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Chapter 1

Introduction

1.1 Research Motivation

In mathematics, a linear system (or system of linear equations) is a collection

of two or more linear equations involving the same set of variables. For example,

I + QZQ +4£U3 = ].5
*31‘1 —+ 2o + 5£E3 =20

201 + 320+ 23 =7

is a system of three linear equations in three variables x1, x5, z3. A solution to a linear
system is an assignment of a value to each variable for which all the equations are

simultaneously satisfied. The solution to the system above is given by
$1:—1, 1'2:27 .’E3:3

since it makes all three equations valid collectively.

The theory of linear systems is a basis and a fundamental part of linear algebra,
a subject which is used in most areas of modern mathematics. The computational
algorithms for finding solutions are an important part of numerical linear algebra, and
play prominent roles in engineering, physics, chemistry, computer science, and also
€conomics.

In computation, simultaneous equations must be transformed into matrix and
vector forms and considered as a linear system Az = b where A is a coefficient matrix
and b is a known constant vector. Obviously, such system has a unique solution if and
only if Ais invertible. The methods of solving the linear systems can be classified into
three groups: direct methods, semi-direct methods, and iterative methods.

Direct methods are a way to solve for an exact solution. Most of direct methods
are well-known in general linear algebra such as Gaussian Elimination, Inversion Matrix,
Cramer’s Rule, and several decompositions of matrix. Direct methods are advantage in
availability for any invertible matrices except for a decomposition method which has to
be considered at different types of matrices. A disadvantage of direct methods is that
the solution occurs at the final step of computation. In other word, we must finalize
the entire process in order to obtain the solution. Stopping at somewhere during
the process does not offer even a numerical solution. In addition, miscalculation in
some steps might have an effect to every step afterwards and the outcome solution
eventually absolutely differ from the exact solution. Also, large linear systems require

huge spaces of memory. Therefore, direct methods are suited for small linear systems.



Semi-direct methods are other ways to seek the exact solution from numerical
solutions with an exact step number. At each iteration, the numerical solution gets
closer and closer to the exact solution and the exact solution occurs at the final
iteration. The important semi-direct method is the conjugate gradient method.

lterative methods are numerical methods that create a sequence of numerical
solutions which converges to the exact solution. By utilizing knowledge from linear
algebra together with matrix analysis such as norms of vector and matrix, convergence
of sequence of vectors and matrices, etc. The advantage of iterative methods is having
less steps of computation but the result solution is considerably close to the exact
solution. Moreover, the number of iteration is able to be calculated for which the
iteration can stop when the approximated solution has reached the satisfactory error.
Above all, the iterative methods are suited for large linear systems. However, each
method guarantees the convergence of solutions for different kinds of the coefficient

matrix. Examples of well-known iterative methods:
e Jacobi method,
e Gauss-Siedel (GS) method,
e Successive Over-Relaxation (SOR) method.
Also the methods that developed from SOR such as:
e Extrapolated Successive Over-Relaxation (ESOR) method,
e Jacobi Over-Relaxation (JOR) method,
e Accelarated Over-Relaxation (AOR) method.

In this research, we shall introduce a new iterative method for solving linear
system. Our method is an enhancement of a gradient based iterative method. With
a sequence of optimal convergent factors, we may fasten the rate of convergence
and reduce the iteration numbers. Furthermore, without any conditions of coefficient
matrix and initial vector, the sequence of approximate solutions converges to the

exact solution.

1.2  Objectives of the study

1) Create a new gradient based iterative algorithm for solving linear systems.

2) Propose the sequence of optimal convergent factors that make the approximated
solutions converge to the exact solution.

3) Analyze the convergence of the algorithm in order to obtain a convergent rate

and error estimate.



4) Provide numerical simulations comparing to well-known algorithms and recent

algorithms.

1.3 Scopes of the study

Consider the linear system
Ax =b

where A is an nxn invertible real matrix and b is a n x 1 real constant vector. Our

algorithm is in the form
x(k+1)=x(k) — g1 Vf(z(k))
where f:R" — R and is defined to be
1 2
fl@) = 514z = b3

also 7, is an appropriate step size at each k iteration.

1.4 Benefits of the Study

Attain a new effective algorithm to solve linear systems.

1.5 Research methodology
1) Study advanced topics in Applied Linear Algebra and iterative methods.
2) Study advanced topics in Functional Analysis and Matrix Analysis.
3) Study topics of iterative algorithms based on gradients from research papers.

4) Propose a new gradient based iterative method together with a sequence of

optimal convergence factor.
5) Analyze a convergence of the algorithm.
6) Provide numerical simulations.

7) Combine and summarize all findings then write the thesis and make suggestions

for further studies.



Table 1.1: The research schedule

Time frame

Activity 2017 2018 2019

Aug.-Sep. | Oct.-Dec. | Jan.-Mar. | Apr.-Jun. | Jul-Sep. | Oct.-Dec. | Jan.-Mar. | Apr.-Jun.

Stepl | «————

Step 2 B

Step 3 Ly

Step 4 G—

Step 5 oy

Step 6 —

Step 7 e




Chapter 2
Preliminaries

In this chapter, we provide sufficiently some knowledge and tools relative to
matrix analysis, functional analysis, convex function and linear iterative systems. We
denote the set of m-by-n real matrices by M,, .(R) and we denote M, for square

matrices instead of M, ,,.

2.1 Elements in matrix and functional analysis

Definition 2.1. Let A € M,,(R). The trace of A is denoted by tr(A) and defined to be

tr(A) = i Qi -
=1

Lemma 2.2. (see e.g.[14]) Let A, B,C,D be compatibly constant matrices, X be a
variable matrix and ¢ € R. The properties and derivatives of trace of matrix are as

follows:
1. tr(A+ B) = tr(A) + tr(B),
2. tr(cA) = ctr(A),
3. tr(A) = tr(AT),

4. tr(AB) = tr(BA),

dtr(AX dir(xT AT
5. éx): (X ):AT’

6. WXAXTE) _ px A4 BTXAT,

Definition 2.3. The condition number of an m x n matrix A is the ratio between its

largest and smallest singular value:

() = (AN

Definition 2.4. Let V be a vector space over the field F(F = R or C). A function

|-]|:V —Risanorm if, forall z,y € V .and all c € F,
L. Jlzfl > 0

2. |zl =0if and only if z =0

SN

el = felll=|

N

Myl < =l + vl



Definition 2.5. The Frobenius norm is a norm of an m x n matrix A defined as the

square root of the matrix trace of AAT:

|AllF = 1/tr(AAT).

Definition 2.6. The Spectral norm is a norm of an m xn matrix A defined as the square
root of the largest singular value of A:

1 All = y/Armax (AT 4).
Definition 2.7. Let A € M, (R) be symmetric. Then A is called
o Negative definite if 27 Az < 0 for all z € R™ — {0},
e Positive definite if 27 Az > 0 for all z € R™ — {0},
e Positvie semidefinite if z7 Az > 0 for all z € R™.

