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Chapter 1
Introduction

Frank Ramsey began to study Ramsey theory. He was interested in Ramsey
number which is about the definition and properties of Ramsey Number. This
number can be used to solve some problems by applying into a graph. It can be a
diagram consisting points and lines.

The famous problem is the party problem which is the problem to find the
minimum number of people at a birthday party to guarantee that three of them
mutually know each other or three of them mutually do not know each other.

Considering one person for one vertex as well as red edge for the mutual
know to each other and blue edge for mutually do not know each other.

Figure 1.1 Graph represent relation of 5 person in the party problem.,

Figure 1.1, there is no forming for blue or red edge. Therefore, we could make a
conclusion that a triangle is not formed with red or blue edges if number of vertices
are less than 6.

Vi
v, Ve
Vs V5
@
V4

Figure 1.2 Edges coloring incident v, with other 5 vertices.



Figure 1.2, consider the vertex v . It must join with other 5 vertices and at least 3
edges will be red or blue. Assume w,,vy, and v, are red edge. Therefore, if
either v,v,,»v, or v,v, edges are red without loss of generality, we let vy, are red

then there will be a red triangle as shown in Figure 1.3.

Y|

4

Figure 1.3 Edge coloring v,v, with red.

But if none of them are red, there will be a blue triangle as shown in Figure 1.4.

Hence, six is the least number for this problem.

Y

Figure 1.4 Edges coloring v,v,, vw; and vy, with blue.

There will be more formation of a triangle with red or blue edges if more
vertices are added. This problem is the beginning of the study about definition and
properties of Ramsey numbers of complete graph (X,) and the development of



other forms of graph for example, cycles (C,), wheels (#,), and books (B,), as
well as increasing of two-relation to the muti-relation (two-color to muti-color).

The progress on evaluating the basic number themselves has been very
unsatisfactory for a long time. However, considerable progress has been made in this
area, mostly by using computer algorithms.

In 1991, J.A. Bondy and P. Erdés [3] proved that
R(C,,C,)22n-1 where # is odd.

In 2006, S. Yonggj, Y. Yuansheng, X. Feng, and L. Bingxi [16] proved that
R(C,)z22(k-1)(m—-1+2, where m, k=2 .

In 1975, L. W. Beneke and A.J. Schwenk [1] proved that
br,(C,) =5.

In 1991, G. Exoo [9] proved that
br,(C,) =11

In 2013, J. Dybizbanski, T. Dzido, and S. Radziszowski [7] proved that
B, ) S 198
26 < br(C,) < 28,

br(C)=k*+1, where k is a prime power.

In" 2002, V. Longani [12] studied the methods for finding sore bipartite
Ramsey numbers. He found that

br(Ky, K, )=2n-1 (n=123,..),
br(K 20Ky 5) =5,
Br{K, K, X=91

In 2013, R. Zhang, Y. Sun, and Y. Wu [17] proved that
m+n-1, ;m#n,
br(CM,C?_m) Z{

2m, ;m=n where mn>2.

In [8] T. Dzido, A. Nowik and P. Szuca showed that
R(C,,) =z (k—Dm
for all integer m>2 and an odd integer k>1.



This thesis is divided into four chapters. In the first chapter, we provide the
basic ideas of Ramsey number. The second chapter discusses graph theory and
Ramsey number. In the third chapter, we prove our results on the lower bounds of
multicolor bipartite Ramsey number for even cycles and lower bound of 3-color
bipartite Ramsey numbers br(C(,,CM,CMM) where m=4. The final chapter
summarizes the results on the lower bounds of multicolor bipartite Ramsey number

for even cycles and lower bound of B B )



Chapter 2
Preliminaries and Basic Concepts

The purpose of this chapter is to explain definitions of graph, preliminaries,
and Ramsey number that are used throughout this thesis. Definition in this chapter
we can learn more from [2], [4], [5], [9], [13], and [15].

2.1 Graph

Definition 2.1.1 A graph G is a finite nonempty set of objects called vertices
together with a (possibly empty) set of unordered pairs of distinct vertices of G
called edges. The vertex set of G is denoted by ¥(G), while the edge set is
denoted by E(G).

