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ABSTRACT

In conventional (non-adaptive) control design, a controller structure (e.g., pole placement)
is chosen first, and the parameters 01‘; the controller are then computed based on the known
parameters of the plant. In adaptive contrel, the major difference is that the plant parameters are
unknown, so that the controller parameters have to be provided by an adaptation law. As a result,
the adaptive control design is more involved, with the additional needs of choosing an adaptation
law and proving the stability of the system with adaptation. This report presents the following
topics: An Example of Adaptive Control, Single Link Manipulator System Model, Derivation of
v, which gives examples of treatment of the theory of Adaptive Control and Tuning Function
Design. In order to see the usefulness of these theory we apply them to the position control of a

single-link direct-drive manipulator actuated by a permanent magnet brush dc motor.
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Chapter 1

Introduction

1.1 Emergence of adaptive control

Attempts to invent, design, and build systems capable of controlling unknown plants or

adapting to unpredictable changes in the environment have a long and rich history.

Major advances of the control theory in the 1950s and 1960s encouraged the thinking

about more sophisticated forms of the feedback system.

Adaptive control is one of the idea conceived in the 1950s which has firmly remained in
the mainstream of research activity with hundreds of papers and several books published

eVery year.

1.2 Purpose of our project

To study characteristics of nonlinear control theory consists of stability theory, adaptive

backstepping, tuning function design and their applications.
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1.3 Anticipated resulting

To be able to apply stability theory and to be able to use it in stabilizing to the system,
to be able to control escillation of structures such as elevator rail, based of bridge, tall

building, robot arm.



Chapter 10

Conclusion

10.1 Conclusion

Adaptive Control

The result from applying adaptive contro! techniques : adaptive block backstepping
and tuning function to the system of single link manipulator robot arm were written in
form of block diagrams Figure 8.2 and Figure 9.5. The simulation results confirm that
regulation of angular position can be obtained using adaptive block backstepping and
tuning funciton controllers. Overparametrization in adaptive block backstepping scheme
can be removed by using tuning function scheme instead. Simulation result also agree

well with the theory.

116



Chapter 2

First Order Linear System

2.1 First Order Linear System with Unknown Con-

stant Parameter

Consider the first order linear system of the following form
i =u~—0z (2.1.1)

where ¢ is a positive unknown constant as shown in Figure 2.1 This system is as-
ymptotically stable (the equilibrium point z = 0 is an asymptotically stable equilibrium
point) even when there is no external control input, that is, u is zero. The solution of

this system is

t
z(t) = z(0)e™% + e_etf e®u ds.
0

Therefore this system is uninteresting. What if the system we have is unstable to begin

with? Consider the following system

T=1u+0z (2.1.2)
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Figure 2.1: Linear Scalar Plant (2.1.2)

where 0 is a positive unknown constant. From {2.1.2} we have

t—0r =u

then by multiplying both sides with integrating factor e~ we get

e %% — pe %y ue %
d d _ _
“"d—t:c(t)+ = Brt) = e ®u(t)
L (e oaft)) = eu)

dle™®z(t)) = e *u(s)ds

[:th(e‘a’x(s)) - f e~0u(s)ds
[

e—0su(s)ds
0

f ~83,(s)ds

T — GtI B(t—s)u d
(®) e (0)+[; e (s)ds

t-bl
b

3]
—
2y
—

2]
—_—
(=)
~—

I

Unlike the system in (2.1.1), this system in (2.1.2) is unstable when » = 0.

What control law u will stabilize the system in (2.1.2)7 If an a priori bound & on |8
were known, |#| < 8, then 4 = —28z would be a linear stabilizing controller. The system
(2.1.2) with u = —282 would becomes

—(28 - ).

Its only equilibrium point, z = 0, would be asymptotically stable since 2§ — § > 0.

(Its stability would be able to be investigated using phase line.) If such a bound is not
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known, no linear controller can be designed to guarantee stability of (2.1.2). For example,

if u = —kzx, where k is a positive constant, were applicd; the system (2.1.2) would becomc
T =—(k -8z,

and the only equilibrium point, £ = 0, could not be guaranteed to be asymptotically
stable due to the fact that the constant 8 was not be known. If the value of & picked
were less than that of 8, then the equilibrium point = = 0 of the resulting system would

be unstable.

To examine whether a static nonlinear controller can help, let us try the controller
w=—kiz — kyz®. (2.1.3)
where k1 > 0, k2 > 0. The resulting feedback system is

&= (0 — ky)z — k. (2.1.4)

v

Figure 2.2: The resulting feedback system (2.1.4)

For 6 > ki, the equilibrium z = 0 is unstable, but the nenlinear term —ky23 prevents
x(t) from growing unbounded. It is easy to see that z(t) will converge to one of the
two new equilibria i\/% . Thus, the static nonlinear controller (2.1.5) has achieved
boundedness of z(t) without any knowledge of a bound on 4. Qur goal is more ambitious

than just boundedness of z(t). We also want to achieve its regulation: tlim z(t) = 0. Can
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this be accomplished by a dynamic nonlinear controller? The answer is affirmative: One

such controller is

1= —(p+§)z, £ =z (2.1.5)

where p > 0 is a design parameter. The resulting feedback system is of second order:

T = —(p+&x+ 0. (2.1.6-a)

£ = z% (2.1.6-b)

Its stability properties can be checked by examining the derivative of the Lyapunov

function

V(z,§) = %aﬁ + %(5 — 0y, (2.1.7)

which turns out to be nonpositive:
V = —pz? — €2 + 022 + (€ — 0)z% = —pT°. (2.1.8)

Thus, V(z(t), £(t)) evaluated along the solutions of (2.1.6-a), {2.1.6-b) is a nonincreasing

function of time. This proves that z(¢) and £(¢) remain bounded for all ¢ > 0. The

proof that tlim z(t) = 0 is also achieved can be given using Lasalle-Yoshizawa theorem
— o

(Theorem A.1).

How was the dynamics nonlinear controller (2.1.5) conceived? Not as a nonlinear con-
troller, but rather as a parameter adaptation scheme! Its dynamics part £ = #? is, in
fact, an update law for £ as an estimate of 8. Consequently, the estimation error £ — 4 is

penalized in Lyapunov function (2.1.7).



Chapter 3

Feedback Linearization and zero

dynamics

3.1 Feedback Linearization and zero dynamics

One of the popular methods for nonlinear control design is feedback linearization, which
employs a change of coordinates and feedback control to transform a nonlinear system

into a system whose dynamics are linear (at least partially).

A great deal of research has been devoted to this subject over the last two decades, as
evidenced by the comprehensive books of Isidori [4] and Nijmeies and Van der Schaft [12]
and the references therein. Since feedback linearization is not a goal pursued in this

book, we only briefly review some concepts needed for the remainder of the chapter.

For maximum accessibility we avoid the direct use of differential geometric notations,

but we still refer to those notations for references.

Let us consider the nonlinear system.

£ = f(z)+g(z)u, zeR" uekR

Mz), yeER (3.1.1)

<
1l
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where f, g, h are smooth (that is, infinitely differentiable) vector functions.

The derivative of the output ¥y = h(z) is given hy:

Leh Lohu
i = 2@+ o @) (3.12)

If ?(IQ)Q(IO) # 0, then the system (3.1.1) is said to have relative degree one at x.
T

In our terminelogy, this implies that the output y separated from the input u by one

integrator only.

If ?—h{lg)g(ﬂfo) =0, there are two cases:

Oz

(i) If there exist points x arbitrarily close to zy such that %(z)g(z) # 0, then (3.1.1)

does not have a well-defined relative degree at zo.

Oh
(ii) If there exists a neighborhood By of o such that 3—(27)9(.’1':) = 0 for all z € By,
z

then the relative degree of (3.1.1) at zop may be well-defined.

In this case (ii), we define

hix) = @), dale) = 5

x

(z)f(z) = Lsh (3.1.3)

and compute the second derivative of y:

o ({Ohf d (Ohf

5 (30) 7 5 (3 )

Mo Oy

o (@)f(2) + 52 (@) (z)u. (3.1.4)
If %’%(zo)g(zo) # 0, then (3.1.1) is said to have relative degree two at z.

Oty

(z)g(z) = 0 in a neighborhood of zy, then we continue the differentiation procedure.

Definition 3.1 The system (3.1.1) is said to have relative degree p at the point x, if

there erists a neighborhood By of Ty on which

2 2)(2) = P2 (a)(e) = - = 2 @) = 0 (3.15)
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v,

5, (2)9(z) # 0, (3.1.6)

where

311)1 1

i(z) = h(z),  dilz)=——(@)f(z), 1=2,...p (3-1.7)

if (3.1.5) and (3.1.6) are valid for all x € R", then the relative degree of (3.1.1) is said
to be globally defined.

Suppose now that (3.1.1) has relative degree p at ;. Then we can use a change of
coordinates and feedback control to locally transformi of this system into the cascade

connection a p-dimensional linear system and an (n — p)-dimensional nonlinear system.

In particular, after differentiating p times the output y = h(z), the control u appears:

P = L&A )G E @) )
Wo () 1(2) + 2 @)oo = v (3.1.8)
1#

Since —*= g # 0 in a neighborhood of x5, we can linearize the input-output description

of the system (3.1.1) using feedback to cancel the nonlinearities in (3.1.8):

1 o
—2(z)f(z) + v]. (3.1.9)
JECTES )[ O ]

Then the dynamic of y and its derivatives are governed by a chain of p integrators:

y(ﬂ) = .

Since our original system (3.1.1) has dimension n, we need to account for the remaining

n — p states.

Using differential geometric tools, it is easy to show that it is always possible to find n—p

functions ,41(),. .., ¥n(z) with %ﬁ(m)g(z) =0,i=p+1,...,n such that the change
T
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of coordinates

G
C2

S

Cp+1

Cn

is locally invertible and transforms,

(3.1.1) into
G
Co-1
¢,

Cor1

n

10
= y= h(.’l") = V‘)l(*’r)'
=y = (),
— ) =), (3.1.10)
= ¢p+1(ﬂf),
= "l)n(l')

along with the feedback (3.1.9), the nonlinear system

G2

S

v

Vet 2) (2) = dpua(0)

(3.1.11)

Y
Orx

G

(z)f(z) = ¢a(¢)

as a cascade connection of a chain of p integrators with an (n — p)-dimensional nonlinear

system, this system is a special case of the cascade systems to which we will apply

backstepping in the following chapters.

The states (,41, ..., {, of the nonlinear subsystem in (3.1.11) have been rendered unob-

servable from the output y by the control (3.1.9). Hence, feedback linearization in this

case is the nonlinear equation of placing p poles of a linear system at the origin and

canceling the (n — p) zeros with the remaining poles.
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Example 3.2 consider second order linear time invariant system

HEPNINEHE
ol

T = Az+bu
Taking Laplace transform, we obtain

so we can get Y(s) = c(sI — A)7'b or

s+1 -1 1
[a @]
Y(s) | 0 s+1 1
U(s) s24+2s+1

s+ 2
exy
_s+1

s24+25+1
_ca(s+2)tels+1)
- s2+2s+1
(1 + c)s + (2¢; + ¢2)
s2+25+1
5+5
$2+25+1

relative degree = 1

11
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fromy=v

Y = %
= c( Az + bu)
= cAz + clu
1
U= EB(—CAJ: +u),cb=1

1
= I(—CAI +v)

or

which in the form

u =—-kr+v
CI=I,C2=5
1
cb=[4 —3] =1#0
1
relative degree =1
y=cx

r=Ar+ b, u=—kz+v
t = Az + b(—k)z + bv

&= (A —bk)z+ bv

12
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Example 3.3 From the last ezample now we will do the feedback lineariation. Consider

again the system

Jf]_ -1 1 kil 1

Il
+
«

le2 0 -1 Ty 1

which we can write in the form

T =—-IT1+x2+u
f2=—1:2+u
y=4I1—3I2

we know that relative degree = 1. We pick the control u as in (3.1.9), that is
1 I
ot [ ]
T2

=4I1-—7I2+‘U

which will render
U = 45, — 3%,

= 4(—$1+I2+’U) —3(“.’172 +’1.L)
=—4r+Tes+u ,u=4ry —Tro+ v

=

Ca=1T1 — Ty
(2 =21 — 2
Cz = —x; + 2z,
46y = —41) + 8z,
= —(4r; — 8z5)

= -—"(41.‘1 - 3I2 - 5.’62)
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To findx ,xiny=0C, (& form

y=0C =4r — 3T

G =1T) — I3

HENIN
HEIN

Ty =G — 3¢
T3 = () — 4G
Then we put
Ty =6 —3CG ,

Ty = —~4¢ in — (4z; — 312 — 513)

We have now ¢ = {3 — 5

~

V——’U._’;

T £
s+ 5

Figure 3.1: Example of Feedback Linearized system.

Of course, to guarantee stability, the cancelled zeros must be stable.

14
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In the nonlinear case, using the new control input ¥ to stabilize the linear subsystem of
(3.1.11) does not guarantee stability of the nonlinear whole system, unless the stability

of the nonlinear part of (3.1.11} has been established separately.

When v is used to keep the output y equal to zero for all ¢t > 0, that is, when {; = - -

(n» = 0, the dynamics of {,41,...,(, are described by

Cp+l = ¢’p+1(0’ s -»O:Cp+1’° o v&n)

(3.1.12)

Go = B0,...,0,Cor1r s Cn)

They are called the zero dynamics of (3.1.1}, because they evolve on the subset of the
state space on which the output of the system is identically zero. If the equilibrium at
Cprr = -+ = {, = 0 of the zero dynamics (3.1.12) is asymptotically stable, the system
(3.1.1) is said to be minimum phase. With a slight abuse of notation, we will refer to
the ((p+1, ..., (u)-subsystem as the zero dynamics subsystem of (3.1.1}, even when &, ..., §,

are not zero.

Example 3.4
$'1 —5 2 I 1

il
+
1S

1152 0] -4 T 1

y(s) _ _ -1
@—G(s)—C[sI—A] B
2s+11

~ (5+4)(s+5)
then relative degree = !

In (3.1.1) the output y = h(z) is prespecified, possibly from a tracking objective, and the

resulting cascade system is linear from the input v to the output y. This linearization
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process is usually called input-outputl feedback linearization [4]. 1f our goal is only to
design a stabilizing controller, we may attempt to find an output with respect to which
the relative degree is p = n. If such an output exists, the whele system is linearized
without zero dynamics. This process is referred to as full-state feedback linearizalion
(2, 3, 5, 17]. If such an output cannot be found, then we may leok for an output which
yields the highest relative degree, and thus results in a cascade system whose linear
subsystem has the highest dimension {11]. It is desirable that with respect to the chosen
output the system be minimum phase. The importance of this property will be clear in

the following chapters which address problems of stabilization of cascade systems.
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Chapter 4

Stabilization of cascade systems

4.1 Stabilization of cascade systems

We now consider cascade connections in which the nonlinear system is globally stable,
but the input subsystem is more complex than just an integrator. We begin with the

case where the input subsystem is linear:

g = f(z)+g(z)y, f(O)=0zeR"yeR (4.1.1a)
§ = A+ Bu, y=hK (4.1.1b)
We assume that when y = 0 the nonlinear system (4.1.1a) has a globally stable equilib-

rium at z = 0, and that an appropriate Lyapunov function V(z) ts known such that:

%%(:c)f(:c) <-W(z)<0. (4.1.2)

The problem is to stabilize the linear subsystem (4.1.1b) without destabilizing the non-
linear subsystem (4.1.1a), and, if possible, to achieve GAS of the equilibrium of (4.1.1)
at (0,0). that is,

(z,£) = (0,0)

This problem is not solvable in general. Here it will be solved by requiring the input

subsystem (4.1.1b) to have the following passivity property

17

83107
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Assumption 4.1 The triple (A, b, 1) is feedback positive real (FPR), that is, there exists
a linear feedback transformation u = K€ + v such that A + 0K is Hurualz and there are

matrices P > 0,Q > 0 which satisfy

(A+bI)TP+ P{A+ bK)

]
I
O

(4.1.3a)

Pb = AT (4.1.3b)

A sufficient condition for FPR is that there exzists a feedback gain row vector K such that

(1) A+bK is Hurwitz,
(2) the transfer function Z(s) = h(sl — A — bK)~'b is positive real (PR), and

(8) the pair (A + bK, h) is observable.

It should be noted from (4.1.3b) that the relative degree of PR transfer function is one
because bT Pb = hb > 0.

Lemma 4.2 (Stabilization with FPR) Let V(z) be a Lyapunov function for (4.1.1a)
satisfying (4.1.2). If the triple (A, b, k) is FPR, then a Lyapunov function for the cascade

system (4.1.1) is
Va(z,£) = V(z) + £ PE, (4.1.4)

and the corresponding control law

¥ = ao(z,6) = K& — %%‘g (z) (4.1.5)

r(t
quarantees that (®) is globally bounded and converges to the largest invariant set M,

£(t)

T
contained in the set E, = ER™|W(z) =0,Q76 =0 ). If W(z) is positive
3
definite, that is, if the nonlinear subsystem (4.1.1a) wnth y = 0 has a globally asymptoti-

cally stable equilibrium at x = 0, then the equilibrium x = 0,£ = 0 is also GAS.
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19V
Proof Using (4.1.2) and (4.1.3a) and denoting u = K& + v with v = -—ﬁag(z) from

(4.1.5), the derivative of Vo(z,£) 15

Vo = Z@U@ + gl
+ET P A+ bIOE + bu] + [(A + bIC)E + bu]T PE

by (4.1.2) and (4.1.3a)

oV

< —W(a) + o (2)g(z)y — £7QE + 26" Pbu
by (4.1.3b)
= W)+ 5 @l - €708 +2 |- 3 ot

-W(z) - €7Q¢ <.

Since V, is positive definite, radially unbounded and has a negative semidefinite deriva-

tive, z(f) and £(t) are globally bounded.

Furthermore LaSalle’s theorem (Theorem A.2) guarantees convergence to the largest

invariant set M, in the set E,.

If, in addition, W{z) is positive definite, then the global asymptotic stability of z =
0,£& = 0 is shown using Corollary A.1.3. From the positive definiteness of W{z), the set
E,, on which V, =0, is given by E, = {{z, )|z = 0,Q%¢ = 0}.

|4
Since V(z) is positive definite, it has a minimum at z = (), and thus %——(O) = 0. This
jes
18V
implies that on the set E, the control term v = 2% (z) vanishes.

Hence, on the set E, the state £(t) satisfies

E=(A+bK)E, Vi(z,6)=¢€TPe. (4.1.6)
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But V, is constant on E,, which means that £7 P€ must be constant on E,. Since A+bK
is Hurwitz, £ = 0 is the only solution of £ = (A + bIC)€ that satisfies €T PE = constant.
Thus, € = 0 on the largest invariant set contained in E,. This implies that this invariant
set M, is just the equilibrium z = 0,£ = 0, which by Corollary A.3, is GAS.

The stabilizing control law (4.1.5} consists of two terms, one linear and one nonlinear.

The purpose of the latter is to preserve the stability of the nonlinear subsystem.

Example 4.3 For a comparison with backstepping, let us first examine the second-order

system stabilized in Frample B.3:
T = ¢ (4.1.7a)
£ = u (4.1.7b)

In this system we have f(z) =0, g(z) =z, A=0, B =1 andy = £. Using V(z) = z?
we see from Example 4.1.2 that W(x)} = 0. The FPR condition is trivially satisfied and

the stabilizing control law is
u=—kf—z% k> 0. (4.1.8)

With k = 1 this is the same control lew as (B.1.38) obtained by backstepping with a(z) =
0. We know from Ezample B.3 that this control law achieves GAS of the equilibrium
(z,§) = (0,0).

Nezxt we consider a third-order system to which backstepping is not directly applicable:

T o= z{&+&) 2y (4.1.92)
& = & (4.1.9b}
& = w (4.1.9¢)

Inthiscase BT = [0 1) andh=[1 1], so that the condition (4.1.3b) yields

o
—

=1
= o (4.1.10)

P2 = 1.

P P2

ok
—

Pn Poz
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With this case restriction on P and with K = [ —k, —k, |, (4.1.3a) results in
~-2ky pu — ki — kg _ | m o (41.11)
pu— ki =k 2 — 2k fi2 g22

For the simplest choice qi1 = g = 1 and q12 = O we get ky = 0.5, ky = 1.5, pn; = 2.
Then the control law (4.1.5) is

13,
= _2f — &, — 1% 4.1.12
u 251 252 z ( )
The equilibrium (z,£,,&) = (0,0,0) is GAS because Q = 1 is positive definite. a

Example 4.4 Let us now consider a system in which £ = f{z) has a GAS equilibrium

at =0

f = —-3-73 (h1&) + haba) (4.1.13a)}
e —
)
& = & : (4.1.13b)
&£ = u (4.1.13¢)

When h; = 0 this system is stabilizable by two steps of integrator backstepping as in

corollary (B.4). Thus, the case of interest is when h; # 0 and hyhy > 0 such that Ay > 0,
hos + hy

> of the linear
s

hz > 0. This includes the case i; = 0 when the transfer function

part is only weak minimum phase [14] because it has a zero at s = 0.

01 0
00 1

s 1 0
0 s 1

52

Z(s) = hsI~A)"=[h h,]

th + hy
32
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Choose a feedback u = —k & — k€2 + v with Kk, k2 > 0 which makes the polynomial

q{s) = s% + kys + k) Hurwitz and denote p(s) = h; + hgs.