Lemma 2.8. Let A be a symmetric matrix and let us denote Apin (Amax, resp.) its

smallest (largest, resp.) eigenvalue, then
Aminz’ 2 < 27 Az < Amaxz” @, z € R™.
Definition 2.9. The Lowner partial order < for real symmetric matrices is defined by
A< B« B— Alis positive semi-definite.
Using the definition of positive semi-definite matrices, this can be reformulated as:

A<BezTAz < xTBx, z € R™.

2.2 Convex function
Definition 2.10. A function f: R® — R is convex if for all z,y in the domain of f, and
6 with 0 < 4 < 1, we have

fOz+ (1 —0)y) <Of(x)+ (1—0)f(y). (2.1)

Definition 2.11. A twice-differentiable convex function f : R™ — R is said to be strongly

convex if there exist constant 0 < m < M such that for all z € R?,
ml < V2f(zx) < MI. (2.2)
Using the definition of the partial order =, this is equivalent to
myly <yTVAf(z)y < MyTy, x € R™,y € R™. (2.3)

In other words, m (M, resp.) is a lower (upper, resp.) bound on the smallest (largest,
resp.) eigenvalue of V2f(zx) for all z € R™.

Lemma 2.12. (see e.g.[15]) If f is strongly convex on R", then for z,y € R™ we have
I) > f(@) + V@)@ - 2)+ 5 |y~ 3. (2.0)

F) < F@)+ V@ @ =)+ Sl — ol 25)



2.3 Linear Iterative Systems
We consider the linear system
Ax =b (2.6)

where A € M,(R) is an invertible matrix, b € R™ is a known constant vector, and
x € R™ is an unknown vector to be solved. Indeed the equation has the exact solution
x* = A1b.

We shall be attempting to solve (2.6) by replacing it with a form of iterative

system
x(k+1)=Tx(k)+ec, x(0)=xg

in which T is an n x n matrix, and called an iteration matrix, and c is a vector.

Next, we will turn our attention to the three most classical iterative methods,
Jacobi method, Gauss-Seidel method and SOR method, also, the methods developed
from SOR method such as ESOR, JOR, and AOR.

2.3.1 Jacobi method

Jacobi method was created and named after the influential nineteenth century
German analyst Carl Jacobi. It is the iterative method to find the solution of linear
system Az = b under condition that each entry in the main diagonal of coefficient A
must not be zero.

It is instructive to rederive the Jacobi method in a direct matrix form. We begin

by decomposing the coefficient matrix
A=D-L-U

into the sum of a strictly lower triangular matrix L, a diagonal matrix D, and a strictly
upper triangular matrix U, each of which is uniquely specified. Now, we have the
Jacobi iteration matrix as follows:

Ty = Dil(L +0),

cy = D 1.

The Jacobi method is guaranteed to converge if the coefficient matrix A possesses

some good properties.

Definition 2.13. A square matrix A is called strictly diagonally dominant if

n
\aii\ > Z|aij|, forall i = 1,...,n.
j=1

J#i



In other words, strict diagonal dominance requires each diagonal entry to be
larger, in absolute value, than the sum of the absolute values of all the other entries

in its row. For example, the matrix

3 -1 1
1 -4 2
-2 -1 5

is strictly diagonally dominant since
Bl > =1+ 1], [ =4 > 1]+ (2], 5] >[=2[+]|-1].

Diagonally dominant matrices appear frequently in numerical solution methods for
both ordinary and partial differential equations. As we shall see, they are the most
common class of matrices to which iteration solution methods can be successfully

applied.

Theorem 2.14. [2] If A is strictly diagonally dominant, then the associated Jacobi

iteration method converges for any choice of initial approximate vector z(0).

2.3.2 Gauss-Seidel (GS) method

Gauss-Siedel method, also known as the Liebmann method or the method of
successive displacement, was named after the German mathematicians Carl Friedrich
Gauss and Philipp Ludwig Von Seidel, and is similar to the Jacobi method. It was only
mentioned in a private letter from Gauss to his student Gerling in 1823. A publication
was not delivered before 1874 by Seidel.

The Gauss-Seidel iteration matrix is given as:

Tas = (D —L)~'U,

cas = (D — L) 'b.

Theorem 2.15. [2] If A is strictly diagonally dominant, then the associated Gauss-Seidel

iteration method converges for any choice of initial approximate vector z(0).

2.3.3 Successive Over-Relaxation (SOR) method

The method of successive over-relaxation (SOR) is a variant of the Gauss-Seidel
method for solving a system of linear equations. By using the technique of relaxation,
it is resulting in faster convergence. It was devised simultaneously by David M. Young,
Jr. and by Stanley P. Frankel in 1950 for the purpose of automatically solving linear
systems on digital computers.

In addition to the idea of Gauss-Seidel method, SOR has added a new variable



w called weighted factor. The SOR iteration matrix is viewed as:

Tsor = (D —wL) ™" (WU + (1 —w)D),

CSOR — (D — wL)il b.

The following theorems are used to consider whether the SOR method converges or

not.

Theorem 2.16. [16] If A is a positive definite matrix and 0 < w < 2, then the SOR

method converges for any choice of initial approximate vector z(0).

Theorem 2.17. [17] Suppose a;; # 0, for each i = 1,2,...,n, then the SOR method can

converge for any choice of initial approximate vector z(0) if 0 < w < 2.

2.3.4 Extrapolated Successive Over-Relaxation (ESOR) method

As far as the iterative methods are concerned, it is not possible to indicate the
best general purpose iteration method for the solution of linear systems (in the sense
of converging faster than any other methods). However, trying to find methods that
are best in the sense of being at least convergent for a maximum set of problems.
Consequently, the Extrapolated Successive Over-Relaxation (ESOR) was introduced.
The ESOR is particularly useful compared to the SOR if the SOR diverges or its optimum
relaxed parameter w cannot be determined but even if w is known the ESOR may be
faster than the SOR method. The iteration matrix of ESOR is given by:

Trsor = (D —wL) " ((t —w)L+7U 4+ (1 - 7)D),
CESOR =T (D — wL)_l b.
Theorem 2.18. [5] For properly chosen w € (0,2) and 7 = 7(w) with |7| < w, the ESOR

method converges for any choice of initial approximate vector x(0) if and only if each

eigenvalue X\ of Tgsor satisfy either Re A <1 or Re A > 1.

2.3.5 Jacobi Over-Relaxation (JOR) method

In 1971, David M. Young has introduced a generalization of the Jacobi method,
that is, the Jacobi over-relaxation (or JOR), in which, having introduced a relaxation
parameter w. The JOR iteration matrix is as follows:

Tior = D' (WL +wU + (1 —w)D),
CJOR = wD™tb.

This method can be reduced to Jacobi method when w = 1. Convergence

results for JOR are as follows:

Theorem 2.19. [6] If A is a symmetric positive definite matrix, then the JOR method

is convergent for any choice of initial approximate vector z(0) if 0 < w < p(D~1A).
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Theorem 2.20. [6] If the Jacobi method is convergent, then the JOR method converges
ifo<w<1.

