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Research Title: Generalization of Armendariz rings

Researcher: Thawatchai Khumprapussorn
Faculty: Science
Department: Mathematics
ABSTRACT

We introduce the notion of linear *-Armendariz ideals and *-Armendariz ideals which are
extension of Armendariz rings. Some properties and examples of this extension are given. We prove that
an ideal I is a linear *-Armendariz ideal R if and only if R/I is a linear Armendariz ring. We also

investigate a relation between completely semiprime ideals and linear *-Armendariz ideals.

Keywords : Armendariz rings, Linear Armendariz rings, Armendariz ideals, *-Armendariz ideals, linear

*-Armendariz ideals
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a agp 13 Q147
G983 2,25 S Winenddeu ez R = |0 @ %23 24l 0 e ol atiin R funsentideu
0 0 a azy 1
0 0 UfaN (©)
0 1 0 0 Q | /N1 )00 0 0 0 O 0 0 0 O
v 10 0 0 O 0 0 0 O = _10 0 0 0 0 0 0 1
Wif@ =15 9 o o[*|o 0 0 of*=d®=15 ¢ o 1|T|o 0 0 1|*
0 0 0 0 0 0 0 O L0 0 0 O 0 0 0 O

W f(x) uar g(x) € R[x] wazazdiudn £(x)g(x) =0
01 0 0110 0 0 O
0 0 0 0|0 O O 1
0 0 0 0“0 0o o 1|*°
0 0 0 0odt0o 0 0 O

Fomneaun R liduisenswusnsodadu
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2.3 lafan1suunise

wfnvetlofaoisiuunsy wuzileaeg Sh. Ghalandarzadeh wazaniy Usingauddslut 2010 1655y

a

Anwilafassiuunnsy wiauranansauauduiusves lefaenTidou lafas1siuunnsonas19015tuunsey

agilsfinunisanuilefaensumaise Tne Sh. Ghalandarzadeh wazanizdl fvunl¥nAnvuusiifiendnvel
unfienu 2.3.1 1 R Suasiifiendnwe] wae I WDulefiamsdne w1den I 41 anfauande fedle
i f(x) = T fixh, g(x) = X0 g;x7 € R[x] & f(x) g (x) € rrpU[x]) uits fig; € TR(A) v i uae j
unfisnu 2.3.2 1 R WSwsiifiendnwel uae I WDulefiamsdne wden I 31 ondideu Adedle
er —re € ry(1) wnandnr € R uavnnlowalnmvud e € R
swiilddadn {0} Huilersuiunsaleanarentidenlea
duvf 2.3.3 197 [ (Juensiuunsalesanisdieves R
8 f1, for s fu € RIx1 1087 fify i fn € TR U[x]) Wi aya; ... a, € (1) o a; Wuduuszandves f;
duuf 2.3.4 W [ Julefanadreves R
i I \Juenfwundslofansdrsves R uda I [x] Wuersumanieledamsineves R [x]
autfnely wandiiiuaiuduiusvesensmunisylenauazendideuleda
Tneiviun Z(R) = {x € R | xa = ax yna € R}
audd 2.3.51% [ Huordunieledamedieuss R demnudeluiifuaie

(1) & ab € rx(I) waz ac™ € rx(I) e @, b, ¢ € R waz N Jusuauiu ud ach € rr()

(2) &1 ab € rg(I) wag ¢™ € Z(R) ne@ a, b, c € R waz N Wuswautiu uas ach € rx (1)
ununsn 2.3.6 1 I WWuenfuunidlenansdioves R win I[x] Wussuuadalefamedneves R[x]

wRsanlallentingn egesvesefuuasaluesiuunisy Tuvussieiu nadnseiuanadl

wansbiliiudn lefandesverisanswuandadunsuunivlofaniie
audh 2.3.7 61 R Junensiuandy ud nnlefansdieves R Juorswuanielefianisie

W R Wuasuar M Ju (R, R)-lunega tsnlewns T(R, M) = ROM funsdiiunisuanuazen

o

sl dwsury, T, € Ruasmy,m, EM
(r,my) + (ry,my) = (1 + 13,my +My)

(ry, my) (13, my) = (g1, 1yMy +1,my)
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' o 9 a ea r m -
s T(R, M) audugiu (ring isomorphism) Autamsndiiaglugy [0 r] e T € R

warm € M
R 2.3.8 R 1Jus3ind Adewdle T(R, R) Wureenswunise
shagrenaludusiswunsylefaveneiliiduoisiuuniss

= 1

Sfad war S laidurneonsiuunnse 15

] |re{0,2},b€ 24}

719819239 W R =7, uwazS=T(R,R) wiulddair R laluas

Myuali a = [8 S

r b

] way I = Sa waz r(I) = rg(1) aleinr{) = { 0 r

esan (1) Wulefaves S way S/r(l) Wunesing  3aladn T luenswunnsylefanadreves S

T R W wisenledtamaiden | ves R dnflewdd IFP fsedio dmsua,b € Révab € ]

whaRb €]

