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ABSTRACT

A fractal dimension (FD) is an effective feature, which characterizes roughness and self-
similarity of complex objects. However, the FD in nature scene requires the effective method for
estimation. The existing methods focus on the improvement of selecting the suitable height of box-
counts. This cannot overcome the overcounting problem, which is a key factor to have an impact
on the accuracy of the FD estimation. This paper proposes a more accurate FD estimation, an
improved triangle box-counting method, to increase the precision of box-counts associated with
box sizes. The triangle-box-partition technique provides the double precision for box-counts, thus
it can solve the overcounting issue and enhance the accuracy of the FD estimation. The proposed
method is evaluated its performance in terms of fitting error. The experimental results show that
the proposed method outperforms the existing methods, including differential box-counting (DBC),

improved DBC (IDBC), and box-counting with adaptable box height (ADBC) methods.
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Y ' 1 i . < : '
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= = 1 i @ v o D =
i 1 vzitiunquaini diimslSunna TaTvmamiiunanueiilu 512x512
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a 2 a = o A 4 T A 1
HAWaIA (error) HRANAMINHAGNE N lAAMIANABUINAIAABT IUNATIIY

Mm99 4.1 Wieuiion BC uag TBC nudoyayad 1

BC TBC
Images FD Theory

FD Error FD Error
1.2620 1.2418 1.60 1.2935 2.50
1.4650 1.3435 8.29 1.4066 3.99
1.5850 1.4759 6.88 1.5109 4.68
1.5850 1.3946 12.01 1.4146 10.75
1.6280 1.5372 5.58 1.5512 4,72
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1.8930 1.7356 8.31 1.7560 7.24
1.9000 1.7047 10.28 1.7847 6.07
2.0000 1.7017 14.92 1.7872 10.64
a a w =
M1519N 4.2 f5ouiney BC uaz TBC fuveyayain 2
BC TBC
Images FD Theory
FD Error FD Error
) e 1.2618 1.1532 8.61 1.1539 8.55
o 1.2618 1.2871 2.01 1.2845 1.80
x ‘_T"‘ L
bk 1.4649 1.3019 11,13 1.3306 9.17
AT
N :‘f’:‘w _— 1.4649 1.2979 11.40 1.3144 10.27
1.5000 1.2810 14.60 1.3118 12:55
1.5849 1.5129 4.54 1.5276 3.62
1.6995 1.4310 15.80 1.4363 15.49
1.8617 1.5726 15.53 1.5904 14.57
1.8928 1.5965 15.65 1.6399 13.36
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A15199 4.3 WS sufeunn error fitting Y84 DBC, TDBC, IDBC, TIDBC, ADBC, TADBC