. [ 0 1 0
£ = £+ u, u=—ki& — ks +v
_0 0 1

. 0 1 0
§ - vl v

0 = 32+k28+k1

—kp £ JKE — 4k,
2 ]

ko >0

—k
SR(s) = ~§E < 0, with kg > 0, then ¢(s) is Hurwitz.

h
We can choose k; = a? and k; = 2a, with a > h—l, so that the transfer function Z(s) =
2

p(s) . .
——= is positive real
a(s) °F
ky=a® and k,=2a
p(s) . h
Z(s)=—= 1s PR i > —
e F e
hi + has
Note: >0 h2> T 2L 9eq a2
ote: assume /iy >0, hy >0  Z(s) 2+ 2as 4 a2
s= 04w Z(s) (hl + th’) + jhzw

{02 + 200 — w? +a?) + j2w(o + a)
{(h1 + hoo) + jhow]{(0? + 2a0 — w? + a?) — j2w(o + a)}
(6% + 20 — w2 + 22§ + [2w(0 + a))?
(hy + ha0)(0? + 2a0 — w? + @%) 4 2how?(0 + a)
(02 + 200 — w? + a?)? + [2w(o + a)?

Z(s) =

R{z(s)} =

.. For Z(s) to be P.R. we must have
(hy + hoo)(0? + 2a0 — w? + a®) + 2haw?(0 +a) >0, Yo >0
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This can be achieved by nothing that when o =0

hl (a2 - wz) + 2h2wza 2 0
h1a2 + w2(2hga - h],) > 0, h102 > 0
2hpa—-hy =2 0
2h2ﬂ', 2 h]
hl
>
¢ = 2hq
hy hy .
Ifea > — > —- and when g > 0, the increased term
hy = 2hs

(ht + heo)o + 0)? — hw? — haow?® + 2how?s + 2haw’a

li

(h1 + hzo)(o + a)* + hoow? + w?(2hea — Ry) > O
2haa—h; > 0
2haa > My

a = -Qh—}:;

Ifa> %1- then a > 5’-;5— So the value of R {Z(s)} is always > 0.
2 2

A, =A+bK is Hurwitz.

Z(s) = h(sl — AyK) b is P.R.

(A + bK, h) is observable

. hy ha
—hoky Ry — hoky
det O = h?—hhoks+ Rk
= h} - shihea + hia®
= (h] - hm)z 2 0
det O#0&h; # haa
hy
a 75 E
h[ h-l h'l
> — d — — i i
a Sy and a# ” =a> ™ is more strict.

23
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We can then write (4.1.13a) as £ = [ + gy, f = g = ~z*. Clearly, z = 0 is a GAS

equilibrium for £ = f, so the conditions of lemma (4.2) are satisfied. Using V(z) = z*

in (4.1.5), we obtain the control law

a{r2
=)
—~

1w =—a% — 2a& + z . (4.1.14)

(L

The situation is quite different when h hy < 0, that is, when the transfer function

Z(s) = %, is nonminimum phase. Then, Lemima 4.2 does not apply. In fact, a
q(s

detailed calculation given in [9] shows that in this case the system cannot be globally

stabilized.

The FPR property is a passivity property. Its nonlinear counterpart will be employed in

the stabilization of the nonlinear cascade

& = f(z,6)+g(z,8)y, f(0,§)=0, VEE€RI, z€R", ycR (4.1.15)

£ = mE)+BEu, y=h(&), h0)=0, £cR’, ueR (4.1.15b)

Our key assumption is that (4.1.15b) can be rendered passive or strictly passive (cf. Ap-

pendix C) via a feedback transformation u = &(£) + r(&)v.

Definition 4.5 The system
E=m(E)+B(E)u, y=h(€), hO0)=0, £cRY, ueR (4.1.16)
is said to be feedback passive (FP) if there exists a feedback transformation
u=k() +r(& (4.1.17)

such that the resulting system £ = m(€) + B(EK(E) + B(E)r(E)v, y = h(€) is passive

with a storage function U(£) which is positive definite and radially unbounded:

]D y(o)(o)do > U(E(L)) - U(E(0). (4.1.18)
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The system {4.1.16) is said to be feedback strictly passive (FSP) if the feedback (4.1.17)

renders it strictly passive:

fo ylo)v(o)do 2 U(£(t)) — U(E(U)Hfo P(£(o))do, (4.1.19)

where ¥(-) s the positive definite dissipation rate.
As in the linear case, FP systems of the form (4.1.16) must have relative degree one.

Lemma 4.6 (Stabilization with Passivity) Let V(z) be a radially unbounded Lya-

punov function for T = f(zx,£) satisfying

av
dz

and let (4.1.15b) be FP as in Definition 4.5. Then, a Lyapunov function for the cascade

(2)f(z,) < -W(z) <O,VEER", VEER (4.1.20)

systern (4.1.15a) is
Va(z,€) = V(z) +U(8), (4.1.21)

and the corresponding control law
av
u = aa(z,) = k(E) - r(6)5-(z)9(z,6) (4.1.22)

z(t)

guarantees that [
£(¢)

J i3 globally bounded and converges to the largest invariant set

_ _ T
M, contained in the set E, = { [
£

(4.1.22) guarantees convergence to the largest invariant set M, conteined in the set E, =

{Hem

definite, that is, if £ = f(z,£) has a GAS equilibriurn at z = 0 uniformly in £, then the
equilibrium £ = 0,€ = 0 of (4.1.15a) is also GAS.

J c ]Rn+q

W(z) = 0}. If (4.1.15b) is FSP, then

Wi(z) =0,f = 0}. Finally, if (4.1.15b) is FSP and W(z) is positive

The closed-loop system (4.1.15) with the control (4.1.22) is

o= f(z,6)+9(z.E)y
£ = m(&) +BOKE) + BE)(E (4.1.23)

y = h(¢), v———-a;(m)g(zaé)-
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av
V(z) P.D. and R.U. Lyapunov function for & = f(z,£) satisfying E(I)I(l'f) <
-W(z) <0,vz € R*, V€ € R,

V—aVU+mﬁ< W(%+@%J——W(%Hw (4.1.24)

f%()(ﬂo>V(( o+ [ Wielo) (4125
¢}

", ¥y is passive since W(z) > 0. From Theorem C.1.4 we conclude that the negative
feedback interconnection of £, and ¥, is passive with the positive definite and radially
unbounded storage function V,(z,£) = V(z)+U(£). Lemma C.1.3 then states that z = 0,
£ = 0is a globally stable equilibrium of
& = f(z,§) +9(z, Oy
€ = ml&) +BEKE) + BEOrE)
av
y = hE), v=-T (@)
To see that W(z) — 0 as t — co, we differentiate [y(o)v(o)d{o) > U(£(t) — U(£(0))
14
and combine the result with %—I-(;c)f(:c,f) <-W(Iz)<0ovreR", VEeR:
; A4
Vo = VAU =(f+gy) +yv
dz
av
< -W(z)+ oIy Ty = -W(z) <. (4.1.26)
Then, LaSalle's theorem (Theorem A.2) guarantees convergence to the set M, C {W(z) =

0}. If (4.1.15b) is FSP; that is,

'/Dt (o)v(e)de > U(£(t)) / P(€ (4.1.27)
we replace (4.1.18) by (4.1.27). Then (4.1.26) becomes

U € =W () = 9(¢) (4.1.28)
which, since 1(£) is positive definite, guarantees convergence to the set M, C {W(z) =
0,€ = 0}.
Finally, if W(z) is also positive definite, we conclude from (4.1.28) and Theorem A.1 that
z =0, =0 is GAS.
(Ve = v(z)+ U(&is p.d. and R.U. in)(z,&)

Vo = V+U<-W(z)— ()
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Example 4.7 consider the cascade system:

i = —z(l4+ef)+ € (4.1.29a)
é = fu (4.1.29b)
y = &

The choice of oulput y = &* satisfies all the conditions of Lemma 4.6. First, (4.1.29b) is
FSP: The feedback
u = —€+v (4.1.30)

. 1
results in § = —€*+€v, y = &7, which is strictly passive with storage function U(£) = 552,

since
U = - -tw=-t'+yp (4.1.31)
implies that
[ sontort > Uiy - vison + [ et (4132)
Furthermore, (4.1.29a) can be represented in the form (4.1.15a} with
f(z,8) = —z(1+6Y), g(z,6) =23 (4.1.33)
and (4.1.20) is satisfied with V(x) = %:52, ie.,

@158 = sla(1+ )

= —z}(l1+e')<-2?=-W(z)<0, VzxeR,VeeR
W(z) = z?

Applying Lemma 4.6, we conclude that the control
y=—£2 - g (4.1.34)

guarantees GAS of x = 0, £ = 0. Indeed, the dervative of the cif V,(z,£) = %(.’c2 + &%)

18 negative definite:
Vo= —2*(1+e) +2'¢ — ¢ ~ 2% < 2 - ¢*, (4.1.35)

a



Chapter 5

Block backstepping with zero

dynamics

5.1 Block backstepping with zero dynamics

Integrator backstepping (Lemma B.2) is a recursive design tool. Now we want to develop
a similar tool for feedback stabilization of a system augmented by a dynamic block more

complicated than just an integrator.

At first glance, it may appear that the cascade design in the preceding chapter provides
us with such a tool. Not quite! The achievement of the cascade design is in being able
to stabilize the input subsystem (4.1.1b) or (4.1.15b) without destabilizing the original
system. What if the original system is not stable? Can we cascade it with a complicated
input subsystem and still stabilize it in one step? We first show that this can be done
with a linear input subsystem that is a minimum phase system with relative degree one.

We then give a nonlinear extension of that result.

28
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Example 5.1 Let us start with an ezample in which we cascade the system (4.1.29) of

Example 4.7 with a linear minimum phase system:

1 = —z{1+€e*?) + zix?
z-subsystem:
Iy = Iy
£ = & (5.1.1)
£-subsystem: éz = u
y = H+8&.
. . 8+ . .
The transfer function of the inpul subsystem is 3 and its zero is at s = —1.
One of its minimal realizations is
y = y—&Ltu (5.1.2a)
& = —&+v. (5.1.2b)

Its zero dynamics, that is, the dynamics constrained by y(t) = 0, are described by & =
3t

The cascade design of the preceding subsection is not applicable to (5.1.1) because the
equilibrium z = 0 of the x-subsystem with y = 0 1s unstable: T3 = 29y andy = 0 = z,

can be constant and xz # 0. Such as, zo = 2:

—z1(1 + &) + 4z} = az? - bz,

1

T

b
= anfzi--)  eb>0
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linearizing around (z,z2) = (0,0),

T, = —:51(1+1+232+%T1+‘..)+:c?:c§
T2 = 0
we obiain
5 = -2
Ty = 0
or

-2 0
T = z.
0 0
marginally stable

To circumvent this obstacle, we first convert (5.1.2a) into an integrator via the feedback

transformation

u = —y+&+v, (5.1.3)
N —
—§2

where v is our new control variable. The system (5.1.1) is then rewritten as

£ = —z1(1+ €™) +z}75

Ty = Zoy (5.1.4)
v = v

& = ~&+u.

Now the subsystem consisting of the first three equations in (5.1.4) is in a form convenient
for integrator backstepping. From Ezample 4.7 we already know that the z-subsystem can

be stabilized with y as its virtual control {cf.(4.1.34)):
Ydes = Q(I) = —17: - x%- (515)

The corresponding clf is V(z,€) = 3(z} + z3). Hence, we can achieve stabilization and

requlation of x,, 22,y by a direct application of Lemma B.2. The resulting control law is

u = —(y+a]+23)~&-2aqy+4zi(l+ e —2igf) — 23 (5.10)
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This design ignored the presence of the zero dynamics subsystem £ = —€1 +y. However,
this subsystem is input-to-state stable (ISS) with respect to y, so that £, is bounded because

y is bounded, and moreover tlim £(t) =0 since tllnolo y(t) = 0.

é;:l = =L +y
G+& =
effi + ety = ey
d
E(Btfl) = ¢y

] t
cal, = [ evsas
0 0

[ evtsras

t
—t O —t 5 d .
et6,(0) + ¢ Aey@)s

e'&y(t) - £1(0)

£i(t)

Since lim y(t) = 0 then
t—oa

& = —G+y=-6

&(t) = 6_‘51(0) — 0, as t — co.

We now want to generalize the above example and formulate design tools which allow
the original system to be unstable when y = 0 and let us backstep more than a simple
integrator at a time. Since we want to be able to apply these tools repeatedly, each
lemma we formulate must guarantee for the cascade system all the properties assumed

for the original system.

As we will see, the constructed V,(z,£) for the cascade system does not include the zero

dynamics variables, but their boundedness is guaranteed by the boundedness of V..

Hence, we must reformulate Assumption B.1 to assume the same properties for the

original system, by including the case when V/(z) is not positive definite:
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Assumption 5.2 Suppose Assumption B.1 is valid with V{(z) positive semidefinite, and
the closed-loop system (B.1.17) with the control (B.1.18) has the property thal z(t) is
bounded if V(z(t)) is bounded.

Under this assumption, the control (B.1.18), applied to the system (B.1.17}), guarantees

not only global boundedness of z(t), but also regulation of W (x(t)):

From (B.1.19} we conclude that W(z(¢)) is integrable on [0, c0) and uniformly continu-
ous, and hence converges to zero by Lemma A.10. Furthermore, since all solutions z(t)
are bounded, we can apply LaSalle’s theorem (Theorem A.2) to conclude that z(t) con-

verges the largest invariant set M contained in the set E = {z € R*{W(z) = 0}.

The following fact is easy to prove:

Corollary 5.3 When Assumption B.1 is replaced by Assumption 5.2, then the bounded-

ness and convergence properties in part (ii) of Lemma B.2 still hold.

Lemma 5.4 (Linear Block Backstepping) Consider the cascade system

t = f(z)+g(zx)y, f(0)=0, zeR"*, yekR (5.1.7a)

£ = Ab+bu, y=hi (eRY, ucR (5.1.7b)
where (5.1.7b)} s a minimum phase system of relative degree one (hb # 0).

If (5.1.7a) satisfies Assumption 5.2 with y as its input, then there exisls a feedback control

z(t
which guarantees global boundedness and convergence of (®) to the largest invariant

£(t)

T
set M, contained in the set E, = € R™"\W(z) =0,y = a(z)
£
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One choice for this control is

= %{ — oy — afz)) — hAE+ %(z)[}'(z) + g(z)y)
- g—z(-’”)ﬂﬂ}’ c>0. (5.1.8)

Moreover, if V{(z) and W{z) are positive definite, then the equilibrium z = 0,£ = 0 is

GAS.

Proof We recall from [15] that the relative-degree-one SISO linear system (5.1.7b) can

be represented in the form
y = hAE+ hbu (5.1.9a)
¢ = Ao+ boy, (5.1.9b)
where the eigenvelues of Ag are the (stable) zeros of the transfer function
H(s) = h{sI — A)™?b

of the minimum phase system (5.1.7b). Using (5.1.9) and the feedback transformation

1
U= E(U — hAE), (5.1.10)
we rewrite (5.1.7) as follows:
t = flz)+g{z)y (5.1.11a)
y = v (5.1.11b)
¢ = AgC + boy. (5.1.11c¢)

We first ignore the zero dynamics (5.1.11c) and, using Corollary 5.3, apply Lemma B.2
to (5.1.11a)-(5.1.11b) to achieve global boundedness of z and y and regulation of W (z(t))
and y(t) — a(z(t)). In view of (5.1.10) and (B.1.23), one choice of control is given by
(5.1.8).
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Retuning to (5.1.11c), we note that ¢ is bounded because y is bounded and Ap is strictly
Huruntz. Thus, € is bounded. Since all solution of (5.1.7) are bounded, we can apply

LaSalle’s theorem (Theorem A.2) with 2 = R™*7 to conclude convergence to the set M,.

From Lemma A.1.8 we also know that if V(z) and W(z) are positive definite, then the
equilibrium =z = 0,y = 0 of (5.1.11a)-(5.1.11b), which is completely decoupled from
(5.1.11c), is GAS. The fact that in this case the equilibrium x = 0,€ = 0 of the cascade

system (5.1.7) is also GAS follows immediately from the following lemma:

Lemma 5.5 Consider the cascade system with ( € R™,z € R™:

{ = Aol +boy (5.1.12a)
z = f(z),f(0)=0
y = h(z),h(0)=0 (5.1.12b)

If (5.1.12b) is GAS and Ag is strictly Hurwitz, then the equilibrium { = 0,z = 0 of the
caseade (5.1.12) is GAS.

Proof From the definition of GAS (Definition A.9) we know that the GAS property of
(5.1.12b) implies the existence of class K Ly, function 8 and B, such that

Iz < B(1=(0)],2),  |w(®)] < Bi(l=(0)], ). (5.1.13)

The solution of (5.1.12a), on the other hand, are given by

(1) = e™*¢(0) + / t et boy(r)dr. (5.1.14)
0



Since Ap is strictly Hurwitz, we know that |e*| < kje

CHAPTER 5. BLOCK BACKSTEPPING WITH ZERO DYNAMICS

—ol

VA € o(Ag), Red; <@ & Ay is stricily Huruntz.

<  da > 0 such that of + Ay is strictly Hurwitz.

(e(arm{,)z _ Pe(n!+D)tP41)
lelel+40t < k) k) >0
le® et < Ky, Ty > 0
|e°t]eA“‘| <k,3k >0

et et < Ky, 3k > 0

t ¢ ¢ ¢ T ¢

Using this with (5.1.13) in (5.1.14), we obtain

1
KBl < leico)] + ] |00~y (7)dr

IA

1
ke C(0)) + k2 / e0=3, (12(0)}, 7)dr

IA

+ ke sup i) ) ] e~ t=7)gr
t/2

1/2¢7<t

A

£/2
O+ k(=(0,0) [ e ar
; 0

+ kay(|2(0)],t/2) ]:/2 ealt=r)g
— ke GO+ 2a(e(0), 021 — )
+ 220, la(0) /21 - e
1€7¢(0)] + %ﬁ1(|9:(0)|, 0)eot/2

+ 56 = 0), 12

5 ( ¢(0) | t),
z(0)

A

112

|e%] < kie™, 3k > 0,3 € [0, [Almen)-

ke ¢(0)] + ko SUP ﬂl (|=(0), T)] e~lt=7)dr
0<r
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where (33 is o class KLy function. Combining (5.1.13) with (5.1.15) proves that ( =
0,7 =015 GAS:

‘,t), B3 € K Loo. (5.1.15)

Comparing Lemma 4.2 and 5.4 we see that, instead of assuming global stability of z = 0
when y = 0, Lemma 5.4 assumes only global stabilizability of z = 0 through y. The
corresponding assumptions on the input subsystem, however, reveal the price paid for
this generalization: The minimum phase assumption of Lemma 5.4 is stronger than the
FPR assumption of Lemma 4.2, which allows some zeros to be on the imaginary axis,

that is, to be weak minimum phase.

Let as now examine the cascade system

i = —z(1+e)+ 1% (5.1.16a)
& = & (5.1.16b)
& = &u (5.1.16¢)

As we have already shown in Example 4.7, (5.1.16a)-(5.1.16b) is stabilizable through
y = &, while (5.1.16c) with this output is FSP. However, if we try to stabilize the
cascade (5.1.16), we run into difficulties because the relative degree of (5.1.16¢) is not

defined at & = 0.

This example shows that we need to assume that the input subsystem

£=m(&) +H(Eu, y=h(é), (5.1.17)

has a globally defined constant relative degree. For a nonlinear analog of Lemma 5.4, we

also assume that the zero dynamics subsystem of (5.1.17) is ISS.
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Lemma 5.6 (Nonlinear Block Backstepping) Consider the cascade system:

z = fl(z)+g(z)y, f(O)=0, ze€R", yeR (5.1.18a)

£ = m(z,E)+B(x,Eu, y=h(E), h0)=0 €E€RY uecR. (51.18b)

Assume that (5.1.18b) has globally defined and constant relative degree one uniformly in
z, and that its zero dynamics subsystem is IS5 with respect to x and y as its inputs. If

(5.1.18a) satisfies Assumption 5.2 with y as its input, then there exists a feedback control

T
which guarantees global boundedness and convergence of to the largest invarient
£(t)

set M, contained in the set

One particular choice is

8h -1 6h
u = (a_g(g)ﬁ(;g, 5)) { —c(y — a(z)) - B—E(f)m(f’:,&)
+ G OUE) +oloh] - Gr@a@ ], >0 (5119

Moreover, if V(z) and W(z) are positive definite, then the equilibrium z = 0,£ = 0 is
GAS.

Proof Since the relative degree of the subsystern (5.1.18b) is globally defined and equal

to one uniformly in x, there exists a global change of coordinates of the form (3.1.10), in

particular (y,() = (y, ¢(x,£)) with g—?ﬁ = 0, which transforms (5.1.18b) into
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j = g—gmmu,a+g—g<m,ou

é fl(I’yvC)+gl(I?y1C)u (51203)
¢ = Dol + sl + 2@ ome
((, z,y). (5.1.20b)

i

We now consider the cascade system consisting of (5.1.18a) and (5.1.20a). If we lincarize

(5.1.20a) with the feedback given by (3.1.9},

oh N[  Bh
U= ((‘T{ﬁ) ('u - 5_£m)’ (5.1.21)

we oblain 3 = v. Then we can apply Lemma B.2, with v as the new control input, to
quarantee global boundedness of * and y and regulation of W{(z(t)) and y(t) — a{z(t)).
From (5.1.20b) and the [SS assumption on the zero dynamics, ¢ is also bounded, and

thus £ and u are bounded.

Since all solution of (5.1.18) are bounded, we can apply LaSalle’s theorem (Theorem A.2)
with @ = R™7 to conclude convergence to the set M,. combining (5.1.21) with (B.1.23),

we see that a particular choice of control is given by (5.1.19).

