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Research Title: Mathematical models for the super-spreading of emerging respiratory
infectious disease
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King Mongkut’s Institute of Technology Ladkrabang

ABSTRACT

Respiratory disease refers to respiratory infections. This is caused by many viruses such as
influenza virus, respiratory syncytial virus. About 70-80%, acute respiratory infection of the upper
respiratory tract is mainly caused by influenza virus. The acute infection of the lower respiratory tract,
often caused by respiratory syncytial virus(RSV virus). Most respiratory infections in children are
acute. The duration of illness is up to 4 weeks. Currently, trends of emerging respiratory infectious
diseases are increasing.  The outbreaks of the respiratory diseases are fast and extensive.
Emerging diseases have been recognized since 1980 such as bird flu in Asia, SARS, Ebola.
The most recent occurrence is Middle East Respiratory Syndrome (MERS) has serious impacts on the
health system, including the economy, exports, tourism and investment in the country. In this study, the
mathematical model of each respiratory disease is formulated and analyzed by using mathematical

techniques and conclude the results.

Keywords : Basic reproductive number, Mathematical models, emerging respiratory infectious

diseases
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In this study, we consider the transmission of avian influenza. For bird, we separate into three types:

susceptible, exposed and infected groups. For human, we divide into 8 groups; susceptible, exposed, infected,

recovered juvenile humans, susceptible, exposed, infected and recovered adult humans.

E BySe L, EE, alh
For bird populations
d,S, d,E
W d;l, Vil d,R,
hl T PusSil, T EE, T f 1k T
—{ § > B ——| 1 R,
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For human populations
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We define the variables and parameters in the model as follows:
Sy(t) is the number of susceptible birds at time t,

Ey(t) is the number of exposed birds at time t,

I,(t) is the number of infected birds at time t,

S;(t) is the number of susceptible juvenile human at time t,
E;(t) is the number of exposed juvenile human at time t,
I;(t) is the number of infected juvenile human at time t,
R;(t) is the number of recovered juvenile human at time t,
Sa(t) is the number of susceptible adult human at time t,
EA(t) is the number of exposed adult human at time t,

IA(t) is the number of infected adult human at time t,

R A(t) is the number of recovered adult human at time t.
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Symbol Description
E bird nflow
[ Watural death rate of birds
@ death rate due to avian strain m birds
B rate at which susceptible bird change to be exposed bird
E. mncubation rate of avian mfluenza in birds
ul juvenile human recruttment rate
Pu transnussion rate of avian influenza from birds to juvenile human population
F, mcubation rate of avian influenza in juvenile human population
; recovery rate of juvenile human
Y, death rate due to avian strain in juvenile buman
4, MNamral death rate of juvenile human
b rate at which juvenile change to be adult human population
nr adult human recruitment rate
P transmission rate of avian mfluenza from birds to adult human population
F, mncubation rate of avian mfluenza in adult human population
recovery rate of adult human
A death rate due to avian strain m adult human
d, MNatural death rate of adult human

Y Y Y o

@ a PPN a P ) a a
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The dynamical equations are described as follows:

Bird population
S E-RsL-ds, (1.1)
%-EP-SEIE _'E‘ +E"}Eh (12}
idlln-?.Et —(@e+dlL, (1.3)

Human population

S om-pSL-weds, (14)
E . -

L -BuST, - F +u+d)E, (1.5)
e A LD (1.6)
%- L - (w+d )R, (1 :,r]
%—u—ﬁmﬁnlbfl:ll—dl]ﬁa (1.8)
s o BuS.L, +iE, = (F, +4,)E, (1.9)
dl 2

A =Ml +EE, ~(, +w,+d,)1, (1.10)
dz"-u.R..+}'hI,‘ a3 (1.11)

9 9 ' a 4 = Yo d"
MnszUDAUNsINAY ap lisgdmzinyadugatazmanuanes laaal
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ANALYSIS OF THE MATHEMATICAL MODEL
Equilibrium Points

Setting (1.1)-(1.11) to zero, then the equilibrium points are given by:

1) The disease free state: g, - (& 0.0 2L 00302 GlhDu o)
dy d;+n dyld; +1)

11) The endemic disease state: e, - (s B 1.5 EL.T.R.S, ELTLRY)

g _ B
o B,I +du
E’ = — b _B_Bb_l‘: —
’ (Fo +du)(B,L, +ds)
L B, d
v ((_11, + Fh -](ab + 51,) Eb
g° B hl
! Bul, +(u+d))
£ B hip,1,"
! F+u+d)Byl, +pu+d)
. y hip, EL’
! (L +yy g +d)(F +p+d, )(Bb]lb‘ +u+d;)
R | hiB, Byl
! (Wrd)u+y, +v, +d )E +urd)E,L, +u+d)
g.* B hip+ h2(B, L + o+ dy)
* (Boady +d)(ByT, +p+dy)
L DBt Bua (il 4 by + B, 4 ),
b -
E, A d; +F +u d,+Bp.L,
’ (dy +E)(d; +Byly +10)
F hiBypl,” \ Bualy (hip+h2(ByT, +11+dy)) |
R F+u+d; Bual, +d, - hif, Ful,”
I _ F, +d, W+y+w,+d )(E +u+d;)
. (:',-; +W, _d,-;)(ﬁwlb‘ +H +d])
(b [ BB BLL(hln - b2(B, L <+ dy)) |
B +p+d; Beul, +d, ), hip, Ful”
R° = w | hlp+h2(B, L +u+d) |y F, +d, (n+y, +y, +d )E +u+d,)
A = - =

d, (B L +d B, L +u+d) ) d, ‘ (1o +wa+d OB, +n=d,)
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\74

Local Stability

The local stability of equilibrium point is determined by the sign of eigenvalues for each
equilibrium state. If signs of the real parts all equilibrium points are negative, then that
equilibrium point will be locally asymptotically stable.

Let E =(S,.E.I,.S.E.T,.R}.S,.E,.TI,.R,) If R, <1the disease free stater, is globally asymptotically
stable in

0= B b 5 B LR, S, B LR 02N, <

_h1
,N,:»d—

n.l:-

2]
L.
Let  E,=S,.E.L.S.E.LRLSLELLLRY I R =1the endemic diseases stater, 1s locally

&

asymptotically stable in

DZJ(SD:EV[» SLELLR S, ELR, ) e 11 Ny <£N <ENA£E"
l &7,
1) Disease free state g - (_E_o_o_ M 0,0 302 =12 o o) the characteristic equation is
ds d;+p dy(d;+1)
s, 71| =0
or
(B 1, +d, + ) 0 0 0 0 0 0 0 0 0 -B*S
Byl —(d, +F,+u) 0 0 0 0 Q 0 0 0 B S,
0 F yrwrd py 0 0 0 0 0 0 0 0
0 0 ¥ —{d; + ) 0 0 0 0 0 0 0
® 0 0 0. AL +d) 0 0 0 0 0 —BuTS,
0 u 0 0 Butlh  ~d,+F) 0 0 0 0 ButS, (=0
0 0 # 0 0 F, ~p+d, ) O o 0 0
0 0 0 2 0 0 7, = /1 0 0 0
0 0 0 0 0 0 0 0B =S=dy 0 -B,*5,
0 0 0 0 0 0 0 0 B ity
0 0 0 0 0 0 0 0 0 Fo . —a—dy

Then the characteristic polynomial of the above Jacobian matrix 1is
(=) (A~ —dy) (- —dy —F, )(=A — t—d; —EX(=A —db— Fo )(=A —d— 0ib)(—. — b —%n—ﬁ(—ﬁﬁ —%))(—/\ —dy VWL —p—d; =y )= 0 (3 - l)

The eigenvalues are given by
A =—d A =ped hg=—dg-Fody=ol—d, —FLA 5 -d -7, W, A F-dy =y =y

The remaining eigenvalues are the solutions of

(—h—ds — Fo)(—h — b — o )(—A 7dhf—ﬂ") Fo(-BB, - BBy - = 0
b

or AP+ AL+A=0 (3.2)
where

A, =3dy + Fo + oy +=t ﬁ" (3.2a)

A,= Sai +2dsFy + 2dys s + Fodty +2§Bh +Bo(_:7hﬁb (3 2b)

b
_ Hi (ab +§b )(Hb +5h)tﬁ(a§ +(Hb +E)Eb)ﬁh (3 30)
du .

We determine the conditions of,.5,.2,.2,.2, and 7, to have negative real part by using Routh-
Hurwitz criteria (Leah, E.K. ,1998).
detH, =A >0 3.3)
detH, =A,A,—A ,>0 3.4)
detH, = A, A, A,—As’>0 3.5)

Condition (3.3) is always true because all terms in (3.2a) are positive.
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Fig.3 The parameter spaces for the disease-free equilibrium point which satisfy the

Routh-Hurwitz criteria (3.4)-(3.5). The values of parameters are
25

P = 200000

B=1500,d =——— 5 =7.F =+
100 7

i1) Endemic disease state £, = (S,.E_.I, .S} E}.T,.R}.5,. E..I,.R}) » the characteristic equation is

AL +d, =)= 7
Bl
0
0
u

0
0
o
o
0
0

(=d, —A)(=d, —F, —i)(=d, - (

Bd.F.0.F,

(]
RCR R E

oo oo eor ool

0

0
=y, +d -2

oo ocoR oo

BF,

T

(Eb *?b}(ah “'&h) K

0
0
a
{d, +p) =2
0

coco®r oo

oo

0
B L rd,) -4
Bl
0

oo oo

B3 Ef,

BE.B,h

[}
0
0
0
[}
0

%, v) 4
Ya
[
[}
1]

g:);sm M@ BTy Gt BoFuais S
b

0
o
0
0
0
[
0
L AN
0
0
0

BRow Bk

(Hb +?h)(ab I—E&,) (ab +?h)(ah +&b) (ah +1?1,)(Hb + &h) = (ﬁh +fb)(ab +ah) (ah +fb)(ah +Eb)

BF.B,02

(dy + Fo)(dy + 1)

—33)(=dy =7~ (-~ By = )y =

BF:

(dy +Fu)(d + o) P

S

=By ===y =74 — =Wy (—d, — fy =R — -y
b

0 0 -BS
0 0 BuS,
[ 0 0
[ 0 0 ~
0 0 —B.S, (J 6)
0 0 BuS: |=0
0 0 0
0 0 0
—5,5, —ds — - 0 -7,
B, —Fa=d, -2 5,
[ F. —z —ds —
e ——a A
Bdy Fo Bb _ BduFe ﬁb
(de +Fu)(de +0s)  (de +Fo)(ds +an)
B I
=0

hy=—dy by =—dy —Fy iy =—dy —Va—Wa, la=—d 1, hs=—d, —F —p Ay =—d -7, -y

hy=—d;

B By

((lb + Fh)(ab + ab)

abﬁm _

0
Py

i, have negative real parts when

a‘iﬁw -
By

g =—

BFsb,,

(Hh + f‘,)(ﬁb + ab)

ﬁh B

(dy +Fo)(ds + )

+Ll

) ahﬁm

By

1, have negative real parts when

—HT’_D"'* <d, +
By

BF, B

(Hh + fb)(ﬁb +5h)

The remaining eigenvalues are the solutions of

3h3 + Hfl—:h + Ebz Eb + Ebfbah -

—
BFb f, %

BE.aof)

N (Hh -+ f‘h)(ﬁh +Eh) (Eh + Fb)(ﬁh + Eb)

or
where

Efﬁﬁb _ EHbe:Bb _ BdvFo Ebﬁb B ﬁbzabﬁb _ zﬁbﬁ,ﬁb},
(db + Fh)(dh + Clb) (db + Fb)(db + Cib) (db + Fh)(db + Otb) ((lb + Fh)(db + Clb) (db +Fh)(db + Cib)
—2dv1? —Fuh? — a2 —%—13 = 0
(dv +Fu)(do +Ob)

PHAR+AL+A =0
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A= 2dy +Fy + o +%
(db +Fu )(db + 0?},)
2Bds Fe Eh ﬁ?bzﬁb E?bﬁh

T (dy +Fo)(dy + o) (dy +Fu)(dy 7&1,)7(31, +Fo)(dp + o)

A= 73}; (Hh +1Eh )(ah +ab) +ﬁhﬁh

We can see that 7,.2,.3,.2,.4,, &2, and », have negative real parts. We use Routh-Hurwitz criteria

detH, =A >0
detH, =A A, A >0

detH, = A, A A, —-A7=0

(3.7)
(3.8)
(3.9)

Condition (3.7) is always true because all terms are positive.

250

wf S

detH,
\

detH ,

Fig4. The parameter spaces for the endemic equilibrium point which satisfy the Routh-

Hurwitz criteria. The values of the parameter are B=2.000 ,ds :% »Fo =5 =

Numerical Results

The value of

1

25 —

5 Ob
200000

arameters in our model

Description Parameter | Sample Values
Natural death rate of birds ds 0.005 per day
death rate due to avian strain in birds | @ 5 per day
rate at which susceptible bird By 0.000002 per day
mecubation rate of avian influenza in | E 0.142857 per day
birds
Disease free
bird intflow | B | 1,000 per day
Endemic
bird inflow | B | 2,000 per day
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Fig 5. Numerical solutions of our model for R, <1 the parameters are

B =1000.ds = 0.005,0 = 5.B, = 0.000002.F, =0.142857 and R, =0.0422871
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Fig.6 Numerical solutions of our mod
B =2000, B, =0.000025,ds = 0.005, as =

el, for r, -1 the parameters are

4.F =04 and r = 64831
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DISCUSSION AND CONLUSION

In this study, we constructed the mathematical model of avian influenza. The model equation
1s constructed for each human class. Standard dynamical modeling method is used for
analyzing the behaviors of solution. The basic reproductive number is defined by Ro where

BEup,
Ry=————2t0
db (dh + Fb)(dh + C{h)

Forg, <1the disease-free equilibrium state is stable and the endemic equilibrium is stable where
Ry =1

From Figd, we can see that the solutions approach to the disease equilibrium state
E, =(12516.0.0,0,313893,0.0.0.200000.0.0) Where R, <1

Fig.5 Time series solutions of susceptible, exposed, infected and recovered juvenile population

and susceptible exposed infected and recovered adult population, susceptible, exposed and
infected birds, wherer, -1
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&0
500
&00

300

Infested hinds

Fig.7 Bifurcation diagram of the solution of equation (1.1)-(1.11) the parameters are
B=2000.d, =0.005.F, =0.4.0, =4

The bifurcation diagrams of equation (1.1)-(1.11) are shown in fig.6. We can see that when
R, <1, E, will be stable and forr, -1, E, will be stable. If the reproductive number is greater than
one, the normalized susceptible exposed, infected, recovered populations, susceptible exposed
infected, recovered adult humans. From the mathematical model of the avian influenza,
controlling the epidemic model is effective and practical for the application of Mathematical
to show numerical results of the mathematical model in accordance with the conditions of the
outbreak and epidemic disease under the conditions without chronie conditions which could
control the outbreak.
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The total population of Thai human, Hong Kong human and bird are denoted by N, N, and N. The Thai
population is divided into three population groups: susceptible (S,) infected (I,) and recovered (R,) Thai
populations. The number of susceptible Thai human is increased by new-borne human whereas their
reduction through natural death and infection. The number of infected Thai population is increased by the
infection of susceptible Thai population but they diminish by recovery from the disease, natural death and
disease death. Number of recovered Thai population is increased by recovery of infected person and reduced
through natural death. The total Thai population is represented by N,=S.+I.+R.. The Hong Kong
population is divided into three groups: susceptible (S,) infected (I,) and recovered (R,) classes. The
number of susceptible Hong Kong human is increased by Hong Kong move into Thai and decreased due to
the infection of susceptible human, natural death and they move out Thai. The number of infected Hong
Kong human is increased by infection of susceptible Hong Kong population, but they diminished by recovery
of infected Hong Kong population, natural death, death due to the disease and Hong Kong move out the
country. The number of recovered Hong Kong human is increased by recovery of infected Hong Kong
human, reduced by natural death and Hong Kong move out the country. The total Hong Kong population is
given by N, =S +I +R,. The bird population is divided into two population: susceptible and infected bird
population. The number of susceptible bird population is increased by new-born of bird and decreased by
natural death. The number of infected bird is increased by infection of susceptible bird and diminished by
natural death and death due to the disease. A schematic representation of model is shown in Fig.1. We use
SIR model for human population and SI model for bird population. The variables of our model are defined as
follows:

S; (V) be the number of susceptible Thai population at time t;

I, (1)  be the number of infected Thai population at time t;

R, (1) be the number of recovered Thai population at time t;

S (1) be the number of susceptible Hong Kong population at time t;

I, (t) be the number of infected Hong Kong population at time t;

R, (t) be the number of recovered Hong Kong population at time t;

Sg () be the number of susceptible bird population at time t;

I, ()  be the number of infected bird population at time t;
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CNz(t) BrSr(D)I(1) yrir ()
— s S¢(®) I (t) R (D)
urSr(t) (ur + @) (D) urRe ()
(a)
1-pK BiSie (@) () Yl (0)
—f Sx(®) Ix (1) Rg ()
(g + d)Sk(2) (ug +d + a) g (1) (g + )R ()
(b)
BNp(t) BSz (O (1)
S| Sy Ix(t)
upSp(t) (up + az)Ip(t)
(c)

Fig.1 Flow chart of the dynamics in the model.(a) for the Thai human population, (b) for the Hong Kong

human population and (¢) for the bird population

Thai population
B = ON (08,5101, )-S50 (1)
S S, (01, 0=ty + )L (0 @)
ROy 1= 1R (1) 3)

dt
Hong Kong population
dS, (1)
T: (I_P)K_ﬁKSK (t)IB(t)_(“K +d)SK(t) (4)
Bl S, (01 (0= +d 4, #7010 (5)
B Oy + DR (0 (©)
Bird population
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Lol BN, (0-ByS. 01,0180 )
% = BySy (DL (1) — (g + )T, (1) ®)

Where N, (1) =S, () +1,()+R (1) , N, (t)=S, ()+I (1)+R,(t) and N, (t) =S, (1) +1,(t)

Table 1:Definitions of parameters in our model.

Parameters | Definitions

C Birth rate of Thai human population

B, Rate at which susceptible Thai human changes to become an infected Thai human

Yy Rate at which infected Thai human changes to become recovered Thai human

iy Natural death rate of Thai human

a, Death rate due to avian influenza of Thai human

N, Total Thai human population

p Fraction of infectious Hong Kong human when they enter Thailand

K Contact rate of avian influenza

By Rate at which susceptible Hong Kong human changes to become an infected Hong
Kong human

Yo Rate at which infected Hong Kong human changes to become recovered Hong Kong
human

™ Natural death rate of Hong Kong human

a, Death rate due to avian of Hong Kong human
Rate at which Hong Kong move out the country

Ny Total Hong Kong population

B Birth rate of bird

By Rate at which susceptible bird human changes to become an infected bird human

Iy Natural death rate of bird human

o, Death rate due to avian of bird human

N Total bird population
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3. Analytical Solutions
3.1 Equilibrium Points:
The standard dynamical method is used for analysis our model. Steady states of our equations are found by

setting (1)-(8) to zero, then we obtain the steady states:

. . 1-P)K B
(i) The disease free steady state E, = (CNT ,0, O,( ) ,0,0, Ny ,0)
Hr d+ iy Hp

(ii) The endemic steady state E, = (S,,l,,R,,Sx, 1, R .Sy, 1;)

S; :& (92)
Bl y + 1y
o CN,BTI, (9b)
(Brd s + )y +y, +:“T)
: CN. I
¢ — - TﬁTyl B (90)
My (/))T]B + Uy )(al ) +/ur)
L1 )% o)
. d+ﬁ1([; + Uk
e 11 ] B K> (=1+ P)I, (%)
K *
(d+Bdy + 1 Nd+ 247, + 1)
dlis nBk (=1+P)I, f)
(d+ e d + B Ly + 1 Nd + oy + 7, + 1)
oy it (92)
Bely + i1y
and S RS (9h)
ﬁB a} +IuB

3.2 Local asymptotical stability
The local stability of each equilibrium point is determined by sign of all eigenvalues. The
eigenvalues A are solutions of the characteristic equation

3.2.a. Disease free state : The Jacobian matrix at £, is shown as in (10)
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iy 0 o0 0 o0 ~(ryp,
Hr
0 —(a+y+m) O 0 0 0 0 Noryp,
Hy
0 7 —1 0 0 0 0 0
0 0 0 —(d+um) 0 oo D,
e = 1 Pﬂ1K< (10)
0 0 0 0 ~(d +a,+ 7+ 1) 0 0 (g)ﬂk
d+ py
0 0 0 0 7 ~d+u) O 0
0 0 o0 0 o u oy,
0 0 0 0 0 0 0 o+ BNy, — 4,
L Hy ]
The characteristic equation of the above Jacobian matrix is
BN, p 2
(_’1_/13)[_0‘3 _’1"'%_#3}(—‘1_’1_#1() (_d_az e _i_ll"K)(_l_luT)
B
(alﬂh+ylﬂh+/12+al,uT+yl,uT+2,uT/1+,uT2) 2 0 (11)

Where

h=—py by =—d—pg Ay ==d—p , Ay =—d—0,—p, —lg , Ahg=—lp s 4 ==0, =)~ i and
BNBﬁB_

Ay =—05+ Mg
B

From evaluating all eigenvalues, the real parts of all eigenvalues have negative signs when R, <1

BN BN BB N
where R, = max sy ; B (d+ - +,qu, b !
tg (@ + g ) gty 05+ pg o+ p1g)  pt

3.2.b. Disease endemic equilibrium: To define the stability of the endemic equilibrium point £, ,we find

the eigenvalues of Jacobian matrix at E|

(B0, - 1y 0 0 0 0 0 0 ~B,S;
Bily,  ~a+rtu) 0 0 0 0 0 B:S;
0 7 — ity 0 0 0 0 0
J, - 0 0 0 —d- ,BKIf — 0 0 0 —ﬂkszk, (12)
0 0 0 Bily —~(d+ot, 47, + 1) 0 0 BiSk
0 0 0 0 [ —(d + 1) 0 0
0 0 0 0 0 0 Bl — 1y ~BsS,
| 0 0 0 0 0 0 Bl —aty + Sy — 1y |

The characteristic equation is given by

(o Byl +asht Byl yi= BySyit 27 + gy + Bytty Iy = BottySy + 2p0+ 7 ) (—d = A= )
(_d_ﬂklg_l_ﬂK)(_d_%_Vz_’l_ﬂk)(_’l_/‘r)(_ﬁle_i_#r)(_al_yl_’l_lur) =0 (13)
Where S;,I;,R;,Sy,I;,R;,S, and I, are defined in (9a)-(9h). From evaluation, all eigenvalues have

negative real parts for R, <1,
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where

3.3 Numerical Solutions

R, = max{

Table 2: parameters values to endemic state

BN, by [d+ BN, w} Bf,N, +#_r}
ty (05 + 1) ot 0+t 105+ pty)
parameters Value

C 0.4

B, 0.05

Vs 0.005

o 1/(75%365)
X) 0.06

N, 1000

5 0.2

K 2

B 0.05

Ve 0.01

oK 1/(75%365)
& 0.5

d 0.000025

B 0.1

By 0.04

u, 1/100

o, 5

N 100

Stability of disease-free state: The values are B=0.1,5, =0.04,u, =1/100,a, =5 and N, =1.We obtain:

b= —4.61,4, = —0.512537, 4, = —0.0650365,4, = —0.01 , 4 = —0.00253653

4 = —0.00253653,4, = —0.0000365297, 4, = —0.0000365297 and R, = 0.307922 .
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Stability of endemic state: we change the values of total bird population from 1change to be 100 Total Thai

human population from 10 change to be 1000 Fraction of infectious Hong Kong human when they enter

Thailand from 0 change to be 0.2 and keep the other values of the parameters the same. We obtain:

4, =-0.510062, 4, =-0.0873619, 4, =—-0.0873369, 4, = —0.0650365, 4, = —0.0399202 - 0.590175: ,

A =—0.0399202 +0.590175i, 4, = —0.0000615297, 4, = —0.0000365297 and R, =273212 . Eigenvalues have to

be negative real parts and reproductive number is more than one, the equilibrium point will be the endemic

state, E, as shown in fig.2.
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Fig.2Time series solutions of Susceptible Thai population, Infections Thai population, recovered Thai
population, Susceptible Hong Kong population, Infections Hong Kong population, recovered Hong Kong

population Susceptible Bird population and Infectious Bird population. The parameters show in Table 2.

4. DISCUSSION AND CONCLUSION
In this study, we constructed the mathematical model of avian influenza when there is the traveling
of tourists from the risk countries by case H5N1.the results by using standard dynamical modeling [11]. The

basic reproductive number is denote by R . when

B B B
R, :max{ NPy ) B {d+ Ny +,uKJ,—ﬁTNB +'u—T} (14)
My (a3 +:u3) Hply 05+ Uy U0y +1g) g

The quantity R} =\/R70 is the basic reproductive number of the disease. It represents the number of
secondary cases that one case can produce if introduced into a susceptible population[1]. Fig.2 show Time
series solutions of Susceptible Thai population, Infections Thai population, recovered Thai population,
Susceptible Hong Kong population, Infections Hong Kong population, recovered Hong Kong population
Susceptible Bird population and Infectious Bird population. We can see that the solutions approach to the

endemic state E,(4579,4.5182,614.955,18.3146,3.13464,858.261,125,1.74601) When R, >1
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Fig.3 plot of the number of infected Thai population and infected Bird population, infected Hong Kong

population and infected Bird population and susceptible Bird population and infected Bird population
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UV 3 MIadeuuusasavedly Swine flu[63]

3

Y
TuaitldimsAnpwuudiassweslsn lduianyrse Swine flu Tasutalszansaungueny
E4

EY

[

=\ A‘l 9 ! 1 1 [ =1
HazUsEHNTUNMIARUIETEHINUULAAZHAIAI

We formulate a transmission model of swine flu by introducing age
structure into the SEIQR model and study the network distribution of this
disease. The SEIQR network model contains people and public places, we
suppose that there are P public places and N people. Each day. the people
move to any public places by random process. i.e., random the Ist person to
Nth person visit between the lst place and Pth place (with uniformly
distribution). The probability for each person to visit each place is
equivalent. We assume that at the first day, there are one exposed person and

one infected person in each age group.

In our model. the human population 1s divided mto three age groups such
as group of the people 1-10 years. 11-20 years and more than 20 years,
respectively. Each group has constant size and it 1s sub-divided nto five
classes. 1.e.. S, individuals susceptible to the disease: E. individuals who are
latently 1infected (exposed): I infectious individuals: Q. isolated or
quarantined individuals: and R. individuals who have recovered and immune

to the disease. The variables in our model are defined as follows:
SF; ;. EF, ;. IF, ;. OF ;. RF, ; represent the numbers of susceptible,

exposed, infectious, quarantined and recovered persons of the first age group

in place 7th after visited at day f. respectively.
S8;.7. ES; ;. IS, OS; ;. RS ; represent the numbers of susceptible,

exposed, mfectious, quarantined and recovered persons of the second age
group in place ith after visited at day ¢, respectively.
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ST, ;. ET, ;. IT; ;. OT; ;. RI;; represent the numbers of susceptible.

NE NE

exposed, infectious, quarantined and recovered persons of the third age group

in place ith after visited at day 7, respectively.

N 1s the total number of persons, P 1s the total number of public places
and 7 1s the ending time.

The dynamics of human populations are given by:

—aySEy (EF + 1F; ;)

ASF, ; = : ~ ISF, ;. (1)
AEF, /5 57155.;'(5?.:' +1F ;) (c +d +K)EE,, 2)
AIF; ; = cEly —(e+ [+ k)IF ;. A3)
AOF; ; = elF; ; — (g + ) OF, ;. “)
ARF; ; = dEF, ; + fIF, ; + 8OF; ; —kRE, ;, (3)
ASS; ; = kSF; ; 9255 (i’i“' PP (55,47, (6)

a»SS; AES; : + 1S, ;
AESII 2 kE_F;(I + 2 f.I( f.1 .F_.T)

(c+d+k)ES, ;.. ()

N
AIS, ; = kIF; ; + CES; ; — (e + f +k)IS; ;. (8)
AQOS, ; = kQF, ; +elS, ; — (g + k)OS, ;. (9)
ARS, ; = kRF, ; +dES, ; + fIS, ; + g0S, ; — kRS, ;. (10)

—a5ST; (ET; ; + IT; ;) -
N (1

AST; ; = kSS; ;

a3ST, ;(ET, ; + 1T, ;)

AET, ; = KES, ; + N

—(c+d)ET, ;. (12)
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AIT; ; = KIS, ; + cET; ; — (e + f)IT; ;. (13)
AQT, ; = kOS; ; +elT, ; — gOT; ;. (14)
ART, ; = kRS; ; + dET; ; + fIT; ; + gOT; ;. (15)

Y
mmwmammwwmmaﬂuLmuﬁmamam"1{5’ i

Parameters Definitions

k The rate at which the first age group pass into the second age
group and also the second age group pass mnto the third age
group

a The average number of adequate contacts of the first age

group which 1s equal to 6,5,

o The average number of adequate contacts of the second age
group which 1s equal to 0,1,

as The average number of adequate contacts of the third age
group which 1s equal to 630,

6,. 6,. 65 | The probability of catching the disease per contact to the
infected/exposed person of the first age group, the second
age group and the third age group

G,. T,. @, | The average number of people contacted by each person per
day of the first age group, the second age group and the third
age group

c The rate at which the exposed individuals E become the
infected individuals 7
e The rate at which the individuals leave the infective

individuals 7 for the quarantined individuals O

df g The rate at which individuals in the E, I and O classes
recover from the disease

s o 7oy o o
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3. Numerical Examples

The simulations of the model are calculated to see the time distributions
of this disease. First situation, we assume that there are 20 public places, the
time distributions of exposed. infected and quarantined humans for the
different number of persons in this situation are shown in the following
figures:
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Figure 1. The time distribution for N = 200 persons: (a) exposed human.

