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NN d4 ianuumidelaguesniu Feegnennunuasiiuremiindawiniu y f
U7 2.10

wSlULUIMAUUY d4 Fie dF = o dA = ¢ ydA
e,

WesnausunsanaIu liliussnguennsEinauLLILY
FHTUNAYINTBILTINTETUANLLUALYLUTIARLAIINAT O

azlal F=£IydA=0
o

I E 1 -dl ' 1 L2
W38 — L“ﬁummmlummu 0
P

azle j ydA=0

A

W59 dF UUAUT d4 Nalvdaliluivadusisaulnuasinu
azla dM = ydF = yo dA

g
s

NAUINVB LI URA TRLAUUMTNARG 2 WA UA TLILUARA M UunTNdaiy

o
.

WIzazly M=Iy0j\_dA=£J‘y2dA
7 P
WNUAT /= J yidA
A

Toed I Wuluwuduasanuidesseutnuasifivvesitian azle
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=L
e,
138 i M (2.1)
p  EI

2.2.2 A1A21ulAs (Curvature)

EVE v v v £ 1 £
Tdunsunusng y = f(z)uaaaaulas (Curvature) — vasdunsmuilalee (Gere:

1991)

(%]

&
MU

Vo dy =" o = =l [ 1 = F2 1
uAllesa1n & detdesinamszunaniudnisingtesnin 1 ann f\]\‘ﬂ.ﬂﬂ"l —
o,

2
Jel (2.2)
£ dx

2.2.3 dun1siuIuaan

s

NAUNISNITeA (2.1) wageaulee (2.2) lileaunisiuwunansa

4y M)
dx® . EI(x)

3D El (x)y"(x) = M(x)

2.2.4 gun1THIIRaY

w

diemusuihwinussynlukuirasesliaunisveusadoudsdl

M) _ 2 By )=V ()

dx

s dME) _dV(x) _d EIEYED) o (2.3
i dx dx”
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PnEUNS (2.3) ke

v M Gl o
. aix) e axZ(X) = [El(x)gf} (2.9)

TuragNaudgudassuuulidmuig dntdnsenmitoanueuua ulsEnauaiewsaLiladann
UvinAgusnLasisalasanimnmely iesainnisilasudiwnisagieraiiawasniuy

Uuies auyinisiisvesamAuagiuig ¢ wWudeatudumds x wavesdiutoss Am o9
1w ¥ 82
AVINETIVBINTU Ax WA cd(x)Ax Uazmusado =2

o
AMVUA & AB AUVUILULUYDIUNE
fatiy wsailaaanniiminanglusavulisainueiie
62
KA(x)Axa—f &y
=K A(x) =
Ax ot~

WSINIEUBNAB f(x)
WNS1ZREUY LS 9N UInitnINAeviuIgANLa 1A

w(x)= KA(x)%;Ty - f(x) (2.5)

2.2.5 gun1saruvitaaulswasy

2

a1 (2.4) waz (2.5) Mbldaunmsaunindauusiuasunad

2 2
KA(x)a—y 2

+ &y
ot ox’

a?

[Ef(x) } = f(x)

(2.6)

dlo  E AolugdarNEavEy (N /m*)
x ABAUULLULYBIIE (kg /m’)
I(x) felumudninuidessauuny x (kg /m?)
Ax) Aofiufinthiavosanu (m?)

=

2.2.6 fuN1T00IARS-WUSYAE

s

Tunsaifiusansgyhannaeuenuazlizuiunaisliaunsossiass-uusyadaail
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2 2
= [Ef(x) 3.
&:_

o

}f(X)

=

ﬂ’J']iJEJ'!’D‘UENﬂ’]ULﬂu L namuldvuunuy x9 x=01ay x =L Auanuduveslaigvisadu

U

aud aglaoulunuioulvreuunvasaruiuudauiy (CY.Wang:2014) fail

1(0)=0, »O _,

ox
ay(L)
y(L)=0, i
wazaglddapmevaudsil
o’y o 'y ot
KA(x)—§T+gx3[E](x)5x7:| =f(xy < 1o 0<x=L

=1 dll = 1 ar l;’
wazilulupmutauloreulunue Imuuud AU uASTl

3

3(0,¢) =0, »0 _,
o

HLH _,

»(L,t)=0, o

2

2.3 52 08UASHAaANa10a (finite difference method)

