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ABSTRACT

This ‘thesis presents the discrete Pascal transform for digital signal processing, the
operations of discrete Pascal transform is based on Pascal matrix perform as operator. Also, the
transformation is necessary to have many multipliers and adders, which depends on the
dimensions of used matrix operator. The factorization of Pascal matrix into binary matrices can
give the transform by Pascal matrix operates without multipliers and only adders used. Therefore,
the hardware realization for transformation circuits can be efficiency design. Moreover, the
applications of discrete Pascal transform will be proposed for signal processing both of 1 and 2

dimensional cases.
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P = in3nsueansutlasiania (Pascal Transform Matrix)
IS arlaveansngvasnsulasihamasendu 2 vila mmf’iqamu (High-pass) 1182
AMUBRINY (Low-pass) Gﬁamiﬂsﬂnﬁﬂwa";u@g'ﬁuﬁaﬁ%’ugm (Basis function) Y841)1eA10

o &
LUAINY

2.3.1 Wlan5ug11 (Basis function) veamamlasdanInthamansuavesuyiia
mmﬁigaﬁm (High-pass Type DPT)

AT 2,19 ATanwasAguesn1sulashana (Pascal Transform Matrix)
%ﬁ'ﬂmmﬁqqrhuﬂz"lﬂyﬁaﬁ'éﬁ’ugm (Basis function) ¥83m3ulasdaaimhanianiuanesy

v b
PUANNNOTIHIU (High-pass Type DPT) Al

) VLR 2.20
ﬂ(HP)(x):P(””(x,k):(_%Lz(—l){;] s 0,1, 2500, N =1 20

a

o
Tay N fip vinaveswaindvesmauanhamadeziiumningda i

%
&2 o~
k} k'(x k)! 15end Fusz@nsnIu1y (Binomial coefficient) %3
o

@ e

ANUTUNY ﬁﬂuﬂUﬁﬂlﬂJlﬂﬂﬂﬂJ‘U@QﬂTﬁﬂja
o ] ] ] a '
P(x, k) Ao aunualuudazdinveawasngveanisidasthania (Pascal Transform

Matrix)

th
X = §umuaueand (Row index)

th ; =
k = AUHUIUDIN DN (Column index)

] L (k) =} L _ !é r=1
muﬁaﬁw X i]m‘iE!ﬂ’m‘ld_]uﬂ?)ﬂﬂ\iLlﬂﬂﬂﬂﬁﬂﬂwnl’miﬂ’ (falling factorial powers) 99U

ANUHNUIEAD

D = x(x 1) 2 (x— k) (x—k+ ) = —2— k> 221)

(x—k)!

0 o
Tay x( &= 1 , k = Order MBGﬁGﬁ%HjWN (Basis function)
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d ar . . = = ¢ a
2.3.2 WanFugu (Basis function) veamsilasdansmhamansivarlesuyiia
ANNDAINIY (Low-pass Type DPT)
~ o a o .
PNAUMIN 2.19 NsuaIngueamsulasihania (Pascal Transform Matrix)

a { o @ o . . o
WiianUaAILE IATIATUTIY (Basis function) vosmsutlasdaainthaaanswaresy

Vo ¥
¥1ANUDAIHNIY (Low-pass Type DPT) A1l

(%)

2.22
Pk(LP)(x):P(LP)(X,k):%:[zJ sk =10,12, N~ 1 ( )

o

A a o ] a o
Iﬂﬂ N A9 "’U‘N'Iﬂ‘il?NlﬂWl‘iﬂc]ﬁlﬁ)\‘iﬂ'l‘iLlﬂﬁﬁﬂ’lﬁﬂ'm“]fﬁﬂzl‘ﬂumﬂﬁﬂ% fae

Q

. %l

e o 3 a a a . i % 4
k kl(x—k)! 5o Fu1lse@nsinIuiy (Binomial coefficient) ¥4

v o do w =
ﬂ'J']'iJf’fiquﬁﬂuﬂﬂﬁ’lﬂiﬂﬁﬂﬂmﬂﬂﬂ‘]ﬁﬂTﬁ

th
= MUK UIVDLLDD (Row index)

t}r 1] Qs
k = AHUIVDINDN (Column index)

[ J v (k) ~ ' = o & A
gauilanduy X azFennilureadwlaneiSeanines (falling factorial powers) @4l

ANUNLILAD

0 = x(x=1)(r=2)(x—k+2)(x—k 4]y =—2— k21 @2
(x—k)!

Taw el

&
k = Order ﬁumﬁanwgm (Basis function)

= 4 @ a3 1 1 3
Wﬁ]’lim’lﬂ’iﬂﬁwﬂ"ﬁﬁ 2.20 uay 2.21 ‘ﬂ$ﬁx‘ltﬂﬂmu’ﬂﬂ’nmmﬂﬂ%‘ﬁlﬂﬁﬂﬂﬁﬂ&ﬁuﬂﬁﬁ

o

=1 ] -~ A 1 k (= 3y o - & dy

LWEN’E)EJNL@]&I’]?]@GLHL‘VIE}WUBQ (_ ) "luuﬂsm;ﬂwmu‘luaumw 2.21 FIHDVINUNDUUIZIN
' a o 3 a o 1

1ﬁumazumﬂlmmmﬂmmmmmﬂmﬂmma (Pascal Transform Matrix) muﬂmmnqamuﬁ

IATDININELINLAZAVTAUNY



2.4 msuenthamamasadiiumnsndesnlsznevmugiuans

1. WITOMU AT UNUDIYURED

[0 o))

] a 1
300 [g,], TuuATnd [¢,] Ao £

ANIN k= (N-1)
Diag([q”]N_l)= [111...1-1]
Taonagd <1 mMmNUTIIU N-1
L
AAIN k=2
Diag ([g,,],)=[11-1-1...-1]

WAV k=1

Diag([g,,])=[1-1-1-1...-1]

14

(2.24)

(225)

(2.26)

(2.27)

¢ & : :
2. Nnoanilsznoum doidunuoayuman (Upper Triangle) H300IUUUYDIA NN AT

PAWNINY 0’

& o " a ' 4 ' a
3UN 2.3 ugasdumisosnlszneu <0 ludimvesaumaonuuve Az InI NG [q :l
k

ij
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a o @ ] Aaa o ] 3 I
3. nsandmsuudazun, Tuuedlafiids <1 Wusedilsznovag Ideadilszneu
o U ) Qs o‘)’ a1 v oas = 1 Y [.] @ U 9
Tunan (column) nourhves -1’ @niuiia i <1 wieerena1 lain dmsuuaas i uda
3
9 o o
Mg, ="-1"MUUg, ="

=} ﬁﬂy :in 1 1 ar
4. YoM BN T I LA NMAY 0’

A0ga N =3 9214

10 0
P=|1 —1 ©
1 —2 1
B, 1 0 0 x X =x
X |=[1 =1 oflx| = X =% =%
X, I =2 1= X2=x0—2xl+x2
ar o 9 dy
aunsodaglosalsznonldasdl
X, 10 0l x 1 0 o1 o 0 |z=x
x |=lr =1 ol [=le 2 e||i =1 0|2
X 1 =2 1« o 1 —-1flo 1 —-1=x