Image DBC TDBC IDBC TIDBC ADBC TADBC

FD Error FD Error FD Error FD Error FD Error FD Error
1 247 0.0140 2.47 0.0136 2.5 0.0141 2.39 0.0137 2.62 0.0014 2.61 0.0014
2 2.58 0.0121 2.57 0.0113 2.69 0.0121 2.69 0.0115 2.76 0.0008 2.74 0.0008
3 2.68 0.0118 2.67 0.0115 289 0.0120 2.77 0.0118 2.88 0.0010 2.87 0.0009
4 2.67 0.0110 2.67 0.0105 2,78 0.0115 21 0.0110 2.86 0.0009 2.84 0.0009
5 2.57 0.0149 2.56 0.0143 2.67 0.0147 2.66 0.0141 2.7 0.0009 275 0.0009
6 2,58 0.0169 2.58 0.0161 2.67 0.0162 2.66 0.0152 2.82 0.0009 277 0.0010
7 2.54 0.0147 2.54 0.0142 2.64 0.0140 2.63 0.0131 271 0.0009 2.68 0.0010
3 243 0.0089 2.44 0.0087 2.55 0.0082 2.55 0.0074 2.52 0.0010 2.51 0.0010
9 271 0.0093 2.70 0.0089 2.80 0.0096 2.79 0.0091 2.86 0.0009 2.85 0.0009
10 2.58 0.0140 2.57 0.0134 2.69 0.0145 2.68 0.0138 2.78 0.0009 2.76 0.0009
11 2.65 0.0111 2.64 0.0105 2.74 0.0110 2.73 0.0104 2.80 0.0008 278 0.0007
12 2.66 0.0124 2.67 0.0125 2.75 0.0123 275 0.0121 2.85 0.0008 2.84 0.0008
13 2.62 0.0145 2.61 0.0140 2.69 0.0128 2.68 0.0123 2.76 0.0008 2.75 0.0008
14 2.70 0.0131 2.69 0.0126 2,78 0.0134 2.78 0.0129 291 0.0009 2.89 0.0008
15 2.66 0.0117 2.66 0.0115 2.76 0.0117 2.76 0.0116 2.84 0.0009 2.84 0.0009
16 2.74 0.0071 273 0.0067 2.83 0.0076 2.82 0.0072 2.85 0.0008 2.84 0.0008
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17 2.68 0.0126 2.67 0.0121 2.7 0.0128 2,76 0.0122 2.87 0.0009 2.86 0.0009
18 2.53 0.0150 2.52 0.0144 2.63 0.0142 2.62 0.0133 2,70 0.0010 2.69 0.0009
19 2.56 0.0116 255 0.0107 2.67 0.0116 2.66 0.0105 292 0.0007 2.70 0.0007
20 2.62 0.0178 2.62 0.0179 271 0.0171 2.70 0.0170 2.87 0.0009 2.87 0.0009
21 2.78 0.0096 2.78 0.0092 2.86 0.0100 2.86 0.0097 292 0.0012 2.92 0.0011
22 2.68 0.0130 2.67 0.0128 277 0.0131 2,77 0.0129 2.88 0.0010 2.87 0.0009
23 2.50 0.0166 2.50 0.0164 2.60 0.0156 2.60 0.0151 2.68 0.0012 2.66 0.0012
24 272 0.0097 271 0.0095 2.82 0.0102 2.81 0.0100 2.89 0.0010 2.88 0.0010
25 2.36 0.0199 2.35 0.0179 2.46 0.0170 2.44 0.0146 249 0.0020 244 0,0020
26 2.52 0.0153 2.51 0.0144 2.62 0.0150 2,61 0.0140 2.71 0.0009 2.67 0.0010
27 2.48 0.0163 2.47 0.0153 259 0.0156 2,58 0.0146 2.67 0.0012 2.65 0.0012
28 2.53 0.0150 2.52 0.0139 2.64 0.0144 2.63 0.0134 2.2 0.0009 2.70 0.0009