(b) infected human, and (c) quarantined human. The solid line represents the

average outputs from 20 runs of simulation. The parameters in our model are
k=1/(365%x10), ¢c=1/9, d =17 e=15, f=1/7. g=07. a =20,

02:25, 03:15, S

20, T = 350.
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Figure 2. The time distribution for N =300 persons: (a) exposed human.
(b) infected human. and (c) quarantined human. The solid line represents the
average outputs from 20 runs of simulation. The parameters are same as

Figure 1.

We simulate the time distribution of exposed, infected and quarantined
human with the four different numbers of persons: N = 200, N =300, N =
400 and N = 500. For each N, we run 20 times and find the average. The
following figures show the average of time distributions of exposed. infected

and quarantined humans, respectively.
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Figure 3. The average of time distribution for various number of persons:
N =200, N =300, N =400 and N = 500. The figures are (a) exposed

human, (b) infected human, and (¢) quarantined human.

Figure 3 compares the average outputs of time distribution for exposed,
infected and quarantined human population obtained from the model with
four different numbers of persons. Figure 3(a) shows the maximum number
of exposed individuals and the day at which reaches maximum: N = 200, the
maximum around 18 persons at 17 days and tend to steady state at 90 days:
N =300, the maximum around 27 persons at 18 days and tend to steady
state at 140 days; N = 400, the maximum around 34 persons at 19 days and

tend to steady state at 170 days; and N = 500, the maximum around 41
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persons at 21 days and tend to steady state at 190 days. Figure 3(b) shows the
maximum number of infected individuals and the day at which reaches

maximum: N = 200, the maximum around 5 persons at 19 days and tend to
steady state at 85 days; N = 300, the maximum around 8 persons at 20 days
and tend to steady state at 125 days; N = 400, the maximum around 10
persons at 21 days and tend to steady state at 145 days; and N = 500, the

maximum around 13 persons at 24 days and tend to steady state at 215 days.
Figure 3(c) shows the maximum number of quarantined individuals and the
day at which reaches maximum: N = 200, the maximum around 1 persons at

22 days and tend to steady state at 70 days; N = 300, the maximum around
2 persons at 23 days and tend to steady state at 130 days: N = 400, the

maximum around 3 persons at 23 days tend to steady state at 300 days; and
N =500, the maximum around 3 persons at 26 days and tend to steady state

at 315 days.

Second situation, we assume that there are 500 persons, the time
distributions of exposed, infected and quarantined humans for the different
number of public places in this situation are shown in the following figures:

@ o A 7oy o o
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Figure 4. The time distribution of human for P =10 public places: (a)
exposed human. (b) infected human. and (c) quarantined human. The solid

line represents the average outputs from 20 runs of smmulation. The

parameters in our model are &

— 1/(365 x10). ¢ =1/9. d =1/7. e=1/5,

f=17. g=07 a =20, ay =25 a3 =15. N =500. T = 350.
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N=500 and P=15 N=500 and P=15

exposed human
E & 8 8
infected human

NeS00 and P=15

w

quarantined human
-

Figure 5. The time distribution of human for P =15 public places: (a)
exposed human. (b) infected human. and (¢) quarantined human. The solid
line represents the average outputs from 20 runs of simulation. The

parameters are same as Figure 4.

46

We simulate the time distribution of exposed, infected and quarantined

human with the four different numbers of public places: P =10, P =15,

P =20 and P = 25, respectively. For each P, we run 20 times and find the

average outputs. The following figures show the average outputs of time

distributions of exposed. infected and quarantined humans. respectively.
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Figure 6. The average outputs of time distribution of human for various
number of public places: P =10, P =15, P =20 and P = 25: (a) exposed

human, (b) infected human, and (c¢) quarantined human.

Figure 6 compares the average outputs of time distribution of exposed,
infected and quarantined human obtained from the model with four different
numbers of public places. Figure 6(a) shows the maximum number of
exposed individuals and the day at which reaches maximum: P =10, the
maximum around 150 persons at 12 days and tend to steady state at 80 days;
P =15, the maximum around 84 persons at 17 days and tend to steady state

at 130 days: P = 20. the maximum around 41 persons at 21 days and tend to

steady state at 175 days: and P = 25, the maximum around 18 persons at 26
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days and tend to steady state at 200 days. Figure 6(b) shows the maximum
number of infected individuals and the day at which reaches maximum:
P =10. the maximum around 43 persons at 15 days and tend to steady state

at 180 days; P =15, the maximum around 25 persons at 19 days and tend to
steady state at 200 days: P = 20. the maximum around 13 persons at 23
days and tend to steady state at 215 days: and P = 25, the maximum around
6 persons at 31 days and tend to steady state at 265 days. Figure 6(c) shows
the maximum number of quarantined individuals and the day at which
reaches maximum: P = 10, the maximum around 12 persons at 16 days and
tend to steady state at 150 days: P =15, the maximum around 7 persons at
21 days and tend to steady state at 200 days; P = 20, the maximum around
3 persons at 25 days and tend to steady state at 215 days; and N = 500, the

maximum around 2 persons at 32 days and tend to steady state at 275 days.

fl
1 A

o 9 [ dy 9 = l Y d’ 1 o BJQ' 9 1 [ o
Tunpuiaesves ldnianyil man laezlianusanannuiiemdmauau I uduuana iy Siuauau

VIR RS AIANAIINL

suUf 4 Msasiauudiasshendmsulsassuumadunelanag 11 [64]

o dy ya % a <
Tunpudraest lanansamsszuiauuy SIR nulsaszuymaaunelanig 1y
Mathematical model is applied to describe the transmission of the diseases are occurred long time ago. To
model the transmission of the disease, we have to know process about the disease and what are its
transmission cycles. Respiratory disease can transmit between human through contaminated surfaces and
droppings. To construct the mathematical model, we need to define variables and parameters for describing

the transmission of this disease. We define the variables as follows:
S (2) is the number of susceptible human ,

1(¢) is the number of infectious human,

R(¢) is the number of recovered human.

The diagram can be written as
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AI
B S BSI+AS ] rf R
| | ]
ds dl dR

Fig.1. Diagram of our model equations.

From the above diagram, we can have following equations.

S (t)=B~(B,SO1(0)+B,S(t)-ds(t)

I(t)= (BSOL()+B,SE) +aR(t)+ A4, (r+d)I(t)
R (t)y=rI(t)-(a+d)R(t) (1)
where B is the number of human population at the beginning time,

B, is the infection rate of respirator y diseases between human,

B, is the infection rate of respirator y diseases from the other factors,

r is the recovery rate of cases,

o is the rate at which recovered human become to be infectious human again,

A; s the initial number of cases,

d is the natural death rate of human.

N is the total human.

2.1. Analytical Results

The steady states can be found from setting (1) to zero, then the steady states are

i) The first steady state (S 1* A 1* , Rl* )

where
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Sy = B .
Bo +d +Bply)
*_ Il*l”
P arad)

and [ 1* is given by

(4(48—ADN- AdNE

. . \(ﬁmw B AAIHARS,
I _ Vedad+ad))

| (A + GBI +)

whereA1 :a+d,A2 :Ai+B,A3 :BO +d

ii)  The second steady state (S ; o1 ; A R; ) where
* B

Sy = i
(Bo +d +PBplr)
* ];I’
2 —
(a+d)

and 15 is defined by

(ACALE — Ad)N-— AdDF
' +\(ﬁﬁ(44(%4 +Bﬁ§),&(ﬂ+r}+(ﬁ%ﬁ)
[ _ \+4dd+ad)d)

2 (A AN + BT+ )

3)

(4)

FOIFNANIINGG AT HUGT WIRTUWUT



o a J o @ ' 1 < a 1 wa ] a
lL“JJ“]J"lHﬁE]\‘i‘VlNﬂﬂW]ﬁWﬁ@]ifﬁﬂi‘UﬂﬁlLWS§$°U1@@81\15’3?’!&3’Jﬂl@ﬂiiﬂﬁﬂﬁ@qu&l{lﬁuigﬂﬂ‘Vﬂ\ilﬂu‘}’i"lﬂcl"l] 51

We analyze the stability of the steady states by looking the sign of all eigenvalues. For the firststeady

state, we found that all eigenvalues have negative signs when R, <I.

For Ry> 1, all eigenvalues of the second steady state have negative real parts. R(is defined as

oA+ BB Pad (4 1)+ A LSBy + Aiyd + Aydr)?
0= ) :
(_AlAZBh + A1A3d + A3dr)

If all eigenvalues of the steady states have negative real parts, then that steady state will be local stable[14].

2.2. Numerical Results.

We simulate our equations by using numerical method. We consider the behaviors of solutions for the

different set of parameters as follows:

Table 1.Parameters of our model.

Parameters
B 0.00000000006
B 0.0000000014
B 100
a 0.02
Bh I

Values

0.00000000003

0.0000000007

50

0.01
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Fig.2. Number of cases for the different Infection rates of respiratory diseases between human.
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Fig.3. Number of cases for the different infection rate of respirator y diseases from the other factors.
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Fig.4. Number of cases for the different number of human population at the beginning timel

Number of cases

Fig.5. Number of cases for the different rate at which recovered human become to be infectious human again.

Number of cases

100

80

60

40

20

0

160
140
120
100
80
60
40
20
0

Js

x|

0.00

0.01 0.01 0.02 0.02

Rate at which recovered human become to be
infectious human again

5 10 15
The initial number of cases

Fig.6.Number of cases for the different initial number of cases.

F0IANANIINGG AT HUST WIRTUWUT

53



o a J o @ ' 1 < a 1 wa ] a
lL‘U“]J"lﬂﬁE]\WlNﬂﬂW]ﬁWﬁ@iﬁTﬁiUﬂﬁlLWSig‘ll1@@81\15’3@]&3’)ﬂl@ﬂiiﬂﬁﬂﬁ@quﬁiﬁlﬁgﬂﬂVl?\ilﬂiﬁﬂfﬂ"l] 54

In this paper, we study the mathematical models for describing the transmission of respiratory disease. S-I-R-
I is used for this study. We analyzed our model by dynamical modeling method. The stability condition is
used to be guided for reducing the transmission of this disease. The local stability condition of two steady
states is determined by R(. If R(< 1, then the first steady will be stable. The second steady state will be

stable for R(> 1. The following figures are the example of numerical results for Ry> 1.

80 —

80 —
40 —
20 AP IR | &0 a T amma 1D WS W
o 250 500 750 1000 o 1z 5000 250000 375000 500000

140 —

120 +

Nunbker of cases

100 —

Number of recovered human

Time (days) Time (days)

7a) 7b)

Fig.7.Times series solution behaviors of our model. The parameters are B = 100, ,=0.0000000014, d =
1/(365*70), f5=0.00000000003, o0 = 1/60; A4; :=0;r:=1/15. Ry =L.1.

7a) For respiratory disease cases.
7b) For the recovered human.

From fig.7, we can sec that when we use the above parameters, the cases can be reduced and also the

recovered human increased until they converge to the second steady state.

We found that the parameters f3;,, f,,, B, a and 4; are influenced to the number of cases. From fig.2 to

fig.6, we can see that if the infection rate of respiratory diseases between human, the infection rate of
respiratory diseases from the other factors, the number of human population at the beginning time, the rate at
which recovered human become to be infectious human again and the initial number of cases are higher, then

the number of cases are higher too.
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4 2 J o a
HWUUN 5 ﬂ'l'i’JLﬂﬁ'lg‘ml,‘U‘U%WQGQﬂWQﬂm@ﬁTﬁﬁgﬂlﬂxﬂﬁﬂ MERS [65]

We consider the transmission of coronavirus. A virus in human. We have included the effect of repetitive
contact and taken into account that people having a prior illness have a higher mortality rate.
Suppose that the human population N(z) is divided in to five class with N(¢) = S(¢)+ E(t) + 1(¢) + Q(¢) + R(¢) .

Where
— S(?) as being the number of susceptible persons at time,
— E(t) as the number of exposed persons at time,
— I(#) as the number of infectious persons at time,
— (%) as being the number of quarantine persons at time,
— R(?) as being the number of recovered persons at time.

This model is called a SEIQR (susceptible, exposed, infected, quarantine, and recovered) model.

o 4 a Y o a 4 y
T uT1a99HIMTNIT UM TAINUUUIADINNAUAMNAASYDI]5A MERS TagUNUMNALAAINT

F2
ﬁ%)NLL‘]J‘]Jii'Ia’ENLLﬁﬂQﬁQﬁ

rQ(t)
———>| R(t)

uhR(t)l
4

The total number of humans is the sum of the five population groups at ¢ time that is, N(?) = S(?) + E(t) +
1) + O(1) + R(1)

Table 1. Definitions of our parameters in our dynamical equations.

pN(t) CS (E(I)+I(t)
—3 S(t) f——> E(t) |

uhstt)l (,+ dS(t)

Definition Parameters
Birth rate of human population p
Total human population at time ¢ Ny
Natural mortality rate of human population W,
Contact rate of virus between the human population ()
Incubation period of novel corona virus in human P
population

mortality rate of human population caused by the disease  d
rate at which exposed human change to become a b,
quarantine human

rate at which infections human change to become a b,
quarantine human

Rate at which quarantine human changes to become a r

o J
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recovered human

A susceptible human becomes an exposed person if he comes in contact. If CS is the number of contacts a

human makes with someone who could pass on the novel coronavirus, then CS(E(?)+1(t)) is the number of
contacts which could result in a person being exposed to the virus.

We propose the following model for Middle East respiratory syndrome (MERS) disease:

%sm = pN (1)~ 1, S(t) ~ CS(E(t) + 1(1)) D
%E(t) = CS(E@Q)+ 1)~ (0 +d, ) EO) —%E(r) _BE(®) 2)
% I(t)= ILPE(t) —(my +d, ) I()=byI(2) G)

%Q(t) = byl (t)+ B E(t) = 145,0(6) = rO(1) @)

LR()= 00~ RO 5

Thus

d d d d d d
EN(t) —ES(t)'FEE(t)+El(l)+EQ(l)+ZR(t)

= pN(O)=(SO) + E(@)+1(1) +O(1) + R(1)) o, —(E(2) + [(1))d (©)

Since N(¢)=S@)+E(t)+1(t)+ Q)+ R(¢) and p = u;,, then we have

%N(z) = (E@+ 1)), )

If the summation of E(¢)and I(¢) are not equal to zero, the human population will decline. Next, we
reduce our equations by introducing the new variables.

o R 15,80 2

Taking the time derivative of a normalized population (S(t), % 1(1), 0(1) %) then
SO Nl()jt S()- swﬁdizv() )
0= O = S G EO -0 NG ©
0= = Ny O TR SN (10)
00 = B = G000 N (11)
4 R = %%=ﬁt); ()-R ()mdizv() (12)

s o 7y o
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Substituting equations (8) - (12) by (7), then we obtain

%S_’):md_ (-5 )T( (E)+1())d,)
:ﬁ%mw&%(%+%)
0 =ﬁ—E(r)+d E)(E0)+10))
ﬁ () 1(r>+d IO(EO+10))
—Q( )-W;Q(t)ﬂl 00 (E®+1(0))
%Frﬁﬁimnd R (E@y+10)

Equations (1) - (5), the dynamical equations of the normalized populations are given by

50 =p- 1,50~ CS (@ + 1)+ 4,50 (@) + 1)

d— o — e
— B0 = CS(E@+ 1)~ (s, +d, ) E(t) s EO=h E@)+d SWO(EO+10))

L0 =—E0) - (1, +d)10) -5, )+ 4,10 (B O +10)

000 b, T0)+ b E )~ 1,00 =100 +,00) (E W+ 10)
LR = 00~y RO+, R) B0+ 1(0)

The steady state of our dynamical equations is given as follows:
(i) the disease free steady state £, =(1,0,0,0,0)
(ii) the endemic steady state E; = (s,e,i5q )

Where

2
* K 1 — — Lk 1 K3
s :(—e-i—CS(,uh—CS—(l—l )ds+ﬁj(2ds) '+cs(2d,) 1\/[ﬂh_c5—(1—z )dS+EJ —4CSd,i J

57

(13)

(149

(15)

(16)

(17)

(18)

(19)

(20)

1)

(22)

(23)

2
{—uh +d, (ﬂh —CS—(1-i")d, +%j(2)‘ +d,(2)" \/[ﬂh —CS-(1-i")d, +%j —4CSd " +dsi*J

2
¢ = (ﬂh —CS—(1-i")d, +%j(2ds ) +\/[ﬂh ~Cs—-(1-i")d, +%) —4csd,i" ](st )

(24)

56\1?{1?{9]51"1]1587 A5.NUBH W\Wf

q.
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2
5" = [—e+ cs(ﬂh —CS—(1-i)d, +ij(2ds ) +cs(2d,)” \/(ﬂh ~Cs—(1-i")d, +%) —4csd,i"

IP
(25)
2
+ —,uh+ds(,uh—CS—(I—i*)dS+Lj(2)_I+ds (2)" (uh—CS—(l—i*)ds+ij —4CSd,i" +d,i"
IP IP
Where
i*=(0.5d.(b1—b2))_1 €1 i+b1 +b, (b —b,))+CS| d +i+b2 +d i—bl+b2
* IP\ IP N/ P
1 ’ 1 1 =0
2
—\/(CS) +(E+bl—sz +2CS(E+b1—sz(ds—ﬁ—bz—#hj
and " can be obtained from
¥o=l-s —e =i (27)

The local stability of each steady state is determined by the signs of all eigenvalues. The eigenvalues (1)

are solutions of the characteristic equation

det(Jz—4I)=0 (28)

where J is the Jacobian matrix at the steady state and 7 is the identity matrix. If all eigenvalues produce the
negative real parts, then the steady state is local stability.
The Jacobian is therefore given by

_ds (E(t)+1(t))—/zh d.S)-CS d,S()-CS 0 0
CS =, =d, _L_bl
0 - IP CS+d E(t) 0 0

+d, (E@)+1(0))+d,EQ)

0 Lo AU 1) :
IP +d, ( E(t)+ I(t))
0 b +d O(1) b, +d,0(t) d,(E@t)+1(1)) .
=My
0 d,R(1) d R(t) . d, (E@)+1())

—Hy i

For the Disease Free Steady State E,=(1,0,0,0,0), disease-free equilibrium, the Jacobian matrix

becomes
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) -CS —CS+d, 0 0
1
0 CS—,uh—a’S—E—b1 cS 0 0
1
0 73 —u, —d, —b, 0 0
0 b b, -r—u, O
| 0 0 0 r W |

We find the characteristic equation of the matrix, we set the determinant of J, — A/ to zero.

—uy, — A -CS —CS +d, 0 0
1
0 CS—p,—d,———b -1 (60 0 0
Hp K 1P 1
1 =0
0 — -, —d,—b, =2 0 0
P My s 2
0 b, -7 =1 —r—u, =4 0

The characteristic equation is given by

1 1 .2
(_CSFJ{_M' +CS—d, —F—bl —ij(—,uh ~d,. =b,=n —l)](—,uh —A) (= —r—=2)=0
The eigenvalues then become

Myl ==y A==y —r

1

2
1 1 2 1
Ay=—| 2up +CS —2d ,~—=by—b, = (CS) +| —=+b =b, | +2CS| —
475 iy sTyp T2 \/( ) (IP 1 2] [IP

—b1+b2j

2
1 1 2 1 1
/1525 —2,uh +CS—2dS —F—bl—bz +\/(CS) +(F+b1*sz +2CS(F_bl+b2]

From calculation, all eigenvalues have negative real parts for R, <1, where

2
1 1
(cs)’ +(]P+bl —sz +2CS(1P—b1 +b2]

0 2
1

2u, —CS—-2d_+—+b, +b

(/‘h sTp O 2)

In this paper, we are studying the effects of novel coronavirus effects of changing various on the
transmission of the Middle East respiratory syndrome. The factors we are interested in are the degree of
repetitious, the increased death of the humans when infected by the virus, and the degree of quarantine of the
infectious humans. These may not be the true values. We are interested in the changes in the projections of
the behaviors of the different time evolutions of the different populations when the values of the parameters
are changes.

CASE I We are interested in the endemic steady state of our dynamical equations. The initial values of

parameters used in this study are
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1, =0.000039, CS = 0.10000, IP = 0.20000, d, = 0.142300, b, = 0.10000,b, = 0.140000 and r =0.140000

the number of susceptible persons at time, the number of exposed persons at time, the number of infectious
persons at time, the number of quarantine persons at time and the number of recovered persons at time was

define as
S(1)=100, E(r)=50, I(£)=10, O(1)=0 and R(¢)=10.

The time evolution of susceptible persons, exposed persons, infectious persons, quarantine persons,

recovered persons was shown in Fig. 2.

CASE II We are interested in the endemic steady state of our dynamical equations. The initial values of

parameters used in this study are
1, =0.000039, CS = 0.10000, /P = 0.20000, d, =0.142300, b, =0.10000,b, = 0.280000 and r =0.140000

the number of susceptible persons at time, the number of exposed persons at time, the number of infectious
persons at time, the number of quarantine persons at time and the number of recovered persons at time was

define as
S(1)=100, E(t)=50, I(t)=10, O(t)=0 and R(1)=10.

The time evolution of susceptible persons, exposed persons, infectious persons, quarantine persons,

recovered persons was shown in Fig. 3.

CASE III We are interested in the endemic steady state of our dynamical equations. The initial values of

parameters used in this study are
1, =0.000039, CS = 0.15000, [P = 0.20000, d, = 0.142300, b, =0.10000,b, = 0.140000 and r =0.140000

the number of susceptible persons at time, the number of exposed persons at time, the number of infectious
persons at time, the number of quarantine persons at time and the number of recovered persons at time was

define as
S(t)=100, E(t)=50, I(t)=10, Q(t)=0 and R(#)=10.
The time evolution of susceptible persons, exposed persons, infectious persons, quarantine persons,

recovered persons was shown in Fig. 4.
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CASE IV We are interested in the endemic steady state of our dynamical equations. The initial values of

parameters used in this study are
1, =0.000039, CS = 0.15000, IP = 0.20000, d, = 0.142300, b, = 0.10000,5, = 0.280000 and r =0.140000

the number of susceptible persons at time, the number of exposed persons at time, the number of infectious
persons at time, the number of quarantine persons at time and the number of recovered persons at time was

define as
S(1)=100, E(t)=50, I(t)=10, Q(#)=0 and R(¢)=10.

The time evolution of susceptible persons, exposed persons, infectious persons, quarantine persons,

recovered persons was shown in Fig. 5.

SEIQR Epidemics SEIOR Epidemics
100 ] L 100 v T T ;
[—su] N (—
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N ) 3 ! P
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& 70 e . 70+ x| B A ") 1 W |
% 60~ =R 1/ é 4]
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g 40 ] 20\
2 2
30 30
20 \ A 20! ;
2 L L2 4 =
10 b 10I
0~ e : e 4 el
10 19 20 25 30 [} 5 10 -] 20 25 30
time time
Fig. 2. Time evolutions of human population Fig. 3. Time evolutions of human
population
(CS=0.10and b, =0.14). (CS=0.10and b, =0.28).
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SEIQR Epidemics
100 ¢ - .
\ o SEIQR Epide
90~ N E(t) pidemics.
! It 10 ' ' —
b R(t) = N : |-{|(;J
» 0 N\ &0 h aft)
3 AN \ R()
3 80- ™ o 707
= | Lo
?_ 50¢ \ (’3 80 .
=l A\ 13
T \ = = S0t
2 w0-\ a5 5 TN — -
E p 2 a0rh
20l z e
r ~ 20
0¥ ¥ ’ 4 0g
4 — R | " -
04— ; y = i i : e o ]
4] 5 10 15 20 sl 30 0 5 10 15 20 25 0
time time
Fig. 4. Time evolutions of human population Fig. 5. Time evolutions of human
population
(CS=0.15and b, =0.14). (CS=0.15and b, =0.28).

The mathematical model to describe the progression of a disease, we can simulate the time when the
values of various parameters are different. This would allow us to gain insights into how the epidemic might
respond to change in the practices which could change the values of the parameters. We consider the
behaviors when the percentage of contact rate of virus between the human population which are changed,
that is, CS' . We have set CS =0.10and CS =0.15, the effective contact rate to create newly decreases. This is
clearly seen in Figs 2 and 4. Moreover, we consider the behaviors when the rate at which infections human
change to become a quarantine human which are changed, that is CS . We have set to b, =0.14 and b, =0.28,

the effective contact rate to create newly decreases. This is clearly seen in Figs 3 and 5.

Y o a 4 [ a
!!‘lJiJﬁ 6 LL‘]J‘]Jfl]Waf’NVlNﬂmﬂ?ﬂﬁﬂisll’t’)\ﬂiﬂllsﬁ)ﬁ’JﬂiﬂﬂWi]"liﬂﬂi]ﬂﬂTﬁ [66]
o dyd ] A Y 1 I Y 9
Ell!LL‘U‘}Jﬁnai’NLL‘]_I‘]_IuiJﬂﬁLUNﬂﬁ‘Wﬁ]ﬁilﬂul,‘lm’llﬂiﬂﬂlmﬁﬂﬂﬂ!fﬂu 3 i]ﬁ]ﬂTﬁulﬂLLﬂ AU HQIU Lasfe

Y
W a4t

In this study. we formulate the dynamical equations for human population due to influenza. We separate
the human population into 3 classes such as susceptible(S). Infectious(I) and Recovered(R). The season
effects to the transmission of this disease. Thus. we separate the infectious human population into 3 groups.ie.
the infectious human in summer season. rainy season and winter season.Summer season begins from mid-
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February to mid-May. Rainy season begins from mid-May to mid-October. Winter season begins from mid-
October to mid-February. The characteristic of Influenza transmission with seasons can be described in fig.1.

L, N
My, Ny

OR
Hal,
1l
I
g ﬁ’ 3 IS
l Palz 1
IS 3
B\'IU
7
IW
}Id "'rw

Fig.1 The diagram of our model.

1ne variables and parameters oI our model can be described i tablel.

Table 1.The variables and parameters in our model.

Variables/Parameters Definitions
S Number of susceptible human population
Is Number of infectious human population in summer season
Ip Number of infectious human population in rainy season.
, Number of infectious human population in winter season
B
R Number of recovered human population
1, Birth rate of human population
i Death rate of human population.
_,?\.TT Total human population
/31‘ Transmission probability of influenza virus in rainy season
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ﬁs Transmission probability of influenza virus in summer seasomn.
By Transmission probability of influenza virus in winter season.
r Recovery rate of human
3 Rate at which recovery human can be susceptible again
das " ,
Z: N -(B+B.+ B, +u, )S+06R
dl
T{S: BsS—(ng +r)
dl
d—;Q:ﬁRS—(pd-f-r)IR (1)
dl,, .
d_;l = ﬂu'S —(pg +r)l,,
dR

—=r(I;#Igp +1,.)-@+pz)R.
dr

We assume that there is the constant total mumber of human. Therefore rate of changes for the total human

dtT =0. we can have 1), = i, . Thus, the birth rate of human and

population equals to zero. From setting

death rate are equivalent.

We normalize our equations to obtain

ds < .
a . = gy * 01y —(By + P ¥ By +ttg sy,

di .

S\ Bssp —tug +rjis
dt
di,
dt
di... ,
T}l - ﬁh‘sh _rau{f +”I‘u‘
where 7, =1—sj, —i; —1, —i,,.

