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Special Project Title Measurement of Build Up Factor of Gamma Ray in Iron
And Copper
Name Miss. Veeraya Vorakitphitakgul

Miss. Siriporn  Jaikla

Department Applied Physics Faculty of Science
Program Applied Physics
Academic Year 2005

Special Project Advisor Asst.Prof.Dr.Preecha Teansomprasong

Abstract

This special project is the study and measurement of Build up factor of gamma ray in iron
and copper. Cesium-137 was used as gamma ray source, its half life is 30.17 years and providing
gamma rays of energies 0.662 MeV of initial activity 200 mCi. Sodium Iodide activated Thallium
(Nal(T1)) was used for gamma ray detector. An important point of this project is the set up of the
instruments, through which the centers of gamma ray beam, target and detector were aligned and
adjusted to the height. Target thicknesses of range 10-130 mm were used for both iron and copper. It
was found that Build up factor for cach e¢lement increases as the thickness increases and Build up

factor of gamma rays in copper seem to be higher than iron.
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2.4 Build Up Factor

[

d'l [T | 1 ¥ o = a_ o 2 @ o 3 o ¥

desedunundietn 1y ludainmalag  Sedunuinegiduasfsnnudmnataiuiv
o vy w oq 1 ¥ 9 A o oa A
FefunuuignaaneuIidosasdsinannludnan  Fefiununzaaneuunvioiay

& v ¥
Suagfunmamiduazanuninvesiaghlssumuauns

4 y A w v o e o
Fafeouns (2.8) uditeaningasdenan1Fldafusaindududunuuazanumn
at a1 1 e dﬂi [ A = AW Q=
x veadanaaza linnin Tunsainanuminvesdanansiidnn sarludalfiadwosd
uuin TiEugiede aunsfldlumsl§ianuei sl sunlGouiiudarunsd

2.14

HE

I-Ble (2.14)

L . ) 4 \ ¥
dlom B iluA1 Build up factor FaliAn 2 1 Matistivanin
1. fruasFedunuan livuu

o

i 3 o i A 4 o r )
Tuzaffi 2.16 1 Tlmoulud1$afi 2 Famesndieadannsz nuiagduiants

1 @ o a

CE] ~ o A w # a Ho Y = as
nszRaru Trneunilomaivz@umaniiiiaiad 1d mildsnowiin/funnvedd
4 &
e
2. FegAnaaUANINIINND
{ ) d 0w ad A o o {
Tugild 2.16 Baudhezdlu Teneuluaiedd 1 ileannisnuiagdinans Taeuh
S =) H = = a4 ¥ ' & . .
nszdellgunsansziianinezaeumietiundoadudnlAunndt 1 AT (multiple scattering)
¥ ¥
mse N irgdinmaiinnununn §sinnszfadunad 2 3o 3 nTonanmuns@EuNN
o ¥ o o w Al oo w = o o4 - 3 T oo o -
ndmd llaiased 1d Snniveslinudidieivvunningiinadiing
L) o = A ar QU
f11 Build up factor ¥9370@ AN 9201 IMNANUNUIVE NI ARAINT DY
as o w £ ' . i ] w
wiruvesfadunuan falugil 2.17 Fauaase Build up factor Yo uMANTIANUMUINI U
HnfufiaunuufudoonnInUMAIR TR Ir-182 (WANUUBASFUAUU N 0.13 MeV)
Vg o= as o 1 o =] =)
HAZTINUHAIR IR Co-60 (WAINUVDITIFUALUUNIAY 1,33 uag 1.17 MeV) B2 U

LAUINTETWE 3R 109102 5A1 Build up factor §INIMBAIANUHUIVBITIARINA 1N



; I . o o W a i r o P [ I a
UDNINTNAIA Build up factor §1913uSaTunuINAA WA UMY szlimiiany

dniuTagdinanaiartiaiy
ifh

TmautuAL 1

/

FAVAVAVAVA VAW RN
G

AN UHA 1

Tripoudusin 2

25 8 5

Eﬂﬁ 2.16 M3inaA Build up factor

Build Up Factot

-
e

) % - 1o 200

Steel thickness{mm}

51/#12.17 A1 Build up factor YeumAnfinnunuiaeg dmfuiedununnnmasiuia

Ir oz Co

22



UNn 3

FEmsauiiumsian

A o 1 ] T o : ) Qs o
meldnislamet Build up factor Nenmuduigoiu  Asslimsdagilnsalld

guinmavesdisdunun Jagdnanuaziiiadideyuuuuazssdudeasu woliiule
[

E 1 1
T EnuiTnuaennsgnuingdnaanaunoziiamaanouuduaunis i iasad

; 1 = ol & o 5 ey dy. aAq Ya
Tuimilsznaadagniainldlumsnaseadududuusn  smfudhdtmamnunldan

r
Q_ o &

o P 4 P ]
anlnafuvesfadunundadusidfai 141unsvma Build up factor

3.1 gUninimInaany

woow &y

oo ﬂy fdy v 4 P oo oA o Ao [y o
Tuanuiseilglnsalvi lalseneudiounasduiaied Jagaanars Watasad naz

. . . 4 A Y Y o A &
conventional electronics equipment FuFouaofunouiunefiReuaanamartiivouay

Finsizvdoyade i dwanslugil 3.1

H.V, Power

Supply

Gamma ray ' Detector #  Preamp.

source Target

709 3.1 nwudaumaansanTeiinn1s Jame Build up factor p53dunuunluiag



wnanstiuenansianubidmiunslsnuiionisfnwiniu lweygslnilulydsslosuaiunisen

lnnsdilag weau Snviamudilundawdasion wasnesendadauavesanaisynasiminisunluly



25

Tsinulalolnd Hem1910A1 FWHM (Full Width at Half Maximum) vesanlnasuvasfsd

L7 é dy' 1
unua Asnaaaiugl 3.3 Flumsnanstiminnuazideaiin 45.5 kev

Fixed .
delay "l
N b — —
3 |
c .
L]
: |
i FWHM =
§ N2 — - | * “time resolution”
I Full width at
N — — — —— | tenth maximum
|

Channel number
or time

11l# 3.3 ue@ Full Width at Half Maximum voamilnaiuvesdadunumn

3.1.2 uradnutindaqunuu

! e A W ] . = =2 I A aa
unaatufiafedunuuildluTnsenuiife MFuu-137( 7 cs) FalldnTadia

w1t 30.17 U amed RS Aun U WA 0.662 MeV  unasfiiasidunuandden-137
ai oo d’ = -a' 3 [ . 0+ = o d& o L]
Alaluemidedl ddwnuusasuduniity 200 mCi MR ETN-137 1RonA1Y

anue iy wana Tuaums 3.1 uazsil 3.4

7 Cs—'Y Ba+ #(0.662MeV) 3.1)



26

137 C
S
55 1.574 Mev
B~ e3s5%
0.512 MeV
B~ 65%. 1.174Mev
Y
0.662 Mev
137
5o Ba X

0 Mev
d‘ o/ o =
Eﬂ'ﬂ 3.4 WAUAINTT 018 1UDI% Y 0N-137

9131 3.4 921U 6.5 % vesmIaaiedvesdidou-137 AT afwamdsau 1174

= ar

MeV iWpndugdamuziu daudn 935 % Humsamed ld5eHuamwdsu 0512 Mev
T as 1 A = ar 1

uataagluaniuzguindos (metastable state) Faliwdaniumaony 1.174-0.512 =  0.662

Mev Taamoda AT afununnimdinu 0.662 Mev alnafuvaisifununneenyinn

1 o = oA A T
unasfiHadtEuN-137 uaateglugl 3.5

count x 1000 {count)
N W h ;oo o w mow
1

L
L‘---o.

Erergy x100 { keV)

511 3.5 mlpafuvesfsdunumni ldnnunadsduliadiFou-137



77

Y 1

Tulassnumeinldmam-137  daemadlumassutienaanaa I8 S adunan
9 = A o a = e 3 [ - :‘ o ¥
WAINWAN AsFzaInF U IMTImTIERamsnaany wizauiuuwastuilaiaaiosa 1

o ' o i o o AA ~
fe@ununuansq MWAIY Compton tail nTsdunuinitindeaugs wlthlsngludia

73 'd Q ‘; 1 A [l = o L) =1

yoafeffunmniindanudinh  Fazdwalimsinngiraminanesgunauaziinnu

a 3 A A3 o & 2o A a4 o A oan T oo sy e @
Hﬂ“ﬂﬂ'lﬂq%]u lm:ﬁﬁﬁ‘ﬂﬁﬂﬁﬂ'luQﬂQ'E]ﬂ“]JSSﬂ1§11uQﬂf]ﬂ'lﬂﬁ'wﬁﬂﬁ"llﬂﬁ!lﬁﬂﬂﬂ’lluﬂﬂiﬁiﬂﬂ A

¥ ¥ 4
)

[ Y i é = ] H o
dhumasiuiiehidmnT @ isnanisgoznmiimnsnuiudeyannnaaunis Vi
nandedlgriFesd s welnnaduiiasiifanasiutisszsznamiiinisnaaea
v o oA A a1 & aa o A @ o I a A w
AuiudiFon-137  Fadidniedia 3017 1 Jwmnzdwmivinndluuvassuiadsdunmniu
JRERERITTIGINT

ﬂ& t ] = o oo ¥ II'I ﬂ'

Fin-137  Aeldduundsduiedi@ununusigedluaziigins snssuenhihidu

HIUEUENa13 22 cm 877 15 om uazTiveaagnsnszunfiswguinma@n iy Feliany
1 i A ¥ 4
017 85 em (HUAMFUENA 3.5 om uazlaedunilweanianszusnnaisilaziing

q

fiudunsa@mdon-137 vssgal  AmwilRannnsanszuennaliilivewauginsanszuon
Fudrfiudr5sfunuan (collimator) iA1UB1 6.5 mm 1dURTUAUINANT 2 mm (YAgUINAN
MIINUINIINTZUDNNAN) (WD 1R F9FA 1 collimator soAmITuA ALY Fussqundsduila

[ L]
fadunumnuaanglugl 3.6

a4 BS5cm
WY-137 |
E K | 6.5cm
Collimator
PraniE—
? mm

o

111 3.6 Tnssafrvesiussqunasiuiiaded



R

3.1.3 Yqfnnan
[ [ = o = ti ] . - dw ¥
Yaadinanani AN URBHIA Build up factor 14 TAss1uniasil 18un

3
Man aznadatag

=] T @ d A e - i
- 1MAn favezaaumny 26 Taomanh 1457 In s smALNTLIANT1 68 mm 8T

77 mm uaaeiagy 3.7 sannumnirlumsinefe 10-130 mm

517 3.7 wamaTagdanareiuiiuman

= e Hq 92 o - g
- Y123UAY Upvazaauniny 29 Iﬂﬂﬂ‘ﬂ\‘lMﬂQﬂﬁl“ﬂﬂﬁﬂHmzlﬂuiﬂﬂﬁQﬂﬁg'll@ﬂ Uiy

RIUAUENA1MIAY 38 mm iermenylugy 3.8 Franunnildlumsdnuifio 10-130 mm

1 3.8 uanifagdanarendunesuns

a1



49

L7 d
3.2 mydaginial

F )
o w

Fadifgio MITAuuIv0IE 15 ITUNULT (Beam

[ wﬁlw 4 o @ = ¥

A s a d. o
alignment) Fam3 Sauuvesdfsdidesialdrudnarwe s fedunuuediguinalsvesiag

msvagunsalluTnsanuide
o # W oW o e w o a &4 L dy o, = = ar
Aanane uazgudnasvaniiaied Awaasasluil 3.9 uazdndanilsiasadrilatalunisda
! ]
T9pinsaife Aundaesszuzdiveunaiiniaded Jagatnaruasriaded At ld
] . o W r o ] n'g t:f s t:{
11 Dead Time AANIOAT 40% dumisvasgilnsaiiamuaiiez Wilimsnlavuniasaaeanis

NAADY (109910 geometry Y0972 ULV TINARDA Build up factor

o

uHAIn WA

| ¢——————— Collimator

0w

afaftunuin

< Tagina

et e e et e e

Waiasai

514 3.9 lavzunsumstaralnseimsnaans



30

undafuiindsinseguumiviiiiangdmsumssasifedunnnifeglumos
(Horizontal Arrangement) uazmMssad1isdunuinidogluninnsa (Beam Alignmen) Aauana
Tuzil 3.10 Taofiang A uaz B 19dm5u Beam Alignment  daumng C wazD 1¥dmiy
Horizontal Arrangement tipevingudnaisvesdissdunuindesny lumnazszdudonsu
guinalesiagdinanauaziaiasd ﬁ'ﬂ‘lfuﬁ'mﬁﬂﬁﬂé”uﬂﬂglﬁﬂ Beam Alignment U@

Horizontal Atrangement

{ o 1 o & w o ' & o W
117 3.10 verasginTsin ¥ namass udadduazdumdaTums s udssduman

3.2.1 msuFudrfedunnnlvioglisnnsn(Horizontal Arrangement)

1~

Horizontal Arrangement (Humit§uang C uaz D awgil 3.10 szfudifians
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shounielsutuasldfiazde wan11/5D Horizontal Arrangement WU WHUIR TARMY
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A15197 3.1 UAAINANITUTU Horizontal arrangement

. wun1g AaE U UM
AT 73 73 7 3
A5 1 Asan 2 A3 3 may

1 12827.57 12827.79 12828.15 12827.83
2 1201R.30 12926.93 12931.18 12925.47
3 12910.15 12919.27 12913.81 12925,52
4 12926.58 1292721 12930.72 12928.17
5 12838.83 12890.02 12892.22 12873.69
6 12846.34 12871.38 12879.73 12865.82
7 12823.69 12837.89 12834.20 12831.93
8 12837.93 12840.27 12837 41 12838.63
9 12789.58 12834.03 12806.30 12809.97
10 12778.33 12826.46 12780.84 12811.41
i1 12971.03 12976.10 12987.11 12978.08
12 12897.04 12919.37 12909.84 12908.75
13 12860.14 12875.85 12884.53 12873.51
14 12784.83 12795.13 12796.77 12792.24
15 12676.01 12569.27 12743.86 12663.05
16 12451.59 12677.68 12728.08 12619.12
17 12458.16 12637.94 12588.60 12561.01
18 12415.68 12482.40 12548.44 12482.18
19 12388.20 123958 7 12390.31 12391.46
20 12291.66 12390,00 12386.70 12356.10
21 12115.67 1211391 12115.01 12114.93
22 11960.69 11992 .48 11980.63 11977.93
23 11843.48 11888.19 11881.69 11871.12

1
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57 Beam Alignment wuhdwmuad s Wudwmdsiiannuduyesi@unuuldmndiga
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Frsulveng A agasiuazilfuang B 11 1 seu Aweaslumsiei 3.2 uazgyl 3.12

@1319% 3.2 UAAIWANITLUSY Beam Alignment

3 = 3t 3 or L) ~
L wunlanaEmnniuaeTni)
AUHU T3 zd 7 d =
AT 1 AT 2 afan 3 may
1 12784.71 12770.94 12779.32 12778.32
2 12956.22 12945.13 12950.95 12950.77
3 13173.60 13178.49 13188.23 13180.11
4 13345.13 13360.07 13363.88 13356.36
5 13416.23 13431.57 13437.82 13428.54
6 13233.91 13246.68 13276.87 13258.49
7 12456.22 12482.49 12498.17 12478.96
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(Gamma ray source
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o Audl¥Racnwiudeiuai
A UI(cm) 73 33 EE 3
afan 1 afan nseR 3 may

