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In this thesis, swinging up and stabilizing controllers for a rotational inverted pendulum
system are presented. The energy concept is employed for designing the swinging up controller
while the servo state feedback controller with minimum-order observer designed by CRA is
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ABSTRACT

estimate two immeasurable state variables.

The experimental results in controlling the rotational inverted pendulum system show that
the proposed controllers can swing the inverted pendulum up to the upright position within two
seconds and stabilize it there as desired. Furthermore, the controllers can still control the

rotational inverted pendulum system efficiently when the length of the inverted pendulum is

changed or the disturbance is entered to the system.
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iedailandunielou G(s) vesaumsi (3.1) Woglugihwulmidaaunsi 6.7)

G(s) = a,la,

(3.7)

n n-1 . n-1 &

d,
Ol X i P S4+—
a a a

n n n

v

uda Aadamvesaunsi (3.7) wawsalouldeglugianvesduilsy dns Ini 188l

n3oweu Iniily

n-1 n-1 n-1
=[1 [12 - []a b,] (3.8)

i=n-1 i=1 i=0

1 a, 4 o =]
Taoh b, =——, i=0,1,2,..,n—1 uaziiledesmsdiunnuSinanouauovoIszuy
a.

i+1

E
awfuudeninldeenuuuuds AowsodiuldTaeldunnmes & daiu j1livavoes

o

= 4 4
wilseansniiunnnes k Ao
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i=n-1 i=0

n-1 n-1 n-
A=[1 k[Ta . ¥'T]5 k"l_ib,] (3.9
i=1

J o 1 o r Q.J H v -ﬂy
vz lansdananionall ¢ waeu'lyseil

F= l(fﬁ'J (3.10)
k\ a,

— a1 ' & w n’: dor ¥ o 4 w
Taoh k UMUINNNHUI AU ‘Wﬁﬂ‘h“umﬂiﬂu‘ﬂﬂ\‘l5B‘UUﬂﬂﬂﬂﬁﬂlﬁﬂﬂiﬂﬂ'ﬂlﬂﬂlﬂﬂg k %
¥
ni‘lumu
k"a

0
= . (3.11)
a,s" +ka, 5"+ -+ k" as+k"a,

G, (s)=

] ¥
uazvz ldnqugudnyazalavesszuy P, (s)diedSusmnines k uddane Ui
P(s)=a,s" +ka, s"" +..+k""as+k"a, (3.12)

& o P o 9/ o A [ <
Fautluaumswpuwguanvazeiafissinnlflumsoonuuudniuguiiedsunnusa

HANDU AUDIVDITLUUAITS CRA

3.5 190U lvadasmnues CRA

- = n:i o e’r’ y-:'u
ﬂ'liW"iﬂim"HﬁﬂU'iﬂ'IW‘UEN'i&’“lJ‘lJVIQﬂ’EJE]ﬂL!‘]JUIﬂU’J‘E CRA UY ﬂx“l‘mmu'lumm

~ 9 o = a Y o @ 1 qiv
WOINBIT NI VLA DT NINUDIANINDN [8] llﬁﬂﬂ1ﬂﬂﬂﬂﬂﬂ1iﬂ\!ﬂﬂ1ﬂu

Jaa,, >1.4656 dmiunnaawed i=1,2,..,n-2 (3.13)

@, 21.12374a; dmsunnamves i=2,3,..,n-2 (3.14)
. 1 1 4.,

& =—+—;a,,a, =0 Tavh i=1,...,n—1 (3.15)

&,

i+1

a

i-1
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4.1 MIVLNUVUAINIVANM IHIGIVUVDAUNUG AN
o :; J Y] dy Y at dy ar -&
m'm'mf;nmsm'mwmmqmu@,a:uuvs‘lwanm'swujmummsmuﬂuwmqm 43
9 i o d‘ 9 o s 45 v o - J ]
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IWURANLU DT IUHYULAAIAIFUT 4.2

0
) =~
E. = dcosd and  u sTUBUNeI NG AN -
=2 — - fcos 3
+ P I UL =0
A a o
aoulvaing |«

yoF %Jﬂ" +mgl(cosd-1)

. - v
1 4.2 Ts9a319520UAWRUM SN IV UYBUNUYY

o 4 & v o = y
11«!ﬂ']5ﬂﬂﬂlﬁ]‘]Jﬁ'JﬂTiJﬂllﬂ'l'ﬂﬂ'lﬂ@ﬂlu‘llﬂﬁtwuﬁ]ﬁﬂuu ilzwmimmmzmumsmgu
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z 4 | 1 o d‘ ar \J y
Al aumsmandeuiveanugduvesli 4.3 uaas ldasaumsan Tl
Jpﬁ—mglsinﬁ-i-mualoosé':O 4.1)

TAUaUMINAINUYDANUG Y warns 1R saumsi 4.2)
1
E=§Jp9 +mgl(cos@—1) (4.2)

éqﬁumﬁmﬁa‘lﬁwﬁumnmﬁuquJlﬁl'mwuﬂﬁumgﬂﬁwcj U VTIUYAANAAVY TINNY
A wounugauiugud

“Ium'sﬁﬂ:muqnwﬁmmfu srdeudhladend anusuFaduiiganyuves
mu@ﬁuﬁyﬁwﬁﬂﬁﬂsz'nuﬁamsaﬂﬁuuuﬂmwﬁwmadw"l‘s Tuhaunisfi (4.2) imeyug
Woufunailavfinsaiaiunisindeufiiveswudanugduaimaunisi 4.1) 9214

aumsh (43) faii
> | J p06 —mglfsin @ = (-mlfcos O)u, 4.3)

