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ABSTRACT

It is well-known that the shortest curve or geodesic on surface of sphere is the intersection of
plane and sphere; the great circle. However, finding of the shortest curve on the other surfaces is
not much studied. Currently, many researchers are more interested in studying about this field
widely. A curve @ in M c R’ is a geodesic of M provided its acceleration a” is always
normal to M or a'-a"=0. In this paper, we study the shortest path on some surfaces of
revolution. Then, we analyze the parametric equation to determine the shortest curve by using
the application of Euler’s equation. We find that the solution exists but the solution is not
unique. It’s necessary and sufficient to specify the condition by classifying the shortest distance
into all cases. For getting the solution which gives the shortest curve, we apply the numerical

study to find one. Finally, the application of this study is given.

Keywords : geodesic, surface of revolution, Euler’s equation
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2.1 NQUHNINLIVDI
fomzil  dwiRdanniines (parametrized curve) Wumsda y:7 > R’ 104

¥9fa 1 =(a,b) vudusaueia R Tli R?

fiew212  msde p idullawmsdaeiar rer Wi p(0)=(x(¢).»(¢).2(1))

1 R? Taod dwnls £ tlumwisfiwesvoudulna

fiow 213 i x'(¢), ) (¢) uaz 2'(1) Wuoyiussuduiinilave x, y uaz z amddy

udn (x'(t),y'(t),z'(l)) =y'(t)eR’ Whunmnesduifa (tangent vector) voudulds y
fiyay(¢)

flewm 214 dulfeBanniieed ¥ szihudulfalsnd (regular curve) 1 /(1) #0

dmiunng rel

fow21s  Hadduveannueaaulds (are length) vuduldalsnd y NiSuNgA

1, Aoilaidu s(r) ¥

s(t)=
o [y (1] = (' (1) +(7' () +(= (1))’

fiew21.6  Wddu £ vy D idle DcR? Goni C° diladdu f: D> D v

y'(t)|at

o as 1 4
Handuaoiiiog

L g

flow217  Aaddudeides £ wu D wwidonh C7 o r>1 51 oz = DYITY

waziu €™



fiew218 sy £ vu D awdonh Ciladdu £ dlu C dmduyng r 20

fow219 I o: Do RPezna1ad moyiussudud » 18 uaziluileddu
' 4 FooA ' @
aoiiles (mudae C7)iite >0 Swsaziladdu x(u,v), y(4,v) nay z(u,v) i C" vy

D Tauil (p(u,v)=(x(u,v),y(u,v),z(u,v))

few2ra0  dwsy £ adluilanduves u uar v aziiow J’u::%

nazdmiu @ ffluflaiduves x,y uag z e x=x(u,v), y=y(u,v) uag z=2z(u,v)

WU @, :=(xu,y,,,2,,) wae @, = (xuayvazv)

fienu 2111 Sc R eisonn danveituin (piece of surface) il ¢:D —> R’ i
fu C* Tauil

) S=¢(D)

i) o duilatduiainese D hduwa §

P

iii) 11590 (rank) 'ummn?ncf[ }ﬁ‘lu 2 wuAazyauy D

v

fomzr1z  dwmdudmvesiuin S Amde @ Wullawiiow 2.1.11 when @ N

MIZBIN NN (parametrization) V04 §

ezl & £ duileddu Cuu D uda C*ifimsds @ vu D azilowlay
(u,v)eD> (u,v,f(u,v)) eR?

udr (D) Fudnvesiiuin uaz ¢ Wumazdanadimeives o(D)

YV e =
Jodann ftiow @ Taw

(u,v) > (f(u,v),u,v) wio (u,v) > (u,f(u,v),v)

¥
udrdoagamumds 2.1.1 iWueS usudvaniu

fiow 2113 thwlndifpa (neighborhood) 30 p Tuf3giideszeznn (S,d) fio 1

1 dﬂl A _ L
gou ¥ w93 S Nannianuwaila U a9 p lﬂuﬁll'l'ﬁﬂ‘llﬂ\‘l U uwag U Lﬂﬂl‘ﬁﬂﬂﬂﬂ\lﬂ\l V

ar & o 1= o L
fow 2114 duwe S c R WunuAilsnd (regular surface) idmsuudaz pes
weildmlndifos ¥ 1y R® uazmsads @:U—->V NS veuxaia UcR? wada

¥ AS R fii¥ mansdagalil 2.1)



) @ auwsomeyiut 14 vueanuh dudsueglugy
(p(u,v)=(x(u,v),y(u,v),z(u,v)) (u,v)eU

Aafsuemited®u x(u,v), y (u,v) uag z(u,v) foyiutdesroriomnsudulu
U

i) ¢ WumnuFagiu (homeomorphism) (ifosnn ¢ avileaninidonlui i)
nuANN @ insdauunndu (inverse) o~V NS > U dedeiilousuiy
tufe o Wunsdwuvreiiiosetautis F:W cR >R fowvuwaila
w Heglu v ns

i) (Gou'lvvesnnuainawe) dmfuudas geU Foyiug do, :R* >R’ iy

£ 4
UUUHHIADH U

31]’?; 2111388 @:U >V NS vousailla UcR? fiads VNS R

[T Y] - - o ) (1 Af - a'o ] et & =
Yo una AMdIlwesdmsudvesRuRINA mue e lisan i ufen
W 2115 msas c:[a,b] R wideniudulds C° eR’

fiom2.116  dmfuudazidulde C' diidow ¢ vun [a,6] udannunn L(c) vos

¢ Hnulay

L(c)= [ ()< (@) ar

&d’.‘ . = a = aan
Tunil - unuragunelu (inner product) ¥oe1l3giiynda 3 1A

' ¥
fiowm 2117  dudulfs C° flinsds c:[a,b] > R eguuiuia S udvzison ¢ 1
dulds C*uu S



fiowm 2118 andu CCawilindu E F uay G vulamu D dowlay
B(u) =, (3)-9, (),
F(u,v)=0o, (u,v)- @, (u,v),
G(u,v) =g, (u,v) -0, (1)

Hadsueniladsn E F uaz ¢ funumddylumssnnunnuenveudulfau §

dodann dmuald ¢:[a,6] > S Whadulds C*ou § ilianuem L(c) vos ¢
Suiinnivosiladdu EF uar G nnilow 2.1.16 Tawit ¢(¢) = @(u(2),v(r)) moyiug
o o oo
duduiindis 0z
(t) a(pau Op ov
Ou ot av ot
vha ¢(¢) A 18 Numiluaunsaawen L(c) uiow 2.1.16 9218

L{c)= f\r(l)qau+v (e, ) (u (g, +V'(t)p,)dt
= J:\/(u Y 0,0, +(2uV)0,-0,+(v) 0,0, d
= [J@) E+(2uv)F+(v) Gdi
o u'(t) = du/dt uaz v'(¢)=dv/dt ¥
du\’ du dv dv
L(c)= fJE[E) +2F[EZ)+G[E) d