Definition 2.1.2 The edge e={u,v} is said to join the vertices u and v. If e={u,v}
is an edge of a graph G, then u and v are adjacent vertices, while u and e are
incident, as are v and e. Furthermore, if ¢, and e, are distinct edges of G incident
with a common vertex, then e, and e, are adjacent edges. It is convenient to

henceforth denoted an edge by uv or vu rather than by {u.v}.

€,

Figure 2.1 Graph G=V(G),E(D).

In Figure 2.1 v, adjacent w, but not adjacent to vy- vy and v, is incident to ¢ but

v, is not incident to e,.



Definition 2.1.3 The cardinality of the vertex set of a graph G(V,E) is called the
order of G and is commonly denoted by |V(G)| while the cardinality of its edge set
is the size of G and is often denoted by |E(G)| .

G

Figure 2.2 Graph G with [(G) =4 and |E(G)|=4.

Definition 2.1.4 Let v be a vertex of G. The degree of v is the number of edges
meeting at v, and is denoted by deg v. In Figure 2.6, degv, =2 and degv, =1.

Figure 2.3 Graph with deg v, =2 and deg el

Definition 2.1.5 A loop is an edge that joins a single endpoint to itself and a vertex
of degree 1 is an endpoint.

Definition 2.1.6 A multiple edges is a collection of two or more edges having
identical endpoint.



Definition 2.1.7 A simple graph is a graph having no loop and multiple edges.

Figure 2.4 A simple graph G and a non simple graph H .

From Figure 2.4, graph G is a simple graph because it hasn’t a loop and multiple
edges and graph A is not a simple graph because it has a loop and multiple edges.

Definition 2.1.8 Let G be a graph with vertex set V(G) and edge set E(G). A
subgraph of G is a graph all of whose vertices belong to ¥(G) and all of whose
edges belong to E(G).

For example, if G is the connected graph in Figure 2.4, where V(@)= {v;v,,vy,v,} and
E(G) = {el,ez,%,e4,es}.

Figure 2.5 Graph G with V(G):{vl,vz,v3,v4} and E(G)={q,ez,e3,e4,es}.



then the graphs H, and H, in Figure 2.6 are subgraphs of G :

Vi ¢} Y
®
D
v, v, v, v,
H} HZ

Figure 2.6 H, and H, are subgraphs of G in Figure 2.5 .

Note that a subgraph of G must actually be a graph, and G is regarded as a
subgraph of itself.

Definition 2.1.9 A walk in a graph G is an alternating sequence of vertices and
edges,

W= Vo€ V385 54,8,V

such that for j=1,...,n, the vertices v, and v, are the endpoints of the edge e;.

- In a simple graph, a walk may be represented simply by listing a sequence of

vertices: W =vy,,...,v,

n

such that for j=1,..,n, the vertices v, and v, are
adjacent.

- The initial vertex is v,

- The final vertex (or terminal vertex) is v, .

- An internal vertex is a vertex that is neither initial nor final.
Definition 2.1.10 The number of edges in a walk is called its length.

Definition 2.1.11 A walk is closed if the initial vertex is also the final vertex;
otherwise, it is open.

Definition 2.1.12 A trail in a graph is a walk such that no edge occurs more than

once.



Definition 2.1.13 A path in a graph is a trail such that no internal vertex is repeated.

1] v, v,
@

Yy V.
Figure 2.7 A graph used to explain walk, trail and path.
In the graph shown in Figure 2.7, VWV Vo, MV, Vi, VLY, V0, v, Tepresents a walk

that is not a trail, and VisWVa5 Ve, VoV, Vs Vs, Vs VoV V), 0,0, v, Fépresents a trail is not a

path.

Definition 2.1.14 A nontrivial closed trail of a graph G is referred to as a circuit of
G, and a circuit w,v,,...,v,,v; (#23) whose all vertices are distinct is called a cycle.

The cycle graph with # vertices is denoted LY ./

Cs

Figure 2.8 A cycle graph C,.
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Definition 2.1.15 A simple graph in which each pair of distinct vertices are adjacent
is a complete graph. We denote the complete graph on = vertices by X, .