2.3.6 Accelerated Over-Relaxation (AOR) method

The Accelerated Over-Relaxation (AOR) method is a two-parameter iterative
method which is a generalization of the conventional Jacobi, Gauss-Seidel, and SOR
techniques. AOR method was introduced by Hadjidimos in 1978. The iteration matrix
of AOR is viewed as:

Taor = (D +aL)™! ((a = B)L = U + (1 = B)D),

caor = B(D + aL)'b.
The AOR method contains the following standards as special cases:
e Jacobi method: a=0and g =1,
e Gauss-Seidel method : a=1and g =1,
e JOR method : a =0,
e SOR method : o = 8.

Theorem 2.21. [7] AOR iterations are convergent only if 0 < a <2 and 0 < 8 < 2.

2.3.7 Barzilai and Borwein (BB) method

Another study of solving linear systems is in the field of unconstrained convex
optimization where the gradient method searches along with the steepest descent is
used.

Suppose we would like to minimize a continuously differentiable function f
on R™. To do this, let (k) be the current iterate point, and gx = g(z(k)) = V f(z(k)) be
the gradient vector at z(k). The steepest descent method defines the next iteration
by

z(k+1) = z(k) — argr

where «;, > 0 satisfies

1 (@(k) = ang) = min £ (2(k) — age) .

In 1988, Barzilai and Borwein [19] approached their step size in the current
iteration. For the iterative equation z(k + 1) = z(k) — axgx, the step size a; can be
chosen either (2.7) or (2.8) as follows:

ST yr_

oy, = E=t¥hl 2.7)
llye—1ll3
2

_ ka*1H2 (28)
Sk71yk—1

where S,y = (k) —z(k—1) and yr—1 = gk — gr—1-
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Definition 2.22. Let {z;} converges to z*. We say that the convergence is of order
g > 1 and with factor v > 0, if 3k, such that Yk > ko,

[ehr — 2™ < ylloy — 27|
Theorem 2.23. [19] Let f: R™ — R be a strictly convex quadratic function defined by
f(k) = a2 Az +bT2,

where A is a symmetric positive definite n x n matrix and b € R". The gradient method
with BB step size (2.7) and (2.8) almost always converges R-superlinearly, i.e., the order

of convergence ¢ > 1.

2.3.8 Gradient and least-squares based iterative (Gl and LS) methods

In the recent decade, many researchers have been developing gradient based
iterative algorithms for linear matrix equations based on the techniques of hierarchical
identification and minimization of associated norm-error functions. See e.g. Feng and
Tongwen [9], [10], [11], and [12] and Feng et al. [13].

We recall the following algorithms:

Theorem 2.24. [9] Suppose that the linear system (2.6) has a unique solution z*. Let
0 < p < i O 0 < p < = Then the iterative solution (k) given by the following

gradient based iterative (GI) algorithm:
z(k+1) = x(k) + pAT (b — Ax(k))
converges to z* for any initial value z(0).

Theorem 2.25. [9] Suppose the system (2.6) has a unique solution z*. Let 0 < u < 2.
Then the iterative solution z(k) given by the following least-squares based iterative
(LS) algorithm

2(k+1) = 2(k) + u (ATA) " AT (b — Ax(k))

leads to limy_,o (k) = z* for any initial value z(0).



Chapter 3

Proposing the gradient based iterative algorithm with
a sequence of optimal convergent factors for solving

linear systems

In this chapter, we introduce a new method for solving linear systems based
on a gradient and we provide an appropriate sequence of convergent factors which
minimizes an error at each iteration.

Let us turn our attention to the linear system
Ar=1b (3.1)

where A € M,(R) is a nonsingular square matrix, b € R™ is a known constant vector,
and x € R™ is an unknown vector to be solved. Indeed, the equation has the exact
solution z* = A~ 1'b.

We firstly define the quadratic norm-error function f: R* — R by
flx) = %HAz —b||% where ||z|% = tr(zaT). (3.2)

We assume that the consistent system (3.1) has a unique solution and therefore, an
optimal vector z* of f exists. We shall start by having an arbitrary initial vector z(0)
and then at every step k > 0 we iteratively move to the next vector z(k + 1) with
an appropriate direction, i.e., the negative gradient of f, together with a suitable step
size 1x+1. The gradient based iterative method thus can be described through the

following recursive rule:

v(k+1) = 2(k) — e 1 V(2 (k). (3.3)

3.1 Searching a direction

We shall minimize the function f by applying Lemma 2.2, we then obtain

df(z) 1d _
In id—tr ((Az — b)(Az —b)")

Ldy, r (Aza” AT — baT AT — Axb” + bb7)

Vi(z) =
T 2dz
1 e T AT d T AT _i T i T
2< tr(z" A" Az) — dxt (z" A" D) dxtr(b Az) + dwtr(bb )

=5 (ATAx + AT Az — AT — ATD)

= AT Az — ATh

= AT (Az — D).
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Thus, our new iterative equation is in the form

z(k+1) = z(k) + 11 AT (b — Az(k)). (3.4)

3.2 Choosing a step size

To choose the best step size at each iteration, we minimize an error which
occurs with a new vector, z(k+1). Then for each k € NU{0}, we define ¢x41 : [0,00) - R
by

g1 (T) = %HA (z(k) + AT (b — Az(k))) — b]|%- (3.5)

Now, we shall minimize the function ¢x.1(7) by applying Lemma 2.2. Before then, we
may transform (3.5) into a convenient form.
Let b = AAT (b — Az(k)) and é = — (Az(k) — b). Then

Bra(r) = 1A (a(k) + AT (b Ax(k))) ~ b}

= JIrAAT (b~ Ax(k)) + Ax(k) — bl}:

1, -
= 2lirb el
Consider
M _ li I aN(F T
e Qthr ((Tb—c)(Tb—c) )
_1d 75T 5T = T | =T
= 2d7tr (TbTb Tbhé cth' + ¢e )
B e SO Do
=35 (dTT tr(vv") dTTtr(bc ) dTTtr(cb )+ thr(cc )

= & (2rtr(B7) — 2tr(le™))

Assume that ¢+, does not change with respect to 7, i.e.,

g1 (7) _
dr '
This gives 7 = EEZ;;; and hence the minimizer of function ¢4 (7) is
N tr (AAT (b — Az (k) (0 — Az(k))") _ [|AT (b — Ax(k))|}
K1 = =

[ AAT (b — Ax(k))[[7  [AAT (b — Ax(k)[1F

We call the sequence {m+1}72, that the sequence of optimal convergent factors.
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3.3 The algorithm

Now, we summarize the search direction and optimal step size altogether and
provide “The gradient based iterative algorithm with a sequence of optimal convergent
factors”.

Algorithm 3.1
Input step: Input matrix A € M, (R) and vector b € R™. Given any small positive
number € as an error.
Initializing step: Choose an initial vector x(0) € R". Set k:=0
Stopping rule: If 6, := ||Az(k) — b||r < ¢, stop. Otherwise, go to the next step.
Updating step:
Tepr = [|AT (b — Az(k))|[2/|AAT (b — Ax(k)) 3
a(k+1) = a(k) + o1 AT (b — Ax(k))
Set k:=k+ 1 and return to Stopping rule.

On the Algorithm 3.1, it seems that we have to triple-compute AT (b — Ax(k)).
Moreover, there are plenty of matrix-multiplications to compute. We then attempt
to reform the Algorithm 3.1 and reduce any overlapping computations. Therefore, we

obtain the well-applicable algorithm as follows:

Algorithm 3.1A

Input step: Input matrix A € M, (R) and vector b € R™. Given any small positive
number e as an error.