1 o s s ﬂ§
23,1 m‘sﬂ‘sxmmmaqwuéauﬂuwm

s

M990 pyYNUSTusuNiavesfantuvesdllInIn » Weudumwlsdase x %

) d ' d 2 a a i
\Weuunusg d—” ausaUssnualnenIwes d—” 17335 Tngfiansanaingud 2.11
X X

aluil
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sU# 2.11 nsuszanamlagldseideuisidesies

du

o YY) '3 o d 27 =
Mmuueddnual u(x,) wnuele u,  uay d—u(x,.) LNUAIE (&;J Tumasanading,
x i

: du o Y . w s o .
N3IUN (d_ ml’laﬁammmumauﬁuﬁuNﬂLauIm u(x) 'V]’i]‘ﬂ X; AYUULIIAIUNTD
X i

UszunpuAvasnnuturasdududadananila 3 F5laensasail

1. wWas19919ut1 ( Forward difference) Wun1suszanuAIaInAMNTuTea
WuASITIURR X, Uay X, WuAe

i+]

[@] = Y T e h=Ax
%),

2. uaf19919mae ( Backward difference) tunsuszanaaiainanuduvaadunsy

e x, Uar x,_, Uufe

[@) L@ RN g TR
dx ). h

3. wWar1nans ( Central difference) 1Jun15Uszu1lAN99N AT UYB LS URTITIHNY

W X, WAL X, UUAD

i+l

[@J WA~ 2.7

2.3.2  MIUsTUADYNUSIUAUEHDY

] a 1 dzu ! ! ad o dg/
A3 UN1TUITUNUANUD 7 L‘iﬂﬂ’liﬂ‘iﬂﬂ'ﬁb‘lﬂfﬂﬂﬂﬁﬁﬂ&]ﬂ'ﬁﬂ‘i%&iﬂﬁﬂuu@ﬂ%'ﬁﬁﬂﬂu
X

1. sadedrend annsadssgndmayiusduduasslasall

dzu_d(du)m_l_(&] _[iﬁﬂj
dx? dxdx~Avaxi+] Ax ),

24

= 3|~
=
=
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i+ +u!

~
~

Uiro —2u
hZ
2. wadedimis awnsaUszendmeyiussusuaaslassil

~ Tlu—u, u,—u,
h h h

I L
h h
Ur=20 s

l

h2

9

3. Wad1enane aunsalssgndmayiusiuiuaesldnad

d_zz_i(d_u)NL[%J _(%) ]
@y AL MBS |\ \ o et NAE L

e IR

- l U U, 7, Fu,
® h

o B —2u; +u (2.8)
h* -

24 a‘téﬂis.lm&fl,aa‘% (Taylor series)

ngufiun i £ (x) Wuildiduifieynsumdsseuin ¢ namde iidwiuaiuan R vili
f(x) =2 a,(x~a)
n=0

@A =

dwiunng x 9 [x—a/<R ui 2ldd a, = Wl f"(a) Aeaywussudui » 7

S (a)
!

= 1 ¢ s =
a 380 f(x) 1 suUNIUWELARS YA a
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2.4.1 HARNNNANNABAMUARIALAGDU O(h*)

_ —S(x+2R)+16/ (x+h) =30/ (x) +16f(x —h) - f(x = 2h)
12K

f'(x)

NNNINTELaYNIUVdaaiaslé

fu+h) = f)+ £+ "(;)hz i m(;)hz gl (4)5")”4 o (S)S‘)hs +O(K°) (2.9)

WA A €Y AN Al €5 L

fx=h)= f(x)=fF(x)h+ Y 30 41 5!

+0(h°) (2.10)

PRI ARTAC): AN €01 A €5 7) 3

Sx+20) = fE)+ @ 3! 41 5!

+0(h®)(2.11)

fx=2h)= f(x)- f(x)2h+

f"(:;)’4h2 FEOR PSR FGBIEN, 461 (2.12)

3! 4! 5!