= Y o v @ cf o 9o A d” {I =
TFUN1IN (4.3) uﬁﬂﬂmﬂum ﬂ"liﬂ'J‘Uf]lJWﬁ\N'luuﬁ'ill'Iiﬂﬂ11ﬂ#ﬂﬂ IHBIINITSUUUHIVUIWNGD

a a P o @ 4 ' < Py '
sufitnsmesufudasvoioldouuas ed1alsinm szuviiee limusanluquld
A o " T | d a @ g -
dioyuvoamugduiiiiy += isRounTennuE AFave unugduiiugud (6 =0)

A o 4 & v 4 a &
Tumaamdsmuieldannsomloanugduiug - o uSuuaaugaULY
manususudy », msvzduindenves Geosd iWuay uazlumenduiumanmss
a 9 g'q " -+ ac as dyn ad
Fadu u, aswduaudieawes Geosd Wuwan Amsaruguwdsnuiithitves

aomuev (Lyapunov) anldiinsandemyuenilanduuansfsannisi (4.4)

_(E-E)
2

4 (4.4)

HAZNYMINIVAULAAIAITUMIN (4.5)

u, =W(E - E,)0cosf | 4.5)
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: = ' - o o - | o = a
Tavh W Aednsi uaz E, Aoszaunasnuidesns iehaunisi 4.4) Tumoeyiug

Weutunamdnihaums @.5) unuasluaumsn @.4) w'la

% = —mul(E — E,) cos @ = —mIV((E - E, )6 cos 0))? 4.6)

- o ¥ ' H .
WU ¥ <0 (negative semi-definite) azdoyuenilanduiiszanansiumiii 60 uaz

o 1 ﬁl d‘ 3 ) ” o ﬂ’:
cosf # 0 ms1eyuwugauez hiagiandmmua 2 aon 1A A0l ngNITAIDNAIN

P g & Wi 1 4 w a
aumsn (4.5) 1 szldundanulldsmasnundesms £, ¥aeandosny o usow
o ] & Y o a c:’ P 9 o oA
fumisyaaugavy uaziive Iimsnlaoumlamdsnuiin/asundasldedesias amne:

s q’: 1 - = ' l:i é
A8 sainauiaveannus aFudu u, arssziviauinminezduly1d d9 W aas

W ADINAIIN taae ldaar Uil
u, =sat("V(E - E, )sign(é cosd)) (4.7)

4 a a o [ = i
111999 INBUNAVDINITAIVANIZVUBUBI MNUgALABIsIlia 7, uazludiuves
\ 3 o J ey ] _ Al
M13AIUANM I ITITNYsuN ANz idunafendims usudy u, IR
¥ v [ v
anusagudy o vunlifuasefunsata 7, dAniulsaunseldngmsauguindnuiiny
a d W Y o w A £ a o a
srpudunoimwugan lduazdediiadndszmaniavesszuudueinmugdnlu
8 o owa :i L3 dydl o or 1:‘ Ci l;
Hoafiiamsiinnnuiiiie mimhngmsmuguasaumsi (4.7) Tdawguasmiseiu
or o o l { d'. o é’
YouNUARY 9199291 1 g IUVB AN F U UHAIBTOVIUNTIABNTO NI IBUNU ALY
4 o ya o ¥y ¥ _ o d’ - a a ¢ W q’.‘d
Faazilfifasuase]d dningnisniuguil ldatugueds luinerinusatvil Ta'14
o 4 ] [ J 1 e = (3 1] o
smuaiionludmsuduna u TaoiuegiunamI9vee u, HAZA M HIUUOIFIUINUYAY

¥

@ A
AU

u, (u, =20 and B<p.)
0 (u,20 and B2 p)
", (w,<0 and B=B,,)
0 (u,<0 and B<Prin)

(4.8)

4 o s ar = w o ] 1 J
el sz uUBUNB NWUANLU VT IUNYUA NI AMITANUYANIINAUHIIAANADD VY

dewmiagaaugauu ldlaghitisuasy
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o = 4
4.2 MIRNUVVNINIVAMADYTNINUYBITZUUIUNDITMIWHIVUF UK
- o a & 1
Tnsaaivosmsnuqudunesnmugdulfaunsodmsed o  yacugauuves
SEUUAIVANBUNOS MU FUHIUF UMY UIEAIA 1T 4.4
v . 14
A ldndrmudai lumssnuiatosnmuesdunesmnugdulidmsiey o ga
g Vo o [ 1 [ o 4 v w o
augavuldin  sglddnuguaes Trflounduaouzswivesumesinesuuudududiga
é ' ar r el e o ;
Famoasveoees iloundudome  wazdasvnsesuwesnesuuusududigazgn

DONLUUAILIT CRA dannaudrluiadedn 3.1

r(t), I —I_é’_(tj _______ ) X sTuuBUNB I MINUGAY y(t)
HULFIUNIYY

|
wes Ihileundvaoue :
|
|

¥

3U1 4.4 TassadavosmsninquiuneSnmugaulidnsied a yaaugau

MsoonUUAINILAABS NE B N IMYBIBuBI NI FUAILTE CRA zunle
pantilu 2 dau e dauusnziiuiinseenuuudiniuguises laflounduaniug uaz
Badrurzuaasmsoeniuussues e s uA A 1ga e dszanamdusaoue
aoaiaf luamnsoam 18 Tavnss (AT IVOAMINUGAVLAZA NS WO IYUFIUINURTY)

¥ b

& Y 1 r o s o 1 @ Y
ﬂammsaammumﬁmmuuuﬁmlinaammu"lﬁiﬂaﬂmgmmu ﬂ\‘l‘ilzﬂﬂ’l'lﬁluﬂj‘llﬂﬂﬂllﬂ

