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ABSTRACT

An advantage of independent spanning trees (ISTs) for data broadcasting on any
parallel network is the increase of network reliability. Recently work proposed a parallel
algorithm for constructing the k optimal ISTs rooted at vertex 0 (as a source node in broadcasting)
on k-dimensional (k-D) hypercubes in O(k) time. In this paper, we proposed a generalized parallel
algorithm that constructs the k optimal ISTs on k-D hypercubes, based on the Generalized
Hamming Distance Latin Square (GHDLS) scheme. Our new parallel algorithm can construct k
ISTs rooted at an arbitrary vertex (0, 1, 2, ..., or 2k-1) in O(k) time and minimize the height of

ISTs.
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2.3 aulineatnamuani (Independent spanning tree)
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o EG) Wanwauunsl G uasdu'ld) T a9 wion 1dudludu limeaduves G Adeile
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FIUAUANUNUNIUABNITHANAIA (Fault-tolerant) ¥o353 0w 1A Tasnmisdadoyaduiu k

o ¥ Yy ¥ A e o W ¥

dunllandunisvesdu limeadwnuanaranil Tnuasin Tnuadodnu k du minTnua
td

s1nvie Tnuaduma bidaanuianaialag msnszawdoyaludnuuziivzannsanumiu

aaanuAanaialang k im

Xy o " '
2.5.1 Anuilesduninedesiumsadsdulimeadiuniuandia

Ed
o 1 @

¥ "
Tuideiiszisuaudiomsesuisanunuovesdydnuel asvimivanilunis

a

o wea 1 a:; & 3/ n‘.r‘ s g 9/ 9 9 n:{ 1
puzihgaauiaaieg 1nsns i sldluduaeuisnisadrisduldveatunuandiauy
~ ' o
w3 oouuylanlesan
2.5.1.1 anuwingvesdyanwain v luiunenis
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Tlx, r] unudunmannIvua x 0alnuain ruvduld T
N,(x) unu TnuAlsz¥a (Adjacent node) ¥0aInua x lunswl G
1 ] é "
parent(T, x) unu TnuanewiveaTvua x(Zn) ¥uilulvuailszFaves x

VuFUN1a Tlx, r]

ﬁ.‘hd‘. o ar :I oo
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k-1}) szuldhiiTnualszFaves o wie N (0)=12"2'..2" "} dreduTnualsea
k

Y03 1HUA 0 U Q, uaAIRIFIN 2.6

. 1111(15)

1101(13)

d =
71" 2.6 uamalnuslszdnaasivum 0 uu Q,




11

wa & ' a o _q ¥ v 99 ¥
nnAuAuiAMIFoNaeves Q uaziinmyed T il Tvua 0 vesdu limead
T, € TiiTnuagnifios Tnuadoainiu windmuald Tnua 2' 0 < i < k-1) WuTnuagnves

1Y o P
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s1Un 2.7 uanssiulimaadianuanse T, T, T, uaz T, 999 Q, Willuuasndiuluus 0

dmiu Q, lan Fail Tnua x(Z0) Wumndn Tasmnuavlszi Inualugiuoy
YDUAVTIUADIVD x = X,_X,_,...X, VINMITIAVTIHABIVOY x AT 0 uane1aiy i l¥aunse
afraea H, = i 0 <i < k-1 uagx, = 1} Fuiumavesdumiah x, wirfu 114 nazezduna
1341550y M1a8nTa (Hamming distance) 521319 x 1AZ 0 A0 | H, | viues ondveaT
smuali Tnua x = 10165) FaduauFnves Q, sziiuldinavgmansvesTnua 101(5) uaz
Trua 000(0) uAnAIRUAS ISR 0 tag 2 Fuuas1d H, = {0, 2} uazszoymauewia
sen I InuA Suaz 0= | H | =2

"@-%’amﬁmmszuzmmanﬁa (Hamming Distance Latin Square: HDLS) [13] fi®
wasndamndnlumousnimuadumndnues 0, auualdnue xo) laq fumnin
04 Q, HszoymausuiiadlodoudyTnua 0wy cos WA B = G, iy, ... i, i} Taof
iy <, < ... <, < i, uavezannsaadieinfamaAuvesszormanewiiald 2 uuude faa

=1 o a

MAUVBITLUZNUFNTINTNTNYUTOUUUUINGY (Increasingly rotational HDLS) uagdnie

=

- . & A o as
amu‘umwﬂzmauaumwﬁmsHuuiammuaﬂ (Decreasingly rotational HDLS) 4963

¥
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30 i, Tu () 92150031 9N (Successor) Y04 i (M5 D(x) MNFAI j-1 130 i, 92
Whugnvea i) namaTnol¥dgydnual suce(i) HAZANFNAIN j-1 i i, 14 L) 92i5un v
113 (Predecessor) ¥4 i (11131 D,(x) AFNEIN 41 HTo i,,, wiilunomives i) uanslaoly

.

yanwal pred(i) Taowa3ng L(13) uay D,(13) uaAdsd 10619 2.1

Meenadi 2.1 191300 Tnua x = 1101(13) Tu Q, szansnadra H,, - {0, 2, 3} nazazi 1y

a9 a do o = - qyr ar 1 ;
AT UATNFINTTAIAUVDITZOENIaNIINg 2 nuu Tddsde Ty

023
,(13)=|2 3 0| uaz D,(13)=
302

o N W
w o N
N W O

HINWITBUT i, = 2 ILNUIIQNVDI 2 HTD suce(2) = 3 HAZWOLLYDA 2 H3® pred(2) = 0
uazdioWnsanInua x = 1111015) lu Q, sxannsnada H, = {0, 1, 2, 3} uazeemIiadia

1,(15) uaz D,(15) 1@k ansndee' 115

0123 3210

12 8 0 2 910 3
1,(15) = uay D,(15) =
“'()2301 4(5)1032

30 12 032 1

NI i = 2 9EWUTIGNVB 2 MT0 succ(2) = 3 UATWOLLIYDA 2 W30 pred(2) = |
& el ar e = ‘; Elv o o r d‘ '
PHANMIVONGIAMAUVOITTOENNaNTs A miwszgnd 1 Fdm s unuduniain
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& ado w ¥ Y WY Y A e o
2.5.2 YuaeuIsmmsvas1aauliimeatnunuanmanilvuasinidulviua 0 vy
=1 L] éa
imseveuuylanlesn
& ' =4 1 R aa o ) 9/ | ' &
wamludiutivznannadsmadegavesdu limeadwnuandrsuu Q nin T
= (1: 0 <i < k-1} il TnuasndluTnua o Iﬁumﬂﬁ’ﬂnq Tnua (miavilszanana) x(F0)

Tuse Ummamummmﬂﬂﬂuﬂwmmﬂluumaw T, GN!.!.FI T EN o maﬁmaﬂymﬂmmu

- i A
lﬁucﬂ'lwﬂlﬂq Qkﬂﬂ x%yiuﬂﬁmﬂ X 2 =y “‘iﬂ X“ﬁ_)yiuﬂi UNx-2 =y

ANUNLIEI x UAT y Li‘luiﬂuﬂmgﬂﬂnu"luu.ﬁumauuq

Algorithm GEN-PARENTS
begin
for all x(#0)eQy with binary string x=xy_1Xy.> ...Xg pardo
fori =0 to k-1 do
if (x;=0) parent(T;,x) = x+2'; // adjust bit weight at x;
if (x;=1) parent(T;,x) = x-2*7; // apply HDLS to adjust bit weight at Xg,cc
end for i
end for all
end GEN-PARENTS

TuneuFidinanaunsaadied limeaduiuandias o k &y uu Q, #ail
ThuasdiuTvua 0 Freanududoudunaii ok Tasvzuaasiunoudimsatie
dulimeaduiiuandie 4 du daguit 2.7 18un T, T, T, uas T, 01 Q, FafI06197 2.2 g
doyanmuadmiunsadn T, T, T, uag T, U0 Q, HAAIAIANS 1T 2.1, 2.2, 2.3 uay 2.4

ANA1AY

o 1 a & an ) y ' T T
Aaeenai 2.2 Tunouatmiaiedu limeadiuanais 4 du ldun 1, T, T, uag T, 11 Q,

Anuald Tnua xZo) Tnnuavidszi Inualugduuvesavgmaouih x = x xxx,

Iwnmsannaminuaniemivedlrua x0) lu T, vu Q,

nsanl  dix,=09z1dx € {2,4,6,8, 10, 12, 14}

¥

A1 parent(T,, x) =x +2°=x + 1 914 parent(T,, x) = {3, 5,7, 9, 11, 13, 15}
-l y ] v = ar -uy

NN 2 0x,=1 n:um"lﬂﬁmunsmmu

x € {1} A9NY succ(0) =0 wld parent(T,, x) = x - ’=1-1=0

[

x € {3, 7, 11, 15} A91U succ(0) = 1 azld parent(T,, x) = x - 2

x — 2
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¥
o s

A9UY parent(T,, x) = {1, 5,9, 13}
¥
x € {5, 13} AU succ(0) =2 azla parent(T,, x) = x - 2=x_4

A9UU parent(T,, x) = {1, 9}

x € {9} AU succ(0) = 3 9218 parent(T,, x) =x-2'=9-8=1

= - o o .
A919N 2.1 uansdayavieunadmiunisaina T, vy Q, (i = 0)

X XaX2X4Xg succ(0) gl parent(To, x)
1 0001 0 1 0000 (0)
2 0010 - - 0011 (3)
3 0011 1 2 0001 (1)
4 0100 - - 0101 (5)
5 0101 2 4 0001 (1)
6 0110 - - 0111 (7)
7 0111 1 2 0101 (5)
8 1000 - - 10017 (9)
9 17001 3 8 0001 (1)
10 1010 - - 1011 (11)
1" 1071 1 2 1001 (9)
12 1100 ; : 1101 (13)
13 1101 2 4 1001 (9)
14 1110 . . 1111 (15)
15 1111 1 2 1101 (13)
l4(1) = () [o Q) 2} F) 2 3}
) k(@ =[1 2 0 14(13)=|2 3 0
'4(3):[13((13 2 01 30 2
) o3 0®2 3
w9 e worl) 33
7 3012
14(9) = g Cﬂ il O uamaA1184 succ(0)

IEMIAnamlnuanemivealnua x0) lu T, uu Q,

niginl  dix,=091dx € {1,4,5,8,9,12, 13}

¥
ar

Wi parent(T,, x) =x +2' = x + 2 92 1 parent(T , x) = {3, 6,7, 10, 11, 14, 15}

e

¥
o

] Vv S
1x,=1 ﬂzllllﬂulﬂﬁﬂ'lﬂﬂiﬂlﬂﬂu

=)
o
2n
=n.
o
De

3
X € {3} A9UY suce(1) =0 ¥ '1a parent(T, x) = x - P=3.1=2

x € {2} A9%iY suce(1) =13z 1@ parent(T, x) = x - 2'=2-2 =0
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v
x € {6,7, 14, 15} A1iu suce(1) = 2 9214 parent(T , x) = x - 2°=x — 4

AU parent(T, x) = {2, 3, 10, 11}

¥
x € {10, 11} @911 succ(1) = 3 9214 parent(T,, x) =x - 2'=x - 8

€e

A91Y parent(T,, x) = {2, 3}

A9197 2.2 wansdiayanauagIiuNIsaia T, U Q, (i= 1)

X X3X2X1Xo succ(1) grieay parent(T, x)
1 0001 - - 0011 (3)
2 0010 1 2 0000 (0)
3 0011 0 1 0010 (2)
4 0100 - - 0110 (6)
5 0101 - - 0111 (7)
6 01710 2 4 0010 (2)
7 07111 2 4 0011 (3)
8 1000 - - 1070 (10)
9 1001 - - 1071 (11)
10 1010 3 8 0010 (2)
1 1011 3 8 0011 (3)
12 1100 - - 1110 (14)
13 110 - - 1111 (15)
14 1110 2 4 1010 (10)
15 1111 2 4 1011 (11)
l4(2) =M 012 (D2 3
|4(7)=[1@0] l4(14)=[2 3 1
.4(3){:’(& 201 13 1 2
013 (0123
Wi el w103
3012
I4(10)=[:11 Cﬂ Lﬁﬂ O uanaA1184 succ(1)

IEmsannamlnuanemivesivua x70) lu T, 11 Q,

natinl  mix,=09ldx € {1,2,3,8,9,10, 11}
E
A9TiU parent(T,, x) =x + 2' = x + 4 9214 parent(T,, x) = {5, 6, 7, 12, 13, 14, 15}
nsgin2  f1x, =1 szuieldanaonsdiaadl

¥
X € {5, 7} A91U suce(2) =0 wld parent(T,, x) =x - 2’

v
A9UY parent(T,, x) = {2, 3}
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E 4
o e

x € {6} A9UU suce(2) = 1 wld parent(T,, x) = x - 2'=6-2 =4

x € {4} ﬁﬁ‘lf‘ll succ(2) =2 az'ld parent(T,, x) = x - ¥=4-4 =0

x € {12,13, 14,15} ﬁ'\iﬂ?‘l‘l succ(2) =3 wld parent(T,, x) = x - 2’=x-8
ﬁaﬂ"’u parent(T,, x) = {4, 5,6, 7}

< o o . '
A15199 2.3 uansdayavianuadiuiunisa¥ e T, uu Q, (i= 2)

U

X X3X2X1Xo succ(2) PRuoHa) parent(T,, x)

1 0001 - - 0101 (5)

2 0010 - - 0110 (6)

3 0011 - - 0711 (7)

4 07100 2 4 0000 (0)

5 0101 0 1 0100 (4)

6 0110 1 2 0100 (4)

7 0111 0 1 0110 (6)

8 1000 s - 1100 (12)

9 1001 " - 1101 (13)

10 1010 - - 1110 (14)

11 1011 - - 1111:(15)

12 7100 3 8 0100 (4)

13 1101 3 8 0101 (5)

14 1110 3 8 0110 (6)

15 17111 3 8 0111 (7)

15(4) = 2) 012 123

PP L I |
023 [0 123
wlig o wo-{1 3
3012

!4(12):[§ Cﬂ il O uanir1194 succ(2)

FEmsannaminuanemiveslrua x(#0) u T, uu Q,

3Nl dix,=09eldx € {1,2,3,4,5,6,7}
ASHY parent(T,, x) = x + 2= x + 8 9214 parent(T,, x) = {9, 10, 11, 12, 13, 14, 15}
o Y " gy 1
psdin 2 fx, =1 vzusisldvaensdidai

v
x € {9, 11,13, 15} A0 suce(3) = 0 92 14 parent(T,, x) = x - 2°

v
o o

AU parent(T,, x) = {8, 10, 12, 14}




A¥nvomyanms wizssundimanizily »

x € {10, 14} 791U succ(3) = 1 wld parent(T,, x) = x - 2!
Ay parent(T,, x) = {8, 12}
x € {12} AN suce(3) =2 9214 parent(T,, x) =x - 2= 12 -4 =8

v
x € {8} AU suce(3) =3 wla parent(T,, x) = x - 2’=8-8 =0

[ ¥
5190 2.4 nanadoyanauad miumsada T, vy Q, (i =

X X3X2X1Xo succ(3) 2o parent(Ts, x)
1 0001 - - 1001 (9)
2 0010 - - 1010 (10)
3 0011 - - 1011 (11)
4 0100 - - 1100 (12)
5 0101 - - 71101 (13)
6 0110 : N 1110 (14)
7 0111 : ‘ 1111 (15)
8 7000 3 8 0000 (0)
9 1001 0 1 1000 (8)
10 1010 1 2 1000 (8)
11 1011 0 1 1010 (10)
12 1100 2 4 1000 (8)
13 1101 0 1 1100 (12)
14 1110 1 2 1100 (12)
15 1111 0 1 1110 (14)
14(8) = (3) [o 1 3} (1 2 3
k() =[1 3 o ly(14)=[2 3 1
'4(9)=[3C3J 3001 3Q) 2
023 0123
wo-[; W{gcg)g] wag-]! 42 ¢
3@ 1 2
l4(12>=[§ Cﬂ e O wanar1ed succ(3)

2.6 MINGIUANNYNABIVOITUABUIT

1 ¥ = d n.: ad {
Tudauiivziilunsiguianugndssvesiuaouismaadiedu linoadui

i aa - ' a o - o = >
uanA 1w IE MmN UuRSevsnuy lanlesAaTavezdhimsiignilu 3 ngujun
o ' ﬂ' s ' 4 1 A =4
&roiu1dun ngufunii 1 szdumsiguiihidulimeathuiuanais T, 0 <i <k-1) ¥