0.7 14150.45 14157.75 14165.80 14158.00
0.8 15046.10 15048.57 15050.35 15048.34
0.9 15702.12 15716.45 15713.82 15710.80
1.0 1644338 16449.05 16450.40 16447.61
1.1 16610.67 16616.23 16618.93 16615.28
12 16670.30 16680.38 16678.25 16676.31
1.6 16736.20 16736.78 16744.82 16739.27
2.5 16739.98 16740.88 16751.80 16744.22
43 16726.52 16724.48 16736.95 16729.32
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0.7 0.8 1 1.1 1.7 43
FUMUAcm)
31U 3.14 nsmusrmamanavesd e funuu g
19191 3.4 MM 1vAvesd eI
o A ldRaGmniudeud)
ALK HIAcm) ¥ T3 73 3
AsaN 1 AT 2 Afan 3 may

0.1 11970.03 11977.47 11981.53 11976.34
0.3 14176.08 14170.77 14187.12 14177.99
0.4 15044.02 15060.80 15064.77 15056.53
0.5 15928.25 15931.48 15946.53 15935.42
0.6 16505.68 16507.97 16508.37 16507.34
0.7 16759.35 16774.45 16791.65 16775.15
0.9 16785.28 16825.78 16831.27 16814.11
1.7 16766.97 16768.37 16669.80 16735.05
25 16722.65 16729.98 16735.77 16729.47
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Gamma ray source
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A? ci =4 o & |3 =
o Aun @R wnmindsiui)
AMa(cm) —; - v -
afan 1 A597 2 ATIn 3 nay
0.50 14453.20 14461.43 14466.81 14460.48
0.75 15760.84 15798.72 15812.14 15790.57
0.875 16367.89 16345.28 16378.92 16364.03
1.00 16521.56 16542.63 16556.72 16540.30
1.25 16483.14 16498.71 16528.94 16503.60
1.50 16634.60 16624.56 16630.95 16630.01
1.75 16587.66 16596.28 16622.86 16602.27
2.00 16595.10 16610.46 16612.20 16605.92
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110 3.17 AsuaesnmuNAYBIR s iuALLIMIAENY
13197 3.6 MIMYWIAVRIMTITUUIUN
F34 ]
o #unlanadunnindadinn)
AN U(om) B > o 5
Afan 1 AT 2 A¥aIn 3 may

0.50 12467.12 12471.04 12488.44 12475.53
0.75 14528.97 14530.52 14552.38 14537.29
0.875 15327.72 15332.14 15375.58 15345.15
1.00 16149.69 16152.42 16161,78 16154.63
1.25 16599.84 16578.28 16553.92 16577.43
1.50 16477.29 16446.54 16452.84 16458.89
L.75 16577.70 16579.55 16594.15 16583.80
2.00 16561.20 16548.79 16554.83 16554.94
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dl'. :: r=) ar [T dg o T o =y d‘
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fudnananaziuaniyl  sdesmsmiiuiladaf luswwuanind datudesm
’ 4 dgqya ¢ o w A daya @ @1
wunnstvosuildRnnen  dmsuRiuildRndiuang wuansaiansalszanalan

o

anvaziduduaswazm donnaums 3.2

Background = (a, +a, {B—;——E} (3.2)

» »
ot

uazAunlARnRIruam lannTyms 3.3

K
Totalcount = ‘:‘ai (3.3)

=L

» Ed T
o =

s dRadia ¥ nuunn Midamnnaums 3.4

Net count = Total Counts — Background

R
Netcount = 3 a, —(a, +a, {%} (3.4)
i=L

o a, = dwiulugesi
L = WiNumYyesogaueaLuan i ed g wuesiin

R = MINUAYYUNGRAYLLANTIIIMId U u0efn

j { o o r & = {
maviui 1dRan1 18 Taems@end i L uaz R ietloudeya TaadonuSimi
ot o W A Y dq Wa w = o £
uuapsitimaaoumlasloshga el lauunnsilndiRsaiunneTananga %9
{ ] 94 . . A
Foyait Iz lmuwans i TavldmAnnisuas Least Square Fitting uazidionwunniind
3 T 4
Taudnansamiunlanialdlavaumshi 3.4
' . - o Jo A W o = Y ¥ e w o
7517191 Build up factor luanAdvilduiledauurdrsdununlduaniiogdina
1 =3 & o o o & o = 2
urazriaiihng dedadagl 3.0 mmsoieanuduvesiifiunmnoenu 1 Taouaaina
= é s C: 1} -7 o’
nanivensuiomed  Falilsunsuszuaawnuduvesiadunuuiiinu faginmweonun
[ ’ »
udnlRouanumunesiagdanaafiaz 10 mmlaeFudud 10 mm 9ud 130 mm udie
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a & o A a o 1 o ' ' R
e 3 afe uanhmilduingseideya Momanuduiuiseninem Build up

factor MIAIIUNUINDITAGAINDIWARZ YA AWETUNT 2.14

1=BIe
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Unn 4

HamInaassnazanlaema
4.1 HRNINANDY

15?3%'51?}1]ﬂim”lé’l'ﬁmwﬁqﬁﬂuﬁﬂmwmﬁwmi“q?mﬂum Jag@nataaz i e
oglunuiszdu@Enafugs aelikihimiduiumia Build up factor Tavdusunsniinmsia
anudiue s IFunuIAeuH T IgAIAAN () ninthdannuduvesd@unumrdahy
e ”’Jﬂmaﬁﬂ’nuwmﬁwiwq (D Tﬂﬂﬁmﬁﬂﬂnmmimﬁmﬁuf?amEﬂuazﬂamm A1T197
a.1uaz 42 fusamstanrud e sfsdununidlos dunuumumAnuasnewasmuiiy

AuilARnRTa1ans iR IIANT 10000 counss tplRAARWMA TumTTLYDY

W o Aed v Y v Ja’yqa’ A o o 1 .

Waladaaumiesnn 1% uasAunlanafiuaaslumsasinihunsuismat Build up
] ar - =) 3 qy

factor Li‘luﬁnmuuu"lu 1 Ty

= 3 - A ar r =
MININ 4.1 ﬂ'TlnﬁllﬁlﬂqsQﬂllﬂllu1lnﬂ'jqaliﬂuﬂ1ﬂ1ulﬁﬁﬂ

ANUNI AuRFin
(mm) ﬂ%ﬂﬁl 1 ﬂ%zqﬁ 2 ﬂ%&‘ﬁ 3 WA
0 16142.80 16112.84 16168.16 16141.27
18 6639.23 6667.44 6682.23 6662.97
36 2831.05 2839.76 2846.34 2839.05
54 1404.84 1408.35 1412.58 1408.59
72 791.09 791.94 792.27 791.77
90 474.32 473.38 474.68 473.93
108 302.42 304.05 305.66 304.04
126 278.65 281.97 283.96 281.53




ATTHN 4.2 ANUT VYB3 IAUNUUNTDTITUNLNHIUND A

43

ANUHU #uii1afia
(mm) Asa 1 ada 2 ata 3 it

0 16142.80 16112.84 16168.16 16141.27
10 11109.89 11119.96 11124.33 11118.06
30 6919.34 6891.29 6922.82 6911.15
50 537215 538298 5391.27 5382.13
70 4774.73 4778.88 4780.97 4778.19
90 4468.89 4460.45 4485.59 4471.64
110 3954.10 3947.80 3961.24 3954.38
130 3640.60 3633.20 3654.28 3642.69

4.2 SInT1zHiHanmsnaaal

A15WIAN Build up factor Y114 laehwamsiannuiuuess sdunuuineusiuieg

#anan (1) uazanuduvedsdununndshuiagdinasianumumideg © nnide

4.1 INAA312¥MIA7 Build up factor TAva1ua U3

I=Ble

¥ @ a a g al =
Tagldmidulszanimsaanpudauduidy (g) vpamanuazneanailumiian 4.3

b
HINTDINAUAT

Ho =

oI



15197 4.3 dulszAnTmIaanouEudUT MADIHANIAZ NN

JagAIneNg p (g/em?) 4, (cm? /g) Hem™)
man 7.874 0.0747 0.588
FOUIA 8.960 0.0725 0.650

fi1 Build up factor VBAUMANUAZNBIAIN

HAZAITIN 4.5 nazgil 4.2 muady

= r . (=} d
A1519N 4.4 AR Build up factor Y97 A& AN Iuman

1IN

AUHUImm) I (count per second) B
18 6662.97 1.190
36 2839.05 1.461
54 1408.59 2.088
72 791.77 3.383
90 473.93 5.835
108 304.04 10.788
126 281.53 28.786

14

Tauaaseglumsah 4.4 uazgyl 4.1
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Build up factor

18 36 54 72 80 108 126

ANUHU (mm)

]
=

ar s ] 1 o o
Eﬂ“ 4.1 ﬂi']ﬂllﬁﬂw‘lﬂ?']llﬁnwuﬁiﬂﬁ 1901 Build up factor NUANUHUIVDUHAN

A1TNN 4.5 LaAdn Build up factor YB59TLALIN TUNBYLAY

ATUHU I mm) I (count per second) B
10 11118.06 1.315
30 6911.15 3.009
50 5382.13 8.599
70 4778.19 28.013
90 4471.64 96.195
110 3954.38 312.138
130 3642.69 1055.051
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5.1 ajUwaminaned

91N5NAABINTSHIAT Build up factor waeiadununluiagdnaramdnuay
"o s 4 4 v a 2 &

NOAL WUD1A1 Build up factor viuIUiEAIIMUeTAgAINa R LINATUA Y

WanMIUDd  multiple scattering  UAZW1IIAT Build up factor UM MMAVIDZABY (Z) UDA
ngaInaN

u Y Qs o = o 9/ K] ¥

wamsnadadila  (fegl 50 thuaBeufoudukanisnanesweddou  ¥ls

urasfuafadunuin Ir-182 ndsnumii 0.13 MeV) tag Co-60 (Indanuimaiy 1.33

uaz 1.17 MeV) unrasnagyl 5.2

40

30 9 Cs-137 . e !r—182
§ 182 |
g 20 v ——Co60
o /,/ /
E 10 Pl 7 Co-60 ~==Cs-137

0
0 50 100 150 200
steel thickness(mm)

7117 5.1 1Wuuenar Build up factor vaesafunuIn lumanfinumuAIR1

fvTuuraaf wiafI@unuLY Iron-182  Co-60 1a Cs-137
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91031 5.1 A1 Build up factor vasddummuiufuanaumanvesmadn uazaang
dondsmmesdafununimuiniu undsiifiasadunun Cs137 A1 lumsnanealised
HAULIWAISTY 0.662 MeV Haiindaamuunnndy 1-182 waztioond1 Co-60 Samildiduns v
FmummveuninAa 90 mm 311U vewmastilafadunin Cs-137 BYTTHIN
Funiwves -182 1Az Co-60 Fuihuldammanisal uazfianunuiveauniniosn

T vunanMIa T #uAYLT Cs-137 @1 Build up factor A5 1A IMINAIIUDY Co-60

5.2 tayrmfiny

1. 1 Dead time mziin1iinnintuvessadununninunasiiiialaoasa im0
a r £ 1 ] . { = ;
(fiuUN 40% Yo 19dana a1 Build up factor 1111 1diMaAIuAMAMADY

2. jUnswazvuRuesTagA N M ANLAT NEWAIANAY Falinadun1Tiaain

¥
WyvesFadunnnuazinatumsals vinieun Build up factor SMSUFINA1NATDA

5.3 YDIauenUz

o o = A 1 v . o
Tulasanufimeiitlumsfnyuiiosduuesmsnia Build up facter MivMAnuas
&£ A w o A o & e O 3 = ' N
neAl  Feilviavesiaganarsidniugseei i iannronfeudious Buid wp
factor YOIEA YA IAiueu AuTuddeemsmaimsulsdiuves Build up factor ATY
AuauiTiezacy a5 IFiaadnahilinnauasinsasvindlafmioudu  uazanumIn
' E3
voddrgArnanmsalasuinlasnldaz@uandail
1 . J S ¥ a &
MINAABINIAT Build up factor UEIABINTIVOYANNNIINAADIBAUIN  tHOMY

r=} d‘l o (! 9 T . = =)
wRswhouuazailnaminane e llgnis Tianumineyosn Build up factor (Fingui)
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Sec. 5.3 Bases and Completeness of Funclion Spaces 193

i)ﬁz = i[(zﬁ—dﬁ?)w?ll < 22(y5—¢?)2+2i(¢}‘)2 <
i=1 i=1 i=1 =]

Thus, ¥ is in 2;and im [y —¢" IIJ,2 = (), which compleies the proof. u
n—3ee

8

v

The space £, ol infinile sequences of real numbers is a complete normed vector
space with a scalar product. This coliection of properties of a vector space is special
enough 1o deserve a name.

Definition 5.3.5. A complete normed vector space with a scalar product is called
a Hilbert space. |

The space £, is thus a Hilben space. Another example of a Hilber space is R", with
the usual scalar product

n

(x,¥) = 2w

i=1

Finally, while the proof is beyond the scope of this text, the result that follows is proved
in Refs. 14, 15, and 22.

Theorem 5.3.3. For a bounded domain £ in R™ with a smooth boundary, the
space L,{£2), with scalar product and norm of Egs. 5.2.2 and 5.2.4, is a complete vector
space, 1.e., it is a Hilbert space.

Least Square Approximation and Complete Sets of Functions

Let a sequence of functions { q;i(x) } be orthonormal in L,(a, b). Consider the problem of
approximating a square integrable function f(x), in the least square sense, by a linear
commbination of the ¢'(x).i=1,...,n Thatis, chooscc=[¢;,c5....,¢, ] to mini-
mize

2z
n

Fle) = ”f~2cj¢i”2=.|-b(f—ici¢i) dx (5.3.17)

i=1 i=1
Expanding this quantity yiclds

b I Z b
F(c)=j fzdx+zci2—22cij fgp' dx
d 1 i=t a

' 1=

¢

The choice of ¢ that minimizes F(c) is unaffected by addition of a constant term to



194 Chap.5 Function Spaces and Fourier Series
F(c). In particular, minimizing

b . n b . b 2
F*(c):j fde+2c‘?—22cij fd’dx+Z[J f¢;’dx]
. j= 3 =1 78

i=

b d b 2
=J {2dx + E[Ci —I [¢'dx)
a i=1 a

yields the same c as minimizing F(c). This proves the following theorem.