By using standard dynamical modeling method, the steady state 1s tound by setting the right hand side of (1)
* * * *
equal to zero. Thus, the steady state is (5}, .7 .7, ,,) Where

Bysy =fug +rji;
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- (8-+ 110 )p (1a +7) ‘

Mg (By +Bs +By +1g)O+1g)+1g(By +Bs +By +0+ug)r
I': _ Bs (6"'“(1’ MU,

Ha By +Bs + By +1g )0+ 1g ) +1g By +Bs +Byy +0+1g)r
]_: _ B (0+1g)uy

g By +Bs +Byy +Rg)O+1g)+1g B, +B +B,y +0+Hg)r
I: By B+ 141y,

a Ha(Br +Bs +By +17)O+pg)+ 1By +Bs +By +0+p,)r

The Jacobian matrix is given by

—B, +Bs +B+1g) 0 0 0
5 Bs =g +7r) 0 0
B, 0 ~(ug +7) 0

B, 0 0 —(ug +7)

The eigenvalues are found by solving det(JJ — AJ) = 0 where I is the identity matrix dimension 4x 4. From
our evaluation. the eigenvalues are A} =—(B, +B; + By, +Hyg).kz34 ==(rtg=+7). The local stability

theorem stated that if all eigenvalues have negative real parts. then that steady state is local
stable[Leah.1988].1t can be easily seen that this steady state is local stable because all eigenvalues have
negative real parts. Next. we use numerical analysis to simulate the behaviors of our solutions by using the

real life observation: [, = 1/(65%*3635) satisfy to the 65 years of expected life for human, 6 =1/30
satisfy to the 30 days of recovered Inunan can be suscepfible human again. = 1/15 corresponding to the 15
days of recoveting for influenza cases, ;.. PBsand P,, are atbitrary chosen. The numerical results are
shown in fig.2-3.
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T
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Fig.2 The time series solutions of susceptible, infectious human (summer. rainy and winter seasons) and
recovered human. The parameters are given by |y, =1/(65%365). 6 =1/30.r=1/15. B,=03.

Bs=0.1. B,.=0.6. By =1/(65%365) . The solutions converge to  (0.0217705.0.0326351,
0.0979054.0.195811.0.651878). As we can see in fig.2. the suseeptible. infectious and recovered
populations converge to the steady states at 100® day.
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Fig.3 The numerical solutions of our model comparing between two populations. The parameters are given by
uy, =1/(65*365). ﬁ=1/30_ r'= V15 B,.= 03, By= 0.1, By.=0.6. Ky =1/(65*365) .The
solutions converge to (0.0217705.0.0326351,0.0979054.0.195811.0.651878)  which is the steady state.We

can see that the solutions converge to the steady state corresponding to the analytical results. Thus. the steady
state is local stability.
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Fig.4 The time series of our model for infectious human.
Moreover. we simulate the time series of infectious human proportion for the different seasons as in
fig.4. We can see that the fraction of influenza casesgives the highest proportion in the winter season because

the cooler temperatures and low humidity are good for the development of influenza virus in Thailand. Thus,
most patients from Influenza are found in the winter season.
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Nowadays, mathematical models are applied to many situations. It is also applied to the transmission of many
diseases [Pongsumpun and Tang. 2014. Lamwong and Pongsumpun. 2016. Pongsumpun and Changpuek.
2016.Derouich. 2008 and Chong. 2014]. The objective of this paper is to formulate the transmission model of
influenza virus in Thailand. Then. weanalyzed the model by using standard dynamical modeling method.
Numerical solutions are shown to see the behaviors of solutions to owr model.We used SIR model for
describing the transmission of Influenza in Thailand by considering the different transmission rates for each
season. We can see that the disease can be reduced when the parameters satisfied to the conditions given in
the above section.

HUUA 7 suudIasunseevaslsnliviia [67]

In the community, we suppose that there is the school, shop, church, houses, etc.. We assume that there is M
populations in this community. The movement of people is considered by random process. We random the
Ist person to the Mth person (with uniformly distribution) travel in the community everyday. Each person
can travel to the school, shop, church, houses, etc. in any day. Each person who lives in any house at the
beginning time will come back to his/her house at the ending time. At the first day, the infected human can
be in any places in the community. The population in the considered model consists of 5 population classes
such as susceptible, exposed, infectious, quarantine and recovered persons. The recovered human can be

susceptible to the disease again. The variables and parameters of our model are defined in Table I .
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TABLE I: THE VARIABLE AND PARAMETERS IN OUR MODEL

69

variable/parameter

Definition

Sht_ 1

Number of susceptible human in
the 1™ place at day t

Eh,; Number of exposed human in
the / place at day t

Ih; Number of infectious human in
the /* place at day t

Qhy; Number of quaranfine human
the i place at day t

Rh; Number of recovered hwman in
the i place at day t

IP Incubation period of virus in
human

a; Distance between the 1®place in

the community

The transmission rate of virus
between human

d The rate at which the exposed
human can be recovered

o4 The rate at which the infectious
human can be recovered

A The rate at which the infectious
human can be quarantined

G The rate at which the quarantine
human can be recovered

1n The total number of places in
the community

M The total number of human in

the community

s o 7o o o
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SShy; =—a; 8Shy ;(Ehy; +The;) +cRhy;

1
dEh, ;= a6 5he;(Ehyy +n11,i)‘EEht,i —dEh,;

(1)

(2)

70

1
;= —Bheg—alhy; —Alh; (3)
Ry ;= Alh,; —6Qh; (4)
cSRht:]- = a]ht}i —l—Qthi +dE11t:i —C Rhm (5)
LK,
B,
3PS e, FL,) dg ‘ i A 1L PQ -.!f
5‘\. - -3» hh,, lp—} L — 2 Q\‘ 3 | K

de,,

Y v D) - ] 9 . - & vo £
MNTETUUTUNTUNAU ElGIfﬂTii]TﬁENLﬁﬂu!tﬂﬂiﬂﬂi%omputer simulation Wﬁllﬂ U
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Fig. 2. Simulation outputs of our model. The parameters used in this study
are IP = 5 days. a; =200 metres.
d=1/7T.a=1/14,4=1/20.0 =1/6.1=10.M=1.000
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Fig. 3. Smmulation outputs of our model. The parameters used in this study
are IP= 5 days, 5=0.00005, d=, 7/ 1, a=1/14, 6=, 6/ 1.0=10, M=1,000.
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Fig. 4. Simulation outputs of our model. The parameters used in this study
are IP = 5 days. # =0.00005,
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= CQuarantine days =12
— Cuaranine days = 16
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Time{day)

43 40

Fig. 5. Simulation outputs of our model. The parameters used in this study
are IP =5 days. [ =0.00005

d=1/7.a=1/14,6=1/6,n=10, @ =200 metres, M =1.000
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Mathematical models are used for studying the behaviors
of population. In this study, we formulate the dynamical
model of influenza to study the network distribution of
community. We simulate the model outputs for the different
set of parameters. The time series of exposed human and
infectious human are shown from fig.2 to fig.6. The contact
rate of mfluenza virus, the distance between places in the
community, total population, quarantine day and number of
places 1 the community are considered to be different to
see how the parameters effect to the behaviors of population.
From Fig. 2 to Fig. 6, we will see that the epidemic size 1s
higher when there is the higher contact rate, the closer place
in the community, the greater number of total population,

the less number of quarantine day and the less number of
places in the commumnity. The outburst of epidemic are
longer when there 1s the higher contact rate, longer distance
between places, the greater total population, the higher
quarantine day and the less number of places. The results of
this study should introduce the parameters influencing the
behaviors of population in the community.
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TABLE I: THE VARIABLES AND PARAMETERS OF OUR MODEL

Variables .
/Parameters Definitions
S, Number of unvaccinated susceptible
human to the transmission of HIN1
virus
E Number of unvaccinated exposed
: human to the transmission of HINI
virus
Number of unvaccinated infectious
: human to the transmission of HIN1
virus
R Number of recovered human
% Number of vaccinated susceptible vector
to the transmission of HIN1 virus
i) Number of vaccmated exposed vector to
¥ - - - .
the transmission of HIN1 vurus
I Number of vaccmated ifectious vector
v . - ~ Z g
to the transmission of HINI1 virus
7 Birth rate of human
AT Total number of human
_T
A\ Total number the vector population
1Y,
f Fraction of newborn unvaccinated
5 Death rate of human
o Transmission rate of HIN1 virus
IIP Number of Incubation for virus
)i Recovery rate of HIN1 virus
4 Efficiency of vaccine

o J
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Y
v A

Musoadeaums laaail

ds

~=f uN.—aS,1 —58
df fu; T uTu u
aE, _ @S ——_E _GE,
dt 1P
fi[,r! — LE}J _ /ﬁju _ (?Eu
dt 1IP
d_R - ﬁfﬂ +ﬁjr1r Fi LgR
dt
ffv = (1 ' fu )z” PUTI = (1 o~ j»’){]’ Swjru —0 Sv
! “ .
dE, = (WX Y0l \~ L.Ev e
dt J D
oA TR N 5>
i LT
The total human population, N, 1S

S,+E + I +R[12, 13, 14]. The equations for the

human compartment are the following equation (1) and The
total population of vector population. N, =S +E + 171 .

We assume that there are the constant total number of
human populations and of vector populations. Therefore rate
of change for total human and vector populations are
equivalent to zero. Thus, the birth rate of human and death
rate are equivalent.
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S

5, =
N,
S

S, =
N,

V_,T z v:”r
N, N,

I i
;: ; Jr:: — : - R' :—if
N, N, N.
E I

r_ v ' ¥

Then, we have the reduced equations as follows:

ds;
dt
dE’

u

dt
dl’

i

= fu—aS, I =88,

uTu

1
aS I ———E. - S5E.

M I_EP U
1

dr
dE’

dt
dl

L

77

" " ]' r r
= (.l_y}fISHNT‘LJ NT _—E:- —o F,

E:: o JBI;_ {(SE;:

W W

P
1

dt

where\ R = 1 =S —F

TP

LG AR

D [)l<

r
[ i

F0IANANIINGG AT HUST WIRTUWUT



o a J o @ ' 1 < a 1 wa ] a
lL“JJ“]Ji]"IﬁﬁN‘VI"I\‘lﬂmﬁﬁ"Iﬁ@ﬁﬂﬂiUﬂTSLLWS§$°UW]@EJN‘J’NILS’Jﬂl@ﬂiiﬂﬁﬂ@ﬂi]ﬂﬁslﬁiﬁgﬂllVl?\ilﬂuﬁ"lﬂcl"l] 78

The equilibrium points are found by setting the right hand
side of equation (3) equal to zero. By doing this. equilibrium
points are obtained as follows.

A. The disease free equilibrium 1s the equilibriums point
without infection. E, = (M: 0.0,0.0)

C

B. The endemic equilibriums is the equilibrium point
with infection.

E = (S EN B

w2 A u?

(B+06)(1+ 1IPo)

(&4

"o
SH —

IP5(+5) f,HPu

Ef=
o 1+ [IPS
R X Tl |
e (B 8)(1+ IIPS)
po_ IPN (SL+ (S (BH8) A+ HPS)~ f o it
' a+IIPad
and
D VAT S A N T Sy ¥

o (B +IIPS)

The local stability of each equilibrium point 1s

F0IANANIINGG AT HUST WIRTUWUT



o a J o @ ' 1 < a 1 wa ] a
lL“]J“]Ji]"lﬁﬁ]\‘i‘ﬂ"l\‘iﬂmﬁﬁ"lﬁﬁifﬁ‘i’ﬁ‘UﬂﬁlLWﬁig‘ﬂ'lﬂ@fﬂ\ﬁ’mﬁ’)5116\‘1Iiﬂﬁﬂ@E]Q“]Jﬁzlﬁil'igﬂﬂﬂ’lﬁmuﬂ"lﬂcli] 79

determined by considering the sings of real parts of all
eigenvalues. The eigenvalues (/) are the solutions of the

characteristic equation.

|J —yd |: O where J is the Jacobian matrix at the

equilibrium point. / is the identity matrix dimension 5X5.
If the real parts of all eigenvalues (/) are negative then
that equilibrium state 1s locally stable [7.8,9.11,12,13].

1) The disease fiee state 4= (Jf“:”j 0.0,0,0) . the

o)
characteristic equation 1s given by
[: d-z'n.f;'ﬁ
-0) - 0 —(a {?D 0 0
IR o Jult
0. {ﬁ) v (a¥ = ) 0 0
1
0 < 7, e 0 0 |=0
(HP' P-E)-v
e 1
0 0 =N ( CS)ﬂf(—l+;f) {—{E)—é)—w 0
1
0 0 0 G HA )y

(3)
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We have characteristic equation:

1
= (8+9) (B +8+y) 1+ LIPS+ LIPy)

(IIPS (B+S+w) (1+IIPS+IIPy) — f,IIpau) = 0

s o 7oy o o
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We obtained the characteristic equation,
5 4 3 2
v+ Ay + Ay + Ay  + Ay + 4. =0

_ 2[IP? §+21IP° BS+51IP° 5°
1IP°§

1.'1

1
1P
+8IIP’ BS* +10IIP°5° — £, TP i)
A4, = : (2 IIPB S+ 2 [IP* B*5+ 3IIPS* +
2 O rEEy
121IP? B 6%+ 3HP 5> +121IP* S5 +
121IP° 5% +101IP°5* ~ f IIPocu —

£ HP2aup — 3 f, P auf)
A, 13 ~(2IPB >S5 +4 IIPRS” +41IP* 75757 +
IIP35
3IIPS® +121IP B 5° +3IIP* B> 5° + 8 IIP*5* +
8IIP° f5* +51IP° 5> — f, [IPatuf3—2 f, [IPocus —
2f, IIP*aups  f,IIPau —3f, [IP*aus?)
As = [(B+S)(I+IIPS)(S(B +S5)

(1+1IPS) — f, cepd)/ IIP*

4, = (IPS+41IP? 5 +1IP° p*5° +8IIP* §°

(6)

We check the stability of endemic equilibrium state by
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using the Routh-Hurwitz conditions (6), the results are

given in Fig. 3.
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Fig. 2. The parameter spaces for disease free state equilibrium state which
satisfies the Routh-Hurwitz conditions with the wvalue of parameters:

respectively, for with ;3 + AW A v Ayt + A+, =0

ii) The endemic state E, = (S,, E/,I" E' I") . the
characteristic equation is given by
(He*1)-(0)-v 0 ~(@*S) 0 0
@) ey @) 0 0
0 o oy 0 0,
INol+) 0 -N'Sel) {-%D)-a)-w 0
1
0 0 0 @ (OO

(7)
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We have characteristic equation:

]
(45t 1— IIPS —IIPw
T (B+o+y)(_ ¢ )

(IIPS, acw+IIPS, awy—IIP(f+J5+v) =0
(IH(I—F{S‘I—IIPI“(I(S‘[—IIP(SE +y + 1Pl ay
+2 [IPSy + I[Py *
We obtained the characteristic equation,
v+ Ayt + A+ A’ + Aw+ 4. =0

_20P +IP I, a +21IP° B+ 51IP’S

4
: p?

1 ! : )
Ay =——([IP+2IIP" I,a-IIP"S,a +4IIP° B
1P

+21IP° L p+1IP° B * +8IIP*5
+4IIP° I a 5 +81IP°S B +101IP°5%)

4y = ﬁ (IIPL,a—IIPS,o + 2 [IPB+41IP* 1, B o

—IIP*S o+ 21IP* B* +

IIP’B*al, +31IPS +6 IIP° a5
—31IP*S, a5+12IIPSS+6 IIP fal 5
+31IP° PS5 +121IP* §* +6IIP’ ol ,5°
+121IP S +101IP*S°)
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A = ﬁgﬂpﬁgﬁ—ﬂpsuaﬁrUPﬁZ +

2IIP*1,af3* +2IIPI, a5 2IIPS, a8+
AIIPBS + 8IIP* I, a3 — 2IIP*S, a 35
+41IP? 2S5+ 21IP° B al, 5 +

3[IP* 5° +6IIP* 1,05 =3IIP°S, a5”
+121IP* BS* +61IP° Bad, 5° +

3IIP° B2S5* +8IIPS> +4 HP’ I, a5’
+8IIP’ BS> +51IP8™)

: 5 (B+0)(1+ IIPO) (L, a(f + )1 + IIPJ)
2

f_l:-, E—

+o(=S,a+ (p+0)(l+1LPo)))

when A 03 | T2 and
Ya (B S+ IIPS)
G (B+O)(+1IP0O) ®)
U
o
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We check the stability of endemic equilibrium state by
using the Routh-Hurwitz conditions (8), the results are
given in Fig. 3.
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Fig. 3. The parameter spaces for endemic disease equilibriim state which
satisfies the Routh-Hurwitz conditions with the value of parameters:

respectively, for with yfﬁ "‘*’3[1?’4 - AQWE 24 Aﬁ/z +AW+A. =0

The transmission of HIN1 virus disease in this study 1s
based on the SEIR model. We considered the dynamics of
SEIR model at the disease free and endemic states. The

values for the parameters used in this study are shown in
Table II. The numerical results are shown m Fig. 2 and Fig.
3 below.
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TABLE IT: PARAMETERS USED IN SIMULATION FOR SEIR MoODEL

Parameters

Biological meaning

Value

H Birth rate of human 1/(365% 74) per day
f Fraction of newbom 0.0714 per day
! unvaccinated
0 Death rate of human 1/(365%74) pet day
o & = 0.0001 - 0.9 per day
Transnussion rate of HIN1
Virus
IIP 1/((1+3)/2) per day

Number of Incubation for
dengue virus

Recovery rate of HIN1 virus

0.2 per day

Efficiency of vaccine

0.01-09
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Fig. 4. Time series of susceptible human to the transmission of HINI virus
(a). exposed human to the transmussion of HIN1 virus(b). infectious human
to the transmission of HIN1 virus(c). exposed vector to the transmission of
HIN1 virus (d) and infectious vector to the transmission of HIN1 virus (e).

We can see that the solutions equation approach to the disease free
equilibrium state. (0.0714.0.0.0.0) When R0 =0.00374.
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Fig. 5. Time series of susceptible human to the transmission of HINI1
virus(a) . exposed human to the transmission of HIN1 virus(b). infectious
human to the transmission of HINI wvirus(c). exposed vector to the
transmission of HINI virus(d) and infectious vector to the transmission of
HINI virus (e). We can see that the solutions equation approach to the
endemic equilibrium state. (0.0012. 0.0000002043. 0.0024, 17032.2,
0.00000002053) When RO =11.29.
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Fig. 6. The trajectories of dengue disease for the solutions equation
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(Su. Ev) (¢). (Eu. In) (d). (Eu. IV) (). (Iu. Iv) (£). (Su. Iv) (g).
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For the purposes of this study, we formulated and
analyzed the transmission of a SEIR model by considering
the effects of vaccination to the transmission of HIN1 virus.
We obtained the basic reproductive number R o, when R <
1, and we found that the trajectory solution as approached to
the disease free equilibrium state as shown in Fig. 4. When
R > 1, the trajectory solution as approached to the endemic
equilibrium state as shown 1 Fig. 5 and Fig. 6. Numerical
sumulations showed that the effectiveness of the influenza 1s
m fact effective for controlling the spread of SEIR. the
results are shown in Table II. The existence of oscillations
around the endemic equilibrum £, are depend on the
eigenvalue with 1maginary part different from zero. For the
simulation shown m Fig. 5 and fig. 6, the imaginary part of
the complex roots is approximately 0.00101765 which can
estimate the period of the oscillations by means of the
solutions of the linearized system that is obtained as
27/0.00101765 = 17.01 vyears. This wvalue 1s the
approximation to the period of the solutions [9], [11]-[14].
We can see that the disease can be reduced when the
parameters satisfied to the conditions given in the above
section.
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!muﬁ 9 HUVIIADINIINILD UMV superspreading Y93 HIN1 [69]
Tunnusiassiiinsaianusiansnsnseaou superspreading Y94 HIN1 il
In this model, we consider the super-spreading and regular spreading of virus. The human is separated into 5
classes such as susceptible, exposed, regular infected, super-spreading infected and recovered human.
We define the variables and parameters as follows:

S = Number of susceptible human population,

E = Number of exposed human population,

I .= Number of regular infected human,

I = Number of super-spreading infected human,

R = Number of recovered human population

I = Total infected human population,

=1, + I,

R = Number of recovered human population,

b = Birth rate of human population,

N = Total human population,

A = Death rate of human population,

[} = Transmission rate of virus between human,

IIP = Incubation time of virus in human,

p = Probability that a new case will be a regulated infected human,

(1-p) = Probability that a new case will be a super-spreading infected human,

r 1 = Recovery rate of a regular infected human,

r » = Recovery rate of a super-spreading infected human.

o J
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(1-‘1]13)}15 I 1,
-

E
y7i Sl J7: El 1l

(1P (1-p) L

W=

Figure 1. Diagram of our model

From figurel, we can write the dynamical equations as follows:

issz—us-ﬂSI (1)
dt

%E:/J’SI—(l/llP)pE—yE—(l/IIP)(l—p)E )
d

alr = (VIIP)pE-pul. -n L, 3)
d

als:(l/ﬂp)(l'p)E'ﬂIs'FZ I 4)
d

ER = rIII‘ +r215 —,UR (5)

where

N=S+E+I, +I; +R.

We suppose that the total population is constant, then the rate of change for total population equals to zero.

Thus we can have

d d
aNza(S+E+Ir+IS+R):O or b=yu.

The reduced equations are found by setting the following normalized variables:

I I
- i =—S,r=5.
N N N

S § .
S:ﬁ’ezﬁ’lr =

Thus, we can have

o J
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Ss=be (et Bl +iNs (6)
%e:—e ((1/TIP) + p) + B(iy +1ig)Ns @)
d. .

Pt ep(1/IP)-ip(u +11) (®)
Lig= e(1-p) ) -ig (u+72) ©)

With r=1-(s+e+i, +ig).
Analytical Results
i) Steady states:

Steady states are found from setting the rate of change for each variable to zero. The two steady states are

Eg =(1,00,0)and Ey = (s € ,ip,iy) where

< (1+11P#)(ﬂ+r1)(#+r2)’ (10)
PN(u+1 +p(ry —17))

(PP * + bAN((p—1)ry = pry) + u(~bAN + 113
e +pP( 41y + 1Py ) + P (L+1IP(E +15))))

= 4

BA+TIPL)N(p+ 1y + plry —11)

(11)
(p(IIP 1 + BAN((p — )1y = pry) + u(~bpN + i7)
L 121 1y + 1UPrr ) + 1> (L+ LIP(ry +15))))
' BA+TPN(u+1)(p+ 71 +p(y =11))
(12)
2 o-1) - b . M) _ (13)

(Lt Pu)(ue+ 1) BN (gt 11+ plry =)

ii) Local stability of steady states:

The characteristic of each steady state can be determined from the sign of all eigenvalues for each steady
state. If all eigenvalues have negative real parts, then the steady state will be local stable.

The eigenvalues are found from solving the characteristic equation: det(J-A)=0

where J is the Jacobian matrix evaluated at each steady state and I is the identity matrix.

o J
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First steady state: E = (1,0,0,0).

Jacobian matrix is given as

w0 A
1+1P 1
1P m m
p

0 — 0 —p-r,
[P

0 e —/ iy
[P

The characteristic equation is given as

A+ )P +ar 2 +aiA+ap)=0  (14)

where
a —L+ + N (15)
2 1P H 5
1IP 1 + + 7
4 = — BN, ao:ﬂN( ﬂmf?)(u 1) (16)

From Routh Hurwitz, the eigenvalues have negative real parts when it satisfies the following conditions [8].

) ap> 0 (17)
i) agp > 0 (18)
iii) apay; > ay. (19)

From our evaluations, (17)-(19) are satisfied for X <1,

(1-p)+SIPN 20)

where XO =1
p(IP g1+ p)

Second steady state: E; =(s ,e ,i;,ig) where s ,e ,i,,ig are defined in (10)-(13).

Jacobian matrix is defined by

o J
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—1—[Ri 4N —A +o - =
oo AP u
ﬂlr‘i‘ls)N P ﬂ\l ﬂ\f
0 ﬁ 0 —p—n
1-p
° P A

The characteristic equation is given as

43 40,22 + il +¢5)=0 @0
where
2
(L+ LB P+ 1IPU). 4, 2y
1P
2
.y fﬂNp :
= + ’
%] 1+ 1IPu £ ; ~
p
bAN(I=p) , (L+ HPR)"(-1+ p)u+1 )’
(u+r)  plutn—pr+pn)

~ IIP(U+ 1IPuY (4 )2+ 1)+ BBN G+ 7~ pr + pr)
(u+ HPE? + 1+ UPwy = pri +(p + P(11 + 1))

C2 = h (23)
HP(u+ 1) (p+ 1) (w17 = pry + pry)

1
IP(p+nr (- p)+pry)
P2 15 + priry + HPu* 2+ p+ 211y

=

+1IP? 12 + 1P+ p+ 211Pry )ry) (24)

+ 12 (ry + pry +1UPHE (14 p+1IPry) +7 )
(1+2p+1PG3+ p)ry))+ u(bSN(—1+11Pr))
+11(ry +1IPrry + p(r; +2r, +11Pr 1))

1
TIP(u+r (1= p)+ prp)
43 (<14 p) + (=14 p)rry + P (14 p)n +17) (25)
+bpN(n(1-p)+ pr)).

)= (I+1IP)(pt + 1 b JUN

By Routh Hurwitz theorem, All four eigenvalues have negative real parts when the following conditions are
satisfied:
i) ¢3>0,¢1>0,c9>0 (26)
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i) cjepes >cl2 +c32c0. 27)
After calculations, the endemic steady state will be local stable for X >1, where X is defined in (20).
Next section, we will show the numerical results of our model.

From our analytical results, The threshold condition is defined as
oy (1-p)+ 1PN
p (P y+p)

If X > 1, the endemic steady state will be local stable and the disease free state will be local stable when

Xop < L.

The disease free state means the state which has no individual infectious. We consider the case when there is
the outbreak of the respiratory disease. Then, we consider the numerical solutions of the endemic areas. The
parameters in our simulations are as follows: b= 1/(365 x 65) corresponding to the 65 years of life cycle for
human population, N = 100, ¢ = 1/(365 x 65) corresponding the equivalence between birth and death rate,
L =0.25, p = 0.8 are arbitrary chosen, IIP = 7 satisfy the 7 days of incubation period for the virus,

r=1/14 ,r , = 1/25 corresponding to the 14 days of recovery for regular infected and 25 days for super-

spreading infected human and X = 370,990.

0.00100

Figure2. Time series of our model for X = 370,990.

Next, we consider the numerical simulations of each variable when we decrease the value of Xj,.
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Figure3. Time series of our model for X = 1758.
From figure2 and figure3, we can see that the time series of individual variable converges to the endemic
steady state for both two cases. We note that the time of convergences for the less value of X, is longer
than the great value of X,.

In this study, we consider the super-spreading and the regular spreading of the virus for the transmission of

respiratory diseases. The threshold parameter is defined as
P (I-p)+ S IIPN
pu (P u+ p)

If X< 1, the disease free steady state will be local stable and the endemic steady state will be local stable

for Xy > 1. The geometric mean of X()is described as the basic reproductive of the disease. This indicates
the number of secondary cases produced from primary infection. Furthermore, we compare the numerical
solutions when there are the different values of the transmission rate and the total human population. The

results are given in the following figures.
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Figure6. Time series of regular infected and super-spreading infected human when there is the
different super-spreading rate.

From figure 4, 5 and figure 6, we can conclude that when there is the less transmission rate of virus, the
infected human will be less but the time of outburst is longer. When there is the total human population is
higher, the time of outburst is longer. When there is the higher super-spreading rate, the number of super-

spreading infected human will be greater and the longer time of outburst transmission.