1aung (2.8)+(2.9) uas (2.10)+(2.11) agla
(4) 4
Fler ) (x=h)=21F(x)+ f"()h? + L-l(;ﬂ- +O(h%) (2.13)

16/ (x)h*
12

FOe+2h)+ fx—20)= 2.1 (x) + 4 f1(x)H>+ +0(h°) (2.14)

11 16x(2.12) — (2.13) 3zlg
—f(x=2h)+16 f(x+ ) +16f (x—B) = F(x—2h) =30 £ (x) +12F"(x)h* + O(h®)
LWTISQ%‘SU

127 (x) =—f(x—2h)+ 16 £ (x + h) =30 £ (x) +16 £ (x — ) — [ (x — 2h)+ O(h®)

_—f(x=2h)+16/(x +h) =307 (x) +16f (x — h) — f (x = 2h) + O(h")

S(x) 1212
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wla
3_1; _ Tt +16u,,, —3012:f +16u, , —u, , +O(RY) (2.15)
ox 12k

I}

() = —f(x+3h)+12f(x+2h) -39 f(x+ h)+56 f(x) -39 f(x—h)+12 f(x —2h) - f(x—3h)

6k

s

nszangeynsuwdiaaifuansnounihilaslasuleuitdmivaunmadeeuiussuduanil

o'u Ve % 1204; 5 =394, + 56, — 3%, , +12u, ., —u; +O(h")

o 6h' (2.16)

s

2.5 MUY

mﬂm'ﬁﬁﬂmwuiﬂﬁﬁﬁﬁﬁaﬁﬂmLﬁ'mﬁ’umuwﬁﬂﬁﬂlﬂLLUiLﬂﬁauIma (K.S.
Thankane:2009) Mssidauisnan 1w iialnelduannarsdsanuaainedow o¢?) iew
HalRayUeaNn1IAUL UL RIS Aldu AU Tas Aas S B uL T s uiunatnasdesn
wuiiduraldaanlusunss Mathematica

(S Rao. Gunnakala:2012) laa1afed7ae1437n (K.S. Thankane:2009) wazld Galerkin
Finite Element Method tumswnatmasaesaunisatuningslduusdsulasldlusunsy
d15a3U MATLAB Tunasduaal

Felurnddediifeldaulafnuaunisauntidaud nudou 39lfnwaunisay
wihdaliwUsiuasunasthssdeudinasesinlngldnasinaiedaennuaainadeu o)
LﬁammmaaauazﬂwaLaaaﬁlﬁlﬂm%mﬁauﬁuwmaaaL‘?iﬁl,ﬂ'iwﬁl,ﬁaéuﬁummgﬂﬁadLLa:
tssbuuismnanluldlunmuamagasanmsmuntidanUsidou ael luunsdeluay

wanug ged wazaunsnlianunilluldludiuvssnuidemelilanuidenivssansam
maly




dilnnedyanan NIzaaMINMMANTEN
unil 3
Jan1Taniuauiae

Tuunilezndnidumsfildlunmiddouazszdeuidanemihuldlunsmeauns
auvithdalduusivBeuuazaunsaunihdaulsuiey wasezuansismnanasidoiingme
uaznaRAgdlavvesanmsmuntidaliwsasuiethludssgndldfuaunisaumd
Fanusiasunaraunisaumiidaliulsuasutuiunatluundely

3.1 528U THAA19INAGINSUIUIY
3.1.1 sulauitnaf1ednavesdunisauntnaanUsilaguwuulan ldauduan

NA130UAUNT1IAI (K.S. Thankane:2009)

g 1) 5 [T FO0) (3:0)
dx

o

< al = ' é‘t’
waziluly WWNN’QUI‘U‘UBUL?W]’UBQFHULLU‘UEJ@LL‘L!‘U JU

y0)=0 Y(0)=0
LAY (32)

y1)=0 y=0

Falurwideilagldnananarsnlgndaainiaasi OG") naunis (2.15) @ wsuaunis

d4y
dx4
Tagla
X =ixh, h:—L—
n+1
wazl
'y
4
o =Ay, +O(h")

143984
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A5 Ay, 9 i=1,2,..., N 5ezgldaumsnanianaismenuraiaaioy o) an

(2.16)

T Mt 12Yi+2 _39yi+1 o 56yi _39y!—l + 12}’5—2 =i

A
Vi 6h'

o) ¥, = y(iax)

Praunis (3.3) wnulu 3.1) azla

6h'*
Lﬁ@ r(x,)=r(iax) War f(x)=f(>ax)

e i=1 awld

r(xl)[—n +12y5 -39y, +563 =399, + 12y =y,

6h’

(3.3)

:|:f(xi)

}: F0x) (3.4)

970 (3.2) NI Fictitious point M ¥, 7, INNAANAINAIAIIUATIALAFDY

o(k*)37n (2.7)

