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ABSTRACT

This thesis proposes a determination method of calibration parameters for coplanar
camera calibration using a single image. The proposed method consists of two steps, initialization
and nonlinear optimization. In the initialization step the principal point of an image is considered
as a parameter to obtain robust initial calibration parameters for the changes of camera orientation,
the shift of the principal point and corrupted noise on the image unlike the conventional methods
assumed that the principal point is known. In the nonlinear optimization step optimal calibration
parameters can be determined iteratively by dividing the parameters into four groups to obtain
stable calibration parameters. In order to show the effectiveness of the proposed method, coplanar
camera calibrations were performed with both synthetic and real images. The experimental results
show that the proposed method provides both stable initial parameters and noise robustness for
changes of camera orientations, noise levels, and shifts of principal point in the initialization step.
Furthermore accurate calibration parameters and lens distortion coefficients were determined with

the obtained initial parameters in the nonlinear optimization step.
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0 0 0O 110 0 0 1

cos@ sin@ —cos@sin® 0
-1 0 cost sin@ 0
sin@ —cos@sind cos’@ 0O

0 0 0 1

(2.11)
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4 w o { ' a d
lﬁﬂllﬁ&ﬂlﬁﬂﬂwﬁﬁwﬁﬂ1ﬂﬁ1ﬂﬂl?1ﬁﬂﬂlﬂﬂﬁﬂﬂ1iﬁ (2.10) uag (2.11) WWUIUNATNYNII

N ¥ td " [ "
naougIluadng [T limiousu Waiifmsizmsmyuaudaiiud i hiswsoaduild

2.1.3 Msaziounaumwiia (Three dimensional reflections)
9 s aa ﬂ'l d’ Y dd' =Y s aa ]
msaznoundumuiaiiudsndeans lunsaifuaiirmsesiageuia hiawnse
<3 =t o o ar = ~ . = o
wouiiuld Taold3nsmyulasase dmiunsaziounduuiand (Pure reflection) Ames

a o . as aa = Voo
HunuA (Determinant) Yo Imsazound uaNuLAE A NN -1

yy*4

Ui 2.1 m3azviounduawiiAvesdon ABCDEFGH HIMszu1 xy

ar o aa = "
lumsazfiounduvesiagmuiiaiuaaslugilvosuden ABCDEFGH siuszum
b4 9/ o =] o = £ oo g
xy slanmazdounduiiluudon A*B*C*D*E*FrG*H* dugilit 2.1 Fellfvadin
o ' o o v as v 3 N = ' A A o
ANz vowrameiA e iagmniuninulaounlash) nandeiinsnduves

4 [ n‘: = o P o s ar 1
IATDINIINVINTT LAY Fa1T1 wasnsmsalasugddmsumsasioundurmuszui xy
RITREL TR G b1

10 0 0
o1 00

[T.]=|0 01 o (2.12)
00 0 1

dmiunmsaziounavvesiagamiiaduszui yz waindgmsalaougdmiunsasiou
nau [T,.] aunsodou 1@y



[T}:] -

(2.13)

SO -
cCo—=oO
OS=OO
— o OO

o ar a d { o ar Y [ aa
Twihwesdeiu  wasnamswlasugldmiumsazioundy [T.] vesingmmiianim

-
IEUI xz D

1 0 0 0
_10-1 0 0
[T1=10 0 1 o (2.14)
0 0 0 1
2.1.4 Msfhoawiia (Three dimensional translations)
waingmsnlaougldmiumstoanuia [T,] gnamualiiiy
1 0 0 p
[t1=0 o 1 ¢ (.15)
0 0 01

v ¥
VNAUMIN (2.15) wwundmlsznoumudiusnvesnanuIdwnlganio (Final column)

a o P ' : o o Y ea g aa P
voawaIngmsnlaougluina 4xa mmiuinh difadoawia Taonaineglunumieam

A @ & wn & vl Yo a ¥ 4o | daa A a a
UAUNMINDHUS ﬂﬂuu’i‘].ﬂiﬁu‘n'lﬂi'llﬂ‘lﬂﬂﬂqﬂ']'iUTU%1ﬂ!3ﬂlﬂﬂﬁﬂ1llHuﬂﬁﬂﬂ ‘H'jEl‘gFﬂLl‘ﬂ‘iﬂlJ

@

Vv
mudianuaumsowou1diiy

x 1 0 0 pfl«x

Yiole 1 0 ¢l »

2110 0 I rllz {2:10)
h 0 0 0 1|1

wieom@oulny lditly

X x+p}

Yi=|(r+q 2.17
; z+r) &

1

’ d' =~ 1 1 o é aw o 1) ' ar
Ao 2 Tuaumish (2.16) uag (2.17) wlinwiiuwile Tasiidadumiavesgalninonds

¥ '
nmsfhennganadnezedi [(x+p) (v+q) (z+7)]
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2.1.5 manlaouzilwagu (Multiple transformations)

= | 5 ! o ¥ o
nmﬂauugﬂaumm (Successive transformation) @13150MI1W15 WA WA
g o = @ - e ar @ de a
wiowoud @i Idiuman/aougilnng 4xa Sudedszimaldwadninmiowdy
] a ﬁll v Ay Y o q’: o o o e ﬂ a o w
o INHAR MY INAINE I snaaun 1a duiudwovesmsi U 1$nmoiluiadin

s 1 [} e o H o o [ = o :
(mouravy [A][B] # [B][A)) mﬁmﬁgnﬁ'ﬂagnnmuﬂ%msmuwmmmnmﬂmﬂﬁuugﬂ
N v & e o [ o " ) ~ ar oo ] = o =
uAnzdMdMIUEIunAIReTf My waSnanlndtunameidumianniigasziliina
msnfaougyl (Transformation) newdluduusn udRuiludaialisunsensiadgaie

Tumendiamandsuiiamsonaas lRimioudy
[T][X]=[T,]-[T][T,][T][X] (2.18)

o [T]=[T.}-[T][T][T]

b a d : ; i a a a d 4 ]
luiil [T] Aowmsngmsnlaeugiduiissifannmssuiuveuningmsn/aougl wy

= o a 1 ar [
wasnasminlaouzilvesmsdoveis msdameu manyu uazmsazioundy iudu

é | s - o o ] o l& . -
2.1.6 MINYUITOVUNUHHINVIUAVUNUAAAA W I6UNIT (Rotations about an axis
parallel to a coordinate axis)
- = ~ = = aw o "
nmﬂauugﬂﬂﬁ"ﬁ‘luﬂumsw (2.7) D3 (2.9) INANNMIHYUIDVUNUNNAA MW UL X

Y X

(@) (C))

3% 2.2 msnyusouunu X Nvuudueny x Tussuufdagwmiiadheda
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Y U z YIS VURNARIMUIE 1989 i AY ﬁ60ﬂ§0ﬁ15191iﬁ‘iuﬂu¢’{mwummmu‘lm
Alailsunumandi 1u1'?"|'f':ﬁw:ﬁﬁ15mmstﬁﬁmuﬁﬂmswuiﬂuuﬂuqﬂﬁaﬁszummmm
TN IEUVIUAUSL YUY xyz YBsEUURRAG M a8198 37 2.2 uaasTagdunilaiin
STUUINY x'y'z’n‘ﬁegnmumuﬁnsxummu Xyz YOULVUNNAR W I8198 Manyuing
sounny ¥’ y' wie 2 unulaunumilannsovnidnde 18 Taeldauneudsil

1) éhwingaunssiagariuiia (Origin) HAZIZUUUNUYEIIAgFRUTUINDANUYAR NTA

HAZIZULINUY Xz YOISEUUNNAR MINUID19D4
2) myuianseuunuiidmua
3) Swiagiignalasugiudanduhigumissuduve i

Tunmandiamans 1214

(X" ]=[T]'[R,][T][X] (2.19)

[X'] Aeingiignuldougy
[X] fAedngndslignulasusl
[T.] AewaSndnmisdo

- = o P
[R.] AowaSngmsnyuimuize

-1 a o ar . .
[T.] fewaSnanmiséhondy (Inverse of translation matrix)

l-'!l : YVaor 1 . .
2.2 m‘m]aﬂugtl‘mﬂﬁﬂﬂ’m (Perspective Transformations)
- = 3 ar i = e — ey o & A o
nmsnfasugiin lddadauilunmsmogalulSplimuiaasuussuudunila daines
= v - = Ay Yo H o w o« &
goiasniuilumsalasugilvesnm  mswasuzlinlddadmuansummminddyduniide
. ;. k. e " 4 d
m3dszuananIw (Image processing) ms13'mi']u':15°luﬂﬁmmmnuquﬂqunﬁ%ﬁa
4? = o b \ ' dy ' g
Yumlaomsuosgunlgiowiia [S] msulasugdmariivzuandiamaiiugmueinms
waougiinldesine Iilwisden 2.1 mszdilumsndougiluduFaduiniedosiv
MIHITAWANIAA WML
- 9 ° v S e o 1 v
i 23 samsluwaavesnszuaumsaduam  Taoimualdszuuinadumiindos
(Camera coordinate system) 1ilu [x, y, z] Hszuumw (Image plane) Madouiufy

bl
- - ' o ar A
TEUI Xy uazUAUNINES (Optical axis) Bg'luuu'mnu Z AYUUYANINANVDITZUIY

"
1 & o

=] o = . . S o i 2
Mwnfeyaiuila (Origin) vesszUinad umindos uazi;ﬂqutfﬂa'lwmmwﬁmagﬂwnﬂ
A (0, 0, 2) Mndosagluszos diadmsuiagieglnasenly A Afearuen Inda

o AJ = - oa o [ ) cv - e o " -
VOUAUY °lu°nunmwmﬁwuwmﬂnmmﬂﬁ'magmmmﬂmzuuwnﬂmgmmé'fwm

. ¥
(Reference coordinate system) Tauiigaii uduvaaniaoaszuus i



yY
A Image plane

o T X, ¥, Z
T et

/
2l g | L.ens center

>z /7

\

v ¥ ]
3UM 2.3 Twmanuguveanszuaumsadanw sz uuinadumiindes

DYNALINUITZVUNNAR N ID19D4

Ml X, ¥, Z) duiidadwmisdedsvesyalan lulSgimuiamilounuaasly
= a a &y o ' o = ;
Wi 23 wazmuy@eaeamseiineiii Z > A dumnoanuhgaisnuaisiauleg
4 Y o o’: A Y o e dw A A o o d
Auniveaudane Tuduaeuusnmeld Idanuduiusounilsiuansnnudunusves

v d
msnwnwvena luligienuda [X, ¥, Z] Tluussuunmnnnadums [x, ] duil

o o o ' o 3 o
mnsailduie1dTlaviwlaoldmdnnsvesglmumasundie wWude

x___ A

3 Z-3

—i— (2.20)
A-Z '

Lo

X K

3 B4
¥

=— 2
TE (2.21)

wspamandienives X uaz ¥ veumeumeunile luaumsi (2.20) uaz (2.21) uana
ainnsanegludnpuzndinia milougmusvindanuaasdagii 2.3
wiadMiussInunmveInneye luligiimuia  aunsom1d Tasasann

T MIN (2.20) 1az (2.21)
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. (2.22)
ey
Hay
AY
- (2.23)
Y-z

b

0 ; ] = Y d' 9 [y Y ar -5 L -1
aumsmail lidhuFadumsizRerdestunmsmsdieiunls Z uasiadhaumsmani
o " : A o a da 4 ] 1
awsmih Wl 1dTavase udrievassiinezuanslugdveunasndiFaduie i hwdons
3 " ¥ ] @ ¥ A Y ma o v
wyu M3t uazmisdeves Wudumilouliiadion 2.1 dridaduwmis Homogeneous
a a an & a W :
vosya lunlsgiimuiiayaniiede [X, ¥, Z) gniewmiloudiu [kX, kY, kZ, k] iiie k 11

Ansiilani hiviugud yalugdvesiinadiumis Homogeneous gnimualviih
w,=| > (2.24)

uazdusinumsnlasugi lddadmiloudy

1 0 0 0
0O 1 0 0
P=/0 0 1 0 (2.25)
SER
A
HoRMYDI Pw, 92 1dAmes ¢, :
¢, =Pw,
I 0 0 kX
0O 1 0 0 kY
=0 0o 1 ol|*Y|2| &z (2.26)
1 kZ k7
0 0 ry k —+k

' aw o il o A a £
alszneuves ¢, Aewdadmiandnaluziues Homogeneous #aiildosune’l?

T aw o ' v ar Aaw o - 3 ' o
VHNAUN ‘Nﬂﬂﬂ]kmuﬂma1uﬂ1u1iﬂuﬂﬁiﬂ§11_l'lﬂ“n‘w ﬂﬂ‘luﬁuqﬂ\“ﬂuqﬂiﬂﬂﬂ'ﬁ‘H-ﬁuﬂﬁzﬂj
w

s @ o

o ¥
ﬂlﬂﬁﬁ'li.lﬁ’.!l.l'lj‘jﬁﬂBﬂllﬁﬂﬁ"lﬂﬁ')uﬂizﬂﬂ‘llﬁﬁﬁﬁ AIUUN ﬂm1!.muaﬂuﬂuiuszuuwnﬂﬁumm

ndoaazgnimualugilveanames lay
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- o [AX ]
I 8 T
i g
Y15 2=z
=z _£
ST LA-Z]

annlsznevasidiuusnyes ¢ NAeNRAA N [x, y] uuszummwﬁ;ﬁﬂmnmimﬂqﬂ
luilSgiiewiia [x, ¥, 7] defounduliitaumsi 2.22) uaz 2.23) sewuhdautsznon
fimuluaumsi 227) il anumuls  eowlsie danlszneviii
m’fﬁmﬁauﬁ"zuﬂ:i3ﬂszw§’mfluﬁmﬂsﬁﬁ1ﬁm‘lumsLﬂﬁuugﬂﬁ"lﬁ'ﬁ'ndmnﬁu (Inverse
perspective transformation).

manlasugnlddadunay (Inverse perspective transformation) 1ilumsda

" "
(Map) yanmuuszinunmnau lunga luilSgiimuiia dniunnaunisn (2.26)
w,=Pc, (2.28)

e P Ao

oo

(2.29)

0
0
1
2
A

-1 o o ] ] é = o o r
auyanganmuussnunminnadwmiaily [xg, v, 0] FeRas Moy z = 0

a

] " : = £ 1: L4
MOLAMINIZIUMNAIBYN 2z = 0 Feyalegnuanslugiyewinees Homogeneous

“¥

- o

(Homogeneous vector) imioun
c, =| Ko (2.30)

4 Y - = s aa A daar o '
dioldmumsn 2.28) wldyalulSpiimudanumudaonnmesfigadumia Homogeneous

(Homogeneous coordinate vector).

105420
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kx,
w, = ’%’o (2.31)
k
n30
X X,
w=iY |=| (2.32)
y4 0

' '
= o

waﬁwfﬁ%ﬂmufﬁuﬂumn"himﬂwmﬂmﬂzfmmﬁﬁ' 232) W Z = 0 dmSuealaqlu
Uspiieuiia i‘]ﬁymﬁyaﬁmfmmmsﬁqgﬂmw [xo, yol vuszwummnaylldsgalaglu
Uspiiauiia c‘ﬁaﬁaﬂﬂﬁ'mﬁ'mgmmi;ﬂ'luﬂ?gﬁmnﬁﬁﬁnﬂm%uﬁus'mﬁ'u (Collinear 3D
points) ﬁmmgj‘uuLf’r’umsqﬁﬁﬁawmdm [x0, ¥o, 0] ez [0, 0, A] aumsveuduasaii lu

TTVUWIAR N UINDINNINAUMIN (2.22) 1Az (2.23) 1ufe

X =%(,1-z) (233)
o

Y:%(A—Z) (2.34)

aumsh (2.33) oz (2.34) uema“lﬁnﬁu:hmsnm"iuuwﬁ'ammdnﬁmmsi’z?iuaﬁmgﬂ'lu
WS nieuiiaf iiiaganm alufdeffadumis Z voagaluilSniamiin) shuilull
"ln"lﬁ'muﬁﬂ:ﬂﬁnﬁuaﬂui;ﬂﬂ?gﬁmuﬁﬁ‘lﬂ"afiNﬁuu;n‘fﬂmmwmaaﬁu dodunailiiiuid
niwegroundmnzaunsainnlifugasvesmanlfoug i lddadundy  Taosmuals

adnlsznew z ves ¢, Wumilsududnsdaszunuiivsniiy 0 mitouluaunisi (2.30)

v
o o

aaiuiimuald
c, = ]k‘zyﬂ (2.35)

k

Auralfaumsi 2.31) fe

w,=| k (2.36)
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é 4 s = = lela)
FudowlasnduilugalulFgimuiaee 18

[ Ax,
X Z.‘F'Z
Wl |l 2 (2.37)
A+z
z Az
| A+ 2z ]

Tumsasanuany Msnesan z mileunuanilsdaszee 1daunis

Y= Ax,
A+z
Y= Z‘yﬂ
A+z
szz (2.38)
+z

v
VN MIAIAeYDd z Tumenved Z Tamhaumsgamounuasl/ luaesaunsusnez 14

X=2(3-7) (2.39)
)
Las

Y =%(z—z) (2.40)

4 kY w Y a - LV | ] aa ar ¥ o"
maaﬂﬂamnmemmﬂmwm5ﬂanﬂuqﬂiuﬂsgnmnmmﬂmmmnu'lﬂamaﬁuugmTﬂﬂ
e —a “aN Ve o . = u.: o ﬂ i F4
'mfummsuﬂauugﬂ‘n"lﬂaﬂmuna'u (Inverse perspective transformation) Huiniluanag
S o v : " é aa o " s z o -,
WAAAWM LY Z Y0390 UUNDY SINTHINAAA NI Z ¥033a711101991 14 Tan3T Stereo

Imaging dudu

v
2.3 MSaaUINgUNADY
P Y oA P Y A @ A °
ﬂ15ﬁﬂﬂ!ﬂ0ﬂﬂﬁﬂ\3ﬂ?)ﬂ$‘l5 ﬂ’lﬁﬁﬂﬂLﬂUUﬂﬂQQﬂﬂﬂﬁzU'Juﬂ’lﬁﬂu'ﬂuﬁiuﬂ’]iﬂ’lu?mﬁ’l

[ - o = 3 \ o = " o = d
mwmiiwes deuiouTuiuNNuYeINsIeU UYBINEUNUADI AT UOLA W3 1HND3
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goudvuiidesmsinnaniunlsznoudowsiimesmoluiazmeven (Intrinsic and extrinsic
parameters)  WisileimouensznoudoiimmaveandeuazAumisosuinandes
Tavdedanugafuiaveszuuminad umisdase (Origin of reference coordinate system)
daumnimesmolulsznoudiennuenIiia  (Focal length) VRAUINAIIVDIN W
(Principal point) §as1d mszniennue ialunnusudenamiesndenana

a =

urlAnes (Scale factor) ANWBBIYDINIH (Skew) wazdulsyAntanuRaiouvoauT

daindudTaoialh foyanmitl¥nnndeuiiudoyaaesiiaiiianmn
HagAImIR Y “luﬂsﬁﬁﬁ'mmiﬂizmawamwiﬂuﬁmsmnnm:gﬂs’w anyMzIAY
uaznrmnveiaglunmiasbiaulennuinuesiag  wieewGoniimsszuanann

Yo o

uUDAeIlA U msasamiaglunm msiiiiaquazmsiiwsnus Wudu msaouriion
9 a A 1o ¥ csa;w Yo w = e o aa
nassoruiludan lusuilu 1 IUNSANADINTISVIAQUUENUEA TUA LM IR NINHITA
AN ANVOTMATANNYIVDAIANA 1 TunnlaedTs Passive stereo 35 Active
& ad b o ] o 9 - b
stereo 13075 Range finder Yoyanm @unisveguina 1Az iAn11veInang
a an = L4 g = o 5 Y o
Tugivoanmmesmuiiduaziwainduia 3x3 Tuitufivhau (Working space) Taudnada
s o = s e o [ = a o @ o -~ rf-!; d‘
AN UTIAVDITZVDNNAR WINL 991999 nmmi‘lummﬂmnuanmua‘lﬂmnqﬂnsmﬂuqn
v o [ o [ 4 = =1 1
19lsznaumsfiiuam aus linswdwmisvesguinaendoauazfismavesndes 1517 1
o an o 4 ¥ s g et = dy o
asainunilaaguesiaglunwld  uesdunlddeyanmiiianwiaiouvesaud

H b v [ "
Taviidaliilasumaudlvanuiadion devi s nnamiidvosiagaie lunw wad

" td
[ Yt aaa A

Vo oA A o aad Y a 9 qy = 9 =
IasunfeTagidnnu 1ATiaRafou Tusnidanuiess  dromaiiesmsaeuiioundesss

a
¥ .

as - o @ w 4 =] a o 1 o
na"|mi‘luﬁuuﬂﬂu°nfnﬂm"auﬁm°luﬂ15uaamummﬂﬂnmmamazﬁuuuﬂ
= 3 n.a [ 7 - ' " -
nmsaouiounaedlaoyi lawnsoniseon1@iuaesriinlugq nademsaon
=t Vv s . - 1 4
MuuAIeAee (Self calibration) HazMIAOURNOLUUNUTMUWNINDS WILITEUY (Planar
pattern-based calibration) nifivesnIAEUROUAIWANDY Tuvmznndssidunaoun T
v ' Y AW 1 A . A v ' '
navszawMHammadeun luiimanaoung (Static scene) HIDNADINIWNINYULDY
o i ﬂ' 9 = 5 . -
Ul an madeuiimIn)dsunilas (Dynamic scene) mﬂwmi’fayamw (Sequence
- 4y o o 1 = o =] = =t
images) Na1wldnnndesszgminndnnamamwsiines seudioy Yeavesmsaoudioy
P 1-0 'ﬂ P ¥ dad o A = Y vy
FUAUADIT LI UADINI WYBYANINLIN AN INIIAADULALNITINADUNYRINADY LAY
idvfodoslFdoyanmiiuiwoumn  Mldinnududounaziuilgmlumsdnnuna
= o ~ y o - :ly
AUAMAAT NIHVDINTAOVROVUUNUFTIUUNNNDT UUUITZUY MSTOUTROUTIIAT 19
a e o 1 . v
AMUANNUBTZHINANIUAY  (Control  points) UUUWMMBDSUABUIABULAZ AN N
@ . . s A o 1 =) o
aoaAndosny (Corresponding coordinates) vusutiivlo o nnamamsiinos

¥
dowiioy  Aniusiiniudesnsidmasviadinvesganiuguuuumnime ugeuidion

i o =1 Aan =Y aa =1
lunsainganuguuuuwnmes uaeuouiiiamasnasiailuuua s s15enns
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3
aouionstiailhimsaouiieundosstia liswszuny uadwanunuilifvsdesdlia 151500
= yl a0 9 e = 4 o
MSAPUMULT NS TOUNIUNADIFIAT WTTUY AIoMATINIAOURIUUNUI WMDY
= ] Y - | = 9 =Y L
LSRRI IIIeen Iddnaeriiane  mIapumoundesiialiswszuny  (Non-
coplanar calibration) iazastia3 3z (Coplanar calibration)
=~ - {3 =) = d& é ar =)
nadeuiiounderiia liswszun  Wumsaeuieundessiianiian 185 unnwiion
3 qyd @ ¥ tw g o i = P=l =Y d’ [] o
natiimsziude lidudoulumsdnnn etelsfonn msaeuiovsiiai iaansoiill
oq ¥ 90’: a ad df =] = 1
Uszgnaldanldnamue 10 2.4 uaesdiSmsiugvesmsaeuiivundossiialusy
4 v ¥ Ay o o - . 5
FTUN F)5EnouAwndInAINI AR UIRIULASINNINDS B LINYL (Calibration
pattern) N3NAMATUINGA uwnmesudeuivueweylugivesmsunia (Grid) 3ozl
a4 o o o v @ - o " A @ 1 a '
Ao ommaoninimaenjininndeiy Agadan e LM NS ans oy
vosilfmaouiudmiemimaouiyiagnldunuganiugy (Control points) 91031l 2.4 9@

o '

