten the rate of convergence
and reduce the iteration numbers. Furthermore, without any conditions of coefficient
matrix and initial vector, the sequence of approximate solutions converges to the
exact solution.

1.2 Objectives of the study
1) Create a new gradient based iterative algorithm for solving linear systems.

2) Propose the sequence of optimal convergent factors that make the approximated
solutions converge to the exact solution.

3) Analyze the convergence of the algorithm in order to obtain a convergent rate
and error estimate.
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4) Provide numerical simulations comparing to well-known algorithms and recent
algorithms.

1.3 Scopes of the study
Consider the linear system

Ax = b

where A is an nxn invertible real matrix and b is a n × 1 real constant vector. Our
algorithm is in the form

x(k + 1) = x(k)− τk+1∇f(x(k))

where f : Rn → R and is defined to be

f(x) :=
1

2
∥Ax− b∥2F

also τk is an appropriate step size at each k iteration.

1.4 Benefits of the Study
Attain a new effective algorithm to solve linear systems.

1.5 Research methodology
1) Study advanced topics in Applied Linear Algebra and iterative methods.

2) Study advanced topics in Functional Analysis and Matrix Analysis.

3) Study topics of iterative algorithms based on gradients from research papers.

4) Propose a new gradient based iterative method together with a sequence of
optimal convergence factor.

5) Analyze a convergence of the algorithm.

6) Provide numerical simulations.

7) Combine and summarize all findings then write the thesis and make suggestions
for further studies.
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Table 1.1: The research schedule

Time frame
Activity 2017 2018 2019

Aug.-Sep. Oct.-Dec. Jan.-Mar. Apr.-Jun. Jul.-Sep. Oct.-Dec. Jan.-Mar. Apr.-Jun.
Step 1 ←−−−−−−−−−−→

Step 2 ←−−−−−−−−−−→

Step 3 ←−−−−−−−−−−→

Step 4 ←−−−−→

Step 5 ←−−−−→

Step 6 ←−−−−→

Step 7 ←−−−−→



Chapter 2
Preliminaries

In this chapter, we provide sufficiently some knowledge and tools relative to
matrix analysis, functional analysis, convex function and linear iterative systems. We
denote the set of m-by-n real matrices by Mm,n(R) and we denote Mn for square
matrices instead of Mn,n.

2.1 Elements in matrix and functional analysis
Definition 2.1. Let A ∈Mn(R). The trace of A is denoted by tr(A) and defined to be

tr(A) =

n∑
i=1

aii.

Lemma 2.2. (see e.g.[14]) Let A,B,C,D be compatibly constant matrices, X be a
variable matrix and c ∈ R. The properties and derivatives of trace of matrix are as
follows:

1. tr(A+B) = tr(A) + tr(B),

2. tr(cA) = ctr(A),

3. tr(A) = tr(AT ),

4. tr(AB) = tr(BA),

5. dtr(AX)
dX = dtr(XTAT )

X = AT ,

6. dtr(XAXTB)
dX = BXA+BTXAT .

Definition 2.3. The condition number of an m × n matrix A is the ratio between its
largest and smallest singular value:

κ(A) =

(
λmax(ATA)

λmin(ATA)

)1/2

.

Definition 2.4. Let V be a vector space over the field F(F = R or C). A function
∥ · ∥ : V → R is a norm if, for all x, y ∈ V and all c ∈ F,

1. ∥x∥ > 0

2. ∥x∥ = 0 if and only if x = 0

3. ∥cx∥ = |c|∥x∥

4. ∥x+ y∥ 6 ∥x∥+ ∥y∥
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Definition 2.5. The Frobenius norm is a norm of an m × n matrix A defined as the
square root of the matrix trace of AAT :

∥A∥F =
√
tr(AAT ).

Definition 2.6. The Spectral norm is a norm of an m×n matrix A defined as the square
root of the largest singular value of A:

∥A∥2 =
√

λmax(ATA).

Definition 2.7. Let A ∈Mn(R) be symmetric. Then A is called
• Negative definite if xTAx < 0 for all x ∈ Rn − {0},
• Positive definite if xTAx > 0 for all x ∈ Rn − {0},
• Positvie semidefinite if xTAx > 0 for all x ∈ Rn.

Lemma 2.8. Let A be a symmetric matrix and let us denote λmin (λmax, resp.) its
smallest (largest, resp.) eigenvalue, then

λminxTx 6 xTAx 6 λmaxxTx, x ∈ Rn.

Definition 2.9. The Löwner partial order ≼ for real symmetric matrices is defined by
A ≼ B ⇔ B −A is positive semi-definite.

