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Research Title: Prime submodules on addition

Researcher: Thawatchai Khumprapussorn
Faculty: Science
Department: Mathematics
ABSTRACT

We have introduced the notion of & —prime and weakly & —prime submodules as a generalization of prime
submodules. Some basic properties of (& —prime and weakly (X —prime submodules are the extension of prime
submodules. Finally, after introducing the notion of & —prime submodules, we also define and study the concept of

(X —prime ideals in a ring.

Keywords : @ —prime submodules, weakly & —prime submodules, @ —prime ideals, weakly @ —prime ideals
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unilenn 2.1.16 W R luiwas M WJu R —ueganiadie isusenuenages P ves M lagl P = M 1
s — prime fisedla 61 A Wulefaves R uaz N {uwepagesves M uwasdl x € A uas x"N € P laedin

Wudruiutu wda N € P visa AM € P

T R {Wuseuas M Ju R —weganiedis auuidn m € M isiwuadydnval (m) dievunedauega

gogvas M nendalae m wazisiuandlalidenniinil (m) = Zm + Rm

unfiew 2.1.17 R Uuswar M 1w R —ueganistne wiienuegates P vea M laefi P = M 71

classical completely prime fisoilo 61 a,b €R uszmeM T abm € P udra(m) S P e
b{(m) c P

unfiew 2.1.18 W R UuSwar M Uu R —uegannstne iniunvegates P vea M laefil P = M 71
classical prime fisioifle ¢ N 1unagadesves M uav A, B \Julesaves R ¥ ABN S P udy AN S P
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2.2 yagadaglanzuuIEauNTlitondnual

msfinvnegagesavnziiunmsvenenisinmainlassaiisseduvulasaiiwega wazveenisfinyiain

lofialuuuvenadey
neme Hadnsiieteduiite 2.2 4 lifunsfiansanuuisaduigediondnuel uazuuteganisdie (unital)

unilenw 2.2.1 19 R Jusawaz M u R —weganisdne 1513enuegades P 993 M laefl P = M 11 uagadas

WL Al S r ER Uz MEMIIrm EP udime P visa rM C P

ANuMzIANIZYRWBALRBANIE HuUN1SANYINNeEIaINTa1eyuNed agelsfnumildunadnsiilasy
n3d1Bteg Al Lalefeunigatiuet Z. ElBast waw P. Smith Fuwansliiufennuietdesiuszningleda

|zlazIegagaLany Al

nquiun 2.2.2 W R Wusway M Bu R —uegannedne 131l P iuwegagesves M laeil P+ M doya

soluliauyaiu

1) P Junegadesanizuos M
2) (P:M) = {r € R|rM c P} Julefaianzues R

3) P = IM dwiuulefawne I ves R neil ann(M) € I

=) = ) 1

wegavlinuily Tanufrwasininazgnidiluniodiamefnyidnvaianizasuogadesianis Lseniuens

nsRm Aunllenunail

unllenw 2.2.3 i R WuSway M 10u R —weganisdie 13108173 M Ju weganisaas o1 N Jusegages

vos M uiaeiilofia I ves R il N = IM
nuiunssly ihumegdunismleda I Wil N = IM
naufun 2.2.4 d1 M Juneganisan uaz N (Dunegadesves M udy N = (N: M)M

anwalanzvesogansan Wsumsfinulay Z. El-Bast wag P. Smith Aell

@ 1 A ° [

nauiun 2.2.5 19 R \uisuaz M Ju R —weganidie aglddn M dWuueganisan Arele dmsu m € M ax
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unumddyresegansaufevinliinnsaaiuseninwegades

unflew 2.2.6 T R \Jussuaz M Ju R —wegan1sdne auudin N uay K {Junegadesves M waz I uay ]
Julefiaves R nefl N = IM uar K = JM widlsumsaasendn N waz K log NK = [JM

ngefiun 2.2.7 61 M Juneganisam wdinistenunsgamuuniion 2.2.4 Wunsienufuds

unflenunisgaiussniwegadesduuniismfiienufudivuneganisgaudihuldusslonilunsadaisns
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ngufun 2.2.8 1 M Juneganisau uay P 1lunegagesves M lnefl P = M agldin P \luwegagesianiy

w09 M finewle dmsunegates U waz V vea M a1 UV S PusUCS P wia V S P

ununsn 2.2.9 1 M \uweganisne uaz P lunegadesves M laefl P = M agldin P \uwegagesianiy

Y03 M finewle dmsunegates U uaz V ves M1 UV S PusrUCS P wia V C P
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2.3 uagagaglanIzuLsamnaly
N. Groenewald Wag D. Ssewviiri ﬁﬂwmaaa&iamawwuﬁqﬁﬂﬂ naMAednwuusInlldndusaadus
adu? visolidndudesiiiendnual
e winlissyizasesvazden luide 2.3 4 5li R 0w Galidndudeniuieadun vielidndusies

fandnwal

W R JuSwwas M Ju R —veganisdhey  waz P ({luuenadestas M laeil P = M finnsandeuly
(%) solUll

dwiulefin A ves R uavalenatey N ves M 1 AN SP ui N S P w0 AM S P — — — (%)

wmuunidey 2.2.1 wasleuly (x) auyaiuuusadun uilaevialy N. Groenewald uag D. Ssewviiri
na1lian undenw 2.2.1 wasieuly () unneneiu Bdlunaniu isiuladadn g1 P iluuegadesianizves M

auunileny 2.2.1 uas P aeandeddeuly () udunndulidiluasa

N. Groenewald Uag D. Ssewiir = Anwegadesiamzuazlaimununieusuegagesianizeti

[

UIysal 69

=Dy
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S
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§ o o ¢
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4
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ngufun 2.3.2 1 R WuSwwas M Ju R —wegavnsdne way P \Juwegagesves M laefl P = M doau

soluilauyaiu

1) P Junegagesanzetisuiysaives M

2) d@wmsua €RuarmeM a1 {am) S P ugr{(m) S P vise (aM) S P
3) (P:M)={FP:m)ynymeM\P