_dy_i - Yian =YV
dx 2h
NN (3.2) y, =0 Fafudt -y, =0 zy‘—;hy—‘

e Ya=MW

Yo =V
2h

o
Was¥ y =y =

Flatiu Y., =—2hy,

1 e

iy .y, Wundluaunis (3.9) avlaaunisiviasi
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-y, +12y, =39y, +(68+2h)y, ‘

r(x)| — : . ( 1 =f(x)
6h

dlo i=23sld

—Ys +¥, =39y, +56y, -39y, +12y, -y,
r(xZ) 6h4

}: f(x,) (3.5)

0y, =y, Wildunuluaunis (3.5) azla

r(xg){—ys+12y4—32;:i+56y2—40y1:|:f(x2)

o i=N-13ela

7 + 125y 3 R0 Yy = X0 e 2T s — M
r(xzv-x)|: 1425} Y+ Y 6);; 1 Yo Yn-3 ~ V. 4:‘=f(va—1) (3.6)

271 (3.2) 98915 Fictitious point M1y, TINHAANIANAILAUARIALARDY O(h?)
10 (2.7)

@ ~ Y~ Vi
dx 2h
o N NN Y Vala
Uazan (3.2) pyy, =0 AUUN p,  =0= g 1)

R y,., =yy Wllunuluauns (3.6) agleaunislmissi

—40yy +56yy, =39y, +12yy s w4
6h*

r(xN—l)|: } =7 (xy.)

o i=N 9l
r(xN)|:_yN+3 +12y5,5 =39Yn +56yy =39y +12y5 5 —Vuos :| = f(xy) (3.7)

6h*
a
WasN py,, =Yy

~ Ynes — Vi

BEAZN Vy,o =Vy o

fadU y,., =2hy,
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s

W Y Vwes Wunulugunis (3.7) azlaaunsinassil

68+2h)y, =39y, , +12y, ., — ¥\
r(xN)|i( ) N N-1 N-2 ~ VN3

o }f(xw)

s

Aatiuaglaguuuuvesaun1sasil

-y, +12y, =39y, +(68+2h)y
r(x])[ 4 3 2 ( ) 1

6h4 j|=f(xl) ‘T‘zl

=2y, — 39y, 156y, —40y,
6h'

r(x2)|: i|=f(x2) i=2

-y +12y. =39y, +56y. -39y, +12
-”'(xg,){ Ve Vs T V3 %) M1

o }:f(xs) i=3

Vg 2,5 =39 36y, =39y,5 +12y, 5 = Vs
6h*

r(x,-)[ }zf(xf) i=4,.,N-3

132 SOUE 3 F00 0 =98 AR ST 2
r(foz) 6h4 e

=40y, +56y, =39y, +12y. . —y,._ .
r(x,\f_])|: N N-1 6h4N 2 n=3 ZVN-a :f(fo]) l:N“l

68+2h -39 12 —
r(xN)|:( )y:v Yo ey o = Vuos

7T }=f(xN) i=N

& s

Walidhesenisiwannamsadaguauns y Wieglugdwvindaad

M(Y)=F(Y)

(68+2n) -39 12 -1 0 0 0
-40 56 -39 12 -1 0
1 12 -39 56 -39 12 -1
-1 12 -39 56  -40
0 -1 12 -39 (68+2h)
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wazlawnsing FN 1A Y =y, ¥y, Vsens

[ () ]
f(xz)
F(Y) =4 f(f%)
f(qu)
LS (xy) )

= ao ) o ot s 1 4:‘ 3 s
3.1.2 szilsudtuan1sdninvesdaunIsaIuvtnaa Ll wUsagugunuLIan

AVUA AUV UILULYESIaYRAY . « BANAsIkas Uit dnuesn Iy () @ilaus

Imawimaammawau E uaslunnnnuies 1(x) Saneh

5;’ ] { Tl } £) (3.9)

3INAUNTT (2.6) azla N

Y(x,0) PDIZULNIINILINVBAIUAUAULIA

62y EI &'y
A(x) inaan — = 3.1
K A(x) T g(x) (3.10)
Lﬁa g(x):@
KA

Tnefuaneaunsaassuidunuudaudiuasdnsininuasullasuesizuznszinvasaiuil

Uanevisaenugud fufueulzveuiwniivuslae

y(0,6)=0 Y'(0,£)=0
ag
y(L,5)=0 Y'(L,5)=0

(3.11)

