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Research Title: Study the inhibition of HIV infection with antiretroviral drugs of AIDS cases in
Thailand by mathematical modeling

Researcher: Assoc.Prof.Dr.Puntani Pongsumpun

Faculty: Faculty of Science Department: Department of Mathematics

King Mongkut’s Institute of Technology Ladkrabang

ABSTRACT

Acquired Immune Deficiency Syndrome (AIDS) is a disease caused by a deficiency immune
system. A is acquired, which means that it occurs later. I is immune means immune system. D is
deficiency means deficiency and S is syndrome. There are many symptoms.This disease is caused by
the destruction of the virus or Human Immonodeficiency virus. This virus caused the body to become
infected with the disease easier than normal people. And then the people are suddenly died from this
disease. Now, there is the discovery of antiretroviral drugs. Then the number of HIV cases are
decreasing. However, the epidemic of AIDS each year is still high. There is the new HIV cases about
10,000-20,000 persons per year. AIDS has many strains. Now, there is the discovery of more than 10
strains around the world. More than 10 HIV strains are found in Africa. Most HIV cases are due to C-
strain (40%). In Thailand, most cases are due to A/E or E. In this study, we study the efficient of

antiretroviral drugs by mathematical model.

Keywords : Mathematical model, antiretroviral drugs, AIDS
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PaBS (I, +1ha
bN . S
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d
aSZbN-I-O[aIa t 0 ga - BS Ty + L) -US (1)
d
ala ==yl £, A8, + 15, ) - (n+dy)l, 2)
d
alna =(1-pa)BS (g + 1) = 0palpg = (R+dp )lny ~ ()
nag S+1I, +1,, =N.

9 9 I3 Y
anglsznuaunsviau lasmvua

s=SIN, i, =I,/N, ipy =I,a/N,

1%

v v pat v 2
umaz"lmzuuaumﬁmﬂgﬂummu

d . g S .
as =b+a,i, +opin, - (P, +1p, )N)s (€))

—i, =-1, (0 +dg +10) +B(; +145)ND,S 5)

d. . .
alna =—lpa(apg +dpa + )+ Bliy +1pa )N(I=py)s (6)

with  s+1, +1y, =1.
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a d
NITIUNITH

Tasms l¥msasruuusiaeusinainsuasgiu yaaugaansom ldnnmssaaunsvessnsing
nlaguntlaslininy o vz 1dyaaugadio

i) Disease free state :E( = (E,O,O) (7)
U

i) Endemic steady state :Ej = (S*,i:,i;a) where
. (ay +d, +)(ap, +dp, +1) , ®)

Pla, +d, +WN+ o, -, +dy, -d,)

i - (@ny +dy +1)p, (@ +d,y +p)(bAN - p(aty, +dyy +1)) + (g — @, +dyy —d, )DAND, ) o)
PNy dy + 4 (0t = g+ =dy)py @y (A +0)(1-py) +(dy + p1)(d g +11+2pP,))

(Ona +dy +)(-14py (@, +d, +1)(bAN
itla _ - 0gg +dpg + 1)) + (g =, +dp, —dy)bSND,) (10)
PN(aty 1 dy +p+ (g — g +dpy —dy )P N, (dyy FWE1HD,) — (dy + 10)(dpg +1+@paP, )

mmanuEtesmnzivesgaaugaunazyaa o Id laesanaingau real part ¥9991 eigenvalue HaIu

k4 '
real part lamanuaasiyaaugatininnuadosanzi
' . Y Y
A1 Eigenvalues @1130%1 @000 aun s

det(J- A1) =0

A & a < = & A o 4
o J Lﬂu!i\l@liﬂ“lﬁniﬂmﬂu uay | L‘llumﬁiﬂ‘]ﬂ@ﬂﬁﬂ}lﬂ!
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mﬁmiwﬁ@ﬂﬁnaa
i) Disease free state :
The Jacobian matrix is given by

ay —(b/ )N Oy —(b/ )N

Jp=| 0 Tt g,
+(b/ )Np,
=0lpa —(dy + 1)

