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ABSTRACT
The study of blood flow in a blood vessel with blockage can be applied to helping the
patient with atherosclerosis decease or development of medical devices which is related.
This research simulates both solutions of the blood flow in a blood vessel with and
without blockage which is determined with small amplitude wave equations system in
one dimension by using the proper initial condition and boundary conditions and it is
solved with finite difference by Crank - Nicolson and Lax — Wendroff methods in both
of second-order accuracy of time and space. This result will simulate the behavior of
blood flow in a blood vessel with blockage which the maximum of pressure and velocity
of blood flow decrease for long distance or more dragged blockage coefficient. Their

methods can be analyzed to the proper cases.

Keywords : Small Amplitude Wave system, Blood Vessel, Blockage, Finite difference by Crank -
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CHAPTER 1

Introduction

The comprehension of physical phenomena obviously describes to the mathematical model
creation. However, to simplify with the correctness of modeling, scientists might proof these
equations by using numerical methods. Include, the problem of velocity and pressure
characteristics from blood flows in a blood vessel with blockage can be expressed to mathematic
modeling for solving the certainly results. We will describe in this chapter with regard to the
background of blood flow and atherosclerotic blockage in human body, the numerical methods,

objectives,and field of study.

1. Background of Human Physiology : Circulation system

1.1 Blood flow

Tissue capillaries

Vein

LUNGS LUNGS

Pulmonary vein

Vein Artery

Venules

Tissue capillaries

Arterial circulation
Venous circulation

Figure 1.1 the circulatory of blood flow [1]



The circulation of blood flow is the one of most important to all humans and animals because
there are related to transportation about many chemical processes in creatures, e.g. hemoglobin
from respiratory system, nutrition of foods from alimentary progression. The procedure of blood
flow direction can be described to the circulatory of blood in figure 1.1 begins with the pumping
of red blood from left ventricle (the chamber from left below of heart) to aorta (the largest of red
blood vessel) separates to arteries, arteriole, and exchanges nutrients and oxygen to capillaries.
This system of red blood flow direction is called “systemic arteries”. Conversely, for oxygenated
blood flow in systemic veins, the direction is from small vessels to largers i.e. venules, small

veins, and venae cavae respectively [9].

1.2 Atherosclerotic blockage

Atherosclerotic blockage is the reductor of blood flow in blood vessels in Arteries. It possibly
develops atherosclerotic plaque which consists of an accumulation of bad cholesterol or low —

density lipoprotein (LDL) under endothelium layer in initial stage [7], [8], [10] with figure1.2.

Endothelial
permeability migration adhosion adhasion

Figure 1.2 The initial stage of atherosclerotic plaque [7]



The accumulated cholesterol, in figure 1.3, products will be transformed to free radicals, the
oxidative wastes, by blood vessels cells. Chemical reaction of these free radicals attract
monocytes, one types of white blood cells, and permanently adhesive in these sites. The greatly of
monocytes are called macrophages and will be foam cell when packs with fatty droplets from
LDL oxidation. For larger of foam cells, These accumulative are called fatty streaks which is

initial form of atherosclerotic plaque [7], [8], [10].

Adherence and Adherence
Smooth-muscle  Foam-cell T-cell aggregation of and entry
rigration formation  activation platelets of leukooytes

Figure 1.3 The earlist form of atherosclerotic plaque (fatty streak) [7]

The plaque thicking makes degeneration of wall in the vicinity of the plaque which is called
fibroblasts (figure 1.4) which form a connective tissue cap over the plaque. “Atherosclerosis”
term is this progressive because of this mean excessive growth of fibrous connective tissue within

arteriole blood vessel.




Macrophaoe accumulation Formation of Fibrous-cap formation
necratis care

Figure 1.4 The fibroblast stage of atherosclerotic plaque [7]

In the last stage, the enlarging atherosclerotic plaque will be completely blocks the vessels and

this blockage is called “thrombus” which is at site of the vessels.

Placjue rupture Thinning of fibrous cap Hermorrhage from plaque
microvessels

Figure 1.5 The last stage of atherosclerotic plaque [7]



1.3 Arteries blood vessel
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Figure 1.6 Histological structure of blood vessels [16]

The Arteries blood vessel is small arterial branches from arteries. It has important properties are
elasticity and contractility which is processes of vasoconstriction and vasodilation. The
vasoconstriction is process of decreasing vessel diameter for income blood flow by heart pressure

control and vasodilation is relaxation of arteriole contraction after [16].

Vessel D (cm) A(cm?)  P(mmHg) v (cm/s)
Aorta 2.5 25 100 33
Small arteries 0.5 20 100 30
Arterioles 3x 1073 40 85 15
Capillaries 6x10~4 2500 30 0.03
Venules x 10-3 250 10 0.5
Small veins 0.5 80 2
Venae cavae 3.0 8 2 20

Table 1.1 Diameter, total cross sectional area, mean blood pressure at entrance, and mean fluid

velocity of blood vessels [8]



2. Small Amplitude Wave Theory

In the mention of small amplitude case, the assumption of dynamical fluid flow is steady flow

which is satisfied by Bernoulli’s principle in this condition [18]

1 , dP
—u +|—+gz=C 1.1
2u I gz (1.1)

where s fluid velocity,
P is fluid pressure,
z is height of fluid,
P is fluid density,
g is gravitational acceleration,
C is a constant.

Consider the principle of small amplitude, the amplitude of wave is tiny with respect to
wavelength. This assumption is similar to the definition of the shallow water equation. However,
the shallow water is defined by small variation of wave with respect to height reference of water

[17], [18].

Equation (1.1) can be rearranged by dividing the gravitational acceleration g and we assume that

the fluid density is not respect to pressure function, thus

2
i-+i+z=C
2g pg

For the small amplitude condition, its amplitude of wave is tiny with respect to wavelength. It can

be derived in mathematical equation as



So, the height of fluid wave is referred to fluid velocity and pressure. For small amplitude, we

need to set z tends to zero. It makes fluid velocity and fluid pressure also tend to zero [9].

3. Finite Difference Method : Crank — Nicolson Method

Crank - Nicolson method is widely method in numerical solution for finite difference in parabolic
equation. This technique can be adapted to the problem solving of first order hyperbolic systems
with initial-boundary problems numerically [12]. Its accuracy is maintained to second order [11],

[12] and stability of this technique is unconditionally stable which is described in Appendix B.1.

The Crank - Nicolson technique by finite difference method for one dimension space is

14" l[Um ..n] U+ 4" I: . U}'_l]=

J+1

n+)
UJ

where U7 is approximate solution for first order hyperbolic systems in discrete space.

'y 'y
n+1 @ ]
n ? ]
n-1@ & @ @ @®
L -@ &
j-1 i j+1

Figure 1.7 Scheme of finite difference with Crank - Nicolson method



4. Finite Difference Method : Lax — Wendroff Method

Lax — Wendroff method is the finite difference method explicitly. It is originated to solve the

hyperbolic systems. Its accuracy is maintained to second order in both space and time [111],[12].

The Lax — Wendroff technique by finite difference method for one dimension space is

Pa')
21

(U, —2u7 +UL),

=y +£(a" +a™ Uy, -UL, )+

where U7 is approximate solution for the first order hyperbolic systems in discrete space.

- . . ; l .
However, the stability for this method converges to analytic solution when % <1which a,is

eigenvalues of 4" by von Neumann stability analysis method [11] (see appendix B2).

t t

n+1 @ ® & ?

n-1 , & @ & ®

@ @ @
j-1 i jit1

Figure 1.8 Scheme of finite difference with Lax - Wendroff method



S. Objectives for this study

1.

To adapted the governing equation of blood flow, small amplitude wave pressure
equation, to the blood flow with blockage equation

To find initial condition and boundary conditions of blood flow which satisfy to the
governing equations.

To use numerical methods to compute the solutions of blood flow with blockage case
and without blockage, blood pressure and blood velocity solutions.

To find analytical solution of blood flow in without blockage and blockage case.

To find the precision of solutions by comparing the numerical solution from distinct

methods to analytic.

6. Scope of this study

1.

To study mathematical model of blood flow in small amplitude wave equation in
average and incompressible flow.

To study blood flow in slow velocity and small pressure with linear velocity dragged
blockage.

To study blood flow in the constant compliance blood vessel.



CHAPTER 2

Literature Review

2.1 Small Amplitude Wave Pressure Equations

The small amplitude wave equation describes to phenomena of blood flow in small of velocity
and pressure [9]. This theory can be applied to the study of blood flow in blood vessel, especially
in arteriole vessels, such as atherosclerosis condition [8], [10], peristaltic motion, the

characteristic of blood flow by contraction and dilation of blood vessel [3], [4] ,etc.

The small amplitude wave pressure equations were created by J. Keener and J. Sneyd in 1998 [9].
They used the model of blood flow by assumption that small amplitude wave behavior is reducing
of nonlinear terms, velocity and pressure. By conservative of mass or continuity equation and
conservative of momentum with non - viscous blood flow (incompressible), they derived the

small amplitude wave equation of blood flow (with non - stenose) such that

ou OoP

_-]-—:0, 211
Pt 2.L.1)

oP ou

—+4,—=0, 2.1.2
aa: A"ax ( )

where u is velocity of blood flow (cm/sl),
P is pressure of blood flow (mmHg),
p denotes density of blood flow (g/cmss),
¢ denotes compliance factor of blood vessel (cm’/mmHg),

4, denotes cross — section of blood vessel (cm’).
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2.2 Finite Difference Method : Crank - Nicolson Method

Crank - Nicolson method is well-known in numerical solution for the finite difference method. In
first order hyperbolic systems, it solves with initial — boundary conditions. Its accuracy is

maintained to second order and unconditionally stable [11], [12].

Proving of Crank - Nicolson method begins with Taylor series expansion on advection equation

such that

as as
—=A()—. 2.2.1
5 At = 2.2.1)

where A(#)is coefficient matrix with respect to time t and S'is the vector of solutions.

By Taylor series expansion, the forward time difference, we find that
as
S(x,t+l)=S(x,t)+l§+... (2.2.2)
where /= Ar .

From equation (2.2.2), we rearrange %‘SL as
it

9 sty =St +D -850 2.2.3)
ot l
For centered — difference at time ¢, we find that
S(x+h,t)= S(x,t)+h§x—S(x,t)+O(h2,k2), (2.2.4)
S(x—h,t)=8(x,f)— h%S(x,t) +O(h, k). (2.2.5)
where /= Ax.
Taking equation (2.2.4) — (2.2.5), therefore
0 S(x+h,t)—S(x—h,t)
—8(x,t)= : 2.2.6
EW (x,1) o ( )
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Substituting (2.2.3) and (2.2.6) into (2.2.1), therefore

S(x,t +1)—S(x,t) S(x+h,t)-S(x-h,t)

=A(t 227
] ® oh 2.2.7)
For advection equation at time +/, we find that
as oS
=i A+ I)—; 2.2.8
o (t+1) ™ (2.2.8)

which A(t +1) is coefficient with respect to time # +/ .

And Taylor series expansion of forward time difference for time ¢ +/ is
0 0 2 52
S(x+ht+1)=8(x,t)+ haS(x,t) + laS(x,t) +O0(h*,10%), (2.2.9)
0 9 2 92
S(x—-h,t+1)=8(x,1)+ h?éx-S(x,t) - IE;S(x,t) +O(h*,1%). (2.2:10)

Taking equation (2.2.9) — (2.2.10), therefore

0 Sx+ht+D)—-S(x-ht+1)
—S8(x,t)= . 2211
. (x,1) o ( )
Substituting (2.2.3) and (2.2.11) into (2.2.8), therefore
S(x,t+ l; - 8(x,1) = A +]) S(x+h,t+ l)z—hS(x —h,t+1) . 22.12)

Averaging the eqs (2.2.7) and (2.2.12), we can see that

S(x,t+1)—S(x,1) =1HA(t)S(x+h,t)—S(x—h,t))+(A(t+l)S(x+h,t+l)—S(x-h,t+l))
] 2 2h 2h i

S(ot+D)-S(x,1) _
I

S(x+h,t)-S(x- h’t))+[A(t+l) S(x+h,t+1)-8(x- h,t+1)]
4h 4h f

(A(t)
SCe,t+1)=S(x,f) = [Li—g){S(x +hyt)—S(x h,t))J +[ﬂi;_")(su thyt+1)-S(x—ht +1))J ,
S(x,t+1) —E%—l—)(S(x Fht+D) - S(x—ht+1)) = S(x,1) +%{S(x+ hot) = S(x— hy1)) (2.2.13)

From differential equation of (2.2.13) we can approximate to difference equation is [14]
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LA(t)

S(x,t+1) -’2(;—;’)(3"@ bt 4D =5 —ht +1) = 8000+ DD (S (x4 b1y - Sx- 1)) 2.2.14)

A(
4h
where §(x,7)and A(?) are difference functions that satisfy to S(x,#) and A(?) respectively.

We can approximate S7 ~S(x,,t )and A" = A(t ) and substitutes in (2.2.14) is
PP J i*"n n

sy M

4"
T (

Sn+l. _ S;:-l!.)=Sn el

pt S+ (S =Sia)- (2.2.15)

The equation (2.2.15) is called Crank - Nicolson finite difference equation. For stability analysis,

this method is unconditionally stable by von Neumann stability analysis method [11].

N S I I Y

n-1@ . e @ ® Y
o -
j-1 i j+1

Figure 2.1 Scheme of finite difference Crank - Nicolson method

2.3 Finite Difference Method : Lax - Wendroff Method

The proof of Lax - Wendroff method begins with Taylor series expansion on advection equation

such that

oS

oS
= A(t)—, 2.3.1
ot (t)ax 3.1

where A(f)is coefficient matrix with respect to time t and §'is the vector of solutions.
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By Taylor series expansion, forward time difference, we can see that

St +1)=S(x ) +128(x t)+£—aiS(x 1)+
’ e T 2082 T

(2.3.2)
Substituting (2.3.1) into (2.3.2), we obtain that
I &
S(x,t+1)=8(x, t)+IA(t)—S(x NH+— s —S(x,0)+.... (2.3.3)
62
Furthermore, we can replace E_ZS (x,t) by using
o* 04 68 S
—S(x,t)=——+ A(t) —, 234
or? (1) arax+ ()a:ax @34
0*S s
= A(t . 2.3.5
oxot ( )axax ( )
2 2
Since a—Sz o8 , and substituting (2.3.5) into (2.3.4), so
Otox Oxot
& 0A oS S
et D L f O 2.3.6
o S(x.1) or ox OxOx ( )
Substituting (2.3.6) into (2.3.3), we obtain that
04 a8 'S
S(x,t+D)=S(x,0)+ 1At S 1)+ + A ,
(x,2+1)=8(x,t) () (x,0)+ (a[ax asz
St +1D)=8(x,0)+| A1) + ﬁ?ﬁ a—S ﬁ (t) 62S (2.3.7)
20t )ox 2 o

From differential equation of (2.3.7), we can approximate to difference equation is

S(x,t +1)=8(x, t)+[lA(t) ﬁaa—A)?ES 1—22-142() (2.3.8)

where S(x,¢)is difference function that satisfies to S (x,1)
: s 0 & o*
We can approximate derivative difference of — S(x,7)and

EZ—S(x, 1) . By using centered space
— finite difference, they are
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8 ~ B2 =52

._S ’t zj_ﬂ_‘r_l, 2.3.9
™ (x,1) o7 (2.3.9)
o 87y =287 +87

= — S, Py =22 " det, (2.3.10)

where S} = S8(x;,t,).

Substituting (2.3.9), (2.3.10) ,and rearrange to finite difference equation as
*od [ 8] : 287 4 8
Sj"+l ST +| IA(5) + I_B_A J_H_A ! ~ L) S =8
20t 2h 2 e

wi_on (HAQ) P04 cn o\, PALD
5 =5 +( 2h " ahor (Sha=S1a)+ 52 2K i ("

-287+8),).  (23.11)

n+l n
From (2.3.11), Z‘: A J”'; 4¢) _4 !A for A" = A(f). So,

n+ n IA" l n+ n n n n
Sjnzsj+[2h+zh—(,4' )J(S’“ S0 )+ i (Sia =257 +5,),

2(4)
sty (L) isn-5:)+ L (5, 257051). Qo

The equation (2.3.12) is called Lax — Wendroff finite difference equation.

n+l [&) ]
n ® & ?
n-1 @ ® ® .

j-1 i j+1

Figure 2.2 Scheme of finite difference with Lax - Wendroff method
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2.4 The compliance of blood vessel model

The compliance of blood vessel model is the simple form of blood flow with elastic blood vessel
[9]. The definition in first paper is defined by Spensor and Denisson in 1963. The variation of
arterial blood volume due to a given change in arterial blood pressure is described to

mathematical equation as

Pl 2.3.1)
AP

where C as arterial blood vessel compliance, V is arterial blood volume, and P's arterial blood
pressure.