HUUN 10 nuudiaealsn MERS ve31sz11n5 Inawazimuia[70]

a2 o

o dy Y a 9 o v g
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The mathematical model of MERS-Cov was formulated by considering the transmission cycle between two
population groups (Thai and SouthKorean human). Each group was divided into susceptible (S.), exposed
(E,), infected (I,),quarantine(Q.) and recovered (R) classes.We assumed that there is no Thai human move
out the country.
We denoted the variables of our model as follows:
S (t)be the number of susceptible Thai human at time t;
E (t)be the number of exposed Thai human at time t;
I.(tbe the number of infected Thai human at time t;
Q. (t)be the number of quarantine Thai human at time t;
R (t)be the number of recovered Thai human at time t;
S (Dbe the number of susceptible SouthKorean human at time t;
E, (t)be the number of exposed SouthKorean human at time t;
I (t)be the number of infected SouthKorean human at time t;
Q (Obe the number of quarantine South Korean human at time t;
R (t)be the number of recovered SouthKorean human at time t;

The diagram for the transmission of this disease can be describedas follows:

Yerlr(t)
ANz(1) %{’:}'m FrEr(t) Birlz(t) yirQr(t)
S#(t) Ez(t) Ir(t) Qr(t) Re(t)
l \L ParQr(t) l
drS7(t) drEr(t) (dr + dr)ir(t) drQr(t) drRr(t)
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(a)
Veuli (t)
1-H)c "‘SI_(:(}:)"@ FxEg(t) Piglx(t) Y1 Qu (t)
—> Sk Ex(t) Ix(t) Qe(t) Ri(t)
l l PawQx(t) l
(dy + u)Sk(t) (dy + 1)Ex(t) (dy + o+ )i (1) (di + 1) Qi (t) (dy + )R ()
(b)

Fig.3. Flow chart of the model(a) for Thai human population
(b)forSouthKorean human population
Rate of change for the number in each class was equivalent to the number entering minus the number
leaving. The dynamical equations wereas follows:
The number of susceptible Thai human population was increased by new recruitment, but it was reduced

through natural death and infection.

ds, (1)

0 = AN (1) oSO =g (1)

Ny (1)
The exposed Thai human population was increased by the infection of susceptible humans whereas their

reductions werecaused by infection and natural death.

dE,(t) .S, (1)1 (1)
e N.(1)

{ (FT + dT)ET(t) (2)

The infected Thai human population was increased by the infection of exposed and quarantine human. Their
reductions though quarantine, recovery from the disease, natural death and death due to MERS-Cov. The

dynamical equation of infected Thai human populationwas

d1, ()

di =IE; (t)+ ﬁZTQT(t)_(ﬂ]T + Yo +dp + 6,) (1) (3)

The quarantine Thai human population was increased by the infection of infected human but they diminished
by infection, recovery from the disease and natural death. The dynamical equation of quarantine Thai human

population was

%:ﬂITIT(t)_(ﬁZT+7/1T+dT)QT(t) (4)

The recovered Thai human population was increased bythe recovering of infected human and quarantine, but

their reduction through natural death.The dynamical equation of recovered human population was

DD 10, (1) 1y (1)~ dy R0 (5)
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The susceptible SouthKorean human population was increased by new recruitment.Their reductions through
natural death, they movedout the country and they were infected.The dynamical equation of susceptible
South Korean human population was

asg(@) _ _ast(t)Ik(’)_
20 =(1- e SH D s ©)

The exposedSouthKorean human population was increased by the infection of susceptible humans whereas
reduction is caused by natural death,SouthKorea move out the country and infection. The dynamical equation

of exposedSouth Korean human population was

dE, (t) _ oSk (1)1 (1)

dt NK (t) _(FK +d1( 4 ﬂ)EK([) (7)

The infected SouthKorean human population was increased by the infection of exposed and quarantine
human and their reduction though quarantine, recovering from the disease, natural death SouthKorea, move
out the country and death due to MERS-Cov. The dynamical equation of infected South Korean human
population was shown as

dl (1)

7 = FyEy (t)"' ﬂZKQK (t)_(yzk +ﬂ11< g+t §K)IK(t) (8)

The quarantine South Korean human population was increased by the infected human who become

quarantine but diminished by infection, recovery from the disease, move out the country and natural

death.The dynamical equation of quarantine South Korean human was

dO, (¢

%:ﬁlklk(’f)*(ylk+ﬂzk+d1<+,u)Q1<(t) . (9)

The recovered human was increased bythe recovery of infected and quarantine human, but their reduction
through natural death and SouthKorean move out the country.The dynamical equation of recoveredSouth

Korean humanwas shown as

dRL,;t(f):}/zKIK (t)+71KQK(t)_(dK+,Ll)RK(t) (10)

The total number of Thai human populations was the sum of equations (1)-

GYN,(t)=S,(t)+E, (t)+ I, (t)+ O, (t) + R, (¢) - (11)
The number of SouthKorean human population was the sum of equations (6)-
(10) N (£) =S, (¢)+ E (¢)+ 1 (¢)+ Oy (¢) + R (2) - (12)
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Definition of our parameters in our dynamical equations:

Parameters Definition

4 Birth rate of Thai human population

a, Rate at which susceptible Thai human changed to become an exposed
Thai human

F. Rate at which exposed Thai human changed to become an infected Thai
human

By Rate at which infected Thai human changed to become quarantine Thai
human

By Rate at which quarantine Thai human changed to become infected Thai
human

Yir Rate at which quarantine Thai human changed to become recovered
Thai human

Vor Rate at which infected Thai human changed to become recovered Thai
human

d, Natural death rate of Thai human

5, Death rate due to MERS-Cov of Thai human

N, (1) Total Thai human population

I Percentage of South Korea human who were infectious when they enter
into Thailand

c Recruitment rate of South Korean human

a, Rate at which susceptible SouthKorean human changed to become an
exposed Korean human

F, Rate at which exposed South Korean human changed to become an
infected Korean human

B Rate at which infected South Korean human changed to become
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quarantine Korean human

Box Rate at which quarantine South Korean human changed to become an
infected Korean human

Vix Rate at which quarantine South Korean human changed to become
recovered Korean human

Vo Rate at which infected South Korean human changed to become
recovered Korean human

d, Natural death rate of South Korean human

5, Death rate due to MERS-COV of South Korea

u Rate at which South Korea move out the country

N, (1) Total South Korean human population

We can have the following equations:
dN, (1)
dt
dN, (1)
dt

= BN (0)= (87 () + £, (1) + 1 (1) + Op (1) + R (1)) — 5,:1,(1)

= BN, (t)=d N, (t)=6,1,(t) (13)

with the assumption B = d, , then we had

INUD 5,1, (14)
dt

WenormalizedThai population class of our dynamical equations (1)-(5) by letting

sy (St ol ) 2B Oy B0 (3] O () RAD

N@® NG N N N
Taking the normalized population
_X()
"0
We considered
d oy dX (1)
g N, (1
1 d 1 d
- NT(Z‘)EXT(t)_XT (t)mENT ([)
1 d 1
_WEXT([)_XT(t)T(t)(_@[TU))
- () x () (5,0, ()N, (1)
SN (r)a T N T
d 1 d .
Zxr(t) = NT(t)EXT(t)+5TxT(Z)lT(t) (15)
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with the above equations, the dynamical equation of normalized Thai populations wereas follows:

B0 i (0=, 0405, ()0 o
% = s, (1)iy (1) = (F, +d, ey (1) + Srey (1)in (1) an
dl;t(t) = Fye (1) + Bty (1) = (B + 7o +dp + 8, )i () + 8, (1) i (1) (18)

% = Pl (1) = (Boy + 11 + dp) g (O) + Spqy (1) i (1) (19)
dr:;t) = 11047 () + Vordy (1) = dprp (0) + 8,0 (2) i (1) (20)

ThenormalizedKoreanpopulations were found by substituting

(=D e ()= B ) - 22D (- %D () KD

D M T () S A, B A VAT R VAT

toour dynamical equations. We supposed

that the total Korean population has constant size. This means that the rates of change for Korean population

of equations (6)-(10) equal to zero or % N},

Then we obtained the relations: N, = with the condition

xtH
se()+ep ()i (1) +qe () +re (1) =1.

With the above equation, the dynamical equations of the normalized population weregiven by

9O (1 1)+ ) 0 () ()0 @
95O _ g (01, 1) (Fy 4y + e, ) =
a0 _ () Bt (V-1 B 1480 3)
%= B (1) = (i + P + dic + 1)q e (1) Y/,

3. Analytical Solutions

3.1 Equilibrium Points:

To find the equilibrium points, we set the right hand side of equations (16)-(24) equal to zero. We
got two equilibrium states, the disease free steady state E, =(1,0,0,0,0,1,0,0,0) and the endemic steady state
E, = (S.€p:ir,qr 17255 €0l )
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. A
S =T A, o
dp +ir(a, = 6;)
o = Aaiy
" (d, + Fp = 8,i0)(dy +i(, — )
. Briy
" 5,
T +ﬂzr +7r —Orly
i Bitir
i (Vo + =)
= o di+ Bor + Vir — 64y
T >
dy = Opiy

where i, is the solution of the following equation:

Fre; +ﬁzrq; =By + vy +d;y +5r)i; +§ri; =0
. __(—1+H)(dK + 1)

K~ L
dy + ol + 1

L i;az(_1+H)(dK +41)
(dy +Fy +p)(dy + azi;; +4)

- B

dx =
di + B+t 1

~  Z

i ==L
Z,

where

(25)
(26)

27

(28)

(29)

(30)
(€20
(32)

(33)

Z, =—((dy +;u)(d[(3 +dK2(FK + B+ Box ¥k T Vox + 0 A3+ p(Bic g + 1) F (Bog + 7k T 1)
(Yo T 0k + 1) + B (B i + )+, (1 + H) (B + 1ix + 1) + (Bog + Vg + 1) (Vaye + 0 + 1)
+dy (Box Vo 0 ) + Vi (Bix + 72k +0) + 2B + Boxc + Vi + Yok +61<):u+3:u2 +F (14 Pa,

+ Bk + Bok + Yk TVak 6k +21))

Z, =(a,(dy + Fy +ﬂ)(d/<2 B T )+ (Bog + 7k + 1)V ai 0 + 1) +d (B + Pox + Vi +Vax +

S +20))

3.2 Local asymptotical stability

The local asymptotical stability of each steady state was determined from the Jacobian matrix. The

eigenvalues (1) were solutions of the characteristic equations. If all eigenvalues had negative real parts, then

the steady state were local asymptotical stability [13].
[, = AL =0 =01

where 1, was the identity matrix dimension 9x9.

J, was the Jacobian matrix at the equilibrium point £, fori=0,1.
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3.2.1The disease free steady state E,, The Jacobian matrix was given by

~d, (&, ~ 8,)i, 0 ~(a,~5,)s; 0 0 0 0 0 0
ajiy ~d, ~F, +5,i; ajiy +5,e; 0 0 0 0 0 0
0 F, ~dy = By~ Vay = Op + 25,0y Bor 0 0 0 0 0
0 Fir + 04y ~dr = for =Yy + iy 0 0 0 0 0
Jp, = 0 0 Vor + 6,17 P2 ~d, +8i; 0 0 0 0
0 0 0 0 0 ~d, —a,iy — 0 —at,sy 0
0 0 0 0 0 ajiy ~d,~F,—pu as), 0
0 0 0 0 0 0 Fy R P ] .
0 0 0 0 0 0 0 B —~d,~Po~ Vi~ H

(=dy = A (B Pox W = )Py (=B oy = B2TA) + (-V = A)(B,G ~ Fy, + BA+GA+AN)) +(=Z ~ A)
(_Fkaz (_ﬁlT(_BlﬁZT - ﬂzr/l) + (_V - ﬂ“)(BlG - FTal + Blﬂv +GA+ /12)) + (_W - i)(_Y - j’)(_ﬂlT(_BlﬂZT
oy 2)+ (V=BG ~ Fr + BA+GA+ AN (=d, = A= 1) =0,

where

B =d, +F,
G=d + By +7y +0;
V=d.+ b0+
W=d,+F,+u
Y=dy+Py+7x+0c+U
Z:dl\'+ﬂ2[( +}/]K+ﬂ

From evaluating all eigenvalues, the real parts of all eigenvalues had negative signs. We usedRouth-Hurwitz

criteria when R, <1.

where

Dy, = Froy + Fyay + B Bog + BinBor
D, =VW+VY+WY +(V+W +Y)Z+ GV +W+Y+Z)+B(G+V+W+Y +Z)

Dyy = Fra,(V+W+Y + Z)+ Fya, (VA Z) + By o (V+W) + (B + Gty + B Bog) + B Sy oy + W +Y + 2) 3, By

D, =GVW +GVY +GWY + VWY + (WY +V(W +Y)+ GV +W +YNZ+ B WY + (W +Y)Z+V (W +Y +Z) +
GV +W+Y+2))

Dy, =E,(WY +(W+ Y)Z+VW +Y + Z))a, + Foot, (GV + GZ+VZ) + B, o (GV + GW + VW) +

YZ+AW Y + 2N By + B(Fay)(G+V+ ) +H(GHV W) B Box + (W +Y + Z) B Bor)

D, =VWYZ+GVWY +WYZA+VW +Y)2)+ BIVWY + WYZ+VIW +Y)Z+GWY +(W+Y)Z+V (W +Y +2))) +
(Fl(az +ﬂlkﬁ2k)(FTal +ﬁlTﬁ2T)

Dy, = Fa,(VWY +WYZ+ V(W +Y)Z) + Foo,GVZ + B, Bk GVW + B B WYZ B, By + B(Frat, (GV +(G+V)Z) +
GV +(G VW) By o + WY + (W + 1)) 511 o)

Dy =GVWYZ + Fro (Fya,(V + Z)+(V + W) Bk Box ) + B Bor (B, Z + W By By )+ B{(VWYZ + GVWY + WYZ +V (W +Y)Z) +

Fx @, P Bor + Bix Brr B Por)
Dyy =, FLVWYZ + B (Fya, GVZ + B Brc GV + By B WYZ)
Dy =y V(FeanZ + By BoW ) + B(GVWYZ + By By (Fy @y Z + By Bo k).

3.2For the endemic steady state E,, the characteristic equation was given by
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(=dy + 8piy = 2)=Por (Biy + Spgr Ny + (0, = 8)ip + ANdy + Fy = Sy + )+ (=dy = Py = 117 + Syl = A)
(=(d, +(a, = 8,)iy + Ady + By + Vop + 8y = 28,0y + ANd, + Fy = 8yl + A) + Fp(dp(@ysy + Opey) + ayAs,y
+8pep(atyiy = iy + IDNPri Pox (dy + Fy + A+ p)(dy + iy + A+ 1) + (=dy = Boc =71 = A= 11)
(Foaysy(dy + A+ ) —(dy + F + A+ p)(dy + iy + A+ p)(dy + B + Vox + O + A+ 1)) =0,

where

Sprlmins e toySieaiy and g were defined in (25)-(33). From evaluation, all eigenvalues had negative real

parts for R, > 1, where

3.3 Numerical Solutions

In this paper, we simulated the numerical solutions to show the behaviors of population. The values of the
parameters used in this study wered, =d, =1/(75x365) correspond to the life cycle 75 years of Thai human
and South Korean human. F, =1/2 satisfied to the 2 days of infected human. g, = 3, =1/30 correspondedto
the 30 days of quarantine for Thai human and South Korean human. y,, =y,, =, =1/30 corresponded to the
average recovered time of 30 days in infectious quarantine Thai human and quarantine South Korean
human. F, =1/8 satisfied to the average incubation 8 days for South Korea and y,, =1/14 satisfies to the
average recovered time of 14 days for infectious person. ¢, =1/2.5 satisfied to the average exposed time of 2.5
days for susceptible person.a, =1/400corresponded to the 400 days of exposed for Thai
human. 5, =1/2.7 corresponded - to the average death rate due to MERS-Cov 2.7days of Thai
human. 5, =1/20 corresponded to the average death rate due to MERS-Cov 20 days of South Korean

human. 1 =1/20was the rate at which South Korean move out the country.
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| o
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Fraction of populations
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Fig.4.(a) Time series solutions of susceptible Thai population, exposed Thai population, infectious Thai

population, quarantine Thai population and recovered Thai population. (b)Time series solutions of

susceptible South Korean population, exposed South Korean population, infectious South Korean population,

quarantine South Korean population and recovered South Korean population and (c) Time series solutions of

infectious Thai population and infections South Korean population for R, =0.055053.
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Fig.5.(a) Time series solutions of susceptible Thai population, exposed Thai population, infectious Thai

population, quarantine Thai population and recovered Thai population. (b)Time series solutions of
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susceptible South Korean population, exposed South Korean population, infectious South Korean population,
quarantine South Korean population and recovered South Korean population and (c) Time series solutions of
infectious Thai population and infections South Korean population for R, =10.2297

We analyzed the model of MERS-Cov disease between Thai and South Korea when there was the
traveling of South Korean population to Thailand. We considered the effective contact rate of Thai and South
Korean populations. The moving rate of South Korean to Thailand was considered. The results were found
by using standard dynamical modeling analysis. The basic reproductive number was defined in the form of
R, and it was given by.

RO = max{—-’—,"*_’i
DT2 DT4 DT6 DTg DT]O

Fig.4 showedthe numerical solutions of susceptible Thai population, exposed Thai population, infections
Thai population, quarantine Thai population, susceptible South Korean population, exposed South Korean
population, infections South Korean population and quarantine South Korean population. We can see thatthe
disease free steady state of the eight populationsequal to 1,0,0,0,1,0,0and0, respectively.Fig.5 showedthe
numerical solutions of susceptible Thai population, exposed Thai population, infections Thai population,
quarantine Thai population, susceptible South Korean population, exposed South Korean population,
infections South Korean population and quarantine South Korean population. We can see that the endemic
steady state of the eight populations equal to 0.0769,0.0216,0.0092,0.0243, 0.4855, 0.2198,0.1273
and0.0241, respectively.From Fig.6to fig.7,we simulated the different values of parameters to see the factors
effect to the transmission of this disecase.Fromour solutions, we can see that whileasusceptible Thai human
changed to become an exposed Thai human («,)wasincreased (a, =1/2,a, =1/4) and rate at which South
Korean population moved out the country () was increased( g =1/20, =1/30), thenthe number of MERS-

Cov case was decreased and outburst of MERS-Cov epidemic was shorter as shown in fig.6 and fig7
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Fig.6.Numerical solution of infected Thai population case when there was the different rate at which

susceptible Thai human changes to become an exposed Thai human.

04 f a=1/20 ‘

Fraction of infectious South Korca human
= =
i &
e,

Time (days)

Fig.7.Numerical solution of infected South Korean population case when there was the differentrate at which
South Korean population moved out the country.

We had investigated the effect of repeated introduction ofMERS in to Thailand by theentering of South

Korea, some of them were infected with MERS.We had two steady state conditions, disease free condition

and endemic condition. We can see thatthe Thai cases can lead to the disease free state in the absence of

entering of disease free South Korea.From the numerical simulations, we can see that MERS can become

endemic among the Thaiswhen MERS South Korea cases enter in to Thailand.
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ABSTRACT

Avian influenza is caused by influenza virus type A, which is called HSNI1. In 2004, an
epidemic was recognized as the first time in Thailand. After that, there were the reports of the
sporadic outbreaks in all regions. This disease can be transmitted to human by birds. Human
can be infected by direct contact from infectious animals by touching the phlegm or biological
fluid contact with the feces of infectious animals. In this study, we take into account the age
structure of avian influenza patients. We separated the population into two groups such as
human and birds. Age structure of human population is separated into two classes; juvenile and
adult human. The equations are constructed for each class. Standard dynamical modeling
method is used for analyzing the behaviors of solutions. The stability conditions for the disease
free equilibrium state and disease endemic equilibrium states are determined. The basic
reproductive number is found. The numerical solutions are shown for supporting the theoretical
results and we analyze method for controlling the transmission of avian influenza. The results
of this study suggest the way for reducing the outbreak of this disease.

Keywords: Basis Reproductive Numbers, Disease Free Steady State, Endemic Steady State,
Stability.

INTRODUCTION

Avian influenza is caused by influenza virus type A, which is called HSN1. Avian influenza is
an infectious disease of birds (especially water fowl such as ducks and birds), virus can spread
to domestic poultry and cause large-scale outbreaks of serious diseases. Some of these HSN1
viruses have also been reported to cross the species barrier and cause disease or subclinical
infections in humans and other mammals. Viruses are separated into 2 groups based on their
abilities to cause disease in poultry: high pathogenicity or low pathogenicity. Highly
pathogenic viruses result in high death rates (up to 100% mortality within 48 hours) for some
poultry species. Low pathogencity viruses also cause outbreaks in poultry but they are not
generally associated with severe disease (World Health Organization, 2011). First infected
humans were reported in 1997 during a poultry outbreak in Hong Kong SAR (World Health
Organization, 2012), China. Since its widespread re-emergence in 2003 and 2004, this avian
virus has spread from Asia to Europe and Africa. It has become entrenched in poultry in some
countries, resulting in millions of poultry infections, several hundred human cases, and many
human die from this disease. Outbreaks in poultry have seriously impacted livelihoods, the
economy and international trade in affected countries. From the above mentioned, we need to
find the way for reducing the outbreak of Avian Influenza. The data of patients collected from
Ministry of public health, Thailand indicated that there are the different transmission rates
between juvenile and adult.
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Figl. The data of Thai influenza cases of Thailand. There is no data in year 2007

In 2008, Mohamed and Abdesslam (Mohamed, D., & Abdesslam, B., 2008) studied the
dynamics of human who be infected by avian influenza, they presented a mathematical model
and show the stability analysis and simulations with the different parameters. In 201, chong
Tchuenche and Smith (Nyuk Sian Chong, Jean Michel Tchuenche, & Robert J. Smith, 2013)

studied the half-saturated incidence rate Bil The parameter g>o0 is the transmission rate and

H is the half-saturation constant, i.e., the density of infected individuals in the population that
yields 50 % possibility of contracting avian influenza. In this paper, we studied the transmission
of Avian influenza virus by formulating the mathematical model of avian influenza for bird
and human populations. The two steady states are obtained, conditions for stabilities of disease
free and endemic steady states were investigated and showed in the form of basis reproductive
numbers. The mathematical solutions are shown to support the theoretical solutions.

FORMULATION OF THE MODEL

In this study, we consider the transmission of avian influenza. For bird, we separate into three
types: susceptible, exposed and infected groups. For human, we divide into 8 groups;
susceptible, exposed, infected, recovered juvenile humans, susceptible, exposed, infected and
recovered adult humans.

The transmission diagrams of bird and human populations are shown in fig.2.
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Fig.2 Diagram of our model
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We define the variables and parameters in the model as follows:
s, 1s the number of susceptible birds at time t,

g, 1S the number of exposed birds at time t,

I,(t) is the number of infected birds at time t,

5,0 is the number of susceptible juvenile human at time t,
E,(t 1S the number of exposed juvenile human at time t,
L(t) is the number of infected juvenile human at time t,
R,(ty 1S the number of recovered juvenile human at time t,
s,y 1s the number of susceptible adult human at time t,
E,(ty 1S the number of exposed adult human at time t,

1,  is the number of infected adult human at time t,

R,() 18 the number of recovered adult human at time t.

The dynamical equations are described as follows:

Bird population
S, = =& =
o= BBSg -ds, (1.1)
% =B,S,I, — (Fo +dv)E, (1.2)
dL=]?‘})Eh—(&b +ab)1b (13)

dt

Human population

%:hlfﬁwsjlb —(u+d))S, (1.4)
%:ﬁmsjlh “(F, +p+d,)E, (1.5)
%:FJEJ—(LH%MVJ+dJ)IJ (16)
d(il —y)L S(u+d)R, (1.7)
B —h2-p S, + =405, (1.8)
diA =B, S.l, +HE, — (F, +d,)E, (1.9)
T =hL LB, —(r, vt DI, (1.10)
R o1, +7,1, ~,R, (1.1

dt
where the parameters are defined in tablel.

Table 1. The definitions of parameters for our model

Symbol Description

B bird inflow

ds Natural death rate of birds

ot death rate due to avian strain in birds

B, rate at which susceptible bird change to be exposed bird

Fy incubation rate of avian influenza in birds

hl juvenile human recruitment rate

Bes transmission rate of avian influenza from birds to juvenile human population
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F, incubation rate of avian influenza in juvenile human population
7, recovery rate of juvenile human

v, death rate due to avian strain in juvenile human

d Natural death rate of juvenile human

H rate at which juvenile change to be adult human population

h2 adult human recruitment rate

Boa transmission rate of avian influenza from birds to adult human population
Fy incubation rate of avian influenza in adult human population

Ta recovery rate of adult human

Va death rate due to avian strain in adult human

d, Natural death rate of adult human

ANALYSIS OF THE MATHEMATICAL MODEL
Equilibrium Points

Setting (1.1)-(1.11) to zero, then the equilibrium points are given by:

i) The disease free state: g, - (B o0, hl 0,0, 302 M1 th2 ;o
ds dy+p d,(d, +p)

i1) The endemic disease state: g, - s;.E.. 1S, E.L[LR.SLELILR))

S, = #
Byl, +do
E- = ﬁB—bIh
b = WY ¥ JEr
(o +db)(B,I, +db)
L 74 RS
b (do +Fo)(dy + ) By
S _ i hl
Bul, +(n+dy)
£’ _ hig, L,
' (F +u+d)B,L, +p+d)
. _ BB, FL,
! (Wt vy 4wy +d)E +p+d)Byl, +p+d;)
R’ _ hleJFI’YJIb*
! (n+d)+7, + v, +d)E +p+d)Byl, +u+d)
. hip+h2(B,1, +u+d,)
S, =

Bual, +d )BT, +u+d))
hiB,n " Bya(hlp+h2(d, + Bb.lIh* +)

b e )
E° _ d,+F +p d, +B,.1,
A 5
(d, +F)d; +By Iy +10)
F ( hlﬁh]"’llh* +BhAlh‘(hlp’+h2(Bh.l]h‘ +“+d.l))]
* F+u+d, Boaly, +ds + hleJFJ”'Ib*
L. _ F.+d, (+y, +y, +d)E +p+d)
" (Vo +v, +d OBy, +r+d))
F [ hlBhJ“Ib* +ﬁbl\1b~(hlu+h2(ﬁh.¥lh* +H+d1))]
s - .
F+u+d, Boaly +dy 1B, Ful,
RS = L[ hip+h2(B, 1, +p+d,) j+Y7A F, +d, (W+y,+ v, +d,)(E +p+d)
A L Bpaly +d DBy, +u+dy) ) dy (Ya+ v, +d)BL, +p+d))
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Local Stability

The local stability of equilibrium point is determined by the sign of eigenvalues for each
equilibrium state. If signs of the real parts all equilibrium points are negative, then that
equilibrium point will be locally asymptotically stable.
Let E =(S.E,.I..S,.E,.I,R}.S,.E.IL.R},) If R, <1the disease free statek, is globally asymptotically
stable in

B hl hz}

o= (Sl,,Eh,Ih,S,,E,,I,,R”SA,EA,IA,R‘A)e!’T:NhS,—,N,S—,NAS—
ds dJ d, .