0 blwpNa-p)

The eigenvalues are the solutions from solving

—pu=A oy =(b/wpN pg = (b/ 1) N
) B P g (b/ 11)ANp =0
+(b/ u)Npy = 4 2 ‘
=~ 0 =(d, +4)

P\ RDAERD i, e =

Thus, the eigenvalues are
1
(_ﬂ(aa +da TH+T Oy, +dna +ﬂ))+bﬂNi\/(ﬂ(aa —0Opq +da _dna)+bﬂN)2 _4(aa ~Qpy +dna _da)bﬂﬂNpa )

b=t 3= o

All above eigenvalues have negative real parts for L <1, where

- bpN (11)

L= :
oy +dg +puton, +dy,+ 1)

Therefore the disease free state is local stable for L <1 .
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i) Endemic disease state:

The Jacobian matrix is given by

K] K
—p=PNGQ, +1 )
*

¥ .
Tg =| NG+,

PNG, +i )(1-p,)

*
where S

a, —ﬁNs*
—0, _(da +/u)
+ANp,s”

PN(-py)s

*

na _ﬂNS

*

JEA

a

—Opa _(da + 1)
+PN(1-p, )5

% %
1, and 1., are defined in (8)-(10).

17

Using the same manner as above, thus the endemic disease state is local stable for L>1.
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HaRagInAaY

For L < 1.

We simulate our equations by using numerical method. The parameters used in this study are b = 1/(70*365)
corresponds to the 70 years life cycle for human, N = 1000, ¢, =1/(365*10) corresponds to the 10 years of
HIV infectious human with antiretroviral drugs who can become susceptible again, &, = 1/365 corresponds to
the 1 vyear of HIV infectious human without antiretroviral drugs who can become susceptible
againp, = 0.5, #=0.000004 (by assumption) £ =1/(70*365) corresponds to the 70 years life cycle for
human, d, =1/(365*10) corresponds to the 10 years of HIV infectious human with antiretroviral drugs who
become die. , dy, =1/(365).corresponds to the 1 year of HIV infectious human without antiretroviral drugs who

become die and L = 0.0655.
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M5V L >1

We simulate our equations by using numerical method. The parameters used in this study are b =
1/(70*365) corresponds to the 70 years life cycle for human, N = 1000, &z, =1/(365*10) corresponds to
the 10 years of HIV infectious human with antiretroviral drugs who can become susceptible
again, &, =1/365 corresponds to the 1 year of HIV infectious human without antiretroviral drugs who can
become susceptible againp, = 0.5 f =0.00004 (by assumption)corresponds to the 70 years life cycle for
human, d,; =1/(365*10) corresponds to the 10 years of HIV infectious human with antiretroviral drugs who
become die. , d,, =1/(365).corresponds to the 1 year of HIV infectious human without antiretroviral drugs

who become die and L = 6.55.
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Transmission Model of HIV with and without
Antiretroviral Drugs

P.Pongsumpun

Abstract— AIDS or Acquired Immune Deficiency Syndrome
(AIDS) is caused by a virus infection. Human Immunedeficiency Virus
also known as HIV. HIV infection destroys white blood cells that are
immune to infection, causing the infected patient fo become
immunocompromised. Infectious diseases such as fuberculosis.
pneumonia, infection in the blood system. fungus, etc. HIV infection
destroys white blood cells that are immune to infection, causing the
infected patient to become immunocompromised. In this study, we
formulate the transmission model for describing the occurrence of HIV
patients with and without antiretroviral drugs. The standard dynamical
modeling method is used for analyzing our model in this study.

Index Terms— HIV. model . standard dynamic modeling method.
fransmission.