Despite that this definition rearranges to cross — sectional compliance model which is utilized in
clinical practice. In 1986, Reneman et al. have determined this principle was the ratio between

variation of cross — sectional area and blood pressure which were described to

c=—1, (2.3.2)

where ¢ as cross section of arterial blood vessel compliance, 4is cross section of arterial blood
volume, and P is arterial blood pressure.
In this research, we choose the definition of arterial compliance model by equation (2.3.2) to

derive the equation of blood flow with stenostic blockage in section 3.4.
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2.5 Drag and Damped force

The drag force is the reaction force from the Newton’s third law with respect to relative motion of
moving bodies in fluid. It is defined as [20],

Jirag =—CV (2.4.1)
where j:,mg is linear drag force, v is moving bodies velocity within fluid, and ¢ is drag coefficient.
By using Newton’s third law : active force from the moving bodies in fluid is equal to passive
force from fluid for resistant of bodies dynamics within fluid. We can proximate the fluid flow in
small velocity. However, it cannot be referred in large velocity, turbulent flow of fluid. While
damped force is represented to the friction force of “simple harmonics motion” (figure 2.3) which

is written in Newton’s law of motion as [21], [22]

Figure 2.2 Damped harmonics oscillator [21]

mifv-—z -bv—kx, (2.4.2)
dt

where m is mass at the end of spring, b is frictional coefficient, and k is spring constant.
We can write the derivative from of the equation as

mi+bx+kx=0, (2.4.3)

Where x =—.
dt



CHAPTER 3

Research Methodology

3.1 The Crank — Nicolson method for the blood flow in small amplitude wave

equation without blockage

We assume the equation systems of blood flow in small amplitude without blockage,

ou B_PF

pE‘F o 0, (2.1.1)

oP ou
—+ 4 —=0. 2.1.2
£ ot A"ax ¢ )

Rearrange (2.1.1) by divided with p and (2.1.2) with ¢ . Then,

@+-1-6—P=0, (3.1.1)
o pox
LA . (3.1.2)
o ¢ ox
From (3.1.1) and (3.1.2), we can write these equations into matrix form as
ofu oy - ofu
ok 1 o A Lo S (3.1.3)
ot\ P 4, 5 ox\ P
c

Equation (3.1.3), the finite difference method for hyperbolic system, is solved by using Crank -

u(x,t)

Nicolson method. Let U(x,#) =
P(x,1)

) which u(x, t)and P(x,t) are the solution of velocity

and pressure of blood flow, respectively. So, eq (3.1.3) can be written as
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3.14
ot Ox - ( )

1
where a = P .
0

c

However, in discrete space, we can let. Let u(x,,,f,) and P(x,,,t,) are velocity and pressure of

blood flow respectively, which x,, = mAx and #, = nAt . We can let

u(x,,t, u,
U= () = ; (3.1.5)
P(x,.t,)) \ B,
By using Crank — Nicolson equation in (2.2.15), we can derive the finite difference equation of

Crank - Nicolson method for equation (3.1.4) which can be written as

EREHE ) o
4 R el SR et R 03 (T U0 (O %

m+1 m-1

0

1
where v=£ 4 as
b 0

o |&

urt! —%(%)(%J[P;:,‘ -P |=u] +7}[%J[%J[ T oY P (3.1.7)
0 O O TR

c

However, eq (3.1.6) can be rewritten in matrix form as

C™W™ = D"W" + F" . (3.1.7)



where

Cn+l -

D' =

p g 2l
4 p
] 24 3
4 ¢
%% 10
0 0 1
0 0
0 0
4p
R T
4 ¢
%% 10
0 1
0 0
0 0 -
Al
(_I_I_Bnﬂ _il}:}n
P 4 p
_.j'ﬁqug“ iiug
4 ¢ 4 ¢
0
0
%lpﬂ:ﬂ ilpﬂ
p 4 p
ﬁ—‘—:.'f-u;’,,”+iéu£,

<

20
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where ¢, = nAt , m=1,2,3,--,M-1,n=0,1,2,---,N ,and i{,=—§—;.Theresultsofthis

method shows at results section. The stability condition is unconditional stable (see appendix

B.1).

3.2 The Lax — Wendroff method for the blood flow in small amplitude wave

equation without blockage

We assume the equation systems of blood flow in small amplitude without blockage which is

E—U+aiU:Q, (3.1.4)
ot ox

1
where a = P | and U=[u(x,t)]-
0 P(x,t)

c

If we let the solution in discrete space be

u(x _,t) u
Uu,= = El 2 3.1.5
" (P(xm’tn)) [E:J ( )
By using Lax - Wendroff equation in (2.3.12), we can derive the finite difference equation of Lax

— Wendroff method for equation (3.1.4) as

n+l n n n FPla" 2 n n n
N +i(a"+a"“) et | _| Yt +—( 2) Umir | o B || w1 | (3.2.1)
B") \B) 4h Bal B 2k \\ B, F) \BL

Where / = At,h=Axand a" =a(t,)).
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1
However, we find that coefficient matrix a(?) in equation (3.1.4)is a = P which does
0

not depend on time. So that,

a =a, (3.2.2)

Thus,
[u;+1]=[u:J+L(an +an){[u;+l _{ur:‘-l JJ_I_lz(a:) [(u;i-I]_z(u;J_‘_(u;—lJJ g
B\ % it \ 2h w2 Vogt B 4
= +— - + — + )
) \B) 2m\\pP) \ P, 2n \\P,) \B) \E
n+l n 0 l n n 2 = 0 n n n
(EHEH [EHE LB
B ) \B) 2h| 4, o [\22 ) \ B, 2K’ 0o A \\B ) \pr

m+1 m m-1
c pc

The equation (3.2.3) is used to find numerical data of blood flow with non — blockage. The

stability condition is 0 <v <1which v = (see appendix B.2).

>~
nld’k
o D~

3.3 The Crank — Nicolson method of the blood flow in small amplitude wave

equation with linear velocity dragged blockage

The equation systems of blood flow in small amplitude is added the dragged blockage term in

equation (2.2.1), we can obtain that

ou OP

_._._+_=—k‘u’ 2.2.1
Pt (2.2.1)
oP ou

— —=0, 2.2.2
cat +A°6x ( )



Dividing (2.2.1) with p and (2.2.2) with ¢ . Then,

ou 1aP k
—t——=——u,
o pox p
o Aou_,
o ¢ ox
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(3.3.1)

(3.3.2)

We are going to reform the equations (3.3.1) and (3.3.2) into homogeneous equations, which each

k
——t

one of them is equal to zero. Therefore, we assume u(x, t) = v(x,t )e P 1t follows by [17]

and substitutes into equation (3.3.1) such that

k k
E v(x,1)e o +l£P=~—£ v(x,t)e © |,
ot P ox yo)

_k, K, .
e’ [Ev(x,t)J+v(x,t) —ie £ +—1—3P=—£ v(x,t)e © |,
ot P p ox yo)

_k,
v(x,t))+liP=—£v(x,t)e a +v(x,t)£e Ry
p ox p p

k
Multiplying e” into equation (3.3.7),

k
(—(-a—v(x,t)J +le'” EP =0,
ot p  ox
k

v,+le"P,=0.
o)

k
—t
Similarly, substituting #(x,¢) = v(x,?)e * into equation (3.3.2), then

=¥
£P+-Ali(v(x,t)e ? ]=0,
ot c Ox

(3.3.3)

(3.3.4)

(3.3.5)

(3.3.6)

{337

(3.3.8)
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__k_‘
%P +%e , —g;(v(x,t)) =0,
4
R +Te 2 L =0. (339)

Equations (3.3.8) and (3.3.9), can be written in a matrix form,

2 v p 3 v)_
at(P]+ 4 & ax[P]—Q (33.10)

u(x,t)
P(x,1)

blood flow, respectively. So, eq (3.3.10) can be written as

Let U(x,1) =[ J which #(X,t)and P(x,f) are the solution of velocity and pressure of

5 5
—U+a—U=0, 3.3.11
ot Yot (3.3.11)

We can see that the equation (3.3.11) consists of two homogeneous equations, Therefore, we can
find the approximate solution in equation (3.3.11) by using Crank - Nicolson method which can

be rewritten in Crank - Nicolson equation (2.2.15) as

i[%)[ﬁ] Pt -]y —[—)[ ][ I8N 6312
P;*‘—%(%J[—— _M)J[ Ve -via =P +i( J( e_;'J[ Via =V (3.3.13)

However, eq (3.3.10) can be rewritten in matrix form as

G™'W™ = E"W" +F". (3.3.14)




where

Gﬂ'+| -

Gfl

0 0 —-i'—a,"“ 0 0 0
1 %a;*' 0 0 0 0
alm-l l 0 O __%ar*! 0
0 0 1 _f}_ n+l 0 0
0 0 0 %alml 1 _g'_afﬂ
A n+ A n
0 0 -Zazl 0 ~1% 1
0 0 %a{' 0 0 0
A
A A n
-—Za, 1 0 0 Ia, 0
A
00 1 Za o 0
A A
0 0 0 -—a 1 Za
44 4
A A
0 0 -—-——a 0 —a,
1% 4::12 1
A n+l pn+ A1l n pn
[ o 'R !_Z;a]}::)
_"irnﬂ _in
—%a;’”Axe 27y —%a;”Axe vy
Fn = O r:
0
0
0 J
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fv]n
.P!"
Wi=¢: &,
Vit
k";b]
1 E’n AO __k_fn
Whicha; =—e” ,a,=—e ” ,t, =nAt,m=1,2,3,--,M -1,n=0,1,2,---, N ,and
P c

A= %:— . The results of this method show in the results section. The stability condition is

unconditional stable (see appendix B.1).

3.4 The Lax — Wendroff method for the blood flow in small amplitude wave

equation with linear velocity dragged blockage

Similarly, in equation (3.3.11)

3] d
—U+a—U=0, 3.3.11
ot ox - ( )

where a = :
4 5 0

c
We can find the approximate solution in equation (3.3.11) by using Lax - Wendroff method
which can be rewritten in Lax - Wendroff equation (3.1.4) as

1 Eoma  Epu
0 —| e” +e”

W % + At P
P P ) 4Ax A T VL Y
—le” +e”

c

B

0 . (34.1)

A
L@ | pe (v;'m]_z(v:}[v;-]}
2(Ax)2 0 i Pn’:+l Pr: P:ul

pc
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Equation (3.4.1) solves the solution of blood pressure and blood vessel with blockage which is

described in section 4.2.

3.5 The initial and boundary conditions in small amplitude wave equation without

blockage

The initial and boundary conditions are determined by the normal healthy human : blood pressure
varies between 80 mmHg to 120 mmHg and blood velocity average is 30 cm/s [8], [9]. We

assume that blood wave characteristic at the boundary points and the initial points are

(i) At the initial rod (x =0)

P(0,0)= IOO+20003[ it} (3.5.1)
pc
u(0,1)=30- 20005( ﬁt} . (3.5.2)
pc
(ii) Atthe end ofrod (x=L)
P(L,t)= 100+20cos(L— it] § (3.5.3)
pc
u(L,t)=30—20c:os(L— —Ait] (3.5.4)
pc
(iii) At the initial time (t = 0)
P(x,0) =120 mmHg, (3.5.5)

u(x,0)=10 cm/s. (3.5.6)
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3.6 The initial and boundary conditions in small amplitude wave equation with

blockage

The initial and boundary conditions are determined by the normal healthy human which is blood
pressure varies between 80 mmHg to 120 mmHg and blood velocity average is 30 cm/s [8], [9].
Furthermore, we assume that both of maximum of blood pressure and blood velocity at the end of
blood vessel are decreased by linear dragged blockage. We assume that blood wave characteristic

at the boundary points and the initial points are

(i) At the initial rod (x =0)

P(O,t)=100+205in(£t) ; (3.6.1)
P
—aﬁ = —ZOicos [EIJ (3.6.2)
6x x=0 pAO p
(ii) Attheend ofrod (x=L)
oP
L1 Y 3.6.3
i (3.6.3)
ou
— =0, 3.64
2., (3.6.4)
(iii) At the initial time (t =0)
P(x,0)=100 mmHg, (3.6.5)
u(x,0)=30cm/s. (3.6.6)

For the boundary conditions in section 3.5 and 3.6, the relation of sine and cosine function is

sin(x) = cos(x + ¢) when ¢ = 7—2:- However, we can replace inital and boundary conditions to

other wave functions for the other problems.
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3.7 An analytical solutions of blood flows in small amplitude wave equation

without blockage

In this research, we transform the first order partial differential equation system to two second
order wave equations. The separation of variable method is used to solve both solutions of blood

flow in terms of velocity and pressure without blockage.

From using equation (2.1.1) and (2.1.2), such that

o 8

—u+—P=0, 2.1.1
Patu . (2.1.1)
0 0

—P+A4 —u=0. 2.1.
PR P el

Using differentiates (2.1.1) with g, we obtain that

P &
9 i+ Lpap
P aron
o &
atax‘P:-pg . (37.1)

Similarly, differentiates (2.1.2) with ?36; , SO

a

axat

0 &

6x6tP= ’i" PR (3.7.2)

By Schwarz — Clairaut theorem, symmetric of second partial derivatives, we can assume that

& o
P= /2 3.73
Oxot Otox (3.13)

Takes eqs (3.7.1) and (3.7.2) into (3.7.3), consequence

4, & o
R A
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62 [)C 62

axz Ao 5t2 (3.7.4)

Equation (3.7.4) is wave equation of blood flow velocity without blockage.We similarly use this

method for derive wave equation of blood pressure without blockage.

To differentiates (2.1.1) with % , we obtain that

& 0
+—P=0,
Posor” " o
P 1 &
ot (.7.5)

Similarly, differentiates (2.1.2) with gt—’ S0

62
= atax =0,
& c &*
=———P. 7.6
aox 4, o (3.76)

By Schwarz — Clairaut theorem, symmetric of second partial derivatives, we can assume that

& &
U= 3T
avor - otox W
Takes egs (3.7.5) and (3.7.6) into (3.7.7), consequence
2 2
19 p=_C o] ’
p ox* A, or
& pc &
—P= 3.8
' A4 o Gt

Equation (3.7.8) is wave equation of blood pressure without blockage.

By separation of variables, we can split the function #(x,)and P(x,) into 2 independent

variables i.e.

u(x,1)=(®,(x))(8,(®)) . (3.7.9)
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Which ®,(x)and O, (f) are the blood velocity function in space and time respectively.
Similarly,

P(x,t)=(@,(x))(0,(), (3.7.10)
where ®@,(x) and ®,(#) are the blood pressure function in space and time respectively.

Takes (3.7.9) into (3.7.4), we find the blood flows velocity solution in wave equation are

;—2{@, ®)(®,0)}= %g;{(fbn(x))(@l('))} ’

1 & pc 1 &

(—'Qi—éx—))yq)l(x)= ® (t). (3-711)

4 (©0,0)a

Since (3.7.11) is completely separation of variables, we assume that this equation is constant.

Consequently,

1 & _pe 1 6_1
(®,(x)) ?‘D‘ ()= 4 (0,()) o

0,()=—a, (3.7.12)

where o e R*
By, (3.7.12), we can solve ®,(x)and @, (¢) in second order ordinary differential equation form
as

1 i _ pc_ 1 6_2 _
(D,(x)) 0x* “hlhpe——manl 4, (8,() 9,()=-a. (3.7.13)

Let @,(x)=e* and @,(r) =™, we can write the solution of @, (x)and O,(r) as

@, (x) = e 4 g (3.7.14)
4 i %
( je—)t (—i Ja—)t
0,(f)=e = +e Vo, (3.7.15)

However, the solution of blood velocity is u(x,7) = (®,(x))(®,(#)), hence
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(i a—ﬁ)r (—i aﬁ}:
S " (3.7.16)

u(x,t) = (e("‘la)’ + e""/‘;”‘)[e ” +e

By Euler’s identity, eq (3.7.16) can be written as

u(x,t) =4, cos(\/t;(x - J%ID + 4, sin [\/E{x - \/%t]} : (3.7.17)

where A, A4, are constants.

Similarly, we can solve the blood pressure in wave solution as

P(x,5)=B, cos(\/a(x - itD +B, sir{\fa[x = \/EIH . B1.18)
pc pe

where B, and B, are constants.

3.8 An analytical solution of blood flows in small amplitude wave equation with

blockage

Eventhough the analytical damped blood velocity solution is complexible, the solution of
damping blood pressure can be solved to compare with the numerical solution. From the

governing equations,

Pty (3.2.1)
PP

P iy =i, (3.2.2)
C

'il i—t
Assuming that P=e ” g(x) andu =e ” w(x), equations (3.2.1) and (3.2.2) become

0 i%f 10 r%r B k f%r
a(e W(x)J+;a[ q(x)J——;(e w(x)} (3.8.1)
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0 r‘%r AO 0 iﬁl
= +L " fe” =0. .8.
= (e q(x)] - 6x(e w(x) (3.8.2)
Consequence
L ‘£1 fil
iﬁef” w(x)-i—le e —=—£e ? w(x), (3.8.3)
P p o p
L i
LR Yor oL (3.8.4)
P ¢ ox
Thus
. an 1 8q
i+l)—w+——==0, (3.8.5)
Ll Py
LI LY (3.8.6)
P c Ox

Differentiate Eq (3.8.5) with respect to x,

2
(i+1)§%+£%§:0, (3.8.7)

Takes the condition from (3.8.6), so that

ow
—=—i— 3.8.8
p. i q (3.8.8)

Takes (3.8.8) into (3.8.7), we get that

2
(i+ I)i(—-i—ck—qu+la—‘2i =1,
P\ 4p ) pox

2 2
ﬂz(f—l)[—ci—Jq. (3.8.9)
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From (3.8.9), we can solve g(x)as

q(x)= 4e™ + Be™™, (3.8.10)
2
where m* =(i—1) i "
Equation (3.8.10) can be rewritten as
mx —ml —mx _mlL
e™e e™e
X)= A + B ’
q( ) e—m.[. emL

g(x) =Ce™*™ 4 De™ ™

q(x) = Ce™E) 4 D™l (3.8.11)
where C, D are arbitrary constants.
And we can rewrite (3.8.11) as

q(x)=acosh(m(L - x)). (3.8.12)

where q is arbitrary constant.