From Lemma(A.1.8) we also know that if V(z) and W(zx) are positive definite, then the
equilibriuvm z = 0,y = 0 of (5.1.18a) and (5.1.20a), which is completely decoupled from
(5.1.20b), is GAS. The fact that in this case the equilibrium x = 0,£ = 0 of the cascade
system (5.1.18) is also GAS follows from Lemma C.4 by noting that the state (z,y) of
the GAS system (5.1.18a) and (5.1.20a) is the input of the ISS system (5.1.20b). O

Lemma 5.6 relaxes the global stability assumption of Lemma 4.6 to global stabilizability
of z = 0 through y. As in the case of Lemmas 4.2 and 5.4, however, the price paid for
this generalization is the strengthening of the FP assumption of Lemma 4.6 to the ISS

assumption of Lemma 5.6.



Chapter 6

Adaptive Backstepping

6.1 Adaptation as dynamic feedback

Consider the simplest nonlinear system
£ =u+ fe(x) (6.1.1)
where # is the unknown constant parameter.

Figure 6.1: Block diagram of the system (6.1.1)

Even if we do not know a bound for #, we can apply a nonlinear static feedback, as
explained in preceding section, to guarantees global boundedness of z(t). Now, we try

to achieve a system regulation by applying a dynamic feedback controller.
If § were known, the control
v=—0p(x)—czr, >0 (6.1.2)

would render the derivative of Vo(z) = Jz* negative definite: Vo = —c1z2. Of course the

control law (6.1.2) can not be implemented, since 8 is unknown. Instead, one can employ

39
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its certainty-equivalence form in which 8 is replaced by an estimate 0
u=—0pT - ¢,z (6.1.3)
Substituting (6.1.3) into (6.1.1}, we obtain
& = —c1z + Op(x) (6.1.4}
where @ is the parameter ervor:
0—0-10 (6.1.5)
The derivative of Vo(z) = §z* becomes
Vo = —a12° + fz¢(z) (6.1.6)

Since the second term is indefinite and contains the unknown parameter error , we can
not conclude anything about the stability of (6.1.4). We make the controller dynamic
with an update law for §. To design this update law, we augment V with a quadratic

term in the parameter error é,

- 1 -
Vilz, 8) = %:ﬁ + Efﬂ (6.1.7)

where v > 0 is the adaptation gain. The derivative of this function is

. 1-2

Vi T + ;99 (6.1.8)

- 1.z

= —¢2° + fzp(x) + —08

v

2,5 1z

= —cz 48 |zp(z) + ;6’
The second term is still indefinite and contains @ as a factor. However, the situation
is much better than in (6.1.6), because we now have the dynamics of § = —0 at our

disposal. With the appropriate choice of # we can cancel the indefinite term. Thus, we

choose the update law

f=-0= yzo(z) (6.1.9)
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which yields
Vi=—cz? <0 (6.1.10)

The resulting adaptive systeni consists of {6.1.1) with the control (6.1.3) and the update
law (6.1.9), and is shown in Figure 6.2. In Figure 6.3, this system is redrawn in its

closed-loop form: consisting of (6.1.4) and (6.1.9), namely

i = —ciz+ fp(x) (6.111)

b = —ap(x)

Figure 6.2: The closed-loop adaptive system (6.1.11)

Because V; < 0, the equilibrium z = 0, =0 of (6.1.11) is globally stable. In addition,

the desired regulation property tlim z(t) = 0 follows from the LaSalle-Yoshizawa theorem.
— 00

The adaptive nonlinear controller which guarantees these properties is given by (6.1.4)

and (6.1.9):

v = —ciz —fp(z) (6.1.12)

§ = vzp()

One may think that the above adaptive design is so straightforward because (6.1.1} is a
first-order system. In fact, this is due to the matching condition: The terms containing
unknown parameters in (6.1.1} are in the span of the control, that is, they can be directly
cancelled by u when # is known. To illustrate this point, let us consider the following

second-order system, where again the uncertain term is “matched” by the control u:

1 = 2+ wi(z1) (6.1.13)

T Btpg(l‘) +u

If # were known, we would be able to use a static design procedures as mentioned in

preceding sections. First view x; as the virtual control, design the stabilizing function

al(zl) = =iy — (PI(II) (6114)



CHAPTER 6. ADAPTIVE BACKSTEPPING 42

LIRS}
x

Figure 6.3: An equivalent representation of (6.1.11}

and then form the Lyapunov function

Ve(z) = %z'z’ + %(Iz — oy (z1))? (6.1.15)

whose derivative is rendered negative definite

Vc($) = —Cle — ca(x2 — 01)2 (6.1.16)
by the control
6a1
u=—c(r—a) — 1, +a—zl(x2+(p1)—9cp2(:c) (6.1.17)

Since # is unknown, we again replace it with its estimate § in (6.1.17) to obtain the

adaptive control law:
601 a
u=—co{zy - 1) — 11 + g(&."z + ¢1) — Opa(z) (6.1.18)
1
This results in the error system (z; = 2,2y = T3 — a1 ):

d | z —c 1 z 0 .
N "+ g (6.1.19)

| 4 -1 - 2y p2(z)

Then we augment (6.1.15) with a quadratic term in the parameter error @ to obtain the

Lyapunov function:

14+i¢ (6.1.20)

= 1 1
Vi(z,0) = VL+~2?92=§2;2+2 %

Its derivative is

. - 1=
Vi = "61212 - szg +4 [22(,02 - ;B:I (6121)
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The choice of update law

A

8 = ypazq (6.1.22)

eliminates the 8-term in (6.1.21) and renders the derivative of the Lyapunov function

{6.1.20) nonpositive:
Vi=—cz2 — 22 <0 (6.1.23)

This implies that the z = 0,68 =0 equilibrium point of the closed-loop adaptive system

consisting of (6.1.19) and {6.1.22) (see block diagram in Figure 6.4}

21 - 1 2y 0 o

Zg -1 —c Z2 o(z) (6.1 24)
z 21
f = —v [ 0 ¢, ]
22

is globally stable and, in addition, z(t) — 0 as ¢t — co.

2]

-2 | @

v

0 1T
l:‘Pz (x)]

S0 o] 01

Y 5 ]

Figure 6.4: The closed-loop adaptive system (6.1.24)
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6.2 Adaptive Integrator Backstepping

The adaptive design in example of Chapter 3 was simple because of the matching: The
paranietric uncertainty was in the span of the control. We now move to the more general
case of extended matching, where the parametric uncertainty enters the system one

integrator before the control does:

Iy = zy+ Bp(r) (6.2.1a)

i = (6.2.1b)

We use this example to introduce adaptive backstepping.

If @ were known, we would apply Lemma B.2 to design the stabilizing function for z5 as

doing with the static part
ai(zy,8) = —cyzy — Bp(x), (6.2.2)
with the Lyapunov function
Ve(z,0) = 5-’51 + E(Iz — ay(z1,6)) (6.2.3)

whose derivative is rendered negative definite

Vi(z,8) = —c1z? — ca(w2 — 1 (1, ) (6.2.4)
by the control
o
u = —ca(zy — a1(z1,6)) — =1 + a;:i(a:g + By). (6.2.5)

Since # is unknown and appears one equation before the control does, we cannot apply
Lemma B.2 because the dependence of a)(z)) = —¢1z; — 8p(z;) on the unknown para-
meter makes it impossible to continue the procedure. However, we can utilize the idea

of integrator backstepping.

Step 1. If z; were the control, an adeptive controller for (6.2.1a) would be given by:

01(11,191) = —-clzl—ﬂlcp(:cl) (626)

9 = yzp(z) (6.2.7)
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where z; = z;.

In the above equations we have replaced the parameter estimate 8 with the estimate 9 1,
which denotes the estimate generated in this design step. As we will see, there will be
another estimate generated in the next step. With {6.2.6} and the new error variable

Z3 = Iy — ay, the Z;-equation becomes
21 = —r121 + 22+ (8 - 191)!,0 (628)

The derivative of the Lyapunov function

1 1
2+ 5(9 —9,) (6.2.9)

VL(II,'&l) = 2

along the solutions of (6.2.8) is

. , 1
Vl = 2121—;(9—191)191

1.
= 2122 — CIZf + (8 - 191) [Lpzl —_ "'Y'I?ljl

= 212y — clzf. (6210)

Step 2. The derivative of z; is now expressed as

B = Iz—n
— u— %j; - %19
B 33:1 ! 6‘191 1
Substituting (6.2.1a) and the update law (6.2.7) results in
. O da
o= u- a—zi(xz +0p) - Z S von
o, day 5 (6.2.11)

= U— =I5 — 2z — 4 1
3:::1 2 6191 thad 3I1 -
At this point we need to select a Lyapunov function and design u to render its derivative

nonpositive. Our first attempt is the augmented Lyapunov function
1
Va(21, 22,91) = Vi(z1, 9h) + 523,
whose derivative, using (6.2.10) and (6.2.11), is

Vg = 171-!-222"2
day Oory do

= —clzf +m|ntu~—- 53—:3:2 — a—ﬁl-'yzpzl — 83_:1:1('0 .
1
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The control © should now be able to cance! the indefinite terms in Vg. To deal with the

terms containing the unknown parameter 8, we will try to employ the existing estimate

1915

aa]:r; +601 z +19?ﬂ
EIRCE N ML LI P

w=—2y — Caiy +
From the resulting derivative
. 6a1
VQ = —C1Z f — 6222 (9 ‘19 )6—1,022,
Iy

we see that we have no design freedom left to cancel the (8 —;)-term. To overcome this

difficulty, we replace 9, in the expression for v with a new estimate 9,

12, 12,
U= —2] — CaZy + + ﬂ’ytpzl + ﬂgﬂ({?. (6.2.12)

_ﬂx
oxy © " 89, o1,
With the choice (6.2.12), the zy-equation becomes
i)
22 = —C92p — 21 — (9 ‘192) ! (6213)

The presence of the new parameter estimate 9, suggests the following augmentation of

the Lyapunov function:
1
Va(zy, 23,91,02) = Wi+ 233"' _(9 192)

_ %(zg L 2)+ 2_7 [(0—0)+ (-1,  (6214)

The derivative of V; is

V2 = Vi + 32“22 - ;(9 - ‘192)1.92

0
= 2123 — C1212 + z2 [“CQZQ — 2z — (9 192)6;“(;7] - —(9 '192)'192
= —clzf - CQZ% - (9 - ’192) (%(ﬂ(pZQ + ‘192) (6215)

Now the (# — ¥2)-term can be eliminated with the update law

§ 60!1
¥y = —’Ya—xlwzz, (6-2-16)
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which yields

‘/2 = —clzf - CzZ%.

47

(6.2.17)

The equations (6.2.13) and (6.2.16) along with (6.2.8) and (6.2.7) form the error systen

representation of the resulting closed-loop adaptive systen:

z = —aznt+zn+ @)
. da
2y = —C%3 — 21 — (9 — 192)—5;;1 ( )
6.2.18
Y = ez
: (90.’1
Py = —vy—pz.
2 'Tazl Pz
The matrix form of this system,
d 21 - 1 21 + ‘4 0
dt z B -1 —c z 0 _9x
: tLT 0z (6.2.19)
d| % P 0 2
I = 7 60,’ )
dt 0 ——t
192 i 8.’1:1 (10 22

makes its properties more visible:

e The constant system matrix has negative terms along its diagonal, while its off-

diagonal terms are skew-symmetric, and

e the matrix that multiplies the parameter errors in the Z-equation is used in the

update laws for the parameter estimates.

The stability properties of (6.2.19) follow from (6.2.14) and (6.2.17): The LaSalle-
Yoshizawa theorem (Theorem A.1) establishes that z, 2, ¥;, 92 are bounded, and z — 0
as t — 00. Since z; = 1y, z; is also bounded and converges to zero. The boundedness
of z; then follows from the boundedness of o (déﬁned in (6.2.6)) and the fact that
T2 = 23 + a;. Using (6.2.12) we conclude that the control v is also bounded. Finally, we

note that the regulation of z and z; does not imply the regulation of z3: From 23 = 79—,
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and (6.2.6) we see that zo + Y,p(0) will converge to zero. Thus, z; is not guaranteed to

converge to zero unless (0) = 0. However, z, will converge to a constant value:

Jim 25 = ~01p(0) 228 (6.2.20)
This can be seen from (6.2.1a): Since z; and Z; converge to zero, so does 2 + #(0).
With the above example we have illustrated the idea of adaptive backstepping.

To formulate it as a design tool analogous to an integrator backstepping in Lemma B.2,

we start with the assumption that an adaptive controller is known for an initial system.

Assumption 6.1 Consider the syslem
z = f(z) + F(z)8 + g(z)u, (6.2.21)

where r € R™ 1s the state, 8 € R? is a veclor of unknown constant paremeters, and u € R

is the control inpul. There ezists an adeptive controller

v = afz,d)

. (6.2.22)
9 = T(z,9),

with parameter estimate 9 € RY, and a smooth function V(a:,t?) : R — R which
is positive definite and radially unbounded in the variables (z,9 — 6) such that for all
(z,9) € RMHa:

& = 9/(@) + P+ g(z)alz, 9)) + 9o (z,0)T(z,9)

< —W(z,¥) <0, (6.2.23)

where W : R**9 — R is positive semidefinite. o

Under this assumption, the control (D.0.2), applied to the system (D.0.1), guarantees
global boundedness of z(t), ¥(t) and, by the LaSalle-Yoshizawa theorem (Theorem A.1),
regulation of W(z(t),9(t)). Adaptive backstepping allows us to achieve the same prop-

erties for the augmented system.
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Lemma 6.2 (Adaptive Backstepping) Let the system (D.0.1) be augmenied by an

mtegqrator,

& = f(z)+ F(2)6 +g(a)€

: (6.2.24)
£ = u
where £ € R. Consider for this system the dynamic feedback controller
u = —c({—a(a:,'ﬂ))+g—:($,19)[f($)+F(;c)1§+g £]+—T:1: )
—%(m,ﬂ)g(m), c>0 (6.2.25)
9 = T(x,9) (6.2.26)
. T
J = T [Z‘;(x 9)F(z )} (€ — oz, 9)), (6.2.27)

where 9 is @ new estimate of §, I = IV > 0 is the adaptation gain matriz. Under
Assumption D.1, this adaptive controller guarantees global boundedness of z(t), £(t),
9(t), 9(t) and regulation of W(z(t),9(t)) and £(t) — a(z(t),I(t)). These properties can

be established with the Lyapunov function

Valx, €,9,9) = V(z,d) + = [g a(z, 9)) + = (9 9)'r1(0 - 9). (6.2.28)

Proof With the error variable z = £ — a(z,9), (6.2.24) is rewritten as

z = f(z)+ F(z)0+ g(z)[al(z, V) + 2] (6.2.29a)

i = u-— Z—Z[f(z) + F(@)0 + g(z){alz, 8) + 2)] — g—ﬂT(:r 9).  (6.2.29b)

Note that in (6.2.29b) the derivative of 9 was replaced by the update law (6.2.26). Intro-

ducing a new parameter estimate 9, we augment the Lyapunov function:

Va(z,€,9,8) = V(z,9) + ;z 41 (9 918 - B). (6.2.30)
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Using (D.0.3), it is easy to show that the derivative of (6.2.30) safisfies

1% av
5_ f+Ft9+ga+gz)+—T

Vo = S5l 89
[ f+F9+q(a+z))—%T] 5TF_1(9—19)
av
— (f+F9+ga)+%T
[u—— f+ FO+glat+z)) - gﬂT+gV ]—5TF‘1(0—5)
Ja oV
< —W:cL9)+f.{u——(f+F19+g(a+z)) 8—§T+£9]
da ST _
—[5—:6Fz+19 r ](9—19). (6.2.31)

The (8 — ¥)-term is now eliminated with the update law

j=-r(2r), (6.2.32)
- \ar ) © -

and the conirol (6.2.25) is chosen to make the bracketed term multiplying z in (6.2.31)

equal to —cz:

Ja = Oa av
This results in the desired nonpositivity of V,:
V, < “W(z,d) —cz? <0. (6.2.34)

From (6.2.28) and (6.2.34) we conclude that V(z,9), § and z are bounded. By Assumption D.1,
this means that (t) and 9(t) are bounded. Hence, £ = z+a(x,d) and u are bounded. By
LaSalle-Yoshizawa theorem (Theorem A.1), the boundedness of all the signals combined

with (6.2.34) proves the regulation of W(z(t),9(t)) and z(t). o

6.3 Adaptive Block Backstepping

We now extend the Adaptive Backstepping lemma (Lemma 6.2) by augmenting the initial
system with a relative-degree-one nonlinear system whose zero dynamics subsystem is

ISS just like we did in Lemmas B.2 and 5.6. The adaptive counterpart of Assumption
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B.1 was Assumption D.1. We now formulate the adaptive counterpart of Assumption

5.2, with analogous changes in the properties of V{z,9) from Assumption D.1.

Assumption 6.3 Suppose Assumption D.1 is valid, but V(x,d) is only positive semi-
definite, and the closed-loop system (D.0.1) with the adaptive controller (ID.0.2) has the
property that £(t} and 9(t) are bounded if V(z(t), 9(t)) is bounded. a

Under this assumption, the control (D.0.2), applied to the system (D.0.1), guarantees
global boundedness of z(t},d(t) and, by Lemma A.10, regulation of W{z(t), 9(1)).

Lemma 6.4 {Adaptive Block Backstepping) Let the system (D.0.1) be augmented

by a nonlinear system which is linear in the unknown parameter vector 0

1

& = f(z)+ F(z)0 + g(z)y (6.3.1a)
£ = m(z,8)+ M(z,8)0 + Bz, {)u, y = h(§), (6.3.1b)
where £ € RY, and suppose that (E.0.1b) has relative degree one uniformly in z and that

s zero dynamics subsystem is ISS with respect to y and z. Under Assumption D.2, the

feedback control

-1 -
u = [g_g(é)ﬁ(x,g)] {—c(y—a(z,a))—%‘g(s) [m(z,€) + M(z,)7]

+ g—:(:v, 9) [f(z) + F(@)d + g(z)y] + %ET(I* V) - %E(I’ﬂ)g(z)} :(6:3.2)

with ¢ > 0 and U a new estimate of 8, along with the update laws

&

ll

T(z,9) (6.3.3)

T
i = T GOMe0 - S| w-aw o), 634

with the adaptation gain matric I' = [T > 0, guarantees global boundedness of z(t),£(t), 9(t), B(t)
and regulation of W(z(t),9(t)) and £(t) — afz(t), 9(2)).

Proof As in Lemma 5.6, we employ the change of coordinates (y,() = (h{£), #(z,£)),
9¢

with —f3 =0, to transform (E.0.1b) into the normal form

73
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oh
(€} mlx,§) + M(z,£)8 + B(z, )]

VT

= U+%(£)M{I,§)(9—1§) (6.3.5a)
¢ = ol + @0+ gl + ge@)lm(z,€) + Mz, 60

L 9y(z,9.0)+ Dz 3,00 (6:3:5b)

Introducing a new parameter esltimate 9, we use the feedback transformation

-1
w = (—g%ﬁ) {u - %Z[m + Mﬁ]} (6.3.6)

to rewrite (E.0.1a) and (6.3.5a) as

T = f(z)+F(z)8+glz)y (6.3.7a)
y o= v+ g—g(é)M(z,g)(ﬂ —J). (6.3.7b)

We now apply Assumption D.1 to (6.3.7). The only difference between (6.3.7) and
(6.2.24) is the presence of the additional parumeter error term g—gM(H — 9} in (6.3.7b).
This term can be eliminated in V, by adding the term =T (g—gM )T (y — a)to the update
law (6.2.27):

If 0 were knoun we would pick u = bl—o[v — M(z,£)8] so (6.3.5a) can be written in the

form

&t = [z} + F(z)0 + 9(z)y

?) = I3=7v

in which we could apply integrator backstepping. But since 0 is unknown, therefore we

introduce a new parameter estimate ¥ with the new clf
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Vo(z,y,9,9) = Vi(z,9) + —[y—a r,N)* + 1 9 HTT1(0 - 9)
. 0
V. = ??V(f+F9+ga+9~3)+}ﬁT
_ da
+z3 |v+ a—({)M( &)(6 - 19)} g—(f + FO+ gla+ z3)) - %T
—JTr4 (9 - 9)
0
= gv(f+F9+ga)+—3-5T ,
Oh = 0 da Vv
+2z3 [v+r&(§)M(z,§)(9—ﬂ)— 8—:(f+F9+g(a+z)) 619T+-5— ]
~9TT (9 - §)
< -W(x, 19)+z3[v—-g—2(f+F9+g(a+z))—g—3T+Z—‘;g]
[ga Faa— g’; Mz, +5Tr-1] (0 - )
——
added
with
_ oo av
U=—Ca\f§_,+a—:(f+Fl9+g(a+za))+ 819T 27
¥ v
or
u= [g—?ﬂ]_ [v— -——[m+M19]]
Therefore, the control law
8h -! oh .
u = [86 (I &):| { - C3(y - G(I,’l?)) - —--—-(f)[m(I,E) + M(I,é)t?]
Joe 8 v
+ 5@ (@) + F@)d + g(aly] + 5:T(x,9) - Z-(,9)g(x)},

along with the update laws

9 = T(z,9)
_ T
d =T g]; (z,&) — (:r: NF(z)| (y— alz,?))

will render the system stable. Combining this modification with (6.3.6), we see that the

resulting adaptive controller is given by (E.0.2)-(E.0.4). This guarantees the boundedness
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of x,9,9, 2z and the requlation of W(z,9) and z. Hence, y = z + a(z,9) is bounded.
Then, from (6.3.5b) and the ISS property of the zero dynamics, { is also bounded, and

thus £ end u are bounded a

6.4 An Example of Adaptive Control Systems

Consider the system of the form

u ¥ x . x
1 (abh) g(x)

f¢)

Figure 6.5: Block Backstepping System with Linear Minimum Phase Input Subsystems.

& = fla)+g(z)y

£ = Af+Bu
hE.

y

as in Figure 6.5 where (A, b, &) is a minimum phase subsystem.