4.2.1 m3eenuuuiInIUguweshtleundvaniue
[ = a o w Yt = o
ﬂ1'iiﬂ}J'HfTﬂU‘jﬂ'IW‘IJBQSUL'JS?‘ﬂlwuﬂﬁnﬁlﬂﬂlﬁﬂﬂiﬂ'lw W UTIUYATUYAVU
9 Y o [ u’: A a a d 9 A '
Awdmunuwes ileunduaaziu Tamuduninsinesith l)luszuuaiuqguivesie
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¥
lunsdifl wasnd C Fuilummindiordnavesszuudune fmmugduuuugunyy
] ¥ ]
Tuaumsi 2.9) Muzldougililumaind H=[0 1 0 0] Taviilassadreszuuniugu

o [y o !
s Ifleunduaniuzuansdagili 4.5

(¢
r) _s”()

A

£(1) 50

4 o o
51 4.5 Tnssaieszuumuguaes ldeunduanuy

o" o o a °
inInsead szuunugures Difeunduanmgdsgn 44 swmuald

E(r) = r(t)-y(1) (4.9)

Taof y(r) Ao Mumiayuuosguwugdy  #() Ao AuMueB1eBave U IUINUGAY 1D

> 1A o ' o @’ 3 =
E(t) AD ATHANAIAYDIRIMMUVOIFIINUGAYN ANTUIZTNNIDWIUAUMITIUZIDY

i
@

AUNITIDINHAVBITZUVUAUA (augmented system) AR

x.(0)= Ax,({)+Bu(t)+F.r(t)
(1) =Hxx(t)

(4.10)

Taeh

o L o)l oL
x, (1) = A= ,B,=| |,F,=| |uaz H =[H 0]
E() “H 0 0 1

4 1 o g/
MNAUNITN (2.9) 511—3%«11&1?% A uaz B ﬂmﬁzuummmmuqn"lﬂ (controllable) Lo

A B
rank =n+l
-H 0
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b4 o 1 )
1A wMWTEeeNUUUAINIUAN IMAILRUITIDUARNES Y (4.10) Diadesnmuasiassouy
v
MuA0INs 1

Amualidyapuniuguuesszuuuauasy nansdaaunmsi (4.11)
u(f) =K x, (f) @.11)

WoK, =[K: —k] lavh K=[k, k, - k] Wuwainddasiverwilounduaniug

(state feedback gain matrix) YUIA 1x4 uag k, Wumdasvewduinga (integral gain)

i

'
=)

NAIVINUNUANNITN (4.10) aaluaunisn (4.9) udq sz ldaumsaniuzvesszuutoundy

¥
o

VOITLUVUAUNT WAL
x, (1) =(A, -BXK,)x, () +Fr() (4.11)

4 " a o = ° a o
FIAUNIZI (eigenvalue) VOUNATAS A, —BK, swildniluay uazezgnimuadiommning
[ w 1w a a P 9 ad

sanvewilounduaniuy K uagmoniwewduiinia k fieenuuudieds cra Taouaa
szuuauasy (4.9) Megluguuuyd@annsaniuguld (controllable canonical form)

Taold x (1= Tz(r) doiu wulasszuuudaasy (4.9)14dai
z()=T'A Tz()+ T 'Bu(t) + T'Fr() (4.12)

Taoi T=MW 1iije M fio wa3nganmuainnsnluniiniugu 18 (controllability matrix) uag

- a U
JUYIUN

M=[B, AB, A’B, .. A’B |

5

waz W o

5 6, - 5,1

S & 10
wol : .

S,

_1 O -
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:i N o a o
lawi 6,,6,,...,6, Aadulszansvesnyuunuanyuy

Pi(s)=|sI-A,|=s""+8,5"+...+ 5,5+, (4.13)

10932 UUITAv0IaUNITH (4.9) uazilleunudawinmesaniug x, ()= Tz() asly

ar o l:; ' o o ﬂa”
dyanunIug (4.10) ud a2 lddygranuguitegludulsanug z(r) il

u(f) = K, Tz(r) (4.14)
iile Kst[IEU k- IEJ iy e dyanunIun (4.14) asluszuy @.12) 9214

(1) =(T"'AT-T'BK,T)z(t)+ T 'Fr(r)

- . 1 r 0 1
0 0 1 4
1 5 s L0+ TR )
0 0 0 L
(ath) (k) ~(8,4k) - ~(8,+,)

A A s 1 =y
aaezinyuuguanyuNavesszuuiauasuie
P(s)=|sI-T"'A,T+T"'B,K,T|=0

. " 4 . 5
= s™ + (§n+kn)s" +(5,,_E+k,,_1)s" +...+(§,+k,)s+ (60+k0) (4.15)
A Y o a0 A y o ' a 4
e laaumsnyugadnyag9adsaumsi @.15) udnansammmnimes

¥ td
¥0962 ARy K, @135 CRA laTaviidunoudsae i

1) @enmdandmgudnyuy o MMiannn 2 wazlimasiauaniom’ld ¢ whdy 1
vy mdudssdns @, vinaumsih 3.5) e ldaumswypugudnyazaataves