29 2.58 0.0135 2.57 0.0124 2.68 0.0132 2.67 0.0122 2.77 0.0008 2.74 0.0008
30 232 0.0159 2.32 0.0148 2.43 0.0148 243 0.0135 2.42 0.0019 241 0.0017
31 241 0.0163 241 0.0157 2.51 0.0143 251 0.0138 2.53 0.0016 2.51 0.0016
32 2.49 0.0185 2.49 0.0177 2.57 0.0170 2.56 0.0151 2.65 0.0017 2.59 0.0017
33 2.47 0.0194 2.46 0.0180 2.54 0.0171 2,53 0.0152 2.60 0.0019 2.55 0.0019
34 2,53 0.0233 £2.51 0.0220 2.57 0.0199 2.56 0.0186 2.70 0.0021 2.64 0.0023
35 2.63 0.0134 2.62 0.0131 2.72 0.0133 P 0.0129 2.82 0.0008 2.81 0.0008
36 270 0.0124 2.70 0.0124 2.79 0.0128 2, 19 0.0126 2.90 0.0011 2.89 0.0010
37 248 0.0112 2.48 0.0104 2.62 0.0115 2.62 0.0109 2.66 0.0008 2.64 0.0008
38 2.64 0.0113 2.63 0.0106 2.72 0.0100 2.72 0.0093 P 0.0009 2.75 0.0008
39 2.38 0.0131 238 0.0116 2.48 0.0113 2.48 0.0097 2.46 0.0013 2.44 0.0012
40 2.56 0.0129 2.57 0.0133 2.65 0.0116 2.64 0.0109 2.69 0.0009 2.67 0.0009
41 2.62 0.0126 2.62 0.0125 271 0.0119 2,70 0.0116 2.78 0.0008 2.76 0.0008
42 2.65 0.0115 2.65 0.0115 272 0.0104 2.72 0.0102 2.78 0.0008 277 0.0007
43 255 0.0142 2.55 0.0139 2.60 0.0105 2.60 0.0102 2.63 0.0008 2.63 0.0008
44 248 0.0107 248 0.0105 2 0.0074 =57 0.0073 2.57 0.0010 2.57 0.0011
45 2.49 0.0165 2.49 0.0163 2.56 0.0140 2.56 0.0135 2.59 0.0013 2.58 0.0012
46 247 0.0194 2.47 0.0187 2.55 0.0167 2.54 0.0160 2.63 0.0013 2.62 0.0011
47 243 0.0161 2.43 0.0156 2.54 0.0151 254 0.0144 2.56 0.0016 2.55 0.0014
48 2.24 0.0135 2.24 0.0130 2.34 0.0100 2.34 0.0102 2.26 0.0017 225 0.0018
49 2.73 0.0115 2.73 0.0115 2.84 0.0119 2.84 0.0119 291 0.0011 2.91 0.0011
50 2.49 0.0110 2.50 0.0107 2.60 0.0101 2.59 0.0093 2.60 0.0009 2.59 0.0009
51 2.58 0.0168 2.58 0.0165 2.65 0.0143 2.64 0.0141 2 0.0013 2.70 0.0014
52 2.60 0.0153 2.60 0.0149 2.68 0.0143 2.67 0.0134 2.79 0.0009 2.76 0.0008
53 2.70 0.0132 2.69 0.0129 2.79 0.0133 2.79 0.0130 2,89 0.0011 2.89 0.0011
54 2.60 0.0155 2.60 0.0152 2.69 0.0146 2.68 0.0140 2.80 0.0008 2,78 0.0008
35 2.64 0.0127 2.63 0.0120 273 0.0127 2.72 0.0120 2.83 0.0008 2.81 0.0008
56 2.5 0.0156 231 0.0149 2.62 0.0150 2.61 0.0142 2.69 0.0012 2.68 0.0012
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19513 4.3 (d9) 1W3ouiiauan error fitting Y99 DBC, TDBC, IDBC, TIDBC, ADBC, TADBC