A4 w ' a
iedagUaumslng v ldined

=u'(1)p, +V' (1),

ds® = Edu® + 2 Fdudy +Gadv’
wiFoniinnidand 1291 gnuunanyaiinia (First fundamental form) dmsy S

unda212  eddumuiladdu EF ez G Sausagade Uil
EG-F*>0,E>0,G>0
vy D
figev Amuald b fusnaunialan idesnn o, (u,v),0, (u,v) Wudaszdadu
dmfuuday (u,v)e D wld
(ap, (u,v)+be, (u,v))-(ap, (u.v)+be, (u,v))
duswandmsunna (a,b)#(0,0) Tavmmzosiate
ae, -9, b',-9,
Fudnandmiunng a,b #lidugud

v
Fniv E uaz G usmwanuu D
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dmiv a=-—% uay b=1v1d

(ap, +bp,)-(ap, +bp,)=a’E +2abF +b’G
2 2 2
_ _F__ 2F O GE-F
) E E E
mszaziu GE-F? Wusuinuu D []

unfa213 I c:[a,b] > R dudulde Ciild ¢(r) Tiduguivu [a,5] né
fnstimedues ¢ funnzdamniinedd lavmsiiinesanuenadnide s §1 2(s)
FhuduTfsiiinngdannimes TasmnimesanuendmIfa ud &' (s)| =1
g dmuald s(¢) funnuonvendazdanlfden cf,, ves ¢
11939 s(1) = [e (1)) ar 1@

L=l
gau s (¢) Auilsdduiumaioioianiiie
w31z | ()] > 0 Maridu s =s(r) Faiiilendu C* gaihuilandunndu 1 =1(s)
Tavii S€E [O,L(c)]
Amuald é(s)=c((s)) o4

E[O,L(c):l =c[a,b]

woz  &(s) =c’(t(s))gst—(s) i Eﬁa(z (s)) = ( EORY

¥ ]
maeaziiu & (s) Wunnmesdudaniiawiios (unit tangent vector)

uag |&'(s)| =1 U

fow219  dudulfe Ciiinisde c:[a,b] > R’ iflunizdamisiiiines Tav

wisimoinnuendm I uda ¢ Gond1 idulfadnsuimilanyiie (unit-speed curve)

flom 2120 dmuald a:(a, b)—)S Lﬂmﬁu'[ﬁ’q C”uuituid S 1dulfe ¢ seFonh

deoindn (geodesic) vu S 1 a"(s) mmnﬂml dude S, dmivudaz s €(a,b)

¥ » b
dodunn iioanin a’(s) W egludigiduda dniuzSonidulde o 413eemdn
fnoiilo o '"(s)-a"(s)=0
fvw212t smuald S c R iduiudan lduvinnisnyudulde C° ffimsda
o~ ' -! ] .
¢:[a,b] > R® souunu z uda S 5und1 WuiAIvesnsnauseu (surface of revolution)

(nanefazlin 2.2)
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iduTRamsusa
— FuTAneduiia
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o 4
31 2.2 dalsznouuunuHIveIMINIYUTOY

fiom2122  dudulds C° Amsds c:[a,b] >R’ Huduldsdeh I8 AuRves

msvyusen udnsmlves ¢ Seniududulfsneduiia (generating curve) uu S

flsm2123  Aina (0,0,2(0)) Wugadaszndnuny - uag SR’ wifond1 qasen

¥
(vertex) Yo4WuA S

Hew 2124 xo=f(u) waz z:=g(u) Wo a<u<b, f(u)>0 Hunnzdanniinesd
dwsunsmlves ¢ uaz v Wuyuvesmsnyusouuny z vldnsda

@(u,v):= (f(u)cosv,f(u)sin v,g(u))

4 n .
vu S WuRufvesmsnyusey (uaadegiil 2.3)

fenn 2125  dulddamimes » Saneh uazy ludlumaei Gondn iduldemsusa

¥
(parallel curve) VUNUAL S

fienn 2126  @uldsdamnsiiwes v Immsiiuag o ludusinanGenn EANLE

a a . 4 =
a3 Y (meridian curve) UUWUHI S

O (f(u).g())

A ,-dnan

© ;-

------ y

X

" ] b4
51 2.3 nngdamnsimesiuaasTasyy v vuuAIvEINITHIUTOU
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fiow 2127 Wadsu (function) fonunudio £ vineds YSainldounlasld Tae

d
Fuagiudaunlsdu &1 x dudunlsduuda 7 (x) duileiduves x

fiow 2128 wWanduwea (functional) Honunudao J minuda Usmaiin/dounlasld

Tavtogiuladau &1 p(x) dufladdu uds J[ y(x)] duilaiFuuoaves y(x)

fow2120 W J[y(x)] duiladdunea §1 y(x) wavwdu y(x)+h(x) uds
flaridunoafie J[ y(x)+h(x)]

Todunn 8 as[h(x)]=J[y(x)+h(x)]-I[y(x)] Wunisaldsunlasves
HarFuueaiimniofumsnlounlas 2(x) veadunlsdu y(x) §1 p(x) dmuamiveu
uda A7 [h(x)] szegluguuy

A.]l:h(x)] = ql:h(x):|+£||h(x)” 2.1
e nh(x)] WuilaiFuneadudu uaz & -0 ile [[n(x)| -0
udson J[y(x)] FuiluilafFunoaimonyiusld
waziSon n[ h(x)] uFseyiutves J[ y(x)] Wewmudw 57 a(x)] viufio

sJ[h(x)]=n[h(x)] 2.2)

suhu Feoyitusveailardunen J[ y(x)] Aoflardunen 5[ a(x)] vea AJ[h(x)] viu
nnaumsd 2.1) uaz (2.2) w14

A [h(x)]=6T[h(x)]+e|h(x)| (2.3)

uniaz1a B(x) uilsrsudeiioalug [a,6] wazdh
[ B(x)h(x)dx=0 (2.4)
dmsunnilsdFudoiiion h(x) 31 h(a)=h(b)=0
uda B(x)=0 dmiunn x i [a,5]
figorl auud B(x)#0 viufio B(x)>0 a1eyaluga [a,5]
W B(x)>0 Wg [x,x,] Fuilusrsdoviioglugaa [a,b6] drli

.”!(.)c:):{(x-x')(x2 -x) ;xe[xl’le

0 sx € [x,x, ]
ud h(a)=h(b)=0uaz B(x)(x—x)(x,—x)>0 Tuza (x,x,) ¥lA
[ BG)A(x)de= [ B(x)(x-x) (5~ x) e >0

& a v o y o
FIUNAUDUALLEINY (2.4)
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dariu e B(x)# 0 dhluhild
viufe B(x)=0 ura [a,b]

aunsoignlIdluimeudvanu lunsdin B(x) <0 O

unfazes & E[n(x)] duilaidunea

unedh £r=)] —0 e |1(x)] > 0 ufa £[A(x)] =0 dmiuyn A(x)

JZ&

figev aund &[ Ay ( x):l:tO dmivun ho(x);eO

um

A ar a _
= A #0 Fvatvauuagiudedy

éfnx)]_ 6]

nquiUN 2.1.6 1F0yus (differential) vesilafFuueaimeyiufiiudiomitador
gy mundAFeoyiutvesilenduuea J[ y(x)] flo 7, [A(x)] uaz n, [A(x)] ui
A [h(x)]=m[h(x)]+& A (x)| 2.5)
uag A [ h(x)]=n,[h(x)]+& A (x)| (2.6)
1 ¢, ung &, -0 tiio | (x)| =0
M @23)-26) wld
m ()] - [#(x)]= &, ()] - & [ ()]
m[#(x)]-m[h(x)]
| o
110990 £, 1AL £, > 0 I [A(x)| >0