4) {(P: m) | me M\ P} \Ju singleton set

'
' =3

sruumsnauduszuuiivadniidfaee1awils 81 N. Groenewald uag D. Ssewiiri thanldidunesdle
Usgneun1sdnuuegagesianzagneuiysal

uniliey 2.3.3 1 R 10uSuas M du R —uegavnsdne uazld S © M\ {0} 1515580 S 91 seuun1saad 1es
M fsoulo uday a € R war meM wazuogagey K ves M i1 (K+(m)) NS+ oy (K +
(aMN)NS#Q uar (K+{am) NS+ O

ununsn 2.3.4 i R Uusaway M Ju R —wegan1sdie uay P luegagesvos M laeii P+ M azldin P

LfluuagaeiaﬂLawwashw%gszﬁmm M fgieiiio M \ P Lﬂusswmﬁ@mmaa M

naufun 2.3.5 1 R \0uiwas M Ju R —wegavnsdie way P \unegadesves M laedl P = M doau

soluilauyaniu

1) P {unegadosanizegeuiysnives M

2) M\ P \Juszuunisgaves M

3) uwaz a€R Uy meEM M (MyNS#0 uag (aM)NS#P uar{am)nNnS = @
4) uwazr a€ER Uz mEM oame M\ P wor (aM)NS = @ udram € M\ P

wqwﬁuw 2.3.6 1% R JuSauway M WJu R —ua@amn%’w e S Lﬂuizwmsqmmm Maon P Lﬂuuaaa&iawm

M Teed P Junegageslngjaaanznguiisuiuant® PN S = @ uds P (Junenagesianizog1auiysnives
M

2.4 19QAYDYLANITDE19DDUY

n1sfnwuegagesianiziiun1sfnwandi wasdnuuzianizwunyunesninadamansialan
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[

Ity wWudeiiulinenagesanizegsey Wunldluanuneiewiszveenfnuiuluresiegadesianiy
nuewn naansiietedluiide 2.4 4 isunisinnsanuuiadunddiiendnual wavuuneganiedie (unital)

unlienw 2.4.1 11 R Juawag M 10u R —weganisdneg is13enuegages P 993 M laefl P # M 11 uagadas

WWILBE1980U AFle M r ER Az MEMTI0 £ rmEP WAIMEP via rM C P
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Lignifuluinesiiuivegadesiansilunegadesianizesaseu uiunnduliiuais ewnuega
govaudgaulunenadesianzediseaulaednluifnuunie uienalidunegadesaniz snfegrudu {0}

103 Z, Tugiuz Z —ueganiedie asiiuin {0} \unegadesanizediseou ualiidunegagesianis

nMsfnwdnuuzianzetegadesianzag19eeu liuRaansTnlanuazuandslUIndnvuany

vosegadosianiy naanmiaulaligazidendsil

nguun 2.4.1 191 R \Jusuas M 1Ju R —ueganisdne wae P ilunegadesves M lee?l P = M damny

soluilauyaiu

1) P Junegadesianizedisdouves M

2) (P:x)=(P:M)uU(0:x) nnyx € M\ P

3) (P:x) = (P:M) v (P:x) = (0:x) ynx € M\ P

4) dwiuneqates N vas M uar a € R i1 {0} # ()N ud1 N S P %0 (a); € (P: M)

uniienw 2.4.2 W P Oulefavesiaduil R laef P # R w5wion P lefaawiz Adadle dwsunnaudn a

war bves R0 0#*ab EPuwarIa EP o b EP

LSMIIVINNNGEYUN 2.2.2 31 61 P Lﬂuua@aﬂamawwmaﬂ M ud (P:M) ={r € R|rM c P} Julefa
wwzves R windmaansihidussadmsunegadesianizetntenu Wesann {0} ves Z, lugiug Z —wega

gy ez {03 Junegagesanzagegou undr ({0}: Z,) = 4Z Julefiaanizegnisewnes Z
W R JuSewas M {u R —ueganiedia 15naniin M u faithful f1 ann(M) = {0}

nguun 2.4.3 i R Wudswaz M 1Ju R —uegavnsdie uar M Ju faithful agldin d1 P {lunegadesianis

pgsgaures M uar (P:M) = {r € R | rM < P} Julefaanvedsdeuves R

auUfvenegagesianizegegouiinining wwiilauenadansfiuandiiuisnnuduiusseninwena

goglanzuazilonatoslanIag1eu Al

dulf 2.4.4 §1 P ({unegadesianivedgewnes R —ueganiadie M waz P lidunegadosianiy uda
(P:M)P = {0}

duuf 2.4.5 T R Juse loedl M waz N \Ju R —uegannstie auufdn £: M - N u R —epimorphism 9t

1991 61 P Junegadesianzedisseuves M laefl ker £ € P udy f(P) \Wuuegadesianizegsdouves N

Wi Ry uae Ry WuSwadunidsfiendnuel lael My 1Ju Ry —ueganadie  waz M, Ju R, —uega

ey aelidn My X My 10U Ry X Ry —weganisdng aaldnisaniiunisdisil

(my, my) + (ng,ny) = (Mg + ny,my +ny)

(ry, 1) (Mg, my) = (rymy, r,my)
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auUR 2.4.6 i P ilunegadesves My laefl P = M, dearusielullauyariy

1) P {unegagesanizves Ry —uega My
2) PXM, Lﬁuua@a&iamawwmm Ry X Ry, —ua9a M; X M,

3) P x M, Wunegagosanisegiseuves Ry X R, —uega My X M,
Tuvus ey
auuf 2.4.7 Wi P (Junegadosves M, laefl P #= M, demnusslulauyaiu

1) P {unegagesanizves R, —uega M,
2) M; X P {Junenadesianizves Ry X Ry —tona My x M,
Y Y

3) M, x P \Junegadesianeagneeues Ry X R, —uega My X M,
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3.1 WuguAug
v

W (G, +) Wungu wez H Junjudesves G 5fienudydnval a(H) ={h € G |h + h € H} uas
B(H) = {h+ h | h € H} Jossusilanadniidulszlond sl

audf 3.1.1 W (G, +) WungU waz H {Jungudesves G aglen

1) B(H) S HEC a(H)
2) o I Juledavesss R uar a(l) way B WHulofavesss R
3) 01N Lﬂuuaaaﬁiamawa@a M ud2 a(N) uwaz B(N) Lﬂuma@a&iamawa@a M

1Y

W M Juwega e?l m € M uaz N {Juuegadesvetega M s flsnidydnvel

(0:m)={r eR|rm =0} uay (N:M) ={r €R|rM S N} uag (N:m) = {r € R|rm € N} 5ls

v
v A

naswsiduuselavid fadl

autf 3.1.2 W M Juwega lnell m € M uaz N \Junegadesveuega M agliin (0:m) uaz (N: M) uay