57 2.67 0.0124 2.66 0.0120 2.76 0.0125 275 0.0121 2.86 0.0009 2.85 0.0008
58 251 0.0148 2.50 0.0138 2.60 0.0136 2.59 0.0125 2.66 0.0009 2.64 0.0010
59 2.33 0.0117 232 0.0104 2.43 0.0082 243 0.0067 2.39 0.0009 2.38 0.0008
60 2.60 0.0152 2.59 0.0145 2.69 0.0145 2.68 0.0136 297 0.0009 245 0.0009
61 251 0.0145 2.49 0.0133 2.58 0.0114 2.57 0.0102 2.61 0.0009 2.58 0.0008
62 2.46 0.0189 2.46 0.0184 2.55 0.0165 2:55 0.0162 2.63 0.0012 2.62 0.0012
63 249 0.0134 249 0.0128 2.58 0.0117 2.58 0.0108 2.62 0.0008 2.60 0.0008
64 2.57 0.0154 2.56 0.0148 2.62 0.0119 2.62 0.0112 2.64 0.0010 2.63 0.0010
65 2.57 0.0158 2.58 0.0162 2.65 0.0145 2.65 0.0139 293 0.0013 2.72 0.0013
66 2.47 0.0188 2.47 0.0181 2.57 0.0181 257 0.0172 2.68 0.0019 2.65 0.0020
67 2.60 0.0175 2.61 0.0175 2.69 0.0169 2.69 0.0166 2.85 0.0009 2.84 0.0009
68 2.62 0.0148 2.62 0.0146 2.68 0.0129 2.68 0.0124 2.77 0.0008 2,76 0.0008
69 2.55 0.0110 2055 0.0108 2,64 0.0099 2.64 0.0092 2.67 0.0007 2.65 0.0007
70 2.52 0.0115 2,51 0.0107 2.59 0.0079 2P 0.0072 2.59 0.0007 2.57 0.0007
71 2.60 0.0112 2.59 0.0104 2.65 0.0081 2.65 0.0072 2.66 0.0007 2.65 0.0007
72 2.55 0.0145 2,55 0.0142 2.64 0.0132 2.63 0.0126 2.71 0.0009 2.69 0.0009
73 2.56 0.0138 285 0.0129 2,67 0.0137 2.66 0.0129 2. 0.0008 2.72 0.0008
74 2.62 0.0195 2.61 0.0193 2.67 0.0170 2.67 0.0168 2.80 0.0012 2.78 0.0012
75 248 0.0215 2.49 0.0221 2.5 0.0197 2.57 0.0197 2.68 0.0017 2.67 0.0018
76 2.66 0.0128 2.65 0.0123 2.74 0.0124 2,74 0.0120 2.83 0.0008 282 0.0008
Ji 2.72 0.0112 g 0.0107 2519 0.0110 2.78 0.0104 2.36 0.0009 2.85 0.0009
78 2.63 0.0103 2,62 0.0094 2.72 0.0103 2.7 0.0092 2.77 0.0007 2.74 0.0007
79 2.66 0.0110 2.65 0.0104 2.76 0.0114 2.76 0.0107 2.84 0.0009 2.82 0.0008
80 2.68 0.0106 2.69 0.0104 2.78 0.0110 2.78 0.0106 i 2.86 0.0009 2.85 0.0009
81 2.70 0.0118 2.69 0.0114 2.78 0.0115 277 0.0111 2.86 0.0009 2.84 0.0009
32 2.65 0.0097 2.64 0.0090 2.76 0.0107 2.76 0.0099 2.81 0.0007 2.79 0.0007
33 2.64 0.0097 2.63 0.0090 297 0.0107 2.76 0.0100 2.82 0.0008 2.80 0.0008
84 2.67 0.0139 2.66 0.0135 2,73 0.0134 2.74 0.0130 2.86 0.0009 2.85 0.0009
85 2.72 0.0112 271 0.0107 2077 0.0096 207 0.0092 2.82 0.0009 2.81 0.0009
86 2.63 0.0146 2.62 0.0139 2.70 0.0135 2.69 0.0128 2.80 0.0008 2.78 0.0008
87 2.70 0.0148 271 0.0151 2,77 0.0142 2.717 0.0141 2.89 0.0010 2.89 0.0010
88 238 0.0165 237 0.0158 2.48 0.0143 2.47 0.0135 247 0.0015 2.46 0.0015
89 247 0.0171 2.47 0.0167 2i55 0.0144 255 0.0136 2.59 0.0012 257 0.0012
90 2.43 0.0164 242 0.0153 2.52 0.0136 2.51 0.0124 2.55 0.0011 2.53 0.0010
91 229 0.0150 2.28 0.0140 2.38 0.0105 2.38 0.0094 233 0.0013 2.32 0.0012
92 2.64 0.0117 2.63 0.0109 2,73 0.0118 272 0.0110 2.80 0.0007 2.78 0.0007
93 2.67 0.0084 2.67 0.0081 2.76 0.0080 2.75 0.0077 2,79 0.0009 278 0.0009
94 2.53 0.0127 2.52 0.0120 2.62 0.0123 2.62 0.0113 2.65 0.0011 2.63 0.0011
95 2,54 0.0161 2.54 0.0157 2.63 0.0146 2.62 0.0141 2,70 0.0011 2.69 0.0011
96 245 0.0123 2.45 0.0119 2.57 0.0118 2.56 0.0110 2.58 0.0011 2.56 0.0011
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97 2.7 0.0144 2.70 0.0141 2,75 0.0123 2.74 0.0119 2.83 0.0008 2.82 0.0008
98 242 0.0152 2.41 0.0140 2.54 0.0145 2.53 0.0133 2.58 0.0013 2.56 0.0012
99 2.45 0.0169 2.44 0.0159 2i52 0.0134 2.52 0.0126 2.54 0.0012 2.53 0.0011