Using the definition of positive semi-definite matrices, this can be reformulated as:
A ≼ B ⇔ xTAx 6 xTBx, x ∈ Rn.

2.2 Convex function
Definition 2.10. A function f : Rn → R is convex if for all x, y in the domain of f , and
θ with 0 6 θ 6 1, we have

f(θx+ (1− θ)y) 6 θf(x) + (1− θ)f(y). (2.1)
Definition 2.11. A twice-differentiable convex function f : Rn → R is said to be strongly
convex if there exist constant 0 6 m < M such that for all x ∈ Rn,

mI ≼ ∇2f(x) ≼MI. (2.2)
Using the definition of the partial order ≼, this is equivalent to

myT y 6 yT∇2f(x)y 6 MyT y, x ∈ Rn, y ∈ Rn. (2.3)
In other words, m (M , resp.) is a lower (upper, resp.) bound on the smallest (largest,
resp.) eigenvalue of ∇2f(x) for all x ∈ Rn.
Lemma 2.12. (see e.g.[15]) If f is strongly convex on Rn, then for x, y ∈ Rn we have

f(y) > f(x) +∇f(x)T (y − x) +
m

2
∥y − x∥2F , (2.4)

f(y) 6 f(x) +∇f(x)T (y − x) +
M

2
∥y − x∥2F . (2.5)
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2.3 Linear Iterative Systems
We consider the linear system

Ax = b (2.6)

where A ∈ Mn(R) is an invertible matrix, b ∈ Rn is a known constant vector, and
x ∈ Rn is an unknown vector to be solved. Indeed the equation has the exact solution
x∗ = A−1b.

We shall be attempting to solve (2.6) by replacing it with a form of iterative
system

x(k + 1) = Tx(k) + c, x(0) = x0

in which T is an n× n matrix, and called an iteration matrix, and c is a vector.
Next, we will turn our attention to the three most classical iterative methods,

Jacobi method, Gauss-Seidel method and SOR method, also, the methods developed
from SOR method such as ESOR, JOR, and AOR.

2.3.1 Jacobi method
Jacobi method was created and named after the influential nineteenth century

German analyst Carl Jacobi. It is the iterative method to find the solution of linear
system Ax = b under condition that each entry in the main diagonal of coefficient A
must not be zero.

It is instructive to rederive the Jacobi method in a direct matrix form. We begin
by decomposing the coefficient matrix

A = D − L− U

into the sum of a strictly lower triangular matrix L, a diagonal matrix D, and a strictly
upper triangular matrix U , each of which is uniquely specified. Now, we have the
Jacobi iteration matrix as follows:

TJ = D−1(L+ U),

cJ = D−1b.

The Jacobi method is guaranteed to converge if the coefficient matrix A possesses
some good properties.

Definition 2.13. A square matrix A is called strictly diagonally dominant if

|aii| >
n∑

j=1
j ̸=i

|aij |, for all i = 1, . . . , n.
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In other words, strict diagonal dominance requires each diagonal entry to be
larger, in absolute value, than the sum of the absolute values of all the other entries
in its row. For example, the matrix 

3 −1 1

1 −4 2

−2 −1 5


is strictly diagonally dominant since

|3| > | − 1|+ |1|, | − 4| > |1|+ |2|, |5| > | − 2|+ | − 1|.

Diagonally dominant matrices appear frequently in numerical solution methods for
both ordinary and partial differential equations. As we shall see, they are the most
common class of matrices to which iteration solution methods can be successfully
applied.

Theorem 2.14. [2] If A is strictly diagonally dominant, then the associated Jacobi
iteration method converges for any choice of initial approximate vector x(0).

2.3.2 Gauss-Seidel (GS) method
Gauss-Siedel method, also known as the Liebmann method or the method of

successive displacement, was named after the German mathematicians Carl Friedrich
Gauss and Philipp Ludwig Von Seidel, and is similar to the Jacobi method. It was only
mentioned in a private letter from Gauss to his student Gerling in 1823. A publication
was not delivered before 1874 by Seidel.

The Gauss-Seidel iteration matrix is given as:

TGS = (D − L)−1U,

cGS = (D − L)−1b.

Theorem 2.15. [2] If A is strictly diagonally dominant, then the associated Gauss-Seidel
iteration method converges for any choice of initial approximate vector x(0).

2.3.3 Successive Over-Relaxation (SOR) method
The method of successive over-relaxation (SOR) is a variant of the Gauss-Seidel

method for solving a system of linear equations. By using the technique of relaxation,
it is resulting in faster convergence. It was devised simultaneously by David M. Young,
Jr. and by Stanley P. Frankel in 1950 for the purpose of automatically solving linear
systems on digital computers.