Initializing step: Choose an initial vector z(0) € R™. Set k := 0. Compute A; = AT,
Ay = ATA, A3 = AA;, and Ay = AA,.

Stopping rule: Compute E(k) = b— Az(k). If |E(k)||r <€, stop. Otherwise, go to the
next step.

Updating step:
T = Sy (A(0) — Sy Aai () /Sy (Asli) — Sy AsCin)e()
r(k+1) =z(k) + 1 ATE(k).
Set k :=k+ 1 and return to Stopping rule.



Chapter 4
Convergence analysis of the proposed algorithm

In this chapter, we analyse our proposed algorithm by proving that Algorithm
3.1 converges to the exact solution. In addition, we provide the convergent rate and
error estimates. Furthermore, we state the number of iterations correspond to a given

satisfactory error. From now on, we denote x = x(A), the condition number of A.

4.1 Convergence of the algorithm

Theorem 4.1. If (3.1) has a unique solution z*, then the iterative sequence {z(k)}
generated by Algorithm 3.1 converge to z* for any initial z(0), i.e., z(k) — 2* as k — oo.

Proof. If Vf(z(k)) = AT (Az(k) — b) = 0 for some k, then z(k) = z* and the result holds.
So assume that Vf(x(k)) # 0 for all k. Since V2f(z) = AT A is a symmetric matrix, by

Lemma 2.8, we have
Amin(AT AT < AT A < Apax (AT AT (4.1)

The inequality (4.1) implies that the function f is strongly convex.

For convenience, we may write Amax and Amin instead of Amax (AT A) and Apin (AT A)
respectively. We consider the function ¢41(7) := f(z(k) + 7AT (b — Az(k))). From the
inequality (2.5) in Lemma 2.12, with substituting y = x(k)+7AT (b — Az(k)) and z = z(k),
we obtain

)\max’rz

O (7) < J(a (k) = TNV S @EDIE + 2TV ()E- 4.2)

Minimize over 7 both sides. The right-hand side is minimized by 7 = 1/Amax, and has
minimum value f(z(k)) — (1/(2Amax)) |V f (z(k))||%. Therefore, we have

k4 1)) = b (o) < fle(k)) - ﬁwuwmw% (4.3)

Consider inequality (2.4) in Lemma 2.12, with substituting y = z(k) + 7AT (b — Az(k))
and z = z(k), we obtain

)\mirﬂ'z

5 IV @E)IF. (4.4)

G4 (1) = fla(k)) = 7|V f(2(k)|F +

Minimize over 7 both sides, we can find that 7 = 1/\i, minimizes the right-hand side.
Therefore, we have

1

ey IV £ (2 (k) [

flx(k+1)) = bp1(Thyr) = fx(k))

Since this holds for any z € R, we have

1

ey men KEACI OIS

0> f(x(k)) —
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Hence,
IVf(z(k)F = 2Aminf (z(k)). (4.5)

Substituting (4.5) into (4.3) we have

FGelh 1)) < F@k) = 55— 2minf (2 (R)

>\ma><

_ (1 - Am‘”) P (k).

)\max

Notice that 1 — Apin/Amax = 1 — k72, hence

fla(k+1)) < (1—£77) f(z(k)).

Since A is invertible, AT A is positive definite i.e. A >0 forall A € (AT A). SO k72 >0
and thus

fla(k+1)) < (1—r72) f(z(k)). (4.6)

By induction, we obtain
Fla(k)) < (1= w72)" f(w(0)) (a.7)
which shows that f(z(k)) converges to 0 as k — cc. []

Theorem 4.2. Let {z(k)}?°, be the sequence of vector generated by Algorithm 3.1.

For any e > 0 we have that ||Az(k) — b||r < € after k* iterations for any k* that respects:

loge — Log f(x(0)) (@.8)

> log (1 —k—2)

Proof. From (4.7)
Flak) < (1—52)" f(2(0) > 0 as k — oo

By definition of convergence, we have that for all € > 0 there is a positive integer N
such that forall k > N

(1- nfz)k f(z(0)) < e.

Taking logarithm both sides, we obtain

log ((1 — K_Q)k f(a:(O))) < loge
klog (1 —x7%) + log f(z(0)) < loge

loge — log f(z(0)) '

b= log (1 — k—2)
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Corollary 4.3. An approximated solution, z(k) will have an accuracy to decimal digit

n after k* iterations for any k* that respects:

. 0205 —log f(z(0)) —n
E* > ) . (4.9)
Proof. The proof is straightforward by substituting e = 0.5 x 10~ in (4.8). []

Now, with Corollary 4.3 we can have an improvement of Algorithm 3.1 by
cutting out the stopping rule step and setting the exact iteration time k* as follows:
Algorithm 3.1B
Input step: Input matrix A € M,,(R) and vector b € R™. Given m as a decimal digit

accuracy.
Initializing step: Choose an initial vector z(0) € R™. Set k := 0. Compute A; = AT,
Ay = ATA, Ay = AA;, Ay = AA, and
k* = [(10g0.5 — 0g f(2(0)) — m)/(log(1 — x~2)].
Updating step:
Fork=0,1,..., k%,
2 2
T = Ly (A1) = Sy Aol )2 () / iy (As() = )y Aalis )2(3))
z(k+1) = z(k) + 1 ATE(k).
Set k := k + 1 and continue the process.

Note that [2] is the ceiling function of z.

4.2 convergent rate and error estimates

We now discuss the rate of convergence and error estimates of Algorithm 3.1.
According to the proof of Theorem 4.1 equations (4.6) and (4.7) give us the following

error estimates:

N|=

|Az(k) — bl < (1 —x72)? |Az(k) — b| (4.10)

Ve

|Az(k) — bllr < (1 —K2)% ||A2(0) — b||p. (4.11)

Moreover, we can see that f(z(k)) < (1 — &7 2)f(x(k — 1)) < f(z(k —1)).

Theorem 4.4. Assume that the equation (3.1) has a unique solution z*, then the
Algorithm 3.1 converges for any initial vector with its convergent rate (with respect
to the error ||Az(k) — b||r) is governed by v1— k=2, Moreover, the error estimates
| Az(k) — b|| compared to the previous step and the first step are provided by (4.10)
and (4.11), respectively. In particular, the relative error at each iteration gets smaller

than the previous one.
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Now, to establish another estimation of error, we recall the following properties.
Lemma 4.5. [14] For any matrices A and B with proper sizes, we have

D) AT ]2 = [1A]2,

i) AT All2 = [| A3,

i) |AB|lr < | All2[1B -

Theorem 4.6. Assume that the equation (3.1) has a unique solution z*, then the error
estimates ||z(k) — z*||r compared to the previous step and the first step of Algorithm

3.1 are given as follows:

=

lz(k) — 2*|lr <k (L—k2)? [lz(k — 1) — 2™ ||, (4.12)

l2(0) — z*| . (4.13)

E
2

lx(k) —z*||r < K (1 — /{72) '
In particular, the convergent rate of the algorithm is governed by v1 — k2.

