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ABSTRACT

In conventional (non-adaptive) control design, a controller structure (e.g., pole
placement) is chosen first, and the parameters of the controller are then computed based on the known
parameters of the plant. In adaptive control, the major difference is that the plant parameters are
unknown, so that the controller parameters have to be provided by an adaptation law. As a result, the
adaptive control design is more involved, with the additional needs of choosing an adaptation law and
proving the stability of the system with adaptation. This thesis presents the following topics: First
Order Linear System with Unknown Constant Parameter which gives the reason for using Adaptive
Control, Stability theory, Passivity theory, Lyapunov-Based Design, Feedback Linearization and Zero
Dynamics, Stabilization of Cascade Systems, Block Backstepping with Zero Dynamics, Adaptive
Backstepping, Adaptive Block Backstepping and Tuning Function Design. Most of these theory can
be found in Krstic et al. [48], which gives a full treatment of the theory of Adaptive Backstepping and
Tuning Function Design. In order to see the usefulness of these theory we apply them to the position

contro! of a single-link direct-drive manipulator actuated by a permanent magnet brush de motor.
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ABSTRACT

In conventional (non-adaptive) control design, a controller structure (e.g., pole place-
ment) is chosen first, and the parameters of the controller are then computed based on
the known parameters of the plant. In adaptive control, the major difference is that the
plant parameters are unknown, so that the controller parameters have to be provided by
an adaptation law. As a result, the adaptive control design is more involved, with the
additional needs of choosing an adaptation law and proving the stahility of the system
with adaptation. This thesis presents the following topics: First Order Linear System
with Unknown Constant Parameter which gives the reason for nsing Adaptive Control,
Stability theory, Passivity theory, Lyapunov-Based Design, Feedback Linearization and
Zero Dynamics, Stabilization of Cascade Systems, Block Backstepping with Zero Dynam-
ics, Adaptive Backstepping, Adaptive Block Backstepping and Tuning Function Design.
Most of these theory can be found in Krsti¢ et al. [48], which gives a full treatment of
the theory of Adaptive backstepping and Tuning function design. In order to see the use-
fulness of these theory we apply them to the position control of a single-link direct-drive

manipulator actuated by a permanent magnet brush dc motor.
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Chapter 1

Introduction

1.1 Early results

Interest in adaptive control of nonlinear systems was stimulated by major advances in
the differential-geometric theory of nonlinear feedback control in the mid-1980°s. A thor-
ough treatment of this theory was given by Isidori in his seminal book (9} which unified a
decade of results by many researchers. Particularly popular were the results on “feedback
linearization,” that is, the state and feedback transformation of nonlinear system into lin-
ear ones [5, 7, 10, 24, 25]. This methodology helped convert many previously intractable

nonlinear problem into much simpler problems solvable by familiar linear methods.

It soon became clear, however, that along with their many advantages, the nonlinear
geometric methods have some shortcomings. One of is their inability to handle the pres-
ence of unknown parameters. This motivated the first series of adaptive nonlinear control
schemes. They were all restricted to systems satisfying the matching condition. Examples
of such systems are rigid models of robotic manipulators. While the first robotic adap-
tive scheme by Craig {4] required measurement of joint accelerations, this impractical
assumption was soon removed by Slotine and Li [41, 42|, Middleton and Goodwin [31],
and Ortega and Spong {34], among others. A more general treatment of adaptive non-

linear regulation under the matching condition was given by Taylor, Kokotovi¢, Marino

1



CHAPTER 1. INTRODUCTION 2

and Kanellakopoulos [45], including unmodeled dynamics which violated the matching

condition.

The matching condition was relaxed to the eztended matching condition by Kanel-
lakopoulos, Kokotovi¢ and Marino [13] and Campion and Bastin {1, 3]. For a period , the
extended matching condition was the frontier which could not be crossed by Lvapunov-
base designs. Nam and Arapostathis [32] and Sastry and Isidori [40] combined feed-
back linearization with adaptation techniques from adaptive linear control. However,to
achieve global stability, these schemes required that the nonlinearities be restricted by
linear growth conditions. Similar restriction on system nonlineraities were imposed by
Kanellakopoulos, Kokotovi¢ and Middleton [14, 15] and Teel, Kadiyala, Kokotovié¢ and
Sastry [46].

The only nonlinear estimation-base results which went beyond the linear growth con-
straints were obtained by Pomet and Praly [35, 36, 37]. who used Lypunov functions to
characterize relationships between nonlinear growth constraints and controller stabilizi-
ing properties. In the absence of matching conditions, their schemes still involved some

growth restrictions but were able to handle the benchmark third-order example.

The state-of-the-art of adaptive control, including adaptive nonlinear control, was re-
viewed in the 1990 Grainger lecture [20]. One of these lectures presented the result of
Kanellakopoulos, Kokotovi¢ and Morse [16, 21}, which finally broke the extended match-
ing barrier. This was achieved with a new recursive design procedure called adaptive
backstepping. Adaptive backstepping, developed by loannis Kanellakopoulos {12] in col-
laboration with Peter Kokotovié¢ and Steve Morse, emerged as a confluence of the adaptive
estimation idea, on one side, and, on the other side, nonlinear control idea expressed in
works of Tsinias {47], Byrnes and Isidori 2], Sontag and Sussmann [43], Kokotovi¢ and
Sussmann [19}, and Saberi, Kokotovi¢ and Sussmann [38]. Adaptive backstepping was
also strongly influenced by the properties of an early adaptive scheme by Feuer and Morse
[6], which , although designed for linear systems, preserved global stability under output

feedback for a class of output nonlinearities, as shown by Kanellakopoulos, Kokotovié
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and Morse [17, 18]. Adaptive backstepping influenced further developments in adaptive
nonlinear control. Mario and Tomei [28, 29, 30] combined it with their filtered transfor-
mations [26, 27] to solve the adaptive output-feedback problem for a class of nonlinear
systems that has not since been enlarged. Adaptive backstepping also stimulated efforts
to reduce its overparametrization. A partial reduction was achieved by Jiang and Praly
[11). With the invention of tuning functions, Miroslav Krstié¢ [22, 23], introduction a new

design which completely removed the overparameterization.

1.2 First Order Linear System with Unknown Con-

stant Parameter

Consider the first order linear system of the following form
T=u—"0z (1.2.1}

where § is a positive unknown constant. This system is asymptotically stable (the
equilibrium point z = 0 is an asymptotically stable equilibrium point) even when there

1s no external control input, that is, « is zero. The solution of this system is

{
z(t) = z(0)e * + e”ﬂt/ e ds.
¥

u -~ x ¢ X

>

Kl

| S

Figure 1.1: Linear Scalar Plant (1.2.2)

Therefore this system is uninteresting. What if the system we have is unstable to begin

with? Consider the following system

T=u+fr (1.2.2)
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where f is a positive unknown constant. The solution of (1.2.2} is of the form
t
z(t) = z(0)e® + e‘%/ e u ds.
0
Unlike the system in (1.2.1), this system in (1.2.2} is unstable when u = 0.

What control law » will stabilize the system in (1.2.2)? If an a priori bound # on |6
were known, [#] < §, then u = 26z would be a linear stabilizing controller. The system

(1.2.2) with u = —2fz would becomes
T=—(20-0)z.

Its only equilibrium point, £ = 0, would be asymptotically stable since 28 — # > 0.
(Its stability would be able to be investigated using phase line.} If such a bound is
not known, no linear controller can be designed to guarantee stability of (1.2.2). For
example, if u = —kz, where k is a positive constant, were applied; the system (1.2.2)

would becomes
T =—(k-0)r,

and the only equilibrium point, z = 0, would not be guaranteed to be asymptotically
stable due to the fact that the constant # would not be known. If the value of & picked
were less than that of &, then the equilibrium point z = 0 of the resulting system would

be unstable.
To examine whether a static nonlinear controller can help, let us try the controller
w = —kyx — koz’. (1.2.3)
where k; > 0, ky > 0. The resulting feedback system is
&= (0 — ky)z — koz®. (1.2.4)
For @ > ki, the equilibrium z = 0 is unstable, but the nonlinear term —kyz® prevents

z(t) from growing unbounded. It is easy to see that z(t) will converge to one of the

two new equilibria 14/ ch;kl. Thus, the static nonlinear controller (1.2.3) has achieved
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F”#f_{%

\ L——~B+——*

R CSTILES

Figure 1.2: The resulting feedhack system (1.2.4)

boundedness of z(t) without any knowledge of a bound on 6. Our goal is more ambitious
than just boundedness of z(t). We also want to achieve its regulation: tlim z(t) = 0. Can
this be accomplished by a dynamic nonlinear controller? The answer is aflirmative: One

such controller is

—(p + &)z, £ =2z (1.2.5)

where p > 0 is a design parameter. The resulting feedback system is of second order:

=—(p+ &)z + 0z (1.2.6-a)

£ =zt (1.2.6-b)

Its stability properties can be checked by examining the derivative of the Lyapunov

function
Viz,§) = —T+—@ 0)?, (1.2.7)
which turns out to be nonpositive:
V = —pa? — €27 + 62 + (€ — B)2? = —pz®, (1.2.8)

Thus, V{z{t),£&(t)) evaluated along the solutions of (1.2.6-a), (1.2.6-b) is a nonincreasing

function of time. This proves that xz(t) and £(t) remain bounded for all t > 0. The
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proof that t}im z(t) = 0 is also achieved can be given using Lasalle-Yoshizawa theorem
—oc

(Theorem A.1.1).

How was the dynamics nonlinear controller (1.2.5) conceived? Not as a nonlinear con-
troller, but rather as a parameter adaptation scheme! lts dynamics part £ = 22 is, in
fact, an update law for € as an estimate of 8. Consequently, the estimation error £—-fis

penalized in Lyapunov function (1.2.7).



Chapter 10

DC Motor Interfacing

10.1 DC Motor Interfacing

Since the control objective is to develop a link position regulation controller for the
electromechanical dynamics of despite parametric uncertainty. We designed u in the
MATLAB SIMULINK and interface with the motor through the serial port. SIMULINK
must receive required reading of angular position, angular velocity, current through A/D
and then microcontroller to feed to the computer via the the serial port. Also SIMULINK
must transmit the signal level back to the microcontroller and this signal will be converted

to driving voltage or pulse for the motor

90
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LAB
DRIVER

RS54 ‘F

COMPUTER | PIC —»

!

MOTOR

PWM
DRIVER

CURRENT

AD

ENCODER |a-FOSTION.VELOGITY

Figure 10.1: Block diagram for motor control system.

10.2 C/CH+ interface Serial Port using polling tech-

nique

We present here C programming since it is easier to understand than Visual C program-
ming that runs on windows. Also we can test the program easily and the size of the

compiler is small with the size of less than 1 MByte.

In serial interface using polling technique the flow of data is not regular study, we cannot
predict the arrival time of next data chunk. Therefore we have to keep checking (polling)
for the arrival of new data and at the same time do the transmitting and receiving

operation. The polling rate is higher than the rate of data arrival.

For serial interface, the comport setting has details follows:

C programming code{comport setting) for serial port interface has the details as follows:
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1.Code for assigning address for each comport.

#define COMP1 0x3F8 //Assign address for each comport in HEXA
//COM1=0x3F8
/ /COM2=0x2F8
//COM3=0x3E8
//COM4==0x2E8

2.The following is the code for setting comport for RS-232 interface.

outp(COMP1+1,0}; //turn off interrupt comport1
outp(COMP1+-3,0x80); //turn on for communication
outp(COMP1+0,0x03); //low byte baud rate setting
//0%03=38,400 BPS

//0x01=115,200 BPS

//0x02=57,600 BPS

//0x06=19,200 BPS

//0x0C=9,600 BPS

//0x18=4,800 BPS

//0x30=2,400 BPS

outp{1+1,0x00); //High Byte baud rate setting
outp(COMP1+3,0x03); //8 bit translation,non-parity,1 stop bit
outp(COMP1+2,0x07); //control FIFQ register
outp(COMP1+4,0x0B); //start transmission DTR, RTS and QUT?2

The above code can be implemented in the main program for polling as follows:

#include<dos.h>

#include<stdio.h>
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#include<conio.h>

#define COMP1 0x3F8 //assign address for each comport using
//HEXA DECIMAL

//COM1=0x3F8

//COM2=0x2F8&

//COM3=0x3ES

//COM4=0x2ER

void main(void)//main routine

{

int valA; //variable assigning in polling routine

int strg; //Declare variable type string for storing transmit /recieve
//character at comport.

outp(COMP1+1,0);/ /turn off interrupt for com part1

//Set com port for transmission

outp(COMP1+-3,0x80);//turn on com port for translation
outp(COMP1-+0,0X03);//Low byte baud rate setting
//0x03=38,400 BPS

//0x01=115,200 BPS

//0x02=57,600 BPS

//0x06=19,200 BPS

//0x0C=9,600 BPS

//0x18=4,800 BPS

//0x30=2,400 BPS

outp(1-+1, 0x00); //High Byte baud rate setting

outp(
outp(COMP1+2, 0xC7)//control FIFO register.
outp(COMP1+4, 0x0B)//start transmission OTR, RTS and OUT?2

COMP1+3, 0x03)//8-bit transmission, nonparity, 1 slop bit

print{(“y nCommunicate’s Polling. Press ESC to Exit\ n")
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do{valA=inp(COMP1+5);/ /check

//Already recieved data

if(valA & 1){strg=inp(COMP1);//if so, store data
printf(“%valA”, strg);} //display on monitor
if(kbhit()){strg=getch();//if

outp(COMP1,strg);}//then send the charactor to serial port
}while(strgl=27); //exit program if the esc key was hit

}

94
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/***************************************************************x*****/

Code Implemented

/*******#******************x*************x*****************x**********/

void main{void) //main routine

{

int valA;

int strg;

outp(COMP1 + 1, 0);

//set comport for transmission outp(COMP1 + 3 | 0x80);
outp(COMP1 + 0 ,0x03);

outp(PORT1 + 1 , 0x00);

outp{PORT1 + 3 , 0x03);

outp(PORT1 + 2, 0xC7);

outp(PORT1 + 4 , 0x0B);

printf(” nCommunicate’s Polling. Press ESC to Exit );
do { valA = inp(COMP1 + 5);

if (valA & 1) {strg = inp{COMP1);

printf("if (kbhit()){strg = getch();

outp(COMP1 strg);}

} while (ch '=27);

}

/**************************************************************x*******/

Due to computer have characteristic in signal difference from microcontroller. Therefore,

it must have IC to translate signal which can use together. This IC is MAX232
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Figure 10.2: Computer to PIC16F877.

In the part of PIC, beside hardware and C-compiler have function for using, for example.

#include <16F877.h>

#luses HS NOWDT NOPROTECT,NOLVP
Fuse delay(clock=20000000)

#ruse rs232(baud=9600, xmit=PIN_C6, rcv=PIN_C7)
void main() {

char ch;

printf(“Hello World!"\ n \ 1"}

printf(“If you OK please press 1\ n\ r*);
ch=getch(};

while(ch!=1") {

printf{“Please try agian.\ n\ r"):

ch=getc();

}

printf(“Thank you.\n\r");

while(TRUE);

}
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10.3 DC Motors

Motors of every shape and size can he found in 1he surplus market, in toys and in old
electronic gadgets.

Gear Reduction

Figure 10.3: Motor with Gearhox

De motors tend to spin too guickly and do not have enough torque 1o twrn the robotic
load directly so some kind of gear reduction will have to be used. The gears both slow
down the speed and increase the torque of the output shatt. This gearbox can be created

out of individunal gears or it can be part of the motor as in the Escap motor pictured above.
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Encoder Wheels

Another necessity when using DC motors is an encoder disk on the robot’s drive shaft.

Figure 10.4: Encoder Wheels

This shaft encoder provides a pulse train that can be counted and allows the microcon-
troller to determine how much the robot arm has turned and how fast the turning is

spinning.
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Figure 10.5: Feedback by Encoder

The encoder wheel can be a solid disk with alternating black and white stripes like the
one shown above. An TR light source is aimed at the disk. As the wheel spins, the black
stripes absorb the light while the white stripes reflect the light back to a phototransistor.
The wheel can also be a disk with slots cut into it like those found in computer mice. In

this case, the IR light source is on one side of the disk and the phototransistor is on the
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other side of the disk. In both cases the phototransistor converts the pulses of light into

a signal that is sent back to the microcontroller to be counted.

10.4 A/D and D/A

Figure 10.6: Application Diagram

For receive/transmit analog signal, use pcf8591 is the IC analog to digital 4 channel and
digital to analog 1 channel by data transmission in i2c. From the system schematic, is a
transmit signal digital to analog 0-5v to amplifier circuit. For receive voltage level which
appropriate for motor then transmit to drive circuit , the current is increased. Then this
value is transmitted to motor. Other side of motor there is R,.ns connect to ground,
measure voltage for calculate current which is input of motor. The voltage is sent to

amplifier then output 0-5v will send to pdf8391, convert analog to digital.
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10.5 CP-PIC877 V2

Figure 10.7: CP-PIC877 v2

Hardware’s Specifications of CP-PIC877 V1.0 & CP-PIC877 V2.0 Board
e CPU PIC 16F877-20 On BOARD RUN 4 MHz

e ON CHIP FLASH PROGRAM MEMORY 8K x 14 WORDS

¢ ON CHIP 368 BYTES RAM / 256 BYTES EEPROM

e CPU’s 31 BIT 1/0 PORT ON CP-PIC877 V2.0 Board(34 PIN 1/0 ETT-BUS)
e SPI PORT, 12C PORT, RS232 PORT, RS422/485 PORT (OPTIONS)

¢ HIGH SINK / SOURCE CURRENT 25 MA

e TWO CAPTURE, COMPARE, PWM MODULES

e RTC IC No.DS1307 (OPTIONS)

o Serial EEPROM 24xx (OPTIONS)

¢ POWER ON RESET/WATCHDOG TIMER

e A-TO-D 10 BIT 8CH

» LCD PORT 14 PIN ET-BUS FOR CHARACTER TYPE LCD

» VR 10K x 8 FOR TEST ANALOG PORT

e LED x 8 FOR TEST QUTPUT

¢ SWITCH x 8 FOR TEST INPUT

» 7805 POWER SUPPLY ON BOARD

100
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o PCB SIZE CP-PIC877 V2 16.5 x 8.5 cm

Using CP-PIC877 V2 Board
1. Connect download cable between CP-PIC877 Board and Parallel Port of PC. On
ETCAB10PIN
V2 Board, you put a tip of download cable into female connector named
ET-PSPI and other side put into female connector on board named
ET-PSPL as in the picture.
2. 9-12VDC-800mA Power Supply (OUTPUT Connector Female 2.5mm center nega-

LETPSPI

{ BT FIFD

ETRAR

Friket pxt P

—

Figure 10.8: ET-PSPI

tive) or DC ADAPTER ET-ADAPTER 10V on CP-PIC877 V2
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10.6 Circuit Driver

In this part we study 2 possibilities of the driving circuit.

102

1. class AB analog drive which is the circuit that give analog continuous output voltage.

The circuit passes the signal from A/D to opamp which is the zero span circuit and diff.

amp then class AB power amp.

b2
>
A | b :
1N423 1
A3 1 +
470 470
BCS47
a1
TIP3
Q5
D3 ; [
11 acs4z ]':"
N
1M4 B3
“PUT > D1 {> OUTPUT
— bt [
1NSAD 1 I
BCSS Q2
TIPa2
Q7
BCSS57
A8 Eé
473 J ‘T’4qy4
b >3
1N4@0 ¢ T

Figure 10.9: Motor Driver Amp Diagram
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2. PMW drive which is driving digitally.
We can connect use CP-PIC877 V2 board with ET-SMCC V2.0 board which has L298
as DRIVER IC

Figure 10.10: ET-SMCC Board

Speed Control

Applying full power to the motor causes it to spin at top speed and removing power
causes the motor to stop spinning. The H-bridge discussed above is capable of these two
states. In order to get the motor to spin at lower speeds, a technique known as Pulse

Width Modulation (PWM) can be used.

J_fﬁl

Figure 10.11: PWM 1
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The period of the pulse train is T. In each pulse the time for which the signal level is of

U (logic 1) is t seconds. Therefore the arrange voltage is Vipy = %é

PWM is an efficient way for digital circuits to simulate a range of analog values. By

......