Tvuas iy Tnua 0 :199u k dudmsundeviouunlanlesn k 58 vazvimivwunudy

105312
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wounudumaiiuszoziisszningInua nquumi 2 dumsiignihanugaveduls
noad i k Auiti TuuasinduTnua o fnwgalidiu k1 dudon wazlunqui
uni 3 wilumsigniiuduniannnng Tnua x0) FufumnFnvsauniovouuy
lanlosa k fialudalnua o Tuudaz T 0 < i < k1) iWhudumsiinanareiu dmsuns
nosan luwaaznguundmualiminoeulszi nualugduunvesavguaesves x =
X

X X,

k-17k-2° 70

nquiunii 1 dmsunievionunlanfesii k Halan wiidulineadwiuanda T (0 <i

ol 5
< k-1) Fa3 Tnuasiniu Tvua 0 $1u2u k Au

a d wa & 1 ' a0 ] P
g NNRUANIAMIFENABITH I THUAYEY Q, 11 Thuaudas Tnuavulaules

= ]

AnediduidoudodyTnualszialuisasianmun k 18 dafuTnue o 34 Tnuailseaa
vanua k Tnua 18ud Tua 2%, 2/, ., 2 TagazAnnum Tnuagnyeaviua 0 Tdvinas
UsuilavesTrun 0 W k Tadausitiaf 0 sudafia k-1 110 04§ 1 FaidoTrua 2 (0 <i<k-
D luudaz T, dug T, T, suda T,, awddy Famaashluidas T Truagnuedlnua 0
srdoauandraiuaz oy Tnuadoaniniy VINHAHAAINA1IT1IAUT IR0 1D
nFevouuylanlosi k Galaq sxiidulineadwiuandia T (0 <i <k-1) sl Tnuasn
dhuTvua 0 $1u kdu O

Methevosdu Binoadiufiuanaa 4 duiid TnuasinidhuTuue 0 18ud 1, T, T,
wag T, 09 Q, uansdazIlii 2.7 uazdandrnisAnaam Inuagnvealnua o Tu T, Aa T,

VY99 Q, HAAIAIAITIIN 2.5

=~ o ' 3 - '
A919N 2.5 uaassaatinanisAnminuagneealnue 0 e T, T T, 199 Q,

vanealszdariuun
Twuagnaasluum 0 Twuagnaasluun 0
% aa3luum 0 & a0
(FUuwuauguaas) (msdsuilan i 224 0)
(gduuuaugrusag)
Te 0000 0001 1(=2°%
T 0000 0010 2 (=2
T 0000 0100 4 (=2%
Ts 0000 1000 - 8(=2)
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4 o o [ o = ey - "
nguuni 2 dmsumsovielenlein k 1alas anugavesdu lineadwiuandie T, (0 <

é ) "a 4
i < k-1) ¥afi TnuasimiluTvua 0 funnugefimangaudefinnuga luidiu k1 iduiou

gyl WeanNANNIMVBNFUMINuAnA1 N Tvua x & {0, 2} g Tnua 2
. ¥ . ]

MITDTZoZMaENEEndN x 1y 2 Auiuduneionigann Tnue x = 11.1x1..1 € {0,

2'} Tauh x, = 0 TFaTvua 2' Samiiy k iduiFen uazitiosninszoymanauiisszninalnua

o o o 4
0 uaz Tvua 2' iy Liduden dnindunmannTnua 0 sudaTnua x = 11.1x 1.1 1 Fuily

2

Tnuaiiog InaninTrua o Agaludumaiaiiy k+1 idudon vinmgrathaduiaigelld

.

" . ¥
1 anugevesdu limeadwiuanan T, 0 <i < k-1) fadannduaeuisiluanugai

mngaunelinuga lifu k1 duidony O

Meehan 2.3 Nnsandumanenigalu T, @a3U7 2.8) 2% Tnuas i Tnua 0 vu Q, (k

< - e
51" 2.8 uansdunaienangalu T, iuuesnduluue 0 uu Q,

=4,i=3,r=0)

doosanu T, wwuihTnuagnuesTnua o TuT, AeTuua 8(1000) uay
Tvuadi Inafigaludunisiio Tnua 7 € (0, 8 ifleRnsanmnoaviszir TnuavesTnua 7
Tugtmvouayguansaz1din x = xxxx, = 0111 Tasi x,=0. Mnmvgvassidaily
vanoravilsz i Tnuaveaia Tvua 70111) uaz Tnua 8(1000) W szosmaneniaszning
Tt 2 S001AY 4 (= ©) iedmionilsifedumassning 2 Tnuaitde 4 dudon = K
waziiiosnnszozmMeszniaInua 0 uaz Tnua 8 whay 1 duden iliszozmaninTnua

7 T Tvua 0 918U 5 (= k+1) 1duiou

nguguni 3 Tudulimeadwiuanais 7,0 <i < k-1) A TnuasimiluTnua 0 1duma
= a v - an [ {
vnTnua x#0) Fuilumndnveunseviouvylanesa k #aludaTnua o Whaduniad

HANAINY
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a d y an ) ¥ Y e ! A da aa
o VINTUADUITNTAI 1A lmeatunuanaauumi e ouuy lawlosad k 36
é o o k=) Q‘ 4 1 { ] Qy o

Falszynal¥igamauuoszoemaneniiaioraonudunian lididun Tnua x(F#0) €

Q, Wdilnuain = 0) Tasivsauavdszdrnualugiliuvveuavsuaeves x

i . . . . . . . . o o o et
XXy Xo VOO H = {ig, iy, ooy iy i} MO0, < i, < .0 < iy, < i, TodoydnvainlFuny

)}

+2i ot i —'2i o el i P
idunaves Q Ao x—>y lunsdif x + 2' = y n¥o x——>y Tunsdifi x - 2' = y il

h.

" ¥ . ¥
e x uary duTnuaiegaamuludumaiug luiitansofinsaidunaii

v
@ =

uana1alu T, 14 2 nsdidail

[} ' » ¥V I
N3N 12§ € H (3on3din x = 1) Tunlloum@li i =i dwmvplag Tasiip=0,1, ... -1
Auiiteaninngnd x lulnualszdaves x - 271 lu T Sadmualdy = x - 27+ yas
f ; y

[ 4 .
090 H, = figy iy ooy iy i s ey iy} 800U y SuiluTrumlszFaves y- 2'792 Ty T was

o i 4 . . .. . ar o’r’ = =
dmualiz=y - 272 TaoN H,= (i, iy, ooy iy s ey iy} A90U 2 S0y THua)sz3aves

p.
i é o :; 1 4 4 ' @ dy
z- 2'"9 lu T o Idaunsovudumeiuanasidonszndng x uay 0 Tu T, 1@l

-2 i1:l+| . —2 ip+2 . . _zip+3 -2 i|:!—| . ..2ip
X x—2'PH )y —2'pH —3'pt2) —... >(2'P) >0

N3N 2 : i @ H (nTonsdif x = 0) nnngd x fuTnumlszFaves x+2' lu T, dmuald

"
=4

i-& o a - - o P ' - A ]
y=x+2 @i i € H vnnsdii 1 iuaashiiduneiuandis P ieuszning y uaz o

v & +2' . &4 i ' 4 o § o
Tu T, duiu x——>y Tuiludwmilswoadumaiivandrs P aaild x Woudu o Tu T,

nnmsRnsadumeiiuandialu T, Wa2 nididredu w183 mng Tnuaiin x 3ol
ninoavtlse i Inuafivanaraiu taziloinsan o di 1aq @UN199INNY Tua x(F0)
TéaTnua 0 Tu T, Gonuandrafiu wagaind i insanluudas T Bimiloudu G € (o, 1,
2, ..., k-1}) umaninTnua x0) 1aq 1saTnua 0 Sailudumait laidhiy uazagl1dn

dunannng Thua xo) lldaTnua 0 Tunng T, dhudumaefiuandrsiu O

fae8131 2.4 W s udUNILANA1I9IANNY THuAdwE THuA 0001(1) 9 THua 1111(15)

vu Q, TdaTnua o ludulineadhwiiuandra T, T, T, uaz T, 14dsi



{@UN19910 x = 0001(1) 11J&3 r = 0000(0)

0
-2

To[1,0]:  1:0007 —> 0:0000
+2'

1
Ti1,0];  1:0001 > 30011 ——— 20010 ——— 0:0000
52 —3" g
T1,0):  1:0001 > 5:0101 ¥ 40100 ——> 0:0000
53 " o
Ta1,0):  1:0001 > 9:1001 > 8:1000 —— 0:0000

[@UN19910 x = 0010(2) 11J83 r = 0000(0)

0

l 0

-2
> 1:0001 —> 0:0000

> 3:0011
1
-2
Ti2,0]:  2:0090 —> 0:0000
2

Tol2,0]: 20010

2
-2
> 4:0100 —> 0:0000

> 6:0110
3

T2,0:  2:0010

I 3

+2 =3 -2
T32,0]:  2:0010 —> 10:1090 —> 8:1000 —> 0:0000

@UN19970 x = 0011(3) Tl r = 0000(0)

) 0
To[3,0):  3:0071 > 1:0001 > 0:0000

50 !
Ti3,0]: 30011 > 2:0011 » 0:0000

492 0 & _
Tof3,00:  3:0011 > 7:0111 2 6:0110 > 4:0100

3 0 | 3
+2 =2 =2 =2
To3,0]: 30011 ——>11:1011 ——> 10:1010 ——> 8:1000 —> 0:0000

({@UN19910 x = 0100(4) 1183 r = 0000(0)

0 2 0
= -2
Tol4,0]: 40100 > 5:0101 > 1:0001 ——> 0:0000
| 2 |
2 = —2
Ti4,0): 40100 > 6:0110 > 2:0010 —> 0:0000

2
-2
Ta4,0):  4:0100 —> 0:0000

3

3 2
+2 =3 -2
Tsd,0]:  4:0100 —> 12:1100 —> 8:1000 —> 0:0000

@un19910 x = 0101(5) Tda r = 0000(0)

2
—2

> 0:0000

To5,0]:  5:0101 > 1:0001 > 0:0000

+2! -2’ —° =
Ti[5,0]: 50101 > 7011 > 3:0011 > 2:0010

0 il
Tof5,0]: 50101 > 4:0100 > 0:0000

3 0 2 3
+2 =2 -2 =32
Tsf5,0]: 50101 — > 131101 ——> 12:1100 ——> 8:1000 ——> 0:0000

> 0:0000

21
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[JuUN13910 x = 0110(6) T r = 0000(0)

] 1 2 0

+2 2
To[5,0]: 6:0110 > 7:0111 > 5:0101 > 1:0001 > 0:0000

2 1
—2 —2
Ti6,0]:  6:0110 ——> 2:0010 —>0:0000
1 2
=2 -2
To6,0]; 6:0190 ——> 4:0100 —> 0:0000

3 1 2 3
+2 —2 =2 -2
Ta6,0];  6:0110 —> 14:1190 ——> 12:1100 —> 8:1000 ——> 0:0000

@unia9n x = 0111(7) Talda r = 0000(0)

| 2 0

To[7,0); 7011 2 > 5:0101 . > 1:0001 42)0:0000
2 —° —!

T[7,0: 7011 > 3:0011 > 2:0010 —> 0:0000
0 1 2

To7,01:  7:0111 > 6:0110 > 4:0100 > 0:0000

3 0 | 2 3
+2 -2 —2 —2 -2
T,0: 7:0111 — > 15:1111 ———> 14:1110 — > 12:1100 —— 8:1000 ——> 0:0000

IEUME9In x = 1000(8) 114 r = 0000(0)

0 3

0
+2 2 -2
To[8,0]:  8:1000 > 9:1001 » 1:0001 ——> 0:0000

| 3 1
+2 =2 =D
T8, 0]:  8:1000 —> 10:1010 ——> 2:0010 —> 0:0000
+2° -’ —2?
T48,0]: 81000 ——> 12:1100 ——> 4:0100 ——> 0:0000

3
-2
Ty(8,0):  8:1000 —> 0:0000

Fun13910 x = 1001(9) Tda r = 0000(0)

—33 —°
To9,0]:  9:1001 > 1:0001 > 0:0000
+2! —° —° -2
Ti[9,0]:  9:1001 —> 11:1011 ——> 3:.0011 > 2:0010 > 0:0000
+27 —2° —? —2?
T,09,0]: 9:1001 > 13:1101 > 50101 > 4:0100 > 0:0000
_ .0 a3
T39,0]:  9:1001 > 8:1000 > 0:0000
8 o
WWUN1997I0 x = 1010(10) T3 r = 0000(0)
+2° -2 -’ —2°
To[10,0]: 10:1010 > 11:1011 > 9:1001 > 1:0001 ——> 0:0000
3 1
-2 -2
T4[10,0]: 10:1010 > 2:0010 > 0:0000
2 3 | 2
+2° -2 2P -2
T2(10,0]: 10:1010 > 14:1110 > 6:0110 » 4:0100 ——> 0:0000
1 3
-2 —2

T3[10,0]: 10:1010 > 8:1000 > 0:0000




WWUN19910 x = 1011(11) T8 r = 0000(0)

To[11,0]:
T[11,0):
T11,0):

T3[11,0]:

To[12, 0] :
Ti[12,0]
To{12,0]:

T3[12,0]:

To[13,0]:
T4[13,0] :
T2[13,0]:

T3[13,0]:

To[14, 0] :
T4[14,0]:
T2[14,0]:

T3{14,0]:

To[15, 0]
Ti[15,0]:

To{15,0]:

23

1 3 0
11:1011 z > 9:1001 > 1:0001 > 0:0000
_23 _ .0 _2l
11:1011 > 3:0011 > 2:0010 —> 0:0000
22 3 iy¥ g} 42
11:1011 > 15:111 > 7:0111 »6:0110 > 4:0100 —> 0:0000
.0 1 -3
11:1011 > 10:1010 > 8:1000 > 0:0000
{AUMa9n x = 1100(12) 1da r = 0000(0)
0 2 3 0
12:1100 - > 13:1101 : > 9:1001 > 1:0001 - > 0:0000
+2! il _nd !
12:1100 > 14:1110 > 10:1010 > 2:0010 > 0:0000
3 2
12:1100 > 4:0100 » 0:0000
2 3
12:1100 > 8:1000 —> 0:0000
@uUMa9n x = 1101(13) Tés r = 0000(0)
—? .3 0
13:1101 > 9:1001 > 1:0001 > 0:0000
4! a2 w3 _.0 _
13:1101 > 15:1111 > 11:1011 > 3:0011 > 2:0010 » 0:0000
-3 _,0 a2
13:1101 > 5:0101 » 4:0100 ¥ 0:0000
5 0 a2 _a3
13:1101 > 12:1100 > 8:1000 > 0:0000
@unanin x = 1110(14) 1183 r = 0000(0)
49 1 .2 .3 .
14:1110 > 15:1111 > 13:1101 > 9:1001 > 1:0001 > 0:0000
2 43 |
14:1110 > 10:1010 > 2:0010 > 0:0000
—93 ] .2
14:1110 > 6:0110 > 4:0100 > 0:0000
1 52 -3
14:1110 > 12:1100 > 8:1000 > 0:0000
i@umanin x = 1111(15) Tda r = 0000(0)
=g 42 g _,0
151111 - 13:1101 > 9:1001 > 1:0001 > 0:0000
_a2 S s = |
15:1111 > 11:1011 > 3:.0011 > 2:0010 —> 0:0000
53 _,0 .1 52
151111 ——> 7:0111 > 6:0110 > 4:0100 —> 0:0000
_ 0 — 1 e 2 R 3
15:1111 > 14:1110 > 12:1100 > 8:1000 > 0:0000

T3(15,0]:




UNN 3
v YV YV Y ﬂ; 1 1]
msasaaulimeatunuanaranuuly

A da
nuszuumsammmu"lanﬂasm

Inorinusidumsoimuetuandimsuuuia Wildadredu lvead i
UANATE k AUAWIBMTHVUVUIY (Generalized Parallel Construction of Independent Spanning
Tree) Va3 ooy lelosaa k 1A (k-dimensional hypercube) M50 Q, ¥adu limeadi
uANA1a k Audanar i nuasinduTvualan =0, 1,2, ..., 150 21) VuszvUAS Y0 ¥4
FudunouTsivnomnaanntuseuituuvinudmivadedu Wneadwituanmeds
mwz1zasi TnuasinidluTnua o [13] e lWasounqumsii Tnuas iy Tnualad 14 Tao
3‘%11111'1‘3’?:11415rmnﬁ'umaﬁ;mndn'lﬁiﬂui%’ﬂﬁnmwmﬁ’q%’amﬁwmazuzmmauﬁ"muu
ﬁ")"lﬂ (Generalized Hamming Distance Latin Square : GHDLS) ﬂ1ﬂﬁﬁ’ﬂﬂ1if;ﬁﬂﬁﬂ‘:”nﬁu1ﬁ
noatufiuand a3 nsuuuvu 18d s nusudeudunaiiiy o)