' a Al Yo Y a
5$Uﬂllﬂ\1lﬁiﬂﬂl’lﬂiﬂﬂ15ﬂﬂﬂLLUULLﬂ’JﬂBQ’IUEﬂ

4
a

n+l

al (4.16)

s +

a 85
P(s)=s"™'+ 25"+ 2Lg" 4+
a a

n+l

a

n+1 n+l
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lﬂl o =] Q{ s J a
lavi ay,a,,...,a,, Aedulszainsvemyunudnuazielavesssunudunsy

d

2) eudulszansuosaumsi (4.15) fudulszansvesaunish 4.16) 12l

i a
— 0
8y +hy =—2
am—l
& a,
& +hk =—1
an+|
N a
o, +k, =—=
a

wasnnudaumsudiee1d K. T =[l€ k, k,,] W30
K, =[k & ---Jén]T“‘{i- /g 59~ 58 —5,,}1“-' 4.17)
an+l an+l an+1

& g a W ar @ ar
Fuiluwasnddasvmeteunduanmzvesinuguaes ileunduaas vesszuy

uasasuRE i Mty et nmveunugdy u garuRaLY

d g2l C,
4.2.2 M30ONUVVOBLIFBIIBINVLUN 1A
1o o A " o o
Tumsnlszinamdulsaomzassdan oo da 18 Taoase (anuisveayw
w d o 3 4 o W g 4
IWURAN LAZANMTIVOIUT INURAN) 9z I uivesnesiunduRuMgadad Tasardiae

wananagli 4.6 Whungaelumsilsznma

u(t) ) ITUVBUNBININUGAN y()= ﬁ,(’ )
LU
= y Bb - KeBa
0 ~
i A, -K.A
X(1) Y f
-—— +
1 ] @*—
...Kc Iy

-:;, 9 o L4 @ o o
3UN 4.6 TnsaaisvesvouiresnesuuusuA AR
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$ = L3 o 4 W i
oINSz UVBune Mmugduu g mnyu luaunsi (2.9) sxiidanl sz

9
@ 2w

Ja'laTavass x,(1) uazdmudsaoiusizdoa)szuianm Xp (1) AU R auns

L]

L4 9 A |
ﬁﬂ1u$1lﬁ$ﬁﬂﬂ1'§lﬂ'!ﬂ7!ﬂ‘llBQi$‘U‘U1ﬂWmﬁ1ﬂ‘Uﬂ~1u

...... = venwnevases varren o] s u(t) (4.18)

X4(1)
y®)=[1:0]f ---- (4.19)
Xp (1)
Tavii
mgR* + Jg 0 0 bR
A = 0 0 (1o 3, J B o Jl
aa 0 0’ ab 0 1’ ba _ng 0’ bb_o_f_,
J Y

H = 1 a o ' do o o v w o
m‘naﬁ 4.1 l‘HUllﬂTW'li111mﬂ'35$14'ﬂ‘1ﬁ11ﬂ15ﬂﬂ'luxﬂﬂ']ﬂ“ﬁﬂ;nﬂiﬂuﬂﬁlﬁNilﬂzﬂuﬂ'ﬂﬂ']qﬂ

o ‘o o o o do @ o
DOUYDINIDIDUALLIAY Bﬂlll"]fﬁl'il?i’)‘iﬂﬂﬂﬂﬁ']ﬂﬂ
(0 X, (1)

A Apb
Bu(t) Ay, (1) +Byu(r)
y() X, (1) = AgX, (1)~ Bu()
C Agp
K, (4x2matrix) K, (2x2matrix)

o 9 o P s ” w o 4
VINTUNITN (4.18) ﬂ$1ﬂ’ﬁ1!ﬂ’lilﬂ]ﬂ?‘gﬁﬂlﬂﬂﬂﬂﬁl‘lﬁﬂinﬂillnnﬂuﬂﬂﬂ'l’c]ﬂf‘ﬁﬁlﬁu

AumsaauaIunausadIan1eanin 14 lauass Aaaunsi (4.20)

ia' (t) - Aaaxa (t) - Bau(t) = Aabxb (t)

(4.18)
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o v W o’ & 1 ! ' Y
uazﬂz'lﬁ’fmmi'dmuwmaaummmas”uuuauwmqmmﬂuawnmuﬁ"lummsmam
1aTaonse Aaunsn 4.21)

%,(£) = Ay X, () + A, X, (1) +B,u(r) (4.21)

MUY 119NN FURUTVDINIITINDS YOI AUN S ANIULD VTS0 T HU DS UA LIE S
'3 o o ; s P o
fmn1'5ﬂmuzafmwasrmﬁmuauﬂumqamuﬁm“lumi'm'n 4.1 92 ldaunmseouiwesiey

é’uﬁué’hqaﬁ'«f’:
ib(t) =(Ay —KALX, (D + A, x, (0)+Bu()+ K, (x,(1) - A_x,(6)-B,u(t)) 4.22)
nianniaglvosaumsii 4.22) lnalez14
X, (0-K.x,(0) = (Ay — KA, (0 +(A,, ~K A, )y()+(B, - K B, )u(r)
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() = Ciy(n) + Dy (1) (4.25)
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v.1 Isunsumadasvenenveshileundu d1635 CrRA
(sunsuumaudl)
cle
clear all
m=0.127; 1=0.49; R=0.35; J=0.0445; b=0.05; Fc=0.04; Fs=0.12; g=9.8;
A=[001 05000 1;g*(J+m*R*R)/(J*1) 0 0 (R*b)/(J*1);-m*R*g/J 0 0 -b/J];
B=[0 0-R/(J*1) 1/J]; C=[0 1 0 0]; D=0;
Al=[A zeros(4,1);-[0 1 0 0] 0]
B1=[B;0]; C1=[0 1 0 0 0]; D1=[0];
K=1.0; T=3; L1=3.4; L2=3; L3=3; L4=3; L5=3;
as=l1;
a4=(L1o*L20*L30*L40*a50)/To;
a3=(L1o*L20*L30*a40)/To;
a2=(L1o*L20*a30)/To;
al=(L1o*a20)/To;
a0=alo/To;
dd=[a5 a4*K a3*K"2 a2*K"3 al *K"4 a0*K"5];
p=roots(dd)
F=place(A1,B1,p)
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v.3 TWsunsummsanvensesuisesne fuuusuiudigads CrA
(Isunsuuuauinl)

close all

cle

m=0.127; 1=0.49; R=0.35; J=0.0445; b=0.05; Fc=0.04; Fs=0.12; 2=9.8;
A=[0010;000 1;g*(J+m*R*R)/(J*) 0 0 (R*b)/(J*1);-m*R*g/J 0 0 -b/J];
B=[0 0 -R/(J*1) 1/J]; C=[0 1 0 0]; D=0;

ab=A(1:2,3:4)