< 3, )] -m[h(x (x)]

A
o
210 UNAI 2.1.5 9214

m[h(x)]-m[r(x)] >0
dmsumn A(x) iufe

)
nIn

=& —¥§

—0 e [ (x)| >0

n[h(x)]=m.[h(x)]

| a o o d o o A & -
TGN l‘lNﬂ'I-!Wuﬁ\]ﬂ\lﬁﬂﬂ'ﬂﬂﬂﬂﬁﬂl“ﬂ\lﬂuﬂlﬂﬂ'l D



14

nqudun 2.7 doulviidududmivmsiidgaiavesiledduuoa fio
8J[h(x)]=0 @7
wigot 1 U y(x)] fadgaun y(x) =, (%) (2.8)
v 23) AI[h(x)]=67[h(x)]+eln(x)] ¥ &0 o Ja(x)] >0

¥

woann [[a(x)]| > 0 uavh [a(x)| Tenfeounn
Faitu AJ[h(x)] waz 87 h(x)] axfingoamnumiiouiu
aund 5[ h(x)]#0 dmivue k (x) uddmiy f>0
& 6 [-Bh)=-6J[Bh] ud1 AJ[-Bh,] szdeatinToamnuanday
Taoit AT[h(x)] ervfinsoamnuihuuannioaufild dmsv (x| fifianfovq
Fadaudaiy 2.8)
Tagoin (2.8) 914
A [h(x)]=J [y (x)+h(x)]-T[ 2 (x)]20
dmiunn ||a(x)| -0

A 8J[h(x)]=0

awnseignlidluihuesduiuiunsdi J[ y(x)] fifgega 0

nquiun 2.1.8 (@umasvemaed) W F(x,y(x), ) (x)) Muilsiduiifioyiuioovderios
Susufiaes iodvuiudulinada Tao y(x) Wuiladduiimoyiuilddeiios uas
dhiauitonTvveuiun
y(a)=4, y(b)=B (2.9)
Faililadduuoa
J[y(x):l = EF(x,y(x),y'(x))dx (2.10)
NAATA
udailaiiu p(x) i llamitonly 2.9) uazid 2.10) Ssgada duldamauns
E (%.3(x), (x)) = Fy (5.3(x).5/ () =0 it

¥ d .
3on (2.11) Nanmsesuass (Euler’s equation)
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figev Al y(x) duiladduihiladdunea .10 Srgatia uazli y(x) Tdaw
wavumlas A(x) Failadiu p(x)+(x) dullamideu'ly 29) o
y(a)+h(a)=A4 uaz y(b)+h(b)=B
110 (2.9) y(a)=4  uaz y(b)=B
Faifu h(a)=0  uae h(b)=0 (2.12)
dle y(x) fdmldounlas A(x) slddmndouniasvesiladfunen (2.10) o
AJ[ :| J[y(x )+h(x ] J[y ]
= J:F (x.y(x)+h(x),y "(x)+h'(x)) dx—fF (x,(x). y'(x))dx
J:[F (x,p(x)+h(x),y (x)+ 8 (x))- F(x,(x).¥'( :Idx
Taomsnsznveynsumdianifunainsneg 14
& [y()]= [[{F oy ()0 @)+ 5 (0 (0). ()
4, (%, (x), () +-} = F (2, 0(x), ' (x)) | de
= f[Fy (x,y(x),y'(x))h+ F, (x,y(x),y'(x))h']dx-!----
mwn(zs)AJ[y(x)]=¢&1[y(x)]+g"h(xﬂ|ﬁhﬁ%
5J[y(x)]= [ [ (xy(x).y (2))h+ Fy (5, (x), y'(x)) 1 ] dx
Taumailamssuiinsauuuiondufuwniiaes vz'1d

S0 (3)]= L[ £, (5 (3.5 () F, 3 (5). 5/ (5))
HEAE]
10 (2.12) 9214
SIL0)]= L[ £ (5r 0y @)= (502, ()
nnguun 2.1.7 ldduusaiimqaiaie 5. [y(x)]=0dx i
L[ 519/ )21, (3 9(5). 3 () e =0
VINUNAY 2.1.4 9214

F, (xy(x).y (x))-—F (%(x). (x))=0 0

4 s a o
mfmm'saaumasni‘luﬁnmswﬁmmnmumﬂa’ﬂmmmﬁ
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ymmsn2.1.6 &1 F hiduiy x edndaudaiiuie F(,)) uaaah £, =0 uaz £, F,
fif1 udraumsessiasioglugiuuy

F(x,y.5)-yF,(».¥)=¢ 2.13)
530N (2.13) 1'131]s1uu111a559n1mmummaﬂma{ (alternative form of Euler’s equation)
fge v y'F, +yF, +F,—F,=0

iloenin £ =0 w'1d
F,-F,y'-F,y" =0
dy

¥
ad0 =L anoananns 1214
" dx

Fdy_ O dy Oy
Fdy_ b b

e T oy dx T Oy dv
a Feet s A
wmaniadauilugudive 1dsaguon1die & fail
OF dv oFdy oFdy ,OF dx  OF,dy OF &y OF &y

sx o gk  ak b o d
OF ds  OF dy OF dy' y[aFdx oF, dy  OF, aﬁ/] OF dy' _

ke & o) Yk

il R
dx dx ¥ dx
dr  d; ,
& &)
d F 'F. =0
E;( s y’)—
Taomsnl3wutaneatsaums oe'1d
F-yF,=c N

Hew 2.1.30 tmmﬂﬁmqﬁuﬁﬁqﬁué’uﬁuﬁam (linear second order differential
equation) Tuziuyy
X"+ px' +qx = (1) (2.14)
SauseAnsiiumnait uag liSufudusdu ¢
Taomaunu x' = y waz x" =y w1d szvvaumsidiaeia
;
r } 2.15)
y'=—qx—py+f(t)
Bonszuuaums (2.15) i sUnuuYsn@ (canonical form) Taoit £(1)=0 udisunszvy

w ¢ A P ] w d
19NN UTS (homogeneous) NINDUY Fonszuuluieniug (nonhomogeneous)
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guinnomyanan nszvounmmnszfe

Faoyiufiii §35183udunnmsinunlunein muioemundamani uazisvinde
Faoyius nndunilweaenmsdsznoumsneuyes s0aMans1nsinnat Faana (4],
(5] "lﬁ’ﬁnn’uméﬂﬁuﬁmﬁﬂﬂﬂgﬂ1LﬁuTﬁ'aﬁﬁizuz'nNﬁéfuﬁqﬂﬁt%uﬁ’wqﬂﬂmmuuﬁuﬁa
st 1&idhilamsus oo luiade “Behaviors of Geodesics on a Surface of
Revolution” TasasdimmnumiinndeTaln Uszmediiu maasosdiiTug nne