Figure 10.12: PWM 2

rapidly switching between full power and no power, an average value somewhere in be-
tween can be simulated. Three signals are shown in the Figure 2.11, 2.12, 2.13. All three
signals share the same frequency, but the width of the pulses are different. By varying
the duration of the “on” time, the motor can be made to “see” an average value anywhere

between 0V and V+

Al ﬂ l§
ov ‘ ' e Sy
V4 A

I YT B
Ovw t
Vo 4 o T

i

v t

p—pulsewidthvil

— pel'iod —¥

Figure 10.13: PWM 3

As for the frequency of this signal, anything above 10 kHz should be good. If you hear a
high pitched whining coming from your motors then you might want to use a frequency

above human hearing, say 20 kHz or 25 kHz.
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Figure 10.14: Computer to PIC16F877.
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Lyapunov-Based Design

2.1 Lyapunov-Based Design

The controller {1.2.5) is an outcome of a systematic Lyapunov design procedure. In this

procedure we seek a parameter update law for the estimate é(t),
6= r(z,0), (2.1.1)
which, along with a control law u = al(z, 0) will make the Lyapunov function
o Voo 1oa 2
a nonincreasing function of time:

V{z(t),8(t)) < V(z(to),blto)), Vt=to, Vi 20 (2.1.3)

To this end, we express V as a function of u and 6 and seek c(z,0) and 7(x,6) to
guarantee that V < —pz? with p > 0, namely

V =a(u+0z)+ (6 —0)0 < —pz? (2.1.4)
Rearranging term we get

TU+ 66 + 8(z% - 8) < —px°. (2.1.5)

7
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Figure 2.1: Lyapunov-based adaptive scheme for the scalar system (1.2.2)
Since neither a(z, §) nor 7(z,8) is allowed to depend on the unknown 6, we must take
7(x, é) = z?, that is
b= 2%, (2.1.6)
The remaining condition
zu + 2% < —pa? (2.1.7)

allows us to select a(x, é) in various ways. The choice which result in the dynamic

nonlinear controller (1.2.5) is

1= —(p+ 8. (2.1.8)
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Feedback Linearization and zero

dynamics

3.1 Feedback Linearization and zero dynamics

One of the popular methods for nonlinear control design is feedback linearization, which
employs a change of coordinates and feedback control to transform a nonlinear system

into a systemn whose dynamics are linear (at least partially).

A great deal of research has been devoted to this subject over the last two decades, as
evidenced by the comprehensive books of Isidori (9] and Nijmeies and Van der Schaft [33]
and the references therein. Since feedback linearization is not a goal pursued in this

book, we only briefly review some concepts needed for the remainder of the chapter.

For maximum accessibility we avoid the direct use of differential geometric notations,

but we still refer to those notations for references.

Let us consider the nonlinear system.

& = f{z)+glzde, zeRuek

y = hz), yeR (3.1.1)
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where f, g, h are smooth (that is, infinitely differentiable) vector functions.

The derivative of the output y = h(x) is given by:

Yy
P ~ 5 —
¥ = g—:(r)f(L) + Eg(mm(:c)u (3.1.2)

h
If %(xg)g(mg) # 0, then the system (3.1.1) is said to have relative degree one at .

In our terminology, this implies that the output y separated from the input u by one

integrator only.

oh

If b—x"(.’l’,')(ﬂfg)g(iﬂ[)) = 0, there are two cases:

(i) If there exist points z arbitrarily close to zy such that gg(m)g(r) # 0, then (3.1.1)

does not have a well-defined relative degree at z.

h
(ii} If there exists a neighborhood B, of 2, such that %(x)g(:r.) = 0 for all * € By,

then the relative degree of (3.1.1) at 1y may be well-defined.

In this case(ii), we define

wile) = ba) dale) = S(x) 1) = Lok (3.13)

and compute the second derivative of y:

SERCOVRENEAM
y_é‘:cax 3:58:1:9

By Oy
= == o R —— . 1.4
2 (@)f(2) + 2 @l (314)
If %l%%(arg)g(mn) # 0, then (3.1.1} is said to have relative degree two at z,.

O
If—-=
oz

z)g{x) = 0in a neighborhood of 2y, then we continue the differentiation procedure.

Definition 3.1.1 The system (3.1.1) 15 sazd to have relative degree p at the poinl o if

there exists a neighborhood By of zo on which

31#1 _% L 3%—1
T (la(e) = T2 )g() = o =

(z)g(z) = 0 (3.1.5)
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av,

e (2)gt) # 0 (3.1.6)
where
p@ =h),  wl) = 2@ @), =2 (3.1.7)

if (3.1.5) and (3.1.8) are valid for all z € R™, then the relative degree of (3.1.1) is said
to be globally defined.

Suppose now that (3.1.1) has relative degree p at 9. Then we can use a change of
coordinates and feedback control to locally transform of this system into the cascade

connection a p-dimensional linear system and an (n — p)-dimensional nonlinear system.

In particular, after differentiating p times the output y = A{z), the control u appears:

0 = (g (g (G ) ) s 2 (o (- (5r) £+) 1) aton

E(2)f(x) + o (@gla)e = v (318)
: o, . : : . . e
Since —8—;9 # 0 in a neighborhood of xy, we can linearize the input-output description
of the system (3.1.1) using feedback to cancel the nonlinearities in (3.1.8):
1 N
w= ~ () f(z) +u| - (3.1.9)
ﬂ_a%('r)g(r) 0z
Jr 7Y

Then the dynamic of y and its derivatives are governed by a chain of p integrators:

y®) =y,

Since our original system (3.1.1) has dimension n, we need to account for the remaining

n — p states.

Using differential geometric tools, it is easy to show that it is always possible to find n—p

functions ¥,41(z), -+ , ¥n{z) with %—%(ar)g(:r) =0,4=p+1, -+ ,n such that the change
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of coordinates

!
G2

Co

Cp+1

Cn

=¥

= g =tniz),

5,1

V=, (x), (3.1.10)

= wp'frl (‘T'):

= ()

= ih

is locally invertible and transforms, along with the feedback (3.1.9), the nonlinear system

(3.1.1) into

é;:wl =
ép =

(o1 =

C.n =

Ca

Cr

v (3.1.11)

a"u{)p+1 .
—g—(iﬂ)f(ﬂ?) = (pe1(()

Oy,
dx

G

(z}f(z) = ¢a(C)

As a cascade connection of a chain of p integrators with an (n — p}-dimensional nonlinear

system, this system is a special case of the cascade systems to which we will apply

backstepping in the following chapters.

The states (,11, ..., of the nonlinear subsystem in (3.1.11) have been rendered unob-

servable from the output y by the control (3.1.9}). Hence, feedback linearization in this

case is the nonlinear equation of placing p poles of a linear system at the origin and

canceling the (n — p) zeros with the remaining poles.
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Of course, to gnarantee stability, the canceled zeros must be stable.

In the nonlinear case, using the new control input v to stabilize the linear subsystem of
{3.1.11) does not guarantee stability of the nonlinear whole system, unless the stability

of the part of (3.1.11) has been established separately.

it

When v is used to keep the ontput y equal to zero for all £ > 0, that is, when ¢, = - -+

(o = 0, the dynamics of (,41, -+ ,(, are described by

¢p+1 = ¢p—+—1(0;"’ :03 Cp-ﬁ-la"' :En)
(3.1.12)

U

Cn @0, .0, Cor1s -+ 5 Cn)

They are called the zero dynamics of (3.1.1), because they evolve on the subset of the
state space on which the output of the system is identically zero. If the equilibrium at
(pr1 = -+ = (o = 0 of the zero dynamics (3.1.12) is asymptotically stable, the system
(3.1.1) is said to be minimum phase. With a slight abuse of notation, we will refer to
the ({511, ..., (o )-Subsystem as the zero dynamics subsystem of {3.1.1), even when £y, ..., &,

are not zero.

In (3.1.1) the output y = h(z) is prespecified, possibly from a tracking objective, and the
resulting cascade system is linear from the input v to the output y. This linearization
process is usually called input-output feedback linearization [9]. If our goal is only to
design a stabilizing controller, we may attempt to find an output with respect to which
the relative degree is p = n. If such an output exists, the whole system is linearized
without zero dynamics. This process is referred to as full-state feedback linearization
{7, 8, 10, 44]. If such an output cannot be found, then we may look for an output which
yields the highest relative degree, and thus results in a cascade system whose linear
subsystem has the highest dimension [24]. It is desirable that with respect to the chosen
output the system be minimum phase. The importance of this property will be clear in

the following chapters which address problems of stabilization of cascade systems.
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Stabilization of cascade systems

4.1 Stabilization of cascade systems

We now consider cascade connections in which the nonlinear system is globally stable,
but the input subsystem is more complex than just an integrator. We begin with the

case where the input subsystem is linear:

¥ = fl(z)+g(z)y, f(0)=0zecR"yeR {4.1.1a)

£ = Af+Bu, y=ht (4.1.1h)

We assume that when y = 0 the nonlinear system (4.1.1a) has a globally stable equilib-

rium at = = Q, and that an appropriate Lyapunov function V{z) is known such that:

av

o (@f(@) < -W(z) <0 (4.1.2)

The problem is to stabilize the linear subsystem (4.1.1b) without destabilizing the non-
linear subsystem (4.1.1a), and, if possible, to achieve GAS of the equilibrium of (4.1.1)
at (0,0). that is,

(z.§) = (0,0)

This problem is not solvable in general. Here it will be solved by requiring the input

subsystem {4.1.1b) to have the following passivity property:

14
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Assumption 4.1.1 The triple (A, b, h) is feedback positive real (FPR), that is, there
exists a linear feedback transformation u = K& +v such that A+bK s Hurwitz and there

are matrices P > 0,Q > 0 which satisfy

(A+bK)TP+P(A+bK) = —Q (1.1.3a)

Pb = A" (4.1.3b)

A suffictent condition for FPR 1s that there ezists a feedback gain row vector K such that

(1) A+ bK is Hurwitz,
(2} the transfer function Z(s) = h(s] — A — bK)71b is posttive real (PR), and

(3) the pair (A + bK, h) is observable.

It should be noted from (4.1.3b) that the relative degree of PR transfer function is one
because bT Pb = hb > 0.

Lemma 4.1.2 (Stabilization with FPR) Let V{z) be a Lyapunov function for (4.1.1a)
satisfying (4.1.2). If the triple (A,b, k) is FPR, then a Lyapunov function for the cascade

system (4.1.1) s
Va(z,6) = V(z) + £TPE, (4.1.4)

and the corresponding control law

19V

u=ao(r,§) = KE -~ 5o-g(e) (4.1.5)

z(t
guarantees that ( 15 globally bounded and converges to the largest invariant set M,

§(t)

T i ) .
contained in the set F, = eR" | W(z)=0,Q2£ =0 3. If W(r) is positive
§
definite, that is, if the nonlinear subsystemn (4.1.1a) with y = 0 has a globally asymptoti-

cally steble equilibrium at £ = 0, then the equilibrium x = 0,£ = 0 15 also GAS.
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Proof Using (4.1.2) and (4.1.3a) and denoting v = K€ +v withv = *%Z—Vg(m) from
T

(4.1.5), the dertvative of Vi(x.£) s

Vo = So@lf@) + ozl

+ETPI(A + bK)E + bv] + [(A + bK)E + bu]T Pg
by (4.1.2) and (4.1.3a)
< =Wiz) + 5-(2)glz)y - €7Q8 + 267 Pho
by (4.1.3b)

= W)+ Gt - e+ 2 |- 5 gt

= —W(z)-€'Qe <0,

Since V, is positive definite, radially unbounded and has a negative semidefinite deriva-

tive, z(t) and &(t) are globally bounded.

Furthermore LaSalle’s theorem (Theorem A.1.2) guarantees convergence to the largest

invariant set M, in the set E,.

If, in addition, W{z) is positive definite, then the glohal asymptotic stability of z =
0.& = 0 is shown using Corollary 2.3. From the positive definiteness of W{z), the set E,,

on which V, = 0, is given by E, = {{z.6)lr = 0,Q1€ = 0}.

9,
Since V'(x) is positive definite, it has a minimum at x = 0, and thus 5—(0) = 0. This
x
19
implies that on the set &, the control term v = —5; {z) vanishes.
T

Hence, on the set E, the state £(t) satisfies

£ =(A+bK)E, V,(z,8) =ETPE. {4.1.6)
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But V, is constant on E,, which means that £ P€ must be constant on E,. Since A+bK
is Hurwitz, £ = 0 is the only solution of € = (A + bK)E that satisfies é7 P€ = constant.
Thus, £ = 0 on the largest invariant set contained in £,. This implies that this invariant
set M, is just the equilibrium = = 0, £ = 0, which by Corollary A.1.3, is GAS.

The stabilizing control law (4.1.5) consists of two terms, one linear and one nonlinear.

The purpose of the latter is to preserve the stability of the nonlinear subsystem.

Example 4.1.3 For a comparison with backstepping, let us first examine the second-

order system stabilized in Erample B.1.3:

z = z£ (4.1.7a)
£ = u (4.1.7h)
In this system we have f(z) =0, g(z) =2, A=0, B=1 and y = £ Using V() = 2*

we see from Example A.1.9 that W(z) = 0. The FPR condition is trivially salisfled and

the stabilizing control law 1s
u=—kfi—2% k>0 (4.1.8)

With k = 1 this is the same control law as (B.1.38) obtained by backstepping with a(x) =

0. We know from Example B.1.3 that this control law achieves GAS of the equilibrium
(z,£) = (0,0).

Next we consider a third-order system to which backstepping is not directly applicable:

t = 26+ &) 2y (4.1.9a)
&= & (4.1.9b)
52 = u. (4.1.9c¢)

Inthiscase b’ =g 1] and h=1{1 1), so that the condition {4.1.3b) yields

0 1 Po =1
P11 Pz . - Pz (4_1_10)

P2l Pae 1 1 Pz = L.

62351
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With this case restriction on P and with K = [ —k, —k, ], (4.1.3a) results in

-2k P11 — k1 — ko _ 411 1z . (4'1.11)

i — kL — ke 2 — 2ky q12 G2

For the simplest choice qi1 = g0 = 1 and q;p = 0 we get ky = 0.5, ky = 1.5, py; = 2.

Then the control law (4.1.5) is
1.3,
The equilibrium (z,&1, &) = (0,0,0) 45 GAS because Q = I is positive definile. 0

Example 4.1.4 Let us now consider a system in which & = f(z) has a GAS equilibrium

at r = 0:

i o= -1 =2 (hi& + haka) (4.1.13a)
N e’
)
s = & (4.1.13b}
& = u (4.1.13¢)

When hy = 0 this system is stabilizable by two steps of integrator backstepping as in

corollary (B.1.4). Thus, the case of interest is when hy; # 0 and hjhe > 0 such that

hQS + h.l

= of the

hy 2 0, hy > 0. This includes the case h;, = 0 when the transfer function

linear part is only weak minimumn phase [38] because it has a zero at s = (.

01 ]
A = B = h={h k]
0 o0 1
s 1 0
: 0 s 1
Z(s) = h{sI-A)y " b=[hy hy] 52

hQS + hl
2

8§
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Choose a feedback u = —k1& — k& + v with Ay, ko > 0 which makes the polynomial
q(s) = 5% + ks + k) Hurwitz and denote p(s) = h; + hos.

) [ 01 0
5 = £ + u, U = -k1£} - k2£2 + v
i 00 1

. [0 1 0
§ = £+ v
L_kl *kz] {1}

0 = s°+kys+ &y

—ky + /K3 — 4k, b >0
2 b

5 =
—ka . : :
L R(s) = - < 0, with k3 > 0, then g{s) is Hurwitz.
We can choose k| = o? and ky = 20, with o > % so that the transfer function Z(s) =
2
p_(:'?l is positive real
g(s)
ki =a® and ky=2a
pls) . . hy
Z(s)==—=< is PR if a>_—
(s) q(s) / hy
h}_ + th
Note : assume h; > 0, hg >0 Z(S) = m
, (hl + hQO’) + jhgw
STt (s) (0% + 200 — w? + a?) + j2w(o + a)
2(s) = [(h1 + h2o) + jhow]{{0? + 2a0 ~ w? + a®) — j2w(o + a)}

(0% + 2a0 — w? + a?)? + [2w(o + a)]?
(h1 + heo)(0® + 2a0 — w? + a®) 4 2how?(0 + a)

2 (s)} = (02 + 200 —w? + 22)? + {2w(o + a))?

.. For Z(s) to be P.R. we must have
(h1 + hoo)(0® 4 2a0 — w? + a®) + 2hgw*(c +a) 20, Vo 20

This can be achieved by nothing that when ¢ =0

hi{a® — w?) + 2hawta > 0
ha? + W (2hao —hy) 2 0,  he® 20
2hoa—hy =2 0
2 2> by
hy

a ——g

2h,

!
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h h
Ifg> = > - and when o > 0, the increased term
ha = 2h,

(h1 -+ h-zO')(O’ -+ a)2 — h1w2 - th'uJQ =+ 2h2w2cr + 2h2w2a =
(h1 + hao)(o + a)?* + hgow? + W (2hea — hy) > O

2h2(1 - h1 2 0

2h2a 2 h.]
h’l

>
T

} h
Ifa> - then a > L. So the value of R{Z(s)} is always > 0.
ha 2hy
A, = A+bK is Hurwitz.

Z(s)=h(sl — A,K) ‘b is P.R.

(A +bK,h) is observable

o - hy ho
—haky hy — hake
det @ = R} —hihyky + hik
= hi— shihsa + k2o’
= (h) — haa)? >0
det O#0 & hy # hoa
2!
a ?é FL;
h
a>§711—2 and a#i—iéa)i—; is more strict.

We can then write (4.1.13a) as # = f+ gy, f = g = —x°. Clearly, z = 0 is a GAS
equilibrium for £ = f, so the conditions of lemma (4.1.2) are satisfied. Using V(z) = 22

in (4.1.5), we obtain the control law

&

_ .'_,L’ﬁ‘(_mii)

dz

~=
u= a6, — 2, + z? . (4.1.14)

=

The situation is quite different when hihy, < 0, that is, when the transfer function

Z(s) = .p(_s)? is nonminimum phase. Then, Lemimna 4.1.2 does not apply. In fact, a

q(s)
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detailed calculation given in [19] shows that in this case the system cannot be globally
stabilized.

The FPR property is a passivity property. Its nonlinear counterpart will be employed in

the stabilization of the nonlinear cascade

T = flz,8)+9(z.&y. f(0,§)=0, VEER!, zeR", yeR (41.13)

£ = mE)+0Eu, y=hE), hO)=0, EcR’” uekR (4.1.15b)

Qur key assumption is that (4.1.15b) can be rendered passive or strictly passive (cf. Ap-

pendix D} via a feedback transformation u = k(&) + r(£)v.

Definition 4.1.5 The system
E=m(E) +A8u. y=h(E), M0)=0, £cR?, uek (4.1.16)
is snid to be feedback passive (FP) if there exists a feedback transformation
u=k(E)+rv (4.1.17)

such that the resulting system £ = m(€) + S(E)k(E) + 3(E)r (v, = h{£) 15 passwe

with @ storage function U(£) which 1s positive definite and radially unbounded:

[ v@ntoris 2 view) - vE0) (4.118)

The system (4.1.16) is said to be feedback strictly passive (FSP) if the feedback (4.1.17)

renders it strictly passive:

fo y(o)u(o)de > U(E(D) ~ U(E(0)) + f B(E(0))do, (4.1.19)

0

where (-} is the positive definite dissipation rate.

As in the linear case, FP systems of the form (4.1.16) must have relative degree one.
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Lemma 4.1.6 (Stabilization with Passivity) Let V{(z) be o radially unbounded Lya-
punov function for © = f(z,£) satisfying

%»(;r flz,.6) < —W(z)<OVEER",  VEECR (1.1.20)

and let (4.1.15b) be FP as in Definition {.1.5. Then, o Lyapunov function for the cascade
system (4.1.15a) is

Vilz, &) = V(z)4+ U(E), (4.1.21)
and the corresponding control law

= 0a{2,8) = k(£) - 7‘(6 (x)g(iﬂ £) (4.1.22)

Tt
guarantees that
£(t)

} is globally bounded and converges to the largest mvarant sel

- _ T
M, contained in the set £, = {[ l € Rrte
§

Wiz) = O}. If (4.1.15b) is FSP, then

(4.1.22) guarantees convergence to the largest invariant set M, contained in the set Eq =

[

definite, that 1s, if & = f(z,£) has a GAS equilibrium at x = 0 uniformly in £, then the

Wiz) = 0,& = O}. Finally, if (4.1.15b) is FSP and W{z) is positive

equilibriuvm £ = 0,€ =0 of (4.1.15a) is also GAS.