Example 6.5 Find u thot globally asymptotically stobilizes the equilibrium (z,£,,6) =
(0,0,0) of the system

& = 2 +zl
£ = —E+&6+u
£2 = —&+u

y = 4§ — 3
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For the input subsystem, we

which is of the form

where

A

h

BACKSTEPPING 35

We differentiate the output y

.". relative degree=1 since hb

Let

Then we have

since

have
L o= ~Lt&Ltu
52 = —{y+tu
y = 4& — 36,
£ = Af+bu
y = hE,
-1 1 1
= }B: H
- [4 =],
y = hE=hA¢ + hbu

=1 # 0. We choose u = hib[ahAf + 2] in order to obtain

="
G = y=4§ - 36
G = & —¢&.
C.l = v
G = —& 42 =50+,
& = G -3
52 = Cl - 4C2-
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¢y

1 {2

s+ 3

L

Figure 6.6: Block Diagram of Equation (6.4.1)

So the system in Example 6.5 was then transformed to

i = P +rly, y=v (6.4.1a)

b = —5G+y (6.4.1b)
as shown in the Figure 6.6.

For the subsystem in (6.4.1a), we can do integrator backstepping and the subsystem in

(6.4.1b) is minimum phase.

First, consider the scalar system & = 7% + z?%y.

Let

i
Viz) = Ezz PD,RU.inz
Viz) = zz
= z(z*+ z%)
= 2}z +y)
which could be rendered negative definite if y = a(z) = -2z, yielding V(z) = -z,

which is N.D. in z, therefore y = yu, = a(z) = —2z would guarantee G.A.S. of z if ¥

were our input.
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But for our system in Example 6.5, y is not a control input so there will be a discrepancy

between the state y and its desired value of 4, = a{z). Let’s define

Z=Y = Yges = Y — (7).

Therefore, in the new coordinate system (z, z), we have

-2z

—_—
T = 22+ 2%z + a(z))
i = —z4+2%
;= §—dz)
z = v—az)
which is
T = -z 4122
z = v—alzr).
If
1, .
Viz) = 52 PD,RU.inz
then

Viz) = z#
= z(—z*+1%2)
- A 3
= r + Tz, .
N.D. inz indefinite
This suggests penalizing z in the Lyapunov function, so let

1 1
Va(z,2) = §x2+§z2 P.D.,RU. in (z,z2)

Va(z,2) = zi+ 22
= z(—z*+ 2%2) + z(v — &(z))
= —z*+ 2%+ 2(v — &(z))

= ~z'+ 2(z® + v — &)
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which can be rendered N.D. in (z, 2} if we choose
v=—2 — 2+ ax).
That is,
Viz,z) = —z* — 2* N.D. in (z,2).
Therefore by LaSalle-Yoshizawa theorem (x, z) — (0,0) as ¢ — oo,0r

r — 0
z=y—afz) — 0

ast — 0

or

G=y — afz)—=a(0)=0

ast — o

z — 0
Cl—’o

ast — oo
Now consider the unobservable subsystem
G = ~5G+G
as ¢ — 0o this becomes
G = =5
which has {2(t) = e7%(5(0) as its solution, therefore we have

z — 0
GG — 0
G2 — 0

ast — o0
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and

4
since ( =T€f and T = |:

ast — 00 .

1

—3
-1

|

xz
&
§2

ast

1
is invertible, £ = T7I1( = [

—

0

=<

1
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Chapter 7

Single Link Manipulator System
Model

Figure 7.1: Schematic of the Mechanical System of a Single Link Robot Manipulator.

An extended body free to rotate about an axis will do so under the application of a net

60
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torque. The resulting angular acceleration is given by Newton’s Second Law for rotation:

dor=1Jj (7.0.1)

where 7 is the applied torque (including any torque caused by friction), § is the an angular
acceleration, and J is the moment of inertia. The moment of inertia of a body depends
on its mass distribution about an axis of rotation. Consequently, the same body can have

different moments of inertia depending on where the axis of rotation is chosen.
For our setting (7.0.1} can be written as
. , Lo .
T — Bq — LoMygsing — — Mogsing = Jg (7.0.2)

where

T is the torque applied by the motor

J is the rotor inertia;

myg is the link mass;

M, is the load mass;

Ly is the link length;

Ry is the radius of load;

g is the gravitational coefficient;

B is the coefficient of viscous friction at the joint;

g{t} is angular motor position (and hence the position of the load);

I{t) is motor armature current;

K, is the coefficient which characterizes the electromechanical conversion of arma-

ture current to torque;

J is the total moment of inertia of our system,
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Figure 7.2: Schematic of Electromechanical of a Single Link Robot Manipulator.

From figure 7.2, applying KVL, we can obtain

V. = IR+LI+Kpg
LI = V,—IR-Kgg

[ = 2-=_25

where

L is the armature inductance.

1 is the armature resistance.

Kpg is the back-emf coeflicient.

V. is the input control voltage.

The electromechanical dynamics of the can be written as

62

. . B
j = — — —sing— —¢ (7.0.3)

We will assume that all of the parametric quantities defined in (7.0.3) lie between known

constant bounds. For example, the inductance L and the inertial quantity M are assume
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to be bounded in the following manner

my < M <my Lh<L<

where my, ma, {; and I are known positive, scalar bounding constants.
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Derivation of u

The dynamic given by (7.0.3) can also be written in the following form

Iy = I3

ii?g = b1I3 +91 sin(:cl) +62I2 (801)

i73 = bgu + 931‘2 + 941‘3
where:cl=q,$2=cj,$3=l,u=\/;,bo=%,bl=%,91=%,92= _T?,B;,=:Lfﬁ,and
94 = _TR

The control objective is to develop a link position regulate controller for the electro-
mechanical dynamics of (7.0.3) despite parametric uncertainty.
Beginning with we are trying to find a control law for the following second-order system,

where the uncertain terms are “matched” by the virtual control zj:

il = T3
(8.0.2)
i‘.z = 51333 + 81 sin(:r:l) + 82:62.

Since our aim is the position control, that is, we are trying to move z; (angular position)
to some set point zi4.

We then first consider the scalar system
Ii’:l = I3 (803)
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with T, as its virtual control. Next we form a control Lyapunov function Vp(z,) =

—(z; — I14)?, whose derivative is rendered negative definite via a stabilizing function

2
Ia = C.‘t’[)(S'Jl) = ACL(II — Ihg) = Tod, cp > 0. (804)
That is,
VO(II) = (71— z1)?h
= _CI(I]. — Ild)Q- (805)

Since o is not our real control input, we let zp = 15 — 714 be an error variable. The

system (8.0.2} in terms of error variables 2y = ) — 14, 22 = Ty — T2y = Ty — ao(21) Is

Z'1 = z9 + OIQ(Il)

(8.0.6)
Zy = byzq + Oy sinzy + Saze + 1 To.
Now with the clf
Vilzy,zy) = %(351 — 712 + %(32 — Tog)?

= %zf + %zg (8.0.7)

whose derivative is

Vi = nZ4i+2

= 21{z ~c121)} + 29(byz3 + Oy sinz1 + O222 + ¢123). (8.0.8)

If 6,8, were known, Vj in (8.0.8) can be rendered negative definite via the stabilizing

control
1 .
T3 = b—[—zl — 29 — Oy sinzy — oz — 1), (8.0.9)
1
that is,
Vi = Z129 ~ c,zf + z2(biza + Oy sinzy + 82z + €1 Z2)

2
2123 — C1 24 + 22(—21 - CQZQ)

i

= —a2f — 2. (8.0.10)
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But since #, 8, are unknown. Then we replace 8}, 67 in (8.0.9) with parameter estimates
91,74, respectively, and we augment V) with quadratic terms in the parameter error

{61 — ) and (62 — 92) to obtain the new Lyapunov function:

1 1 1 1
) = =224 2224 (8, -0+ —(0; — 9,)°
Vi(z,d) Vi(zy, 22,91, 92) 541 + 572 + 271( ] )+ 272( y 2)
-1
1 1 1 m 0 0 — %
= Ezf‘i'éz%"'ﬁ[ 8- by —1 ] 0 0 — 3 {8.0.11)
Y2 2 — Uy
1
ry
Its derivative is
4T
. 81 — 191 ’L?] 91 - 191
Vi = —ci1zf —co2 + 2| sin z; s | - Fl_l
——— 8y — Js 192 By - 192
F(z)
= —az — ek + (nF(z) = ITT)(0 - 9). (8.0.12)

If 4 were our control input, then the adaptive control law

1
Tag = b—I[—Zl — Cg2Z9 — 191 Sin I — 7.92932 — C]_IQ] = Q(Iy 19) (8013)

with the update law

. n 0 sinz
97 = ZQFIF(I)T=22 n '
0 7 T2
Z9m Sinz
- U =1z, ) (8.0.14)
29723

would stabilize the system (8.0.2), and regulate the states z; to z;4 and z; to 0 by

LaSalle-Yoshizawa theorem, since V; in (8.0.12) would become
Vi = —azi-ad=-W(,9) <0 (8.0.15)

where W (z,9) = ¢;z{ + ¢222 is positive semidefinite and (by LaSalle-Yoshizawa theorem)

we have tlim Wiz, d)=0.
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Now let us go back to the third-order system (8.0.1) which can be written as

£ = flz)+ Fz)f +g(z)y, z= [ o (8.0.16a)
I
Ty = m(z,z3)+ M(z,13)0 + bou, vy =13 (8.0.16h)

2 0 000 0 |
where f(z) = [ } JF(r) = ]: } g(z) = |V sm(z,z3) = 0;

0 sinzy zp 0 0

M'(:c,:ﬂs):[o 0 zo 33];9:[91 By B3 84 ]T.

That is
0
o s 0 0 00/ 8 0
= + + zz  (8.0.17a)
Ty | 0 sinz; z2 0 0 s by ;::
b4
6
. 63
T3 = [0 0 z 9:3] + bou, Y = I3 (8.0.17b)
0
A

We have already seen that (8.0.16a) has y as its virtual input, with the clf

1 1 1
V'l(xl,Iz,ﬂ) = 5(1‘1 -— Ild)z + 5(1‘2 - Izd'2 + 5[8 - 19];;1].—‘1_1 IB - 19]2x1(8018)

I 2
which can be rendered N.S8.D., that is,
. avi. oV
Vi = —12=— ]
1 9z° " Bz (f+ F6 + gz3)

= —clzf - szg + ZQF(I) - 19TI'1'1 (9 - ﬂ)le
= —clzf - szg (8019)

= —W(z,9), W(z,9) = c12? + cp22,

via the control law

1
Ty = Q(I,ﬁ) = 5 —21 - 0222:‘191 sin T — 192333—61552 (8020)

'

-F(z)d
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and the adaptation law

. 191 . 92! 0 sin Iy 2971 sin Iy
Yax1 = | . = ZzFTF(I)T = 23 =
P 0 7 zy 22723

= T(z,9).  (8.0.21)

1
In (8.0.1G), if # were known we would pick « = ™ [v — M({z,£)8) so it can be written as
0

T = f(z) + F(z)d + g(z)y

QIig:U

(8.0.22)

where we could apply integrator backstepping. But since § is unknown, therefore we

introduce a new parameter estimate 9 with a new clf
_ 1 _ _
%(zay?ﬁa ,{9) = Vi(l‘,l?) + %[y—a(z,ﬂ)]z + 5(9—19)7‘1—‘2_1(9—19) (8023)

Therefore, with 23 = y — a(z,¥) = 73 ~ a(zr,?), we obtain the derivative of the clf V; as

) vy
V., = ax(f+F9+ga+gz3)+§ﬁ—T
oh - Ja do
+24 if—f- 'C;’—I;(Ig)M(CB,Ig)(Q —_ﬂ)l:a(f+F6+g(a+z3))—§1§T:
j=da —a
—9TTr51(0 — 9)
1% 1i)%
= 5 ([ +FO+ge)+ 5T
dh - Oa da v,
+23 [‘U-l— 5;;(1:3)M(:c,x3)(9*—19)—5;(f+F9+g(a+Z3)) 319T+ p g]
—3TT71(6 — 9)
da oV
< Wiz, 9)+ 2z |v— (f+F19+g(a+Z3)) —T+(9 g
Jda dh -
- E—er,—-gx—(zg)Mz;;JrﬂTl" S (8 -9)
added
= —-W(x,9) —c3z3 (8.0.24)
through
_ da da av,
v = —c3£J+ (f+ FJ+g(a+ z)) +313T—6;g

y—a y
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or
-1
u = [g—;(.’rg)bo] [U — %(Tg)[m + ﬂf‘tg]:l
and
5= [ g - 2 @) (4 - ate,9)
= al',?, Iy I,I3 3:5 ’ Yy y .
Therefore, the control law
—1i h _
u = [%(Ig)bo] { —c3(y — a(z,9)) — %;(Ig) [m(z, T3) + M(a:,zg,)'tﬂ
o - d 1’4
+ a—z(m,ﬂ) [f(z) + F(z)d + g(z)y] + a—gT(z,ﬂ) - g—z(a:,ﬂ)g(a:)}, (8.0.25)
with the update law
[ Z2M sin X ]
b = T@o)=| 7 (8.0.26)
0
0
: h 3 T
v = Iy g—m(a:;;)M(:c,a:a)— 6—2(:,19).?7‘(3:)] (y — afz,®)) (8.0.27)

T
will rendered global boundedness (GB) of [ n oz oz -9 68-1 ] and regulation
of W(z,d) = Clzf + szg = oz — xld)z + cafz2 — I2d)2 and z3(t) — a(z(t), ¥(t)) by

LaSalle-Yoshizawa theorem. That is,

r — Iid,
Ty — T4 = ap(r1) — ao(z14) =0,
r3 — «ofz,9),

as t — oo.



CHAPTER 8 DERIVATION OF U 70

Our u looks like

u = l{—c:g(:rg—a(:c,ﬂ))—[o 0 72 xj

1 1
+F [ —1—ccg—Pcosz; —cg—1y | X
1 B
3, |
Ty 0 0 00 J; 0
+ ~ + T3
0 sin Ty I 0 0 1.93 bl
S — v —_ S——
f F 1.94 g
L - —
|- ZgY1 SIN Ty
1 2272 %2
+b— [ —sinz; -z 0 O }
LR — ” 0
Ba
59 | 0]
N
T
_|atazn & ol (8.0.28)
% b

S,
g

This is similar to Lemma E.1 (Adaptive Block Backstepping) with no zero dynamics

system, 0

The following figure (Figure8.1) shows MATLAB Simulink simulation of an Adaptive

Block Backstepping controller for our Single Link Manipulator System.
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Figure 8.1: MATLAB Simulink simulation of an Adaptive Block Backstepping controller
for Single Link Manipulator System.
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Chapter 9

Tuning Functions Design

9.1 Introduction

The adaptive backstepping designs for a plant with unknown parameters is a starting
point for more elaborate adaptive designs which lead to new properties of the designed
controller and the resulting feedback system. One of the improvement to be achieved
with the tuning functions design in this chapter is the reduction of the dynamic order
of the adaptive controller to its minimum: The number of parameter estimates is equal
to the number of unknown parameters. This minimum-order design is advantageous not
only for implementation, but also because it guarantees the strongest achievable stability

and convergence properties.

In the tuning functions procedure the parameter update law is designed recursively. At
each consecutive step, we design a tuning function as a potential update law. In contrast
to adaptive backstepping, these intermediate update laws are not implemented. Instead,
the controller uses them to compensate for the effect of parameter estimation transients.

Only the final tuning function is used as the parameter update law.

73
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9.2 Adaptive Control Lyapunov Functions

The basic idea of the Lyapunov approach to adaptive control is to design a control law and
a parameter update law to guarantee that the derivative of a suitable Lyapunov function
is nonpositive. We are therefore sent to search for a tripple: Lyapunov function, control
law, and update law. For a class of nonlinear systems called parametric-strict-feedback

systems we will be able to make this search systematic.

To begin with, let us investigate the possibility of adaptive design for the system
= f(z)+ F(z)8+g(z)u, zeR", uweR (9.2.1)

where # € RP is a vector of unknown constant parameters, and f(z), F(z) and ¢(z) are
smooth. For simplicity let f(0) = 0, F(0) = 0, so that z = 0 is an equilibrium of the

uncontrolled plant.

9.2.1 Departure from certainty equivalence

Much of the traditional adaptive control employs some form of “certainty equivalence”
thinking. Following this path one first performs a design for the case when the exact
value of & is known. Suppose that this nontrivial task is completed and that its result is
a feedback control u = a.(z,§) which stabilizes the equilibrium z = 0 with respect to a
known Lyapunov function V.(z,8). The subscript ‘c’ stands for “certainty equivalence”.
We know that V,(z, ) is positive definite and radially unbounded in z for all 4, and that

there exists a function W (z, 8}, which is also positive definite in z for all 8, such that

Ve lf(2) + P+ oaac(z. ) < -W(a,0) 022)

How can we exploit the knowledge of a.(z, 8} and V.(z, ) for adaptive design when 8 is
not known? The certainty equivalence idea is to replace # by an estimate B(t) obtained

from a parameter update law

b = T'r(z,6) (9.2.3)
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where the adaptation gain matrix T is positive definite. We want to select u and 7 to
guarantee that the derivative of a Lyapunov function is nonpositive. For the system

(9.2.1), (9.2.3), a Lyapunov function candidate is
V(z,0) = Viiz, 6) + %éﬁ"r*lé (9.2.4)

where the “certainty equivalence” from of V. is augmented by a term quadratic in the

parameter estimation error

6=0—46 (9.2.5)

Upon the substitution of F(z)0 = F(z)8 + F(z)8, the derivative of V(z,6) along the
solutions of (9.2.1), (9.2.3) is

W l5@) + Pla)d + glzyul +

av,
Oz

Ve

V= Oz

I'r+ éT( F(z))T — 477 (9.2.6)

To eliminate the indefinite dependence of V on the unknown parameter error 8, we select

7 to cancel the last two terms in (9.2.6):

~ [0V T
f) = (== 2.
i) - (52F @) (0:27)
With this choice of 7, the expression (9.2.6) is reduced to
. AV, : av. [V, T
V=— —TI{ = 2.
e [f(z) + F(z)d + g{z)u] + e F( % F(:c)) (9.2.8)

Our next task is to select a control law u = a(z, §) to make V nonpositive. The “certainty
equivalence” control u = a.(z,§) fails to achieve this because then (9.2.2) and (9.2.8)

yield

, . AV, [aV. T
V < -W(z,6) + =—£T| —=F 9.2.9
< Wiz )+ Ser(GEr) (929
Clearly, V is not nonpositive because a sign-indefinite term is added to —W{(z,z). In

search of a better control law a(z, §), we augment oz, 8) by ar(z,8),

ofz,8) = afz,8) + ar(z, ) (9.2.10)

The substitution of (9.2.10) into (9.2.8) shows that the desired nonpositivity V <

-W(z, é) will be achieved if ar can be found to satisfy

oV, . AV, [8V, T
Ve () Ve c —
P g(z)or(z,0) + P F( 52 F(:)) 0 (9.2.11)
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This condition for ar demonstrates the difficulty of adaptive design for a general nonlinear
system (9.2.1). It is easy to see that cr satisfying (9.2.11) is unlikely to exist The scalar
quantity %‘—;ﬁg(a:) may be zero at a set of points. Still, the condition (9.2.11) is of interest
because of an important special case, which will be the starting point of our recursive
design. The special case is the “extended matching” studied in the previous chapter. In
this case, a smootﬁ vector-valued function ¢ : R"*? — RP is known such that Qg; can be

factored as follows:

av, oV, < T
= ¢ 9.2.12
= Sealelelad) (92.12)
Then, irrespective of the zeros of %:‘g(x), an ag which satisfies (9.2.11) is
5 ~ T f OV, T AT A
ar(z,0) = —p(z,8) T o F(z)) =-¢(z,6) r(z,0) {9.2.13)

We observe that, in addition to its “certainty equivalence” part «,, the adaptive control
law o contains a part oy which is proportional to 7, that is, to é (see (9.2.3), (9.2.10),
and (9.2.13)). In this way, the adaptive control law takes into account the parameter
estimation transients. When the parameter estimate is constant, the control law reduces

to the “certainty equivalence” control. Let eu examine an example of a system for which

(9.2.12) is satisfied.

Example 9.1 Consider the problem of designing an adaptive controller for the system

By = Ta+p(z1)"8

iy = u (9.2.14)

where 6 = [6;, GQ]T is an unknown constant parameter vector, and the vector-valued func-
tion p(z,) = [<p1(3:1),t,02($1)]T is known and smooth. We dealt with this system in the
erlended-matching design. If the parameter 8 were known, backstepping would result in

the 0-dependent change of coordinates

2 = Iy

Za = Ia+ (p(:c;)TB + 1Ty (9215)
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and the control law

a T
U= CIC(.I.',&') = =2y — {22 — (-’%‘ 4+ Cl) (272 + (,O(I])TB) (9216)
which ¢, ¢y > 0, which results in the closed-loop system
—C1 1
z=Az, A= (9.2.17)
-1 —c
Due to the structure of A, an appropriate Lyapunov function is
1 T
ve(z, 8) = 53(:5, 8) z(z,0) (9.2.18)

Observing from (9.2.1) and (9.2.14) that

Ty oz T 0
flz) = , F)= ., glz)= (9.2.19)
0 0 1
and evaluating
1 O
Ve _ 2" (9.2.20)
oz Bl 1
with (9.2.19), (9.2.20}, and (9.2.16), it is easy to show that
av. 2 2
5 [f(z) + F(z)8 + g(z)a.(z,0)) = —c12] — ca2) (9.2.21)
Let us now evaluate the partial derivatives appearing in (9.2.11):
Ve
30 = ZTEQI,OT = Zg(pT (9222)
Ve
p g = zleg =1z, (9.2.23)

where (9.2.23) is immediate from (9.2.20) end (9.2.19). A comperison of (9.2.22) and

(9.2.23) reveals that %‘gﬂ = 8007, so that a. is given by (9.2.13):

; av, T A
a,(cc,@) = —(pTF( 3z F(I)) = —-(pTFlp [ 1, %E;o +0 ] z (9224)

Taking for simplicity I' = I, the resulting adaptive control law is

a
—tsto[ 1, %0+¢ ]z (9.2.25)

" T
U = a(:L‘,B) = —2Z) — (329 — (C[ + —aﬁ-e) (Ig + (p(Il)TB)
5]
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and the corresponding parameter update law (9.2.7) is

b=rab)=(Per " 2" 9.2.26
=r(z0)= (F@ ) =e[1, %ite |z (9.2.26)
Note that in (9.2.25) and (9.2.26) we use z(z,8) instead of z(x,8). With the choice
of a and T given by (9.2.25) and (9.2.26), the derivative V of the Lyapunov function
Ve, §) = %z(z,é)Tz(:c,é) + %6‘78_ is guaranteed to be nonpositive: V = —ciz? — czi.