W R Wue w5uSen R 91 locally finite dmnigngesdiinues R neduiafsnguilsnisansdaia

(finitely semigroup multiplicatively)

ngufiun 2.3.10 &1 R 1 locally finite wag [ \uenfuuadslefansdreves R ud r(I) faudi [FP

2.4 Wgsensuaisylona

W N Wumadlsldiondng sauiu + wag - unsauidunismimavy N sinani (N, +,7) @u

ossamsdne d1 (N, +,7) aeandesiuouluneludl

1) (N, +) dungy
2 (N,) fngu
3 x (y+z)=xy+x:zwx,y,ZEN

1% R e luundesi] isunudadneal Carm=mY fl-xi € R[x] wazsiilenunis

sudunisviina o vu R[x] Tae (x)f o (x)g = Z?:o gj((x)f)] e (x)g = 27}:0 gjxj
lildin (Rx], +,0) Wudlessemsineg ualidus
unudaydnual Ry [x] sewdlesiedesves R[x] dafuileszedesves R[x] Adwaddrnsiiidu o

Tuundesdl dnavawuiAniasiofasnsiuunisy F95:501ne Kh. Khalilnezhad wag H. Javadi WHEWNS

o

ATelul 2015 Ussiuddnresanddell Aemsidenldnsduiunsninig o duili (R[x], +,0) 19u

Wessanatne
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unfienu 2.4.1 W R June wae I (Julefamsdheves R w1Sen I 41 diesonfuuania fdedle dmsununy
(f = Xi fix', (x)g = XTLog;x’ € R[x]

O f o (x)g € rrixU[x]) wsr gjfi € () ypn i was j uas (fo)g € (1)

dmiu (0)f € R[x] v mua Cf wevesduUsyarsves () f

dutd 2.4.2 19 R Wus wag I Judesorswuasalefanisdeves R 61 () f1, ) fy, ..., (X)f, € R[x]
B (Ofy 00 (O fyy € rrpyU[x]) waz ag € Cp, o k € {1, ..., 1} uih apany .., € z(D)
duti 2.4.3 01 1 Wudlesordiuanialofaniedieves R wdd I WJuendideulefamsdieves R

fragresalUinansinunnauvesaut® 2.4.3 Taduass

NV K
Aa9e19 2.4.4 17 S Wuerddeu s R = 4|0 a d|la,b,c,d €S
977 0\
) 2
il =410 0 Of|x,y € S¢ asldn [ Juondideulefanisde
0 0 O
O 02T 0 0 1 18] 3724 ¢
fsan (x)f =10 0 —1|lx,(x)g=10 0 —-1|lx+]J0 1 0|x?
0 0 0 0 0 O N 0 &1
1707 jEN0I- 1
awdiuh (X)f o (x)g € rrp(I[x]) w0 1 0][0 0 —1|¢€&rg(])
0O 0 1110 0 O

saty I Tadudesenswuasalafanisdneves R

AUUR 2.4.5 81 R WuaswusiSuilossy way [ 1 ulefaves R wé R/r 0 Wuaswussadlesss
R

nquijun 2.4.6 61 R \Juerswunduiesss uae I ulefavnsineves R uda I \Judlesersiuuniss R

[

W R Jwa 1flenwne T(R,R) = R®R ﬁ’umi@ﬁ’%ﬁuﬂ'ﬁmmazqm qﬁ
dwmiury, 1,171,175 ER
(1) + (1) = (r + 7,1 +13)
(r1, 12)(r1,13) = (i1, 1413 + 1277)

' @ 9 o ea r S =
531U T(R, R) audaugnu (ring isomorphism) fusssnindieglugy [0 T‘] e 7, S € R
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A10819 2.4.7 1% S = Zg uay R = T(S,S) azlein R ldiduesiwuansudesse
sz (Of = (4,2)x, (x)g = (2,0)x2 € R[x] F0vils (x)f o (x)g = 0 w1 (4,2)(2,0) % 0

Wa= [8 (2)] I =Rauwazr r(l) =1x(I)

sl () = {[] ’r’] 17 €{0,2),b € 7}

SNa

vlasan r(1) Wulefaves R uay R/r(l) 1Junasang
Falean I Dudlesonswunnse
YpmemeauiRserinslenananedduandd [FP

% R Jue wdenlefiamiaien [ ves R dilaud® IFP fAdedie dwiua,b € Rérab € ]

wsr aRb € ]

1 n @udwutiu s Uy, (R) Wuesveauyindamivdonuuwuiu . X 1 uu R

/o)

g1 2.4.8 1% Ri Tulaum waz R = U,(D) was I = [O 0

‘LﬁO;ta:[g i],0¢ﬁ=[‘g IZ:]ER

wziun af € I fdedioc = 0
fuinc = 0w aRB S 1
Fenunenwdn I fauds [FP

0 1

Susely 15715 Xf = [8 (1)] x, (x)g = [0 NE:

+ [(1) _01]x2 € R[x]