¥ . H ¥ v
o luun® 3 Thniseenidlu 3 daudsae il daun 1 MmseTuea LBV

I}

daydnuaidieg AlFluduasuis daui 2 anwfiugniniludmsuadedulineatw

' o & ad a W ALK ¥ A " da
HANAINUY Qk aIun 3 'uum)u'nim'ilm"u'uumﬁm‘mmiﬂ‘ﬂdﬂﬂ'lhﬂﬂﬂ‘lﬂllﬂﬂﬂﬂﬂﬁﬂll

TnuasnidhuTvuales r=0,1,2, .., w38 2D uu Q,
v W ¢ 4 o ac
3.1 AnunINgveIdanvaimag Nvluiuneuis

Tumsadredulimoadwiuana1e (Independent Spanning Trees: ISTs) N3 IMuA

[ E Y v
snidluInualan r=0,1,2, ..., u30 21) vu Q, idydnuain 1 ludunouTsdede Uil

Amuald T, wnudn limoadwiiuanaeid TnuasniluTnua r a9
o 0< i<kl
Tix, 1] unudunann Tnua x 09 lnuasn roudull T
parent(T, x) wnu Tnuaweusives Tnua x# » duiluTnualszSaves x

uulﬁuma Hx. 7l
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o

vdv c; 2] ) o ; ac
3.2 mmgwugmmuﬂummwuﬂamﬁ

dmiuduld T 1aq 7 Tvua rduTvuasin dvuald x@) Hulnualas vy
T, uaz T Whuavesdu lineadwiuand k duiiti TnuasimduTnua ruu Q (T = {T: 0
<i<k-1}) aznnguantiansi¥oudsved Q uartivwwes T wild Tnuaiin (o) vesdu'ld
¥ ' v Y oA o - v or i Y -
noadwiuand1e T, udazdud Tvuagniios Tnuadoaniniufe r+2' lunsdii r, =0 uie
r-2' Tunsain T, =1

o ' & o o
A10619903 T,, T,, T, uaz T, ¥ail InuasinidluTnua 8 (r = 8) vos Q, uansdszil

L 9 L %3 4 i H
g1 3.1 uamssiiliinasdnuiunndn T, T, T, uaz T, 184 Q, Riuasiniduluun 8 (=8)

o o A

dwmiv Q laq ¥ulsznoudioTnua r (Tnuaduma) iiulnuasinvesdn'lsl
3 = ' o
neatuiuandnuaz Tnua xFr) Tasmnoavilszi lnualugliuvvesavguassves r=
T T MAT X = X, X, 5%, 1INMIN@VFTIUABIVDI x 1AL r uANAAU M Idaansoady
& © ' a0 2
waH, = {i: 0 <i < k1 uaz x, # r) ¥uiuravesdwumisveaiind g (Difference bit)
. Ed
5EHIN x AU r 19 uazezdunaldi1szozniauauiia (Hamming distance) Y09%4 x 1AL r AD
| H,, | iues Aoty fmuali Tnua r = 10008) uaz x = 1111(15) Wumindnves Q,
L " v

ziu1ddnavguaesvenia 2 Tnuauananduassfumian o, 1 uay 2 dniuez1d 1

158

{0, 1, 2} uagTzOEMAUBNITEN I IHUA B Bz 15= | H | =3
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it _%’amﬁmaasxuzmmaufiumuﬁﬂﬂ (Generalized Hamming Distance Latin
Square: GHDLS) @41/511l30191n89 5 da1@uveeszozmiananiis (Hamming Distance Latin
Square: HDLS) [13] i ma3ndfangnluiausnianuaiiuaninyes H,, duudli Tvua
x#n laq Wlumninves @, TszsrmanauiiuiofouduTnua r whdu cosi I8 1, -
{igs Ty wver iy <ovs s iy} Tawit i, <i, < ... < i, <... <i, < i, uazannseaineigigaAauves
szozmaneuiiauui ATns s euIULIRY (Increasing GHDLS) Faifordo sy x uay

ar o/ A = o J y
ruu Q, Tavlddaanualumuilu Lxn Fwaauiuwaindasao il

I (x,r)=

- = a o a o o, P '
WOITBN@INTN TULATAE L (x,r) FNFAGIN j+1 130 i, 92150071 QN (Successor)
. 3o  a a . a o a & & _ = 1 ' 1
voa i uaaslaolddoyanual sucel) uazaIN¥ndIn j-1 wio i, W 1,040 Eund wewml
(Predecessor) ¥4 i, uaaslaglddydnual pred(i) tiofnsanuu Q, aundld r = 1000(8)
a o ' 4
WuTnuasin uag x = 1111(15) waunsaadawaing 1,(15,8) 1ddaied1ad 3.1 waznn

fvuald x = 0111(7) szaunsoadiamwaing 1,(7.8) ldasded1en 3.2

Mol 3l Ansanuu Q, Tawh r= 10008) i Tnuasin az x = 1111(15) 9218 H, =

v
{0, 1,2} uazazir Idada 1,015,8) 1Aduuaindae T

1,(15,8) =

N = O
O N -
- O N

a o o 1 ] ]
VNWATAEN TAMIANITAN | = 2 9NUIIGNVBA 2 M50 succ(2) = 0 HATWBIIYDA 2 HiB

pred(2) =1

RN 3.2 T UTHIALIAUAIBGIEN 3.1 £ = 1000(8) ag x = 0111(7) 9214 H, = {0,

td
1,2, 3} wazazi Idade 1,7,8) 18Rammndde 1
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1,(7,8) =

W N - O
O W N =
- 0 W N
N -~ O w

VINWATAEN IAMIARIIT i = 2 92NUTIGRVBI 2 130 succ(2) = 3 LATWOLAIYDY 2 H3D
pred(2) =1

= o ar 3 L

) a v y a 1A o
3.3 duanudsamivaneduimeadiiiuanaraiilnuasimdulnualag v

= | L day
nsevemuvlanlesan

NAMANMIVEITRTaaduveszozn sty il i ldenseade
aulfmeadunuandie k dundi TnuasindluTnualas vu Q. 1d&uiuaeu3Tuuvvuiu
9 a g 3 "o @ 9y -:y o wy A o s Y
AuanuFUFouA una Uiy Ok) luitetleztitauovuasuituuuviudmivaiis
aulimeadiunuanaranil TnuasmiduTvualas (c=o0, 1,2, ..., w50 21) VAT e 10UV

= é z =Y o 1 73 1 dy
lalosan FetunouIsasnanuaas ldaane lail

Algorithm PARALLEL GEN-PARENTs-in-ISTs
begin
for all vertex x(#r) € Q pardo
with r = reqfea.-fo, X = X1 Xk-2...Xo
fori =0 to k-1 do
if (r = x;) // adjust bit weightat x;
if (x, = 0) parent(T;,x) = x + 2
if (x; = 1) parent(T;x) = x - 2'
if (ri # x;) // apply GHDLS to adjust bit weight at Xsycc()

0) parent(T,,x) = x 4 2succ())

if (Xsuceri)

if (Xsyccqy = 1) parent(T;,x) = x — 25uec®
end for i
end for all

end PARALLEL GEN-PARENTs-in-ISTs
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iJmi‘fuﬂau?ﬁﬁmuﬂiﬁﬁmmmﬂsz%ﬂwua“lugﬂuummm«ugmﬁawaa £
bt UAE X = X, %0 % SOTUMTHUd UM Auanmaiu Tuudaz T, Mldlasliyng
Trua x(Fr) Muamun1 Inuanewi (Parent determination) Tuuday T, (0 <i < k-1) Fauddui
T, Baduii T, TﬂuﬁmﬁLiﬁumﬁuuwmmmﬂszi‘iﬂwuﬂﬂlugﬂsmmamgmaawmﬁ?q riag

a o a A =2 o ad ° ' ' o
x 1INTAN 0 DA k-1 FIesodwunIsnsmudmn Inuaows ey 2 nsdigatl

=

] 1 ¥
N3N 1 : (r. = x) w3003 x (HuTnualu'lsl (Leaf node) Tunsdiiiannsodiuimmi Ivue

vou laae75malsuiian i vea x 910 1 1 0 wienn 0 Wy 1

H - [~ o [ "
AN 2 : (r, F x) M50n5N 1 x 11 Tnuanisly (nteral node) A 1150f 1M IMM THUAN DL
18 Tasmsdiuiinves x asedmumiavestiadiedmnuang 11 (suce@) 910 1154 0 W399 0
W 1 Fadwmisvesiiadsdumisdaluawsam 18Tasnisilszgnd 1459 saaduves

a @ &
353“14![3““\“&“1]“311]5]83 XUAZr o Ik(x,r)

mednmsadedulineadwiiuand1a T, T, uaz T, 1 nuasiniduinualas

r=0,1,2,3,4,5,6,7 Ul Q, UAAIAIAIDE19N 3.3 13A20671391 3.10 mud1ay ludied1ad 3.3

]
ad o o

o Y Y oy ¥ o oy o 4 & p—
winmsadiedu limeatwiuandedisiuasuitminauedezmioutuduasuisuos
J.-S. Yang uazaniy [13] dauA100199 3.4 64 3.10 szvimisaiiedu lineaduiuand1edie
v ] " ] il
YuaauIsminaue Asuuuna I lumsadrsdu limeaduiiuandranil Tnuas i Tvua
1a9 Tasvinsavidszir Inualugluumavgiuaeswes x = xxx, nazninemvilszi Tvua
Tugdupuevguaewes r=rrr,

s o @ ' L) 3/ Y '
wazdmiy Q, sxuaasdied i msaidu lineadwiuanda T, T, T, 02 T,

=

i TnuasintluTvualag @ r=8 uay r= 13 ludred1ed 3.11 uag 3.12

Megnii 33 Femsaieduldiveatwiuandra T, T, uaz T, A InuasimiluTnua o
& AR Y y A ' PR aa
v Q, dmsadisAu lineadwiuandrsezmiloududunouisves J.-s. Yang uazamz Tao

dulimeadwiumnei T, T, uaz T, il TnuasindhuTuue 0 v Q, uamadazulii 3.2

© O, O
(1 To O (Q T
ONNO OO & (8)
@ @ @ © O @ O @ @
(© O ®

4 d 4
1% 3.2 usassiuliimeadnsmunnsing T, T, uaz T, 289 Q, A TuuasnEuluue 0 (r = 0)
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Fmsanonamlnuaneuivelriua x(70) u T, uu Q,

psaing Mx,=0(=r)eldx € (2,4, 6}

¥
o Qs

AUU parent(T, x) = x + P=x+1918 parent(T, x) = £3.5:7)

o

Py "y Y
nsan2  fx, =1 (#r) veuia ldnaonsdinail

E
x € {1} A1 succ(0) = 0 9214 parent(T, x) = x - 2'=1-1=0
b
x € {3, 7} 991U succ(0) = 1 wla parent(T,, x) =x - 2'=x-2
b
AIUY parent(T,, x) = {1, 5}

9
x € {5} AU succ(0) = 2 a4 parent(T,, x) =x - ’=5-4 =1

< 9 ° W
A19199 3.1 uansdfayaviannad miunisad1a T, uu Q, (r=10,i = 0)

X X2X1Xq succ(i) Keucoil S parent(T;, x)

1 001 0 1 1 000 (0)
2 010 : : : 011 (3)
3 011 1 1 2 001 (1)
4 100 - - : 101 (5)
5 101 2 1 4 001 (1)
6 110 - - : 111 (7)
7 111 1 1 2 101 (5)

0@ 2

1, (10) =[O l3(3.0)={° @ﬂ 13(5,0)=[° @)} (7,0)=| 1 Y 0

10 2 0 e

o .
Wa O uamiA1189 succ(0)

add o ' '
Ismsannaninuaneiveslua x70) lu T, uu Q,

sl fx,=0(=r)ldx € {1,4,5}
14

AIUY parent(T,, x) = x + 2'=x+231d parent(T, x) = {3, 6, 7}

ar

[l ¥
NIfiN2  A1x, =1(Fr) sz ldnaensaiaail

x € {3} Aaviu suce(1) =0 9214 parent(T , x) =x - 2"=3-1=2

x € {2} AU succ(1) =1 w1 parent(T |, x) = x - 2'=2_2=0
v
x € {6,7} aaju succ(l) =2 ¥w'ld parent(T, x) =x - 7

¥
@ o

AIUY parent(T,, x) = {2, 3}
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P :‘r o o o
A9199 3.2 UAATRYATIMNARIMFUNIIATN T, UM Q, (r=0,i=1)

X X2X1Xo succ(i) Xesool auscth parent(T;, x)

1 001 - - - 0711 (3)
2 010 1 1 2 000 (0)
3 011 0 1 1 010(2)
4 100 - - & 110 (6)
5 101 - - - 111 (7)
6 110 2 1 4 010 (2)
7 111 2 1 4 011 (3)

0 1 2

13(2,0) =[@D) |3<3,0>=[° 1} !3(6.0)=[1 @)] 5(7.0)=1 @ 0

10 2 1 21 b 1

da O wamirA124 suce(1)

IBmsanoamlnuanemivealua x(70) u T, uu Q,

nadinl - Mx,=0(=r) 9l x € {1,2,3}
b
AdlY parent(T,, x) =x + P=x+4v1d parent(T,, x) = {5, 6, 7}
¥
nafin2  Mx, = 1 (Fr,) wisldnanonsaidsil

v
x € {5,7} Ay succ(2)=0 0315 parent(T,, x) = x — 2’
. ¥
Ay parent(T,, x) = {4, 6}
x € {6} AU succ(2) =1 wld parent(T,, x) = x - 2'=6-2=4

¥
x € {4} AU succ(2)=2 az'ld parent(T,, x) = x — 2P=4_ 4=0

-l H o o
M990 3.3 LlﬂﬂQﬁﬂNﬂﬂﬂﬂ“Nﬂﬁ'\“mﬂq?ﬂ"J‘I’N Tz 1 03 (r =0,i= 2)

X X2X1Xo succ(i) Nt ghieolh parent(T;, x)
1 001 - - - 101 (5)
2 010 - ; - 110 (6)
3 01 - - - 111 (7)
4 1700 2 1 4 000 (0)
5 101 0 1 1 100 (4)
6 110 1 1 2 100 (4)
7 111 0 1 1 110 (6)
012
15(4,0) = (D] |;,(5,0)=[0 2] |3($,0)=[1 gj 5(7.0)={1 2 0
X0 2
2 @ 1

W O UAMIA1T84 succ(2)
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Mmetan 3.4 smsadudulineadwiuanaa T, T, waz T, Aillnuanindulnua

001(1) vy Q, Tasdu limeathuiuand1a T, T, uag T, il TnuasimiluInua 1 vy Q, uaas

19311 3.3
O O 0
O ONE} OW
@ @ OO OO
» ® © » © © @ ® ©
D O ©

<l i ' = o
5% 3.3 uansiulimendradiuansing T, T, uaz T, 989 Q, Aflwuasinidluluin 1 (r= 1)

Femsannaminuanemivedlnua x(£1) Tu T, vu Q,

1 dix,=r,=19%1dx € (3,57}

=21

N3

v
a

Adly parent(T, x) =x - ’=x-1318 parent(T, x) = {2, 4, 6}

nIfin2 01,7 r, 324109 14 3 ndidail

1.x € {0} 1@ succ(0) =0 LT X, ., =X, = 0

suce(0)

¥
ﬁﬂﬁﬂpment(To,x)=x+2 x+2'=0+1=1

2.x € {2,6} awla succ(0) = 1 lAT x_ o =X, =1
suce(0) 1

¥
AU parent(T,, x) =x - 2 x-2 .. parent(T,, x) = {0, 4}

3.x € {4} 1@ succ(0) =2 UL X, o =X, = 1

¥
@ suce(0)

AIUY parent(T,, x) =x - 2 x= Y=l =i

= ) o o
A131aN 3.4 uamedayaianuadniunsa¥ e T, uuQ, (r=1,i=0)

X X2X1Xo succ(i) Xeuosi) greei parent(T,, X)
0 000 0 0 1 0071 (1)
2 010 1 1 2 000 (0)
3 011 B - - 010 (2)
4 100 2 1 4 000 (0)
5 101 = . - 100 (4)
6 110 1 1 2 100 (4)
7 111 - - - 110 (6)
0 @ 2
13(0,1) =[©@)] 13(21) = [? Cﬂ 13(41) = {g C;ﬂ I3(61)=|1 2 0
201

e O uanaAn1ee succ(0)