I. INTRODUCTION

Acquired immune deficiency syndrome (ATDS) is a spectrum
of conditions caused by infection with the human
immunodeficiency virus (HIV) [1]. During the initial infection,
each person may not have any symptom or may have a brief
period of influenza-like illness [2]. AIDS is a disease caused by
the HIV virus. The virus will result in a drop in the level of white
blood cells called CD4. Patients develop the svmptoms of HIV
slowly. The symptoms will appear when the CD4 level is less
than 200 cells per square milliuneter. The average rate of
infection in Thailand is 7-10 vears. HIV is m the body but not
sick because it is still controlled by unmunity. The transmission
of HIV can happen via the sexual transmission. perinatal
transmission and blood transmission . Sexual transmission can
happen when there is the contact with infected sexual fluids. An
infectious mother with HIV ean transmit HIV to her children
during childbirth, pregnancy. and also through breastfeeding.
The transmission of HIV through blood transfusion also be
occwrred. The symptoms of HIV patients are fever, chills, joint
pain, muscle aches. sore throat, enlarged glands. a red rash.
tiredness, weakness, unintentional weight loss and thrush. Some
HIV patients have no symptoms until several months or years
after infected with the virus. About 80 percent of people can
develop symptoms similar to flu 2—6 weeks after infecting with
the virus[3]. Many species of mamunals are infected by
lentiviruses. The incubation period for this virus has a long
time[4]. It can be transmitted as single-stranded, positive-sense,
enveloped RNA viruses.

When it entry into the target cell. the viral RNA genome is

P.Pongsumpun is with Department of Mathematics, Faculty of Science,
King Mongkut’s Institute of Technology Ladkrabang Chalongkrung road,
Ladkrabang, Bangkok 10520, (e-mail: kppuntan@knutl ac.th).
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converted into double-stranded DNA by a virally encoded
reverse transcriptase. The resulting viral DNA is then imported
mto the cell nucleus and integrated into the cellular DNA by a
virally encoded integrase and host co-factors[5].

An illness of HIV patients are caused by the destroy of the
immune system. The pathogen can easily move to the body.
When the immune system is destroyed. the symptoms can
appear.

There 1s a chronic lower respiratory tract infection. for
example: severe lymphadenopathy or enlarged spleen with
fungal infection. white skin in the mouth and cough. chronic
skin rash. weight reduction. etc.The amount of HIV received. If
the person get AIDS, the chance of getting AIDS is higher. If
there 1s a wound. it will make it easier for AIDS to enter the
wound and become infected with AIDS. If the number of
contacts with HIV patients is higher. then the higher chance of
getting HIV. Other infections such as ulceration, chills, herpes.
resulting in white blood cells in many lesions, it is easy to get
AIDS. And it is a way to get AIDS into the wound faster.

Health of the recipient. if the health of the body is not healthy
at the moment, then it is likely to get infected easier. The first
anti-HIV drug was invented in 1987 and in the following years.
Many scientists have tried to develop anti-viral drugs, HIV or
drugs that will stop the growth of HIV in more than 30 species
such as Zidovudine (ZDV). also known as azidothvmidine
(AZT). is an antiretroviral medication used to prevent and treat
HIV/AIDS[6]. It is recommended for use with other
antiretrovirals. It was first discovered in 1964 and approved in
the United States in 1986[7]. Truvada is an antiretroviral drug
that consists of two drugs, Tenofovir and Emtricitabine. Both
drugs support the treatment of AIDS each other Mathematical
model were applied to describe the transmission of HIV/AIDS.
In 2009, Naresh.Tripathi and Sharma [8] formulated and
analyzed mathematical model for the transmission of HIV with
the different total human populations. The movement of HIV
patients  was considered. In 2014.BozkurtandPeker[9]
formulated the mathematical model by separating the human
population into 3 classes such as HIV negative class. HIV
positive class and asymptomatic class. In this study. we use the
transmission model for describing the transmission model of
HIV/AIDS with and without antiretroviral drugs.