Proof. Applying Lemma 4.5 to the equation (4.11), we obtain

(k) — 2| = A Ax(k) — A~ Aa*
— A" (A(k) = b) ||
< A7 2]l Az (k) — b F
<A (1 - %)% | A2(0) — b5

k
2

<A 2 (1= £7%) 2 | All2]|2(0) — 2*||r

= (1= 7% a(0) — o
Since the end behaviour of the above error depends on the term (1 — 5—2)5, the
asymptotic rate of convergence for the algorithm is governed by v1 — x=2. Similarly,

following from (4.10) and Lemma 4.5, we obtain

|

lz(k) = a*p < A7 2 (1 = £72%) % [ Az(k — 1) — b F
<A (L= £7%)2 Al2fle(k — 1) — 2| F

= /1(1 —Ii_2>

=

[a(k = 1) = 2% r,

and therefore, we have (4.12). L]



Chapter 5
Numerical simulations

In this chapter, we illustrate the effectiveness and capability of our algorithm.
We make the comparison reports of Algorithm 3.1 with the existing algorithms we have
presented in Chapter 2. We include the table of iteration time and the CPU time as
well as the error plot graphic in each example. All iterations have been carried out
by MATLAB R2017a, Intel(R) Core(TM) i7-6700HQ CPU @ 2.60GHz 2.60 GHz, RAM 8.00
GB. PC environment. For convenience, we use TauOpt, Gl, LS, BB1, BB2, IT and CPU
to represent Algorithm 3.1, the gradient based algorithm (Theorem 2.24), the least
squares algorithm (Theorem 2.25), the BB step size type 1 (2.7) and type 2 (2.8), the
iteration time and the CPU time (in seconds) respectively. At step kth of the iteration,

we consider the following error:
= [z(k) — 2" p
where z(k) is the kth approximated solution of the corresponding linear system.

Example 5.1. We consider the linear system Az = b where
1 2 5
and b= .
2 5 14
1
z(0) =107 .
-1

We run the algorithm 3.1 and we can see that from the table 5.1 that the approximated

A:

We choose an initial vector

solutions converge to the exact solution

Furthermore, the algorithm 3.1 gives the fastest convergence as the figure shown.

Table 5.1: Iterative solution for Example 5.1.

1 T2 Yk
0.9714 | 2.3550 | 0.8597
-2.9926 | 3.9902 | 0.0025
-2.9902 | 3.9960 | 0.0021
-3.0000 | 4.0000 | 0.0000
Solution | -3.0000 | 4.0000

Alw|(N|~]|=
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Figure 5.1: Relative errors for Example 5.1.

Table 5.2 Iteration time and cpu time for Example 5.1.

Method | IT CPU
TauOpt | 8 | 0.0156
Jacobi | 134 | 0.0313
GS 71 | 0.0156
SOR 133 1 0.0313
ESOR | 116 | 0.0625
JOR 345 | 0.0156
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Example 5.2. We consider the larger linear system. We would like to show that
for a coefficient matrix that does not have an appropriate property and make all
approximated solutions from every method diverge, our algorithm still converges to
the exact solution. Given

1 5 8 4 8 5 —6

5 2 7 7 6 5 -3

8 7 9 8 6 4 —13
A= and b=

4 7 8 6 7 1 9

8 6 6 7 2 0 —4

5 5 4 1 0 2 —30

We start with an initial vector
6 T
20)=10°1 -1 1 -1 1 1]

As we can see from Figure 5.2 , Jacobi, Gauss-Seidel, SOR, ESOR, AOR and JOR diverge,

but meanwhile, our algorithm continue to converge to 0.

800 T T T T T T
— #=— -TauOpt
L Le : — —+— -Jacobi |
700 ; _ aE
: —©—-SOR
L — B—-ESOR
73 o0 — &—-AOR
S — +#—-JOR
@ 500 F 4
@
=
©
© 400 i
B
E=
& 300 1
{=]
e
™
5 200+ ]
=
100 4 i
-100 ) L i | . i
0 100 200 300 400 500 600 700

[teration number k

Figure 5.2: Natural logarithm relative errors for Example 5.2.
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Relative errors
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Iteration number k

Figure 5.3: Relative errors of Algorithm 3.1 for Example 5.2.

As a result, the approximated solutions from our algorithm converges to the

exact solution as shown in Figure 5.3

with six decimal digits accuracy using 14612 iterations.
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Example 5.3. This example we consider a 10 x 10 coefficient matrix. We compare
Algorithm 3.1 with GI, LS and BB algorithms. Given

_—1 2 -3 7 6 9 0 -5 -8 5 ] [ 23 ]
1 5 —4 -1 0 3 5 8§ =7 3 —88
3 4 -7 6 O 3 -1 7 4 =5 100
-1 1 7T 4 -9 -1 0 0 -5 3 -93
Ao 1 -7 3 2 -4 1 o 5 9 3 and b — 28
3 1 4 -4 -6 3 3 6 -9 4 —156
6 1 8 2 -3 -8 7 -4 2 6 —100
8 1 5 2 3 3 2 8 7T =9 148
-9 5 4 -1 0 6 4 -8 5 =3 160
i 0 1 -3 1 6 -1 9 5 -1 0 | i -2 |

Choose the initial vector
6 T
z(0) =10~ {1 -1 1 -1 1 -1 1 -1 1 —1} .
After running Algorithm 1, the exact solution is given by
T
96*2[7321457—1—29—8}-

To compare with Gl and LS algorithms, we randomly choose the convergent
factors p = 0.0005 and p = 0.005 for Gl and LS, respectively. The natural logarithm
relative errors shown in Figure 5.4 implies that Algorithm 3.1 is comparable to both of
BB algorithms but still outperforms the Gl and LS algorithms in the performances of
convergence. Moreover, Table 5.3 shows that Algorithm 3.1 has reached the lowest
of CPU time.

Table 5.3: Iteration time and CPU time for Example 5.3.

Method T CPU

TauOpt | 840 | 0.0313
Gl | 6020 | 0.2813
LS | 2531 | 0.1250

BB1 77 | 0.0625
BB2 | 90 |0.0625
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Figure 5.4: Natural logarithm relative errors for Example 5.3.
Example 5.4. This example we consider the convergence rate of the algorithm. We

show the correctness of Theorem 4.4 and Theorem 4.6 which they imply that the

closer to 1 the condition number, the faster the convergence of the algorithm. Let

a 1
2 3|

Thus, the condition number of the iteration matrix depends on a. By taking different

a € R and consider

A:

values of a, we then obtain the results that are shown in Table 5.4 and Figure 5.5.