Ismsanoamlnuanamivesliua x(Z1) T T, yu Q,

=
nin 1

n3RIN 2

5’1xl=r,=0ﬁ$.‘1ﬂyx € {0,4, 5}

¥

Aa1Y parent(T, x) =x + 2 =x+29z1d parent(T,, x) = {2, 6, 7}

e

s

81 x, £ r, v2ie1d 3 nsdidail

l.x € {2} 3214 suce(1) =0 HaE x__ .\, =%, =0
ﬁ&‘lfu parent(T,, x) =x + M0y 42"=241=3
2.x€ 43} wld succ(l) = L uaT x ., =%, =1
ﬁd‘lfu parent(T, x) =x - G T LS S S
3.x € {6,7} 9218 succ(1) = 2 uaz i =Xp=1

suec(1)
-2 =

¥
AU parent(T |, x) = x k-2 5 parent(T, x) = {2, 3}

P~ s o o
A19719N 3.5 Lansdayananuag M UNITaF I T, LN Q, (r=1,i=1)
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X X2X1Xo succ(i) Xaucsth . parent(T,, x)
0 000 - - - 010 (2)
2 010 0 0 011 (3)
3 011 1 1 2 001 (1)
4 100 5 - - 110 (6)
5 101 - : . 111 (7)
6 110 2 1 4 010 (2)
T 111 2 1 4 011 (3)
g 3 2
153 = (@) 13(2.1)=[(1’ @g I3(7.1)=[; @ﬂ EN=[1® 0
2 0.1

Wa O uamiArad succ(1)

IsmsAannaminuanamivedliua x(#1) lu T, vu Q,

=
Nitun 1

)
ﬁ1x2=r2=011$1ﬂx € {0, 2, 3}
b
A9 parent(T,, x) = x + Y =x+43z14 parent(T,, x) = {4, 6, 7}
¥
81 x, 7 r, wuia 14 3 nadidedl

1.x € {4,606} wla suce(2) = 0 A x, o, =X, = 0

suce(2)

¥
AIUY parent(T,, x) = x + 2 g 5 parent(T,, x) = {5, 7}

2.x € {7} 9218 succ(2) = 1Az x4, = x, = 1

suce(2)

¥
ﬁﬂﬁuparent(Tz,x):x-Z x-2'=7-2=5

3.x € {5} wld succ(2) =2 Ma% X ) =X, =1

sucol2)

¥
AIUY parent(T,, x) =x - 2 x—2=5-4=1
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P ) 6w ]
A19199 3.6 uamddayaiaunas MiuNTaF N T, LU Q, (r=1,i=2)

X X2X1Xo succ(i) Keoccil gt parent(T;, x)
0 000 . . ” 100 (4)
2 010 - = - 110 (6)
3 011 . - ’ 111 (7)
4 100 0 0 1 101 (5)
5 101 2 1 4 001 (1)
6 110 0 0 1 111(7)
7 111 1 1 2 101 (5)
0 12
15(51) =[] 13(4,1)=[g (%] |3(7,1)=E a 13(61)=|1 2 0
20 1

Wa O uanaA1re4 suce(2)

e 3.5 Ismaaiedu lineadwiuanda T, T, waz T, A lnuasiniuTvua
0102) UM Q, Tasdu limoadhuiuanaa T, T, uaz T, il InuasindluTnua 2 vu Q, uans

21317 3.4

U

®
@ 1,
©
0 ® & B
® ® ®

] Y i | i o
5% 3.4 uanasiuldimendruiiuansng T, T, uaz T, 999 Q, Miilwuasnifluluum 2 (r = 2)

FEmsannanlnuanemivedlnua x7#2) lu T, uu Q,

21

N3

1 dix,=r,=01dx € {0,4,6}

AU parent(T,, x) = x + =x+1ld parent(T,, x) = {1, 5, 7}
¥

81 x, 7 r, 9211ia’14 3 nadidal

=
)
E=PY
=1
3]

l.x € {3} Tl:‘.:_"lg{succ(o) =0 UL X, 0y =%X,=1

succ(0)

ﬁ&ﬁuparent(’l"o,x)=x-2 x-2'=3-1=2

2.x € {1,5} 9214 succ(0) = 1 uaz Xt =% =0

suce(0)

A9 parent(Ty, x) =x + 2 x+2' . parent(T,, x) = {3, 7}

3.x € {7} wld succ(0) = 2 1AL x o =X, = 1

suce(0)

ﬁdﬁupamnt(To,x)=x—2 x-2=7-4=3




t
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= = o o .
A3 3.7 uamdiayaiauuag MIUNISaEN T, LU Q, (r=2,i=0)

X X2X1Xo succ(i) Xauocly 2sueell parent(T,, x)
0 000 - - - 001 (1)
1 001 1 0 2 011 (3)
3 011 0 1 1 010 (2)
4 100 - - - 101 (5)
5 101 1 0 2 111 (7)
6 110 - . , 111(7)
7 111 2 1 4 011 (3)
0@ 2
0 0
13(3,2) =[@] 13(12) = 13(7,2) = 13(62)=|1 2 0
10 20
2 0 1
Wa O ugniA1194 succ(0)
Imsannuminuanamivedlua x(#2) lu T, uu Q,
ndiil &x,=r,=19%18x € (3,6,7)
Ay parent(T, x) = x - 2'=x-2914 parent(T, x) = {1,4, 5}
nigin2 A x, Fr, 9zniala 3 nsaiasil
1.x € {1} 918 suce(1) =0 uaz x_, =x, = 1
AU parent(T, x) = x - M ox-2"=1-1=0
2.x € {0} 918 suce(1) = 1 wag x_,, =x, =0
A parent(T,, x) =x + 2"V =x+2'=0+2=2
3.x € {4,5} '1é succ(l) =2 uag Ky = % = 1
AU parent(T,, x) =x - 2" =x -2 ", parent(T,, x) = {0, 1}
A3199 3.8 uamadiyariauundmunisaine T, LuQ, (r=2,i=1)
X X2X1Xo succ(i) Wzl - parent(T,, x)
0 000 1 0 2 010 (2)
1 001 0 1 1 000 (0)
3 011 - - - 001 (1)
4 100 2 1 4 000 (0)
5 101 2 1 4 001 (1)
6 110 - - - 100 (4)
7 111 » 5 : 101 (5)
01 1 e
13(02) =[] 13(12) = [ y @J 13(42) = [2 Cﬂ 13(52)=(1 @ 0
2 0 1

o .
e O uamaA1194 succ(1)



35

Imsanoaminuanemivedlvua x(#2) lu T, uu Q,
psdinl - Mx,=n=0ldx € {0, 1,3}

»
AU parent(T,, x) = x + 2 =x+41d parent(T,, x) = {4, 5, 7}

. ¥
nsmin2 - Mx, 7 r, wiia 4 3 nsdiasil
l.x € {5, 7} a2 1d succ(2) =0 LAg x ., =X, = 1
v

AU parent(T,, x) = x - y S L parent(T,, x) = {4, 6}
2 2

2.x € {4} wla succ(2) =1 18 x

v
o o

ﬁGuUparent(Tz,x)=x+2m2)=x+2'=4+2:6

x,=0

succ(2) ‘1

3.x € {6} wld succ(2) =2 UL X, =X, = 1
suce(2)

v
ﬁﬁﬁuparent(Tz,x)=x-2 =x-2=6-4=2

- Y o o ,
A19199 3.9 uamsdayaviausagmiunisa¥ e T, U8 Q, (r=2,i=2)

X X2X1Xo succ(i) Kassty 28ucelh parent(T,;, x)
0 000 . - ; 100 (4)
1 001 ; - y 101 (5)
3 011 : - ; 111 (7)
4 100 1 0 2 110 (6)
5 101 0 1 1 100 (4)
6 110 2 1 4 010 (2)
7 111 0 1 1 110 (6)
- 1 2
13(6.2) =[@) 13(4,2)=[; (ﬂ 13(7,2)=[2 é)] I3(52)=|1 2 0
20 1

Wa O uanaAn184 succ(2)

fmegaiide  Ismsadvaulineadwiuanda T, T, uaz T, fiilvuasindiuluua
011(3) v Q, Tavdu limeadhwiuandre T, T, uaz T, #ili TnuasindiuTvua 3 uu Q, uaaq
Aag1ln 3.5

3 © 3
() T, (1) (7)
(6) (s
ONO @

©

T T,

(0) © ()
ONO @ O @
(©) (©)

< P ;
519 3.5 uamasulimaadraiiuansing T, T, uaz T, 183 Q, Rlitwussnifiutwum 3 (r = 3)
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IEmsanoaminuanemivealnua x(73) lu T, vu Q,

psainl  Mx,=r,=1wldx € {1,5,7}
¥
AU U parent(T,, x) = x - 2=x-1 ﬁ]zulﬁ’ parent(T,, x) = {0, 4, 6}
[l ¥
pIding a1 x, 7 r, wwiniald 3 nadidail

1.x € {2} 9214 succ(0) = 0 uaz X sty ™ %o =0

¥
AU parent(T, x) =x + 0 -x+2"=2+1=3
2.x € {0,4} 9214 succ(0) = 1 1Ay Xty = % =0

¥
AdUU parent(T, x) = x + R

=x+2' .. parent(T,, x) = {2, 6}
3.x € {6} wld succ(0) =2 HaT x_ o =X, =1

¥
AU parent(T,, x) = x - 0 =x-2=6-4=2

<l - o o i
A19199 3.10 uamdiayaionumdiniunisa¥e T, uu Q, (r=3,i=0)

X X2X4Xo succ(i) Wi g parent(T,, x)
0 000 1 0 2 010 2)
: 1 001 - - - 000 (0)
| 2 010 0 0 1 011 (3)
4 100 1 0 2 110 (6)
5 101 - - - 100 (4)
6 110 2 1 4 010 (2)
7 111 - - " 110 (6)
0@ 2
0 0
13(23) =[©@)] 13(03) = 13(6.3) = I3(43)=|1 2 0
1 0 20 2 0 1

p .
wa O uamaA1194 succ(0)

dEmsainnaminuanemivealnua x#3) lu T, vu Q,

niginl  fx,=r,=19%1dx € {2,6,7}
AU parent(T , x) =x -2 =x-2 9218 parent(T, x) = {0, 4, 5}
nIAN2  4rx, 7 r, 92ie 14 3 nsdidaii

’ L. xyE {0} 9214 succ(1) = 0 unz Koy = X =10

‘ ALY parent(Tl,x)=x+2m”=x+20=0+1=l

| 2.x € {1} 31ﬂysucc(l)=lllﬁz X ooty = X =0
Fufu parent(T,, x) =x+ 2"V =x+2'=1+2=3

3.x € {4,5} wld succ(1) =2 uaz Xy = %=1

AU parent(T,, x) =x - 2V =x - 2" ", parent(T , x) = {0, 1}
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-l 5 o o v .
A19199 3.11 uanstayavianuadniunisa¥ N T, uuQ, (r=3,i=1)

X X2X1Xo succ(i) Kt e parent(T;, x)

0 000 0 0 1 001 (1)
1 001 1 0 2 0711 (3)
2 010 - - - 000 (0)
4 100 2 1 4 000 (0)
5 101 2 1 4 001 (1)
6 110 - - - 100 (4)
7 111 ] - ’ 101 (5)

0 1 1 w2

15(13) = (D) |3(0-3)=[1 @J I3(5.3)=[2 Cﬂ l3(43) = : @ o

0 1

Wa O uaneA1284 succ(1)

IBmsannaminuanemivealnua x(73) Tu T, 11 Q,

sanl ;ix,=r,=0%ldx € {0, 1,2}

b

AIUY parent(T,, x) = x + P=x+4vld parent(T,, x) = {4, 5, 6}
ANz o

¥
1x, F 1, wuia 14 3 psdiaail

l.x € {4, 6} w2 ld succ(2) =0 1Ay x . , =X, =0 i

succ(2)

v
Aty parent(T,, x) =x + 2 =x+2" .. parent(T,, x) = {5, 7}

2.x € {5} wld succ(2) =1 1az i =Xy =10
ﬁﬂifu parent(T,, x) =x + P =x+2'=542=7
3.x € {7} old succ(2) =2 UAE X, h, =X, = 1
ﬁufu parent(T,, x) = x - 2% _ 2= 7-4=3

A :’I o ar
A19197 3.12 uamsdayavionnadmiunisa¥a T, 1w Q, (r=3,i=2)

X X2X4Xo succ(i) Xsuce(i) g parent(T;, x)
0 000 5 5 ; 100 (4)
1 001 - - - 101 (5)
2 010 : : - 110 (6)
4 100 0 0 1 101 (5)
5 101 1 0 2 111 (7)
6 110 0 0 1 111 (7)
7 111 2 1 4 011 (3)
01 2
13(7:3) =[@) 13(5,3)=Bé |3(6,3)=BC§J I3(43)=[1 2 0
20 1

wa O uanIA1189 succ(2)
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fegnn 3.7 Ismsadudulineadudiuanda T, T, uaz T, #iInuasnimilulnua

100(4) v Q, Tawdu lfmoad uiuandra T, T, uaz T, 7 InuasindluTvua 4 vy Q, uas

11319 3.6

o

® ® ®
ol o 0
0 & ®
B © F g

)

TZ

(2)

© @
(D

d H i 1
51U 3.6 uanssiulimeadiunuande T, T, usx T, 989 Q, Nitwuarnifuluun 4 (r = 4)

Ismsannuminuanemivelnua x74) Tu T, uu Q,

|

2h
=

n3

=
]
D
=h.
)

tx,=r,=091d x € {0,2,6}

¥
e

AU parent(T, x) =x + P=x+1 il:vlé' parent(T,, x) = {1, 3, 7}

¥
¥ o A

& x, 7 1, 9211314 3 nsdiaail

l.x € {5} il::'lfgsucc(O):Otmz X X, =1

succ(0) 0
succ(0)

¥
AIUY parent(T,, X) = x - 2 x-2"=5-1=4

2.x € {3,7} 9218 succ(0) = 1 wag x_,, = x, = 1

v
AU parent(T,, x) = x - 2 =x-2' parent(T,, x) = {1, 5}

3.x € {1} 14 succ(0) = 2 11aY x

bl
ALY parent(T,, x) = x +2*"

sucei) = X, =0

=x+2'=1+4=5

- > o o
A5 3.13 uansdeyarianuadiuiunsa¥a T, LU Q, (r=4,i=0)

X X2X1Xo succ(i) Xaucofl) S parent(T,, x)
0 000 - - 5 001 (1)
1 001 2 0 4 101 (5)
2 010 - - - 011 (3)
3 011 1 1 2 001 (1)
5 101 0 1 1 100 (4)
6 110 - - - 11 (7)
7 111 1 1 2 101 (5)
0@ 2
0 0
|3(5,4)=[@ 15(14) = 15(7,4) = 13(34)=|1 2 0
20 10 2 0 1

J U
e O uamiA1199 succ(0)
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Insanouminuanemivedlriva x(74) lu T, vu Q,

nsdnl 81x =r,=09z1dx € (0,1,5)

ﬁ'difu parent(T, x) = x + 2'=x+2ld parent(T , x) = {2, 3, 7}
nsfi2  d1x Fr, vznield 3 nsdidad

1.x € {7} 9218 suce(1) = 0 uaz Xty = X =1

A9TiU parent(T,, x)=x - 2"V =x-2"=7-1=6

2.x € {6} 91 succ(l) = Lwaz x, = x, = 1

suce(l)

ﬁﬂﬁupment(Tl,x)=x~2 x-2'=6-2=4

3.x € {2,3} wld suce(1) =2 UL .\, =%, =0
o n’: succ(l)=

ALY parent(T,, x) =x + 2 x4 S parent(T , x) = {6, 7}

= H o a
A15199 3.14 uamddayavianuadiniunisa¥ e T, 1 Q, (r=4,i=1)

X X2X1Xo succ(i) — 2ol parent(T;, x)

0 000 : - : 010 (2)
1 001 - - - 011 (3)
2 010 2 0 4 110 (6)
3 011 2 0 4 111(7)
5 101 - - . 111 (7)
6 110 1 1 2 100 (4)
7 111 0 1 1 110 (6)

1 0 1 0 1-2

I3(6,4) =[] '3(2.4)=[2 % '3(7.4)=[1 @J 13(34)=[1 @ 0

2 0-1

Wa O udmaAn18d suce(1)