II. TrRANSMISSION MODEL

Our model consists of 3 population classes such as
susceptible human. infectious human with antiretroviral drugs
and infectious human without antiretroviral drugs. The diagram
of our model is described as follows:

@
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Fig 1. Diagram of our model
From figurel, we can write the system of equations as follows:

d
aSszﬂxaIa +tpalpg - BS Ty +1pa)-1S D
d
&Ia =—0ly +pa AS(15 + 1) - (0 +dg)l, (2)
d
&Im =(1-pa)BS (Ia +1na) = tpalng — (0 +dpa )Ly,

3)

withS+I; +I, =N.

The variables and parameters of our model are denoted in

table 1.
TABLE L. THE VARIABLES AND PARAMETERS OF OUR MODEL

Variables/Parameter Definition
s
s Number of susceptible human population
I Number of infectious human population
a with anfiretroviral drups
I Number of infectious human population
na without antiretroviral drugs
B HIV infection rate
b Birth rate of human population
N Total population
a Rate at which the infectious human
a population withantiretroviral drugs become to
be suscepfible.
o Rate at which the infectious human
na population without antiretroviral drugs
become to be susceptible.
Probability of HIV patients who get
Pa antiretroviral drugs
ﬁ HIV contact rate
H The natural death rate of human population
d The death rate of HIV patients with
a antiretroviral drugs
d The death rate of HIV patients without
na antiretroviral drugs

We normalize our equations(1)-(3) by letting
S=SN, i, =L,/N, iy =I;/N.

28
then the reduced equations become
d . . ..
&s =b+ayiy +ap,in, - (+ P, +ig, N)s @
d. . .
alﬂ =-1a(0ry +dy + ) +P(1, +15, Np,s (5)
d . . ..
alna =—ipg (apg +dpg +4) + B3 +1pa IN(1-py)s
(6)

withs +1, +1;, =1

A. Analvtical Results

By using standard dynamical modeling method[10]. the
steady states can be found by setting the right hand side of
(4)-(6) to zero. The steady states are

i) Disease free state : E( = (B,O,O) (7)
Ji
* oLk Lk
ii) Endemic steady state : Eq = (s ,1,.1;,) where
S‘ H (aa + da + "l)(aﬂﬂ + dHﬂ + p)
ﬁ(aa +da +I‘l)N+ﬁ(aua -a, +dna _da),
(8

(@, +d, +pp, (o, +d, + WO - plar,, +d,, + 1)
o Ao, —a,+d, —d JbANp,)
an AN@,.d, +n+(a, —a, +d,-d,)p,)
(a,(d,, +W(L-p )+ (d, + w)d,, +p+a,p,)

a

O
(a, +d,+WE14p,)(a, +d, +WbAN
- e, +d +w) + (e, —a, +d_ —d )bfiNp,)
m(aa*dz +p'+(a113 _aﬂ +d118 _da)pa)
(@, (dy, + C1+p) = (d, +p)d,, +1+a,p,))
(10)
Local stability of each steady state can be determined by
checking the sign of real part of all eigenvalues. If all
eigenvalues have negative real parts then that steady state will

be local stable.
Eigenvalues for each steady state can be found from solving

det(T—AD) =0

where is the Jacobian matrix evaluated at each steady state
and I is the identity matrix.

i) Disease free state :
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The Jacobian matrix is given by

f,

oy =Bl N oy, (b PN
- =l 0 —aty —(dy + 1) b/
070 Leipmp, O
) —orp, —(d, + 1)
0 (b/)PNI-p,)

\ +(B ) ANL-p,) )
The eigenvalues are the solutions from solving
{ \
] 1

oy — b/ W) N Oy~ N |

—ory —(d, + 10 ) |

b/ =0.
) 1)ANp, —7 IS P
| — gy —(d, + 1) |
0 G/wMNA-p) = {
=. PP ) 100 pe)R)