In addition to the idea of Gauss-Seidel method, SOR has added a new variable
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ω called weighted factor. The SOR iteration matrix is viewed as:

TSOR = (D − ωL)
−1

(ωU + (1− ω)D) ,

cSOR = (D − ωL)
−1

b.

The following theorems are used to consider whether the SOR method converges or
not.
Theorem 2.16. [16] If A is a positive definite matrix and 0 < ω < 2, then the SOR
method converges for any choice of initial approximate vector x(0).
Theorem 2.17. [17] Suppose aii ̸= 0, for each i = 1, 2, . . . , n, then the SOR method can
converge for any choice of initial approximate vector x(0) if 0 < ω < 2.

2.3.4 Extrapolated Successive Over-Relaxation (ESOR) method
As far as the iterative methods are concerned, it is not possible to indicate the

best general purpose iteration method for the solution of linear systems (in the sense
of converging faster than any other methods). However, trying to find methods that
are best in the sense of being at least convergent for a maximum set of problems.
Consequently, the Extrapolated Successive Over-Relaxation (ESOR) was introduced.
The ESOR is particularly useful compared to the SOR if the SOR diverges or its optimum
relaxed parameter ω cannot be determined but even if ω is known the ESOR may be
faster than the SOR method. The iteration matrix of ESOR is given by:

TESOR = (D − ωL)
−1

((τ − ω)L+ τU + (1− τ)D) ,

cESOR = τ (D − ωL)
−1

b.

Theorem 2.18. [5] For properly chosen ω ∈ (0, 2) and τ = τ(ω) with |τ | 6 ω, the ESOR
method converges for any choice of initial approximate vector x(0) if and only if each
eigenvalue λ of TESOR satisfy either Re λ < 1 or Re λ > 1.

2.3.5 Jacobi Over-Relaxation (JOR) method
In 1971, David M. Young has introduced a generalization of the Jacobi method,

that is, the Jacobi over-relaxation (or JOR), in which, having introduced a relaxation
parameter ω. The JOR iteration matrix is as follows:

TJOR = D−1 (ωL+ ωU + (1− ω)D) ,

cJOR = ωD−1b.

This method can be reduced to Jacobi method when ω = 1. Convergence
results for JOR are as follows:
Theorem 2.19. [6] If A is a symmetric positive definite matrix, then the JOR method
is convergent for any choice of initial approximate vector x(0) if 0 < ω < ρ(D−1A).
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Theorem 2.20. [6] If the Jacobi method is convergent, then the JOR method converges
if 0 < ω 6 1.

2.3.6 Accelerated Over-Relaxation (AOR) method
The Accelerated Over-Relaxation (AOR) method is a two-parameter iterative

method which is a generalization of the conventional Jacobi, Gauss-Seidel, and SOR
techniques. AOR method was introduced by Hadjidimos in 1978. The iteration matrix
of AOR is viewed as:

TAOR = (D + αL)−1 ((α− β)L− βU + (1− β)D) ,

cAOR = β(D + αL)−1b.

The AOR method contains the following standards as special cases:
• Jacobi method : α = 0 and β = 1,
• Gauss-Seidel method : α = 1 and β = 1,
• JOR method : α = 0,
• SOR method : α = β.

Theorem 2.21. [7] AOR iterations are convergent only if 0 6 α < 2 and 0 < β < 2.

2.3.7 Barzilai and Borwein (BB) method
Another study of solving linear systems is in the field of unconstrained convex

optimization where the gradient method searches along with the steepest descent is
used.

Suppose we would like to minimize a continuously differentiable function f

on Rn. To do this, let x(k) be the current iterate point, and gk = g(x(k)) = ∇f(x(k)) be
the gradient vector at x(k). The steepest descent method defines the next iteration
by

x(k + 1) = x(k)− αkgk

where αk > 0 satisfies
f (x(k)− αkgk) = min

α>0
f (x(k)− αgk) .

In 1988, Barzilai and Borwein [19] approached their step size in the current
iteration. For the iterative equation x(k + 1) = x(k) − αkgk, the step size αk can be
chosen either (2.7) or (2.8) as follows:

αk =
ST
k−1yk−1

∥yk−1∥22
, (2.7)

αk =
∥Sk−1∥22
ST
k−1yk−1

(2.8)

where Sk−1 = x(k)− x(k − 1) and yk−1 = gk − gk−1.
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Definition 2.22. Let {xk} converges to x∗. We say that the convergence is of order
q > 1 and with factor γ > 0, if ∃k0 such that ∀k > k0,

∥xk+1 − x∗∥ 6 γ∥xk − x∗∥q.