AuAveszUUNAAAINIIE9DY (Origin of reference coordinate system) gna1a’l4h
° ' A do 4 ' 3 Y A g o o
auviala o lununiinu (Working space) 1991 @ 1umiivmi o umasvasummnes uaoy
= " [ [ o S 9 qy - [ 4
mevua T ldoguuumwnme suaeuion AmqiinanIugy (P) Neguunnmmnesudo
= o aa o T e ar =
Wongrunudionmaeitwiia e P=[x,.Y,.7,| dmiumsaeuivundosia
' ﬁ = ¥ A a 4 de ';‘_l ° @ oq 9
wszilumsasuisundednyiianianiuily. dmsumsilsegnd lFaulugammnssy
" =1 =1 = yc: ar '
alsznuaznemsnms eoe lsiaumsaeumouytiaiiinnududeusinninaz 1y
. v
ANunoIns aloonmsaeuiisundesriiabiswszu Augmmsaeuioundessiing

o § P o ' - u’r’
AAIRagln 2.5 103U 2.4 uaz 2.5 smiuanuARAYRIMS TEIRBUNAD AN

Calibration Pattern
Control Point

P=[Xw,Yw,Zw]"

Y w Y'w
A Vi W .
Ow Ow
Reference Coordinate Rebiience Coordinite
System System

ﬂi d%' = v = "
3UN 2.4 Wugwmsaewiivundossiia lisawszuiy
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Calibration Pattern
Control Point

P=[Xw,Yw]'

Camera

Zw
W
w .
Reference Coordinate
System

cs' r!y = kY ) U
:i"l_h’l 25 NUFUMTTOUNOUNADIFUATINTZUIY

doswiia naNAeMIToUvUNAIYTiaTIMsNY YaRuiiavesszUUTInAd M I8 9B 9gn
o = 1 n’a‘ o d v
NavHwmes uasisum niuih IiyanIununna g uLERNmes uas ey lus N
=) ar aa S a0 " a oo d a c’: =1
eI vieliAnNAN (Z,) vesszuuiinad i eBandugud daiu 9aniuauign
o an T
wnudenameiTea P=[X,.7, ]
o o -y ~ s yu - ' & :
dmiuInontnusaiuihinauensaeuioundoswiing mizuy FavuaeuIaz
as 1 P P o A 1 = o =1 Y a -
wmaamnlFlumisannsaiionismsiees aeumeues lde v Tavazidoaluun

ao 'l

: $
2.4 lumandeait hifinnuiaiiiow (Distortion Free Camera Model)
ndealumanguiinez 14 Tunandesxiiagitiy (Pinhole camera model) Waiiaito
mwazaInlunsdnon. mninesseufieudmivndeslumegaunielszneudaowsi-
woimoluuazniouen (Intrinsic and extrinsic parameters) a9TMIITIADTHaNUAT
M 11 d9 ﬁ”’amsﬁamﬁﬂunﬁawﬁﬁiqmzumw?a"hji"amxmu naNABMITIINDS
MoUBNIIIUIY 6 @1 uarwinimesmeluiisan 5 @1 winiwesmoueney
UsznoudionmIngmanyu (Rotation matrix) Aaiauwisiiines tazanmesnste
(Translation vector) fifimmuminiimesiwuiuaiu wasndmsmyulfimufirmaeandos
Lﬁaﬂﬁ'mgnm;u"lﬂmmwiaxumunu U X, Y. n30 Z) luszuuinadumiiandes aou

w o

o o ' - - o s o =
nameinsioldumudumisvesyaguinaiandes (Camera center) fiduiusiugaiuiia
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Calibration Pattern Control Point

\ P=[x,.1]
Camera Coordinate or "
(Focal Plane) P=[Xw, Y,.Z,]

Image Plane
\ic

i

Frame ||{]
Buffer i

n T Ow Ow
P= [X u? Y"] Reference Coordinate System

4 o =
114 2.6 MImwganguuuIWIIMe s uraudisy RSz W

S e o ] = = o LY S e o ]
YOITLUURNAA WM 99189 wisriimes meluilszneudrsnnuen Tuia () WNAAUIHUIVDY
a - [y 1 ' a " u’.: '
WFUINANVINN (C,,C)) oanrausznIennuem Ina lunuueuasuuadaluniie
VOINNBA (a, /ay ) HAZAWIDUIVDININ ()
q' = ; 9 4:; ey = dy
310 2.6 naasgUnsamusvindianugiuues umandesi ludianuramiou lunw
= e = a v e ' = ' o
Lsmnyﬁiﬁqﬂmmﬂ (Oy) mm'sx‘n*uwnﬁmumuqﬁ'mmgmnagummwmasuaamﬁuu
A A .ﬂy - o ar : o an A QQ‘; "
nionlan luiuniiau muuigﬂmm]ummmﬂﬂugﬂwmnmmaammimmnnmuag
i
@ o [] o = Aaw o " = ar o .
NUAMHUIVDIIAN NHAVDIISVUNNAR LN UID 19D mnuu"lﬁ’qﬂquunmammm (Optical
L ¥
center) YBATLVUNAAAUHNUINADY (Camera coordinate system) Asognga O, 31 X, Y.
aw o v = o o 9
uag Ze Wunnuvesszuuidadumiandesluiiens x yuag z mwsaunas liunu
- . " " @ a e o " ¥
maauveas (Optical axis) oglunua@oaiuuny Z,  vesszuumsaduminaoas
a ) 42 1y @
wosanliiilufidsves Focal plane 32U WM (Image plane) NINBYAIUHAIVD
o A a '
Focal plane 1iluszozma S NMAFUONANNMNEN O, FAAUVBINNUTIVZHIUYA
o @ o - ar vt
guinamanas lldanussiminmitge O, wlsinivinles (Frame buffer) gnane®3egii
o 4 s & = ’ < o
Aoanusznunmlfumusumessunmdouiiuriia CCD nie CMOS £18 (CCD or
CMOS Image sensors) uaziigaiuiiangiyuarsdudoiio 1ing1li 2.6 Woganunuuy
o =] a as o [ o
uwmmesugeutsugnnie lnszuun ez suivivies TagrIugAFUINA1INIAIEY
=) = = Y o U . ~ - ! 4
mmﬁmsaﬂauugﬂﬂﬂﬁﬂmu (Perspective transformation) 9&WUINTWYDILWNNDT U
ﬂamﬁummsmwmaaqﬂﬂ'Jm;nuu's:umﬂ1wuaxuunwsnﬂ'ﬂma{mﬁauﬁ’unmlszm's 70N
' " 4 =] ' o
HATZUENNIZHINYAMIUANNYT INGUUTZINDA W mmmﬁnmmﬂﬂmqunuuwwmmu

L as o 1 = ' 6‘:. o - o R o
aoumoniazyamuRuUusuiveignuaaslumitovesiinamniy - duiugiudaiy
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a aAn o 1 L4
Tuaandesrian lilianuAaouyenus
¥ ¢ = & =
Ml P unuganugulaquuumnmesuaeuiioy deganiunu P ganiolii
v § { 4 o
sznunm laoiugaguanaemanas 9an1w (Image point) UMMM RBARGDA
yanunu P dmualdidu p msnfdouziitlédadau (Perspective transformation) 9190

muau llnganmuusznunmannsodou 18y
vp=F[R[t]P (2.41)

4 a @ a o 3 ¥
lﬁﬂ F '1%llﬂulilﬂiﬂ°§ﬂ'3'lﬂﬂ1'liﬂﬂﬂ R ll“ulllﬂ'jﬂ“]iﬂ"ﬁﬂl!'l‘lﬂga@ t UNUIAMDINITOIY
A o'
oz v Aemanaurames lag
= =1 9 = ] =Y 4 9 =t
ﬂsmﬂ15ﬂﬂﬂlﬂﬂﬂﬂﬁﬂ\‘l"ﬂuﬁtlﬂi'nlﬁgu‘lﬂ WATNUNITHYUNAD R 22ya11a 3x3

¥
@ o

Ay Anwduiussznhganuguazean i luaumsi (2.41) orvdou 1@y

Xu _f O O r] r2 ’j‘l Ix I;’{w
vIE |=10 -f Ol i 1y 8, 7 (2.42)
1 0 0 1 ot "
iiio
~FQ 9 h n R [,
F=10 —-f 0], R=ln, . | t=|1,
0 0 1 B R ‘

~ T T
p=[X,.%,.1] unugammuuszunm P = [X,.Y,.Z,.1] unuyanavgulagquuumnn-
o = - M~ o e " M awv o '

moiudoumvuuaalugvesiiadumia Homogeneous (X,, ¥,) fofinaduisly

HUDY X LAz y UusTunm (X, Y, Z,) Aonnaduvislunuounu x p ueg z

AUAAVVUITVUANAR MU0 £ unuanuenTdda », 89 7 unudiulszney
= o "

(Elements) VouuAITNYMINYU R qaﬁ’w Iy t, Une 1, HNUAIUANUNIE ANVO LA
o ] o o a

ANUANVDIIANDI NI ENY t HieR mmisvesguinaananaluuu Ny X y uag z Muaiay

199 19D N UTZVURA AR WN 991984

=

[ da S P=1 9/ a0 = o a
ﬂfj'lﬂll‘iﬂﬂ NIUMTTOUNYUNADIVTHATINISUIY LiJﬂiﬂ“]Iﬂ"l‘S'ﬂi{Uﬂﬂﬂ@ R wz1

3

= d'i a ey - A o [ ) = [ d g =]
VUIANGY 3x2 IHDINNUAAIINAN (Z,) VBITZTVUWAAR WHUID B IMNUFUS Adomail

@ o o ' =Y 4
ANUAUNUTIZHINTANIDAUUAzIamN TunsAims aeufoundoariias sz aw

qunan (2.41) orwdon' 1y
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Xu _f 0 0 rl rZ "r Xw
viY, (=10 -f Oflr, ¢t ||Y, (2.43)
1 0 0 l r7 rs l:

o as e T ar o 4
luheadvaiu dld p=[x,.7,.1] unuganmuumsiniviles’ die (X, ¥)
oo a o' v o o '
unuszozinauumsuivies iy x uaz y - anuduiuisenheganmmuuszuy

w o
mmuazyanmuusivivesannsonaasldlae

p=Kp (2.44)

- a Jd N 5 . v ar = =
nowAsngManas (Conversion matrix) nwiemsialuinewa 7, uas n, A9
- 4 ¥ A a o o A& "d
TOZNNITNNFUIYDS (Sensor elements) Drafvaluniams x uag y auddy Fanunaiil
¥ = =] 4 o 2 -
o ldnngilemskimdumesuazndomionnn ldnnmsdnnuiaeds Off-line Tav
o 4 H & i i 4 v v
mlliwes n, uay n, wivesiugdsiavesiinaanioganmasorndugidmaon
@ e A ] & Y o ot a
aiamsammasuAuAYuagiulasirdwes CCD Wuwesnldnu ¢, uaz C, foina
o " o . . . o w
AMNUIYDIYAFUINAMW (Principal point) Tuuuiunu x uaz y awdwy  qanw

v o 1 o ar o -
ANUTUNUBITHINANIUAUDULHRIIMD T T UMsUUaz an U sInTies aansniiow

e

vp=MP =A[R]t|P (2.45)
vp=KF[R[t]P (2.46)
- Xf —a, 0 Cx hn r.x Xw
HiD v|Y, |=|0 -a, C, ||l nrtl|F, (2.47)
1 0 O 1 |ln sl
A
Lo
-, 0 C.
M=A[R|t], A=KF=| 0 -aq, C,
0O 0 1

- o T = o . . . = J
wainy M Qm‘%‘an’nmmnmmmwmwmmna”m (Camera projection matrix) Iua3ney A

' o = 5 . & ig
PnEuNI LRI NFaeioy (Calibration matrix) Fadmiznevi luiugud (Non-zero
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. a d =] - [ = o -1
entries) VOIUATNFADUNOY A nFuNIIMIIMeINeluvendos a. =n_f uag
= - s ] =Y = o ar ' o
a, =n, f Tunuanuenifalumizeinmaluiiens x uaz y awddy ednlsia
-:‘y Ve = a o = > ;d ' =
Tuvaiziis hivvssnanudssvesnm (s) luwaSndaeuiioy A fefinmsiznmdos
voammaziiluguilunsdivesndeananall  udlunsdinsududesingaanudoves

NMNA WesnFaauoy A ordou v ldiy

-, & i,
A=l 0 -a, C, (2.48)
0 0 1

L4
= ¢ . .
2.5 upannuAaiisuwveuaus (Lens Distortion Model)
9 o " =Y o A an ) = o "y
naoalaoia l lidneilusiiaouden nisAtaeaiinziinudisznousmegdu
ar q’: a wa " a 4 w A 4
e daiulumaliandesialildsi ueandeailuriagiiudenna luddhedu
, g ' o a o o ¢ Y o
adwlsnd anwhimuugailunsesnumuazmsndmaudsnmamsszneumudidriuszu
~ " [l o
manasveandoan higndes ondwalimsmonwanganmunuuuuwnmes uaeuiion Ty
Hszuunmhigndes IanwRanaiamdumisesganmiuszuunm
" b ' ¥
i 27 wassmRadoumsiumisvesganmuusznunilolinuRaiou
o = < ¥y ¥ o 4 ¥
vouous vngii 27 muggnneithamivesssunmiasyaguinmevoaaud nadeu
@ e o A d = P
nuNUYAgUENaINIaLEY O, Weganiugu P uuuvwmmesuaeuisunisnnliszuy

et Vet a d’.‘ A T "
aw Tunsdiniaud hifinnuiadiouszilsingyaniv p, =[X,.Y, 1] vuszununm ednls

Calibration Pattern Control Point

\ Pl LT
Camera Coordinate or .
Image Plane (Focal Plane) P=[X,.Y,.Z,
Y
Al "
({07\. s - Vw
' Xc e S
l3u :[Xu"}}u]r f’(j :[Xd!}/:j]} Ow Ow

Reference Coordinate System

. b v 3
3 2.7 anudaiioumsdwmiaveaganmuuszuumwiloaudianuiadiou
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det A o'y = ::‘ o Y = o d’ o ' - ~
nasaugla Ao IiAanNuHANsUMedMEIeIgan I Faganimiialsing
~ T A Aaw o v
Uuszummwwnmmﬂuqﬂ P, :[X‘,,Yd,l] 140 X, uaz ¥, ununnadumisuesganin
H N r1e = dy & ] a o ¥V
(Image coordinate) # lilinnuAamouvuszinunwds limusadananiuld X, uaz
v ¥ "
Yy unuinadumisvesgammiiianudaiouiinannaioninganiugu P yaidoanu
¥ a v o o ' Yt o “Hp v
AWMAUANUTIUDIZHINAMIUAN uazgamwuuszunwlasldismanaougind
ar U d' 9 .:; " a o 9 a' = -
dadun i i luaunsi 241) whiduese Suiludesdiumsinsananuianmans

dumiad g ude
X, =X,+D (X,Y,)
Y,=Y,+D,(X,Y,) (2.49)

e D, waz D, unuimiuvesnnuamamasunieanuranmamadumialuudaz
&l e ; ¥
HUANU BIUVUDYNUAUH UIVOIPAN TN LA
9 - : dy o 9 Vv v :; = dy q' " ¥
Tumsud lvanuAameout ;sﬁnﬁ'luﬂmglmmwuwmﬂumwﬂmuunamaﬂaqﬂmw
b4
Tuszununm Weng uazamz [6] Téinaus luaaanuiamouvesndesnz3inisao
- 9 =Y " & = ' a c!’ L] ) =
oundesrtialiswszuy FanldwnsanhnnuAamouveuausiausia siausn
4 ¥ a qy @ A 5 . . =1 v od M 1
sonnanuAamouluuuaiail (Radial distortion) Uaurau19INUsveuauFHIoAIY
9 [T | o't 0 = .::y =3 d’w 1l 3
Inalunundniivesauaiinnuunnses luanuRamousiadideaunsouiseon 1diiluans
= A = dv 3 o U A - = csy Vv
YUARDANUNAINDUAMUNINANATINANBDY (Barrel distortion) ttazaNuAAoUnd Y
< " . . " = y a U 4
nuouilniy (Pincushion distortion) ANuAAsuAT G InauasInantleutlumsniou

— o o q ¥ A ~ - w &
71'1]BQQﬂﬂ1W1ullu?5ﬁu1uﬂ1\1ﬁU 'Vni‘ﬁ?ﬂﬂ’]W'ﬂﬂgiﬂUuﬂﬂlUUﬂlﬁUﬂﬂuu'lﬂ'Uu VYUIMRAUDY

n) ) Q)

H ¥ N ¥
310 2.8 wavesnnuraiow lunusiadi n) TilianwAadion v) anuiaiion

v
AdefInaunsInatles a) aAnuAaiioundonueuilngy
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lﬂ' _ J o e
110 2.9 Anwiamou Tunud e

2 d [ = d’, 3/ =] - P [ o
MuInaNaY  daanudaiouadonueuilnduilunmsnieuinluuuasaiilumsuon
¥ = a = od? =) .qy o o n,;
Tiyanmmsevueniimsvnoaaoen NNAveIn M g anwAamouTuaiaiinsges
’ b '
siagwsauaaslddegli 2.8 anwdAafvusiiahasanzamiioumadiulugannn
¥ 7 Y o v o £y o [
anu limmzanvoamslszaouaudidinundos m°l"rigfuvﬂmammﬁwmmuvﬂuag
' a4 Vet =) o " = dy a A = "
s'mmmqri'lumrvl‘lwummwnwmﬂmamxmuwmwmw ANUHAINIUTUANTDIUTUN I
= dy @ W . . . { o o
auAaou luaduda  (Tangential — distortion) ﬁmﬂmnmiﬂﬁzmuﬂaﬂgmtmma
= - ] o o o 9 U o o
(Decentering) 11sf_mam'lnaungmmmqnanmwmmum HazyouNWI B lunIsHAMY
d' 4§ d' =y :l.y e 1 =Y d‘ - " = d“ 9
ouqdaglin 29 samsnnuAameulududa  durliaimwEenhanuRadivunda
= =8 ' ™ . - » é - % ] Ly
U3Fuuku1ne (Thin prism distortion) dsiiaumananninaiuliauugeilumsesnuiy
= o 1 - Y 9 Y ' ' =1 o 9 d A
HazHaAUHFLALINUMIIENBUNADY Antiurumsides hianiesvesauanso
o o ar 3 ar 9 [ = d’ = q’ -
umes sunmvazilszneuhiiundeailudu  anwiamousiatinSouaiiounsilsznou
b | 29 " o Vo = dy [V | o e
unfsaumiune i luszuomaenas s nouvesanuiamoulunsalivasmnduia
a a’ [ da Y = aiv P =1 @ = _=
wundy edw lsndsenagl I henuiafmouvesausinusiulaei laeariia
' = a dy o o = :I‘, o e P o o o
nanenNuraiou TusaluazanuEamou Tuu i N3N 2.7 AnuduRuL

= a

' R a Y ~ /g P Y n '
szwiayanin hilimomiaiou p, =[X,.¥,,1] uazyanmiiiinnuiadion p, =[X,. Y1)

u

‘U‘Llﬁ::u‘l‘lJﬂ]Wﬁ"lMﬁﬂ“ﬁﬂ\ﬂmﬁU

2 4 2 2 kl
[X“}={Xd:l+ Xy Xy (rf+2X0) 2X%, kg |, o
LW 10\ Y Yl 2x,y, (n7+217)| Py '
P>

4
1o i =X+

¥
o

ALl ANwAMAmAsUMIon NuRANa AR s lundazuuany D, uag D,
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Tuaumsii (2.49) e
D (X,.Y,)= kXl + kX rf +p(r] +2X])+2p,X Y, (@51)
D, (X, Y,)=kYri + Y,y +2p XY, + p, ("u'2 +2Yj) (2.52)

A = . a -q" = ﬂy @ o A 4 o a
1o k; waz k; Aemauilszanianuramou lununialioudunvilazaes sy p;

¢ K o
wag p, AemdulszansanuAaiiow i dudia
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as = Y
ABNNIADUINYUNADITINICHIV

dy a ad a0 A aa o '
TuumilvzesieTtmsaeuiivundeariiag wsznuaosis i lagnanuiwonns lu
=y a’.r‘ dvd A yﬂ = ¥ Y aw ac = 5 =)
NITATTHIUIEIA ﬂﬂuﬂlﬂﬂi‘lﬂ uummﬂumﬁﬁﬂymumn%u ATNMTADVNTUNADITUA
' ~ Y ‘- Y an = v . doe a
E'meumwﬂnmﬁjuﬂ’mmaui):ﬂ'i:ﬂ'mmwaﬁmiﬁﬂumuunaawm Tsar nMMMsaoUNg

= = a a o . . .
ndealaol¥mwiiosnmide, Tﬂtmmgmwmﬂmnmuwamguunmamw (Principal point)
a A L " act = v
Tunwounu x naz y (G, uaz G) Whudeinsusineualmihuazisnms aeuisundos
oy () A a ) 4 and o
193 Zhang NADINIINMNOUINUDIAIUATWIWDOMITOVINIUNADY FIIFTUAINITONTUIUN
= o P= y.’,’ ' o ey v
winiimesaouiioyldimun  adlinawiives Zhang Aesmsnalumsilszuiana

v o = 4
nnnnuaziilymlumsfiuunendamans

ac = v .
3.1 IsMmsaduImeunasIvad Tsai
. Yy = " - Iy ° = o e s
Tsai [1] Tdetinehmsaeuiioundoaiumsmmneuveansiimes aouiouni)
o o n’: a A o o @ i ] = v
Wudwmnn i lissauauisensuiuTaoialdesmsmsdumi liidudadu Non-
linear search) luvwanlnauin  Tsai 391ddunGouluisfy (Constraint) nioauns
,-_i;j - £ o & v o o = A Y vlv
nmiuiosdaniurilavenguossveanINlnes douisuieaavuiavesd mlsawaz 14
A v o & o4 v a & A & v o v oo .
wuhideu lviisminiuiegeis dgaisoni «doulviisdunmsnedilunuiiad (Radial
. . E @ @ ‘;ﬂ = o o & b '
alignment constraint) (o lvisrviitluivelanduniisvesnmanyunazmsthoszning
v Y [l = 9 A @ w o:iv
nasauazyanIugu lavenduaiulszneylunuauny z uazdaidwion lvifsduiioniiu
da ' = 183 o o © ¥ oo . .
Wendun liduFadunaimimssnai i@ Taviouasilsz@niam  Tsai 1814idou
9 ¥
Tuisaumisnsdalumnsaifi lumsseuioundosiswiia liswszuuuazsmszum
_y 4 ar o s o ar H ~ ?
wnfnvestou lviisiumsndlunasaiiuaasiagli 3.1 vngdl p, =[X,.7,]
i 1 a Y & ' @ o , r
Apgan i hifianuAamouuussinunmds luaansadunamiuld uaz b, =[X,.Y.]
- a 4 ¥V o A a a qy o 4 "
AoyanmesInlsIng MmuusznummanannanuAamiouvesaus e Tsai
oo = a Y o " 3 o n’: - o T 4 "
auyAimosnnuAaiou lunndalininiy - dafuiimmeveanames Op, fimnde
pomnunyaiuiia O, Tuszwunmendsganm p, =[X,.7,] gnaseglunua@erdu
= [ el | " q' " A o
NANINVDINANADT £, P NaInaoaaninnununIua Woga P,. sguuInunIunegy 43l
" o o o o ﬂ!' o (
STOEMANINY Z, nlouiuizoznnveding P = [X..Y..Z ] "Ianngaguonaanieue

v
O. nioyaiutiavesszuuiinadumindss dromgiinnuennindiea 7 wliieniwalag

' A « ~ " [ 1 &S e o ' n‘:
ADNANINVDINAADS O P, N3 1z NN IWATIZtoNNAR MU IMINA X, ag Y, A0

o - w - Y@ A A g = a
DATUALINU Llﬁznﬂ“ua“l')ﬂqnﬂ]iﬂuuﬂﬁﬂﬂ‘lﬂiuuu?llﬂu xuagy 11]1’”;!@1?]"] nANvDY
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s I —
P =[X., /j;ﬁ Py =[XsYi] / Image Plane
/ [ x
/ OS // A
/ .
L 2N 7 1
y O > X,
Focal Plane
Y,
P_{0,0, ZL,)
Zy
PIX..Ys.Z, )"
0, Y, or PIX,. Y. 2]
)(“' ZC Jr