Let E,=(S.E,.I..S,.E,,I,R,,S,.E,,I,.R) .If Rr,>1the endemic diseases state, is locally
asymptotically stable in
hi h2

0=1(S,,E,.1,,S,,E,,I,,R,,S,,E,,I,,R,) el :N, SE,NJ <—,N, <—
dy dJ d‘\

i) Disease free state g -2 0,21 0,002 0lrh20 ) the characteristic equation is

dy dJ +uH dA (dJ +1

9, =2, =0

or

(B *1,+d, + 1) 0 0 0 0 0 0 0 0 0 B *S,

B *1, ~(d, +F, + ) 0 0 0 0 0 0 0 0 Pu*S,

0 Fy ~O, 4y, tdt) 0 0 0 0 0 0 0 0
0 0 ” —(d, +p) 0 0 0 0 0 0 0
“ 0 0 0 (B ¥, +d,) 0 0 0 0 0 B S,
0 u 0 0 s —(d,+F,) 0 0 0 0 Bu*Si|=0
0 0 /: 0 0 Fy ~utdgty) O % y 9
0 0 0 u 0 0 7 -d, 0 0 Y
0 0 0 0 0 0 0 0 -B,*S,~dy 0 =B*S,
0 0 0 0 0 0 0 0 B8, WoTklotn o ln" by
0 0 0 0 0 0 0 0 0 Fo——ar—ds

Then the characteristic polynomial of the above Jacobian matrix is

(=, P8~ ~F )=, =)Ao o~ Fu = =G )hom = 0 Fy (B, RN d, 1 =y A, ~ - ) = 0 (3.1)
b b

The eigenvalues are given by

7‘1 :7dA’}\‘2 :—p~d.|,k3 :_dA 7FA’7\‘4 :_‘H_dJ AFJ’}‘_S :_dA /¥ a ;\VA77\'(Y :*H‘dj e el

The remaining eigenvalues are the solutions of

(=A—db —Fo)(~A —do — otp)(<A — ds BB, —Fu(=BB, — ngx) 3 0
do dp

or N EAN FALFA =0 (3.2)
where

A] :3Hh +I?b +&h+BaBb (3.23)

b
A, =305 + 28 Fy + 2dv 0t + Focin + 2B, +B°(£17bﬁb (3.2b)
b
A3 _ ai(ab +]?b)(ab +&b) tﬁ(ai +(Hb +Fb)&b)Bb (3 '30)

ds

We determine the conditions of’,x,,x,,1,,2,and A, to have negative real part by using Routh-
Hurwitz criteria (Leah, E.K. ,1998).

detH, =A >0 (3.3)
detH, =A,A,~A ;>0 3.4)
detH, = A, A,A,~A:*>0 (3.5)

Condition (3.3) is always true because all terms in (3.2a) are positive.
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Fig.3 The parameter spaces for the disease-free equilibrium point which satisfy the

Routh-Hurwitz criteria (3.4)-(3.5). The values of parameters are

B=1500,d = ——, 0o =7, Fs :i,fib =23
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i1) Endemic disease state g, = (S;,E;.I,.S,E}.I,,R},S\,E}. I, R},) , the characteristic equation is
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. BFj
Al=2dh+Fb+Qh+$
(do +Fp)(db +atb)

___2BA&FB, BF, B, ,__ BRp,
: (Hb +fh )(ab +&b) (Hb +?b)(ab +&b) (&b +?b)(ab +&b)
A3 = —ab (ab + ?b )(ab + ab) + El?b Bb

We can see that 2,,%,,%,,4,.%,, A,,2, and %, have negative real parts. We use Routh-Hurwitz criteria

detH, =A >0 3.7)
detH, =A,A,~A ,>0 (3.8)
detH, = A, A,A,~A:*>0 (3.9)

Condition (3.7) is always true because all terms are positive.

detH ,

00 4000 6000 000 100 2000 4000 £000 000 10000

A, A,

Fig4. The parameter spaces for the endemic equilibrium point which satisfy the Routh-

Hurwitz criteria. The values of the parameter are B=2,000 ,ds :% s Fo =% s By = 20%’(;500 yab =4,

Numerical Results

The value of parameters in our model

Description Parameter | Sample Values
Natural death rate of birds ds 0.005 per day
death rate due to avian strain in birds | . 5 per day
rate at which susceptible bird B, 0.000002 per day
incubation rate of avian influenza in | F 0.142857 per day
birds
Disease free
bird inflow IE | 1,000 per day
Endemic
bird inflow IE [ 2,000 per day

ultidisciplinary Journals|
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Fig 5. Numerical solutions of our model for R, <1 the parameters are
B =1000,ds = 0.005,as =5,B, =0.000002,F, =0.142857 and R, =0.0422871

2052
05 74928
S 2048 E, et
! 2045 = 74824 >
2044 74822
2042 74220
) 1000 B 200 500 1000 1500 2000
Time (day)
Time (day)
147482
147491 .
IJ 147480 RJ
147459
T 5000 100001500 2000 3500 4600 6000 1
Time (day) Time (day)
140 15.0838
313 15,0836
5130 150834
5125 - o
S - E 15.0832 e
a = 7T =
. i X 15.0830
s 150838
J 150826
¥ 'y 90 vt 500 1000 1500 2000
Time (day) Time (day)
573
5730 285 000
5720 280 000
a8 - 275 000
I P v R 270000
A = g,
3 260 000
“ '8 255 000
o 500 1000 1500 0000 40000 60000 50000
Time (day) Time (day)
162208
182205 2945
162204 2540
162203 E )
S 162202 T '
b
182201
152700 2930
0 500 1000 1500 2 = 500 1000 1500 2000
Time (day) Time (day)
2940
2935
I, U
2930
2925
500 1000 1500
Time (day)

Fig.6 Numerical solutions of our model, for r, >1the parameters are
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DISCUSSION AND CONLUSION

In this study, we constructed the mathematical model of avian influenza. The model equation

is constructed for each human class. Standard dynamical modeling method is used for
analyzing the behaviors of solution. The basic reproductive number is defined by R, where

_ BF:,
" dp(dy + Fo)(ds + o)

Forr, <1the disease-free equilibrium state is stable and the endemic equilibrium is stable where
R, >1

From Fig.4, we can see that the solutions approach to the disease equilibrium state
E, =(12516,0,0,0,313893,0,0,0,200000,0,0) Where r, <1 _

Fig.5 Time series solutions of susceptible, exposed, infected and recovered juvenile population
and susceptible exposed infected and recovered adult population, susceptible, exposed and
infected birds, wherer, <1
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Fig.7 Bifurcation diagram of the solution of equation (1.1)-(1.11) the parameters are
B=2000,d, =0.005,F, = 0.4,0, =4

The bifurcation diagrams of equation (1.1)-(1.11) are shown in fig.6. We can see that when
R, <1, E will be stable and forr, >1, E, will be stable. If the reproductive number is greater than

one, the normalized susceptible exposed, infected, recovered populations, susceptible exposed
infected, recovered adult humans. From the mathematical model of the avian influenza,
controlling the epidemic model is effective and practical for the application of Mathematical
to show numerical results of the mathematical model in accordance with the conditions of the
outbreak and epidemic disease under the conditions without chronic conditions which could
control the outbreak.
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Mathematical Model of Avian Influenza When there is the
Traveling of Tourists from the Risk Countries
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Abstract: Avian influenza 1s caused by influenza virus type A. First infected case was reported in Hong Kong
during a poultry outbreak m 1997. After that, there were the reports of the sporadic outbreak in all regions. In
this study, we consider the transmission model of avian influenza when there is the traveling of tourists from

the risk countries. We consider the dynamical changes of three population groups: Thai human, Hong Kong

human and bird populations. The behaviors of the modified equations are obtamed by using a standard
dynamical modeling method. This method is used for analyzing the behaviors of solutions. The stability

conditions for the disease free and endemic equilibrium states are determined. The threshold parameter 1s
defined by R,. When R;<l, the disease-free state is locally asymptotically stable. Tf Ry>1, the endemic
equilibrium state 1s locally asymptotically stable. The numerical solutions are shown for supporting the

theoretical results.

Key words: Basis reproductive number, disease {Tee steady state, endemic, steady state, stability

INTRODUCTION

Three types of influenza are denoted as type A-C.
Avian influenza virus 1s caused by type A strams of the
influenza virus. Avian influenza virus type A with all
16 Haemagglutimn (H1-H16) and all 9 Neuramunidase
(N1-N9) influenza A subtypes in the majority of possible
combination have been isolated from avian species
(Anderson and May, 1992; Liu ef af, 2015). After the
outhbreak of the first avian influenza A virus in Hong Kong
mn 1997 (Liu ef al., 2015) and n 2004, an epidemic was
recognized as the first time in Thai. Avian influenza virus
has been infected to human and outbrealk in many
countries such as Hong Kong, Thai, China, Indonesia and
Vietnam . Tt can be transmitted to human by birds. Human
can be mfected by direct contact with infectious arumals
or by touching the phlegm or biological fluid contacts
with the feces of mfectious ammals. Germs can be
destroyed by heating at 56°C for 3 h or 60°C for
30 min.

Pongsumpun and Tang (2010) studied infection
between the transmission of plasmodium falciparum

5,000,000
4,000,000 it
3,000,000 Bl

T

2,000,000

MNumber of population
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Fig. 1. Number of population who travel in Thai from
2012-2014 (Chong et al., 2014)

and plasmodium vivax malaria in mixed population of
Thai and migrant Burmese populations living along the
Thai-Myammear show mn Fig. 1. They analyzed the model to
find the conditions for the local stability of each
equilibrium point. Liu ef al. (2015) used dynamical model
for analyzing the avian influenza epidemic models with
time delay of virus. They constructed a bird-to-human
transmission and proposed a delayed SI-SIR model and
take account the incubation periods of avian influenza A
virus. Pongsumpun and Lamwong (2016) formulated the
mathematical model for describing the transmission of
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avian influenza and take into account the age structure of
avian influenza patients. We analyzed the model by
method of standard dynamical modeling. In this study, we
consider the transmission of avian influenza when there
1s the traveling of tourists from the risk countries. The
structure of our model contains bird population (denoted
by B) or if the human 1s Thai (denoted by T) and Hong
Kong (denoted by K) We divided the
population into susceptible, infectious and recovered

human

classes (SIR meodels). Bird population is separated mto
susceptible and infectious classes (SI model). We
analyzed our model by standard dynamical modeling
method. The basic reproduction mumber 1s found and
described in this study.

MATERIALS AND METHODS

Transmission model: The total population of Thai human,
Hong Kong human and bird are denoted by N, Ny and
Npg. The Thai pepulation 1s divided into three population
groups: Susceptible (S;) Infected (I;) and Recovered (R;)
Thai populations. The number of susceptible Thai human
is increased by new-borne human whereas their reduction
through natural death and mfection. The number of
infected Thai population is increased by the infection of
susceptible Thai population but they diminish by
recovery from the disease, natural death and disease
death. Number of recovered Thai population is increased
by recovery of infected person and reduced through
natural death. The total Thai population is represented by
N: =3 ++R. The Hong Kong population 1s divided into
three groups: susceptible (Sg) infected (Iy) and recovered
(Ry) classes. The number of susceptible Hong Kong
human 13 mereased by Hong Kong move mto Thai and
decreased due to the infection of susceptible human,
natural death and they move out Thai The number of
infected Hong Kong human is increased by infection of
susceptible Hong Kong population but they diminished
by recovery of infected Hong Kong population, natural
death, death due to the disease and Hong Kong move out
the country. The number of recovered Hong Kong human
is increased by recovery of infected Hong Kong human,
reduced by natural death and Hong Kong move out the
country. The total Hong Kong population 15 given by
Ng = St tR ¢ The bird population is divided into two
population: susceptible and mfected bird population. The
mumber of susceptible bird population is increased by
new-born of bird and decreased by natural death. The
mumber of infected bird is increased by infection of
susceptible bird and diminished by natural death and

121

Table 1: Definitions of parameters in our model

Parameters  Definitions

C Birth rate of Thai human population

[N Rate at which susceptible Thai hurmnan changes to become an
infected Thai human

Y Rate at which infected Thai human changes to become
recovered Thai human

15 WNatural death rate of Thai lniman

oty Death rate due to avian influenza of Thai human

N, Total Thai human population

p Fraction of infectious Hong Kong human when they enter
Thailand

K Contact rate of avian influenza

[k Rate at which susceptible Hong Kong human changes to
become an infected Hong Kong human

Vi Rate at which infected Hong Kong human changes to become
recovered Hong Kong human

1y WNatural death rate of Hong Kong hurman

0ty Death rate due to avian of Hong Kong human

d Rate at which Hong Kong mowve out the country

Ny Total Hong Kong population

B Birth rate of bird

Be Rate at which susceptible bird human changes to become an
infected bird human

U Natural death rate of bird human

3 Death rate due to avian of bird human

N Total bird population

BrSp(t)iglt)
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(pg + d)Sg ()
(©)
Sp(t)

(7 + ay )z (t) urRr(t)
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(pg +d + ag)lg(t)
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(g + d)Rg(2)

BNg(t) S ()5 ()

Ig(t)

MaSp(t) (1g + az)lg(t)

Fig. 2: Flow chart of the dynamics in the model: a) for the
Thai human population, b) for the Hong Kong
human population and ¢) for the bird population
Thai population

death due to the disease. A schematic representation of
model is shown in Fig. 2 and Table 1. We use STR
model for human population and ST model for bird
population. The variables of our model are defined as
follows:

St (1) be the number of susceptible Thai population
at time t
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¢ I; (t) be the number of infected Thai population at
time t

¢ R (t) be the number of recovered Thai population at
time t

¢ 5S¢ (1) be the number of susceptible Hong Kong
population at time t

* I (t) be the number of infected Hong Kon population
at time t

* R, (t) be the number of recovered Hong Kong
population at time t

* 5 (t) be the number of susceptible bird population at

time t
I, (t) be the number of infected bird population at
time t
d
Bl o 0- s, 0,080 D
d
B0 s LGy @
dR{f) _ , (3)
dt YTIT(t) 'J'TRT(t)
Hong Kong population:
(R0 STCHUTRY AR U

e g s o1 O drog L0 O

dt
% L (O <R 1) (©)
Bird population:
% - BNB (t)'BBSB (t)IB (t)'lJ-BSB (t) (7)
Bl = 5, 01, (0, 42,0, 0 ()
Where:
N (D=8, (DH (R (1) @)
N () = S O+ (O+R (1) (10}

And:

Ny (1) = 8,()+1 (1) (n

Analytical solutions
Equilibrium points: The standard dynamical method
15 used for analysis our model. Steady states of our

equations are found by setting Eq 1-11 zero,
then we obtain the steady states. The disease
free steady state:
1-P)K
E, = (CNT ,0,0, ( ) ,'fJ,'fJ,BI“JB L0
Kr dpy Hg
The endemic steady state:
B, = (8, I, Ry, S L Ry, S 1)
S (12)
BTIBer'T
oo CNTL 13)
Brlp )00t )
Rfr —_ ?NTBT’YII; (14)
Mo (BT Mo 7, )
. 1-P|K
QWD) e~ (1s)
B I tpy
2 .
e L. [%KK -1+, (16)
(A Bels g 247, Ty )
R’:{ = YzBK*kz('lJ"P)I; (17
(A (@B I+ (dra, +y, )
. BN
S, = —-F (18)
Bels thg
[=tey BNe (19)
BB CL3+HB

Local asymptotical stability: The local stability of each
equilibrium point 1s determimed by sign of all eigenvalues.
The eigenvalues 4 are solutions of the characteristic
equation.

Disease free state:The Jacobian matrix at E; is shown as
mEq. 20:
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. 0 0o 0 0 o 0 My,
‘T
cN
0 7(0{1 + Y1 + “"T) 0 0 0 0 0 ( T )BT
T
0 v, . 0 0 0 0 0
0 0 0 —(d+py) 0 o o (TP
[ d+ U,
Eg — B
0 0 0 0 —{d+ o, 7, Tl 0 0 ((1 P)K)BK
d+u,
0 0 0 0 V) “d+u,) 0 0
0 0 o o 0 0, e,
B
0 0 0 0 0 0 0 o+ (BNeyg
L Mg ]

The characteristic equation of the above Tacobian matrix is:

B

BN
(';\"“B){'aa'}”"'p—BBB'“B}('d'}”'“K)2('d'az'yz';\"ux)(';\"HT)(31}”+V1}”+}”2+G1HT +Y1HT+2HT}”+HT2) =0 (2D
Where:
)\'1 =H J\'z :7d7#K ’)\'3 :7017/”1( > )\'4 X 7d7a2 TV T Hgs )\'5,5 =Tl }“7 =0d Y T My

And:
Ay 4 +BNBBB -

8 3 B

Hg

From evaluating all eigenvalues, the real parts of all eigenvalues have negative signs when R,<1 where:

R, o] BNefs By (g BNy BN
HB(G‘B_'_HB) HBHKL O+ L (0T ) pg

Disease endemic equilibrium: To define the stability of the endemic equilibrium pomt E,, we find the eigenvalues of
Tacobian matrix at B

__BTI; “Hp 0 0 0 0 0 0 _BTS*T

Brl% o+ ) 0 0 0 0 0 BrSy
0 Y, —r 0 0 0 0

.- a a 0 d-B.IL-u, 0 a 0 B, 8.

B 0 0 0 Byl (o, ty ) 0 0 BxSy
0 0 0 0 ¥, —(d+u,) 0 0

0 0 0 0 0 0 _BBI; e _BBS;

|0 0 0 0 0 0 LN —ot, + PeSp — Mg |

The characteristic equation is given by:

aEBBI; ta kB, I;)\‘_BB S;A‘Jr;\‘z Ta,iy (-d—?\.-u ) (_d_BKI; Abyg )(-d-OL2 ;A ) (_;\"_HT )
K

; : (23)
(STRE TR Vi ST (-BTI; ALy ) (o, -y, -A-pr ) =0
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where, 3", I', 8. R, S’y and I, are defined in Eq. 12-19.
From evaluation, all eigenvalues have negative real parts
for Ry,<1 where:

BNBy By (4, BN, |

R,=max s i
HB(a3+HB) HBHKL a; Ty N

0

B Ny M
Hela )

RESULTS AND DISCUSSION
Numerical solutions: Table 2 shows that:
Stability of disease-free state: The values are B = 0.1,

Br = 0.04, py = 1/100. @, = 5 and N, = 1. We obtain:
A, = <461, A, = 0512537, &, = -0.0650365, A, = -001,

Stability of endemic state: we change the values of total
bird population from 1change to be 100 total Thai human
population from 10 change to be 1000 fraction of
infectious Hong Kong human when they enter
Thailand from 0 change to be 0.2 and keep the

other wvalues of the parameters the same. We
obtain: A, = -0.510062, A, = 0.0873619, 4, =-0.0873369,
Ay = 00650365, A = 000253653, A, = -0.00253653,

Ay=-0.0000365297, 4, =-0.0000365297 and R, = 0.307922.
Eigenvalues have to be negative real parts and
reproductive number 13 more than one, the equilibrium
pomnt will be the endemic state, E, as shown in Fig. 3.

In this study, we constructed the mathematical
model of avian influenza when there 1s the traveling of
tourists from the risk countries by case HSNI. The results

Ao = -0.002536533, A, = -0.00253653, A, =-0.0000365297, by using standard dynamical modeling (Leah,1988). The
Ay =-0.0000365297 and R, = 0.307922. basic reproductive number 1s denote by R when:
14000 9
é 12000 < i
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Fig. 3: Time series solutions of susceptible Thai population, infections Thai population, recovered Thai population,
susceptible Hong Kong population, infections Hong Kong population, recovered Hong Kong population
susceptible bird population and infectious bird population
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Table 2: Parameters values to endernic state

References Parameters  Values
Sirmilated value C 0.4
Gumel (2009) and Chong et al. (2014) pr 1/(75x365)
Twami et ad. (2007) and Chong et of. (2014) o8 0.06
Simulated value N, 1000
Sirmilated value p 0.2
Simulated value K 2
Gumnel (2009) and Chong et al. (2014) B 0.05
Gumnel (2009) and Chong et af. (2014) Vi 0.01
Official statistics Thailand 1/(75%365)
Iwamni et ai. (2007) o 0.5
Sirmilated value d 0.000025
Simulated value B 0.1
Twami et al. (2007) e 0.04
Gumel (2009) and Chong et al. (2014) Mg 1/100
Twami et ad. (2007) and Chong et of. (2014) s 5
Simulated value Np 100
BN, Be (4, BN i
2 K >
R, = max Ha (0[3 +HB) Mply L Oy T (24)
BENy | pe

U (C A TRy R TS

The quantity Rj =R, is the basic reproductive
mumber of the disease. Tt represents the number of
secondary cases that one case can produce if mtroduced
mnto a susceptible population (Anderson and May, 1992).
Figure 3 show time series solutions of susceptible
Thai population, infections Thai population, recovered
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Thai population, susceptible Hong Kong population,
infections Hong Kong population, recovered Hong Kong
population susceptible bird population and mfectious bird
population. We can see that the solutions approach to the
endemic state show m Fig. 4 E(4579, 4.5182, 614.955,
18.3146, 3.134664, 858.261, 125, 1.74601) when R>1.

CONCULSION

We analyze the method for controlling the
transmission of mfluenza virus. The results of this study
introduce the way for reducing the outbreak time of
epidemic.
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Abstract

In this paper, we propose a SEIQR network model incorporating the
age structure of human population for swine flu to study an epidemic
network distribution. The human population is divided into three
groups such as 1-10 years, 11-20 years and more than 20 years,
respectively. The SEIQR network model contains people and public
places, we suppose that the people move to any public places by
random process. The numerical simulation of the disease transmission
is presented with assumptions that there is one exposed person and one
infected person in each age group at the first day. The results show the
time distribution of exposed, infected and quarantined human dealing
with different situations.

1. Introduction

Swine flu was found to be caused by an influenza A virus, designated
influenza HIN1. An outbreak of swine flu began in the early of 2009, it was
first detected in Mexico and then rapidly spread around the world. The WHO
Received: June 5, 2016; Accepted: July 2, 2016
2010 Mathematics Subject Classification: 97Mxx.

Keywords and phrases: network model, SEIQR, simulation, swine flu.
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announced the pandemic alert level at phase 6. It is characterized by the
spread of virus between human in at least two countries in the world health
organization (WHO) region [1]. The swine flu cases are found in Mexico, the
United States and Canada, respectively. The total report of swine flu cases
worldwide more than 213 countries was 622,482 [2] and swine flu deaths
have reached a total of 16,931 [3]. The newest virus that caused swine flu is
influenza A H3N2v that began as an outbreak in 2011. The “v” in the name
means the virus is a variant that normally infects only pigs but has begun to

infect humans [4].

Epidemic network models were proposed in many research works.
Pongsumpun and Tang [5] formulated the dynamical model of P. vivax
malaria between villages and houses to see the network distribution of this
disease. They simulated the consequences of changing the number of
villages, number of houses in each village, contact rates and relapse rates.
Their results showed the time distributions of infected and dormant human
when different values of several parameters are used. Jumpen et al. [6]
proposed an SEIQR-SIS epidemic network model to study the disease
transmission in the adaptive social network. They simulated the pandemic
influenza on adaptive network with people nodes and hub nodes. They found
that the network parameters such as hub radius, contact radius and visiting
probability are significant effect on the disease spread. Pongsumpun et al. [7]
analyzed the epidemic spread of an SEIR model via a contact infection
process to obtain the infection wave solutions. They showed the distribution
of the infection waves for the different ranges of parameters. Changpuek et
al. [8] modified SEIQR model for describing the transmission of swine flu by
considering the effect of age group in the human population for the
transmission of this disease. We showed the local stability analysis of the
equilibrium states and presented the numerical results. We examined the
global stability of the equilibrium states by constructing Lyapunov functions
and established the conditions for these equilibrium states [9].

In this paper, the network transmission of swine flu incorporating the age
structure of human population based on SEIQR (susceptible-exposed-
infected-quarantined-recovered) is proposed in Section 2. In Section 3, we
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present the simulations of the model to see the time distributions of this
disease when different situations are used. We show the maximum number of
exposed, infected and quarantined individuals, the day at which each
individual group reaches to the maximum and the day at which each group
tends to the steady state for each situation. In the last section, we compare the
results of the simulations for different number of public places and people by
considering the epidemic peak and the length of epidemic outburst.

2. Transmission Model

We formulate a transmission model of swine flu by introducing age
structure into the SEIQR model and study the network distribution of this
disease. The SEIQR network model contains people and public places, we
suppose that there are P public places and N people. Each day, the people
move to any public places by random process, i.e., random the 1st person to
Nth person visit between the Ist place and Pth place (with uniformly
distribution). The probability for each person to visit each place is
equivalent. We assume that at the first day, there are one exposed person and

one infected person in each age group.

In our model, the human population is divided into three age groups such
as group of the people 1-10 years, 11-20 years and more than 20 years,
respectively. Each group has constant size and it is sub-divided into five
classes, i.e., S, individuals susceptible to the disease; £, individuals who are
latently infected (exposed); [, infectious individuals; @, isolated or
quarantined individuals; and R, individuals who have recovered and immune
to the disease. The variables in our model are defined as follows:

SE i EF,;, IF, j, OF, ;, RE,; represent the numbers of susceptible,

exposed, infectious, quarantined and recovered persons of the first age group
in place ith after visited at day ¢, respectively.

SS;.is ESi s 1Si4, OS; . RS, ; represent the numbers of susceptible,

exposed, infectious, quarantined and recovered persons of the second age

group in place ith after visited at day ¢, respectively.
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ST;,i» ET; s IT;;, OT;;, RT, ; represent the numbers of susceptible,

exposed, infectious, quarantined and recovered persons of the third age group

in place ith after visited at day ¢, respectively.

N is the total number of persons, P is the total number of public places

and 7 is the ending time.
The dynamics of human populations are given by:

~a)SF, ;(EF, ; + IF, ;)

ASF, ; = v

— kSF, ;,

a|SF; ((EF; ; + IF, ;)
AEF},i = N

— (¢ +d + k)EF, ;,
AIF; ; = cEF, ; — (e + f + k)IF, ;,

AQF; ; = elF, ; = (g + k)OF, ;,

ARF, ; = dEF, ; + fIF, ; + gQF, ; — kRF; ;,

—aySS;, i(ESt,i + ISt,i)

ASSt,i = kSth,i N

" | kSSt’ i’

aSS;, i(ESz,i ab ISt,i)
N

AES, ; = kEF, ; + —(c+d +k)ES,; ;,
AIS, ; = kIF, ; + cES, ; — (e+ f+ k)ISt’,-,

AQS; ; = kOF, ; +elS; ; — (g + k)OS, ;;

ARS; ; = kRF; ; + dES, ; + fIS; ; + 808, ; — kRS, ;,

~a3ST; (ET; ; + IT, ;)
N b

AS]},Z' = kSSt’ i

a3ST, (ET; ; + 1T, ;)

AET}’Z' = kES[,i + N

- (C + d)ET;’l,
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)
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AIT; ; = KIS; ; + cET; ; — (e + /)T ;, (13)
AQT, ; = kOS; ; +elT; ; — gOT, ;, (14)
ART; ; = kRS, ; + dET; ; + fIT; ; + gOT; ;. (15)

The other parameters are defined in the following table:

Table 1. List of parameters for model

Parameters

Definitions

k

The rate at which the first age group pass into the second age
group and also the second age group pass into the third age

group

a The average number of adequate contacts of the first age
group which is equal to 0;c,,

a The average number of adequate contacts of the second age
group which is equal to 0,71,

az The average number of adequate contacts of the third age
group which is equal to 030,

0,, 65, 03 | The probability of catching the disease per contact to the
infected/exposed person of the first age group, the second
age group and the third age group

o,, T,, ®, | The average number of people contacted by each person per
day of the first age group, the second age group and the third
age group

c The rate at which the exposed individuals £ become the
infected individuals /
e The rate at which the individuals leave the infective
individuals / for the quarantined individuals Q
d,f, g The rate at which individuals in the £, I and Q classes

recover from the disease
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3. Numerical Examples

The simulations of the model are calculated to see the time distributions
of this disease. First situation, we assume that there are 20 public places, the
time distributions of exposed, infected and quarantined humans for the
different number of persons in this situation are shown in the following
figures:

P=20 and N=200 P=20 and N=200
25 B

exposed human
infected human

o 50 100 150 200 250 300 350 0 '5-0 1{.JEI 150 200 250 300 350

P=20 and N=200

quarantined human
V.

(c)

Figure 1. The time distribution for N = 200 persons: (a) exposed human,
(b) infected human, and (¢) quarantined human. The solid line represents the
average outputs from 20 runs of simulation. The parameters in our model are
k=1/365x10), ¢=1/9, d =17, e=1/5, f =17, g=0.7, a =20,
a, =25, a3 =15, P =20, T =350.
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P=20 and N=300 P=20 and N=300

b
1]

exposed human
m 8 8
infected human

0 50 100 150 200 250 300 as0 150 200 250 300 as0
tima time
(a) (b)

P=20 and N=300

3.5

3

25
5 I
:
H full
:
H
kS
=3

10 200 . @50 | 300 350

Figure 2. The time distribution for N = 300 persons: (a) exposed human,
(b) infected human, and (¢) quarantined human. The solid line represents the
average outputs from 20 runs of simulation. The parameters are same as
Figure 1.

We simulate the time distribution of exposed, infected and quarantined
human with the four different numbers of persons: N = 200, N =300, N =
400 and N = 500. For each N, we run 20 times and find the average. The
following figures show the average of time distributions of exposed, infected

and quarantined humans, respectively.



1634 P. Pongsumpun and T. Changpuek
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quarantined human

Figure 3. The average of time distribution for various number of persons:
N =200, N =300, N =400 and N = 500. The figures are (a) exposed

human, (b) infected human, and (¢) quarantined human.

Figure 3 compares the average outputs of time distribution for exposed,
infected and quarantined human population obtained from the model with
four different numbers of persons. Figure 3(a) shows the maximum number
of exposed individuals and the day at which reaches maximum: N = 200, the
maximum around 18 persons at 17 days and tend to steady state at 90 days;
N =300, the maximum around 27 persons at 18 days and tend to steady
state at 140 days; N = 400, the maximum around 34 persons at 19 days and
tend to steady state at 170 days; and N = 500, the maximum around 41
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persons at 21 days and tend to steady state at 190 days. Figure 3(b) shows the
maximum number of infected individuals and the day at which reaches
maximum: N = 200, the maximum around 5 persons at 19 days and tend to
steady state at 85 days; N = 300, the maximum around 8 persons at 20 days
and tend to steady state at 125 days; N = 400, the maximum around 10
persons at 21 days and tend to steady state at 145 days; and N = 500, the
maximum around 13 persons at 24 days and tend to steady state at 215 days.
Figure 3(c) shows the maximum number of quarantined individuals and the
day at which reaches maximum: N = 200, the maximum around 1 persons at
22 days and tend to steady state at 70 days; N = 300, the maximum around
2 persons at 23 days and tend to steady state at 130 days; N = 400, the
maximum around 3 persons at 23 days tend to steady state at 300 days; and
N = 500, the maximum around 3 persons at 26 days and tend to steady state
at 315 days.

Second situation, we assume that there are 500 persons, the time
distributions of exposed, infected and quarantined humans for the different
number of public places in this situation are shown in the following figures:
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N=500 and P=10 N=500 and P=10
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Infected hurman
"
0

8

o 50 100 150 200 250 300 350 o 50 100 150 200 250 300 350
time time
(a) (b)

N=500 and P=10
14,
12
10
Ea
2 8
‘.
8
g
g
S
4
2+
o | S| =l FNE oy 5
] 0 100 150 200 250 300 350
time
(©)

Figure 4. The time distribution of human for P =10 public places: (a)
exposed human, (b) infected human, and (c) quarantined human. The solid
line represents the average outputs from 20 runs of simulation. The
parameters in our model are k =1/(365x10), ¢=1/9, d =1/7, e=1/5,

f=17,g=07 a =20, ay =25 a3 =15, N =500, T = 350.
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Figure 5. The time distribution of human for P =15 public places: (a)
exposed human, (b) infected human, and (c) quarantined human. The solid
line represents the average outputs from 20 runs of simulation. The

parameters are same as Figure 4.