% L1 —1110 1
iU (x)f o (x)g € rpxI[x]) wmm lO 0 ] 0 0] & rp(l)
et 1 lahSuiledonsuunse

auUR 2.4.9 61 R W [ Juidederdfumnialedandreves R udr r(I) fawd® IFP
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UNi 3 N1591908N2 I UVD 929915 UUANS DY

kuziuAnues *-ansiuunsdlefadadu waz *-015wunnsylefatulunisvensninuiveisens
wuan3e nieuisEnwusandinasenmegnsdidguesniseeneil siulutinsuansliiiunnuduiusvesledans

WwnzageUTysaluay *-ansluunislofalaid
a &
3.1 UNUIIUNUITU

paaanauni 1s1ivuati R Wusiiliendnual wazdwsuendes A war B w99 R isilsnuandas

rR(A:B) = {x ER | xB C A}

Z. wnunsvosdruaiuii
R[x] wnsnsweswyunui® X 1ushuds uazdudsednsunainag R

M, (R) wiunsvessminduuiu 1 X N uazusazaundnuasamindinang R

a aqp e Qp
o 2 ;
Uy(A) = O 0 5 :Zn la,a;; € A plenin A Juswndosues R
O O [R] ann

unfienn 3.1.1 W a € R a1 a Jullalwmud (nilpotent) tilsuiuduuan n fviild a™ = 0

undleny 3.1.2 151081731 R 1Juassiag (reduced ring) &1 R fua 0 wihduindudialwinug

'
a o

M.B Rege waw S.Chhawchharia [6] {ugSisuimuaundiesiensiuun3ey fail

unfiena 3.1.3 151081971 R 18unsenfununde (Armendariz ring) fiseiile
i1 f() = fo+ fix + oo+ frux™, g(x) = go + g1x ++ 4+ gmx™ € R[x] ¥4
fx)g(x) = 0ui figj = 0 wnqiuay j

[

Fadann 3.1.4 [1] ymsaadidusensuunnie

faUUNTYNVDI9RS LA TNEULS S UANLAUIINAINTANTNALINFNEASTILDII1I9DSLUUAN S

Wadudumanalemluressensiuunse
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unflena 3.1.5 151781791 R Sussonfiuuadudadu (inear Armendariz ring) fseiile
hfx)=fo+ fix, 9(x) = go + g1x € R[x] Fsavandos
f)g(x) = 0ui fogo = f190 = fog1 = f191 =0

TK. Lee waz T.L. Wong lliegnaiionandifiuinfhensunuasodaduiiliiduiendiuunsy [5]

Sh. Ghalandarzadeh wazae [3] lasuduliundonuvesensiuunisylofanisdne dansudusndusas
Sinfudnydnualves 1r (A) = {a € R | Aa = 0} Tavit A Juwndesves R

Y

o

unilgny 3.1.6 1snanntedanisdne I ves R Wuafuuaisalefaniedne Adailes

i1 f(x) = fo+ fix o+ fnx™, g(x) = go + g1X + -+ gmx™ € R[x] ¥
f)g(x) € rrpg(IIx]) uén frg; € rrll] wpq i uae j

PIUNAANSUDY M.B. Rege Laz S. Chhawchharia [6] 59184 Sh. Ghalandarzadeh wazamy [3] naonau

=

U884 V. Camillo wag P. Nielsen [2] 8n71991U89 NK. Kim waz Y. Lee [4] ¥l lawuiandia %qmma
ATy wdeuisdaveundonulugd fiisndenin *-onsundselofaldady FeneindunisvensnuniensAne

119109815 LUUASD

3.2 *-p15uuasylana

unilgny 3.2.1 1 R Wue waz I Wulsfaves R wnanin I Wy *-o15wuansalena vas R

i1 f() = fot fix+ o F frux™, g(X) = go + 91X + =+ gmx™ € R[x] ¥4
fO)g(x) € rppyU[x]:R[x]) uéh figj € rp(I: R) wnq i uax j

wiulddain R (Junsenfwunide Adedle {0} Wu *x-orsumanieledaves R
auld 3.2.2 1% [ 1Ju *x-orfwuaisaleda vens R wes f(x), g(x) € R|x]
8 f(x)g(x) € rrU[x]: R[x]) wérag(x) € TR[x] (I[x]: R[x]) nnduvszans a ves f

auid 323 WR  Jursuar [y x-erdfwuenielediaves R i f1, fo, ) fn € R[x] @
fifo o fo € TR U[x]: R[x]) wéh aq, ay, ..., ay € 1r(I: R) ydudssdvs a; veu f;
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3.3 *-p15uuaAsYlanatdadu

v

SSUAUUNYpeinlunTenuved *-an5munnsvlanadady sauludeednses *-a1siuunsslaonad

£

LU

undlenn 3.3.1 1% R Wuswaz I Ouledaves R 51nanin [y *-a1suanswlafadadu vas R 61

fx)=fo+ fix, g(x) = go + g1x € R[x] Fsaonndos
f)gx) € TR[x] (I[x]: R[x]) wé fogo, f190, fog1, f191 € TRU:R)