By boundary condition (3.6.1), P(0,#)=100+20 cos(it) when #> 0 , it implies that
P
k
P(0,£)=100+20cos [—t] ,
P

P(0,1) =20(50+cos(£tD. (3.8.13)
P

X,
However, P(x,t)=e ” g(x), it implies (3.8.3) that

*,
e’ q(0)= 20[50 + oos[%tn . (3.8.14)

q(0)=20. (3.8.15)
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From (3.8.12), we give that

q(0)=acosh(mL). (3.3.16)
It implies to (3.8.15) that

20 =acosh(ml). (3.8.17)
Consequently,

a= ;—cﬁn—a . (3.8.18)

Substituting (3.8.18) into (3.8.12), so

~20 cosh(m(L — x))

x 3.8.19
() cosh(mL) ( )
Consider m from (3.8.10),
2
#eg-n2, (3.8.20)
P4,
So, we give
m=[k I, (3.8.21)
P4,

3r,
—i
Since Vi—1=2"¢® , we have

Exi
m=k fiAoz""es . (3.8.22)
P

Equation (3.8.22) can be rewritten in trigonometric form as

c 3z 3z
=k |—2" (cos—ﬂ'sin—). 3.8.23
" \] P4, 8 8 82
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Let k 3 £ o cos =a,k oV = 3, we therefore give that
&} ol V

m=a+if. (3.8.24)

From (3.8.19), we transform g(x) for easy to solve it is

m(L—x) —m(L-x)
e +e 2
= 20 ]
q(x) [ 2 )[eml. +e—m[. )

") | pmmil=x)
X)= 20 ]
() e™ +em

(a+if)(L-x) ~(a+ip)(L-x)
e +e
Q(JC) - 20[ e(tx+r‘ﬁ)L ot e—(a+iﬂ)[. J *

q(x)=20

ol (cos(B(L —x)) +isin(B(L - x)))+e " (cos(B(L - x)) — isin( B(L - x)))
\ e** (cos(BL) +isin(BL)) +e* (cos(AL) ~isin(BL)) ’

g(x) =20

cos(B(L = X)) +& ") +isin(B(L—x)) e~ )
cos(BLY(e" +¢ ) +isin(BL)(e" ~e ) ’

cotp -0 5 vispie - £

- i - (3.8.25)
cos(ﬁL)[%)Hsin(ﬂL)[e—_;—rJ

g(x)=20

g -8 (] -
. e +e e —
Since = cosh(8),

=sinh(&), equation (3.8.25) therefore rearranges as

(x)=20 cos(B(L - x))cosh(a(L — x)) + isin(S(L — x))sinh(a(L — x))
= cos(BL)cosh(aL)+ isin(AL)sinh(aL) :

cos(ﬂ(L x))cosh(er(L — x)) cos(SL) cosh(a L) +sin( B(L — x))sinh(a(L — x))sin(BL)sinh(aL)
cos*(BL)cosh®(aL)+sin*(BL)sinh*(aL) . (3.8.26)
+20i sin(B(L — x))sinh(a (L - x))cos(SL) cosh(a L) - sin( L) sinh(a L) cos( (L — x)) cosh(a(L — x))
cos®(BL)cosh*(aL) +sin*(BL)sinh*(aL)

iit r‘ir
However, P(x,f) =e ” g(x), multiplying (3.8.26) with e ” and considering in imaginary part

only become
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cos( (L — x))cosh(ex(L — x)) cos(fL) cosh(a L) + sin( S(L - x))sinh(a(L — x))sin( fL)sinh(czL)
Ha= 100“0[5'" p’J( cos?(BL)cosh*(aL) + sin*(BL)sinh*(aL) J
+20| cos & ’] sin(B(L - x))sinh(a(L — x))cos( BL)cosh(e L) - sin{ L)sinh(aL) cos( A(L ~ x)) cosh(a(L — x))
o cos*(BL)cosh?(aL) +sin®(SL)sinh*(aL)

(3.8.27)

This is the solution of blood pressure for linear dragged blockage. At the end point, x =L,

equation (3.8.27) can be rewritten as

sin (EIJ cos(L)cosh(aL)—cos [%t} sin(SL)sinh(aL)
cos’(BL)cosh*(aL) +sin®(BL)sinh*(aL)

P(L,t)=100+20 (3.8.28)



CHAPTER 4

Numerical Results

In this section, both of the governing equations in (2.1.1) and (2.1.2), blood flow of small
amplitude equation for non - blockage, and equations (2.2.1) and (2.2.2), blood flow of small
amplitude equation with linear velocity damped blockage, we use the m - files of MATLAB
(R2010a) for calculation of the Crank - Nicolson and Lax — Wendroff methods. It turns out that

the blood pressure and velocity datas.

4.1 The numerical solution of small amplitude wave pressure equations

4.1.1 The numerical solution of blood pressure equations without blockage by Crank —

Nicolson method

We simulate the solutions by determine length of blood vessel is L = 1 ¢cm within time interval T
=40 s. This meshing uses the space domain with Ax =0.0125 cm (m = 80) and time domain with
At =0.00125 cm (n = 32000). The physical parameters of blood density pis 1.06 g/cms, Cross
section of blood arteries 4, is 23 cmz, and compliance parameter c is 23 cmzfmmHg. By using
Crank — Nicolson equation in equations (3.1.7) and (3.1.8), we obtain the numerical solution as

show on table 4.1 and figure 4.1.

Distance (cm)
0.00 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 1.00
0 | 120.0000 | 120.0000 | 120.0000 | 120.0000 | 120.0000 | 120.0000 | 120.0000 | 120.0000 | 120.0000 | 120.0000 | 120.0000
Time | 10 | 83.2186 | 82.9796 | 84.0457 | 83.3175 | 83.7799 | 87.5033 | 86.7875 | 82.9605 | 81.7330 | 82.3728 | 81.7774
(s) 20 | 108.1616 | 113.9600 | 116.2831 | 118.7394 | 117.8238 | 116.9050 | 117.9557 | 117.5946 | 119.8761 | 119.5157 | 119.7741
30 | 103.0850 96.6196 94.8126 94.8140 94.9661 91.1616 89.7444 90.0488 89.4454 84.9459 85.0388
40 | 86.6612 | 86.1954 | 86.7585 | 85.3831 | 87.9168 | 88.8801 | 93.6853 | 100.2804 | 100.4981 | 101.3745 | 105.3329

Table 4.1 Table of blood pressure of small amplitude equation without blockage

by Crank — Nicolson finite difference method
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Pressure of blood flow P(x 1)

20

t(s) ol x(cm)

Figure 4.1 Numerical solution of blood pressure P(x,) with small amplitude condition

by Crank — Nicolson finite difference method

4.1.2  Numerical solution of blood velocity without blockage by Crank — Nicolson method

Similarly, from those conditions which is described in 4.1.1, we take the Crank -
Nicolson finite difference equations (3.1.7) - (3.1.8) to obtain the numerical solution of blood

flow velocity as shown on table 4.2 and figure 4.2

Distance (cm)

0.00 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 1.00
10.0000 | 10.0000 | 10.0000 | 10.0000 | 10.0000 | 10.0000 | 10.0000 | 10.0000 | 10.0000 | 10.0000 | 10.0000
46.7814 | 47.0204 | 45.9543 | 46.6825 | 46.2201 | 42.4967 | 43.2125 | 47.0395 | 48.2670 | 46.9305 | 48.2226
21.8384 | 16.0400 | 13.7169 | 11.2606 | 12.1762 | 13.0950 | 12.0443 | 12.4054 | 10.1239 | 10.4843 | 10.2250
26.9150 | 33.3804 | 35.1874 | 35.1860 | 35.0339 | 38.8384 | 40.2556 | 39.9512 | 40.5546 | 45.0541 | 44.9612
43.3388 | 43.8046 [ 43.2415 | 44.6169 | 42.0832 | 41.1199 | 36.3147 | 29.7196 | 29.5019 | 28.6255 | 24.6671

(s)

E8BI|s|e

Table 4.2 Table of blood velocity of small amplitude equation without blockage

by Crank — Nicolson finite difference method
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v(cmis)

1(s) 40 | x{cm)

Figure 4.2 Numerical solution of blood velocity #(x,#) with small amplitude condition

by Crank — Nicolson finite difference method

For the time processing of this method and meshing, we find that elapsed time is 18.410203 s.

4.1.3 Numerical solution of blood pressure without blockage by Lax — Wendroff method

‘We simulate the solutions by determine length of blood vessel is L = 1 cm within time interval T
=40 s. This meshing uses the space domain with Ax = 0.0125 cm (m = 80) and time domain with
At =0.00125 cm (n = 32000). The physical parameters of blood density pis 1.06 g/cma, Cross
section of blood arteries 4, is 23 cmz, and compliance parameter ¢ is 23 cmzfmmHg. By using
Lax - Wendroff equation in equation (3.2.3), we obtain the numerical solution as shown on table

4.3 and figure 4.3.
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Distance (cm)

0.00 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 1.00

0 | 120.0000 | 120.0000 | 120.0000 | 120.0000 | 120.0000 | 120.0000 | 120.0000 | 120.0000 | 120.0000 | 120.0000 | 120.0000

Time | 10 | 83.2186 | 82.0448 | 81.1797 | 80.5452 | 80.1244 | 79.9158 | 79.9199 | 80.1346 | B0.5503 | 81.1349 | 81.7774

108.1616 | 109.9353 | 111.6631 | 113.2732 | 114.7425 | 116.0554 | 117.1983 | 118.1593 | 118.9283 | 119.4900 | 119.7741

20
30 | 103.0850 | 101.2824 | 99.2479 | 97.1805 | 95.1355 ) 93.1409 | 91.2189 | 89.3914 | 87.6852 | 86.1581 | 85.0388
40 | 86.6612 | 87.9126 | 89.5991 | 914584 | 93.4207 | 95.4552 | 97.5377 | 99.6433 | 101.7377 | 103.7386 | 105.3329

Table 4.3 Table of blood pressure of small amplitude equation without blockage

by Lax - Wendroff finite difference method

Pressure of blood flow P(x,1)

x(cm) 0 o t(s)

Figure 4.3 Numerical solution of blood pressure P(x,#) with small amplitude condition

by Lax - Wendroff finite difference method

4.1.4 Numerical solution of blood velocity without blockage by Lax - Wendroff method

Similarly, from those conditions which is described in 4.1.1, we take the Lax - Wendroff
finite difference equation (3.2.3) to obtain the numerical solution of blood flow velocity as shown

on table 4.4 and figure 4.4
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Distance (cm)

0.00

0.10

0.20

0.30

0.40

0.50

0.60

0.70

0.90

1.00

(s)

10.0000

10.0000

10.0000

10.0000

10.0000

10.0000

10.0000

10.0000

10.0000

10.0000

10.0000

46.7814

47.6706

48.4877

49.1393

49.5958

49.8467

49.8883

49.7216

49.3550

48.8196

48.2226

21.8384

19.9469

18.2198

16.6229

15.1675

13.8689

12,7408

11.7950

11.0418

10.4960

10.2259

26.9150

29.1999

31.2812

33.3093

35.2952

37.2237

39.0752

40.8291

42.4596

43.9109

44.9612

EEBIE e

43.3388

41.3957

39.6302

37.8236

35.9464

34.0088

32.0298

30.0323

28.0492

26.1595

24.6671

Table 4.4 Table of blood velocity of small amplitude equation without blockage

by Lax - Wendroff finite difference method

x(cm)

Velocity of blood flow u(x,t)

0 o

0.4

t(s)

Figure 4.4 Numerical solution of blood velocity u(x,#) with small amplitude condition

by Lax - Wendroff finite difference method

For the time processing of this method and meshing, we find that elapsed time is 0.259717s.
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4.2 Numerical solution of blood flow with dragged blockage by using Crank —

Nicolson Method
4.2.1 Numerical solution of blood pressure with dragged blockage with dragged

coefficient k = 0.0 glcmss

We simulate the solution sby determine length of blood vessel is L = 1 ¢cm within time interval T
=40 s. The dragged coefficient is k = 0.0 g/cm’s. This meshing uses the space domain with Ax =
0.0125 cm (m = 80) and time domain with Af =0.00125 cm (n = 32000). The physical
parameters of blood density p is 1.06 g/cms, cross section of blood arteries 4, is 23 cmz, and
compliance parameter ¢ is 23 cm2/m1Hg. By using Crank - Nicolson equation in equations

(3.3.12) and (3.3.13), we obtain the numerical solution as shown on table 4.5 and figure 4.5.

Distance (cm)

0.00 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 1.00
100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000
100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000
100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000
100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000
100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000

(s)

28BS

Table 4.5 Table of blood pressure by using Crank — Nicolson method

with dragged coefficient = 0.0 g/cmas

Pressure of blood flow P(x 1)

1(s) g x(cm)

Figure 4.5 Numerical solution of blood pressure P(x,#)

with dragged coefficient = 0.0 g/em’s
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Numerical solution of blood velocity with dragged blockage with dragged coefficient

k=0.0 g/cmss

In the same way, from those conditions which are described in 4.2.1, we take the Crank -

Nicolson finite difference equations (3.3.12) and (3.3.13) to obtain the numerical solution of

blood flows velocity as shown on table 4.6 and figure 4.6

Distance (cm)
0.00 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 1.00
0 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000
Time | 10 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000
(s) 20 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000
30 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000
40 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000

Table 4.6 Table of blood velocity by using Crank — Nicolson method

with dragged coefficient = 0.0 g/cmss

1(s)

0 0

x(cm)

Figure 4.6 Numerical solution of blood velocity u(x,)

with dragged coefficient = 0.0 g/cmss

For the time processing of this method and meshing, we find that elapsed time is 18.530330 s.
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4.2.3 Numerical solution of blood pressure with dragged blockage with dragged

coefficient k = 1.06 glcmss

We simulate the solutions by determine length of blood vessel is L = 1 cm within time
interval T = 40 s. The dragged coefficient is k = 1.06 g/cmjs. This meshing uses the space domain
with Ax =0.0125 cm (m = 80) and time domain with A7 =0.00125 s (n = 32000). The physical
parameters of blood density p is 1.06 g/cms, cross section of blood arteries 4, is 23 cmz, and
compliance parameter c is 23 cmz/mmHg. By using Crank — Nicolson equation in equations

(3.3.12) and (3.3.13), we obtain the numerical solution as shown on table 4.7 and figure 4.7.

Distance (cm)
0.00 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 1.00
0 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000
Time | 10 89.1196 | 91.7622 | 04.2868 96.6432 | 98.7878 | 100.6812 | 102.2829 | 103.5558 | 104.4844 | 105.0486 | 105.2367
(s) 20 | 118.2589 | 117.4635 | 116.6082 | 115.7377 | 114.8934 | 114.1124 | 113.4272 | 112.8652 | 112.4479 | 112.1012 | 112.1045
30 80.2394 | 78.9071 77.7938 76.8766 | 76.1331 | 75.5428 | 75.0872 | 74.7501 74.5189 | 74.3840 | 74.3396
40 | 114.9023 | 117.9334 | 120.6568 | 123.0665 | 125.1583 | 126.9299 | 128.3797 | 129.5074 | 130.3127 | 130.7958 | 130.9568

Table 4.7 Table of blood pressure by using Crank — Nicolson method

with dragged coefficient = 1.06 g/cmss

Pressure of blood flow P(x 1)

t(s) g9 x(cm)

Figure 4.7 Numerical solution of blood pressure P(x,?)

with dragged coefficient = 1.06 g/cmss
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4.24 Numerical solution of blood velocity with dragged blockage with dragged coefficient

k=1.06 g/cmss

Similarly, from those conditions which are described in 4.2.3, we take the Crank -

Nicolson finite difference equations (3.3.12) and (3.3.13) to obtain the numerical solution of

blood flows velocity as shown on table 4.8 and figure 4.8

Distance (cm)

0.00 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 1.00

(s)

30.0000 | 30.0000 | 30.0000 [ 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000

10

56.0399 | 53.9812 | 51.8813 | 49.5612 | 47.0547 | 44.3920 | 41.5058 | 38.6895 | 35.7082 | 32.6740 | 30.3823

20

84423 | 9.5927 | 10.9893 | 12.7017 | 14.6946 | 16.9309 | 10.3716 | 21.9762 | 24.7034 | 27.5110 | 20.6438

40.2064 | 40.3317 | 40.0810 | 39.5182 | 38.6733 | 37.5804 | 36.2767 | 34.8021 | 33.1990 | 31.5111 | 30.2166

8 |8

34.4288 | 33.0682 | 32.0923 | 31.3245 | 30.7494 | 30.3474 | 30.0948 | 29.9648 | 29.9280 | 29.9531 | 29.9928

Table 4.8 Table of blood velocity by using Crank — Nicolson method

with dragged coefficient = 1.06 g/cmss

Velocity of blood flow u(x t)

t(s) 0 0

x(cm)

Figure 4.8 Numerical solution of blood velocity u(x,)

with linear dragged coefficient = 1.06 g/cmas

For the time processing of this method and meshing, we find that elapsed time is 62.433004 s.



4.2.5 Numerical solution of blood pressure with dragged blockage with dragged

coefficient k =2.12 glcm’s
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We simulate by determine length of blood vessel is L = 1 cm within time interval T = 40 s. The

dragged coefficient is k = 2.12 g/cmas. This meshing uses the space domain with Ax =0.0125 cm

(m = 80) and time domain with Af = 0.00125 s (n = 32000). The physical parameters of blood

density pis 1.06 cma, cross section of blood arteries A4, is 23 cmz, and compliance parameter ¢
p

is 23 cmzlmmHg. By using Crank — Nicolson equation in equations (3.3.12) and (3.3.13), we

obtain the numerical solution as shown on table 4.9 and figure 4.9.

Distance (cm)
0.00 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 1.00
0 | 100.0000 [ 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000
Time | 10 89.1106 | 93.2203 97.0215 | 100.4733 | 103.5351 | 106.1741 | 108.3647 | 110.0871 | 111.3271 | 112.0749 | 112.3247
(s) [ 20 118.2589 | 115.2398 | 112.2926 | 109.5001 | 106.9351 | 104.6604 | 102.7285 | 101.1821 | 100.0542 99.3681 99.1378
30 80.2394 81,2051 82,3499 | 83.5843 84.8268 | 86.0051 87.0566 | 87.9293 | 88.5822 88.9858 | 89.1223
40 | 114.9023 | 116.3007 | 117.3269 | 118.0479 | 118.5276 | 118.8249 | 118.9923 | 119.0742 | 119.1065 | 119.1153 119.1165

Table 4.9 Table of blood pressure by using Crank — Nicolson method

with dragged coefficient = 2.12 g/cmss

Pressure of blood flow P{x 1)

0.4

06

x(cm)

Figure 4.9 Numerical solution of blood pressure P(x,?)

with dragged coefficient = 2.12 g/cm3s
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4.2.6  Numerical solution of blood velocity with dragged blockage with dragged coefficient

k=2.12 g/em’s

In the same way, from those conditions which are described in 4.2.5, we take the Crank -
Nicolson finite difference equations (3.3.12) and (3.3.13) to obtain the numerical solution of

blood flows velocity as shown on table 4.10 and figure 4.10

Distance (cm)
0.00 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 1.00
0 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000
Time | 10 | 13.6434 | 15.7157 | 17.8077 | 10.9481 | 22.0006 | 23.8722 | 25.5136 | 26.9171 28.1112 | 29.1531 | 29.8804
(s) | 20 | 18.2649 | 15.9065 | 14.8710 | 14.7546 | 15.4613 | 16.8797 | 18.8000 | 21.3692 | 24.1940 27.2429 | 29.6043
36.7781 | 32.7809 | 29.8437 | 27.6082 | 26.1324 | 25.4186 | 25.4181 | 26.0381 | 27.1497 | 28.5064 29.7966
47.2671 | 46.3631 | 45.0014 | 43.2933 | 41.3822 | 39.3812 | 37.3704 | 35.3973 | 33.4797 | 31.6116 | 30.2207

3|8

Table 4.10 Table of blood velocity by using Crank — Nicolson method

with dragged coefficient = 2.12 g,/cm3s

Velocity of blood flow u(x 1)

t(s) 0 0 x(cm)

Figure 4.10 Numerical solution of blood velocity u(x, )
with dragged coefficient = 2.12 g/cmjs

For the time processing of this method and meshing, we find that elapsed time is 85.794434 s.