Y o wa o 4 a & A ‘ﬂ A 9 dya
[10] TMinauoauiianeeg vosdoon@nuuNUAIVBINITHYUITOY AHadailugaisuaungIvY
e o 1 & a oo
1@1awaule Anumdeyaiifioades uasinniludumivesilymiimsanauide
¥
dane il
[ d A o 3 o - u‘: a - &
m3ug Seafent uazanz (1) Mdimuemsmszoznuiiduiigauuialne Fa0n
= a oa 4 d‘ 9 Y aw - [ b d' q‘: a P (] df =
msAnpITdmIzimeAunI I suRvItudu TA R duigaimaruATeIgAUUNUHIYEY
a o o ad _Agy Jﬂ o = -y '
sinsamasnadgmiu domaihiimsildaumsoosassitunguilunsfng 3aldwuh
ad o ' : o o ol 4 ad y o " - o = - Gi
Fdnarmindaidediia iewmnitmstiannsaszydumiadisszuuiinasiialasiianiiy
' n’: o ' o ¥ a do0 a 3 = =2 a a
Wiy nmgradaing 1 i ldgunsaimasviedaiiinuudulfsiduigaddifivay
o &4 4 o y yy d
LU NTINAN NTINTLUN HAENTINTIOMNTY Saramaoii 14 Tunsdivesszuy iduldai
& A & A ol w a1y P 1 -
Fuiiqa Ao druveudunss Fefedunsdiiugm uazithumnududogudr wonvinil nsd
v ¥ '
yoamsnuduIfsiduiigauunsanay fie diuvesisnanlng
v ¥ ¥
aigwa Yo uazame 21 Tdinauenismiszeznaiiduiigauuiamidsaes dao
Yo o ¢ o 3 ] u’r’ ¥ A o
m31¥38msdszgnaninaunisesuans M lvnsdiveansnamiv annsalyszuuniaia
° ) 4 o o " - ' d& 4 = '
fumisveagauuiiuaa 18 Taonse ndannldhimsine nodndulfsnduigaimaniii
¥ ¥ 1 ¢ ¥ ' ]
yuiuAvemsnawimiudmvesnnanngiwdeany (1] lunsaiidulfndungan
b4 ]
WIAHIHUMANAIYINTINTZYEN A driuveuduIfsnldnyazduiniomiedand (helix)
¥ W " [ ¥ ¥
sniaduIfaiduiigaimarmuuuiuiiveszingde fie dauveuduIfaiidnazihudy
Auuduneoniealiia (spiral)
@ 44 9o aw a ' o &
wasnni Idiimsise Tasmsmnamasiogluglauniseovinesduiugluuy
- o o o o ﬂ' ‘é | . - -]
fmmiwwuwufﬂmmﬂuﬂuwﬁumfc’\'a lunawou F. Talay Akyildiz [7] Iarinaue
mandeenadn TasdaoglugduuuaumsiFeyiuiawiysuduiiaes niminldiimem
WA AUITIANAVAI0TZIT 0D TveaNaA 19t uAZ LU UNA 1A (centered  finite-difference
method) s2uvianaevlszAninmuesitmsdenandionsaiunimiiaesvesieamdn

v ¥
VUNUAATINTINaN tazriudaz I sunlSoumoununuszidouI s as v auIau

116941
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@011 M. Guo-liang [12] Idhinauesanoiiudmiumsdszinunivesioanini
A 1 gin 9 g a ] 1 1 =) A a W o
@ouszngagesgandmualfuuiuiednie TasldsudoninFduavveansulsiu
TumsmramanddmszdmoihunnSoufvufumsmaimsdszanudiesziionisves
¥
waaedunzuvy 1 (forward finite-difference method) A A3ieda1daite

o ¥ o 4 v v o =a o = = (d’
mmn'uaamwnm'zmmeﬂummmunmLazmmua‘lm'ﬂmuwuﬁu
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as o A a Qs
IHAUHUNTITIVY

; ' = Ay I £ - -
114‘1]‘7111i]&‘-ﬂ'ﬁ’}'lﬂ\‘lﬂuﬂ'.lﬂlﬂQﬂ'liﬁ‘qu‘iﬂll“lﬂﬁ305‘U1Uﬂ~1ﬁ1‘uﬂSZﬂO‘Ulm&‘ﬂ'ﬁizu
- 4 Jf a A o 4 o o
msmmamuwumwﬁﬂm llﬁz‘u'lﬁllﬂ'l?ﬂﬂﬂl'ﬂﬂﬂﬂﬂizQﬂﬂﬂ‘lJﬂ'l‘iﬁ'lNﬁmﬂﬂl‘NZﬂfmﬂ"li
Ed

FeeyRusmily vennnideiaaunisIieglugduvulsndvesssuuaumsiFeeyiug

duUAUNADY

3.1 #uﬁ‘nmmmqmau

ﬁuﬁ’mmmmqusauiuﬁum 2.1.21 wag 2.1.24 Iamgdamsifimeiineg lugduuy
@(u,v)=(f (u)cosv, f(u)sinv, g (u)) wu fiduiszneufididy 1dun TR
fidasnaulsznouduiiugiifiuie Tasmanyuyaideaseuunu Fondr idulfawisusa
uilow 2.1.25) wanduTAsiiidnuzmiousuduTRsmesuilad g Tsounnmugudy
Fondr i TRaweTiAou uilow 2.1.26) Beldndntu swndn18d g(u) Wussesving
fvuwsulfuunuvesmsnyusen uay £(u) dufafiveadulfimiusa Feazdnm

¥ e o
WurRnase lil

3.1.1 n3dnay (sphere)

z
A
AR
/ e
LafpoRT X~ — ifuTRaeiidou
! — duTfamsusa
' #uTRaneduiia
[
1
1
- ! — e
x - N b
\
\
yAuen

4 1 z =
3‘1"?1 3.1 AUUTLNOUVUNUAIVDINITH HUTDUYDINTINAY
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nsanuianaaa Rai3 ey uazgannyauia Reegrunngansiiganiaiiussesms
whiu Funi1 nssnaw Songansiii yaguinarsvemsenan Genszozmaiiviud $o
yoansenay HMesansiiansinan Tasmsnyuznu nsanaumnnmnyudulf
nofuilaffidnuaziunivenausouunumyy uaasagii 3.

dmivluszuuiisanseanauiy PAUADZYAVUAINITINANITYNILYAWNUIAWY
wsiiwes 2 e u uaz v wldanuduiuisenianniines lussuunsenaufuszuy
syumn il

@(u,v)=(asinucosv,asinusinv,acosu) (3.1)

o u Ao ssmvosyuitIadousuuny z 1an feguusas [0,7] wagv fie sesmnvoayuiiia
Woufuunu x 1IN VT xp foguuyas [0,27] Tasi a Ao faflveansenan uaa
Fagii 3.2

]

/

T XY

U7 3.2 msszymisiiinesvesya @(u,v) vunsanay

3.1.2 n3anszuen (cylinder)
Ao o 1w o Y o l —

nssenuantiguiugienasfivhdunnlszmsdumida uazegluszunuiivuiu
o o - Y o o U a o = -
fuTavyaguinatsvesnsnasiiunihdaneguudunsudoddu uazmuduvesyani

1 A o 3 0’: ° = o - a - = 1
szozvanmduisivua ldiu Wusivauderduaaeanar Al 1405 ey Sondn

A @ Aad’ = o ¥ o A 1w
n3InszUeN edanssmuiiatdeszunuivuunugu udee 1dsesdaidlursnauiioiiy

¥

nnUszmsfugnuaue Mnsamsfansanszuen laomsmyuiy nnnmsnyudulf

o

Aefulianfdnyazduduasivunuiouny 2z souununy uaaeRagli 3.3
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| —
: wu TRauesiAou
i iuTdamsusa
: — iduTAsneduiin
l e el
- = >y
T
L] |
/ !
b 1
]
— I - -—
o T M -
B