31 3.1 muoRaveadeu luiisAunsned lunnisiives Tsai

¢ A dDas o i} a
NAABS O, p, NUINMVUIUNUNANDS P_P 15uian

anudiusszninanugulagfuganmuussinunmaansoudas Tadwauns

[

dﬂ
Uy

X _f‘Xc = (’in+r2Yw+r3Zw+Ix)
Sl (r7Xw+r8Yw+r;,Zw+tz)

c

(3.1

- Y f("qu'*“rst""'sZwJ”,,)
“ —ch T (nX, +nY, +1,Z, +1,)

(3.2)

e s a o P A

Tunii r,ﬂamuﬂsznammmmwnﬁmgu Wo i=1,...,9) 1,1t naz Izﬂﬂﬁ’.luﬂ‘izﬂﬁl‘lj
VoIIRWBI NS
U = - [] a =1 9 "

athalsfay WoINNIANN (X, 1)) Tuensadunaiulg UAYANIN (Xy Vo)

" ' "
AUATAG UL U EIIN IR I RNa 1SRy Sari X Vo) luaunmish (3.1) uaz
. o s ar s - (4
(3.2) ﬂxgmmué’f’w Xz, Ya) woznndouluiwumsnsihunnsadl femevesinmes
= T B = N N e [ 3 ~ ™y v A =il ;
Op,// PP uaz Op,// PP dw aniu Op,// PP/ Op, witiewn Op, /PP f

oz

- i, o lomeme A A = o
HuauUN OsdeRJZP=0 amIodruie “x ﬂﬂ1ﬂﬂ3ﬂﬁﬂﬂlﬂ1ﬂu?)ﬂ‘!!ENL’JﬂW]ﬂS (Vector

v
outer product) A91Y

(XuX,)x(X.,X,) =0
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n3o X, Y=Y X (3.3)

M3001911 14 Tavthaunisi (3.1) MIdwaun1si (3.2) 1iune

Xo_(Z)2)_X i
n, \z \m)7°T,
15192 18 X, (r;,Xw +rY, +rZ, +ty) =Y, (nX,+nY, +nZ +1)  (3.5)

v ¥ - a - & - Y
TuntivzveFIoMIANIUNINLINGS FoUToUmWIZNS S v IMIFoUTsUNaDa
v 0 ¥
FUATIMTLUNNNIY 11839910 Z, = 0 Tunstivesmsaounounanarias 51 ety

aunsh (3.5) orwaou i1l
X (r4Xw +rst+l},)= Y,(nX,+nY, +t,) (3.6)
o = o =1 =y & A Y W o @ - ] J
NMIMUIUNIHTADTAOUIMOUAMIBYEY Tsai (SuduAemsiammaun)sh lijm

o o - - . - - - S o o 1 1 Y
5 @ dude 'y, ', ', ey 'y Fadiedaesaumsi (3.6) Tz 1Rauns

W audy

di” wi

[}:ﬂXm Y Y Ydr _Xd:wa '_Xdlywi] t-_]’ =Xdr (37)

1510 Xy = ny(Xu-Cy) ua Yy = n(Ya-Cy) 100 (X, Yea) feNAAR ML sBIgAN NI
wsuiles (C,, C,) AoNARIHLIvBI9ARUINAI19YBIn TN (Coordinate of principal
point) Fsgniinsaninfudsinswmdeudiniuds n, uag n, ADILUZNINIZTNIN
K03 (Sensor elements) Srafoelufisms x nas ¥ MWAAY @i (Subscript) i 1
aumsi (3.7) s auvesganIuguuazyan i IdmesnumEausi hida Tania
gz iy N gezgnld Ssdesannnimienidusuouvesdauds
dosnsdman einlsiaw 5319 laona laradieszun Over-determined (Over-
determined system) vosaumaiBadunazidmendmi gl Inn3is S sae oo

ﬁqrﬂ (Least square method)



33

¥
A o & -1 -1 -1 -1 -1 !
VNUUANIUWITWIADS K, ooy Ky, L, L YN R, L n, (L, LT, LT 01313
=4 ° o ' ° a o o
na Sutludoaduonm |t,] nou Taofvuald C Wuwaindtesuing 2x2 voawasing

n‘.» - =) = @
Miviyu R uune C 9nusumuauniy

c=|nn :[’n/’y ’z/‘y] (3.8)

A I LY L

= r r o = L4 9
vniowves Cuag 7, r Tuaumsdraon ildwaingnmsnyu R grunudio

r
nt, n

nt, n (3.9)

r
hi,

r
R=|r1,

74 are

¥ . ¥ "
vintulFnuanianunuuuey (Rows) tazunuuing (Columns) ¥94 R Uaunay

1

]

L
1INVNL (Unity norm) 91

1/2
) ’ 2 L 2
( nt, nt, i(l—t_v(r, *r, ))
' ’ 2f{ n r W2
R = rt, K, :E(l—t}_(r4 +r, )) (3.10)
22, )\ 22 )\ 2\/2
i(l—ty(q +r,) i(l—ty(r:, +r, )) £(-1+5,2)

We S, =r+r2+r+r?
; 2 ; PR (| g
iioannaasundnsnluuadewes R Tuaumsi (3.10) imsasmindaiuuagivu (Mutually

Orthogonal) Ad1iu
rr ’ r’ 2
(r, ro—nr, ) ty-St2+1=0 (3.11)

4 o ; 2 2
WFIRNDVYDIAUNITN (3.11) U ADIMNU HUAD

22
S, i[Srz _4(’1”3' _r;rz') :I
2= : (3.12)
2(']”'5' —"4”'2')
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' o ° - ] & o ' e’:‘ 14
a3 lsnaw Maovwes 1| W1¥1dnTegndesrziiioanilsmaouminiy uazdonsvaou
[ b ¥ ¥
@ 1, linsosmnadlu +1 wie -1 dnfudeududmualiinsomuioves 1, il +1
¥ ¥
nnuAIuaIae 11

n

I =([;’Ir1)lty’ £ =(I;Ir2)"r’ T4 =(I;|r4).[y’

r=(5'n)1,, t,=(5',), (3.13)
wazAun X, uaz Y. lay
X =nX, +nY, +t unt ¥ =r X +nY, +i (3.14)

0 (X uaz Xy) uag (Y. uaz ¥,) Dinseamnomiioudu wlfindoamnoues 1, (sgn(s,))
iy +1 uadh Ty IS eanunoves 1, miiu-1

Annmamdmilszneuimasveuuaingmsnyu R 910
/2
R=|r, n s(1-r/-r]) (3.15)

- A Y o I
WO s = - sgn (ryretrors) uag sgn (1) BaAUAIBINIEVeIR s luruay s, rs, roW 19
¥
mﬂwaﬂmmuuawmﬂmumusn’luumuﬂuTﬂﬂi%’ﬂmﬁnﬂ'ﬁmsﬁamﬂﬂiﬂﬂ (Orthonor-
arey 4 g dy 4 = o = i ]
mal) uazamawmﬁﬂmwm R Lﬁamﬁwumauui]::wmimswmaiaaumuumﬂmg
pnfu lasdsudaumsiyadu
n’l’ 1 o [ ' - o 1
“lumuﬂewmmﬁ‘lunﬁmumwm'.nnm'ﬂﬂnﬂf AIUANUANVDIINADINITEW
T a o = -:f o [ PR " ar
r. wazmduilszansanuAamouvo sau smnauauﬂmﬂszmmmmmmﬂﬂnﬂf oy

H o LY = o ¢ & = —
daunnuanveaamesmitie « IaeliRsanNuRaReuveAaLT BIaunsITudu

»
Qs =

Neuls £ uag ¢ anwnsaadelddad

[(rnX,, +rY, +1) -V, ][{ ] =Y, (nX, +nY.,) (3.16)

..Q i [ - d'i‘ " o " =
WO HNUMUIUYDIPAMIUAUHIDIANIN  FIA1AW01 1WA e £ uazdiunuanves
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o v " ad o o L o ar r:’ o " A 9 o
IARMDINTHN0 £, ﬁ1n1ﬁﬂﬂ1ﬂ11ﬁ‘1ﬂﬂflﬁﬂ’]fl@ﬁﬂqu‘ﬂﬂﬂqﬂ HAINUU ATUIUHININLNDT

5 "o a = c:. 4 3 as ;
vou /1 nazmamlizandanuraimiouvesaus & Taoldaunisaail

Ydl+klydf('le+}:l$)=Y;n (3.17)
2, y2 ¥
Vo + b2, (Xa+Y3) =1 (3.18)
(qu +#F,, +tv)
Ydr+klydx(ij+Ydf)=f ; (3.19)

(rTXm F rBY:w + t:)

' s ' = o 9 " oo a - ::l.v
Manuen Idie £ dwanudnveanamesnisthe . uazmdulssansnnufsiouues
4 o a ¥ = ot i &
Ay k mmmmﬂmEm"lﬁ"iﬂm%'ﬂ‘immimimmmﬂﬁﬁqﬂmmgm (Standard optimiza-

- LY AR 9 :
tion) 1375 Steepest descent udu Gamusuduves £ uaz 2. v ldnnaumsi (3.16) uaz

MWk, =0 Wusisuduy

ac = Vv

3.2 I3sMsaauinuunasived Zhang

Zhang [3] ldvinauematiamsaouivundessiiaimizuiy Taomaiindana
v = Y ¥ w s ) &
aosm e Iindesdunanwnmes uuuas (Planar pattern) auﬁm‘ngmmﬂﬂu
a — " W o a Jdv A a o ¢ ¥ T
NANNALANA NN IWNINBTUAINSDRUAA AT DINUaes uani T Ranui R

v 9 - o - Ay Yy A 'o 3 g
uuus 1w hinindeanSeummmesunaszunuaunsanasuilddawiie Tavlisuiludesdms
NADUA  Zhang nahitminauenegizniumsdeuioniun I dunsumnsn (Photo-
grammetric calibration) nazmsaeuMoUAIwAAD1 (Self calibration) w31z 194yai
- @ a ﬁ an A i‘_] aa A A = P v ane a dq9
nemuMsIalunuuaesiianna NNt uauia FuvenlFoumiounuisauaunld
Tavnall  nAadunaiiaiinaueisinnulanguinnnh  wazdmSouiousumsdou
HovAaoaies Isnnineue ldnSouludeennumumny (Robustness)
ey 4 @ o - o P Qs
Zhang 1¥35asvaouideoulniswuuumsiimes moluvesndoeii ldvinmsdauna
a ar ] o r aa
2 (Plane) Muuuswouniia Taoimuald m =[u,v,1] unuganmaesiiauumsy
ar o T aa aae o " =
Uies M=[X,.7,.Z,.1] wnugamuquauiauussuviidadumisdiess oz la
d o or L -y

mi 4 Tuaandesnngidy ANUAURUTIENI99AMUAUANLTA M 1aznsnionnung

wnguliliganmaesdia m gnimualdlag

sm = A[R]t]M (3.20)
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4 - ! s ' a o - ¥ ¥
1o s ﬂﬂﬂlﬂﬁllﬂﬂlﬁﬂiiﬂ“\ (R, t) QRIINNWITWADINUUDNABMIHYULAZNITOIONTDI
A s w " oo o 1) o oo =) M

oz Idnnudiussznhaszuuitadunisdedaiuszuuitadwmuandos uaz A an

iSonduuasnd nwlundes (Camera intrinsic matrix) N muali Tag
a
A=|0 B v, (3.21)
0

Taod (ug, vo) UNURAAR M IYDI9ARUENA19N W (Principal point) auag B umumng
wlames Tunmwiennuon ddalumizeinaalunwauny « waz v awddy vas
qaine ¥ Fums A0 T 1aRIANUIBIVDMALTATDMALYDITLIIN N

luiitise A7 v ldumy (A")T 130 (AT)H' iy auyAhTumamay
(Model plane) ﬂ?aszumﬁammmmjw Zy = 0 Y9932 VUNNAMUNUID1D LazIEA

n‘: o o 4 5 -y o ar n’: ]
LDLUINY (Column) MAUN i VOUUAITNFNMIHYU R A r; AAUDINAUNIN (3.20)

asoon 1diy
u X,
slv|=A[n n, t]| Y, (3.22)
| 1

' P 4 YOO
(900 M ihugamuguyanilaouTuaamauia m dluganmuumsmividesdegans

=t o o 4 o o o -
Aot nuFuRus iUz iulan Homography (H) 1une
sm=HM Tavh H=A[r r, t] (3.23)

4 = o = =
ewasng H Hvua 3x3 gnituIiilumnauames

¥
ar 0 =Y 4 ar s "
nmimbszinuaweanaing H=[h, h, h,]laoldanudiusiznitganiug
o ¢ -7 —r —r7 4 =
vy Tuaamausazyammuudsinives i x=|:h] h: hs:l e h, winedan)

' kY .
uuIuou (Row) Maui i ves H aniuaunisi (3.22) annsamou i 1dily

M0 —uM” |
[07' M'f' = vM?]x = 0 (3-24)

: o o o l&
diedauganm n yagnld il Idaunsdraousion » aums daansodonlugl

a d ar y = -
VOITUMIIWATNEIMIToUAY Lx = 0 1iio L Aowainguuin 2n x 9uaz x gaiiom iy
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anauiames Aadmerves x AfoA Nz (Eigenvalue) iimiaufigavesnnmesinzg
(Eigenvector) ¥03 L'L

winome:- Haanlsznoy (Elements) 113dlumaing L fluminsiiohfunila
vadeg lumieinma 1edaeg lunnadumiadass 1ms‘u1aﬁaai‘lunag}mmmﬁmmﬁu
Feduiivziiunind L fdouleitlialumssnnu wadniaanini14las Normaliza-
tion Yeyateumamiuasuiinan3ihady

MNAUMIN (3.23)

[h, h, h]=2A[r r, {]

' A 3 z Al oa
iio A Avannaurmneslag uazTaomslénnuind ruas r, dmindsndnediu (Ortho-

normal) Faiy
h/A"A'h,=0 (3.25)
h/A”"Ah,=h]JA"A'h, (3.26)
Feveiu1dimils Homography i]:“lﬁﬁ"auﬂvﬁaﬁnﬁ,“ugmﬂm%’mmmﬂﬁma{muiuﬁq
aumsfi (3.25) uaz (3.26) vumneanuilunmmilanm mrmansefidonluiwuves

a 4 - Y oA & plr > ° a o
‘Vni'llﬂ-ﬁﬂiﬂ‘m‘iu.lﬁi‘WUQﬁaqqlﬂ“?ﬂﬂuq Homography WIUY UYMW TN IUIADS

aouinoulaoimmualy

e B, B, B,
B=A"A"=B, B, B,
13 BZ3 BEJ
0 7y Vo~
a’ a’p a’p
| _7 5 ol B _rOr=uB) v | (27)
- azﬂ azﬂz ﬂz azﬁz ﬁz
va_MOﬁ _}’(Vﬂ}"“uoﬁ)gi M+L§+]
| B FF

v
= o

[~ Y = o = ar + 9 o
wiiu lduuaing B danuauinainu (Symmetric) NNNTHUAAIIAADTVUIA 6x 1
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7
bz[Bn B, B,, B, B, 333] (3.28)

o o @ o r o
1 linAmesiaIAe (Column vector) ddufi i wea Hidlu b, =[h, h, h,] udne

8

h/Bh, =v b (3.29)
Taoii v, =lhhy, By, +hoh, hyh,
hf.’ihﬂ s halhﬁ hdhj2 + hr'Zh,rS h13h13]?. (330)

:I‘ 4 s o 1 \ é
wsizeziudou lviuiugwassdeluaumsi (3.25) uaz (3.26) 1inwils Homography
annsodeu i ldmiiounuaunsieniug (Homogeneous equations) aoaeumsvas b

@ A
HUAD

: . ( . )

¥
o o Y o

JUU mmmsﬁ'&mmnmmﬂaiumama‘ui'hmu n awn uf’i”]ﬁ']ﬂ‘liﬂﬂw‘lq‘f’ﬂuﬁﬂﬂ'l'i

¥ .
MANIU 7 aumsmilounuaumsn 3.31) 1218
Vb =0 (3.32)

- - a o Y o ° aa e o
WDV ABWATNSUUIA 27 x 6 DI IUIUNIN 722 3010 MaoUU09 b 9= Neenan1ae)
A o 9 o 19 o o VA o
ﬂmwmmﬁumnauﬂﬂmas UADIDIUAUNIN 7 = 2 MW a1 anmua 1veou lviiny
] 4 & 5 » :
hisinamidus (Skewless) y = 0 1o [0 1 0 0 0 0]b = 0 Faazgmirhlswivaumsi

4 1 = a ] o o
(3.32) Wewmmnimeiael) wAd WA 7 = 1 2 S1ENISENITIABYYDY

= o o o a a Ay
wdimeimulundosldimion 2 @1 ufe @ uazg Tavauudt uy uay vy Hudeim

o Vo o L) @ o i i
(ludeagnyaguinmsvesnn) uaz y = 0 dmsusaey b vesaumsh (3.32) Wi

O a

=1 - ) P

O | ar 1 & e o -
nIuUNUANHIDUNUANNZI (Eigenvalue) hilAniosngavesnneinize (Figenvector)
¥oe V'V

n’:‘ A @ Y a o ¥ ° a o s n:iy
ATUILBIN b uan l.llﬂiﬂ"h’ﬂ'lﬂﬂluﬂf‘lﬂﬁ A MINTONUIUNNNATNY B Agil
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Vo :(B:an “BHBH)/(BHBH _Brzz)

A= By _[Blza +vy (B, B,; — B, B, )]/Bu

a=.\A/B,

p= \ﬁBn /(BIIBH _Blzz)
y=-B,a’B/A
uy =(yvy ! B)—(Bsa’ 1 A) (3.33)

§ " a ] ) o 3 = ° b 4
degAuAIng A mwinimesmousnvesnmudaznmiausadnnm 1d0n

’c'\’llﬂ"l‘i‘ﬁ (3.23)
n= )LA"hI
r,=AA'h,
I'3 = l'I XT,
t=1A"h, (3.34)

= _ " " o = = i
Taoit 2=1/[|Ah,||=1/[|A"h,| e6ralsfinm dusssumitwning R=[r r, r]#
o - 4 1 b 4 ar ey o a d o
A ldee hireandosiugmmnialasia livessasndnis gy INTIZHAYDIT YR I

. as & o a o et = Yy '
7unu (Noise) Tumm inisiinzlszinamaindmsnyuiangaions 1955 msuonda
19NF1U (Singular value decomposition)

4 o ¥ ¥ o § ¥ - a 9 & Frp el
mmmﬂmﬂﬂ'u'uN‘uu"lﬂinﬂms‘mTwizuxmamm%ﬂmmuaﬂwqa (Minimizing

. . & =] o ¥ o ¥
an algebraic distance) %4 hilianuminelan lumsmoenm smnsamidfmnougndes
4 4 a : svi.

9391 13513 Maximum likelihood
fmualinmvesluaamau n am uazilinouganaunuuuTuaamay m 99
uazauyAiganmgnaududyanusuniuinszneededasy msszanm Maximum

likelihood annsaildlasmsmliilasduae hliiianlooiiqa
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2

Zu“‘u ~m(AR.t,.M, )ﬂ (3.35)

n m
i=l j=I

.