4.2.7 Numerical solution of blood pressure with dragged blockage with dragged

coefficient k = 3.18 glcm’s
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We simulate by determine length of blood vessel is L = 1 cm within time interval T = 40 s. The

dragged coefficient is k = 3.18 g/cm3s. This meshing uses the space domain with Ax =0.0125 cm

(m = 80) and time domain with Af = 0.00125 s (n = 32000). The physical parameters of blood

density pis 1.06 g/cmg, cross section of blood arteries 4, is 23 cmz, and compliance parameter ¢

is 23 cmZ/mmHg. By using Crank — Nicolson equation in equations (3.3.12) and (3.3.13), we

obtain the numerical solution as shown on table 4.11 and figure 4.11.

Distance (cm)
0.00 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 1.00
0 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000
Time | 10 | 89.1196 93.5234 | 97.4724 | 100.9454 | 103.9343 | 106.4400 | 108.4696 | 110.0331 | 111.1407 | 111.8013 | 112.0208
(s) 20 | 118.2589 | 114.4123 | 110.7397 | 107.3308 | 104.2578 | 101.5775 | 99.3334 97.5581 96.2747 | 95.4988 | 95.2392
30 80.2394 82.2907 84.5049 86.7525 88.9205 90.9127 92.6490 94.0648 95.1109 95.7523 95.9685
40 | 114.9023 | 115.3064 | 115.2633 | 114.9005 | 114.3352 | 113.6723 | 113.0026 | 112.4020 | 111.9299 | 111.6293 111.5263

Table 4.11 Table of blood pressure by using Crank — Nicolson method

with dragged coefficient = 3.18 g/cmls

t(s)

Pressure of blood

0 o

flow P{x.t)

0.4

x{cm)

06

Figure 4.11 Numerical solution of blood pressure P(x,)

with dragged coefficient = 3.18 g/cmss
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4.2.8 Numerical solution of blood velocity with dragged blockage with dragged coefficient

k=3.18 g/em’s

Similarly, from those conditions which are described in 4.2.7, we take the Crank - Nicolson finite
difference equations (3.3.12) and (3.3.13) to obtain the numerical solution of blood flows velocity

as shown on table 4.12 and figure 4.12

Distance (cm)
0.00 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 1.00

30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000
Time 42.0780 | 42.0160 | 40.5009 | 38.2253 | 35.7263 | 33.4359 | 31.6437 | 30.4826 | 29.9357 | 29.8602 | 20.9756
(s) 40.1367 | 33.8965 | 29.0828 | 25.3689 | 22.9472 | 21.8465 | 21.9700 | 23.1337 | 25.0991 | 27.5078 | 29.6523

21.0492 | 19.1861 | 19.2162 | 20.3460 | 22.0979 | 24.0487 | 25.8790 | 27.3991 | 28.5523 | 29.3088 | 29.9171
17.1020 | 22.7674 | 27.5904 | 31.6528 | 34.6150 | 36.3175 | 36.7587 | 36.0639 | 34.4543 | 32.2167 | 30.3221

sBEBIEl

Table 4.12 Table of blood velocity by using Crank — Nicolson method

with dragged coefficient = 3.18 g/cmss

Velocity of blood flow u(x t)

t(s) i x(cm)

Figure 4.12 Numerical solution of blood velocity u(x, )
with dragged coefficient = 3.18 g/cm3s

For the time processing of this method and meshing, we find that elapsed time is 114.946201 s.
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4.2.9 Numerical solution of blood pressure with dragged blockage with dragged

coefficient k = 4.24 g/em’s

We simulate by determine length of blood vessel is L = 1 cm within time interval T =40 s. The
dragged coefficient is k = 4.24 g/cm3s. This meshing uses the space domain with Ax =0.0125 cm
(m = 80) and time domain with Az =0.00125 s (n = 32000). The physical parameters of blood
density pis 1.06 g/em’, cross section of blood arteries Ayis 23 cm’, and compliance parameter ¢
is 23 cmzlmmHg. By using Crank — Nicolson equation in equations (3.3.12) and (3.3.13), we

obtain the numerical solution as shown on table 4.13 and figure 4.13.

Distance (cm)
0.00 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 1.00

100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000
Time 89.1196 | 93.6527 | 97.5785 | 100.9084 | 103.6712 | 105.9061 | 107.6568 | 108.9661 | 109.8716 | 110.4025 | 110.5774
(s) 118.2589 | 114.0080 | 110.0273 | 106.4049 | 103.2021 | 100.4591 | 98.1999 | 96.4375 | 95.1775 | 94.4215 | 94.1695

80.2394 | 82.8419 | 85.5983 | 88.3993 | 90.9630 | 93.3328 | 95.3746 | 07.0240 | 98.2338 | 98.9720 | 99.2202
114.9023 | 114.7857 | 114.1408 | 113.1467 | 111.9633 | 110.7295 | 109.5622 | 108.5567 | 107.7865 | 107.3036 | 107.1392

E8|I85|e

Table 4.13 Table of blood pressure by using Crank — Nicolson method

with dragged coefficient = 4.24 g/cmjs

Pressure of blood flow P(x.1)

P(mmHg)

06

0.4

t(s) 0o - x(cm)

Figure 4.13 Numerical solution of blood pressure P(x,)

with dragged coefficient = 4.24 g/cmss
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4.2.10 Numerical solution of blood velocity with dragged blockage with dragged coefficient

k=4.24 g/em’s

In the same way, from those conditions which are described in 4.2.9, we take the Crank -
Nicolson finite difference equations (3.3.12) and (3.3.13) to obtain the numerical solution of

blood flows velocity as shown on table 4.14 and figure 4.14

Distance (cm)
0.00 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 1.00
0 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 30.0000
Time | 10 | 22.8977 | 19.2243 | 19.4120 | 21.7684 | 25.1186 | 28.4121 | 30.8010 | 32.1629 | 32.1949 31.2532 | 31.2532
(s) 20 | 46.2816 | 43.3860 | 38.7452 | 33.6757 | 29.2643 | 26.1685 | 24.6410 | 24.6172 | 25.8226 | 27.8677 20.6882
30 | 15.3869 | 22.9226 | 28.9250 | 33.3306 | 35.8645 | 36.7002 | 36.2585 | 35.0180 | 33.3779 | 31.5914 30.2277
40 | 33.2105 | 26.0544 | 22.6887 | 21.8817 | 22.9132 | 24.8943 | 27.0110 | 28.6894 | 20.6717 | 30.0007 30.0081

Table 4.14 Table of blood velocity by using Crank — Nicolson method

with dragged coefficient = 4.24 g/cmss

Velocity of blood flow u(x t)

_____

20
t(s) 0 0 x(cm)
Figure 4.14 Numerical solution of blood velocity u(x, )
with dragged coefficient = 4.24 g/cmss

For the time processing of this method and meshing, we find that elapsed time is 96.916271 s.




4.2.11 Numerical solution of blood pressure with dragged blockage with dragged

coefficient k = 5.30 glcmss
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We simulate by determine length of blood vessel is L = 1 ¢cm within time interval T = 40 s. The

dragged coefficient is k = 5.30 g/cmjs. This meshing uses the space domain with Ax =0.0125 cm

(m = 80) and time domain with At =0.00125 s (n = 32000). The physical parameters of blood

density pis 1.06 g/cms, cross section of blood arteries 4, is 23 cmz, and compliance parameter ¢

is 23 cmzfmmHg. By using Crank — Nicolson equation in equations (3.3.12) and (3.3.13), we

obtain the numerical solution as shown on table 4.15 and figure 4.15.

Distance {cm)
0.00 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 1.00
0 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000
Time | 10 | 89.1196 | 93.7887 | 97.6970 | 100.8884 | 103.4293 | 105.3975 | 106.8734 | 107.9324 | 108.6390 | 109.0424 109.1734
(s) 20 | 118.2589 | 113.7324 | 109.5730 | 105.8654 | 102.6565 | 99.9655 97.7925 96.1265 94.9520 94.2543 94,0230
30 | 80.2394| 83.1767 | 86.2586 | 89.2987 | 92.1516 | 94.7072 | 96.8847 | 98.6269 | 99.8951 | 100.6649 | 100.9229
40 | 114.9023 | 114.4996 | 113.4872 | 112.0931 | 110.5145 | 108.9169 | 107.4358 | 106.1781 | 105.2243 | 104.6302 | 104.4285

Table 4.15 Table of blood pressure by using Crank — Nicolson method

P({mmHg)

with dragged coefficient = 5.30 g/cmas

Pressure of blood

flow P(x.t)

x(cm)

Figure 4.15 Numerical solution of blood pressure P(x,1)

with dragged coefficient = 5.30 g/cmss




54

4.2.12 Numerical solution of blood velocity with dragged blockage with dragged coefficient

k=5.30 glcm3s

In the same way, from those conditions which are described in 4.2.11, we take the Crank -
Nicolson finite difference equations (3.3.12) and (3.3.13) to obtain the numerical solution of

blood flows velocity as shown on table 4.16 and figure 4.16

Distance (cm)

0.00 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 1.00
30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 30.0000
28.2040 | 36.3729 | 38.8764 | 37.8012 | 34.7381 | 31.2805 | 28.5930 | 27.2500 | 27.3381 | 28.5059 | 28.5050
32.4889 | 39.0167 | 39.8287 | 37.4430 | 33.6801 | 30.0875 | 27.6264 | 26.6467 | 27.0332 | 28.3988 | 20.7627
36.6049 | 41.0341 | 40.0975 | 36.5681 | 32.3687 | 28.8022 | 26.8292 | 26.2707 | 26.9377 | 28.4045 | 29.7657
40.2582 | 42.2784 | 39.6589 | 35.2330 | 30.8913 | 27.7745 | 26.2542 | 26.1561 | 27.0569 | 28.5221 | 20.7851

(s)

E8BE|e

Table 4.16 Table of blood velocity by using Crank — Nicolson method

with dragged coefficient = 5.30 g/cmss

t(s) 00 x(cm)

Figure 4.16 Numerical solution of blood velocity u(x, )
with dragged coefficient = 5.30 g/cm3s

For the time processing of this method and meshing, we find that elapsed time is 99.929708 s.




4.3 Numerical solution of blood flow with dragged blockage by using Lax -

Wendroff Method
4.3.1 Numerical solution of blood pressure with dragged blockage with dragged

coefficient k = 0.0 g/cmss

We simulate by determine length of blood vessel is L = 1 cm within time interval T = 40 s. The
dragged coefficient is k = 0.0 g/cmss. This meshing uses the space domain with Ax = 0.0125 ¢cm
(m = 80) and time domain with A¢ =0.00125 s (n = 32000). The physical parameters of blood
density pis 1.06 g/cm3, cross section of blood arteries 4, is 23 em’, and compliance parameter c
is 23 cmzlmmHg. By using Lax - Wendroff equation in equation (3.4.1), we obtain the numerical

solution as shown on table 4.17 and figure 4.17.

Distance (cm
0.00 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 1.00
100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000
100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000
100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000
100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000
100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000

(s)

2818 5|°

Table 4.17 Table of blood pressure by using Lax — Wendroff method

with dragged coefficient = 0.0 g/cmas

Pressure of blood flow P(x 1)

1(s) 0o x(cm)

Figure 4.17 Numerical solution of blood pressure P(x,?)

with dragged coefficient = 0.0 g/cmss
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4.3.2 Numerical solution of blood velocity with dragged blockage with dragged coefficient

k=0.0 g/cmgs

Similarly, from those conditions which are described in 4.2.1, we take the Lax - Wendroff finite

difference equation (3.4.1) to obtain the numerical solution of blood flows velocity as shown on

table 4.18 and figure 4.18

Distance {(cm)

0.10

0.20

0.30

0.40

0.50

0.70

0.90

1.00

(s)

30.0000

30.0000

30.0000

30.0000

30.0000

30.0000

30.0000

30.0000

30.0000

30.0000

30.0000

30.0000

30.0000

30.0000

30.0000

30.0000

30.0000

30.0000

30.0000

30.0000

30.0000

30.0000

30.0000

30.0000

30.0000

30.0000

30.0000

30.0000

30.0000

30.0000

30.0000

30.0000

30.0000

g8 |8 |e

30.0000

30.0000

30.0000

30.0000

30.0000

30.0000

30.0000

30.0000

30.0000

30.0000

30.0000

30.0000

30.0000

30.0000

30.0000

30.0000

30.0000

30.0000

30.0000

30.0000

30.0000

30.0000

Table 4.18 Table of blood velocity by using Lax — Wendroff method

with dragged coefficient = 0.0 g/cmss

t(s)

Velocity of blood flow u(x 1)

x(cm)

Figure 4.18 Numerical solution of blood velocity u(x, ?)

with dragged coefficient = 0.0 g/cmBS

For the time processing of this method and meshing, we find that elapsed time is 9.708310 s.



4.3.3  Numerical solution of blood pressure with dragged blockage with dragged

coefficient k = 1.06 g/cm’s
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We simulate by determine length of blood vessel is L = 1 ¢cm within time interval T = 40

s. The dragged coefficient is k = 1.06 g/cmjs. This meshing uses the space domain with Ax =

0.0125cm  (m = 80) and time domain with Af =0.00125 s (n = 32000). The physical

parameters of blood density o is 1.06 g/cm’, cross section of blood arteries A,is 23 cm’, and

compliance parameter c is 23 cmzlmmHg. By using Lax - Wendroff equation in equation (3.4.1),

we obtain the numerical solution as shown on table 4.19 and figure 4.19.

Distance (cm)
0.00 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 1.00
0 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 100.0000
Time | 10 | 80.1196 | 92.0236 | 94.7549 | 97.3454 | 90.7837 | 102.0519 | 104.1334 | 106.0149 | 107.6847 109.1279 | 110.2972
(s) |20 ] 118.2589 | 115.9717 | 113.6559 | 111.3250 | 109.0093 | 106.7414 | 104.5522 | 102.4700 100.5215 | 98.7391 | 97.1962
30 | 80.2394 | 81.1737 | 82.3288 | 83.6500 | 85.0080 | 86.6358 | 88.2281 89.8411 91.4412 | 92.9894 | 94.4095
40 | 114.9023 | 115.6215 | 115.9989 | 116.1126 | 115.9984 | 115.6856 | 115.2027 | 114.5781 | 113.8413 113.0258 | 112.1855

Table 4.19 Table of blood pressure by using Lax — Wendroff method

with dragged coefficient = 1.06 g/cm’s

Pressure of blood flow P(x t)

0.4

x{cm)

0.6

Figure 4.19 Numerical solution of blood pressure P(x,t)

with dragged coefficient = 1.06 g/cmss
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Numerical solution of blood velocity with dragged blockage with dragged coefficient

k =1.06 g/em’s

In the same way, from those conditions which are described in 4.2.3, we take the Lax - Wendroff

finite difference equation (3.4.1) to obtain the numerical solution of blood flows velocity as

shown on table 4.20 and figure 4.20

Distance (cm)

0.00

0.10

0.20

0.30

0.40

0.50

0.60

0.70

0.80

0.90

1.00

30.0000

30.0000

30.0000

30.0000

30.0000

30.0000

30.0000

30.0000

30.0000

30.0000

30.0000

44.9901

43.3804

41.6914

40.0046

38.3543

36.7620

35.2442

33.8140

32.4825

31.2641

30.2037

(s)

10.9851

11.8600

12.9240

14.1259

15.4333

16.8201

18.2629

19.7398

21.2296

22.7046

24.0968

46.9293

47.0709

46.9742

46.6441

46.1004

45.3653

44.4619

43.4135

42.2447

40.9879

39.7118

581BIE e

20.6050

19.4926

18.5908

17.9429

17.5480

17.3947

17.4679

17.7504

18.2219

18.8561

19.6055

Table 4.20 Table of blood velocity by using Lax — Wendroff method

with dragged coefficient = 1.06 g/cmss

t(s)

Velocity of blood flow u(x {)

0 o

0.4

x(cm)

0.6

Figure 4.20 Numerical solution of blood velocity u(x, )

with dragged coefficient = 1.06 g/cm’s

For the time processing of this method and meshing, we find that elapsed time is 9.765926 s.




4.3.5 Numerical solution of blood pressure with dragged blockage with dragged

coefficient k =2.12 glcmss
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We simulate by determine length of blood vessel is L = 1 cm within time interval T = 40 s. The

dragged coefficient is k = 2.12 g/cmBS. This meshing uses the space domain with Ax =0.0125 cm

(m = 80) and time domain with A7 =0.00125 s (n = 32000). The physical parameters of blood

density pis 1.06 g/cms, cross section of blood arteries 4, is 23 cmz, and compliance parameter ¢

is 23 cmZ/mmHg. By using Lax - Wendroff equation in equation (3.4.1), we obtain the numerical

solution as shown on table 4.21 and figure 4.21.