The closed-loop system (4.1.15) with the control (4.1.22) is

& o= flz.&) +9(z. &y
£ = m(€)+ 3EkE) + BEW(Ew (4.1.23)

v = A, v=-T (@)e(z6)

oV
V(z) P.D. and R.U. Lyapunov function for & = f(z,&) satisfying a(a:)f(:r:,f) <
~W(z) <0,Vr € R", V€ € R,

V=2 o) s W )+?Kgy,_w( ) +ny (4.1.22)

]0 n(o)yl(a)do > V(z(t)) )+/ Wz (4.1.25)
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.. X i8 passive since W{z) > 0. From Theorem C.1.4 we conclude that the negative
feedback interconnection of ¥; and ¥, is passive with the positive definite and radially
unbounded storage function V,(z, &) = V(z)+U(€). Lemma C.1.3 then states that z = 0,

§ =0 is a globally stable equilibrium of

"

z fz, &)+ 9{x, )y
£ = m()+BEOKE) + JE)r(E)v
v = h(E), v=-2 ()g(e.6)

Il

To see that W(x) — 0 as t — oo, we differentiate [ y(o)v(o)d(a} > U(£(t) — U((0))

and combine the result with %g(x)f(m,f) <-W{z)<0VzreR", VEeR:

. L %
Ve = V+US%;(f+g‘y)+yv

< -Wiz)+ %gy +yv=-W(z) <0 (4.1.26)

Then, LaSalle’s theorem (Theorem A.1.2) guarantees convergence to the set M, C
{W(z) = 0}. If {4.1.15b} is FSP; that is,
f; y(o)v(a)de > U(E(t)) — US(0)) + _[ w(E(o)do {4.1.27)
we replace (4.1.18) by (4.1.27). Then (4.1.26) becomes
Vo < ~W(2) - (€) (4.1.28)

which, since ¥(£) is positive definite, guarantees convergence to the set M, C {W({z) =

0,€ = 0}

Finally, if W(zx) is also positive definite, we conclude from (4.1.28) and Theorem A.1.1
that z =0,£ =0 is GAS.

(Ve = wz)+U()is pd. and R.U. in)(x, &)

v, = V+U<-W(z)—1(€)

Example 4.1.7 consider the cascade system:
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£ = —z(l+ )+ 23¢* (4.1.29a)
£ = €u (4.1.29b)
y = &

The choice of output y = £2 satisfies oll the conditions of Lemma 4.1.6. First, (4.1.29b)
ts F'SP: The feedback

u = —£4v (4.1.30)

results in € = —E34-Ev, y == £, which 1s strictly passive with storage function U(€) = 552,

since
U = - —v=-+p (4.1.31)
implies that
[ sortono 2 vieo) - vigoy + [ oo (41.3)
PFurthermore, (4.1.29a) can be represented in the form {4.1.158) with
z.86) = —2(1+¢€), g(r.€) =2 (4.1.33)

and (4.1.20) s satisfied with V(z) = %:1:2, i.e.,
oV
W r.8) = sla(le)]
= —rl+ef)<—1t=-W(z)<0, VreR"VEeR

Wiz) = 1°
Applying Lemma 4.1.6, we conclude thal the control
w=—£ -zt (4.1.34)

1
quarantees GAS of x = 0, € = 0. Indeed, the derivative of the clf V,(z,£) = E(ﬁ +&Y)

is negative definite:
Vo= —s?(1+ef) +a* ~ et - ' < - — ¢t (4.1.35)

O



Chapter 5

Block backstepping with zero

dynamics

5.1 Block backstepping with zero dynamics

Integrator backstepping (Lemma B.1.2) is a recursive design tool. Now we want to
develop a similar tool for feedback stabilization of a system augmented by a dynamic

block more complicated than just an integrator.

At first glance, it may appear that the cascade design in the preceding chapter provides
us with such a tool. Not quite! The achievement of the cascade design is in being able
to stabilize the input subsystem (4.1.1b) or (4.1.15b) without destabilizing the original
system. What if the original system is not stable? Can we cascade it with a complicated
input subsystem and still stabilize it in one step? We first show that this can be done
with a linear input subsystem that is a minimum phase system with relative degree one.

We then give a nonlinear extension of that resuit.

Example 5.1.1 Let us start with an ezample in which we cascade the system (4.1.29)

of Example 4.1.7 with a linear munimum phase system:
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i = —xl+e™)+xiad
r-subsystem:
Ty = T2y
6§ = & G.L1)
-subsystem: ¢ £ = u
y = G+
: ‘ s+ 1 _ :
The transfer function of the input subsystem is —— and #s zero s al s = — 1.
$
One of its minimal realizations is
y = y—&+u {(h.1.2a)
&L = —&+y (5.1.2b)

Its zero dynamics, that is, the dynamics constrained by y(t) = 0, are deseribed by 51 =
—61-

The cascade design of the preceding subsection is not epplicable to (5.1.1) because the
equilibrium x = 0 of the z-subsystem with y = 0 is unstable: Ty = Ty and y = 0=z,

can be constant and xg # 0. Such as, x5 = 2.

£y = —zy(l+¢*) +da} = az] ~ bz,
b
= ar,(z} — ~); a,b >0
a

linearizing around (z1,22) = (0,0),

Ty = *—£E1(1+1+$g+%!%+...)+:c?a:§
T = 0
we obtain
I = —21
i, = 0
or

-2 0
0 0

marginally stable
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To circumwvent this obstacle, we first convert (5.1.2a) into an integrator via the feedback

transformation

u = —y+E& +v, {5.1.3)
£
—52

where v is our new control variable. The system (5.1.1) is then rewritfen as

gy = —z(l+e%) + 2]

Ty = Zoy (5.1.4)
Yy = v

§ = —&a+y

Now the subsystem consisting of the first three equations in {5.1.4) is in a form convenient
for integrator backstepping. From Erample 4.1.7 we already know that the z-subsystem

can be stabilized with y as s virtual control (cf.(4.1.34)):
Yaes = afT) = —27 — 3. (5.1.5)

The corresponding clf is V(z,€) = 1(2% + 23). Hence, we can achieve stabilization and

regulation of x1, 2y, y by a direct application of Lemma B.1.2. The resulting control law

18
u = —{y+at+ad) -6 - 20ty + 4211 + €™ — 2323) — 23 (5.1.6)
This design ignored the presence of the zero dynamics subsystem & = —& +y. However,

this subsystem is input-to-state stable (ISS) with respect to y, so that & is bounded because



CHAPTER 5. BLOCK BACKSTEPPING WITH ZERO DYNAMICS 28

y 15 bounded, and moreover tlim £(t) = 0 since tlirn y(t) = 0.

fl = ={+y
L+6 = y
€t£1 + et& = ety

d
Slee) = ey

i t
.= '/O.ey(s)ds

ety —&(0) = '/O.esy(s)ds

€°§1

&(t) = €_tfl(0)+€ﬁt/‘} e*y(s)ds.

Since tlim y(t) = 0 then

51 = &L +y=-&

&(t) = e'G{0) — 0, as t — oC.

We now want to generalize the above example and formulate design tools which allow
the original system to be unstable when y = 0 and let us backstep more than a simple
integrator at a time. Since we want to be able to apply these tools repeatedly, each
lernma we formulate must guarantee for the cascade system all the properties assumed

for the original system.

As we will see, the constructed V,(z,£) for the cascade system does not include the zero

dynamics variables, but their boundedness is guaranteed by the boundedness of V,.

Hence, we must reformulate Assumption B.1.1 to assume the same properties for the

original system, by including the case when V(z) is not positive definite:

Assumption 5.1.2 Suppose Assumption B.1.1 s valid with V(x) positive semidefinite,
and the closed-loop system (B.1.17} with the control (B.1.18) has the property that x(t)
is bounded if V(z(t)) 15 bounded.
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Under this assumption, the control (B.1.18), applied to the system (B.1.17), guarantees

not only global boundedness of z(t), but also regulation of W (z(f)):

From (B.1.19) we conclude that W{z(?)) is integrable on [0,0c) and uniformly contin-
uous, and hence converges to zero by Lemma A.3.5. Furthermore, since all solutions
z(t) are bounded, we can apply LaSalle’s theorem (Theorem A.1.2) to conclude that z(t)

converges the largest invariant set M contained in the set E = {z € R*|W (z) = 0}.

The following fact is easy to prove:

Corollary 5.1.3 When Assumption B.1.1 is replaced by Assumption 5.1.2, then the

boundedness and convergence properties in part (ii) of Lemma B.1.2 still hold.

Lemma 5.1.4 (Linear Block Backstepping) Consider the cascade system

= flz)+g(x)y, f(0)=0, zeR* yekR (5.1.7a)
£ = Af+bu, y=hé, E€RY, uelR (5.1.7b)
where (5.1.7b) s a minimum phase system of relative degree one (hb # 0).
If (5.1.7a) satisfies Assumption 5.1.2 with y as its input, then there exists a feedback

r(t
control which guarantees global boundedness and convergence of to the largest

£(t)
invariant set M, conteined in the set E, = : € R"M9\W(z) =0,y = alx)
One choice for this control is
w = o] ely—a) - A+ S + ol
— 2—:@)9(’5)} c >0 (5.1.8)

Moreover, if V(z) and W{z) are positive definite, then the equilibrium z = 0, = 0 is
GAS.
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Proof We recall from [39] that the relative-degree-one SISO linear system (5.1.7h) can

be represented in the form
v = hAE + hbu (5.1.9a)
¢ = Ao + by, (5.1.9h)
where the eigenvalues of Ay are the (stable) zeros of the transfer function
H(s) = h(sl - A)7'b

of the minamum phase system (5.1.70). Using (5.1.9) and the feedback transformation

1
U= Eg(t«'—hAEJ, (5.1.10)
we rewrite {3.1.7) as follows:
r = flz)+ g(z)y (5.1.11a)
y = v (5.1.11b)
¢ = Ay + by (5.1.11¢)

We first ignore the zero dynamics (5.1.11c) and, using Corollary 5.1.5, apply Lemma
B.1.2 to (5.1.11a)-(5.1.11b} to achieve global boundedness of ¥ and y and requlation of
W(xz(t)) and y(t) — ea(z(t)). In view of (5.1.10) and (B.1.23), one choice of control is
given by (5.1.8).

Retuning to (5.1.11c), we note that ¢ is bounded because y is bounded and Ay is strictly
Hurwitz. Thus, £ is bounded. Since all solution of (5.1.7) are bounded, we can apply
LaSalle’s theorem (Theorem A.1.2) with Q@ = R™? to conclude convergence to the set

M,.

From Lemma A.1.8 we also know that if V(z) and W(z) are positive definite, then the
equiltbrium r = 0,y = 0 of (5.1.11a)-(5.1.11b), which is completely decoupled from
(5.1.11c), 1s GAS. The fact that in this case the equilibrivm r = 0,& = 0 of the cascade

system (5.1.7) is also GAS follows immediately from the following lemma.
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Lemma 3.1.5 Consider the cescade system with { € R™,z € R™:

¢ = A + by (5.1.12a)
t = flz).f(0)=0
y = h{z),h(0) =0 (5.1.12b)

If (5.1.12b) is GAS and Ay is strictly Hurwitz, then the equilibrium ¢ = 0,2 = 0 of the
cascade (5.1.12) is GAS.

Proof From the definition of GAS (Definition A.3.4} we know that the GAS property of
(5.1.12b) implies the existence of class K L, function 3 and 8, such thot

2] < 8(lz(O)¢), ()] < Ki(|=(0)} £). (5.1.13)

The solution of (5.1.12a), an the other hand, are given by

((t) = e™'C(0) + f t e T byy(7)dr. (5.1.14)
0

Since Ag 1s strictly Hurwitz, we know that et < kje™*t:

YA € o(Ag), Red; <0 & Ap is stricily Hurwitz.

da > 0 such that af + Ay is strictly Hurwitz.
(e(aI+Ag)f. — Pe[al+D)tP-1)

Ie(affng]tI S kl, 3k1 ~ 0

leotle! < k) 3k >0

T ¢ 3T 0 3

le** Teet| < k), 3k > 0
leat|€AGt| < k’h E”Ci >0

le) < kie™®, 3k > 0, 3a € (0,14 min)-

r 3

Using this with (5.1.13) in (5.1.14), we obtain
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Bl < 1eico)] + f 2oty ()]
4]

IA

ke GO0 + 1 [0,

A

172
k1e=*¢(0)] + k2 sup ﬁl(lﬂ:(O)l,’r)/ e Tidr
a

D<r<t/2

t
fhs s AL [ e gy

t/2<T<t /2

t/2
kre= ¢ (0)] + katu{]2(0)], 0) / ool g
0

IA

+ ko3 ([2(0)], 1/2) f ey

t/2

= ke C(0)] + %-ﬁl(lrw)h 0)e™/2(1 — e7*'72)

+ 225 e0)], 1/2)(1 - ¢

2 5 (0)] 0)e "

+ 225 (20}, 1/2)
ﬁz( €(0) ’t)
z(0)

where By is a class K Ly function. Combining (5.1.13) with (5.1.15) proves that { =

1A

Fae” G0} +

e

0,z =10 1is GAS:

¢(o)
z(0)

E DI

Comparing Lemma 4.1.2 and 5.1.4 we see that, instead of assuming global stability of
« = 0 when y = 0, Lemma 5.1.4 assumes only global stabilizability of r = 0 through y.
The corresponding assumptions on the input subsystem, however, reveal the price paid

for this generalization: The minimum phase assumption of Lemma 5.1.4 is stronger than
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the FPR assumption of Lemma 4.1.2, which allows some zeros to be on the imaginary

axis, that is, to be weak minimum phase.

Let as now examine the cascade system

i o= —r(l4ef) + 236 (5.1.16a)
51 = 51'522 (5.1.16D)
& = &u (5.1.16¢)

As we have already shown in Example 4.1.7, (5.1.16a}-(5.1.16h) is stabilizable through
y = £2, while (5.1.16¢) with this output is FSP. However, if we try to stabilize the cascade
(5.1.16), we run into difficulties because the relative degree of {5.1.16¢) is not defined at

£2=10.

This example shows that we need to assume that the input subsystem

£=m() +B(Eu, y=h(&), (5.1.17)

has a globally defined constant relative degree. For a nonlinear analog of Lemma 5.1.4,

we also assume that the zero dynamics subsystem of (5.1.17) is ISS.

Lemma 5.1.6 (Nonlinear Block Backstepping) Consider the cascade system:

i = flxl+glx)y, f(O)=0 zeR* yek {5.1.18a)

&

m(z, £) + Bz, Eu, y=h(E), R0)=0, £€R’ wuecR (51.18b)

Assume that (5.1.18b) has globally defined and constant relative degree one uniformly in
z, and that its zero dynamics subsystem 1s ISS with respect to T and y s its inputs.

If (5.1.18a) satisfies Assumption 5.1.2 with y as its input, then there emsts a feedback

xlt
conirol which guaraniees global boundedness and convergence of to the largest
&(t)

tnvariant set M, contained in the set
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T
f={[*]ere
3

One particular choice is

Wi(r)=0,y= a(:c)}.

N (g_?(g)g(x,f))_ { —c(y — a(z)) — g—g(f)m(%f)
+ @) +olon] - G ], e>0. (5119

Moreover, if V() and W{(z) are positive definite, then the equilibrium z = 0, = 0 is
GAS.

Proof Since the relative degree of the subsystem (5.1.18b) is globally defined and equal

to one uniformly in x, there exists a global change of coordinates of the form (3.1.10), in
0

particular (y,() = (y, é(x,£)) with "5%53 = 0, which transforms (5.1.18h} into

g = %(s)m(x,5)+g—z(5)ﬁ(z,g>u

£ fl(:E7 (7 C) +g1($:y~C)“’ (51203')
¢ = PO + gl + S r, iz
2 B(C.ay) (5.1.20b)

We now consider the cascade system consisting of (5.1.18a) and (5.1.20a). If we linearze

(5.1.20a) with the feedback given by (3.1.9),

oh N7 oh
u = (6—53) (y — 8—£m) (5.1.21)

we obtain y = v. Then we can apply Lemma B.1.2, with v as the new control input, to
guarantee global boundedness of  and y and regulation of W(z(t)) and y(t) — a(z(t}).
From (5.1.20b) and the ISS assumption on the zero dynamics, { 15 also bounded, and

thus £ and u are bounded.
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Since all solution of (5.1.18) are bounded, we can apply LaSalle’s theorem (Theorem
A.1.2) with Q = R to conclude convergence to the set My. combining (5.1.21) with

(B.1.23}, we see that o particular choice of control is given by (5.1.19).

From Lemma(A.1.8) we also know that tf V(z) and W(z) are positive definite, then the
equilibrium = = 0,y = 0 of (5.1.18a) and {5.1.20a), which is completely decoupled from
{5.1.20b), is GAS. The fact that in this case the equilibrium x = 0,6 = 0 of the cascade
systern {5.1.18) is also GAS follows from Lemma C.4 by noting that the state (z,y) of
the GAS system (5.1.18a) and (5.1.20a) ts the input of the ISS system {5.1.20b). o

Lemma 5.1.6 relaxes the global stability assumption of Lemma 4.1.6 to global stabiliz-
ability of z = 0 through y. As in the case of Lemmas 4.1.2 and 5.1.4, however, the price
paid for this generalization is the strengthening of the FP assumption of Lemma 4.1.6 to

the 1SS assumption of Lemma 5.1.6.
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Adaptive Backstepping

6.1 Adaptive Integrator Backstepping

The adaptive design in example of Chapter 3 was simple because of the matching: The
parametric uncertainty was in the span of the control. We now move to the more general
case of extended matching, where the parametric uncertainty enters the system one

integrator before the control does:

j:‘.l = $2+€(P(T1} (611&)

Ty = U {6.1.1b)
We use this example to introduce adaptive backstepping.

If # were known, we would apply Lemma B.1.2 to design the stabilizing function for x,

as doing with the static part
(83] (.’El, B) = —Ciiy — 9(,0(11?1), (612)
with the Lyapunov function

1 1
Ve(z,8) = 555% + 5z — oz, 6))* (6.1.3)

36
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whose derivative is rendered negative definite

Vc(a: 0) = —c17; — co(Tg — ey (11, 0))° (6.1.4}
by the control
80:1
u= —co(mg — a1 (z1,8)) — 21 + Eg(xg + B). (6.1.5)

bince § is unknown and appears one equation before the control does, we cannot apply
Lemma B.1.2 because the dependence of a,{z)) = —c;z; — fp(z,) on the unknown
parameter makes it impossible to continue the procedure. However, we can utilize the

idea of integrator backstepping.
Step 1. If z; were the control, an adaptive controller for (6.1.1a) would be given by:

(51’1(.1"]_,?91) = —Clzl—ﬁm(:cl) (616)

9 = vaelz) (6.1.7)

where z; = ;.

In the above equations we have replaced the parameter estimate g with the estimate ¥y,
which denotes the estimate generated in this design step. As we will see, there will be
another estimate generated in the next step. With (6.1.6) and the new error variable

z9 = Tg — oy, the Z-equation becomes
= —012 + 29+ (9 - 191}50 (618)
The derivative of the Lyapunov function
Vi(z,d)) 12+1(9 ) (6.1.9)
= —z — —_ B

along the solutions of (6.1.8) is

- 1
Vi = it — ;(9 ~ )0

1.
= 2ji7 — CIZf + (9 - 191) [c,azl - ;T?g}

= 2123 — 12t (6.1.10)
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Step 2. The derivative of z; is now expressed as

22 = i‘g—d{l
aali‘ 801119
= uw— =T — =V
ox, B9
Substituting (6.1.1a) and the update law (6.1.7) results in
da Ju
Zy = u-— 5—1{'1"2 + By) — aﬂ17w21
L1 , (6.1.11)
L U NN 1)
. 8;1:1 : 8291’)?&1 83}'1 a

At this point we need to select a Lyapunov function and design u to render its derivative

nonpositive. Qur first attempt is the augmented Lvapunov function

1
V2(211323191) = Vi{z, %) + 523

whose derivative, using (6.1.10) and {6.1.11), is

1-/:? = Vl + Za 2.'2
dory oy oy

s PO SN Lo SN
Oy 2 B, PR T Vg

= —cizf+zg Z+u—
The control u should now be able to cancel the indefinite terms in V. To deal with the

terms containing the unknown parameter #, we will try to employ the existing estimate

'191:

u CoZ +aa1“ﬂ +6‘O[1 + 9 da
= —z — — — Yoz ——p.
1~ CaZp 9z, 2 3191%’1 131‘1‘70
From the resulting derivative
. Bal
Vo= —c12% — 0322 ~ (8 — 1)) — 1029,
2 ez — C3zp — I)le Y22

we see that we have no design freedom left to cancel the (6 — &, )-term. To overcome this
difficulty, we replace ¥, in the expression for u with a new estimate Js:

8@1 3(1‘1 8(11

=—z — — Iy + —yzn + F—. 6.1.12
u 1 6222+3I1T2+at917v1+ 23:51\'0 ( )
With the choice (6.1.12), the Zy-equation becomes
0
B =y — 2y~ (B — O0g) Tk (6.1.13)

81"1 ’
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The presence of the new parameter estimate ¥, suggests the following augmentation of
the Lyapunov function:
Volz1,22,0,72) = Vi + lzg + i[ﬂ — 192)2
2 2~
= %(zf +23) + % (8 =9+ (6 -0:)°]. (6.1.14)

The derivative of V; is

: . 1 i
Vo = V4 298, — ;(9 — 9,1

dov 1 .
= zjz— clz‘I? + 2 l:—CgZ-g -z — (0 — ﬁg)ac—itp:] - ;(8 — 90y
. 1.
= —clzf - ngg - (9 — 192) ('a—zltp?.’g + ;ﬁz) . (6115)
1

Now the (8 — ¥;)-term can be eliminated with the update law

P2, (6.1.16)
which yields
I;fg = ~clzf - 62222. (6117)

The equations (6.1.13) and (6.1.16) along with (6.1.8) and (6.1.7) form the error system

representation of the resulting closed-loop adaptive system:

21 = -1+ 22+ (9 - '191)‘-,0
. do
Zp = —0o29 — 27 — (9 - ’ﬂz)g—}-
_ T (6.1.18)
do= yen
: aﬂt]
Pt = - pZa.
2 75.?:1 ez

The matrix form of this system,

d <] ] —C1 1 z] o) 0 g — A
7 = + Oor
dt 29 -1 —C2 29 0 _"5_1 a-— 192
. 41 (6.1.19)
d [ (1 i 0 Z)
I = 7 aa' y
dt n 2t
| T92 J 31'1 22

makes its properties more visible:
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e The constant system matrix has negative terms along its diagonal, while its ofi-

diagonal terms are skew-symmetric, and

s the matrix that multiplies the parameter errors in the Z-equation is used in the

update laws for the parameter estimates.