Theorem 5.3.4. The functional F(c) of Eq. 5.3.17 is minimized by choosing
h - .
ci:j fptdx = (o' f), i=1,2.....n (5.3.18)
a

where { q)i(x) ] is an orthonormal Séquence in L,(a, b). This yields the least square ap-
proximation of f(x) in L,(a, b). |

Example 5.3.4

1 3
. 1 2 _ —— = . .
The set of polynomials {¢'(x), 0°(x)} = { N .\/_2 x} is orthonormal in
Ly(=1, 1). In order to hest approximate f(x) = x* in the least square sense, Eq.
5.3.18 yields

1 4 [
1 3 X
C1 = — X dx = —= = {)
! -[»1 V2 a2 1
] ]
cz"J -x4dx=ﬁx5 :E
-1 2 5‘!’5 -1 5

Thus, the function
1 2 3
g0) = 0! + c0” = 3 x

best approximates f(x} = x>, in the least square sense on the interval [ -1, 1], using
the 0'(x) selected. As shown in Fig. 5.3.1, however, the approximation is not good
outside the interval [ ~1, 1 ]. Since all linear functions can be represented as
ciqpl(x) + c2¢2(x), g{x) is the best linear approximation of f(x) = x>, in the least
square sense, on the interval { -1, 1].
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¢ f(x) = x

g(x) = 3x/5

Figure 5.3.1 Linear Least Square Approximation of x° ||

The actual minimum value of the function in Eq. 5.3.17 is

™ ) b 1'\
I £~ Ecid)‘ [? = j f2dx - Zcf z 0
i=1 a i=1

The quantity on the left is a positive nonincreasing function of n. This does not necessarily
imply, however, that as n increases without bound, this quantity necessarily goes to zero.
Taking the limit as n approaches < yields Bessel's inequality,

exr

b
o> ez Y (5.3.19)
2 i=1
Intermsof c={c{. ¢y, ... 1%, this is

leiff, < ITHE < e

50 that the series 2 ciz converges for any f(x) € L,(a, b} and ¢ € £, Therefore, corre-
i=1

sponding to every function f(x) in L.5(a, b) and any orthonormal sequence { $'(x) } in

Lo(a, b}, the vectorc =[ ¢, €3, . .. 1* defined by Eq. 5.3.18 is in £,.
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Example 5.3.5

Bessel's incquality for the functions in Example 5.3.4 is

1
6 2 jl 2 _ jl 64, — x’ U
75 T 1t & < _lf(x)dx—_lxdx—6 .73
which is a strict inequality. |

Definition 5.3.6. For a given orthonormal sequence {¢i(x)} in Ly(a, b), if
Bessel's inequality is an equality for every square integrable function f(x}; i.e., if for all
fe Lia, b),

2
n b n
fim I!f—Eciq:‘ 1% = lim | (f - Zciqﬂ] dx = 0 (5.3.20)

i=i i=1

or
"f”]_1 = Hdhz

then {q)i(x) } is said to be a complete set of functions, or a basis for L,(a, b), and

2 c-qui(x) converges in the mean to f{x). |

i=1

Since computations with infinite sets of funciions are intricate, further examples are
delayed until the sections that follow on Fourier series. The remainder of this section is
devoted to developing generally applicable properties of the vector space La(a, b).

Convergence in the mean in Lo(a, b} does not imply pointwise convergence on
{a, b). Consider, for example, a square integrable function g(x) that differs from f{(x) on a
set of points that does not contribute to the integral; e.g., at a finite number of points.
Then,

b . b .
¢ = j o'fdx = J ¢'g dx
a a

Thus, Zc-ﬂ)i{x) is the same for f(x} and g(x) and the series converges in the mean o two
i=1
different functions. In general, stronger conditions on f(x) than merely square integrability
are required to guargntee pointwise convergence,
If the orthonprmal sequence of functions {q)i(x)} is complete, then Bessel's in-
equality becomes an equality; i.e., if
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b
b = | oifdx

a

Il

(¢'fh,. i=12. .,

b
¢, :j o'pdx = (¢l gh, i=12,. ..
a

then, with b= by, by, ... 1" and e = [¢qncpn .. . 1T,

h .
i, = | e D0 = uwig,
a i=l

b
el = [ gax= D = e,

i=)

Also, using the triangle inequality,

! (fgh, - ibici
i=1

b a
= ] J-E fgdx - ;bici
J.abf[g - ich)inx

i=1

b o 2 1/2
sIIfIILg(J- (g-zc@i] dx} (5.3.21)

i=1

approaches zero, since {¢i(x) } is complete, and
2
b( & .
lim — col [ dx =0
o oS

Taking the limit on both sides of Eq. 5.3.2! as n approaches e proves the Parseval re-
lation

\ -
(fgh, = J fgdx = 2 bie; = {b.e)y, {5.3.22)

i=1

Theorem 35,3.5. A sequence of orthonormal [unclions {¢o"(x) } in Lo(a, b) is
complete; i.e., it is a basis for Ly(a, b), if and only if 0 is the only function in L,(a, b} that
is orthogonat 10 ail ¢'(x). |



198 Chap. 5 Function Spaces and Fourier Series

For purposes of proof, let { q)i(x) } be compleie and assume there exists a nonzero
normalized function f(x} such that

b
C1=J ¢ifdx = 0
a

for all i. By direct calculation,

2

b i ) b
].i.lTl - bt :J =
dm f cid' | dx . [f]°dx = 1

i=1

which contradicts the completeness assumption.

To prove the converse, let 0 be the only function orthogonal to all the 4'(x) and
assume that { $'(x)} is not complete. If this is s0, there exists a function f(x) for which
Bessel's inequality is a strict inequality; ie.,

X -
f2dx — et 30
J o -3

i=1

where
¢ = (¢ 1)
n
However, since ¢ € £,, the sequence gn(x)=2 ¢;¢'(x) is a Cauchy sequence in
i=1
L,(a, b) so it converges ta a function g(x), such that
¢ = (¢, g) = (§,1)
Therefore, the function h(x) = g(x) — f(x) is orthogonal to all the q)i(x) and

|tf|!—[ic?]

i=1

172

Ihil=tg—f0 = fucr-nenl = > 0

and h(x) is not the zero function. This contradicts the hypothesis and shows that { 0'(x) }
is complete, ]

Theorem 5.3.6. The trigonometric functions of Example 5.2.5 form a basis for
L,(~x, n). Expangion of a function f{x) in L,(—m, ) in this basis, using the coefficients
of Eq. 5.3.18, yields the Fourier series for f(x) that converges to f(x) in the mean; i.e.,
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n

lim | fx) - Ecicbi(x) l =0
n—doo =) -

The proof of Theorem 5.3.6 [ollows from results established in Section 9.3,

The trigonomeltric basis far L,(€2) is only one of many bases that exist [15], even
though it is the best known. It remains to develop details on how to expand functions in
terms of Founer series and to determine pointwise convergence properties. This is the sk
of the remainder of this chapter,

EXERCISES 5.3

1. Show that the {unctions ¢E(x) = I/\E) sinix, i=1,2,3,..., are not complete in
L,(0, 2m). ‘

2. Let f(x) be continuous and have a piecewise continuous derivative on the interval

0<x <27, with (0) = f(2r). Show that _i? (24 b2) < en, where

i=1

=+
i

1 2
-— -[ f(x) cos nx dx
T Jg

o
1l

1 2n
— -[ f(x) sin nx dx
Tty

[Hint: Apply Bessel's inequality to the function f'(x).]

3. Show that the {ollowing sequence of vectors in £, is a Cauchy sequence in £5:

e ]
R TR TR TR TS el W{(i+1fk32

Find iss limit ¢ = lim $* and show that ¢ € 4£,.
am

4 Show ihai the sequence ¢i(x) =x + 1/1,1=1,2,...,ontheinterval 0« x < 1 18
a Cauchy sequence in L,(0, 1). Find its limit &(x) = lim ¢(x} and show that
j—oa

0(x) € 1500, 1).
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OTHER VARIATIONAL METHODS

The variztional methods discussed thus [ar in this chapter arc based on an equivalence
between minimization of an energy functional and solving the linear operater cquationg
Au =1 and Au = ABu. There are a number of other varational methods [or approximating
solutions of operator cquations, but they are less restrictive in the hypotheses required in
order that they are applicable, In particular, if a residual, or ervor term R = Au — [, associ-
ated with the operator equation Au = [ is formed, then the operator equation is satisfied
when R = 0. This idea, and others that 1end to cause the equation to be satisfied, form the
basis for many variational methods.

Two commonly employed variational methods that are based an these ideas are
summarized in this section. The presentation here is limated to [ormulation and application
of these methods and does not treat their convergence properties, which are developed in
Rels. 18 and 21.

The Method ot Least Squares

Consider first the lincar operator equation
Au=f - (10.10.1)

for u in D,. The operator A is not necessarily symmetric or positive definite. Tt is clear that
a lunction in Dy, is the solution of Eq. 10.10.1 if and only if the norm of the residual or
error function R = Au — [ is zero. This is equivalent {o stating that the solwtion of Eq.
EQ.1.1 minimizes

IRE = { Au — i O (10.10.2)

Selecting a sequence { ¢y (x) } in D, an approximate solutior: of the form

1

u, = E a, Oplx) (10.10.3)

k=]

is eonstructed by choosing the a, 10 minimize the function of Eq. 10.10.2. This is called
the Jeast square method of solution of Eq. 10.10.1. As for the Ritz mecthod, the ¢o-
ordinate functions selected should be complele, in order that it is reasonable to expect that
they can provide a good approximation of the solution. Substituting Eq. 10.10.3 into the
functional of Eq. 10.10.2, the following [unction is obtained, which depends only on the
undetermined coefficionts:

fl

z aApy, — f

k=1

" - [anw - frz HAP f] (10.10.4)
j=1

2

I

I Au, — £

k=1

]



Sec, 10.10  Other Variational Methods 497

In order for this {unction 10 be a minimum, it 18 necessary that its derivative with respect 1o
cach of the coefficients a; be zevo. This yiclds

n

Y (A0, AG) = (£ A6), i=1,2,.. ,n (10.10.5)

=1

This set of linear equations can now be solved for the coefficients a; to construct ar ap-
proximate solution of Eg. 10.10.3. This approximation is called the least square ap-
proximate solution of Eq. 10.10.1.

It is shown in Ref. 21 that

(a) The least square approximation converges more slowly than the Ritz approxi-
mation, when the Ritz method applies.

(b) Au, approaches f in the L, sense, which is not necessarily the case in the Ritz
method.

While the least square method is not as efficient as the Ritz methed, when the Ritz
method applies, the least square method can be used for a2 much broader class of prob-
lems. For example, consider the nonlinear operator equation

Bu = f {10.10.6)

where u is in the linear space Dy. In this case, the least square method can still be applied,
using the approximation

n
u, = Zakq)k (10.10.7)
k=1
but the equation
3 L. D \ 2 .
‘§a—ii|BUn—f|l T B[;a@k]—f =0 i=12...,n
(10.10.8)

is nonlinear in the unknown coefficients a,. This creates the rather difficult task of solving
a system of nonlinear algebrai¢ equations, Formidable as this problem is, it is still solvable
by approximate methods of numerical analysis, such as the Newton method for solution of
nonlinear algebraic equations [8].

The Galerkin Method
Consider again the linear operator equation

Au=f (10.10.9)

H
for uin D,, where the operator A is linear, but it may not be symmetric or positive defi-
nite, A function u in D, is sought such that the residual
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R=~Au-f (10.10.10;

18 zero,
If a sequence { §(x) } in D is complete in L,, then R = 0 if and only if

($;RYy =0, i=12 ... (10.10.11)

To use this fact, consider an approximate solution of the form

n

u, = Eakq:k (10.10.12)

k=1

Substituting this approximation into Egs. [0.10.10 and 10.10.11 yields the linear equa-

tions
n
[¢i,2akA¢k—f]=O, i=1,2,...,n
k=1
in the a;, or
n
Eak(Aqu,qu):(f.qu), i=1,2,...,n (10.10.13)
k=1

These equations serve to determine the coefficients a, in the approximation. This process
is called the Galerkin method of finding an approximate solution.

Note that if the operator A is symmetric and positive definite, Eq. 10.10.13 is pre-
cisely the Ritz equations of Eq. 10.8.8. Thus, the Galerkin method reduces to the Ritz
method, when the Ritz method applies. The Galerkin method, however, is applicable to a
much broader class of problems than is the Ritz method.

Likewise, for the eigenvalue problem Au = ABu, the residual

R = Au - ABu (10.10.14)

is to be zero. With the approximation of Eq. 10.10.12 and the conditions of Eq. 10.10.11,
n

2 { (AL 0;)—A(Bd.0) ) a. =0, i=1,2,...,0 (10.10.15)
k=1

as conditions that determine the unknown coefficients a, and the eigenvalue A. It is clear
that the determinant of the coefficient matrix in Eq. 10.10.15 must be zero. This provides
an approximate eigenvalue and the associated approximate eigenvector.

Not¢ that Eq. 10.10.15 is the Ritz equations of Eq. 10.9.21 when the operators A
and B are positive definite and symmetric. Thus, the Galerkin method for the eigenvalue
problem also reduces to the Ritz method, when the Ritz method applies.
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Note finally that if an operator I is nonlinear, with a lincar domain Dy, then the
Galerkin method applies and results in the following noenlincar equations tor the cooffi

( n '
{Bk E ak%] f‘¢il] . i—l'z,...,[l (10‘1(}'1 )

k=t
as an approximate solution in Dy of the operator gqualion
Bu = (10.10.17)

The formidable problem of solving these nonlinear algebruic cquations {or the unkaawn
coefficients 2, remains.

EXERCISES 10.10
1. Considzr the boundary-value problem

-——d-(xzil-]-)+ u=2 0<xx«l
dx /.

uw(0) = u{l} = 1
{2) Formulate this problem as a linear operator equalion,

(b) Select a set of coordinate functions that can be used in construction of an ap-
proximate solution.

{c) Using the first two coordinate functions selected in (b), find an approximate
solution using the Galerkin method.

2. Consider the operator equation

d*u d(zdu) ) ,
Au 4dx4—-d-; X 37 + e*u = sinx

{win CYO, 1) u(0) = w(0) = u(l) = uw'{(1) =0}
(@) Determine rigorousty which boundary conditions are principal,
(b) Describe the energy space Hy of the operator.

Dy

1]

) L'si[-ug the Ga'lerkin mct‘hod,_find a two-term approximate solution for the fol-
lowing coordinate functions in Hy:

o) = k2 (x=1), ¢a(x) = x> (x =12 ., () = x™! (x—1 )
3. Derive equations for the least square solution of
¢ —u" 4+ U+ u s f(x), D<x<4

u@) = u(t) =0



X-Ray Mass Attenuation Coefficients

Table 1. Material constants assumed in the present evaluations for elemental media.
Values are given for the ratio of atomic number-to-mass Z/4, the mean excitation energy
/, and the density . Some density values are only nominal; those for Z = 85 and 87
were arbitrarily set to 10 in order to complete the calculations.