Lo q/\

K K, K, K,

Figure 2.9 Complete graphs X, ,K, K,, and K.

Definition 2.1.16 The complement G of a graph G is that graph with vertex set
V(G) such that two vertices are adjacent in G if and only if these vertices are not

adjacent in G.
vy Vi Vs
Yy b Yy

G G

i

Figure 2.10 G is a complement graph of G.
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Definition 2.1.17 If the vertex set of a graph G can be split into two disjoint sets 4
and B so that each edge of G joins a vertex of 4 and a vertex of B,than G is a
bipartite graph.

Figure 2.11 A bipartite graph.

Definition 2.1.18 A complete bipartite graph is a bipartite graph in which each vertex
in 4 is joined to each vertex in B by just one edge. We denote the bipartite graph
with m vertices and » vertices by . A

Figure 2.12 Complete bipartite graphs K,, and K, ,.

Definition 2.1.19 An edge coloring of graph G is an assignment of color (which
are actually considers as elements of some set) to the edges of G one color to
each edge, so that adjacent edges are assigned different colors.

Definition 2.1.20 An edge coloring of G use & colors is called k -edge coloring.
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Definition 2.1.21 A graph G is k -edge-colorable if there exists an [ -edge coloring
of G for some I<k. The minimum k& for which a graph G is k-edge colorable
is its edge chromatic number or chromatic index and is denoted by x(G).

Example k edge coloring.

Figure 2.13 k -edge-colorings.

We usually display a k-edge coloring by writing the number L2,3,..,k next
to the appropriate edges. For example, Figure 2.13 (a), (b) and (c) above illustrate
a 4-edge coloring, 5-edge coloring, and 6-edge-coloring of a graph G with eight
edges; Figure 2.13 (d) is not a permissible coloring, since two of edges colored 2
meet at common vertex. It follows that y'(G)<4, since G has a d-edge coloring
[Figure 2.13 (a)]. On the other hand, #(G)> 4, since contains four edges meeting

at a common vertex (that is, a vertex of degree 4), which must be assigned
different colors. So x(G)=4.

Definition 2.1.22 A graph G is said to be factorable into the factors G.G,,...,G,
if these factors are pairwise edge-disjoint and ! E(G) =E(G). If G is factored

i=]

into G,G,....,G,, then we represent this by G=G, DG, @---@®G, which is called a

Jactorization of G .
®
@ ]

G G, G, G,

Figure 2.14 Factorization of G=G @G, &G,.



2.2 Ramsey numbers and bipartite Ramsey numbers.
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Notation For any graph G, and G, we letared G, (blue G,) be a subgraph G (G,)

which all of whose edges are colored red (blue).

Definition 2.2.1 For integers s and ¢, the classical Ramsey number R(s,t) is the

least positive integer » such that if the edges of the complete graph X, are

arbitrarily colored using the colors red and bule, then either a red K, or a blue K,

will be forced as a subgraph of X, .

Table 2.1 show nontrivial values and bounds for classical Ramsey numbers R(s,t)

[12].
R(s,t) A
3 4 5 5 7 8 9 10 11 12 13 14 15
20 a7 52 59 66 73
3 6 g 14 18 (23 | 28 36
52 50 59 68 77 87
36 | a9 | 58 7 92 9% 128 133 141 153
4 18 | 25
ar | &1 | sa 115 149 191 238 291 349 a7
a3 | s | a0 | 101 126 124 1 191 213 239 265
5
a | a7 | 103 | 218 316 402 633 a8 1138 1461 1878
102 ] 13| 132 169 179 253 263 37 d01
6 6911
165 | 298 | a9s 780 17 1804 2566 3703 5033
£ 205 | 217 241 289 405 a7 511
7
103
se0 | 1 1713 2826 4553 6950 10578 15263 22112
282 7 817 861
8
187
0 3583 6090 10630 16944 27485 41525 63609
565 551
9
6588 12677 22325 38832 60864
798 1265
10
23556 45881 81123

Table 2.1 Some exact values and bounds of Ramsey numbers R(s,t).

lower
exact value

upper
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Theorem 2.2.1 [4] (Ramsey Theorem) For every positive integers s and ¢ the
Ramsey number R(s,#) always exists; moreover,
S+t-2
R(s,0) < [ ) .
s—1
Example 2.2.1 Find R(3,4) by using Theorem 2.2.1, we have
3+4- 2]
3-1

=[5] R ST
2 (5-2)12!