The stability properties of (6.1.19) follow from (6.1.14) and (6.1.17): The LaSalle-
Yoshizawa theorem (Theorem A.1.1) establishes that z;, 29, ¥, 7> are bounded, and z — 0
as t — no. Since z; = 1y, 7 is also bounded and converges to zero. The boundedness
of =5 then follows from the boundedness of a; (defined in (6.1.6)) and the fact that
Ty = 23 + ;. Using (6.1.12) we conclude that the control u is also bounded. Finally, we
note that the regulation of z and x; does not imply the regulation of z,: From 2; = 20—
and (6.1.6) we see that z + 9(0) will converge to zero. Thus, 7y is not guaranteed to

converge to zero unless ¢(0) = 0. However, 2, will converge to a constant value:

lim o = ~fp(0) £ 5. (6.1.20)

f—oC

This can be seen from (6.1.1a): Since z; and %, converge to zero, so does za + Bp(0).
With the above example we have illustrated the idea of adaptive backstepping.

To formulate it as a design tool analogous to an integrator backstepping in Lemma B.1.2,

we start with the assumption that an adaptive controller is known for an initial system:.

Assumption 6.1.1 Consider the system
i = f(z}+ F(z)d + g(z)u, (6.1.21)

where € R™ is the state, # € RY is a vector of unknown constant parameters, andu € R

is the control input. There exists an adaptive controller

v = alr,¥)
: (6.1.22}
9 = T(z,9).

with parameter estimate ¥ € R, and a smooth function V{z,d) : R*™ — R which

is positive definite and radially unbounded in the variables (x,4 — 6) such that for all
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(z,9) € R
av oV
= (e, () + Fl@)é + glaale, )] + S (2, 9)T(x,9)
< -Wi(z,9) <0, (6.1.23)
where W . R"9 — R is positive semidefinite. O

Under this assumption, the control (6.1.22), applied to the system (6.1.21), guaran-
tees global boundedness of x{¢), J(¢) and, by the LaSalle-Yoshizawa theorem (Theorem
A .1.1), regulation of W (z(¢),9(¢)). Adaptive backstepping allows us to achieve the same

properties for the augmented system.

Lemma 6.1.2 (Adaptive Backstepping) Let the system (6.1.21} be augmented by an

integrator,

£ o= J(e)+Fla)8 +glo)é

) {6.1.24)
E = u
where £ € R. Consider for this system the dynamic feedback controller
W= el ~ oz D) + e, ) () + F)D + gla)e] + ST, )
i}
av
—5;:—(:1:,19)5}(3:), c>0 (6.1.25)
d = T(z,9) (6.1.26)
) T
v = -I’[g—z($,ﬁ)F($)] (& — a{z,9)), (6.1.27)

where 9 is @ new estimate of B, I' = I'T > 0 is the adaptation gain matriz. Under
Assumption 6.1.1, this adaptive controller guarantees global boundedness of x(t), &(t),
J(t), (t) and regulation of W (x(t),9(t)) and &(t) — alz(t),?(t)). These properties can

be established with the Lyapunov function

Valz,£,9.9) = V(. 9) + —lé[g —ale, ) + %(9 “OITN0-9) (6.1.28)

Proof With the error variable z = £ — a{z,¥), (6.1.24) is rewritten as
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r = flr)+ F{2)8 + ¢{x)|alx. 9) + 2] (6.1.29a)

P = u-— g—z[f(m) + Fz)d + glz){a(z,9) + 2)] — %%T(:c, J).  (6.1.29h)

Note that in (6.1.29h) the derivative of ¥ was replaced by the update low (6.1.26). Intro-

ducing o new parameter estimate ¥, we augment the Lyapunov function:

Valz, &,9,9) = V(x,9) + 1, + %(9 ~9) T — D). (6.1.30)

2

Using (6.1.23), it is easy to show thal the derivative of (6.1.30) satisfies

vV, = g—‘;(f+F6+gq+gz)+aq;T
+z [u— g—:(f+F6’+g(a+z - g—ﬁ } 19TF_1(9 — 1)
= g—:(f-F—FB-I—ga)-I-%gT
+z {u—g—Z(f+F8+g(a-+z'J) gﬂTJr%K ] _d'r- HCEEY)
< —W(x,9) + 2 [u— ——(f+F19+g(a+z)) ggT%—%%g}
- [g—;FZ-F—l? F'l} (6 —9). (6.1.31)
The (8 — J)-term is now eliminated with the update law
- —F(ng)Tz, (6.1.32)

and the control (6.1.25) is chosen to make the bracketed term multiplying z in (6.1.31)

equal to —cz:

Oox - Ja 8V
== o z =1 - 5= 1.3
U cz+ax(f+F19+g(nf+ ))+319T 5 (6.1.33)
This results in the desired nonpositivity of V, :
Vo € ~W(z,9) — c2* <0. (6.1.34)

From (6.1.28) and (6.1.34) we conclude that V{z,¥), 9 and z are bounded. By Assumption6.1.1,
this means that x{t) and 9{t) are bounded. Hence, £ = z+a(x,?) and u are bounded. By
LaSalle-Yoshizawe theorem (Theorem A.1.1}, the boundedness of all the signals combined
with (6.1.34) proves the regulation of W{z{t), 9(t)) and z(t). O
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6.2 Adaptive Block Backstepping

We now extend the Adaptive Backstepping lemma (Lemma 6.1.2) by augmenting the
initial system with a relative-degree-one nonlinear system whose zero dynamics subsys-
tem is ISS just like we did in Lemmas B.1.2 and 5.1.6. The adaptive counterpart of
Assumption B.1.1 was Assumption 6.1.1. We now formulate the adaptive counterpart of
Assumption 5.1.2, with analogous changes in the properties of V(z, %) from Assumption

6.1.1.

Assumption 6.2.1 Suppose Assumption 6.1.1 is valid, but V{(x,9) is only positwe
semidefinite, and the closed-loop system (6.1.21) with the adaptive controller (6.1.22)
has the property that x(t) and 9(t) are bounded if V (z(t),9(t}) is bounded. 0

Under this assumption, the control (6.1.22), applied to the system {6.1.21), guarantees
global boundedness of z(t),d(t) and, by Lemma A.3.5, regulation of W (z(¢),9{¢)).

Lemma 6.2.2 (Adaptive Block Backstepping) Let the system (6.1.21) be augmented

by a nonlinear system which is linear in the unknown parameter vector 6

T = flz)+ F(z)8+ g(x)y (6.2.1a)

£ = mlz, &)+ Mz, 0+ Bz, 6)u, y = h(£), (6.2.1b)

where § € RY, and suppose that (6.2.1b) has velative degree one uniformly in 2 and that
its zero dynamics subsystem is ISS with respect to y and z. Under Assumption 6.2.1, the

feedback control

. = [%?(g)ﬁ(z,g)}— {—c(y—a(ﬂ:,ﬁ))*g—?(f) [z, €) + M(z.€)3)]

+ %(t,ﬂ) [f(:r-) + Flz¥d + g(:r)y] + g%T(a:, ¥) — %—g(f 79)9(35)}»(6-2-2)

with ¢ > 0 and J a new estimate of 0, along with the update laws

d = T(z,9) (6.2.3)
5= o[ Pouee - Lianre)| -t (62.4)
- Of t dr : sl 1



CHAPTER 6. ADAPTIVE BACKSTEPPING 44

with the adaptation gain matriz U = [T > Q, guarantees global boundedness of x(t}, £(t), 8(t), 9(t)
and regulation of W(x(t),9(t)) and £(1) — a{z(t). 9(£)).

Proof Asin Lemma 5.1.6, we employ the change of coordinates (y, ) = (h(£), é(z, &),
9¢

with —=0 =0, to transform (6.2.1b) into the normal form

o€

i = Z—?(e)[m(ff,a) + M(2,6)0 + (. £)v)
= v+ gg(g)M(:g, £)(0 - 9) (6.2.5a)

¢ = S OUE) + P+ g+ Rl m(e,©) + MEr, 69
Dofz,y,C) + Pz, y, ()0, (6.2.5h)

e

Introducing a new parameter estimate 9, we use the feedback transformation

TES (g—?ﬁ) {v — —g%[m + ﬂxf@}} (6.2.6)

to rewrite (6.2.1a) and (6.2.5a) as

T = f(z)+ F(z)8+ g(z)y (6.2.7a)

4 = v+ g—f(g)M(x,ﬁ)(B ~ ). (6.2.7b)

We now apply Assumption 6.1.1 to (6.2.7). The only difference between (6.2.7) and

oh -
(6.1.24) is the presence of the additional parameter ervor term 55]14(9 — ) in (6.2.7b}.

. Ao \T
This term can be eliminated in V, by adding the term —T' ( %1\4 ) (¥ — a)to the update
law (6.1.27):
1
If 8 were known we would pick uw = i fv— M(x.8)8) so (6.2.5a) can be written in the
0

form

T = flz)+ F(z)8 +glz)y

y = _'1,:3:1)

m which we could apply integrator backstepping. But since 6 is unknoun, therefore we

introduce a new parameter estimate ¥ with the new clf
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Vale, s 9,9) = Vil 9)+ 5ly — ale,9)? + S(6 - 9)TH0 — )
Vy = QK(f+F9+ga+923)+avT
v
+29 [ GHOMEOE = 9) =T + Fo+gla v 20) - 557
- . ‘; _“ j"—
~JTY(0 - B
v av
= 5 (f+F9+ga)+5§T
dax )
(€A —§) - = 2y — =T+ =
2 (w (M (@.€)(6 =) = S/ + FO+gla+2) = 22T+ =
—9TT Y8 — §)
dax da. OV
< - [ —_ "
< Wz, 19)4.-23[1 S+ FO+gla+2) = 55T+ axg]
O oh T -
—[a—Fzg—EEMzg-i-ﬁ r- ](9—19)
N —
added
with
da _ da OV
’U——~C3\2'2_/+5£(f+F19+g(a+23))+BET—5;9
y—o v
oTr
Bh 1"
h[.azg} [U—*[mmw]}

Therefore, the control law

1
u = [g—gﬁ(r,f)] { - c3(y — a(z,9)) - Bh(é Mm(z, &) + M(z, )]

+ 22D (@) + FE) + oo + a"“’T( ) - T () ),

along with the update laws

d = T(x,9)
§ = T |GEMed - G0 (- olz0)

will render the system stable. Combining this modification with (6.2.6), we see that the

resulting adaptive controller is given by (6.2.2)-(6.2.4). This guarantees the boundedness

al
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of 9.9,z and the regulation of W(z,¥) and z. Hence, y = 2z + a(z,7) s bounded.
Then, from (6.2.5b) and the ISS property of the zero dynamics, ( s alse bounded, and

thus € and u are bounded O



Chapter 7

Tuning Functions Design

7.1 Introduction

The adaptive backstepping solution to the problem of nonlinear stabilization and tracking
in the presence of unknown parameters is a starting point for more elaborate adaptive
designs which lead to new properties of the designed controller and the resulting feedback
system. One of the improvement to be achieved with the tuning functions design in this
chapter is the reduction of the dynamic order of the adaptive controller to its minimum:
The number of parameter estimates is equal to the number of unknown parameters. This
minimum-order design is advantageous not only for irnplementation, but also because it

guarantees the strongest achievable stability and convergence properties.

In the tuning functions procedure the parameter update law is designed recursively. At
each consecutive step we design a tuning function as a potential update law. In contrast
to adaptive backstepping in the previous chapter. These intermediate update laws are not
implemented. Instead, the controller uses them to compensate for the effect of parameter
estimation transients. Only the final tuning function is used as the parameter update

law.

47
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7.2 Adaptive Control Lyapunov Functions

The basic idea of the Lyapunov approach to adaptive control is to design a control law and
a parameter update law to guarantee that the derivative of a suitable Lvapunov function
is nonpositive. We are therefore sent to search for a tripple: Lyapunov function, control
law, and update law. For a class of nonlinear systems called parametric-strict-feedback

systems we will be able to make this search systematic.

To begin with, let us investigate the possihility of adaptive design for the system
T=flz)+ Flz)8 +g(z)u, zeR", wueR (7.2.1)

where 0 € RP? is a vector of unknown constant parameters, and f(z}, F(z) and g(x) are
smooth. For simplicity let f(0) = 0, F(0) = 0, so that £ = 0 is an equilibrium of the

uncontrolled plant.

7.2.1 Departure from certainty equivalence

Much of the traditional adaptive control employs some form of “certainty equivalence”
thinking. Following this path one first performs a design for the case when the exact
value of # is known. Suppose that this nontrivial task is completed and that its result is
a feedback control u = a.(z, #) which stabilizes the equilibrium z = Q with respect to a
known Lyapunov function V.(x,f). The subscript ‘c’ stands for “certainty equivalence”.
We know that V,(z, ) is positive definite and radially unbounded in z for all #, and that

there exists a function Wz, #), which is also positive definite in = for all #, such that

%‘f[f(:c) + F(z)8 + g{z)alz,0)) < ~W(z, 0} (7.2.2)

How can we exploit the knowledge of a.(z.#) and V.(z, 8) for adaptive design when 8 is
not known? The certainty equivalence idea is to replace # by an estimate é(t) obtained

from a parameter update law

b = Tr(z,0), (7.2.3)
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where the adaptation gain matrix I" is positive definite. We want to select u and 7 to
guarantee that the derivative of a Lyapunov function is nonpositive. For the system

(7.2.1),{7.2.3). a Lyapunov function candidate is
. N .
V@ﬁy:mmﬁ)+§WT*a (7.2.4)

where the “certainty equivalence” from of V. is augmented by a term quadratic in the

parameter estimation error

0=0-4 (7.2.5)

Upon the substitution of F(z)f = F(z)f + F(z)f, the derivative of V(z,8) along the
solutions of (7.2.1), (7.2.3) is

Ve
dr

To eliminate the indefinite dependence of ¥ on the unknown parameter error 8, we select

V =

s _ T .
mﬂ+ﬂﬂﬁgmm+zjﬂﬂ%2ﬁh0-wﬂ (7.2.6)

7 to cancel the last two terms in (7.2.6):

T
ﬂaéy=(amfmm>. (7.2.7)
oz
With this choice of 7, the expression {7.2.6) is reduced to
Y . 8V, [V, T
= — I —<F : 7.2.8
V= SEU) + i+ g(a) + S (S ) (728

Our next task is to select a control law u = a(z, §) to make V nonpositive. The “certainty
equivalence” control u = a.(z,6) fails to achieve this because then (7.2.2) and (7.2.8)

yield

. . OV._ [V, T
~W{(: c . 2.9
V< w(nm+éﬁr(3$Fu0 (7.2.9)

Clearly, V is not nonpositive because a sign-indefinite term is added to —W (z,2). In

search of a better control law a(z, §), we augment a(z, §) by ar(z,6),

A

o(z,8) = ac(z,0) + ar(z, §). (7.2.10)

The substitution of (7.2.10) into (7.2.8) shows that the desired nonpositivity V <

-W(z, é) will be achieved if ar can be found to satisfy

ave
Oz

T
g(x)ar(z, §) + (Z?F(%%F(TO = (. (7.2.11)



CHAPTER 7. TUNING FUNCTIONS DESIGN al

This condition for ar demonstrates the difficulty of adaptive design for a general nonlinear
system (7.2.1). It is easy to see that ar satisfying (7.2.11) is unlikely to exist The scalar
quantity %%g(:c) may be zero at a set of points. Still, the condition (7.2.11} is of interest
because of an important special case, which will be the starting point of our recursive
design. The special case is the “extended matching” studied in the previous chapter. In
this case, a smooth vector-valued function i : R**? — RP is known such that —QI—/E can

be factored as follows:

ov. ov. . .T .
55 Be glr)p(z,0) . (7.2.12)
. . av, . . .
Then, irrespective of the zeros of ~8-——g(3:) an a7 which satisfies (7.2.11) is
ks
a~ A T 61/:: T ~ T -
ar(z,d) = —p(z,8) T 3 F(z) | = —¢(z,8) I'7(z,0). {7.2.13)
T

We observe that, in addition to its “certainty equivalence” part a., the adaptive control
law « contains a part ar which is proportional to 7, that is, to 9 (see (7.2.3), (7.2.10),
and (7.2.13)). In this way, the adaptive control law takes into account the parameter
estimation transients. When the parameter estimate is constant, the control law reduces
to the “certainty equivalence” control. Let us examine an example of a system for which

(7.2.12) is satisfied.

Example 7.2.1 Consider the problem of designing an adaptive controller for the system

Ty = T2+ ‘P(Il)TH

iy = u, (7.2.14)

where § = {6, GZ]T is an unknown constant parameter vector, and the vector-valued func-
tion p(x1) = [pr{z1)s wa(z)]T is known and smooth. We dealt with this system in the
extended-matching design. If the parameter 6 were known, backstepping would result in

the 8-dependent change of coordinates

Zy = Iy

20 = Zo+ @) 0+ ey, (7.2.15)
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and the control law

A" T
U= {r,0)=—z1 —cpzy — [ =+, (rg + (1) 9) {7.2.16)
8;1?;
which c1, ¢y > 0, which results in the closed-loop system
—C 1
f=Az, A= . (7.2.17)
-1 —{q

Due to the structure of A, an appropriate Lyapunov function is
1
vo(z,6) = Sa(z, ) 2(z,0), (7.2.18)
Observing from {7.2.1) and (7.2.14) that

Ty or T 0
flz)= , Fla) = o glz) = (7.2.19)
0 0 1

and evaluating

= o, | (7.2.20)
aﬂfl
with (7.2.19), (7.2.20), and (7.2.16), it is easy to show that
oV, .
—5(1(2) + E(@)0 + g(@)an(z,0)] = —12 — 23] (7.2.21)
Let us now evaluate the partial derivatives appearing in (7.2.11):
Ve
39 = 3T32(10T = EQWT (7222)
6ch = zleg =1 (7.2.23)
Oz
where (7.2.23) 1s immediate from (7.2.20) and (7.2.19). A comparison of (7.2.22) and
V. o o
(7.2.23) reveals that 9 — = 9 g97, so that o, is given by (7.2.13):
o8 or
; V., r T
a-(z,0) = '—(,OTF( F(z)) =—¢'Tp| 1, Q(’-Q-—H + J z. (7.2.24)
or B.Tl

Taking for stmplicity I' = I, the resulting adaptive control low is
T

. 0
U = G(I,9) = —2 — CpZy — (Cl + 5'5—1-9) (232 + (,O(I]_)TG)

~eTe| 1, % d 4 Jz, (7.2.25)
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and the corresponding parameter update law (7.2.7) s

; ; av, T o7
0 = r(z,6) = (8$'F($)) = @[ 1 aa%eﬂl } z. (7.2.26)
1

Note that in (7.2.25) and (7.2.26) we use z(x.8) instead of z(x,8). With the choice
of & and T given by (7.2.25) and (7.2.26), the derivative V of the Lyapunov function
V(z,0) = %z(m,é)Tz(m,é) + %éTé is guaranteed to be nonpositive: V = —c1z? — cp22.
This assures that both x and 6 are bounded. A standard argument using the LaSalle-

Yoshizawa Theorem proves that also z(t) — 0.