-~

iio (ARt M )Aomanionmyosganugy M, lunmii i awaumsi (3.23) ns
o q ¥ - Ay A ﬂ & Al . 4
wmlvaumsn (3.35) Ianiooiigailuilynives Nonlinear minimization #3813150%1
o . ' 1~ " a %
#1701 1A Levenberg-Marquardt Algorithm atwlsimuaiauduues A, {R .t |i=1...n}
A o & " dy 9 g/ = 4 '
ihudandeans ssaunariiawnsom 1 laeldmatiannanuddedu
e A o = N Y - ' g ¥ @
emntasslinnuAamouvoaausds lildgninsan  ednlsnmwndesdmiy
] n’: a = d” o
ADUWAADS LA TRy (Desktop camera) Tﬂum'hlitzﬂs1ngmmwﬂmUummmummnwﬂ
" ¥ L4
aun7s laomwizad e nuAamonluuudiall Aaiy 1519 IRBIADANDUUTNYDY
= dy d 9 Vv s e o ] - | (=1 -~ dy ci
anwAaiouvoaaus MW (u,v) Wuidadumisnmlugauadvie lifinnufaioui
higunsaduna ldlumisvvesiina uay (i,7) duidadumisnmiasandesiuiiduna
=1 = q a a {
wulaase Weganmlugaund@inasinnmisnisnmvesyaniuguuu lumamauiiaoanang
Y Y I~ o - ar N, %S aw e 1
M lueandoswugivy luihwesdeanu (x,y) waz (% 7) Wufinadumianmlugay

¥ i . b
@ (liAaiow) nagRnAR MM S (Raou) ign Normalize mmudsi Aaiiu
2
f=x+x[kl (x2+y2)+k2(x2+y2) } (3.36)
_ 2
y=y+y k(45 )tk (¥ +57) | (3:37)

4 A " a a o = n:ly o A & o a :f
wo k; uaz ks ﬂﬂﬂ1’(1'1!1]‘iz'ﬂ"ﬂﬁ‘lfﬂﬂﬂ’J']IINﬂlWULI‘ILqu'Jﬁﬁﬁ FAFHUNANUVDIAUHALWY U

VA A o o . . . P —r — —~ o
ﬂgﬁmm VIAFUONANNVDINW (Principal point) 90 u =u, +ax+yyuazv =v, + Sy

ﬁ=u+(u—u0)[k,(x2+y2)+k2(x2+y2)2] (3.38)
17=v+(v—vu)|:k,(x2+y2)+k2(x2+y2)2} (3.39)

Vv 3 .
Tumsudonutlumsszanamanuramou s laodsaduiuln e
= ‘=y o e - - = o
ANnuHaiioy lunuasatignmandeindiades Usemsusnfemsdszanamnimeinielu
u’: Y o qy =Y dy = c: U 3 s
nava lasmsaznannuAamoumumatiannan 3dedy  amivlsenissauinenis

o

w i =Y o A & e a
sz &k waz k; medaminimnidmesaoug ldgniszinands Faezildiaifine
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Aumisngauadlunizonnea (u,v) uazainaumsn (3.38) uag (3.39) 1519ziides

aumsdmivuaazyanugu lumaznmiuge

(u—uu)(x2 +y2) (u—“o)(xz +y2)2 [k. ] =[‘7:3] (3.40)

(v—vo)(x2 +y2) ('v—vo)(x2 +y;!)2

& o e’.r’ : v o
e mualiganiugu m galunmiaua 7 1m niunesdiounn qaumsdidaoiuee
¥ [
o a d o
Taaumsismua 2mn aums wieannsananslugiveunaindmiloudu Dk = d e

T4 o - ad o w = o
k=[k k] #mwevvesaumsiFadumIdlasitmdaonioviiaga iuie
T =1 It
k=(D'D) D'd (3.41)

o VoW - Lo A T QY ¥ a L
AU k; nay k; gmlszinuniudl wisiiwesaou qannsalszunumldgndeanntaiy
Taomsmimnouvesaumsi (3.35) 0l m(A Rt M, )unuierumsi (3.38) uaz (3.39)

b Ed "
HAZIAENNIIAAUADITUABU LN TN UNAM 3§ (Convergence)
- A . . - e o
Tudnnsdinils msiszanm Maximum likelihood fiauysainuy Tumsnaanas
' 1 = as P v v o o :
Wi magid (Convergence) vounaiiamsady liniinarndsduszd lisang 2 daiuds
1 P 4 ) - o o o v
WwAsINANMIN (3.35) olszmnmynvesnsiimesnauysel laomsi Iidadsude i)
g g 9 -
HuaAiosnga

n

Zm: mu—fﬁ(A,kl,kz,R,.,t,,l\/lj)“2 (3.42)

i=l j=1

o m(A, k. k. R,.t, M )fAomsmonmuesyaniugu M, lunmi i awaumsi (3.23)

td
@ o

audonnuRafoutoandestuaunIs i (3.38)uaz (3.39)  oudiAeilgmimswisimn-
Hinoiianiqadae3sn lifhuadu (Nonlinear optimization) Favinoy 144 e Levenberg-
Marquardt Algorithm misfimuasisuduves A uaz {R,.t,]i =1..n} aunsan1dlae
Imnaiini Ides e luddhedy dmsumicudues & uas k> anson 1dd@emaiin
malignumnnuRaioussiingn13uds wiodiwiigandensdmual¥ &, uaz k; fif

Ve o
IMNUUD



UNN 4

=

= Y = 4; [}
msawmﬂunamiﬂmﬁnmmua

Vv "
Tuvnilszesnemsaeumoundesriias Wiz lacdimineaue  msaeudioundss
e o J - o =t Voo o - H o
Taedsminauadlumsmamisiiimesaeuiioy tasmdnlszansanuinfiouvosaus
o o o ' ) ' a o
Tavl#nnudiniussznhnganiuquindzlsiimasnadiauuummesugeuiio  uazga
“ w r ¢ & o o oo ' - "
mmndeandesuuumsinivive; Fwmnuduiusananansouansldaaunmsi i
v v ] Y .
Wadu  aniuvuaeuvesnsaeuiounans Taoia Sl aosiuney aensvIaIE uALYB
a o a ' a o P A Y  asalg a w ' g
WA UMsIAzMI AR reuunANgan 035 N luidhusady eg1alsh
P " A:' a o - o ' = o -
Ao limammisuduvesmnsiiimesaouiiowin 18 Tasiw wisiimesdnan (Intermediate
o © o = o - o ad o 9
parameters) Qn“lﬁ'ﬂmmﬂmm‘lumammmsmmasaavmUmmzqﬂmmmiﬁmﬁmmu
n‘l’ ¥ = o o = q’; =Y o ar @ o o
NNUY - MWISIEEeI aeusugnRINBNATINAMINTnoIaIna Tasldanuduius
' = o = o = P Ve 9 o @ o = d d’
SHINMWMDIAINANLAz s aaumeun 1aiow)  dwmsuinesinuseiiuil
= o v o n’r’ o o = o ar
Wismesgauiioy 9 Mludmiwimus 11 daunsadns ldnnmsiimesdinais
=1 = = L4 = a’.:{ [}
Tavldnmudivsnmiden  Tavfinsanliyaguinaesnmiiumisiino idosmsnugy
- s - o A ' = da o 9 " dy o y:ﬂ )
OINUINTIREIAIINY  Mwsime iAo Tdmartivzgmir ) 14dumisuduves
= 4 ] Aot 3/ et ' - g/ " oV = = v
MInImsiimeiaeumounangaa03sn luilugudude AAMUIZOTUUNINITAI
HUUSIADARGUIUUANINAANILYDILA LS wal¥dmivasisaeunnugndosvesmisaey

oy

~ ) a o
Mounana lav 3 sminaue

VA v a d = AT .
4.1 MsrmBuauvaIITinesaeuey (Initialization)
~ 9 Ao o w & =1 = o " o
ﬂﬁﬁaumuunamri']ui]gmmmﬂﬁyauﬂuﬂummmmummmuwumasuasnuﬂuﬂ
. . ~ = a c:'sJ o ar
(Computer and robot visions) A7MMNBIATVBINMTTOURBUNIUAINADINTTMTUNS
M aa @ aa - A " Vo
mvuanIaNaveInga@uua (Three dimensional object measurements) wagn133in
s aa — . . . ., 3
W@ ua  (Three dimensional object recognitions) MIAPUMULNABINADNITH
= o o w d i
WITUIADS ﬁamﬁuuTﬂU“lﬂi’fﬂ'nuﬁnwuﬁ5zn’31aﬁ;ﬂmu13nuuuwnmﬂ§uﬁamﬁnu UAzYAN N
NaeanasanuusuIives msaeuiiounassa o 1d lasnde s wn munau
'3 H ' - aw o T o
Moy ﬂﬂmﬁﬂuﬁi’gﬂsnmmmﬂmﬂ ﬂ?awnﬁﬂummmmmmqﬂmuﬂnummwmmu

o =

Y a a ) ] = e .

tfamﬁunIﬂumqmnugﬁmmmms:Uuwmmummé'wm (Origin of reference coordinate
b4

system) HAZISIANINNHNMITOURUNADIVURUT WUN NS wnuszuueen Idiily

= L =1 = 3 = L) . - =

ADITUANAINDMIADLINOUNADINFIA 13J3 305211 (Noncoplanar calibration) uaz¥ia

35932UM (Coplanar calibration) #3fi'18e5 110 B3udaluumii 2 msaoufioundosriial)
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" v "
v o = S w o ' 9 a YA o [} - o
Tsznuilumsnagaiuiavesszuunsagmiedres s 1 3idumiala alununiianu
% oy o S 1 Y 3 A g a L4
(Working space) uﬁ”lnﬂgummnmasuaanmau WU ATUHHINTOATUHAIVDINNINDTU
- o q ¥ - o ko A M e ' £
apuioui IMmsaeuiouiaiidoamang esileniismume wu'lulasalnl (Microscope)
Ao a 3 9 & a A A A = - ' day A
nimasweogs Wudu uazdesnsnsaad (Setup) w3esilenaziBoailszaia ot lsnaton
= Y a P S oA o o a dJ - o
VBIMIADUNOUAADIFA 115 1T naoiivow lviaiuve s’ ndmsvpmaugal
¥
(Full constraints of rotation matrix) hl¥msaouiisundesriiatin lade lidudounas
@ o [ a0 o =
Winadnsngndos lumeasaiudw msaeuifivundosiias mszunuiiumsnagasiiiaves
4
s e o ' = d " oar o S e o "
STUUNAAA U018 Buummmesuaeuioumniy  sldnsadumialuny 2
i‘] o e @ a o o 9/ o e 9 .
nawiluguinazSou lvinuveswas namsnyuilimosmudelus wouimuannde  dniu
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= o o - o o k4
WITWIADIAINDN (a; ~ ag) N30T a usondmen1alae
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a:(\p’\y) y'u (4.16)
¥ Ed
asulamnouveannnes a uda dimuald B ifluwainduing 3x3 dade'lyi
a, a, a,
B=(a a,.a,)=|a, a, a (4.17)
a; a, 1

= A o & A T

B 4 uaz a3 ADNANMDIHUIAY (Column vector) ¥ua 3x1 1ile a, =[a, 4, 4]
A T g B»'cs w1 qy A o " Ay

a,=[a, a, a| waz a,=|a, a, 1] vimiu lunoudsde liimedmamaiEudy

) o = = o = o
‘IJE’NWH'I?JM?J?’CT‘&]‘UL‘I’IU‘]Ji]’lﬂWﬁﬁJlﬁﬂ'iﬁ')ﬂﬂNVlﬂ1N’Jﬂﬂ(’?{
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1. ﬂ‘szmmmnﬂmamu’;mtm’mﬂmtmst’fﬂwmmmﬂnﬁ’miwyu R

o o s = ”
mwuﬂﬁlﬁmmnmmﬁmgu R LLT’IH%?EJL’JFILG’I'E)SMN?GN (r r2 r3) UBSIAMDTLUINDY

e
e ke
(vi v} v} ) 1dail

"
hnn ¥
!

R=(n.0,,5)=(r, r, r,|= v, (4.18)
r? r& r‘) v3
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h g K
h=5 nL=15 B = |0
g T3 r

vi=lnn sl vi=[nonr] vi=[n r 5]

" St - a  d =1 v w da = o ar
otelsnAdulsznoy (Entries) VOUUATNBMINYY R BAanuduiusnumwsidnessanais

A Ag vy v 4 & s o Y
miloun I 1 luaumsi @.10) msizaziiu nameiuuad r uaz r swsalszn'ld
ar dy
fail

=

INTUNITN (4.10)

a 5 F.
a=——n+Ca, o a,=-L (4.19)
t =3 !

o v s u,.r‘
dmuald o =1 /o dniu
n=-o(a-C.a) (4.20)

lwhwesdndu dnnlsizneuimaeveanningmsniyu R aunsailszmnme1dlng

r=-0(a,-C.a,) (4.21)
r= —o‘(a] — C_‘,as) (4.22)
r,=-0(a,~C,a,) (4.23)
r=a. (4.24)
Ty =agl, (4.25)

s q’/’ o n’:
PIUU DANBINUIAG 1y UaE 1y Tsouana’ldlae

I -0 (a,-C.aj) —-c 0 oC, | q
n=\(r|=|-ola —CyaS) = 0 -0 oC, ||a |=Qa, (4.26)
n ast 0 0 L, ds
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n=|r|=|-0 a,—Ca; 0 -0 oC, | a,|=Qa, (4.27)
s agl, 0 0 1« |l4a
iije
= § o,
Q= 0 -0 O'Cy
0 0 !

H d [ a 3
il‘lﬂﬁuﬂ'l'i'ﬁ (4.26) ung (4.27) u,’cmﬂﬁmu’nnﬂmmuu’ma r Uag rn lﬂuﬂﬁﬂum
a o a o u’: o a o a o n‘:
VOUUATNY Q AVIANDILHING a; Lo a; MUl 1uﬂ1u9~?LﬁU'}ﬂu LIARMDILUINYT a

Y =} @
Haz a, oauaad lamiiouny

6, =4F'E, s &, =01, (4.28)
iilo
-1/ 0 C/t,
Q'=| 0 -lfo C /1,
0 0 1/

' o & o a o
2. szinaumnamesuIALe Nay ry VBAUATNYNITHYU R

4 ey = S o " a ar 3 o
sﬁawm"lnm’fayaim‘luﬂﬂma Z YDITTVUNAARWNU D909 A9y DAwSHUD
3 = = 4 = (=1 =) = 9 =) "
AWDINTY r3 vouuaingmanyy R 39luillunsdimsaeuifounderiiag sz wa

P =] =1 9 = ' 9 =) = o o4 3/ A
‘VIGﬂijll"lﬂﬂﬁ)ﬂTiﬁEl‘lJmU‘lJﬂﬁﬂQ‘]iuﬂﬁ’JiJ‘S3‘11!1’UIﬂﬂi“vﬂWil‘wEN.ﬂ1WLﬂU’JmWU\1ﬁ11ﬂIﬂ‘UﬂQNﬂu
Ill @ o 3 é a ar - " = o s ] qy
VIAUAIRINTGINuLaznuY (Orthogonality constraints) Yvouuasny¥NITHYY R A9A o'l

luvazfifdmndelunsdivesmsaouivusiia laisamszanugait 1]e T e i
DR +rl+r =1
2) rz"‘ +r52 +"32 =]
3 En A4 E +nn =0 (4.29)

: @ @ o ¥ - & : P
JoulviisdumariigniSendn “Homography” lag Zhang [3] #alunmwmilanmiliios

w

& b7 d; o ::iv
1119 Homography aosdnvoaou lvifafusat

1) hfA"A'h,=0
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1199910 hiA"A'h, =rr, 4 +1r,
ALY h/A"A'h, =rr, +rr+nn=0 (4.30)
2) yA"Ah, =hJA7"A"'h,
ije h/A"A'h, =7’ +rl+r =1

h;A"Ah, = rl+rl+rl =1
v < T T T g 2 2 2 2 2 2
AU AT AT =h AT A, =1 e = (4.31)

v =] [ =t A o a q’: & o [ = Yt a o
ot lsnn lidezBoniidoulvimudmindeiuasiunie Homography u9933n
oA | 4 a d & o
Aoeu Tvisduim Idvinwasndnismu R miloudu

4 4 @ a { o ' VA 9/ = o
diodoulviarumiun s Tonl 18T hidioawe  mammiGuduvesmnsiines
douiisudmiunsdimsasuifioundossiing sz viinnugannnanimsreuiioy
= [ S a1 v — o = o
ndosrtialisamszun 3iodmlnaweuiiezinnamasmniime ol (a,uaza,)
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taznmnsmineimouenlagliitou lviisduthedy  Tesmuy@inagudnarsvosnmiiy
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o a ] ) & ¥ s o > o a
MIMNNUABINIDNY Aumgiiimualinmmes b unmmesiuidavuia 3x1 fmasn

o ] @
Hages 1v3 (Cross product) ¥oamnes IR0 a, LAy a, tude

b, a,dg —a,ds
b=|b, |=a xa, =| a,a,—aa,
&) ad, —a,a,

=(Q"r, )x(Q' 'rz)
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~(r/e)+(rC,/1.) “(”2/0')"'"5"8(—‘;/’;%

= h(q/a)Jr(r,Cy/t:) x| =(r /o) + rsCy/!z
i, rS/Iz
b=TIT, (4.32)
iiie
~lfor. 0 0
I'=sl 0 -=lfor, 0

CJot, C, lot, 1/o?

@ w L : (4 n’: §
wazdgydnual “ x 7 ununagalvivennes dniunameisaeaia r; Y09
I v
wASREMInyU R awnsom 1dan

~biot,
,=I"'b= —-b,ot, (4.33)
o’ (b, +Ch+Cb,)
qAMOLAsNFMIHYU R aunsouaasldai

h i
R=|rn, n, r,

h 5

—o(a-Ca) -o(a,-Ca) ~bhot,
=|-o a3—Cya5) -“0'(614 —Cyab) ~b,ot, (4.34)
asl, ag, o’ (b1 +Ch +Cyb2)

3. AU o

v
ar 1 . = = o '
ndulAdnnlsznou (Entries) voawninamsvyu R uda wisniines o plszainmmm
E 1 o ﬁ' YY) as o:ly
Tau1¥msimisuves Norm vosaoadou lvifsquaail

Irsll =1 (4.35)
lﬁimﬂm "v,” =# +r+ rh =1 uag "r;” =rl+r2+ =1
E
x oy P+ rl - —p2 =10

(4.36)
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WU 7,7, 00z 7 AR lAnInaunsh (4.34) asluaumsi (4.36)

@t + i - o — o B =0 (4.37)

2@ o = sign (4.38)

@ W & v & = ¥ A A &

AYANHU sign NEAUINTOVDIAUNIIN (4.38) THumunioavmwaumionIn 44 sign ve
A 3 o = Ao o VY A " Y 9 ] ﬂ A
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Qe o 1 @ - -
4, 11'5zummnﬂﬂnmuwmigﬂgmtmmamw (Cs, Cy)
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[SENIR ‘inﬂl.‘ﬂ'l'ﬂH']Eﬁlﬂ\?ﬂ1511']?1115”?\1«!1]8\3“1511]19‘1?)5ﬁﬂﬂ!‘nu‘ﬂﬂﬂﬂﬂ'ﬁ ﬂﬁzll’]iu‘ﬂ‘]i‘i'
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uweinwlumudy (£ G, ) uazmniivesmousnnndaninnmifissnin@od Taold

b

o "
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Wind ML swesgaguinmamwilumisiimesndeansisznaruiy  uamsiziuion
as ar £ A @ ar d. o L | ar H Ll
vanudamIndInuaenunansmiiwn s Teani 1an himoamed sn 1anan1uaa luaeudy
2 ' D’l‘ ' { o o : -
saldniniudanlsznon r; uaz re NANOVIAVEINMETILARY 1y Tuaumsi (4.34)

¥
"ln"lﬁ’ﬁmmﬁuﬁuﬁ'“lﬂqﬁ'nﬁﬁﬂﬁnmﬁwmqﬂgutfnmamw (Cr, Cy) saviuaiiul 114

&
"9 A S w o

: Qe o ' o N v @ da '
Rzlszainamidadumisvesyaguinatsnmnndon lulsfuiiieg domaiindadumis

G L]

L4 ~y o 4 @ w u’: & o LA y
vouAguInaNam (C., C,) gadimlaslddeu lvilsmudmnasiunaziudade 115

& = 3 & et ar
‘HQﬁ'ﬂnﬁﬂﬁ%"Nﬁﬂﬂ’limﬂﬁﬁuﬁu@ﬁﬂﬂ?iﬂUﬂﬂQﬂjuﬂﬁ
(v/,vi)=0 (4.39)

oA
HUND nr Hrrntnrn=0 (4.40)
WAURY 7,75, 7, 7t 7, AR AN (4.34) aaluaumsii 4.40)

—oayt. (a,-C,a,)-oag, (a,—C,a,)-obt.c’ (b, +C.b, + C.b,)=0 (4.41)
Q,'l” 2 2 212 2 - 2
wia  |a; +a, —o°h, )C, —0°bb,C, =aa, +a,a, +c°hb, (4.42)

aunsi (4.42) Wuaumsszoy Underdetermined (Underdetermined system) na1afe



57

© ' o as v a ar ' . 9
i!114'J‘LI‘Uﬂﬁ’ﬂllﬂﬁﬁﬂﬂﬂ'ﬂi}'lu’)u‘ilﬂéﬁ']ul]i mwmmnuﬁmsxuu Underdetermine lﬂuvlﬂ
¥

aliiidnouvieiidnausneylidiia fuuf313% Minimum norm 1az3% QR approach
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y Y "o P [ 1 =
mitouiiuauelu [11] wgnldmoudilymiinadineun 18 ligndes aielsna vuaves
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a o v 4 A o ol
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wilouigaguinmesnmgnnelumadumusayaia e u ADBAIAINVBINNUGIRD
AN DI N gadhuitadumisvesyaguinaanmluiiona x (C,) gnlszinmlay

MsunuANuduRusAInadsduasluaumsi .42)

2
¢ - Q4 taa —-bb,o (4.43)

X

2 2 22 2
a; +ag; —b'o” —bbuc

] - o 3/
5. MIMTIUANUANVOINIAADINTY (£.)
& = o 3 ¥ v = L4
VNUUTUANUANIBINANDINMIOW () awnsolszanaldlasldmisiimes o
S o [ o % = o v LYY
HAZNNAA WHUIVOARUEnaNA™ (C,, C) Nannmlduazld Norm weadoulniiy

o'l
Ivil =1 (4.44)

Hufo Vil =72 + 72 +72

unudl 7,5 ez 7 Adnna ldnnaunsi 4.34) asluaumsthay

1= (b, +5C, +5,C,)

2 2
a; +a,

w2l 1, = sign (4.45)

Wiedydnual sign meduyniovesaumsi (4.45) miloudiiom 1 uaumsi (4.38)

6. m3tszmnunnuen Iiie (f) wazdruimaovesnmmeimséhe (. uag 1)
4 " ) o ]
WoNswAIMNENes o wazdIunuAnvenmenithe (t.) uaa uazlding
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uowBudgrouduli o =1 Ja woz a=n'f  wszaziuauen g (f) @50
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Uszanu'ldlae
f= n = (4.46)
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AU t, = —o-(a8 —Cy) (4.48)
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s ot s a 4 S AN Y ¥ — ¥
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i n

X

+2p,AB))-a, X, —a,Y, —a,
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J, =(a X, +a¥, +1)Y, +—1-(k,BC+szC2 +p,(4° +3B°%)
n

v

+2pAB))-a,X, -a,Y, - a,
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] o ' dar oo
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v 2 = -

Y., BC BC ,4B i(A2+3BZ) g‘ W

n, n; n, n, 2 n

: aX, +aY, +a, a X, +a), +a,
1D .o ez w, =
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a,
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5. Annunnadwiwesaguinanm (C, C,) uazszeemassiiadumes lun
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4 s o a =] a = o il
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N

v, N
L= (%=%.) + 270 - yu) 4.57)
i=l

i=]

)
-~

M aSw o " q'n F 9 s ow o =
we (x,,, yw,) ﬂawnﬂmamuwaqgﬂﬂ'Juqnmmuﬂ"laIﬂumamﬂuwmmmmszuu
WOAA N UID1984
= ~ A aw o ] P 1 = Jq'g g
.. Fii) AOWNAA W UIVDIYAR VAN Sz INA T Iwes Na e 18 T
v
AIDVVDINIT UG

¥ " ¥
VINUY AsaUReU lvvesmsngans g man

¥ v
if L < ¢, then ngans 1130000101930 UMsWsNan

v v [
else Tvinav Tdumoun 3 ierhnmssnnluseusaly) (4.58)

e &, Wumnsii ldvinnismanes (£,=0.001)

¥ v "
8. ATUDDNINITOVVDINTIUTIUANNLAD AMUIUWITADS ARV LU INNIT1-



63

= o u’: = o a4 a a - 1 @ ot
iinoidAInan (a~as) muduaoud 1-7 deiteFune1iliadon 4.1 Awnaiivesn
o i vﬁ A v u‘: ' a o ~ oot o b4 qdd’.vll
Annaldwzgnlathuiisuduluiuaeumsmmmaiiines eufounangadoisnli

WuFaduaslyl

1 = o - Ao At o ' =Y 9
422 mimamsimes deuounangad3sh hidlug adu
z " a o - A A adt o " a 3 ' =Y o
Tudumoumsmamisiimeseuivunangediodsin hidhuFadu Amnsiiimesn
o g " oA " oa s o a ] 9 4
Annaldnniuaeunsmaisudugnlfiilusiiudu  aunsaeasiflensu g ildiien

’ " 14
winimesasuiouiangamunsniiou 1ddai
J=J 42 (4.59)

Jo=(nX, +1Y, +1,)(4+ KAC +k,AC? + p, (347 + B*)+ 2 p,AB)

+f(rX,+nY, +1,)

J, =(rX, +rY, +1.)(B+kBC +k,BC* + p, (A4° +3B)+2p,4B)
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yaguinaveanmgnideunenllanyaiinanseenin