Wilddadn R @usendwunnsodady fredle {0} Wy *-e1siwunsalofaiaduves R 8sluninidu vn *-
pnsuunselena 1y *-e1swunseleraBaudu 15laieg19a1n Lee wag Wong [5] 1il9a15iauunnsadadu

Aladunsonsiuunisy Faihlrsilauiedtuing *-osiuuasylofadadu My *-a15unselena
f70819 3.3.2 27 1Ju *-o15uansulefadaduves Z
audd 3.3.3 19 [ WJulefaveans R way nwuduusssunid deanuseluiiiuasa

0 & Uy (1) du *-orduasslefadaduses Uy, (R) uéa [ Ju *-a1fwunseloradadures R

(@ & My (I) u *-odwundaledadaduras M, (R) ué I {u *-eoriwunselofadadures R

shagramelUiliandlimiiuinunnduresantd 3.3.3 ldiduasa

feee 334 % f(x) = [g 8] + [(1) _01] x uay g(x) = 8 g] + 8 ﬂ X

1571981870

0 11 _

f(x)g(x)z[g _()Z]XEMZ(ZZ)[x]LLax[(S) 8[0 . _[g (B)]eMZ(ZZ)

Famneerwin M, (27) lidu *-ensumadelefadudures M, (27)

0 1 0 O 0 1 -1 0
dee1e 335 f(x) = [8 8 8 8 + 8 8 8 8 X
0 0 0 O 0 0 0 O
0 0 0 O 0 0 0 O
mow=f2 8 8 8l.fe 8 8 2,
0 0 0 O 0 0 0 O
agledr f(x)g(x) = 0 € Uy (2Z)[x]



0 1 0 01(0 0 0 0 0 0 0 1
1o 0o o offo 0 0 1/_|0 0 0 O],
L"’E““OOOOHOOO1“[0000"“]4(22)
00 o0 ollo o0 0 o 0000

saiiu Uy (27Z) lifu *-ondumeanieledaidaduves Uy (Z)
1 R Juasitendnwel waziswnu @ = a + [ dle a € R way [ Julefaves R
nquijun 3.3.6 19 [ Julefiaves R aglédn [ 1Ju *-erduunselefadadures R Asadle R/I Wuasens

LU LTI

<

winaileda I ves R dulefafsanizagneuiysal (completely semiprime) we3 R 1 a’ el

wara €l dwmsua € R

danlganfslefaanizediauiysel wanlulsslosiiuainAdevensinfe 61 1 Wulefafvanizedi
v3ysaives R wae ab € [ uds ba € I Gswadwsiosdnilugdnniamadnsdrdgimdunisidonles

AsduiussEninlefanaanzegeuiysaliay *-ansmnistlofaaduy
autd 3.3.7 ¢ [ Wulefianuawizegrsuiysalves R win [y *-ordunaselofadudues R

frag1eselunanbimiuinunnduraauth 3.3.7 luiduass

fee1s 3.3.8 s Uy (Z) = {(g aéz) | a,a, € Z} i galean {(8 8)} Ju *-015

a a a v 1 0 0 ' a = ' a s
wunsolefaaduves Us (Z) usid {(0 O)} Liduledatuanzedraudysalves U (Z)

a aqz Qg3

#ee19 3.3.9 1 R ndiduar U3(R) =40 a az3||a,a.3, a3, 053 ER
0 0 a
aevinadamans Nam Kyun Kim uas Yang Lee [4] figathonlidn U3 (R) \Wwsonsiuunse Azt U;(R)
0 0 O
Jauduwsenfuundudadudie dwald{[ 0 0 0 |¢ Ju *eo1suadeledadadues U3 (R) udi
0 0 O
0 0 O
0 0 0 ];Lidulefaiaemszesnaiysaives U3 (R)
0 0 O

o 1

#9819 3.3.10 15510 22 € 47 way 2 & 47 s A7 Lidulefanuanizegiaudysaives Z was

a

figaledn 47Z Ju *-a15unselefadaduves Z

Y
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W R waz S Jun aeldd magaueiidew R X S Junngldnmsuinuasnisqunivdiudszneu vili

o

Tonaans sadl
auUR 3.3.11 1% R waz S 1w aglein

1) 0 [ Ju *-onsiwunivledadaduves R uwd I X S 18u x-orsmunialofiadadures R X S
2) & J Ju *-er5munnigledadaduves S ud R X J 8u *-osiunselefadadures R X S
3) o 1 Wu *-erswuadglofadudures R waz [ 10u *-orsmunidalofaladures S udr I X |

W *-15ussylenaadures R X S

W R uar S 10w aelddn nepauansfiiden R X § Wwanmeldmsuinaudiudseneuwaznisaaifenn
#iil (a,b) * (c,d) = (ac, ad + bc) Wwnisddysnwnd R (4+) R wevanefnewiiafanan

auUR 3.3.12 a1 1 Ju *-a1siunselefaadures R wds [ X R Ju *-915usselefadaduvas

R(+)R

dowFeudieuand 3.3.11 waz 3.3.12 oralufiasdeiisvasdumgnisallaly wulunsdl R X | uas
I X ] udwiesewd ismuin R X J enalifulediaves R(+)R uagdslunintiu isunsoudedsdmiv
I X ] iy *-orduunisglonadaduves R (4+)R fausfn I 10u *-erfluuanieleda@aduves R uag |