Theorem 2.23. [19] Let f : Rn → R be a strictly convex quadratic function defined by

f(k) := xTAx+ bTx,

where A is a symmetric positive definite n×n matrix and b ∈ Rn. The gradient method
with BB step size (2.7) and (2.8) almost always converges R-superlinearly, i.e., the order
of convergence q > 1.

2.3.8 Gradient and least-squares based iterative (GI and LS) methods
In the recent decade, many researchers have been developing gradient based

iterative algorithms for linear matrix equations based on the techniques of hierarchical
identification and minimization of associated norm-error functions. See e.g. Feng and
Tongwen [9], [10], [11], and [12] and Feng et al. [13].

We recall the following algorithms:

Theorem 2.24. [9] Suppose that the linear system (2.6) has a unique solution x∗. Let
0 < µ < 2

∥A∥2
2
or 0 < µ < 2

∥A∥2
F
. Then the iterative solution x(k) given by the following

gradient based iterative (GI) algorithm:

x(k + 1) = x(k) + µAT (b−Ax(k))

converges to x∗ for any initial value x(0).

Theorem 2.25. [9] Suppose the system (2.6) has a unique solution x∗. Let 0 < µ < 2.
Then the iterative solution x(k) given by the following least-squares based iterative
(LS) algorithm

x(k + 1) = x(k) + µ
(
ATA

)−1
AT (b−Ax(k))

leads to limk→∞ x(k) = x∗ for any initial value x(0).



Chapter 3
Proposing the gradient based iterative algorithm with
a sequence of optimal convergent factors for solving

linear systems
In this chapter, we introduce a new method for solving linear systems based

on a gradient and we provide an appropriate sequence of convergent factors which
minimizes an error at each iteration.

Let us turn our attention to the linear system

Ax = b (3.1)

where A ∈ Mn(R) is a nonsingular square matrix, b ∈ Rn is a known constant vector,
and x ∈ Rn is an unknown vector to be solved. Indeed, the equation has the exact
solution x∗ = A−1b.

We firstly define the quadratic norm-error function f : Rn → R by

f(x) :=
1

2
∥Ax− b∥2F where ∥x∥2F = tr(xxT ). (3.2)

We assume that the consistent system (3.1) has a unique solution and therefore, an
optimal vector x∗ of f exists. We shall start by having an arbitrary initial vector x(0)
and then at every step k > 0 we iteratively move to the next vector x(k + 1) with
an appropriate direction, i.e., the negative gradient of f , together with a suitable step
size τk+1. The gradient based iterative method thus can be described through the
following recursive rule:

x(k + 1) = x(k)− τk+1∇f(x(k)). (3.3)

3.1 Searching a direction
We shall minimize the function f by applying Lemma 2.2, we then obtain

∇f(x) = df(x)

dx
=

1

2

d

dx
tr ((Ax− b)(Ax− b)T

)
=

1

2

d

dx
tr (AxxTAT − bxTAT −AxbT + bbT

)
=

1

2

(
d

dx
tr(xTATAx)− d

dx
tr(xTAT b)− d

dx
tr(bTAx) +

d

dx
tr(bbT )

)
=

1

2

(
ATAx+ATAx−AT b−AT b

)
= ATAx−AT b

= AT (Ax− b).
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Thus, our new iterative equation is in the form

x(k + 1) = x(k) + τk+1A
T (b−Ax(k)) . (3.4)

3.2 Choosing a step size
To choose the best step size at each iteration, we minimize an error which

occurs with a new vector, x(k+1). Then for each k ∈ N∪{0}, we define ϕk+1 : [0,∞)→ R

by

ϕk+1(τ) :=
1

2
∥A

(
x(k) + τAT (b−Ax(k))

)
− b∥2F . (3.5)

Now, we shall minimize the function ϕk+1(τ) by applying Lemma 2.2. Before then, we
may transform (3.5) into a convenient form.
Let b̃ = AAT (b−Ax(k)) and c̃ = − (Ax(k)− b). Then

ϕk+1(τ) =
1

2
∥A

(
x(k) + τAT (b−Ax(k))

)
− b∥2F

=
1

2
∥τAAT (b−Ax(k)) +Ax(k)− b∥2F

=
1

2
∥τ b̃− c̃∥2F .