Falurwideilazldnanrnarsmieainuraiamasy og*) annaunis (2.16)  dmsuaunis

4 azy

a | o a o o
J LATHARNAANAIYAINUAGIALATDY O(hz)mnaum'i (2.8) @suduNg %
t

ax*

Tagled

X =ixh, h=—— uay k=i-
n+l1 m+1
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wayla

o o’y
—— =~ Ay, +O(h") Way —= = Ay, +O(H’
P (n") A (h°)

Wgan Ay, 1 i=1,2,.,N wazldauminadunanmeanuaaiaafeu o) uag
O(*)An (2.16) wag (2.8)

64_y ~ —¥s 12y, =39y, + 5637 -39y +12y7, -], (3.12)

o’ 6h* )
[{R3 1+

Oy ¥ -2y +y (3.13)

ot K
W8 v =y(iax,nat)

1 (3.12) waz (3.13) unuluaunis (3.10) azla

Sl gt Sty 19.,0@ 89 I 568 R to12y =)
Ji Vi ﬂ Vigs Viia 9y1+1 6-1): 39_]’,,1 Vit )it = g(xf) (3 1 4)
k KA 6h

e g(x) = g(iax)

Inguaunisin
n+l 2 E[ kz n n n n " n n n n—1
yi =kg(x PP 6h4( Vivs 12005 =39y, +356y —39y7, +12y7, _yi—3)+2yf —JYi
(3.15)
v J:E—k% et
kA 6h

v =g () = A=y +12y7, =393+ 567 =39y, +12y;, — 1 )+ 2y =y (3.16)
dlo n=oway i=1
¥ =kg(x) - A(-y] +12)8 - 3935 + 563 —39y; +125% — 3%, )+ 250 - 7" (3.17)

310 (3.11) #9190 Fictitious point 7 y_,.y, VNHAANNANAILAIILABIAATY
O(h*)3n (2.7)
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a.y yH-l y:
ox 2k

210 (3.11) y, =0 AIUUAN y0=0zy';—hy-‘

‘{IB‘LG’T Y. =N
Yo=YV

WaEn y =3 = )

ATl Y, =—2hy,

y -y
ot 2k

LLaE

2/ ' 1 .-
9N (3.11) 3, =0 AUA y, =0~ 2ky

azla y'=y

Wy oy, wag y Wandluaunis (3.17) alfaunislmised

¥ —%[kzg(x])+iyf —12435 +3924y5 ~ (684+24h—2)y] |

ij@ n=00ag-i=2

¥y =k g(x,) = A ()% +12)5=39)0+56y5 —39)0 #1235 — y%,) + 25 — 3, (3.18)

0y, -y, Wllunudluannis (3.18) azla

Vs =%[k2g(x2)+}ty2 —124y7 +394)) — (561 -2)y} +40&yf]

dlo n=ouaz i=N-1

vt =R gy ) = A(=Yiog #1235 =397 5 + 5635, =398 +1205, — ¥ )+ 200 — L
(3.19)

211 (3.11) 93WA158U9 Fictitious point 71 y,,, NHAFNNENAIIATIUABIALATDU
o(h*)yan (2.7)

ay yHl 1
o 2h
. _ v & & _ NyN+2_yN
wazan (3.11) yy, =0 AIUUN y,, =0~ 2N

2h
&l Vs =Yy
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a}) n+l _yrt—l
Ayt B i

e —
ot 2k

o 1_ -1
90 (3.11) y, =0 Fatud yo:oz%

1

azld ¥ =y

s

i luunuluaunis (3.19) aglaaunisivaisad
1
Vi =5 £ 800w ) + AV — 12455 5 +39A3) , —(564=2)p4, +404, |

o n=0uag i=N

Yy =k'g(xy) ﬁ/l(_ygra ey &34+ 36y =B90R, +12 Jier *ygra)'}' ZyR, ~ 337
(3.20)
WasaIn py., -y