100 2.66 0.0114 2.66 0.0112 2495 0.0115 275 0.0112 2,83 0.0008 2.82 0.0008

101 2.57 0.0212 2.58 0.0213 2.67 0.0207 2.66 0.0204 2.88 0.0010 2.86 0.0010

102 2.55 0.0210 2.55 0.0206 2.64 0.0203 2.64 0.0197 2.85 0.000%9 2.84 0.0010

103 272 0.0132 272 0.0132 2.80 0.0131 2.80 0.0130 291 0.0012 2.91 0.0012

104 2.73 0.0139 2.74 0.0140 2.81 0.0136 2.81 0.0136 293 0.0012 2.93 0.0012

105 2.81 0.0075 2.80 0.0071 2.84 0.0061 2.84 0.0059 2.87 0.0010 2.86 0.0010

106 2.80 0.0055 2.80 0.0054 2.85 0.0052 2.85 0.0049 2,86 0.0010 2.86 0.0010

107 2.62 0.0137 2.62 0.0136 2012 0.0136 2.72 0.0133 2.82 0.0008 2.81 0.0008

108 2.62 0.0174 2.61 0.0168 2.67 0.0151 2.66 0.0145 2.76 0.0010 2.74 0.0010

109 2.64 0.0139 2.65 0.0141 2,71 0.0130 2,71 0.0124 2.81 0.0008 2.79 0.0008

110 2.69 0.0109 2.69 0.0108 2.78 0.0111 ) 0.0107 2.85 0.0008 2.84 0.0008

111 2.65 0.0135 2.65 0.0135 283 0.0130 273 0.0126 2.83 0.0008 2.82 0.0008

112 2,55 0.0133 2.54 0.0125 2.66 0.0132 2.65 0.0122 273 0.0008 Z:71 0.0008
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Mean N Std. Deviation Std. Error Mean
Pair 1 DBC .0138759 112 .00316095 .00029868
TDBC 0133795 112 00312531 00029531
Pair 2 IDBC .0128946 112 .00282670 00026710
TIDBC 0122563 112 .00277764 00026246
Pair 3 ADBC .0010304 112 .00030339 .00002867
TADBC 0010179 112 .00031112 .00002940
mafi 4.5 adanadeuiivesg3sms
Paired Differences t dr Sig.
Mean Std. Std. 95% Confidence Interval (-
Deviation Error of the Difference tailed)
Mean Lower Upper
Pair | DBC- 00049643 | 00042233 | 00003991 | .00041735 | .00057551 [ 12.440 | 111 .000
1 TDBC
Pair | IDBC- 00063839 | 00041983 | .00003967 | .00055978 | .00071700 | 16.092 | 111 .000
2 TIDBC
Pair | ADBC- 00001250 | .00006314 | 00000597 | 00000068 | 00002432 2095 | 111 038
3 TADBC
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ABSTRACT

A fractal dimension (FD) is an effective Feature, which characterizes rough-ness and self-similarity of complex
objects. However, the FD in nature scene requires the effective method for estimation. The existing methods
focus on the improvement of selecting the suitable height of box-counts. This cannot overcome the
overcounting problem, which is a key factor to have an impact on the accuracy of the FD estimation. This paper
proposes a more accurate FD estimation, an improved triangle box-counting method, to increase the precision
of box-counts associated with box sizes. The triangle-box-partition technique provides the double precision for
box-counts, thus it can solve the overcounting issue and enhance the accuracy of the FD estimation. The
proposed method is evaluated its performance in terms of fitting error. The experimental results show that the
proposed method outperforms the existing methods, including differential box-counting (DBC), improved DBC

(IDBC), and box-counting with adaptable box height (ADBC) methods.

Keywords - Fractal Dimension; Fractal Dimension Estimation; Box Counting; Triangle Box-Counting; Improved

Triangle Box-Counting

1. INTRODUCTION

Afractal dimension (FD) is an effective measure for
complex objects found in nature, such as
coastlines, mountains, and clouds. The FD has been
broadly applied in many applications such as
pattern recognition, texture analysis,
segmentation, and medical signal analysis [1].
Although the achievement in applying FD to broad
research areas was reported, the accurate FD
estimation is still a grand challenge.

Box counting (BC) is one of the most
successful methods to estimate FD. Yu, L. et al. [2]
and Bruno, O. et al. [3] applied the BC method to
estimate FD for automatic coarse classification of
iris images, and for plan identification, respectively.
However, this method cannot apply to gray-scale

images.

Many papers have proposed techniques
to improve the FD estimation in wvarious
applications. Sarkar, N. et al. [4] introduced to the
differential box-counting (DBC) method for gray-
scale images. This method partitions an image into
grids with size sxs.. On each grid, there is a column
of boxes representing intensity levels. The heart of
this method is box-counting, which determines
from the difference of the maximum and minimum
intensity levels on an sxs grid. The DBC method
commonly increases estimation errors, since it
covers the maximum and minimum intensity levels
in a box when the difference between intensity
levels is less than the scale s. This phenomenon is
called undercounting.

The improved DBC (IDBC) method was
introduced by Li, J. [5]. This method was improved

by modifying the conventional methods in three



Factors, (i) box-height selection, (i) box-number
calculation, and (iii) image intensity surface
partition. These modifications can increase the
accuracy of the FD estimation by reducing the error
of box-counts.

A box-counting method with adaptable
box-height [6] was proposed for applying to
arbitrary size images. This method allows the
height of a box at the top of each grid to be locally
adaptable to the maximum and minimum gray-
scales. The ratio technique is used to partition an
image into grid sizes, so that common rectangle
images are also supported. A drawback of this
method is that in the large box size the difference
of the maximum and minimum intensity levels is
high. This leads to the inaccurate FD estimation.

Most of these approaches focus on the
improvement of selecting the suitable height of
box-counts to overcome the undercounting
problem, but none of these approaches attempt to
overcome the overcounting problem. Therefore,
this paper proposes a more accurate FD estimation
by using an improved triangle box-counting
method to increase the precision of box-counts
associated with box sizes. The triangle-box-
partition technique is able to double the precision
of box-counts, thus it can enhance the accuracy of
the FD estimation.

The rest of this paper is organized as
follows. Section 2 reviews and identifies problems
of related works. The improved method is
proposed in section 3. In section 4, the
experimental results are reported and discussed.

Finally, the conclusions are presented in section 5.

2. RELATED WORKS

Although many approaches have been proposed to
improve the accuracy of FD estimation, some
limitations have been unsolved. The Ffollowing
subsections de-scribe existing methods and

identify their drawbacks.