Mvea N =421

1

1 1




feehe N=5 1214

P=|1 —2
1 —3
1 —4
ENAEL
X, 1
X, I=l1
X, 1
X, 1
1
1
= 1
Staged

b

—- =}

o

SR

1 —2
1 =3
B
]
—1
—4 1
1
3 —
6 —4

Stage 3

o Xﬂ =%
X, X, =i, —x
=>
X, X2:x0—2x]+x2
x, B, a8 T3,
1 1 ]
1 I =
1 == 1 =
1 —1 1 =1
Stage 2 Stagel
Xy =X,

Xr :xo ==
= = “2xl+x2
X3:x0 —‘3;Jc:l-|‘3x2—x3

X, =, —dx -i-6x2 —4x, +a,

4

16
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2.4 unagy

14 ¥ 1 i
Wiomluunil ldussmonvasuanuiuinvesaumaouiania (Pascal’s Triangle)
a . . <3 = o
NABHUNNIUW (Binomial Theorem) uaaslrimuiamsulasdaniniaaransiuanosy
- 7 o . .
(DPT : Discrete Pascal Transform) uagn13v1W9nTUgIu (Basis function) ¥0911da71a
o [ ad a a o o
waTngReaewny tazdaglismanenhamawaSndilueindesntsznouaugudes
& ﬂ 31' Ao W o @ 9 4 d v =1 a o =
FutuvunsundAydmivmaeenuuylnssaianaianiodnidsednianaane

o518 unndaly

67060
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I

=h.

un
U d é 1 = a "
ﬂT?iE)ﬂﬂl!‘]J‘UTﬂ‘Nﬁﬁ107]1@81‘591!!'35981(13“]‘53@'7]1‘:ﬂ"l‘N‘llENﬂ1§

uilasthamadunye

d d = a A =4 ]
msoenuu Inseadaneasaudsesniilszdninmmueamandasthamaduniie
A = I=} L) [ At 1 a - - w a g LY 1
wanlseumeununannisndegay 1 [1-5] Wumsineufeanuihaaammsndauiuug
9 a Lo =] 1 c:‘ 1 9 a /a o
nia1vosthamawasng lunsainailoziana199nHEIMIvesthanawaIneNiaue
a = c»’ca’J = o o w d
Tudneriinusil Whwinevesthamamwaingnuunlu [1-5] Bdaguszasananlumsulag
s ' @ A o o o ' o o v . a
Awssenes AUz Wwendasnnudunussennealantuntoloulu Analog Domain AU
a 4 1 %) 3 =] =1 [ [ '
Digital Domain 1AgHtha1vesthamawasadiaazdniunaziiniiauanaisiu ldauua
s @ o o [l
mmffamuﬁmﬂ%iummﬂaamuﬂs 1% Bilinear  Transform, Backward-Difference
. ﬂ 9/ =] 3 gy ¥vq ¥R a
Transform, Forward-Difference Transform (UUAU uananszuulu [1-5] Alalvnsdeuay
P 3 L) a 9 a o 1 =& = A ')
NN NVFNRUT U Tadethamamwasnauuuaiee sauD9aNune o 1ada
NOHYUNNIUIY
o Y a a o’;w a o ~ 9 s =
dmsuluanotinusumihamawasnaseziigluuomsadeidenazausnnelu
= o e aﬂ' w =Y .:; S @ 1 d’
wasngnouteInuauI¥n luamnasudiaaialavasseziinisdsuluaiusesves
A 4 v 2 9 A dagq Y o A @ A
wivInuIBEnios Faniieivesthamamainahnlslumsudasdygraumlounun
o =1 4::; o d"l
vneuolu (6] Tu [6] gmileuaziuumanuuing Mduaueluisesvesmisuanaaia
d ] 1 A ow ﬁ o o @ Aa =Y e’dy dy = fl
WUKUIEeE1995 Az unssumaladmsuIneinust  ilevilu [6) railewily
¥

Ey v
Overview @5 umMsulas DPT Huaazana 11 lua1uu09 details NN1suasxiiailinnogials

Ed 3
1 ar oy AL o

L4
aadaInese aululudinvesnuitetsvimsnadeuuiasdyaineseialuns

¥ = &

o aa o aa ar 3/ & o =
TN 1 UA LS Ay 2 ua l!ﬁ?ﬁﬁlﬂﬂﬂﬂﬂﬂﬂﬂqﬂﬂ']ﬂﬂ'ﬁLlﬂﬁ\‘i “ﬂﬁu’]u‘iaﬂﬁllllﬂﬂ']u

o o b}
14
o 1

1 P a A y o 1 — o ) ~
mimummnqwmmsuﬂawuﬂu Hag U thm'imﬁmwmﬂauﬁumssuﬂﬂ‘nmum
o Y as @ T &4 I al 1 c!ynv al s [ U 9
uﬂﬁ\iﬁiy,iy,”Imﬂﬁﬂﬂﬁ‘iilflﬁﬂﬂﬂﬁ']'] %ﬁﬁ’]uﬂﬂﬂ’l’)u’mﬂﬂﬂqﬂNﬂi’lﬂQL‘ﬂﬂ‘l’?ﬁﬂﬂﬁh’]ﬂﬂl&ﬂl&'l
o ' . . 9 a SAq Y ar T
Tu (7pflunsimn T gns factorization Idwasadinldlumslasdaanauansenuioglu
a o . . a =
gﬂmmmmnmmmﬁmﬁm (Binary Matrices) 1ag1u [7] Wunsesuieda concept N15Hag
=] r . . @ o 9/ d
WHUIWANYI U (Discrete Polynomials Transform) Wa199) alsznouiuuaziiu ldnnis
¥
o s " a 1 a =Y o
factorize 1YV Hermite Transform L‘ﬂu‘ﬂﬁﬂ sl [8] L!ﬁﬂ&ﬁluﬂﬂu‘Ifl'ldﬂmﬁﬁ‘lﬁﬂﬂuﬂﬁ
: v . = . ] s o as o
factorize W Pascal Matrix LLﬂﬂﬂ‘aﬂm&“ﬁu Binary Matrices mmnmsmmwﬂmm‘ﬂu

s ¥
3 s 1 aw s 9 Y ) =
Butterfly Unit a1y [9] dauluandvviivznuinsunanuaidlonuuazesuieasnisg



e

g'x

- " A 1 B 1 1 o c{ d
Factorize 111 Algorithm Nid1ouna i laniidmuinuaziiilnssadien ldnersauriiv

N1 Tnsead19ued9Ri50n 11 Pascal Filter 8nA20

3.1 msmasthamadunioe

msulasdaasmhaniansiuanesy (DPT discrete Pascal Transform) gatilaue

o A Qs CSy
usn 9 Tae Tssda 19 gauuu [1] FalgUuuuaumsmauasdsil
X=Px (3.1

a d v d
Tat X = WASNTHaAN59INMIIlag
a o a
X = A NTUDITOYADUNN

= o
P = wasnyueensulastiania (Pascal Transform Matrix)

£
@ oA

9 a d c?j
IﬂUﬂTﬁ’sT'i']~‘iLMﬂ5ﬂ“h'“Uﬁ]\iﬂ']‘ﬂﬁ_lﬁﬁﬂ']ﬁﬂ"lﬂuuﬁ']iﬂ'iﬂﬁ?"l\?ulﬁﬂﬁu

I J
i A
Pi= E, |=1x) = =i =0, 1, 2.....00]
J ! (3.2)

a o § a do w

Tav N fie vuaveuasnduesmsudashamadeeiiumainginsa
1 o a i 1 a =) < % = A
dwilendu 2 wGenduilueadsunanaioan1a03 (falling factorial powers) %4l