In the above example, the desired factorization (7.2.12) of % is a consequence of a
particular feature of the system (7.2.14). The unknown parameter appears in the first,
while the control appears only in the second equation. It is not hard to see that the
same factorization (7.2.12) would be a possible for a higher-order plant, provided that
the unknown parameter is separated from the control input by at most one integrator.
So the factorization (7.2.12) is not a fortuitous event, but a structural property. For
systems with this “extended matching” property, the above simple adaptive design is

feasible. However, most systems fail to posses the “extended matching” property.

A benchmark example is the third-order system

Ty = $2+99($1_)T9
T = Iy (7.2.27)

T3 = u

which has the form of (7.2.14) augmented by an integrator. In this system, § and u are
separated by two integrators and we unable to find ar which satisfies {7.2.11). We will
solve this problem with a recursive design which will circumvent the obstacle posed by

the restrictive condition (7.2.11).
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7.2.2 Certainty equivalence for a modified system

Condition (7.2.11) was dictated by our choice of the Lyapunov function Vi(z, 6’) as the
“certainty equivalence” form of V.(x.#). The only good thing we know about V;(a:f?)
is that it works when the factorization (7.2.12) is possible. Otherwise, we do not know
how to remove the indefinite term preventing the nonpositivity of V in (7.2.9). Having
recognized that a cause of our difficulties is V.(x,#), we now embark on a search for
Lyapunov funetions more suitable for adaptive control. The key idea is to counteract
the effect of {5 and thus prevent the parameter estimate transients from destroying the

nonpositivity of the Lyapunov derivative
We say that the system
= flz)+ F(z)f + g(x)u (7.2.28)

is globally adaptively stabilizable if there exist a function a(z, 9) smooth on (R™
{0}) x R? with (0, é) = (), a smooth function *r(:r,éi), and a positive definite symmetric
p x p matrix I, such that the dynamic controller

u = afz,b) (7.2.29)

§ = Tr(x.f) (7.2.30)

guarantees that the solution (x(t), #(t)) is globally bounded, and z(t) - Dast — oo, for
all € RP.

Our approach is to replace the problem of adaptive stabilization of the original system

(7.2.28) by a problem of nonadaptive stabilization of a modified system.

Definition 7.2.2 A smooth function V, : R® x R? — R, positive definite and radially
unbounded 1n v for each 8, is called an adaptive control Lyapunov function (aclf)
for (7.2.28)if there ezists a positive definite symmetric matriz T € RP*? such that for

each 8 € RP, V (x,6) is a clf for the modified system

T
&= flz) + F(z) (6‘ + T(%I;“) ) + gz )u, (7.2.31)
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that is, V, satisfies

. av,
lnquR aI

T
f(z)+ F(z) (9 + F(Egg) ) + g(:f:]u} } < 0. {7.2.32)

We now show how to design an adaptive controller (7.2.29) - {7.2.30) when an aclf is

known.

Theorem 7.2.3 The following two statements are equivalent:
1. There exists a triple (o, V,,T') such that a(z,8) globally asymptotically stabilizes
(7.2.32) at z = 0 for each # € R? with respect to the Lyapunoy function V,{(x,8).
2. There exists an aclf V,(x,0) for (7.2.28).

Moreover, if an aclf V,(z,8) emsts, then (7.2.28) is globally adaptively stabilizable.

Proof (1 = 2) Obvious because 1 implies that there exists a continuous function W' :

R™ x R? — R, , positive definite in z for each 6, such that

aVa
ozx

T
fz)+ F(z) (8 + F(Eg;“) ) + Q(CE)Q(:E,H)} < -W(z,8). (7.2.33)

Thus V,{zx,#) is a clf for {(7.2.31) for each § € RP, and therefore it is an aclf for (7.2.28).

{2 = 1) The proof of this part is based on Sontag’s constructive proof [171] of Artstein’s
theorem [4]. We assume that V; is an aclf for {7.2.28), that is, a clf for (7.2.31). Sontag’s

formula applied to (7.2.31) gives a control law smooth on (R™\ {0}) x R”:

) ()
Ox oz oz * v, 4
a(z,8) =4 ova T Bz 9(z.6) £ 0 (7.2.34)
q
0 " N (r.8)=0
\ 1 al_g i -

where

f(z,60) = f(z) + F(z) (9 + I‘(‘?;;“) ) . (7.2.35)
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With the choice (7.2.34), inequality (7.2.33) is satisfied with the continuous function

W(z,8) = \/@ff(m))z + (‘;Z“g(z, 9))4, (7.2.36)

%V“ f(z,0) < 0
T

oV,

whenever ——g(:c #) = 0 and = # 0. We note that the control law a(z.8) will be

which is positive definite in z for each 8, because (7.2.32) i

continuous at z = 0 if and only if the aclf V, satisfies the following property, called the
small control property [171): For each § € RP and for any £ > 0 there is a § > 0 such

that, if  # 0 satisfies |7{ < 4, then there is some u with |u| < e such that

%Ij [f(x) + F(x) (8 + F(Eg;a) ) + g(:r)’u} <0 (7.2.37)

Assuming the existence of an aclf we now show that (7.2.28) is globally adaptively stabi-

lizable. Since (2 = 1), there exists a triple (@, V,, ') and a function W such that (7.2.33)

is satisfied, that is,

av, WV, [ OV, T
{f(:c) + F(z)8 + g(x) 20 ( ) < -W(z,8) (7.2.38)
Consider the Lyapunov function candidate
Viz,6) = V,(z,0) + %(9 e ) (7.2.39)

With the help of {7.2.38), the derivative of V' along the solutions of (7.2.28), (7.2.29),
and (7.2.30) is

vV = AL [f+FH+ga(:c 9)] Blf:a — 67 7(2,8)
. aVa o av nT
= [ ~ L)+ 3:5 — 077 (z,6)
oV, ooy,
< —W(zx.,8 Fl + r 8 7.2.40
< (r)ag(ax)ag() (72.40)
V. NT .
+9T(—‘1F) —BTT(:L‘,B). (7.2.41)
T

Choosing

7(z,8) = (%‘; (z, é)F(I)) 1 (7.2.42)
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we get
V< -W(z,6), VeRP (7.2.43)

Thus, the equilibrium z = 0, 8 = 6 of (7.2.28), {7.2.29), and (7.2.30) is globally stable,
and by the LaSalle-Yoshizawa Theorem, z(t) — 0, that is, (7.2.28) is globally adaptively

stabilizable.

The adaptive controller constructed in the proof of Theorem 7.2.3 consists of a control

law u = a(z,0) given by (7.2.34), and an update law 9 = I't(z, §) with (7.2.42).

It is of interest to interpret this controller as a certainty equivalence controller. The
control law a(z, #) given by (7.2.34) is stabilizing for the modified system (7.2.31) but may
not be stabilizing for the original system (7.2.28). However, as the proof of Theorem 7.2.3
shows, its certainty equivalence form a(:.c,é) is an adaptive globally stabilizing control
law for the original system (7.2.28). Hence, if a certainty equivalence approach is to be
applied to a nonlinear system, the system is to be modified to require a control law which
anticipates the parameter estimation transients. In the proof of Theorem 7.2.3, this is
achieved by incorporating the tuning function 7 in the control law a. Indeed. the formula

(7.2.34) for o depends on 7 via

vV, - v, v\
o (e.6) === f+r(z07 (6+F( ae) ) (7.2.44)

which is obtained by combining (7.2.35) and (7.2.42). Using (7.2.42) to rewrite the

inequality (7.2.38) as

OV,
dz

[f(z) + F(2)8 + g{z)a(z,0)] + %I;ll"r(:c, g) < —-W(z,0) {7.2.45)

it is not difficult to see that the control law (7.2.34) containing (7.2.44) prevents 7 from

destroying the nonpositivity of the Lyapunov derivative.

Remark 7.2.4 A relevant question remoins unanswered: If there exists an aclf for
(7.2.28), s this system globally asymptotically stabilizable for each § (and vice versa)? In

other words, does the existence of a pair o, V, satisfying (7.2.33) for some I' > 0 imply
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the ezistence of a pair (a°,V))) satisfying (7.2.33) for T = 0 (and vice versa)? Adaptive
Lyapunov designs avatlable in the literature 159, 65, 69, 94, 156, 157, 186] are all for
systems which are not only globally adaptively stabilizable, but also globally asymptotically

stabilizable for each 6.

As Is always the case in adaptive control. in the proof of Theorem 7.2.3 we used a
Lyapunov function V{z, é) given by (7.2.39), which is quadratic in the parameter error
8 — 8. The quadratic form is suggested by the linear dependence of (7.2.28) on @, and
the fact that & cannot be used for feedback. We will now show that the quadratic form

of (7.2.39) is both necessary and sufficient for the existence of an aclf.

We say that system (7.2.28) is globally adaptively quadratically stabilizable if it
is globally adaptively stabilizable and, in addition, these exist a smooth function Va(z, )
positive definite and radially unbounded in # for each #, and a continuous function
W (z,0) positive definite in z for each 8, such that for all (z(0},6(0)) € R*** and all
0 € R?, the derivative of (7.2.39) along the solutions of (7.2.28}, (7.2.29), (7.2.30) is
given by {7.2.43).

Corollary 7.2.5 The system (7.2.28) is globally adaptively quadratically stabilizable if

and only if there exrists an aclf V,(z,0).

Proof The ‘if’ part is contained in the proof of Theorem 7.2.3 where the Lyapunov
function V' (z, 9) is in the form (7.2.39). To prove the ‘only if’ part, we start by assuming
global adaptive quadratic stabilizability of (7.2.28), and first show that 7{z.8) must be
given by (7.2.42). The derivative of V along the solutions of (7.2.28), (7.2.29), (7.2.30)

given by {7.2.40), is rewritten as

. Ve i ool Ve o (VT
V= 5 [f—]—FG—I—ga(:c,B)]—i—aéFT($,9)~—8 ((39) —T)

o ((%%)T_T). (7.2.46)

‘This expression has to be nonpositive to satisfy (7.2.43). Since it is affine in 8, it can be

nonpositive for all {z, 63) € R""” and all 8 € R” only if the last term is zero, that is, only
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if 7 is defined as in (7.2.42). Then, it is straightforward to verify that

flz) + F(z) (GTF({?;;I)T) + g(z)a(z, é)J = V4 (9T+ 2;:11“) (T_ ((;I;GF)T)

< —W(zé) (7.2.47)

oV,
oz

for all 2,6 € R™*?. By (1 = 2) in Theorem 7.2.3, V,(z,6) is an aclf for (7.2.28).

The above analysis applies also to the case where the unknown parameter enter the

contro} vector field:
t = fz) + Fz)f + [g(z) + G{z)f)u (7.2.48)

In this case, the existence of an aclf V, is equivalent to the existence of a clf for the

system

T T
T = f(r) + Flx) (9+F(%‘§') ) + [g(;r) + G(x) (9+1‘(%1;“) )J u (7.2.49)

The extension to the multi-input case is also straightforward.

It is of interest to examine the input-output properties of the system resulting from the

application of the adaptive control law afz, (j) to the plant (7.2.1):
i = f(z)+ F(z)6 + g(z)a(z,0) + F(z)b. (7.2.50)

In early Lyapunov designs for linear svstems of relative degree one, an important property
was the strict positive realness of the transfer function between the parameter error and
the output error [142]. For an analogous passivity property of the nonlinear system

(7.2.50), let us consider that its input is 6.

Corollary 7.2.6 (Passivity) Suppose a function Va(z, 0} 1s known to be an aclf with an

associate control law a(zx,8). The the system

& = f(z)+ F(z)0+ g(z)alz,0) + F(z)d

T = (%‘f (z, é)F(m)>T (7.2.51)

with § as the the input and T as the output is strictly passive.
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7.2.3 Adaptive backstepping via aclf

With Theorem 7.2.3, the problem of adaptive stabilization is reduced to the problem of
finding an aclf. We now address the problem of systematic construction of an aclf. Our
aim is a recursive approach because we already know how to find aclf’s for systems with
the extended matching property, and expect to recursively enlarge this initial class of
systems with repeated use of backstepping. So, we assume that an aclf is known for an

initial system, and construct a new aclf for the initial system augmented by an integrator.
Lemma 7.2.7 If the system
= f(z)+ F(z)8 + g(z)u, (7.2.52)

is globally adaptively quadratically stabilizable with o € C', then the augmented system

i = flz}+ F(z)0 + g(z)€

£ = u, (7.2.53)
is also globally adaptively quadratically stabilizable.
Proof Since system (7.2.52) is globally adaptively stabilizable, then by Corollary 7.2.5

there exists an aclf V,(z,#), and by Theorem 7.2.3, it satisfies (7.2.33) with a control law

u = a(z,#). We will now show that
1
M@&@:%@ﬂﬂaﬁ—ame (7.2.54)

is an aclf for the augmented system {7.2.53) by showing that it satisfies

1% f+F 9+F(QK1-)T + g§
1 a¢ < —W — (£ —a) (7.2.55)
Nz, €)
al(I\ 518)

with the control law

oV, 0
U= (e € b) = — SEg—(E-a)+ oo/ + FO+ gt)

T T
+ QQFC§QF)_+3%F(5QF) (7.2.56)

88 \ 8z a8 \ oz
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Let us start by introducing for brevity z = £ — a(z, ). With (7.2.54) we compute

a('rv{) &1(:1?,6,9} } - E‘(f+F9+g£)+_é%_al(¢1§’9)
oV, da
= (3I e )(f+F9+gg)
- aV ]+%l/“gz—z (f+ FO+g&) + 2z
= pe (f+F9+ga) ( BJ: _Eg(f"'Fg"‘Qf))

On the other hand, in view of (7.2.54), we have

avi\ T
Fr{ =L T
Vi (ae) _ %FF(_K>

- (55 (&)
()
(e () o

Adding (7.2.57) and (7.2.57) with (7.2.33) and (7.2.56), we get

aV;

vy f+F(9+F(391) )+g€ o, L am)f“

8(z,€) = % I+ 5 (59
Ckl(l',f,g)

av, oo,
+Z(a‘+%g'ﬁ(f+w+g£)

da (Vi N1 8V, [0a \T
Sidad of il - “r
aar(amp) 36 (81? ))

< —W(x,0) - 2* (7.2.58)

This proves by Theorem 7.2.3 that Vi{z,£,0) is an aclf for system (7.2.53), and by

Corollary 7.2.5, this system is globally adaptively quadratically stabilizable.
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The new tuning function for system (7.2.53) is determined by the new aclf V| and given
by

T

weco = (5| |) = () - (G -e-a) ]
= 7(z,0) - (Z:F) (€ - ) (7.2.59)

We note that the new tuning function 71 is obtained by augmenting the initial tuning

5 T
function 7 with the term — (B_:F) {€ — o) which accounts for the fact that the aclf V,
1
is augmented by 5(5 —afz, 6))°
The form of the control law «y(z,€,6) in (7.2.56) is of particular interest. It consists of

two parts, a; = aj, + a; . The first part,

av, J
(2,6,0) = 520 — (€ ) + (] + FO + g¢), (7.2.60)

would become the “certainty equivalence” control Jaw for the augmented system (7.2.53)

if we were to set I' = 0. The second part consists of two terms.

T T
a1,(z,€,8) = 8aF(3V1F) 4 e (g—‘;F) . (7.2.61)

a0 \ o oo

((?BZ ) in the aclf inequality (7.2.55). Observe that the

v
first term in (7.2.61) incorporates 1, = (a—lF) :

The control law a;(x, £, ) in {7.2.56) is only one out of many possible control laws. Once

we have shown that V] given by (7.2.54) is an aclf for (7.2.53), we can use, for example,

the C° control law @, given by Sontag’s formula (7.2.34) with %gl = z and
oV
V. V. f+F[0+ I‘( ) + g€
S hEe0) = o ( 00 (72:62)

a(z,¢)
0

Wi oV,
- %(f+g£)+ﬁ(r,§,9)7" (9+r(691) ) (7.2.63)
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It can be shown that the following function, used as a clf in {158], is a more geueral aclf

than (7.2.54):
570(119)
Vi(z,&,8) = V,(z,8) + / n(s)ds, (7.2.64)
0

where 7 is a C° function such that sp(s) > 0 whenever s # 0, '(3) > 0, and n ¢
LY({~o0,0]) U L]0, +oc)).

The following example illustrates the use of Lemma 7.2.7.

Example 7.2.8 Lef us consider the system

@ = oz +p(z)To
Is = T3 (7.2.65)
.’i3 = u.

we will treat the state T3 as an integrator added to the (z, z2)-subsystem from Exam-

ple 77, In the example, we have already designed an adaptive control law for the system
Ty = Tp+ ‘{3(1?1)%
fCQ = I3, (7266)

considering =3 as a control tnput. With (7.2.18), (7.2.19}, (7.2.20), and (7.2.22), it can

%ZC [f(x) + Fz) (9-1— (%ZC)T)

1 .
which means that Vy(x1,23,8) = Vo(x,,22,0) = 5(212 + 22) s an aclf for the system

be shown that

= —c2] — caza, (7.2.67)

(7.2.66) considering x3 as a control input. Therefore, Lemma 7.2.7, the function directly

applicable. We define z3 = x5 — ofz,8}. By Lemma 7.2.7, the function
1 .
Vi(z.8) = 5 (27 + 25 + 23) (7.2.68)
is an aclf for the system (7.2.65). With (7.2.56) and (7.2.59) we obtain

Ja g + 70 B -
051(1',9) = —z] —C323 — m + 5—6'7'1 + zoip
bl IS

Oa
011

o (7.2.69)

n(z,8) = T—Qggozg. (7.2.70)
1
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With the following adaptive control law and the parameter update law:

v = o(z,6) (7.2.71)

0 = n(z,d), (7.2.72)

it 15 straightforward to verify that the closed-loop adaptive system is

2':1 - 1 0 z1
Jex
B = -1 —C3 1- 6—11199\2 2
. da
23 0 -1 + 8_7,‘1]@[2 —C3 Z3
[
dpT - «
LY T
-+ Bz, +c | 8 (7.2.73)
_ g
5 dry |
21
~ Tr\
6 = ‘.0[1, Ll —?EJ 2 (7.2.74)
8:.31 8171
Z3

where 21, 2o, 23 are used with § as an argument. The global stability of this system is

: ) ; coa Laps
established using the Lyapunov function V(x,0) = Vi(z,8) + §9T9.
While in Lemma 7.2.7 the initial system is augmented only by an integrator, a minor
modification is sufficient to obtain an analogous result for the more general system
= flz)+ F(z)d + g(x)§

£ = u+ F(z80. (7.2.75)

Corollary 7.2.9 The function Vi{x,£,8) defined in (7.2.54} s an oclf for the system

{7.2.75) with the control law and the tuning function given as

T
a(z,6,8) = ou(z,€,8) — Fi(z,) (9+r(%‘§) ) (7.2.76)

m{2,6,8) = 7z, E.8)+ (£ —a)Fi(z, &) (7.2.77)
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A repeated application of Corollary 7.2.9 will further extend the class of nonlinear systems
for this type of adaptive design. With the knowledge of V,, 7, and « for the system
(7.2.75), it is not hard to see that by applying Corollary 7.2.9 twice we can find V. o,

and ay for the system

= flz)+ Flz)f + g(x)&
& = &+ Fi(2,6)0 (7.2.78)

& = u+t Fyr,&,6).

In fact, it is clear that an n-fold application of Corollary 7.2.9 will provide us with V,,

Tny and o, for the system

¢ = flz)+ F(z)0 + g(z)&
& = £o + Fi(z,&1)0

(7.2.79)
Encr = Ent Fnoy(z,6, ... En-1)0

En = u+ Fulz, by, 6,)0

We will now develop a detailed design procedure for such systems.

7.3 Set-Point Regulation

With repeated use of Corollary 7.2.9, we can design an adaptive controller to globally

stabilize a desired equilibrium z¢ of the parametric strict-feedback system:

i1 = Ty +p1(zy) 70
Ty = T3+ (21, 12)7 0
(7.3.1)
. T
In1 = :rn+(foﬂ—1($la"'s$ﬂ'—l) g

fn o= Bla)u+ on(z)8
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where f# € R? is a vector of unknown constant parameters, 3 and

are smooth nonlinear functions taking arguments in R", and 3(z) # 0, ¥z € R™.