Wasannaminuawemiveslrua x74) lu T, 11 Q,

¥

1 ﬂ1x2=r2=1%51ﬂ‘rxe{5,6,7}

=

=
NI

¥
Ay parent(T,, x) = x - P=x-43ld parent(T,, x) = {1, 2, 3}

= o

. E
nIiN2  Mx, Fr, wiiala 3 nsdiaail

1.x € {1,3} 9214 succ(2) = 0 uaz Koy = Xg = 1

¥
@ o

AUU parent(T,, x) =x - D _

g parent(T,, x) = {0, 2}

2.x € {2} wld suce(2) = 1 AL X o, =X, = 1

succ(2) -

v
ﬁdﬁuparent(Tz,x)=x-2 x-2'=2-2=0

3.x € {0} 2la succ(2) =2 uay X ity =% =0

Y
o o suce(2)

AUY parent(T,, x) = x + 2 x+2'=0+4=4



!
r

40

| H 0o o
A19190 3.15 LAATOYAVIMNARIMFLNITATN T, LN Q, (r=4,i=2)

X X2X1Xo succ(i) Xsuceql) Qruse parent(T;, x)
0 000 2 0 4 100 (4)
1 001 0 1 | 000 (0)
2 010 1 1 2 000 (0)
3 011 0 1 i 010 (2)
5 101 : - - 001 (1)
6 110 - - - 010 (2)
7 111 - - - 011 (3)
0 12
15(04) =[2)] |3(14)=[g o b9y d  wee-|i2o0
20 1

e O wanaA1199 succ(?)

fMegan 3.8  Asmsadndulimeatwiuanan T, T, uaz T, A luuasimilulnua
101(5) Uu Q, Tavdu limeadhuiiuanda T, T, uaz T, Wil TnuasindiuInua 5 vu Q, uaas
Aegn 3.7

o 0

T i i

(6] OB O

@ @ ©» @O @
@ )

o =i . i
gUf 3.7 uamasuliimaadruiuansng T, T, uaz T, 189 Q, Riimuasinifuluum 5 (- = 5)

()

(1,
(&) ©
O O @ (D
O
Iwmsannaminuansuivednua x(75) Tu T, uu Q,

]

nsdinl  tix=r,=1wldx € {1,3,7}

v
AIUY parent(T,, X) = x - =x-1914 parent(T,, x) = {0, 2, 6}

1 Ed
nsgin2  fx, 7 r, wuiield 3 nsdiaail

l.x € {4} a'1d succ(0) = 0 AL x x, =0

sucel0) N0

AU parent(T,, x) = x + V=x+2"=4+1=5
2.x € {2,6} 921@ succ(0) = 1 uaz x, g =x,= 1
v o succl0) 1
AU parent(T,, x) =x -2 =x-2 .. parent(T,, x) = {0, 4}
3.x € {0} '1d succ(0) =2 AT X, =X, =0

succ(0)

¥
ﬂww‘lﬁ’uparent(To,x)=x+2 =x+2'=0+4=4



d :’4 o o
A1919N 3.16 u.ﬂm'ﬁ'ﬂ:;;ﬁmuuﬂmm‘umm?w T, uuQ,(r=5,i=0)

41

X X2X1Xo succ(i)  — gsuecd) parent(T,, x)
0 000 2 0 4 100 (4)
1 001 - . . 000 (0)
2 010 1 1 2 000 (0)
3 011 - . - 010(2)
4 100 0 0 1 101 (5)
6 110 1 1 2 100 (4)
7 111 - : 8 110 (6)
0@ 2
0 0
13(4,5) =[@) 13(0,5) = {2 Cﬂ 13(65) = [1 ﬂ 13(25)=(1 2 0
2T 0
Wa O udniA1129 succ(0)
IEmsanoaminuanemivedlnua x(75) T T, uu Q,
nsginl  tx,=r,=09zldx € {0,1,4}
Ay parent(T, x) =x + 2'=x+2wld parent(T , x) = {2, 3, 6}
niding - §1x, #r, wzuiald 3 nadidail
I.x € {6} 9214 suce(1) =0 1Az x,,, = x,= 0
A parent(T,, x) =x + 2™ =x+2"=6+1=7
2.x € {7} 'lelﬁ,succ(l) =1une x =%, =1
A9 parent(T,, x) = x - 2™ Pax_2'=7-2=5
3.x € {2,3} w2 1@ suce(l) =2 uaz x = x,= 0
A parent(T,, x) = x + 2" =x + 2* ", parent(T, x) = {6, 7}
ANg1a7 3.17 uamsdeyavianuaduiunisaina T, 1w Q, (r=5,i=1)
X X2X1Xo succ(i) Xsuce(l) gre parent(T;, x)
0 000 - A ; 010 (2)
1 001 - - < 011 (3)
2 010 2 0 4 110 (6)
3 011 2 0 4 111(7)
4 100 - - - 110 (6)
6 110 0 0 1 111 (7)
7 111 1 1 2 101 (5)
1 01 of il
13(7,5) =[] 13(3,5) = [2 Cﬂ 15(6,5) = [1 @J 13(25)={1 @ 0
2.0 1

- '
e O uamaA1184 succ(1)
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IEmsannuminuanemiveslnua x#s5) i T, wu Q,

=n

=
nIwn 1

=)
!
21
=h.
(3]

fix,=r,=1w18x € {4,6,7)
b
A91Y parent(T,, x) = x - 2 =x-4vw14 parent(T,, x) = {0, 2, 3}
td
tx, £ r, 9zia 14 3 nsaidail

I.x € {0,2} 9214 suce(2) = 0 uay Recaoitts ™ K™D

succ(2)

¥
AdY parent(T,, x) =x + 2 =x+2° .\ parent(T,, x) = {1, 3}

2.x € {3} 92 ld succ@) = 1 uaz x, = x, = 1

AU parent(Tz,x)=x-2“mn=x-2[=3~2=1

3.x € {1} wld succ(2) =2 1ag Xty = %y =0

¥
L.

AIUY parent(T,, x) =x + 2P =x+2’=1+4=5

= ! ° [ .
A15199 3.18 uansdayaiavuadviunisa¥a T, uuQ, (r=5,i=2)

X X2X1Xo succ(i) Reioon 2t uecth parent(T;, x)
0 000 0 0 1 007 (1)
1 001 2 0 4 101 (5)
2 010 0 0 1 011 (3)
3 011 1 1 2 001 (1)
4 100 - : 3 000 (0)
6 110 : 3 " 010 (2)
7 111 - - - 011 (3)
2
13(15) =[] 0
1

i |
13(0,5){2(3 13(3.5)=[;é 3(25)=|1 2
20

P '
wa O uamIA1189 succ(?)

Mt 3.9 smiaidulineatwiuand e T, T, uaz T, Aiilvuasinduinua

110(6) v Q, Tawdu limeadwiuandra T, T, uaz T, il Tuuasindiu Tnua 6 uu Q, uans

A9310 3.8

“u

® ® ®
o ol o) 5
oo o0 o0
oo ROEENONORONENGHORO
© ® ®

= H " '
g1 3.8 uamadulimandruiuansing T, T, uaz T, 989 Q, Miussnidulvue 6 (r = 6)



FemasnnamInuanemivedlnua x(76) lu T, vu Q,

psdinl  Mx,-r,=091d x € (0,2,4)

AU parent(T, x) = x + P=x+191d parent(T,, x) = {1, 3, 5}
9

81 x, £ r, 92iia 14 3 nadiAail

2

o
ot
=D.
ro

I.x € {7} 9214 succ(0) = 0 uaz K™ % = 1
AU parent(T,, x) =x - 2O —x-2'=7-1=6

2.x € {!,5}%:1ﬁ’succ(0):luﬁzx x, =0

succ(0) = 1

v
AIUY parent(T,, x) = x + 20—y +2' parent(T,, x) = {3, 7}

3.x € {3} ald succ(0) =2 AT x__ o =X, =0

¥
o o succ(0)

AU parent(T, x) =x + 2 =x+2'=3+4=7

- - o o .
A151aN 3.19 uanstayaiamuadmiunisa¥a T, 1 Q, (r=6,i=0)

43

x X2X1Xo succ(i) Xeuce() gomed parent(T;, x)

0 000 - - - 001 (1)
1 001 1 0 2 011 (3)
2 010 - - - 011 (3)
3 011 2 0 4 11 (7)
4 100 : ; - 101 (5)
5 101 1 0 2 111 (7)
7 11 0 1 1 110 (6)

5 . 0@ 2

13(7,6) =[@] 13(38) = [2 % 13(56) = l:1 ((jﬂ I3(16)=|1 2 0

2 0 1

Wa O uamA124 succ(0)

FIEmsannamiinuanemivedlua x(76) Tu T, uu Q,

1 fix=r=1%wl1dx € {2,3,7}

=0

N3l

v
o o

AIUU parent(T,, x) = x - 2'=x-2914 parent(T, x) = {0, 1, 5}

¥
81 x, £ r, vzinia1d 3 nadidail

=
o)
21
=1
[\

1.x € {5} 9214 succ(1) =0 maz x,,,, =x, = |
Ay parent(T, x) = x W ax.2'=5_1=4

2.x € {4} 914 suce(1) = 1 oz x,,,, =x, =0

AU parent(T , x) = x + 2 ox+2'=4+2=6
3.x € {0,1} aw'la suce(l) =2 1AL x

¥
o e suce(l)

AU parent(T, x) =x + 2

suod”=x =0

x+2° .. parent(T , x) = {4, 5}

2
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Meman 3.0 Fsmsadedulineadwiuanaa T, T, uay T, #iilnuasnilulnua
111(7) v Q, Tawdulimeadwiuand s T, T, uaz T, #ii TvuasimiluInua 7 uu Q, uwas

Ae31l9 3.9

B ® G
Tﬂ TI T2
® ®

® & ® @ & ®
®

= i ; |
519 3.9 uanssiulimandruiuansng T, T, uaz T, 189 Q, Nituuasnithuluue 7 (= 7)

FEmsmnaminuanemivealnua x(£7) lu T, vu Q,

=n

nigin 1 fix,=r,=191dx € {1,3,5)

‘ ¥
: @

A9UY parent(T,, x) = x - ’=x-194 parent(T, x) = {0, 2, 4}

¥
8 x, 7 r, 2u1ie14 3 nsdiAail

=)
ol
21
=D
(ye]

l.x € {6} wld suce(0) =0 1z Xsoctty = % =10

0
succ(0)

v
ﬁﬂﬁupment(To,x)=x+2 =x+2'=6+1=7

2.x € {0,4} 9&1d succ(0) = 1 uaz x,,,, = x,= 0

¥
LY succ(0)

AU parent(T,, x) = x + 2 2+ 2 parent(T,, x) = {2, 6}

3.x € {2} 9214 succ(0) = 2 uaz X ity =% =0

succ(0)

¥
AU parent(T,, x) = x + 2 x+2'=2+4=6

= r o ar
A19199 3.22 ugmdayavianuad miumsaiie T, LU Q, (r=7,i = 0)

X X2X1Xo succ(i) Xsuce(i g parent(T;, x)
0 000 1 0 2 010 (2)
1 001 - - : 000 (0)
2 010 2 0 4 110 (6)
3 il : - - 010 (2)
1 100 1 0 2 110 (6)
? 10¢ : . - 100 (4)
6 110 0 0 1 111(7)
0@ 2
13(67) =[@) |3(2.7)=[2(§)} I3(4,7)=[3(ﬂ 13007)=[1 2 0
2 o

da O uaniA1184 succ(0)




IEmaanoaminuanamiveslviva x#7) u T, uu Q,

nsginl  ox,=r,=1ldx € (2,3, 6}

Qs

AU parent(T, x) = x - 2'=x-2914 parent(T,, x) = {0, 1, 4}

¥
v ~ o

nIfin2  Ax, Fr, A 3 nsdiasi

1.x € {4} 9214 suce(1) = 0 uaz X ety = X0 =0

ﬁﬂfu parent(T, x) =x + 20— x+2°=4+41=5
2.x € {5} ald succ(l) =1 1oy By =%y =0

ﬁd‘lfu parent(T, x) =x + MM _x+2'=5+2=7
3.x € {0,1} awld succ(1) =2 Hag x_ ., =x,=0

1
o o

AIUY parent(T, x) =x + 2

succ(l)

x+2 .. parent(T , x) = {4, 5}

-l H ° o :
A19199 3.23 uansdiayavianuadmiuntsa¥ e T, uuQ, (r=7,i=1)

X X2X1Xo succ(i) T goesl) parent(T,, x)

0 000 2 0 4 100 (4)
1 001 2 0 4 101 (5)
2 010 = g 4 000 (0)
3 0171 - - - 001 (1)
4 100 0 0 1 101 (5)
5 101 1 0 2 111 (7)
6 110 - - - 100 (4)

1 0 0 4 2

13(57) =[@) 13(1.7)=[2 Cﬂ 13(4.7){1 @;J 13007)=[1 @ 0

20 1

Wa O uansmved succ(1)

Insannaminuanemivealvua x(77) i T, yu Q,

1 51){2:5:1%2’,15)(6{4,5,6}

=2

a
NI

¥
AU parent(T,, x) = x - 2’ =x-49'14 parent(T,, x) = {0, 1, 2}

¥
1 x, #r, v2u1ie 14 3 nsdiasi

=
al
2n
=n.
(o8]

1.x € {0,2} 9214 succ(2) = 0 AL X ) =X, =0

AdUY parent(T,, x) = x + s T ¥ i parent(T,, x) = {1, 3}
2.x € {1} wld suce(2) = 1 1A% X, =X, =0

w n’: suce(2) |

AUY parent(T,, x) = x + 2 =x+2=1+2=3

3.x € {3} vl succ(2) =2 UaL x,, ;) =X, =0

¥
L ) suce(2)

AUU parent(T,, x) =x + 2 =x+22=3+457
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al v 3 [ i
A9 3.24 UAAdRYATIMNARIMFLNAEN T, LU Q, (r=7,i=2)

X X2X1Xo succ(i) e groms parent(T;, x)
0 000 0 0 1 001 (1)
1 001 1 0 2 011 (3)
2 010 0 0 1 011 (3)
3 011 2 0 4 111 (7)
4 100 - - - 000 (0)
5 101 = - - 001 (1)
6 110 - - - 010 (2)
0-- 12
15(37) (@] 13(1.7)=[; é '3‘2‘7’{25)} 15(07)=|1 2 0
20 1

We O uaniA1184 suce(2)

@aeten 3.11 uaassmaadiedu lineadwiuande T, T, T, uaz T, vo4 Q, il Tvua 8

ad .
{uTnuasin ¢ = 8) uiitinneavlsziTnualugluuvesavguaeswns x - xxxx,
uazrinuavilszi Tnualugduuuvesavg waeawes r= rerr, Taodu limoadwiuandrs

4 o v > 5 . o ‘
T, T, T, uag T, ¥04 Q, ¥3ii Inua 8 ifluTnuasinuaasdaglii 3.1 uazdoyaismuadmsy 1

M3A3N T, T, T, 4ag T, HARAIRIAGT19A 3.25, 3.26, 3.27 wag 3.28 MuAIAY

Mo liuanemiveslnua x(78) u T, vu Q,

"

=
De

=
NI

1 fx,=r,=0w1dx € {0,2,4,6, 10, 12, 14}
AU parent(T,, x) = x +2°=x + 1 9218 parent(T,, x) = {1, 3,5, 7, 11, 13, 15}
b
NNz - &x, 7, wniald 4 nsdiai
I.x € {9} 9218 succ(0) = 0 uaz X oty = %g = 1
£
A9 U parent(T,, x) =x - P ay.2l=0-1= 8

2.x € {3,7,11, 15} ilzvlfgl’succ(O): 1 ung x x, =1

succ(0) X

%-2 = parent(T,, x) = {1, 5, 9, 13}

v
AU parent(T, x) =x - =

3.x € {5,13} 9214 succ(0) =2 uaz x ;= x, = 1
9

A9 parent(T,, x) = x - 20— x-9* . parent(T,, x) = {1, 9}

4.x € {1} w2 ld succ(0) = 3 1Ay x

¥
o s

QUU parent(T,, x) =x + 2

succ(0) = x.‘: =0

5ucu(0)=x+23=1+8=9




d '..'- o o
AIT19N 3.25 udadiayavianuaduiunisaine T, vu Q, (r=8,i=0)