Definition 2.2.2 For given graph G, and G,, Ramsey number R(G,,G,) is the least

R(3,4) < [

positive integer » such that when the edges of K, are colored arbitrarily red or

blue, there necessarily exists either a red G, orablue G, asa subgraph of K.
Example 2.2.2 [12] Let n be a positive integer.
R\ 826,
R(C,.C,)=6,
R(C;,C,)=2n-1 for n24,
R(C,,C,)=n+1 for n26,
R(C,,C,)=2n~1 for n=35,
R{ORTH=8/

Definition 2.2.3 For given graphs G,,G,,..,G,, k=2, the multicolor Ramsey number
R(G,,G,,...,G,) is the smallest integer » such that if we arbitrarily color the edges of
the complete graph of order » with kcolors, then it always contains a
monochromatic copy of G. colored with 7, for some 1<i<k. We dencte such a
number by R, (G) if G=G =G, =--=G,.
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The exact values and bounds for R, (C,) [12] as shown in Table 2.2.

m 3 q 5 6 7 8
k
3 17 1 17 12 25 16
51 33 18 49 20
4 18
62 158 20
162 27 65 97 28
5 26
307 29
538 32 129 193
6
1838 43

Upper
exact value
lower

Table 2.2 Exact values and bounds for R, (C,) for 3<k<6 and 3<m<8.

Next, we will describe the definitions of bipartite Ramsey number as follows:

Definition '2.2.4 For given bipartite graphs Ko

and KX, ,, the bipartite Ramsey

number br(s,t) is the least positive integer # such that if the edges of K, are

colored with two colors (red or blue), then there always exists either a red K, ora

blue X,,.

Some exact values and upper bound of bipartite Ramsey numbers as shown in Table

23,

Ks,s
br(s,t)
3 4 5 6
2 9 14 < 19 < 25
3 17 < 29 < 41 < 56
K

’ q < 48 =72 < 101

5 < 115 < 168

Table 2.3 Some exact values and upper bounds of bipartite Ramsey numbers.
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Theorem 2.2.2 [4] For every positive integers s and ¢ the bipartite Ramsey
number br(K

5,

<K, ,) exists; moreover,

+t
br(Ks,s,K,,)s[s J L,
! Y

For example,

242
br(K,,.K,,) < , |1
4 !
] . . U
2 212! 2

Definition 2.2.5 For given bipartite graphs G, and G,, the bipartite Ramsey number
br(G,G,) is the least positive integer n such that if the edges of K,, are colored

with two colors (red or blue), then there always exists either a red G, or a blue G,.

According to the definition of bipartite Ramsey number, V. Longani [18], has
found that

br(K K, )=2n~1 (n=123,..)
br(K,,.Kys)=5
br( K, 5. Ky 5 )=9.
L.W. Beineke and A.J. Schwenk [1] have also found that
br(K,».K, ) =5,
br(K,;,K,,)=17.

Theorem 2.2.3 [16], br(C,,C,, )2 m+2 for m=4,

Definition 2.2.6 The multicolor bipartite -Ramsey number br(G,,G,,...,G,) is the
smallest integer n such that any coloring of edges of K,, with & colors will result
in an isomorphic monochromatic copy of G, in the i color for some 1<i<k, where
G,,G,,...,G, are bipartite graphs. We will denote br(Kp,p,Kq,q) by br(p,q)and
br(G,,G,,...,G;) where G=G =G, =---=G, by br,(G).
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Some exact values and of multicolor bipartite Ramsey numbers are as
following:

G. Exoo [8] proved that
br,(C,)=11.

J. Dybizbanski, T. Dzido, and S. Radziszowski [6] proved that
br,(C,) =19,
26 < br,(C,) <28,

br,(C,)=k*+1, where k is a prime power.