(N:m) Julefavesss R

aul 3.1.3 dmsuniudes A war B veansy (G, +) awled1 A € a(B) Arewle B(A) € B
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3.2 LL@ﬁW']ﬂJ@@ﬁEJ@EILQW"IS
SNAATeiaY Msuusiiiiiniuleahuegadesiany

unfienw 3.2.1 M 1u R — wega waz P 1lunegadesveswena M laefl P #= M 15na1i P iluuaann

1ONALBYLANTE Aol dmSuan@n r eR wasrmeM rr(m+m) EPudrr+r € (P: M) vi3e
m+meP

wuldruiinnunilen 3.2.1 91 ynueanuegagesanisiiulegadosianiz

#19819 3.2.2 fi9san Z lugueidu Z — wega waz p Wudwawdn aeldd pZ (Juuearhuegadesianis

| -y & o 4y =i < o
294 Z fgalile p = 0 e p 1udiuniuanis wie p = 2q lae g [udiuiuanie

9NAIDE19 322 it 4Z Duueaviwegadesanizves Z ui 4Z Liluuegadesianisves Z

ﬁqﬁuLLaaWWanaeiaEJLawwL“fluﬂWi’mﬁfaﬁﬂﬂﬁumua@a&iaaLaww
al [ @ [ 1
noufundaluiludneazianizvedieaniuegatosanizunlenalag

nquijun 3.2.3 T M \Ju R — uega uaz P \unegadesvoena M laeil P #= M demnusieluilauyaiu

—_

) P Juueariuegagosanizvesiena M
2) dwiuleda I vos R uazuegatey N vas M
M IB(N) € P ui I € a((P:M)) vsa N € a(P)
3) @wiUa € R uazuegatey N ves M
1 ap(N) € Pudra € a((P:M)) v3e N € a(P)
4) dwmivleda I v0s Rusr m € M
M I(m+m) € Pudrl < a((P: M)) viem € a(P)
5 d@WMiVa€ERuwazmMmEM
1 aR(m+m) € P udi a € a((P:M)) vse m € a(P)

unsaralliddulselemineniidy

unas 3.2.4 W ¢: My > M, Ju R — aviiadnugme (homomorphism) neft P \Junegadesves My uaz K
Junegadesres M, aglai

1) 81 ¢ 1u R — gusdaugiu (epimorphism) waz r + 7 € (P: My) udd 7 + 1 € (p(P): M)
2) Mr+reK:M)uamr+re (@ (K):M,)

duUR 3.2.5 1 ¢p: My > M, 1u R — anfiadaugnu (homomorphism) 921@an

1) ¢ uRrR— gUsdnuguLag P LfJuLLaaWWua@asiaaLawwuaa M; U357 ker ¢ uiy ¢p(P) Wuweah
venagasanzves M,

2) &1 K Juweavhuegagesianizves M, win ¢ ~1(K) Wuweanuegadesianizaes M,
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ununsnee Uil unalnensavasaudd 3.2.5
ununsn 3.2.6 W N Junegagesves M aglan

1) & P Juuearhuegagesanizves M uay K {Junegadesves M laefl K € P uwin P/K Juuearh
wegadoaiamzvas M/

2 & K" Juweaviuegadeswizves M/ udslueavhuegadesiawy K ves M ik K’ = K/

uniley 3.2.7 W M 1Ju R — wega wae S € M\{0} 151nd1771 S Wuseaniszuunsan froiledm3uledia
I ve3 R uazwegages K waz Nwos M 61 (K+ (M) NS = @ uaz (K+B(N)) NS = @ udn
(K+IBN))NS#0

duuf 3.2.8 W M \Ju R — wega waz P lunegadosvesuena M azlsin Piukeaviuegagesianizaes M A

sowlo M\P Juuearssuunsem

autR 3.2.9 Wi M Ju R — wega uaz X Wuweavhszuunisaa aglddn a1 P iuwegagealvgjanianiznauves

M Wedisuivand® P N X = @ i P (Juneaviuegagesianizvas M

uniiena 3.2.10 WF M Ju R — wega uaz N unegatesves M 61 M Jueannegagesianiz@aussy N uda
5o YN = {x € M | & S Huueevhszvuntauds x €S ubaSNN # 0}

lunanseiudin 61 M lifiueavuegagesaniedussy N i i5ilieu YN = M

noufiun 3.2.11 10 M 10u R — wega wae N \Junegagesves M 3elidn YN = M vise

YN=n{P|P \Huueariuegadesves M lnedi N € P }
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3.3 weanuanadalan1vaE198au

ﬁauﬁtﬂumu%’aﬁm&naLLmﬁmmmﬂLLaana@aEJ'EJEJLa‘wqzLLawa@aﬂaEJLawwasméau LISUSUNAIBLAT
wﬁﬂ%mmu%’ﬂﬁwﬁ’hLLaaW’ma@a&iamawwaé’mﬁiau %QﬁuLﬂUﬂ’li’J’Nﬁ’EJ‘I?IJ’JbLUGUGGﬁQLLaa‘W’WlIE]QaEJ'E]EJLQ‘W’]%LLEHS
wegadoslanizeggou  Aewdu imMumuunilenuvesegadesianizet1ieeu (weakly prime submodules)

Ainwlay S.E. Atani uay F. Farzalipour a4l

Wi M \Ju R — woga waz P {Juwegadesvewwega M laefl P #= M 151na1v31 P (Junegadesianz

981990U ffaule dmsvauinr ER e mMEM M0 #rmeEP udrr € (P: M) vSem e P

uniienw 3.3.1 M 10u R — wega uaz P Uunegadesveswena M laefl P #= M 15na13i P iluuaann
uapagasanIzagegau Adellle dmsuauinr ER waemeM 10 #r(m+m) EPudir+re

(P:M)visom+mEeEP

U 1 [ 1 1 ! ! Y 1 a 1 =~ [
[nudmnueanuegadesianiziluneanuegadesianiyedieeey uaunnauliaie wu {0} 1Ju
weanuenagasanzeg1vseu ui {0} ldluuearvenadesanizues Zg lugmueiidu Z — wega s
2:24+2)=24=8=0uaz (2+2)Zg € {0} uaz2+2+#0

nufunialy luandidinuaigianzveLeaninegageslanzaggoy
naufun 3.3.2 1 M 1u R — wega way P 1Junegadosvewega M laefl P # M dennudeliauyaiu