X X3XX4Xo succ(i) Xyuecli grice) parent(T;, x)
0 0000 - - - 0001 (1)
1 0001 3 0 8 1001 (9)
2 0010 - - - 0011 (3)
3 0011 1 1 2 0001 (1)
4 0100 - - - 0101 (5)
5 0101 2 1 4 0001 (1)
6 0110 - - ) 0111 (7)
7 0111 1 1 2 0101 (5)
9 1001 0 1 1 1000 (8)
10 1010 - - - 1011 (11)
11 1011 1 1 2 1001 (9)
12 1100 B - - 11017 (13)
13 1101 2 1 4 1001 (9)
14 1110 - - - 1111 (16)
15 1111 1 1 2 1101 (13)
14(9.8) = (O} 0 (@ 3] [0 ©) 2]
14(38)=|1 3 0 14(158)=(1 2 0
'4(1’8):[2% 3 0 1) 201
0 @ 3] 0o@2 3
o[ s wo-() 220
3012
l4(1 3,8):[2 Cﬂ Lﬁ'a O uamnaA11e4 succ(0)

Imsannasiinuaneutveslrnua x(78) lu T, vu Q,

psdinl  fx,=r,=09ldx € {0,1,4,5,9, 12, 13}
AU parent(T,, x) =x + 2'=x+201d parent(T,, x) = {2, 3,6, 7, 11, 14, 15}
¥
nsdin2 M x, Fr, wuiald 4 nsdidail

L.x € {11} 9218 succ(1) = 0 naz x,,_\, =x,= 1

ol x-2'=11-1=10

v
AdUU parent(T,, x) =x -2

2.x € {10} 9¢'14 suce(1) = 1 uaz Xy =% = 1

suce(l)

#3111 parent(T,, x) =x - 2 x-2'=10-2=8

3.x € {6,7, 14,15} 9218 succ(1) = 2 uag x,,,, =x,= 1

suce(l)

¥
Aay parent(T,, x) =x-2 x-2" .. parent(T , x) = {2, 3, 10, 11}

4.x € {2,3} wld succ(l) =3 uay x,,,=x,=0

succ(1)

b
AU parent(T,, x) =x + 2 -x+2° .. parent(T, x) = {10, 11}



- :’; o o "
M99 3.26 uansdayaianuad miun1sa¥ 1 T, N Q, (r=8,i=1)
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X X3X2X1Xo succ(i) Xeusell ik parent(T;, x)
0 0000 - - - 0070 (2)
1 0001 - - - 0011 (3)
2 0010 3 0 8 1010 (10)
3 0011 3 0 8 17011 (11)
4 0100 - - - 0110 (6)
5 0101 - - - 0111 (7)
6 0110 2 1 4 0010 (2)
7 0111 2 1 4 0011 (3)
9 1001 . - . 1011 (11)
10 10170 1 1 2 1000 (8)
11 1011 0 1 1 1010 (10)
12 1100 - - - 1110 (14)
13 1101 - - - 1111 (15)
14 1110 2 1 4 1010 (10)
15 1111 2 1 4 1011 (11)
15(10,8) = (1) 0 13 01 2
4(38)=[1 (3 o] |4(15.a):ﬁ1 ® o]
|.(za)=[;<ﬂ 30 1 2 0 1
1) 3 0123
ol et {193
3012
f4(14.a)=[; % e O uanednres succ(1)

Iwmsannamlnuanemiveslvua x(78) Tu T, uu Q,

=0

=
NN 1

=
]
21
=$h.
o

dx,=r,=09z1dx € {0,1,2,3,9, 10, 11}

E
AU parent(T,, x) = x + 2" = x + 4 9% 1 parent(T,, x) = {4, 5, 6, 7, 13, 14, 15}

s

b4
81 x, 7 r, v2inia 14 4 nadidail

l.x € {13, 15} wld succ(2) = 0 AL X, =X, = 1

suce(2) 0
=X

Ay parent(T,, x) =x - 2 -2 .. parent(T,, x) = {12, 14}

2.x € {14} 9314 succ(2) = 1 uaz Ky = Xy =1
¥
AIUY parent(T,, x) = x - 2P =x-2'=14-2=12

3.x € {12} 9214 suce(2) = 2 uaz X ity = %= 1

suce(2)

v
ﬁ'QITuparem(Tl,x)=x-2 =x-2"=12-4=8

4.x € {4,5,6,7} 9214 suce(2) = 3 uaz X ooty = X3 = 0

¥
o suce(2)

AU parent(T,, x) = x + 2" =x +2’ ", parent(T,, x) = {12, 13, 14, 15}
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A159N 3.27 uansdeyaauuadmiunsai e T, uuQ, (r=8,i=2)

X X3X2X1Xo succ(i) Xsveel) o parent(T;, x)
0 0000 - - - 0100 (4)
1 0001 : - : 0101 (5)
2 0010 - - ; 0110 ()
3 0011 p ) : 0111 (7)
4 0100 3 0 8 1100 (12)
5 0101 3 0 8 1101 (13)
6 0110 3 0 8 71110 (14)
7 0111 3 0 8 1111 (15)
9 1001 5 . E 1101 (13)
10 1010 - - . 1110 (14)
11 1011 - - - 1111 (15)
12 1100 2 1 4 1000 (8)
13 1101 0 1 1 1100 (12)
14 1110 1 1 s 1100 (12)
15 1111 0 1 1 1110 (14)
| 15(12,8) = (2) 02 01 2
| 14(58)=|2 3 0 14(15.a)=[1 2 o]
| |4t4.a)=[§% 3 0 2] 2@ 1
(1 2 3] 01 2 3
wrao-[9 & b W w1 320
3012
14(14,8)=[; Cﬂ e O ugnar1e4 suce(2)

Imsdnnaminuanemiveslviua x(78) Tu T, uu Q,
1 fix,=r,=1w1dx € {9, 10, 11, 12, 13, 14, 15}

YUY parent(T,, x) = x - 2 =x-89'ld parent(T,, x) = {1, 2, 3,4, 5,6, 7}

=1

N3l

3

¥ 1 ¥ av o
2 x, F r, w2019 14 4 nsdiaail

=
)
£
=1
[y ]

L.x € {1,3,5,7} 9218 suce(3) = 0 10z x,, =%, = 1

suce(3) 0

v
AIUY parent(T,, x) =x - 2 x-2" .. parent(T,, x) = {0, 2, 4, 6}

2.x € {2,6} wla succ(3) = 1 ua¥ x__,, =%, =1

suce(3) _ 1

v
AIUY parent(T,, x) =x - 2 x-2 .. parent(T,, x) = {0, 4}

|
| 3.x € {4} wld succ(3) =2 1Ay x

) X = 1
b
AU parent(T,, x) =x - 2"V =x-2"=4-4=0
|
| 4.x € {0} 9218 suce3) =3 waz x,_, =x, =0

" =x+2'=0+8=8

v
AUY parent(T,, x) = x + 2




51

AN919N 3.28 uansdayaranuaduiLN1eaR T, LU Q, (r=8,i = 3)

X X3X2X4Xo succ(i) sl gsveet parent(T;, x)
0 0000 3 0 8 1000 (8)
1 0001 0 1 1 0000 (0)
2 0010 1 1 2 0000 (0)
3 0011 0 1 1 0010 (2)
4 0700 2 1 4 0000 (0)
5 0101 0 1 1 0100 (4)
6 0110 1 1 2 0100 (4)
7 0111 0 1 1 0110 (6)
9 1001 - « . 0001 (1)
10 1010 . “ . 0010 (2)
11 1011 ; . . 0011 (3)
12 1100 ’ - « 0100 (4)
13 1101 : " - 0101 (5)
14 1110 - - " 0110 (6)
15 1111 - - - 0111 (7)
14(0.8) = (3) 0 1 3] 123
4(38)=|1 3 0 14(6.8)=2 3 1
'4(‘-5):[2(3 3@ 1] 3@ 2
0 2 3] 0123
wes-{! is9=f2 3.1 w1 220
) : 3@ 1 2
14(4,8):[§ éﬂ e O uamarnaes succ(3)

Y v " a = ] 4

@eenai 3.12 uaasdsmsadedu lineadwiuandia T, T, T, uaz T, voe Q, ¥aii luua
13 dulnuasin ¢ = 13) luiiimnoalsgd Tvualupliuveuavguasves x =
xg0x %, iagvineavilsei Tnualugduuvvewavgmuaeswed r = rorr, Taodulineadiy

= ' & o =
ANAN T,, T, T, uaz T, 409 Q, ¥eii Tnua 13 iiuTnuasinuansdsgili 3.10

= 9 - | pu
519 3.10 uanvsiulimeadruiiumnsne T, T, T, uaz T, 209 Q, NHtuasnuiwug 13

(r=13)



FEmsannailnuawemivealviua x(F#13) Tu T, uu Q,

=h

=
NIty

1 fx,=r,=191dx € {1,3,5,7,9, 11,15}

Al parent(T, x) = x - 2"=x-1914 parent(T,, x) = {0, 2, 4, 6, 8, 10, 14}

b}
a}
21
=
(o]

] o o d‘.‘
01 x, # 1, 921003 14 4 nsdiAail

L.x € {12} 3214 suce(0) = 0 uaz x,_,, = 0

¥
AU parent(T,, x) = x + 2

2.x € {2,6, 10, 14} 9218 succ(0) = 1 uaz x

¥
s

s

AIUY parent(T, x) = x - 2

succ(0)
=]

3

succ(0)
succ(0) I

:x]

3.x € {0,8} 9214 succ(0) = 2 uaz x, =%, =0

=1

x-2 .. parent(T, x) = {0, 4, 8, 12}

Adly parent(T,, x) = x + M Pexed parent(T,, x) = {4, 12}

4. x € {4} a2 14 succ(0)=3 11 x

¥
AINY parent(T,, x) =x + 2

-0

suce(0) xJ
succ(0)

12

=i H o o
A9199 3.29 uamsdayaianuadniunisa¥ie T, uu Q, (r= 13,i=0)
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x X3X2X1Xo succ(i) Xquccll) gy parent(T,, x)
0 0000 2 0 4 0100 (4)
1 00017 - - - 0000 (0)
2 0010 1 1 2 0000 (0)
3 00117 - - - 0010 (2)
4 0100 3 0 8 1100 (12)
5 0101 - - E 0100 (4)
6 0110 1 1 2 0100 (4)
7 0111 : - : 0110 (6)
8 1000 2 0 4 1100 (12)
9 1001 : - . 1000 (8)
10 1010 1 1 2 1000 (8)
11 1011 - - - 1010 (10)
12 1100 0 0 1 1101 (13)
14 1110 1 1 2 1100 (12)
15 111 - B - 1110 (14)
14(1213) = (O} 0 @ 3] 02
1,(0,13)=[2 3 0 :4(10,13)=[1 2 o}
l4(4‘13)=[g% 3 0 2] 201
0 (@) 3] 012 3
|4(e.13)=[: (a 4(6.13)= ; z ‘1’ 14(213) = ; : 3 ‘:
3012

|4(14.13)=[? a

A 1
Wa O uaniA1194 succ(0)



IEmsannaminuanemivealnua x(713) u T, vu Q,
nadinl - dix,=r,=091dx € {0,1,4,5,8,9, 12}

¥

iy parent(T , x) = x + 2'=x+291d parent(T,, x) = {2, 3,6, 7, 10, 11, 14}

¥

1x, 7 r, 9211ia14 4 naidail

12
B ¥
NN 2 £

1.x € {14} 92 1d suce(1) = 0 uaz x,__,, = x,= 0
ALY parent(T , x) = x + et T o 14+1=15

2.x € {15} 9214 succ(1) = 1 uay X ety = Xy = 1
succ( 1)

¥y
ﬁx‘lﬁﬂparent(Tl,x)=x-2 =x—2'=15—2=13

3.x € {2,3,10, 11} 921A suce(1) = 2 1Az x,,,, =%, = 0

suce(l)

Aty pérent(T,, X)=x+2 x+2° .. parent(T,, x) = {6, 7, 14, 15}

4.x € {6,7} wld suce(1) =3 1A% x_ .\, =X, =0

v
@ o

AUU parent(T, x) =x + 2

succ(l)

=x+2 .., parent(T,, x) = {14, 15}

|
1
-l ¥ o o ¥
’ M99 3.30 uamdiayavianuag miunIsaia T, LuQ, (r=13,i=1)

| X X3X2X1Xo succ(i) Kieel g parent(T;, x)
0 0000 - - - 0010 (2)
1 0001 - # « 0011 (3)
2 0010 2 0 4 0110 (8)
3 0011 2 0 4 07111 (7)
| 4 0100 - - . 0110 (6)
| 5 0101 - . 2 0111 (7)
| 6 0110 3 0 8 1110 (14)
7 0111 3 0 8 1111 (15)
8 1000 - = - 1010 (10)
9 1001 - . v 1011 (11)
10 1010 2 0 4 1110 (14)
1 1011 2 0 4 1111 (15)
12 1100 . . . 1110 (14)
14 1110 0 0 1 1111 (15)
15 1M1 1 1 2 1101 (13)
14(15,13) = (1) 1@ 3] 012
14(313)=(2 3 1 |4(1o,13)={1 @o]
l4(7.13)=[;<%1 3 1 2] 20 1
1 3] 0123
14(11.13)=[;Cﬂ '4(6"3)2_; (??J 14(2.13) = ;?g ‘1’
3012

0 - y
|4(14-13)=[1 Cﬂ e O uanaAnae succ(1)



FEnsannaminuanemiveslvua x(#13)lu T, vu Q,
nsdin 1 Mx,=r,=13%18x € {4,5,6,7, 12,14, 15}
UMY parent(T,, x) =x - P =x-4914 parent(T,, x) = {0, 1, 2, 3, 8, 10, 11}

[l ¥
nidin2 A1 x,#r, 92 lA 4 nsdidail

L.x € {8, 10} 3¢ 1¥ suce(2) =0 waw x,,_, =x,= 0

succ(2)

¥
AU parent(T,, x) =x + 2 x5 L parent(T,, x) = {9, 11}

2.x € {11} 9318 succ(@) = 1 uaz x,_, = x, = 1
A parent(T,, x) =x - 2"V =x-2"'=11-2=9

3.x € {9} v'1a succ(2) =2 MAL x, =X, =0
suce(2)

ﬁﬂﬁuparent('l‘z,x)=x+2 :x+22=9+4=]3

4.x € {0,1,2,3} 91@ suce(2) =3 1Az X, =%, =0
suce(2)

AU parent(T,, x) = x + 2 x+2" .. parent(T,, x) = {8,9, 10, 11}
P 2 2

- A o ar .
A1919% 3.31 Lmﬁﬁﬂu“ﬂmummm‘umi‘ﬂ?ﬂd T,u8Q,(r=13,i=2)

X X3X2X1Xg succ(i) Xaucofl) 2ouec parent(T;, x)
0 0000 3 0 8 1000 (8)
1 0001 3 0 8 1001 (9)
2 0010 3 0 8 1010 (10)
3 0011 3 0 8 1011 (11)
4 0100 : . ; 0000 (0)
5 0101 - - - 0001 (1)
6 0710 - - - 0010 (2)
7 07111 - - - 0011 (3)
8 1000 0 0 1 1007 (9)
9 1001 2 0 4 1101 (13)
10 1010 0 0 1 1011 (11)
11 1011 1 1 2 1001 (9)
12 1100 : - d 1000 (8)
14 1110 - - - 1010 (10)
15 1111 - - - 1011 (1)
14(913) = (2) 0 2 3 g ¥ 4
14(013)=|2 3) 0 14(10,13)=[1 2 o]
|4(1.13)=[§ Cﬁ 3 0 2 2@ 1
1 2 3] 0123
|4(8.13)=[g Cg 4(3,13) = i@; 14(2,13) = ; ég ?
) i 3012

1 2 - i
14(1 1,13)=[2 d Wa O uaniA1199 suce(?)