] &
3UM 3.3 dautlsenouuuNUHIYeINITHIYUTOUYDINTINTZUON

3
dmfuluszuuinansanszueniy QANARZIAUUAINTINTZUBNILYNTZYA N
Aaenisdimed 2 Mo » waz v i ldanuduiusseniemniimes luszuunsanszuen
b i
Auszuuyunin fudsdl
@(u,v)=(acosv,asinv,u) (3.2)
J T H 'GI = o
e u v AINNWEININYBINTINTTUON Az v AD BernvoIuRTAMEUAUIIY X VN

VUIZUY xy Noguusn [0,27] Taeh a Ao Falivesrsnanuusziny xy uaasAsgii 3.4

L

/

FTU XY

e ——— -

- —

31 3.4 msszymisiinesvesya o(u,v) vunsensTuen
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3.1.3 N33N370 (cone)

Z
CAb — i TR iAoy
— i FuTAmsusa
— FuThsnoduiia

i ; & o
317 3.5 dausENoUUUNURIVOIMINYUTOUVYBINIINT WY

ﬂﬂdd - ﬂl L] L o o
nssaiantgnadiugienan voaunani hisguuszuu@saiudugvi uazdu

¥
= 1 J

& ﬂ 1 Aa =
hdoszneyaveauazyalaq vuvenvesgnniu dudiuveuduasalassey Tnalfasey
¥
~ J e - o L - ﬂl
Fondn n3ensao Snsanmsifansengde Tasmsvyguiu nenmsvyudu Tdenoduiian
@ - @ 4
Hdnuaziluduasail y=2z seuununyy uaasdagli 3.5
v
dmfuluszuuniansang oy gauAazALUAINT INTILVLYNITTYAMHUIAY
- ' o o U = o

W3 Res 2 MAe « uaz v wldanuduiuisenihemnsiiines luszuunsansaeuszuy
o &
yunn {ludail

@(u,v) = (ucosv,usinv,u) (3.3)

e u Ao SAYDINTINTIL LAZANNETI B JAEATNYATA7 VUNTINGIL BT v AD BIAIVDY

o

yudafeuiuuny x vINUUIEUIY xp Neguuyaa [0,27] uaasdaglii 3.6

- —

-

TN XY /

X

71 3.6 maszymsliinesvesya @(u,v) vunsansw
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3.1.4 N3912901 (torus)

- ot

-a 4 = = 3 ! o !
namudianina 1fafoy ahiunnmmyuduldneduilaiidnvuziugy

2NAVTOUUNUNIM (38071 NTIHIWN HAAIAIFUN 3.7

4
A
iduThuuesidou
iuTfamsusa
: . @ Thaneduiin
AUDR LLULT
4

AUBA _{Aven

4 1 i = )
j‘l.l‘?l 3.7 muﬂiznawuwuwwmmswusawmmamqmq

¥
g FuluszuuNians M99y QAUABZIAUNAINT MBS YRIS YA WAL
W15 15a0s 2 M « uaz v 92 1daNuduRUEs TIN5 1TIR0s 1UsZUUNT 1M 29879
o o q’
fuszuuyuen Wudail
go(u,v)=((R+asinu)cosv,(R+asinu)sinv,acosu) (3.4)
A 1 4 1 o rﬂl o ﬂl 1
e v An 9IAMVBIYNITNIN 2 WNANNANAUNIANsUAUIAY X UIN VUsTUIY Xy Moy
uu¥ [0,27] uaz u Ao semveanuszniniaiivesnnauiaiisuiuuny z Noguuyas
[0,7] Tavii R WHusniiveansaviaaens udeszuzviannyasuiia Tudgagudnaraves

2nay uaz a Wuiailvensnay uanidsgilii 3.8

SEUW XY e

U1 3.8 msszymsilinesvesgn @(u,v) vunsavaws
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3.2 m51]':xqfwf’ueatmmsaamaaﬂumsmﬁaamaﬂ
auuAldiui s duiuififiaunsmzdanailinedsaeglugiuuy
¢=0(u,) (3.5)
wazaNuea IR anwiiom 2.1.16 seningaiiiiulawe ¢, uez 4 veamsiilines 1

Ml

- f Eq* +2Fuy+ Gyl dt (3.6)

Ed
-

Tavh E, F,G dlugiuumanyafinilavesnuia S
4 T v i ; & 4 -
ifpannaumsosumesiuaumsilimgaia dviunuendiwIfdduigauunuia S
o A ' -t oA a 4 -
fil¥ousznitgaaegaved ¢ Fund Jeewdnues S axiuldmmaunsessined Tavi

[ ¥ ¥
ulRsfeguuiui (3.5) Wu fmuald

u=u(t) waz v=v(t)

v
suiuszuuaumsoonansvodls u uaz v dmsu (3.6) Ao

d E .2 2 i 2 . .
Folia M H2Fuw+ Gy d Eu+ Fv ~0 3.7)
dt™" E? +2Fiv+ Gy dt Ei? +2Fiv + GV
d Ed* +2Fuv+Gy*  d 1 +Gv
g o U +2Fww+GYy  d Fu+Gv -0 38)
dt”" NEQP +2Fv+Gv At Ei? +2Fiv + GV
Tauh
f =V E&? + 2Fuv + Gv?
f,= gfu 2(Eu +2Fu+ GV ) 2 (Eui;z+2Fuzh';+Gu\>2)
_ Ei*+2Fuv+ GV
W Ed? +2Fiv + Gv?
& Vg v e NE £ e ,
£ =a=-2—(Eu +2Fiv+Gv* ) 2 (2Ei +2Fv)
2Eu+2Fv _ BusF) Ei+ Fv

wWER +2Fiv+GP 2\/5122 +2F+ G \ Ei +2Fiv+ G
f = af 2(Eu +2Fiv +GY') 2 (Eva2+2Fva1':+Gv132)

B Evu +2F.v + G,
2V Ei? + 2 Fuv + GV

of 1 .

Simas 2(Eu +2Fuv+Gv) (2Fi+2Gv)

[ 2Fu+2Gy . 2(Fu+Gv) . Fi+Gv
WELR +2Fiv+G? WNER +2Fiv+ G Ei? + 2Fi + GV
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A oo g é o af o o
oI IUTZVUWAARIN UAU x LAZUNY ¥y ARINGINULASHY Tushueafeanu unu u

HATUAY v ﬁ1aﬁ§4n1néaﬁuu_1a=ﬁu HazINew 2.1.18 Ml
F(u,v)=0,(u.v) ¢, (u,v)=0
MnauMIi 3.7) uas (3.8) 9214
Ei#+Gy d_ Ei
WEP+Gv  dt Ei? + GV
Ei’+Gy d Gy
WER +G*  dt JEi? + GV
Tuani3suii suhaumsfi 3.9) uaz (3.10) yhmsnioomdnuuiuiIian Faluusas

=0 (3.9

=0 (3.10)

fufnfiszAnymiu 11958 msm I dnamas Taviimaiinfiuandrefudado Ty

3.2.1 Je0IAANUUNTINAY
aumanzdamaniines G.1) dmiuga y(x,»,z) unnmesszydmmiam
d o 4 a Sy 4 44 ' = '
nsanay Taiaulaluvnzil Ao aunmsveudu IAsiduiganiyeuszningaaeigaiuanan
[ o oda [ Vv
fuuunzanan Tasmsmeyiusifvudunls » uaz v 9zld
@, (u,v)=(acosucosv,acosusinv,~asinu)
nay @, (u,v) =(—asinusinv,asinucosv,0)
1 A ~
unum @, uaz @, luaums E uaz G Fuilulmuiiow 2.1.18 w14
E =a’ cos’ ucos’ v+a’ cos’ usin’ v+a’ sin’ u
=d’cos’ u+a*sin‘u=a’
G =a’sin’ usin® v+a’ sin* ucos’ v
=a’sin‘u
w o a as n’:
weyWusioudnls » uaz v Maums E uaz G awld
E =0, E =0 uaz G, =2a’sinucosu, G,=0

¥
A maruaunu luaunseosans (3.9) uag (3.10) 9214

(24’ sinucosu)v* 4 i z i s
2\/a2£¢2 +a’sinuv® dt Ja’::ﬂ +a*sin®uv? .
5 X
d a’sin*u)v
- ( ) =0 (3.12)

dt Jazdz +a’sin® uv?