Next chapter, we will show that lower bounds of multicolor bipartite Ramsey
number for even cycle and lower bounds of 3-color Ramsey number for even cycle.

071122



Chapter 3
Main Results

In this chapter, we will find lower bounds of multicolor bipartite Ramsey
number for even cycles with the algorithm to construct the graph without even
cycles. Moreover, we will show lower bounds of 3-color bipartite Rarmnsey number
br(Cy,Cys Crpay) Where m24,

3.1 LOWER BOUND OF 57, (C,, )

According to the work of T. Dzido, A. Nowik and P. Szuca [7], they have shown
the algorithm to find lower bounds of multicolor Ramsey number for even cycles,
that is R (C,,) = (k=1m for all integer m>2 and an odd integer k>1. We modify
the algorithm to find lower bound of multicolor bipartite Ramsey number for even
cycles.

Theorem 3.1.1 For all integers m, k=2 ,
br (C,,) = k(m—1) + {%J +1.
Proof Let K, , be a complete bipartite graph with n=k(m—-1)+L§J, where K, , are
separated into subgraphs G and S, thatis K, ,=G®S where G=G(¥(G).7,(6))
and §=5(V(G).%,(G)) are complete bipartite graphs with |G|=2k(m—1) and
|S|=2EJ , respectively.
Partition each partition set of G(¥(G),¥,(G))and §(¥(G).V,(G)) into k set.

That is, V(G®)=FVUFU---UF, where |F| =m-1.and ¥(G)=H, UH, U---UH,

where |H | =m-1.
Let E, (F‘.Hj.) be an edge set of an edge coloring between F, and H, with

color  as condition:

E(FH)={f,h, |i-1=@+r-2)modk} ,vf, <F,, Vh, <H,,
p.ge {l,2,...,m—1} ,and #=1,2,....k.

For example the partition when k=4 and m=4 as shown in Figure 3.1.
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Figure 3.2 Edges coloring between F, and H ; with 4 colors.

It is easy to see that, G(¥,,¥,) does not contain any monochromatic cycle of
length more than 2m-2 vertices.

ionan Tt watenaiisnsdediorsicatideasteent woldtuyesl fitdiimishidansd
linnsdlln oFuda dinvisombhirikdactimentyandatéa the ddouswonaahenasdiiinsu U1y
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Next, let §(¥;,%;) be a complete bipartite graph with NS ={v,vs...v,,,} and
Vo (8)={vy, V5.5, } . Where s=1,2,...,EJ. We color all edge in §(¥,,%,) with an edge

coloring ¢, where ¢(v,v,) is an edge coloring of vy, defined as follows:

a if a<b
k=1, if a>b

Thus, there are no monochromatic cycles in a subgraph induced byS.

% |
T
| \ ; ;l

Figure 3.3 Edge coloring in S(V,,1,).

v, €V(S), v, eV, (S).

Next, we extend a graph G by combining a graph G with a graph §. We
color all edges between G(#,%;) and S(V,,%,) with color i, where i is a color of
edges that incident to v, ‘and all vertices in ¥, (G) (¥, (G)) if v, e¥(S) (v, eV, (S)).

1(S)

s

Figure 3.4 An illustration of an edge coloring in the proof of Theorem 3.1.1
for k=4 and m=4.
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Finally, we will show that in K, ,=G@®S there are no monochromatic cycle
with length at least 2m. By using contradiction, suppose to the contrary that a
graph G® S contains a cycle C of color d of length more than 2m—1. Since G
has no monochromatic cycle of length more than 2m—2, we have ¥(C) N V(S)=@.

That is, there existsv, eV (S), de{l,z,...,zgﬂ, which is adjacent by an edge of

color d with G. Assume that every v,eV(S) and v,adjacent to v,. If d<t, then
c(v,v,) =d . However, all edges which join v, with G are colored with color ¢. This
implies that there is no monochromatic path of length more than 2m—1. If d>¢,
then c(v,v,) =t. It is easily to see that there is no monochromatic path of length
more than 2m—2. Therefore, the length of Cis less than 2m, we get a contradiction.