1) P Juseanwegagesanzagieouvewiona M
2) dwsumeMim+m¢Pudy (Prm+m) = a((P:M)) U a((0:m))
3) dwiumeMdm+m¢Pud (Prm+m) = a((P:M)) e (Prm+m) = a((0:m))

W M, uag My Ju R — wega azldin My X My u R — naga agldnisdniiunis il
dmsu a,c € My, b,d € M, Waz r €R
(a,b) + (c,d) =(a+c,b+d)
r(a,b) = (ra,rb)

wnunegaiatimedyanual M; @ M,

auuf 3.3.3 i N; Wunegadesves My uaz N, \unegadesves M, aglai

81 Ny X N, Wuueanuegadesanizeteoures My @ M, wdd Npduueaniuegagesianizet198outes

M; waz N, Wuweavhuegadesianizegsdouves M,
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= o s

1% Ry wae R, \Jussaduiidefiiondnual waz M; 1Ju R; — uogadadugivea lasd i = 1,2 a¢léi
My x My 8u (Ry X R,) — woga meldnssiunsded
(a,b) + (c,d)=(a+c,b+ad)
(1, 12)(my, myp) = (my, rymy)

£%

wunusegavintimedydnual My X M,

duUf 3.3.4 W R = Ry X Ry uas M = My x M, uagli Ny «u Ry — uegagesves My fiansanaiudenny

seluil

1) Ng L‘fluLLaaWWm@aaiaaLawwwama@a My
2) Ni XM, LfluuaanaQasiaaLawwwmmaa M; X M,

3) Ny X M, fWuneavhuegatesnizegisseuvemens My X M,
alein (1) - (2) » (3)

feluniniu & B(My) = {0} udr (1), (2) wex (3) auyaiu

fetesalutuanslivunennudfnoateuly B(M,) # {0} Tuaud® 3.3.4

Aa9819 3.3.5 Ik My = Zg uaz M, = {0} uaz R, = R, = Z wwiuladnda {0} x {0} \Juueaviuegades

a

Wnnzegveautesena My X My eglsfiniy {0} Liifuweavuegagesanzvenega Zg Tugrueidu Z —

U8
Y

autd 3.3.6 Wi My, M, \Wu Ry, R, — uoga awadiv uaz Ny X Ny iunegagesvesena My X M, agldi

B(N; x Ny) = {(0,0)} fisleile B(Ny) = {0} e B(N,) = {0}

audf 3.3.7 W My, My Ju Ry, R, — wega aud1du aglia

1) & N; X N (Juseanuegagesanivegsauveuega M; X M, ud B(N;) = {0} wie
a(N;) = M; w30 a(N,) = M,

2) 81 Ny x N, Wuweavihuegadesinnzedgeuveena My X M, udd B(N,) = {0} vise

a(Nl) — M1 ‘V]%a a(Nz) = MZ
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v I 1 1 ! b4
3) a1 N; x N, JWuweavwegagesianizedsesuresana My X M, uai f(N;) = {0}
3o a(N,) = M, w3 N; X N, LfJuLLaaWﬂma@aEJaEJLawwummaa M; X M,
v I 1 1 1 b4
4) a1 Ny x N, JWuueavwegagesanizegeesureiena M; X M, ua) f(N,) = {0}

o a(N;) = M, vise N; x N, {Junearuenadesiangaesona M; X M,
Y Y

megseluiuansbiiuinudfguesiouly a(N,) # M, Tuuniigavvesauds 3.3.7 48 (3)

Fe819 3.3.8 1ilesan 4Z x 3Z \Junegadesves Z x 3Z lugiuziiiu Z x Z — wega lavautd 3.3.4 3
N31U 4Z X 3Z \Juueaviuegagesanizegiseuved Z X 3Z egnlainu 4Z X 3Z Liduweanuegades
WU Z X 3Z  weiwan (1,3)[(2,1) + (2,1)] = (4,6) € 4Z X 3Z  waz (2,6)(Z x 3Z) & 47 X 3Z
way (4,2) ¢ 4Z x 37Z Tnglanzogneds a(3Z) = 3Z
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3.4 nsanwwaanilafaanIzuuse

Tuiidogaviei wnhuwiAnveearuegagesianizlunwiuulasiaiiess fushlifaunieuves

waavhlefadasianiy sadl

unfleny 3.4.1 17 R Jusa waz P WJuledavas R lnefl P # R 5na1nin P 1Juseannlefaaniz 61 P 1Ju

weavhuegadesianizved R lugrugiidu R — wega

Twhueufeaiu 15na1991 P iluneanlafiaawizednedou i1 P {ukearhuegagesianizagageues R lu

sueiidu R — wega

Tenniulutnfiazdfiuileda P vesse R Huwsanlofamwis fdeile dwsuawnin a,b € R
malb+b)EPudra+a€EPvisab+bEP
Wity loda P 9a63e R unsarlefaanivednssou Anaiilo dwsvaundn a, b € R
MmO0#a(b+b)eEPusra+a€EPviob+b€EP
autd 3.4.2 i1 P JJunearhuegadesianizvel R — waga M udy (P: M) WJuukearlefiamnizves R

@

1% R 1fuSa wagruaniidou R x R ludsanelinsduiunisded
(a,b) + (c,d) =(a+c,b+d)
(a,b) = (¢,d) = (ac,ad + bc)
LiWLmu%wﬁmﬁﬁwé’fgé'ﬂwai R(HR
U 3.4.3 01 I WDuweavhledammniveedss R ud I x R {Wunkeavhledamnigwes R(HR

qudd 3.44 155U 4Z war 6Z Juwsarilefiaenizves  Z  dlewsafiensen Z(H)Z \51agiuin
D[(L,D +(1,D] = 2,1)(2,2) =(4,6) €4Z x 6Z  aghslsinu (4,2) ¢ 4Z x 67 uay (2,2) ¢
A7 % 67 hodnaiuandfisuiiuin I x J el wearledaanizves R(+)R Seudiinia I way [ 1y

woavllafawnizvesss R

duUf 3.45 1 P Juneanwegadesianizegngeuve R — wega M uas (P:M)B(P) # 0 uda P Ju

woavhuenadeslanzves R — woga M
ununsnaeliilunalaenswesand® 3.4.5

UNunNsn 3.4.6 01 P LﬂuLLaaWWua@asiaaLawwza&mﬁjaumaa R — wega M uay (P:M)B(P) # 0 ui (P: M)