Consider
dϕk+1(τ)

dτ
=

1

2

d

dτ
tr
(
(τ b̃− c̃)(τ b̃− c̃)T

)
=

1

2

d

dτ
tr
(
τ b̃τ b̃T − τ b̃c̃T − c̃τ b̃T + c̃c̃T

)
=

1

2

(
d

dτ
τ2tr(b̃b̃T )− d

dτ
τtr(b̃c̃T )− d

dτ
τtr(c̃b̃T ) + d

dτ
tr(c̃c̃T )

)
=

1

2

(
2τtr(b̃b̃T )− 2tr(b̃c̃T )

)
.

Assume that ϕk+1 does not change with respect to τ , i.e.,
dϕk+1(τ)

dτ
= 0.

This gives τ = tr(b̃c̃T )

tr(b̃b̃T )
, and hence the minimizer of function ϕk+1(τ) is

τk+1 =
tr (AAT (b−Ax(k))(b−Ax(k))T

)
∥AAT (b−Ax(k))∥2F

=
∥AT (b−Ax(k))∥2F
∥AAT (b−Ax(k))∥2F

.

We call the sequence {τk+1}∞k=0 that the sequence of optimal convergent factors.
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3.3 The algorithm
Now, we summarize the search direction and optimal step size altogether and

provide “The gradient based iterative algorithm with a sequence of optimal convergent
factors”.
Algorithm 3.1
Input step: Input matrix A ∈Mn(R) and vector b ∈ Rn. Given any small positive

number ϵ as an error.
Initializing step: Choose an initial vector x(0) ∈ Rn. Set k := 0

Stopping rule: If δk := ∥Ax(k)− b∥F < ϵ, stop. Otherwise, go to the next step.
Updating step:

τk+1 = ∥AT (b−Ax(k))∥2F /∥AAT (b−Ax(k))∥2F
x(k + 1) = x(k) + τk+1A

T (b−Ax(k))

Set k := k + 1 and return to Stopping rule.

On the Algorithm 3.1, it seems that we have to triple-compute AT (b− Ax(k)).
Moreover, there are plenty of matrix-multiplications to compute. We then attempt
to reform the Algorithm 3.1 and reduce any overlapping computations. Therefore, we
obtain the well-applicable algorithm as follows:

Algorithm 3.1A
Input step: Input matrix A ∈Mn(R) and vector b ∈ Rn. Given any small positive

number ϵ as an error.
Initializing step: Choose an initial vector x(0) ∈ Rn. Set k := 0. Compute A1 = AT b,

A2 = ATA, A3 = AA1, and A4 = AA2.
Stopping rule: Compute E(k) = b−Ax(k). If ∥E(k)∥F < ϵ, stop. Otherwise, go to the

next step.
Updating step:

τk+1 =
∑n

i=1

(
A1(i)−

∑n
j=1 A2(i, j)x(j)

)2

/
∑n

i=1

(
A3(i)−

∑n
j=1 A4(i, j)x(j)

)2,
x(k + 1) = x(k) + τk+1A

TE(k).
Set k := k + 1 and return to Stopping rule.



Chapter 4
Convergence analysis of the proposed algorithm

In this chapter, we analyse our proposed algorithm by proving that Algorithm
3.1 converges to the exact solution. In addition, we provide the convergent rate and
error estimates. Furthermore, we state the number of iterations correspond to a given
satisfactory error. From now on, we denote κ = κ(A), the condition number of A.

4.1 Convergence of the algorithm
Theorem 4.1. If (3.1) has a unique solution x∗, then the iterative sequence {x(k)}
generated by Algorithm 3.1 converge to x∗ for any initial x(0), i.e., x(k)→ x∗ as k →∞.

Proof. If ∇f(x(k)) = AT (Ax(k)− b) = 0 for some k, then x(k) = x∗ and the result holds.
So assume that ∇f(x(k)) ̸= 0 for all k. Since ∇2f(x) = ATA is a symmetric matrix, by
Lemma 2.8, we have

λmin(ATA)I ≼ ATA ≼ λmax(ATA)I. (4.1)

The inequality (4.1) implies that the function f is strongly convex.
For convenience, wemay write λmax and λmin instead of λmax(ATA) and λmin(ATA)

respectively. We consider the function ϕk+1(τ) := f(x(k) + τAT (b−Ax(k))). From the
inequality (2.5) in Lemma 2.12, with substituting y = x(k)+τAT (b−Ax(k)) and x = x(k),
we obtain

ϕk+1(τ) 6 f(x(k))− τ∥∇f(x(k))∥2F +
λmaxτ2

2
∥∇f(x(k))∥2F . (4.2)

Minimize over τ both sides. The right-hand side is minimized by τ = 1/λmax, and has
minimum value f(x(k))− (1/(2λmax))∥∇f(x(k))∥2F . Therefore, we have

f(x(k + 1)) = ϕk+1(τk+1) 6 f(x(k))− 1

2λmax
∥∇f(x(k))∥2F . (4.3)

Consider inequality (2.4) in Lemma 2.12, with substituting y = x(k) + τAT (b−Ax(k))

and x = x(k), we obtain

ϕk+1(τ) > f(x(k))− τ∥∇f(x(k))∥2F +
λminτ2

2
∥∇f(x(k))∥2F . (4.4)

Minimize over τ both sides, we can find that τ = 1/λmin minimizes the right-hand side.
Therefore, we have

f(x(k + 1)) = ϕk+1(τk+1) > f(x(k))− 1

2λmin
∥∇f(x(k))∥2F .