ANUHINAD
it =ii—1)—2)...G—j+1) ;721 and ¥ =1 (3.3)

P :‘iv 1 o a 3 =
uagaumsh (2.13) fwsdoduiluilanFuiugiu (Basis function) veamsulasaaninthania
'3 ;& ~ 9/ 9 = 4 s c;. =§
nmanesuil Fawan ldonmsaduuasngvasmsutasana aaluaumsn (2.13) a9y
- [ o a :; ci o = 4 o
milounumsihamdnluawmdomhania Tugali 2.20 @) nsenauiuwainguazins
asunseanmesluuaazwananuan lidluavadusuldaudrdudan ldnaund s
£
o o s 1 =Y a a
dmsulumsoonuuy Iassaaiumsnuartiaveaunasnduoansulasthanasemilu 2
= { ] . - ; ] & 1 =Y g T o
¥iia ANUAGIHIU (High-pass) Az ANUDAINIU (Low-pass) Az sinziusgiuilendu

. . a o
31U (Basis function) ¥0911dn 15N
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L) I o o . B a o
F]'J'Bf_hsi 15198UTRN 3 . order ﬂ\iﬂ‘h’ﬂﬂ’]u (Basis function) vosthamamwnsng
a o o ] 1 =
Tunsalveamasndgvosmsutasithanayianudgeriu ( High-pass type) 123 4

T Tudlva(polynomials) fsil

EF)x) =1 (3.4)
P (x)=—x

B3 =2 5= 1) = =2 (5= DR ()

B3 == x(x=Dx =) == (x- DB ()

Y

~ Yo A
VINAUNTN 3.4 15amnsoaglgas el

(3.5)

k+1

D 1 3
B =—m(x—k)Pk(H”(x)

Y] 3 a Jd a ~ ' . as Y
Auius NI e nsuesnsudanhanayiannudgarIu ( High-pass type) Taaail

1 0 0 0
= 1 -1 0
P =[ PUP (x,k) | =
[P b)) 1 2 1
1 <3 3 =

a o a o 1 =
Tunsdiveauaingyesmsulas)ianarianudA1HIL ( Low-pass type) 983 4 I

v
a Tl (polynomials) A1914

B =1 (3.6)

B (x)=x

B (x) = a(x=1) = (5= DR(3)

B = 5= (x-2) =3 (2= DB ()

" ‘1 o b
VINAUNTN 3.6 15d@wNs0agUgRs lAdail
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(3.7
k+1

B () = (x= DR ()

¥
~

o 3 3 a 4 = 1o 1 Y o
ﬂﬁuut'ﬂﬁﬁﬂiﬂﬁ'ﬁNklm'ﬁﬂ‘"‘])’“Ui’Nﬂ"I'iL!,ﬂﬁﬂﬂTﬁﬂTﬁ%Uﬂﬂ'ﬂhaﬁ"mTu ( Low-pass type)"lﬂﬂ\‘lu

(LP)

P = Pk |-

._._.__.
W = O
w - o o
- o o o

a J T
311 ﬂ'l‘iﬁ%'lﬂﬁlﬂ‘i ﬂdﬁﬂ1‘5!lﬂﬁ\3ﬂ1ﬂﬁ1ﬁ°ﬂﬂ1ﬂﬂﬂ 9
o 9 dy o 1 - - = a o
GLHT’]'J‘UE]H&TI%%L?I’UEJW'J@UNTI N=2 1ag N=3 ch«! ua:w&]13m1“lummﬂuaammﬂwaa
=Y Py v - < 1 o ¥ o ]
ﬂ'l‘iLL‘]Jﬁ\TiJ'IﬁﬂTﬂ‘]iHﬂﬂTﬂJﬂQQN'IN (High-pass) %xmmwmﬂﬂszﬂaﬂuuﬂaxmnmuwm

“ o w A ' [ v ow o w
Lilﬁiﬂ“h"i]gﬁﬂﬂmi'ﬂﬁﬂu']ﬂ&luLmﬁgﬂﬁﬂﬂ'lﬂll'lﬂ]lﬂlﬁuﬁﬂﬁﬁﬂﬂuuhjﬂ'mﬁ']ﬂﬂ

e N=29214

s

4
o o a v '
aunsoadiiamesnalogia (butterfly unit) 9819410 1A

X0 e > Xg

-1
X1 |{>— U >X1

A 9/ o/ o a o o’ =] 1
g‘i.l‘n 3l LLﬁﬂQﬂﬂiﬁﬁ?ﬂﬂﬁlﬂﬂiﬂﬁ?ﬂgﬂﬂﬁ?ﬂﬁ'ﬂJﬂ'l‘SLlﬂﬁQ’iJ"lﬁﬂ"lﬁ!ﬂiJﬁH?U

o N=3a21d
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Xc| 1 0 0 X, 0 %o
¥
Ay | X, |=[1 -1 offx | = i
X =2 1 X 2 _xu_le +x2

9 Y s a o [y c:iy 1 1 i @
Tumsaiadmmeidaogiad sy v = 3 4 uwiueundesidiulsznovvesa

o =Y Y] P 1 a wa g 9 =y PR o [
wesHmegin Aslunsdin v =2 ualumel §iands s ldwesnaniosndsenonludnyme

= a o & g = & a d & a =
Wi luuSwning (1,0.-1) deiiulunsdl ¥ =2 Faua3nd P Ao madnd luund (1,0,-1) 151
9 ar o o =l a g ¥ ] 3 ::y a

vwawsoas e vamesatogdanin luuidwaiag 14 Tavdie fethisraniaiatania
a 4 T = o a a d ar
wasnaae q Weglugdlvudwasng  (1,0,-1) 18 laoldmaguuesluusuning A

aumaao l1i

P= H[qu] :1,j=0,1,2, ..., N-1
k

k=N—1 (3.8)

Taetsuson la; 1 NI lq; | awai &P

3.2 gauantfveamautasthamadiumioeg

auauidvesmsulanhamadumiominsaagl1é i
1. mluyndunisveauniusniawmny 1
2. uﬂmm?ﬂcﬁ%uﬁumﬂ?ﬂtﬂmnﬁmmﬁﬂndw (lower triangular matrix)
3. fc?mi"umtﬁaummm%’nﬁfsu6ammﬂmﬂmﬂmwﬁamméqaﬁm ( High-pass type)
wasmveadmmisluudagndneadundnusnuziisuifogud

o o a d a Ao v
dmsunstlvesuasnsveInsulasaniasianuad iy ( Low-pass type)

th

o 1 1 ar I 1T ar X d'. = o 1 or
Haswvosn s luuaazvanvziawmny 27 laoh X ADANMHIVDIYI AN

v
= 1

9 w = a o ~ "
4. dmiunsalveanasngvesmsutanhanasianudgariu ( High-pass type)
[P(“P’ T — pHP)
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o [ =1 = o =y 4 (; ]
dmTunsdlveauainguosnisilanhanmaviannud@Eiu (Low-pass type)