W *-a15uasulefadadurss S

9819 3.3.13 f91san Z(+)Z wewtsdwua f(x) = (2,1) + (4, Dxwee g(x) = (2,1) +
(0,Dx  suduin f(x)g(x) = (4,4) + (8,8)x + (0,4)x? € (4Z X 4Z)[x]  udi
(2,1) * (0,1) = (0,2) & 4Z X 47Z Fsvsneperui 4Z X 47 idu *-orsuunisglofadaduves
Z(+)Z

Hodanm 3.3.14 1% R Wuas iswswine R(F)R = U5 (R) waziodiedns 3.3.13 vilinsulddn dwmsu

*-p15iunnsvlofaidadu I vos Z(+)Z leda U (1) liswfudesdu x-orfluunialefaidadunes

Uz(R)

fodaunn 3.3.15 1% R Wussuez M Ju (R, R) —lunega nsveneves R dhe M Aens T(R, M) =

ROM muldmsuinunduazmsgaididonilas (ry, my) * (ry, my) = (i1, 1ymy + romy)

, T m Y] a a ¢ v o
winT(R,M) = {(O T') |r ERuwazm € M} melanmsuinuaznisaaunfveduming fatu

RN

N

HaveIiieEne 3313 3sesugldenin T (1, I) lidndudeadu *-orfiuuaialedadaduves T(R, R)

fawdin 1 Wy *-215wuanselenadaduves R
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Linear x-Armendariz ideals

Thawatchai Khumprapussorn

Department of Mathematics, Faculty of Science
King Mongkut’s Institute of Technology Ladkrabang, Bangkok 10520, Thailand

Abstract

We introduce the notion of linear x-Armendariz ideals and x-Armendariz ideals which are
extension of Armendariz rings. Some properties and examples of this extension are given.
We prove that an ideal T is a linear x-Armendariz ideal of R if and only if R/I is a linear
Armendariz ring. We also investigate a relation between completely semiprime ideals and
linear x-Armendariz ideals.

Keywords: Armendariz rings, linear Armendariz rings, Armendariz ideals, x-Armendariz ide-
als, linear x-Armendariz ideals.

2010 MSC: 16D25.

1 Introduction

Throughout this note all rings are associative with identity. The symbol Z denotes the ring of
integers. Let R be a ring. The polynomial ring with an indeterminate x over R is denoted by
R[z]. Let n be a natural number. We use the symbol M, (R) to denote the ring consisting of
all n x n matrices over R and for a subset A of R, let

a a2 - Qin
0 a Wy~ aon,

U;(A) "V . . . . | a, Gij € A
0 0 . a

A ring is called reduced if it has no nonzero nilpotent elements. The notion of Armendariz rings
was given by M.B Rege and S. Chhawchharia [6]. A ring R is called Armendariz if whenever
two polynomials f(z) = > a;z" and g(z) = > i=0 bjx? € R[z] such that f(z)g(z) = 0 then
a;b; = 0 for each 7 and j. Reduced rings are Armendariz by [1]. Later, Armendariz rings were
generalized to linear Armendariz rings. A ring R is called linear Armendariz if whenever the
product of two linear polynomials in R[z] is zero, each product of their coefficients is zero. T.K
Lee and T.L. Wong gave the example in [5] that a linear Armendariz ring does not need to be
Armendariz. The concept of Armendariz left ideals was initiated by Sh. Ghalandarzadeh et al.
n [3]. The right annihilator of a subset A of a ring R is denoted by rr(A). A left ideal I of a ring

This research was financially supported by Faculty of Science, King Mongkut’s Institute of Technology
Ladkrabang
E-mail address: thawatchai.kh@kmitl.ac.th (T. Khumprapussorn).
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R is called Armendariz if whenever polynomial f(z) = Y1*,a;z’ and g(z) = > =0 bjxd € R[z]
satisfy f(x)g(x) € rgpy(I[z]) we have a;b; € rr(I) for all 4, 5.
Motivated by results in M.B. Rege and S. Chhawchharia [6], Sh. Ghalandarzadeh et al. [3],
V. Camillo and P. Nielsen [2] and N.K. Kim and Y. Lee [4], we introduce an extension of
Armendariz rings which we call linear x-Armendariz ideals.

2 *-Armendariz Ideals

In this section we define and study x-Armendariz ideals which are the first our extension of
linear Armendariz rings. For each subsets A and B of R, we let rg(A: B) ={z € R| «B C A}.

Definition 2.1. Let R be a ring. An ideal I of R is called a x-Armendariz ideal of R if
whenever polynomials f(x) = fo+ fiz+- -+ frnx™, g(x) = go+g12+- - -+ gma™ € R[] satisfy
f(x)g(z) € rpiy(I[x] : R[z]), then fig; € rr(I : R) for each i and j.