=

IEmsanoaminuanensivedlnua x(#13) Tu T, vu Q,

nidinl Bk -n-1918x € (8,9, 10, 11, 12, 14, 15}
v
Ay parent(T,, x) = x - 2’ =x-8wld parent(T,, x) = {0, 1, 2, 3,4, 6, 7}
¥
nsaiNn2 - M x, 7 r, zuniald 4 nsdidail

I.x € {0,2,4,6} 3214 succ(3) =0 uag x,,_, = x,=0

succ(3)
+2

AINY parent(T,, x) = =x+2° .. parent(T,, x) = {1, 3,5, 7}

2.x € {3,7} wld succ3) =l uas x _, =x,=1

ﬁauu parent(T,, x) = y it R parent(T,, x) = {1, 5}

3.x € {1} wld suce(3) = 2 1ag x

sucen) — X2 = 0
succtSlz +22=l+4:5

AlY parent(T,, x) =x + 2

4, x € {5} awla succ(3) =3 UAL x5y =X, =0

[ Y suce(3)

AIUU parent(T,, x) = x + 2 =x+2'=5+8=13

= > o o
M990 3.32 LLﬂﬁN'ﬁ'ﬂHﬁﬂq“Nﬂﬂ'l“ﬁ‘un'\?ﬁ%’m T3 U Q4 (r =13,i= 3)

X X3XzX1Xo succ(i) Xsuce() gruso) parent(T;, x)
0 0000 0 0 1 0007 (1)
1 0001 2 0 4 0101 (5)
2 0010 0 0 1 0011 (3)
3 00171 1 1 2 0001 (1)
4 0100 0 0 1 0101 (5)
5 0101 3 0 8 1101 (13)

6 0110 0 0 1 0111 (7)
T 0111 1 1 2 0101 (5)
8 1000 : . ; 0000 (0)
9 1001 - - - 0001 (1)
10 1010 a - . 0010 (2)
11 1011 = ; ? 0011 (3)
12 1100 - - - 0100 (4)
14 1110 : : - 0110 (6)
15 1111 - - : 0111 (7)

14(513)= (3) 0 2 3] 0 1 3

14(013)=(2 3 0 14(613)=[1 3 0

u(um:[; éj 3 © 2] 3@ 1
(1 2 3] [0 4 128
|4(4.13)=[2(3 "(3"3’=_§ é);J w@1=|) 230
3@1 2

13 ¥ .
14(7.13) = [ 5 d e O uamaAn194 succ(3)
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nndvttduIznuNMIad1edu limeadwiiuandis k duni Tvuasndly

Tvualaq (r=0,1,2, ..., w50 2-1) ¥e1 Q, annso1ldluna k seu TasiinisulSoudion
¥ "

vinsavlszi InualugduuuvesaviuaesvoaTnua x(#n tagInuasin rasuaiian o
2 a A d’ o @ a a w P o o

daiiaf k-1 uennntinanmsvesdgiaarduvesszozmeneaniisnuia liniwnlszgnd 14

¥ ]
Tuvuaeudsdeunsam ImidumaninIvualag TudaTvuasinludu limeatuiuandra
¥
ek auuananiulugnidumanazyndn Tasmsanngianududoudmainazaiy

gnABIveITuAsuITIzeT e luumda il



unin 4

MSNAIZHIUADIOT

ad @ ¥ 9 3/ ¥ o ' 13 n‘:’ ad
ntmsuuung 1 lumsadedu lineatunuanaisdsdunsuIsuuuvuu
] . F
vuaseviuy lanlesns nieududedisunedui ldaue 13 luuni 3 luunilsznainna
v
MR ITRANNFUFOUA U AzANUENABIVEITUADUIT Tudiuveamsinsizd
9 c:: o o = o't = b o Y =1 o
ANUgNABIVBITUABLITax i Imsignilu 3 nquundlonuldun nauguni 1 sxidluns
= " { ' . 4
wanihidu limeadwnuand T, 0 <i <k-1) &l TvuasiniduTvuar =0, 1,2, ...,
- k o 9/ o ar & ] da aa @ o 9 A
w3e 2-1) 91Uk Audmsuaseviouuylawesaik Ia uazmnmiviumdudeuuy
¥ 1 ' = o = o1 k4 9/ 3/
dumailuszesvinsszninaInus nguguni 2 wilumsiignihanugavesdu lineadhw
Nuand1a k Auid TuuasindluTnua r laq Sanugeiminzauio anwga iy ke du
4 { a [ { ' &
o uagnguuni 3 seiguninludulineadwiuanarslan idumeninTnua xr) 49
= [ o aa ) 4 ] ar 'ﬂy
duansnveuniovisuvylanlesd k 7alUdiInua r Whudumaiuanaiadu lundiee

wosanvineavlssi Tnualugluuuve uaug uaeued r= r_r,...r, 122 X =X, X,...X,
a é w Y v
4.1 MIUATHANNFUFB UM UM

4 = [ o o e as 1
ennsuuasevienuy lanlosai k ialaq Tugduuvvesnsi nsidanaee
Uszneudis N = 2° Tnua uazlumisiszuananuuvuivnuasetienuy lenlesai k ia
N9 Tnua x(@n) sggadmualihimsdszutananiouiud i ds “for all vertex x(#r) €
o @ Jd o 9 I " oar A‘ =Y o
Q, pardo” MAIUTANUFUFOUMUNAUNIAY O(1) Haziiaw1san nueaviszd Tnualy
ULV UAVTIUAOVO r =1, 1,1 HAE X =X, X, ,...X, HADVLAWITDIUATIZHAY

o g ¥ o Yy g 3 Y " da
Wﬂ‘ﬁﬂuﬁ'lunﬁ11]E]§1ﬁluﬂauﬂ'l‘iﬂi'l~1ﬂu1Hﬂﬂﬂﬂ1ﬂﬂllﬁﬂﬂnﬂiﬂ'ﬂuﬂi'lﬂlﬂ‘l«liﬁl!ﬂﬁlﬂ"] (r =

¥
@

0,1,2, ... %508 2%1) 1daail

fori=0to k-1do
if (; = x;) // adjust bit weight
if (x; = 0) parent(T;,x) = x + 2'
if (% = 1) parent(T;,x) = x - 2!
if (rh # %) // apply GHDLS
if (Xsucey = 0) parent(T;,x) = x + 25v«<)
if (Xsuccqy = 1) parent(T;,x) = x — 254«
end for i
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v ¥
ar A = o
Tuvuaoulinng Tnua x@n) Felivuisavilsgdrinualuzluuyves
yguaaiiy x = x,_ x ,...x, winmsannum Inuaweus lundaz T, 0 <i <k-1) n¥ou
o o =) = o 1 . d; o
mu TaoimsnfSoudiouiia x Av r, Tundagsou i Wiesnnmnoavlszi Tnualugiuuy
¥ b £ ¥
VOUAVFIMABIVDING x UL r BT k U astiumsdszaanaluduaeuildaniny k seu
¥ " " ¥
fio AuAsOUN i = 0 WDIPUN i = k-1 waziianududoudinauniiy ok) uaziile
i ' L& P A o & i
finsanmsilszunanalusdazson i FauilunmsuSouiouitou ludios 2 Goulumniude
o o o i ] [ £y = as
L A38I0 r, = x seimsannam Inuanewives x Taonsifuiia x, Widufiaaseiu
bt

2. n3difi r, # x, 92MMINNIA GHDLS themidumiiadiadiaiiaanni n3o succ(i)
waziimssnum Tnuaremives x Taomsisuiiad x, Wilufinaseiuda
Feiuneuiiianududoudnaiiu o)
nnmsdinsziidusiagl I8 hdunsumsadindu limeadiwituandiaas
MMM Inuaneutvewaas Tnua x(#n Tuudar T, (0 < i < k1) e k & Haa

FuFouA A UMY OK)

oy

a d o
4.2 MUNTZHANNYNNBIVOIVUADUID
nquuni 1 dwmiunievouunlanfeif k Galaq sxiidu limeaduiuandia T, © <

& - °
<k-1) Feii muannduTvuarc=0, 1,2, ... 130 21) $1um k du

a d e P 3 ' a 1 o
ngau NNRUAVTAMIFOUADITH I THUAYEY Q, 111 Tnuaudaz Tnuauu lanles
a o g P " @ a ] aa e’; ] 2 ar :: &2 a
Mzilidurouaeny Inualszraluuaaziianiua k idudou dniulvuar 393 Tnua
¥
UszFananua k Tnua wazmininsanmnomulszi inualugduuuvesiavgmanse:
wunlnua2 Inualaq Regaaduuwdunislu T, sxiiszozmaneuianidy 1 wazile
a o ' o & 1 w
WS = 15, .p, U lAIMINEvszi Inuaves TnuagnasogaaiuTnua
o 9/ ar = n’: = n’: = = A Y ¥
annsadnnumIdnnmsdiviaves r s k Tadsuadia r, r, wuia el ldnuoay
[ ¥
UszinuavesTnuagnueaTnua r ludulimeadhuiiuand1a k du daud T, T, il T,

Ay Tasmsanoammnoaulszi inuavesTvuagnuoaTnua r w18l 2

L

NIMALT
= o ° @ a a L i
NN r,=0 mmmmummmnlszmTuumanuagﬂTﬁuﬂmmﬂ 190 ni'lu 1(r+2)

=1

-

D3QMN r = 1 AN IMIBaVlszi TvuavedlvuagnlastSutan i mn 1 @ o - 2)

=h.
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vinanuduiusveavua r uazInuagnuealnua r vuudas T, MldiiunInuagaues
- o - [ : 9 ' o o Ya o 1 o o
Trua r aziiioaTnuadoamniuuazazdoaanaiadulugng T, ildsiged 1891 dwmdy
L] da o { " H
wiavionuylanleinl k idlan wiiduldneadwiuandia T, (0 <i <k-1) fif Inua rifu

n‘: ¥ o & da aa
I‘H'Nﬂ‘ﬂﬂ‘ﬂwiﬂuﬁ k 91y ﬂ'lﬁJinH'JN'ﬂBQT‘HNﬂQﬂ'UBQTHUﬂ r uumsa'uwuuu'lasﬂaim kun O

Mgl uaadedlavesdu limeaduiiuanda T, T,, T, uaz T, ¥oa Q, il Tnua
sl Tnua 8 uamedsgdruars uazmsdnnum InuagnuesTvua 8 Tu T, 83 T, v01 Q,

HARIAIATII1AN 4.1

o o ' ° :’l 1
A3 4.1 uaasaatanisAanminuagnaesiig 8(1000) faus T, fa T, 189 Q,

vanaarlszaiuun
Tuungnuasluun 8 | Tuusagnuesivum 8
T, 2aslvum 8 r; ke
(gUwuuaugugay) | (Mmelsulian i ves 8)
(gUuuauguse)
To 1000 ro=0 1001 9 (=8+2°)
T 1000 ri=0 1010 10 (=8+2")
) 1000 =0 1100 12 (=8+2%)
Ts 1000 rs=1 0000 0 (=8-2°
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nquunii2 dwmsuaieielanlesd k ialan anugaesdulineadhuiuanda T (0 <

é = d.. "a 4
i <k-1) Faii TnuannduTnua rilungaimnzafodinamge liidu k1 dudo

a - — o 1 ' -~ 2 H
gy nnnquuni 1 azmuldnlundas T, Tnuasin r ozl Tnuagnauiiu Tnuad

~ |

agaanune Inua r2' vaziiosvinanuonveudunaiuandann nua x & {21 '
s i L A ' @ i 6‘: d' -
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Abstract

An advantage of independent spanning trees (I1STs) for
data broadcasting on any parallel network is the increase
of network reliability. Recently work proposed a parallel
algorithm for constructing the k optimal ISTs rooted at
vertex 0 on k-dimensional (k-D) hypercubes in O(k) time.
In this paper, we proposed a generalized parallel
algorithm that constructs the k optimal ISTs on k-D
hypercubes, based on the Generalized Hamming Distance
Latin Square (GHDLS) scheme. Our new parallel
algorithm can construct k ISTs rooted at an arbitrary
vertex (0, I, 2, ..., or 2"-“ in O(k) time and minimize the
height of ISTs.

Key Words: Independent spanning trees (/575s),
Hypercubes, Generalized Hamming Distance Latin square

1. Introduction

Graphs play an important role in parallel computing
system by means of describing network topology for
resolving many network problems. One of the most
interesting problems is data broadcasting on parallel
systems. A great number of researches focused on the
increase of network fault-tolerance (or reliability). An
approach to overcome the problem is achieved by sending
multiple copies of the message through disjoint paths [6].

Considering a graph G = (V,E), where V(G) and E(G)
denote the vertex set and the edge set of G, respectively.
Two paths P and Q connecting between two vertices are
said to be internally disjoint, if E(P) n E(Q) = @ and
V(P) n V(Q) is the set of the two end vertices. A spanning
tree T of G is a tree composed of all vertices of G, V(T) =
V(G), and some edges (IV(G)I-1) of G. Two spanning trees
T and T"are said to be independent spanning trees (/STs)
[8] of G, if both T and T are rooted at the same vertex (r),
and for every vertices v # r, two paths from v to r in both
trees are pairwise internally disjoint.
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A hypercube, a type of parallel network, is academic
and commercial available and is being used for a variety
of parallel applications because of their attractive features,
including  simple  recursive-structure,  logarithmic
diameter, suitability for developing many parallel
algorithms, and more importantly “fault-tolerance”.

A k-dimensional (k-D) hypercube system (Q,) is a
loosely coupled multiprocessor that can be represented as
a graph, consisting of N = 2" vertices. Each vertex in the
hypercube can be uniquely represented by using a k-
length binary string (b, ... byby). The binary strings of
the adjacent vertices differ exactly one place, and hence
each vertex has k-directions to connect to adjacent
vertices. Generally, the k-D hypercube can be constructed
recursively from lower dimensional hypercube i.e. O, =
Qi1 x @), where is @ is a complete graph with two
vertices only and ‘x" is the Cartesian product operation
[7].

For a distributed computing network (ie., Q)
broadcasting on a graph can be realized based on the IST.
Meanwhile, the design of multiple /STs has been applied
to fault-tolerance protocols. For example, a fault-tolerance
broadcasting protocol in Q; can be designed by means of
k ISTs. With the root r, a source node, fault-tolerance is
achieved by sending k copies of messages through the k
ISTs. If the source node is the non-faulty node, this
scheme can tolerate up to k-1 faulty nodes.

The problem of constructing multiple /STs has been
studied to design the optimal /STs for a given graph has
received more attention, such as planar graphs [1,2,3],
product graphs [S], chordal rings [4], multidimensional
tori [9], and hypercubes [8,10], etc. Most of researches
on this problem tended to pursue two research goals. The
first is to invent the efficient constructing /ST algorithm in
terms of time complexity and the second is to reduce the
ISTs heights. In 1988, Ramanathan and Shin [6]
introduced an algorithm for the reliable broadcasting in
any hypercube, called the recursive doubling algorithm.
That algorithm generates disjoint paths in a top-down
manner (root to leaves) based on the bit-direction rule.
The basic idea is the source node sends the message to all

.



of its neighborhoods. Then, the neighborhoods in turn
forward the received message to their adjacent nodes
through the generated disjoint paths. In 2004, Tang et al.
[8] proposed an algorithm for constructing the height
reduced ISTs for hypercubes. Their algorithm was
modified from [5] to improve the optimal result in sense
of the average path length. In recently work, Yang et al.
(10] proposed an algorithm to generate the optimal ISTs,
on k-dimensional (k-D) hypercubes, based on “Hamming
distance Latin square” scheme. By this scheme, the
algorithm can be parallelized in O(k) time and the
resulting [STs are optimal in respect of the average path
length. The existing algorithms consider vertex 0 as the
root of the ISTs since the hypercube (Qy) is vertex-
symmetric [5,8,10]. However, every vertex (or node) in
Q, will be assigned node’s 1D at once (for initial setting)
and cannot be relocated to other different IDs during
runtime. Therefore, under this scheme we can assign any
vertex to be the root (= 0) for broadcasting but after
allocation time (or mapping nodes’ IDs) we cannot
perform the broadcasting from the root (r) that is not zero
(r=0).

In this paper, we propose a parallel algorithm to
construct the k ISTs rooted at any vertex (v) on the k-D
hypercubes (Q). In our new algorithm, any vertex in O,
can be the root for broadcasting at any time. The idea of
our generalized parallel algorithm with any root is
extended from the parallel algorithm with a specific root
(r = 0) [10], which is optimal in terms of the average path
length, and hence our results are also optimal.

The remainder of this paper is organized as follows:
Section 2 introduces the related work, the algorithm for
constructing the k optimal ISTs for Q; root at 0. Section 3
proposes our generalized parallel algorithm for
constructing the k optimal /STs rooted at an arbitrary
vertex on Q; and the proof of correctness is provided in
Section 4.  Finally, the last section contains the
conclusion of our work.

2. Related work

In this section, we would like to introduce the recently
algorithm that constructs the k optimal ISTs for Q.
Before presenting the algorithm, some notations and
useful properties are defined as follows: For a tree T
rooted at a vertex r = 0, let x (#r) is a vertex in T, the
parent of x, denoted by parent(T, x), is a vertex adjacent
to x in the path TTr, x].