Table 5.4: Condition number, iteration time and CPU time for each a for Example 5.4.

a | w(4) | IT| cpPU
3| 1.3504 | 11 | 0.0469
7 |2.9802 | 19 | 0.0625
10 | 3.8089 | 27 | 0.0781
15 | 5.9720 | 36 | 0.1094
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Figure 5.5: Relative errors for Example 5.4.
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Chapter 6

Conclusion and suggestion

6.1 conclusion

A new algorithm, that is, the gradient based iterative algorithm with a sequence
of optimal convergent factors, is established for solving linear systems. By utilizing
knowledge in gradients, steepest descent, and convex optimization techniques, we
hence obtain the effective algorithm that can be applicable for any linear systems
without any conditions but the systems must have a unique solution. In addition, we
introduce a new formula for a convergent factors and call it an optimal convergent
factor. It therefore excellently improve the algorithm in performance of convergence.
The asymptotic rate of convergence is governed by /1 — k=2, where & is the condition
number of A. The numerical experiments reveal the competency of the proposed
algorithm comparing to well-known and recent methods. The iteration time and the
CPU time in each simulation indicate that our algorithm is a ¢ood choice for solving

linear systems.

6.2 Suggestion

The techniques of gradients, steepest descent, and convex optimization might be
useful for a class of matrix equations for examples:

e The Sylvester equation

AX+XB=C,

e The Lyapunov equation

AX — XAT = Q,

e The Kalman-Yakubovich equation

AXB+ X =C.

However, these topics require more studies and can be another further research.
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1 Introduction

Consider a linear system
Az = b [¢))]

where A € M,.(IR) and & € R™ are given. Here, we denote the set of n-by-n real matrices by 14,(IR). Such
system has a unique solution if and only if A is invertible. Themethods of solving the linear systems are classified
into two groups: direct methods, and iterative methods.

A direct method is a way to solve for an exact solution. Most of the direct methods are well-known in
general linear algebra such as Gaussian elimination, inversion matrix, Cramer’s rule, and several matrix decom-
positions. The direct method is advantage in availability for any invertible matrices except for the decomp osition
method which has to be considered at different types of matrices. A disadvantage of the direct method is that
the solution occurs at the final step of computation. In other word, we must finalize the entire process in order
to obtain the solution. Stopping at somewhere during the process does not offer even a numerical solution. In
addition, miscalculation in some steps might have an effect to every step afterwards and the outcome solution
eventually absolutely differ from the exact solution. Also, large linear systemns require huge spaces of memory.
Therefore, the direct method is suited for small linear systemns.

On the other hand, an iterative method create a sequence of numerical solutions so that starting from an
initial approximation with sufficient iteration number finally comes an accurate solution. A group of methods
for solving (1), called stationary iterative methods, can be expressed in the simple form

G0 = Tl

The Jacobi (J) method and the Gauss-Seidel (GS) method are two classical stationary iterative methods deriving
by splitting

A=L+D+U

31
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where D is a diagonal matrix and L (I7) is a lower (upper) triangular matrix. The iteration matrices for the Jacobi
and GS methods are respectively given by

Ty = D YLt U), e = Db,
Tas = —(D+ L)', cas = (D+ L)~

In [1] David Young Ir. developed the Successive Over-Relaxation (SOR) method. The method can be
derived from the GS method by introducing an extrapolation parameter w and its iteration matrix is viewed as

Tsor = (D 4+ wL) ™ (1 =)D — wl),
asor = w(D +wL) ™', 0<w<2.

The SOR method has received much attention and has been evolved continually into new iterative methods. We
recall well-known methods that have been developed from the SOR method as follows:

+ Jacobi Over-Relaxation (JOR) method [2]
Tor = D1 (1 - a)D — (L + 1)),
eror = aD b, a>0.
 Extrapolated SOR (ESOR) method [3]
Tesor = (D+wL) ' ((w—7)L—7U 4+ (1 - n)D),

CESOR:7'(D+z.uL)_1b7 0<w<?, |7 <w.

» Accelerated Over-Relaxation (AOR) method [4]

Thor = (D — O‘L)71 (B—a)L+pU+(1-8)D),
caor = B(D —al) b, 0<f<?2 0<a<p.
Now, let us get back to the linear system (1). If A is assumed to be invertible, then the consistent system
(1) has a unique solution
¥ = A%
The hierarchical identification technique and the minimization of quadratic norm-error functions yield gradient
based iterative algorithms. Many researchers have been developing such iterative method and utilizing for a
class of matrix equations, see Feng and Tongwen [5], [6], [7], [8], Feng et al. [9], Niu et al. [10], Wang et
al. [11], Xie and Ma [12] and Zhang and Sheng [13]. Convergence analysis for such algorithms relies on two

famous matrix norms, namely, the Frobenius norm || - || z and the spectral norm || - [|2. We recall the following
algorithms:

Proposition 1. (Feng, [8]) Suppose that the linear system (1) has a unique solution z*. Let O < p < ﬁg or
0<p< ﬁy. Then the iterative solution z (k) given by the following gradient based iterative (GI) algorithm:
g

2h 1) = 2(k) + pAT (b — A () ®
converges to x* for any initial value x(0).

Proposition 2. (Feng, [8]) Suppose the system (1) has a unique solution z*. Let 0 < p < 2. Then the iterative
solution x(k) given by the following least-squares based iterative (LS) algovithm

ab 1) = a(k) + p(ATA) AT (b — Ax(h)) @)

leads to limg_s o0 x(k) = * for any initial value x(0).
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Another technique for solving linear systems is to formulate them into an unconstrained convex optimiza-
tion problem which can be written by: min e~ f () where f is a continuously differentiable function. We apply
gradient method searches along with the steepest descent. The steepest descent is a gradient scheme where the
step size 7y, is chosen appropriately at each individual iteration so that the maximum amount of decrease of the
objective function is achieved. To do this, let z be the current iterate point, and vy = v(zy) = V f(zy) be the
gradient vector at z. The steepest descent method defines the next iteration by

Thp1 = Tk — TRUk “@)

where 7 > 0 satisfies
flox —mon) = min{f(2e) — Toe

In 1988, Barzilai and Borwein approached their step size in the current iteration. For the iterative equation
(4), the step size 75, can be chosen either (5) or (6) as follows:

sT
2. kflikzﬂ )
llae—1 113
2
Sk_
o Joil &
Sp_1¥k—1

wheres, 1 = zp—zp g andy, 1 = vy — vp_1. We call the iterative method with a convergence factor chosen
above that the BB method. For the convergence analysis of the above step sizes, see Barzilai and Borwein [14],
and Yuan [15]. The results of Barzilai and Borwein has encouraged and brought about many researches on the
gradient method, e.g. Fletcher [16], Dai et al. [17], Dai and Fletcher [18], Yuan [19], and Da1 and Yuan [20].

In the present paper, we propose a new gradient based iterative algorithm with a sequence of optimal
convergent factors for solving linear systems (see Section 2). Then, we make convergence analysis for the
proposed algorithm, mcluding the convergence rate and error estimates (see Section 3). Numerical experiments
are provided in order to illustrate the capability and effectiveness of the proposed algorithm (see Section 4). Tt
turns out that our algorithm has a better performance than that of all mentioned algorithms. Finally, we conclude
the paper with some remarks.

In order to make convergence analysis, the spectral norm, the Frobenius norm, and the condition number
of A € M,(R) are used and respectively defined by

HAHZ =V )‘maz(ATA)v
Al = o/tr(AAT),

T 1/2
ity = (525 )

We recall the following properties.
Lemma 3. (Horn, {21]) For any square matrices A and B of the same size, we have
(i) ||AT A2 = [|4]3
(ii) |AB|lr < [|A]l2]B]F
2 The gradient based iterative algorithm with a sequence of optimal convergent factors
In this section, we introduce a new method for solving linear systems based on gradients and we provide
an appropriate sequence of convergent factors which minimizes an error at each iteration.