Wuweanlefalenizag1soouvas R
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Tuand@ 3.42 71 01 P LﬁuLLaana@a&Jamawwmm R —yaga M ud (P: M) Juueavhlefaaniy

103 R usnadnsilldadsdmsunsdl P \uuearwegadosianzetieou
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Abstract. We have introduced the notion of a-prime and weakly a-prime submodules as a gener-
alization of prime submodules. Some basic properties of a-prime and weakly a-prime submodules
are the extension of prime submodules. Finally, after introducing the notion of a-prime submod-
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1. Introduction

All rings are assumed to be commutative with nonzero identity and all modules are left
unital. Let (G, +) be a group. For a subset H of G, denote a(H) ={h € G | h+h € H}
and B(H) ={h+h | he H}. It is clear that B(H) C H C a(H). If I is an ideal of a ring
R, then a(I) and B(I) are ideals of R. If N is a submodule of a module M, then a(N)
and (V) are submodules of M. We recall the definition of prime submodules from [1]. A
proper submodule P of a left R-module M is called prime if rm € P for some r € R and
m € M, then r € (P: M) orm € P where (N : M)={reR|rM C N}.

Let M be a left R-module, m € M and N be a submodule of M. For convenience,
we denote (0 : m) ={r € R|rm =0} and (N : m) = {r € R | rm € N}. With these
notations, we have both of (N : m) and (0: m) are ideals of R.

It is well known that there are several authors have extended the notion of prime
submodules. All of those definitions focus on multiplication between element of rings
and of modules. This motivates us to study a-prime submodules by taking care on all
operations of a left module structure. Our extension obtains a generalization of prime
submodules which call a-prime submodules. Its definition and results appear in section 1.

In section 2, we introduce a-prime submodules and also give some examples of an
a-prime submodule which is not a prime submodule. Characterization of a-prime sub-
modules of Z-module Z is completely given.
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In section 3, we extend the notion of a-prime submodules to weakly a-prime sub-
modules. We study properties the product of submodules in the Cartesian product of
modules.

In section 4, we move the investigation of a-prime submodules to a-prime ideals.

2. a-prime submodules

First, we present fundamental definitions of a-prime submodules which will be studied
in this paper.

Definition 1. Let P be a proper submodule of M. We call P is a-prime if for any
element 1 € R and m € M such that r(m +m) € P, we have r +r € (P : M) or
m+m e P.

By this definition, every prime submodule is an a-prime submodule, but the converse
is not true in general.

Example 1. Let Z be an Z-module and p € 7. Then pZ is an a-prime submodule of 7. if
and only if p =0 or p is a prime number or p = 2q where q is a prime number.

Proof. (—) Assume that pZ is an a-prime submodule of Z. Suppose that p # 0 and p
is not prime number. Then p = ab for some integers a and b with 1 < a,b < p. We see
that p | a(b+ b). This implies that p | a + a or p | b+ b. Now, we assume that p | a + a.
This means p < 2a. Hence ab < 2a. Therefore b < 2. That is b = 2. Next, suppose that a
is not a prime number. Then a = cd for some integers ¢ and d with 1 < ¢,d < a. We have
p = 2a = 2cd = ¢(d + d). Since pZ is an a-prime submodule of Z, p | ¢+ corp | d+ d.
Hence a | ¢ or a | d. This implies that a < ¢ or a < d which is a contradiction. This prove
that p = 2¢ for some prime numbers gq.

(+) It is clear that pZ is an a-prime submodule of Z where p = 0 or p is a prime
number or p = 2¢ for some prime numbers q.

Example 1 obtains that 4Z is a-prime but is not prime submodule of Z. The following
first result gives the characterization of a-prime submodules.

Theorem 1. Let P be a proper submodule of an R-module M. The following statements
are equivalent.

(i) P is an a-prime submodule of M.
(ii) For all ideals I of R and for all submodules N of M,

if IB(N) C P, then I Ca((P:M)) or N C «a(P).
(iii) For all a € R and for all submodules N of M,

if af(N) C P, then a € a((P : M)) or N C a(P).
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(iv) For all ideals I of R and for allm € M,

if [Im+m) C P, then I Ca((P:M)) orm € a(P).
(v) For all a € R and for allm € M,

if aR(m +m) C P, then a € a((P : M)) or m € a(P).

(vi) For allm € M, if m+m ¢ P, then a((P: M)) = a((P : m)).

Proof. (i) — (ii) Assume that P is an a-prime submodule of M. Let I be an ideal
of R and N be a submodule of M such that I3(IN) C P and N € «a(P). To show that
I Ca((P: M), letr el and n € N be such that n ¢ a(P). Then n +n ¢ P and
n+n € S(N). This implies that 7(n +n) € P. Since P is an a-prime submodule of M
andn+né¢ P, r+r¢e (P:M). Hence I C a((P: M)).

(17) — (i7i) Assume that (i) holds. Let a € R and N be a submodule of M such that
aB(N) C P. Then (Ra)B(N) = R(af(N)) € RP C P. By (i7), we have Ra C a((P : M))
or N C «(P). Therefore a € a((P: M)) or N C «a(P).

(791) — (iv) Assume that (i7¢) holds. To prove that (iv) holds, let I be an ideal of R
and m € M such that I(m+m) C P and m ¢ a(P). Let a € I. Then af(Rm) C P. By
(797) and m ¢ a(P), a € a((P : M)). Hence I C a((P: M)).

(tv) — (v), (v) — (i) and (vi) — (i) are obvious.

(i) — (vi) Assume that P is an a-prime submodule of M. Let m € M be such that
m+m ¢ P. It is clear that a((P : M)) C a((P : m)). Let r € a((P : m)). Then
r+r € (P :m). Hence r(m+m) = (r +r)m € P. Since P is a-prime and m + m ¢ P,
r+r e (P:M). That is r € a((P : M)). Therefore a((P : M)) = a((P :m)).

Lemma 1. Let ¢ : My — Ms be an R-module homomorphism, P be a submodule of M
and K be a submodule of Ms. Then

(1) If ¢ is an epimorphism and v +1r € (P : My), thenr +1r € (¢(P) : Ma).
(i) If r+r € (K : My), thenr +1r € (¢ (K) : My).