We simulate the time distribution of exposed, infected and quarantined
human with the four different numbers of public places: P =10, P =15,

P =20 and P = 25, respectively. For each P, we run 20 times and find the

average outputs. The following figures show the average outputs of time
distributions of exposed, infected and quarantined humans, respectively.
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Figure 6. The average outputs of time distribution of human for various
number of public places: P =10, P =15, P =20 and P = 25: (a) exposed

human, (b) infected human, and (c¢) quarantined human.

Figure 6 compares the average outputs of time distribution of exposed,
infected and quarantined human obtained from the model with four different
numbers of public places. Figure 6(a) shows the maximum number of
exposed individuals and the day at which reaches maximum: P =10, the
maximum around 150 persons at 12 days and tend to steady state at 80 days;
P =15, the maximum around 84 persons at 17 days and tend to steady state
at 130 days; P = 20, the maximum around 41 persons at 21 days and tend to

steady state at 175 days; and P = 25, the maximum around 18 persons at 26
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days and tend to steady state at 200 days. Figure 6(b) shows the maximum
number of infected individuals and the day at which reaches maximum:
P =10, the maximum around 43 persons at 15 days and tend to steady state
at 180 days; P =15, the maximum around 25 persons at 19 days and tend to
steady state at 200 days; P = 20, the maximum around 13 persons at 23
days and tend to steady state at 215 days; and P = 25, the maximum around
6 persons at 31 days and tend to steady state at 265 days. Figure 6(c) shows
the maximum number of quarantined individuals and the day at which
reaches maximum: P = 10, the maximum around 12 persons at 16 days and
tend to steady state at 150 days; P =15, the maximum around 7 persons at
21 days and tend to steady state at 200 days; P = 20, the maximum around
3 persons at 25 days and tend to steady state at 215 days; and N = 500, the

maximum around 2 persons at 32 days and tend to steady state at 275 days.
4. Conclusion

In this paper, we compared the results of our simulations when the
number of persons and the number of public places are different. For the first
situation, the number of public places is fixed and the number of persons is
varied as shown in Figure 3. We can see that the greater number of persons
produce the higher epidemic peak and length of epidemic outburst. It can be
interpreted that the higher number of persons can cause of the higher
population density per unit area and greater contact transmission then the
disease can be spread easier. For the time of the epidemic peak is not much
difference: the time of the exposed individual peak is between 17 and 21
days, the time of the infected individual peak is between 19 and 24 days and
the time of the quarantined individual peak is between 22 and 26 days. For
the second situation, the number of persons was fixed and the number of
public places was varied as shown in Figure 6. We can see that the higher
number of public places produce the lower epidemic peak but the length of
epidemic outburst and the time of the epidemic peak are higher. It caused by
the population density per unit area and contact transmission of the higher

number of public places are lower, therefore the disease can be gradually
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spread and take longer time to reach the epidemic peak which make longer of
epidemic outburst. As we see in Figure 3 and Figure 6, the peaks of the
exposed individuals for both situations are higher than the peaks of the
infected individuals because some exposed individuals recover before they
become infectious. Similarly, the peaks of the infected individuals for both
situations are higher than the peaks of the quarantined individuals because
some infected individuals recover before they become the quarantined
individuals.
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Abstract: Respiratory diseases can easily transmit between people. In this study, we formulate the simple
model S-1-R-I (Susceptible-Infectious-Recovered-Infectious) for describing the transmission of this disease.
The model is analyzed by using dynamical modeling method. After that, we simulate our equations by using
numerical method. The numerical solutions are found to confirm our analytical results. Analysis of
parameters are given.

Key words: Dynamical modeling method, model, numerical method, respiratory diseases, simulation.

1. Introduction

Respiratory diseases are caused by several types of viruses such as influenza virus, Para influenza virus,
Respiratory syncytial virus etc. Almost cases of respiratory diseases caused by influenza virus [1]. Influenza
virus has two types; types A and types B. The emerging infectious disease incidence has increased every
year. These diseases are occurred via the respiratory tract. The spread of the disease is rapid and extensive.
Emerging diseases have occurred since 1980, as the bird flu in Asia. The outbreak of severe acute
respiratory infections (SARS) disease, Ebola, Middle East respiratory syndrome (MERS) caused serious
effects on the health system. Most respiratory diseases, ie. SARS and Ebola, there is no vaccine. These
diseases has spread rapidly and may infect again. Respiratory Disease Caused by an infection of the
respiratory tract. Avian influenza virus has many subtypes but there are only some strains can infect human
such as H5N1, H7N3, H7N7, H7N9, and HIN2 [2]. There was one elderly woman from Jiangxi Province,
China, died of pneumonia in December 2013 from the H10N8 strain, the first human was confirmed to be
died by that strain [3]. Most avian flu cases are a result of either handling dead infected birds or from
contact with infected fluids. It can also be transmitted through contaminated surfaces and droppings. Most
birds have only a mild form of the H5N1 strain, once domesticated birds such as chickens or turkeys are
infected, it can die because the birds are often in closed contact. Because of low hygiene conditions, there is
a large threat of this disease in Asia. This disease can be easily transmitted from birds, human-to-human
transmission is more difficult without prolonged contact [4]. Some strains of avian influenza are present in
the intestinal tract of large numbers of shore birds and water birds, but these strains are rarely caused
infection [5]. SARS is a viral respiratory disease of zoonotic origin caused by the SARS coronavirus
(SARS-CoV). The outbreak is occurred between November 2002 and July 2003 in Southern China. There
were about 8,096 cases and 774 deaths reported from 37 countries [6]. The most cases from Hong Kong [6]
(9.6% fatalityrate) according to the World Health Organization (WHO) [7]. There is no cases of SARS have
been reported worldwide since 2004 [8]. In 1968, Rvachev [9] developed the spatial-temporal model by
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using SIR model to study the connection of SIR model with the real epidemic situation in Soviet Union. After
that, Rvachev et al. extended their model by finding the effect of air travel with the transmission of this
disease [10]. In 1988, Flahault et al. [11] studied and formulated the mathematical model describing the
transmission of Influenza in France. After that [12], they studied and constructed mathematical model
describing the transmission of influenza in Europe. In 2014, Chowell et al. [13], studied the transmission
model of Mers by considering the data of Mers during April and October 2013, the basic reproduction
number and disease severity.

In this study, we analyze the simple model for describing the transmission of respiratory diseases and
numerical results are found to show the behaviors of solutions.

2. Transmission Model

Mathematical model is applied to describe the transmission of the diseases are occurred long time ago. To
model the transmission of the disease, we have to know process about the disease and what are its
transmission cycles. Respiratory disease can transmit between humanthrough contaminated surfaces and
droppings. To construct the mathematical model, we need to define variables and parameters for describing
the transmission of this disease. We define the variables as follows:

S(¢) isthe number of susceptible human,
I(t) isthe number of infectious human,

R(t) isthe number of recovered human.

0 ) i,

The diagram can be written as

B S BSI+B.S 7 rf R
I l aR
ds dl dR

Fig. 1. Diagram of our model equations.

From the above diagram, we can have following equations.

S () =B=(B,SOID+B,S®)=dS()
I ()= (B,SOI@)+ B,S@)+aR(t) + 4, = (r+d)I (1) (1)
R (t)=rI(t)-(a+d)R(t)

where B is the number of human population at the beginning time,
B, is the infection rate of respirator y diseases between human,
B, is the infection rate of respirator y diseases from the other factors,

r is the recovery rate of cases,
O is the rate at which recovered human become to be infectious human again,

Ai is the initial number of cases,

d is the natural death rate of human.
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N s the total human.

2.1. Analytical Results
The steady states can be found from setting (1) to zero, then the steady states are
1) The first steady state (Sl*,ll*,Rl*)

where

S = 5 @)

CBo+d+Bylt)

*_ Il*r
NCET Ik

and Il* is given by

(ACAS ~ ADN- AdNF
b \(ﬂ’*<44<44+3@>ﬁ<ﬂ+r>+<4%)
T \eidd+ad s 3)
1 (A B + SN AN}

where 4, =a+d, 4, =4, +B,4, =B, +d
2) The second steady state (S;,I;,R;) where
% B
Sy = 2
(Bo +d +Bpl2)

* Y ];I”
25 a +d)

and I; is defined by

(A - A0~ 40
e +\(?'F(44@34+Ba‘§),ﬁ(ﬂ+r)+(4%ﬁj
O s & s .00 "

2 (A B + G+ )

We analyze the stability of the steady states by looking the sign of all eigenvalues. For the first steady

state, we found that all eigenvalues have negative signs when R, <1.

For p,> 1, all eigenvalues of the second steady state have negative real parts. Ry is defined as

_ AA(AA +BB)BA(A +1r)+ (A4S, + AAd + Adr )2
(_AlAzﬁh + A1A3d t A3dr )2

Ry
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If all eigenvalues of the steady states have negative real parts, then that steady state will be local stable
[14].

2.2. Numerical Results

We simulate our equations by using numerical method. We consider the behaviors of solutions for the
different set of parameters as follows:

100
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o
2 40 /
)
g J
Z 20 @&
O T T T 1
0 2E-11 4E-11 6E-11 8E-11
Infection rate of respiratory diseases between

human

Fig. 2. Number of cases for the different Infection rates of respiratory diseases between human.

100

P 4

/

QD ™
= | &

Number of cases
N
o

N
o

/

0 5E-10 1E-09 1.5E-09

Infection rate of respirator y diseases from the
other factors,

o

Fig. 3. Number of cases for the different infection rate of respirator y diseases from the other factors.
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Fig. 4. Number of cases for the different number of human population at the beginning time?.
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Table 1. Parameters of Our Model

Parameters Values
ﬂh 0.00000000006 0.00000000003 0.000000000006
B 0.0000000014 0.0000000007 0.00000000014
B 100 50 25
a 0.02 0.01 0.01
B 1 5 10

140 —

60 g 120 —

40 7_

20 T T T a0 T T T
[u] zs0 s00 750 1000 o 125000 250000 375000 500000

Number of cases

100 —

Nunker of recoversd huwan

a) b)
Fig. 7. Times series solution behaviors of our model. The parameters are B =100, g, =0.0000000014,d =

1/(365*70), p, =0.00000000003, « =1/60; 4; :=0;r:=1/15. Ry=11. a) For respiratory disease cases.

b) For the recovered human.

122 Volume 7, Number 2, April 2017



3. Conclusion

In this paper, we study the mathematical models for describing the transmission of respiratory disease.
S-1-R-1 is used for this study. We analyzed our model by dynamical modeling method. The stability condition
is used to be guided for reducing the transmission of this disease. The local stability condition of two steady
states is determined by g,. If g,< 1, then the first steady will be stable. The second steady state will be

stable for g,> 1. The following figures are the example of numerical results for g,> 1.

From Fig. 7, we can see that when we use the above parameters, the cases can be reduced and also the
recovered human increased until they converge to the second steady state.

We found that the parameters f;, f,, B,aand 4; are influenced to the number of cases. From Fig.

2 to Fig. 6, we can see that if the infection rate of respiratory diseases between human, the infection rate of
respiratory diseases from the other factors, the number of human population at the beginning time, the rate
at which recovered human become to be infectious human again and the initial number of cases are higher,

then the number of cases are higher too.
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sitnation and it fiture evolotion In this paper. we study the transmission of a
Middle Fant respiratory syndrome. A virus in human with the effect of reper;.
tive contact taken into conaideration A virus with the effect of tepetitive canggaey
[l 1 i R -
ine ndisl hiv constructing the mathemat 1oenl model. We !'mprlﬂy an bi',ll,e{{ model
(8 denoted susceptible human: E, exposed; I, infectious. Q, quarantine, apg R
denotes o gecovered hnman) to describe the transnossion of the virus i the pop-
ulation

2  Mathematical model

We consider the tramspission of coronavirus. A virus in human. We haye
included the effect of repetitive contact and taken into account that people having
i prior illness have a higher mortality rate.

Suppose that the human popuplation N(t) is divided in to five class with
N(t) = S(t) v E() + L) + Q(t) + R(t). Where

- S(t) as being the number of susceptible persons at time,

- E(1) as the number of exposed persons at time,

- (1) as the number of infectious persons at time,

- (1) ns being the number of quarantine persons at time,

. R(t) as being the number of recovered petsous at time.

This model is called o SEIQR (susceptible, exposed, infected, quarantine, and

recoverad ) maodel. Our assumnptions on the dyvnamical transfer of the population
are demonstrated in the dingram as shown in Fig. 1

b, E(t)

£

PN(t) es (M) ty) 2e rQ(t)
[ S(t) —=3 E(t) P22y ) =2 ) R(t)
“hS“

)l (hy+ d,)S(t) (py* d )I(E) l 1, Qft) th(t)l
v v

Figure 1: SEIQR model.

The total number of humans is the sum of the five population groups at t time
that is, N(t) = S(t) + E() + 1(1) + Q1) + R(1).

A susceptible human becomes an exposed person if he comes in contact. if
€S is the number of contacts a human makes with someone who could pass on

the llu\.'nl c-nmnuvirus‘, then CS(E(1) + 1)) is the number of contacts which could
result ina person being exposed to the virus



We propose the following mode] for Middle East ¢
. 8 i 'V sy
isenst: Piratory syndrome (MERS)

d )
:f?b“) o _UJ\’“,) - .Uhs(f) S, ("S(E(f) i f(t))
(2.1)

d: . |
) = (:‘S Ft i — Y
Tfrb( ) (B + 1)~ (1w + d,) E(t) - ?%E( ) = by E(1) (2.2)

4oy

7 () = P E(t)~ (un + dg)I(t) — b1 (t) (2.3)

—Qlj) I{t) + I’)lb(f ~ Q1) = rQ(t) (2.4)
d

% R{t) = rQ(t) — puy R(t)
Then

d \ 'f Y fi ( (! d
~N(t) = —=S({t) + —E(t) + - L [
7 (1) i () + dl‘P (£) 4 ?I(d!) | I Q(t) + FERU)

= pN(t) = (S(t) + E() + I{t) + Q(t) + R(t)pp — (E(t) + I{t)Hd. (26)
Since N(t) = S(t) + E(t) + I(t) + Q(f) + B{t) and p = py,, then we have

d

I 3 <(B(t) + I(t))ds (2.7)

Table 1: Definitions of our parameters in our dynamical equations.
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Taking the time derivative of a normalized population (S(t), E{t), I(t) L Q1 )‘ﬁm)
then

- d S(t)

G0 - T - g S0 - S Z N0 (2)
g}._(fj: :’i({:’, -—-_.1(-5-)-%8() _{_)—!(T)di‘”” (2.9)
‘_‘L_T‘j: :t;‘{'t" = —}f-)'_d{ (f)nf(f)m%h'( ) (2.10)
Zgm= = f;"(i’} -WEFQ()*Q(!)WQ; N(t) 211)
im“, ;f‘{r’) - v‘md‘mz)-ﬂ( )Mt) dthm (2.12)

Substituting equations (2.8) - (2.12) by (2.7), then we obtain

d&— 1 d
;;,Sﬂ)=m pred ke 5(t) ‘V(f}( (E(t) + I{t))d,)
1 d
“Nma@ S(t) + dy,S(E)(E(t) + (1)) (2.13)
£.CHD) 13 '
= E = NG ).&-F(t)+d EME[R) + (1)) (2.14)
d-3X ¥
= (t) = Nijdt 1)+ dI(t)(E(t) + I(t)) (2.15)
A L
S0 = 575 Q0 +LGHED + T0) (2.16)
4 R0 LRty + 4R
2t SO Ny o A ROCE() + 1) (2.17)
Equations (2.1) - (25) . the dynamical equations of the normalized populations
are given by
d — S
7510 = p— uaS(t) - CS(ET) + I(1) + d,S(t) (E(t) + 1(1)) (2.18)

d-— ——
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The steady state of our dynamical equations is given as follows:
(i) the disease frec steady state Ey = (1 U g 0,0),
(i) the endemic steady state £y = (s*,e*.i" ¢*,7*), where
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where
= (0.5d, (by — 53))""

1
(”‘(”, b,)+bz(b~a—b:)+(‘8(d + +b1)+ds (!— g 1vba)
( ) >

‘/((‘.5 " 1—- + by - by)? 4 2(‘::{-—

and »* can be obtained from

r*=1-s" e =i’ (2.27)

The local stability of cach steady state is determined by the signs of all cigen-
values. The eigenvalues (A} are solutions of the characteristic equation

det(Jg — A}y =0 {2.28)

where Jp s the Jacobian matrix at the steady state and [ is the identity matrix.
If all cigenvalues produce the negative real parts, then the steady state is local
stability.

The Jacobian is therefore given by

Jg
[d (E(t) + I(t)) d,S(t) d,E(t) 0 TH T
— -5 ~-C8
0 CS — pip —dy CS +d,E(t) 0 0
H.TIF - by+ 0 0
d(E(t) +1(t))
d,S(I‘)
0 75 +dJ(t)  d(E(t) +1(t)) 0 0
_da & b?
—pn + doI(t)
0 by + d,Q(t) br +d, Q) dJ(E(t) + (1)) 0
—L=flh
0 d,R(t) d R(t) r d,(E(t)+
i I(t)) — pn]

For the Discase Free Steady State Ey = (1,0,0,0,0), disease-free equilibrium, the
Jacobian matrix becomes

o
|, "Irr. .
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characteristic equation is given by

1 1 e vy i
— (—ﬂh +OS —d,= = b, -A)(.-m. 550 T )\})
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nvalues then become )
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From calenlation, all eigenvalues have negative real parts for By < 1,
(CS)+ (e +b1=b2)  +2CS (g —b1 +b2)

Qin ~CS—2d,+7p +h+02)7

For the Endemic Steady State Ey = (s*.e*,1%,¢".r"). The characteristic ee
tion is given by

where Ry =

(—pn —dy (€" +1°) = A (—pn — T+ ds (" +17) = \)

((-cs +dee”) (I—lp- + d,r")

+(-—,u;.+(‘5‘-—d,~ ?1;5 — by +dse” = A+ dg(e’ +i*‘1)
(i = di =ba+da" = A +ds (e +1%))) (2.30)

where ¢ and 1" are defined in {2.24) and (2.26).
From evaluation, all eigenvalues have negative real parts for Ry > 1.
(C5)%+( g +b1~b2)" +20S {7y ~ by +b2)
(2ur~C8—=2d.+ 15 +014b2)7

where Ry =

3 Numerical Solutions and Discussion

In this paper, we are studying the effects of novel coronavirus effects of chang-
ing various on the transmission of the Middle East respiratory svudrome. The
factors we are interested in are the degree of repetitious. the inereased death of
the humans when infected by the virus, and the degree of quarantine of the infec-
tious humans. These may not be the true values. We are iuterested in the changes
in the projections of the behaviors of the different time evolutions of the different
populations when the values of the parameters are changes.

CASE 1 We are interested in the endemic steady state of our dynamical
equations. The initial values of parameters used in this study are

= 0.000039, CS = 0.100000,

IP = 0.200000, d, = 0.142300,

by = 0.100000, b, = 0.140000 and r = 0.140000.

the number of susceptible persons at time, the number of exposed persons at
time, number of infectious persons at time, the number of quarantine persons at
time and the number of recovered persons at time was define as

S(t) =100, E(t) = 50, I(t) = 10, Q(t) = 0 and R(t) = 10

The time evolution of susceptible persons, exposed persons, infectious persons.
antine persons, recovered persons was shown in Figure 2.
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CASE II We are interested in the endemic steady state of our dynamical

cquations. The initial values of parameters used in this study are

fh = 0.000039, C'S = 0.100000.
[P = 0.200000, d, = 0.142300,
by = 0.100000, by = 0.280000 and r = 0.140000.

the number of susceptible persons at time, the number of exposed persons at
rime, number of infectious persons at time, the number of quarantine persons at
time and the number of recovered persons at time was define as

S(t) = 100, E(t) =50, I{t) = 10, Q(t) = 0 and R(t} = 10

The time evolution of susceptible persons, exposed persons, infectious persons,
quarantine persons, recovered persons was shown in Figure 3.

CASE III We are interested in the endemic steady state of onr dynamical
equations. The initial valnes of parameters used in this study are

pn = 0.000039, C'S = 0.150000.
IP = 0.200000, ds = 0.142300,

b, = 0.100000, bs = 0.140000 and r = 0.140000. the number of susceptible

persons at time, the mumber of exposed persons at time, number of infectious
persons at time, the number of guarantine persons at time and the nunber of
recovered persoms at time was define as

S(t) = 100, B(#). = 50, I(t) = 10, Q(t) = 0 and R(#) = 10

The time evolution of susceptible persons, exposed persous. lilections persoqs,
quarantine persons, recovered persons was shown in Figure 4.

CASE IV We are interested in the enidemic steady state of ow dynamical
equations. The initial values of parameters used tus study are

pp = 0.000039, C'S = 0.150000.
1P = 0.200000, d, = 0.142300.

o T ATO00.
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The time evolution of susceptible persons. exposed persons, iufectious persons,
quarantine persons, recovered persons was shown in Figure 5.

The mathematical model to describe the progression of a disease, we can sim-
ulate the time when the values of various parameters are different.

This would allow us to gain insights into how the epidemic might respond
to change in the practices which could change the values of the parameters. We
cousider the behaviors when the percentage of contact rate of virus between the
human population which are changed. that is, CS. We have set CS = 0.1 and

C5 = 0.15, the effective contact rate to create newly decreases. This is clearly

- seen in Figures 2 and 4. Moreover, We consider the behaviors when the rate at
which infections human chan

ge to be come a qurrqtine human which are changed,

C5. We have set to by = 0.14 and ba = 0.28, the effective contact rate Lo

e newly decreases. This is clearly seen in Figures 3 and 5.
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Abstract

Viral infection which can easily transmit between people called as Influenza virus. The symptoms are-high fever, aching
muscles. headache and severe malaise. eough, and sore throat. Most cases can recover within.1 or 2 weeks without
medical treatment. However, they can be death if they are serious medical conditions. In this paper, we develop the
mathematical model which can describe the wransmission of this disease with seasons in Thailand The standard
dynamical modeling method 1s used for analyzing the model The simulation outputs for the different set of
parameters are given in this paper The results of this study should imroduce the way for reducing the outbreak
of this disease.

€ 2017 Published byBurapha University.
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1. Introduction

The respiratory diseases such as influenza, there are 3 types: influenza virus A, B and C. This disease can be
found in many countries around the world. This virus can infect the nose, throat, and lungs. It can cause mild
and can develop to severe illness. Sometimes it can lead to death. The symptoms of this disease are fever,
cough, sore throat.runny or stuffy nose, muscle or body aches, headaches and fatigue. The flu viruses spread
by droplets made when people with flu cough. sneeze or talk. These droplets can be in the mouths or noses of
people who are nearby. Sometimes a person can get flu by touching a surface or object that has flu virus on it.
The first influenza pandemic was declared by World Health Organization (WHO) in June 2009. This was
caused by an influenza A virus. Influenza pandemics can happen when a new strain of influenza A virus
emerges [CDC and WHO]. It is easily transmissible between people, who have little or no immunity. From
1993 to 2002, 64-91 cases of clinically diagnosed influenza were reported per 100,000 persons per year.The
status of influenza surveillance. vaccination. research, and policy in Thailand as of January 2004 is
reported[Advisory committee on dangerous pathogens, 2004]. The 1918 influenza pandemic is considered as
one of the deadliest human health crises in human history. The virus may have infected 50% of the world’s
population; approximately 25% suffered eclinical illness: and 20-50 million people death worldwide. The area
of pandemic influenza virus transmission are now most in parts of Southeast Asia. West Africa. and in the
tropical zone of the Americas. The factors such as the duration of infectious period and social factors can
affect the spread of this disease.People with higher risk of developing flu are children under 5 and especially
children under 2 years. People with the following conditions: Adults older than 65, people who stay of
nursing homes and other long-term care facilities. pregnant women. people with weakened immune systems.
people who have chronic illnesses, such as asthma, heart disease, kidney disease and diabetespeople who are
very obese, with a body mass index (BMI) of 40 or higher. There are three seasons in Thailand,ie. summer,
rainy and winter seasons. From the data of influenza cases in Thailand. we found that season effects to the
transmission of this disease. Furthermore, winter season and rainy season have the higher cases rate than
summer season. modeling applied to the epidemic disease begins on 1927 [Kermack and McKerdric.1927].
They used Susceptible(S) Infectious(I) Recovered(R) for describing the transmission of epidemic disease. For
the case of respiratory diseases.Rvachevdeveloped the spatial-temporalmodel for describing the transmission
of influenza in Soviet Union [Rvachev, 1985]. After that in 1988, Flahault et al. studied and formulated the
mathematical model for describing the transmission of influenza in France[Flahault et al, 1988]. In 2007,
Chowell et al.. compared the fransmission of disease with season in United states. France and Australia by
finding the basic reproductive number[Chowell et al., 2007}.In 2014, we formulated the dynamical model of
HINI Influenza virus by considering the effect of repetitive contacts and analyzed the parameters in our
model [Pongsumpun and Tang, 2014].In 2016, we analyzed the mathematical model] of avian influenza by
considering the tourists who travels from the risk countries [Lamwong and Pongsumpun.2016]. The basic
reproductive value is obtained to analyze the behaviors of our model. After that, we analyzed the network
model of swine flu by considering the movement of population [Pongsumpun and Changpuek, 2016]. In this
paper. we studied the transmission of influenza in Thailand by considering the seasons in Thailand.

2. Mathematical model

In this study. we formulate the dynamical equations for human population due to influenza. We separate
the human population into 3 classes such as susceptible(S), Infectious(I) and Recovered(R). The season
effects to the transmission of this disease. Thus. we separate the infectious human population into 3 groups.ie.
the infectious human in summer season, rainy season and winter season.Summer season begins from mid-
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February to mid-May. Rainy season begins from mid-May to mid-October. Winter season begins from mid-
October to mid-February. The characteristic of Influenza transmission with seasons can be described in fig.1.

L, N
By Ny

OR
AL
T i,
ﬂ’ [’
S Is R
' Pa) -
S = Tx - MR
B2
g 1L,
Iw
nel,

Fig.1 The diagram of our model.

The variables and parameters of our model can be described in tablel.

Table 1.The variables and parameters in our model.

Variables/Parameters Definitions

S Number of susceptible human population

15 Number of infectious human population in summer season
Ip Number of infectious human population in rainy seasorn.
I, Number of infectious human population in winter season

v

R Number of recovered human population

i, Birth rate of human population

g Death rate of human population.
_NT Total human population

ﬁr Transmission probability of influenza virus in rainy season
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ﬁs Transmission probability of influenza virus in summer season.
Bu Transmission probability of influenza virus in winter season.
I Recovery rate of human
3 Rate at which recovery human can be susceptible again

From fig.1. we can write our model as the following equations:

ds
= =Ny -(B.+p.+ B, +1,)S+OR

dl

S =B S - g+,

dl 5

—L = fp5- +r)I (1
% BrS—(ug +r)lg

d,,

d_.: = ﬁu‘s_(l-’-d +?‘)1“—

dR
E:,-us +Ip+1,)-(@+p )R

We assume that there is the constant total number of human. Therefore rate of changes for the total human

population equals to zero. From setting dtT = 0. we can have }, = 14 . Thus. the birth rate of human and
death rate are equivalent.
. f : 1 e & R I 7, W
‘We introduce the new variables: sj, =——.1s =— .1 =——.ij, =— .1} =—.then we
h A Y, R0 o
Nr Nr Nr Nr T
have the reduced equations as follows:

ds R
T:' =y +0ry =B+ B+ By + g )sy

di
£ = Bosp—(ug +1jis
dt

diy

—L=fs; —(ug +r)i
dt h d Iy
di,,. )
7:: = ﬁ\ﬁh —ffg +1)i,

where 73, =1 =sj, —ig — i, — iy
By using standard dynamical modeling method. the steady state is found by setting the right hand side of (1)

¥ ¥ k0%
equal to zero. Thus, the steady state is (5},.75 .7} .7, ) where
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s; _ (B+pg )y (g +7) ;

Ha By +Bs +By +1g )OS+ Rg) +1g By +Bs +By +0+pg)r
= Py (B+1q)uy

Ha (Br +Bs +By +”d)(6+ud )+Ug (Br +Bs +Byy +6+”d)"
#s By (B+1g)1y

Ha By +Bs +By +1a)B+Rg)+1g(B) +Bs +By +0+pug)r
i By (d+ug)uy

"1 By By + By 1O+ 1)+ 1 (B + By + By + 5+

The Jacobian matrix is given by

—(B +Bs +By +14) 0 0 0
7o Bs —(Mg +7) 0 0
By 0 ~(ug+7) 0

By 0 0 —(uy +7)

The eigenvalues are found by solving det(J/ —2AJ) = 0 where I is the identity matrix dimension 4x 4. From
our evaluation, the eigenvalues are Ay =—(B,. + By + Py + g )ra3q ==(1g +7). The local stability

theorem stated that if all eigenvalues have negative real parts. then that steady state is local
stable[Leah.1988].1t can be easily seen that this steady state is local stable because all eigenvalues have
negative real parts. Next, we use numerical analvsis to simulate the behaviors of our solutions by using the

real life observation: L, = 1/(65% 365) satisfy to the 65 years of expected life for human. §=1/30
satisfy to the 30 days of recovered hwman can be susceptible human again. r = 1/15 corresponding to the 15
days of recovering for influenza cases. [P,.. Byand B, are arbitrary chosen. The numerical results are
shown in fig.2-3.
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Fig.2 The time series solutions of susceptible. infectious human (summer, rainy and winter seasons) and

recovered human. The parameters are given by pj =1/(65%365). 6=1/30.r=1/15. B.=0.3.