Consider the linear system (1) where 4 € M, (R) is an invertible matrix, b € R"™ is a known constant
vector, and € R™ is an unknown vector. We firstly define the quadratic norm-error function

1
9:R" 4R, @)= ;]4v—blF. @

Since A is invertible, the consistent system (1) has a unique solution and hence an optimal vector x* of ¢ exists.
We shall start by having an arbitrary initial vector z(0) and then at every step & > 0 we iteratively move to the
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next vector z(k + 1) with an appropriate direction, i.e., the negative gradient of ¢, together with a suitable step
size pu41. The gradient based iterative method thus can be described through the following recursive rule:
z(k+1) = 2(k) — prp Ve(z(k)- ®)
In order to minimize the function ¢, we start by searching a direction. We will deduce their gradients in
detail. Recall the following gradient formula:
d d

— _ & T ATy _ 4T
dXtr(AX) dXtr(X Ay = A,
Now, we get
Vy(z) = litr((;m — b4z — b))
2dzx

it 1d T 4T T T T
= Qatr(Azz A — bz A" — Azb’ + bb )
= %(ATAerATAzfAbeATb)

= AT(4z —b).

Thus, our new iterative equation is in the form
z(k+1) = z(k)+ MHlAT(b — Az (k).

To generate the best step size at each iteration, we minimize an error which occurs at the next iteration,
z(k +1). We then define a new function + : [0, c0) — R by for each k € N U {0},

i1 () = p(alh +1))
= 1A (2(R) AT G~ An(k)) — bl
Putting & = b — Az(k)and b = AATE we get
Bea() = gllunssb — 2l
Since
tr (b — )b — T )

tr <)ugpl~zT - pj)ET — Epj)T -+ EET>

d d
@Wﬂ—l(#) ~ 3
d

| = B = | =

dp
55T 5T\ _
= (2,utr(bb y— 2t (ha )) =0,

we have u = tr(b&T) /tr(bbT). Hence, the minimizer of function g1 () is
tr (AAT (b — Ax(k)) (b — Az(k)T)
PEAL = 3 TAAT (b — An(k))(b— An(k))T AAT)
_ 1470— @) .
[AAT (G — An (k)7

We call the sequence { g1 }72 o the sequence of optimal convergent factors.
Now, we summarize the search direction and optimal step size altogether and provide “The gradient based
iterative algorithm with a sequence of optimal convergent factors”.
Algorithm 1
Input step: Input matrix A € M, (R) and vector b € R"™. Given any small positive
number ¢ as an error.
Initializing step: Choose an initial vector z(0) € R”. Setk :=0
Stopping rule: If §; := ||[Az(k) — b||» < e, stop. Otherwise, go to the next step.
Updating step:
o1 = AT (6 — An(k)) [/ AAT (b — A (k) |3
2(k-+1) = (k) + pisa AT (b — Aw(h))
Set k := k + 1 and return to Stopping rule.
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3 Convergence analysis

In this section, we will show that Algorithm 1 converges to the exact solution. Moreover, we provide the
convergent rate, the error estimates and the number of iterations corresponding to a given satisfactory error.

Our analysis will be based on a matrix partial order and strongly convex functions defined below. We then
firstly begin by showing some important properties of strongly convex functions, and use these properties in the
proof of the convergence of the algorithm.

Recall that the Lowner partial order < for real symmetric matrices is defined by

A < B < B — Aispositive semi-definite.
Using the definition of positive semi-definite matrices, this can be reformulated as:
A= B gl Az < 2T Bz, Vo e R™.

Recall also that a twice-differentiable convex function f : R” — R is said to be strongly convex if there
exist constants 0 < m < M such that for all z € R®,

ml < V2 f(z) < ML
Using the definition of the partial order <, this is equivalent to:
myTy < TV fz)y < MyTy,Ya,y € B

In other words, m (M, resp.) is a lower (upper, resp.) bound on the smallest (largest, resp.) eigenvalue of

V2f(z) forall z.
Lemma 4. (Stephen, [22]) If | is strongly convex on R™, then for ©,y € R™ we have
@) 2 £&) + VI (W -2) + 3 Iy - =l
M
Fo) € f@) + V@ o —2) + S|y — =]

Theorem 5. If the system (1) is consistent and has a unique solution z*, then the sequence {x(k)} generated
by Algorithm 1 converges fo z* for any initial vector x(0).

Proof. We shall show that z(k) — x* as k — co. Incase of V(z (k) = AT (Azx(k) —b) = 0 for some &, then
#(k) = 2* and the result holds. So assume that Vi (x (%)) # 0 for all &. Since V2¢(z) = AT A is a positive
semi-definite matrix, we have

Mnin (AT AT < ATA < Appag (AT A)T (10)

Thus, ¢ is strongly convex. For convenience, we may Write Ay, and Ayq, instead of Az (ATA) and
Aoz (AT A) respectively. We consider the function .1 (1) of the step size 7. Applying Lemma 4, we obtain

ela(b+1) < pz®) — pl Vel (@)F -+ M“TMHWO(I(’E))H%

Minimize the above inequality over y both sides. The RHS is minimized by px 41 = 1/Amqz. and
1
elek+1)) <pk) — TW@D(T(’C))H? an
From another inequality in Lemma 4, we have
2 )\min//'2 2
pla(k+1) > o@k) — plVele(@)lp + =5 [Vele (k)]s
We find that pn = 1/A\y.5, minimizes the RHS i.e.,
1 1
02 p@k) — 3——[Ve@®@)IIF + 55— VelzEDIF

= plo(8)) - 55— [VelatB)]3-
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Hence,
[Ve(z(E)E > 2Amine (@ (k). 12)
Substituting (12) into (11) we have

platl+ 1) < 9(k) — 55— 2hminp(5(8)

— (1-322) o).

maz

Since A is an invertible matrix, AT A4 is a positive definite matrix 1.e., A > Oforall A € U(ATA). Hence,
1= 1 =Xt/ Ninan < Liand

p(o(h+1)) < op((k). (13)
By induction we obtain

(k) < cfoz(0) a4
which shows that ¢ (z(k)) — 0, or equivalently (k) — z* as k — oo. O

We now discuss the convergence rate and error estimates of Algorithm 1.

Theorem 6. Suppose that (1) has a unique solution x*, then Algorithm 1 converges for any initial vector with

its convergence rate governing by
Jeond?(A4) — 1

cond(A)

Moreover, the relative ervor estimates || Az (k)—b|| w compared to the previous step and the first step are provided
by (15) and (16), respectively. In particular, the relative error at each iteration gets smaller than the previous
one.