Test with noise free Computed Computed Computed | Ground truth
images parameters parameters parameters
at (220,320) | at(260.320) | at (240,300)
x-axis -198.955 -198.96 -198.96 -198.955
gé By axes -206.164 -191.75 7193.552 -198.955
& 3§ §[xyzaxes | 205537 -192.38 -194.022 -198.955
FEE[VZaxes -210.663 -187.25 -190.18 -198.955
Zhang (x-y-z) -198.947 -198.916 -198.911 -198.955
x-axis -62.9609 -96.521 -92.327 -79.7462
g‘é E oy axes 12.573 86.915 85.1225 79.7462
1, E% §|xyzaxes | 717369 -87.751 -85.7491 -79.7462
= B[y .z axes -78.5715 -80.92 -80.627 -79.7462
Zhang (x-y-z) -79.7536 -79.7708 -79.7361 -79.7462
x-axis -757.325 -1097.5 -1061 -943.058
%é B Dxy axes -868.568 -1011.9 -995.17 -943.058
L g g §lxy-zaxes | 867.061 -1013.2 -996.152 -943.058
Y-z axes -817.325 -1053.7 -1027.2 -943.058
Zhang (x-y-z) -943.091 -943.206 -943.339 -943.058
x-axis 44.1679 64.005 61.878 55
éé By mes 50.6557 59.017 58.0393 55
i g §[xyzaxes | 505678 59.092 58.0965 55
y-z axes 47.6672 61.453 59.905 55
Zhang (x-y-z) 55.0019 55.0083 55.0159 55
x-axis 220 260 240 220, 260, 240
%é I yazes 231.4564 248.55 231.4135 | 220,260, 240
C, Eg §eyzaxes | 230459 249.66 232.1604 | 220, 260, 240
y-z axes 238.6069 241.41 226.1 220, 260, 240
Zhang (x-y-z) 219.9872 259.9372 239.9295 | 220, 260, 240
x-axis 293.326 346.66 319.99 | 320,320,300
gé B ey axes 308.6008 331.39 308.5436 | 320,320,300
G | : § §|xevzaxes | 3072722 332.72 309.5394 | 320, 320,300
y-z axes 318.1332 321.87 301.4 320, 320,300
Zhang (x-y-z) 320.0116 320.0391 299.9845 | 320,320,300
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a

Test with noise free Computed Ground
images parameters truth
at (240,340)
X-axis -198.955 | -198.955
gé B xy axes 204363 | -198.955
(| 2 §lxoyzaxes | 203890 | -198.55
£E y-Z axes -207.737 -198.955
Zhang (x-y-z) -199.013 | -198.955
X-axis -67.1556 -79.7462
gé B xy axes 743656 | -79.7462
[, 3% §lxyzaxes | 737385 | -79.7462
G y-z axes -78.865 -79.7462
Zhang (x-y-z) -79.7211 -79.7462
X-axis -807.786 -943.058
gé By axes -887.78 | -943.058
1. 5% §lavzaxes | 886675 | -943.058
a y-z axes -850.505 -943.058
Zhang (x-y-z) -942.549 -943.058
x-axis 47.1108 55
éé B [y axes 51.7762 55
7 ég.g x-y-zaxes | 51.7117 55
E 2| y-z axes 49.6023 55
Zhang (x-y-z) 54.9706 35
X-axis 240 240
gé B %y axes 248.5934 240
o 5% g X-y-zaxes | 247.8459 240
F y-Z axes 253.9561 240
Zhang (x-y-z) 240.0914 240
x-axis 319.992 340
g £ E X-y axes 331.4496 340
G| : é E x-y-zaxes | 330.453 340
y-Z axes 338.5997 340
Zhang (x-y-z) 339.9597 340
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M3 5.2 ANUMUMUAD dy NN UNIMYEI s Minauein/Soufoudiu

a = -
15999 Zhang maigﬂgfm‘fﬂmwmmwagﬁ@ﬂmnmwmmw

& - P A A
waznnouh lnszozAnasue

Test with noisy images | Computed parameters | Computed parameters Ground
at (240,320) at (220,320) truth
mean uncertainty mean uncertainty
X-axis -198.685 0.27439 | -198.135 0.62223 -198.955
gé E X-y axes -198.467 0.05707 | -205.834 0.06341 -198.955
ty EE g X-y-Z axes -198.607 0.05011 -203.764 0.09712 -198.955
y-Z axes -198.808 0.08269 | -208.472 | 0.47985 -198.955
Zhang (x-y-z) -93.2638 | 7.025275 | -138.532 | 8.76712 -198.955
X-axis -79.2597 | 0.29145 -62.0702 0.68947 -79.7462
gé E X-y axes -79.0693 | 0.07625 | -72.1043 | 0.08479 -79.7462
8 %é g X-y-Z axes -79.276 0.06678 -69.3668 | 0.12950 -79.7462
F y-Z axes -79.5145 0.08996 | -75.9466 | 0.70296 -79.7462
Zhang (x-y-z) -59.0951 4.338798 | -85.1541 7.84732 -79.7462
X-axis -1004.27 | 11.16115 | -937.365 13.5382 -943.058
éé E X-y axes -968.639 | 7.26355 -929.906 8.41080 -943.058
A 3 § E x-y-zaxes | -969.115 7.45196 | -926.304 7.45767 -943.058
y-Z axes -982.628 10.4821 -944.513 12.7655 -943.058
Zhang (x-y-z) -825.236 | 41.65646 | -1005.88 | 38.20703 -943.058
X-axis 60.54919 1.14480 56.2997 1.16699 55
%ﬁ Exyaxes [ 5647791 | 042363 | 543643 | 052226 55
F 5 g g X-y-Z axes 56.51134 0.43466 54.0142 0.43499 55
= y-Z axes 5851656 | 0.78696 55.5359 0.86401 93
Zhang (x-y-z) 69.35926 | 1.943372 | 69.76413 | 2.102924 55
X-axis 239.5602 | 0.43633 | 219.4936 | 0.70580 240, 220
gé X-y axes 239.2049 | 0.09079 | 230.9064 | 0.10092 240, 220
C; “-% g X-y-z axes | 239.4424 0.07998 227.6338 0.15513 240, 220
& B y-z axes 239.7627 | 0.13143 | 235.4707 | 0.83939 240, 220
Zhang (x-y-z) 169.1716 15.20905 160.316 10.06827 240, 220
X-axis 319.3889 | 0.58180 | 292.6476 | 0.94077 320
é & g| x-y axes 318.9311 0.12107 307.8675 0.13455 320
Ey E g}» -y-zaxes | 319.2508 0.10663 303.5041 0.20684 320
y-Z axes 319.6736 0.17526 313.9531 1.11916 320
Zhang (x-y-z) 335.0786 | 10.67044 | 329.1984 | 6.470663 320
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MINA 5.2 ANunumMuAsdyaIusUNIMYeI I nTue S oufvudiy
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35903 Zhang Hi0AgUINA1YINTWOYTI|ANINAIVBIN N

uazdeun linszoziinaduq (de)

Test with noisy images Computed parameters | Computed parameters | Ground
at (260,320) at (240,300) truth
mean uncertainty mean uncertainty
X-axis -195.805 1.42541 -198.407 0.91917 -198.955
gé E X-y axes -190.959 0.04231 -192.808 0.04332 -198.955
. 2 g g X-y-z axes | -193.296 0.14467 -194.553 0.06162 -198.955
y-Z axes -189.576 0.86514 -191.229 0.12747 -198.955
Zhang (x-y-z) -64.8879 | 6.827362 | -140.045 | 7.122035 | -198.955
X-axis -93.0142 1.26835 -91.7446 0.67477 -79.7462
& g| x-y axes -85.8416 0.05671 -84.1106 0.05811 -79.7462
t E% E x-y-zaxes | -88.9797 | 0.19284 | -86.4598 | 0.08226 | -79.7462
y-Z axes -82.800 0.40062 -82.0319 0.17001 -79.7462
Zhang (x-y-z) -36.1043 | 5.049181 -79.4303 | 7.843763 | -79.7462
3 X-axis -1087.21 12.9369 -1074.17 14.0484 -943.058
gé E X-y axes -1005.99 6.81403 -997.865 7.56002 -943.058
i ‘L% E X-y-zaxes | -1011.50 7.98301 -997.605 6.88415 -943.058
FE y-7 axes -1045.61 9.92873 -1033.25 10.2935 -943.058
Zhang (x-y-z) -727.465 | 43.24012 | -1045.95 35.3005 -943.058
- X-axis 65.0615 1.12790 63.3932 1.01604 55
258 xyaxes | 586578 | 039737 | 58.1835 | 044089 55
P 3% §[xyzaxes | 589821 | 046572 | S8.1716 | 040151 55
a Y-z axes 61.8437 0.84194 61.0053 0.80693 55
Zhang (x-y-z) 69.48986 | 1.947406 | 70.28558 | 2.078028 55
X-axis 255.9041 1.44291 238.6820 1.36505 260,240
%é E X-y axes 247.2753 0.06752 230.2129 0.06917 260,240
C, 2 :§ E x-y-z axes | 251.0052 0.23048 233.0014 0.09805 260,240
Y-z axes 244.1954 0.82210 227.7212 0.20217 260,240
Zhang (x-y-z) 178.2343 | 14.69613 | 149.7884 | 26.98152 | 260,240
X-axis 341.6042 1.60267 317.9384 1.41212 320,300
gé E X-y axes 329.6921 0.09003 306.9429 0.09222 320,300
&8 2 E g X-y-z axes | 334.6652 0.30730 310.6523 0.13031 320,300
y-Z axes 325.1756 0.76662 303.6207 0.26956 320,300
Zhang (x-y-z) 299.0464 | 17.72159 | 289.6197 | 29.27403 320,300

nManaassiasuiiumsiamanuianaaiioufos (Relative error) ¥93n1u01)
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Test with noisy images Computed parameters Ground
at (240,340) truth
mean uncertainty
X-axis -197.402 | 193678 | -198.955
Eé Elxyaxes | 203911 | 0.04374 | -198.955
| 5 g x-y-zaxes | -202.705 | 0.11630 | -198.955
F E B[y zaxes -206.643 | 0.14473 | -198.955
Zhang (x-y-z) -125.53 | 5.054657 | -198.955
X-axis -65.9408 1.83943 -79.7462
éé E[xyaxes | -73.7351 | 0.05876 | -79.7462
b | 2 % g x-y-zaxes | -72.1515 | 0.15500 | -79.7462
y-Z axes -77.4067 0.19284 -79.7462
Zhang (x-y-z) -64.7681 | 3.114378 | -79.7462
x-axis -945.429 | 11.6464 | -943.058
%é B Dyanes -938.423 | 7.29629 | -943.058
L 2 § §lxyzaxes | -938975 [ 786571 | -943.058
y-Z axes -946.547 9.24139 -943.058
Zhang (x-y-z) -1000.28 | 3633496 | -943.058
x-axis 57.1755 | 1.12989 55
gé Bl xyaxes | 547172 | 042543 55
7| é §y-zaxes | 547530 | 0.45869 55
y-Z axes 56.5582 0.89011 55
Zhang (x-y-z) 69.64924 | 2.012416 55
x-axis 238.05 | 1.58724 240
gé B[ xyaxes | 247.8502 | 0.07001 240
C, EE §[xyzaxes [2459523 | 0.18468 240
y-zaxes | 2522104 | 0.2299] 240
Zhang (x-y-z) 177.2379 | 9.252187 240
X-axis 318.5277 | 1.28893 340
gé Elxyaxcs | 3304586 | 009334 | 340
& g% §|xy-zaxes [327.9283 | 024624 340
y-zaxes | 3362721 | 0.30654 340
Zhang (x-y-z) 324.8312 | 10.69114 340
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Test with lens distortion | Computed parameters Computed parameters Ground
at (240,320) at (220,320) truth
Initial Optimal Initial Optimal
values values values values
X-axis 61.2 54.7996 63.8 55.6039 55
‘éé E X-y axes 65.5 55.7179 61.5649 54.4196 55
f % g X-y-Z axes 64.9 54.9628 66.6 55.2151 55
= y-Z axes 64.4 55.0823 61.1655 55.3123 55
Zhang (x-y-z) 57.0352 57.0618 57.0478 57.0158 55
x-axis 265.34 240.0018 | 241202 | 220.0017 | 240,220
%é E X-y axes 243.78 2399997 | 235384 | 219.9997 | 240,220
g g X-y-Z axes 243.99 2399884 | 234.4633 | 219.9883 | 240,220
£E y-Z axes 228.093 239.9902 | 218.922 | 219.9899 | 240,220
Zhang (x-y-z) 258.7334 | 258.7243 | 239.5074 | 239.5005 | 240, 220
X-axis 353.78 319.9926 | 321.5953 | 319.9910 320
Eé E X-y axes 325.026 | 319.9917 | 313.836 | 319.9917 320
Gy 2 % E X-y-Z axes 325.324 | 320.0151 312.610 320.015 320
y-Z axes 304.048 | 320.0106 | 291.889 | 320.0107 320
Zhang (x-y-z) 307.9215 | 307.9332 | 308.4452 | 308.4356 320
X-axis - -1.0035e-4 - -9.7116e-5 -1.0e-4
%@ Bl x-y axes - -9.7347e-5 - -1.0204e-4 | -1.0e-4
ki : % g X-y-Z axes . -9.9959¢-5 . 9.9053e-5 | -1.0e-4
y-Z axes - -9.9814e-5 - -9.8942e-5 | -1.0e-4
Zhang (x-y-z) - -2.1166e-8 - 3.9212e-9 -1.0e-4
X-axis - 1.008e-6 - 9.4386e-7 1.0e-6
Eé Bl x-y axes . 9.4863e-7 - 1.0424e-6 | 1.0e-6
k> : % .E‘}-y-z axes . 1.001e-6 - 9.8204e-7 | 1.0e-6
y-Z axes - 9.9775e-7 - 9.8042e-7 1.0e-6
Zhang (x-y-z) - 4.2810e-13 - -1.279e-13 1.0e-6
X-axis - 1.0022e-4 - 9.8572e-5 1.0e-4
%@ Bl x-y axes - 9.8708e-5 ; 1.0106e-4 | 1.0e-4
pi|3 % E X-y-Z axes = 1.0009e-4 . 9.9635e-5 | 1.0e-4
I?—z axes - 9.9990e-5 - 9.9554e-5 1.0e-4
Zhang (x-y-z) - 5.5120e-8 - -5.5813e-8 1.0e-4
X-axis - -1.0023e-4 - -9.8615e-5 -1.0e-4
‘éé Bl x-y axes . 9.8714e-5 - -1.0107e-4 | -1.0e-4
P> EE E} X-y-Z axes X -1.0005¢-4 ’ 29.9597¢-5 | -1.0e-4
y-Z axes - -9.9966e-5 - -9.9531e-5 -1.0e-4
Zhang (x-y-z) - -9.2691e-8 - 1.4924e-7 -1.0e-4
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Test with lens distortion | Computed parameters Computed parameters Ground
at (260,320) at (240,300) truth
Initial Optimal Initial Optimal
values values values values
| x-axis 60.2798 55.2789 72.3 54.4551 55
% 5 g| x-y axes 67.5 55.0705 112.0 54.4345 55
f é% g X-y-Z axes 66.2 55.6464 67.0 54.8627 55
y-7Z axes 69.5 55.8028 62.3 54.9254 55
Zhang (x-y-z) 57.1874 57.1548 57.1398 57.1667 55
X-axis 289.42 260.0016 | 268.3073 240.0019 260, 240
Eé E X-y axes 252.142 259.9990 | 235.0379 | 239.9994 260, 240
G : % E x-y-z axes | 253.4926 259.9886 236.086 239.9887 260, 240
y-Z axes 234.18 259.9901 2123717 | 239.9900 260,240
Zhang (x-y-z) 278.0137 | 278.0075 | 258.8230 | 258.8137 260, 240
X-axis 385.8864 | 319.9910 | 357.7341 299.9982 320,300
& E X-y axes 336.181 319.9900 | 313.3761 | 299.9965 320,300
C, EE ,Ef x-y-zaxes | 337.9817 | 320.0149 | 314.7738 | 300.015 | 320,300
y-Z axes 312.178 320.0108 | 283.2518 | 287.9121 320, 300
Zhang (x-y-z) 307.7506 | 307.7404 | 287.9001 287.4699 320,300
X-axis - -9.8337e-5 - -1.0254e-4 -1.0e-4
'§ By axes i 29.9651¢-5 ) 101994 | -1.0e-4
k; 2 % g X-y-Z axes = -9.7518e-5 . -1.0032e-4 | -1.0e-4
y-Z axes - -9.7283e-5 - -1.0044e-4 | -1.0e-4
Zhang (x-y-z) - 4.2160e-9 - -2.1045e-8 -1.0e-4
X-axis - 9.6783e-7 - 1.0527e-6 1.0e-6
3s 2l x-y axes % 9.9402¢-7 - 1.0414e-6 | 1.0e-6
k2 %g g gyzaxes - 9.5272¢-7 - 1.0083¢-6 | 1.0e-6
y-Z axes - 9.4782e-7 - 1.0104e-6 1.0e-6
Zhang (x-y-z) - -1.272e-13 - 4.2605¢e-13 1.0e-6
X-axis - 9.9197e-5 - 1.0132e-4 1.0e-4
E_é B[ x-y axes : 9.9864¢-5 - 1.0105e-4 | 1.0e-4
P Eg .g’?y-z axes " 9.8857¢-5 . 1.0027e-4 | 1.0e-4
y-Z axes - 9.8715e-5 - 1.0031e-4 1.0e-4
Zhang (x-y-z) - -5.3227e-8 . 5.5923e-8 | 1.0e-4
- X-axis - -9.9232e-5 - -1.0125e-4 | -1.0e-4
é@ gl x-y axes : 9.9891¢-5 . -1.0099e-4 | -1.0e-4
p2 s % gl X-y-Z axes - -0.882e-5 - -1.0023e-4 | -1.0e-4
y-Z axes - -9.8691e-5 - -1.0028e-4 | -1.0e-4
Zhang (x-y-7) - 1.7033e-7 - -9.4032¢-8 -1.0e-4
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Test with lens distortion | Computed parameters | Ground
at (240,340) truth
Initial Optimal
values values
E X-axis 55.4804 54.9676 35
E.‘E E x-yaxes | 61.4365 | 54.6202 55
if EE §| xyzaxes | 64.0 54.7244 55
y-Z axes 66.6 54.6061 55
Zhang (x-y-z) 57.1723 57.1398 55
B X-axis 262.3274 | 240.0007 240
%"9 E x-y axes | 252.4893 | 240.0019 240
C. 2 E g x-y-zaxes | 251.8723 | 239.9884 240
y-zaxes | 233.7401 | 239.9899 240
Zhang (x-y-z) 258.4561 | 258.4499 240
N X-axis 349.7612 | 339.9874 340
gﬁ E x-y axes | 336.6440 | 339.9867 340
Cy 2 % g x-y-zaxes | 335.821 | 340.0145 340
y-zaxes | 311.6457 | 340.0105 340
Zhang (x-y-z) 328.1521 | 328.1421] 340
. X-axis - -9.8011e-5 | -1.0e-4
é@. E X-y axes - -1.0142¢-4 | -1.0e-4
ki 2 % g X-y-Z axes - -1.0084e-4 | -1.0e-4
y-Z axes - -1.0149e-4 | -1.0e-4
Zhang (x-y-z) = 3.6500e-9 | -1.0e-4
X-axis - 9.6014e-7 1.0e-6
Eé I e - 1.0282¢-6 | 1.0e-6
k> 2 % E X-y-Z axes - 1.0188e-6 1.0e-6
y-Z axes - 1.0316e-6 1.0e-6
Zhang (x-y-z) - -1.175e-13 | 1.0e-6
X-axis - 9.8946e-5 1.0e-4
E‘E E X-y axes - 1.0282e-6 1.0e-4
P 2 E g X-Yy-Z axes - 1.0188e-6 1.0e-4
y-Z axes - 1.0316e-6 1.0e-4
Zhang (x-y-z) - -4.1768e-8 | 1.0e-4
_ X-axis - -9.9124e-5 | -1.0e-4
ge E X-y axes - -1.0084e-4 | -1.0e-4
P2 | 2 % g X-y-Z aXes = -1.0049e-4 | -1.0e-4
y-z axes - -1.0081e-4 | -1.0e-4
Zhang (x-y-z) - 1.3634e-7 | -1.0e-4
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Images / (pixels) C; (pixels) C, (pixels)
a 1006.8 269.5946 202.1960
b 832.7031 296.6643 222.4983
c 905.8116 284.9000 213.6750
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A Determination Method of Initial Camera Parameters
for Coplanar Calibration

Kaset Sirisantisamrid, Kitti Tirasesth, and Takenobu Matsuura

Abstract: Most coplanar calibration algorithns deternine the initial camera parameters from a single
image under the assumption that the principal point is known in advance. However. the camera
orientations, the shifted principal point and the noise cormupted on 1mages have an influence on the
estmated imtial camera parameters under the above assumption. This paper proposes a useful method
to determine the initial camera parameters for coplanar calibration. The proposed method can
determine the mutial camera parameters from the single 1mage. wherem the principal point is
considered as a parameter. In our experiments, both synthetic and real muages are used. The experimental
results show that the proposed method provides both stable initial camera parameters and noise
robustness for changes of camera onentations, noise levels and shifts of principal point

Kevwords: coplanar calibration, initial camera parameters, camera onentation, principal point

1. INTRODUCTION

Camera calibration is an important 1ssue in robot
vision and computer vision. The accuracy of camera
calibration 1s required for 3D object measnrements and
recogmtion. The camera calibration is a determination
method of camera parameters using the relation between
the control points on a calibration pattern and the corres-
ponding coordinates on a frame buffer. It can be
performed by a camera observing the calibration pattern
with known geometry and can be divided into two types.
noncoplanar and coplanar calibrations. The noncoplanar
calibration 1s performed by a camera observing the
control points in known 3D space with high precision,
while the coplanar calibration can be performed by
observing the control points in a 2D plane. The coplanar
calibration has an advantage that the expensive devices
and the elaborate setup are not required but 1t is more
complex than noncoplanar case. However, the coplanar
calibration is needed in the industrial and military
applications therefore, we are interested in the coplanar
calibration.

As is well known, there are two steps of camera
cahbration. initialization and nounlinear optimization. In
the mitiahization step, the mtermediate parameters defined
in terms of camera parameters are computed in closed
form based on a distortion free camera model. Then, the
initial camera parameters for nonlinear optimization are
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accepted 77777 27, 7777 Recommended by Editorial Board
member 77777 777 under the direction of Editor 7777 777
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estimated from the obtamed intermediate parameters. In the
nonhnear optimization step, the optimal camera parameters
are computed using a nonhnear scheme based on a lens
distorion model Ideally, the initial camera parameters
obtamned from the initialization step should be close to
the optimal camera parameters to reduce the mumber of
iterations and give the rapid convergence to a global
extremum. However, it is not always true in practice
because the amount of noise corrupted on images, lens
distortion, shifted principal pomnt and so on affect the
imitial camera parameters to be estimated. Thereby, the
mitialization step becomes important for camera calibration.

A radial alignment constraint (RAC) presented by
Tsai [1]. Lenz and Tsai [2] was used to solve the camera
parameters m both noncoplanar and coplanar calibrations
Most parameters are computed in closed form while the
focal length, the depth component of translation vector
and the radial distortion are computed by nonlinear
scheme. Chatterjee et al [3] presented several algonithms
for coplanar calibration. In the algorithms the camera
parameters were determined by both linear and nonlinear
optimization methods Both algorithms in Tsai [1] and
Chatterjee’s methods [3] are not complicated but the
prncipal point was placed on the image center. Consequently,
the initial camera parameters computed from the noisy
images, the images taken at some camera orientations
and the shifted principal point from the image center [16],
become sometimes unstable and far from the optimal
camera parameters. Thus, the camera pammeters determined
m the nonlinear optimization step may not reach to the
optimal solution. Recently, Zhang [6] has proposed a new
technique for coplanar calibration. In the method the
homography between the planar pattern and its images 1s
used to compute the camera parameters. Then, the obtained
parameters are used as the initial camera parameters for
nonhinear refinement. However, Zhang's method requires
at least three images. Finally, most literatures on the coplanar
calibration have emphasized on testing of calibration
accuracy and nosse robustness without examining the stability
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Fig. 1. Mapping the control point on calibration

pattern to image plane

of camera parameters for the changes of camera orienta-
tions. It was found from our previous experiments [9-10]
that the camera onentations with respect to the calibra-
tion pattern and the nosse level on mmages have influence
on the stability and accuracy of camera parameters. It
means it takes time to setup the camera to get the
accurate camera parameters. Thereof, the testing of
influence of camera orentations becomes impertant for
camera calibration. Both Tsai and Chatterjee’s methods [1,
3] have not been tested On the other hand, Zhang’s
method [6] has been tested on the noise robustness and
the influence of onentation of the model plane with
respect to the image plane. However. its stabihity of
camera parameters has not been clarified since a rotation
axis was randomly chosen. While it was also found from
our experiments that Zhang's method is not always
stable for some cases

In this paper, we propose a calibration algorithm to
determine the mne initial camera parameters consisting
of three intrinsic parameters and six extrinsic parameters
by considering the principal point as a parameter. We
orgamized as follows: Section 2 describes briefly a back-
ground of camera model. Section 3 describes the proposed
method. Section 4 reports experimental results on both
synthetic and real images In Section 5, we give some
conclusions

2. BACKGROUND

This section describes a distortion free camera model
and a lens distortion model that are important for camera
calibration.