B=0.1. B, =0.6. g =1/(65*365) The solutions converge fo  (0.0217705.0.0326351.

0.0979054.0.195811.0.651878). As we can see in fig.2. the susceptible. infectious and recovered
populations converge to the steady states at 100™® day.
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Fig.3 The mumerical solutions of our model comparing between two populations. The parameters are given by
1y, =1/(65*365). 5=l/30_ r = 1A5. [5,.= 0.3, By= 01.-B, =06, pn;= 1/(65%365) .The
solutions converge to (0.0217705,0.0326351.0.0979054.0.195811,0.651878) which is the steady state. We

can see that the solutions converge to the steady state corresponding to the analytical results. Thus, the steady
state is local stability.
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Fig.4 The time series of our model for infectious human.

Moreover. we simulate the time series of infectious human proportion for the different seasons as in
fig.4. We can see that the fraction of influenza casesgives the highest proportion in the winter season because
the cooler temperamres and low humidity are good for the development of influenza virus in Thailand. Thus.
most patients from Influenza are found in the winter season.

3. Conclusion

Nowadays. mathematical models are applied to many situations. It is also applied to the transmission of many
diseases [Pongsumpun and Tang, 2014. Lamwong and Pongsumpun. 2016. Pongsumpun and Changpuek.
2016.Derouich, 2008 and Chong. 2014]. The objective of this paper is to formulate the transmission model of
influenza virus in Thailand. Then. weanalyzed the model by using standard dynamical modeling method.
Numerical solutions are shown to see the behaviors of solutions to our model. We used SIR model for
describing the transmission of Influenza in Thailand by considering the different transmission rates for each
season. We can see that the disease can be reduced when the parameters satisfied to the conditions given in
the above section.
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Network Distribution Model of Influenza Virus in the
Community

P. Pongsumpun

Abstract—Influenza is occurred around the world. It caused
by influenza virus. The types of influenza can affect people
such as type A, B and C. The influenza virus can spread
though the air from coughs or sneezes between people. It can
be found in all age of human. In this study, we formulate the
network model for the transmission of influenza virus. The
numerical simulations are given to see the influence of each
parameter.The mathematical method is used in this paper. The
discussion of each parameter is given.

Index Terms—Community, influenza, model, network.

[. INTRODUCTION

An infectious disease is usually found around the world
such as influenza. It was found long time ago. Influenza
virus has three types,ie. Type A, B and C. Type A has 11
different serotypes such as HINI1, H2N2, H3N2, H5NI,
H7N7, HIN2, HON2, H7N2, H7N3, H10N7, H7N9 [1]-[2].
Influenza A has more common than the other types. The
symptoms of influenza patients are high fever, runny
nose, sore throat, muscle pains, headache and coughing.
Usually, the person who infect the influenza virus can have
symptoms after two days of infection [3]. First influenza
pandemic occurred in 1918. We called as Spanish flu
pandemic type A influenza, HIN1 subtype. That pandemic
lasted from 1918 to 1919. There were about 50 to 100
million people. That pandemic has been described as "the
greatest medical holocaust in history" and may have killed
as many people as the Black Death [4]. After that, the 1957
flu pandemic or Asian flu (type A influenza, H2N2 subtype
was happened in China. This pandemic outbreak was
occurred in early 1956 until 1958, which is the H2N2
subtype of influenza A.

Worldwide deaths were varying depending on source,
ranging from 1 million to 4 million people. The pandemic in
1968-1970 or Hong Kong flu was relatively mild compared
to the Spanish flu. This flu had 2 flu pandemics. It was
caused by H3N2 strain of influenza A virus which derived
from H2N2. This flu affected mainly the elderly and killed
approximately one million people in the world [5]-[6]. Then
there was the 2009 flu pandemic or swine flu. Dr. Margaret
Chan, the director of WHO, announced that the world now
at the start of 2009 influenza pandemic. At that time, there
were 74 countries and about 30,000 confirmed cases have
been reported. According to the data in the United States,
mostly patients were young people. The outbreak in Mexico
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was originated; the number of deaths was over 180 people
and the number of patients was 1,614 persons. In 2009,
when HIN1 flu outbreak reached Thailand, the Ministry of
Public Health assured the Thai people by announcing
measures to prevent the spread of HINI1 and establishing
the HIN1 Flu Prevention and Control Center. The report on
9 May 2009 in Thailand showed that the first suspected case
of the HINI flu, who was a person who had traveled back
from Mexico. At that time, Thailand became the 31%
country in the world with reported cases of the HIN1 flu [7].
In 1988, Flahault er al. [8] studied and formulated the
mathematical model describing the transmission of
influenza in France. After that, they [9] modified the
mathematical model describing the transmission of
Influenza in Europe. In 2007, Chowell ef al. [10] compared
the transmission of Influenza with season in United States,
France and Australia by using reproductive number. In 2013,
Chong [11] studied the avian influenza by using SIR
(Susceptible-Infectious-Recovered) model. In 2014,
Pongsumpun et al. [12] formulated the SEIQR (Susceptible-
Exposed-Infectious-Quarantine-Recovered)  model by
considering the repetitive contact of HIN1 flu. In this study,
we formulate the dynamical model of influenza virus in the
community by using SEIQR model to see the distribution of
the disease. The numerical solutions of our model are given
to see the influence of each parameter to the transmission of
this disease.

II. MATHEMATICAL EQUATIONS

In the community, we suppose that there is the school,
shop, church, houses, etc.. We assume that there is M
populations in this community. The movement of people is
considered by random process. We random the 1% person to
the M™ person (with uniformly distribution) travel in the
community everyday. Each person can travel to the school,
shop, church, houses, etc. in any day. Each person who lives
in any house at the beginning time will come back to his/her
house at the ending time. At the first day, the infected
human can be in any places in the community. The
population in the considered model consists of 5 population
classes such as susceptible, exposed, infectious, quarantine
and recovered persons. The recovered human can be
susceptible to the disease again. The variables and
parameters of our model are defined in Table I .

TABLE I: THE VARIABLE AND PARAMETERS IN OUR MODEL

variable/parameter Definition

Sh; Number of susceptible human in
the i place at day t

Ehy; Number of exposed human in
the i place at day t

Thy; Number of infectious human in
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the /" place at day t

Number of quarantine human in
the i" place at day t

Number of recovered human in
the " place at day t

Incubation period of virus in
human

Distance between the i®place in
the community

The transmission rate of virus
between human

Qh;

Rhy;

IP

d The rate at which the exposed
human can be recovered

The rate at which the infectious
human can be recovered

The rate at which the infectious
human can be quarantined

The rate at which the quarantine
human can be recovered

The total number of places in
the community

The total number of human in
the community

N

| ~

=

The diagram of our model can be described in the
following figure:

The diagram of human population is shown in Fig. 1. The
dynamical change of human populations can describe as the
following equations:

&Shy; =—a;Sh;(Eh; +Th;)+cRhy; (0
Sy = @/ Shy;(Ehy+Thy ) Bhy; —dEhg (2)

olhg; = %Eht,i —alhg; —Alh; (€)

5Qt,i i ﬁvlht,i _tht,i (4)

ORh; ;= «alh;+60Qh; +dEh ; —cRh; 6)

LK.,

aps, (<L) 1 ‘ )
Ey, 3 L,

n

d'th

Fig. 1. Diagram of our. model.
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Fig. 3. Simulation outputs of our model. The parameters used in this study
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I1I.

In this section, we simulate our mathematical equations
by using numerical analysis. Simulations output of our
model are evaluated to see the distribution of the disease.
The time distributions of exposed and infectious human for
the different situations are shown in the following figures.

NUMERICAL SIMULATIONS

IV. DISCUSSION AND CONCLUSIONS

Mathematical models are used for studying the behaviors
of population. In this study, we formulate the dynamical
model of influenza to study the network distribution of
community. We simulate the model outputs for the different
set of parameters. The time series of exposed human and
infectious human are shown from fig.2 to fig.6. The contact
rate of influenza virus, the distance between places in the
community, total population, quarantine day and number of
places in the community are considered to be different to
see how the parameters effect to the behaviors of population.
From Fig. 2 to Fig. 6, we will see that the epidemic size is
higher when there is the higher contact rate, the closer place
in the community, the greater number of total population,
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the less number of quarantine day and the less number of
places in the community. The outburst of epidemic are
longer when there is the higher contact rate, longer distance
between places, the greater total population, the higher
quarantine day and the less number of places. The results of
this study should introduce the parameters influencing the
behaviors of population in the community.
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Effect of Vaccination to the Transmission Model of HIN1
Virus

Rattiya Sungchasit and Puntani Pongsumpun

Abstract—A model for the transmission of HIN1 virus in a
constant human population is studied. Swine flu is a
respiratory disease caused by viruses that infect the
respiratory tract of pigs, resulting in nasal secretions, a
barking cough, decreased appetite, and listless behavior. Swine
flu produces most of the same symptoms in pigs as human flu
produces in people. HIN1 influenza epidemic reported severe
disease caused by a co-infection of dengue virus and influenza
H1N1. Both dengue fever and influenza have a wide range of
clinical presentations with many overlapping features, and
overlap hinders the differentiation of the two diseases. In this
paper, we develop the mathematical model which can describe
the transmission of this disease. The standard dynamical
modelling method is used for analyzing the model. The
simulation outputs for the different set of parameters are given
in this paper. The results of this study should introduce the
way for reducing the outbreak.

Index Terms—HINI1, SEIR model,
vaccination.

transmission model,

I. INTRODUCTION

Swine influenza is an infection caused by any one of
several types of swine influenza viruses. Swine influenza
virus (SIV) or swine-origin influenza virus (S-OIV) is any
strain  of  theinfluenza  family  of  viruses that

is endemic in pigs. As known as HIN1, HIN2, H2N1, H911,

H3N1, H3N2 and H2N3 [1], [4], [5], [10]-[12]. Swine flu is
a respiratory disease caused by viruses that infect the
respiratory tract of pigs, resulting in nasal secretions, a
barking cough, decreased appetite, and listless behavior.

Swine flu produces most of the same symptoms in pigs as
human flu produces in people. Swine flu can last about one
to two weeks in pigs that survive. Swine influenza virus was
first isolated from pigs in 1930 in the U.S. and has been
recognized by pork producers and veterinarians to cause
infections in pigs worldwide [1], [4], [5], [9], [11], [14].

In a number of instances, people have developed the
swine flu infection when they are closely associated with
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pigs, likewise, pig populations have occasionally been
infected with the human flu infection. In most instances, the
cross-species infections (swine virus to man; human flu
virus to pigs) have remained in local areas and have not
caused national or worldwide infections in either pigs or
humans. Unfortunately, this cross-species situation with
influenza viruses has had the potential to change. The eight
RNA strands from novel HIN1 flu have one strand derived
from human flu strains, two from avian (bird) strains, and
five from swine strains.

In the 2009, HIN1 influenza epidemic, countries such as
Nicaragua, Puerto Rico, and India reported severe disease
caused by a co-infection of dengue virus and influenza
HINI. Both dengue fever and influenza have a wide range
of clinical presentations with many overlapping features,
and overlap hinders the differentiation of the two
diseases.[1], [2], [5]-[8], [12], [15], [16].

In this study, we formulated the dynamic model of HIN1
influenza virus by effect of vaccination to the transmission
model and analyzed the parameters in our model. Then, we
develop the transmission of dengue fever and influenza by
formulating the mathematical models. We used SEIR model
for analyzing and finding the method to decrease the
outbreak of this disecase. We studied the transmission of
dengue fever and influenza in Thailand by effect of
vaccination [1]-[4], [7], [8], [12], [15].

II.  MATHEMATICAL MODEL

In this study, we start with the mathematical model for
Swine flu (HIN1) of population. The first assumption is that
the human population can be separated into 4 classes in
human population and 3 vector population which are
succeptibles (S), exposed (E) infectious (I) and recovered (R)
for human population. Succeptibles (S), exposed (E)
infectious (I) for vector population. Based on the transfer
diagram which is shown in Fig. 1, we will show the
formulation of the SEIR epidemic model which is in a 4
dimensional system for human population and 3
dimensional system for vector population. [2], [3], [7], [8],
[16].

&8,

O—
Ot
BTN T

Fig. 1. Dynamical transmission of human and mosquito populations with
effect of vaccination.
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The variables and parameters of our model can be
described in the following table.

TABLE I: THE VARIABLES AND PARAMETERS OF OUR MODEL

Variables .
/Parameters Definitions
\ u Number of unvaccinated susceptible
human to the transmission of HIN1
virus
E Number of unvaccinated exposed
! human to the transmission of HIN1
virus
I Number of unvaccinated infectious
! human to the transmission of HIN1
virus
R Number of recovered human
S v Number of vaccinated susceptible vector
to the transmission of HIN1 virus
E Number of vaccinated exposed vector to
! the transmission of HIN1 virus
I Number of vaccinated infectious vector
' to the transmission of HIN1 virus
i Birth rate of human
N Total number of human
T
N Total number the vector population
v
f Fraction of newborn unvaccinated
u
S Death rate of human
a Transmission rate of HINI virus
1IP Number of Incubation for virus
ﬁ Recovery rate of HIN1 virus
4 Efficiency of vaccine

From Fig. 1, mathematical model for Swine flu (HIN1)
can be described in the following linear system of ordinary
differential equations.

From Table I, we considered the dynamics of Swine flu
(HIN1) model at the disease free and endemic states. The
values for the parameters used in this study.

ds
£ = N.—aS 1 -0S
dt fu/’l T uu u
9L, _gs1-LE _s5E
dt IIP
dl 1
“ - E _BI - SE 1
=B~ Bl OE, )
dR
— = fB1 +BI — SR
dt ﬁ u ﬂ v
d.
dS; = (- f)uN, ~(1-pas,I, -5,
dE 1
Y =(1-y)aS I ——FE —-0E,
dt ( }/) u u IIP v v
dl" :LEV _ﬂ]v_é‘]v
dt IIP

25

The total human N, is

S,+E, +1,+R [12, 13, 14]. The equations for the

human compartment are the following equation (1) and The
total population of vector population, N, =S +E, + 1, .

population,

We assume that there are the constant total number of
human populations and of vector populations. Therefore rate
of change for total human and vector populations are
equivalent to zero. Thus, the birth rate of human and death
rate are equivalent.

R N
NT NT NT NT
N R
N, N, N, ?)
Then, we have the reduced equations as follows:
ds!
== fu-aSl -5,
5 k= aSd,=oS,
dE! 1
—“=qaS'I'-—FE' -5E'
dt N T ‘ 3)
dl!
oo g pr s SE,
dt 1P
dE'! 1
> =(1-y)aS'N,I' N,——E' —-SE'
dt ( }/) u' T u N IIP v v
dl’
- Lp g
dt 1P

where | Ri=/le—SS=Fluen]! .

The equilibrium points are found by setting the right hand
side of equation (3) equal to zero. By doing this, equilibrium
points are obtained as follows.

A. The disease free equilibrium is the equilibriums point

,0,0,0,0)

without infection. f = (.f;;é‘/”l

B. The endemic equilibriums is the equilibrium point
with infection.

El N (S:’ E::,’IZ’E;"[:)

(B+0)(A+1IP0)
o

W _4
S, =

HUPS(B+3)  f,1IPu
1+1IPS
I" _ 5

_95_ Ju u ,
Y a (B+O)A+IIPS)

" __
Eu -
o

IIPN, > (~1+ ) (S (B+S)A+IIPS)—f. at

E”Z
v a+IIPad
and
D VA Y AN .2 )
a  (B+6)(1+1IP5)

The local stability of each equilibrium point is
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determined by considering the sings of real parts of all
eigenvalues. The eigenvalues () are the solutions of the
characteristic equation.

|J -yl |= 0 where J is the Jacobian matrix at the

equilibrium point. / is the identity matrix dimension 5X35.
If the real parts of all eigenvalues (/) are negative then
that equilibrium state is locally stable [7,8,9,11,12,13].

i) The disease free state E = (%,0,0,0,0), the

characteristic equation is given by

Dy 0 o) 0 0
1 fu
0 Hﬁ)l_é)_w @ 0 0
— —(B)—(8)- =0
o (w)f@) v 10 0
2. J M ~ R
0 0 Ny ((H};l@ v o0
0 0 (ﬁ) (A~(8)-w

(%)
We have characteristic equation:

[]lp (0+w)(B+O0+w)(1+1IPS +1IPy)

(IIP6 (B+o+w) (1+1IPO+1IPy) — f,Ipou) =0
We obtained the characteristic equation,

v+ Ayt + Ay + Ayt + A+ A =0

_ 21IP* §+21IP° 5 +51IP° &°

A
! 1Ps

1
P
+81IP° B5* +101IP*S° — f, LIP* o p1)

1
IIP° 5
121IP* B 5% +31IP° B> 5% +121IP*5° +
121IP* B5* +101IP*5* — f, IIPau —
i IP? aup — 31, 1IP auf)
A, = ! (21IPB 25 +4 IIPBS* +41IP* B?5°5% +
IIP*S
3IIPS3 +121IP* B 8° +31IP° B*5° +8IIP*5* +
8IIP? B5* +51IP°5° — f, IIPauf-2 f, [IPous -
2f 1UP*aups  f,IIPau -3 f,[IP*aus*)
As = [(B+O)(1+IIPS)(5(S + 5)

(1+1IPS) — f,ap]/ 1IP

4, (IIP5+41IP* BS +1IP° B*5* +81IP* §°

(2IIPB S+ 2 1IP* B>5+31IPS? +

Q)

We check the stability of endemic equilibrium state by

26

using the Routh-Hurwitz conditions (6), the results are
given in Fig. 3.
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Fig. 2. The parameter spaces for disease free state equilibrium state which
satisfies the Routh-Hurwitz conditions with the value of parameters:

respectively, for with y,5 4 4% + 4,7 + Ay + Ay +A4, =0

ii) The endemic state E, = (S

and
ud Eu’lu’

E'I") , the
characteristic equation is given by
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We have characteristic equation:
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We obtained the characteristic equation,
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1
11pP?
21IP*I, aff* +21IPI,a5—2IIPS, a5+

4IIPBS + 81IP* I ,a 53 — 2IIP*S, o35
+4IIP*B*5+ 2 1P B al 65 +
31IP* 8% + 6 IIP*,a8* -3 IIP*S, a5”
+121IP* B5? +61IP° fal , 67 +
31IP’ B2 52 +81IP°5° +4 IIP’ 1,068’
+81IP° 53 +51IP35*)
1
IP?
+0(=S,a+ (B+9)(+ IIPJ)))
Ju K
(B+8)A+1IPS)

A, (2IIPL,af—IIPS, af+IIPB* +

As = (B+3)(1+ IIPSY(I,a( B+ S)(1 + IIPS)

)

(04

when I = and

u

L+O)(1+1IPJ)
(04

g = ®)

u

We check the stability of endemic equilibrium state by
using the Routh-Hurwitz conditions (8), the results are
given in Fig. 3.
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Fig. 3. The parameter spaces for endemic disease equilibrium state which
satisfies the Routh-Hurwitz conditions with the value of parameters:

respectively, for with y° + 4y * + Ay’ + Ay* + Ay + A4, =0

We have checked both disease free equilibrium and
endemic equilibrium solutions which both cases are local
asymptotically stable when R, < [ for disease free
equilibrium state and R, > [ for endemic equilibrium state.
The R, value is obtained as following [2], [5], [8], [14]-[16]:

_ ySP(A+IIP(B+0)+ fou
C T S(B+S8)1+IIPS)+ f,auy

III.

The transmission of HIN1 virus disease in this study is
based on the SEIR model. We considered the dynamics of
SEIR model at the disease free and endemic states. The

RESULTS AND DISCUSSION

values for the parameters used in this study are shown in
Table II. The numerical results are shown in Fig. 2 and Fig.
3 below.

TABLE II: PARAMETERS USED IN SIMULATION FOR SEIR MODEL

27

Parameters . ) . Value
Biological meaning
*
H Birth rate of human 1/ (3 65 74) per day
f Fraction of newborn 0.0714 per day
! unvaccinated
*

g Death rate of human 1/(365%74) per day
a L. 0.0001 - 0.9 per day

Transmission rate of HIN1

virus

1/((1+3)/2) per da

ap Number of Incubation for @+3y2)p Y

dengue virus

0.2 per da

B Recovery rate of HIN1 virus P Y
4 A . 0.01-0.9

Efficiency of vaccine
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Fig. 4. Time series of susceptible human to the transmission of HIN1 virus
(a), exposed human to the transmission of HINI virus(b), infectious human
to the transmission of HIN1 virus(c), exposed vector to the transmission of
HINI virus (d) and infectious vector to the transmission of HINT1 virus (e).
We can see that the solutions equation approach to the disease free
equilibrium state. (0.0714,0,0,0,0) When R0 = 0.00374.
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virus(a) , exposed human to the transmission of HIN1 virus(b), infectious
human to the transmission of HINI virus(c), exposed vector to the
transmission of HIN1 virus(d) and infectious vector to the transmission of
HINI virus (e). We can see that the solutions equation approach to the
endemic equilibrium state. (0.0012, 0.0000002043, 0.0024, 17032.2,
0.00000002053) When RO = 11.29.
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Fig. 6. The trajectories of dengue disease for the solutions equation
approach to the endemic equilibrium state onto (Su, Eu) (a), (Su, Iu) (b),
(Su, Ev) (¢), (Eu, Iu) (d), (Eu, IV) (¢), (Iu, Iv) (), (Su, Iv) (g).

IV.  CONCLUSIONS

For the purposes of this study, we formulated and
analyzed the transmission of a SEIR model by considering
the effects of vaccination to the transmission of HIN1 virus.
We obtained the basic reproductive number R o, when R <
1, and we found that the trajectory solution as approached to
the disease free equilibrium state as shown in Fig. 4. When
R > 1, the trajectory solution as approached to the endemic
equilibrium state as shown in Fig. 5 and Fig. 6. Numerical
simulations showed that the effectiveness of the influenza is
in fact effective for controlling the spread of SEIR, the
results are shown in Table II. The existence of oscillations
around the endemic equilibrium £, are depend on the
eigenvalue with imaginary part different from zero. For the
simulation shown in Fig. 5 and fig. 6, the imaginary part of
the complex roots is approximately 0.00101765 which can
estimate the period of the oscillations by means of the
solutions of the linearized system that is obtained as
27/0.00101765 17.01 years. This value is the
approximation to the period of the solutions [9], [11]-[14].
We can see that the disease can be reduced when the
parameters satisfied to the conditions given in the above
section.
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SUPER-SPREADING MODEL FOR RESPIRATORY DISEASES
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Abstract - The respiratory diseases are found around the world. The super-spreading of the virus can occur when there is the
gathering of the people, and then the virus can spread easily between people. In this paper. we formulate and analyze the
mathematical model of respiratory disease considering the super-spreading of the virus. The analytical results of our model are
shown by using standard dynamical modeling method. The numerical simulations are presented in this study.

Index Terms - Mathematical model, respiratory disease, standard dynamic modeling method. transmission, virus

I INTRODUCTION

Respiratory disease refers to respiratory infections.
This 1s caused by many viruses such as influenza virus.
parainfluenza virus, respiratory syncytial virus (RVS).
SARS and MERS are two respiratory diseases that can
have the super-spreading of virus. Severe Acnte
Respiratory Syndrome or SARS was first occurred in
Guangdong Province, China in November 2002. The
spreading of virus was rapid and occwrred 29 countries
around the world. The spreading of virus was occurred
from 1 November 2002 to the end of the epidemic on
31 July, 2003. There were 8.096 patients and 774
deaths, 9.6% of patients were death. 21% of all
patients were infected from take care the patients who
mfected with the virus [1]. Middle East respiratory
syndrome coronavirus (MERS-CoV) 1s a new species
of coronavirus that caused Middle Eastern respiratory
disease. The report of this disease was first reported in
2012.

After the genome sequence of the virus isolated from
the sputum samples of patients who are sick in the new
influenza outbreak in 2012, the original name of the
virus 1s New Coronal Virus. In June 2014, MERS
patients were reported in 22 countries. including Saudi
Arabia, Malaysia, Jordan, Qatar. Egypt, United Arab
Emirates, Kuwait, Twkey, Oman, Algeria,
Bangladesh. Indonesia (not vet confirmed). Austria,
United Kingdom kingdom, South Korea and the
United States [2]. The latest outbreak occurred in
South Korea. According to a report on June 12, 2015,
there were 126 confirmed cases of death, 13 of whom
were under surveillance. This is the largest outbreak of
this disease, except the outbreak in Saudi Arabia [3].
The spreading of MERS in South Korea was called as
super-spreading. The spreading of MERS virus was
rapid and many people were infected with MERS. The
outbreak was happened from the Korean who travelled
from the Middle-east countries and can transmit the
MERS virus to the other 30 persons in 2 weeks.
Thailand has the risk of infection with MERS and the
other emerging diseases [4,5]. Coronal virus has many
strains. Some strains are infected viruses. There are
some species that are mfectious mn pets and wildlife
such as camels and bats, etc. Later. the virus has

developed to spread the infection to hmans. The first
mfected patient in Saudi Arabia in 2012. In case of
chills, coughing is uncomfortable. Eventually. it may
die. Symptoms of the disease vary from mild to severe.
About 20 percent do not show symptoms. In 2014,
Chowell et al.[6]  studied and constructed the
transmission model of MERS by considering the
MERS data during April to October in 2013. They also
considered the basic reproductive rate and the severe
of the disease. After that, Gardner et al.[7] studied the
spreading of MERS found in the Arabian Peninsula.
Europe, North America, Southeast Asia, the Middle
East and the United States. They considered the nature
of the outbreak and the source of the disease. In this
study, we consider the super-spreading of the virus.
We formulate and analyze the mathematical model for
descnibing the spreading of respiratory virus. The
dynamical modeling method is used i this study. .

II. TRANSMISSION MODEL

In this model. we consider the super-spreading and
regular spreading of virus. The human is separated
mto 5 classes such as susceptible, exposed, regular
infected. super-spreading infected and recovered
luman.

We define the variables and parameters as follows:

S = Number of susceptible human population,

E = Number of exposed human population,

I; = Number of regular infected human,

I = Number of super-spreading infected human,
R =Number of recovered human population

I = Total nfected human population,
=l

R = Number of recovered human population.
b= Birth rate of human population,

N = Total human population,

1t = Death rate of human population.

ﬁ = Transmission rate of virus between human.

IIP = Incubation time of virus in human,
p = Probability that a new case will be a regulated
infected human.
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(1-p) = Probability that a new case will be a
super-spreading infected human,

T > = Recovery rate of a super-spreading infected

human.
T | = Recovery rate of a regular infected human,
N[ ¢ |A S)I’ (VIIP)pE

E
#El

(LTP)(1-p)

Figure 1. Diagram of our model

From figurel, we can write the dynamical equations as
follows:

n:IiS:bN‘,uS«ﬂSI (1)
t

%E = BSI-(1/TIP)p E- u E - (L/IP)(1- p)E
[

(2)

d ]

—I, = (VMP)pE-ul, -5 I
dt

(3)

d .
Els = (1MP)(1-p)E-ul, -r5 I
(4)

d "
ER =nl +nI,-puR
(5)
where

N=S+E+I,+I  +R

We suppose that the total population 1s constant. then
the rate of change for total population equals to zero.
Thus we can have

d d
EN:E(SJFEJJ:- +I,+R)=0orb=u.