:n.z‘:=7 y + _y -
AN Yy, =y zJ—E:Zh—NI
AU Yy, =20y,

n+l n-1
waz 7, N =
ot 2k
v O oA I—yil

91N (3.10) p, =0 QUUN 3, =0~ N

agldl y7 oy Uy, v way oy lumiluaunng (3.20) agldaunnslvaifad

y;vzl K g(xy)+Ayy_s —124y5_, +39Ay5_, — (684 +21h—2)y;
2 N N-3 N-2 N-1 N

(1

AatiuarlagUuuuresaunsi n=0uay i=1,2,..,N fail

B = %I:kzg(xI)+ Ayy —122y) +392y) — (684 +21h —2)y{’]

v :%[kzg(x2)+ﬂyg — 122y} +394)% — (564 —2);5 +404y; |
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Y= %[kzg(xS) +Ayg —122y3 +392y —(562—2)3% +394)) ~122{ |

y= %[kzg(x,-) + A¥ps 12470, +39455, — (562 -2)y; +392y), —122y0, + Ay}, |
Vo = %[H 8(y_) + A5 — 12434 4 +39415 5 — (564 - 2)yh_, +394y5, — 124y} |
Vi =;[k2 8(Xy) + Ay —124¥5 5 +394% , — (56— 2)yh, +404y; |

1
Yy = 5[ K28y + Ay s 122045 + 39404, ~ (682 +20h-2))4 ]

(3.21)
o n=1,23,,M uaz i=1
NENNIT (3.16)
w =k2g(X.)—/1(—yff +12y5 =395 + 56y =39y, +12)] —yf2)+2y1" €5 (3.22)

210 (3.11) RATUWN Fictitious point 1y .y, IINKARWNANAILAIILAAIALATD
O(h*)an (2.7)

KBSV
ox 2h

N (3.11) ¥, =0 ﬁ\‘]ﬂ’uﬁ Vo =0= i =

2h
'i]thLﬂ y—l :y]
xd Y™ V)
INSEATl gy W e
Yoy = 2

oty y , =—2hy,

v oas

iy v, Weniluauns (3.22) agldaunslwineil
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W =K g(x)+ Ay, —122y; +39Ay; — (684 +24h~2)y; -y
e i=2
=k g(x%,) - A~y +12y5 —39y; +56y5 —39y; +12y5 - 3 )+ 2y; — yy (3.23)

0y, =y, hllunuluaunis (3.23) agle
Y =k2g(x,) + AY! — 12497 + 39437 — (56— 2) + 404" — !

W =k2g(xN_1)—‘2,(ﬁy;_4 +12yy5 =39 5, +56 5= 3% +12yy —J’;+2)+2y;—1 ~ Vi
(3.24)

970 (3.11) 9R5UMN Fictitious point 91 y,,, NHARNABNAIZAIILAGINLATOY
o) n (2.7)

% o, 2l T Vil
ax 2h
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s
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ijE] i=N
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Vi = g(x) + Ay 12450, 3940, — (564 —2)y! +39Ay, 124y, + Ay, — ¥

Vit =gy ) Wy ~12430 +3AY0, LUS6A=2)yfy r+30A) 0 =120y,
Yia =k g(yl) + Ayn_y 122355 4394555 — (564 =2)yy - +40Ayy — yuss
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=K g0+ Ay, — 122y 5 +39 Ay —(68A+22h~2)Y — Vi
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1NdUN15 (K.S.Thankane:2009)
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M(O) = 03 u'(o) = O
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0. 0 2 0
u, =ae” +a,xe”™ +ax’e” +a,x’ e’

_ 2 3
U, =a +aX+a X +a,x

4
o u 4 . 3
LAZAIN —— =7 xsinwx—4m° cosmx

u, =(A4x+ B)sinzx+(Cx + D)cos wx
MBYNISBUAUT Vo u, 2wldl
ul! = An'xsinzx + Cr'xcos mx+ (Br* + 2Cn°)sinzx+ (—447° + Dr* ) cos x

d4u 2 9 o ' o
7N y:ﬁ“xsmn’x—tiyf coszx Wavdulszanswiean A,B,C,D 2zla

A=1, B=0,C=0, D=0

1 4,8,C,D Wunuly u, = (Ax + B)sin zx+(Cx+ D) cos wx

Qe

u, =xsin 7zx
u=xsinzx+a +ax+ax" +a,x
InFeuly x(0)=0 FU g, =0

wazaneuly w(1)=0 f

a,+a,+a,=0 (3.28)
37N u=xsinzx+a, +ax+ax’ +a,x’
P u'=mxcoswx +sinzrx+a, +2a,x + 6a,x’

nEauly w'(0)=0 ¥ld 4, =0

wagandeuly /) =0 zla
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wazan (3.28) a,+a,=0 (550
11 (3.29) —(2x(3.30))
azla a, =7