Z Element ZiA | Density
(eV) (g/cn13)

I H Hydrogen 0.99212 19.2  8.375E-05
2 He  Heluum :, 0.49968 41.8  1.663E-04
5 Li  Lithium 043221 400 5.340E-01
4 Be  Beryllium 0.44384 63.7  1.848E+00
5B Boron 0.46245 76.0  2.370E+00
6 C Carbon, Graphite  0.49954 78.0  1.700E+00
7 N Nitrogen 0.49976 82.0 1.165E-03
g8 O Oxygen 0.50002 95.0  1.532E-03
9 F Fluorine 047372 1150  1.580E-03
10 Ne Neon 0.49555 137.0  8.385E-04
11 Na Sodium 0.47847 1490 9.710E-01
12 Mg Magnesium 049373  156.0 1.740E+00
13 Al Aluminum 0.48181 166.0  2.699E+00
14 Si Silicon 0.49848 173.0  2.330E+00
15 P Phosphorus 0.48428 173.0  2.200E+00
16 8 Sulfur 0.49897 180.0  2.000E+00
17 Cl Chlorine 0.47951 174.0  2.995E-03
18 Ar Argon 0.45059  188.0  1.662E-03
19 K Potassium 0.48595 190.0  B.620E-01
20 Ca Calcium (.49903 191.0  1.550E+00
21 Sc Scandium 046712 2160  2.989E+00
22 Ti Titanium 0.45948 2330 4.540E+Q0
23V Vanadium 0.45150 2450 G6.110E+00
. 24 Cr Chromium 0.46157  257.0  7.180E+00

25 Mn  Manganese 045506 2720  7.440E+00



26
27
28
29
30
31
32

34
35
36
37
38
39
40
41
42

44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60

Sn
Sb
Te

Xe
Cs
Ba
La
Ce
Pr

Nd

Iron

Cobalt
Nickel
Copper
Zinc
Gallium
Germanium
Arscnic
Selenium
Bromine
Krypton
Rubidium
Strontium
Yttrium
Zirconium
Niobium
Molybdenum
Technetium
Ruthenium
Rhodium
Palladium
Silver
Cadmium
Indium

Tin
Antimony
Tellurium
lodine
Xenon
Cesium
Barium
Lanthanum
Cerium
Praseodymium

Neodymium

(.46556
0.45815
0.47708
0.45636
0.45879
0.44462
0.44071
0.44046
0.43060
0.43803

0.42959

0.43291
0.43369
0.43867
0.43848
0.44130
0.43777
0.43919
0.43534
0.43729
0.43225
0.43572
0.42700
0.42676
0.42120
0.41889
0.40752
0.41764
0.41130
(41383
0.40779
0.41035
0.41395
0.41871
0.41597

286.0
297.0
311.0
322.0
330.0
334.0
350.0
347.0
348.0
343.0
3520
363.0
366.0
3759.0
393.0
417.0
424.0
428.0
441.0
449.0
470.0
470.0
469.0
488.0
488.0
487.0
485.0
491.0
482.0
488.0
491.0
501.0
523.0
535.0

546.0°

7.874E+00
8.900E+00
8 902E+00
8 960E+00
7.133E+00
5.904E+00
5.323E+00
5. 730E+00
4.500E+00
7.072E-03
3 478E-03
1.532E+00
2 540E+00
4 469E+00
6.506E+00
8.570E+00
1.022E+01
1.1S0E+01
1.241E+01
1 241E+01
1.202E+01
1.050E+01
8.650E+00
7 310E+00
7.310E+00
6.691E+00
6.240E-+00
4.930E+00
5 485E-03
1.873E+00
3 500E+00
6.154E+00
6.657E+00
6.710E+00
6.900E+00
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Table A-4g. Photon Interaction Coefficients and Average Energy Transferred or
Absorbed per Photon Interaction for Copper

= == == == S —msmsCsosrSoeSSSon T Smm e

COPPER, Cu A=29
RHC=2,749E+26 elect./kg
REC=8960. kg/m*3 9.47BE+24 atom/kg
Photan
energy Basic coesf, in 10--28 Interacticn coef. in Av. ener
msg/atom msg/atom msg/atom msg/atom cmsg/g cmsq/g cmsg/g transf.
hv coh. incoh. pheoto pair MU/RRC  MU_ /RHO MU, /RHO E,, E,
[keV]
1.09 526.8 . 7259 1038000 0.0 9824, 9815, 9B815. 1.1¢C
1.1 526.8 .7269 11890600 0.0 11370. 11360, 11360. 1,10
2 77,1 1.685 247400. 0.0 2349, 2344, 2344. 2.00
q 358.5 3.740 37410. 0.0 358.0 354.5 354,5 3,56
) ap7.1 4,658 200%0, 0,0 193.4 190.4 190.4 4,92
6 263.3 5.500 12030. 0.0 116.6 114.0 114.0 5.87
8.97 172.5 7.616 3B09. 0.0 37.81 36.10 36.10 B.57
B.97 172.5 7.617 30300, 0.0 288.39 185.9 185.9 5.78
10 152. ¢ B.214 22970, 0.0 219.2 14B.7 148.7 6.79
15 92.32 10.37 7785, 0.0 74.76 58.21 58.19 11.7
20 63.47 11.68 3497 0.0 33.86 27.90 27.88 16.5
30 35.12 13.08 1091, 0.0 10,80 9.259 9.248 25.7
490 22.24 13.89 §68.3 0.0 4.779 4.097 4.090 34.3
50 15.34 13.91 241.0 0.0 2.561 2.151 2,147 42.0
60 11.29 13.93 139.6 o.e 1.562 1.266 1.263 48.6
80 6,80¢ 13.72 5B.72 0.0 ,7519 L5508 .5480 58.6
100 4,642 13.37 29.98 .0 L4549 L2834 L2924 64.5
150 2.202 12.39 B.B92 G.C L2226 L1044 .1040 70.4
200 1.278 11.59 3,783 G.0 .1570 . 0554 .0592 75.7
300 .5B55 10.11 1.169 0.0 ,1125 L0371 .0370 95.0
400 . 334G 3.104 .9152 0.0 L0944 .0318 .03l 135.
500 .2153 B.335 L2812 0.0 .0B37 .02%8 0296 178.
550 L1783 8.009 L2178 0.a .0797 L0291 .0289 201.
662 L1236 7.393 L1338 0.0 .0725 .0281 .C2789 257.
800 L0848 €.197 .0B1g 0.0 L0660 D212 L0269 329.
{MeV]
1 0544 6.116 L0470 .0 .0585% .02¢60 L0257 441
1.25 0343 5,473 L0315 .G0o% .0525 .0248 .0Za4 .588
1.5 0242 4:97%6 L0226 L0414 .0480 L0237 L0233 L4l
2 0138 4.248 L0335 .1598 0420 L0223 L0217 1.06
3 0061 3.343 .0074 .4393 L0380 L0211 .0204 1,76
4 0034 2,789 L0050 .1031 L0332 L0211 .0200 2.54
g ae2z2 2.409 .Q037 L9345 .0317 L0214 .0201 3.37
6 L0013 2.129 ,4030 1,107 ,0307 L02:7 L0202 4.25
] .00os 1.742 .0021 1.447 ,0303 L0230 . 0208 6.08
10 . 0005 1.483 .G016 1.783 ,0310 .0248 L0220 8.01
15 .0go2 1,098 L0011 2.281 L0320 L0276 L0232 12.9
20 L0001 .8gi2 L0008 2.717 L0341 , 0305 L0246 17.9
3¢ .0001 L6415 .0c0s 3.268 ,0371 ,0345 .0255 27.9
40 0.0 L5098 0004 3.620 ,0391 L0371 .0255 37.8
50 0.9 L4255 .0003 3.818 L0412 L0385 L0254 48.0



60 G.o .36E7 L0032 4.107 L0424
80 G.0 L2862 .C0oz 4.422 L0447
100 G.0 L2400 L0001 1.684 L0467

{End of Table]

0410
L0435
0458

L0248
.G237
o227

58.0
78.0
98.0

{Go to T'able A-4h, Table A-4f, Contents, Home Page}



Tapte 1.4, Velues of the mass atienvation coeflicient ufp [emtlgl, excluding Rayleigh (coherend) scaltering, the effect of binding on
Compion scattering, and the photonuclear effect, for ¢ number of elemeats.
That is, vafues here arc (7. + T+ aa + ) bfatom - (¥ JA) - 10 Y{em?e Ybfatom)] using values of 75, oc, &4 and &, discussed i
section 2 and tabulated in section 3. For coeflicicnts extrapalated to absurptionedges, see sec. 3 tables.

HYDRO-| DERYL. r
PHOTON GEN LEUAY BORON | CARBON | NITROGEN | OXYCEN SODIUM | MAGNESIUM
ENERGY Z=1 Z=4 Z=5 =6 =1 Z=8 Z=1l Z=12
Mev i cmtfy
1.00—02 | 3.85—01 | 5.36-01 | L.oy+00 [ 217+ 35T+ 558400 1.51+ 01 2.03 + 61
1.50—02 | 3.76—-01 | 268—01 | 4.18—01 | 7.22—0) 1.00+ 06 162+ 0 4.37+ 00 598+ 00
200—02 | 3.69—01 | 206—01 | 2.66—01 | 3.88-01 5.41—01 7.54—01 1.88+ 00 2.56+ 00
300—02 | 3.57-0! | L71—0l | 192—-01 | 230-¢\ 2.70— 0% 3.35—01 6.39-01 83901
400—02 | 3.46—01 | 159—01 | 1L71—-01 | 1930l 2.12-01 2.36 01 3.55— 01 4.37-401
500-02 | 335—0f | 1.52—01 | lLel—01 | 79—l 1.67— 01 1.99-- 01 2.54% 0f 2.98—0]
6.00—02 | 3.26—01 | 14700 | 15 —01 | 1L.70—01 17401 1.8l —al 2.04- 0 2.36 —01
B.00—02 | 3.09-0L | 1.39-01 | 145-01 | 1.58—01 1.60— 01 1.62—01 1.70— 0L 1.83 01
1.00—01 | 2.94—01 | 1.32—0t | t38—0l | 1.50—0l 1.50—01 1.52—0] 1.52—o01 1.61~01
1.50—01 | 2.65—01 | 119—0F | L.H-01 | L34—0 1.34—0] 1.3 —0] 1.31—ot 1.36—=01
200—-01 | 24301 | 1090t | 113—01 [ Y2301 Lp—ol 1.23—01 1.18—01 1.22—01
3.00—0t | 2.01-01 | 9.45—02 | 9.85—02 | 1.07—ql 1.06— 0} 1.07 01 1.2 —01 1.06—01
400-01 | 1.89—01 | B47—02 | 83—z | v55—u2 9,51 — (02 4.54 - 9,14 02 9.44—02
S00—01 | 1.73—-01 | 7.73-0 | 806—(2 | 8.72--02 8.71—02 BT —@ 834 - 26102
600—-01 | 1.60-01 | 7.15-02 | 745—02 | 8.07-02 8.05—@ 8.06— @ 17202, 1.96—02
BO0O—0p | 140—01 | 6.29—02 | 655-02 | 7.48—a2 7.8 —@ 7.08 - @ 6.76— (2 6.99— 02
100400 | 1.26—01 | 5.65—2 } 58902 | 637—02 .36 — 02 637—@ 6.04 — 02 6.29 -2
_150400 | 1.03-01 | 46002 [ 479—02 | S.19—@2 5.18—02 SAB— (@ 4.97 -2 51202
2.00+00 | 875—02 | 3.94—-02 | 411—07 | 4.45-@ 44502 4.46—@ 428-@ 14202
300400 | 691—02 | 314—02 | 328—02 | 3s57-w 3.58—02 3.60—02 3.49— (@ 3.61—02
400+00 | 5.81—02 | 2.66—02 | 2.80—02 | 3.05—02 3072 310 3.00—02 3.16—02
5.00+00 | 5.05—02 | 2.35—02 1 248-02 | 2.71—02 2.4—® 2.78 - 2.7 02 2.87-@
6.00+00 | 450-02 | 2.12-02 | 295-02 | 2.47- 2.51—02 2.55—02 2.56—02 2.68— 02
800+00 | 375—02 | 1.82—02 | 195-02 | 216—@ 2.21—-02 2.26 -2 232 -2 24402
100401 ) 32502 | 1632 | 175-02 | lee—u2 22— 2.09 ~ 02 218-- 231—-@
150401 | 254—02 | 1.36—-02 | 149-02 | 1.70—02 1.74— 02 1.86— 02 2.00 - 2160
200401 [ 2.15-02 | L22—02 | 1.37—®2 | 1.58—2 1.67—02 .77 1.96 — 02 24202
300+01 | 1.74—-02 § 1.10—02 | 125-02 | 14702 1.58 02 1.70 -2 1.96 — (2 2130
4.03+01 1.54—-02 LA —-u2 L2l =02 L -2 156 — 02 169 — (02 194902 -1
500+01 | L4I—02 | 1.02—02 | 119—02 | b42—2 1,56 — (2 1.70 - 2.00 - 22202
6.00+0) | 1.33—02 | 100—w2 | tia—oz | re-o 57— 2 172 2.06 — ()2 et — 02
800401 | 1.24—02 | g91—a3 | lag—or [ 1as—o2 E.6) = (22 1.75 -2 2.13-2 2350
Lod+02 | 1.09-02 | 992-03 | L1v—02 | Lia6—u2 L63— 2 1.79—m  ; 21B-(2 2.41 -2
150402 | 1.13—02 | Loo—02 | 12207 | Es0—2 1,68~ (2 18— | 2.28-m 253 -
2.00+ 42 1.§2—02 1.2 —qQ2 1.4 -2 33— 1.72 -02 1.9] -2 2352 2.60—02
300402 | 1.11-02 | ros-o2 | 12602 ] Lsv-w2 1,78~ 02 1.98— 1 2.4 - 2,702
400+02 | 1a2—02 | Loo—e2 | 130-02 | Le2-u? L8 — 2 2.02 12 2.4y ® 2,76 — @
5400+ (02 -0 1.08 -2 1.32 42 LIRS 1 L LS 02 2.05—02 2.52 -0 280
600402 | LI3—02 | Lww—02 | 134-02 | Looh—w 1.H7 — 02 107w 2.55— 283 —@
.00+ (2 1.15-602 1.11 -2 1.36 —02 1.64—42 19— 02 2.0 -02 2.59 — e 2.87—(2
1ou+03 | tae—o2 | Le—e2 | orat-ue | o1Tn-w lLy2—u2 212 2,61 - 2.90 -2
150403 | 17— | 14— | 140-02 | 173-w 1.95 — 02 2.16 -1 2.65— @ 2,93 —02
2.0+ 03 1.18=02 1.15—02 4] —2 .75 — 02 .90 — 02 21— 2467 -2 2.96 — @2
300403 | 1.20-02 | 1ie—02 | 143-w2 | 177w L — 02 22040 2.69— @ 2.98 - @
4. M+ 03 1. 200 - 02 LT 02 1.44—4)2 1.7 — 2 2N — 112 2.2] — iR 2.70— 1 3.00-02
SA0+403 | 1.21—02 | Ls—2 | L0217 -2 2.4M1~ {2 2.2 2.7 - 3.01 02
GAU-03 | 12 -0 | rIm-02 ] 145-02 | L7e—2 20—t 222 — 1 97— 2 30—
800403 | 12202 | 19—z { 145-02 | 18-z 2412 — {12 2.23 -1 2.72 -2 |-
L+0t | t2—u2 | lw—uz | Lda-m [ beo-a2 2412 — 2 223 -7 273 - 303 -
L5+ 4 1.22—-02 1. 1% -02 .46 —02 1.81 —02 2.03—-02 2.2 — 2 2.74 - 3.0 -@
200 + (W L2i—0 1002 .47 —2 LRl —2 208 —{r .24 —(2 2.8 -2 Id—
3.00 + (b 23—t |.H—02 .47 —u2 |.82 - 0F PRITEES 1)) 2.25 102 2.74 -2 304 -
44U+ 1.23—-02 1.20—102 1.47 -2 K —a2 2414 — 2 225 2= 3.05—-02
S0040H | 123-u2 | Lw—u2 | L4T-2 | le2-u2 2.00 R 225— 27— 3.05—@
‘ GO0+ G4 | 123-07 | l2u—02 | (47-u2 | rE2- 2.05 — 2 2.25— @} 2.75—@ 3.06— @
i BOO+04 L1232 | 10— | vAT-m ) pE2 - 201 | 2250 275 -2 3.05—@
! .
’ 100405 | 1.23-02 | L2e—w2 | p47-a2 | LB2-02 20002 22502 2.75 - 02 3.05—2
- !
10 ~.