This assures that both © and 0 are bounded. A standard argument using the LaSalle-

Yoshizawa Theorem proves that also z(t) — 0. a

In the above example, the desired factorization {9.2.12) of %;F is a consequence of a
particular feature of the system (9.2.14). The unknown parameter appears in the first,
while the control appears only in the second equation. It is not hard to see that the
same factorization (9.2.12) would be a possible for a higher-order plant, provided that
the unknown parameter is separated from the control input by at most one integrator.
So the factorization (9.2.12) is not a fortuitous event, but a structural property. For
systems with this “extended matching” property, the above simple adaptive design is

feasible. However, most systems fail to posses the “extended matching” property.

A benchmark example is the third-order system

£ = z2+p(21)70
i.'g = I3 (9227)
j?3 = u

which has the form of (9.2.14) augmented by an integrator. In this system, # and u are
separated by two integrators and we unable to find ar which satisfies (9.2.11). We will
solve this problem with a recursive design which will circumvent the obstacle posed by

the restrictive condition (9.2.11).
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9.2.2 Certainty equivalence for a modified system

Condition (9.2.11) was dictated by our choice of the Lyapunov function V.(z,6) as the
“certainty equivalence” form of V.(z,8). The only good thing we know about Vc(sr,é)
is that it works when the factorization {9.2.12) is possible. Otherwise, we do not know
how to remove the indefinite term preventing the nonpositivity of V in (9.2.9). Having
recognized that a cause of our difficulties is V,(z,8), we now embark on a search for
Lyapunov functions more suitable for adaptive control. The key idea is to counteract
the effect of é and thus prevent the parameter estimate transients from destroying the

nonpositivity of the Lyapunov derivative
We say that the system
= f(z)+ F(z)0 + g(z)u (9.2.28)

is globally adaptively stabilizable if there exist a function a(:r:,@) smooth on (R™\
{0}) x R? with &(0,8) = 0, a smooth function 7(z, ), and a positive definite symmetric

p X p matrix I, such that the dynamic controller

u = alz,b) (9.2.29)

6 = Tr(z,b) (9.2.30)

ll

guarantees that the solution (z(t), é(t)) is globally bounded, and z(t) — 0 as t — oo, for
all 6 € RP.

Our approach is to replace the problem of adaptive stabilization of the original system

(9.2.28) by a problem of nonadaptive stabilization of a modified system.

Definition 9.2 A smooth function V, : R" x RP — R, positive definite and radially
unbounded in z for each 8, is called an adaptive control Lyapunov function {aclf)
for (9.2.28)if there exists a positive definite symmetric matriz T € RP*P such that for

each § € R?, V,(z,8) is a clf for the modified system

i = f(z) + F(z) (9+I‘(a(,;;°) ) + g{z)u {9.2.31)
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that is, V, satisfies

T
inf,cr {Cgf {f(r) + F(zx)} (9 + 1_,(6;12,) ) + g(z)u} } <0 (9.2.32)

O

We now show how to design an adaptive controller (9.2.29) - (9.2.30} when an aclf is

known.

Theorem 9.3 The following two statements are equivalent:
1. There exists a triple (a, V,,T) such that a(z,6) globally asymptotically stabilizes
(9.2.32) at £ = 0 for each § € R? with respect to the Lyapunov function Vy(z,8).

2. There exists an aclf V,(z,8) for (9.2.28).

Moreover, if an aclf V,(z,6) exists, then (9.2.28) is globally adaptively stabilizable.
Proof {1 = 2) Obvious because 1 implies that there erists a continuous function W :
R® x R? — R, positive definite in z for euch €, such that

T
a [f(:c) + F(z) (e+r(%‘§*) ) + g(z)a(x,e)] <-W) (923

Thus V,{z,0) is a cif for (9.2.31} for each § € R?, and therefore if is an aclf for {9.2.28).

(2 = 1) The proof of this part is based on Sontag's constructive proof 1] of Artstein’s
theorem [{]. We assume that V, is an aclf for (9.2.28), that is, a clf for (9.2.31). Sontag’s
formula applied to (9.2.31) gives a control law smooth on (R™\ {0}) x RP:

Safy (ﬂ"f) +(ﬂ"‘9) av:

Ox Bz 8z , dvg ‘9 0

Q(I,G) — %:ng oz g(:ﬂ ) ?E
0 , Pag(z,d)=0

(9.2.34)

where

T
f(z,80) = f(z) + F(z) (9 +T (%Z) ) (9.2.35)
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With the choice (9.2.34),inequality (9.2.33) is satisfied with the continuous function

W(z,e)z\/(%‘; flz 9))2 (%ﬁg(m,a)y (9.2.36)

which is positive definite in T for each 8, because {9.2.32) implies that & f(a: g) <

0 whenever P2g(z,0) = 0 and = # 0. We note that the control law a(:r:,(? will be
continuous at T = 0 if and only if the aclf V,, satisfies the following property, called the
small control property [1/: For each 8 € RP and for any £ > 0 there is a § > 0 such that,

if z # 0 satisfies jz| < 8, then there is some u with |u| < & such that

%1:: [f(m) + F(z) (9 + F(a(,;; ) ) + g(:n)ujl <0 (9.2.37)

Assuming the existence of an aclf we now show that (9.2.28) is globally adaptively stabi-

lizable. Since (2 = 1), there eTists a triple (o, Vo, T') and a function W such that (9.2.33)

is salisfied, that 1s,

v, T
7 (z) + F(z)8 + g(x)o(x,6) 50 (E-F(I)) < -W(z,8) (9.2.38)
Consider the Lyapunov function candidote
V(z,0) = V,(z,0) + = (9 ) Tp-1 (6 — 6) (9.2.39)

With the help of (9.2.38), the derivative of V along the solutions of (9.2.28), (9.2.29),
and (9.2.30) is

v o= [f + F8 + ga(z, a)] %‘g“rr(x,é) _ §Tr(z,0)
— [f + FO + ga(z, 6)] BV 777 (<, 6)
< ~W(z,6) - (‘Z F)T ‘Z‘; (z,0) (9.2.40)
Choosing
7(z,6) = (%V (z,0)F(z ))T (9.2.41)
we get

V<-W(d), veeR? (9.2.42)
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Thus, the equilibrium ¢ =0, 6=10 of (9.2.28), (9.2.29), and (9.2.30) s globally stable,
and by the LaSalle- Yoshizawa Theorem, z(t) — 0, that is, (9.2.28) is globally adaptively

stabilizable. O

The adaptive controller constructed in the proof of Theorem 9.3 consists of a control law

u = a(z,8) given by (9.2.34), and an update law 63 = ['7(z,6) with (9.2.41).

It is of interest to interpret this controller as a certainty equivalence controller. The
control law a{z, 8) given by (9.2.34) is stabilizing for the modified system (9.2.31) but may
not be stabilizing for the original system (9.2.28). However, as the proof of Theorem 9.3
shows, its certainty equivalence form a(x,f}) is an adaptive globally stabilizing control
law for the original system (9.2.28). Hence, if a certainty equivalence approach is to
be applied to a nonlinear system, the system is to be modified to require a control law
which anticipates the parameter estimation transients. In the proof of Theorem 9.3, this
is achieved by incorporating the tuning function 7 in the control law «. Indeed, the

formula (9.2.34) for a depends on 7 via

T
e f(a,0) = 221 + 7(2,6)" (9 (%) ) (9:2.43)

06
which is obtained by combining (9.2.35) and (9.2.41). Using (9.2.41) to rewrite the
inequality (9.2.38) as

oVa
Oz

[f(z}+ F(2)0 + g(z)a(z,8)] + 8;;“ Cr(z,0) < —W(z,6) (9.2.44)}

it is not difficult to see that the control law (9.2.34} containing (9.2.43)} prevents 7 from

destroying the nonpositivity of the Lyapunov derivative.

Remark 9.4 A relevant question remains unanswered: If there exists an aclf for (9.2.28),
is this system globally asymptotically stabilizable for each 8 (and vice versa)? In other
words, does the existence of a pair a, V, satisfying (9.2.33) for some T > 0 imply the
existence of a pair (o, V) satisfying (9.2.33) for T = 0 (and vice versa)? Adaptive Lya-
punov designs available in the literature are all for systerns which are not only globally

adaptively stabilizable, but aldo globally asymptotically stabilizable for each 6.
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As is always the case in adaptive control, in the proof of Theorem 9.3 we used a Lyapunov
function V(z,6) given by (9.2.39), which is quadratic in the parameter error 8 — 8. The
quadratic form is suggested by the linear dependence of (9.2.28) on £, and the fact that
# cannot be used for feedback. We will now show that the quadratic form of (9.2.39) is

both necessary and sufficient for the existence of an aclf.

We say that system (9.2.28) is globally adaptively quadratically stabilizable if it
is globally adaptively stabilizable and, in addition, these exist a smooth function V,(z,8)
positive definite and radially unbounded in z for each f, and a continuous function
W (z,8) positive definite in z for each @, such that for all (z(0),4(0)) € R**" and all
8 € RP, the derivative of (9.2.39) along the solutions of (9.2.28), (9.2.29), (9.2.30) is
given by (9.2.42).

Corollary 9.5 The system (9.2.28) is globally adaptively quadratically stabilizable if and

only if there ezists an aclf V,(zx,0).

Proof The ‘if’ part is contained in the proof of Theorem 9.3 where the Lyapunov function
V(a:,@) is in the form (9.2.39). To prove the ‘only if’ part, we start by assuming global
adeptive quadratic stabilizability of (9.2.28), and first show thet T(z, 8) must be given by
(9.2.41). The derivative of V along the solutions of (9.2.28), (9.2.29), (9.2.30) given by

(9.2.40), is rewritten as

of

LT ((%)T _ T) (9.2.45)

This expression has to be nonpositive to satisfy (9.2.42). Since it is affine in 8, it can be

. . . V, o T
V= %h [f+F9-I—ga(z,9)]+%FT($,9)—9T((6VG) —‘r)

nonpositive for all (z, é) € R™P and all 6 € R? only if the last term is zero, that is, only
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if T is defined as in (9.2.41). Then, it is straightforward to verify that
Ve
he

. v\ T .
5 lf(:r) + F(z) (6‘ + I‘( % ) ) + g(m)a(z,ﬂ)}

= V+ (éT+ %‘;r) (T - (%‘;F)T) (9.2.46)

< -W(z,0)

for all 2,6 € R™*?. By (1 = 2) in Theorem 9.9, Vu(z,0) is an aclf for (9.2.28). O

The above analysis applies also to the case where the unknown parameter enter the

control vector field:

= f(z)+ F(z)8 + [g(z) + G(I?G]u (9.2.47)

In this case, the existence of an aclf V; is equivalent to the existence of a clf for the

i = f(&)+F(z) (e+r(%‘g)T)

T
¥ lg(z) +6(a) (a ¥ r(%) H u (9.2.48)

The extension to the multi-input case is also straightforward.

system

It is of interest to examine the input-output properties of the system resulting from the

application of the adaptive control law afz, é) to the plant (9.2.1):

i = flz)+ F(z)d + g(z)a(z, ) + F(z)8 (9.2.49)

9.2.3 Adaptive backstepping via aclf

With Theorem 9.3, the problem of adaptive stabilization is reduced to the problem of
finding an aclf. We now address the problem of systematic construction of an aclf. Our
aim is a recursive approach because we already know how to find aclf’s for systems with

the extended matching property, and expect to recursively enlarge this initial class of
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systems with repeated use of backstepping. So, we assume that an aclf is known for an

initial system, and construct a new aclf for the initial system augmented by an integrator.

Lemma 9.6 If the sysiem

= flz)+ F(z)8 + g(x)u {9.2.50)
is globally adaptively quadratically stabilizable with o € C!, then the augmented system

i = flz)+ F(z)0+ g(x)€
£ = u
is also globally adaptively quadratically stabilizable.

(9.2.51)

Proof Since system (9.2.50) is globally adaptively stobilizable, then by Corollary 9.5
there exists an aclf V,(z,8), and by Theorem 9.5, it sotisfies (9.2.33) with a control law -

u=az,8). We will now show that
1
Vi(2,6,0) = Va(z,0) + 5 (€ - afz,0))" (9.2.52)

15 an aclf for the augmented system (9.2.51) by showing that it satisfies

ov | 1+F (s +T(53)7) +¢ < -W—(6—a) (9.2.53)
a(I,{) al(:E'r&!a) -
with the control law
uw=a,(z,§0) = ‘Z —(¢-a)+ —(f+F9+9£)

da_ (VL \T oV, T
+ BBF( F) + 30 (—5;F) (9.2.54)

Let us start by introducing for brevity z = £ — a(z,0). With (9.2.52) we compute

Vi fHFB+ gt

0.8) | ay(z,¢,0)

] M (f + Fo + g€) + —Zal(z,f, 6} (9.2.55)

av, Ja
=(3I )(I+F9+g£)+za1
oV, da
=3I( (f+F9+g£)+za1

NV,
= a:I:(f+F9+g.'0r)~I—z( %V (f+F9+Qf))
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On the other hand, in view of (9.2.52), we have

o FF(%%L)T Ay (avl) (9.2.56)
Az, €) 0 oz o0

T
_ av, 50 FT avy
or oz a0
WV, Ve do (Vi N7 aV, (e \"
" oz Fr(aa) z(%F(EF) R F(a_zF)
Adding (9.2.55) and (9.2.56) with (9.2.33) and (9.2.54), we get

v, f+F (6+F(%‘_;1)T) + g
8(1:,{) 01(17)'5,6)

oV, & da (Vi T 8V, (8a \T

< -W(z,8) - 2* (9.2.57)

oV, VT
(f+Ff9+ga) e (88)

This proves by Theorem 9.3 that Vi(z,£,8) is an aclf for system (9.2.51), and by Corol-

lary 9.5, this system is globally adaptively quadratically stabilizable. O

The new tuning function for system (9.2.51) is determined by the new aclf ¥ and given

by
e (s ]) - (5 - [0}

= 1(z,0) - (3"" ) (€ — ) (9.2.58)

We note that the new tuning function 7 is obtained by augmenting the initial tuning
function 7 with the term —(%F)T(E — a) which accounts for the fact that the aclf V; is

augmented by %(E - afz, 9))2

The form of the control law a(z,£,8) in (9.2.54) is of particular interest. It consists of

two parts, a; = a; . + ay,». The first part,

ov,
3 oz

@1(2.6,0) = 3520 ~ (€~ ) + S2(f + FO + 66) (0:259)
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would become the “certainty equivalence” control law for the augmented system (9.2.51)

if we were to set I' = 0. The second part consists of two terms.

da (Vi \T V. [da T

Their role is to produce %%FF(%—)T in the aclf inequality (9.2.53). Observe that the

' ; : c oo faw T
first term in (9.2.60) incorporates 7 = (G4 F) .

The control law a;(z, £, 8) in (9.2.54) is only one out of many possible control laws. Once
we have shown that V| given by (9.2.52) is an aclf for (9.2.51), we can use, for example,

the C° control law @, given by Sontag's formular (9.2.34) with ;2% ¢, = z and

B(x.£)
oV, - v f+F(9+F(%§L)T)+g§
ZEG IR Er) : 20
_ W T AN
= S (f+96) + n(=.60) (9+F(ﬁ))

It can be shown that the following function, used as a clf in [17], is a more general aclf

than (9.2.52):
£-a(z,6)
Vi(z,€,0) = Vi(z,0) + f n(s)ds (9.2.62)
0

where 7 is a C° function such that sp(s) > 0 whenever s # 0, #'(0) > 0, and 7 ¢
Ll((“mv 0}) U Ll((or +OOD

The following example illustrates the use of Lemma 9.6.

Example 9.7 Let us consider the system

I = Ig—l—lp(I])TB
Iy = w3 {9.2.63)

1;'3=U
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we will treat the state z3 as an inlegrator added to the (z1,T2)-subsystem from Ezam-

ple 9.1. In the example, we have already designed an adaptive control law for the system

Ty = I2+90(5«"1)T9

Ty = I3 (9.2.64)

considering Ta as a control input. With (9.2.18), (9.2.19), (9.2.20), and (9.2.22), it can

T
?;f [f(z) + F(z) (9 + (%Ig:) )} = —128 —cp2h (9.2.65)

which means that V,(z),T,,0) = Vi(z1,zo,t€) = %(zf + 22) is an aclf for the system

be shown that

(9.2.64) considering x3 as a control input. Therefore, Lemma 9.6, the function directly

applicable. We define z = r3 — a(z,0). By Lemma 9.6, the function

Vi(z,8) = = (21 + 25 + 23) (9.2.66)

[ R

is an aclf for the system (9.2.63). With (9.2.54) and (9.2.58), we obtain

da T3+ 70 da

01(113,9) = —21 — (323 — m 23 + %Tl
Ja
T—
+ 29 3:1:1('0 (9.2.67)
n(z,0) = T- g%soza (9.2.68)

With the following adaptive control law and the parameter update law:

u = mz,b) (9.2.69)

b = n(z,0) (9.2.70)
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it is straightforward to verify that the closed-loop adaptive system is

2 -0 1 0 21
| = -1 —C2 1- 3—;|90§2 %
Z 0 -1+ - 23
1
+| 22504 |70 (9.2.71)
dx1
_Ga
o1,
21
- T -
o = 90[1, b, -2 || = (9.2.72)
23

where z1, 29, 23 are used with 8 as an argument. The global stability of this system is

established using the Lyapunov function V (z,6) = Vi(z,8) + 1674. ]

While in Lemma 9.6 the initial system is augmented only by an integrator, a minor

modification is sufficient to obtain an analogous result for the more general system

& = f(z)+ F(z)0 + g(z)}

. (9.2.73)
£ = u+F(z,6)0

Corollary 9.8 The function Vi(x,£,0) defined in (9.2.52) is an aclf for the system

(9.2.73) with the control low and the tuning function given as

T
01(2,6,0) = an(z,£,6) ~ Fi(z,€) (9+r(%‘g°) ) (9.2.74)
n(2,6,60) = 7(z,&0) + (€ —)F(z, &) (9.2.75)
O

A repeated application of Corollary 9.8 will further extend the class of nonlinear systems
for this type of adaptive design. With the knowledge of V,, 7, and « for the system

(9.2.73), it is not hard to see that by applying Corollary 9.8 twice we can find Vs, 72, and
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g for the system
i = f(z)+ F(z)f + g9(z)&
&
&

2 + Fi(z,6,)0 (9.2.76)

u+ Falx, &1, 6)0

In fact, it is clear that an n-fold application of Corollary 9.8 will provide us with V,,, 7,

and a,, for the system

£ = f(z)+ F(z)0 + g(z)&
& = &+ Fi(x,&)0
(9.2.77)

én—l = &t Fn—l(Iafl: - :ﬁn—l)g

£n = u+ Fy(z,6,...,6)0

We will now develop a detailed design procedure for such systems.

9.3 Set-Point Regulation

With repeated use of Corollary 9.8, we can design an adaptive controller to globally

stabilize a desired equilibrium z° of the parametric strict-feedback system

Ty = T2+ <,01(.'L'1)T9

By = T3+ po(a,22)7 0
{9.3.1)
. T
In—1 = Zn-+ ‘Pn—l(rly e :In—l) f
tn = Ple)ut pa(z)
where 8 € R? is a vector of unknown constant parameters, 3 and
F=lpn....¢n] (9.3.2)

are smooth nonlinear functions taking arguments in R*, and 3(z) # 0, Vz € R™.
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In this section, we develop a procedure for adaptive regulation of the ocutput y = z; to

a given set-point y;. With a constant control u®, the first n-1 equilibrium equations of

i = 0 in {9.3.1) can be successively solved for 3, ..., z% as functions of z7 and &:
5 = —ei(a))'0
€ (o4 (o4 T
15 = —pa(zf,23) 0
(9.3.3)
e e T
I, = —WTL*I(IIJ"':IS;_]) 9

Then the n'® equation 22 = 0 yields a relationship between z§, u®, and 8. When 8 is
known, then ¢ = 0 can be solved for u° needed to keep z§ at a desired set-point z§ = ys.
The corresponding values z§, .. ., z¢, will be dictated by (9.3.3). Therefore, for each value
of § and a prescribed y,, the equilibrium z° and the corresponding control value u* are
uniquely defined. In the special case where ¢1{(0) = -+ - = ,_1(0) = 0, the choice y, =0

results in the equilibrium being z* = 0 for all values of 6.

Our problem now is to globally stabilize this equilibrium when & is unknown and also to

achieve set-point regulation: z(¢) — 2® as t — 0.