Since this holds for any x ∈ Rn, we have

0 > f(x(k))− 1

2λmin
∥∇f(x(k))∥2F .
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Hence,

∥∇f(x(k))∥2F > 2λminf(x(k)). (4.5)

Substituting (4.5) into (4.3) we have

f(x(k + 1)) 6 f(x(k))− 1

2λmax
2λminf(x(k))

=

(
1− λmin

λmax

)
f(x(k)).

Notice that 1− λmin/λmax = 1− κ−2, hence

f(x(k + 1)) 6
(
1− κ−2

)
f(x(k)).

Since A is invertible, ATA is positive definite i.e. λ > 0 for all λ ∈ σ(ATA). So κ−2 > 0

and thus

f(x(k + 1)) 6
(
1− κ−2

)
f(x(k)). (4.6)

By induction, we obtain

f(x(k)) 6
(
1− κ−2

)k
f(x(0)) (4.7)

which shows that f(x(k)) converges to 0 as k →∞.

Theorem 4.2. Let {x(k)}∞k=1 be the sequence of vector generated by Algorithm 3.1.
For any ϵ > 0 we have that ∥Ax(k)− b∥F < ϵ after k∗ iterations for any k∗ that respects:

k∗ >
log ϵ− log f(x(0))

log (1− κ−2)
. (4.8)

Proof. From (4.7)

f(x(k)) 6
(
1− κ−2

)k
f(x(0))→ 0 as k →∞.

By definition of convergence, we have that for all ϵ > 0 there is a positive integer N
such that for all k > N

(
1− κ−2

)k
f(x(0)) < ϵ.

Taking logarithm both sides, we obtain

log
((

1− κ−2
)k

f(x(0))
)
< log ϵ

k log (1− κ−2
)
+ log f(x(0)) < log ϵ

k >
log ϵ− log f(x(0))

log (1− κ−2)
.
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Corollary 4.3. An approximated solution, x(k) will have an accuracy to decimal digit
n after k∗ iterations for any k∗ that respects:

k∗ >
log 0.5− log f(x(0))− n

log (1− κ−2)
. (4.9)

Proof. The proof is straightforward by substituting ϵ = 0.5× 10−n in (4.8).

Now, with Corollary 4.3 we can have an improvement of Algorithm 3.1 by
cutting out the stopping rule step and setting the exact iteration time k∗ as follows:
Algorithm 3.1B
Input step: Input matrix A ∈Mn(R) and vector b ∈ Rn. Given m as a decimal digit

accuracy.
Initializing step: Choose an initial vector x(0) ∈ Rn. Set k := 0. Compute A1 = AT b,

A2 = ATA, A3 = AA1, A4 = AA2 and
k∗ = ⌈(log 0.5− log f(x(0))−m)/(log(1− κ−2))⌉.

Updating step:
For k = 0, 1, . . . , k∗,

τk+1 =
∑n

i=1

(
A1(i)−

∑n
j=1 A2(i, j)x(j)

)2

/
∑n

i=1

(
A3(i)−

∑n
j=1 A4(i, j)x(j)

)2,
x(k + 1) = x(k) + τk+1A

TE(k).
Set k := k + 1 and continue the process.

Note that ⌈x⌉ is the ceiling function of x.

4.2 convergent rate and error estimates
We now discuss the rate of convergence and error estimates of Algorithm 3.1.

According to the proof of Theorem 4.1 equations (4.6) and (4.7) give us the following
error estimates:

∥Ax(k)− b∥F 6
(
1− κ−2

) 1
2 ∥Ax(k)− b∥F , (4.10)

∥Ax(k)− b∥F 6
(
1− κ−2

) k
2 ∥Ax(0)− b∥F . (4.11)

Moreover, we can see that f(x(k)) 6 (1− κ−2)f(x(k − 1)) < f(x(k − 1)).