Proof. (i) Assume that ¢ is an epimorphism and (r +7)M; C P. Let mg € M. Then
¢(m1) = mg for some my € M. Thus (r + r)m; € P. This implies that (r + r)mg =
(r+r)p(my) € ¢(P). That isr +r € (¢(P) : Ma).

(ii) Assume that (r+r)My € K. Let my € My. Then ¢((r+r)m1) = (r+r)p(mq) € K.
Hence (r 4+ 7)m; € ¢~ 1(K). Therefore r +1r € (¢~ L(K): My).

Proposition 1. Let ¢ : My — My be an R-module homomorphism. Then

(i) If ¢ is an epimorphism and P is an a-prime submodule of My containing ker ¢, then
¢(P) is an a-prime submodule of M.

(ii) If K is an a-prime submodule of Ma, then ¢~ 1(K) is an a-prime submodule of Mj.
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Proof. (i) Assume that ¢ is an epimorphism and P is an a-prime submodule of
M, containing ker ¢. Let » € R and m € Mj be such that r(m + m) € ¢(P). There
exist elements n € M; and p € P such that r(m + m) = ¢(p) and ¢(n) = m. Then
o(p) = r(m+m) = r(é(n) + ¢(n)) = r(¢(n +n)) = ¢(r(n + n)). This implies that
r(n+mn) —p € ker ¢. Since ker ¢ C P, r(n+n) € P. Since P is an a-prime submodule of
My, r+r e (P:M;)orn+n € P. Since ¢ is onto, r +1r € (¢(P) : M) or m~+m € ¢(P).
Hence ¢(P) is an a-prime submodule of M.

(73) Assume that K is an a-prime submodule of Ms. Let 7 € R and m € M be such
that r(m +m) € ¢~1(K). Then r(¢(m) + ¢(m)) € K. Since K is an a-prime submodule
of My, r +1 € (K : M) or ¢(m) + ¢(m) € K. This implies that r +r € (¢~ (K) : M)
or m+m € ¢ 1(K). Hence ¢~ (K) is an a-prime submodule of Mj.

Corollary 1. Let N be a submodule of M. Then

(i) If P is an a-prime submodule of M and K is a submodule of M contained in P,
then T/x is an a-prime submodule of M/x .

(i) If K' is an a-prime submodule of M/, then K = 5K/x. for some a-prime submodule
K of M.

Proof. (i) Assume that P is an a-prime submodule of M and K is a submodule of M
contained in P. Define a homomorphism ¢ : M — /i by o(m) =m + K for all m € M.
Then ¢ is an epimorphism and ker ¢ = K. By Proposition 1 (i), ¢(P) = £'/k is an a-prime
submodule of M/k-.

(ii) Assume that K’ is an o-prime submodule of ™/y. Then the set K = {z €
M | z+ N € K'} is an a-prime submodule of M. Clearly, K = ¥/y.

For subgroups A and B of a group (G, +), we have A C «(B) if and only if 5(4) C B.

Definition 2. Let R be a ring and M be an R-module. A nonempty set S C M\{0} is
called an a-multiplicative system if for all ideal I of R and for all submodules K and

N of M, if (K+B(I)M> NS # 0 and (K+B(N)> NS #0, then <K+IB(N)) NS # 0.

Proposition 2. Let P be a submodule of an R-module M. Then P is an a-prime sub-
module of M if and only if M\P is an a-multiplicative system.

Proof. (—) Assume that P is an a-prime submodule of M. Let I be an ideal of
R and let K and N be submodules of M such that | K + IB(N)) N M\P = (. Then

K + IB(N) € P. It follows that K C P and IS(N) C P. Since P is an a-prime
submodule of M, I C «((P : M)) or N C «(P). This implies that g(I) C (P : M) or

B(N) C P. Hence K 4+ B(I)M C P or K + 3(N) C P. Hence <K + B(I)M) NM\P =0

or <K + B(N )) N M\P = (). This shows that M\P is an a-multiplicative system.

29



NARNUIN

T. Khumprapussorn / Eur. J. Pure Appl. Math, 11 (3) (2018), 730-739 734

(<) Assume that M\P is an a-multiplicative system. Let I be an ideals of R and N
be a submodule of M such that I5(N) C P. Hence [ IS(N) | N M\P = (). Since M\P

is an a-multiplicative system, <B(I)M NM\P =0or (B(N)|NM\P = (. That is,

BI)M C P or B(N) C P. We already show that §(I) C (P : M) or B(N) C P. This
means I C a((P: M)) or N C «(P). Therefore P is an a-prime submodule of M.

Proposition 3. Let M be an R-module and X be an a-multiplicative system. If P is
a submodule of M mazimal with respect to the property that P N X = (), then P is an
a-prime submodule of M.

Proof. Assume that P is a submodule of M maximal with respect to the property
that PN X = (. Let I be an ideal of R and N be a submodule of M. Now, assume

that I ¢ a((P : M)) and N ¢ a(P). Hence 8(I)M ¢ P and B(N) € P. Then <P+
ﬁ(])M) NX # () and (P + B(N)) N X # (. Since X is an a-multiplicative system,

<P + Iﬁ(N)) NX #0. Since PNX = (), IB(N) ¢ P. This implies that P is an a-prime
submodule of M.

Definition 3. Let M be an R-module and N be a submodule of M. If there is an a-prime
submodule of M containing N, then we define

VN ={x € M | every a-multiplicative system containing x meets N'}.
If there is no a a-prime submodule of M containing N, then we define VN = M.

Theorem 2. Let M be an R-module and N be a submodule of M. Then either /N = M
or /N s the intersection of all a-prime submodule of M containing N.

Proof. Assume that YN % M. Let z € ¢/N and P be an a-prime submodule of M
containing N. By Proposition 2, M\ P is an a-multiplicative system and N N (M\P) = (.
Hence = € P. Conversely, let x € M be such that x ¢ {/N. Let S be an a-multiplicative
system such that z € S and SN N = (). By Zorn’s Lemma on the set of submodule .J
of M containing N and S N J = {), there exists a maximal submodule K of M such that
SN K = (. By Proposition 3, K is a a-prime submodule of M. Hence x ¢ K.