Clearly, R is an Armendariz ring if and only if {0} is a x-Armendariz ideal of R.

Proposition 2.2. Let I be a x-Armendariz ideal of a ring R and f(z),g(x) € Rz]. If
f(x)g(z) € rriy(I[x] : R[z]), then ag(x) € rriy(L[z] : Rlz]) for all coefficients a of f.

Proof. Assume that f(z)g(z) € rgp(I[z] : R[z]) and a is an any coefficient of a polynomial
f. We will show that ag(x)R[z] C I[z]. Let h(z) = ho + hix + -+ + hpz™ € R[z]| and denote
g(x) = go+ g1z + -+ + gpa™. Since I is a x-Armendariz ideal of R, we have ag; € rg(I : R)
for each coefficient g; of g. We see that ag(z)h(z) = agoho + (agohi + agiho)z + (agohs +
agih1 + agaho)x? + -+, Since ag;R C I for all coefficient g; of g and (I,+) is a subgroup,
ag(x)h(x) € I[z]. That is ag(x)R[x] C I[z]. O

Proposition 2.3. Let R be a ring and I be a x-Armendariz ideal of R. If f1, fa,..., fn € R[]
satisfy fifa--- fn € TRi)(L[®] : Rlz]), then araz---a, € rr(I : R) where a; is a coefficient of f;.

Proof. Let P(n) be the statment "If f1, fa,..., fu € Rlx] satisfy fifa--- fn € rri(L[z] : Rz]),
then ajas---a, € rr(I : R) where a; is a coefficient of f;”. We prove by induction on n. It
immediately implies from definition that P(2) holds. Let k be an integer such that k£ > 2.
Assume that P(k) holds. Let fi, f2,..., fr41 € R[x] be such that fifo- - fifer1 € TRz (I[7] :
R[z]). By assumption, we have ajas---ap_1b € rr(I : R) where a; is a coefficient of f; and b is
a coefficient of fi fr11. Let h(z) = ho+hiz+- -+ hnz™ € Rlx|, fifis1 =bo+biz+- -+ bpa™
and ¢ = ajag - - - ap—1 where a; is a coefficient of f;. Then cfy(z) fxr1(x)h(x) = eboho + (cbohi +
chiho)x + (cboha + cbihy + ebohg)z? 4 -+~ € I[z]. This obtains that ayas -+ - ap_1 fifer1R[z] C
I[r]. That is ajaz---ax—1fefrr1 € TR (I[z] : Rlz]). Since I is a x-Armendariz ideal of R,
ajay - - an € rr(I : R) where a; is a coefficient of f;. The proof is complete. O

3 Linear x-Armendariz Ideals

We start this section by the definition of linear x-Armendariz ideals and also give several exam-
ples of linear x-Armendariz ideals.

Definition 3.1. Let R be a ring. An ideal I of R is called a linear x-Armendariz ideal of R if
whenever polynomials f(x) = fo + fiz, g(x) = go + g1x € R[] satisty f(x)g(x) € rgp(L[z] :
Rlz]), then fogo, fi190, fog1, figr € rr(I : R).

In fact, a ring R is a linear Armendariz ring if and only if {0} is a linear x-Armendariz ideal
of R. Every x-Armendariz ideal is linear x-Armendariz ideal. Lee and Wong in [5] provide an
example of a linear Armendariz ring which is not Armendariz. This means there is a linear
*-Armendariz ideal which is not x-Armendariz ideal.

Example 3.2. 2Z is a linear x-Armendariz ideal of Z.
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Proposition 3.3. Let I be an ideal of R and n be a natural number. We have the following

facts.

25

(i) If UX(I) is a linear x-Armendariz ideal of U} (R), then I is a linear x-Armendariz ideal

of R.

(ii) If My(I) is a linear x-Armendariz ideal of My (R), then I is a linear x-Armendariz ideal

of R.

Proof. (i) Assume that U}(I) is a linear x-Armendariz ideal of U(R). Let f(z) = fo+ fiz and
g(x) = go + g1z be elements in R[z]| such that f(z)g(x) € rgy(I[z] : R[z]). We let

fo O 0 fi 0
Fay=| * P I
0 0 - f 0 0
and
g0 0 0 g1 0
v 2\ 7 255
0 0 % 0 0
fogo O 0 fogr + f190
Then F@)G@) = | © o e A N
o _po fada 0
oA 0
o)
0 0 f1.91

fogr + figo

0
0

h

g1

0

0
0

fog1 + f190

Therefore F(7)G(7) € ry=(g)a)(Un(1)[z] : Uy (R)[z]). Since Uy (I) is a linear x-Armendariz ideal

of U}(R), we have

f; 0 0 gi -0
0 f; 0 0 g
0 0 fi 0 0

e Uy(I) for all i,5 € {0,1}.

9j

This implies that fjg; € I for all i,j € {0,1}. Therefore I is a linear +~Armendariz ideal of R.

The proof of (ii) is similar to (i).

The following examples show that the converse of Proposition 3.3 is not true.