Proof. According to the results of proof of Theorem 5, the relative error estimates are given by

nd?(4) — 1
426 — bl < ST lAs(e— 1)~ b, as)
k
feond?(4) — 1
| Az(k) — blr < (T) 42 (0) = bl as)

O

Theorem 7. Assume that (1) has a unique solution z*, then Algorithm 1 converges for any initial vector with
its convergence rate governing by

cond? (4)-1

Furthermore, the error estimates ||z (k) — z*||p compared to the previous step and the first step are given as
Sfollows:

le(k) — 2*||p < +/cond®(4) — 1[a(k — 1) — 2|, an

%
llo(k) — =" || r < y/cond®(4) =1 |z(0) — =" | 5. (18)
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Proof. Deriving the equations (15) and (16) and applying Lemma 3 we obtain
(k) — 2" ||r
= A A (k) — AT A2 | 2
<47 ol A2 () — bl

4t cond?(4) — 1 Slh 1

<Ay, 1y -

< A s 1)~ e
nd*(4) — 1

< A7 2] Allz ok —1) =" |#

cond(4)
= /cond®*(A) — 1||z(k — 1) — 2" || 7.

Hence for each £ € N,

k
lz(k) = 2" [p < 4fcond®(4) ~1 [2(0) - &*||.
O

Theorem 8. Let {x(k)}32 , be a sequence of vector generated by Algorithm 1. For any € > 0 we have that
o(x(k)) < € after k* iterations for any k* that respects:

o~ Jose — logp(x(0)) a9)
loge

where ¢ = 1 — Apin/ Amas:
Proof. From (14)

wlz(k)) < Fo@0) - 0ask — oco.
This means precisely that for all ¢ > O, there is a positive integer N such that for all k > NV,

Fe(x0) < e

Taking logarithm both sides, we obtain (19). O
Corollary 9. An approximated solution, z(k) will have an accuracy to decimal digit n after k* iterations for
any k* that vespects:

B log 0.5 — log @(z(0)) — n
log e

20
where c = 1 — Ain/ Anaa-
Proof. Substitute ¢ = 0.5 x 107" in (19). O

Notice that the rate converges to e both as a function of how far our initial point was from the optimal
solution, as well as the condition number of the coefficient matrix. As it gets closer to 1, we have the algorithm
converges faster as a result.

4 Numerical simulations

In this section, we illustrate the effectiveness and capability of Algorithm 1. We report the com-
parison of Algorithm 1 with the existing algorithms we have presented in the introduction. We include the table
of iteration time and the CPU time as well as the error plot graphic in each example. All iterations have been
carried out by MATLAB R2017a, Intel(R) Core(TM) i7-6700HQ CPU @ 2.60GHz 2.60 GHz, RAM 8.00 GB.
PC environment. For convenience, we use TauOpt, GI, LS, BB1, BB2, IT and CPU to represent Algorithm 1,
the gradient based algorithm (Lemma 1), the least squares algorithm (Lemma 2), the BB step size type 1 (5)
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and type 2 (6), the iteration time and the CPU time respectively. At step kth of the iteration, we consider the
following error:

= [z (k) —=*||r
where z(k) is the kth solution of the corresponding linear system.

Example 10. We consider the linear system where
1 2 -1
A= {72 75} andb = {4}
We choose an initial vector
z(0) =107 [jl} :

Rurming Algorithm 1, we see from Table 1 that the approximated solutions converge to the exact solution

-T2

Furthermore, Algorithm 1 gives the fastest convergence as Figure I and Table 2 shown. Besides, to compare
with the GI and LS algorithms, we choose the convergence factor pn = 0.025 and p = 0.05, respectively.

Example 11. We consider a larger linear system. We would like to show that for a coefficient matrix that has no
appropriate property and make all approximated solutions from every other method diverges, our method stifl
converges o the exact solution. Given

92
70

T 00 d= WO U1 DD

© O T DD

— ) 00 k= =] ©O

[ SR I IR )

W T OO

o O = G0 Ut
&

Table 1: Tterative solution for Example 10

[ = [ = | =% |
-0.2649 | -0.6476 | 3.5339
29351 | -1.9567 | 0.0780
2.9294 | -1.9708 | 0.0764
2.9986 | -1.9991 | 0.0017
2.9985 | -1.9994 | 0.0017
6 3.0000 | -2.0000 0
Solution | 3.0000 | -2.0000

[UTI S RO A NS T =]

Table 2: Iteration time and CPU time for Example 10

[Method [ IT | CPU |
TauOpt | G | 0.0469
Jacobi | 104 | 0.0625
GS | 54 | 00781
SOR | 102 | 0.0781
ESOR | 97 | 0.0625
JOR | 265 | 0.0469
GI | 6713 | 0.2656
LS | 196 | 0.0469
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Figure 2: Natural logarithm relative errors for Example 11

We start with an initial vector

2(0=10"°1 -1 1 -1 1 -1)".
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In this case, we use natural logarithm ervor, log(x ), to emphasize how most of the methods but ours diverge as

we can see from Figure 2.

As a vesult, the approximated solutions from our method converges to the following exact solution with six

decimals accuracy using 17119 iterations as shown in Figure 3

at—[-1 -3 8 2 4 5|7



40

530 AMM 2019 Book of Proceedings

25 T T

- o
-
L

Natural logarithm relative errors
1<)
(<]

05 L L L L I L L I
0 200 400 600 800 1000 1200 1400 1600 1800

Iteration number k
Figure 3: Natural logarithm relative errors of Algorithm 1 for Example 11

Example 12. This example we consider a 10 % 10 coefficient matrix. We compare Algorithm 1 with GI, LS and
BB algorithuns. Given

-1 2 -3 7 6 9 0 -5 -8 5 23 7
1 5 -4 -1 0 3 5 8§ -7 3 —88
3 4 -7 6 0 3 -1 7 4 -5 100
-1 1 7 4 -9 -1 0 0 -5 3 —03
1 -7 3 2 —4 1 0 5 9 3 28
A= o Y1 -6 3 3 6 —g o | TH0= e
6 L & 2 -3 -8 7 -4 2 & —100
S L B S R 148
Lohs s a1 N0 5 5 5 —3 160
g, ot B WO E -~ D g

Choose the initial vector
0 1) s G Mt i N
After running Algorithm 1, the exact solution is given by
a=[-3 21457 -1 =29 —§"

To compare with GI and LS algorithms, we choose the convergent factors pp = 0.0005 and p = 0.005
Jor GIand LS, respectively. The natural logarithm relative errors shown in Figure 4 implies that Algorithm 1
is comparable to both of BB algorithms but stil outperforms the GI and LS algorithms in the performances of
convergence. Moreover, Table 3 shows that Algorithm 1 has reached the lowest of CPU time.

5 Conclusion

A new algorithm, gradient based iterative algorithm with a sequence of optimal convergent factors, is
proposed for solving linear systems. By applying gradients and fundamentals of convex optimization, we thus
have the algorithm that can be applicable for any linear systems without any conditions but the coefficient matrix
must be of invertible. In addition, we introduce a new formula for a convergent factor and call it an optimal
convergent factor. It consequently excellently enhance the algorithm in performance of convergence. According
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Figure 4: Natural logarithm relative errors for Example 12

to the numerical simulations in Section 4, they illustrate that the proposed algorithm outperforms distinctly all
other algorithms mentioned in this paper. Finally, the techniques of gradients and convex optimization might be
useful for a class of matrix equations such as Sylvester equation, Lyapunov equation, etc. However, these topics
require more studies and can be another further research.
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