3. Weakly a-prime submodules

In this section we begin with the definition of weakly a-prime submodules which is
a generalization of a-prime submodules. In [2], S.E. Atani and F. Farzalipour gave the
notion of weakly prime submodules stated that a proper submodule P of a left R-module
M is called weakly prime if 0 # rm € P for some r € R and m € M, then r € (P : M) or
m € P where (N: M)={re R|rM C N}.
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Definition 4. Let P be a proper submodule of M. We call P is weakly a-prime if for
any elements r € R and m € M such that r(m + m) € P\{0}, we have r +r € (P : M)
orm+m € P.

Every a-prime submodule is weakly a-prime submodule. But the converse need not
be true. For example, {0} is weakly a-prime but is not a-prime submodule of Z-module
Zs because 2+ (2+2)=2-4=8=0and (2+2)Zg € {0} and 2+ 2 # 0.

Next we give several characterizations of weakly a-prime submodules.

Theorem 3. Let M be an R-module and P be a submodule of M. The following statements
are equivalent.

(i) P is a weakly a-prime submodule of M.
(i) For any m € M, if m+m ¢ P, then (P:m+m) =a((P:M))Ua((0:m)).

(iii) For any m € M, if m+m & P, then (P :m+m)=«a((P: M)) or(P:m+m) =
a((0:m)).

Proof. (i) — (i) Assume that P is a weakly a-prime submodule of M. Let m € M be
such that m +m ¢ P. Let r € (P : m + m). Then r(m + m) € P. If r(m +m) = 0, then
r € a((0: m)). Suppose that r(m + m) # 0. Since P is weakly a-prime and m +m ¢ P,
r+r e (P:M). Thatis r € a((P : M)). Conversely, let 7 € a((P: M)) Ua((0 : m)).
Then r 4+ r € (P : M) or rm + rm = 0. These implie that » € (P :m +m).

(73) — (i47) Obvious.

(731) — (i) Assume that (7i7) holds. Let » € R and m € M be such that r(m +m) €
P\{0} and m +m ¢ P. Then r € (P : m+m). Since r(m+m) # 0, r ¢ a((0: m)). By
(#i7), (P :m+m) = a((P: M)). Hence r € a((P : M)). Therefore r + 7 € (P : M). This
proves that P is a weakly a-prime submodule of M.

Let M7 and M5 be R-modules. Then M; X My is an R-module under the operation
(a,b) + (¢,d) = (a+ ¢,b+ d) and r(a, b) = (ra,rbd) for all a,c € My, b,d € M and r € R.
We denote this module by M; & Ms.

Proposition 4. Let Ny be a submodule of Mi and N be a submodule of Ms. If N1 X Ny
18 a weakly a-prime submodule of My @& Ms, then Ny is a weakly a-prime submodule of
My and N is a weakly a-prime submodule of M.

Proof. 1t is straightforward.

Let Ry and Ry be commutative rings with identity, M; be a unital R;-module where
i =1,2. Then M; x Mj is an (R; X Rs)-module under the operation (ry,r9)(my,my) =
(rymy,ramg) for all (r1,7r9) € Ry X Ry and (m1, mg) € M; x M. We set up these notation
for the next two results.

Proposition 5. Let R = R; X Ry and M = My x My and let N1 be an Ri-submodule of
M. Consider the following statements.
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(i) Ny is an a-prime submodule of M;.
(ii) N1 x My is an a-prime submodule of My x M.

(iii) Ny x My is a weakly a-prime submodule of My x M.

Then (i) — (it) — (ii1). Moreover, if f(Mz) # {0}, then (i), (it) and (iii) are equivalent.

Proof. (i) — (ii) Assume that N is an a-prime submodule of M;. Let (a,b) €
Ri x Ry and (z,y) € My x My be such that (a,b)[(x,y) + (z,y)] € N1 x My. Then
[a(x+z),b(y +y)] € N1 x M. Thus a(z+x) € Ni. Since Nj is an a-prime submodule of
Mi,a+a € (Ny: M) or x+x € Ny. This leads to (a+a,b+b) € (N x My : My x My) or
(z,y)+ (z,y) € N1 x Ma. Therefore Ni x M is an a-prime prime submodule of M; x Mo.
(i) — (413) It is obvious.

Next, let w € Ms be such that w + w % 0 and assume that N1 x My is a weakly
a-prime submodule of M; x My. Let r € Ry and m € M; such that r(m 4+ m) € Nj.
Then (7, 1)[(m,w) + (m,w)] = (r(m+m),w+w) € Ny x M>3\{(0,0)}. Since N; x M; is a
weakly a-prime submodule of M; x My, we have (r+r,1+ 1) € (N3 x My : My x My) or
(m,w) + (m,w) € Ny x My. This implies that r +r € (N7 : My) or m +m € N;y. Hence
N7 is an a-prime submodule of M;.

The following example shows that, in general, the condition S(Ms) # {0} in Proposi-
tion 5 can not be omitted.

Example 2. Let My = Zg, My = {0}, Ry = Ry = 7. It is clear that {0} x {0} is a weakly
a-prime submodule of My x My. However, {0} is not an a-prime submodule of Z-module
Zs.

Proposition 6. Let My, My be Ry, Ro-modules respectively and N1 x No be a submodule
of My x My. Then B(Ny x Na) ={(0,0)} if and only if B(N1) = {0} and 5(N2) = {0}.

Proof. 1t is evident.

Proposition 7. Let Mi, My be Ry, Ry-modules respectively. Then

(i) If N1 x Ny is a weakly a-prime submodule of My x My, then either B(N1) = {0} or
a(Ny) = My or a(Na) = Ma.

(ii) If N1 x No is a weakly a-prime submodule of My x My, then either 3(Ny) = {0} or
a(Ny) = My or a(Na2) = M.

(11i) If N1 x Na is a weakly c-prime submodule of My x Ma, then S(N1) = {0} or a(N2) =
Ms or N1 X Ny is an a-prime submodule of My x M.

(iv) If N1 x Na is a weakly a-prime submodule of My x Ms, then B(Na) = {0} or a(Ny) =
My or N1 X Ny is an a-prime submodule of My x M.
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Proof. (i) Assume that N; x Ny is a weakly a-prime submodule of M; x My and
B(N1) # {0} and a(Ny) # M. Let a € Ny be such that a+a # 0. Let r € (N2 : Ms) and
y € Ms. Then (0,0) # (a+a,r(y+y)) = (1,7)[(a,y) + (a,y)] € N1 x Na. Since N1 x N
is a weakly a-prime submodule of M; x My, we have (1+1,r +r) (M1 X Mg) C Ny x Ny
or (a,y) + (a,y) € Ni x Na. This implies that (1 4+ 1)M; C N; or y +y € Na. Since
a(N1) # My, there is m € M such that m +m ¢ N;. This means (1 + 1)M; ¢ Nj.
Therefore y € a(N2).