O

Consider k=2, we have br(C,,,C,,)=2m. This lower bound is the same

result as in [18]. The following corollary is trivial from Theorem 3.1.1 when k=3 .

Corollary 3.1.2. For all integer m>2,

br,(C,, )2 3m—1.
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3.2 LOWER BOUND OF br(C,C,,,,C,,..4)

R. Zhang, Y. Sun, and Y. Wu [8], showed br(C,,C,,, ) =m+2. We modify
such an algorithm to find a lower bound of 3-color bipartite Ramsey numbers for
br(CS,C sz-m)-

2Zm>
Theorem 3.2.1 For all integer m>4,

br(Cy, G,y Copig ) 22m+3.

Proof Let K,, be a complete bipartite graph with n=2m+2. Partition K,, be
factor into subgraphs G and 8, that is, K,,=G®S. This implies that,
G(¥,(G).%,(G)) is a complete bipartite graph with |G|=2(m+1) and 5(%.(G).%,(G))

is a complete bipartite graph with |S|=2(m+1), respectively (see Figure 3.5).

G(Vly) S(v,.7,)

Figure 3.5 Partition of the vertex set of G(¥,%;) and S(¥,V;).

By using Theorem 2.2.3, we color all edges of G(1,,%;) and S(W;,¥,)with 2
colors. Then G(¥,,V,) does not contain subgraphs C,, C,, and neither does
A

Next, we color the edges between G(#;,%,) and S(¥;,%,) with color 3 as
shown in Figure 3.6.
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UAA S(v.r,)

Figure 3.6 The edges coloring between G(V,,1,) and S(V,.7;)

We obtain that the maximum length of cycle is 2m+2.
Therefore, br(Cy;C,,,,Capiy)22m +3.

m+4



Chapter 4
Conclusions

From our study in Chapter 3, we obtained lower bound of multicolor bipartite Ramsey

number for even cycle and lower bound of 3-color bipartite Ramsey numbers. We conclude

the following results.

4.1. For all integers m, k=2,

br,(C,, )=z k(m—1) + {%J +1.

4.2. For all integer m=>2,

br(Cs) 23m1a

4.3. For all integer m=>24,

br(Cs:Copps Coprs) 22m+3 .
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Abstract. The multicolor bipartite Ramsey number br(Gy,G,,...,G,) is the smallest positive 1 such that any coloring of
edges of K, with k colors will result in an isomorphic monochromatic copy of G, in the " color for some i, where

G,,G,,...,G, are bipartite graphs. In this paper, we show that lower bound for k —color, br(C,,.C C,,.) where

Imyeres

m22, and C,, isthecyele on 2m vertices.

Keywords: Multicolor bipartite Ramsey number, Ramsey number, Graph

INTRODUCTION

All graphs will as usual be undirected, finite, and have no loops or multiple edges. K, will denote the
complete graph on »n vertices and K, | the complete bipartite graph with paris confaining m and »n vertices,
respectively. If G is a graph, V(G) will denote its vertex sct and £(G) its edge set. If G is factored into
G,,G,,-.., Gy, than we represent this by G=G, ®G, ®...® G, . Let £ (VF,) be a set of coloring all edges between
¥, and ¥, by color r. And let ¢(1v) be a color of edge {uv}.

For given graphs G,,G;,..G, k > 2, the multicolor Ramsey number R(G,,G,,....G,) is the smallest
integer a such that if we arbitrarily color the edges of the complete graph of order # with & colar, then it always
contains a monochromatic copy of G, colored with #, for some 1 <7<k . We denote such a number by R.(G) if
G=G, =G, =+ =G, . In the case of 2 colors (k = 2) we deal with classical Ramsey numbers, which have been
studied extensively for 50 years.

More generally, the multicolor bipartite Ramsey number 5(G,,G,,...,G,) is the smallest integer n such
that any coloring of edges of K, , with & color will result in an isomorphic monochromatic copy of G, in the i

color for some i, where G,G,,...,G, are bipartite graphs. We will denote br(Kﬂ_"Kq_q) by br(p,q) and
(G, G,,...,G,) where G=G, =G, =---=G, by b,(G).