2.1. Distortion Free Camera Model

The camera parameters consist of intrinsic and extrinsic
parameters having eleven degrees of freedom in both
noncoplanar and coplanar cahbrations. six degrees for
extrinsic parameters and five degrees for intrinsic
parameters. The difference between the noncoplanar
and coplanar calibrations is the size of rotation matrix R.

The rotation matrix for coplanar and noncoplanar cases
18 a 3% 2 matnx and a 3% 3 matrix. respectively. Smce
the origm of world coordinate system for coplanar case is
on the calibration pattern, there is no information on -
direction of world coordinate system. Here, the rotation
matrix defines the camera onentation The translation
vector t defines the position of camera center related to a
certamn world coordinate system. The wtrmsic parameters
consist of a focal length, a skew, a ratio of focal length m
tﬂmsoipﬁeisandammdhmlcofprmcjpalpnmt

Fig. 1 illustrates a basic geometry of distortion free
camera model. Let the origin of world coordinate system
O, be on the calibration pattern. Thus, the control points
on calibration pattern are lying on a 2D plane. An optical
center of camera coordmate system is located at O; point
and Z, axis is aligned with the optical axis. The image
plane is placed behind the focal gianc at a distance f from
the optical center. P = [y, 15,11 denotes a control point
expressed in homogeneous coordinate. The comrespondmg
point on image plane is demoted by p= [Y, 1,1}
Perspective transformation from the control pomt to the
inage point is given by

vfa:F[R[t]P (1)
where
-f 0 0 5 ] ]
F={0 -f 0 R= B ol t= ty
0 0 1 rnonl f

and v is an arbitrary scale factor. Likewise. the corres-
pondmng image coordinate on frame buffer is denoted by
p= IX};I{';]]T, The relation between the image coordinate
on frame buffer and the image point on unage plane can
be expressed by

p=Kp (2)
where
we' 0 1
K=(0 »'c|
0 0 1

The matiix K is a conversion matrix from metric to
pixels unit. 7, and n, are the distance between adjacent
sensor elements in x and v directions, respectively that
may be found from the camera manufacturing’s data or
computed by off-hine. (C.. C,) is a coordinate of principal
point in x and y directions. Finally, the relation between the
control pont and the correspondmng coordinate on frame
buffer can be wntten by

\—‘ﬁ:‘_\.[P (3)
where
. U €,
M=A[RJt]. A=KF=| 0" -q, C,]|
§ o 7

The matrrx M is called a camera projection matrix. The
matnx A s a calibration mairix and the non-zero entries
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of matrix A are called the intrinsic parameters. @ = 7, '/ and
a,= ny'lfrcprcscm the focal length 1n terms of pixels m x
and y directions, respectively. Here, it is considered that
the skew (s) is not taken into account in the calibration
matrix because it will be zero for most normal camera.
However, in case the skew (s) is not zero, the calibration
matix is given in the followng form

-a, s O,
A=l 0 -2, G| @)
0 0 1

2.2 Lens Distortion Model

Generally. a camera is not a pimhole model as above
mentioned but it combined with a lens. Since the
unperfections in design and assembly of lens. the
projection from the control point to image plane may
cause maccurate results. These imperfections are called
lens distortion. There are two types of lens distortion
commonly seen, radial and decentening distortions. Let
(X2.Y4) be the distorted image point on unage plane
caused by lens distortion The relation between the ideal
unage pomnt (X, ¥,) and the distorted unage point can be
expressed by

X I

[ .X_’.]__ i’x‘]_’_ J.'dl‘j }L"r; (rf + 2.1’3) 24,1, ; i;
8 Y} Yl ax,r, (r;;’«»nf} Lﬁl &)
where k) and k; are first and second order of radial
distorhion coefficients, respecuvely. py and pg are decen-
tering distortion coefficients, and 7 =X+ F,/7.

3. PROPOSED METHOD

In this section, we propose a determinanon method of
mstial camera parameters for coplanar calibration The
proposed method 1s based on the distortion free camera
model and requires only one image. In order to make the
best-fit camera projection matrix M in (3) from a set of
control points and cormresponding coordinates, it is
assumned here that the skew (s) is equal to zero and the
pixels are square which 1s sufficient for computing the
mutial camera parameters as given in [11]. Thus, the
number of mmtial camera parameters in the proposed
method 1s reduced to nne parameters that consist of three
mtnnsic parameters (£C,.C,) and six extrinsic parameters
representing the camera orientation and the position of
camera center. The relation between the control point and
the corresponding coordinate in (3) can be written by

jPXJ' ] @ o9 @ || X,
“!ff =191 g5 g5 || Ty 6
Lr Jm m e Jl1

where

A=+ Oy gy =an + G,
@ =—al, +Cyt., q4=—ary +Cymy,

gs =—any +Cyny. gg = —at, + Gyt

and @ = @, = @, Ths relation can be written in form of
the following two nonlinear equations:

¥ (-an + Cin )X, +(—an + G )X, +{-ar, +Cyt;) n
’ nX, +nl, <1, +
, (-ar, +C,a7}Xk+(—ats+C,,;3)]"+{—my +C.‘r,_}
-

— (8
rXy +nk, +1,

These equations are more complicated than those
expressed by Tsai and Chatterjee’s methods [1,3] because
drcootﬁinmcofpnncipalpointisdcﬁnedasapamem‘
In order to compute the initial camera parameters easily
by solving the linear equations. a set of intermediate
parameters (a;~ ag) is represented in terms of the camera
parameters. Thus, the relation in (6) can be rewritten in
linear equations and expressed by

Xy q G ay || X,
V| Yr |=1;|la3 a4 ag | %, 9)
1 as ag 1|1
with
—an +C.r —ary +C,
%= ’lr "7.112= ’2’ IQ-“S“?-
H 2 2
-an +Cy"f —arn + Cy’k ]
W WSS SSnag. il
—aiy +Cyt, —aty + Cyl,
L ’ I '

The above hnear equations can be rearranged as the
following inhomogeneous linear system:

wa=u an
where
[T Xa 0 0 -XpXy -Xp¥a1 0] [X,]
X2 F20 0 -Xpa X, -Xp¥p1 0 X
o : : . | ;
Y . 3 g = S ’
X ¥Fa 0 O -Xﬁ,.".,,—.l'ﬁl"m 10 J}Xﬁ.
¥= " o s Jlm—f
0 0 Xy Fa-Ynhg -¥p¥y 01 |¥n
0 0 X Fo-YnXa-¥nk, 01 gl}z
[0 0 X, K, -FgX,, -TuE, 01 ¥, J

and a=[a ay a; ay ac ag a al]r.

With » control points and corresponding mage coor-
dinates, overdetermined system of linear equations 1s
established and solved by minimizing the sum of the
square of residuals

Jwa-uf. a»
The vector a 1s solved by
-1
a=(vrv) vrn. (13)

Once a is obtamed, we defined a matrix B as follows
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aq ay a;

B=(aj.ay,23)=|03 a3 a5 |, (14)
a5 :76 1

m which aj. a» and a; are the 3x 1 columm vector.
Thence, we use the following procedures to compute the
mitial camera parameters from the obtained intermediate
parameters.

1. Estimanon of the first and second column vectors
(r1. r2) of rotation matrix R

The rotation matrix R is given by

nn fs] i
Re(n.m.m)=n r rgi=|v] (15
"o @J v
where
[n n 5
R A O T Y
‘.": ) n.:

v =l n 5]l =[r n )i =[n # n).

Since the entries of rotation matrix R are related to the
mtermediate parameters as given in (10) therefore. we
can write the colamn vectors r) and r; as the following
form:

—o(a-Cas)] (o o oC, [a]
0-coC, ||a E
asf, L0 0 1 _..“5.!

n=|-o(a3-Cyas) =8 (16-1)

—_’O"az—cxt}ﬁ)— [-—0 0 O'Cr_ Faz"l

r=|-c(a;-Cyag)|=( 0-c oC, a4i=naz (16-2)

agl, L0 0 1, Jﬂﬁ_!
where
o 0 oC,
Q= O—Uocy
[0 0 &,

and 0=r, /a Likewise, the column vectors a) and a; are
also expressed as

=ﬂ"1l] and a, :ﬂ_lr-_. (17)
where
[-Yo o c.p.
e'= 0 -yo
Lo o .

2. Esumation of the third colunm vector rs of rotation
matrix R

Because of no information on z direction of world
coordinate system, the third column vector r; of rotation
matnix R for coplanar case does not exist. Consequently,
the coplanar calibration using the single mage has only
the following three orthogonality constraints, while the
noncoplanar case has six constramts

q“+rf+r-’;2-l_

waenen =1, (18)
N +nr+ng =0

These constramts are called homography by Zhang [6].
Thereby, the determination method of initial camera
parameters for coplanar case 1s more difficult than the
noncoplanar case. Most researchers prefer to compute the
two mirmsic parameters (&, and ;) and the six extrinsic
parameters using the above constraints in which the
principal pont is assumed to be known in advance. Since
the available constraints for coplanar case are insufficient
to be used for computing the ininal camera parameters if
we require to compute the pnncipal point. Thus, we need
to seek the other orthogonality constraints for estimating
the mnal camera parameters. Then, a 3% 1 vector b is
defined as the cross product of column vectors a; and a,

& a3a —aqas
b ~ag (= (a7l Jefer
=|by [=ayxay =|ayas - aqyag |= (7' x[ﬂ ).
L& ayay —ayay

[~(n/e)+(nC,f1,) | [~(nte)+(nC. /)]
~(rfa)+(nC, ft.) x| ~(rs /o) +(rC, J1. )

njt J /1. |
b=Try (19)
where
;-'“ Yor. 0 0 ]
| g I 0 -lYor, 0 f
|

'_C,/ar‘. C, for. 1/o?

and the symbol “x ” represents cross product of vectors.
Then, the third colunm vector ry can be determined from

~fat, -!
n=I"'b= -byat, - Qo)
o’ (B +Ch + Oy )|
Finally, the rotanion matrix R can be expressed as )
—o(a-Cias) -o(a;-Coag) -Hor, l
R=|-o(a;-Cya5) -o(a,-Cpag) -byor, ! .(21)
ast, agt, ( +Ch +Co by J

3. Computation of a parameter o

Once the entries of rotation matrix R are obtained, a
parameter 0 is estimated using the equality of norm of two
constraints:

Isl=1vsl 2)
Then, we have
05 + aﬁ
=sign . 23)
b{

The symbol sign in t.he right hand side of (23) 1s negative
or positive if the ongin of world coordinate system O, is



o

i front or behind the camera.

4. Estimaton of the coordinate of prmcipal pomt (C,. C)

The aim of the proposed method is to estimate the
three mtninsic parameters (£C,.C,) and the six extrinsic
patameters from the smgle image but the available
orthogonality constraints are insufficient as above men.
tioned. Furthermore, the obtamned entries ry and rg of
calumn vector r3 in Step 2) are not related to the
coordinate of principal point (C,. C,). There 1s no longer
to determme the coordinate of principal point from the
available constraints.  Therefore, we compute the
coordmate of principal pomt (C,, C,) by the following
orthogonality constraint in which a linear equation with
two unknowns s made.

(v{,r{):o (29)
Thus, we have
(08 + a5 -8 )€, ~0bd,C, = cpa + a0+ P08y (25

The above equation is an underderermined system 1.e. the
number of equation less than unknowns. It is well known
that the underdetermined system has either no solution or
an infiite number of solutions. Fven though the
mimmum norm method and the QR approach as
proposed in [12] are used to solve this problem, the
abtained solution is mproper. However, the used 1mage
sizes are square and rectangle in which a ratio of height
to width of wmages is usually known beforehand and we
would prefer to determine the initial values close to the
optimal values. Thus, we make the relation between the
number of pixels i x and y directions of principal point
as C, = uC, although it seems the principal point on a
diagonal line, where u is a ratio of height to width of
mages. Finally, the coordinate of prmcipal point m x
direction (C,)} is estimated by substituting the above
relation mnto (25).

P +aza'§—b!éga)' 26)
- +ai -ba? —Hbyuc” -

3. Determination of the depth component of translation
vector (1.)

Then, the depth component of translation vector (1.} are
computed using the obtaned parameter o coordinate of
principal point (C,, C,) and the following norm of
constramnt:

Jvalf =1 Qn
Thus, we have

) ’1—0’4 (63 +HCy +5:C, }:
I, = sign, 5,32 -e-aé . (28)

6. Estnmation of the focal length (f) and the remaining
components of translation vector (r, and £)

Once the parameter ¢ and the depth component of
translation vector (7.) are known, then we define o= rLia
and o= n;!jf Therefore, the focal length (7} 15 estumated
b}-
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1.
fent 9)

Then, the mtermediate parameters a- and ag defined m
(10) are used to compute the parameters #, and ty.

—at, +
a; =————a‘t"‘r 25 =—%+C"._
fy = —a(a—; _Cx ) (30)
and
—at, +C.f, 28
o= e
ty =—o(ag -C, ) (1)

7. Determination of the entries of rotation matrix R

Fmally, the obtained intermediate parameters {a;~ ag). o
C.. C, and ¢, are used to compute the entries of rotation
matrix R m (21).

4. EXPERIMENTAL RESULTS

In the experiments the imitial camera paranieters are
estimated by the proposed method and Zhang's method
[6] with the synthetic and real images. It 15 noted that
Zhang's method requires three unages to estimate
parameters while the proposed method does only one
image. Before going to our experiments, we penerate the
synthetic data with known intrinsic and extrinsic
parameters called ground truth later and produce a
10x 10 gnd of equidistant control points to simulate a
2D calibration pattern. It is assumed here that the camera
parameters are given as follows:

1} the principal pomt s on coordinate (240, 320) for

480 x 640 image sizes,

2) the focal length 15 equal to 55 mm with 00367

m/pixel the conversion parameter {17, = ).

3) the camera center is located at (-198 9551, -79.7462.

-943.0575) mm, and

4) the camera orientation can be changed arbitranily.

Under the assumptions, the mmage coordmates (X 1)
can be obtamed from (7) and (8) with the given control
pomts and camera parameters.

4.1. Noise Robustness

In order to test the noise robustness of the proposed
method, Gaussian noise with zero mean is added to the
generated nnage coordinates In this expennment, the four
patterns of camera rotation ie. the rotation around X,
ans, Xo-¥, axes, ¥.-Z, axes and X-¥-Z, axes are used
respectively. Firstly, the experiments to measure the mean
and the variance are performed to test the noise robust-
ness of the proposed method Secondly, the relative
errors of computed parameters are compared with ground
truth. In the first experiment, we measure the mean and
variance of computed initial camera parameters when the
principal point is at the image center and moved to the
coordinates (220, 320), (260, 320), (240, 300) and (240,
340), respectively. In the experiments, the camera is rotated
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Fig. 2. The camera onentations and the obtained images: a) the camera is posed parallel to the calibration
pattern. b) the position of camera after applymg the rotation around X.- I, axes c) the position
of camera after applying the rotation around X-Y.-Z, axes.
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Fig. 3. Comparison results of the relative error for noise robusmess: f

around each axis at 0.01 radian/time with the changes of
the rotation angle from 0.01 to 0.6 radian. The noise
level varies from 0.1 10 1.5 pixels. Fig. 2 illustrates the
starting position of camera and the position of camera
after application of the rotation around . Y. axes and
X-Y-Z axes. For example, the obtained images are
shown in the figure when the image coordinates are added
with 0.5 pixels of Gaussian noise. The 100 mdependent
trials are performed for each noise level and the mean
and variance of computed mitial camera parameters are
shown. We use the uncertamty represented by the vanance
of each computed parmmeter. In order to compare the
noise robustmess of initial camera parameters estimated by
Zhang's method with the proposed method. we sat the

camera rotation around X,. ¥, and Z. axis for the first,
second and third 1mage. respectively under the same
testing condition as the proposed method. It is called
Zhang (x-y-z). The comparison results of the proposed
method with Zhang's method are shown in Table 1. Here,
PM.(x-y) represents the expenimental result for the
camera rotation around X-¥, axes by the proposed
method. It can be found from the Table 1 that the mean
values of mitial camera parameters computed by the
proposed method for fowr patterns and shifung the
principal pomnt are closer to the ground truth than those
determined by Zhang's method. Futhermore, it can be
seen that the uncentainty values of each parameter obtained
from the proposed method are less than those obtained by
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Table 1. Noise robustness of the proposed method compared with Zhang’s method when
the principal point is on the umage center and moved to the other coordinates.

Test with noisy Computed parameters Computed parameters Computed parameters | Ground truth
miages at (240,320) at (220.320) at (260.320)
mean uncertamty mean uncertainty mean uncertanty
P.M.(x) -198 685 0.27439 -198.135 0.62223 -195.805 1.42541 -198.955
P.M.(x-y) -198 467 0.05707 -205.834 0.06341 -190.959 0.04231 -198.955
h | PM.(x-y-z) | -198.607 0.05011 -203.764 0.09712 -193 296 0.14467 -198 955
P.M (y-z) -198 808 0.08269 -208 472 0.47985 -189.576 0.86514 -198.955
Zhang(x-y-z) | 932638 | 7025275 | -138 532 876712 -64.8879 | 6.827362 -198.955
P.M.(x) -79.2597 0.29145 -62.0702 0.68947 -93.0142 1.26835 -79.7462
P.M.(x-y) -79.0693 0.07625 -72.1043 0.08479 -85.8416 0.05671 -79.7462
L [ PM(x-y2) -79.276 0.06678 -69 3668 0.12950 -88.9797 0.19284 -79.7462
P.M. (y-z) -79.5145 0.08996 -75 9466 0.70296 -82 800 0.40062 -79.7462
Zhang(x-y-z) | -59.0951 | 4.338798 | -85 1541 784732 | -36.1043 | 5049181 -79.7462
P.M.(x) -1004.27 | 1116115 | -937365 13.5382 -1087.21 12.9369 -943 058
P.M.(x-y) -968 639 7.26355 -929.906 8.41080 -1005.99 6.81403 -943.058
: | PM.(x-y-z) | -969115 745196 -926.304 745767 -1011.50 7.98301 -943 058
PM (y-z) -982.628 10.4821 -044 513 12.7655 -1045 61 992873 -943 058
Zhang(x-yz) | -825236 | 4165646 | -1005.88 3820703 -727.465 | 43.24012 -943 058
P.M.(x) 60 54919 1.14480 56.2997 1.16699 65.0615 1.12790 55
PM.(x-y) 56.47791 0.42363 54.3643 0.52226 58.6578 0.39737 55
V PM.(x-y-z) | 5651134 0.43466 54.0142 0.43499 358.9821 0.46572 55
P.M.(y-2) 58.51656 0.78696 55.5359 0.86401 61.8437 0.84194 55
Zhang(x-y-z) | 69.35926 | 1943372 | 65.764 13 | 2102924 | 69.48986 | 1947406 55
P.M.(x) 239.5602 043633 2194936 0.70580 2559041 1.44291 240, 220 260
P M. (x-y) 239.2049 0.09079 230.9064 0.10092 247.2753 0.06752 240, 220, 260
G PM.(x-y-z) | 2394424 0.07998 2276338 0.15513 251.0052 | 0.23048 240, 220, 260
P.M (y-z) 239.7627 0.13143 2354707 0.83939 244.1954 | 0.82210 240, 220, 260
Zhang(x-y-z) | 169.1716 | 15.20905 160316 10.06827 178.2343 | 1469613 | 240,220 260
P.M.(x) 319.3889 0.58180 292.6476 0.94077 341.6042 1.60267 320
P.M.(x-y) 3189311 0.12107 3078675 0.13455 3296921 0.09003 320
G PM.(x-y-z) | 3192508 0.10663 303.5041 0.20684 334.6652 | 0.30730 320
P.M.(y-z) 319.6736 0.17526 313.9531 1.11916 325.1756 | 0.76662 320
Zhang(x-y-z) | 3350786 | 1067044 | 329 1984 6.470663 | 299.0464 | 17.72159 320
= 45 -
_'i 40 [
‘E 35 1 / [ - e P.M.(x}
oo freet X PM.(ya)
g 20 —O0—PM. (x.y)
_é :; ] i et P M. (x-y-3)
_,-"' o (el e -]
32 jr«-s.-r.'.""' R 558 e
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Fig 4. Comparison results of the absolute error for noise robustness: C,.

Zhang's method. This means that the proposed method 1s
more robust to noise than Zhang's method for the changes
of camera onentations, rotation angles and also more
robust for nose levels and shifts of the prnncipal pomt from
the image center. In the second experiment, we measure
the relative error of focal length and extrinsic parameters

and the absolute error of principal pomt (C,, () computed
by the proposed method and Zhang's method and show the
results in graphical form. The testing condition of the second
expermment is still same as the first expenmment but the
rotation angles of camera are fixed at 0.1 radian. not vaned
ﬁomo.olwo,ﬁmd:mmdﬂ:eprncpalpomlmmdmmge
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Table 1. (Continuous)

Test with notsy Computed parameters Computed parameters Ground
1mages at (240,300) at (240.340) truth
mean uncertamry mean uncertainty
PM.(x) -198407 | 0091917 | -197402 | 193678 -198.953
P M (x-y) -192.808 | 004332 | 203911 | 004374 -198.955
W | PM(xyz) | -194553 | 006162 | -202.705 | 0.11630 -198.953
PM.(y-7) -191229 | 012747 | 206643 | 014473 -198.955
Zhang(x-y-z) | -140.045 | 7.122035 | -12553 | 5054657 | -198955
P M (x) 91.7446 | 067477 | -659408 | 183943 -79.7462
P M.(x-y) -84.1106 | 0.05811 | -73.7351 | 0.035876 -79.7462
v [PM(x-yz) | -86.4598 | 008226 | -721515 | 0.15500 797462
PM (y-z) -82.0319 | 017001 | -77.4067 | 019284 -79.7462
Zhang(x-y-z) | -79.4303 | 7.843763 | 647681 | 3114378 | -79.7462
PM.(x) -1074.17 | 140484 | 945429 | 116464 -943.058
P M.(x-y) 997865 | 756002 | -938423 | 729629 -943 038
L | PM(x-yz) | -997605 | 688415 | 938975 | 786571 -943 058
P M. (y-2) -1033.25 102935 | 946547 | 924139 -943 058
Zhang(x-y-z) | -1045.95 | 353005 | -100028 | 3633396 | -943.058
PM(x) 63.3932 1.01604 57.1735 1.12989 55
P M (x-y) 581835 044089 | 547172 0.42543 55
£ [PMixyz) | 58.1716 | 040151 | 54.7530 | 0.45869 55
P M (v-2) 61.0053 0.80693 56.5582 0.89011 55
Zhang(x-y-z) | 70.2855 | 2078028 | 6964924 | 2012416 55
PM.(x) 2386820 | 136505 238.05 1.58724 240
PM.(x-y) 2302129 0.06917 | 247.8502 0.07001 240
G [PM(xy2) | 233.0014 | 009805 | 2459523 | 0.18468 240
PM.(y-2) 2277212 | 020217 | 2522104 | 022991 240
Zhang(x-y-z) | 149.7884 | 2698152 | 1772379 | 9252187 240
PM(x) 317.9384 | 141212 | 3185277 | 128893 300, 340
PM(x-y) 306.9429 0.09222 | 3304586 | 009334 300, 340
G [PMixyz) | 3106523 | 013031 | 327.0283 | 024624 300, 340
PM(y-z) 303.6207 | 026956 | 3362721 | 030634 300, 340
Zhang(x-y-z) | 289.6197 | 2927403 | 3248312 | 1069114 | 300,340

abselnte ervor of Oy {pixels
=]

-
-
L=t

0 orarain A0
01 03 05 07 09 11 13

' - /\/ .

noise level (pixels)

—O0—PM. (x¥)
sty P M. (x-y-2)
——=——Zhang(x-y-2)

P.M. (x)
PAM. (v-2)

1.5

Fig.5. Comparison results of the absolute error for noise robustness: C,
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center. Then, the initial camera parameters are computed
by the proposed methodand Zhang's method and compared
with the ground truth. The relative error of focal length
and the absolute error of principal point (C,, C,) obtained
from both methods are shown in Fig 3 ~ Fig 5, for example.
It was found from the experiment that four patterns in the
proposed method provide more robust initial camera
parameters to noise than Zhang's method, especially at

large noise levels. Furthermore, the experimental results
showed that the maximmm relative error of initial camera
parameters mn the proposed method is about 6 % and the
maximum absolute error of principal pomt is about 5
pixels. While the corresponding errors in Zhang's method
are about 20 % and 42 pixels, respectively. Thus, we can
conclude from these experimental results that the proposed
method grves more robust mitial camera parameters to noise
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Table 2. The mitial and optimal camera parameters computed by both methods when
the principal point is on the image center and moved to the other coordmates.