¥ "
MnENMINIEeIaNns s dunaldaunsh (3.12) ssari lumanuenveadu Id1a

o

v
Faiu Seensmbw@oulnd 18
d asin® uv

iz -0
dt \[i? +sin® uv?




4 du . o n’: 0 o =) w - o 3/
die X — i aniu du=udt Tluiweaduidy dv=vdt M4

dt
asin’ u(@]
d du -0

2
du 0. 3 dv
1+sin“u| —
du
wlSHuiaaoaniaums a2 1a

) (dV)
asin’u| —
du
2
\/l+sin2u[ﬂJ
du
2
asinzu[ﬂ]=c 1+sin2u[-d—v]
du du

¥
gnidseInaeandaums vz 1d

=¢

2 2
) dv ) . dv
a’sin*u| — | =c*| 1+sin*u| —
du/ du
A% av
a’sin‘ul — | =c?+¢?sin*u| —
du u
2 2
. dv L dv
a’sinfu| — | =¢’sin*u| — | =¢?
du \ du

av Y
(azsin4u—czsin2u) cacil P
\du

\ du a’sin’ u—c’sin’u
v
1 esc! u gunasbuazaIuveruMsd Y Nile 9z 1A
2
( dv ] ¢’ csctu

du a’—c*esc’u
dv cese u
du  \Ja* —c*esctu
2
cesc’u
dv=——o—e—o=du

Va* —=ctesc’u

wilSWusaasanaaums o 'la

2
cCsC U
Ildv - j 2 2 2 du
\/a —C CSC U
2
cecsc u
V=J 2 2 2 du
\/CI —Cc CS5C U

26
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o a e o ' a o 3
AmsunsnlSiussanai Sulaodmuald csc?u =1+cot’ u 221a

2
cesciu
=j du
Jaz —c2(1+cot2 u)
2
cesc’u
V= I = du
Ja - —ctcot’u
cesc’u
v= I du
a’-¢?
(qa2 —c’z)—c2 cot’ u| 5—
a’-c
2
cesc’u
v= I du
C,'2 3
va* -¢* \[1-——cot’ u
a =@
Funa'ld i esc?u Wueyiusves cotu Jadmuald
C q
———cotu =sinx
a =~
csc’ udu =cos x dx.
a’ =
worndu Tunua o2 lé
g =
c—CO0SsX ¢
v=}. ”"2' mdx=Idx=x+a=mcsin[—cotu]+a
2 2 =2 2 7
(a —-c ) (l—sm x) a —c
& i C
R sin(v—a)=———cotu.
2 2
Va* —c¢
nszonaives sin(v—a) Teglugduuy
sinvcosa —cosvsing = : s (3.13)
Ja? —¢? sinu '
MnauMsnMzdamimes .1 W T unuam luaunish 3.13) wld
&~ o R
YOS A — X ————SiN A = 2
c ¢
’ 2 2 ’ 2 2
o a —-C a _'C .
Taofmuald A=————cosa uay B=—sina 3214
c ¢
Ay—-Bx=z (3.14)

: . ¥
INAUNITN (3.14) VEHUN 3303“1Qﬁﬁuﬁqﬂi$“j1q5}ﬂﬁﬂ\1ﬂﬂuu“iQﬂﬁu i):lﬁ'uﬁ']u%lﬂd
¥ P & 1 de ¢ = @ o -] ' =
lﬁuiﬂa'ﬂﬂquui311‘11]“11\1m\lﬂnﬂﬂﬂutlﬂm\muﬂﬂﬂamﬂU’Jﬂu iﬁU:'l’I'Nﬂ\'lﬂa'l’J'iNl‘i‘]uﬁ']uﬂ

o @ ' o l:l - L ﬂ' 1 d‘
AANUIEHINIEUIUNUNIINAN HUND 1\1ﬂi‘|1|11f7iy mnna11'l":’°luunn 1
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3.2.2 F00IATNUUNTINTLUDN
aumsamedinniined 32) dmiuga 7(x,p,z) Wunnmesszydumisu
nsanszuon deftauleluvasil de aumsveuduIfiduiigaiidonszningadesgai
uanATHULNsInTzUen Tasmsmeyiusiivudaunls « uay v 9214
@, (u,v)=(0,0,1)
nay @, (u,v) =(-asinv,acosv,0)
unus g, uaz @, luawms E uag G auihullawiow 2.1.18 o214
E=0+0+1=1
G=d*sin*v+ad’cos’v=a’
woyiusifvudunls » uay v Yaaums E uaz G 9218
E =0, E,=0uaz G, =0, G,=0

v
hamaruaunuluaunisoooans (3.9) uag (3.10) vzl

ISR IR ST (3.15)

dt i +a*v? :
35

4 8V (3.16)

dt \i* +a*v’?
¥
o

ad o 4 o iy d . du .
Tuifidonaunisi 3.15) o limaumsveudulfsiiduiiqa Tavimuald il
t

daiu du=udt Tuiuesdoinu dv=vdr ym1i
du
LI R 0
(%)
= *g
dv

¥
nlSWusaaoansaums o214

du (du ]2 2
—=c || — | +a
dv dv

2 2
ORI
dv dv

oNAIAITDINADANIAUMT 92 18

HITINNADINADANIAUNT ilzllﬁ'
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dv= 12e du
ca
nlIusaaeansauns o'l
[
Ildv=I bt du
ca
v=bu+g (3.17)

1-¢?

T b= uaz g Wumnai

ca
] v ¥ ¥ ¥
MINAUNISA (3.17) sznud szezniiduiigaseningaaesyauunsanszuemiv exiy

]
' o/ I

1 { o ar o el o o J -
'ﬂ".l‘l.lﬁﬂﬂﬂ‘l-lTZH')TQﬂﬁ'Qﬂi&‘UBﬂﬂ'MiSN'l'lJWU‘N']HfI‘UI.IﬂH'Uﬂ\'Iﬂ'ITI’II{N LAgAURTANUWHHIVON

"

=)

nsanszuen vufe idu TR aueSiAow uazszuiiviuiuszun xy Wude iduIdamnsusa
4 1 ) = =) ) A ] A e
firugaresaiilulesndnveansanszuen Tudansdiniiveamsiilesadn iiowesan

aumsi 3.15) uag (3.16) wduna ldhmwsarihaumsnaaesaunisvin winnuenves

¥
o

¥
Fuldeld dniudanlSiusaaeaaumsniaesaums 'l
u

—=q (3.18)
Vi +a*v?
2.
avy
=g, (3.19)

Vit +a*v?