Thus, the eigenvalues are

[~p-2

Det|

X 1
Ay =—n. Ayz= Tl(—;f(aa +d, +ptorg, +d + )

+bpN

+\/U“(ua — Uy 7da 7dm)*bﬂN)2 )
74(5(3 —CUna +dna 7dn )b,B.“Npa

All above eigenvalues have negative real parts for L < | where

bfN

= - 11
plo, +d, + oy, +d, + 1) ..
Therefore the disease fiee state is local stable for L < 1.
i1) Endemic disease state:
The Jacobian matrix is given by
(
| —/f—ﬁN(iz 4—1';] afﬂ—,ﬁNs* o) —‘BNS*
| .. —o, —(d, +10) p
Jg =| ANG, +i )p Np,s
Ep a na ‘b a +ﬂNpan a
| Lk k * —Upa _(da"'ﬂ)
;ﬁNua _1m)(l'pa) ﬁNU'Pa)S ; *
+N(L-pq)s

*#

¢ E
whereS .1, and 1, are defined in (8)-(10).

Using the same manner as above, thus the endemic disease state
is local stable for L > 1.

B. Numerical Resulrs
ForL <1.

We simulate our equations by using numerical method. The
parameters used in this study are b= 1/(70%365) corresponds to
the 70 years life cycle for Thuman. N
1000, ¢ty =1/(365%10) corresponds to the 10 years of HIV
infectious human with antiretroviral dmgs who can become

30

susceptible again. ey, = 1/363 corresponds to the 1 year of
HIV infectious human without antiretroviral drugs who can
become susceptible again p, = 0.5, £ =0.000004 (by
assumption) ££ =1/(70*3065) corresponds to the 70 years
life cycle for human. d, =1/(365%10) corresponds to the 10
years of HIV infectious human with antiretroviral dmigs who
become die. . dy; =1/(365). corresponds to the 1 year of
HIV infectious human without antiretroviral drmgs who become
die and L = 0.0655.

1.00 £ ooz

human pepulation

Totect ious b

T T T
0.99+000 . 504305, 004005 . Ea+D0L., D+ 004 . Tasd0E

Fig 2. Time series of our model for L < 1.
‘We can see that our results converge to disease free state for
TRV
ForL > 1.

We simulate our equations by using numerical method. The
parameters used i this study are b= 1/(70*365) corresponds to
the 70 years life cycle for human, N
1000. ¢ty = 1/(365%10) corresponds to the 10 years of HIV
mfections Imman with antiretroviral diugs who can become
susceptible again. &), —=1/363 corresponds to the 1 year of
HIV infectious human without antiretroviral drugs who can
become = susceptible again p, = 0.5 fF=0.00004 (by
assumption)corresponds to the 70 vears life cycle for human.
dy =1/(365%10) corresponds to the 10 years of HIV
mfectious human with antiretroviral drugs who become die.
dyq =1/(365). corresponds to the 1 year of HIV infectious
human without antiretroviral drugs who become die and L = 6.55.
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Fig 3. Numerical results of our model for L > 1.

We can see that our results converge to the endemic equilibrium
points for L > 1.

IIL

In this paper. we describe the transmission of HIV/AIDS by
mathematical modeling. The receiving of antiretroviral
drugsand without antiretroviral drug are considered.

CONCLUSION

31

0.500

human

Infectious

Inrectlons human wWith antirectroviral Crugs
Infectious human without antirecroviral dru

Tine(vears)

Fig 4. The comparison of the time series solutions of infectious
human with antiretroviral drugs and without antitretroviral diug

As shown in figure 4. we can see that number of infectious

human population with antiretroviral drugs converge to

the

equilibrivm state faster than the number of infectious human
population withoutantiretroviral drugs. Thus, we can conclude
that the antiretroviral drugs influence to the transmission of

HIV/AIDS.
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