TanLe 1 4. {Cantinued)
A —
PHOS. r
l'}{OTQN ALUMINUM| SILICON | PHORUS SULFUR ARCON POTASSIUM [ CALCIUM IRON
EMERGY Z=13 Z=14 Z=15 Z=16 7 =18 Z=19 zZ=20 Z=26
Mev rmifg
1.00—-02 2.5+ 01 l.36+01 402401 503+ 04 6.38+ 01 8.014 01 9.56 + 01 1.72+ @2
1.50—-M2 1.66+ 00 9.97 + 0} 170401 1.52+M LA+ 01 2.46+01 2.9+ 0 5574+ 01
2.00—-02 3.2+ 00 4,19+ 00 A b+ 00 G.42 4 4K B.27 + O 1.054 01 1.26+ 0} 2.51+01
3.00—02 1.03 + 00 1.31+00 1.55+ 00 1414 00 2,48+ X} 44+ IR+ 0) 7.8+ 00
4. —02 5.14—01 6.35-01 1.3t —101 B4 —( 1.11+ M 1.39+ 00 67+ 00 3.464+ 00
5.00~02 3 u-—-0m 3.9 —01 44-101 527T-M 6.30—-01 7.77—0t 92501 1844 00
6.00—02 2.55—01 2.92—-01 3.18-0f 3.67—01 4.20-01 5.12~401 5.95—01 1.13+ 0
B.00—02 1.8%9—01 2.07—01 21501 2.38-01 T 52~ 2.96 —01 3.34»0‘]‘ 5.50--01
1.00 01 1.62—-01 1.73—01 1.75—-M LR —01 1.89—-01 2.16~01 237-04 3.42 -0}
1.50—-01 1.34—-01 1.40—0] 1.38-01 45— 1.36—01 1.50—01 1.39—0f 1.84--01
2.00—0t 1.20—01 1.25~01 1.22-01 1.27—m 1.17—-0 1.28—11 1.33--01 1.39-01
31.00 01 1.03—-0¢ 1.07—-01 1.4 -0 1.08 -0 9. 792 1.06—01 1.09—01 1.07-01
4.00-—01 9.22—-02 9.54—02 92802 9.5 —02 8.64~02 938~ @ 9.66—02 .
5.00--01 8.41—-02 R0 —02 8.46--02 8.2 —-02 7.9 —02 8.52~@ 8782 3
6.00—01 13702 8.05—02 182 —-02 B.{H — 2 1.9~ T1.87-102 8.09—-02 1. [+7]
A.00—-01 6.83—02 7.06—02 6.86 02 .08 -2 6.40— 02 6.90~ 02 FR B 6. o
1.00+ 00 6.14—102 6.315—-02 6.17~02 6.36 — 02 5.75—-m 6.20—- @2 6.37—02 5. - @
1.50+ 00 5.00—02 5.18—@2 5.03—-02 TAY-m 4,69 -2 506—@® 520-02 | _481-—@ __
2.004+ 00 4.32—-02 4.48 —02 436G 4,49 — (02 4.7 — 12 439= T4 - 4. 1]
300400 3.54--02 3.68-~02 35902 3M-0 3.38—02 .66 —@ 3.78—0 a. w
4.00+ 00 301~ 3.24—02 3.17-02 3.29-02 m—-o 3.28—@2 340—-@ 31—
5.00+ 00 2.84—02 2.97—-02 2.92—-12 W 2.80—072 3.06—-02 34T-@ 314-m
6.00+ 00 2.66—02 2.79—-02 2.75-(1 287 -2 2.67—@ 291 -2 3.3—-02 Jos-—@
8.00+ 00 2.H44-M 2.57—02 2.55—-02 26802 2.51 02 2.76 - 2.89~02 2.98—-02
1.00+ 01 2.31-02 2.46—02 2.45-02 2.58-m 2,44~ 2,70—-@ 2.83~02 2.98-@
1.50+ 0! 2.19-02 2.34—-02 2.36—-92 251 -2 2.4 -7 2.68~Q2 2.8 —@ 3.07—-2
2.00+01 2.16 - 2.33—-02 2.35—-02 2.52—-02 24402 2.73—02 2.89—-@2 3.21-2
3.00+0 2.19-q2 2.38-02 2.42 -2 .61~ 2.55—-M 2.86 ~101 IiG-Mm 34502
4.00+ 01 2.44-02 2.45-02 2.50-02 2.70—- 2.66 —~ 02 2.99-02 3.19-02 3.65-02
5,00 +01 2.30—02 2.52—(2 25702 2.78 -2 27502 31002 in-m 3.82—-02
6.00+01 2.35—2 2AT—02 2. —02 HG— () 2.84 — 02 31902 3 42-02 3.95-
8.00 + 01 2.44 -2 2.67—02 2,742 294~ 2 2oon — (2 3342 35802 4.16—-02
1.00 400 2ol =02 275~ 2Ry~ (2 307 --02 300112 345 -2 3.70--02 4.32-02
1.50 +02 2.63—02 2.89 -2 298 -02 321 -2 325-02 3080, I -2 4.59— 12
2.00 + 02 2.71-02 2.949—02 3.07—-02 34102 3.34 -2 377 - 4.5~ 02 4.75 -0
3.00+ Q2 2.82-02 J0-—-02 3.19-—-02 548 - 02 Jag -2 393 —-m 412 -2 4.94 -2
4.00+ 02 2.88—02 37— 327102 RG22 35602 402 02 £32-0 5.06 02
5.00+ 02 2.92—62 1.22-02 3A2 -0 300 -0 3.61 —02 4.08 — 02 438~ (2 5.4 — (02
6.00 + 02 295 — 02 .25 —02 345 - 305 - (12 3.05 - 02 4.12~M 443 - 02 5.1%—m
8.00+ (7 340012 3.3 - A40 - B0 — 1 AT - 419~ 02 450- 5.27—(
1.0+ (3 3.02 —02 F3—02 1 Sa4b- A2 A0z .75 4.23 -2 455-m 532 -
| RSP ¢ N7 -0z R — a2 TN - 02 3oH0 - JR—02 4.29~(. 4.61 -7 5.34—m
2.00+ 03 3.0 -102 4102 350 —02 3K — 02 3.2 -2 4.3~ 4.64 -2 54112
3.00+403 11202 -2 35— 386 —-02 .84~ 2 4.36— 02 4.68 - 5.48 - (2
4.00+03 3.13-02 345102 3.56 — 02 3 — 02 38702 4.38—(2 4.70--02 5.50—02
5.0 +03 3.14—-02 34602 35702 I RY—-O2 A.B9 -2 439 -2 4.2 -1 551 -2
6.00+ 03 31502 34742 358 -2 TAK =112 IRy —-0F 4.40~02 473 -2 5.52 - (&
B.00 + 03 3.16-Mm 3.48 -2 359 -2 Al -z 390! 4.4] —2 47102 5.5 -2
100404 31602 340 —02 380 — 4 308 —w2 3402 4,42~ 493~ 02 5.55 -
1.50 + 04 31702 34002 A.6i1— (2 ERIVER ¢V a2 —02 443 -0 4 76— 5.56— Q@
2.00+ 04 3.17-02 150 —az .61 - a4y - a2 393 -2 443 - 45702 .30 -0
3400+ 11402 3.50— 2 3.61 -2 Jui—2 3.93—02 4.44 -2 477 5.57—0
4.0+ M 3.18-02 35102 361-02 3.91—02 3.u3—02 4.45—02 4.77 -0 5.57 -0
5.00+ 04 1 IR -2 3.51—-02 362 -2 30— 14302 4.45 — 2 4,782 5.58 -
.00+ 318 -2 At -2 302 -2 R Ay -2 4.45~( 4. B2 5.58 - @
.00+ 04 34— 3.5 —m 3602~ 2 394 -1k i —m 445-0 4 T-m S58—m
1.00+ 05 3.19-—-02 351 -2 202 -2 ERIE T TYg—4n 44p-2 4.78 -2 5.58-m@
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TaBLe L4, (Continued]

MOLYD-
PHOTON COPPER DENUM TIN [ODINE  [TUNGSTEN LEAD URANIUM
ENERGY =29 Z=42 Z=50 Z=53 Z=T74 Z=82 Z=92
Mev s cntig
1,00 —02 2.23+02 | 8.40+0] 1.394 02 1.58+02 ‘[').124»01 1.28+ 02 1.73402 ’
1.50—02 7.33+01 2.68 101 453401 | 5.34+01 1.39 + 02 I 1.12+02 6.03+01
‘ Ly EDGE
2.00—02 3.30+01 LI7+0] | 222400 | 247401 6.51+01 8.34+ 01 6.85+01 e
{n, L, EDGES "~

3.00—-02 1.06+ 0t 2.83+01 | 4.07+01 | 794400 218401 2.84+01 - 3.90401 S R
4.00—02 4.71+0¢ | 1.30+01] 1.89+ 01 223401 9.97+00 131401 | 1e7+01

5.00—02 250+00 | 697+00 1.4+01 | L23+0) 5.40+ 00 1.224+00 1.04+01

6.00— (2 1.52+00 | 4.25+00 | 632400 | -7.55+060 3.28+00 443+ 00 6,48+ 00

80002 7.18—01 1192410 | 2.90+00 | 3.52+00 7.66+ 00 2,07+ 00 3.04+ 00

1.0 -01 8.3 — 0} 15400 | 160400 191 +00 4.29+ 00 5.23+ 00 1.?i+00 ;

J K EDGE

1.50—01 208—0t | 3ww—01 | 577--01 | .6.74-01 1.50+ 00 1.89 400 2.47+00 S
2.00 - 01 148—-01 | 228-01 | 3.07—01 | 3.49-01 2.38—01] 9.45—01 1.23+00

3.00-01 1.08—01 1L3l—n 1.55—01 1.68—01 3.02-0] 3.835—01 4.85—01

4.00—-01 9.19 —02 1.01—01 1.10—01 11601 1.80—01 2.20—-01 2.73—-01

5.00—0] B22—02 | BSY—M | 9.11—-02 | 936—02 1.29--01 1.54—01 1.85—01 | :
6.00—0l | 752—02 | 767— | 7.91-02 ]| 807-02 | 10301 77|  1.20=01 77} "140=01"]""
8.00—0} 65507 | 657502 ] €5:—02 1766102 % 7I3—027 1T ER6—07 | 9402

1.00+00 38602 ) 5.77—-02 | 571-02 | 5.715-02 6.39—02 6.90—02 - [ 7.54—(2 L
1.50+ 0% 4.79—02 | 406802 | 4.59—-02 | 460—02 4.88 02 5.10—02 53902 | -
2.00+00 4.19—02 | 4.14-02 | 4.08—02 | 4.09-02 4.34—02 4,50 —02 4.70—02 |

3.00+ 00 3.59-02 | 3.66-02 | 3.67—02 ] 3.60—-( 4.01 -2 4.16—02 435-02 |

4.00+ 00 33202 [ 3.48—-02 | 3.54-02 § 359—02 3.98—02 ] 4.14~02 4.34—02

5.(K) + (K 318-02 [ 3.43-02 | 3.53—02 | 3.59— 4.06—02 4.24— @ 4.44—02
AL BT 330-92 | 343-02 | 35702 | 3.63-—O 41602 4.34 42 4.54—02

8.00+ 0 3.06—02 | 350~02 | 3.64-02 | 3.78—02 43— 4.59—02 4.79--02

1.00+ Q1 3.08—02 | 3.62—02 | 3.85—-02 | 3.95-02 4.63—02 4.84—02° 5.06—02.

1.504-0] 3.23—02 { 3.93-—02 | 4.25—-02 | 43302 5.24—G2 S.46—02 5.73—02

2.00+ 01 33902 | 423—02 | 4.61-0? | 4.76-02 5.77—02 6.06—02 6.36 —02

3.004+ 1) 368-02 | 470-02 | 517—-02 | 5.36—02 6.59—12 6.96— 2 7.33—-02

4.00 + UF 391 —-02 | 5.05—-02 | 5.57—02 | 5.7H—02 .16 -0 7.57—02 7.99 02

5004 ) aw-02 | 532-02 | see—02 | 61—z T60-02 40402 7 oo -02 -
6.00+ (] 12502 553—02 | 1302 | 637-02 79402 8.41 —02 §.89 —02

B.GO+ 0] 44802 | 58602 | 6.51—02 | 6.76—02 8.45—02 B.96—02 9.48—02

100 + 02 1.65—-02 | 6.09—0) | 67702 | 7.04—02 8.81—02 9.34—02 9.84—02

150+ 02 49402 | od8-@2 TA=-02 | 7.50—02 939 -0 996~ 02 1.06 —01 l
200+ 012 SN =02 | 672-02 702 | 1.78-02 9.76—02 1.03—01 1.10—01

3.00+02 5.32—0 7.00 - 02 7H0—02 [ 811-02 1.02—01 1.08—01 1.15~01

4,00+ 02 -0 ) Tie—0 | T9H-r ) Ba0 -0 1.04—01 1.11—01 1.37—01

5.00 + 07 55202 { 7.27-02 | g0-02 | sa2-02 1.06—-01 1.12 -1 1.19—-01

6.00 + 02 558—02 | 7.35—02 | #19—G | 8.51—ur 1.07—01 1.13 41 1.21 01

8.0 +02 56602 | 7.45-02 | 831-02 | Be4—2 1.08 0] 1.15—01 .22 —01

1.00+ 03 572—02 | 7.53—02 | 838—02 | 8.71—02 1.09-01 1.16 —01 1.23—01

1.50+u3 S.79—02 | 7.62—-02 | 849-02 | s84—-02 1.11 =0l 1.18—01 1.25—01

2.00+ 03 SE3I—02 | 7.67—02 | 850-02 | g90—02 1.11-01 1.18—01 1.26—01 o
3.00+ 03 SRE—-02 | 7.73~02 ! BAO2-02 | Boq—02 11201 1.19—01 1.27-01
4,00+ 03 S90—-02 | 17702 | H05-02 | 9.0—02 1.13—01 1.20—01 1.27-01

5.00+ 03 S91—02 § 7.79—02 | #.67-02 | 9.02—02 1.13-01 1.20—01 1.28—01

6.00+ 03 §.93—02 | 7.80—02 | #6802 | 9.04-02 1.13—01 1.20—01 1.28—01

8.00+ 03 60402 | THI—02 | BTU—02 | 90502 1.13—-01 1.20—-01 1.28—01

100 + (4 §.95—02 | THI-02 | H71-02 | 900-02 1.14—01 1.2} —01 1.28—01

1.50 + 04 5.96 — 02 THS—02 | 8.73-02 | 94H—02 1.14—01 1.21 -0l 1.29—01

2,00+ 04 5.90 —02 7H5-02 | 8.74-02 | 9. pu—o 1.14—-01 .21 01 1.79—0!