In this section we develop a procedure for adaptive regulation of the output y = r; to

a given set-point y;. With a constant control u¢, the first n-1 equilibrium equations of

2% =0 in (7.3.1) can be successively solved for z§,...,z% as functions of z¢ and ¢:
5 = —ei()8
e e _eyT
T3 = —pafa], z5) 0
(7.3.3)
2 = (2w )T

Then the nth equation £° = ( vields a relationship between z§, u7, and 6. When 8 is
known, then ¢ = 0 can be solved for u¢ needed to keep x§ at a desired set-point z§ = y,.
The corresponding values z§, . .., 22 will be dictated by {7.3.3). Therefore, for each value
of § and a prescribed y;, the equilibrium z° and the corresponding control value «® are
uniquely defined. In the special case where (0) = -+ - = ,_;(0) = 0, the choice y, = 0

results in the equilibrium being ¢ = 0 for all values of 6.

Our problem now is to globally stabilize this equilibrium when € is unknown and also to

achieve set-point regulation: z(¢) — z° as t — <.

Comparing the systems (7.3.1) and (7.2.75), we observe that if x4 were the control vari-
able, then Corollary 7.2.9 would provide the desired adaptive control for the subsystem
made of the first two equations of (7.3.1). Therefore, we can initiate our recursive de-
sign procedure by augmenting this subsystem by the third equation, as in (7.2.78). For
convenience, we will do this in a self-contained fashion, independent of Section 7.2. An
additional feature of the procedure in this section in a set of error coordinates in which
the stability properties of the resulting closed-loop adaptive system are clearly displayed

without an explicit use of the aclf concept.



CHAPTER 7. TUNING FUNCTIONS DESIGN 66

7.3.1 Design procedure

We will start by adaptively stabilizing the first equation (7.3.1) considering 25 to be
its control. At each subsequence step we will augment the designed subsystem by one
equation. At the ith step, an ith-order subsystem is stabilized with respect to a Lyapunov
function V; by the design of a stabilizing function o; and a tuning function v;. The update
law for the parameter estimate B(t) and the adaptive feedback control u are designed at

the final step. The third step is crucial for understanding the general design procedure.
Step 1. Introducing the first two error variables

= T — Ys (7.3.4)

29 = T3 — oy (7.3.9)
we rewrite #; = 73 + 1 (z1)7 6, the first equation of (7.3.1), as
3 =2+ 0+ (1), (7.3.6)
where, for uniformly with subsequent steps, we have defined the first regressor vector as
wy (1) = pi(z1). (7.3.7)
Our task in this step is to stabilize {7.3.6) with respect to the Lyapunov function

1 - -
V=22 + EHTP*B, (7.3.8)

B

whose derivative along the solutions of (7.3.6) is
Vi = 21z + g + wl) — éTP"I(é — Twy 7). (7.3.9)
We can eliminate § from V, with the update law é = I'1;, where
Ti(z1) = wilz )z (7.3.10

1f x5 were actual control, we would let zg = 0, that is, 2o = @;. Then, to make V, = —cy22,

we would choose

Ql(iﬂhé) = =2y — 'U,’l(.’]’fl)Té. (?311)
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Since z; is not our control, we have z; # 0, and we do not use 6 = I'ry as an update law.

Instead, we retain 7y as our first tuning function and tolerate the presence of 6 in V;:
Vi= 022+ 220 — 07 (07'0 — 7). (7.3.12)

The second term zz, in Vi will be cancelled at the next step. With al(ml.é) as in

(7.3.11), the z;-system becomes

z1 = —¢12) + 2 + -wl(:r:l)TG {7.3.13)

Step 2. We now consider that x; is the control variable in the second equation of { 7.3.1).
Introducing

I3 = T3 — Qa3 (7314)

L T
we Tewrite I = I3 + pa(x, ) 6 as

) Odex T Oy i
29 =23+ g — T‘C;.’Ez + ’lL'g(.’I'l,IQ, 6) 0— a—élg (7315)
where the second regressor vector w, is defined as
« Ju
wolzy, 20, 8) = g — 5-1—991. (7.3.16)
o

Our task in this step is to stabilize the (z;, z)-system (7.3.13), (7.3.15) with respect to

V=V + éz% (7.3.17)

whose derivative along the solutions of (7.3.13) and (7.3.15) is

80.‘1 "*jl

. day .
Vo = —CIZ?-FZQ |:21 + 23 + o — 8—3:13724‘1[4';9— EH

+67 (rl ¥ wozy — r*lé) | (7.3.18)

We can eliminate 6 from V, with the update law 6="_ Ty, where

[
—

""2(331512:53) =T+ wazp = [ w, o, s ] : (7.3.19)
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If z3 were our actual control and, hence, z3 = 0. we would achieve V; = —c1z12 - czz_rf

by designing as to make the bracketed term multiplying z; in (7.3.18) equal to —epzs,

namely

- g . do
CIQ(;I,‘l, Ig,g) = —Z; — 0oy + 8—2}*1‘2 — u,rgﬁ + -EC;‘;FTQ. (7320)

1

We retain 75 as our second tuning function in the term 'y which replaces 6 in (7.3.20).

However, we do not use 6=T T3 as an update law, so that the resulting Vs is
‘ 2 2 doq i, 4T “15
V‘Z = =012 — CaZyp + z323 + ZQ*@(FTQ - 9) +# (T2 —T Ig) (7321)

The first two terms in Vg are negative definite, the third term will be cancelled at the
next step, while the discrepancy between I'y and f in the last two terms remains. By

substituting (7.3.20) into (7.3.15), the {z), 29)-subsystem becomes

2 —¢; 1 21 wl | - 0
= + g+ day . (7.3.22)
P -1 —c z2 wi 23+ —(I'p —8)
af
Step 3. Proceeding to the third equation in (7.3.1) we introduce
24 = Tgq — 3 (7323]
and rewrite T3 = x4 + 3(11, T2, SL'3)T9 as
. dag Oaip - T Oexg =
3= 24 +Qy — —Ty — —2x3 + w3y, 29,23, 0) 0 — —10, 7.3.24
£3 = <4 T O3 911 2 Dz 3 3(%1, 22, 23, 0) a0 { )
where the third regressor vector w; is defined as
o das aﬂfg
9, T3, 8) = o3 — —oy ~ —— 2. 7.3.25
w3(T1, T, Ty, &) = @3 6‘3:1% D1y w2 { )
Our task is to stabilize the (21, 2, z3)-system with respect to
1,
Vg = Vg + 52’3 (7326)
whose derivative along (7.3.22) and (7.3.24) is
. an - 3&2 80!2 TA (9()’2
Vi = —azi-ga+n—Tn—0)+ 4z 03— o3y~ — Ty Fwy - —
3 1<) 227 2 a0 (I'my )+ 23 [Zz 24 3 3$1I2 B 3 3 %

467 (-rz b wazs ~ r*ié) (7.3.27
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We can eliminate # from V3 with the update law 6 = I'm3, where 13 is our tuning function

<1
Ta(-’u’"hfcz,ma,é) =Ty +wW3z3 = | wy, wy, ws ] 2o (7.3.28)
23
If z3 were our actual control, we could have z; = 0 and achieve V3 = —0y 28 — czd — c322

by designing cr3 to make the bracketed term multiplying 23 equal to —cgz3, namely

. a d G
Crg(.’E],.I‘g, Ty, 9) = —Z9 — CaZy + ﬂl‘g + ﬂﬂh - w{@ + —5;72-{17'3 + Uy, (7329)

or, Jy
where vy i3 a correction term yet to be chosen. Substituting (7.3.29) into (7.3.27), and

noting that

§—Tr, = 6—Try+T6;—'ry

= §- FT3 + F’UJ323. (7330)
{7.3.27) is written as
. Oox Oa da :
Vi = —c2f — czzg + z3 (1/3 - Eéll‘ugzg) + 2324 + (Zg 8@1 + z3 5(;) (T'ry — 6)
+67 (13 — I71§) (7.3.31)
and the (zj, 29, 23)-subsystem becomes
2 -, 1 0 2 wy 0
N Oa
23 = -1 —c 1 2o + wg g+ - 3 FTU323
g
23 0 -1 —cy 2 wi vy
0
80:1 ~
S PO 7.3.32
+ 5 (I'rs — 0) ( )

If 4 were our control, we would have z; = 0, and with the update law = 'y, the last
. O

vector in (7.3.32) would be zero. However, the potentially destabilizing term —a—élf w323

would still remain. This unmatched term must be accommodated by a choice of the

correction term ry. From (7.3.31}, the choice of v3 is immediate:

Ug(Il,IQ,Ig,é) = —EF’LUQ,Z} (7333)
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We again postpone the decision about § and do not use § = I" 73 as an update law. The

resulting V3 is

- Ocx Oo 1
Vi= e 2 — Cozy ~ c3z§’ + z324 + (228_6; + 23%2) (I'ry — 8)
+67 (13 — 716 (7.3.34)
and the (zy, 25, 23)-subsystem becomes
Z]. _Cl 1 O -yl wi‘r
O .
Zy = “']. —Ca 1 - —,\lrw,g 2y + H)g 9
P of
o
i3 0 —1+-§§Fw3 —ey 23 w]
0 0
6(11 ~
o[ +] 55 | T-6) (7.3.35)
> ﬂ
- a6

The ‘system matrix’ in (7.3.35) has a significant property: the skew symmetry of the
o)
nonlinear term %ng achieved by the choice of v4 in (7.3.33). This term is analogous

to the second term in (7.2.61) and the skew symmetry is crucial for stabilization.

Step i. Introducing

Zip1 T i — Oy, (?336)
we rewrite ; = 2,11 + @;(zy, . .. ,a:,-)TB as
i—1
. Jai_y AT do_y
i T2 i +widry, ..., ',9 g — AQ, 7.3.37
%= i ta Eﬂ £ Tre1 + wilT , Ty, ) Py ( )

where the ith regressor vector is defined as

i-1

. Ja;_
'lL'i(-rl,...,Ii’g) =y — = 1(10&: (7338)
arrk
k=1
Our objective is to stabilize the (zy, ..., z)-system with respect to
1,
Vi=Vii+ 2, (7.3.39)

2
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whose derivative is

i1 i—2 .
Vi= — crzt + (Z Zk+1%) (I — 9)

k=1 k=1
i—1
Oa;_y Ta O,y ;
+ |21+ e o — + w; — ——0
Z [z 1 Zir G ; a$k Tial w BY;
+ gT (Ti—l + wiz; — Filé) . (7340)

We can eliminate 8 from V; with the update law § = T’ 7;, where

(T, ..., T, ) = 7.1+ zw
9
= w0 w ] N {7.3.41)
e
Then, in the absence of z;,;, we would achieve V, = —ZLI cxzi, by designing o; to

make the bracketed term multiplying z; equal to —c;z;, namely

O T5 901
oz, ... 3 8) = —2p, — Gz + —w; 0+ ——I'7+y, (7.3.42)
( 1 ) (] Z o0 (
where v; is a correction term yet to be chosen. Nothing that

é—FTi_l = é-FT1_+FTi_FTi—l

= §—Tr, +wsz, (7.3.43)

we rewrite V; as

i—1
Vg = —chzz—}—zi [Z;'_;_] + v —

k=1

i-2 ] ) .
+ (Z Zk+1%) (P71 — ) +6"(r, ~ T72)

k=1

c?ak

et {+ zzkﬂ—rw?}
k=1

i1 . R
+ zkﬂ%) (Cr; ~ ) + 67(r; — I'18), (7.3.44)

=1
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and represent the (z;,..., 2 )-subsystem as
-1 1 0 c 0 0
-1 —Ca 1+ g9 d25-1 0
21
0 -1 - [45%)
1+ 050, 0
2
0 —02i-1 ax -1 —0i2:1 —Ci1 1
|_ U 0 .- U -1 -,
0 i ) _
0 0 -‘
w? 02525 Cr)_ﬂ’l_
+ f+ : + +| 9 | (tri-6)
0 :
w;T Ti-14%i b T
Z; =
" | Zivl | %
where
R Oox,_
o(z.0) = — iz L Py
o

Now the correction term is chosen as

i—2

) Sev i-1
vi(ay,. 2 ) =) zk+1?;?w, ==Y onizk

k=1 k=2

Because we do not use § = I'7; as an update law, the resulting V; is

k=1 k=1

2 i-1
. a . _ .
Vi= Y cnzd + 2z + (Z zm—%) (Cr, - 0) +§T(r, — T16),

72

(7.3.45)

(7.3.46)

(7.3.47)

(7.3.48)
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and the {z1, ..., 2;)-subsystem becomes
[ T
—€ 1 0 e 0
2 -1 —Cp 1+ o3 To; 21
= 0 —1 — gy
Z"i 1 +Ui71,1' 5
| 0 0% o —1 =01, —G
T ¢ ;
i : don
w1 ba+ b+l 90 Len-6). (7.3.49)
0 :
w‘? .. doq
| i+1 ] i aé |
Step n. At the final step, we introduce
Zp = Ty — Gl (7.3.50)
and rewrite the last equation , = 3{z)u + ¢.(z)" 6 as
n-1
. O, 1 Otrp_1 2
b= Pu+ i — B {1 i B) — =28, 7.3.51
¥ ; e {Teer Yr ) ab { )
where the last regressor vector is defined as
n—1
. Jovy,..
wnl2.0) = 0~ 3 S5 (7.3.52)
k=1 Lk

In this equation, the actual control input is at our disposal. We are finally in the position
to design our actual update law § = I'r,, and feedback contro! u to stabilize the full 2-

system with respect to

1
Vi = Voo + 533
1 - -
= 5z”*"z + %9““1“*9. (7.3.53)

QOur goal is to make V,, nonpositive:

n—1 n—2
) Ja :
Vo= — E Crzi + ( E zk+1_»k) (PTa-1 — )
k=1 k=1 80

n—1
aan_l Ti a“Jn—l:"
+  2Zp 1 2Zpo1 + Pu— gy +w,0 — ———10
e 3, 89

4 4T (T,H e 7 r-lé) . (7.3.54)
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To eliminate § from V,, we choose the update law

f = Tm(z 9) It + lwy 2y,

= I'W(z,8)z, (7.3.53)
where the regressor matrix W is composed of the regressor vectors w, ..., wy:
Wz, 9) (wr, . wy. (7.3.56)

We choose the control u to make the bracketed term multiplying z, equal to —cpzn:

1

1 dov,_
U= — (k — Cp2n + Z - ’Uk+1 — w,{zn + % IFTn_ + un) , (7.3.57)

k=1

where v, is a correction term yet to be chosen. With (7.3.57}, V., becomes

n—-2

6 -
2 ckzk + (E zk+1£) (T7-1 — 9) + Zpln- {7.3.58)

Then, noting that
6 —T7,1 =T1, =TTy = Tz, (7.3.39)

we rewrite V), as

n~2

G,
Z ezl + zn (un Z zkHﬂrwn) . (7.3.60)

Now the correction term v, is chosen as

n—2
&
(z,0) = sz+1 ;k —Z’Yk nZk- (7.3.61)

We have thus reached our goal:

_ Z ezl {7.3.62)
k=1
The overall closed-loop system is
2 o= A z,0)z4+W(z,6)70 (7.3.63)

6 = T'W(z0)z, (7.3.64)
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where
i -1 1 0 .- 0 ]
-1 -~ 1+ a9 < Ton
A =] 0 <1-0y - : (7.3.63)
1+ 0,10
i 0 —an ca —1 —Tn_in —Cp |

The system (7.3.63) will be referred to as the error system. It is important to note that
a major portion of the designed effort was invested into achieving
41
Az, 6) + Au(z,8) = 2 . Y(z,8) e R (7.3.66)
Cn
which yields (7.3.62) with the simple quadratic Lyapunov function (7.3.53). We observe
that, as desired, the system (7.3.63)-(7.3.64) has an equilibrium at (z,8) = (0,0). The

stability properties of this equilibrivm will be established in Section ?77.

Example 7.3.1 In applications of the tuning functions procedure we do not need to
repeal the Lyoapunov argument. All we need for a specific design ave the finol analytical
expressions provided by the procedure. Let us now illustrate this by designing an adaptive

controller for the benchmark system from Erample 7.2.8:

I = .’I:2+£,0[I1)T9
Ty = I3 (7.3.67)

Ltg=u.

The design objective s the regulation of the output y = x, to the set-point y,. The
first three expressions provided by the procedure are the definitions (7.3.4), (7.3.5), and
(7.3.14) of the error variables

2, = Ii—Ys

Zg = Ig——al(xl,é) (7368)

A

3 = Ty — ag(:ch:x:g,ﬁ],
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where o and ay are the stabilizing functions given by (7.3.11) and {7.3.20):

o = —cz—@lf

Do - Do
—Cg23 — 21 T "a-é(Iz + iPTB) + 5971*’."2. (7369)

i

ez

The tuning functions, determined from (7.3.10), (7.3.19), and (7.3.28), are

T = 21y
da
T = 'rl-zzaI‘w (7.3.70)
1
Ba‘g
Ty = T2—23£‘ .
1

With the above expressions and the choice T = [, the parameter update law and the

feedback control are obtained from (7.3.33) and (7.3.29), respectively. They are

4 0 o
g = Ty = 21 — Zg'—a“}; - 73 azl,ﬁ (7371)
a1, dz,
80!2 Th 802 6&2 aOtg 3(12
= —C3zy— 2+ = 6) + 21y + Ty — 2y . (T.3.72
U €323 23 + 6.1',‘1 (.Tz + @ ) + 8:62 I3+ PY; T3 4] 2% 655‘1 W ( )

This completes the design of the adaptive controller for (7.3.67). In the (z,0)-coordinates

the designed system is

-0 1 0 1

;= | -1 —03 1- g—f‘z—flwl2 z+ *% 216 (7.3.73)
0 -1+ %‘?f@ﬁ —C3 —%

5 = w—go{ 1, —%‘%, —%}? } z (7.3.74)

It is of interest to relate the stabilizing functions a1 and ay and the control law u to
the material from Section 7.2. The stabilizing function a; has a “certainty equivalence”
form. The stabilizing function a; has the term ~%Tg which accounts for parameter
estimation transients, while the rest of it 1s in the “certainty equivalence” form. The
control law u departs from the “certainty equivalence” form in the last two terms whose

role in the same as that of (7.2.61). The last term in u is particularly important. Since
a(l’l
o0
and achieves the skew symmetry, which is crucial for stability.

d
= ~—pT, this term contributes with + — fihalz in the Isystem matriz' in (7.3.73)
T
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System Model

/
f rd
T #rf ; / R I‘i
// \ : 4 ‘7‘\ s ;, . mgusing ¥ Mg |
* f | i [ *“/./ i .
O ame
| ' f
\. Bq Lo ,K
\\ /
)
N

Figure 8.1: schematic of the mechanical system

An extended body free to rotate about an axis will do so under the application of a net

torque. The resulting angular acceleration is given by Newton’s Second Law for rotation:
Sor=1Jj (8.0.1)
where 7 is the applied torque (including any torque caused by friction), § is the an angular

77
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acceleration, and J is the moment of inertia. The moment of inertia of a body depends
on its mass distribution about an axis of rotation. Consequently, the same body can have

different moments of inertia depending on where the axis of rotation is chosen.

For our setting (8.0.1) can be written as
- . Lo .
T— B¢ — LoMygsing — ?mng sing = J§ (8.0.2)

where

7 is the torque applied by the motor

J is the rotor inertia;

my is the link mass;

My is the load mass;

Ly is the link length;

e Ry is the radius of load;

g is the gravitational coefficient;

e B is the coefficient of viscous friction at the joint;

e ¢(t) is angular motor position (and hence the position of the load)
e [(t) is motor armature current

e K. is the coefficient which characterizes the electromechanical conversion of arma-

ture current to torque.

J is the total moment of inertia of our system.
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. L
7 =Ji+ LoMygsing + Eomggsinq

s A L )
=JG+ Bg{LoMog + -2—Dmgg)s1nq

o

‘,\"v
Kd=1= jfj+f)’q'+]{/5mq
i B X

J
I=j+—g+

Kq K. K sin g

letting M = ﬁ{—, B=4,N= Kl:, then (8.0.3) can be written as

I=Mj+ B¢+ Nsing

I B, N
= T T
M(l
G
y L, Ly

Figure 8.2: Moments of Inertia of rigid body

Moments of Tnertia of long thin rod with rotation axis through end: I = 3mqL3

Moments of Inertia of solid sphere: [ = %MDR(%

Moments of Inertia of point mass: { = MpL3

mDL%

. 2
J = J + + AfnLg + EAMQ.R%

From figure 8.3, applying KVL, we can obtain

V, IR+ Li+ Kgg

LI = V,—IR-Kgg

[ = L2
SR UN

(8.0.3)

(8.0.4)
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Figure 8.3: Schematic of electromechanical

where

L is the armature inductance.