Comparing the systems (9.3.1) and (9.2.73), we observe that if 23 were the control vari-
able, then Corollary 9.8 would provide the desired adaptive control for the subsystem
made of the first two equations of (9.3.1). Therefore, we can initiate our recursive de-
sign procedure by augmenting his subsystem by the third equation, as in (9.2.76). For
convenience, we will do this in a self-contained fashion, independent of Section 9.2. An
additional feature of the procedure in this section in a set of error coordinates in which
the stability properties of the resulting closed-loop adaptive system are clearly displayed

without an explicit use of the aclf concept.

9.3.1 Design procedure

We will start by adaptively stabilizing the first equation (9.3.1) considering z, to be

its control. At each subsequence step, we will augment the designed subsystem by one
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equation. At the it® step, an i**-order subsystem is stabilized with respect to a Lyapunov
function V; by the design of a stebilizing function «; and a tuning function 7;. The update
law for the parameter estimate §(t) and the adaptive feedback control u are designed at

the final step. The third step is crucial for understanding the general design procedure.

Step 1. Introducing the first two error variables

21 = T1— s (9.3.4)

Zp = o —xp (935)
we rewrite &, = 75 + (1) 6, the first equation of (9.3.1), as
Zh=zmta+ wl(:cl)TB (9.3.6)

where, for uniformly with subsequence steps, we have defined the first regressor vector

as
wy(z1) = ¢1(21) (9.3.7)
Our task in this step is to stabilize (9.3.6) with respect to the Lyapunov function
_ 1o laryj
2 2
whose derivative along the solutions of (9.3.6} is

Vi = zi{ze + o + wl0) — 07T 18 — Twy 2,) (9.3.9)

We can eliminate @ from Vl with the update law = ['ry, where

m1(z1) = wi(z1)z (9.3.10)

If o were actual control, we would let z; = 0, that is, z; = a,. Then, to make V, = —cy 22,
we would choose

ay(z1,8) = —c12) — wi ()70 (9.3.11)

Since z4 is not our control, we have z # 0, and we do not use § = 'r; as an update law.

Instead, we retain 7; as our first tuning function and tolerate the presence of g in V;:

Vi=—af+znn+6 (0 -n) (9.3.12)
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The second term zz» in Vi will be cancelled at the next step. With a;(z;,8) as in

(9.3.11), the z,-system becomes

23] = 12+ 22+ 'lUl(.'L"l)Tg (9313)

Step 2. We now consider that z; is the control variable in the second equation of (9.3.1).
Introducing

Z3 = T3 — Q2 (9314)

we rewrite Iy = 3 + @a(z1, IQ)TB as

) da T Oaq i
29 =23+ Cg — -5;%1?2 + ‘1.1‘..’2(1‘1, Zo, 9) g - 3—9..19 (9315)
where the second regressor vector ws is defined as
5 da
'UJQ(Il,.’.Cz, 9) = 3 — a—lipl (9316)
I

Our task in this step is to stabilize the (zy, z2)-system (9.3.13), (9.3.15) with respect to

1
Va=WVi+ Ezg' (9.3.17)

whose derivative along the solutions of (9.3.13) and (9.3.15) is

. Ja - Oay 2
Vo = —clzf + 23 [zl + 23+ — a—zixg + wgﬂ - 8_919]
+gT (T; + wWo2p — F—lé) (9318)
We can eliminate & from V. with the update law 8 =I'ry, where
- Y3
Ta(T1, 22,0} = 71 + wa2e = [ w, , W ] (9.3.19)
23
If z3 were our actual control and, hence, z3 = 0, we would achieve V; = —c12? — 2

by designing a; to make the bracketed term multiplying 22 in (9.3.18) equal to —cy2s,

namely

< a - 0
oz(ry,72,8) = —2, —Cpzp + ﬂzg - wgﬂ + %F‘rg (9.3.20)

le
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We retain 7o as our second tuning function in the term I'ry which replaces f in (9.3.20).

However, we do not use 6 = I'ry as an update law, so that the resulting V; is
: 2 2 day 5 AT 14
Vo= —c1z{ — cozg + 2223 + ZQE(FT‘)_ —0)+ 8 (- T7'8) (9.3.21)

The first two terms in V5 are negative definite, the third term will be cancelled at the
next step, while the discrepancy between I'ry and 8 in the last two terms remains. By

substituting (9.3.20) into (9.3.15), the (21, z2)-subsystem becomes

3 - 1 21 wl | . 0
= + 8+ . (9.3.22)
22 -1 —Ca Z3 w'{ zZ3 + 6—81(1"72 — 9)

Step 3. Proceeding to the third equation in (9.3.1), we introduce

o T
and rewrite T3 = z4 + 3(z1, T2, 3) 8 as

) O da ~ T Oag i
2y =2z + vy — B—If$2 - -5:—5-3353 + "LU3(1'1, Iq, T3, 9) - 8—9.29 (9324)
where the third regressor vector w; is defined as
60.’2 6a2
) ) 19 ~ . 3.2
wy(Ty, T2, 73,8) = 3 — 92,7 T P (9.3.25)

Our task is to stabilize the (zy, 29, z3)-system with respect to

1
%=%+§ﬁ (9.3.26)

whose derivative along (9.3.22) and (9.3.24) is

. da; A
V3 = ‘—0121 — 6222 + 29— 59 (FTz 8)

+23 [22 + Z4 + Q3 — %Iz gﬂ' I3 + w 9 60.’2 }
Ty )

+§T (Tg + WaZy — ]_—‘"'19) (9327)
We can eliminate # from Vs with the update law f = ['r3, where 13 is our tuning function

xa
75(21, %2, T3,8) = T2 + wyzy = [ wy, Wa, Wi } Zy (9.3.28)

23
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If x5 were our actual control, we could have z; = 0 and achieve Vi = —cy 2t — Cozt — ¢322
by designing a3 to make the bracketed term multiplying 23 equal to —c323, namely

~ Baz 30{2
az(r), 2,23,0) = 20 — Czz3 + T2 + 7
61:2

837}

where 14 is a correction term yet to be chosen. Substituting (9.3.29) into (9.3.27), and

Ty — 'lUg‘é + %FT;} + V3 (9329)

noting that

6 —Try, = 0—Trs+T0; —Trp

= é —I'r3 + Tugzy (9330)
(9.3.27) is written as
; 2 2 day
Vi = —qzi—ountzn|vs— gf’wazz + 2324
day 80:2) A 1A
+lao—=+z3— |-+ (3s—-T"9 9.3.31
(252 + 222 ) - hy+ -0 @33y
and the (21, 29, z3)-subsystem becomes
21 —C] 1 )] r4l wf" 0
Zo = -1 —-cp 1 n |+ | w f+ —8—;'5‘-Fw323
5.73 0 -1 - zZ3 wg %)
0
+ _Bagél(p,ra —#) (9.3.32)

z4 + %-Z(FT;; - é)

If 4 were our control, we would have 24 = 0, and with the update law ¢ = I'r3, the last
vector in (9.4.31) would be zero. However, the potentially destabilizing term —%"511"11,1323
would still remain. This unmatched term must be accommodated by a choice of the

correction term v3. From (9.4.30), the choice of v3 is immediate.

.8
V3(II:I2sI3sB) = "'(%Fwazz (9333)

We again postpone the decision about f and do not use § = ['7; as an update law. The
resulting V4 is

: O ole z
Vo = —61212 — CQZ% - C3Z§ + z3z4 + (2239}- + 238—9..2) (F‘T3 - 9)

+07 (s — T714) (9.3.34)
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and the (zy, 29, 23)-subsystem becomes

21 —C1 1 0 2] wT
) = -1 —C 1- %’»ng |+ w.f{ g
23 0 -1 + %?Fw‘; —C3 Z3 wg‘
4] 0
+10 |+ %) (Pr- 4 (9.3.35)
24 %.2

The ‘system matrix’ in (9.4.34) has a significant property: the skew symmetry of the
nonlinear term %(;}ng achieved by the choice of v3 in (9.4.32). This term is analogous

to the second term in (9.2.60) and the skew symmetry is crucial for stabilization.

Step . Introducing

Zitl = Tit1 — Xy (9.3.36)
we rewrite &; = ;41 + @(z1,. .. ,z,-)TB as
i-1
. Ooyi_y AT Oay_; ;
D= Zi +a-—§ (z1,...,2,0) § — ——10 3.
Zi = Zjtl i £ Dzx Txy1 + wi(2 z;,0) 8 a6 (9.3.37)

where the it* regressor vector is defined as

i-1
N o -
w,-(ml, e ,Ii,g) =i — « llpk (9338)
k=1 BIk
Our objective is to stabilize the (z, ..., z)-system with respect to
1 2
Vim Vit L (9:339)

whose derivative is

i—-1 i-2
Ja
Vi = - chzk + Z ki1 (Trioq = )

k=1 k=1 89
i-1

60.’,'_1 T aai—-l

FZ | Zio) + 2y oy — Tyl +w;, 0 — ——0

l: 1 +1 ; 6_7;k k+1 68

+47 ('ri_, + wiz — F—‘é) (9.3.40)
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We can eliminate  from V, with the update law ¢ = I'r;, where

Ti({El,...,I,—,B) = Ti—1 -t Zw; (9341)

-

24

Then, in the absence of z.;, we would achieve V; = — 21:1 ckz,?c, by designing a; to

make the bracketed term multiplying z; equal to —c¢;2;, namely

A 0-’1 1 T 30.’; 1
i ,...,Ii,g = TRi- 144 9 I-‘i
a; (T ) Zio1 — Gz + Z oo, Tht1 — + z
+y; (9.3.42)
where v; is a correction term yet to be chosen. Nothing that
/- Moy, = §-Trn+ I'm—T'r,_4
= §—-TIr+Twz (9.3.43)

we rewrite V; as

i-1

Vi = =) ad+x [Zi+1+Vi—
k=1

+ (Z Zk+1—') ].—‘T,_.l - 9) + GT( i — F*lé)

1

aa:—l- :‘:|
—(I's — 6
5 ([ —6)

i—-1 —
= Z c;,zk + z !z,ﬂ + v — Z zk+1—Fw,} (9.3.44)

+ ( y Zk+1i—9) (T - 9) o (r; F_lé)

k_
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and represent the (z;,..., z;)-subsysten as
—C 1 0 0 0
-1 —C9 14+ 09 v 21 0
2]
0 -1 - 93
l+oi ;-1 O
%
0 —0J2,i-1 T =1 =ai241 —Ci-) 1
0 0 0 -1 -
O - - - -
0 0
wf" 0'2‘,'2,; o,
+ 8+ + +| ® | (n-9)
0 :
w;‘n Ti—14% dari_y
Ziti >
v - - - -
where
- do i—1
oi(z,8) = ——L=Tw;
af

Now the correction term is chosen as

i—-2

-1
~ aak .
Vi(Z1,. . 30, 0) = Y zep——=Twi= =Y op iz
k=1 89 k=2
Because we do not use § = ['r; as an update law, the resulting V; is

i i—1
. Jo 3 - L
V= Z Csz + zjzip1 + (Z Zk.i..l?a?k) (Pr; — 9) + HT(T,- -T 19)

k=1 k=1

98

Z

(9.3.45)

(9.3.46)

(9.3.47)

(9.3.48)
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and the (zy,..., z;)-subsystem becomes
- 1 0 PN 0
z -1 -2 l+on T3 2y
= 0 —1 — 023
Z; 1+ Ti-14 z;
0 —02 —l—-ai, —¢;
- 0 0
wy o
. day :
+ g + + a4 (FTi - 9)
- 0
Wi oy
RN

Step n. At the final step, we introduce
Zn = Xp — Op

and rewrite the last equation &, = 3(z)u + tpn(z)TG as

1 T Oty 2
Tepy + 3 0) — —0
(Tka1 + 91 0) rY:

day,_
B.’Ek

where the last regressor vector is defined as

n-1
3= fu+plf — E
k=1

n—1 Bafn_1
Bz, Pk

wn(z, g) =$n—
k=1

99

(9.3.49)

(9.3.50)

(9.3.51)

(9.3.52)

In this equation, the actual control input is at our disposal. We are finally in the position

to design our actual update law é = I't, and feedback control u to stabilize the full z-

system with respect to

1
Vn—-l + 523

1 - .
= Esz + %HTI“IG

Vo =

Our goal is to make Vn nonpositive:

n—1 n—2
. d A
Vo= = Y o+ (sz—"!ﬁ) (Pt — 6)
k=1 k=1 a9
n-1
Oan_ « O,
+ 25 lzw—l + )Bu - g 6Ikl.'17k+1 + wfﬂ - *—419

+ 47 (‘r,,_; + wyz, — F"é)

(9.3.53)

(9.3.54)
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To eliminate 8 from V., we choose the update law

8 = TIry(z,0) =Try + Twyz, (9.3.55)
= TW(z,0)z
where the regressor matrix W is composed of the regressor vector wy, ..., wy:
W(z,8) = [w,...,w (9.3.56)

We choose the control © to make the bracketed term multiplying 2, equal to —c,2,:

1 Qn 1 aaﬂ.—l
u = E — CpZp + E ——Tiy1 — wgzn + x

where v, is a correction term yet to be chosen. With {9.3.57), V., becomes

I'r, + I/n) (9.3.57)

n— n-2
O :
Vo= — chzﬁ + ( zk+18_6.k) (I'rn1 — 0) + zaiy (9.3.58)
= k=1

Then, noting that

6 — 1y =1y — D7y = Dz, (9.3.59)
we rewrite V,, as
n-1 n-2 aa
Vio==Y a4z |va-Y 2y —Tw, (9.3.60)
5 e ( IR
Now the correction term v, is chosen as
. n-2 BQ‘
V"(I,G) = sz+l ankrwn == Z'n: nik (9361)
k=1

We have thus reached our goal:

Vo=~ az (9.3.62)
k=1
The overall closed-loop system is
i o= Alz,®)z+W(z,0)70 (9.3.63)

~

b = TW(z0)z (9.3.64)
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where
[ —C 1 0 v 0 ]
-1 —C2 1+ aag e Tan
Adz,0)=1] 0 —l-ay - : (9.3.65)
l+an_1n
0 o o =l=Opiin —Cn

The system {9.3.63} will be referred to as the error system. It is important to note that

a major portion of the designed effort was invested into achieving

1

Az, 0) + Az, 0) = 2 . ¥(z,0) e R (9.3.66)

Cn

which yields (9.3.62) with the simple quadratic Lyapunov function (9.3.53). We observe
that, as desired, the system (9.3.63)-(9.3.64) has an equilibrium at (z,8) = (0,0). The

stability properties of this equilibrium will be established in Section 9.3.2.

Example 9.9 In application of the tuning functions procedure, we do not need to re-
peat the Lyapunov argument. All we need for a specific design are the final analytical
expressions provided by the procedure. Let us now illustrate this by designing an adaptive

controller for the benchmark system from Ezample 9.7:
Iy = I+ (P(I‘l)TB
Iy = T3 (9.3.67)
i?g = u
The design objective is the regulation of the output y = x, to the set-point y,. The
first three expressions provided by the procedure are the definitions (9.3.4), (9.3.5), and
(9.3.14) of the error variables
21 = Iy Ys
z3 = 1z — oz, é) (9.3.68)

3 = -’133—0!2(3'311-’52,9)
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where oy and aq are the stabilizing funciions given by (9.3.11) end (9.3.20):

ay = —clzl—tpTé
80[1

0&1 TA
- - (x N+ —r 9.3.69
(/%) 21+0$1(T2+‘P )+ EY; T2 ( )

The tuning functions, determined from (9.3.10}, (9.3.19), and (9.3.28), are

g

n = 21¥
5]
™ = 71— 226;:11 (9370)
80‘2
Ta = T2 — &3+
3 2 331‘1

With the above expressions and the choice I' = I, the parameter update law and the
feedback control are oblained from (9.3.55) and (9.3.29), respectively. They are
A 80!1 60.’2

O oL U L. 371
g Ts =¥ — 22 aII‘P z3 8;51"0 (9 )
Oa - Oa da

U = —C323— 22+ 5;?‘(1‘2 + K,OTG) (73?;’1)3 + ‘5‘8.—2T3
aag 802
_,,0m0m 9.3.72
2 a0 ( )

This completes the design of the adaptive controller for (9.3.67). In the (z, 8)-coordinates

the designed system is

—Cy 1 0 1

z = -1 —¢y 1_%12“0]2 z+ _.g_:ll 7o (9.3.73)
0 —1+%12|cp|2 —C3 —g—:f

0 = —p[1, -t —tm]: (9.3.74)

It i5 of interest to relate the stabilizing functions o, and oy and the control law u to
the material from Section 9.2. The stabilizing function o) has a “certainty equivalence”
form. The stabilizing function ay has the term —%’-Tg which accounts for parameter
estimation transients, while the rest of it is in the “certainty equivalence” form. The
control law u departs from the “certainty equivalence” form in the last two terms whose
role in the same as that of (9.2.60). The last term in u is particularly important. Since

_%'51 = —T, this term contributes with + — %ff|90|2 in the Isystem matriz’ in (9.3.73)

and achieves the skew symmeltry, which is crucial for stability. m|
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9.3.2 Stability and convergence

To investigate stability properties of the closed-loop adaptive system (9.3.63)-(9.3.64}, we
express ;, oy, T;, and w; in the z-coordinates. Then, by the uniform stability theorem,
the global stability of the equilibrium (z,8) = 0 follows from the fact that the derivative

Vi, of V,, along the solutions of (9.3.63)-(9.3.64) is given by (9.3.62).

From LaSalle’s Invariance Theorem, it further follows that the ((n+p)-dimensional} state
(2(1), 6(t)) converges to the largest invariant set where V,, = 0. This means, in particular,

that z(t) = 0ast — 0.

We now set out to determine M. On this invariant set, we have z = 0 and z = 0. Setting

z=10, z=101in (9.3.63) we obtain f=0and

Wi(z,8) (8-8)=0, Y(z,8)eM (9.3.75)

1 0 0
AT _g_:f 1 T A 5 T
W(z,6) = F(z) = N(z,6)F(z) (9.3.76)
0
Aoty dorn—
S TEmen L

Since N(z,8) is obviously nonsingular for all (z,8) € M, then (9.3.75) and (9.3.76) imply
Fz)'(0-6)=0 onM (9.3.77)

Now we show that = = z° on M. Since z; = z; — y, then z; = y, = z$ on M. In view of

(9.3.77), we get
-8 p(z)=0 on M (9.3.78)

Recall from (9.3.11) that &y = —¢;2; — 6Ty, Therefore, on M, we have a; = 0T g (z2).
Combining this with z; = 0 = 23 — o and (9.3.3), we get z; = z5 on M. Using (9.3.77),

we obtain

(0 ~8) pa(zf,25) =0 on M (9.3.79)
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A T
Continuing in the same fashion, we prove that z; = z¢ and (8 — 8) @(xf,...,z{) =0on

M,i=1,...,n Thus, the largest invariant set M in £ is
M = {(z, ) e R™P | 2z =0, FT§ = 0} (9.3.80)
- {(z,é) ER™P |z =0, FT§= Fja}

where F, = F(z*). The two equivalent expressions for A and the convergence of

(z(t),0(t)) to M prove that z{t) — z° as t — oo.

An important property of M is its dimension, p — rank{F,}. When rank{F,} = p, then
dim M = 0, that is, M becomes the equilibrium point x = x°¢, 6 = 6. This means that
the parameter estimates converge to their true values, so that the equilibrium z = z°,

0 =0 is globally asymptotically stable.

The above facts prove the following result:

Theorem 9.10 The closed-loop adaptive system consisting of the plant (9.3.1), the con-
troller (9.3.57), and the update law (9.3.55) haes o globally stable equilibrium (z,8) =
(z°,8). Furthermore, its state (z(t),6(t)) converges to the (p — rank{F,})-dimensional

equilibriumn manifold M given by (9.3.80), which means, in particular, that

lim z(t) = z¢ (9.3.81)

t—oo
Ify, =0 and F(0) = 0, then tlim z{t} = 0. The equilibrium z = z°, 6 = ¢ is globally

asymptotically stable if and only if rank{F.} = p. a

As the dimension of M reduces, the stability properties of the adaptive system improve,
The most desirable case is when M is an equilibrium point, in which case, this equi-
librium is globally asymptotically stable, and the parameter estimates converge to the
actual parameter values. Global asymptotic stability can be achieved with as many as
p = n unknown parameters. This is among the main advantages of eliminating overpara-

metrization.

We now discuss the basic stability properties established in Theorem 9.2.12 on a simple

example.
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Example 9.11 We consider the second order system with an unknown parameter vector
g€ RP:
. T
T, = z2te{z)d
! (9.3.82)
Ty = u-t ()0

The control objective is to requlate z to zero (z§ = 0). We define the error variable

L = I
X (9.3.83)
29 = T2 — O.’](.'E],g)
The controller is designed applying (9.3.11} and (9.3.20) as
oy = —C12; — 471(551)7-'-'Ji
day a7, oy
= - _ 6 == 9.3.84
e} ‘- 01y o0 o)’ ( )
d
u = ——Cnh+t —932 ( 33) - —-'(PI(II) ) 9+ _alg
o6
while the parameter update low is
§=T [ o1, w2 — g ] 2 (9.3.85)
The resulting error system is
- 1 T .
= | 7% 2+ s g (9.3.86)
-1 - o7 — el

Now we illustrate and discuss the stability properties established by Theorem 9.10. From
(9.3.82) we see that 2§ =0, z§ = —gol(O)TB. By Theorem 9.10, the point

I 0
2y | = | ~1(0)70 (9.3.87)
] ]

is a globally stable equilibrium, and the stable of the closed-loop system converges to the
equilibrium manifold

i 0

T —,(0)78

M = {(z,é)eR“P

, o1(0) @—6)=0 (9.3.88)
2(0, —01(0)76)"
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A basic question that one would ask is: What type of figure in R2*? is M7 Our further

discussion will, without loss of generality, be limited to p < 2.