I:P(LP) ]“ = (=1)*F pup
wa o o o v A
ﬂmf’fllUﬁﬂﬂﬂﬁgﬂ'ﬁ'ﬂuQﬁ]ﬂﬁﬂ’]ill'ﬂﬂ\?ﬂ?ﬁﬂ'lﬂiﬂﬂﬂﬂ')ﬂ‘l«!ﬂﬂ

= p (3.9)
o i ° £ @ e ] d ° Y
asiui linsulasndudaninhamansuanesy (nverse DPT) @1w15nia 1A
o dad A = &

wiloushmsulasesisaaaninianmsuanosy (Forward DPT) 9atlszas dweelu

g 4 e’g o 31 3 a dq o as

anyazveImIenuuUsTaIsHuazu AN awsalFrsauin ldaounlaandmsy

miuasndu Idwu@enny Tudssiimsdsonldousnsuaediala

x=P ' X=Px (3.10)

Y o Ve v < & @
3.3 Tﬂﬁ\‘lﬁ'ﬁ’lﬂﬂl@ﬂ?ﬂ‘i]‘i!!‘ljﬁﬁlhﬁﬂ’!ﬂ!ﬂﬂﬁujﬂﬂvlﬂﬂ]ﬂﬂ15!!ﬂﬂaqﬂﬂﬁzﬂﬂﬂluﬂﬁﬂcﬁ

= = o o
maasdaninihaniansiwanesy (DPT :discrete Pascal Transform) gauiuauo
g 9
usn 9 Tae Tsgia o gauww (1] @uelugduuudugminiu ldldaulslunseenuuiu
¢ ¢ & o 3 d 1o s a o
9131935 9110 [2] Fuiuauelunisesnuuuesanlsuaasnis lumsuonosntsenoumasng
' L) a o o ] ' { o & a A w °
Teglugdvedluuiswaing (1,0-1) dalieglugduuunsany #a38msisanugminaue
& o 4 o a a v y
Tu @41 Foi i lassadelumseonuuuiiuesauwrsiisz@ninmun luirdetivzuaas
= '3 a a’u’)‘ =Y | ¥ = g,
TEMsuuNBIAIENOUIATNFNIYTAN A GIHIN ( High-pass type) Uaz HHIan UMY
' = 4 Aanaa o A o
(Low-pass type) 1 oglugdvesluuiswasng (1,0,-1) Taold Satimdu n3ad (elimination

‘é = E:.‘ 1 1
matrix)¥51wazdeail 14 1dnarnalu [4]

3.3.1 mawlasmadndvesmsmlasthamaldegluzilluinimning 1,0,-1)

a a d a - ] T
Wﬂ’i'ﬁm‘llﬂﬂ'ﬁﬂ%ﬂ]ﬂ@!ﬂﬂ‘iﬂ"{lﬂl@ﬁﬂ’lﬂlﬂﬁﬂﬂ1ﬁﬂ1ﬁ“ﬁu@ﬂ'ﬂ’]n5q@ﬂ’]u (High-pass type)

¥
o

(HP) td' ) a o
PV NUUNA N =2 LOAIAY LWWATNY AU

PZ(HP):|:1 0:| (3.11)
1 -1
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vinaunsmslasaaninthamansuaosy (DPT :discrete Pascal Transform) 2 AT11130

wandlddad
Xo| 11 0|l x (3.12)
Bl |1 ~1jx
A
Xy =X, (3.13)
X = x5 =X, (3.14)

3

INANNIT 3.13 1ag 3.15 Ansnen laseasaneasauns lanail

an

Xy

1
= 1

i o d a o o I~} v =)
31N 3.2 urasmsadaimmeidaegiadmiumaulasthamamunissian i gari

(High-pass type)

]
=

~ 9 A e Vv ] ar =1 = T
ﬂ"lﬂz‘lhﬂ 3.2 Iﬂﬁ\?ﬁ‘iﬂ‘ﬂﬁ!ﬂu‘lﬂiﬂﬂﬂﬂﬂ'ﬁﬂ 3.13 a2 3.14 WHUNPHUNUNTYUAIAIN -1

& 4 o or A o q’: ;d =) Y w
"]quluﬂ’ﬁ'E-}@ﬂl.Lll'UﬁTﬁﬂlljﬁ131%3@@ﬂ!!uu@3ﬂﬂuu!‘ﬂuﬂ ﬂquuclUIﬂiqu%QIluuﬂ'ﬁicﬁm’lﬂm

W

=

o v A o o Y w ' "y v a3
LLGIEIEINiﬂiHTﬂNﬁﬁ'NH cﬁﬂlﬂﬂﬂlmt]ugﬂiﬂﬁﬁﬁj'mﬂ‘QﬂaTJLW51331@@‘3ﬂ15“ﬁﬂ31ﬁlwuﬂ3

T @ o A o a < 1 ) °
ﬂ’)']JJLL\FIﬂﬂN"U?Nﬂ1‘5?[%1\11]‘%]!.@]65%]?]'Iﬂquﬂﬁ"m'5‘1Jﬂ'liLl,‘]Jﬁxﬁ_l’lﬁﬂ'Iﬂmll“riu’lﬂ‘h'uﬂﬂ'ﬂﬂaﬂ"l
1 & ] Y] o =y 3 1 w =} v 9w =} o
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Abstract: This paper proposes a design and implementation of multiplierless digital PID (Proportional-Integral-Derivative)
controller using FPGA (Field Programmable Gate Array) for contrelling the speed of DC motor in digital system. The multiplierless
PID structure is based on Distributed Arithmetic (DA). The DA is an efficient way to compute an inner product using partial
products, each can be obtained by using look-up table. The PID controller is designed using MATLAB program to generate a set of
coefficients associated with a desired controller characteristics. The controller coefficients are then included in VHDL (Very high
speed integrated circuit Hardware Description Language) that implements the PID controller onto FPGA. MATLAB program is used
to activate the PID controller, calculate and plot the time response of the contro] system. In addition, the hardware implementation
uses VHDL and synthesis using FLEXI10K Altera FPGA as target technology and use MAX+plusll program for overall
development. Results in design are shown the speed performance and used area of FPGA. Finally, the experimental results can be
shown when compared with the simulation results from MATLAB.