R is the armature resistance.

K is the back-emf coefficient.

V. is the input control voltage.

The electromechanical dynamics of the can be written as

i =q
I N B
. _ I N _ B 03
g i s 374 (8.0.3)
, V. Kyp. R
= £ _ 2B, T
! L~ L L

We will assume that all of the parametric quantities defined in (8.0.5) lie between known
constant bounds. For example, the inductance L and the inertial quantity M are assume

to be bounded in the following manner

where my, my, {; and {y are known positive, scalar bounding constants. O
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Derivation of u

The dynamic given by (8.0.5) can also be written in the following form

j’)i = T2
To = byza+ 8 sin(z)) -+ Oazo (9.0.1)

F3 = bgu+ 315 + Byry

— — A _ _ 1 — 1 . =N _ —-B _ —Kpg
Whe‘.['e.'Bl——-q,Ig—q,Ia—I,U—%,bgdz,blm—ﬁ,gl——fgj,gg———M,ggw T ,and
—_ =R
8, = 2.

The control objective is to develop a link position regulate controller for the electro-
mechanical dynamics of (8.0.3) despite parametric uncertainty.
Beginning with we are trying to find a control law for the following second-order system,

where the uncertain terms are “matched” by the virtual control zs:

T =32
(9.0.2)
CEI;_) = !31113 -+ 91 S.H](Ii) + 621132.

Since our aim is the position control, that is, we are trying to move x; {angular position}
to some set point x4,

We then first consider the scalar system

i = Ty (9.0.3)

81
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with z, as its virtual control. Next we form a control Lyapunov function Vy(z,) =

5(331 — 14)%, whose derivative is rendered negative definite via a stabilizing function

Tg = Otg(l‘l) = “C1($1 - .’EM) =Tog, ¢ >0, (904)
That is,
Vo(’fl) == (-’131 — T14)T
= —qfz; - z10)% (9.0.5)

Since x5 is not our real control input, we let 20 = 3 — 714 be an error variable. The

system (9.0.2) in terms of error variables z; = 1, — Tydy 3 = Ty — Tog = Ta — aplTy) I8

Z =2+ og(xy)

(9.0.6)
.2’.2 = b1$3 + 91 sin T+ 92.’132 + C1Z9.
Now with the clf
1 2 2
Vifzy, o) = 5(?31 = T1a)" + (22 — Z2q)
1 1
- 5;? + Ezg (9.0.7)
whose derivative is
l./l = 212:1 + 224‘52
= z21{zm —121) + 20{b1z3 + Oy sinz; + Oszy + C1Z2). {9.0.8)

If 8,6, were known, VL in {9.0.8) can be rendered negative definite via the stabilizing

control
1 .
T3 = b—[«—zl — cp2p — By sinxy — Baxp — 112), (9.0.9}
i
that is,
l-/l = 1% — Clzf + Zg(bl.'l'a + 6, sinx + Oz + C1.’L‘2)

2
= 2z — €12 + 2(—2 — c23)

= —qzi —cpzi. (9.0.10)
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But since 61, 8, are unknown. Then we replace 1,02 in {9.0.9) with parameter estimates
V1,72, respectively, and we augment V| with quadratic terms in the parameter error

(61 —9,) and (62 — ¥,) to obtain the new Lyvapunov function:

1 1 1 1
Vl(l',ﬂ) = ‘/I(Il,ﬂﬂg,'lghlgg) = 52% + 5222 + '2?(91 - '!91)2 + 57—2(92 - ?92)2
-1
1 1 1 T 0 0y — 9,
= 5212—|-§z§+§[ 91“191 92—192 ] ’ (9011)
0 v 2 — Uy
—————
r;!
Its derivative is
T
: g — v v ] =%
Vi o= —clzf — szg + 22[ sinz; Iy ] - . I :
S—— 92 - 192 192 62 s 192
Flz)
= —a2f — czh + (Fz) = 97T H (0 - 9). (9.0.12)
If 23 were our control input, then the adaptive control law
1 .
Tag = Em[—zl — 022 — Visinz — doxy — 172 = afz, ¥) (9.0.13)
1
with the update law
. 0 sinx
¥ = ZQFIF(I) = Z9 n !
0 7 T3
2o 8inx
= | T S (9.0.14)
Yal2

would stabilize the system (9.0.2), and regulate the states z;, to z,4 and z; to 0 by

LaSalle-Yoshizawa theorem, since V; in (9.0.12) would become
Vi = —af —eed = ~W{z,d) <0 (9.0.15)

where W(z, 9} = ¢12{ + c,23 is positive semidefinite and (by LaSalle-Yoshizawa theorem

(Theorem (A.1.1)}) we have tlim W(z,9)=0.
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Now let us go back to the third-order system {9.0.1) which can be written as

& = flz)+ Fa)f+glz)y, z= { $1 J (9.0.16a)
T3
T3 = m(z,z3) + M(x,23)0 + bou, y = z3 (9.0.16h)

0 sint; zz 0 0

Ty 0 0 00 0
where f(z) = [ :l s F(z) = [ gz} = [ :’ vz, z3) = 0;

M(:E,:f:3)=[0 0 o 1‘3];9:[91 0 03 94]T'

That is
&
T T2 0 0 00 6, 0
- + + z3 (9.0.17a)
Ty 0 sinz; 1, 0 0 64 b ;::
t
th
. ta
I3 = [0 0 =z :33] + by, Yy = I3. (9.0.17b)
03
B4

We have already seen that (9.0.16a) has y as its virtual input, with the clf

1 1 1
Vi(z1,22,9) = =(z; — 210)* + ~(zg — T20)* + —[# — 19]3;1{’1_1 ¢ —0],,,(9.0.18)

z z2
which can be rendered N.S.D., that is,
A1

= —af - af + [2F@) - T, 0 - 0
= —q 2] —cp2? (9.0.19)

= —W{(z,7), Wz, 9)=e1zi + Ca2a,

via the control law

1
T3g = afz.d) = 2 —-2z] — c;;z;;:t?l sinz, — 192:1:% 0y Ty (9.0.20)

o

~F(xyd
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and the adaptation law

. 15"1 - 1 0 sin iz, Za7Y1 810 Ty
192,.(1 = . = ZQF‘{F(.’L')T = Zy =
vy 0 T T2 292 %2
- — o rs

= T(zd).  (9.021)

1
n (9.0.16), if § were known we would pick u = W fv — M(z.£)8] so it can be written as
0

= flx) + Flz)f + g(z)y
(9.0.22)
‘y = I3 =
where we could apply integrator backstepping. But since 6 is unknown, therefore we

introduce a new parameter estimate & with a new clf
3 1 1 _ _
Valz.ud,9) = Vale,9) + slu—a@ o + 50 - 9T O-0). (9023)

Therefore, with 23 = y — a(r,9) = 23 — a(x,?), we obtain the derivative of the clf V, as

. oV, )
Vy = -—-——1(f+F9+ga+gz;;)+—3§T
+23 |v+ a—($3)M(a: z3)(# — 19} —a—a—(f + Fo+ gla+ za)) — g_ﬁT
geta &
97,9 - 9)
oV A%
= 5 (f+F9+ga)+~a’;T
dh O 80 V]
+23 [U + 6—%(’53)}'\4(3 38 — ) — “—’(f + FO + gla+ z3)) - Er T+ o 9}
—9TT54 (8 — D)
Ba = 8 8V1
< W) 2 o= 24 PO+ glata) - 5T+ 5]
8(1 ah - _ -
- G—F 3 — 55(»@)11-1:3 +A70; | (8 — D)
added
= —W(z,?) - c32} (9.0.24)
through
do o v
v o= —03\23_‘—# (f+F19+g(a+z3))+aﬁT— o

Yo y
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or
ah - oh .
u = [%(l’g)bo] [U — a—rg(l"S)[m + 11419]]

and

5 = v leriee) - Lo )P (v ale)

= 6;1‘,‘3 Ty)M(x, T3 Az x, r Yy —alr, .

Therefore, the control law

oh ! ‘ oh -

u= [533—3(:::3)1)0} { ~ sty = 0l ) = 20 (a) (s 70 + M, )3
da = Oo vV

+ 5-(2,9) L[ () + F(z)d + g(a)y] + g9 1@ 0) — -z, 19)g(fr)}, {9.0.25)

with the update law
] N
Z27y1 511 1y
§ o= Tae)=| (9.0.26)
0
0
) - T
b= 1| P egMz,z) - L@ w-alr9)  0027)
Jx oz

T
will rendered global boundedness (GB) of [ 2 2z 23 -1 -9 ] and regulation
of W(z,¥) = 122 + cpzs = er(m) — 212)° + o2 — 722)° and z3(t) — a(x(t), 9(E)) by
LaSalle-Yoshizawa theorem (Theorem (A.1.1}). That is,

Iy — Tids
Ty — T = tolT) — ag(z14) = 0,
a3 — alz, ),

as t — oo,
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Our u looks like

.
th
1 9>
u = ™ —cg{zg—alz,?))— | 0 0 Iy 323} _
0 U3
M
-H)_l [ —l-ce—-vicosz; —cp =P | X
i
- 0 0 00]]|d 0
+ _ + T3
0 sinz; zp 0 0 U3 by
. P, ~— ’ _ N et
N F 194 g
Z97Y; SIN T4
1 ‘ Z9Yala
- [ —sing; -1z 0 0 }
1] — = 0
Jo
v L0
h—v—-_/
T
2yt oz 2 0
3 _ (9.0.28)
av b
dz 1
S —

This is similar to Lemma 6.2.2 (Adaptive Block Backstepping) with no zero dynamics

system. |
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Figure 9.1: MATLAB Simulink simulation of the system.

&8
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Figure 9.2: Result from MATLAB Simulink.
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Appendix A

Stability

A.1 Main Stability Theorems

Lyapunov Stability. To begin with, we remind reader that Lyapunov stability, as-
ymptotic stability, uniform stability, uniform asymptotic stability, etc., are properties
not of a dynamic system as a whole, but rather of its individual solutions. Consider the

time-varying system
r = flz,t), (A.1.1)

where £ € R®, and f : R™ x R, ~» R is piecewise continuous in t and locally Lipschitz
in z. The solution of {A.1.1) which starts from the point x4 at time #; > 0 is denoted
as z(t; zp, to) with x(to; o, fn) = zp. Lyapunov stability concepts describe continuity
properties of x(t; Tg, fo) with respect to zp. If the initial condition zq is perturbed to Zo,
then, for stability, the resulting perturbed solution z(t; Zo, fp) is required to stay close
to xz(t;zp,tp) for all t > ¢;. In addition, for asymptotic stability, the error x(t; To, to) —

z(t; Tg, tp) is required to vanish as t — o0. So, the solution z(t; 2o, tp) of (A.1.1) is

e bounded, if there exist a constant B(zg.{y) > 0 such that
|z(t; 20, t0)| < B(zo, o), vt > to; (A.12)
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stable, if for each ¢ > 0 there exists a d(e, t;) > 0 such that

lif() — .I'()I <§= |.’[‘(t;.’f‘g,t0) — I(I‘-;I(],.tn” <z, YVt > tas (A].S)

attractive, if there exists an r({y) > 0 and, for each £ > 0, a T(g, y) > 0 such that

|To — xq| < 7 = |x(t; Zg, to) — z(t; T, 1p)] < &, Vt >t + T, (A.1.4)

¢ asymptotically stable, if it is stable and attractive; and

unstable, if it is not stable.

The stability properties of z(t; z, to) in general depend on the initial time t;. For different
to, different values of B(zg, ty), 8(e., to), r(ty), and T'(¢, tg) may be needed to satisfy (A.1.2),
(A.1.3) and (A.1.4). When these constants are indepeudent of ty, the corresponding
properties are uniform ( Clearly, all properties are uniform if the system is time-invariant:
i = f(z)). For adaptive systems, uniform stability is more desirable than just stability.
Even more desirable is uniform asymptotic stability, often shortened to UAS. The
solution x(t; o, tp) is UAS if it is uniformly stable and uniformly attractive, that is, if

0{e, to) = 0(e),r(to) = r, and T(e,¢5) = T(e) do not depend on 4.

Some solutions of a given system may be stable and others unstable. In particular, (A.1.1)
may have stable and unstable eguilibria, that is constant solutions z(t;xg,ty) = z,
satisfying f(z.,t) = 0. If an equilibrium z. is asymptotically stable, then it has a region
of attraction — a set ) of initial states zq such that z(t;zq, %)) — z. as t — oo for
all zp € 0 (When . is only stable, then the solutions starting in 1 remain close to x,
in the sense of (A.1.3)). In this report, the stability properties for which an estimate of
the region of attraction is given are referred to as regional. Otherwise they are called
local. When the region of attraction is the whole space R™, then the stability properties

are global.

Any equilibrium under investigation can be translated to the origin by redefining the

state z as z = z — z,. Such a translation z = z — x(t; 2y, 1)) can be defined for any
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solution z(t; g, {y) so that the solution under investigation can always be considered to
be an equilibrium at the origin with a corresponding redefinition of f{z,t) into f{z,t)

such that f(0,¢) = 0, namely;

&= flz +a(t;zo,to) 1) = fla(t 2o, to),t) & f(z.1). (A.1.5)

Therefore, there is no loss of generality in standardizing the stability results for the zero
solution z(t;0,¢y) = 0. In adaptive tracking problems, this zero solution is particulary

meaningful when the state z represents the tracking error and its derivatives.

To be of practical interest, stability conditions must not required that explicitly solve
(A.1.1}. The direct method of Lyapunov aims at determining the stahility properties
of {t;zq,ty) from the properties of f(z,t) and its relationship with a positive definite
function V(z,t). For global result, this function must be radially unbounded, that is
V(z,t) — oo as |z| — oo uniformly in ¢. For simplicity, we will assume that the
translation to the origin has been performed, that is, f(0,¢) = 0, and thus the solution

under investigation is £ = (.

Uniform asymptotic stability is a desirable property, because systems that possess it can
deal better with perturbation and disturbances. We shall see that, in general, adaptive
designs achieve less than uniform asymptotic stability. However, they achieve more than
uniform stability because they force the tracking error to converge to zero. This key
property is referred to as requlation when the reference signal is constant, and tracking
when it is a time-varying signal. For convergence analysis, a powerful tool is the following

theorem due to LaSalle and Yoshizawa:

Theorem A.1.1 (LaSalle-Yoshizawa) Let z = 0 be an equilibrium point of (A.1.1)
and suppose f is locally Lipschitz in  uniformly int. LetV : R® — Ry be a continuously
differentiable, positive definite and radially unbounded function V{z) such that

V=0 @t < W) <0, We20veER", (A.16)

where W 1s a continuous function. Then, all solutions of (A.1.1) are globally uni-
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formly bounded and satisfy

lim Wi{z(t)) = 0. (A.1.7)

t—oc

In addition, if W(x) is positive definite, then the equilibrium z = 0 is globally uni-
formly asymptotically stable (GUAS).

For regulation task, the designed system is usually time-invariant,

o= flz), (A.18)

in which case we are interested in its invariant sets. A set M is called an invariant set
of (A.1.8) if any solution z(£) that belong to M at some time constant ¢; must belong to

M for all future and past time:

(1) EM = x(t) e M, vt € R. (A1.9)

A set (2 is positively tnvariant if this is true for all future time only:

Can we guarantee convergence to a desired invariant set? A rewarding answer {o this
equation is provided by LaSalle’s Invariance Theorem and its asymptotic stability corol-

lary:

Theorem A.1.2 (LaSalle) Let ) be a positively invariant set of (A.1.8). LetV : {1 —
R, be a continuously differentiable function V(z) such that V(z) < 0¥z € Q. Let
E = {x € QIV(SL‘] = D}, and let M be the largest invariant set contained in F. Then,

every bounded solution xz(t) starting in Q converges to M as { — oo.

Corollary A.1.3 (Asymptotic Stability) Letz = 0 be the only equilibrium of (A.1.8).

Let V : R — R, be a continuously differentiable, positive definite, radially unbounded
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function V(z) such that V{r) <0,Vz € R". Let E = {:r: e RYV(z) = U}, and suppose
that no solution other than z(t) = O can stay forever in E. Then the origin is globally

asymptotically stable (GAS).

These invariance results will motivate us to closely examine the invariant subsets of E.
As we shall see, the convergence properties of the designed system are stronger if the
dimension of M is lower. In the most favorable case of asymptotic stability, the largest
invariant subset M of E is just the origin z = 0. Our aim will thus be render the

dimension of M as low as possible.

Input-to-State Stability. Another stability concept which is used throughout the
report is that of input-to-state stability (ISS), the system

r = flz,u) (A.1.11)

is said to be input-to-state stable (I55) if for any z(0) and for any input u{.) continuous

and bounded on [}, oo} the solution exists for all { > 0 and satisfies

1z(t)| < 8(]z(0)], 1) +'y( sup |u(T)J), Vi >0, (A.1.12)

0<r<s

where (s, t) and y(s) are strictly increasing functions of s € R, with 3(0,¢) = 0,v(0} =

0, while 8 is a increasing function of t with tlim O(s,t} =0,¥se R,.

A.2 Lyapunov’s Direct Method

The basic philosophy of Lyapunov's direct method is the mathematical extension of
a fundamental physical observation: if the total energy of a mechanical {or electrical)
system is continuously dissipated, then the system, whether linear or nonlinear, must
eventually settle down to an equilibrium point. Thus, we may conclude the stability of

a system by examining the variation of a single scalar function.

The total mechanical energy of the nonlinear mass-spring-damper system

mi + bz |z + ko + kz® = 0 (A.2.1)
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is the sum of its kinetic energy and its potential energy.

T 1 1 1
V(I) - %mmg +f U‘CgS + klsa)ds = 57?’1(1'2 + 5k[)$2 + Zkl.'fl (AQQ)
t

Comparing the definitions of stability and mechanical energy, one can easily see some

relations between the mechanical energy and the stability concepts described earlier:

* zero energy corresponds to the equilibrium point {x = 0,1 = 0)
s asymptotic stability implies the convergence of mechanical energy to zero

e instability is related to the growth of mechanical energy

These relations indicate that the value of a scalar quantity, the mechanical energy, in-
directly reflects the magnitude of the state vector: and furthermore, that the stability
properties of the system can be characterized by the variation of the mechanical energy

of the system.

The rate of the energy variation during the system’s motion is obtained easily by differ-

entiating the first equality in {A.2.2)
V(z) = mii + kot + k2’ = (b |2]) = ~blz|° (A.2.3)

The direct method of Lyapunov is based on a generalization of the concept in the mass-
spring-damper system to more complex system. Faced with a set of nonlinear differen-
tial equations, the basic procedure of Lyapunov’s direct method is to generate a scalar
“energy-like” function for the dynamic system, and examine the time variation of that
scalar function. In this way, conclusions may be drawn on the stability of the set of
differential equations without using the difficult stability definitions or requiring explicit

knowledge of solutions.

Theorem A.2.1 (Local Stability) f, in a ball B, there exists a scalar function V(zx)

with continuous first partial derivatives such thot
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o V(z) is positive definite (locally in Br,)

o Viz) is negative semi-definite (locally in Bg.,)

then the equilibrium point =0 is stable. If, actually, the derivative V(z) is locally

negative definite in Bp,, then the stability is asymptotic.

Theorem A.2.2 (Global Stability) assume that there exists a scalar Sfunction V' of

the state x, with continuous first order derivatives such that

o V{(z) is positive definite
o V(z) is negative definite

* V(z) = 00 as||z|]| —» o

then the equilibrium at the origin is globally asymptotically stable.

A.3 Lyapunov Stability

Consider the non-autonomous system

@ = f(z.1) (A.3.1)

Definition A.3.1 The origin z = 0 is equilibriurn point for (A.3.1) if
f(0,t) =0,vt > 0. {A.3.2)
Definition A.3.2 A continuous function v : [0,a) — R, is said to belong to class K

if it @ strictly increasing and Y(0) = 0. It is said to belong to class K, if a = oo and

¥(r) — 00 as ¥ — oo.
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Definition A.3.3 A continuous function 3 : [0,a) x Ry — R, is said to belong to class
KL o for each fired s the mapping B(r,s) belong to class K with respect to r, and for
each fized v the mapping 3(r, s) is decreasing with respect to s and 3(r, s) — 0 as s — oo,
1t is said to belong to class K L. if, in addition, for is fired s the mapping [3(r. s) belong

to class K, with respect to r.