In the simplest case where dim# = p = 1, the following two possibilities exist:

o [fboth (0} = 0 and ,(0, 0) = 0, then the manifold M is the subspace z = 0 € R?,

that is, M is the f-axis

e If either ¢ # 0 or w2(0, —p1(0)8) # 0, then the manifold Af is the single point
z1 = 0, 22 = —(0)8, 6 = 8. This point is an equilibrium which is not only

globally stable, but also globally asymptotically stable.

Next, we analyze the case p = 2.

T 2 zy T
x x e 0 01
s Suppose el I)T = ! . Since el )T = has full
wa(x1) cosz; O 2(0) 10

rank, the manifold M is the single point z, = 0, £ = —8y, 6, = 81, 8, = 85, which

is a globally asymptotically stable equilibrium.
T T
x —cosz; €7t 0 -11
o1( 1)T 1 _ Since e )T _  the
wa(z1) sinz; O 2(0) ¢ 0

manifold M is the linear variety z; =0, 2, = 8, — 8,, 632 - él = f#y — B). Neither of

I

» Suppose

the parameter estimates in guaranteed to converge to the actual parameter value,

but they are jointly converging to the line 92 = él + 82 — 8, in the plane z, = 0,

Ty = 91 - 92.
T 2 T1 T
T z e -1 0 00
¢ Suppose i I)T = ! . Since #1(0) = , the
@a(z1) sinz; 0 w2 (0)T 00

manifold M is the plane (linear variety) z = 0. This is the case of the weakest
convergence properties because one cannot guarantee that the parameter estimates

converge to any submanifold in the plane M.
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9.4 An Example of Tuning Functions Design

Derivation of wu.
j:l = Ig

.’1"32 = [)1.’133 + 91 Sil’](.’L’]) + 923’:2 = b|I3 + (P(.’El, IQ)TG

i3 = bou+93rz+94ra=bou+[0 0 2 I3]

Step 1. Introducing the first two error variables

Z1 = I1— Tid

22 = In— M
since x4 is constant, we rewrite £, = x4, the first equation of (9.4.1), as

2 = fi~Iy=T=n+a
= mto+w(n)’,
where, the first regressor vector is defined as
wi(z1) = ¢1(z1) = 0.
Qur task in this step is to stabilize (9.4.4) w.r.t. the Lyapunov function
Vi= %zf + %érf‘“é,

whose derivative along the solutions of (9.4.4) is
Vi=n (Zz + o + w;‘"é) + 67 (wlzl - F_lé) .
We can eliminate & from V, with the update law é =I'r, where

(T} = wy(z1)z = 0.

107

(9.4.1)

(9.4.2)

(9.4.3)

(9.4.4)

(9.4.5)

(9.4.6)

(9.4.7)

(9.4.8)
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If =, were our actual control, we would let z, = 0, that is, zo = ;. Then, to make

V1 = —c12}, we would choose

al(:cl,t?) = —C12 — ’lUl(Il)Té
= _Clzl' (9.4-9)

Since x4 is not our control, we have 2, # 0, and we do not use # = 'ty as an update law.

Instead, we retain 7 as our first tuning function and tolerate the presence of  in V:
Vi = —c122 + 2123 + 07 (1, — T7Y6). (9.4.10)

The second term z;2; in V; will be canceled at the next step. With al(zl,é) asin (9.4.9),

the z,-system becomes

21 =—C12 + 22+ wl(zl)Té. (9.4.11)

Step 2. We now consider that z3 is the control variable in the second equation of (9.4.1).

Introducing

23 = ZI3+ag, (9.4.12)

o . T
we rewrite &y = b3 + @2 (1y,29) 8 as

where(cpz(Ila-Tz)T = [ sinzy z2 0 0 ] )
Z = Ip— oy
29 = Ia—dy
= bizs+9;0 —

: 30.’1 - aal A
= b ——— 9 Tg - P
23 123 + b 3z I+ 'lUQ(I],Ig, ) Y a8, (9 | 13)

where the second regressor vector w, is defined as

- O
wa(z1,72,0) = ¢y — a—xi‘Pl- (9.4.14)
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QOur task in this step is to stabilize the (2, z2)-systen (9.4.11), (9.4.13) with respect to

1
Vo=V + 523, (9.4.15)

whose derivative along the solution of (9.4.11), {9.4.13) is

. Ja - Oy :
V2 = ——C[le + 22 |:Zl + 5123 + b;Oﬂg - 6—111‘2 + 'IL’%H@ - 59710]

+47 (Tl + wpzg — F“lé) . (9.4.16)

We can eliminate 4 from V; with the update law = ['rs, where

L 21
"."2(.’131,.252, 9) =Ty + Uy = [ wy  wn ] . (9417)
z2
If z3 were our actual control and, hence, z3 = 0, we would achieve V3 = —¢ 2% — cp22 by

defining ay to make the bracketed term multiplying 2o in (9.4.16) equal to —cy2, namely

2 1 a - d
asfar, 2, 6) = 3 (—zl — o+ 5‘;—‘;52 —wl§+ %rﬁ) . (9.4.18)
1

We retain 7, as our second tuning function in the ['ry which replaces § in (9.4.18).
However, we do not use § = I'r, as update law, so that resulting Vs is
. 9 2 aal 2
Vo = —zf —cozg + bz + 22-5—9:(1-‘1'2 - 9)
+07 (ry — T714). (9.4.19)
The first two terms in V; are negative definite, the third term will be canceled at the

next step, while the discrepancy between 'ty and ¢ in the last two terms remains. By

substituting (9.4.18) into (9.4.13), the (2y, 2;)-subsystem becomes

. T 0
FA4) - 1 zy wy | .
= + 0+ 4, 490 ( Tr —d) (9.4.20)
29 -1 —c Z2 'UJ%H 143 aé \,?/
F(r3~wsz3)

Step 3. At the final step, we introduce

23 =17T3— @3 (9.4.21)
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as previous step and rewrite the last equation in (9.4.1):

i‘g = bg'u +- 93I2 +- 94I3

= bgu +- (p3(l'1, T, Ig)Tf)

as (where (P:’I; = [ 00 To T3 ])
Z3 = I3 — 2
23 = I3— (n

= bou+¢i0 —
6(12 Bag

at‘_).’z -

z3 = bou — 8—;1:1$2 - 5;;'353 + ws(x1, T2, T3, é)Tﬁ - 591 (9.4.22)
where the third regressor vector wj is defined as
A BCI!Q 3052
) =3 — — — ——ipa. 9.4.23
wa(Il,Iz, Ia, ) Y3 e 3Ty Y2 ( )

In this equation, the actual control input is at our disposal. We are finally in the position
to design our actual update law g = I'r; and feedback control u to stabilize the full z-
system with respect to

1

Va = Vo+ —22'% (9424)
1 T 1 aTr—1g
— » - -
2T+ 20T 19 (9.4.25)

Our goal is to make V3 nonpositive:

—(é—FT:;+Fwazg)

. Fel -
Vo = —clzf - czz§ + zré%}— (I'ry — 8)
aaz 3&2 TA aa2 A
b e P S
423 |brzy + bou 9z, Iy B2, T3+ w; 0 Y 6
+6T(y + wszz —T710). (9.4.26)
e e
T3

To eliminate § from V5 we choose the update law g = I'r3, where 73 is our tuning function

73(71, 22, 73,0) = To+wsz;
Z)
= wy o w3] z2 |- (9.4.27)

23
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We choose the control u to make the bracket term multiplying z3 in (9.4.26) equal to

—C323:

1 Jox da
U=y = — —b122~6323+——2~$2+ 2

~ aa A
e —wTh+ 224 9.4.28

where 13 is a correction term yet to be chosen. Substituting {9.4.28) into (9.4.26), and

noting that

§—Tr, = 6T+ D6 ~Try

= 8—TIr3+ Dz, (9.4.29)
(9.4.26} is written as
Ve = —c12% — ¢p25 + 23 (Ug — %Fw;;zz) + 2524 + (zz% + z;,%?) (T3 — é)
+87 (7, — T710) (9.4.30)
and the (21, 2, 23)-subsystem becomes
Z - 1 0 z wy 0
% = -1 —e 1 2|+ | wf g+ —%Ié—lrwszs
Zy 0 -1 —c3 23 wy vy
0
+ %(F‘Fa - 6) | (9.4.31)

With the update law é = I'ry, the last vector in (9.4.31) would be zero. However, the
potentially destabilizing term —-%?Pw3z3 would still remain. This unmatched term must
be accommodated by a choice of the correction term v3. From (9.4.30), the choice of i
is immediate:

(T4, Tz, T3, 0) = a—a.lI‘w;;zg. (9.4.32)

o0
We again postpone the decision about 9 and do not use é = '3 as an vpdate law. The
resulting V; is
doy oy

f/é = —(:1,2112 - cgzg - 032:; + zazy + (22'59.— + zag) (FT3 - é)

+67(ry — T710) (9.4.33)
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and the {z, 22, z3)-subsystem becomes

él - 1 0 z w;f'
60’1 -
Z9 = -1 —Ca 1- EFTU:} 29 + wg‘ @
Jo
Z3 0 -1+ a—élrﬂ);; —C3 23 wg
0 0
30.'1 -
+1 0 |+ _9_ (Cr3 - 6). (9.4.34)
z gaz
! 96
And control input is
1 Jda Garp - Do x
U= g = b_O [—bIZQ — C3z3 + -6?1212 + 6—2:2553 - w§"9 + —('95‘9 + 13 (9435)
with
é = FT3,
wi{z1) = @i(z1) =0, (9.4.36)
- 801
wy(Z1,22,0) = 2 oz, PV
w ( r é) 60.’2 60.'2
o T = —_——
L1, T2, L3 P 3z, aa:,,"”""

The following figure (Figure9.1) shows MATLAB Simulink simulation of a Tuning func-

tion controller for our Single Link Manipulator Systern.
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Figure 9.1: MATLAB Simulink simulation of a Tuning function controller for Single Link
Manipulator System.
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Appendix A

Stability

A.1 Main Stability Theorems

Lyapunov Stability. To begin with, we remind reader that Lyapunov stability, as-
ymptotic stability, uniform stability, uniform asymptotic stability, ete., are properties
not of a dynamic system as a whole, but rather of its individual sclutions. Consider the

time-varying system
& = flx,t), (A.1.1)

where r € R", and f : R® x R, — R" is piecewise continuous in ¢ and locally Lipschitz
in z. The solution of {A.1.1) which starts from the point o at time ¢; > 0 is denoted
as z(t; zg,to) with x{to;xo,20) = Zo. Lyapunov stability concepts describe continuity
properties of z(t; zg, tp} with respect to zp. If the initial condition zy is perturbed to Zy,
then, for stability, the resulting perturbed solution z{t; Zy,%5) is required to stay close
to z(t; zg, to) for all ¢ > ty. In addition, for asymptotic stability, the error z(¢; Zp, &) —

z{t; To, to) is required to vanish as ¢ — oc. So, the solution z(t; zg, &) of (A.1.1) is

o bounded, if there exist a constant B(zp,#p) > 0 such that

|2(§; 2o, to)| < B(zo,t0), Vi 2 to; (A.12)

117
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e stable, if for each £ > 0 there exists a d(¢,tp) > 0 such that

|.’i‘0 - IOI <= II(t; i‘g, t[)) — .’L'(t, Ig,t[))l < E, Yt 2 to; (A].B)

e attractive, if there exists an 7(ty) > 0 and, for each € > 0, a T(e,tp) > 0 such that

|i‘0 — Iol <1 = ll‘(t;fo,to) - .’E(t;.’l)o,to)l < g, Yt >t + T; (A14)

s asymptotically stable, if it is stable and attractive; and

s unstable, if it is not stable.

The stability properties of z(t; xo, o) in general depend on the initial time ty. For different
to, different values of B(xo, to), d(€, to), 7(to), and T(g, t5) may be needed to satisfy (A.1.2),
(A.1.3) and (A.1.4). When these constants are independent of t5, the corresponding
properties are uniform ( Clearly, all properties are uniform if the system is time-inverient:
& = f(x}). For adaptive systems, uniform stability is more desirable than just stability.
Even more desirable is uniform asymptotic stability, often shortened to UAS. The
solution z(; zg,2) is UAS if it is uniformly stable and uniformly attractive, that is, if

8(e,to) = 6(e),(to) = r, and T(e, ta) = T(e) do not depend on t,.

Some solutions of a given system may be stable and others unstable. In particular, (A.1.1)
may have stable and unstable equilibria, that is constant solutions z(Z;zo, %) = 2.
satisfying f(z.,t) = 0. If an equilibrium z. is asymptotically stable, then it has a region
of attraction — a set Q of initial states zo such that z(t; xp,t9) — z. as t — oo for
all zg € Q (When z. is only stable, then the solutions starting in Q@ remain close to z.
in the sense of (A.1.3)). In this report, the stability properties for which an estimate of
the region of attraction is given are referred to as regional. Otherwise they are called
local. When the region of attraction is the whole space R", then the stability properties

are global.

Any equilibrium under investigation can be translated to the origin by redefining the

state T as z = = — z.. Such a translation z = z — z(t; 2o, tp) can be defined for any
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solution z(t: g, to) so that the solution under investigation can always be considered to
be an equilibrium at the origin with a corresponding redefinition of f(x,t} into f(z,t)

such that f(0,t) = 0, namely;

&= f(2+z(t: 30, ta), 1) — S(2(t 20,10),1) 2 [(2,1). (A.15)

Therefore, there is no loss of generality in standardizing the stability results for the zero
solution z(t;0,ty) = 0. In adaptive tracking problems, this zero solution is particulary

meaningful when the state z represents the tracking error and its derivatives.

To be of practical interest, stability conditions must not required that explicitly solve
(A.1.1). The direct method of Lyapunov aims at determining the stability properties
of z(t, o, ty) from the properties of f(x,t) and its relationship with a positive definite
function V(z,t). For global result, this function must be radially unbounded, that is
V(z,t) — oo as |z| — co uniformly in t. For simplicity, we will assume that the
translation to the origin has been performed, that is, f(0,¢} = 0, and thus the solution

under investigation is x = 0.

Uniform asymptotic stability is a desirable property, because systems that possess it can
deal better with perturbation and disturbances. We shall see that, in general, adaptive
designs achieve less than uniform asymptotic stability. However, they achieve more than
uniform stability because they force the tracking error to converge to zero. This key
property is referred to as regulation when the reference signal is constant, and tracking
when it is a time-varying signal. For convergence analysis, a powerful tool is the following

theorem due to LaSalle and Yoshizawa:

Theorem A.1 (LaSalle-Yoshizawa)} Let z = 0 be an equilibrium point of (A.1.1) and
suppose f is locally Lipschitz in x uniformly tn t. Let V : R® — R, be g continuously

differentiable, positive definite and radially unbounded function V(z) such that

14
V= (@)f(zt) <-W() <0, Vvt20,VzeR", (A.1.6)

where W is a continuous function. Then, all solutions of (A.1.1) are globally uni-



APPENDIX A. STABILITY 120

formly bounded and satisfy

lim W(z(t)) = 0. (A.1.7)

t—00

In addition, if W(z) is positive definite, then the equilibrium z = 0 is globally uni-

formly asymptotically stable (GUAS).

For regulation task, the designed system is usually time-invariant,

i = f(z), (A.1.8)

in which case we are interested in its invariant sets. A set M is called an invariant set
of (A.1.8) if any solution (¢} that belong to M at some time constant ¢; must belong to

M for all future and past time:

zh)eM=z(t)e M, VteR. (A.1.9)

A set Q is positively invariant if this is true for all future time only:

Can we guarantee convergence to a desired invariant set? A rewarding answer to this
question is provided by LaSalle’s Invariance Theorem and its asymptotic stability corol-

lary:

Theorem A.2 (LaSalle} Let  be a positively invariant set of (A.1.8). Let V : Q) —
R, be a continuously differentiable function V(z) such that V(z) < 0,V € Q. Let
E = {.7: e QV(z) = O}, and let M be the largest invariant set contained in E. Then,

every bounded solution z(t) starting in {2 converges to M as t — oo.

Corollary A.3 (Asymptotic Stability) Let z = 0 be the only equilibrium of (A.1.8).

Let V : R® — R, be a continuously differentiable, positive definite, radially unbounded
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function V(z) such that V(z) <0,V € R". Let E = {I e R"|V(z) = 0}, and suppose
that no solution other than z(t) = 0 can stey forever in E. Then the origin is globally

asymptotically stable (GAS).

These invariance results will motivate us to closely examine the invariant subsets of E.
As we shall see, the convergence properties of the designed system are stronger if the
dimension of M is lower. In the most favorable case of asymptotic stability, the largest
invariant subset M of E is just the origin £ = 0. Our aim will thus be render the

dimension of M as low as possible.

Input-to-State Stability. Another stability concept which is used throughout the

report is that of input-to-state stability (ISS), the system
t = flz,u) (A.1.11)

is said to be input-to-state stable (I55) if for any z(0) and for any input u(.) contintous

and bounded on [0, 00) the solution exists for all ¢ > 0 and satisfies

2] < B, 0) +7( sup fu()]), Ve 20, (AL12)

where 3(s,t) and y(s) are strictly increasing functions of s € Ry with 8(0,t) = 0,4(0) =

0, while 7 is a increasing function of ¢ with tlim B(s,t) =0,vs € R,.
—00Q

A.2 Lyapunov’s Direct Method

The basic philosophy of Lyapunov’s direct method is the mathematical extension of
a fundamental physical observation: if the total energy of a mechanical (or electrical)
system is continuously dissipated, then the system, whether linear or nonlinear, must
eventually settle down to an equilibrium point. Thus, we may conclude the stability of

a system by examining the variation of a single scaler function.

The total mechanical energy of the nonlinear mass-spring-damper system

mi + bt || + kox + kaz® = 0 (A.2.1)
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is the sum of its kinetic energy and its potential energy.

1 T ; 1 . 1 1
V(z) = ;mi’ + _/ (kos + kys¥)ds = —mi® + —koz® + -k z* (A.2.2)
2 0 2 2 4
Comparing the definitions of stability and mechanical energy, one can easily see some

relations between the mechanical energy and the stability concepts described earlier:

e zero energy corresponds to the equilibrium point (x = 0,Z = 0)
e asymptotic stability implies the convergence of mechanical energy to zero

e instability is related to the growth of mechanical energy

These relations indicate that the value of a scalar quantity, the mechanical energy, in-
directly reflects the magnitude of the state vector: and furthermore, that the stability
properties of the system can be characterized by the variation of the mechanical energy

of the system.

The rate of the energy variation during the system’s motion is obtained easily by differ-

entiating the first equality in (A.2.2)
V(z) = mii + kor + kyz®s = £(-bz |2|) = —b|° (A.2.3)

The direct method of Lyapunov is based on a generalization of the concept in the mass-
spring-damper system to more complex system. Faced with a set of nonlinear differen-
tial equations, the basic procedure of Lyapunov’s direct method is to generate a scalar
“energy-like” function for the dynamic system, and examine the time variation of that
scalar function. In this way, conclusions may be drawn on the stability of the set of
differential equations without using the difficult stability definitions or requiring explicit

knowledge of solutions.

Theorem A.4 (Local Stability) if, in a ball By, there ezists a scalar function V(z)

with continuous first partial derivatives such that
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o V{(z) is positive definite (locally in Bg,)

o V(z) is negative semi-definite (locally in Bp,)

then the equilibrium point =0 is stable. If, actually, the derivative V{z) is locally

negative definite in Bp,, then the stability is asympiotic.

Theorem A.5 (Global Stability) assume that there exists a scalar function V of the

state &, with conlinuous first order derivatives such that

o V(z) is positive definite
o V(z) is negative definite

o V(z) — o0 as [jz]| - o0

then the equilibrium at the origin is globally asymptotically stable.

A.3 Lyapunov Stability

Consider the non-autonomous system

z = f(z,t) (A.3.1)

Definition A.6 The origin x = 0 is equilibrium point for (A.3.1) if
f(0, ) =0Vt >0. (A.3.2)
Definition A.7 A continuous function v : [0,a) — R, is said to belong to class K if

it is striclly increasing and ¥(0) = 0. It is said to belong to class K, if a = oo and

¥(r) > o0 as r — .
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Definition A.8 A continuous funclion § : [0,a) x Ry — R, is said to belong to class
KL if for each fized s the mapping (3(r,s) belong to class K with respect to v, and for
each fized r the mapping 3(r, s) is decreasing with respect to s and 3(r,s) — 0 as s — co.
It is said to belong to class K Ly if, in addition, for is fized s the mapping 3(r,s) belong

to class K, with respect to r.
Definition A.9 The equilibrium point =0 of (A.6) is
e uniformly stable, if there exists a class K function (') and a positive constant c,

independent of ty, such that

lz()] < Alz(tadl), VE21t 20, Vz{to)liz(te)| <c; (A.3.3)

o uniformly asymptotically stable, if there exmist a class KL function 3(-,-) and a

positive constant ¢, independent of to, such that

lz(t)] < B(|z(to)l,t —to), Vt2to 20, Va(to)llz(to)| < c (A.3.4)

o cxponentially stable, if (A.3.4) is satisfied with 3(r,s) = kre®, k > 0,a > §;

o globally uniformly stable, if (A.3.3) is satisfied with v € K, for any initial state
z(to);

o globally uniformly asymptotically stable, if (A.3.4) is satisfied with 8 € KL, for

any initial state z(to); and
o globally exponentially stable, if (A.3.4) is satisfied for any initial state z(ly) and
with B(r,s) = kre™*,k > 0, > 0.
Lemma A.10 (Barbalat) Consider the function ¢ : Ry — R. If ¢ is uniformly con-

tinuous and tiirn @(T)dT ezists and is finite, then

lim ¢(t) = 0 (A.3.5)



Appendix B

Backstepping

B.1 Integrator Backstepping

The simplicity of scalar designs motivates us to use them as starting points of recursive
designs for higher-order systems. Consider a scalar system as in (B.1.1a) augmented with

an integrator:

i = cosz—1*+¢€ (B.1.1a)

£ = u (B.1.1b)

Let the design objective be the regulation of z(t), that is, z(t) — 0 as t — oo, for all
z(0), £(0). Of course, £(t) must remain bounded. Form (B.1.1a), the only equilibrium
with = 0 is at (z,£) = (0, —1). We will meet our design objective by rendering this
equilibrium GAS. In the block diagram in Figure B.1 the scalar system (B.1.1a) appears
in the dashed box. To construct a clf ! we will exploit the fact that a clf is known for its
subsystem in the dashed box. Indeed, if £ were the control input, then the corresponding
clf and control law would be V(z) = 2z% and £ = —¢iz — cosz clf. Of course £ is just a

state variable and not the control. Nevertheless, as its “desired value” we prescribe

€ges = —C1T — cOST 2 afz). (B.1.2)

A system for which a good choice of ¥{z) and W(z) is said to posscs a clf.