(73) The proof is similar to (7).

(4i) Assume that N7 x No is a weakly a-prime submodule of M; x My and B(Ny) # {0}
and a(Ny) # Ms. By (i), a(N1) = My. Let (r1,72) € Ry X Ry and (mq,mg) € My x Mo
be such that (r1,72)[(m1, ma) + (m1,ma)] € N1 x Na. Then ri(m; + m1) € Ny and
ro(ma—+ma) € Na. Let a € N be such that a+a # 0. Then (0,0) # (a+a, ra(ma+ma)) =
(1,72)[(a,m2) + (a,m2)] € N1 x No. Since N; x Ny is a weakly a-prime submodule of
My x My, we have (1+1,7“2+7"2) (M1 XMQ) C N1 xNs or ((L, m2)+(a,m2) € N1 x Ny. Since

N7 X Ny is a submodule of M7 x My and Oé(Nl) = My, (T1+7"1, T2+T2) <M1 XMQ) C N1 x Ny
or (my,mga) + (my1,mg) € N1 X Ny. This implies that Ny X Nj is an a-prime submodule
of M1 X Mg.

(iv) The proof is similar to (zi).

The following example obtains that the assumption «(N2) # Ms in the proof of Propo-
sition 7 (iii) is necessary.

Example 3. Consider a submodule 47, x 37 of a 7 x Z-module Z x 3Z, by Proposition 5,
47, x 37 is a weakly a-prime submodule of Z x 37Z. However, 47 x 37 is not an a-prime

submodule of Z x 3Z because (1,3)[(2,1)+(2,1)] = (4,6) € 4Z x 3Z and (2,6) (Z X 3Z) ¢
A7 x 37 and (4,2) ¢ AZ x 37Z. In particular, o(3Z) = 3Z.

4. The traveling of a-prime from modules to rings

In this section we apply the notion of (weakly) a-prime submodules to (weakly) a-
prime ideals.

Definition 5. A proper ideal P of a ring R is called an a-prime ideal of R if P is an
a-prime submodule of an R-modules R.

Similarly, a proper ideal P of a ring R is called a weakly a-prime ideal of R if P is
an weakly a-prime submodule of an R-modules R.

It is easy to show that for an ideal P of R, P is an a-prime ideal of R if and only if for
all a,b € R, if a(b+b) € P,then a+a € Por b+b € P. Similarly, P is a weakly a-prime
ideal of R if and only if for all a,b € R, if a(b+ ) € P\{0}, then a+a € Por b+ b € P.

Proposition 8. If P is an a-prime submodule of an R-module M, then (P : M) is an
a-prime ideal of R.
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Proof. Assume that P is an a-prime submodule of an R-module M. Let a,b € R
be such that a(b+0b) € (P : M) and b+0b ¢ (P : M). Then there exists an element
m € M such that (b+b)m ¢ P and a(b+b)m € P. Since P is a-prime and (b+b)m ¢ P,
a+a € (P:M). Therefore (P : M) is an a-prime ideal of R.

Let R be a ring. The Cartesian product R X R is a ring under componentwise addition
and the multiplication (a,b) * (¢,d) = (ac,ad + bc). We use the notation R(+)R for this
ring.

Proposition 9. If I is an a-prime ideal of a ring R, then I X R is an a-prime ideal of
R(+)R.

Proof. 1t is straightforward.

Example 4. We know that 47 and 6Z are a-prime ideal of Z. In Z(+)Z, we have
2,D[(1,1) + (1,1)] = (2,1)(2,2) = (4,6) € 4Z x 6Z. However, (4,2) ¢ AZ x 6Z and
(2,2) ¢ A7 x 6Z. This is an example shows that I x J may be not an a-prime ideal of
R(+)R even if I and J are a-prime ideals of R.

Proposition 10. If P is a weakly a-prime submodule of M and (P : M)B(P) # 0, then
P is an a-prime submodule of M

Proof. Assume that P is a weakly a-prime submodule of M and (P : M)B(P) # 0.
Let r € R and m € M be such that r(m+m) € P. lf r(m+m) #0,r+re(P: M) or
m+ m € P. Assume that r(m +m) = 0. We consider the following two cases.

Case 1. rf(P) # 0.

Then r(ng + ng) # 0 for some ng € P. Hence r(m~+m+ ng+ny) = r(ng+mno) € P. Since
P is a weakly a-prime submodule of M, r+r € (P : M) orm +m+ng + ng € P. Since
ne € P,r+r e (P:M)orm+mée& P. Hence P is an a-prime submodule of M.

Case 2. r(P) =0.

Subcase 2.1. (P : M)(m + m) # 0.

Let k € (P : M) be such that k(m +m) # 0. Then (r + k)(m +m) = k(m +m) € P.
Since P is a weakly a-prime submodule of M, r+k+7r+k € (P : M) or m+m € P.
Since k € (P: M), r+r € (P:M)orm+m € P. Hence P is an a-prime submodule of
M.

Subcase 2.2. (P : M)(m + m) = 0.

Since (P : M)B(P) # 0, we have k(n +n) # 0 for some k € (P: M) and n € P. Then
(r+k)(m+m+n+n)=r(m+m)+r(nt+n)+k(m+m)+k(n+n)=Fk(n+n) € P. Since
P is a weakly a-prime submodule of M, r+k+r+k€ (P: M)orm+m+n+ne P.
Since k € (P: M)andne€ P,r+r e (P:M)orm+m € P. Hence P is an a-prime
submodule of M.

The following result directly implies from Proposition 8 and 10.

Corollary 2. If P is a weakly a-prime submodule of M and (P : M)B(P) # 0, then
(P : M) is a weakly a-prime ideal of R.
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We prove in Proposition 8 that if P is an a-prime submodule of an R-module M, then
(P : M) is an a-prime ideal of R. However, this situation is false for weakly a-prime
submodules.

Example 5. In %kz as a Z-module, we have {0} is a weakly a-prime submodule of “/sz.
However, ({0} : %/sz) = 87Z is not a a-prime ideal of Z.
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