The reduced equations are found by setting the
following normalized variables:

5:§ e=E i :£ i :I; [:E
NTONT N NN
Thus, we can have
%52b-(;r+ﬁ(ir+is)N)s. (6)
d . .
il ((I/IIP) + ) + P(1; +1g)Ns (7)
d . .
Il[ =ep(VIP) -ip (e +1) (8)

%is =¢(1-p) (VIIP) - igu +12) (%)

With “r=1-(s+e+i;Fis)
A. Analytical Results

i) Steady states:
Steady states are found from setting the rate of change
for each variable to zero. The two steady states are

Eg =(1.0.0.0)and By = (s ¢ ,.ig) whete
328 (I + TP (e + 1 ) (e + 1)
PN(t+1 +p(n; —17)) ‘
(TP + HAN((p- 1) —pB)+ nEYN+1rs)
o G TP A TTR +13)))
Al+IRIN+1 +p(5 —1))

(10)

(11)

(DR +BAN((p— 1y = prs) + p—HAN +1ir)
o+t + 1) 440 (W IR +13))
! BA+TRN(u+ 1) (u+7 +p(B 1))

(12)

. p+R)
=(p-1 }

L= ( (IR e+1s) AN+ -+ —!i))]

(13)

ii) Local stability of steady states:

The characteristic of each steady state can be
deternuned from the sign of all eigenvalues for each
steady state. If all eigenvalues have negative real parts,
then the steady state will be local stable.

The eigenvalues are found from solving the
characteristic equation: det(J-AI) =0
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where J is the Jacobian matrix evaluated at each
steady state and I is the identity matrix.

First steady state: Eg = (1,0,0,0).
Jacobian matrix is given as

e 1+(}]P NN

0 2 F NN

0 %) 0 —u-n
1

0 H—Ilj -AN N

The characteristic equation is given as

A+ )2 +ar 12 +ajh+ay)=0

(14)
where
1
Gy =—+ i+ PN, 15
2=t N (15)
ay, =Nt ag = ﬁN(HPH+p)(#+r1)_ (16)

P

From Routh Hurwitz. the eigenvalues have negative
real parts when 1t satisties the following conditions

8].

i) a >0 a7
i) ap > 0 (18)
i) dasap > dy. (19)

From our evaluations, (17)-(19) are satisfied for
XO <1 R
(1-p)+pIPN

here X, =r
where X =17 L (P 1t p)

(20)
Pompk %%
Second steady state: Ej = (s e ,i;,ig) where

* ok k% B, )
S e 1,14 are defined in (10)-(13).

Jacobian matrix 1s defined by

- 1= Blig+is)N -2 0 PN SpN 1
| " 1+1IP it : |

Pl +i N - PN PN
I s P !
| 0 % 0 —pt-n
| 1-p .

0 i)

| 1P N . .

The characteristic equation is given as

()»4 +C'3;L3 +C‘2A‘2 +C']_;‘. +Co) =0
(2D
where

(14 IIP)* (p + IIPL)

o +(1+ IIPu)* R

L oANp”

& Toapy ) -
pr
bANQ-p)  (+IP) (Lt p)ut+7; )
(p+r) plu+n—pi+pn)
(22
IR+ IR+ 1Y (1) + bV —pi + ps)
. WHIRE 1 + TRy —py+(p+IIRu+1))5)
= IR+ )(u+5 —py+ps)
(23)
1

€15

T IIP(+1, (1= p) + pry)

IP% i + prirs + P 2+ p+21Py |
1P + TP + p+ 211Pr )ry) |
b,

+ 12y + pra + TP (1+ p +TTPra ) + 14
(1+2p+1P(3 + p)ry ) + u(BBN(—1+11Pry)
+ 11 (rp + IIPr 7 + p(ry + 215 +11PA, ) |
)
(24)

1
CD ==
1IRpn(=p)+pn)

+ﬁ’3 H+p+u-1+pnn +ﬂz(—l+p)61+rz)

+hHANn(l-p)+pn)).
(25)

A+ @) GOSN

By Routh Hurwitz theorem, All four eigenvalues have
negative real parts when the following conditions are
satisfied:

1) e3>0,¢p>0,¢0>0 (26)

(27)
After caleulations, the endemic steady state will be

local stable for X() >1, where Xy is defined in (20).

Next section, we will show the numerical results of our
model.

" ) 2
1) €]€p€3 >¢p 360

B. Numerical Results
From our analytical results, The threshold condition is
defined as

_, (I=p)+ BIIPN

u (P e+ p)
If Xy > L. the endemic steady state will be local
stable and the disease fiee state will be local stable
when X < 1.

The disease free state means the state which has no
individual infectious. We consider the case when there
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is the outbreak of the respiratory disease. Then. we
consider the nunerical solutions of the endemic areas.
The parameters in our simulations are as follows: b =
1/(365 x 65) corresponding to the 65 years of life cycle
for human population, N = 100, ¢ = 1/(365 x 65)
corresponding the equivalence between birth and
death rate, 3= 025, p = 0.8 are arbitrary chosen, TP

0100

= 7 satisfy the 7 days of incubation period for the
virus,

r;=1/14.r = 1/25 corresponding to the 14 days of
recovery for regular infected and 25 days for
super-spreading infected human and X = 370.990.
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Figure2. Time series of our model for XD = 370,990.
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From figure2 and figure3, we can see that the time
series of individual variable converges to the endemic
steady state for both two cases. We note that the time

of convergences for the less value of X is longer

than the great value of X .

II1. DISCUSSION AND CONCLUSION

In this study. we consider the super-spreading and the
regular spreading of the virus for the transmission of
respiratory diseases. The threshold parameter is
defined as

. (I-p)+pBIIPN
i (ITP e+ p)
If X< 1. the disease free steady state will be local
stable and the endemic steady state will be local stable
for X > 1. The geometric mean of X()is described

as the basic reproductive of the disease. This indicates
the munber of secondary cases produced from primary
infection. Furthermore. we compare the mumerical
solutions when there are the different values of the
transmission rate and the total human population. The
results are given in the following figures.
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Figure6. Time series of regular infected and super-spreading
infected human when there is the different super-spreading
rate.

From figure 4. 5 and figure 6, we can conclude that
when there is the less transmission rate of virus, the
mfected human will be less but the time of outburst 1s
longer. When there is the total human population is
higher. the time of outburst is longer. When there is
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the higher super-spreading rate, the number of

super-spreading infected human will be greater and [
the longer time of outburst transmission.
[4]
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Abstract

Coronavirus (MERS-Cov) caused the occurrence of Corona. First infected case was reported in
2012 during a poultry outbreak in Saudi Arabia. After that, there were the reports of the sporadic
outbreaks in all regions. In this study, we considered the transmission cycle between two
population groups: Thai and South Korea. Each population group was divided into susceptible,
exposed, infected, quarantine and recovered groups. The behaviors of the solutions were obtained
using a standard dynamical modeling method. The stability conditions for the disease free
equilibrium state and disease endemic equilibrium states were determined. The basic reproductive
number Ry is obtained. When Ro<I, the disease-free state was locally asymptotically stable. If
Ro>1, the endemic equilibrium state was locally asymptotically stable. The numerical solutions

were shown for supporting the theoretical results. We found that when we decreased ¢ (the rate

of susceptible Thai human changes to become an exposed Thai human and  z4 (the rate at which

South Korean population moved out the country), the number of coronavirus case was decreased
and outburst of coronavirus epidemic was shorter.

Keywords: Basic reproductive number, mathematical models, MERS, stability, standard
dynamical modeling theorem

1. Introduction

The Ministry of Public Health, Thailand had declared Middle East Respiratory Syndrome or
MERS as a dangerous communicable disease. MERS was caused by coronavirus [1]. First infected
case of MERS-Cov was reported in Saudi Arabia during a poultry outbreak in 2012 [2, 3]. After
that, there were the reports of the sporadic outbreak in all regions. In 2016, an epidemic was
recognized as the first time occurrence in Thailand. The first case is a traveler, a male from Oman.
On 12 June 2015, South Korean confirmed 126 infectious cases with coronavirus and 10 deaths
[4]. On 24 January 2016, Thailand confirmed Middle East respiratory syndrome coronavirus
(MERS-Cov) disease in a traveler, the second case in the country in the last seven months [5].
Globally cases of this disease had been reported in some countries. On 16 May 2016, World
Health Organization (WHO) confirmed infectious cases with coronavirus (MERS-Cov) of 1,723

*Corresponding author: E-mail: kppuntan@kmitl.ac.th
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laboratory, including at least 628 deaths from 27 countries [1, 6, 7]. Coronavirus (MERS-Cov) had
been infected to human and outbreak in many countries. The corona virus transmitted from camel
to human and human to human. The pandemic corona virus can be transmitted to human by camel.
Human can be infected by direct contact with animals. Human can be also infected through
biological fluid contact, hospital setting, family cluster and closed contact cluster. In human, the
virus incubated for 2 to 14 days before symptoms appear. Typical symptoms of corona virus
included fever, shortness of breath and cough. Pneumonia was also a common presentation [1].
There were many tourists who travel between Thai and South Korea, thus there were the high risk
of infections between Thai and South Korean with coronavirus. The numbers of South Korean
tourists travel to Thailand from 2012 to 2016 were shown in Figure 1. Figure 2 shows the numbers
of Thai tourists traveled to South Korea. We can see that there were many South Korean traveled
to Thailand. Thus, in this study, we formulated the mathematical model of MERS considered the
moving of South Korean to Thailand.
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Figure 1. Number of South Korean tourist to Thailand, 2012-2016 [8].
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Fiure 2. Number of Thai tourist to South Korea, 2012-2016 [9].

Small et al. [10] formulated the mathematical model for describing the transmission of
SARS virus and a stochastic small-world network model. Their model studied the behaviors of
solutions by using numerical simulations. In 2013, Chowell ef al. [3] used dynamical transmission
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model describing the progression of MERS-Cov cases that incorporated community and hospital
compartments, and distinguished transmission by zoonotic cases and secondary cases. In 2016,
Yong and Owen [11] studied the transmission of MERS-Cov in two areas and formulated SISI
model. They used the next generation matrix method to evaluate the basic reproductive number
and analyzed the sensitivity of the model. In this paper, we considered the transmission cycle
between two population groups: Thai and South Korea. Each population group was divided into
susceptible, exposed, infected, quarantine and recovered classes. The standard dynamical
modeling method was used for analyzing our model [12]

2. Formulation of the model

The mathematical model of MERS-Cov was formulated by considering the transmission cycle
between two population groups (Thai and South Korean human). Each group was divided into
susceptible (St), exposed (Er), infected (It), quarantine (Qr) and recovered (Rr) classes. We
assumed that there is no Thai human move out the country.

We denoted the variables of our model as follows:

St(t) is the number of susceptible Thai human at time t;

E1(t) is the number of exposed Thai human at time t;

I1(t) is the number of infected Thai human at time t;

Q1(t) is the number of quarantine Thai human at time t;

Rr(t) is the number of recovered Thai human at time t;

Sk(t) is the number of susceptible South Korean human at time t;

Ex(t) is the number of exposed South Korean human at time t;

Ik(t) 1s the number of infected South Korean human at time t;

Qx(t) is the number of quarantine South Korean human at time t;

Rk(t) is the number of recovered South Korean human at time t;

The diagram for the transmission of this disease can be described as shown in Figure 3:

Yorlr(t)

AN7(t) B30 FrEz(t) Purlr(t) yirQr(t)

Nr(f)

—a Sr(t) ’—) Eq(t) Ir(t) Qr(t) Ry (t)
l l BarQz(t) l

dpSr(t) dpEy(t) (dr+ 8p)Ip(F) drQr(t) dpRy(t)
(a)
Vel (t)
(1-H)C ﬂ"g;_:r:'\::"."\ FyEx(t) ‘ Puglx(t) Y Qx (t)
$e(®) i Ex() l[ ,i () | [ o Re(¢)
l l PaxQx (L)
(dy + )5Sk (L) (dy + u)Ex(t) (dy + p+ 5k (t) (dg + ) Qx (1) (di + u)Rg(t)
(b)

Figure 3. Flow chart of the model (a) for Thai human population (b) for South Korean human population
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Rate of change for the number in each class was equivalent to the number entering minus the
number leaving. The dynamical equations were as follows:

The number of susceptible Thai human population was increased by new recruitment, but it was
reduced through natural death and infection.

ds, (1) S, (1)1 (1)
———=AN,(t)-—————=—-d,S,(¢ 1
dt T() Nr(t) T T() ()
The exposed Thai human population was increased by the infection of susceptible humans
whereas their reductions were caused by infection and natural death.
dE,(t) oS (¢)1,(1)
= —(F, +d.)E (t 2
i N, (1) (Fr +dp)Er (1) ()
The infected Thai human population was increased by the infection of exposed and quarantine
human. Their reductions though quarantine, recovery from the disease, natural death and death due
to MERS-Cov. The dynamical equation of infected Thai human population was
dl(t
#:FET(I)"'/;NQT([)“(,B]T+727+dr+5r)lr(t) (3)
The quarantine Thai human population was increased by the infection of infected human but they
diminished by infection, recovery from the disease and natural death. The dynamical equation of
quarantine Thai human population was

dQT(t) =Bl ()= (Boy + 11y + )0 (£) “4)

The recovered Thai human populatlon was increased by the recovering of infected human and
quarantine, but their reduction through natural death. The dynamical equation of recovered human
population was

)0, (1) 47l (0)-, R ) 5)
The susceptible South Korean human population was increased by new recruitment. Their
reductions through natural death, they moved out the country and they were infected. The
dynamical equation of susceptible South Korean human population was
ds, (1) a,Sy (t)
dt N (2)

The exposed South Korean human population was increased by the infection of susceptible
humans whereas reduction is caused by natural death, South Korea move out the country and
infection. The dynamical equation of exposed South Korean human population was
dE, (1) _ &S (8) I (1)
dt N, (1)

The infected South Korean human population was increased by the infection of exposed and
quarantine human and their reduction though quarantine, recovering from the disease, natural
death South Korea, move out the country and death due to MERS-Cov. The dynamical equation of
infected South Korean human population was shown as

dil (¢

%: FyEy (t)+ﬁ2KQK (t)7(721( + Bk +dg +ut ) (1) (8)
The quarantine South Korean human population was increased by the infected human who
become quarantine but diminished by infection, recovery from the disease, move out the country
and natural death. The dynamical equation of quarantine South Korean human was

M_ﬁlk K(t)7(71K+ﬂ2K+dK+/u)QK(I) ©)

_(1-m)c- ) a4 w50 ©)

~(Fg+d+WE(1) (7
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The recovered human was increased by the recovery of infected and quarantine human, but their
reduction through natural death and South Korean move out the country. The dynamical equation
of recovered South Korean human was shown as

dR, (¢

%:72K1K(1)+71KQK0)*(‘1K+ﬂ)RK(t) (10)
The total number of Thai human populations was the sum of equations (1)-(5)

N, (0)=8,(t)+ E () + 1, () + O, (1) + R, (2) (11)
The number of South Korean human population was the sum of equations (6)-(10)

Ne(0)=Se (6)+Ec () + 1 (0)+ O (1) + Ry (1) (12)

Definition of our parameters in our dynamical equations:

Parameters Definition

A Birth rate of Thai human population

a, Rate at which susceptible Thai human changed to become an exposed Thai
human

F, Rate at which exposed Thai human changed to become an infected Thai
human

B Rate at which infected Thai human changed to become quarantine Thai
human

Bor Rate at which quarantine Thai human changed to become infected Thai
human

Yir Rate at which quarantine Thai human changed to become recovered Thai
human

Yar Rate at which infected Thai human changed to become recovered Thai
human

d, Natural death rate of Thai human

oy Death rate due to MERS-Cov of Thai human

N, (1) Total Thai human population

H Percentage of South Korea human who were infectious when they enter into
Thailand

C Recruitment rate of South Korean human

a, Rate at which susceptible South Korean human changed to become an
exposed Korean human

F, Rate at which exposed South Korean human changed to become an infected
Korean human

B Rate at which infected South Korean human changed to become quarantine
Korean human

Pk Rate at which quarantine South Korean human changed to become an
infected Korean human

Yix Rate at which quarantine South Korean human changed to become
recovered Korean human

Yok Rate at which infected South Korean human changed to become recovered
Korean human

dy Natural death rate of South Korean human

O Death rate due to MERS-COV of South Korea

H Rate at which South Korea move out the country

N (9 Total South Korean human population
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We can have the following equations:

LU BN, (1)~ (S, (t)+ E; (t)+ 1, (t)+ O, (¢) + R, (¢))dy — 5,1,(¢)

dt
SO = BN, (1) =y, ()= 01,0 (13)
with the assumption B = d,., then we had
de t(f) ~8,1,(0) (14)
We normalized Thai population class of our dynamical equations (1)-(5) by letting
_ 5 A0) _ L0 o (1) R (1)
7=, 6 = N e O
Taking the normalized population
_ X (1)
0%
We considered
d oy _dX(1)
dt 5 ()= dr N, (1)
1 d 1 d
T(I)E T( )_XT(t)NT(t)ENT(Z)
1 d 1
F([)EXT(Z)_XT(I)N:(—)(_é‘TIT(Z))
1 d
_mdt T() () ()(5ZT(t)N()

I (1) = S1/.4
T W

with the above equations, the dynamical equation of normalized Thai populations were as follows:

X; (1) + Spx, (2)i (1) (15)

LD - ()i (0)= sy (1) 875, ()50 1o

”Le;t(;) = a5 (0)iy (1)~ (F, +d, e, () + e, (1)ii (1) (17
%= Fyey (1)+ Byt (0) = (B + Yar + iy 48, )iy (1) + 81, (1)1 (1) (18)
) i (1)~ B + 1+ 1010+ 5y ()i (19)
dr;j” = oty (1% Py (1) =y 0) + 871, (1)) @0)

The normalized Korean populations were found by substituting
Sk (@) Ei (1) 1y (1) O () Ry (1)
Se N t ST Gt N t)=
O N0 O 0 O e O 0
We supposed that the total Korean population has constant size. This means that the rates of
dN, _

to our dynamical equations.

with the condition

Then we obtained the relations: N, =
de+u

sp (1) +ep (1) +ig (1) + gy (1) + 7 (1) =1
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With the above equation, the dynamical equations of the normalized population were given by

9O (1 1)+ 1) s (03 (1)~ (dy + )50 o
%:“2%(’)%(’)—(@ +dy + p)e () 22)
% = Feey (t)+ By (1) — ax + B +dy + 1+ 3,)iy (1) (23)
% = Bul (1) = g + Pog + i + 19, (0) (24)

3. Analytical Solutions

3.1 Equilibrium Points:
To find the equilibrium points, we set the right hand side of equations (16)-(24) equal to zero. We
got two equilibrium states, the disease free steady state E, =(1,0,0,0,0,1,0,0,0) and the endemic
steady state E, = (s;,€;,iy,qrs 1Sk Cxsixdx)

- A

s ol S\ 2 25
T d +i (e, - 6,) (25)
6= e (26)
(d; + F, = 6, )dp + i (0 = 6))
q; = ﬂlTl'T - (27)
dr + ﬂzr +7r - 5TZT
i;(yzr 4 Bt X
g _ dT+ﬁ2T+7lT_5TlT
= 3 (28)
d; =6y
where i, is the solution of the following equation:
Fre;+ﬁzrq; _(ﬂ17+7zr+dr+5r)i;+6ri; =0 (29)
o L+ 50

dy + iy +
il*x'az (_1 + H)(dK + :u)

e =— : (31
(dy + Fe + p)(dy + iy + 1)

* ﬁlKi[*(
G- (2)
) dy + B + Vgt
9N 7
=2 (33)

where

Zy=~((dy + p)(d +d(F + B+ Bog + Vi + Vo + 8 +300 + (B (Vi + 1) + (Bog + Vi + 1)
(7ax + 0 + )+ F (B (i + 1)+ oy (= 1+ H) By + Yig + 1)+ (Bog + 715 + 10(Vax + O + 1))
+d (Box Pk + ) + 11k B + 1ok + 8+ 2By + B + Vi + Vax + S +347 + Fe (14 P,
+ Bk + Box +Vix FVax T 6 +214))))

Z, =(a,(dg + Fy +/”)(d1<2 + B (g + 1)+ (Pog + Vi ¥ 1) (7 ok + 0k + 1) +dy (B + Pox +Vix + 7ok +
O +211)))
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3.2 Local asymptotical stability

The local asymptotical stability of each steady state was determined from the Jacobian matrix. The
eigenvalues (1) were solutions of the characteristic equations. If all eigenvalues had negative real
parts, then the steady state were local asymptotical stability [13].

[, = A4, =0 =0,
where I was the identity matrix dimension 9x9 .

J,;, was the Jacobian matrix at the equilibrium point E; fori=0,1.

3.2.1 The disease free steady state £,, The Jacobian matrix was given by

—d, (e, ~ 8,)iy 0 ~(a,~5,)s; 0 0 0 0 0 0
ai; ~d, — F, +&,i; ai; +5,e 0 0 0 0 0 0
0 F ~dr = By = Vo — 5, #2817 Pr Y 0 0 0 0
0 0 B +6:4; =dy =By = Vi + iy Y 0 o 0 0
Jyp = 0 0 Yoy + 617 Pin ~dy +8,i; 0 0 0 0
0 0 0 0 0 ~d,~ayiy —pt 0 ~a,s; 0
0 0 0 0 0 iy ~d,~Fe=pt s, 0
0 0 0 o 0 0 Fy Ay =P =7~ Ok —H Pk
0 0 0 0 Y 0 Y P A =P~k —H

(_dr - ﬂ‘)z(_ﬂlkﬁzk(_W = ﬂ')(—ﬂlT(_BlﬂzT ) ,BZT/U + (_V N ﬂ,)(BIG Jix FTaI + Blﬂ‘ +GA+ /12)) A (—Z - /1)
(_Fkaz (_ﬂlT(_BlﬂZT - ﬂzr’l) ki (_V - /’t)(B]G @ FTa] 7" Blﬂ +GA+ /12)) + (_W - l)(_Y - ﬂ“)(_ﬂlT(_BlﬁZT
_ﬂzrﬂ) i (_V - j~)(B1G 4 FTal = Bl/l +GA+ lz))))(_d[( —A= #) =0,

where

B =d, +F,

G=d, + B+ 7y +6;

V=d + Byt

W=d+F+u

Y=d,+ By +7x +0x +1

Z=dy+ By + 7 1

From evaluating all eigenvalues, the real parts of all eigenvalues had negative signs. We used
Routh-Hurwitz criteria when R < 1.

where

Dy, = Froy + Featy + B Boge + BirBor

Dy =VW VY +WY+(VAWAYZ+GV +W+Y+Z)+B(G+V +W +Y +Z)

Dy =Fo(VAW+Y+Z)+ Fpo,(V+Z)+ B oy VW) + (B, + G)Fyaty, + Bi Pox )+ BBy oy + (W +Y + Z2) . By

D, =GVW +GVY +GWY + VWY + (WY + V(W +Y)+ GV +W +YNZ+B WY +(W +Y)Z+V(W +Y + Z) +
GV +W+Y+2))

D, =F,(WY+W+Y)Z+V(W +Y + D))o, + F o, (GV + GZ +VZ) + B, Bok (GV +GW + VW) +
YZ+WY +2) B Bor + B(Fa,(GHV + Z)+(G+V + W) B Sog + W +Y + Z) B Bor)
D, =VWYZ+GVWY +WYZ+VW +Y)Z)+BIVWY + WYZ+VW +V)Z+GWY +(W +Y)Z+V (W +Y + 2))) +

(FKaZ + ﬁlKIBZK)(FTa] + ﬁlTﬂ2T)
Dy, =Fo (VWY +WYZ +V(W +Y)Z) + Fya,GVZ + B Box GVW + B BoeWYZ B,y Por + B(Fyo, (GV +(G+V)Z) +
GV +(G+VIW) B Box + WY +(W +Y)Z) B Bor)
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Dyy = GVWYZ + Fyay(Foa,(V + Z) + (V + W) B By ) + BBy (Fe@aZ + W B o) + BVWYZ + GVWY + WYZ + V(W +Y)Z) +

F0, By Bor + Bix Bir o Por)
Dyy =y FRVWYZ + B((Fyo,GVZ + By oy GVW + Py By WYZ)

DTIO = alFTV(FKQZZ + ﬁ]KﬁZKW) + BI(GVWYZ + ﬁlTﬂZT(FKa2Z + lBlKﬂZKW))'

3.2.2 For the endemic steady state E, , the characteristic equation was given by

(=dy + 8,0, — A=y (Bir + 5, )y + (= 8, )i + ANdy + Fy = 8, + A) + (=dy — Boy — 71y + Sris = A)
(—(dy + (0 = 8,)ie + ANdy + By + Yoy + 8, = 28,0 + ANdy + F, = 8yt + A) + Fo(dy (ays. + 5,e0) + s,
18,03 (@udy — 870y + NP Bor (dy + Fye + A+ p)(dyg + iy + A+ 1)+ (=dy = P — i = A= 1)
(Fiausi(dy + A+ 1) = (dye + Fy + A+ p)(dy + i + At i) (dy + B+ ax + 6 + A+ 1)) =0,

where s;,e;,ir,q;,7 ,S¢ »ex iy and. g, were defined in (25)-(33). From evaluation, all eigenvalues had

negative real parts for R, >1, where

3.3 Numerical Solutions
In this paper, we simulated the numerical solutions to show the behaviors of population. The
values of the parameters used in this study were d, =d, =1/(75%365) correspond to the life cycle

75 years of Thai human and South Korean human. F, =1/2 satisfied to the 2 days of infected
human. g, =, =1/30 corresponded to the 30 days of quarantine for Thai human and South
Korean human. y,, =y,, =7, =1/30corresponded to the average recovered time of 30 days in
infectious quarantine Thai human and quarantine South Korean human. F, =1/8 satisfied to the
average incubation 8 days for South Korea and y,, =1/14 satisfies to the average recovered time
of 14 days for infectious person. ¢, =1/2.5 satisfied to the average exposed time of 2.5 days for
susceptible person. «,=1/400 corresponded to the 400 days of exposed for Thai human.
6, =1/2.7 corresponded to the average death rate due to MERS-Cov 2.7 days of Thai human.
d, =1/20 corresponded to the average death rate due to MERS-Cov 20 days of South Korean
human. g =1/20 was the rate at which South Korean move out the country.

4. Discussion

We analyzed the model of MERS-Cov disease between Thai and South Korea when there was the
traveling of South Korean population to Thailand. We considered the effective contact rate of Thai
and South Korean populations. The moving rate of South Korean to Thailand was considered. The
results were found by using standard dynamical modeling analysis. The basic reproductive number
was defined in the form of R, and it was given by.

DTl DT3 DTS DT7 DT‘)}

DTZ ' DT4 ' DT6 , DT8 , DTIO
Figure 4 shows the numerical solutions of susceptible Thai population, exposed Thai population,
infections Thai population, quarantine Thai population, susceptible South Korean population,
exposed South Korean population, infections South Korean population and quarantine South
Korean population. We can see that the disease free steady state of the eight populations equal to
1,0,0,0,1,0,0 and 0, respectively. Figure 5 shows the numerical solutions of susceptible Thai
population, exposed Thai population, infections Thai population, quarantine Thai population,
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susceptible South Korean population, exposed South Korean population, infections South Korean
population and quarantine South Korean population. We can see that the endemic steady state of
the eight populations equal to 0.0769, 0.0216, 0.0092, 0.0243, 0.4855, 0.2198, 0.1273 and 0.0241,
respectively. From Figure 6 to Figure 7, we simulated the different values of parameters to see the
factors effect to the transmission of this disease. From our solutions, we can see that while a
susceptible Thai human changed to become an exposed Thai human («;)was increased

(a,=1/2,a,=1/4) and rate at which South Korean population moved out the country (z,) was
increased( g, =1/20,4, =1/30), then the number of MERS-Cov case was decreased and outburst

of MERS-Cov epidemic was shorter as shown in Figures 6 and 7.
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Figure 4. (a) Time series solutions of susceptible Thai population, exposed Thai population,
infectious Thai population, quarantine Thai population and recovered Thai population. (b)Time
series solutions of susceptible South Korean population, exposed South Korean population,
infectious South Korean population, quarantine South Korean population and recovered South
Korean population a nd (c¢) Time series solutions of infectious Thai population and infections

South Korean population for R, =0.055053.
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Figure 5. (a) Time series solutions of susceptible Thai population, exposed Thai population,
infectious Thai population, quarantine Thai population and recovered Thai population. (b)Time
series solutions of susceptible South Korean population, exposed South Korean population,
infectious South Korean population, quarantine South Korean population and recovered South
Korean population and (¢) Time series solutions of infectious Thai population and infections
South Korean population for R, =10.2297
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Figure 6. Numerical solution of infected Thai population case when there was the different rate at
which susceptible Thai human changes to become an exposed Thai human.
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Fraction of infectious South Korea human
=

Time (days)

Figure 7. Numerical solution of infected South Korean population case when there was the
different rate at which South Korean population moved out the country.

5. Conclusions

We had investigated the effect of repeated introduction of MERS in to Thailand by the entering of
South Korea, some of them were infected with MERS. We had two steady state conditions, disease
free condition and endemic condition. We can see that the Thai cases can lead to the disease free
state in the absence of entering of disease free South Korea. From the numerical simulations, we
can see that MERS can become endemic among the Thais when MERS South Korea cases enter in
to Thailand.
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