Abb=A(3:4,3:4)

Aaa=A(1:2,1:2)

Aba=A(3:4,1:2)

Ba=B(1:2,1)

Bb=B(3:4,1)

K=1; T=3/4; L1=3.2; L2=2;

a2=1;

al=(L1*a2)/T;

a0=al/T;

dd=[a2 al*K a0*K"2];

PP=roots(dd)

Ke=place(Abb',Aab',PP)'

Ahat=Abb-Ke*Aab

Bhat=(Ahat*Ke)+Aba-(Ke*Aaa)

Fhat=Bb-(Ke*Ba)

AA=Aba-(Ke*Aaa)

BB=Bb-(Ke*Ba)
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v.4 Til'xunmﬂ'mﬂnmimﬁjm%mmz%’nmmﬁﬂm1wwuzwﬁunai’mwugé’mmu
Uiy

(Tsunsunud)

#tinclude <DOS.H>

#include <STDIO.H>

#include <MATH.H>

#define TCK 0x0d

#define DATA 1200

void interrupt (*Old ISR)();

volatile int port300,port301,port302,port303;

volatile int sp1,sp2,encoder_p,encoder_m,i,j1=0,j=0.0,j2=0,sig,count;

volatile float A31,A34,A41,A44,B31,B41;

volatile float theta,theta_t,thetadot,beta,beta_t,betadot,thdot,bedot;

volatile float Ktheta,Kthetadot,Kbeta,Kbetadot,Ki,Mi,R;

volatile float Kthetal Kthetadotl,Kbetal Kbetadotl Kil,R;

volatile float fb1,fbldot,fb2,fb2dot,output=0.0,output1=0.0,t=0.025;

volatile float Fbar,Fs,Fc,Fhat,Ec,CoE,refb,r,Mi1=0.0,err1=0.0,err;

volatile float rh=0. 127,1=0.49,R=0.35,1=0.0445,b=0.041,g=9.8,En,Ue,ge=10;

volatile float Kel1=2.3,Kel2=-0.5,Ke21=1.1,Ke22=1.4;

volatile float Nn1=0.0,Nn2=0.0,N11=0.0,N21=0.0,N110=0.0,N210=0.0;

void interrupt My ISR()

{
disable();
port300 = inportb(0x300);
port301 = inportb(0x301);
port302 = inportb(0x302);
encoder_p=(port302*16)+((port301&0xf0)/16);
encoder_m=((port301&0xf)*256)+port300;
theta=((float)(encoder p-sp1))*0.001571;
beta=((float)(encoder m-sp2))*0.001571;
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if (beta>3.14)
beta=beta-6.28;

else if (beta<-3.14)
beta=beta+6.28;
betadot=(beta-beta_t)/t;

thetadot=(theta-theta_t)/t;

if(fabs(theta)<=0.3 && fabs(thetadot<0.08))

{

=1

}

else if(fabs(theta)>0.3 && fabs(thetadot<0.15))

{

J1=0;

}

ifj1==1)

{
N11=(((-Kel1*N110o)+((A34-Ke12)*N21o)}+(((Kel1*Kel 1)
+((A34-Kel2)*Ke21)+A31)*theta)+((((-Kel 1*Kel 2)
+(A34-Kel2))*Ke22)*beta)+(output] *B31))*t)+N110;

N21=(((-Ke21*N110)+((A44-Ke22)*N21o)}+(((-Ke21*Kel1)
+((A44-Ke22)*Ke21)+A41)*theta)+(((-Ke21*Kel2)

+((A44-Ke22)*Ke22))*beta)+(output] *B41))*t)}+N21o;

thdot=N11+(Kel1*theta)+(Kel12*beta);
bedot=N21+(Ke21*theta)+(Ke22*beta);
err=0-beta;

fb1=Ktheta*theta;
fbldot=Kthetadot*thdot;
fb2=Kbeta*beta;
fb2dot=Kbetadot*bedot;
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Mi=Mil+((err+err1 )*(t/2.0));
output1=-(fb1+fbldot+fb2+fb2dot)-(Mi*Ki);//Fhat;
output=output1/(0.3*0.181);
ifloutput>=127) output=127;
ifloutput<=-128) output=-128;
port303=128+output;
outportb(0x303,port303);
errl=err;

Mil=Mi;

Nllo=Nl1;

N21o=N21;

theta_t=theta;

beta t=beta;

}

else if (j1==0)

{
En=(0.5*J*(thetadot*thetadot) )+ (m*g*1*((cos(theta))-1.8));
Ue=100*En*thetadot*cos(theta);
if (Ue>0 && beta>0.1) Ue=0;
else if{(Ue<0 && beta<-0.1) Ue=0;
else Ue=Ue;

outputl=Ue;
output=output1/(0.3*0.181);
ifloutput>=127) output=127;
if(output<=-128) output=-128;
port303=128+output;
outportb(0x303,port303);
err1=0.0;