Keywords: PID Controller, Digital Control, Distributed Arithmetic FPGA

= d
1 KNTRODUCTION ()= k(1) + k, [edt +k‘§ n
Generally, an implementation of digital PID controller is Where
widely used microprocessor or microcontroller which has ¥ iuaih GE nhosotiad] ontralier
disadvantage in speed of operations because the operations 2 8 prop
depend on software which has the sequence of operations and k,  is gain of integral controller
multiplication command needs many machine cycles for k, isgain of derivative controller
execute. Also, FPGA-based digital PID controller is proposed . ¢
because the operations of FPGA are hardware concurrent e(r) is ermor sxg.nal
operations. However, FPGA-based digital PID controller still m(t) is output signal
needs multipliers for computation. These multipliers will
decrease the speed of processing time since the multiplying Use Laplace transform in equation (1) will give.
stage is consumption process and use large silicon area in N k,
VLSI design. These multiplications can change to DA M) =k EE)+—Bl)+ s @
architecture, DA architecture was first proposed by Peled and Also, the transfer finction of PID controller is
Liu in 1974 [1]. The DA is a direct method for sum of ! M(s) k
products operations, partial products and can pre-compute by Dis)= =k E(s)+=LE(s)+k,s (3)
I perations, p prod E -
difference equation and stored in look-up table containing in () s
memory, input signals can be used for addressing. The product Transform Eq.(3) to digital domain and will be obtained the
can be computed by scaling accumulate of partial products transfer function of digital PID controller as follows.
from memory, therefore, the multipliers don't necessary for Tetl Knz-l
this method, the proposed digital PID controller will be D{z)=K,+K,——+—p-— (4)
multiplierless. 2:-1 17 =
Eq. (4) can be realized to be direct form [ structure by
-1 -2
2. PRINCIPLE OF DIGITAL PID CONTROLLER D(z) =w (5
1+hz" + bz~
Considering a block diagram of the digital control system Nommally, for digital PID controller 4, =0 and b = —1 with
KT K
st S Sl n=my a2
{Fw}e ———
B S T
Fig.1 Block diagram of the digital control system P
T
Fig 1, 1(t) is the reference input or called set-point, c(t) is
the control output, D{z) is the digital contreller, G(s) is the Where K,,K,and K,are the proportional, integral and
plant transfer function and H(s) is the sensor transfer function. derivative parameters of digital PID controller, and T is the
A digital PID controller can be derived as follows. sampling period. Fig.2 shows the direct form I structure of
In continuous-time system, a transfers function for PID digital PID controller that correspond to Eq. (5).

controller [2-3] is
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Fig.2 Direct form [ structure of digital PID controller

3. ARCHITECTURE OF DIGITAL PID CONTROL
BASED DA

Distributed Arithmetic (DA) is an efficient way to compute
an inner product using partial products, each can be obtained
by using Jook up table method. Normally, DA used in may
applications in digital signal processing [1, 4, 5]. For simple
explanation, consider the second order linear difference
equation as follow,

2 2
¥(n)= Znu.x(n—i)— Db yn-5) (6)
R J-1

‘Where x(n) and y(n) are the input and output signal respectively,
a,and b, are constant coefficients.

Assuming all signals are bounded by *1 and define in two’s
complement format, B bit a curacy including sign bit by;

B-1

x(n)= Y x5 (m)27 - x,(n) 7
k-1
B-1

) =3 3, (02 -y, (k) (8)
=]

This Eq. (6) can be rewritten as
2 B4
ymy =2 al) 5 (-2 - x(n-1)
-0 k-1

2 B-1
—Zub,l;Zyk(n—f)z‘* = Yoln =l ©)

Rearrange the summation in Eq. (9) yields.

y(ﬂ):g ['S_;a. xn=i2 - iﬂa x(n-1)]

B-1 2 2

—g [}:‘b, Yeln=02F = 3B, yy(n- )]
Bl 2 2

=), [ a,-xn-)-2 b -y (-2
&

1 i

4iﬂa.-xu(n—=‘)—§jb, wo-pl(10)
= y=l

Define the function F(-) as follow,

Fy=(xy(m),x, (n=1),5,(n = 2), y, (n — 1),y (n—2)) =
ayx, (M) + axy (n=1)+a,x,(n-2)
by (n=1)-by,(n-2) an

Since each x,{n—-i)and y,(n- j) where k=0.1,...,B-1 is
only 0 or 1, we also pre-compute the values of this function
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that called partial products stored in memory such as ROM
and using the input signals and feedback output signals for
addressing. Therefore, the output can be computed by shifting
and adding of partial products as follow in Eq. (12),

B=1
W= 3 RO - F() a2
k-1
This equation can be realized to be hardware by using the

distributed arithmetic and be shown that multipliers have not
used in this structure as shown in Fig. 3.

=i SR

Fig.3 Architecture of 2* difference equation operations
based DA

The operation can be described as follow,

1. Clear all data in accumulator registor
Compute F,(-) for k=B-1 by look-up table
adding F, () value with value in accumulator
shift right data in accumulator 1 bit

repeat in 2-4 for k=B-2,...,1

compute 5, (-}

subtract #,() value form value in accumulator

o Ohitahs B 49

The proposed digital PID controller can be realized with the
same scheme. From Eq. (5) and Fig. 2 can be obtained

=1 -2
D)= M(z) _ Atz :azz
E(z) 1-z2
Take inverse z-transform and derive into difference equation
it will give
m(n) = ae(n)+ aqe(n—1)+ae(n—2)+mn-1) (13)
In experiment, the speed control of DC motor will be

performed. The plant is DC motor, a tachometer as the speed
sensor. The transfer function of this motor is

20
G(s)=
©) s+4

(14)

The speed sensor has a tatio of 0.2, the input signal was 100
mV, representing a desired output speed of 12.5 rps or 750 rpm.
The PID parameters for this required output speed are k, =0.75,
k; =475 and k,=0. It comesponds to a,=0.7502,
a4 =-0.7498 and @, =0 by using sampling frequency 10 kHz
or T=0.0001s. Also, Eq (13) can be reduced o

m(n) = aye(n) + aye(n—1)+m(n-1) (135)
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All of possible values containing in ROM equal to 8 values,
each value will be convert to 16 bit two’s complement format
before stored in ROM, addresses for tapping ROM come form
sequence of bit level inputs e,(n), e, (n-1) and m,(n-1)
tespectively. Table 1 shows evaluation of values contention ROM

Table 1 Evaluation of values content in ROM

Address Values contention In ROM

0 0 0 0

0 0 1 1

] 1 0 a

0 1 1 a +1

1 0 0 a,

1 0 1 a+1

1 1 0 a, +a

1 1 1 ay+a +1

Also, the proposed multiplierless digital PID controller can
be shown in Fig. 4

Fig. 4 Architecture of proposed multiplierless digital
PID controller

The operation can be described by 5 steps as follow;

1. A/D that controlled by signal se will be converted analog
signal (1) to 8 bit digital signal e(n)

2. signal Ir will be loaded input data to PISO (parallel in
serial out shift register)

3. signal elk will be shifted data in each shift register, output
of each shift register used for each ROM addressing,
output of ROM will be accumulated by scaling
accumulator that control by signal s/, results will be
loaded to ACC by signal lace.

4. clk will be shifted continue and repeat in step 3 until shift
to last bit, output of ROM will be subtracted form ACC,
the results will be loaded to buffer by signal Ir for D/A

5. clear ACC using signal clacc and repeat in step 1-5,
respectively.

The timing diagram of control unit is used for the proposed
hardware architecture can be shown in Fig. 5.

Waveform [drter

« 5 >

Fig.5 Timing diagram of control unit

4. SYNTHESIS AND EXPERIMENTAL RESULTS

An EPF10K10LC84-4 device in FLEX10K device family
used for circuit synthesis, Device summary of multiplierless
digital PID controller is shown in Fig. 6

*" DEVICE SUNMART **

Chip/ Input Ouwrpue Bidir Memory Bewory Ls

Por Pevice Pims Pims Pina  Bita ¥ Otilized LCs & Utilized
pid EPFIOKIOLCB4-4 17 " 0 128 2 h 28 ELR
User Pins: 17 17 0

Fig. 6 Device Summary

From device summary, 17 input pins used for 16 bit input
data and one for system clock, 17 output pin for 16 bit output
data and one for signal se, 128 memory bits used for
implementing ROM. Others component which using VHDL
for design will use 228 LCs (logic cells) for implementing.
Timing summary shows the maximum frequency of
synthesized circuits is show in Fig. 7.