Test with lens Computed parameters Computed parameters Computed parameters Ground
distortion at (240,320) at (220,320 at (260.320) truth
Initial Optimal Initial Optimal Initial Optimal
value value value value value value
P.M.(x) 61.2 54 7996 638 55.6039 60.2798 55.2789 55
P.M (x-y) 655 55.7179 61.5649 54 4196 67.5 550703 53
' P.M (x-y-z) 64.9 349628 66.6 552151 66.2 556464 55
PM.(y-z) 644 55.0823 61.1655 35.3123 695 55.8028 33
Zhang(x-y-z) | 57.0352 57.0618 57.0478 57.0158 571874 57.1548 55
P.M.(x) 26534 240.0018 241202 220.0017 28942 260.0016 (240, 220, 260
| PM.(x-y) 24378 2399997 235384 | 2199997 252.142 259.9990 |240, 220. 260
G P M.(x-y-z) 243.99 235.9884 | 2344633 | 2199883 2534926 | 2599886 |240,220, 260
PM(y-z) 228093 2399902 218922 219.9899 234.18 259.9901 |240, 220, 260
Zhang(x-y-z) | 258 7334 | 2587243 2395074 | 2395005 278.0137 [ 2780075 [240.220. 260
P.M (x) 353.78 319.9926 321.5953 | 3199910 385.8864 | 3199910 320
P M.(x-y) 325.026 3199917 313.836 | 3199917 336 181 319.9900 320
G P M.(x-y-2) 325.324 320.0151 312.610 320.015 337.9817 | 3200149 320
PM.(y-2) 304 048 320.0106 291.889 320.0107 312.178 320.0108 320
Zhang(x-y-z) | 3079215 3079332 308 4452 | 3084356 307.7506 | 307 7404 320
P.M.(x) - -1.0035e-4 = -9.7116e-5 “ -9 8337e-5 -1.0e-4
P.M.(x-v) - -9.7347e-5 - -1.0204e-4 - -9.9651e-5 -1.0e-4
ki P M(xy-2) 2 9.9959¢-5 p -9.9053¢-5 S -9.7518¢-5 | -1.0e-4
PM{y-z) - -9.9814e-5 - -9.8942¢-5 - -9.7283e-5 -1 0e-4
Zhang(x-y-z) - -2.1166e-8 - 39212¢-9 g 4.2160¢-9 -1.0e-4
P.M.(x) - 1.008e-6 - 9.4386e-7 - 9.6783e-7 1.0e-6
P M.(x-y) = 9.4863e-7 - 1.0424e-6 - 9.9402e-7 1.0e-6
k2 P.M.(x-y-2) - 1.001e-6 - 9.8294e-7 - 9.5272e-7 1.0e-6
PM . (y-2) = 9.9775e-7 - 9.8042e-7 - 9.4782e-7 1.0e-6
Zhang(x-y-z) - 4.281e-13 - -1.279e-13 - -1.272e-13 1.0e-6
P M. (x) - 1.0022¢-4 - 9.8572e-5 - 9.9197e-5 1.0e-4
P.M.(x-y) - 9.8708e-5 - 1.0106e-4 - 9.9864¢-5 1.0e-4
P | PM (x-y-z) - 1.0009¢-4 - 9.9635e-5 - 9 8857e-5 1.0e-4
P.M (y-2) - 9.9990e-5 - 9.9554e-5 - 9.8715e-5 1.0e-4
Zhang(x-y-z) - 5.5120e-8 » -5.5813e-8 - -5.3227e-8 1.0e-4
P.M.(x) - -1.0023e-4 - -9.8615e-5 B -9.9232e-5 -1.0e-4
PM.(x-v) - -9 8714e-5 - -1.0107e-4 - -9 9891e-5 -1.0e-4
Pr | P M (x-y-z) - -1.0005e-4 - -9.9597e-5 - -9 882e-5 -1.0e-4
P.M.(y-z) 2 -9.9966e-5 - -9.9531e-5 - -9.8691e-5 -1.0e-4
Zhang(x-y-z) -9.2691e-8 - 1.4924e-7 - 1.7033e-7 -1.0e-4

than Zhang's method for both changing and fixig of
rotation angles. Zhang's method does not work well here
because some camera orientation and the large level of
nosse lead to its degenerated case. That means it is not
always stable for some cases

4.2 Nonlinear Optimization

In order to test the validity of the proposed method,
we try to compute the opumal camera parameters in the
nonlinear optimization step by usimng the imtial camera
parameters determmed by the proposed method The
distorted synthetic images used in this experiment are
generated by adding the lens distortion fo the umage
coordinates procreated from the four patterns where the
distortion coefficients are given as k1 =—1.0x10~, & =

LOx10™ p1=1.0x107 . p,=~10x10" . The rowmtion angles
of camera around each axis for all patterns are fixed at
0.1 radian. Firstly, we compute the optimal camera para-
meters with Newton's method by assuming the prncipal
point is on the image center and the other coordinates.
Then, we compare our results with those in Zhang's
method. In the nonlinear refinement step of Zhang's
method, Newton's method is used under the same
condition for our method. Then. the initial and optunal
camera parameters are computed by both methods for
shifts of the principal point. The mitial and optimal
focal length (7), coordinate of principal pomt (C,. C,) and
the distortion coefficients (k;, ks, P, p:) are selected to show
in Table 2, for example. It was found from Table 2 that the
parameters obtamned from the nonlinear optimization step
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Table 2. (Continnous)
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10

Test with lens Computed parameters Computed parameters | Ground
distortion at (240,300) at (240,340) truth
Initial Optimal Imnal Optimal
value value value value
P M.(x) 723 544551 | 554804 | 549676 55
PM (x-y) 112.0 544345 | 614365 | 546202 55
/ [PMGay2) 67.0 54 8627 64.0 547244 55
P.M (y-z) 623 54.9254 66.6 54 6061 55
Zhang(x-y-z) | 571398 | 57.1667 | 57.1723 | 57.139% 55
P.M (x) 2683073 | 2400019 | 2623274 | 240.0007 240
PM.(x-y) 2350379 | 2399994 | 2524893 | 2400019 240
G [ PM(xyz) | 236086 | 2399887 251.8723 | 2399884 240
P M (vy-z) 2123717 | 2399900 | 2337401 | 2399899 240
Zhang(x-y-z) | 258.8230 | 2588137 | 2584561 | 2584499 240
PM.(x) 357.7341 | 2999982 | 3497612 | 3399874 | 300 340
P M. (x-y) 3133761 | 2999965 | 336.6440 | 3399867 | 300,340
G [ PMGy2) | 3147738 300.015 | 335821 | 340.0145 | 300, 340
PM.(y-z) 2832518 | 2879121 | 311.6457 | 340.0105 | 300, 340
Zhang(x-y-z) | 287.9001 | 2874699 | 328 1521 | 3281421 300, 340
P M (x) s -1.0254e-4 5 -9.8011e-5 | -1.0e4
P.M (x-y) = -1.0199¢-4 = -1.0142e4 | -1.0e4
b [ PM(xy-2) - -1.0032e-4 ; -1.0084e-4 | -10e4
PM (y-z) 2 -1.0044e-4 = -1.0149-4 | -10e4
Zhang(x-y-z) 2 -2.1045¢-8 - 3.6500e-9 | -1.0e4
PM (x) = 1.0527e-6 - 9.6014e-7 1.0e-6
PM (x-y) . 1.0414e-6 - 1.0282¢-6 | 10e-6
b [PM(xy-2) . 1.0083¢-6 . 1.0188¢-6 | 1.0e-6
PM (y-z) = 1.0104e-6 - 1.0316e-6 | 10e-6
Zhang(x-y-z) < 4.260e-13 -1.175¢-13 | 1.0e-6
PM.(x) - 1.0132e-4 - 98946e-5 | 10e-4
P.M.(x-y) - 1.0105¢-4 - 1.0282¢-6 | 1.0e-4
P | PM(x-y-z) - 1.0027e-4 - 1.0188e-6 1.0e-4
PM.(y-z) 5 1.0031e-4 < 1.0316e-6 | 10e-4
Zhang(x-y-z) B 5.5923e-8 . -41768¢-8 | 1.0e-4
P.M (x) = -1.0125¢-4 -99124e-5 [ -1.0e-4
P.M . (x-y) - -1.009%9e-4 - -1.0084e-4 -1.0e-4
P2 | PM.(x-yz) = -1.0023e-4 - -1.004%-4 | -1.0e-4
PM (y-z) 2 -1.0028¢-4 - -10081e-4 | -1.0e-4
Zhang(x-y-z) - -9 4032e-8 - 1.3634¢-7 | -1.0e-4

are accurate although the pnincipal point is shified when the
umtial camera parameters determined by the proposed
method are used, because the proposed method has a cost
function to be reached to a global extremum. On the other hand,
Zhang's method gives maccurate camera parameters. Thas
15 due to the fact that the intrinsic parameters are common
m three images but the extrinsic parameters are different
thereby it 1s difficult to minimize the cost fanctions of three
mmages to reach the global extremum at the same time The
mitial parameters determined by Zhang's method are not
so good for the nonlinear optimizatian using Newton's
method. This is a reason why Zhang's method gives
maceurate optimal parameters for Newton's method, even
though the principal point is on the image center
Srcmxdly,wecompmedmopﬁmalcmpanmcmby
varying the rotation angles. The rotation angles are varied

fiom 0.01 to 0.6 radian. In the expenment, we test the
proposed method with the camera rotation around X, and
Y. axes and change a little in distortion coefficients as
follows' &, =—l‘0x]0",k:=l_0x10'5,p1 =10x10"" =
~1.0x107" and the principal point is on the image center.
The optimal camera parameters are computed by both
methods when the camera is rotated around each axis at
0.01 radian/time. The obtained focal length and coordinate
of principal point for example are shown in Fig6~Fig 8.
It was found from the experiments that the optimal
camera parameters usmg the initial parameters estimated
b}'rheprqmsedmeﬂ:odatmaelhmugbowspeciﬁed
rotation angles. However. the obtained parameters using
imtial values of Zhang's method are inaccurate Thas 1
due to the fact that the parameters do not reach the global
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exiremm same as menhoned m the first expennment.

43 Real Images

This subsection describes the initial camera parameters
are computed by the proposed method with the real unages.
In order to compare the mitial camera parameters
computed by the proposed method and Zhang's method,
we use five images taken from a madel plane at different
orientation by Zhang [15] as shown in Fig 9 That is, the
camesra to be calibrated 1s an off-the-shelf PULNIX CCD
camera with 6 mm lens. the image resolution is 640x 480

and the model plane contains a pattern of §x 8 squares
and 256 control pants. Then, the mitial camera parameters
are computed by the proposed method in each image.
The focal length in pixels and the coordinate of principal
pomt are shown in Table 3, for example. The last two
rows show the mean value and standard deviation of each
parameter. In case of Zhang's method. we use three of five
images to compute the initial camera parameters. Moreover,
we also require the observation of the variation of calibra-
tion result by Zhang’s method if all combmations of three
mmages from the available five images are changed. Then,
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“d” mmage

“c” image

o ze

Fig. 9. Real images

Table 3. The initial focal length and principal point obtained from the proposed method.

Images [ (pixels) C; (pixels) C, (pixels)

a 1006.8 269.5946 202.1960

b 832.7031 296.6643 2224983

c 905.8116 284 9000 213.6750

d 831.4127 299 4376 224 5782

e 8729358 303.7627 2278220

Mean 8899326 2908718 218.1539

Deviation | 7228212 13.79749 103481
Table 4. The initial focal length and principal pomt obtained from Zhang’s method
Triple images | £ (pixels) 1y (pixels) C, (pixels) C, (pixels)
abe 9153371 9182703 273.8433 225.1760
abd 8252952 824 6601 2944257 220.7998
abe 827.8720 827.5096 292.6375 220.9330
acd 890.1510 887.9127 296.9488 213.6439
ace 893.6085 8923696 294.3032 219.5442
ade 815.6228 815.5092 2042837 2241838
bed 8649103 864.8664 302.2454 219.7982
bee 863.9653 864 2553 301.6888 219.5151
bde 831.3794 830.5221 292.1103 223.8497
cde 854 0629 8549414 305.5930 221.1948
Mean 858.2205 858.0817 294 808 220 8639
Deviation 33.61437 34.00299 8.665017 3.25703

we compute the mitial parameters by Zhang's method

using the three images. The results are shown in Table 4,

where the second row (abc), for example, displays the
result with the triple of “a”, “b” and “¢” mmage. The ten
sets for changes of wiple images are used i this expernnent.
The last two rows display the mean value and standard
deviation of the ten sets of results. It was found from
Tables 3 and 4 that Zhang's method gives more stable
mitial camera parameters than the proposed method with
small standard deviation. However, although the proposed

method gives larger the deviation of initial focal length
and coordinate of principal point than Zhang's method,
their mean values in the proposed method are not so
different from those estimated by Zhang's method. Then,
the estimated parameters can be used as the imitial
camera parameters in nonlinear optmization step.
Thereby. we can conclude that the proposed method 15 a
useful method similar to Zhang's method moreover, it
gives less computational time.



110

13 International Journal of Control, Automation. and Systems, vol. 7. no. 5 pp. 1-13. October 2009

5. CONCLUSIONS

We have proposed a coplanar calibration method to
determme the 1mual camera parameters easily. In this
Ppaper. it was shown from our experiments that Zhang's
method does not give better results in some cases though
Zhang's method has been used as a good calibration
method. In order to obtain the better results in such cases
we proposed a new method by iatroducing intermediate
parameters. The mtroduction of intermediate parameters
made the calibration procedures simple. That is. the
proposed method requires not only one image to determine
camera parameters but also less computational time than
Zhang’s method. It 1s considered that the proposed method
15 useful in some cases than Zhang’s method.
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Abstract: This paper proposes a simple technique for camera calibration under assumption that a calibration pattern 1s
on world coordinate system. The proposed method consists of two steps. In the first step, the intermediate parameters,
lens distortion coefficients, principal peint and the distances between sensors are computed by an iterative linear
method. Then, the camera parameters are determined from the obtained intermediate parameters. In the experimental
results, the proposed method gives the accurate and stable camera parameters for change rotation angles when

compated with the conventional method.

Keywords: coplanar camera calibration, iterative linear method, intermediate parameters, camera parameters

1. INTRODUCTION

Camera calibration is a necessary step in computer
vision. It is a process to extract metric information from
two-dimensional image and can be divided into two
types, noncoplanar and coplanar camera calibration. The
noncoplanar calibration 15 effortless to determine the
camera parameters but it requires the elaborate setup
and expensive devices, whereas the coplanar calibration
does not require the elaborate setup but its calibration

procedure 13 more complicate than the noncoplanar case.

Most work related to the coplanar calibration is as
follows: Tsai [1] proposed a radial alignment constraint
(RAC) for camera calibration. Most parameters are
computed m closed form solution by linear method The
focal length, depth component of translation vector and
radial distortion coefficients are computed by nonlinear
scheme. Chatterjee et al [2] presented algorithms for
coplanar camera calibration m which the camera
parameters are computed by both linear and nonlinear
cptimization methods. Both Tsai’s method and
Chatterjee’s method compute however, the camera
parameters usmpg ome muage under assumption that the
prmcipal point and the distances between sensors are
prior lknown. Zhang [3] proposed a flexible new
technique for camera calibration. Zhang’s method
requires at least three smages to compute the camera
parameters. Thus, the quantization noise and lens
distortion have influence on camera parameters. The
parameters m the nonlinear optimization step are
possibly divergmg or going to a local extremum. not
global extremum. Furthermore. it takes also the
computational time more than the calibration algorithms
that used one image. Sirisantisamrid et al [4, 3]
proposed a method to determine the initia! values of
coplanar camera calibration using one image for change
rotation angles that is robust to noise. Then, they [6, 7]
alsc proposed the techmiques for coplanar camera
calibration in which the image coordinates are rectified
oo iteration. These methods compute however, the
camera parameters under assumption that the distances
between sensors are prior known.

In this paper. we propose a novel technigque of coplanar
camera calibration that mcluded the distances between
sensors and the principal point into the camera
parameters. Then, we test the accuracy and stability of
camera parameters determined by the proposed method
for change rotation angles and compare with the
conventional method.

2. CAMERA MODEL

A camera is first modeled by pinhole. It is assumed
here that an origin of world coordinate system is on a
calibration pattern. Thus, the coordinates of control
pomt cn calibration patters are m form of a two-dimensional
plane. A control point is denoted by P = [X,.¥,.1]" The
control pomnt projected through lens to image plane and
frame buffer. Then its corresponding coordinate on
frame buffer is denoted by p = [Xz¥21]". The relation
between the control point and its corresponding

coordinate is given by
vp =MP (1)
where
= o R o
M=A[R[t].A=| 0 -n'f C,
0 0 1

v 15 an arbitrary scale factor M is called a camera
projection matrix that relates the extrinsic parameters (R, t)
and the intrinsic matrix (A). The intrinsic parameters
consist of focal length (f). coordinate of principal point
(Cr. C)) and distances between semsors in x and
y-directions (ny, my). Since the imperfection in design
and assembly of lens. the projection of control point to
image plane may be inaccurate The relation between
the ideal image pomt (X,. I,) and the distorted image
point (Xz ¥y) on image plane is given by

X, =X, v kX ]+ X )+ py(r] +205) 4 Ip AT, (2

=LAkl + kel + 0 XY, + o (rd42F0)  (3)

where 4; and k; are first and second order of radial
distortion coefficients, p: and p;are tangential distortion

2787



coeflicients, X,=ndXpCy. LmnTpCy. andr] =X+ |
The lens distortion 15 defined by d = {k;. k2, py. p2).

3. PROPOSED METHOD

In the proposed method, there are two steps of camera
calibration. In the first step, the camera parameters are
represented m terms of intermediate parameters (a;~ag).
Thus, the relation between the control point and the
distorted image coordinate that involved to the
intermediate parameters can be written by
aX, tal +a, 4

aX, +af, +1 @
aX, +alf +a -5

aX +a¥ +1
where

A=Xg+u] (WXF + kXl + 5 (rF +203) 4 2p.X T,

B +n) (¥l +h Yl 420X, +p, {ri +217))

)

=1 3 -1
a=—Nltlhr oM myCn _n
] r 2 - *y - »
L, A L
-1 -1
-, iy + O -n, fiy +C oy 5
ay= La, = : g ==,
I 1, f,
-1 -1
-n_ i =1, f

a, =—:—'+C‘,a. =—’—’—+C__

¥ 2
(X Yu) is a distorted image coordinate on frame buffer.
Then, the equaticns (4) and (5) can be rearranged in
form of inhomogeneous linear system.
FYa=u, (6)
where
Ko X 0.0.-X X —X 1,10
"e0.x,.Y, ~F,X,, T,T. .01 ]

wirt iz .jﬂ' Wit
a’ =[°1-“Jr“zraw"r“a"’?"’:]v“r =—-[A,_.B,]
The subsciipt i represents the number of control points
and image coordinates. The unknown vector a is solved
by least square method with n control points.

In this step, the intermediate parameters (a;~as). the
leas dstortion (d), the principal point (Cy, C;) and the
distances between sensors (my, ny) are iteratively
computed. The camera calibration starts by setting the
lens distortion is zero, the principal point is on center of
image and the distance between sensors {nr=my) is a
guess value. Then, the calibration procedure is as follows:
1. Compute the unknown vector a in Eq. (6) by linear
method with d. C,, Cy. nyand 7y held constant.

2. Estimate lens distortion d with a, Cy. . ng and ny
held constant. The equations (4) and (5) can be rewritten
as

d=v, G
where

1 4 2 > ] .
| le i X XL A
Vo nelex,r, 22t

@
a’ ={k1-k2’Pl-Pz ]’ ‘.‘T =_[Ct'D|]
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X +af +a 3
e o
_a, X, +ak, +1 )

D,=n,!E'X +af +a iy I
\ G,X wt aﬁrq +1 7

The lens distortion (d) : Eq. (7) is solved by lmear

method with n control points.

3. Compute Cy, Cy, ny and ny by minimizing an objective

function (J} with a and d held constant. The objective

function produced from the equations (4) and (5) can be

written by

J=1l+J} ®)

where

T =Xyt (X -C ) —C )+l {0, =€ J |4 1( X))

C=n

s

(vi(rﬂ AR A -C,):): +2pp (X-CNI-C,)
(“rr. 'H'rl:."'“:)
" (a,X, +a . +])

1, =Y, +k(¥, wc,)(ﬂj[x, —¢,f+n{ ]'ﬂ—C',}:)-tk:(I;, =)

(3 e -, ] 4ui{z-c, ]

(- +ni{ta-0,)') +2mmXu-C)Tu-c,)

(2 2l ?)_(aX, +a +5)
+tpa, ("-(Iﬂ ~G.) +3nm Xy -C,) )— (as¥. +a. 1)
4. Estimate backward the control potnis using the obtamed
parameters and compare them with the prescribed one.
5. The iteraticn is terminated, if the summation of difference
between the estimated and prescibed control pomts is less
than £ (£ is equal to 10”7 in our expeniments). Otherwise,
gotoStep 1.

In the second step, we use the orthogonality constraints
of rotation matrix to compute the camera parameters.
There are only three orthogomality constraints for
coplanar camera calibration as follows:

R+ s =0,

W Hr g =1 )
w4+ 4R =1

Thus, the remaining camera parameters are determined
from the mtermediate parameters obtained in the first step
using those constramts.