Mil=0.0;

theta_t=theta;

beta_t=beta;

}



i=it++;

outportb(0x20,0x20);  /* End of Interrupt */
enable();

}

void main()

{
FILE

*pwl *fpw2, *fpw3, *fprl, *fpr2;

clrser();

if((fpw1 = fopen("thets.m","w"))==NULL)
{
puts("cannot open file theta.m\n");
exit(1);
}

fprintf{ifpw1,"a = ");

if((fpw2 = fopen("bets.m","w"))==NULL)
{
puts("cannot open file beta.m\n");
exit(1);
}

fprintf(fpw2,"a =[");

ifl(fpw3 = fopen("outpus.m","w"))==NULL)
{
puts("cannot open file output.m\n");
exit(1);
}

fprintf{fpw3,"a =[");
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if((fpr1 = fopen("F1.dat","r"))!=NULL)
{
fscanf(fprl,"%e %e %e %e %e",&Ktheté,&Kthetadot,&Kbeta,&Kbetadot,&Ki);
fclose(fprl);
}
else printf("Coudn't open the file \"gain.dat\"\n");

if{(fpr2 = fopen("gain.dat","r"))!=NULL)
{

fscanf(fpr2,"%e %e %e %e %e",&Kthetal &K thetadot],&Kbetal &Kbetadot],&Kil);
fclose(fpr2);

}
else printf("Coudn't open the file \"gainl.dat\"\n");

sp1=2000;

sp2=0;

outportb(0x305,0x04);  /* Clear All PIC Microcontroller */
delay(5);

outportb(0x305,0x07); /* Enable Encoder Microcontrollers */
outportb(0x303,128); /* Stop Motor */
A31=(g*(J+H(m*R*R)))/(J*1);

A34=(R*b)/(J*1);

A41=(-m*R*g)/J;

Ad4=-b/J;

B31=-R/(J*1);

B41=1/J;



vhile ('kbhit())
{
port300 = inportb(0x300);
port301 = inportb(0x301);
port302 = inportb(0x302);
encoder_p=(port302*16)+((port301&0xf0)/16);
encoder_ m=((port301&0xf)*256)+port300;
theta=((float)(encoder p-sp1))*0.001571;
beta=((float)(encoder m-sp2))*0.001571;
gotoxy(24,12);
printf("theta=%f beta=%f" theta,beta);
}
etch();
neta_t=theta;
p2=encoder_m;
eta=((float)(encoder m-sp2))*0.001571;
eta_t=beta;
-0: ,
utportb(0x304,0x34); /* Set Samping Period */
utportb(0x305,0x03); /* Enable Sampling Clock Microcontrollers */
Id_ISR = getvect(TCK); /* Recieve Interrupt Vector */
etvect(TCK,My _ISR); /* Set Interrupt Vector to My ISR */
utportb(0x303,128); /* Stop Motor */
utportb(Ox;l,(inpoﬂb(Oxﬂ) & 0xdf)); /* Enable IRQ5 */
while ('kbhit() & i<DATA)
{
gotoxy(1,14);
printf("theta=%f thedot=%f beta=%f bedot=%f" theta,thdot,beta, bedot);
gotoxy(7,16);
printf(" out=%f" ,output);
gotoxy(7,18);
printf("port303=%x",port303);



if(i>j)

{
fprintf(fpw1,"%f %£:\n" t*i,theta);
fprintf{fpw2,"%f %f;\n" t*i, beta);
fprintf{(fpw3,"%f %£:\n" t*i,output);

}

=5
}
outportb(0x303,128);

outportb(0x21,(inportb(0x21) | 0x20)); /* Disable IRQ5 */
setvect(TCK,Old_ISR); /* Return Interrupt Vector to Old ISR */
outportb(0x305,0x04);  /* Clear All PIC Microcontroller */

fprintf(fpw1,"%f %f];\n" t*i theta);
fprintf{fpw2,"%f %f];\n" t*i,beta);
fprintf(fpw3,"%f %f];\n" t*i,output);
fprintfifpw1,"x = a(:, 1);\n");
fprintf{fpw2,"x = a(;, 1);\n");
fprintf(fpw3,"x = a(:, 1);\n");
fprintf(fpw1,"y = a(:, 2);\n");
fprintf(fpw2,"y = a(;, 2);\n");
fprintf(fpw3,"y = a(:, 2);\n");
fprintf(fpw1," figure(1)\n");
fprintffpw2,"figure(2)\n");
fprintf{fpw3,"figure(3)n");
forintf(fpw1,"for i=1:length(y)\n");
fprintf(fpw1,"if y(i)>0.2\n");
fprintf{fpw1,"y(i)=y(i)-6.28;\n");
fprintf{fpw1,"end;\n");
fprintf{fpw1,"end;\n");
fprintf{fpw1,"plot(x,y)\n");
fprintf{fpw2,"plot(x,y)\n");



fprintf(fpw3,"plot(x,y)\n");
fprintf(fpw1,"xlabel(' Time(seconds))\n");
fprintf{fpw1,"ylabel('Theta(rad))\n");
fprintf(fpw2,"xlabel('Time(seconds))\n");
fprintf(fpw2,"ylabel('Beta(rad))\n");
fprintf{fpw3,"xlabel('Time(seconds))\n");
fprintf(fpw3,"ylabel('Control Signal')\n");
fclose(fpwl);

fclose(fpw2);

felose(fpw3);
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Servo State Feedback Controller with Minimum-order Observer for Rotational
Inverted Pendulum by CRA

W. Printrakoon', S. Nundrakwang', T. Benjanarasuth’, J. Ngamwiwit' and N. Komine
! Faculty of Engineering and Research Center for Communications and Information Technology
King Mongkut's Institute of Technology Ladkrabang, Bangkok 10520 Thailand
? School of Information Science and Technology, Tokai University, Kanagawa, Japan

Abstract—In  this paper, a serve state feedback
controller with minimum-order observer designed by
characteristic ratio assignment (CRA) method for a
rotational inverted pendulum system is presented. To
eliminate steady-state-error in the responses, an integrator is
augmented to the system. In order to apply CRA method,
the linearized augmented system is firstly converted into
controllable camonical form by a transformation matrix.
Then the state feedback, integral and observer gains in sense
of CRA can be obtained. The response speed can be further
improved, if required, by increasing the value of the
factor k greater than one. The simulation results are shown
to verify the effectiveness of the proposed controller.