<& Timing Analyzer [-:@@
Registered Performance

Clock: [sps_tem (10 paths) 7
Source: kontrol_unit 101tate0.0
Destmations: [eontiol_unit 10kounts O

“Dhock paiod 2650
Frequency. 37 734Hz

Fig. 7 Timing Summary

For experiment, the first test was to run the motor without
controller, The output speed was only about half of the desired
output is about 6.25 rps or 375 mpm. Fig. 7 shows the
simulation result and Fig. 8 shows the experimental result.
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Fig.7 Simulatien result in case of without controller
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Fig. 8 Experiment result in case of without controller

Fig.8, motor speed at 375 rpm corresponding with output
voltage about 750 mV. Fig. 9 and Fig. 10 shows the
simulation result and experimental result of the second test
that performed with a proposed multiplierless digital PID
controller added.

System utput (p5)

Fig. 9 Simulation result in case of with controller

761

PO PP L
M1.008 A Chi 7 17.0mv

Fig. 10 Experimento] result in case of with controller

Fig. 9, this achieved a steady state output speed of 750 rpm
as desired output speed which its about 2 times of the first test.
Also, the motor speed at 750 rpm will be corresponded to
output voltage about 1.5V as shown in Fig. 10. However, the
rise-time is longer with the controller added. The rise-time can
be reduced by increasing K but it possible to have an

overshoot.
5. CONCLUSION

The proposed method in this paper can obtain the
multiplierless  digital PID controller using distributed
arithmetic  realization, The hardware is satiable for
implementing on FPGA, high processing speed and reduce
power consumption when compared with using discrete
compenents in implementation. Form experimental results
when compared with simulation results, it can be ensured that
the proposed hardware can operated correctly.
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Abstract-This paper presents the discrete Pascal transform for
digital signal processing, the operations of discrete Pascal
transform is based on Pascal transform matrix which perform as
the operator for signal transformation. The Pascal transform
matrix that is used in the discrete Pascal transform which is
proposed in this paper is divided to 2 types. Generally, the matrix
transformation is necessary to have many multipliers and adders,
which is depending on the dimension of used matrix operator. The
factorization of Pascal matrix into binary matrices will allow the
transformation using Pascal matrix to operate without multipliers
and only adders are used. Therefore, the hardware realization for
transformation circuits can be efficient designed by using the
butterfly unit for discrete Pascal transform to establish the whole
structure. Moreover, the hardware structure of two dimensional
discrete Pascal transform will be proposed for 2-D signal
processing case.

I.  INTRODUCTION

The discrete Pascal ransform (DPT) that was presented by
[1] is one of many discrete transforrus such as DFT (Discrete
Fourier Transform), FFT (Fast Fourier Transform), DCT
(Discrete Cosine Transform), DWT (Discrete Wavelet
Transform), etc. Most of these discrete transforms can be
operated in the form of matrix operation as same as the DPT.
The interesting problem is that matrix operation consumes
many multiplications and many adders for implementation, all
of these depend on the size or dimension of matrix operator.

With some properties of Pascal transform matrix where the
elements in matrix operator are the binomial coefficients and
related to the Pascal’s triangle, we can factorize the Pascal
transform matrix into binary (1,0,-1) matrices. Then we can
represent Pascal transform matrix in the form of binary (1,0,-1)
matrices, the transformed output, which is computed from
Pascal transform matrix operation, can be computed without
any multipliers. Only adders are used by using an efficient
hardware structure that is obtained from these factorized binary
(1,0,-1) matrices [2,4].

The Pascal transform matrix in this paper is divided into two
types that are called highpass type and lowpass type,
respectively [3]. In [4] proposes only the efficient hardware
realization of highpass type DPT that uses highpass type Pascal
transform matrix, but this paper also proposes the efficient
hardware realization of lowpass type DPT. Moreaver, we also
propose the elimination matrix that is used for formulating the
factorized binary (1,0,-1) matrices both highpass and lowpass

type which do not appear in [2,4]. Finally the efficient
hardware realization of two-dimensional (2-D) DPT can be
shown in the form of one-dimensional (1-D) DPT structure,
and from the DPT hardware structure we will show the
improvement of discrete Pascal filter (DPF) in both 1-D and 2-
D case and both highpass and lowpass type.

1. BASIS FUNCTION OF DISCRETE PASCAL TRANSFORM

The discrete Pascal transform (DPT) X of the one-
dimensional (1-D) signal vector x is defined as
X=Px (1)
where P is the Pascal transform matrix size Nx N, and x is
input signal vector, X is transformed output signal vector size
Nx1. In this paper, we divide the type of Pascal matrix into 2
types by basis function of the Pascal transform matrix. The
first type, we call highpass type DPT which is the same as
proposed in [1-4], and another type, we call lowpass type DPT.
The reason for calling those type names was mentioned in [3].

A.  Basis Function of Highpass Type DPT
From eq. (1), the Pascal matrix P in the case of highpass type
DPT has the basis function as follows,

i)
}1‘"’)(.\‘)=P‘m(x,kl:%—=(—l)‘[:] nk=012.,N-1(2)

B.  Basis Function of Lowpass Type DPT

In the same manner as eq. (2), the basis function of lowpass
type DPT can be shown as
x
k
where N is dimension of Pascal transform matrix and

=) xt
[J TkKx-h)!

that we call binornial coefficient and is related to the Pascal’s
triangle. The only difference between eq. (2) and eq. (3) is that
the term(—1)* appears only in eq. (2). This term will make
alternating the sign of the columms of highpass type Pascal
transformation matrix. Both eq. (2) and eq. (3), P(x,k) are the
element in Pascal transformation matrix P as shown in eq. (1)
depending on the type needed, x"is the row index andk® is
the column index.

f:""’(xJ=P“”(x.k)=%=[ ] i5k=0,1,2,.,N-1 3)
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The function x*is called falling factorial powers which can
be shown as follows,

2 = xfr —WYr—2) x—k + D){x—k+1) = k2l (4)

x!
{x=k)!
where x@ —1 and & is also called the order of basis function.

Far example, we can show the 3™ order basis function as
follows,

In the case of highpase type has 4 polynomials are:
B (x)=1

E*x)=—x

5""(1)=%T{tf1)=w%(x~1)ﬂ"’(x)

f;"”(z):—%z(z-l)(x—%: —%[I—Z)P;”(I)

and we can swnmarize to the recurence farmula by

B ) - (r-HE) (%)
In the case of lowpass type has also 4 polynomials are:
B =1
B =x

B3y =Sxix-1) = Hr-DE"(3)
B(3) =g xtr- D=2 =1 e- DR )
So, the recurrence forrnula can be shown as,
1 n
-F."{.ﬂ( x) “m(f-k)ﬂ‘ {x) (6)

Therefare, we can use these 4 polynamials that are obtained
from each basis function to generate the element in Pascal
transforr matrix both of highpass and lowpass type as follows,

0 00
-1

000

1 1
P =[Pz k)] = : 2 » B =[P )] = :
1 1

L

] 10090
1 2190
k] e 30 [ |

-

The basic properties of these Pmatrices are the following,

1. The elements of the first column are equal to 1.

2. All matrices are lower triangular,

3. For hi] P matyix: the sum of the elements
of each row (except the first row) is equal to zzro.
For lowpass type PP matrix: the sum of the glements
of eachrow is equal to 2" ; X is the row index.