3,00+ 04 S98—02 | TBO—02 | £.75-02 ) 94 -2 1.54—-01 £21 -0} 1.29—01

4.00 + 4 5.98 —02 7.86—02 #7002 91—z 1.14—ul [.2]1 -0l 1.29—-0t

$.004- 04 596—02 | 7.86—02 | B.77-02 | w1]—-02 1.}4—-01 1.21—~01 1.29—01

6.00 + 04 598—02 | 787—-02 | A77-m { 932—-02 1.14—01 1.21—01 1.29—01

B.00+ 04 S98—02 | 78802 | 87702 | 92-02 1.14—01 1.21—01 1.29-01

1.00 + 05 598—-02 | 788~02 | 47702 [“9q2-02 1.14-01 1.21 -0 1.29~01 g )
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Chapter 18 The Multichannel Analyzer 699
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Figure 18.11 Example of a two-parameter analysis of the pulses from a photo-
multiplier tube viewing a liquid scintillator vial. Events build up into a surface rep-
resented by the contour lines on the display of the two-dimensional memory.

sometimes displayed as a surface contour plot, or as an isometric view of the surface from
a perspective that can be changed using software routines for best viewing.

Multiparameter analyzers generally require a much larger memory than single-
parameter analyzers because, for equal resclution, memory requirements for two parame-
ters are the square of the number of channels required for only one parameter. Often, how-
ever, one of the two parameters need not be recorded with the same degree of resolution
so that nonsquare (rectangular} memory configurations will suffice. Three or more para-
meters require multidimensional memory allocations that can be impractical in size. In
experiments in which many parameters are of interest for each event {for example, from
multiple detectors recording coincident events), it may no longer be possible to dedicate a
large enough memory to sort all the information in real time. An alternative mode of data
recording called list mode acquisition can then be employed. Each of the multiple parame-
ters is digitized with a separate ADC in real time, and the results are then quickly written
to memory. A clock may also be read to provide a “time stamp” to record the time of occur-
rence of the event. As the measurement proceeds, the collection of data grows with each
observed event but requires a memory whose size is only the product of the total number
of events multiplied by the number of recerded parameters. After the conclusion of the
measurement, the data can then be sorted off-line based on arbitrary criteria involving any
or all of the recorded parameters. -

MCA Dead Time

The dead time of an MCA is usually comprised of two components: the processing time of

the ADC and the memory storage time. The first of these was discussed earlier and, for a

Wilkinson-type ADC, is a variable time that is proportional to the channel number in

which the pulse is stored. The processing time per channel is simply the period of the clock

oscillator. For a typical clock frequency of 100 MHz, this time is 10 ns per channel. Once

the pulse has been digitized, an additiona! fixed time of a few microseconds is generally .
required to store the pulse in the proper location in the memory. Thus, the dead time of an

MCA using an ADC of this type can then be written

N
1=-—+8B (18.3)
¥
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where v is the frequency of the clock oscillator, N is the channel number in which the puise
is stored, and B is the pulse storage time. The analyzer control circuits will hold the input
gate closed for a period of time that equals this dead time. A dead fime meter is often
driven by the input gate to indicate the fraction of time the gate is closed, as a guide to the 4
experimenter. One normally tries to arrange experimental conditions so that the fractional
dead time in any measurement does not exceed 30 or 40% to prevent possible spectrum
distortions. ' |

‘The automatic live time operation of an MCA described earlier is usually quite satis- : |
factory for making routine dead time corrections. Circumstances can arise, however, in
which the built-in live time correction is not accurate, When the fractional dead time is
high, errors can enter because the clock pulses are not generally of the same shape and
duration as signal pulses. One remedy!?13 is to use the pulser technique described on p. 642 ;
to produce an artificial peak in the recorded spectrum. If introduced at the preamplifier,
the artificial pulses undergo the same amplification and shaping stages as the signal pulses. »
The fraction that are recorded then can account for both the losses due to pileup and the
analyzer dead time, Several authors!*13 have reviewed the live time correction problem
and suggested conditions under which the pulser method is not accurate. To avoid poten-
tia] problems, the pulse repetition rate must not be too high, and the use of a random rather L
than periodic pulser is preferred. Under these conditions, the pulser method can success- ‘
fully handle virtually any conceivable case in which the shape of the spectrumn does not ‘
change during the course of the measurement.

Additional complications arise if spectrum shape changes occur during the measure- I
ment, which lead to distortions and improper dead time corrections with the pulser l
method. A better method first suggested by Harms!® can accommeodate specirum changes !
but requires a nonstandard mode of MCA operation. In this method, the analysis is run for ) ;
a fixed clock time. If a pulse is lost because the analyzer is dead (this can be sensed exter- i
nally), compensation is made immediately by assigning a double weight to the next pulse
and incrementing the corresponding memory location by two. Spectra that change during
the course of the measurement are properly accommaodated because the correction auto-
matically takes into account the amplitude distribution of signal pulses at the time of the
loss. This correction scheme has been tested by Monte Carlo simulation for a wide variety
of spectrum shapes and time variations and has proved to be quite accurate in all cases.)?
At higher rates, however, the assumption breaks down that only one pulse was lost during
the dead time, and the Harms method begins to undercorrect for losses. One remedy is 10
modify the correction process by first calculating the expected numbes of counts lost dur-
ing a dead period from a running measurement of the input pulse rate. The memory loca- :
tion corresponding to the next converted pulse is then incremented, not by two counts as
above, but by one plus the calculated number of lost pulses. These artificial counts do not
have the same statistical significance as the same number recorded normally, but they do
maintain the total spectrum content as if there had been no losses. Normally called loss free
counting,'8 this teehnique is applicable in situations in which the dead fraction of the MCA
is as high as 80% 1% 1t is particularly helpfe! in measurements from shon-lived radioiso-
topes {rom which the counting rate may change by many orders of magnitude over the
measurement period.

sPECTRUM STABILIZATION AND RELOCATION

.ctive Spectrum Stabilization ,

Any drifts that occur along the signal chain during the course of the measurement will
cause peaks in the recorded spectrum to broaden or become otherwise distorted. These
drifts can come about through changes in temperature of the detector or associated
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electronics, gradual changes in voltage levels, or variations of the gain of the various active
elements in the signal chain. Despite the best efforts to control temperature and other
environmental conditions, spectra taken over long periods of time with high-resolution
detectors often suffer an apparent loss of resolution due to these drifts. In some detectors
{(notably scintillation counters), large changes in counting rate can also lead to apparent
gain changes over fairly short periods of time.

A spectrum stabilizer is a device that in some way senses the position of a peak in the
measured spectrum during the course of the measurement, compares its position with a
known reference, and generates an error signal that can be used in a feedback loop to
change the gain of the system to restore the peak to its correct position. The element in the
signal chain to which the feedback is applied can be any component whose gain can be con-
veniently changed, including the photomultiplier tube for a scintillation counter, or the lin-
ear amplifier in other spectroscopic systems. '

The most common method of sensing the peak position during the measurement is
illustrated in Fig. 18.12. Two SCA windows are set on opposite sides of a clearly resolved
symmetrical peak and connected to circuitry that can measure the difference in count rate
between the two windows. At the start of the measurement, the gains are adjusted so that
the peak is precisely centered between the two windows, and the count rate difference is
therefore zero. If the gain does drift, a difference in count rate between the two windows
will be detected and will serve as the error signal. In this scheme, the window positions
must be extremely stable because any changes in the SCA window positions will be
interpreted as system gain changes. Ultimate stability is therefore limited by questions of

an
dH
Peak centered
Equal SCA
counting rates
H
f
Gain shift
li
a8
dH

Peak off-center.
Unequal SCA
counting rates

SCA SCA
1 2

Figure 18.12 The principle of a spectrum stabilizer based on peak sensing, An
error signal is derived from the counting rate difference in the two SCA windows,

-
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‘SCA window stability. Methods have been developed?®?! to generate extremely stable
SCA windows for this application.

For systems based on MCAs, the function of the windows can be performed by prese-
lected groups of channels. In that way, the peak is held constant in the recorded spectrum
and questions of window stability are no longer applicable. Digital stabilizers are available
as commercial units that communicate with the MCA and adjust the gain of a preceding
amplifier according to the error signals sensed by the stabilizer.

The gain correction can be implemented in a number of different ways. In one extreme,
a small gain adjustment is made following almost every pulse that is recorded near the vicin-
ity of the peak centroid. The edges of the two windows are brought together so that, within
the region of interest, only a pulse that is stored in the preset peak centroid channel does not i
trigger an adjustment. If a pulse falls in the lower window, the gain is increased; and if the
pulse falls in the upper window, the gain is decreased. Because of the normal statistical fluc- i
tuation in pulse amplitudes, this process results in slight “wandering” of the gain even in the
absence of any real gain shifts. If the gain’steps used in the adjustments are small enough, the |
broadening effect of this gain wandering can generally be kept to negligible levels.2 l

[
|

An alternative approach is to collect a control pulse height spectrum (perhaps restricted
to the channels near the peak of interest) in parallel with the primary spectrum in a sepa-
rate section of memory. At periodic intervals, a software fit to the control peak is made and
the current position of the centroid is derived. If this value is significantly different from i
the reference value set at the start of the measurement, then an appropriate gain adjust-
ment is implemented. The control memory is then cleared and the process repeated at
intervals throughout the measurement.

In common gain stabilizers, two peaks in the spectrum are usually monitored—one
peat the top and the other near the bottom of the spectrum range. In that way, corrections
to drifts in both the slope and zero offset of the MCA calibration may be made if the ampli-
fier allows adjustment of both its gain and zero offset.

If the spectrum to be recorded does not have readily identifiable peaks, other
approaches must be adopted. A common remedy is to place a radioisotope “check source™
near the detector that will produce its own peak or peaks in the spectrum. One possible
drawback is that this source may also add undesirable background to other regions of the |
recorded spectrum. An alternative procedure is to place the lJower window in a flat reglon [
of the spectrum and the upper window in a region where the spectrum drops off rapidly.2 ;
By adjusting the window width, a net zero counting rate difference can be set at the begin- '
ning of the measurement. Software rechniques can also be applied?4 to sense changes in the
shape of the recorded spectrum to serve as the basis for gain adjustments. In scintillation
counters, methods based on the apparent position of a reference light pulser peak are also
in common use. The light pulser must be incorporated into the scintillation assembly, where
it produces pulses that do not interfere with the region of the spectrum in which the signal
peaks of interest lie. This method of stabilization is described in more detail in Chapter 10.

Another option to stabilize spectra without peaks involves artificially creating a peak
by mixing the outputl of an electronic pulser with the signal pulses. The standard methods
can then be used to stabilize the pulser peak. The pulses should be introduced at the earli-
est possible point in the signal chain because any drifts that occur prior to that point will
not be compensated. The pulser technique is similar to that described earlier (see p. 642) i
for determining losses caused by pile-up and dead time, and the same peak can also be used o
for gain stabilization. ;

3. Spectrum Alignment

An alternative to the active gain stabilization methods described above is to simply subdi-
vide the measurement period into a number of small time intervals and record a separate



Chapter 18 Spectrum Stabilization and Relocation 703

pulse height spectrum for each. If the individual time intervals are small enough, the gain
drifts can be negligible within. any single interval. However, if some drift does occur over
the course of the full measurement, then the individual recorded spectra will not be aligned
exactly. The degree of misalignment can be deduced from the location of peaks in the spec-
tra, preferably using several that are widely spaced along the pulse height axis.

For best statistical accuracy, it is generally desirable to combine all the data into a single
spectrum, but then some method of alignment must be implemented. This process is not as
simple as it might first appear, since éach spectrum will, in general, have different gain
and/or zero offset. For alignment of multiple spectra, the raw data must therefore be
“rebinned” or sorted into a new set of channels of a “master” spectrum, with each new chan-
nel having different width and edge locations with respect to the original spectra. The situ-
ation is illustrated in Fig. 18.13. The question then arises of how the number of counts in an
original channel should be redistributed among the new channels that overlap its position.

Any measured pulse height spectrum is a discrete sampling from the continuous dif-
ferential distribution dN/dH versus H that characterizes the source of the pulses. The num-
ber of counts in any given channel is just proportional to the area under the continuous dis-
tribution between the channel edges. To rebin the original data, it would be best to resample
the original continuous distribution into the new channels. Because of the finite width of
each channel, some information is lost in the original sampling process, and a perfect
knowledge of the continuous distribution is not available. However, if the channel widths
are small enough so that the continuous distribution changes only slowly over the width of
a channel, then an analytical curve that is fitted to the points representing the counts in
each channel (plotted at the channel midpoint) will be an acceptable approximation to the
original continuous distribution. The rebinning process can then proceed as illustrated in
Fig. 18.13, in the following steps:

1. An analytical fit is made to the data in the vicinity of the relocated channels to
approximate the original continuous distribution. The functional form of the fit can
be a polynomial of degree M that is fitted to the M + 1 channels that are centered
about the channel of interest. Some factors of importance in choosing the value of
M are discussed in Ref. 25.

Counts per channel

4
Original channel number

I’ pA 3

New channel number
Figure 18.13 Schematic representation of the “rebinning” process to refocate mul-
tichannel spcctra. The original spectrum is shown at the top as a series of points
plotted at the midpoints of the channels 1,2,3, ... A continuous curve has been fit
to these points. At the bottom is the new channel scale showing channels 1°,2', 3/,
. .. In the deterministic process mentioned in the text, the original number of
counts n, in channel 2 are redistributed to new channels 1' and 2' with fractional
assignments of Al/(Al + Ay) and A, /(A, + Ay ) , respectively.
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2. The area vnder this fitted curve is determined between the edges of the nearest
relocated channel, and the fractions of this area that overlap the original channel
edges are determined.

3. These fractions are then used as weighting factors in reassigning the counts in an
original channel to one, two, or more new channels, depending on the degree of
overlap. The fraction of counts assigned to any new channel is proportional to the
area under the curve calculated for the range of overlap (see Fig. 18.13).

If this reassignment of counts is carried out using the deterministic process described
above, all counts in the original spectrum are reassigned to the new spectrum and the
process conserves areas or absolute numbers of counts. Since the counts in any one origi-
nal channel are distributed over multiple new channels, however, the statistical behavior of
the relocated data is changed. Even if the counts in an original channel follow Poisson sta-
tistics (as is the usual case), the relocated counts will generally display a smaller expected
variance. Statistical tests applied to the rebinned or combined spectra will therefore show
results that depart from Poisson behavior. An alternative stochastic relocation process?’
can be applied that preserves the Poisson statistics of the relocated data. The number of
counts relocated to a specific new channel is obtained by a random sampling from a bino-
mial distribution whose average is the deterministic value. The channel-to-channel statisti-
cal fluctuations of the relocated spectrum will then mimic those of the original,? and stan-
dard goodness-of-fit tests that are usually part of spectrum analysis software can be applied
to the relocated data. '

V. SPECTRUM ANALYSIS

A. Deconvolution or Unfolding

The differential pulse height spectrum dN/"dH that is recorded from any radiation detector
is the convolution of its inherent response function and the energy distribution of the inci-
dent radiation. We represent the incident energy distribution as S(£), where S(E}E is the
differential number of incident quanta with energy within d£ about £. Information about
this incident spectrum S{E) is often the object of our measurement. The measured pulse
height spectrum results from the convolution:

dN
T JR(H, E) S(E) dE (18.4)

Here, R(H, E) dH dFE is the differential probability that a quantum of energy within 4£2
about E leads to a pulse with amplitude within dff about H. In the special case that the inci-
dent radiation consists of only a single energy £, the spectrum S({£) can be represented by
the product of the number of quanta S, and the Dirac delta function:

S(EYdE = S, 8(E — Ey) dE
Putting this representation inta the equation above, we observe
daN
dH |E=E,

Under these conditions, the measured pulse height distribution dN/dH is given- by the
response function R(H, £} multiplied by the number of recorded pulses S;. The response
function, introduced earlier in Chapter 4, is characterized by noting that R(H. E;) dH is the
differential probability of recording a pulse of amplitude within 44 about H given an inci-
dent quantum of energy E;. The shape of the response function will generally be different
for incident quanta of different energy E,. It may also depend on a number of other possible
variables, including the operating conditions of the detector, the source—detector geometry,

= S,R(H, Ey)
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Gamma Ray Spectroscopy

Objectives

To use a scintillation detector to record ~-ray spectra; to study and understand the various
features of y-ray spectra, including photopeaks, the Compton edge, and backscatter peaks;
to identify the components of a radioactive source; to study the absorption of 4-rays by
matter,

You should read up in the references to learn about the various interactions of v-rays

with matter, and about the scintillation de;téctor, before you start the experiment.