125
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Figure B.1: The block diagram of the system (B.1.1a), {B.1.1b}

Let z be the deviation of £ from its desired value:
z2={~8ges =€ —az)={+ 12+ cOST. (B.1.3)

We call £ a virtual control, and its desired value a{z) a stabilizing function. The variable
z is the corresponding error variable. Now we rewrite the system (B.1.1) in the (z, z)-
coordinates in which it takes on a more convenient form, as illustrated in Figure B.2 and
Figure B.3. Starting from {B.1.1) and Figure B.1, we add and subtract the stabilizing
function a(z} to the #;-equation as shown in Figure B.2. Then we use a(z) as the feed-
back control inside the dashed box and “backstep” —a(z) through the integrator, as in

Figure B.3. In the new coordinates (z, z) the system is expressed as

i = cosz—2+[f+cx+cosz|—cyz—cosz=—cz—z°+2 (B.lda)

2 = E—da=E&+(a~-sinn)t=u+ (¢ —sinz)(~¢;z — 2° + z). (B.1.4b)

The first key feature of backstepping is that we don’t use a differentiator to implement
the time derivative & in (B.1.4b}); since a(z) is a known function, it is easy to compute

its time derivative analytically as

G = %Z—j: = —(c1 —sinz)(—qz — * + 2). (B.1.5)
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] e | -
s
—0u(x) E
E cos(-) E

a()

Figure B.2: Introducing a(z) as the desired value for £.

We now need to select a clf V, for the system (B.1.1). Let us try to construct it by

augmenting V(z) with a quadratic term in the error variable z:
1, 1, 1 .
Va(z,8) = V(z) + 32 =3% + §(£ + 1T+ cosz)°. (B.1.6)

The derivative of V; along the solution of (B.1.4) is computed as

Valz,z,u) = zl—az -2+ 2] +zlu+ (a —sinz)(~cz — 2° + 2)]

= —azr’ - +zz+u+(q -sinz)(—qr—23+2)]. (B.LT)

As always, we let V, be an explicit function of » and design u to satisfy the clf inequality
clf. For this reason, the cross-term zz, which is due to the presence of z in (B.1.4a), is
grouped together with u. This is possible because u is also multiplied by z due to the
chosen form of V. This is the second key feature of backstepping. Now we choose the
control u to make V, negative definite in z and z. The simplest way to achieve this is to

make the bracketed term in (B.1.7) equal to ~¢;22, where ¢; > 0:

U = —cz—z— (¢ —sinz)(—az—13+2)

= —c{é+cxr+cosz)~z—(c; —sinz)(£ +cosz — z3). (B.1.8)
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Figure B.3: Closing the feedback loop in the dashed box with +a and “backstepping”

—a through the integrator.

With this control, the cIf derivative is
V, = —c1z° — 322, (B.1.9)

which proves that in the (z, z)-coordinates the equilibrium (0,0} is GAS. In view of
(B.1.3), the equilibrium (0, —1} in the (z,£)-coordinates has the same property.

The resulting closed-loop system in the (z, z)-coordinates is

T —q -z 1 T
= : (B.1.10)
z -1 —Cg z
Although written in a linear-like form, this system is nonlinear. An important structural
property of this system is that its nonlinear “system matrix” is the sum of a negative
diagonal and a skew-symmetric matrix function of z. This is the third key feature of
backstepping, which will be extremely useful in other designs.
Avoiding cancelations. The above control law is not the best way to achieve negativity
of V,, because it involves at least one unnecessary cancelation. A closer examination of

(B.1.7) reveals that the term —2” sinz need not be canceled because it can be dominated

by —czz?. A control law which avoids this cancelation is

w=—c3z =1 — (¢ —sinz)(~c;z—1%), c>¢+L (B.1.11}
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With this control, the clf derivative is
V, = —ayz? — 28 — (¢ — ¢y + sinz)2%, (B.1.12)

Although more complicated than (B.1.9), this function is easily rendered negative definite
by the choice ¢; > ¢ + 1. The resulting system in the (z, z)-coordinates preserves its

skew-symmietric from

T —cy — 1z 1 z
= . (B.1.13)

2 -1 —Ccy+ ¢ —sinz z
The simplified control law (B.1.11) is an illustration of design flexibilities in satisfying
the clf inequality V, < 0 and at the same time avoiding unnecessary cancelations. In

fact, more detailed calculations show that the control law can be further simplified to

u=—kz — kyz?z, (B.1.14)

with
c} 1)2 1)?
kl >CQ+C1+1+(1—+CI"+—“2-', k2 > E}u (B115)
261 4

Using this control we obtain

y 1 o 2

Va S —ECII — Co2". (Bllﬁ)

Integrator backstepping as a general design tool is based on the following assumption:

Assumption B.1 Consider the system
z = f(z) +9(z)v, f(0)=0, (B.1.17)

where z € R™ is the state and u € R is the control input. There exist a continuously

differentiable feedback control law
u=al(zr), al0)=0, (B.1.18)
and a smooth, positive definite, radially unbounded function V : R* — R such that

2 @)f@) + g(z)alz)) < -W(z) <0, Vz R, (B.1.19)
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where W : R" — R is positive semidefinite.

Under this assumption, the control (B.1.18), applied to the system (B.1.17}, guarantees
global boundedness of z(t), and via the LaSalle-Yoshizawa theorem (Theorem A.1), the

regulation of W (z(1)):

lim W(z(t)) = 0. (B.1.20)

t—o0

A strong convergence result is obtained using LaSalle’s theorem (Theorem A.2) with
Q=R": I(t) converges to the largest invariant set M contained in the set E = {z €
R"|W(z) = 0}. Clearly, if W(z) is positive definite, the control (B.1.18) renders z = 0
the GAS equilibrium of(B.1.17)

Lemma B.2 (Integrator Backstepping) Let the system (B.1.17) be augmented by an

integrator:

z = f(x)+g(z)¢ (B.1.21a)
£ =1, (B.1.21b)

and suppose that (B.1.21a) satisfies Assumption (B.1) with £ € R as its control.
(1) If W(z) is positive definite, then
Vale,6) = Vix)+ [ - alz)) (B.1.22)

is o clf for the full system (B.1.21), that is, there ezists a feedback control u = og,(z,£)
which renders z = 0,§ = 0 the GAS equilibrium of (B.1.21). One such control is

-—c(f—a(:c))+g§(:c)[f( (2)€] ‘W Jo(z), ¢>0.  (B.1.23)
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(11) If W(z) 15 only positive semidefinite, then there exists a feedback control which renders
V, < —W,(z,£) < 0 such that Wa(z,€) > 0 whenever W(z} > 0 or { # afz). This
x(t)

quarantees global boundedness and convergence of to the largest invariant set

£(t)

z
M, contained in the set E; = { |: ] eR™M W(z)=0,¢ = a(m)}.
£

O
Proof Introducing the error variable
z=¢—alz), (B.1.24)
and differentiating® with respect to time, (B.1.21) is rewritten as
t = f(z}+ g(z)la{z) + 2] (B.1.25a)
¢ = um 2@ + ole)alz) + ) (B.1.25b)
using (B.1.19), the derivative of (B.1.22) along the solution of (B.1.25) is
V, = Z—Z(f—l—ga+gz)+zlu— Z—Z(f+g(a+z))
= Z—Z(f+ga)+z!u—— %S(f+g(a+z))+ %:—C{g
< —W(z)+z|lu~ g-g-(f+g(a+z))+ Z—Zg], (B.1.26)

where the term containing z as a factor have been grouped together. By the LaSalle-
Yoshizawa theorem (Theorem A.1), any choice of the control u which renders V, <
~W,(z,£&) < —W(zx), with W, positive definite in z = £ — a(a)}, guarantee global bound-

edness of z, z and £ = z+a(z), and regulation of W(z) and 2(¢)}. Furthermore, LaSalle’s

T
theorem (Theorem A.2} guarantees convergence of [

z(t)

20nce again, note that the time derivative ¢ in (B.1.25b) is implemented analytically without the

] to the largest invariant set

nced for a differentiator
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T
contained in the set { [ ] € Rnt!

r4

W(z)=0,z= 0}. Again, the simplest way to make

V, negative definite in z is to choose the control (B.1.23), which renders the bracketed

term in {B.1.26) equal to —cz and yields

Ve, < =W(2) — c2® 2 ~W,(z,£) <0 (B.1.27)

Clearly, if W(z) is positive definite. Theorem A.1 guarantees the global asymptotic
stability of z = 0,z = 0, which in turn implies that V,(z,&) isaclf and z = 0, =0 is
the GAS equilibrium of (B.1.21).

While the choice of control (B.1.23) is simple, this control may not be desirable because
it involves cancelation of nonlinearities, some of which may be useful. As illustrated by
(B.1.8) and (B.1.9), the requirement that V, in (B.1.26) be made negative by u allows

considerable freedom in the choice of control law u = oa(a, &) such that

Vo < —W(z) + 2fol@:6) = oo(f +ola+ D)+ o) = ~Wilz,6) <0. (B128)

We stress that the main result of backstepping is not the specific form of the control law
(B.1.23), but rather the construction of a Lyapunov function whose derivative can be
made negative by a wide variety of control laws. In this way, the design of a stabilizing

state-feedback controller is effectively reduced to satisfying the scalar inequality (B.1.28).

Example B.3 As e design tool, backstepping is less restrictive than feedback lineariza-
tion. In some situetions it can overcome singularities such as lack of controllability. This

is thlustrated by the system

i = xt (B.1.29)

£ = u, (B.1.30)

which is uncontrollable at x = 0. Comparing with (B.1.21), we see thet f(z) =0, g(z) =
x. Applying (B.2) with V(z) = }z* we can choose

a(z)=-1°, z=E(-alz)=£E417, (B.1.31)
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so that W(z) in (B.1.19) is positive definite: W(z) = z'. The substitution of (B.1.31)
into (B.1.29) yields

f = ~z’+12 (B.1.32a)
z = u+2z(z — %), (B.1.32b)

The control (B.1.23) which renders V, = —z* — 2% is
u=—z—z° —2x%z + 2z = —£ — 2% — 22%¢. (B.1.33}

The resulting system in the (x,£)-coordinates is

i = z€ (B.1.34a)

§ = —€£—21% - 21%, (B.1.34b)

and its equilibrium (0,0) is GAS.
A significant design fleribility of backstepping is in the choice of a(x). For the system
(B.1.29), instead of (B.1.31) we can choose

a(r}) =0, z=¢, (B.1.35)

so that W(x) = 0 is semidefinite and

1 1
Vo= E“’z + 552. (B.1.36)

The derivative of V, along the solutions of (B.1.29) s
V, = 2% + fu = £(u + z2). (B.1.37)
In this case the best we can do is to render V, negative semidefinite: The control

u=-£—z? (B.1.38)
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yields the closed-loop system

T = z¢ (B.1.39a)

—&— (B.1.39b)

.
i

and the Lyapunov derivative V, = —€%. Then, (B.2)(ii) guarantees that (z(t),£(t)) is
bounded and converges to the largest invariant set M, of (B.1.39) contained in the set
E, where £ = 0. But £(t) = 0 implies z(t) = 0. Applying Corollary A.3, we conclude
that the equilibrium (0,0) is GAS.

Comparing the two control laws (B.1.33) and (B.1.38) we see that the choice a(z) = 0
simplified the control by eliminating the z*-term. Lemma B.2 shows how to add a single

integrator. This lemma can be repeatedly applied to add a whole chain of integrators.

Corollary B.4 (Chain of Integrators} Let the system (B.1.17} satisfying Assumption
B.1 with a(z) = ag(z) be augmented by a chain of k integrators so that u is replaced by

&1, the state of the last integrator in the chain:

t = f(x)+g(z}

b =&
(B.1.40)
&1 = &
é:k = Uu.
For this system, repeated application of Lemma B.2 with &,,...,& as virtual controls,
results in the Lyapunov function
1 &
Val@:bnro o G} = V(@) + 5 P TR IR YO Y o (B.1.41)
=1

Any choice of feedback control which renders V, < Wz, &, ..., &) <0, with
Wa(z,&1,...,6) = 0 only if W(z) = 0 and & = aia(z,€,...,6i-1), & = 1,...,k,
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quarantees that [z7(2),£&1(t), ..., & (t)]T is globally bounded and converges to the largest
tnvariant set M, contained in the set

E,={lzT.&,....&T eR"™|W(z) =0,& = ai_1(z. &1, ..., &i)i=1,... k}.
Furthermore, if W(z) is positive definite, that is, if £ = 0 can be rendered GAS through
&1, then (B.1.41) is a clf for (B.1.40) and the equilibrium z =0,&, = -+ = &, = 0 can be
rendered GAS through u.



Appendix C

Passivity

C.1 Passivity

we consider systems of the form

T = f(il:,t) +g(31t)u’
(C.1.1)
y = h(z,t),
with z € R",y € R™,u € R™, and f, g, A continuous in ¢ and smooth in x. Suppose

f{0,t) =0 and h{0,t) =0 for all ¢t > 0.

Definition C.1 The system (C.1.1) is said to be passive if there erists a continuous
nonnegative (“storage”) function V : R xR, — Ry, which satisfies V(0,¢) =0, Vt >0,
such that for allu € C®,z(0) e R*, t > 1, >0
t
/t;yT(a)u(J) do > V(z(t),t) - V(z(to), to). (C.1.2)
Definition C.2 The system (C.1.1) is said to be strictly passive if there erists a con-
tinuous nonnegative (storoge) function V : R* x Ry — Ry, which satisfies V(0,1) =

0, Vt >0, and a positive definite function (dissipation rate) ¥ : R™ — R, such that for

136
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allueC® z(0)eR*, i > 43> 0

/tyT(a)u(a)da > Viz(t),t) — V{z(to), to)

0

t
+f w(z(o)) do. (C.1.3)
to
Passivity and Lyapunov stability are closely related concepts.

Lemma C.3 Suppose the system (C.1.1) is (strictly) passive. If V is positive definite,
radially unbounded, and decrescent, that s, if there erist class Koo functions v and vy,
such that v(1z]) < Viz,t) < w{|z)), Yz, t) € R* x Ry, then, for u = 0, the equilibrium

z =0 of (C.1.1) is globally uniformly (asymptotically) stable.

Proof When u =0, in the case of strict passwvily, differentiating (C.1.3), we have
Vo< —y(z). (C.1.4)

Thus, the equilibrium x = 0 is globally uniformly asymptotically stable. The case of

passivity s anelogous. O

Many problems in parameter identification and adaptive control can be studied as feed-

back interconnections of passive systems (see Figure C.1):

4]

i,

2

Iy

Figure C.1: Feedback interconnection of two passive systems.
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£y = A

> Iy filz, t) + iz, thy (C.15)
n = hzt)
Ty = I, t) + g2z, )

5, . |5 T RO el (C.1.6)
Y2 = hg(ﬂ:,t)

connected by the relations

uy = —ya+ (C.1.7)
Uz = Y1, (C.1.8)

where v i5 a new input to the system.

Theorem C.4 Suppose the system X, is (strictly) passive with storage function Vi (and
dissipation rate 1) independent of x2. Likewise, suppose the system Lg is (strictly)
passive with storage function V, (and dissipation rate v») independent of ;. Then the

interconnected system (C.1.5)-(C.1.8) with input v; and output ¥, is

1. strictly passive if both ¥ and ¥, are strictly passive,

2. passive if at least one of the systems E; and Ly is passive but not strictly passive.

Moreover, when v; = 0, if £, s strictly passive and L, is passive, then the equilibrium

z = ( is globally uniformly stable and tlim z1(t) = 0.

Proof Let us first assume that ¥, and £, are both strictly passive. Then, in view of
(C.1.7)-(C.1.8) we have

ft yi [ ~wlde > Vi(z(t),t) — iz (to), to)

to

+/t. 1/)1(1.‘1)(10‘ (Clg)

[ Wnde > Va(za(t), £) — Va(malto), to)

]

t
+ ’(,DQ(IQ) dO' (0110)

to
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Adding inequalities (C.1.9) and (C.1.10), we obtain

fy}"(a)ul(a) o > ),8) = V(z(to), to)

to

V{z(t),
+/t1,[)(;c) do, (C.1.11)

where the storage function V and the dissipation rate i for the complete x-system are

defined as

Viz, 1) = WVi(z, 1) + Vo(zo,t) (C.1.12)

Y(x) = i) + Palz). (C.1.13)

Since V is positive definite, radially unbounded and decrescent, and 1 is positive definite,
this proves the strict passivity. If at least one of the systems ) and £, is passive but not
strictly passive, then its dissipation rate v; is at best positive semidefinite but not positive
definite, and the overall system is only passive. Finally, when v, = 0, if £, is strictly
passive and Lo 15 passive, then 1 is positive semidefinite, and by differentiating (C.1.11)

we gel
V < -—1,[)1(:1:1). (0114)

Thus, by Theorem A.1, x = 0 is globally uniformly stable and tlim z,(t) = 0. O

The quadratic nonnegative terms in the foregoing equation represent the dissipation rate.
The dissipation rate takes different forms, which we illustrate by various special cases of
the network.

Case 1: Take R; = R3 = o0 and R; = 0. Then,
uy =V.
In this case, there is no energy dissipation in the network; that is, the system is lossless.

Case 2: Take Ry =0 and R3 = oo. Then,

. 1
uy = V—l—Euz.
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This dissipation rate is proportional to u*. There is no energy dissipation if and only if
uft) is identically zero.
Case 3: Take R; = H3 = o0. Then,

uy = V+ Ry
where we have used the fact that in this case y = z;. The dissipation rate is proportional
to y2. There is no energy dissipation if and only if y(t) is identically zero.

Case 4: Take R; = 00. Then,

: 1
uy =V + Ryz's + R—gx%

The dissipation rate is a positive definite function of the state z. There s no energy
dissipation if and only if z(¢) is identically zero.
Case 5: Take R; = oo, B3 = 0. Then,

. 1

This dissipation rate is a positive semidefinite function of the state. Notice, however,

that from the second state equation, we have
.’L"g(t) =0= .’El(t) =0

irrespective of the input u. Therefore, like the previous case, there is no energy dissipation

if and only if z(t) is identically zero.
These five cases illustrate four basic forms of the

dissipation rate: no dissipation, strict dissipation when the input is not identically zero,
strict dissipation when the output is not identically zero, and strict dissipation when the
state is not identically zero. These four basic forms will be captured in Definition C.1. It
is clear that combinations of these forms are also possible. For example, for the complete
circuit when all resistors are present, we have

- 1 1
wy = V+—u’+ Rzt + —1}
Y R 2T Ry 2
whose dissipation rate is the sum of a quadratic term in the input and a positive definite

function of the state.
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Assumption

Assumption D.1 Consider the system
z = f(z)+ F(z}8 + g(z)u, (D.0.1)
where € R® is the state, 6 € R? is a vector of unknown constant parameters, and u € R

is the control input. There exists an adaptive controller

v *9) (D.0.2)
¥ = T(z,9),

with parameter estimate § € RY, end a smooth function V(z,d) : R — R which

is positive definite and radially unbounded in the variables (z,9 — 8) such that for all
(z,9) € RHe:

%Z—(I, 9)[f(z) + F(z)8 + g(z)a(z, )] + %—g—(z, 9T (x, 3}
< -W(z,d) <0, (D.0.3)

where W : R™9 — R i3 positive semidefinite. O
Assumption D.2 Suppose Assumption D.1 is valid, but V(z,?) is only positive semi-
definite, and the closed-loop system (D.0.1) with the adeptive controller (D.0.2) has the

property that x(t) and U(t) are bounded if V(z(t),9(1})} is bounded. D
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Lemma

Lemma E.1 (Adaptive Block Backstepping) Let the system
= f(z) + F(z)8 + g(z)u

be augmented by a nonlinear system which is linear in the unknown parameter vector 8

t = flz)+ F(z)0 + g(z)y (E.0.1a)
£ = m(z,&) + Mz, 0+ 8(z, 6,  y=h(E), (E.0.1b)

where £ € RY, and suppose that (E.0.1b) has relative degree one uniformly in z and that
its zero dynamics subsystem is ISS with respect to y and z. Under Assumption D.2, the

feedback control

u = [%(g)ﬁ(r, E)j' i { —c(y — a(z,8)) — Q}i(ﬁ) [m(:r,E) + M(m,f)iﬁ]
Ja

+ 82(2,9) [7(2) + P+ o(aly] + S5T(z,9) — 5z, D)g(a) }(E0.2)

with ¢ > 0 and 9 a new estimate of 8, along with the update laws

9 = T(z,9) (E.0.3)
do T
(B F(E)| (y-alz9), (E.0.4)

j-r [g—gwma -

with the adaptation gain matriz T = I'T > 0, guarantees global boundedness of x(t), (), 9(t), 9(t)
and regulation of W (z(t),9(t})} and &(t) — a(z(t), V(t)).
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