4. For hiphpacs iﬂcp_e']’(m'j matrix: the inverse []’W]] E
matrix is equal to the forward P*® matrix,
ar[P‘x"‘] g L
For lowpass type P matrix; the inverse [1’“‘”] : matrix
is equal to (—1)"** multiply to the forward P*? matrix, or
[PU-"J] b (_l}mra-l'm

10. EFFICEENT HARDWARE REALIZATION OF DPT AND ITS
BUTTERFLY UNTT

In[1] proposes orly the basic of DPT in the fam of matrix
operation and does not focus on hardware realization. In [2]
proposes the hardware implementation of DPT but the method
that uwsed to decompose or factorize the Pascal transform
matrix into binary (1,0,-1) matices is not as compact as the
ane proposed in [4] which can give the wery efficiently
hardware struchure with all compact factorized binary (1,0,-1)
matrices. This section will show the method to factorize the
Pascal transform matrix both highpass and lowpass type into
binary (1,0,-1) matrices using elimination matrix where sorne
details do not appear in [4].

A Pascal Matrix Factorization to Binary (1,0,-1) Matrices

Consider matrix P*" that has the dimension N — 2, which
can be dencted to

=]
% 1 -1

and from equation of highpass type 2-point DPT can give
AN EN
E AN EY
%=x, (72)
X=x-% (™)

from eq. (7a) and eq. (7b), we can make the data flow graph
as below,

Therefare,

Fig.1 A Butterfly unit of highpass type DFT

The data flow graph that is obtained frorn eq (7a) and (7b),
we call a butterfly unit of highpass type DPT. In practical, we
do not need the constant multiplier (-1) since we can design the
subtractor instead of adder. The reason to draw data flow graph
as shownin Fig.] is that we want to make distinguish structure
comnpared with a butterfly unit of lowpass type DPT and, in
this paper, both subtractor and adder will be classed all the
same.

Consider again to P* that has the dimension N -2,

N

and from equation of lowpass type 2-paint DPT can give
X[ o=
E R
P AT (8a)
X=x+x (&)

from eq. (8a) and eq. (8b), we can make the data flow praph
as belowr,

Therefare,
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kY xl
— . o
Fg.2 AButeriy unit of lowpasstype DPT

The data flow graph that is obtained fram eq. (8a) and (8b),
also called a butterfly unit of lowpass type DPT. The butterfly
wnit shown in Fig. | and Fig, 2 will be the basic element thatis
used to establish amy N-point DPT.

The method to factorize the Pascal transform matix into
hinary (1,0,-1) mahices and to obtain the efficient hardware
structure of any N-point DPT wsing Gaussian elimination [5]
can be described as follows,

Lowpass type DPT

The lowpass type dimination matrix E®? has etries
EYM —land EF) - -1 [5]. Assume P8P far consideration,

First Step for matrix elirmination:

1 1 1000
-1 1 11 0o
o bl !
-1 123 N
s1fp 33y jp1 21
10
o PP
Second Step:
1 o olt o0 0]t oo 0
1 1 o] ot oofforooffoloo
= =
o ES”|lo P Jo -1 1 o011 0| (001 0
p o -11ffo121]jo011
10 0
=01 o
oo B
Third Step:
i .6 6 9 b 10 0 ot 000
01 0 offor oo
0L AP D05l 0 1 afteo s
00 E||o 0 P
00 -1 1ffo 011
1000
0100
0010 M
0001
So that,
te ool
an | [pon] -
o1 o [0 2 s lee)-0m )
o 0 E®
T AT
. pan _[ganT’
..rff[z‘][o }_‘:MIDI 0 (10)
0 0 K

Therefore, we can factorize the lowpass type Pascal
trans forrn matrix P into binary (1,0) matrices as

This method of matix decomposition or factarization is the
same as the one used in [2] which cannot give the compact farm
of binary matrices. Using the property of inverse of lowpass type
Pascal transform matrix as mentioned in section1L.

1o o),
T
o 0 E
we can show that
1e o i
B etle 1 o x(—i)"'[o t._,,]x(—l)""[f.f"’] (12)
¢ ¢ ED ?

Finally, we can factorize 7" into binary (1,0) matrices by
this method as

w2 e
1 1 1 1
11 1 1

ms

2 S O § 1 L 1 (13
13111 11 11 11

And this is the compact form of hinary matrices that is
factarized from lowpass type Pascal transfarm matrix

Highpass type DPT
The highpass elimination matix E® has entries
E::P) =-1 nxc-:ptE&m) =land ELHP =1 As:;u.me]"u01 foar

consideration,
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1 1 10 0
E?,,r‘m‘l—l s | o 0
£ .2 T d 01 <10
1 -t =33 a1 o1 21
1 0
{o )
Second Step:
100 o]ft o 0 0100 O
1 1] o]]o1 o0 offo1 0 of|o10 0
{nz’}“"][nr;"”]‘al-Lu51-103001o
001 ajlor 21 po1 A
10 0
0 0 ™
Third Step:
TR TRt e
ot offer o=
o0 @ lo o ¥ 601 oflo ot o
0 ¢t -1l ¢ 1 -1
1600
0100
=lo o 1 of*M
001
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So that,

N o BN

10 0
01 o0
L LI ol
1o oT
ey
00 EJ
Therefore, we can factorize the highpass type Pascal
transform matix P8 into binary (1,0,-1) matrices as

) 1 )
. 1 | )
1
)

11 1 1

1
1
1
1 : B S | | (S Gl K | s SO

1

21

33 1
Similar to the case of lowpass type, this farm of binary

matrices are not compact form. Using the propaty of inverse

ofhighpass type Pascal transform matrix is equal to its matrix.
Also, we can show that

te ol
PP=p 1 0 [ﬂ E;,,m][l-:‘:""] (15)
0o E™

Finally, we can factorize P#® into binary (1,0,-1) matices as

follows,

e s Sogut
1 1 1 1

|l -1 | 1 1 -1
fThaa 1 1 -1 1 -1
1 -3 - 1 -1 1 -1 1 -1
and this is the campact form of binary matrices that is factorized
from highpass type Pascal transfarmation matrix and is the same
as tinary (1,0,-1) matrices thatis used in fast DFT[4].
The above method can be used to factarize any dimensian &'
of both type of Pascal transforrn mahix into binary matices
with efficiency.