3 0

Example 3.4. Let f(z) = ( 0 0

(

This example obtains that f(z)g(z)
0 3

(o

Example 3.5. Let

f(x)

o O O O
o O O
o O O O

Proceedings of AMM 2017
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o O O

o O o O

Drmaom=(§0)+(51)e
_02>a:€M2(2Z)[x]and<g 8)(8 }):

) ¢ M>(27Z). This means M>(27) is not a linear x-Armendariz ideal of M(Z).
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and
0000 0000
(x)_0000+0001x
IE=1 00 0 1 0oo0oo01|"
000 0 0000
Then f(z)g(xz) =0 € Uf(2Z)[z] and,
0100 0000 0001
000 0 0001 0000 i
00 00 0001_0000¢U4(QZ)‘
000 0 0000 000 0

Therefore U (2Z) is not a linear x-Armendariz ideal of Uj(Z).
Remind here that R is a ring with identity and we denote a = a + I when a € R.

Theorem 3.6. Let I be an ideal of R. An ideal I is a linear x-Armendariz ideal of R if and
only if R/I is a linear Armendariz ring.

Proof. First, assume that [ is a linear *-Armendariz ideal of R. Let f(x) = aop + a1z and
g(x) = by + bz be elements of (R/I)[z] such that f(z)g(z) = I. Then (agbo + I) + (agbs +
aibo + Iz + (a1by + I)2? = I. This means aobo, apby + a1by and a1b; are elements of I. It
implies that (ao + a17)(bo + biz) € 7 ({[z] : R[z]). Since I is a linear x-Armendariz ideal
of R, we have a;b; € rg(f : R) for all i and j. Therefore a;b; = I for all i and j. Hence R/I
is a linear Armendariz ring. Next, assume that R/I is a linear Armendariz ring. Let f(z) =
ap + a1 and g(x) = bo + biw be elements of R[z] such that f(x)g(x) € rgp,(I[z]: R[z]). Then
f(x)g(z) = apbo + (apbi + arbp)x + a1b12® € I[x]. This follows that agbg, agbt + a1bg, a1by € I.
Thus (agbo)+1 = I, (agby+a1bo)+1 = I and a1by+I = I. We have that (ag+ayz)(bo+b1z) = 0.
Since R/I is a linear Armendariz ring, a;b; = 0 for all i and j. This shows that a;b; € I for

all 4 and j. Therefore a;b; € rr(L : R) for all 7 and j. Hence I is a linear x-Armendariz ideal
of R. O

A two sided ideal I of R is completely semiprime if a? € I implies a € I for a € R. Note that
if I is a completely semiprime ideal of R and ab € I, then ba € I. The study of relationships
between completely semiprimes and linear x-Armendariz ideals begins.

Proposition 3.7. If [ is a completely semiprime ideal of a ring R, then I is a linear -
Armendariz ideal of R.

Proof. Assume that I is a completely semiprime ideal of a ring R. Let f(x) = fo + fiz,g9(z) =
go + g17 € R[z] such that f(x)g(x) € rgy(I[z] : Rlx]). Since R is a ring with an identity, we
have f(x)g(z) € I[z]. Thus fogo, figo + fogr and f1g; are elements of I. Since I is a completely
semiprime ideal of a ring R, we have gofo and figofo + fogifo are elements of I. Therefore
fogifo € I. So fog1 € I and hence figg € I. This shows that [ is a linear x-Armendariz ideal
of R. O

The following examples obtain that the converse of Proposition 3.7 does not hold.

Example 3.8. Let Uj(Z) = {( g aclf ) | a,a12 € Z}. We will show that {( 8 8 )} is

a linear x-Armendariz ideal of U;(Z). Assume that A = < N 622 >, B = < b biz >7 C =

0 0 b
( S CiZ ) and D = ( g dcli2 > are elements of Uj (Z). Let F(z) = A+Bx and G(z) = C+Dx
00 ) 0 0
be such that F(2)G(2)U3(Z)[x] {( $71% )} It is enough to show that AD = ( g )
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0 0 . 10 . (00
and BC = (0 0). Since <0 1) € Us5(Z), we have F(z)G(z) = (0 0). Then

AC + (AD + BC)z + BDz? = < 8 . This implies the following facts :

ac =0,

acy2 + aze =0,
bd = 0,
bdi2 + b1ad = 0,
ad + be = 0,
adis + arod + beia + bige = 0.

Note that AD = ad adz + a12d and BC = be: berg + biae . Since ac = 0 and
0 ad 0 be

bd = 0, we have 4 cases.
Case 1 a=0and b=0.

Then ajoc = 0, biod = 0 and a12d-+bioc = 0 so that AD = < 8 a102d ) and BC = < 8 b1026 >
We have 4 subcases because ajoc = 0 and biad = 0.

Subcase 1.1 a12 = 0 = b1o. This case is easy to see that AD = ( 8 8 ) = BC.

Subcase 1.2 a12 =0 = d. This implies that bjsc = 0. Hence AD = < 8 8 ) = BC.

Subcase 1.3 ¢ = 0 = byo. This implies that ajod = 0. Hence AD = ( 8 8 ) = BC.