Tavii ¢, uag ¢, Wudnei Meunsi (3.18) misiu (3.19) 914

£.=D1

v

c!‘ 1 4 4 ° du .« o o’.r' . ] = o
Tavi D, = ¢, /c, Wumnsi iotmuald — = u fiu du=udt TuvinieaneInu
i

dv=vdt yH
du
Z=p
dv
du = Didv
¥
nnlSwusaasanaaums vz ld
u=Dv+D,

Taod D, Wusnei fimualiyaaeayn B (u,,v,) uaz B (u,v,) iilugalag feguu
N3INTLUON NNFATOYNUT lugnaaeiia
Au _du u —u,

Av dv v, =V,
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¥
] o ¥
wenunil ddmuald u, = Dy, + D, w14

D, =uy,— Dy,

U —u

"t 1 —Ho
D, =u,— Vo

Vi =V

UV, —u,V
=“o—[ 1Yo — %o OJ
Vi =¥

_ UV —UpVo — UV, + UV, _ UVy — UV,

Vi—V% Vi =V

»
LY

INTIERNEUY

U —u u.v, —u,v,
u=[ 1 ko+ oI — 4V
Yi—% V=V

diothaisananlunuluaunisarzdamsiiiwes (3.2) w2l

U —u U,v, —u,v,
1 OJV+ 0”1 170 (320)

@(u,v)=| acosv,asinv,
I=% Yi=V%

14 » ¥ ]
MINTUMINIZBIMTIABT (3.20) 9xwui lunsdlil szeznaiduigaszninganogauu

nsanszuenvziidundol (helix) Wudenadn

3.2.3 900IAANUUNTINTIY
aumsnnedamaiined (3.3) dmivga 7 (x,»,z) Wunnmesszydumianunsa
n70 Aeftmla luvaeiine aumsveuduIfaiiduiigafidougaszninganeagaiiunnds
fuvunsansae Taomameyiusifoudunls « uaz v o'ld
@, (u,v)= (cosv,sin v,1)
nae @, (u,v) = (~usinv,ucosv,0)
unum @, ez @, waums £ uay G duilulmwiiow 2.1.18 w14
E =cos’ v+sin’ v+1
=1+1=2
G=u"sin’ v+u’ cos’v=u
wieyRusiioudwls u uag v Wrun1s E uaz G 9218
E =0, E,=0uaz G, =2u, G,=0
yheansaunuluaumisesuiaes (3.9) uas (3.10) 1214
u)¥ 4 2
WP+ A2 PV
d u'v

dt \[20* + u*v*

=0 (3.21)

=0 (3.22)
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L4 v
PInaumsRIgesauns sxdunaldnaumsi (3.22) awnsoi llmanuenveadulfald

v
o o

Faiu Seewsoiwndeu n 18y

d u’v

—_—.——:0
dt \[2i% + utv?
i du o o : " o y "
119 et gy du=udt luiueudvanu dv=vd A

y (dv)
d . d
d_—u-_; =0
U
2+u’ [_dv)
du
mSusaaansaums wzld

v
nlSHusaaoaniaums a1

jldv= I—J;%du
o Jet —u? ln(\;(c-i-\/cfu_z)/u)

nnauMsi (3.23) wduna 11 narineynilevesaumsaoudiagen

(3.23)



¥
sutunngluuumadenvesaunisesuaes luunumsn 2.1.6 9214

2 2
uz(ﬂ] +2—(ﬂ-J 2 uz(ﬂ] +2 |=c
du du )| ov' du
dv
2 2“2(—)
)l .
u u
2\/112(@) +2
du )
uz(dvjz
x S
uz(ﬂ) 2= )

¥
UNMAINDINADANITUMT i]S.l‘;l’

[ dv Jz _4-2¢
du cu’

. ¥
msInnaeIRaeanITums 1z 1a

ﬂ_ 4-2c*
du cu
2
dv= st du
cu

v
wnlSusaaoansaums a2 1a

flav = [Y4=2 4,

cu
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¥
NERERPANRT)

PR
y= Ni—dc In|u|+ constant (3.24)
c

[ y ¥ v ¥
MINAUNTA (3.23) HBT (3.24) TNV TTuzNNAUNYATENIYANDIPAVUNTING N
Tl ATiRvaaumsifor uazaumii 3.24) Taeglugduuui bisudeumaunsi (3.23)

' = o - a 1 a g1 A o ¥ ' o @
ot lsfimuaumsiaeanumivaziogaiadideiemveadns « dealauidugud viu

=) di :! d’ ' e
Ao aumsh Idiusziuegiuynyaunidugavenaveansiniie

3.2.4 J0DIATNVUNTIHNON
aumanMzdaniimed (3.4) dmiuga 7 (x,»,z) Wunmmeiszydumiauunss
Vo Asiaulaluvasiine aumsveadu1fsiiduiigaiidonssniuganesgaiiuani
fuunIviaen Tasmsmeyiusifiondunls « uaz v 914
@, (u,v) =(pcosucosv, pcosusinv,—psinu)
nay @, (1,v)=(—(R+ psinu)sinv,(R+ psinu)cosv,0)
unue @, uae @, Tuaums E waz G Fuilulumuiion 2.1.18 218
E = p* cos® ucos’ v+ p* cos’ usin® v+ p’ sin’ u
= p?cos’u+ p’sin’u
= p2
G= (R+,osinu)2 sin® v+(R + psin u)2 cos’ v
=(R+ psin u)’
woyWusvuaA s » uaz v yaaums E ey G 98
E =0, E,=0 uaz G, =2Rpcosu+2p’ cosusinu, G,=0

v
ﬁ1mﬁwnmmu'lufmmiaamﬁaf(3.9) 1ay (3.10) 3214

2Rpcosu+2p’ cosusinu)v’ 2
( P P : ) d pu -0 029
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Abstract. It is well-known that the shortest curve on surface of sphere is great circle.
However, finding of the shortest curve on other surface is not much studied. Currently,
many researchers are more interested in studying about this field. A curve which is called
geodesic is a curve that accelerates to surface. The definition of geodesic is &-a@ =0
and orthogonal to the tangent space. In this paper, we offered the shortest path on some
surfaces of revolution. Then, we analyzed the parametric equation to determine the
shortest curve by using the application of Euler equation. Finally, the given examples can
be used to apply in clinical application and other.

1 Introduction

The Geodesic problem is the problem about the shortest distance on arbitrary
surfaces by considering from distance that minimizes non-increasing. In
addition, geodesic generate directions on surface as well. It can be found by
generalizing the equation for the length of a curve, and then minimizing this
length using the calculus of variations. This has some minor technical
problems, because there is different ways to parameterize the shortest path. It is
simpler to demand not only that the curve locally minimize length but also that
it is parameterized with constant, meaning that the distance between two points
along the geodesic is proportional to their points.