Kegywords—Rotational
augmented system

inverted pemdulum, CRA,

1. INTRODUCTION

An inverted pendulmn is a nenlinear and unstable
system and its controller developments have been of a
great interest for many researchers [1]-[5]. So far many
kinds of mverted pendulum were implemented such as
inverted pendulum on cart and rofational inverted
pendulum  Some researchers proposed nonlinear
controller especially for those having strong non-lineanity
[1}-{2], while some utilize linearization method such as
approximate linearization [3]}-[4). In the contrary to
nonlinear controllers, linear controllers are easier to be
designed and implemented. As proposed in [5], a linear
controller based on LQR with an integrator auginented to
the rotating base amgle can sansfy the design
specification. The mtegrator is needed to reject the steady-
state emror in controlling the inverted pendulum system
due to the hardware of the system Unfortunately the
choice of the weighting marix is still trial and error.

Recently, charactenstic ratio assignment (CRA)
method [6] has been proposed. The CRA introduces a
generalized time constant and characteristic ratios which
specify a comresponding characteristic  polynomial
resulting in a lower or no overshoot with arbitrary speed
in the step response of which the appropnate controllers
can be assigned. Thus. this paper will use CRA concept to
design the servo state feedback and observer gains of the
rotational inverted pendulum system.

Since CRA is a lmear design method, the model of
the rotational mverted pendulum system must be
linearized and transformed into the controllable canonical
form so that the proposed controller can be designed.

978-974-8308-56-2 ©2007 KMITL

1. INVERTED PENDULUM MODEL

The single input multiple output (SIMO) rotational
inverted pendulum system is shown in Fig. 1,

A
P

Fig. 1. R

structure.

and its dynamic behavior can be given as [5]

T =mIRGC0s 5~ mIRE sin 8+ b3 + (J +mR*) 8
mgsing =mRfFcosd +milé,

m
@

where 7,15 the torque applied to the pivot, #and § are
the pendulum and base position angles, » and / are the
mass of the pendulum and distance from the pivot point to
the center of mass of the pendulum, R 1s the length of the
rotating base, Jand bare the moment of inertia of the
rotating base and the pivot’s friction coefficient.

Linearizing the above equations about upright
position,

(1) = Ax(r) + Bu(r) (3)
¥(N = Cx(r) (4)
are obtained, where
o 01 0 0 .
0 00 1 0 f1 °‘i
A=| meR+ | Ba| R| andca !
A 2L o o 22 mdcel of
MR ob ['_ 1o of
3 7 7

and where, the control signal u(f) s the mput torque 7, .
the output y,(#) 1s the mverted pendulum angle & and
¥,(t) is the base angle £, and the state vaniables are

0(H=0, n)=p, x)=0 and x,(N=4.



III. CRA METHOD
Given a closed-loop transfer function [6]

o) @ +a, 5" v rastay &

its characteristic polynomial is expressed as
P(5)=a,5" +8, 45"+ _+ays+ap.Va, > 0. ®)

From (6), the characteristic rahos are defined as

2 2 2
a. a
o= ==t g =l N
gy may y-2ay

and the generalized ime constant 1s defined to be
a

rT=— (8)
@y
The coefficients g, of P(s) can also be expressed as
o =ayr 9)
ot fori=2,..n (10)

= —
3 =31
R

For a set of values of &;'s, r and a;. the corresponding

polynomial P(s) can be determined Without changing the
characteristic ratios, speed of the step response can be
improved when

r.'_[ﬂ.]; k>t an

k g

Hence, the closed-loop transfer function (5) becomes
Gy(s) = N 12)

a,s" +ka, s+ _+ P a4k,

IV. CONTROLLER DESIGN

The structure of the proposed system consisting of a
servo state feedback controller, mmimnm-order observer
and the inverted pendulum system 1s shown in Fig. 2.

¥
—

Fig. 2. Proposed control system structure.
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A. Servo State Feedback Design
The pendulum angle & will be naturally kept around
zero radian and only base angle 4§ is used. The output
matrix Cis then reduced to H=[0 1 0 0]. Let ¢(n)
be the augmented state variable for the base angle output,
the servo system is
1, () =Ax,(D+Bu() +Fr(r)
¥ =H.x, ()

where ¥(f) 1s the controlled output base angle ,(f).
(1) is the base angle reference signal and

(13)
(14)

o e an oo (2]

If the pair of A and Bof (3) 1s completely controllable

andmemnix[“ :] is full rank. then the pair of

A,and B, of the servo system (13) is also completely
controllable. The closed-loop characteristic polynomial
can then be freely assigned to meet the desired
specification by the servo state gain matnix K, .