Theorem 4.4. Assume that the equation (3.1) has a unique solution x∗, then the
Algorithm 3.1 converges for any initial vector with its convergent rate (with respect
to the error ∥Ax(k) − b∥F ) is governed by √1− κ−2. Moreover, the error estimates
∥Ax(k) − b∥F compared to the previous step and the first step are provided by (4.10)
and (4.11), respectively. In particular, the relative error at each iteration gets smaller
than the previous one.
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Now, to establish another estimation of error, we recall the following properties.

Lemma 4.5. [14] For any matrices A and B with proper sizes, we have

i) ∥AT ∥2 = ∥A∥2,

ii) ∥ATA∥2 = ∥A∥22,

iii) ∥AB∥F 6 ∥A∥2∥B∥F .

Theorem 4.6. Assume that the equation (3.1) has a unique solution x∗, then the error
estimates ∥x(k)− x∗∥F compared to the previous step and the first step of Algorithm
3.1 are given as follows:

∥x(k)− x∗∥F 6 κ
(
1− κ−2

) 1
2 ∥x(k − 1)− x∗∥F , (4.12)

∥x(k)− x∗∥F 6 κ
(
1− κ−2

) k
2 ∥x(0)− x∗∥F . (4.13)

In particular, the convergent rate of the algorithm is governed by √1− κ−2.

Proof. Applying Lemma 4.5 to the equation (4.11), we obtain

∥x(k)− x∗∥F = ∥A−1Ax(k)−A−1Ax∗∥F

= ∥A−1 (Ax(k)− b) ∥F

6 ∥A−1∥2∥Ax(k)− b∥F

< ∥A−1∥2
(
1− κ−2

) k
2 ∥Ax(0)− b∥F

6 ∥A−1∥2
(
1− κ−2

) k
2 ∥A∥2∥x(0)− x∗∥F

= κ
(
1− κ−2

) k
2 ∥x(0)− x∗∥F .

Since the end behaviour of the above error depends on the term (
1− κ−2

) k
2 , the

asymptotic rate of convergence for the algorithm is governed by √1− κ−2. Similarly,
following from (4.10) and Lemma 4.5, we obtain

∥x(k)− x∗∥F < ∥A−1∥2
(
1− κ−2

) 1
2 ∥Ax(k − 1)− b∥F

6 ∥A−1∥2
(
1− κ−2

) 1
2 ∥A∥2∥x(k − 1)− x∗∥F

= κ
(
1− κ−2

) 1
2 ∥x(k − 1)− x∗∥F ,

and therefore, we have (4.12).



Chapter 5
Numerical simulations

In this chapter, we illustrate the effectiveness and capability of our algorithm.
We make the comparison reports of Algorithm 3.1 with the existing algorithms we have
presented in Chapter 2. We include the table of iteration time and the CPU time as
well as the error plot graphic in each example. All iterations have been carried out
by MATLAB R2017a, Intel(R) Core(TM) i7-6700HQ CPU @ 2.60GHz 2.60 GHz, RAM 8.00
GB. PC environment. For convenience, we use TauOpt, GI, LS, BB1, BB2, IT and CPU
to represent Algorithm 3.1, the gradient based algorithm (Theorem 2.24), the least
squares algorithm (Theorem 2.25), the BB step size type 1 (2.7) and type 2 (2.8), the
iteration time and the CPU time (in seconds) respectively. At step kth of the iteration,
we consider the following error:

γk := ∥x(k)− x∗∥F

where x(k) is the kth approximated solution of the corresponding linear system.

Example 5.1. We consider the linear system Ax = b where

A =

1 2

2 5

 and b =

 5

14

 .

We choose an initial vector

x(0) = 10−6

 1

−1

 .

We run the algorithm 3.1 and we can see that from the table 5.1 that the approximated
solutions converge to the exact solution

x∗ =

−3
4

 .

Furthermore, the algorithm 3.1 gives the fastest convergence as the figure shown.

Table 5.1: Iterative solution for Example 5.1.

k x1 x2 γk

1 0.9714 2.3550 0.8597
2 -2.9926 3.9902 0.0025
3 -2.9902 3.9960 0.0021
4 -3.0000 4.0000 0.0000

Solution -3.0000 4.0000
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Figure 5.1: Relative errors for Example 5.1.

Table 5.2: Iteration time and cpu time for Example 5.1.

Method IT CPU
TauOpt 8 0.0156
Jacobi 134 0.0313
GS 71 0.0156
SOR 133 0.0313
ESOR 116 0.0625
JOR 345 0.0156
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Example 5.2. We consider the larger linear system. We would like to show that
for a coefficient matrix that does not have an appropriate property and make all
approximated solutions from every method diverge, our algorithm still converges to
the exact solution. Given

A =



1 5 8 4 8 5

5 2 7 7 6 5

8 7 9 8 6 4

4 7 8 6 7 1

8 6 6 7 2 0

5 5 4 1 0 2


and b =



−6

−3

−13

9

−4

−30


.