Subcase 1.4 ¢ =0 = d. This is clear that AD = < 8 8 > = BC.

Case2Ifa:Oandd:O,thenAD:<8 g)zBC.

Case3Ifc:0andb:0,thenAD:(0 0>:BC.

0 0
Case 4 ¢c=0and d =0.
This case is similar to case 1. Hence AD = < 00 > = BC.

00
0 0 . - i .
0 0 is a linear *-Armendariz ideal of Uj(Z). However,

2
0 1 0 0 0 1 0 0 0 0 )
(00) _<00>and<00)7é(00>. Therefore{(oO)}lsnotacom-

pletely semiprime ideal of U5 (Z).

Now, we can conclude that {(

a ayz a3
Example 3.9. Let R be areduced ring and U3 (R) = 0 a asg | a,ai2,a13,a23 € R
0 0 a
Nam Kyun Kim and Yang Lee show in [4] that U (R) is Armendariz ring ans so is linear Ar-
0 00
mendariz ring. Then 0 00 is a linear x-Armendariz ideal of Uj(R). However
0 00

0 0
00 is not a completely semiprime ideal of U3 (R).
00

o O O

Example 3.10. We see that 22 € 4Z and 2 ¢ 4Z. Hence 47 is not a completely semiprime
ideal of 4Z. Next we will show that 4Z is a linear x-Armendariz ideal of Z. Let (ag+ a1x)(bo +
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biz)Z]x] C 4Z[x]. Then agpby, apb1 + a1bg, a1by € 47Z. We divide into two cases that is 4 | ag or
4 /{/ag.

Case 14 | ap.
Since 4 | agby + a1by, we have 4 | a1bg. Hence agby, a1bg € 47.
Case 2 4 fay.
Since 4 | apby, we have two subcase that is (2 fap and 4 | by) or (2 | ap and 2 | by).
Subcase 2.2 2 fap and 4 | by.
Since 4 | agpby + a1bg, we have 4 | agb;. Hence apb1, a1bg € 47.
Subcase 2.3 2 | ap and 2 | by.
Since 4 | a1b1, we have two subcase that is 4 | a; or 4 fa;.
If 4 | a1, then apb1,a1by € 4Z. Assume that 4 f a;. Then (2 | a; and 2 | by) or 4 | by.
Therefore agby, a1by € 47.
This is the proof of 4Z is a linear x-Armendariz ideal of Z but 4Z is not a completely semiprime
ideal of 47Z.

Let R and S be rings. The Cartesian product R x S is a ring under componentwise addition
and multiplication. We have the following property.

Proposition 3.11. Let R and S be rings. Then

(i) If I is a linear x-Armendariz ideal of R, then I X S is a linear x-Armendariz ideal of
RxS.

(ii) If J is a linear x-Armendariz ideal of S, then R X J is a linear x-Armendariz ideal of
RxS.

(iii) If I is a linear »-Armendariz ideal of R and J is a linear x-Armendariz ideal of S, then
I x J is a linear x-Armendariz ideal of R x S.

Proof. 1t is straightforward. O

Let R be a ring. The Cartesian product R X R is a ring under componentwise addition and
the multiplication (a, b) * (¢, d) = (ac, ad + be). We use the notation R(+)R for this ring.

Proposition 3.12. If I is a linear x-Armendariz ideal of a ring R, then I X R is a linear
*-Armendariz ideal of R(+)R.

Proof. 1t is straightforward. O

We seem to have forgotten some results in Proposition 3.12 the case R x J and I x J where
I and J are ideals of R. Indeed, R x J may be not a ideal of R(+)R. Moreover, the following
example confirm that we have not left behind anything. We provide an example showing that
I x J may be not a linear x-Armendariz ideal of R(+)R even if [ is a linear x-Armendariz ideal
of R and J is a linear x-Armendariz ideal of S.

Example 3.13. In Z(+)Z, let f(z) = (2,1) + (4,1)x and g(z) = (2,
f@)g(x) = (4,4) + (8,8)x + (0,4)z® € (4Z x 4Z)[z] but (2,1) * (0,1) =
This means 47 x 47 is not a linear x-Armendariz ideal of Z(+)Z.

Remark 3.14. Let R be a ring. The ring R(+)R is isomorphic to the ring Us(R) under usual
matrix operations. In the example 3.13 obtains that for a linear x-Armendariz ideal I of R, the
ideal U5 (1) need not be a linear x-Armendariz ideal of Uj(R).

Remark 3.15. Let R be a ring and M be an (R, R)-bimodule. The trivial extension of R by M is
the ring T'(R, M) = R @& M with the usual addition and the multiplication (ry,m1) * (12, m2) =

1) + (0,1)z. Then
)

(
(0,2) ¢ 47 x 4Z.

(rira,r1mo + myre). This ring is isomorphic to the ring of all matrices {( g T >} where

r € R and m € M by the usual matrix operations. Again, the example 3.13 obtains that T'(I, I)
need not be a linear x-Armendariz ideal of T'(R, R) as [ is a linear -Armendariz ideal of R.
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