By usmg x, () = Tz(1), the servo system (13) can be
transform into the controllable form as

2(t) = A z(N+Bu(1) + Fr(n). (15)
where the transformation matrix T = MW, and where
M=[B, AB, AB, .. AB,]
5 & w5, 1
& 8 1 0
Wa=|! L
S 1 0 0
1 0 =0 0
for,,d,.....6,are  coefficients of  characteristic
polynonual
B(s)=[sI-A,|=5"" 485"+ +55+3, 16)

Therefore, its control law u(r) can be assigned as

u() =K 2() = [k, L A O

which leads fo the closed-loop charactenstic polynomial
of the system (15) as

B(s)=|s1-A, +BK,| (18)
=4k 48" 4ot (b + s+ (B +6)
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Finally, the gain matrix K_ for the servo system (15)

K, =[“0_60 A Y "'él-l Ed' —6.]
can be obtained by equating the closed-loop characteristic
pelynonal (18) to the desired characteristic polynomial
(6). Since z(r)=T'x, (1), the control law for the original
servo system can be u(f) = -K,z(r) = -K_x, (f) obtained,
where

K: =[a0_‘50 Oy _JH E(zn-au]-l'--'

is the state feedback gain matrix of the original servo
system (13).

B. Stare Minimum-order Observer Design

The state vector xof the inverted pendulum in
section II can be portioned into x, and x,. Here x, is
related to output vector y which can be directly measured
while x, is the unmeasured state vector that must be

estimated. The partitioned state and output equations
become

£,0] [AL : ALx.®] [B,
Ry T Tie— ( fEeD + o utn (19)
50] Ay i Aulls®f |B,
{0
YO =[I : 0]f oo (20)
x, ()
and the mmmum-order observer equation 1s
1,0 = (A ~K,A)%, (0 +A,,1, () @1

+Bu(D+K,A,x, (1)

where %,(r) 15 the estimated state variable of x, If the
parr of A, and A , is completely observable, the observer
gain matrix K, can be designed will again be assigned by
CRA method with the generalized fime constant selected
to be four times faster than that of servo state feedback
gain matnx K, . Since the observer gain matrix K, can be
designed in a similar way as the servo state feedback gain
matrix K, , the details are neglected here.

V. SIMULATION RESULTS

In this section, the simulation results of the rotational
inverted pendulum control system with the parameters
stated i [5] using the proposed CRA based servo state
feedback controller with minimum-order observer are
shown.

A. Responses of the System without Integrator

Since the rotational mverted pendulum in actual
mmplementation exhibits the steady-state emror, a constant
step disturbance is introduced to the model (3) for
simulation. When r=2 seconds and
ay =340y =a; =ay =3, the responses of base angle
and pendulum angle are shown in Fig. 3. It can be seen

from the figure that there is a steady-state ervor at the base
angle and needed to be rejected.

=
-
ul
w
-
wl
-
-
@
@
=1

Fig. 3. System response without integrator.
B. Responses of the System with Integrator and observer

The servo state feedback gamn K, for 7 = 2 seconds
and o =34mm=ay=ay=as=3, and the observer
ganK, for 7 = 0.5 second andey=32,a) =2are

respectively found according to the procedure m section
Was

K, =[-342617 -9.7339 -7.6212 -5.9677 4.8670)

32 -14947
 The base and pendulum angle
16 3.0925]

responses than system without integrator are shown in
Fig. 4 and there is no steady-state emor at the base angle
response.

i x|

-]
I

A o A

S & b &
]

Perdulers Angle(rad) srd Baze Arglogad]

=)
a

ar

i n i i i i L i
2 3 4 85 & 1 B % W
Tire(seterds)

Fig. 4. Reponses of pendulum angle and base angle.

Ej



-
@

e

»
o N

&
o

&
=

b &
@

Pendulun Angle Velocity Evsr snd Base Argle Vidority Erar

B e -

B
Tima(seconds)

Fig 5. Pendulum angle velocity emer and
base angle velocity error.

It can be seen from Fig. 5 that the estimated speed of

the state estimation errors of the observer (6—8, 53— f)
is approximately four times faster than the system
responses in Fig. 4 as selected in the algorithm.

C. Speed Improvement

In CRA, the current speed response can be adjusted
by increasing the value of the factor k. Since the factor
k is one at the imtial design for servo state feedback gam
K. .k is increased to be 105,110 and 1.15 for
investigating its effect. The corresponding values of gains
K, andK, are summarized in Table L

TABLE!
SERVO STATE FEEDBACK GAIN K, AND OBSERVER GAIN

K'WHENK'ISVARIE)

k K, K,
100 | [-34262 9734 7621 -5968 4367] i::: ';:::
-1.57

105 [-38.30+ -11331 -8.687 -6935 6212] ‘:ix 11_.15535
T3570 —1855]

110 [-3.701 -14252 -p856 8009 7.838] :7:: 3413
[3.680 -1.733

11§ [-9257 -17.025 -11143 -9191 9.739] ae. Esrs

I P -
€ !u 1 2 3 4 [ B ? ] 0
Timaiseconds)

Fig 6. Pendulum angles when factor & is varied.

Tima{saconcs)

Fig. 7. Base angles when K is varied.

The responses of the pendulum angle and base angle
when k is varied are respectively shown in Fig. 6 and Fig.
7.1t is seen that larger value of & will cause the base angle
swings larger than and reaches to the zero radian line
faster than the smaller value of & .

VI. CONCLUSION

The servo state feedback controller with minmum-
order observer designed by charactenistic ratio assignment
(CRA) method for a rotational inverted pendulum system
has been proposed. The simulation results show that CRA
can be employed to assign the appropriate gains of servo
state feedback and minimum-order observer. Speeds of
base and pendulum angles as well as estimated vanables
can be mmproved by the factor k venfying by the
simulations.
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