Distance (@
0.00 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 1.00
0 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 100.0000
Time | 10 | 118.2589 | 114.4965 | 110.6481 | 106.8868 | 103.3749 | 100.2406 | 97.5711 | 05.4130 | 93.7821 | 02.6632 | 92.0478
(s) [ 20| 114.9023 | 115.8269 | 115.5678 | 114.4297 | 112.6314 | 110.3796 | 107.8726 | 105.2930 | 102.8034 | 100.5504 | ©8.7065
30 93.9038 | 98.4226 | 102.0612 | 104.8954 | 106.9412 | 108.2394 | 108.8643 | 108.9175 | 108.5187 | 107.7999 106.9114
40 | 80.1222 | 82.8857 | 86.1145 | 89.5658 | 93.0338 | 96.3450 | 99.3621 | 101.9852 | 104.1493 | 105.8157 | 106.9344

Table 4.21 Table of blood pressure by using Lax — Wendroff method

9

1

1

with dragged coefficient = 2.12 g/cm3s

2 e

10 4+

00

0.4

x{cm)

0.6

Figure 4.21 Numerical solution of blood pressure P(x, )

with dragged coefficient = 2.12 g/cmjs
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4.3.6  Numerical solution of blood velocity with dragged blockage with dragged coefficient

k=2.12 g/em’s

In the same way, from those conditions which are described in 4.2.5, we take the Lax - Wendroff
finite difference equation (3.4.1) to obtain the numerical solution of blood flows velocity as

shown on table 4.22 and figure 4.22

Distance (cm)
0.00 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 1.00

30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000
Time 14.6747 | 16.5470 | 18.8668 | 21.3858 | 23.9094 | 26.2841 | 28.3035 | 30.1578 | 31.5321 | 32.5019 | 33.0586
(s) 22.4756 | 20.4417 | 19.1232 | 18.5558 | 18.6537 | 19.3003 | 20.3711 | 21.7430 | 23.3002 | 24.9311 | 26.4903

39.1963 | 35.6639 | 32.2678 | 20.2855 | 26.8414 | 24.9940 | 23.7579 | 23.1126 | 23.0085 | 23.3690 | 24.0840
45.0301 | 44.1810 | 42.7277 | 40.8611 | 38.7684 | 36.6139 | 34.5343 | 32.6358 | 30.9936 | 29.6569 | 28.6813

S BI85

Table 4.22 Table of blood velocity by using Lax — Wendroff method

with dragged coefficient = 2.12 g/cmss

Yelocity of blood flow u(x 1)

- i L ~

t(s) 00 x(cm)

Figure 4.22 Numerical solution of blood velocity u(x, )
with dragged coefficient = 2.12 glcm3s

For the time processing of this method and meshing, we find that elapsed time is 9.928366 s.



4.3.7 Numerical solution of blood pressure with dragged blockage with dragged

coefficient k = 3.18 glcmas
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We simulate by determine length of blood vessel is L = 1 cm within time interval T =40 s. The

dragged coefficient is k = 3.18 g/cmss. This meshing uses the space domain with Ax = 0.0125 cm

(m = 80) and time domain with A7 =0.00125 s (n = 32000). The physical parameters of blood

density pis 1.06 g/cms, cross section of blood arteries 4, is 23 cmz, and compliance parameter ¢

is 23 cmzfmmHg. By using Lax - Wendroff equation in equation (3.4.1), we obtain the numerical

solution as shown on table 4.23 and figure 4.23.

Distance (cm)
0.00 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 1.00
0 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000
Time | 10 80.239%4 82.8427 86.8150 91.2916 95.6282 | 99.3651 | 102.2342 | 104.1440 | 105.1474 | 105.3998 | 105.1094
(s) 20 93.9038 | 100.8833 | 105.8337 | 108.8290 | 110.0127 | 109.6753 | 108.2105 | 106.0525 | 103.6222 | 101.2947 99.4204
30 | 117.8799 | 117.4341 | 114.9932 | 111.4447 | 107.4773 | 103.6400 | 100.3225 97.7501 95.9998 95.0317 | 94.7459
40 | 111.6122 | 104.4952 | 98.7918 | 94.7019 | 02.2042 | 01.4478 | 91.8892 | 03.2537 | 95.1440 | 97.1729 | 08.0580

Table 4.23 Table of blood pressure by using Lax — Wendroff method

with dragged coefficient = 3.18 g/cmss

120 et

110 +.

100

t(s)

w P(x 1)

x(cm)

Figure 4.23 Numerical solution of blood pressure P(x,t)

with dragged coefficient = 3.18 g/cm?’s



4.3.8  Numerical solution of blood velocity with dragged blockage with dragged coefficient

k=3.18 g/em’s

Similarly, from those conditions which are described in 4.2.7, we take the Lax - Wendroff finite
difference equation (3.4.1) to obtain the numerical solution of blood flows velocity as shown on

table 4.24 and figure 4.24

Distance (cm)

0.00 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 1.00
30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000
44.1309 | 43.8621 | 42.0650 | 39.2672 | 36.0457 | 32.8944 | 30.1843 | 28.1494 | 26.8905 | 26.3007 | 26.5441
40.2494 | 34.9982 | 30.2474 | 26.5635 | 24.1286 | 22.9123 | 22.7499 | 23.4015 | 24.6003 | 26.0835 | 27.5773
19.0472 | 17.6959 | 18.0270 | 19.6878 | 22.1575 | 24.9325 | 27.5915 | 29.8263 | 31.4536 | 32.4005 | 32.7154
16.3717 | 21.2060 | 26.0590 | 30.2553 | 33.4520 | 35.5245 | 36.5072 | 36.5450 | 35.8483 | 34.6500 | 33.2604

(s)

s8I8IEe

Table 4.24 Table of blood velocity by using Lax — Wendroff method

with dragged coefficient = 3.18 g/cmss

Velocity of blood flow u(x.t)

1(s) R x{cm)

Figure 4.24 Numerical solution of blood velocity u(x, )
with linear dragged coefficient = 3.18 g/cmss

For the time processing of this method and meshing, we find that elapsed time is 9.517268 s.



4.3.9

Numerical solution of blood pressure with dragged blockage with dragged

coefficient k = 4.24 glcmss
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We simulate by determine length of blood vessel is L = 1 cm within time interval T = 40 s. The

dragged coefficient is k = 4.24 g/cm3s. This meshing uses the space domain with Ax =0.0125 cm

(m = 80) and time domain with Az =0.00125 s (n = 32000). The physical parameters of blood

density pis 1.06 g/cms, cross section of blood arteries 4, is 23 cmz, and compliance parameter ¢

is 23 cm?'/mmHg. By using Lax - Wendroff equation in equation (3.4.1), we obtain the numerical

solution as shown on table 4.25 and figure 4.25.

Distance (cm)
0.00 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 1.00
0 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 100.0000
Time | 10 | 114.9023 | 115.9826 | 113.3634 | 108.9360 | 104.1781 | 100.1496 97.4289 96.1445 06.0818 96.8224 97.8669
(s) | 20| 80.1222 | 86.3135 | 93.2794 | 99.3837 | 103.6972 | 105.9150 | 106.2290 | 105.1442 | 103.2920 101.2855 | 99.6610
30 | 111.6122 | 102.2803 | 95.6145 | 91.9061 | 90.9166 | 91.9927 | 94.2097 | 97.0359 | 99.5733 | 101.5127 102.6375
40 | 104.3885 | 110.6450 | 112.5705 | 111.4129 | 108.4195 | 104.7665 | 101.3752 | 98.8104 | 97.2781 | 96.6978 | 96.8210

Table 4.25 Table of blood pressure by using Lax — Wendroff method

with dragged coefficient = 4.24 g/cmjs

Pressure of blood flow P(x t)

120

110+

100

x{cm)

Figure 4.25 Numerical solution of blood pressure P(x,)

with dragged coefficient = 4.24 glcmss
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4.3.10 Numerical solution of blood velocity with dragged blockage with dragged coefficient

k=424 g/cmss

Similarly, from those conditions which are described in 4.2.9, we take the Lax - Wendroff finite
difference equation (3.4.1) to obtain the numerical solution of blood flows velocity as shown on

table 4.26 and figure 4.26

Distance (cm)
0.00 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 1.00

30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000
Time 21.9576 | 18.9501 | 18.8602 | 20.9869 | 24.2537 | 27.6753 | 30.5353 | 32.4396 | 33.2902 | 33.2177 | 32.5068
(s) 45.9118 | 43.3716 | 39.0253 | 34.2570 | 30.1296 | 27.2360 | 25.7377 | 25.4763 | 26.1112 | 27.2429 | 28.4728

16.8360 | 23.2317 | 29.1186 | 33.3515 | 35.5893 | 36.0263 | 35.1634 | 33.6063 | 31.9070 | 30.4680 | 29.5366
31.6478 | 25.6569 | 22.1507 | 21.2728 | 22.4153 | 24.7260 | 27.3753 | 20.7137 | 31.3453 | 32.1329 | 32.1455

E8IBlE|e

Table 4.26 Table of blood velocity by using Lax — Wendroff method

with dragged coefficient = 4.24 g/cmss

Velocity of blood flow u(x 1)

1) = x(cm)

Figure 4.26 Numerical solution of blood velocity #(x,#) with dragged coefficient = 4.24 g/cm3s

For the time processing of this method and meshing, we find that elapsed time is 9.638287 s.
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4.3.11 Numerical solution of blood pressure with dragged blockage with dragged

coefficient k = 5.30 glcmas

We simulate by determine length of blood vessel is L = 1 cm within time interval T = 40 s. The
dragged coefficient is k = 5.30 g/cmss. This meshing uses the space domain with Ax = 0.0125 cm
(m = 80) and time domain with Af =0.00125 s (n = 32000). The physical parameters of blood
density pis 1.06 g/cm3, cross section of blood arteries 4, is 23 cmz, and compliance parameter ¢
is 23 cmZ/mmHg. By using Lax - Wendroff equation in equation (3.4.1), we obtain the numerical

solution as shown on table 4.27 and figure 4.27.

Distance (cm’
0.00 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 1.00

100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000 | 100.0000
Time 94.7525 | 88.0530 | 87.7159 | 91.1475 | 95.8939 | 100.0679 | 102.6487 | 103.4557 | 102.8978 | 101.6562 | 101.6562
(s) 89.8727 | 85.7653 | 87.6781 | 92.5097 | 97.7299 | 101.6653 | 103.6323 | 103.7653 | 102.6820 | 101.1449 | 99.8440

85.7025 | 84.4828 | 88.5192 | 94.4198 | 99.7550 | 103.1827 | 104.4039 | 103.8590 | 102.3306 | 100.6095 | 99.3234
825341 | 84.2879 | 90.1653 | 96.7218 | 101.7983 | 104.4783 | 104.8686 | 103.6840 | 101.8178 | 100.0334 | 98.8524

E8I8E

Table 4.27 Table of blood pressure by using Lax — Wendroff method
with dragged coefficient = 5.30 g/cmjs

Pressure of blood flow P(x 1)

120

110~

0.4

l 0.2
1(s) 0o x(cm)

Figure 4.27 Numerical solution of blood pressure P(x,#) with dragged coefficient = 5.30 g/cmas
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4.3.12 Numerical solution of blood velocity with dragged blockage with dragged coefficient

k =5.30 g/cm’s

In the same way, from those conditions which are described in 4.2.11, we take the Lax -
Wendroff finite difference equation (3.4.1) to obtain the numerical solution of blood flows

velocity as shown on table 4.28 and figure 4.28

Distance (cm)
0.00 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 1.00
0 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000 | 30.0000
Time | 10 | 29.2419 | 36.0691 | 38.9072 | 38.1565 | 35.3335 | 32.0144 | 29.3273 | 27.7956 | 27.4215 | 27.8855 | 28.7358
(s) | 20 | 33.4677 | 38.8251 | 39.9191 | 37.7735 | 34.1803 | 30.7307 | 28.3334 | 27.2721 | 27.3371 | 28.0830 | 29.0215
30 | 37.4666 | 40.9786 | 40.2515 | 36.8605 | 32.7656 | 29.4086 | 27.4677 | 26.9497 | 27.4476 | 28.4214 | 29.3805
40 | 40.9428 | 42.3635 | 39.8661 | 35.4674 | 31.1485 | 28.1284 | 26.7799 | 26.8414 | 27.7373 | 28.8706 | 29.7830

Table 4.28 Table of blood velocity by using Lax — Wendroff method

with dragged coefficient = 5.30 g/cmss

Velocity of blood flow u(x t)

t(s) 0 0 x(cm)

Figure 4.28 Numerical solution of blood velocity u#(x,t) with dragged coefficient = 5.30 g/cmas

For the time processing of this method and meshing, we find that elapsed time is 9.631317 s.
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4.4 The tendencies of numerical solutions of blood pressure and blood velocity

with blockage in terms of dragged coefficient
44.1 Numerical solution of blood velocity and blood pressure by Crank — Nicolson

method for x = 0.4 ¢cm

We compare the solutions of blood flow, blood pressure and blood velocity, from the numerical
methods (Finite difference equation). By using the solutions on x = 0.4 cm, we varies the dragged

coefficient k from 1.06 g/cmas to 5.30 g/cm’s for time interval = 6.25 s.

Compare the blood pressure solution from Crank-Nicolson method for x = 0.4 em and dragged coefficient (k)

130 T T T T T
_k=1$g!cmss
120 k=212 glemds ||
k=318 giem’s
= —— k=424 gcm’s
2
;é 110 k=530 glem’s |
®
a 100 -
H
o
h -]
e % “
w
2 1] P
70 1 1 1 1 ]
0 125 240 375 500 625 750

Time (s)

Figure 4.29 Comparing graph of blood pressure solutions from Crank — Nicolson method with

the varying of dragged coefficient (k) which x = 0.4 cm

Cornpare the blood velocity solution from Crank - Nicolson method for x = 0 4 cm and dragged coefficient (k)

aj T
—k =106 gfem’s
- 3 k=212 gcmis [
a0t k=31Bchmzs_
= T k=424 glcm’s
é % |~ k=530 glem’s |
-
-
g -
>
2% =l
=
[i=]
20 =4
15 =
10 1 1 1 1 1
0 125 250 375 500 625 750

Time (s)

Figure 4.30 Comparing graph of blood velocity solutions from Crank — Nicolson method with the

varying of dragged coefficient (k) which x = 0.4 cm
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From figure 4.29 and figure 4.30, we find that the maximum of overall solutions decrease when
the dragged coefficient k is large. The blue lines represent to the solutions of blood flow with
dragged coefficient k = 1.06 g/cmss but their maximum of solutions are largest. While the purple
lines are the solutions of largest dragged coefficient, k = 5.30 g/cmss. They are smallest of
amplitude waves. Furthermore, the both graphs show the frequency of wave solutions which
relate to the number of dragged coefficient also. By the large dragged coefficient, the solutions

have the frequently wave sequences more than the wave solutions which is tiny coefficient.

4.4.2 Numerical solution of blood velocity and blood pressure by Lax - Wendroff method

for x =0.4 cm

Similarly to Crank — Nicolson method, we find that the maximum of the solutions of blood
pressure and blood velocity are decreased by the large of dragged coefficient. The frequency of

blood flow solutions with blockage relate to it. Their relations follows by the figure 4.31 and

figure 4.32.
Companng the blood pressure solution from Lax - ‘Wendroff method for x = 0.4 ¢m and dragged constant (k)
120 T T T T I
k=106 g{cm3s
nsr _k=2lﬂg/cm39"
k=318 glcmjs
= k=424 g!cm:‘s
IS ——k =530 g/em’s ||
£
o
2 o
2
a
© -
3
(i)
250 315 500 625 750

Time (s)

Figure 4.31 Comparing graph of blood pressure solutions from Lax - Wendroff method with the

varying of dragged coefficient (k) which x = 0.4 cm
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Companng the blood velocty solution from Lax - Wendroff method for x = 0.4 cm and dragged constant (3]

m I I I I
k=106 g!cmss
85 k=212 gfem’s |
k=318 glcmas
‘g 40 » ¢ S k=424 glem’s 7]
E \ //\‘ # K =530 glem’s
=% " \ A i
g -"' \"" / \ -"'
Tw / ( \ "
o 251 / / 1
2 =~ \/ o -
15 1 1 | | 1
o 125 250 315 500 625 750
Time (s)

Figure 4.32 Comparing graph of blood velocity solutions from Lax - Wendroff method with the

varying of dragged coefficient (k) which x = 0.4 cm
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CHAPTER §

Precision comparing and Error estimation

5.1 Error estimation of solutions from finite difference method
We have 2 sections for analyzing the consistents of solution from finite difference.

5.1.1  Error estimation of method for small amplitude wave pressure equation without

blockage

By the analytical solution, we find that the solutions of blood pressure and velocity are

P(x,t)=100+20005(x— ir], 5.1)
pc

u(x,t)=30—20(:os[x— ﬁz} (.2)
pc

respectively.

We examine the solutions of blood pressure and blood velocity with x = 0.5 cm, at the middle of
blood vessel. Furthermore, we compare the solutions of blood pressure and velocity with

analytical solution which follow the table 5.1, 5.2 ,and figure 5.1and 5.2.