We start with an initial vector

x(0) = 10−6
[
1 −1 1 −1 1 −1

]T
.

As we can see from Figure 5.2 , Jacobi, Gauss-Seidel, SOR, ESOR, AOR and JOR diverge,
but meanwhile, our algorithm continue to converge to 0.

Figure 5.2: Natural logarithm relative errors for Example 5.2.
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Figure 5.3: Relative errors of Algorithm 3.1 for Example 5.2.

As a result, the approximated solutions from our algorithm converges to the
exact solution as shown in Figure 5.3

x∗ =



−1

−3

0

2

4

−6


with six decimal digits accuracy using 14612 iterations.
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Example 5.3. This example we consider a 10 × 10 coefficient matrix. We compare
Algorithm 3.1 with GI, LS and BB algorithms. Given

A =



−1 2 −3 7 6 9 0 −5 −8 5

1 5 −4 −1 0 3 5 8 −7 3

3 4 −7 6 0 3 −1 7 4 −5

−1 1 7 4 −9 −1 0 0 −5 3

1 −7 3 2 −4 1 0 5 9 3

3 1 4 −4 −6 3 3 6 −9 4

6 1 8 2 −3 −8 7 −4 2 6

8 1 5 2 3 3 −2 8 7 −9

−9 5 4 −1 0 6 4 −8 5 −3

0 1 −3 1 6 −1 9 5 −1 0



and b =



23

−88

100

−93

28

−156

−100

148

160

−2



.

Choose the initial vector

x(0) = 10−6
[
1 −1 1 −1 1 −1 1 −1 1 −1

]T
.

After running Algorithm 1, the exact solution is given by

x∗ =
[
−3 2 1 4 5 7 −1 −2 9 −8

]T
.

To compare with GI and LS algorithms, we randomly choose the convergent
factors µ = 0.0005 and µ = 0.005 for GI and LS, respectively. The natural logarithm
relative errors shown in Figure 5.4 implies that Algorithm 3.1 is comparable to both of
BB algorithms but still outperforms the GI and LS algorithms in the performances of
convergence. Moreover, Table 5.3 shows that Algorithm 3.1 has reached the lowest
of CPU time.

Table 5.3: Iteration time and CPU time for Example 5.3.

Method IT CPU
TauOpt 840 0.0313

GI 6020 0.2813
LS 2531 0.1250
BB1 77 0.0625
BB2 90 0.0625
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Figure 5.4: Natural logarithm relative errors for Example 5.3.

Example 5.4. This example we consider the convergence rate of the algorithm. We
show the correctness of Theorem 4.4 and Theorem 4.6 which they imply that the
closer to 1 the condition number, the faster the convergence of the algorithm. Let
a ∈ R and consider

A =

a 1

2 3

 .

Thus, the condition number of the iteration matrix depends on a. By taking different
values of a, we then obtain the results that are shown in Table 5.4 and Figure 5.5.

Table 5.4: Condition number, iteration time and CPU time for each a for Example 5.4.

a κ(A) IT CPU
-3 1.3504 11 0.0469
7 2.9802 19 0.0625
10 3.8089 27 0.0781
15 5.9720 36 0.1094
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Figure 5.5: Relative errors for Example 5.4.



Chapter 6
Conclusion and suggestion

6.1 conclusion
A new algorithm, that is, the gradient based iterative algorithm with a sequence

of optimal convergent factors, is established for solving linear systems. By utilizing
knowledge in gradients, steepest descent, and convex optimization techniques, we
hence obtain the effective algorithm that can be applicable for any linear systems
without any conditions but the systems must have a unique solution. In addition, we
introduce a new formula for a convergent factors and call it an optimal convergent
factor. It therefore excellently improve the algorithm in performance of convergence.
The asymptotic rate of convergence is governed by √1− κ−2, where κ is the condition
number of A. The numerical experiments reveal the competency of the proposed
algorithm comparing to well-known and recent methods. The iteration time and the
CPU time in each simulation indicate that our algorithm is a good choice for solving
linear systems.

6.2 Suggestion
The techniques of gradients, steepest descent, and convex optimization might be
useful for a class of matrix equations for examples:

• The Sylvester equation

AX +XB = C,

• The Lyapunov equation

AX −XAT = Q,

• The Kalman-Yakubovich equation

AXB +X = C.

However, these topics require more studies and can be another further research.
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