2.1. Box-Counting Method

A box-counting method is a classical technique to
estimate the FD for binary images with a box size
of length s. A binary image is partitioned into grids
with size sxs and is counted objects N(s) on each
grid size that varies from larger to smaller scales.

The FD is approximate as

FD ~ log(N(s)) (1)
iog(l/s)

where N(s) is the number of boxes in the scale s
needed to completely cover the image. The steps
to estimate the FD of binary images can be briefly
described as follows. First, the image is repeatedly
partitioned into different grid sizes that vary from
larger to smaller scales. On each scale of grid size,
s, the objects are counted and recorded the
number of box-counts N(s). Subsequently, a graph
of log(N(s)) versus log(1/s) is plotted. Finally, a
least-square regression line through the data
points on the graph is calculated. The slop of a
regression line represents the estimated FD.
Nonetheless, this method does not achieve the

precision of box-counts as proved by [7].

2.2. Triangle Box-Counting Method

The triangle box-counting (TBC) method [7] was
proposed to improve traditional box-counting
(BC). This method simply divides square boxes
provided by a grid into two equally triangle boxes
to increase the precision of box-counts associated
with box sizes and to fit the requirements of the
minimum box covering. The TBC greatly improves
the estimation accuracy. However, it only works

well with binary images.

2.3. Differential Béx-Counting Method

Sarkar et al. [4] proposed a differential box-
counting (DBC) to estimate the FD of gray-scale
images. In this method, a gray-scale image is

represented with a three-dimensional (xy,2)



coordinate system, such that the (xJ) coordinate
denotes an image plane and zdenotes a gray scale.
With this system, a square image MxM can be
partitioned into sxs grids. Each grid contains a
column of boxes whose size is sxsxf, where his the
height of a single box and is equal to sxG/M, such
that G is the total number of gray levels. Let
maximum and minimum intensity values in (; )¢
grid locate at the box number £ and &%,
respectively, the box-count n4(j j) can be calculated
by using (2) and the total number of box-counts Ny

is determined by using (3).
na(i,j) ==k +1 ()
Nf 73 smrlT) @)

The FD of an image can be estimated by the linear
least square fit of log(/As) against log(1,4).
However, the DBC method still has a
drawback. The box height /s proportional to the
grid size s the larger grid size, the higher box-
height. This has a direct impact on the small
difference of the maximum and minimum
intensities; it leads to a low precision of counting

nd.

2.4. Improved Differential Box-Counting
Method

Li, J. et al. [5] proposed an IDBC method by
modifying the conventional method in three
Factors, (i) box-height selection, (i) box-number
calculation, and (i) image intensity surface
partition. These modifications can be briefly
summarized as follows.

(i) Box height selection: Let a standard deviation of
an image be gand a constant be a. A new scale of
box height is determined by using (4). The box
height of the IDBC method is much smaller at

different scale A.

) A

= (4)
14+ 2ac

(i) Box-number calculation: Let maximum and
minimum intensity levels of the (/)% block be /and
k respectively, the number of boxes is calculated

asin (5).

i cei(l_kj; Ik
ny = K (5)

1 2 I=k

(iii) Image intensity surface partition: The following
two partition schemes are required to ensure that
the image intensity is covered.
-Partition an MxM image into grids with sxs pixels,
and allow a grid boundary cverlapping with an
adjacent row and column.
«Give a new scale r = s=1 of a block with sxs pixels,
and represent the maximum distance between
two pixels in a block.

This method helps improve accuracy of
FD estimation by reducing the error caused by an

undercounting problem.

2.5. Box-Counting Method with Adaptable
Box Height

A box-counting method with adaptable box height
[6] wasintroduced to estimate FD of images whose
size is not a square. It uses the ratio-based box-
counting method. Forinstance, by given animage |
with MxN pixels, a ratio r, such that r=2, is used to
calculate a grid size mxn, where m = M/rand n =
N/r. The new grid size mxn can be categorized into
four cases as summarized in Table 1.

After partitioning an image into grids,
the box size is equal to mxnx/, where A
represents a box height. To count the number of
boxes in each column, the box height is calculated
by #'=G/. The number of boxes in the ()% grid has
to be real numbers instead of integers. The box-

counts are calculated by using equation (6).



Table 1. Four possible patterns of grid partitions

based on a ratio .