B. DPTFlow Graph

From previous, we can factorize both of highpass and
lowpass type Pascal fransform matix into binary matrices. The
Pascal transform matix in dimension N =4 orP,can be
factarized to three binary matrices. We can summaize in
genera fom as follows,

1
"Ulqal s k=012, ,N-1
LR Sl

(16)

(7
=[9uliilgales- - [9u]:
R . h
whez:[qd ], is binary matrix at stage ol
Therefore, fram eq. (13)
B” =(43711g5" 11957
1 1 1
1 1 (18

and from eq. (16)

B =[g0"LIg " LIgE™),
1 1 1
1 1

(1%

1 -1 I =1 1 -1

To simplify the method to factonize the Pascal transform
matrix both lowpass and highpass type into binary matrices, we
propose steps to create each binary matrix as follows,

1. The main diagonal entries are 1" for all stage.

2. All entries in upper tiangle are equal to ‘0"
0

3. Atstage/* | cansider for therow™ x— N-1,N-2,..,I by

[ for each x = if ¢4, —-'l' then g]“—'l'|

4, Ctharwise are ‘0",
Far Highpass type:

1. Cansider in the main diagonal,

At stage/” , consider for the row® x = N-LLN-2,....} by
l g, — =1, other are '1]
or consider in this rnanner
for shage =N 1
Diag((g,]),)—[111...1-1]; '1' has N-1 elements
others are *-1"

for stage [ =2
Diag([g,Ly—[11 =1 -1 ... =1]; 'l' has 2 elements
othersare *-1"
=1
Dthg([q;f)-:-[l =l =1=1..=1; '1" has | element
athersare *-1"

2. All entries inupper triangle are ‘0",

3. At stage /™, consider in eachrow,

[(T4, -1 then g, - 7]

4. Otherwise are ‘0"

The data flow graph showing hardware reaization of DPT
can be aeated from factarized binary matrices and its struchure
consists of many butterfly units which are the basic
computationa elernent in DFT.

The lowpass type 4-point DPT can be comnputed by

FPANI o] Xe=%
xf | Xmmex (20)
Ll P21 *2 X, =%+ 20 +x,
Xy 133 L X, =2+ 37, + 30, + 7,
1 1 1 %
1 n x,
g 1 1,1 11 ||x
11 11 1 1|x,
e g2 Sopet
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Therefore, the lowpass type 4-point DPT flow graph can be
shown as in Fig. 3

S e

Xa : : 1 e
\A\ i ]

Xy laury : : > T
1 I 3
1

% P P i

() P 4 | o > X

D N P

Fig 3 The lowpass type 4-point DPT flow graph

We use 6 lowpass type butterfly units for realizing lowpass
type 4-point DPT. This structure is suitable for hardware
implementation and very easy to implement. Especially, in
VLSI design this structure is very compatible to the pipeline
technique by placing the pipeline register on each stage as
shown in Fig. 3 to enhance the speed of computation of DPT.
‘The highpass type 4-point DPT can be compuled by

Xy 1 X, X~
X _l -1 x - Ai~x—x% (21)
X021 X Xy =% -2x+x
Xl -3 o8 cfln]l  x-m-imedn-n
1 1 1 %
1 1 1 =1 %
1 L1 1 -1 X
1 -1 | 1 -1x
spa - St

Therefore, the highpass type 4-pont DPT flow graph can be
shown in Fig. 4

Fig. 4 The highpass type 4-point DPT flow graph

This type of DPT also uses 6 highpass type butterfly units
for realization.
C. Computational Complexity of DFT

If we consider the number of operation of DPT directly from
definition matrix multiplication in eq. (1), the number of
multiplications (A4,,) and the number of additions (or
subtractions in the case of highpass type) ( Ay, ) will be

M, =N? and A, =(N-1N

However, the Pascal transform matrix is a lower triangular
matrix where all entries in the first column are ‘1" and the
entries in main diagonal are equal to ‘1’ or *-1". Also, no
multiplications are needed for operating those entries. Then,

the number of multiplications and number of additions would
be

M, and 4,

i A )
2

_(N-DN
2
Finally, from DPT flow graph (butterfly based) which 1s
based on Pascal matrix factorization into binary matrices can
compute the transformed results without multiplications. Thus

M, =0 and 4, :@
‘The summary of compulational complexaty of any & -pomt
DPT can be shown as in Table 1.
TABLE1
CavPUTATIONAL COMPLEXITY OF N-POINT DPT
Direct Matrix Pascal Matrix Butterfly Based
Multiplication Multiplication DPT
M, N 1D 0
ya =N (N;I)N’ {N;I)N

IV. TwWo-DIMENSIONAL DPT AND ITS IMPROVEMENT TODPF

STRUCTURE
The two-dimension (2-D) DPT can be computed by [1-3]
X - Pxb? (22)

where P is the Pascal transform matrix and its transpose P*,
Xis transformed output of an input image matrixx, all of
matrix size N x N .

for example, we will consider highpass type 2-D DPT with

N=3
1
’ Rp Ey 111
X[ -0 1 [m, my om0 -2 23)
V2 1% &y % 1
s Xy A Ty Fa 1y
e Ay Xa Ba Ra LT By o
Kon Xy K (5 Zetm, my Zagtbry Ry 2Radaa
= !-AIU----uI( o -
fov sas g sabom e and a0 34 [1.]
(S T
® 1 %
1
Thus,
Hag oy X [ 3 waf|l 101
J'_‘ Xu Iu Yo ¥y Ya I 2 (24)
Yu Xy Xu) [ w3 1
Yoo Yop~ Yoy Yoo "yt Xy
= e Yetdy Yoty
e Pro~ iy )‘:.o‘z}’u+)"u
mmn. »«-m,ro.gupau-\-u
w-a.l g‘-—m;nnr?)
Finally,
o B X "
[x, X, X, ] L €9 '..lt A £ =..l llu ‘\J‘l'u ol 1
Fu S T, ’\- "v"ul Dy Bgeng) Iy Iyiny) (e Trgdng) Ty, By ddy, Iy 45,))

(25)
‘We can summarize 2-D DPT flow graph with N =3 as in Fig. 5
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Fig. 5 The 2-D DPT flow graph

where the processing elements of highpass (left) and lowpass
(right) type are as below, respectively

=== [-==

The DPF (Discrete Pascal Filter), which is mentioned in our
another paper [3], can be formulated from the DPT by making the
relation between the inputs and focus only on 1 output. Using DPF,
the computational operation will be changed from matrix
multiplication in DPT to convolution in DPF. With a little
modification, we can obtain the hardware realization of 1-D DPF of
both highpass type and lowpass type as follows

[

I
WL/

>

el

Fig. 7 The 2 order lowpass type 1-D DPF

The order of DPF is equal to the dimension of Pascal
transform matrix minus 1, ( N —1). 2-D DPF, which is based
on 2-1) DPT flaw graph in Fig 5, can be modified to

A

L ] N—
LS .'.x;—T

O -

it

ot

st (<

vimm- g,

At

Fig. 8 The 2-D DPF with Convolution Mask Size 3 % 3

The processing element of highpass (left) and lowpass (right)
type are as below, respectively

In practical, the 2-D DPF in Fig.8 used for image processing
has to work along with image inpul arrangement circuit as
shown in Fig. 9.

i)

xfm i)

ti TS

aimwe Lt
v f e b

e f oM

s
w2l

KT )

Fig. 9 The image input arrangement circuit

From all above described in section 111 and Il can be applied
to higher order or higher dimension DPT or DPF applications.

V. CONCLUSIONS

The DPT hardware realization of both 1-D and 2-D and both
highpass type and lowpass type is proposed. The hardware
realization using Pascal matrix factorization or decomposition
inte binary (1,0-1) matrices can give the efficient structure
based on butterfly unit for DPT. The obtained DPT flow graph
can be used for transformation without multiplications, only
additions are needed. Moreover, the DPF which is improved
from DPT is also proposed.
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