[eva_, __ -o'mnib-bc, vbc)

== -1,
 ETEETH e

fl
f.:E,t‘ =0n, (—a,+CR)‘r, =crn,(—a, ‘*'C,) (¢11))]

where by = a,a; ~ a3, b, = ay0; —ayag. by = may —aya
The entries of rotation matrix (R) can be computed by
using the relation between the camera and intermediate
parameters as above mentioned.

4. EXPERIMENTAL RESULTS

In our experiences, we found that the rotaton angles
of camera with respect to the origin of world coordinate
system have mfluence on the camera parameters. Thus,
we test the proposed method with the distorted synthetic
images for change rotation angles and compare the
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obtained parameters with the conventional method. The
distorted image is 640x480 sizes The distorted nmage
coordinates are generated using the followimg synthetic
dau:FSSmn;:g:-l%m_:f-mmm,F-%}m Hy=
0029, ny = 00367, k=-10", k2 =10, p=10"" and
P=~10". We selected the principal point is on the
coordmate (320. 245). not at the center of image mn
order to test the accuracy and stability of the proposed
method and the camera rotates from 0.01~0.6 radian
around x and y-axes. Tsai’s method is nsed as the conventional
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method because it requires only one image to compute
the camera parameters same as the proposed method.
Then, the camera parameters are computed by both the
proposed method and Tsai’s method with the generated
synthetic images. The comparison results for examples
of camera paramefers obtained from the proposed
method with those computed from Tsai's method are
shown in Figs. (1) ~ (8). It can be found from the
experiments that the camera parameters determined
from the proposed methed are stable and accurate over
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all specified rotation angles because the proposed
method does not get the mfluence of rotation angles.
The proposed method regards the principal point and the
distances between sensors as parameters Furthermore,
it did not rectify the image coordinates on iteration same
as proposed in [6], [7]. However, Tsai's method got
the influence of rotation angles. Thus, the camera
parameters obtained from Tsai’s method are maccurate.
Since Tsai’s method disregards the principal point and
the distances between sensors as parameters. It is a
closed fonm solution, It does not use iteration method for all
parameters thereby it is weak in the large lens distortion that
inclnded radial and tangential distortions. It has however, an
advantage that not takes the computational time.

5. CONCLUSION

We have proposed a novel technique for coplanar
camera calibration. The proposed method is simple and
requires oaly one image to compute the camera
parameters. We tested the proposed method with
distorted synthetic images for change rotation angles
and compared the results with the conventional method.
In our experiments, the principal point on generated
synthetic images was not at the center of image and the
camera is rotated from 0.01~0.6 radian around x and
y-axes. It can be found from the experimental results
that the proposed method gives more stable and accurate
camera parameters than the conventional method for
change rotation angles. Furthermore, the proposed
method can compute the camera parameters fiom the
images that pixel is not necessary square only.
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A Determination Method for Initial Values of
Coplanar Camera Calibration Parameters
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Absiessi—This paper discurses 3 determimation method for  dafining the relationship berwsen the imermediste and calbration

micial values of coplanar camern calibration parameters. In the
conventionsl methods it it aszumed that the imape center &
igmored or kmown in sdvnce. The detervnination of the imitial
calibeation parameters of imape corrupted with quantization noise
and lens diztortion become: someGmes vmstable under the above
assumption. In thiz paper, s medhod to find the stabls imifial values
of the calibracion parsmeters - propated under assmmption on the
azpect ratio of che imape. In oader to show the sffectivenss: of
mechod are shown. It waz found from the experimental results that
the propesed medhod give: more accurace results than thoee of the
conventronal methods,

Keywords—imiial wvslse:, colibraton paramter:, coplamar
calibration

L Inmeopovron

Camera alibyation & 2n important issue in the Seld of
cormpuier vision and robot vision. In its applications sach a5
from stereoscopy in 3D object mepsurements and recogpition,
acamacy of the camer calibration is requinad.

Tbecmmﬂlﬂnﬁmmbeperﬁmedbrmmg!m
calibration. patie with known geameny in 3D surface o 1D
ﬁmhﬂmﬂnuﬁhﬂmmhtﬁﬁdﬁimmm
Wmmmmmhmw
ohsmﬁngﬁcmﬁgdnﬁcfcﬁhmwinmm
Space, buz hﬁsﬁﬁfmmﬂ obsaning e control points
ying an 2D piame. m&m&mnm
complex ad gZives inacowae fem the noncoplanar case
However, there is several indusmial and military 2pplications
mﬁm{&m Thersby, we are interested in the
copianar ;

In genaral, the main procedure of coplanar calibeation consists
of two sieps, the determinaton of mitial perameters and the
noninesr optnuzation In the first sep, a st of intermedizte
paramenars associmed with the calibration paramesers am compined
by solving the lineer equatices zné then the initial calibration
pemameners are daemined Som the chmibed ntermediae
perameters. n the second step, the optimal calibration parameters
are deternined usng the 2bove initial parameters,

Most studies [1,2,3] concerned with coplanar calitration

1-4244-0387-1/06:320.00 ©2006 [EEE
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parameters are simple and have sapposed that $ie image cenber is
igmored w&mmha&m!fndzﬂmahweasﬂm' the
itial parameers calculated from a real image mostly inclading
quantization noise and lens distorton are not good encugh and
mstatile to be used as the mitial vahues of calibration parameters.
calfbration parameters from those mitial parametars. I we chose
the umsizdle mitial parameters, the optmization i
dhmumgemaluﬂmhnkmg:m
solution. Therefore. it & considersd fiat e determination of
suitable initial vahues of calibration parameters is an important for
coplanar cafibration.
As 2 comventional method, Zhang [5] has proposed 2 Sexible
new technigue for crmera calibration In the method, ghe camena
ing a at different arientations is required S
e e
by using the homography of three images and defined as the
initial values for nenlinesr refinement step. However, radial lams
disetion is anty used 2s 2 camers model. Sirisaatisamrid o 2l [8)
presented 2 singple tachnique to determine calibration porameters
for coplanar camern caliboation The camera paramedscs are
commpated by using the least square method and fhe relationship
between the control paints of the calfration pattern and ther
corresponding pomsts on the frame buffer is usad Therefore, the
image cemter can be sinﬂﬁ’mﬁymcmmé wimhuﬂser
. However, it 5 suitabla for i this
D S s i &
camaen) calibration parametars is prasented. The proposed method
s suitable for both the rectangular and squars inges.

. PROPOSED METHOD
In this section, we describe a method for determining the
stable mitial parameters v coplanar camesa calibration under
the assumption fhat the aspact ratio of image is known.

4 Camera Model

Colitvative.  pamametsrs cmsst of exminsic and  insimsic
permmeters. The exiringc parametess conss? of 330 rotation marsx R
defining camena orisatation, and 3x1 translation vector t defining
3D position of the camera censer. The ininsic parmenss consist

APCCAS 2005
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Figate 1. Mapgring conprel poists % image jlane

of the effective focal langth (f) of the camera, the center of imags
aray{C., C,), and the lens o coeffcients. Fig 1 dhisrates
the basic zecmetry of camera modal, It iz asmamed that the origin
of world comdinate system (0,) is on 2 calitearion .
Thereby, the control poents of calibration pattam lie on 2D plane
(L. ) 3D camera coordinae system (X, ¥, Z) with opricsl
center 3t O, pomt aud Z, axds is the same 25 the optical wds.
Transformation from the conzol points of 2D plae to camera
cocrdmate system for coplanar calibration cse (Z, = 0) cmn be

Efven as
X, X,
: i -fl i :{r_ (n
z, it

5h 5
Relngl =
ne 5

R iz 3x2 rottion. matrix that defines cimern crimmticn: £ 35 3x1
Tamsiatm vector that defmes the position of camen center 2D
m@mm@mmkmwm@}maﬁm

pamis on mege plane is given by
X
f‘,—— T
f_?‘ 2)
K-k )
fZ; 3
or expressed mn the mamix form as

ak,] [-7 0 O,
af, |=iG -f o5y )
o @ R IRZ
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where (X, I) are idea! undistorted image points on image

plane and o is a non-zero scale factor. Transformation Fom the

ﬁmmm@ to tha image coordinates on frame
cam ba expr by

X =nix,-c,) (5
% =nfr,=C,) (©)
where (X, 13 s image coordinates (pisels) on the frame baffer. {n,
7y} is the disance between sensoes i § and ; directions, revigasly
Inoan fom ing's datz Here e relationchip of the mmge
coordinates an fame bufler and five image points oo imege plane
can be expressed i the matrix foom a5
wX,] 40 ¢, mt‘_}
af, (=10 mtC, fal, ]
o 29 ¢ 1 aj

af, f=|k, & k¥, (8)
o noR &1 f

A =—fR+Cx, Ry=—fin+Ca
Bom—fa+C4, ﬁ,,--f,r.-?ﬂ,_:;
iy ==l R+Cn, Ry=—f4+C 4,
L=t f=n'f.

However, the results of imparficrions in the desion amd
2ssambiy of lens, the projection of the control points from 2D
plme to image plane are inacoarate. Types of distormions
mmmmmwmmmumm
mmmmmmgmmr
related to the 2czl distorted image coordinate can be
by

X, =X ARX L AT e p (s 2mi2pxy, (9

L=V vktalv kbt pled 4207 1200, (10

where & and &; are first and second order of radial distortion
coefficients, respectively. p, and p, are tangentia! distortion
B. Determination of Fsitial Falues of Calibrarion Paromenars

This subsaction desaibes a methed c%s&hm
parameters directly on image coordirate & Same by using a

c7e
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imear mathod The mnge center can: be computed togsther wit: The sobution b satisfying (1) is given by
to frane inffer i equation (3) can be rewnitten by the followinz

o collimeariy aquatices bW TN, (15
x, CIAYERIX, H-fin +C R, +{-f1+ Ot ) (n  Waere
. BE_+RY +, <
w-Tan,
Y, - LA ) A An CAWL Hfp 0 E8) o With the obtaied soinrion vector b, tie rotation marix R is
i B, +aF, +g rearrangad or expressed in the form of
Since equations (1) and (12) have nonlinesr chasncteristics, 3
Therefors, in ceder 1o e2sily obtain the sstinmte purzmaters o the 557 [S-CA) -£l-cp)]
closed Soem, 3t is assumed that the numiber of rows and cobars of foh = —E(h-h) —E(B-Ch) 815}
e imuge center 35 relmed by €, = C, (v is constat to be " A § J
mnm.mmmkm.mﬁ ? B4 b
ro@tion maix R with incomplete entries, wanslation vectr ¢ focal 3 !
tengt f and imzge center . C, Then, theaquations (1)) and (1) Where 4= 1,7, = 1 Then, the orthogonality comstaints of
cam be exessad i matiy; frm as Tofion mattx are used and e calitration peramesers can be
obtined 25 follows:
Ob=u (13)
ST .
e £ ng% an
o4} o)
=1+ abf® —{hh +i0,)
Vs O - . C o=, 18
R R (e O W

v =[X. 00X, X, ~X,10]
v =[hox.r yx -1r,01]

¥ (19
LA ERCRCRENE S

q_‘fS”"'"":_ .b,-_gﬁﬂcf‘. L‘_—ftﬁ‘*f—'ﬁ, .
"! ’: rl f—)l'— Fm’

B -M b -i_ bl 5
& T n Cg where a=bArbbe. b=bib hub; c=b:br-b;b, with negative or
b-—fAYCS |, _—SAYCE . v ¥ positive sign if the origin of world coordizate system O, is in
d ¢ P V] front or behind the amera. The remining parameters can be

With 7 coomal pes, . »;E’:L..,ﬂ%hegmm deteruned as Sllows:
system of linser aquation: can solved = — - -k
" i e B sk n=t(h-CAL =Lt -C4).
rc_—'»f“ba _C;b: j ’i --ftbs —(f'b. 3'
s J H=bh, 5=k,
mamimizs ¥ b - (14) . -
Zhe-u] (=—£(h-C,). 4--£(a-¢,)
bz =rxn. 1 =[55.4]
a {,:] I EXPERIMENTAL RESULTS

"I In order fo cbtain the sxperimenml resdss, the sythesc daia i
b S=nerated, with 2 knoon set of exdrinssc and s perameters. The
¥ -[_r_,,y_,,qwu_—.r,,r_.‘-x,r*,}.s] 10819 2rid of control poins at 32 pm distance b somdste 20
o ; ) calitracon pattem & modaced, ther i mled © the cerain wld
¥ -{a.,o.s,..f_.—#,xi.-r,r.,,,m_.:] coordinate sysiem, Let asmme tiar the image cever (C. C)) o
fraena Taffer is at (240, 320) for 480640 inage sizs, fiocal =
'y -—[:r,,r»,] 55 ez, Lot canvensen parametsr 1= 1, = 0.0367, cansara center
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position. is {-198.0551, -79.7462. -043.0575) in mm. rotation
parzaneter i form of Buler o dand g are 001002, 06
pmnmﬁs;‘:gimgemmdiam)}md ¥y on frame taffer are
obnined equatians (11} (12) The comparison results with
&emwmgﬂgl?wmmﬁlﬂnm}ig?k
the figiares, PIVGx) mezns e experimensal resalt for the rocation
of %-1s in the mathod and P.Mx-y-z) mems the result
Tor e rotation of %, y and z-aves in the proposed metiod In the
praposed metisod, only one image is required 1o the determination
of initial calsbration parameters. While Zharg {%-5-z) masns thar
Zhang's misthod needs three ; o determine the initial
calibration: parmneters, that i, one meze S the romtion of sach
s,

It cam be found from fhe comparizon resuls that the
proposad method provides fhe siable mutial calibrmtion paramaters
i comparison with Zhang's method [5]

IV. CONCLUSION

We have proposed 2 dstenmination method for the izl wakes
of coplanar camera calfbration pramstes. We have extended the
conventional methods to mupove the wnsmbleness @ the
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The proposed method has given the stable initial values of the
calibeation parmmsters. Our exparimental reanlts have demmstatad
that the proposed method gives more acowate resulss than the
cenventional methods.
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Abseract- This paper discusses a method to determine initial
parameters with uweise robustness for coplanar calibration.
Most conventional methods are assumed that the image center
is known in advance, The determination of initial parameters of
image corrupted with quantization noise becomes wnstable
under the above assumption. In this paper, a method to
determine the stable initisl parameters of coplanar calibration
is proposed. In order ta show the effectiveness of the proposed
method, the method is tested on synthetic images corrupted
with known noise. The esperimental results show that the
proposed method is rohust to noise,

[.  INTRODUCTION

Camera calibration is an important issuc in the field of
computer vision and robot vision. In its application such as the
depth from stercoswopy in 3D object measurements and
recognition, the accuracy of camera calibration is required. The
camera calibration can be divided into two types, noncoplanar
and coplanar camera calibmtions, performed by observing a
calibration pattern with known geometry in 3D surface or 2D
plane. The former is performed by observing the control points of
calibration pattern i the known 3D space with high precision.
The latter is calibrated by observing the control paints lying on
2D plane, in which the expensive device and elaborate setup are
not required Determination of camera parameters for coplanar
calibration is more complex and gives inaccurate than the non-
coplanar case. However, there are several industrial and military
applications requiring the coplanar calibration. Thereby, we are
interested in the coplanar calibration.

Tsai [1] proposed a radial alignment constraint (RAC) for
camera  calibration i both  noncoplanar  and  coplanar
calibrations. Most parameters such as the extrinsic parameters
and focal length are computed in dosed form using linear
method. Then, three parameters, the depth component of
translation vector, focal length and radial distortion coefficients
are computed by the nonlinear minimization scheme. However,
the camera parameters are computed by using the relationship
between the control points of calibration pattern and their
corresponding points on image plane. Thercfore, the camera
parameters are inaccurate.

Chatterjee et al [2] presented algorithms for coplanar
camera calibration in which the camea parameters are
computed by both Iinear and nonlinear optimization methods.
In the linear case, the noncoplanar algorithms of Ganapathy [3],
Grosky and Tamiburino [4] and Chatterjee et al [5] are extended
to the coplanar case. However, these algorithms same as Tsai
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method [1] use the image points on image plane to compute the
camera parameters. Therefore, the computed parameters are
lack of accuracy. In the nonlinear case, the camera parameters
computed by linear method are wsed a8 initial parameters to stan
the nonlincar optimization.

Zhang [6] proposed a flexible new technique for camera
calibration. A camera observing a planar pattem at different
orientations performs the camera calibeation, The homography
between the planar pattem and its images is used and one
homography gives two basic constraints on the intrinsic camera
parameters. However, computation of the camera parameters
requires at least three images because Zhang's method cannot
determine the six parameters using one image. The cigenvector
corresponding to the smallest cigenvalue for a matrix should be
used as the solution, Then, the obtained parameters are defined
as the initial values for nonlinear refinament step.

In this paper, a determination method of initial parameters
with noise robustness for coplanar calibration is presented.

II. PROPOSEDMETHOD

In this section, we describe a camera model and a method
for determining initial parameters in coplanar calibration.

A Camera Model

Camera parameters consigt of intrinsic and extrinsic
parameters. The extrinsic parameters consist of 3x2 rotation
matrix R defining camera orientation and 3x1 tronslation
vector t defining the position of camera center. The mtrinsic
parameters consist of the effective focal length £, the image
center (Cy, C)) and the lens distortion coefficients, Fig. |
illustrates the basic geometry of camera model. Tt is assumed
that the origin of world coordinate system (0,) is on the
calibration pattemn. Thereby, the control points of calibration
pattern are lying on 2D plane (X, Y.). Three-dimensional
camera coordinate system (X, Y. Z) with optical center at
O point and Z. axis is the same as the optical axis
Transformation from the control points of 2D planc to
camera coordinate system for coplanar calibration case can be
given as
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Two-dimensional image plane is placed behind the focal
plane with (i, /) axes aligned with (X,, ¥.), respectively. The
distance between the image plane and the optical center is an
effective focal length (/). By considering the pinhole camera
model, the relationship between the control points of camara
coordinate and their corresponding points on image plane is
given by
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. fz, (2)
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where (X,, Y,) are ideal undistorted image points on image
plane. Transformation from the image points on image plane
to the frame buffer image coordinates can be expressed by

Y, =MJ(X, C,) 4
Y, =n(r,-c) )

where (X, ¥) is image coordinates (pixels) on the fame
buffer. (n. ny) is the distance between sensors in / and j
directions, previously known from manufacturing's data.
Then. the relationship between the frame buffer image
coordinates and the image points on image plane can be
expressed in the matrix form as

aX, ] [ 0 C, |[ax,
at, |=|0 n'C e, (6
o o 0 1 L

where eis a non-zero scale factor. Finally, the relationship
between the control points of 2D plane md their corresponding
mage coordinates on the frame buffer can be written by
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However, the results of imperfections in the design and
assembly of lens, the projection of the control points from
2D plane to image plane are inaccurate. There are two types
of lens distortions commonly seen, radial and tangential
distortions. Let (X Y) be the actual distorted image point on
image plane. The relationship between the ideal undistorted
image point (X,, ¥,) and the actual distorted image point can
be expressed by

X, = X R X o] vk X s +p (1] +2X0)+2p, X Y, (8)
Y=Yt kY kYol + p, (1] +207 )+ 2p.X ¥, )

where &, and &, are first and second order of radial distortion
cocfficients, respectively. py and p; arc tangential distortion
coefficients.

B Determination of Initial Parameters

This subsection describes a method to compute the camera
parameters diectly on the frame buffer image coordmate
using a linear method. Projective transformation from 2D
world points to frame buffer image coordinates in equation
(7) can be rewritten by the following two equations:
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The camera parameters to be determined consist of rotation
matrix R with incomplete entries, translation vector t. focal
length £, and image center (C,, C,). However, equations ( 10) and
(11) have nonlincar characteristics so that it is not easy to
compute the parameters. In order to obtain the camera
parameters easily, we introduce here a set of intermediate
parameters b represented in term of the camera parameters.
Then, we can obtain the following non-homogencous linear
system:

(12)
where
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With # control points, £, w; (i=1,...,n), the overdetermined
system of linear equations can be established and solved for
unknown vector b in the least square sense such that

minimize )" |@b-u |’ (13)
=]
The solution vector b satisfying (13) is given by
b=W'S QM (14)
=1

w=YorQ,
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Once the solution vector b has been obtained. Then, the
tamera parameters are computed from those intermediate
parameters by using the relation between them, the
orthogonality constraint of rotation matrix R and the
assumption that the number of rows and columns of the
image center is related by C, = v(,, where v is the ratio
between the height and width of image. The camera
parameters can be obtained as follows:
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where g = b;b:—b_;b;, b= b;b;-b}b_p, cw= b)hj'b}bﬁ. The remalmng
parameters can be determined as follows:

1 =_§(br —Ch), n=—¢(h-Ch,)
Iy - -‘f(bl —C,b ) = —f(iﬂ —C'_,h,,)

(20)
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The remaining entries of rotation matrix R, v =[n.r.5]
can be computed by using the cross product of column vector
ryand ry.

(24)
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Ill. EXPERIMENTAL RESULTS

In order to test the noise robustness of the proposed
method, we, first generated synthetic data with a known set
of intrinsic and extrinsic parameters. The 10x10 grid of
control points at 32 mm distance to simulate 2D calibration
pattern is produced. The control points are related to the
certain world coordinate system. It is assume here that the
image center on frame buffer is at (320, 240) for 6408480
image sizes, focal kength /= 55 mm, both conversion parameters n;
= m; = 0.0367, camera center position is (-198.955 1, -79.7462,
-943.0575) in mm, rotation parameter in form of Euler angle oy @,
and £ are 0.0873, 0.0873 and 0.0 radian, respectively. With the
given control points and camera parameters, the image
coordinates (X; ¥) on frame buffer are obtained from
equations (10) and (1 1).

In order to compare the noise robustness of the proposed
method with Zhang's method, the proposed method chose the
camera rotation around x-y axes with (0.0873, 0.0873, 0.0)
radian (called P.M.(x-¥)). Zhang's method required at Jeast
three images to compute a set of the camera parameters.
Thereby, Zhang's method used the camera rotation around x-
axis for first image with (0.0873, 0.0, 0.0) radian, y-axis for
second image with (0.0, 0.0873, 0.0) radian and z-axis for
third image with (0.0, 0.0, 0.0873) radian (called Zhang (x-y-
z)). The camera center position is at (-198.9551, -79.7462, -
943.0575) mm in both methods. Then, Gaunssian noise with
zero mean and o standard deviation is added to the image
coordinates produced from camera orientation as mentioned
above. Then, the camera parameters are computed and
compared with the ground truth. The relative error of
translation vector and focal length, and absolute error of
image center are measured by varying the noise level from
0.1 pixels to 1.5 pixels. For cach noise level, we perform 50
independent trials and the shown result is average. The
experimental results arc shown in Fig. 2 through Fig. 7. The
relative emor of translation vector and focal length of the
proposed method is less than 1.5% and absolwe error of
image center is less than 2 pixels, but in Zhang's method the
corresponding errors are about 8% and 12 pixels,
respectively. Thereby, the experimental results show that the
proposed method gives more robust to noise than Zhang's
method.

IV. CONCLUSION

This paper proposed a method to determine the initial
paramcters with noise robustness for coplanar calibration.
The proposed method is a simple and efficient for coplanar



P {a-3)
— Yy 2

1], relative crrap (%)

-

&1 83 08 A7 09 LI 13 B2
wolse kevel (Hxeb)

L
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Figure 3. Comparison: relative error (1) vs. neisc level
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Figore 4. Comparison: relative error {t;) vs. noise level.

camera calibration. The experimental results show that the
proposed method is more robust to noise than Zhang's
method. Therefore, the camera parameters computed by the
proposed method are suitable to use as the initial parameters
for nonlinear optimization step.
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