(M-
%0 %
(V-
mr)

mx (M-~
Case mxn | (N- m<q) %
mh n

M= rxr 7 = =

M> rxr . 1xr -

M> i i 1 30 1

" _[I;\vfax(i’j)_I;\ﬁn(i’j)+1Jx S(iﬂ.]) (6)

nd "
h mxXn

where S(i)) is the area of the (/)% grid. In above
equation, it does not perform ceiling function to
allow 54 to be a real number. The total number of
boxes of an entire image with ratio 7 is
Nd'=Z;ins (7). In addition, the upper limit ~ of the

box size is defined as in (7).
H = min {%}mn,m,n} @)

where m and n denote the grid sizes. The range of
the box sizeis 2 < r<H.

As mentioned in [4-6], most of them
mainly attempt to overcome the box height
calculation to eliminate the undercounting
problem, but none of these approaches attempt to
improve the precision of box-counts to eliminate
the over-counting problem. Therefore, this paper
proposes the improved triangle box-counting
method to increase the precision of box-counts, so
that the overcounting problem is solved and

accuracy of FD estimation is improved.

3. PROPOSED METHOD

In this section, the square box partition is analyzed
in order to point out the key Factor affecting to the
accuracy of FD estimation. Then the improved
triangle box-counting algorithm is described in the

last subsection.

3.1. Square Box Partition Analysis

Most of FD estimation methods use a square box
partition technique, which is simple and practical.
However, this technique does not provide the
precision for box-counts as proved by [7].
Furthermore, for the large grid in size, the box-
count in (2) Fails to overcounting situation, when
the maximum and minimum intensity levels fall
into the same grid. This is a key Factor that directly

affects to the estimation accuracy.

Maximum intensity value, 189

Figure 1. An example of a grid with 4x4 pixels
containing the great difference of maximum and
minimum intensity values.

Figure 1is an example to explain this phenomenon.
It shows a square box whose size is 4x4 pixels. The
maximum and minimum intensity values, 189 and
28, are located at the upper and lower of that grid.
Suppose that the box height is 4, the box-count ng
calculated by using (2) is 42, where /and kare equal
to 48, ceiling(189/4)), and 7, ceiling(28/4),
respectively. The greater difference of maximum
and minimum intensity levels on each grid leads to
the higher error of FD estimation. This problem can
be solved by using a triangle partition technique as

described in the Following subsection.



3.2. Improved Triangle Box-Counting
Algorithm

In this subsection, an improved triangle box-
counting method is proposed in order to increase
the accuracy of fractal dimension estimation. The
algorithm is as Follows.

Step 1. Partition an image with MxM pixels into
square grids with box size svarying from 2 to M/2.
Step 2. Calculate box height /= sxG/M, where Gis
the total number of gray levels. Each box size can
be computed by sxsxAh.

Step 3. Apply triangle box partition technique to
each box in Step 2. The results are shown in Figure
2. There are two patterns, py and gz, such that pi is
composed of upper and lower right diagonals
while p is composed of upper and lower left
diagonals.

Step 4. Determine the box-count ns of each
pattern in Figure 2 using (2), such that /and 4 can
be computed by /s hand i/, where /uaxand fuin
are the maximum and minimum intensities of each
grid.

Step 5. Compute p; by averaging the box-counts of
upper and lower right diagonals, whereas compute
2 by averaging the box-counts of the upper and
lower left diagonals.

Step 6. Obtain each box-count ns(/ ) by using
(8).

na(i j) = max{pr, p2} (8)

Step 7. Use (3) to calculate the total number of
box-counts Mz

As mentioned to the drawback of the square box
partition in previous subsection, the great
difference of maximum and minimum intensity
levels on each grid can be reduced by dividing a
square box into two equally triangle boxes as
shown in Figure 2. This example can be viewed as

two patterns, upper and lower right diagonals, p,

and upper and lower left diagonals, 2. In the upper
right diagonal, the maximum and minimum
intensity values are 189 and 44, respectively.
Suppose that the box height Ais 4, the box-count
ngof the upper right diagonal is equal to 38, such
that /and kare equal to 48, ceiling(189/4) and 11,
ceiling(44/4), respectively. In the same way, the
maximum and minimum intensity values in the
lower right diagonal are 85 and 28, respectively.
Thus, the box-count ngof the lower left diagonal is
equal to 16. Then piis computed by averaging 38
and 16. The result is 27.

e Maxunum, 189

Minimisan, 44
{a}

Maxiomuoy, 85

Mintmum, 28
b

" Muxunum, 139

b
Mirtisous, 28
e}
= P Maxioomm, 166
LA

Minieum, 2¥
(d}

Figure 2. Illustration of dividing an image box into
two triangle boxes with four patterns: (a) upper
right diagonal, (b) lower right diagonal, (c) upper

left diagonal, and (d) lower left diagonal.