Time Blood Pressure (mmHg)
(s) | Lax - Wendroff | Crank - Nicolson | Analytics
0 120.0000 120.0000 117.4304
95.6579 91.2586 95.4913
10 79.9122 87.5947 80.0363
15 92.9458 88.3309 93.1828
20 116.0858 116.8458 116.0962
25 116.1800 117.2710 115.9490
30 93.0936 91.2151 92.9521
35 79.9018 81.7984 80.0526
40 95.5042 88.8907 95.7313

Table 5.1 Blood pressure solutions without blockage from finite difference methods and

analytical solution
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Compare the blood pressure solutions wathout blockage between FOM and Analytic

=
— Analytics

~——— Crank-Nicolson (FOM) []
’vl !ﬁ' F?F\I —— Lax-Wendroff (FDM)
} \ h \ T
f ﬁ} '
% |

Blood Pressure (mmHag)

4375

L I
0 625 125 1875 25
Time (s)

Figure 5.1 Comparing graph of blood pressure solutions without blockage from finite difference

method with analytical solution

Time Blood Velocity (cm/s)
(s) Lax - Wendroff | Crank - Nicolson | Analytics
10.0000 10.0000 12.5696
5 34.7585 38.7414 34.5087
10 49,8490 42,4053 49,9637
15 36.5023 41.6691 36.8172
20 13.8399 13.1542 13.9038
25 14.3296 12.7290 14.0510
30 37.2699 38.7849 37.0479
35 49.7948 48.2016 49.9474
40 33.9601 41.1093 34.2687

Table 5.2 Blood velocity solutions without blockage from finite difference methods and

analytical solution

From the data of section 5.1.1, we find that the percentage of error for blood pressure solution
without blockage in Lax — Wendroff method is 0.16% while the error of blood pressure solution
without blockage in Crank — Nicolson is 3.28%. Likewise, in the solution of blood velocity for
non-blockage, The percentage error of Lax — Wendroff and Crank — Nicolson are 0.92% and

14.82% respectively.
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Compare the blood velocity solutions wathout blockage between FDM and Analytic
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Figure 5.2 Comparing graph of blood velocity solutions without blockage from finite difference

method with analytical solution

5.1.2  Error estimation of method for small amplitude wave pressure equation with linear

dragged blockage

We can see that the solution of blood velocity with blockage is more complicate. Consider the

end of blood vessel (x = L), the solution of blood pressure on the right ended of Eq (3.6.27) is

sin [itj cos(fL)cosh(aL)— cos(ﬁt)sin( BL)sinh(a L)
P

(3.8.28)
cos’(BL)cosh?(aL) +sin?(BL)sinh*(aL)

P(L,t)=100+20

In this thesis, we assume that the length of blood vessel is L =1cm, and we compare the suitable

of numerical method and analytic i.e.
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1. The linear dragged blockage is k£ =1.06 g/cm’s

We can see that the solution of blood pressure in Crank — Nicolson method satisfies the analytical

solution. While solution from Lax — Wendroff shifts which follow by table 5.3 and figure 5.3.

Time Blood Pressure (mmHg)
(s) Lax - Wendroff | Crank - Nicolson | Analytics
78.9235 78.9235 78.9235
5 72.2702 69.2784 92.4768
10 105.3447 105.2501 110.2941
15 130.7620 130.7595 113.2057
20 112.1073 112.1058 97.1962
25 76.1068 76.1066 85.2036
30 74.3375 74.3396 94.4095
35 109.3342 109.3358 111.6247
40 130.9581 130.9568 112.1855

Table 5.3 Blood pressure solutions from finite difference methods

and analytical solution for k = 1.06 g/cm3s

Compare the blood pressure solutions wath blockage between FDM and Analytic (k = 106 glem’s)

140 T T T T T T
Analytics

Crank-Nicolson (FOM) H
— Lax-Wendroff (FDM)

Blood Pressure (mmHg)

0 625 125 1875 25 3125
Time {s)

Figure 5.3 Comparing graph of blood pressure solutions from finite difference method with

analytical solution for k = 1.06 g/cm3s

From this data, the percentage error of blood pressure solution at the end point by Lax — Wendroff

and Crank — Nicolson are 13.66% and 0.74% respectively.



2. The linear dragged blockage is k£ =2.12 g/cm’s
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We can see that the solution of blood pressure in Crank — Nicolson method satisfies the analytic

solution while solution from Lax — Wendroff has more error which follow by table 5.4 and figure

54.
Time Blood Pressure (mmHg)
(s) Lax - Wendroff | Crank - Nicolson | Analytics
0 89.4253 89.4253 89.4253
5 115.3630 115.2811 107.5634
10 84.7935 84.7992 92.0201
15 110.1558 110.1521 105.5179
20 98.1637 98.1639 98.7065
25 92.9258 92,9292 96.6523
30 113.7078 113.7020 106.9114
35 84.0705 84.0769 91.7493
40 113.0241 113.0192 106.9344
Table 5.4 Blood pressure solutions from finite difference methods
. ; 3
and analytical solution for k =2.12 g/cm’s
Compare the blood pressure solutions with blockage between FOM and Analytic (k = 2 12 gfem’s)
120 T
l I ] I i = Analytics
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~——— Lax-Wendroff (FDM)
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Figure 5.4 Comparing graph of blood pressure solutions from finite difference method with

analytical solution for k =2.12 g/cmss

From this data, the percentage error of blood pressure solution at the end point by Lax — Wendroff

and Crank — Nicolson are 5.22% and 0.52% respectively.



3. The linear dragged blockage is k =3.18 g/em’s
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We can see that the solution of blood pressure in Crank — Nicolson method satisfies the analytic

solution while solution from Lax — Wendroff has more error which follow by table 5.5 and figure

3.5.
Time Blood Pressure {mmHg)
(s) Lax - Wendroff | Crank - Nicolson
102.0720 102.0720 102.0720
92.5207 92.5730 95.8715
10 109.2918 109.2817 105.1319
15 93.3615 93.3718 97.0464
20 100.7945 100.7890 99.4206
25 105.4313 105.4294 103.8398
30 90.9533 90.9617 94.7459
35 108.3141 108.3032 104.1433
40 96.4145 96.4226 98.9589
Table 5.5 Blood pressure solutions from finite difference methods
; ; 3
and analytical solution for k = 3.18 g/cm's
Compare the blood pressure solutions with blockage between FOM and Analytic (k = 3 18 gr:sz)
115 T

Blood Pressure (mmHg)

— Lax-Wendroff (FOM) |

L
Analytics
Crank-Nicolson (FDM)

1875

Time (s)

4375

Figure 5.5 Comparing graph of blood pressure solutions from finite difference method with

analytical solution for k = 3.18 g/em’s

From this data, the percentage error of blood pressure solution at the end point by Lax — Wendroff

and Crank — Nicolson are 2.82% and 0.26% respectively.
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4. The linear dragged blockage is k =4.24 g/em’s

We can see that the solution of blood pressure in Crank — Nicolson method satisfies the analytic

solution while solution from Lax — Wendroff has more error which follow by table 5.6 and figure

5.6.
Time Blood Pressure (mmHg)

(s) Lax - Wendroff | Crank - Nicolson | Analytics
106.1557 106.1557 106.1557

101.3929 101.8514 102.8002

10 94.9812 95.0140 98.0264

15 94.5109 94,5235 96.9372

20 100.5388 100.5293 99.6642

25 105.9289 105.9088 102.8156

30 104.3001 104.2933 102.6376

35 97.5807 97.5952 99.3376

40 93.7253 93.7440 96.8219

Table 5.6 Blood pressure solutions from finite difference methods

and analytical solution for k = 4.24 g/cm3s

Compare the blood pressure solutions with blockage between FDM and Analytic (k = 4 24 g/em®s)
T T T T T I
Analylics
——— Crank-Nicolson (FOM] [|
Lax-Wendroff (FOM)

Blood Pressure (mmHg)

0 625 128 1875 25 3125 375 4375
Time (s)

Figure 5.6 Comparing graph of blood pressure solutions from finite difference method with

analytical solution for k = 4.24 g/cmss

From this data, the percentage error of blood pressure solution at the end point by Lax — Wendroff

and Crank — Nicolson are 2.06% and 0.21% respectively.



5. The linear dragged blockage is & =5.30 g/cm’s
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We can see that the solution of blood pressure in Crank — Nicolson method satisfies the analytic

solution while solution from Lax — Wendroff has more error which follow by table 5.7 and figure

5.7.
Time Blood Pressure (mmHgq)

(s) Lax - Wendroff | Crank - Nicolson | Analytics

102.2219 102.2219 102.2219

101.7892 102.2329 | 101.5054

10 101.3251 101.3445 100.5383

15 100.8376 100.8275 100.1392

20 100.3354 100.3255 99.8478

25 99.8273 99.8200 99.5800

30 99.3222 99.3178 99.3236

35 98.8291 98.8277 99.0798

40 98.3565 98.3582 98.8524
Table 5.7 Blood pressure solutions from finite difference methods

. ; 3
and analytical solution for k = 5.30 g/cm’s
Cornpare the blood pressure solutions wath blockage between FOM and Analytic (k =5 30 glcm’s]
108 T T T T T

Blood Pressure (mmHg)

— Analytics
Crank-Nicolson (FOM
— Lax-Wendroff (FDM) []

125 1875
Time (s)

4375

Figure 5.7 Comparing graph of blood pressure solutions from finite difference method with

analytical solution for k = 5.30 g/cmss

From this data, the percentage error of blood pressure solution at the end point by Lax — Wendroff

and Crank — Nicolson are 1.24% and 0.16% respectively.



CHAPTER 6

Conclusion

1. The numerical solutions of bloed pressure and blood velocity

We can find the solutions of blood flow in a blood vessel within the small amplitude condition.
The solutions of blood flow without blockage are uniform waves (in the section 4.1). While the
tendency of maximum blood flow with blockage solutions are decreasing, for long distance,
which is influenced by dragged blockage (in the section 4.2, 4.3). Furthermore, the numerical
solutions with blockage show that there are more frequency of wave solutions of blood pressure
and blood velocity for larger dragged coefficients (in section 4.4). Their blockage solutions are

related to satisfy to the common sense of rapidly breathing of atherosclerosis people.

2. The initial condition and boundary conditions of blood flow

The initial and boundary conditions without blockage are referred to normal conditions of human
body (in the section 3.5). The conditions of governing equation with blockage is defined by the
common sense of the restraining of blood velocity and the slow down of blood pressure at the end

of rod which are represented to derivative condition (in the section 3.6).

3.  The analytical solution of blood pressure and blood velocity

For section 3.7, the solutions of blood flow without blockage can be derived in both of blood
pressure and blood velocity solutions. They are uniform wave solution. However, they are only
derived in blood pressure at the end of the rod for the blood flow with blockage, as the condition

of velocity solution is complicate (in the section 3.8).
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4. The precision of numerical approximation

The numerical solution of Lax — Wendroff method, explicitly finite difference, is more accutate
than Crank — Nicolson for the solutions of blood flow without blockage analytically (in section
5.1.1). Conversely, the analytic solution of blood flow with blockage satisfies to the numerical
solutions from Crank — Nicolson method which is more accurate than Lax - Wendroff (in section
5.1.2). Furthermore, both of finite difference methods make blood pressure solutions with small

percentage error for larger dragged coefficient k (in section 5.1.2).
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APPENDIX A

Matlab Codes for Blood Flows in Small Amplitude System

A.1 Matlab code for small amplitude system with non — blockage by using

Crank — Nicolson finite difference method

clear all;

%% Meshing Domain Section

x0 = 0; x1l = 1; dx = 0.0125; M = (x1-x0)/dx;
t0 = 0; tl = 40; dt = 0.00125; N = (tl-t0)/dt;

%% Physical Parameter Declaration

rho = 1.060; % density of blood
AQ = 20; % cross sectional area of aorta
c = 20; % compliance parameter

$ ---- Matrices section ----%

v = zeros(N+1,M+1); &% Velocity of blood flow

P = zeros(N+1,M+1); % Pressure of blood flow

r

|

A matrix new zeros (2* (M-1),2*(M-1)); % Coefficient matrix
A matrix old = zeros(2*(M-1),2*(M-1))

X = zeros(2*M-2,1); % Variables matrix
F zeros (2*M=-2,1); % Remainder matrix

-—-—-- Boundary conditions ----%
--- Left Boundaries
n = 0:N;
Bul = 20*cos(sqrt (A0/(rho*c)) *n*dt) ;
BPLl 100-20*cos (sgrt (A0/ (rho*c) ) *n*dt) ;

oo oP

% -—- Right Boundaries
Bur = 20*cos(xl- sqrt (A0/(rho*c))*n*dt);
BPr 100-20*cos (x1- sqgrt (A0/ (rho*c)) *n*dt) ;

% —-—-—-- Initial conditions ----%
IP = 80;
Iu = 20;

%% Crank - Nicolson programming

for i = 1:N % Time loop intervals
if i == % (Initial time t = t0 // Initial conditions)
wi{i,=) = Iu;
LE;

vl
'_l.
~

]



X(1l:2:end) = v(1l,2:end-1)"';
X(2:2:end) = P(1,2:end-1)"';
r = 3;
q=4;

for j = 1:M+1 % Space loop intervals

% —-—- stability coefficient
alpha v = 0.25*%(dt/dx)*(1/rho);
alpha P = 0.25*(dt/dx)* (A0/c);
if § == 1 % (Left boundary conditions)
P(i+l,3) = BPl(i+l)'; 3Left Boundary
v(i+l,j) = Bul(i+l)';
P(i+1,M+1) = BPr(i+l)'; %$Right Boundary
v(i+l,M+1) = Bur(i+l)';
elseif j ~= 1 && j ~= M+l & j == 2:M
if § == 2
F(l) = —-alpha v*P(i+l,j-1)-alpha v*P(i,j-1);
F(2) = —alpha_P*v(i+l,j—1)—alpha_P*v{i,j—l);
elseif j ~= 2 && j ~= M
F(r) = 0;
F(q) = 0;
r = r+2;
q = g+2;
else
F(M+j-3) = alpha v*P(i+l,j+1)+alpha v*P(i,j+1);
F(M+j=-2) = alpha_P*v(i+l,j+1)+alpha_P*v(i,j+1);
end
else % (Right Right boundary conditions j == M+1)
end
end
% —--—- Create coefficient matrix A
for 1 = 1:M-1
A matrix new(2*1-1, (2*1-1)+3) = -alpha v;
A matrix new(2*1, (2*1)+1) = -alpha P;
A matrix new(2*1+1, (2*1+1)-1) = alpha v;
A matrix new(2*1+2, (2*142)-3) = alpha P;
A matrix new(2*1-1,2*1-1) = 1;
A matrix new(2*1,2*1) = 1;
A matrix_old(2*1-1, (2*1-1)+3) = alpha v;
A matrix old(2*1, (2*1)+1) = alpha P;
A matrix old(2*1+1, (2*1+1)-1) = -alpha v;
A matrix old(2*1+2, (2*142)-3) = -alpha_ P;
A matrix old(2*1=1,2%]1=1) = 1;
A matrix old(2*1,2*1) = 1;
end
% ——-- Edit Coefficient matrix to suitable
A matrix new = A matrix new(l:2*(M-1),1:2* (M-1));
A matrix new(2*(M)-2,2*(M)-2) = 1;
A matrix new(2*(M)-2,2*(M)-3) = 0;

1z

A matrix new(2* (M)-3,2*(M)-3)
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A matrix new(2*(M)-3,2*(M)-2) = 0;
A matrix new(2,1) = 0;

A matrix old = A matrix old(l:2*(M-1),1:2*(M-1));
A matrix old(2*(M) -2,2*(M)=-2) = 1;
A;matrlx_old(Z*(M) s 2% (M)=3) = 0;

A;matrix_old(2*(M)—3,2*(M)—3) =1;
A matrix old(2*(M)-3,2*(M)-2) = 0;
A matrix old(2,1) = 0;

XX = (A matrix old)*X+F;

$ —---- Solving variable vector

X =(A_matrix_new)\((A matrix old)*X+F);

§ ==== Input ¥,B Lol BV, P)

v(i+l,2:end-1) = X(1l:2:end)';

P(i+l,2:end-1) = X(2:2:end)"';

else

r = 3;

aq = 4

for j = 1:M+1 % Space loop intervals

if j == 1 % (Left boundary conditions)
P(i+l,3j) = BPl(i+l)'; %Left Boundary
v(i+l,j) = Bul(i+l)'
P(i+1,M+1) = BPr(1+l)" %Right Boundary
v(i+l,M+1) = Bur(i+l)"';
elseif j ~= 1 && j ~= M+l & j == 2:M
if § == 2
F{l) = —-alpha v*P(i+l,j-1)-alpha v*P(i,j-1);
F(2) = ~alpha_P*v(i+1,j—l)-alpha_P*v(i,j—l);

elseif j ~= 2 && j ~=M
F(r) 0;
F(gq) = 0;
r = r+2;
q = gt2;

I

else
F(M+3-3)
F(M+j-2)
end

alpha v*P(i+l,j+1)+alpha v*P(i,j+1);
alpha_P*v(i+l,j+1}+alpha_P*v(i,j+1);

It

else
end

end
% ———- Create coefficient matrix A
for 1 = 1:M-1
A matrix_new(2*1-1, (2*1-1)+3) = -alpha_v;



end

end

A matrix new(2*1, (2*1)+1) = -alpha P;
= alpha v;
alpha P;

A matrix_new(2*1+1, (2*1+1)-1)
A matrix new(2*1+2, (2*1+2)-3)

A matrix new(2*1-1,2*1-1) = 1;

A matrix new(2*1,2*1) = 1;
A matrix old(2*1-1, (2*1-1)+3)

A matrix old(2*1+1, (2*141)-1)
A matrix old(2*1+2, (2*1+2)-3)

A matrix old(2*1-1,2*1-1) = 1;

A matrix old(2*1,2%1) = 1;
end

A matrix new(2*(M) -2,2*(M)-2)
A;matrlx_new(Z*(M)—Z 2* (M)-3)
A matrix new(2*(M)-3,2*(M)-3)
A matrix new(2*(M)-3,2*(M)-
A matrix new(2,1) = 0;

A matrix old = A matrix _old(1l:

A matrix old(2*(M) -2, 2*(M) =2)
A_matrlxmold(Z*(M)-2,2*(M)—3)
A matrix old(2*(M)-3,2* (M)~
A matrix old(2*(M)-3,2*(M)-2)
A matrix old(2,1) = 0;

XX = (A matrix old) *X+F;

5 ———-- Solving variable vector
X =(A matrix new)\((A matrix old)*X+F);

—==— Thnput u,;F from F (v.PB)

v(i+l,2:end-1) = X(1l:2:end)"
P(i+l,2:end-1)

[l

X(2:2:end) ";

2% (M-1}) 1

= ;o alpha v;
A matrix old(2*1, (2*1)+1) = alpha P;

-alpha_v;
-alpha P;

% ———— Edit Coefficient matrix to suitable
A matrix new = A matrix new(l:2*(M-1),1

1;

= 0;

iE-
0;

1;

I

1;
0;

:2%(M-1));

12X(M-1));
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A.2 Matlab code for small amplitude system with linear velocity dragged

blockage by using Crank — Nicolson finite difference method

%% Meshing Domain Section

x0 = 0; %l = 13 dx = 0.125; M = (x1-x0)/dx;
t0 = 0; tl 40; dt = 0.0125; N = (tl-t0)/dt;

o
o0

Physical Parameter Declaration

rho = 1.060; % density of blood

A0 = 23; % cross sectional area of aorta
c = 23; % compliance parameter

k = 1.06; % dragging constant

%% Declaration of matrices & IBVP
$ —-—— Matrices section ----%
u = zeros(N+1,M+1); % Velocity of blood flow

zeros (N+1,M+1); % V - Matrix (Auxilary of velocity matrix)
zeros (N+1,M+1); % Pressure of blood flow

v
P

Q

% Coefficient matrix

A matrix new zeros (2* (M-1),2* (M=1)) ;
A matrix old = zeros(2*(M-1),2*(M-1));

Variables matrix

X = zeros(2*M-2,1); %
)7 % Remainder matrix

= zeros (2*M-2,1

]
|

Q.