In 1991, J.A. Bondy and P. Erdos [3] proved that

R(C,.C,) =2n-1 if n is odd.

212
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In 2006, S. Yonggi, Y. Yuansheng, X. Feng, and L. Bingxi [8] proved that
R(C,,)=2(k=D)(m-D+2.
In 1975, L. W.Bencke and A .J. Schwenk [5] proved that

br,(C,)=5.
In 1991, G.Exoo [2] proved that

br(C,) =1L
In 2013, I. Dybizbanski,T. Dzido, and S. Radziszowski [4] proved that

bry(C,) =19,
26 < br,(C,) < 28,
br,(C,)= k* +1, k is prime power.

In 2013, R. Zhang, Y. Sun, and Y. Wu [6] proved that

BHCC )>{m+n—l, m#n,
MCamabon) 2

2m, m=n.
In [7], D. Samana and V. Longani proved that
b (C,, Y= k(m—1)+2.

In [9], They have shown R.(C,,) = (k=1)m for all integer m=2and an odd integer k2=1.We use a slight
modification of a similar construetion for lower bound of multicolor bipartite Ramsey number for even cycles.

LOWER BOUND OF br, (C,,.)
Theorem 1. For all integer m > 2 and integer k2> 2,
b1 (Cy,) = k(m=1) + EJ +I.

Proof Let K, = beacomplete bipartite graph with n=k(m —l)+l§J ,and its factor into G and S, K, ,=G&S,

G=(V.V,) and §=(V,V,) are bipartitc complete graphs of order 2/k(m—1) and k-1, respectively. Partition the
vertices of ¥, (G) and V,(G) into k sets, thatis, V(G)=FUF,u--UF, and V,(G)=H wH,u--UH,
where |F| = |H}| = m—1.We will give a k - coloring ofall edges of G=(V,,V,) as follows:

E(FH)={fh, |i-1= @+ r=Dmodk} V[, eF, Vh,cH, and pge{l,2,..,m—1}.

Obviously, such a graph G=(V,,V,) contains no monochromatic cycle of more than 2m—2 vertices.
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Next, let §=(,F;) be a complete bipartite graph with VS ={v,v,..vp,,}  and

Vo(8)={v,.vy,00, v, | Where s=1, z,ng . The edges in §=(¥,,¥,) are colored as follows:

a ifa<b

5 ifa>b’v"EP:(S)’v”EV2(S)'

C(quﬂ:{

Thus, there are no monochromatic cycle in the subgraph induced by S .

More formally, extend graph G to graph § by adding ZL%J new vertices § ={v, oty } Now, color all

"1

edges between v, and G with the color 7.

Vo(GH fe _serTin. [T 177N bfcmp e . . Va(S)
HJ. Hz_ H3 i
GV, 1) SV, V2)

FIGURE I. An illustration of coloring from the praof Theorem] for the case k=3 and m=4.

Finally, we will show that in K, =G@®JS§ there arc no monochromatic cycle of length at least 2m.In

contrary to our claim, suppose that graph G ® S contains a cycle C of color d longer than 2m—1. Since in G there
is no monochromatic cycle of length greater than 2m—2, we have V(C) ¥(S) = @.That is, there exists

v,eV(5),de {i,Z,...,Z[;J}which is adjacent by an edge of color d with G . Assume that any v, eV(S) and v,

adjacent to v, . If d <, then ¢(v,v,) = d . But all edges which join v, with G are colored with color ¢, this implies
that there is no monochromatic path of length more than  2m—1.1f d > ¢, then e(v,v,)=¢. It is easily seen that
there is no monochromatic path length more than 2m—2. Therefore, the length of € is less than 2m, We geta
contradiction. 8

Corollary 1. For all integer m>2,

br(C,,) 2 3m—1.
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Consider k=2, we have br(C,,,,Cs,, ) = 2m which lower bound is the same result as [4]. This is trivial
form Theorem | when we consider in the case of k=3 .
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