Apparatus

Nal(T1) scintillation detector

Computer with Integrated Computer Spectrometer card
set of -y sources

set of metal foils

Warning! All radioactive sources are potentially dangerous and must be treated with
caution and respect. The - sources you will use for this experiment are intended for
educational use and are quite weak, and so are relatively safe. Nonetheless it is important
that you handle them carefully and use common sense when working with them. When
not in use they must be stored in the lead container provided. Do not carry them

around in your pockets. Do not eat them.

Introduction

An excited nucleus can emit one or inore gamma rays of well-defined energies as it decays
to its ground state. In this experiment you will investigate gamma ray spectra from several
radioactive sources, using a sodium iodide scintillation counter.

The detector consists of a single crystal of sodium iodide “activated” with a small amount

of thallium. A gamma ray absorbed by the crystal causes an electron to be ejected via the



phiotoelectric effect, which then produces light as it loses energy to the crystal. This light
falls on the photocathode of a photomultiplier, producing electrons. These electrons are then
accelerated towards a special clectrode, called a dynode, held at a positive potential Vwith
respect to the photocathode. On striking the dynode the electrons are sufficiently energetic
to cause secondary electron emmission, and the secondary electrons formed in this way are
accelerated towards a second dynode, at a potential V5, where a similar process occurs. The
result is a large pulse of electrons received at the anode of the photomultiplier. The size of

the pulse depends on the energy of the original gamma ray.

Phatocathade
Electron optxal

Multipicer |

Figure 1: Schematic diagram of Nal dectector

If m electrons are emitted per electron incident on any dynode, and if there is perfect
collection between dynodes and there are n stages, then the overall gain will be m™.

The pulses of electrons are fed into a multichannel analyzer (MCA) which sorts them
according to size, with bigger pulses going into higher numbered channels. Thus channel
number is related to gamma ray energy. The resulting spectrum will contain one or more
photopeaks at the energies of the gamma rays emitted from the source. A typical gamma
spectrum is shown in the figure below. In addition to the sharp peaks, note the lower energy
features, which result from scattering of electrons in the crystal by the incident gamma
rays. Note that the spectrum you see is not just a spectrum of the y-ray energies emmitted

by the source, rather it gives the energies of the photons that eventually impinge on the



photomultiplier. There are several types of interactions between the s and the atoms or
electrons in the detector that can affect the resulting spectrum. Be sure that you understand
the process whereby a gamma ray incident on the scintillation crystal is recorded as a count

in one channel of the multi-channel analyzer.

\%{ PHOTOPEAK

NUMBER COMPTON
PLATEAU
of
COUNTS
BACKSCATTER COMPTON
PERK % EDGE

ENERGY {(Channel Number)

Figure 2: A Typical Gamma Ray Spectrum

The position of the photopcak depends on the gain, M, which is in turn proportional to
V™, where V is the applied voltage. Thus if write

M=kV" (1)
we can show that for a small change dV in the applied voltage Eq(1) becomes
M4+ oM =k(V +46V)"
Expanding, neglecting second order terms and above,
M+ 6M = k(V + néV)

8o that
W% 3V

—- 2
=Y (2)
The implication of Eq(2) is that if we want the gain of the photomultiplier to be stable to

within z percent, the high voltage supply has to have a stability of (z/n) percent.

3



Photomultiplier Gain

Please sce the ICS-PCI manual for a more complete description of the software. Note that
you can save spectra in a data file — vou are encouraged to do this often so that spectra
can be retrived and used in other data analysis and plotting programs.

Click on the ICS-PCI icon to start. When the Amp/HV/ADC settings window appears,
set the High Voltage to 600 volts and the Conversion Gain to 2048 (if you want to use all
2048 channels). Using the Cs'37 source, obtain a spectrum and locate the position of the
photopeak. Repeat, increasing the voltage by about 50 volts each time, up to a maximum
applied voltage of 1000 volts. Plot a suitable graph to determine the value of n in Eq (1).
What is its physical significance?

Calibration

e Reset the high voltage to 900 volts. Using the Na?? source, obtain a spectrum which
fills the width of the screen. (This may require some adjustment of the gain and

discriminator controls to display the best spectrum)

o Select Settings — Energy Calibrate — 2 Point Cal. Locate each peak and enter their
energies in the appropriate boxes (511 keV and 1274 keV). You may find that a 3 Point

Cal using a third peak from another source gives a better calibration.

¢ What is the mathematical relationship between channel number and gamma ray en-

ergy?

e Using the remaining sources in the box, confirm that the energy of each photopeak
agrees with the values listed. Many isotopes emit a gamma ray of energy 0.500 MeV.
This is often called annihilation radiation or AR which refers to 0.511 MeV photons

created as a result of positron-electron annihilation.

Decay Products of Ra-226

Uranium-238 decays to lead-206 by processes of « and § emission, as shown in Figure 3.
Many of the intermediate daughter nuclei are emitters, one of which is Ra?2®. Obtain

a spectrum from the Ra®?® source. You may have to collect data for a long time (~ several

hours) to resolve the important features clearly. Determine the energies of as many lines

as you can, and, using tables in the CRC Handbook of Chemistry and Physics as a guide
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Figure 3: Decay Scheme of U%3#

(or other reference), identify the decay products and discuss the various modes of decay
associated with Ra?*®, You may need to adjust the gain control in order to see the highest

energy peaks. If you do this, you will need to repeat the calibration.

Compton Scattering

vy-rays passing through matter can be scattered by electrons they encounter along the way.
This process is called Compton scattering. If the scattering is elastic, we can use conservation
of momentum and energy (bearing in mind that the velocities involved are relativistic) to

derive an expression for the energy Eﬁr of the scattered ~y-ray:!

E,

E =
T (E,/mpct)(1 — cosb) + 1




where E., = hv is the energy of the incident ~-ray, moc? is the rest energy of an electron,
and @ is the scattering angle. The maximum transfer of energy to the electron — and hence
the minimum energy of the scattered v — occurs for backscattering, when # = 180°. Then

the energy of the scattered ~ is

By =

and the energy of the electron is

E,

B = E, — Fy, = .
T (L mec?/2E,)

E,. is called the Compton edge, and shows up as the high-energy end of the region of the
spectrum due to Compton scattering in Fig (2), while the peak at the low-energy end has
energy Ep,.

Look for the backscatter peak and Compton edge using the Csi3” and Mni} sources. Use
your results to determine the rest mass of the electron with its asscciated uncertainty. Note

that it is unlikely that your spectra will be as clean as that in Fig. 2

Energy Resolution

In theory, we expect gamma rays of a single energy to be recorded in one channel. In practice,
each gamma ray appears as a peak, which can be approximated by a Gaussian function; the
peak position corresponds corresponds to the energy of the gamma ray, while the width of
the Gaussian tells us something about how precisely the Nal detector measures the energy
of the gamma ray.

The standard definition of energy resolution A is:

R Full Width Half Maximum
- Peak Position

For a Gaussian distribution the position of the peak = mean, and Full Width Half Maximum
(FWHM) is related to the standard deviation ¢ by FWHM = 2.360.

Far each of the five peaks (2 from Na??, 2 from Co%, and 1 from Cs'¥7) estimate the
FWHM and location of the peak in terms of the channel number and calculate the energy
resolution. Make sure that you accumulate enough data for each sample by waiting until

the spectrum has ”smoothed” itself out. Can you establish a relationship between energy



resolution and gamma ray energy?

Photoelectric Absorption

When a gamma ray interacts with matter, it can cause an electron to be ejected from the
absorbing atom. This is the process which usually occurs in the Nal detector. The energy
of the emitted photoelectron is

E.=hv—FE,

where F), is the binding energy of the electron. The probability of a photoelectric interaction
{normally called the cross-section, ¢) depends on the atomic number Z of the absorber and
the energy of the . The cross-section is proportional to the absorption coefficient, g, which
is defined by i
I{z) = I{0)e™#=,

Often the mass absorption coefficient p' = u/p is used; then
I(z) = I(0)e ",
¢ has units cm?/g. Typically p has the functional form
pu=KZ"E" (3)

where K, m and n are constants. m is usually around -3.

Using the .662 MeV gamma of Csl¥ and a series of aluminum absorbers of different
thickness, confirm the exponential dependence of absorption on thickness and determine the
absorption coefficient for Al at this energy. Note that you will have to increase your counting
time as absorber thickness increases in order keep the uncertainties small. The software will
display the total number of counts under the photopeak. You will need to check that the
Region of Interest (ROI) is set appropriately. Be sure to properly deal with uncertainties in
your measurement.

Repeat this experiment using a higher energy gamma from either the Co® or Na?? sources.

What does Eq (3) predict about the variation of 4 with gamma energy?
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INTERACTIONS OF GAMMAS

Advanced Laboratory, Physics 407
University of Wisconsin
Madison, Wisconsin 53706

Abstract

In this experiment a Sodium Iadide Scintillator is used to both detect and measure
gammas in the range of 22 keV to 2.6 MeV. The experiment is to study the interactions
of gammas in various materials and in the detector itself.

Theory

A photon can interact with matter by a number of competing mechanisms. The interaction
can be with the entire atom, as in the photoelectric effect, or with one electron in the
atom, as in the Compton effect, or with the atomic nucleus {as in pair production). The
probability for each of these competing independent processes can be expressed as a collision
cross section per atom, per electron, or per nucleus in the absorber. The sum of all these
cross sections, normalized to a per atom basis, is then the probability that the incident
photon will have an interaction of some kind while passing through a very thin absorber
which contains one atom per cm? of area normal to the path of the incident photon.

The totai collision cruss section, o, per atom when multiplied by the number, n, of
atoms per cm?® of absorber is then the linear attenuation coefficient, yo per centimeter of
travel in the absorber. The fraction of incident photons which can pass through a thickness
z of absorber without having an interaction of any kind is given by

IO = g HIT — p—ONE

We sometimes wish to express the absorption in terms of the equivalent matter traversed,
namely £ = gm/cm?. Then the thickness of the material can be expressed by d¢, where:

d¢ = pdz.

The mass absorption coefficient is defined by:



so that the fraction of the beam not absorbed is:

In this experiment we will measure the mass absorption coefficient of materials of differ-
ent £ for gamma rays of a large range of energies. We will try to understand these results
in terms of what we know ahout the interactions of gamina rays with matter.

As mentioned above, there are three mechanisms of interaction which are important
at the gamma ray energies we are interested in: photoelectric effect, pair production, and
Compton effect. These are described briefly below. You should also read Eisberg and
Resnick, p. 53-56 and/or Evans, Chapters 23 and 24.

¢ Photoelectric Effect
In this interaction the photon ejects an electron fromn an atom (generally from the X
or L shells). The photon is completely absorbed and all its energy is transferred to
the atomic electron. The atom then emits characteristic X-rays and Auger electrons
as it returns to normal.

s Pair Production
In pair production a photon of sufficiently high energy is annihilated and an electron—
positron pair is created. For a free photon conservation of energy and momentum
would not be possible, so pair production must take place in the field of a nucleus
{or of another electron) which will take up the balance of momentum. The energy
threshold for this process is 2mc? or 1.02 MeV.

s Compton Effect
In the Compton effect the gamma ray scatters ofl of a loosely bound electron and
loses only part of its energy. The electron recoils in one direction and the gamma
goes off in another direction with a reduced energy.

The following figure (1.1) {from Evans, p. 712) provides a guide to the relative impor-
tance of these three principal interactions over a wide range of energy, hv, of the incident
photons and atomic numbers, Z of the attenuating material.

Knowledge of these interactions will also be important in understanding the detection
of gammas with a scintillation detector.

Detection of Gammas - Scintillation Detectors

Gamma rays may be detected in a number of ways, including gas—filled counters, sold—state
detectors, and scintillation detectors. This experiment makes us of a scintillation detector.

In a scintillation detector the gamma ray passes into an organic or inorganic crystal
where it interacts with the atoms of the crystal by one of the above interactions. The
result of these interactions are the production of charged particles (electrons and gammas)
and scattered gammas. The scattered gammas travel a distance through the crystal which
depends on their energy and they may or may not interact again before leaving the crystal.
The charged particles travel a relatively short distance through the crystal leaving behind
a trail of exited atoms. A few materials will enit light in the UV and visible wave lengths
as the excited atoms return to the ground state. These “scintillations” are detected by a
photomultiplier attached to the crystal. Materials to be used as scintillators must of course

2
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Figure 1.1: Relative importance of the three major types of y-ray interaction. The lines
show the values of Z and hv for which the two neighboring effects are just equal.

be transparent to their own light so that it can be seen by the photomultiplier. A discussion
of organic and inorganic materials suitable for scintillators is given in an appendix. In this
experiment we use an inorganic crystal, Nal, as a scintillator.

If monoenergetic gammas interact in the Nal crystal the pulses produced by the photo-
multiplier will not all be if the same height but will show a certain distribution in height.
A “pulse height spectrum” is obtained by plotting a graph of the number of pulses per unit
time versus pulse height. The feature of these pulse height spectra can be understood in
terms of the interaction the gamma undergoes in the erystal.

In the photoelectric effect and pair production all of the gamma ray energy in converted
to electron (or positron) energy. Path lengths of charged particles are short so there is a
good chance for all of the energy being absorbed in the crystal. In Compton scattering,
however, part of the energy is converted to electron energy and part rernains in the scattered
photon. The scattered photon may interact again in the crystal by a second Compton
scattering or by photoelectric absorption, but in some cases the scattered gamina ray
escapes the crystal, carrying its energy with it.

If all the gamma ray energy is captured in the crystal there will still be a pulse height
distribution of finite width duc to a number of effccts which depend on the location of the
events in the crystal:

1. Inhomogeneities in the crystal.
2. Variations in reflections from the walls.
3. Variations in photocell sensitivity.

4. Statistical fluctuation due to the moderate number of photoelectrons in the phote-
multiplier. The pulse height spectrum in this case would look like:

Numbsr

Tulses

Pulse Height



In practice, however, because of the finite size of the crystal some of the Compton
scattered gammas will escape the crystal and in this case the spectra will look like these:
A A A A

C

Small Crystal Medium Crystal Large Crystal \

e N b
ra > —

Pulse Height

The peak A corresponds to interactions in which no gamma escapes. The peak B and
the plateau C correspond to Compton interactions in which the scattered gamma escapes
the crystal. B is called the “Compton Edge” and corresponds to a Compton scattering
in which the gamma is scattered in the backward direction and then escapes the crystal.-
In this case the photon transfers a maximum amount of energy to the electron so that
a minimum of energy escapes. Small peaks and bumps like that at D may be caused in
various ways:

(D1) Photoelectric interactions in the source itself or in the shielding can give K-shell X~
rays. These are then detected in the usual manner by the detector at energies around
20 to 50 keV.