Definition A.3.4 The equilibrium point x = 0 of (A3.1) is

o uniformly stable, if there exists a class K function ¥(-) and a positive constant c,

independent of t;, such that

2] < ylalto)l), VE> 1020, Valto)|(to)] < (A.3.3)

o uniformly asymptotically stable, if there erist a class KL function 3(-.-) and a

positwve constant ¢, independent of ty, such that

2O < B(le(to)l .t — o), VE=120, Vato)llz(ty)] < (A.3.4)

* erponentially stable, if (A.3.4} is satisfied with Blr.s) =kre*. k> 0,a > 0,

e globally uniformly stable, if (A.3.3) s satisfied with v € K., for any iniiial state

I(to),‘

e globally uniformly asymptotically stable, if (A.3.4) is satisfied with 3 € KL, for

any wnitial state r{ty); and

 globally exponentially stable, if (A.3.4) is satisfied for any initial state z(ty) and

with 3(r,8) = kre ®,k > 0,a > 0.

Lemma A.3.5 (Barbalat) Consider the function ¢ R — R If 6 is uniformly

js.9]

continuous and tlim @(7)d7 exists and is finite, then

lim ¢(t) = 0 (A.3.5)

t—oc
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Backstepping

B.1 Integrator Backstepping

The simplicity of scalar designs motivates us to use them as starting points of recursive
designs for higher-order systems. Consider a scalar system as in (B.1.1a) augmented with

an integrator:

i, = cosz—-1 +& (B.1.1a)

£ = u (B.1.1b)

Let the design objective be the regulation of z(¢), that is, z(t) — 0 as t — oo, for all
(1), £(0). Of course, £(t) must remain bounded. Form (B.1.1a}, the only equilibrium
with £ = 0 is at {z,£) = {0, —1). We will meet our design objective by rendering this
equilibrium GAS. In the block diagram in Figure B.1 the scalar system (B.1.1a) appears
in the dashed box. To construct a clf * we will exploit the fact that a clf is known for its
subsystem in the dashed box. Indeed, if § were the control input, then the corresponding

1

clf and control law would be V(z) = 52° and { = —c;x — cosz clf. Of course £ is just a

state variable and not the control. Nevertheless, as its “desired value” we prescribe

€4es = —C1T — cos T 2 afx). (B.1.2)

LA system for which a good choice of V(x) and W{x){as in Assumption ?7) is said to posses a cif.

114
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Figure B.1: The block diagram of the system {B.1.1a), (B.1.1b)

Let z be the deviation of € from its desired value:
zxé_gdes =£_a($):£+C1$+COSSC. (Blg)

We call € a virtual control, and its desired value () a stabilizing function. The variable
z is the corresponding error variable. Now we rewrite the system (B.1.1) in the (z, 2)-
coordinates in which it takes on a more convenient form, as illustrated in Figure B.2 and
Figure B.3. Starting from (B.1.1) and Figure B.1, we add and subtract the stabilizing
function a(z) to the &;-equation as shown in Figure B.2. Then we use a(z) as the feed-
back control inside the dashed box and “backstep” ~a(r) through the integrator, as in

Figure B.3. In the new coordinates (z, z) the system is expressed as

T = cosT— 2+ [€+ 1T+ cosT) — 1T — COST = —17 — T + 2 (B.1.4a)

= E—a=E(+(q —sinz)t =u+{c; —sinz)(—cz —2* +2). (B.1.4b)

The first key feature of backstepping is that we don’t use a differentiator to inplement
the time derivative ¢ in (B.1.4b); since a(z) is a known function, it is easy to compute

its time derivative analytically as

G = g—a-j: = —{c; = sinz)(—e;z — 2 + 2). (B.1.5)
HA
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Figure B.2: Introducing () as the desired value for £,

We now need to select a cIf V, for the system (B.1.1). Let us try to construct it by

augmenting V() with a quadratic term in the error variable z:

Vo, ) =V(z) + =2 = lI‘Z + %(f +¢px + cosx), (B.1.6)

1
2 2
The derivative of V; along the solution of (B.1.4) is computed as

Valz,2,u) = z]—ciz — 2% + z]+ z[u + (6 —sinz)(—c1z — 2° 4 2))

= —~az’ —z'+zlz+u+ (o - sinz)(—az — 2+ 2)].  (B.1.7)

As always, we let V, be an explicit function of v and design u to satisfy the clf inequality
clf. For this reason, the cross-term zz, which is due to the presence of z in (B.1.4a), is
grouped together with u. This is possible because u is also multiplied by z due to the
chosen form of V. This is the second key feature of backstepping. Now we choose the
control u to make V, negative definite in z and 2, The simplest way to achieve this is to

make the bracketed term in (B.1.7) equal to —c,22, where ¢, > 0:

u = —tz—1z— (g —sinz)(—cz—1°+2)

= ~e({+ar+cosr)—z— (¢ —sinz)(£ + cosz — 7). (B.1.8)
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Figure B.3: Closing the feedback loop in the dashed box with +« and “backstepping”

—a through the integrator.

With this control, the clf derivative is
V, = —1° — 2%, (B.1.9)

which proves that in the (z, z)-coordinates the equilibrium (0,0) is GAS. In view of
(B.1.3), the equilibrium (0, ~1) in the (z, £)-coordinates has the same property.

The resulting closed-loop system in the (z, z)-coordinates is

I | T
— , (B.1.10)
z -1 —C 2
Although written in a linear-like form, this system is nonlinear. An important structural
property of this system is that its nonlinear “system matrix” is the sum of a negative
diagonal and a skew-symmetric matrix function of z. This is the third key feature of
backstepping, which will be extremely useful in other designs.
Avoiding cancelations. The above control law is not the best way to achieve negativity
of Va, because it involves at least one unnecessary cancelation. A closer examination of

(B.1.7} reveals that the term —2”sinz need not be canceled because it can be dominated

by —cpz%. A control law which avoids this cancelation is

U=—z—T—(cp —sinz)(~ciz— %), >+ 1. (B.1.11)
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With this control, the clf derivative is
V, = —¢cat—z*— (c2 — ¢) + sinz)22. (B.1.12)

Although more complicated than (B.1.9), this function is easily rendered negative definite
by the choice ¢; > ¢; + 1. The resulting system in the (z, z)-coordinates preserves its

skew-symmetric from

T - —z2 1 T
= . (B.1.13)
z -1 —Cy ¢ ~sinzg z
The simplified control law (B.1.11} is an illustration of design fexibilities in satisfying

the clf inequality V, < 0 and at the same time avoliding unnecessary cancelations. In

fact, more detailed calculations show that the control law can be further simplified to

u=—kz— kyr'z, {B.1.14)

with
2 2 2
+1 +1
bseta i atat o (lat 1) (B.1.15)
2[’31 4

Using this control we obtain

; 1 2

V., < —50T 62t {(B.1.16)

Integrator backstepping as a general design tool is based on the following assumption:

Assumption B.1.1 Consider the system
&= f(z)+g(z)u, [f(0)=0, (B.1.17)

where 7 € R™ is the state and u € R is the control input. There exist a continuously

differentiable feedback control law
u=oalz), af0}=0, (B.1.18)
and a smooth, positive definite, radially unbounded function V : R* — R such that

g—z(x)[f (z) + g{z)a(z)) < —W(z) <0, VzeR", (B.1.19)
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where W : R® — R is positive semidefinite.

Under this assumption, the control (B.1.18), applied to the system (B.1.17), guarantees
global boundedness of z(t), and via the LaSalle-Yoshizawa theorem (Theorem A.1.1), the

regulation of W (x(t)):

lim W(z(1)) = 0. (B.1.20)

t—oc

A strong convergence result is obtained using LaSalle’s theorem (Theorem A.1.2) with
£ = R" : z(t) converges to the largest invariant set M contained in the set £ = {z €
R*|W(z) = 0}. Clearly, if W(z) is positive definite, the control (B.1.18) renders z = 0
the GAS equilibrium of (B.1.17)

Lemma B.1.2 (Integrator Backstepping) Let the system (B.1.17) be augmented by

an integrator:

r = f{r)+g{x)¢ (B.1.21a)

£ = u, (B.1.21b)

and suppose that (B.1.21a) satisfies Assumption (B.1.1) with £ € R as its control,
(1) If W(z) is positive definite, then
i 1
Valz.&) = Vix)+ 56— o) (B.1.22)

is a clf for the full system (B.1.21), that s, there exists a feedback control u = a,(z,§)

which renders x = 0,€ = 0 the GAS equilibrium of (B.1.21). One such control is

w= el — @) + L) + o - T (@o(@). >0 (B123)
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(1) If W(z) is only positive seridefinite, then there exzists a feedback control which renders

V, < ~Wo(z,8) < 0 such that W,(z,&) > 0 whenever W(z) > 0 or € # a(z). This

z(t
guarantees global boundedness and convergence of to the largest invariant set
£(t)
. . :L.
M, contained in the set F, = eR"HW(z) =0,¢ = a(z)
§
d

Proof Introducing the error variable
z=£ — alx), (B.1.24)
and differentiating® with respect to time, (B.1.21) is rewritten as
T o= flz)+ g(x)|alz) + 2] (B.1.25a)
) Jo
z = u- %(x)[f(:r) + g(z)(afr) + 2)] (B.1.25b)

using (B.1.19), the derivative of (B.1.22) along the solution of (B.1.25) is

V, = av(f+ga+gz)+z{u—g—j(f+g(a+z))J

S
vV
= %(Hga) + z{u - g%(f +gla+z))+ %g}
< —W(I)+z[u.%%(f+g(a+z))+Z—Zg] (B.1.26)

where the term containing z as a factor have been grouped together. By the LaSalle-
Yoshizawa theorem (Theorem A.1.1), any choice of the control u which renders V, <
~Wo(z,&) < —W(x), with W, positive definite in z = £ - a{a), guarantee global bound-

edness of z, z and { = z+ a(z), and regulation of W(z) and z(t). Furthermore, LaSalle’s

theorem (Theorem A.1.2) guarantees convergence of [ ] to the largest invariant set

z(t)

20nce again, note that the time derivative & in (I3.1.25b) is implemented analytically without the

need for a differentiator
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I

contained in the set { { } e R+

Wiz) =0,z = O}. Again, the simplest way to make
z

V. negative definite in z is to choose the control (B.1.23), which renders the bracketed

term in (B.1.26) equal to —¢z and yields

Va S ~W(:v) - CZQ é _Wa(l‘aé) S U (B127)

Clearly, if W(z) is positive definite. Theorem A.1.1 guarantees the global asymptotic
stability of £ = 0,z = 0, which in turn implies that V (z.§) isaclfand z =0.£ =0 is
the GAS equilibrium of (B.1.21).

While the choice of control (B.1.23) is simple, this control may not be desirable because
it involves cancelation of nonlinearities, some of which may be useful. As illustrated by
{B.1.8) and {B.1.9), the requirement that V, in (B.1.26) be made negative by u allows

considerable freedom in the chotce of control law © = «a,(a, &) such that

Ve S W)+ 2l0u(z. ) — 0 (f + glar+2)) + 2og] = ~Wyla,€) SO (BL2S)

We stress that the main result of backstepping is not the specific form of the control law
(B.1.23), but rather the construction of a Lyapunov function whose derivative can he
made negative by a wide variety of control laws. In this way, the design of a stahilizing

state-feedback controller is effectively reduced to satisfying the scalar inequality (B.1.28).

Example B.1.3 As a design tool, backstepping is less restrictive than feedback lineariza-
tion. In some situations it can overcome singularities such as lack of controllability. This

1s tllustrated by the system
r = zf (3.1.29)

£ = u (B.1.30)

which is uncontrollable at £ = 0. Comparing with (B.1.21), we see that f{zx) =0, g(z) =

z. Applying (B.1.2) with V{z) = z* we can choose

ala)m =22 1wt s 6= ela) =&+ 2d (B.1.31)
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so that W(z) in (B.1.19) is positive definite: W(z) = z*. The substitution of (B.1.31)
into (B.1.29) yields

T = —1+1z (B.1.32a)
i = u+22%(z - 1), (B.1.32Db)

The control (B.1.23) which renders V, = —z* — 22 is
W= —z—z° 2%z + 2¢" = —€ — 227 — 22%. (B.1.33)

The resulting system in the {x, £)-coordinates is

i o= z€ (B.1.34a)

£ = —&- 2% - 2%, (B.1.34b)

and its equilibriumn (0,0) is GAS.
A significant design flexibility of backstepping is in the choice of a(zx). For the system
(B.1.29), instead of (B.1.31) we can choose

a(z) =0, z=¢, (B.1.35)
so that W{z) = 0 is semidefinite and

1/_12+152 (B.1.36)

a = 2-’5 S - .
The dervative of V, along the solutions of (B.1.29) s
v, = 2% + €u = E(u + 7). (B.1.37)

In this case the best we can do is to render V, negative semidefinite: The control

W= —€— 2 (B.1.38)
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yields the closed-loop system

T = x (B.1.39a)

§ = —£-7° (B.1.39b)

and the Lyapunov derivative V, = —€2. Then, (B.1.2) (i) guarantees that (z(t),€(t)) is
bounded and converges to the largest invariant set M, of (B.1.39) contained in the sel
Eq where £ = 0. But £(t) = 0 implies z(t) = 0. Applying Corollary A.1.9, we conclude
that the equilibrium (0,0) is GAS.

Comparing the two control laws (B.1.33) and (B.1.38) we see that the choice afz) = 0
simplified the control by eliminating the x-term. Lemma B.1.2 shows how to add a single

imntegrator. This lemma can be repeatedly applied to add a whole chain of integrators.

Corollary B.1.4 (Chain of Integrators) Let the system (B.1.17) satisfying Assump-
tion B.1.1 with a(z) = og(z) be augmented by a chain of k integrators so that u is

replaced by &, the state of the last integrator in the chain:

T = f(x)+g(z)

51 = &
(B.1.40)
S = &
é:k = u.
For this system, repeated application of Lemma B.1.2 with &, ... & as virtual controls,
results in the Lyapunov function
1 &
Valr, &1, &) = V) + 3 Z[&t — i (2,6, &) (B.1.41)
i=1

Any choice of feedback control which renders V, < —Walr, &, ... &) <0, with

Walz, &1, &) = 0 only of Wix) = 0 and & = o y(2,60,...,&0), 1= 1,k
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guarantees that [27(t),&(t), ... &7 is globally bounded and converges to the largest
mvariant set M, contained in the set

E,={[a" & & e R W(z) =0,& = ou (2,61, .. & 1) i =1, k).
Furthermore, if W(x) is positive definite, that is, if T = 0 can be rendered GAS through
&1, then (B.1.41) is o clf for (B.1.40) and the equilibrium x = 0,6 = --- = & = 0 can be
rendered GAS through u.



Appendix C

Passivity

C.1 Passivity

we consider systems of the form

= flz,t) + g{z, t)u
(C.1.1)
y = h{z, 1),
with z € R,y € R™, u € R™, and f, g, h continuous in ¢ and smooth in z. Suppose

£(0,¢) = 0 and A(0,£) =0 for all t > 0.

Definition C.1.1 The system (C.1.1) 1s said to be passive if there exists a continuous
nonnegative { “storage”) functionV : R* xR, — R, which satisfies V(0.t) =0, ¥t > 0,
such that for allu e C® z(0) e R*, t > ¢, > 0
t
/; y (ow(o)do > V{z(t),t) — V(z(ty), to). (C.1.2)
a
Definition C.1.2 The system (C.1.1) is said to be strictly passive if there exists a con-
tinuous nonnegative (storage) function V : R* x Ry — Ry, which satisfies V(0,t) =

0, Vt >0, and a positive defintte function (dissipation rate) ¢ : R™ — R, such that for
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adlueC® z(0)eR™, t>t, >0

/yT(a)'u(a)da > Viz(t), t) ~ V(z(ty), to)

to

t
+/ P{z(o)) do. {C.1.3)
to

Passivity and Lyapunov stability are closely related concepts.

Lemma C.1.3 Suppose the system (C.1.1) is (strictly) passive. If V is positive definite,
radially unbounded, and decrescent, that is, if there exist class K« functions v, and

such that y(|z]) < V(z,t) < w(lz]), V(z,t) € B® x Ry, then, for u = 0, the equilibrium

=0 of (C.L1) is globally uniformly (asymptotically) stable.

Proof When u =0, in the case of strict passivity, differentiating (C.1.3), we have
Vo< (). (C.1.4)

Thus, the equilibrium x = 0 is globally uniformly asymptotically stable. The case of

passivty is analogous. O

Many problems in parameter identification and adaptive control can be studied as feed-

back interconnections of passive systems (see Figure C.1):

v, u, v,

> —

Yz U,

20 |*

Figure C.1: Feedback interconnection of two passive systems.
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o o= filz.t) + gz, thy

n = hi(z,t)
22 : i‘2 - fZ(Iat)+92($at)u2 (616}
Yo = ha(z,t)

connected by the relations
U = —yptu {C.1.7)
Uz = 1, (C18)

where v, is a new input to the system.

Theorem C.1.4 Suppose the system £, is (strictly} passive with storage function V)
{and dissipation rate iy } independent of Ty. Likewise, suppose the system ¥y is (strictly)
passive with storage function V, (and dissipation rate v ) independent of x,. Then the

wnterconnected system (C.1.53)-(C.1.8) with input v1 and output y s
1. strictly passive if both £, and £, are strictly passive,
2. passive if at least one of the systems Ly and %, 1s passive but not strictly passive.

Moreover, when v; = 0, if £, is strictly passive and L, is passive, then the equilibrium

z = 0 1s globally uniformly stable and tlim zy(t) = 0.

Proof Let us first assume that 33, and Y5 are both strictly passive. Then, in view of

(C.1.7)-(C.1.8) we have
/tyﬂ?«’l —aalde > Vi(zi(t), t) — Vi(z1(te). to)

+/ Yi{z1) do (C.1.9)

tg

Va(iea(t), t) — Va(za(ta). to)

IV

t
/ y;yl do
to

+/t (o) do (C.1.10)
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Adding inequalities (C.1.9) and (C.1.10), we obtain

/y?(a)vl(o)do > Viz{t),t) — V(z(tp), to)

Q

t
+/ ¥i(z) do, (C.1.11)
to
where the storage function V' and the dissipation rate @ for the complete x-system are
defined as
Viz,t) = Vi(xi.t) + Vo(zo, ) (C.1.12)
v(x) = lz)) + wafzy). (C.1.13}

Stnce V is positive definite, radially unbounded and decrescent, and v is positive definite,
this proves the strict passivity. If at least one of the systems ¥ and Xy 15 passive but not
strictly passive, then its dissipation rate w; is at best positive semidefinite but not positive
definite, and the overall system is only passive. Finally, when v, = 0, if ¥, is strictly
passive and Xy is passive, then v, is positive semidefinite, and by differentiating (C.1.11)

we get
V < (). (C.1.14)

Thus, by Theorem A.1.1, x =0 is globally uniformly stable and tlim {t) = 0. O

The quadratic nonnegative terms in the foregoing equation represent the dissipation rate.
The dissipation rate takes different forms. which we illnstrate by various special cases of

the network.

Case 1: Take B} = B3 = oo and B; = 0. Then,
uy =V,

In this case, there is no energy dissipation in the network; that is, the system is lossless.

Case 2: Take Ky = 0 and R3 = oo. Then,

. 1
wy =V + Euz.
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This dissipation rate is proportional to u®. There is no energy dissipation if and only if
u(t) is identically zero.

Case 3: Take Ry = R3 = oo. Then,
uy = V + Roy”.

where we have used the fact that in this case y = z,. The dissipation rate is proportional
to 2. There is no energy dissipation if and only if y(t) is identically zero.
Case 4: Take Ry = co. Then,
s 2 1 2

uy =V + Raz7 + Erz
The dissipation rate is a positive definite function of the state x. There is no energy
dissipation if and only if x{t) is identically zero.
Case 5: Take Ry = o0, Ry = 0. Then,

L,

uy=V+E$2.

This dissipation rate is a positive semidefinite function of the state. Notice, however,

Figure C.2: RLC Circuit Illustration of Passivity Concept.

that from the second state equation, we have

irrespective of the input u. Therefore, like the previous case, there is no energy dissipation

if and only if x(t) is identically zero.

These five cases illustrate four basic forms of the
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dissipation rate: no dissipation, strict dissipation when the input is not identically zero,
strict dissipation when the output is not identically zero, and strict dissipation when
the state is not identically zero. These four basic forms will be captured in Definition
C.1.1. It is clear that combinations of these forms are also possible. For example, for the

complete circuit when all resistors are present, we have

1 5

: 1 .
uy = V+ —u®+ Ryx? + E;IQ

iy

whose dissipation rate is the sum of a quadratic term in the input and a positive definite

function of the state.
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