While the case of finding the shortest path between two points in a plane is
straight line. In many methods exist for making this generalization, such as
using isometric maps to surfaces with known geodesics, one of the most useful
methods in finding analytical solution by using the Euler equation. A geodesic
can be represented by the solution of a second-order ordinary differential
equation. Traditionally, with a given point and its tangent direction being the
initial condition, the numerical solution of a geodesic can be obtained. But this
method cannot ensure the requirement that the obtained geodesic pass through
another fixed terminal point with this requirement being essential in practical
winding.
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2 Preliminary

2.1 Euler equation

The Euler equation is an equation whose solution extremizes a functional

Lly(x)]=[ f(x2.y")dx. (1)
It is given by the ordinary differential equation,
Z [ (x0) =22 1 (5,3,5) =0, @
%y dx oy’

When comparing with almost argument, by y is a continuous differential
function and satisfies certain boundary conditions (if the shortest path between
points @ and b such that g(a)=a and g(B)=b) which a functional

extremizes.
2.2 The shortest path on parametrized surfaces

A general solution can be given for finding the shortest path on surfaces which
can be parametrized in the form x =x(u,v), y=y(u,v) and z=z(u,v). The
shortest path that is the minimum arc length is given by

L=[ J(a&x) +(dy)' +(dz)’ . 3)
Note that dx is given by

dx —Ed +gdv
Ou ov

Thus, dx’ is given by

dx’ = J 2——dudv+(
\au

Similarly, we have

dy2= J 2ayaydudv+[
\au

2

J av’ .
4

J v’

/ 2
ds* = 62) i +2 2% dudy +(6ZJ v
\ Ou Ou Ov ov
Substituting these equations into (3), we get

L=["VE+2FV+Gv*du ()
Y]

e 2R

and

76



Proceedings of the 6th IMT-GT Conference on Mathematics, Statistics and its Applications (ICMSA2010)
Universiti Tunku Abdul Rahman, Kuala Lumpur, Malaysia 706

2 2 2
where E= (a_xJ +(@) +(EJ 5
ou ou ou
Ox ox 6y 6y 0z 0z
au av Ou av au 3v

and G= (QX_JI + (Q)z - (2)2 L
ov ov ov

Taking derivatives of integrarld into (4), we find

4 . (E+2F G'Z)'”(aE 3 g a_Gv”)
dv 2 Colinl s

F=

and

L/ 1(E+2Fv +Gv’2) *(2F +26Gv).
dv' 2
The Euler equation (2) then becomes
oE 26_F : an,z
v v v _i( F+Gv )=0_ e
WE+2FV +Gv?  du\JE+2FV +Gv?

3 The Shortest Path

In the plane, the Riemannian metric is given by ds® = dx® +dy* where ds is an
infinitesimal length. Therefore, the arc-length of curve in the plane between
two points, meaning the shortest path, is a straight line.

The Euler equation can also be solved to find the shortest path on the
surface of a unit sphere. It well known that the shortest path between two
points on a sphere is on a plane that contains the origin of the sphere. Thus,
pick any two points on the sphere and then solve for the plane which contains
the two points and the origin; the shortest path is the intersection of the plane
and the sphere, the great circle.

In addition, we find the shortest path on other surfaces that consists of
cylinder, cone, paraboloid, hyperboloid, and torus to the following.

3.1 The Shortest Path on a Cylinder

The Euler equation can also be solved to find the shortest path on the surface of
z-axis positively. The metric on a cylinder is ds =+ R’d@* +dz* . Thus,
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L =[ds =J':JR2d92 +dz’ =J"' R? (%f—)z +1dz .

The Euler equation becomes
2 ?
A Rz[fﬁ) P § i Rz[ﬁj +1=0
dz| 04 dz 08 dz
which can be written

(@) (2] )

Integrating this gives
2
#(49)/ R (42) 1=
dz dz

0 =

Therefore,

c
———=2+constant.
RVR*-¢*

This equation means that the points which are on the shortest path between two
points on a cylinder. The geodesic is the intersection of cylinder and plane.
That is so because the principle normal to any of its points is parallel to the
normal to the surface at this point.

To verify the existence of other geodesics on the cylinder C, we shall
consider a parametrization

x(u,v)=(cosu,sinu,v)
of the cylinder in a point peC, with x(0,0)=p. In this parametrization,
a neighborhood of p in C is expressed by x(u(s),v(s)), where s is the arc
length of C. Therefore, excluding the cases already obtained,
u(s)=as, v(s)=bs, a’+b* =1,
A geodesic of the cylinder is locally of the form (cosas,sinas,bs), and thus it
is helix as shown in Fig. 1.
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Fig. 1. The shortest path on a cylinder.
3.2 The Shortest Path on a Cone

The Euler equation can also be solved to find the shortest path on the surface of
z-axis positively. The metric on a cylinder is ds = vu’dv* +2du’ . Thus,

L= ae= [N 2 = [ e (2 )+2du

The Euler equation becomes

2
B (d"J s2]-2 (ﬂj +2=0
du 6% du ov du
which can be written
du

oo

Therefore,

u

This solution aforementioned that have the variable greatly. By the alternative
form of Euler equation becomes,

2
(2] +2-(2) 2 u[“"’) +2|=c
du du )| 04 du

which can be written
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Therefore,
va-2c?
v=—~———1In|u|+ constant .
c

Although this equation can be find solution easier than above. However, both
of solutions exist if and only if the value of u be non-zero, that is, this
equation depend on every point except apex of cone. This is not always so can
be seen by considering slices of cone, parallel to its base.

Since the area of a slice varies as the square of its distance from the cone’s
vertex, the area function obtained looks like a piece of the curve y = x, which

is certainly not concave. However, it is reasonable to assume that the cone is
frustum, since it is only just a convex body: its curved surface is made up of
straight lines.

Note that the points that are on the shortest path between two points on a
cone have a solution above that except the apex as shown in Fig. 2.

S B
4

Fig. 2. The shortest path on a cone.

4 Application in the Clinical field

The traditional method of finding the shortest path between two points is routes
of one airline from the city to another. This is well-known that the most
obvious about the application in Geodesic problem. Furthermore, we find the
shortest path between two points on cylinder and cone. Modern technology can
be applied today as well.

The Clinical technique of effective operation is small surgical scar and rapid
because it allows recovery of the body relieve or prevent complication that
may arise with patients. Nevertheless, surgeon is necessary in planning the
surgery. If the above theory in this paper application can be applied, it
considered to be more beneficial to the operation.
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Fig. 3. The arm-shaped geometry similar to the cylinder.

Another important factor in the case of operation cannot surgery with human
individually. Therefore, the usage of technology is called “Laser knife” to help
alleviate the burden on surgeon more effectively. In Fig. 3, if we look at arm-
shaped geometry similar to the cylinder, we will be able to find the shortest
path to the surgery. Accordingly, the application of Geodesic problem is useful
of clinical field a lot. It is also an alternative that will facilitate the surgeon in
operation.

5 Conclusion

Using the application of Euler equation which is on the shortest path between
two points on a cylinder is locally of the form (cos as,sin as,bs), and thus it is

helix. In the case of cone, this equation can be find solution depend on every
point except apex of cone. It means that the points that are on the shortest path
between two points on a cone have a solution above that except the apex.

6 Future work

The further process, we will take results to construct the algorithm with
program to simulate. After all the preparation is complete, we will make
contact for actual trial of surgery at the hospital in Thailand.

After that if we will take the both of cylinder and cone to stick together and
find the shortest path on this surface, it would be applied as shown in Fig. 4.
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Fig. 4. The lung-shaped geometry similar to cylinder-stick-cone together.
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