(D2) Gammas may Compton scatter (even backwards) from the shielding or photomnulti-
plier glass and enter the crystal and be detected. The energy is dependent upon the
angle and the energy of the original gamia.

(D3} A small group between B and A can be caused by a K-shell X-ray escaping from the
crystal after a photoelectric interaction in the crystal.

All of the above defects (except 1) are reduced by using larger (and more expensive)

crystals which have a higher probability of both capturing the original gaminas and also
capturing scattered gammas which might otherwise escape.

A Typical Spectrum

The following figure shows a typical spectrum obtained with a 5.1 ¢m x 5.1 cm Nal scin-
tillator and a Cs'¥" source.



Pulse Hcigkt

137
Cs
The Cesium-137 nucleus decays by the following scheme:
CSIBT
B~ (92%)
™ (8%) 662 keV

Bal3? ground state

The Cs'*7 emits an electron {3) plus a neutrino thereby increasing the nuclear charge from
58 to 56 by changing a neutron to a prototi.

Cs' - Ba¥ 4 e + 1,

In 92% of the decays only 514 keV is transferred to the electron and neutrino and the
Ba'¥ is left in a metastable, excited state. This decays (Ty =26 min.) by either emitting
a 662 keV gamma (90%) or “internally converting” the gamma {10%) before it leaves the
Ba atom and ejecting a K shell clectron instead. In effect, the gamma interacts with the K
shell electron as the gamma is created by the nucleus. 1n this case a fast electron is thrown
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out and then followed by a 32 keV x-ray as the K shell of the Ba is refilled.
The spectrum shows the following features:

A.

This is due to the complete absorption of 662 keV gamina, usually a Compton scatter
followed by a second scatter and/or a photoelectric interaction. The lead shielding
collimates the incoming gammas so that all strike near the center of the Nal crystal
and so are unlikely to escape without a second interaction. The Nal absorption of
662 keV gammas follows the equation

N(I) = Noe_x’{d

where d = 3.7 cm. However scattered gammas are much more likely to interact. For
example, if the energy of the scattered gamma is 300 keV then d = 1.6 cm.

“Compton Edge”. The gammas which are scattered once and then escape can transfer
a maximum of 478 keV by being scattered backwards (6 = 7).

. This region is due to single Compton scatters with 0 < # < «. The region extends

from the Compton edge to zero energy.

. This peak is due to gammas which have been scattered through 0 < 8 < = outside

the crystal. For example some 662 keV gaminas leave the source and strike the lead
at the back of the cavity holding the source. The 662 keV can be scattered forward
with an energy of 184 keV and pass into the detector where it will be detected.
Alternatively a 662 keV gamma may pass through the crystal without interaction
and then be backscattered from the front face of the photomultiplier back into the
detector crystal.

The lead shielding can produce X-rays by electrons returning to the K-shell after
they have been ejected by a photoelectric interaction with a gamma ray. The K,
X-rays from lead have an energy of 75 keV.

F. This peak is due to the 32 keV X-rays produced by Ba!®® after internal conversion.

Pulses smaller than 20 keV can be produced by photomultiplier noise and so the LLD
of the detector has been set to remove these,



Useful Gammas

?i:{g)v Source | Lifetime Uég:::f Origin or Comment
2614.4% | Th** 19y Gives a range of 84 through 2614 keV
2204.2 | Ra®® | 1600 y (From daughter Bi*1)
1769.7 | Ra®® | 1600 ¥ {(From daughter Bi?!)
1332.5% | Co® 53y | 100
1274.5 | Na* 2.6y | 100
1173.2% | Co™ 5.3y | 100
661.6% | G | 30 y | 85
511.0*% | Na?? 26y ;180 From positron-electron annihilation

356* | Bal¥ 10
302 Bal¥ 10

A
Yy
280* Se’s 120 d 25 L
265 Se® 120 d | 60 Replace each 2 years
136 Se™® 120 d 57
122* Co® 23 d 98
87.7% | C4'® 1.3y | 1.0 | K-X-ray from Ag'® after K capture
81.0% | Ba!® 10 y
75.0 K-X-ray sometimes from Pb shielding
59.5% | Am?! | 458 y | 36
32.1% | Cs!¥7 30 y 6.8 | K-X ray from Ba'¥" after internal conv.
31 Ba'® 10 y K-X-ray from Cs'* after K capture
22.1 | Caq:® 13y| 25 K-X-ray from Ag!® after K capture
y = year
d = day

The table of available gammas gives 18 energies. However, soine are closer together and
since there is little point in using energies within 5% of each other, you should choose
about 13 energies such as those marked *.

Apparatus

Gamma Ray Sources

A number of radicactive sources (Th?*®, Ra2® (Cs!¥7, Ba'3?, Cd!™, 8, Co®, Co®" and
Na??) are available mounted in small plastic rods and are kept in a lead container in Room
2507. Most of them are supplied by Isotope Products Labs. The sources are not strong
(1-100 pCi but they could interfere with the counting in this experiment and for this reason
they should be kept inside the shielding when not in use.

Gamma Ray Detector

The gamma ray detector is a scintillation detector consisting of a scintillation crystal, a
photomultiplier tube, and a preamplifier assembled in a single unit supplied by a Mech-
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Tronics Nuclear. The crystal is a 2 inch diameter, 2 inch thick Nal crystal doped with
thallium. The photomultiplier is an RCA 8053 with 10 dynodes and a maximum voltage
rating of 1500 volts. The photomultiplier anode output is connected to an amplifier by a
short length of coaxial cable.

During operation, the crystal absorbs energy from a gamma event and produces a
proportional flash of light. The light flash causes the photomultiplier tube cathode to
emit a proportional quantity of electrons. These are attracted from dynode to dynode
through the tube with a multiplication effect at each successive dynode due to secondary
emission. The highly intensified burst of electrons which arrives at the anode of the tube,
still proportional to the energy of origin, is transferred to form a charge at the input
capacitor in the preamplifier. The amplifier responds by creating a positive output pulse
which retains the basic proportional significance.

There are two connectors on the photomultiplier tube base:

» Anode Output: Connects photomultiplier output pulses to the amplifier. This output
pulse is always negative and has an amplitude depending on the input pulse and the
HV of the photomultiplier. The connection between the photomultiplier output and
the amplifier input is always made with a 50 ohm coaxial cable.

e HV: Connects the high voltage power supply to the photomultiplier tube, using HV
BNC for the white HV cable.

Amplifier

The amplifier is an ORTEC unit. Usually vou will find the model 575A. The amplifier
accepts both positive or negative input pulses and provides both pulse shaping and am-
plitude expansion of these pulses. The amplifier gain is set via a control knob setting and
there are both unipolar positive and bipolar positive going outputs on BNC connectors.
The function of the amplifier is to produce positive output pulses of suitable amplitude
and shape so that they can be fed into the pulse height analyzer.

Multi—Channel Pulse Height Analyzer

The multichannel analyzer is a PC containing an ORTEC model 916A pulse height analyzer
card {MCA) run by the Maestro II software package. The MCA card contains an Analog to
Digital Converter (ADC), single channel analyzer (SCA), multichannel scaler (MCS), and a
dual-ported memory. The card, along with the standard software, transforms the personal
computer into a multichannel analyzer. An input of 0 to 10 volt positive pulses from a
shaping amplifier is the only external signal necessary for pulse height analysis operation.
For further details consult the manual for the 916A and the mamnual for the Maestro I1
software which runs the MCA board. The software is located in the MCA directory and
is started by typing MCA on the command line. The MCA las been set up for the input
voltage range of 0 to 10 Volts to correspond to channel 0 {0 V) and chanuel 512 (10 V).

High Voltage Supply

The high voltage supply for the gamma ray detector is usually a Hewlett Packard Model
6522A using the positive HV output connector. The supply can furnish an output of £+ 0
— 2000 V DC. We normallly run the photomultiplier somewhere between 800-1000 Volts.
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Oscilloscope

Any mobile scope may be used to display the pulses being input to the multi—channel pulse
height analyzer.

Lead Collimators

Pb

Pb Pb

Nal photomultiplier

Absorber

The source is placed in the center of a lead cylinder so that gamma rays may pass freely:
¢ through a side hole in the cylinder.
¢ through a second collimating hole in a circular lead plate.

e through any absorber.

through a third collimating hole in a second circular lead plate.

through a fourth hole in the lead shielding the Nal detector.

The purpose of the 4 collimating holes is to insure that only gammas which are not
scattered may reach the detector. Once a gamma ray has been scattered by the lead or by
the absorber, then it is unlikely to reach the detector. The Nal crystal has a diameter of
5.1 cm but the entry hole in the lead has a diameter of only 3.2 ecm. This is to insure that
the gammas which enter the Nal have a high probability of losing all their energy in the
Nal.

Procedure

A. Set up the system

1. Conncet the “Output” connector of the detector to the DC input of the amplifier.
Set the input polarity switch to “neg” and use the “Uni” output.

2. Connect the output of the amplifier to the BNC connector labeled “ADC” on the
MCA card located in the rear of the PC.

3. Connect the high voltage supply to the “HV” connector on the detector using the
white HV cable with HV BNC connectors. Turn it on and set to about +800 volts
to start.

4. Place a Cs'*" source with a strength near 100 uCi in the cylinder and check the pulses
from the preamplifier and amplifier with a scope. Note the amplitude and width of
the pulses.



Take Care

The gamma sources used in this experiment have strengths of up to 100 pCi. Although
these are relatively safe sources, you should act as if they are stronger.

1. Never leave sources lying about. They should be taken from their lead storage con-
tainer directly to the cylindrical lead mounting or vice-versa.

2. Handle the sources by the clear plastic rods.
3. Report a missing source immediately.

4. Use the survey meter to check radiation levels around the sources.

B. Observe some typical spectra

1. Observe the spectrum of pulses from the Cs'® source. Adjust the amplifier gain so
that the peak at 662 keV is located in the upper half of of the available range. Collect
enough data to smooth out the statistical fluctuations. Print out the spectrum and
tape it in your data book. Identify the features of the spectrum.

2. Collect and record the spectra from a few other isotopes, such as Na??, Cof°, Bal®3
and Th*®®. Always adjust the gain so that the significant peaks are within the range
of the analyzer.

C. DMeasure the attenuation in Aluminum of 662 keV gamma
rays

1. Measure the intensity of gammas transmitted through 7 or 8 different thicknesses of
Al using the gamnmas in the 662 keV peak from Cs'®". Set up the 662 keV peak as a
“Region of Interest” (ROI) and use “Sum” counts as your measure of intensity. Does
this properly correct for the background counting rate?

2. Plot the intensity of the 662 keV peak as a function of thickness of Al on semi-log
paper. Draw a straight line through the data points and from the slope of the line
determine the linear attenuation coeflicient of Al for 662 keV gammas. Taking the
density of Al to be 2.70 g/cm?®, calculate the mass attenuation coefficient. Compare
your result to that quoted in Melissinos, p. 208.

3. Using SigmaPlot, fit the above data to a straight line with a least squares fit. Have
the computer calculate the slope and the standard deviation of the slope. How does
this value of the slope compare with that which you determined graphically?

D. Measure the attenuation in Al as a function of the energy, E,
of the gammas.

1. Some gamma ray sources available in the lab and the energy of their gammas are
listed in the accompanying table. The most useful of these are indicated with an
asterisk. Measure the attenuation in Al of these gammas. You need only measure
the transmission for one thickness at each energy. Because the transmission varies

P
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so much with energy, the thickness required for an accurate measurement will vary
with energy. The optimum thickness for determnining the transinission with maximum
accuracy in a given counting time is that thickness which gives a transmission of 37%.
Can you prove this? In order to get the various peaks at a reasonable channel position
for measurement, you will have to change the gain of the amplifier as you change the
energy of the gammas.

. Calculate the mass attenuation constant, s, at each energy and plot your results as

a function of energy.

Measure the attenuation of 662 keV gammas in materials of
different Z.

. The absorbing materials available in the lab are listed in the accompanying table,

along with their density, atomic number, and the energy corresponding to their K-
shell absorption edge. Measure the transmission of each of these materials for the
662 keV gamma ray from Cs*7,

. Calculate the mass attenuation coeflicient for each material and plot your results as

a function of the atomic number Z, of the material.

Comment on the following:

. The Z dependence of the Compton scattering at about 500 keV.

Any indication of pair production.

The Z and E dependence of the photo—electric effect.

Be prepared to answer questions on the following:

1.
2.

The effectiveness of the lead shielding.
The shape of any gamma spectrum.

The principle of operation of a multichannel analyzer.

. The principle of operation of the photomultiplier.

The K absorption edge of lead is at 88 keV yet it emits X-rays at only 75 keV.
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L Absorber Z ] Density (gm/cm2)1 K-shell Edge (KeV) ]
Wax (CHz ) 571
Lucite (CsHeOy) 1.16-1.20
Be 4 1.848 0.111
C (graphite) 6 1.5 0.284
Al 13 2.70 1,56
Fe 26 7.86 7.114
Ni 28 8.90 8.333
Cu 29 8.96 8.959
Mo 42 102 20.00
Sn a0 7.29 20.20
W 74 19.1 69.52
Au 79 18.3 80.72
Hg 80 1355 83.10
Fb 82 11.35 88.10
U (depleted 238) | 92 18.9 115.6
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Appendix

Scintillator Materials

1. Organic Scintillators These are the cheapest. Examples are:

{a) Anthracene crystals.

{b) Stilbene Crystals.

(c) Polystyrene with traces of Terphenyl and POPOP.

(d) Xylene or Toluene with traces of Terphenyl and POPOP.

{e) Various commercial plastic scintillators such as NE102,

Organic scintillators give fast light pulses - about 5 to 15 nsec long. The basic material
usually will absorb the light which it emits and so wavelength shifters are dissolved in
the liquid (or plastic) to absorb the short wavelengths and re-emit them with longer
wavelengths, The wavelength shifters are usually very complex aromatic substances
and are used in very dilute concentrations.

The wavelength shifters also absorb UV (from sunlight or the fluorescent lights) and
emit a very pleasant and characteristic blue glow.

Organic scintillators have 3 disadvantages:

(a) Their efficiency of conversion (particle energy loss to light output) is lower than
for Nal (see below).

(b) Their conversion is not as precise as for Nal. Identical particles giving the same
energy loss E in an organic scintillator will result in various light outputs with -
a + 10% variation.

(¢} When compared with inorganic scintillators such as Nal or Csl, organic scintilla-
tors have both lower mass densities and lower average atomic numbers Z. Hence
the organic scintillators interact less with gammas (to produce free electrons and

* ionization) and are usually not used as gamma detectors.

2. Inorganic Scintillators

The best are single crystals of ZnS, Nal, Csl or BaF. The light output can be some-
times increased by doping {or “activating”) the crystal with an element such as thal-
lium. - This experiment uses a 5.lcm x 5.1 cin cylinder of Nal with about 0.1% TI.
The T increases the light output by about 15%.

Inorganic seintillators give a larger and more precise light pulse than organic scintil-
lators. However, the light pulse is emitted over a longer time, about 1 psec and 8o
Nal is not as useful for fast coincidence work as organic scintillators.

Read Melissinos 194-196.
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