Let vertex x (#r) € Q; with a binary string x = Xi.j... X2
x.xo. A Hamming distance Latin square (HDLS) [10] with
respect to x is a Latin square whose elements are chosen
from the set H, = {i: 0 < i < k-1 and x; = 1}, the set of
locations of 1-bits in x. Suppose that x(30) has Hamming
distance ¢ to the root (r=0) and let H,= {ig, i1y djverer iz }
be the 1 row of the HDLS, such that iy < iy ... <§j< ... <
i,.y. With respect to x in O, the matrix shown below is
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called the increasingly rotational HDLS. In addition, if i
is an element in /,(x) then the successor of i; is ij,; and the
predecessor of ij is i;., are denoted by succ(i;) and pred(i)),

respectively.
IR ST W
e ol A
Ld=| i
b By by il
hy iy by 1a
Example 1: We consider the vertex x = 1111(15). H, =
{igy i1y --- » i} = {0, 1, 2, 3} and the corresponding HDLS
matrix defined above is given by
01 2 3
|l 230
3. 0 T 2

From the above matrix, if we consider i; = 2 then
succ(2) is 3 and pred(2) is 1.

The main idea of this algorithm is to construct a set t
=(T;: 0<i<k-1} of k ISTs rooted at vertex r= 0 for Q;
in a bottom-up manner (leaves to root). In parallel, every
vertex (except the root) determines its parent in each tree
T, by comparing the binary string of every vertex x(#0) to
vertex 0 bit by bit (from bit 0 to bit k-1) and then
adjusting bit weight on the binary string of each vertex to
generate its parent in each T}

We rewrite the algorithm proposed by Yang et al. [10]
as follows:

Algorithm GEN-PARENTS
begin
for all x{#0)eQx with binary sting X=X 1 Xk-2 ... Xo pardo
fori=0to k-1do
if (x=0) parent(T;x) = x+2'; // adjust bit weight
if (x=1) parent(T,x) = x-2*°"; // apply HDLS
end fori
end for all
end GEN-PARENTS

Example 2: Constructing Ty for Q4 is computed as
follows. Let x(#0) be any vertex in Q4 with binary string x
= x30x,%. In case of xp = 0, leaf vertices x € (2, 4, 6, 8,
10, 12, 14} and then parent(To.x) = x+2° = (3,5,7,9, 11,
13, 15}. The remaining cases (internal vertices) are
defined as follows: if x = 1| then succ(0) = 0 and
parent(Ty,1) = 1-2°® = 1-2° = 0; if x € (3, 7, 11, 15}
then suce(0) = 1 and parent(Ty,x) = x-2' = (1, 5,9, 13}; if
x € |5, 13} then succ(0) = 2 and parent(Ty,x) =x-2= (I,
9}. Finally, x = 9 then succ(0) = 3 and parent(Ty,9) = 9-2°
= |. Note: the construction of T, T3, and T; for Q, can be
generated similarly to that of T, (Figure 1).



According to the HDLS concept, the algorithm can be
parallelized and the construction of k ISTs is simple. By
this way, Yang et al. show that the path from x(#0) to 0 in
each T, are pairwise internally disjoint. Moreover, the
height of T; is at most k+1 since the length of the unique
path from x ¢ (0, 2'}) 10 the vertex 2’ equals to the
Hamming distance between x and 2. The longest path
from x = 11..1x1..1 & [0, 2') to the vertex 2', where x; =
0, requires k edges, and hence k+1 edges along the path to
the root (r=0).

Figure 1. A set of ISTs rooted at vertex 0 on Q.

Example 3: Considering the longest path in T3 (Figure 1)
that rooted at vertex 0 on Qs (k =4, i =3, r=0), as
follows:

(@88
)

In T3, the child of r = 0 is 8 (1000) and the farthest
vertex isx =7 & {0, 8} then x = x3xx,05= 0111 and x;=0.
The Hamming distance between x = 7 and 8 (child of r) is
4 then the path length between them is 4(=k) edges, and
required 5(=k+1) edges along the path to the root.

Although any hypercube (Q)) is vertex-symmetric,
(any vertex can assign ID = 0 and setting the root of ISTs
= 0 is possible), every vertex in Oy can be assigned node’s
ID only once and cannot be relocated to other IDs during
runtime. Therefore, one limitation of the existing

algorithms [5,8,10] is that only vertex 0 can be the root of
I5Ts after allocating IDs.

3. Proposed generalized algorithm

In this section, we propose the generalized algorithm
for constructing k optimal ISTs rooted at any vertex (0, 1,
2,....or 2*-1) for Q, modified from the study in [10], the
specific root at vertex 0. For convenience, we first
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introduce some notations and useful concepts. Similar to
the previous section, for a tree T rooted at a vertex r, let x
(#r) is a vertex in T, the parent of x in T, denoted by
parent(T.x). Suppose 1= {T;: 0<i<k-1} is a set of k ISTs
rooted at r for Q.. By the connectivity of Q, and the
definition of 1, there is only one unique child of r, which
is r+2' in case of r; = 0 or r-2' in case of r; = 1, in each T;.

Furthermore, we introduce the Generalized Hamming
distance Latin square (GHDLS) that is extended from the
HDLS [10]. Let vertex r, as the source node, is the root of
ISTs and vertex x(#r)e Q, with binary string r=ry....r,rrg
and x = x;.;...xpx,x5. The GHDLS is a Latin square whose
entries are chosen from the set H,, = (0 < i< k-1
and x; # r;}, the set of locations of different bits in x and r.
Suppose that x has Hamming distance ¢ to r, let H,, = (i,
ity <oy By ooe s iry} e the 1% row of the GHDLS, such that
ig <iy ... <ij<...<lI.. With respect to x and r in Qy, the
increasing GHDLS, denoted by [(x,r), is the following
matrix. From the matrix, if §; is an entry in /i(x,r) then i,
is called the predecessor of ij, denoted by pred(i), and the
successor of i is i, denoted by succ(i)).

L) ‘0 wel by by

Example 4: Considering Q,, if r = 1000(8) be the root
and the vertex x = 1111(15), the set H,sg = {0, 1, 2}, then
the generated GHDLS matrix of x is shown in the
following figure.

0
1,058 =1
2

o N -

2
0
1

From the matrix, in case of i; = 2, hence 0 is the
successor of 2, or succ(2), and the predecessor of 2, or
pred(2), is 1.

Let's see another case, for the same r = 1000(8), if
vertex x = 0111(7) then H;3 = (0, 1, 2, 3} and the
generated matrix is illustrated as follow. From matrix
1(7.8), if we consider i; = 2 then succ(2) is 3 and pred(2)
is .

1,(718)=

W N -0
S W N -
- W N
N - c. w

According to the GHDLS concept, the construction of
k ISTs with any root (r) can be parallelized on Q; in O(k)
time. Our proposed parallel algorithm is detailed as
follows:



Algorithm PARALLEL GEN-PARENTSs-in-ISTs
begin
for all vertex x(=r) € Qx pardo
with r= rkafia...fo, X = XgaXg2...Xo
for i=0to k-1 do
if (= x;) // adjust bit weight ‘
if (x; = 0) parent(T,x)= x +2'
if (xi = 1) parent(T;,x) = x—2'
if (n# x) // apply GHDLS
if (Xoucor = 0) parent(Tix) = x + 2°%0
if (Xeucery = 1) parent(T;x) = x - 220
end for i
end for all
end PARALLEL GEN-PARENTs-in-ISTs

Example 5: We illustrate constructing T and T rooted at
r, with binary string r = ryryryre, for Qs, suppose the
source node is vertex 8 then r = 1000(8). Let x(#8). with Figure 2. A set of ISTs rooted at vertex 8 on Q..

binary string x = x3x,x,Xg, be any vertex in Qs.
Four ISTs (Ty, Ty, T» T) rooted at vertex 8 of Q are Table 1. The parent of a vertex x(#8) € Q, in T,.

depicted in Figure 2. In addition, Table 1 and 2 show the

complete information about the construction of Ty and T; x l:::i’“’ succ(0) 2% Xpwo  parent(Tpx)
rooted at vertex 8 for Q4, respectively. 0 00;: - . = 1
For constructing T;, (Figure 2), if xo=r¢=0, leaf vertices ) 0001 3 8 0 9
xel0, 2, 4, 6, 10, 12, 14} then in this case, we have 2 0010 i = = 3
parent(Ty, x) = x+2° = (1,3,5,7, 11, 13, 15}. The remaining 3 oo [ 2 I I
cases (internal vertices), xo # ro, are the following: if x=9 4 0100 - 2 L 5
then succ(0)=0 and parent(Ty, 9)=9-2"=8:ifx € (3,7, s o 2 4 | I
11, 15) then succ(0) = | and Xy = I, so we have 6 o110 A L L 7
parent(Tox) = x—2' = (1,5,9, 13}; if x € {5, 13} then 7 oLl I 2 i 5
succ(0) = 2, Xyeqoy = | and parent(To,x) =x-2=(19};if 9 1001 0 1 I 8
x=| then suoc(0)=3.x_m,m.=0andparenr(Tu.l)=l+23=9. 10 1010 - - i
For constructing T; (Figure 2), if x3 = r; = 1, leaf 1 1011 1 2 ! 9
vertices x € {9, 10, 11, 12, 13, 14, 15} then in this case, 12 1100 - s - 13
we have parent(Ty,x) = x - 2" = {1,2,3,4,5, 6, 7). The 13 10l 2 4 1 9
other cases (internal vertices), x; # r, are the following: if 14 1e - - - 15
x € (1, 3, 5 7} then succ(3) = 0, Xueqsy = | and 15 L ! 2 ! 13
parent(Tax) = x — 2° = (0, 2, 4, 6}; if x € {2, 6} then
succ(3) = 1, Xy = | and parent(T3,x) = x — 2' = (0, 4); Table 2. The parent of a vertex x(#8) € Q;in T3.
if x = 4 then succ(23) = 2 and Xy = 1, 50 we have
parent(Ts,4) = 4 — 2° = 0. Finally, x = 0 then suce(3) = 3, Binary cct)
Xueen) = 0 and parent(T;,0) = 0+2' =8 x string suce(d) 2 X ey parent(Tyx)
0 0000 3 8 0 8
4. Proof of correctness I 0001 0 1 1 0
) ! ; . 2 0010 1 2 1 0
In this section, we provide the proof of correctness in 3 0017 0 ] | N
“the oplimal helght of k ISTs (Tg, T}, +--» Tiy) and “the 4 0100 2 4 1 0
unique paths in each T;”. According to the proposed 5 0101 0 | 1 4
algorithm, since two end vertices of any edge in T; are 6 0110 | 2 \ 4
with Hamming distance 1, obviously the child that 7 ol 0 ) | 6
adjacent to the root (r) in each T; are obtained by 9 1001 ~ . B )
adjusting bit weight of the root from bit 0 to bit k-1 (r+2' 0 7010 i ) : 2
in case of r; = 0 or r-2' in case of r; = 1) and hence there 1" 1011 R ) R 3
exist k ISTs in Q,. From Example 5, the child of vertex 8 12 1100 L 3, . 4
in each T), can be obtained by adjusting bit weight of 13 1101 A . s 5
8(1000) from bit i (r+2' in case of r; = 0 or r-2' in case of 14 1110 L. J R 6
ri=1),i=0to 3, are shown in Table 3. is I ) s . 7




Table 3. The child of the root (vertex 8) in each T

T Binary string 5 Child of vertex 8  Child of vertex 8
' of vertex 8 (binary string)  (adjust bit weight)

To 1000 n=0 1001 9 (=8+2%

T 1000 r=0 1010 10 (=8+2")

T 1000 rs=0 1100 12 (=8+2%)

T 1000 n=1 0000 0 (=8-2)

4.1 The optimal height of k ISTs in O

First, we will show that “the height of T; is at most
k+1" since the length of the unique path from x & (r,
r+2'} to the vertex r+2' (child of r) equals to the
Hamming distance between x and r+2".

The longest path from x = dy...d;.1xd.i..do € [r, r£2'}
to the vertex r+2' requires k edges, and hence k+1 edges
along the path to the root (r), where x; = r;, and d; be a
different bit between x; & r; of x and r. Therefore, our
resulting /STs are optimal in the sense of average path
length, similar to [10].

Example 6: Considering the longest path in T3 (Figure 2)
that rooted at vertex r =8 (1000)on Qs (k=4,i=3,r=
8), as follows:

GaSataOaond
m

In T, The child of 8 is 0 (0000) and the farthest vertex
isx=15 & (8, 0(=8-2")} then x = xyxraxyxg = 1111 and x;
= ry = |. The Hamming distance between x = 15 and 0
(child of r) is 4 then the path length between them is
4(=k) edges, and required 5(=k+1) edges along the path to
the root.

4.2 The unique paths of k ISTs in O

Next, we will show that the path from x(#r) to r in
each T, are pairwise internally disjoint. Clearly, we can
find the unique path from every vertex x(#r) to r, with
binary string r = ri. fi2...fo and X = X1 Xeo...Xp, based on
the GHDLS. From the definition of H,, suppose that .,
= igy f1y ooes dpn oovs fra} With fg < i) <<, <<y and

g +2' )
notations x Py orx
adjacent in the path.

Assume i = iy, for some p =0, I, ..., -1. For T;, we
can consider the unique paths, according to the bit
direction rule in two cases, as follows:

»y, means that x and y are

Case 1: i € H,, and x; # r; (or internal vertices (x) in T)).
Since H., = lio. i1y -« » ips dpsts --- + i1}, X is adjacent to
il J

X+ (—)"“”I 2 (or x- 2l i x=1; otherwise x+ 20 ). Let

Ry ol o " o
y=x+E@ ™ 20 dueto Hy, = {i%008"1s ooe o 8 'pats === 5

Fafg it
i"a), v is adjacent to y+( ™ 27! where i'y =

¥ ax
suce(i’y) = ipa- Let z = y+(9 ‘P 9ip4l then H, =(i"

VR L AR LA L % S LB - (L A

Similarly, z is adjacent to z+ H‘?"“ 27! and so on. In this
case, the unique path that connecting x to rin T; is
pel 5fpt ;
P il VPN
o
_y i+l 5lpet g G ¥
O 2 y(ee (3 2+ ™ 2"
gr & de &
(Q'migr e R Lo

2 » N
st 271 4 (9 P 2l

Ao et
oy T Bl )____)(—)’“2‘ r

Case 2: i ¢ H,,, and x; = r; ( or leaf vertices (x) in T}). By
the bit direction rule, x is adjacent to x + (" 2 (orx-2'if

x, = |; otherwise x+2/). Let y = x+(9% 2'then i € H,,.
From Case |, we have already shown that there is the
unique path connecting y and r in T, Therefore

X —_-2-'-—+y(ifx,—= 1)orx —+3:—>y (if x; = 0) is along

with the unique path connecting x to r.

Example 7: For Q, there are four /STs that rooted at
vertex 8 (Figure 2). Let’s consider the unique paths from
vertex 6 (x = 6:0110) to root 8 (r = 8:1000) in every tree.

For Ty[6,8], the 1¥ unique path from 6—8 is derived as
follows: In Ty, xo=ro=0(& Hgg). x=06is adjacentto y =
x42° = 7 (Case 2).

6:0110 —2— 7:0111
8:1000
(ddd-)

where - represent x; = r; and d represent x; # r;.

Next, from y = 7 to r = 8 (1000), y = 7 (0111) is adjacent
toz=y—2"=5(Case 1: yo # ro, o = | and i,,; = 1) and
so on for other vertices along that unique path from 58,

7:0111—25 5:0101 —2, 1:0001
8:1000 8:1000
(dddd),l.r,ﬂ:l (dd-d).i',,..:Z

1:0001 —2 5 9:1001 —2°, 8:1000
8:1000 8:1000
(d--d),i" =3 (---d),i'",=0

Therefore, the complete unique path from 6 — 8 in Ty is

T68): 6—257—2 552 ) 2 0 .8




Similarly, other unique paths from 6 — 8 in T}, T3, T; are

T,(6:8) : 6—22—2 ,10—2 .8
(Case 1: i=1, (6—8))

T}(6.8] : 6 —2s 14—2 5122 ,8
(Case 1: i=2, (6—8))

T\(68] : 6—2 42 ,0—=2,8
(Case 1: i=3, (6—8))

5. Conclusion

In this paper, we propose a generalized parallel
algorithm for constructing k optimal ISTs with any root
©, 1, 2, ..., or 2%1) for Q,, that consists of N = s
vertices, based on the Generalized Hamming distance
Latin square (GHDLS) scheme. Our optimal algorithm
can be performed in O(k) time, where k is a number of
hypercube dimensions. Furthermore, the farthest distance
from a vertex (x) to the root (r), refer to the height of the
IST, is at most k+1 and hence our resulting /STs are
optimal in the sense of average path length.
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