% —-—- Boundary conditions —----%

% —--- Left Boundaries
n = 0:N;
u(n+l,M+1) = 0;
BP1 = 100+20*sin( (k/rho)*n*dt) ;

F =————

% —-—-—-- Initial conditions ----%
m = 0:M;
IP = 100;
Iu = 0;

%% Crank - Nicolson programming
for i = 1:N % Time loop intervals

a

S t (Initial time t = t0 // Initial conditions)



Ly*ak).2

1)*dt);

bV 1T
bl P
Bi{a8)

X(Lls
X2

[NO NN ]

o
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= Tu;

=u(i,:);

= IP;
tend) = v(1,2:end-1)"';
tend) = P(1,2:end-1)"';

1:M+1 % Space loop intervals

---— stability coefficient

alpha v _old = 0.25*% (dt/dx)*(1/rho)*exp((k/rho)* (i-

alpha P_old = 0.25%*(dt/dx)* (A0/c)*exp (- (k/rho) * (i-

alpha v new =

0.25* (dt/dx) * (1/rho) *exp ( (k/rho) * (i) *dt) ;

{k/rho)* (i) *dt);

ol

conditions)

)

alpha P new = 0.25%* (dt/dx)* (A0/c) *exp (-

if j == % (initial space x = x0 // Left boundary
P(i+l,3j) = BP1l(i+l)'; $Left Boundary
elseif j ~= 1 && j ~= M+l % j == 2:M
If § == 2
F(1) = -alpha v_new*P(i+l,j-1)-alpha v _old*P(i,j-
F(2) = -alpha P new*dx*exp (-

(k/rho}*i*dt)*V(i+l,j—l)-alpha_P_old*dx*exp(—(k/rho)*(i—l)*dt)*v(i,j—

1):

elseif j ~= 2 && j ~= M

1l

F(r)
F(q)

0;
0;

= r+2;
= g+2;

else

F(M+j-3) =
F(M+j-2) =

end



else % (Right boundary x = x1 // Right boundary
conditions j == M+1)

end
end
% —-—-- Create coefficient matrix A
for 1 = 1:M-1
A matrix new(2*1-1, (2*¥1-1)+3) = -alpha v _new;
A matrix new(2*1, (2*1)+1) = -alpha P new;
A matrix new(2*1+1, (2*1+1)-1) = alpha v _new;
A matrix new(2*1+2, (2*142)-3) = alpha P new;
A matrix new(2*1-1,2*1-1) = 1;
A matrix new(2*1,2*1) = 1;
A matrix old(2*1-1, (2*1-1)+3) = alpha v _old;
A matrix old(2*1, (2*1)+1) = alpha P old;
A matrix old(2*1+1, (2*1+1)-1) = -alpha v _old;
A matrix_old(2*1+2, (2*1+2)-3) = -alpha P old;
A matrix old(2*1-1,2*1-1) = 1;
A matrix old(2+*1,2*1) = 1;
end

-——-- Edit Coefficient matrix to suitable
A matrix_new = A matrix new(1l:2*(M-1),1:2*(M-1));
A matrix new(2*(M)-2,2*(M)-2) = 1;
A matrix new(2* (M)-2,2*(M)-3) alpha P new;
A matrix new(2*(M)=-3, 2% (M)-3) 1;
A matrix new(2*(M)-3,2* (M)-2) = -alpha v _new;
A matrix new(2,1) = alpha P new;

Q
(]
o
(<]

A matrix old = A matrix old(l:2*(M-1),1:2* (M-1));
A matrix_old(2*(M)-2,2*(M)-2) = 1;
A matrix _old(2*(M)-2,2*(M)-3) -alpha P old;

A matrix old(2*(M)-3,2*(M)-3) = 1;
A matrix_old(2*(M)-3,2*(M)-2) = alpha v old;
A matrix old(2,1) = -alpha P old;

XX = (A matrix old)*X+F;

% ———- Solving variable vector
X =(A _matrix new)\((A matrix old)*X+F);

% === Ihput v, P from Flv;P)

v(i+l,2:end-1) = X(1l:2:end)';

v(i+l,1) = v(i+1l,2)-(dx*exp(-(k/rho)* (i-
1) *dt) * (c/A0) * (k/rho) * (20*cos ( (k/rho) * (i-1) *dt)) ) ;

u(i+l,l:end-1)
P(i+l,2:end-1)

v(it+l,1l:end-1).*exp(-(k/rho)* (i) *dt);
X(2:2:end)';

u(i+l,M+1) = u({i+1,M);
v(i+1l,M+1) = v(i+1,M);
P(i+1,M+1) = P(i+1,M);

else
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for j = 1:M+1 % Space loop intervals

% —---- stability coefficient
alpha_v_old = 0.25%(dt/dx)*(1/rho) *exp ( (k/rho)* (i-
1)*dt) ;
alpha P old = 0.25*(dt/dx)* (A0/c) *exp (- (k/rho)* (i-
1) *dt);

alpha v_new =
0.25* (dt/dx) *(1/rho) *exp( (k/rho) * (1) *dt) ;

alpha P new = 0.25* (dt/dx)* (A0/c) *exp (-
(k/rho)* (i) *dt);

if J ==1 % (initial space x = x0 // Left boundary
conditions)
P(i+l1,j) = BP1l(i+1)'; %Left Boundary
elseif j ~= 1 && j ~= M+1 % § == 2:M
if j ==
F(l1) = -alpha_v_new*P(i+l,j-1)-alpha_v_old*P(i,j-
e F(2) = -alpha P new*dx*exp (-

(k/rho) *i*dt) *v(i+1,j-1)-alpha P_old*dx*exp (- (k/rho)* (i-1)*dt)*v (i, j-
1)

elseif j ~= 2 && j ~=M

F(r) 0;
F(gq) = 0;

r = r+2;
q = g+2;

else

F(M+j-3) = 0;
F(M+j-2) = 0;

end

else % (Right boundary x = xl1 // Right boundary
conditions j == M+1)

end
end

% ———— Create coefficient matrix A
for 1 = 1:M-1



A matrix new(2*1-1, (2*1-1)+3) = -alpha v _new;
A matrix new(2*1, (2*1)+1) = -alpha P new;

A matrix_new(2*1+1, (2*1+1)-1) = alpha v _new;
A matrix new(2*1+2, (2*1+2)-3) alpha P new;
A matrix new(2*1-1,2*1-1) = 1;

A matrix new(2*1,2*1) = 1;

I

A matrix old(2*1-1, (2*1-1)+3) alpha v _old;
A matrix old(2*1, (2*1)+1) = alpha P old;

A matrix_old(2*1+1, (2*1+1)-1) = -alpha v _old;
A matrix old(2*1+2, (2*142)-3) = -alpha P old;
A matrix_old(2*1-1,2*1-1) = 1;

A matrix old(2*1,2*1) = 1;

end
§ ———— Fdit Coefficient matrix to suitable
A matrix new = A matrix new(l:2*(M-1),1:2*(M-1));
A matrix new{2*(M) 272%* (M)~=2) = ]1;
A_matr1x_new(2*(M) -2,2*(M)-3) = alpha P new;
A matrix new(2*(M)-3,2*(M)-3) = 1;
A matrix new(2* (M)-3,2*(M)-2) = —alpha v new;

A matrix new(2,1) = alpha P new;

A matrix old = A matrix old(l:2* (M-1),1:2*(M-1));
A _matrix old(2*(M)-2,2*(M)=-2) = 1;

A matrix_old(2*(M)-2,2*(M)-3) = -alpha P old;
A_matrix_old(Z*(M}—3,2*(M)—B) = 1;

A matrix old(2*(M)-3,2*(M)-2) = alpha v_old;

A matrix old(2,1) = -alpha P old;

XX = (A matrix old)*X+F;

% —-—-—- Solving variable vector
X =(A_matrix new)\((A matrix old)*X+F);

% ———— Thiput ¥;P from F(v;P)

v(i+l,2:end-1) = X(l:2:end)"';
v(i+l,1) = v(i+l,2)-(dx*exp((k/rho)* (i-

1)*dt) *(c/A0) * (k/rho) * (20*cos ( (k/rho) * (i-1) *dt)));
u(it+l,l:end-1) = v(i+l,1l:end-1).*exp(-(k/rho)*(i)*dt);
P(i+1l,2:end-1) = X(2:2:end)"';

u(i+l,M+1) = u(i+l1l,M);
v(i+l,M+1) = v (i+1,M);
P(i+1,M+1) = P(i+1,M);

end

end
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A.3 Matlab code for small amplitude system without linear velocity dragged

blockage by using Lax — Wendroff finite difference method

T e e e e e e e e e e ————— e ———— e

% Small amplitude system without linear drag blockage (LW - Method)

clcy
clear all;
warning off;

% Set constant of small amplitude equation

rho =1.060; % density of blood
AQ = 23; % regular cross - section of blood vessel (artery)
=23 % compliance of blood vessel in artery

% Part II. Numerical parameters

DT T e e e e e — — ——————— o ——— e

x1=0; xr=1; % X domain [x1,xr]

dx = 0.025; % J: number of division for x
J = (xr-x1) / dx; % dx: mesh size

t1=0; tf = 100; % final simulation time

dt = 0.025;

Nt = (tf-tl)/dt; % Nt: number of time steps

% Set eigenmatrix
a=(dt/dx)*(1/rho);

if a>1
disp('a Stability aborted');
end

b=(dt/dx)* (A0/c);

1f b>1
disp('b Stability aborted');
end

% Part III. Lax - Wenroff method

% Meshing section
2 o= arl, ooy B o
tt =0 : dt ¢« tf;
t=0:dt : tf;

generate the grid point on x - space
generate the grid point on y - space
time variable

o o2 oP

IU = 20;
80;

=
o
I

% Define initial condition
I1 = 1IU0; % s, 00 ¢ dim £f1 = (1:3+1)
I2 = IP; % P(x,0): dim £2 = (1:J+1)
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% Define boundary condition

B1ll = {(20*cos(xl- sqrt(A0/(rho*c))*t));

Blr (20*cos (xr- sqgrt (A0/ (rho*c))*t));

B21 = (100-20*cos {x1- sqgrt{A0/(rho*c))*t));% P(0,t): dim Bll =
(Lsd+Ll)

B2r = (100-20*cos (xr- sqrt(A0/(rho*c))*t));

% store the solution at all grid peoints for all time steps

v}
I

zeros (Nt+1, (J+1));
v = zeros(Nt+1l, (J+1));

% Find the approximate solution at each time step
for n = 1:Nt+1

o

if n==1 % first time step

v(l:end,1l) = Bll(1l:end);
P(l:end, 1) B21(l:end);

I

v(l:end,J+1) = Blr(l:end);

P(l:end,J+1) = B2r(l:end);
for j=1:J+1 % interior nodes
v(n,j) = I1l;
P(n,j) = I2;
end
else ¥ forn > 1
for j=2:0 % interior nodes

v(n,j) = v{n—l,j}+0.5*{dt/dx)*(1/rho}*((P(n~1,j+1))—
[P0y F=1000 e s
0.5*((dt/dx)~2)*(A0/ (rho*c))* ( (v (n-
1,3+1))-2*(v(n-1,3))+(v(n-1,3-1)));

P(n,j) = P(n—l,j)+0.5*(dt/dx)*(AO/C)*({V(n—l,j+1))—
(v (11=1y J=1) }hekaws
0.5*((dt/dx)"2)*(A0/ (rho*c))* ( (P (n-
1,j41))-2*(P(n-1,3))+(P(n~1,3-1)));
end

end

end
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A.4 Matlab code for small amplitude system with linear velocity dragged

blockage by using Lax — Wendroff finite difference method

clo:

clear all;
warning off;
tie;

% Set constant of small amplitude equation

rho =1.060; % density of blood
AQ = 23; % regular cross - section of blood vessel (artery)
c = 23 ; % compliance of blood vessel in artery

kl = 1.06;

x1=0; xr=1; $ x domain [&]l,=xr]

dx = 0.01; % J: number of division for x
J = (xr-xl) / dx; % dx: mesh size

t1=0; tf = 40; % final simulation time

dt = 0.001;

Nt = (tf-tl)/dt; % Nt: number of time steps

% Set eigenmatrix
a=(dt/dx)*(1/rho);

if a>1
disp('a Stability aborted');
end

b= (dt/dx)* (A0/c);

if b>1
disp('b Stability aborted');
end

% Part III. Lax - Wenroff method

% Meshing section
x = xl 5 dx » xr:
t =0 :dt =z tf;

generate the grid point on x - space
time variable

o o0

IU = 0;
= 100;

—
el
|

% Define initial condition
Il = IU; i, D) E dim fL = (14341



I2 = IP; % P(x,0): dim £2 = (1:J+1)

% Define boundary condition
B21 = (100+20*sin((kl/rho)*t));% P(0,t): dim B1l = (1:J+1)

oo

store the scolution at all grid points for all time steps

u = zeros (Nt+1, (J+1));
zeros (Nt+1, (J+1));
zeros (Nt+1, (J+1))

av]
I

r

<
Il

% Find the approximate solution at each time step
for n = 1:Nt+l

if n==1 % first time step
u{l:end,l) = 0; %Bll(l:end);

v(l:end,1) 0; %Bll(l:end);
P(l:end, 1) B2l (l:end);

I

for j=1l:J+1 % interior nodes
vin,:) = I1;
P(n,:) = I2;
u(n,:) = v(n,:);
end
else ¥ for n> 1
for j=1:J % interior nodes
if § ==
$v(n,3j) = u(n,j).*exp((kl/rho)* (n-1)*dt);
else
v(n,j) = v(n-

1,3)+0.25* ((dt/dx) * (1/rho) * ((exp((kl/rho) * (n) *dt) ) +exp( (k1/rho) * (n-
1y*at) ) ) oL (B{e-1:34+1) )= (Pin~1,3~1) Ja4a..

0.5*((dt/dx)"2)* (A0/(rho*c) ) * ((v(n-
1 ]+1) 2% (v in-1,3) J+(win-1:3-21) )¢

u(n,2:end) = v(n,2:end).*exp(-(kl/rho)*(n-1)*dt);

P(n,j) = P(n-1,3j)+0.25*%((dt/dx)* (A0/c)* (exp (-
(kl/rho)*(n)*dt)+exp(—{k1/rho)*(n-l)*dt))).*((v(n—l,j+1))—(v(n—1,j—
12 T B U S

0.5*((dt/dx)*2)* (A0/ (rho*c))* ( (P (n-
Ly JALY =28 Pin~-1 Y P+ (P n-1;3-1)% ) ;

v(n,j+l) = v(n,j);
u{n,j+1l) = u(n,j);
P(n,j+1) = P(n,j):

end
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end
v(n,1) = v(n,2)-(dx*exp(-(kl/rho)* (n-
2)*dt) *(c/A0) * (kl/rho) * (20*cos ( (k1l/rho) * (n-2) *dt)) ) ;
u{n,1) = v(n,1l).*exp(-(kl/rho)*(n-1)*dt);
end

end
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APPENDIX B

Von Neumann Stability Analysis

B.1 Von Neumann stabity analysis method for Crank — Nicolson finite difference

method

B.1.1 Stability of Crank — Nicolson method for small amplitude wave system without linear

drag blockage
Consider discrete solution U7 , by von Neumann stability analysis method, it can be assumed that
U2 =de™ ™, (B.1.1)
Consider the small amplitude wave system without linear drag blockage in Crank - Nicolson form
EFEHEE R o
Equation (3.1.6) can be rearranged as

U —E(U""‘ ~U)=Us +=(U; UL.)e (B.1.2)

m+l 4 mel

Substituting equation (B.1.1) into (B.1.2), so that

Aea(nﬂ)lem,ﬂhf _K(Aea(nﬂ)le(m-v-])ﬂhf _Aea(n+])fe(m—1),ﬂhi)
(B.1.3)

= A mPhi +l’_( A gmPh _ g anl e(m—l)ﬁhr’)
4

Dividing (B.1.3) with de®"e™™ | we have

e _E(ealeﬁbi _eale—,ﬂ'hi) =1 +E(eﬂ},f —e_ﬁ’") .
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! [1 _E(eﬂm _e~.ﬂm)) g +£(e'ﬂ”j _ef,am) )

LYo em)

e = 5 (B.1.4)
Vo .
j ifh _ _—ifh
e —e")
&P _ oibh
Since S =sin(Bh) , we have
i
v
1+i Y sin(h)
=2 (B.1.5)

r —i%sin(ﬁh)

The amplification factor, |¢*'|, is considered by norm of equation (B.1.5). Nevertheless, this

equation is complex number. It therefore finds norm of this equation as

v, Vo
i (] + 1531n(ﬁh))(1 - 1551n(ﬂh)J

b = (B.1.6)
(1 i %sin(ﬂh))(l " i%sin(ﬁh))

Therefore,
le|=1. (B.1.7)

This is a condition of the stability of Crank — Nicolson finite difference method without linear

drag blockage in (3.1.6) which is called that unconditional stable.
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B.1.2 Stability of Crank — Nicolson method for small amplitude wave system with linear

drag blockage

Consider the small amplitude wave system with linear drag blockage in Crank - Nicolson form

U __L:_";[Un+| —U;j ]=U; +£ U"

m m+1 4h m+1 _U:—l ] £l (2.2.15)

» 0 —e’
where U, = "m land 4" = p
¥y 4,

c

Similarly to (B.1.1), we assume that U, = Ae™ ™™ and substitutes in (2.2.15). So

1
Aea(nH)Iemﬂbr‘ _ l!:: [Aea(nﬂ)leﬁ(mﬂ)hi _ Aea(m)re,a(m—l)m:l

)

s of eanl emﬂhi + I:h" l: A eanf e,ﬂ(m+l)lar’ —4 ean! eﬂ(m—l)hi]

Aea(n+])femﬂhi _ IA"H I:Aea(nﬂ)leﬂ(mﬂ)hr' _ Aea(n+l)leﬂ(m—l)hi:|
e : (B.1.8)
— Aeanlem,ﬂhr‘ +%[Aeanfeﬂ(m+l)hf _ Aeanle,ﬂ(m—l}hi]
Dividing (B.1.8) with Ae®"e™™* | we have
lArH-l ) Mn ‘ )
all 1 _ Phi _ _-pBhi - M2 | pBhi - Bhi
e [1 b I:e e :’)—]+4h|:e e ],
1+ L o o)
al - Ijﬁl 2 (B.]..g)
Bhi —Bhi
1- ?[e —-e :l
iBh _ iph
Since — =sin(Sh) , we have
I
1474 sin( ph)
o th , (B.1.10)
1-i_sin(Bh)

4h
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The amplification factor, ’e“’l , is considered by norm of equation (B.1.5). Nevertheless, this

equation is complex number. It therefore finds norm of this equation as

(1 +i A sm(ﬂh)J[

J

)
J ()

j

[ (4 A")’sin (ﬂh)J
Ieal‘ - ; ; i (B.l.ll)
( (4) A"” sin (ﬁh)]
k
—nit
0 le”
Because of A" = P , S0
——nAt
ie 0
c
k k
0 ie;rrm le;m&r
() P P
——nAt —-—nit
ﬁe 0 ie 0
c c
A
(ar) =| ¥ . (B.1.12)
0 —
pc
Itis similar with (4"')’ which is
1 ﬂ(n+l)Ar 1 i(r!*rl)N
; 0 —e? 0 —e’
An+l - .0 ,0 ,
( ) AO —i(m-])m' AO —i(n+l)m
—e’ 0 —e 7 0
c c
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4
C
(a) =| P : (B.1.13)
0 L
pc
From (B.1.12) and (B.1.13), we can obtain that
n . n+l 2
(4) =(4™) . (B.1.14)
Substituting (B.1.14) into (B.1.11), we have
le=f =1. (B.1.15)

Which shows that the small amplitude wave system with linear drag blockage in Crank - Nicolson

form has unconditional stable.