On the other hand, the box-counts ngof the lower
right diagonal is equal to 42 and of the upper right

diagonal is equal to 34. Then p: is calculated by



averaging 42 and 34. The result is 38. Finally, in this
case the box-count a4/ j) of this image box equals
to o based on the criterion in (8). When compared
with the square box partition as explained in
previous subsection, the box-count ndj j) is 38,
which is less than 42. This proves that the triangle
box partition can overcome the overcounting

problem.

4. EXPERIMENTAL RESULTS

In order to evaluate the efficiency of the improved
triangle box-counting method in terms of accuracy
of FD estimation, the experiments are set up as
follows. 16 Brodatz texture images with 512512
pixels as shown in Figure 3 are used to evaluate the
performance of algorithms. The  baseline
algorithms are DBC [4], IDBC [5], and ADBC [6]
methods implemented with simulation
programming. The accuracy of FD estimation is
evaluated by Fitting error £ as defined in (8) to
measure the least square linear fit of log(As) versus

log(1/5).

E=1

= i(mxr +C_yi)2
n\o il+m2i

8

where m, X, ¥, and ndenote a slop of graph, a value
of log(1/s), a value of log(ny), and a number of
samples, respectively.

The triangle box partition is applied to baseline
algorithms, including DBC, IDBC, and ADBC, and is
implemented with simulation programming.
Therefore, there are three improved triangle box-
counting algorithms. That is, the DBC with triangle
box partition (TDBC), IDBC with triangle box
partition (TIDBC), and ADBC with triangle box
partition (TADBC) algorithms. As illustrated in
Table 2, the experimental results reveal that all
proposed algorithms outperform the conventional
DBC, IDBC, and ADBC algorithms. A comparison of
accuracy illustrates that the TDBC, TIDBC, and
TADBC methods can estimate fractal dimension

with much smaller fitting error when compared to

DBC, IDBC, and ADBC methods, respectively.

Table 2. A comparison of FD estimations and fitting errors of the proposed and baseline methods.

T — DBC [4] TDBC IDBC [5] TIDBC ADBC [6] TADBC
FD Fit.Err. FD Fit.Err. | FD Fit.Err..  FD' Fit.Err.. | FD° Fit.Err. FD  Fit.Err.
dos 243 0.0894 244 . 0.00870 |2.55 - 0.00820 - 255  0.00742 [ 252 000104 251  0.00097
d11 265 001111 264 ~ 001047 [274 001104 273 001037 | 280 ~ 000075 278 0.00074
d23 250 001657 250 001635 |260 = 001561 260 ~ 001506 | 268 000118 266 0.00119
d3s 264 001131 263 001056 (272 000998 272 000929 | 277 000086 275 0.00083
dss 264 001268 263 001204 (273 001270 272 001199 | 283 000084 281  0.00081
dse 252 001559 251  0.01491 262  0.01503 261 0.01424 | 269 000121 268  0.00118
de2 246  0.01887 246  0.01836 |2.55 001649 255 001617 | 263 000118 262 0.00121
ds9 255 001099 255 001076 |2.64 000990 2.64 000915 | 267 000073 265 0.00072
d71 260 001116 259 001036 |265 000809 265 000720 | 266 000071 265 0.00071
dg9 247 001707 247  0.01667 |2.55 001443 255 001357 | 259 000123 257 0.00117
dso0 243 001639 242 001527 [252 001356 251 0.01241 | 255 000109 253  0.00103
do1 229 001504 228  0.01403 238  0.01053 238  0.0093%9 |233 000127 232 0.00120
ds3 267 000839 267 0.00808 |276 000805 275 000768 | 279 000092 278  0.00090
d98 242 001516 241 001403 |254 001447 253  0.01332 | 258 000128 256  0.00121
d99 245 001689 244 001588 |2.52 001341 252 001258 | 254 000121 253 0.00115
d100 266 001139 266 001121 |275 001152 275  0.01117 | 283 000081 282 0.00077




Figure 3. Brodatz texture test images.

5. CONCLUSIONS

In this paper, an improved triangle box-counting
approach has been proposed to increase the
accuracy of fractal dimension estimation for gray-
scale images. This method provides the double
precision For box counts by simply dividing square
boxes into two equally triangle boxes. Thus, it can
solve the overcounting issue and enhance the
accuracy of the FD estimation. The proposed
method is evaluated its performance in terms of
fitting error. Based on the experimental results,
the proposed method outperforms the existing
methods,

including differential box-counting

(7]

(DBQ), improved DBC (IDBC), and box-counting
with adaptable box height (ADBC) methods.
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