B.2 Von Neumann stabity analysis method for Lax - Wendroff finite difference

method

B.2.1 Stability of Lax - Wendroff method for small amplitude wave system without linear

drag blockage
Consider discrete solution U7, by von Neumann stability analysis method, it can be assumed that
U’ = de""e™™ (B.1.1)

Consider the small amplitude wave system without linear drag blockage in Lax — Wendroff form

0 1 A 0
u:“]:[u:JJFL p (H:MJ_[IJ,’;_,J LB pe [".'.'.H]_z[uf,}r ",'.’._1] 554)
P ) \Pr) 2h| 4, o I\B) \BLJ) 20| 0 4 (\B, il B it

c pc

Equation (3.2.3) can be rearranged as

2

Ur =y +12’-(U;+1 HU,,",,[)+1’2—(U"

m+1

-2U8 +U2,)s (B.2.1)



0
L4
h

1
where U” =| "™ |and v = .
P .

o |

Substituting equation (B.1.1) into (B.2.2), so that

A O g _ g el mBhi +§( A mVBh _ g jant e(m-\),sni)

2

v : )
+7(Aeanfe(m+l)ﬂhr ol ernxnlemﬁhJ +Aeanj'e(m—|)ﬂ}u)

Dividing (B.2.2) with Ae®"e™™  we have

=] +K(e‘ﬁ” - e"ﬁ") + i(e"'”’ -2 +e""’”) .
2 2

iBh _ -ifh iBh . o-ifh
Since e—zi— = sin(Sh) ande—ze—— = cos(Sh) , we have
1

e =1+ivsin(Bh)—v*(1-cos(Bh)).

Since cos(24) =1-2sin*(4), we have

e” =1+ivsin(h)—v* [1 —[1 —2sin? (%D) ;

e” =1+ ivsin(Bh) - 2v*sin’ [E;EJ .

The amplification factor, |¢*

equation is complex number. It therefore finds norm of this equation as

lear(z _ (1 Sl (%D + (vsin(ﬂh))2 s

Ie""lz =1-4v?sin? (%] +4v*sin* (%EJ +v?*sin*(Bh).

Because of sin(2.4) = 2sin(4)cos(4) consequently it implies that

Ie"’ |2 =1-4v?sin? (%) +4v*sin? (%J +4v? sin® (&

e (2)
2 2
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(B.2.2)

(B.2.3)

(B.2.4)

(B.2.5)

, is considered by norm of equation (B.2.5). Nevertheless, this

(B.2.6)
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e[ =1- 4% sin? [ﬂ](l —cos® [-@D +4v*sin* [ﬁJ ' (B.2.7)
2 2 2
From the identity of triginometry, we have 1-cos® [% =sin’ (%EJ , it follows that

al

e |* =1-4v?sin? (ﬂ)(sinz (ﬁD +4v*sin* (ﬁ) .
2 2

h
=1-4v?sin® ﬂ_Jl_ 2). (B.2.8)
Vsin [ % 1-v2)
Consider equation (B.2.8), maximum of amplification factor is equal to 1. Therefore,
le=[* <10r 0<1-4v2sin* (fzﬁ)(l -v?)<l. (B.2.9)
We can obtain that max[sin4 [%’-D =1,

1—4v2(1—v2)s1,

-4v* (1-v*) <0,

4* (v -1)<0. (B.2.10)
Since v* >0, we can obtain that
vi<i, (B.2.11)
which (B.2.11) implies that
le’|=v<1. (B.2.12)

This is a condition of the stability of Lax — Wendroff finite difference method without linear drag

blockage in (3.2.3).
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B.2.2 Stability of Lax - Wendroff method for small amplitude wave system with linear drag

blockage

Consider the small amplitude wave system with linear drag blockage in Lax — Wendroff form

12

n+ n I n+| n n n n 2 n n n
Um'zUm+E(A = )(Um+l—Um_,)+g(A ) (Uns-20n+Uz,)  .(3.1.15)
k
—nls
n 0 —l-e”
where U ={;"; }and A= P
m —nit
ie B 0
c
We can let U” = 4e™e™" | so
ak At n4 n hi - Bhi (At)z n\? hi —fhi
e k —1+E(A I—A )(eﬂ =i e )+W(J4 ) (eﬁ +e Ah “2) B (B.2.14)
iBh _ ~iph iBh | -ifh
Since £2_—3=sin(ﬂh) ande—-;;=cos(ﬁh), we have
i
e =1 +i_’..(A"+‘ —A")sin(ﬂh)—fi(A")z(l —cos(f3h)). (B.2.15)
2h K
Since cos(24) =1-2sin*(4), we have
. . I n+ LR 12 n)? . ﬁh
e =I+IE(A 1-4 )sm(ﬂh)——h—i—(A ) (1—[1—231112(7D),
al 12 ny2 . ﬁh . l n+ n\.:
’_1-271;(A ) smz(—z—JHE(A '~ 4")sin(Bh), (B.2.16)

The amplification factor, |[e*’

, is considered by norm of equation (B.2.16). Nevertheless, this

equation is complex number. It therefore finds norm of this equation as

2

—(a)

2=[1—2I
h

e""r =1-4

al

le

/

'y n\2 . of Bh 4 W T P h
?(A ) sin [%Jwﬂfh—‘(zi ) sin (%J

sinz(%ﬁn +(%(A"*‘—A")sin{ﬁh)J s

(B.2.17)

+[EJ2 (4™ - 4") sin(Bh)
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Since sin(24) = 2sin(4)cos(A4) , consequently it implies that

Ie""l2 =1 ~4I—2-(A“)2 sin® (E;)+4h—4(14" i sin‘[%}

h2

2 4
ol 1—41—(A") sin® £h +4I—(A")4 sin* £h
'S 2 ¥ 2
i (B.2.18)
+(-I‘J (A"” A")z sz(ﬂ)cosz[ﬁ h)
h 2 2
Consider (A" )2 ,(A" )4 and(A"+1 -4 )2 such that
k k
0o LM o L™ |4
2 [
(4) ? = P , (B.2.19)

A g (A o &

c c pe

2
4 oT4 o] (4]
2 C
(4") =(A”)2(A”) =] F¢ pe et YA aE (B.2.20)
0 fl 0 —Ai 0 ﬁ
pc pec P
ky, ky % 0
(4 -a) =(2—e" —e” ] : (B.2.21)
0
pc
A
substituting (B.2.19), (B.2.20), (b.2.21) into Eq(B.2.18), and let | ©° =B 50 we can

0 4

pc

obtain that

e[| =1~ 423 sin® [ﬁ’l] + 4%(15:)2 sin* (ﬁ_’l)
h 2 h 2
3 e by ’
+ [ij (2 —ef —e? JBsin2 (ﬁ]cos2 (Eﬁj
h 2 2
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2 4
|e"’”2 =1- 4-‘-1—~Bsin2 ph + 4[—(13)2 sin* fa
W 2 4 2
(B.2.22)
Ey iy

+ [LJZ [2 = (e:’N + ei‘_’m J}l‘?sin2 (ﬁ) cos® [Eﬁ]
h 2] 2
ep

P
Since - o 1. LI cosh (E At] , we have
2 P

Je”"r =1—4£Bsin2[££J+4(m)4 (B) sin [—@]
h 2 )" () 2
, .
+ 2(£J {1 —cosh {imJJBsinz (ﬁj cos’ (ﬁJ
h Yo, 2 2
Since cos’ [ﬁJ =1—sin® [ﬁJ , we have
2 2
|e""‘2 =1- tJf—l—::—.l'j‘sin2 [ﬁj + 4%(3)2 sin* (ﬁj
h 2 h 2
+ 2[1] [l = cosh[iArDJ.‘i'sin2 (ﬁ](l —sin? [ﬂD
h yo) 2 2
» h I h
I "l =1- 4h Bsin (ﬂ )+4—E—( ) sin [‘B )
+2[£J2 1-cosh —’-C—A:) Bsin [ﬂhJ 2(1]2 l—oosh[ﬁmj Bsin* (ﬁj
h P h PO 2
Consider equation (B.2.24), maximum of amplification factor is equal to 1. Therefore,
4'1;(3)2 Sin‘(ﬁl—)+2[i) (1 -cosh(iArDBsm (ﬂh)
h 2 h P 2
< Z[LT(I —oosh[ﬁAt]]Bsin (ﬂh)+4 Bsin® (ﬁhJ
h P 2 IS 2

We can obtain that max(sin4 (%D = max (sin2 (% ] =1, it follows that

42-1(3)%2&} [1—cosh(%m]]352[ﬂ (l—cosh( ; DB+4;;—ZB (B.2.26)

Rearranging (B.2.26), we can obtain that

(B.2.23)

(B.2.24)

. (B.2.25)

12
- (B) <58 (B.2.27)
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2 2
Since —ITB = (At)2 B >0, we have
h (Ax)
AI 2
(5) B<l1, (B.2.28)
A
where B = pe
0
pc
£m!u -'iml.r
0 -l-e" 0 —1~e‘° i 0
2 c
From (B.2.19), (A") = \ P . P wl P = B, it implies
ﬁe—;nﬂl 0 ijg-e—;nm 0 0 _143_
c c pc
that
MY e
- ( A ) <1, (B.2.29)
k
—nAr
0 le"’
where 4" = ; £
ie“w’;’w 0
¢

So the amplication factor le"" is implies that

(D)<t (B.2.30)
4
c
where D = p
0o |
pc

The inequality (B.2.30) is the stability of the small amplitude wave system with linear drag

blockage in Lax — Wendroff form.
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APPENDIX C

Percentage of Errors

The percentage of errors is the values for indicating of compatibality of method in
statistics. Its definitions gives that the percentage error is

x100% , (C.1)

5o V=Y rox
L

where Vis true solution andv,,, . is approximation solution.

However, in mathematically, we find that the numerical solutions is equivalent to the

approximation solutions which tends to the analytical solutions (true solutions). So,

x100%, (C.2)

= §=8
S
where § is analytical solution and S, is numerical solution.

Furthermore, we find the mean percentage error (MPE) is

100 (S-S
PE= num
MPE="3 Z s |

where § is analytical solution, S, is numerical solution ,and N is a number of solutions.
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Abstract: A Mathematical model of blood flow in a vessel with blockage can simulate
flowing behavior. It is important to gain an understanding of the physical mechanism
underlying the shape of the pulse in abnormal physiology. In this research, a blood flow
in a vessel with blockage is governed by small-amplitude pressure wave equations. The
approximate solution is determined by using a Lax-Wendroff method.

Keywords: Blood flow; Blockage; Blood vessel; Small-amplitude pressure wave; Lax-
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1 Introduction

Atherosclerosis disease, the disease in circulatory system begins with
accumulative of fat tissue within a vessel [1], is the fat blockage in the vessel which leads
to critical blood vessel diseases such as stokes, paralysis, hemiparesis etc. Furthermore,
many researches supported that the blockage was main cause of the heart failure or
cardiovascular disease [6]. One of the systems of equations called “The small Amplitude
wave equation” was derived by J. Keener and J. Sneyd. It described the phenomena of
blood flow on a small-scale of velocity and pressure conditions [2]. In [1] and [3], they
studied blood flow in a vessel, especially in artery blood vessels. The modified form of
small amplitude wave equation could be computed to resolve about this problem.

2 Governing Equations

In [2], mathematical model of blood flow in vessel by small amplitude condition
was created. They derived it under the assumption of conservative of mass or continuity
equation and conservative of momentum with small amplitude condition such that

*Corresponding author e-mail : chewinp@gmail . com
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pu, + P, =0, @1)
P+ Au_ =0, 22)
where u is velocity of blood flow (em/s), P is pressure of blood flow (mmHg), p is

density of blood flow (g / cm®), ¢ is compliance factor of blood vessel (cm?/ mmHg)
and A, is cross — section of blood vessel (cm?).

Of course, since the affect of the blockage, we modified the equation by assuming that
there is drag force in terms of blood velocity as shown in figure 1. Hence, by physical
situation, the drag force of fat blockage is linear velocity drag force the equation systems
of blood flow in small amplitude with linear drag force becomes,

i ety 2.3)
p P

P+t 0. (2.4)
(4

With initial condition:

u(x,0)=0.3+0.1sin (%x]

P(x,0)=100+ 20sin (%x)

forall 0<x <1 atf=0.
The left boundary condition:

L (2%
u(0,£)=0.3-0.1e sm(—r]
T

. (2
P(0,£)=100+20sin [—”rJ
T
forallQ <7 <Tatx =0. Another right boundary condition is
ou oP
—(x, ) =—(x,1)=0
o (x.1) e (x.0)

where Ais wavelength of blood flow in artery, 7 is wave period of blood flow in artery,
and 7 is damping constant of blood flow.
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= =>
u(x = 0) u(x=L)

Blockage
0 L

Figure 1 llustration of blood flow in fat blockage (red dash line) which assumes this
affect by dragged force inside.

Let u(x,t)=v(x,1)e”™'” . Substituting them into equations (2.3)-(2.4), yields

1 L
v,+—e? P =0 (2:5)
P
Ay
Baltg by =i 2.6)
c
It can written in the matrix form as
U +4U, =0, 2.7)
where
er;r.’p

0
U={v} and 4= P
P Ag e 0

c

3 Numerical Technique

Lax-Wendroff method

We now discretize Eq.(2.7) by dividing the interval [0,1] into M and N subintervals
and such that MAx=L, and the intervals [0,7]into N subintervals such that
NAt=T. The grid point(x,,,)are defined by x, =mAxfor all
m=0,12,...,Mand ¢ =nAffor all n=0,1,2,....Nin which M and N are
positive integers. We can then approximate v(x,,f,) by V!, the value of the
difference approximation of Vv(x,f) at point Xx=mAx andf=nAf, where

0<m<Mand 0<n<N, and similarly defined pressure P(x,,,t,) for P". Using

the Lax-Wendroff method [4] on Eq.(2.7), we can obtain the following finite difference
equation:
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272
n+l _ ryn dk n n a k n n n
Um _Um _E(Umﬂ _Um—l)+W(Um—l _-2Um +Um+i) (2.8)
The Lax-Wendroff method is second order accurate and it is stable if amplification
factor a—k <1, [5].

4 Numerical Result

4.1 Approximate solution for non-blockage blood flow (undamped
case)

In this section, approximation solutions are separated into two sections. First, there are
solutions of blood velocity and pressure in undamped (7=0) or non fat blockage

condition. We choose Ax = 0.02 and At = 1 with amplification factor is 0.7494

Velocity of blaod flow uix.f)

Figure 2 The tendency of solution of velocity and pressure of blood flow with undamped
(7=0).

4.2 Approximate solution for blockage blood flow (damped case)

Another, solutions of blood velocity and pressure in blockage case (77 >0 ) are
determined by Ax = 0.02and As =1with amplification factor is 0.7494. We compare about
vary damping characteristics by using many damping constants which follows that



743

Proceedings of AMM2013

=10

Casel: n@

=10.

Figure 3 The tendency of solution of velocity and pressure of blood flow with 77

=30

Case2: 7@

8
(LRSS
\\\\\\ 1\\00

TRETET

=30.

Figure 4 The tendency of solutions of velocity and pressure of blood flow with 7
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Case 3 :

Pressure of tiood flow P(x.)

Figure 5 The tendency of solutions of velocity and pressure of blood flow with 7 = 50.

5 Conclusions

From this research, we only find that the velocity of a blood flow decreases along with x-
direction (space dimension) for increasing the damping constant. While, blood pressure
do not decrease although there is increasing about damping which is factor of plaque size
into a blood vessels.
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