1 a, Wunuaunis (3.21)
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PEETY

A13NN 3.1 uaggud 3.1

A15199 3.1 HalRAULTTIATIZYN i=1L2;..,9

i 1 2 3 a4 5 6 7 8 9

U, | 0.0026 | 0.0170 | 0.0448 | 0.0788 | 0.1073 | 0.1182 | 0.1045 | 0.0681 | 0.0236
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= =7 XSInzx—47° cosmx
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THuasenansdeaunanndou o)
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-y, +12y, -39y, +(68+ 2.&‘1))}l

i=n—1

X = f(x) f=
—y.+12y, =39y, +56y, —40
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x; 0.1 0.2 0.2 04 0.5 0.6 0.7 0.8 0.9
P(x) 0.0019 | 0.0147 | 0.0410 | 0.0746 | 0.1040 | 0.1170 | 0.1057 | 0.0713 | 0.0270
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X; 0.1 0.2 03 0.4 ga) 0.6 0.7 0.8 0.9
y(x) 0.0025 | 0.0168 | 0.0444 | 0.0784 | 0.1070 | 0.1181 | 0.1046 | 0.0684 | 0.0240




33

012 | T T . T T T T
008 -
§u|:5_.....‘. o ,,,,,,, ,,,,, e ........... ............... .............. ............ ,,,,,,,,,,, 4
WTIR (. W U WSS NN S WS N
0 i | i i | i i 1 i
a 0.1 0.2 0.3 04 D};E 0.6 07 0.8 09 1

ot

= ] a Y &
3UN 3.4 A1 y(x) YBIRUNTIRIDUNUSDUAUE 91 /£ =0.001

yUNARagTIEILIUTUBUAUNE

LﬁaLLammmgﬂéfawmwaLaam%aéma‘uﬁlﬁ 3
35

waedviiased duanslunnsned 3.4 wavsy
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| 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Uyt 0.0026 | 0.0170 | 0.0448 | 0.0788 | 0.1073 | 0.1182 | 0.1045 | 0.0681 | 0.0236

y(x),h=0.01 | 0.0019 | 0.0147 | 0.0410 | 0.0746 | 0.1040 | 0.1170 | 0.1057 | 0.0713 | 0.0270

y(x),h=0.001 ] 0.0025 | 0.0168 | 0.0444 | 0.0784 | 0.1070 | 0.1181 | 0.1046 | 0.0684 | 0.0240
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W r(x)=x waz f(x)=x'xsinzx—47° coszx Asazlaaumsmunindnuusiudausai
Yy
ey o7 mtxsinrx— 47z’ cosmx
X

Tnoildeulvreuwngsdl
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TiansnalesmeanuAaIaAden Ok®)

Ay, =r(x;)
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r(x) —ys+12y4—39yi+56y2—40y1:|:f(x2) ioo
B 6h
r(x3)|:_y6 +]‘2y5 _39})46_;?6})3 _39y2+12y1i|=f(x3) i:3
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Wa  f(x)=n*xsinzx—471° coszx
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SUN 4.2 AsuERSA f(x) =7'x, sinmx, —47° cos7x,
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y(O,t)=0, y'(())t):()
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Abstract : In this work, we used finite difference method with the errar O(h*)
for-the deflection of the beam y(z,{) at any point z and any time { of the non-
uniform beam equation with the Robbins condition. Some numerical results are
compared to the exact solution.

Keywords : non-uniformo beam equation, Robbins condition, finite difference
method. ,
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1 Introduction

One importent spplication of linear differential equation i5 the study of the
bending of beams. When s beam is bent, the fibers neor the concave surface of the
bearn are compressed whereas the fibers near the convex surface are stretched. From
the continuity of the beam, somewhere between the compression and tension
regions, there exist surfaces of fibers which are neither compressed nor stretched.
This is called the neutral surface of the beam, and the curve of any particular fiber

in this surface is known os the elostic curve or deflection curve of the beam. The
Corsesponding author.
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nentral axis is the line in which the neutral surface is cut by any plane cross section
A(z) of the beam. The load per unit length w{z) st o general cross section makes a
beamn to bend. Let @ denotes the distance of the section from the left end of the
‘beam. The algebraic sum of all the transverse forces which net on the beam is the
shear V{z) at any point along the beam. The bending moment M{z) of the beam
is defined es the total moment produced. at a general point along the beam by all
forees.

Tt is know from the study of strength of materials that the eurvature & of the
neutral surface of the beam can be express as:

1 ME)

x_ EF (9.‘}!
where F is the young’s modulus of elasticity of the material of the beam and T s

the moment of inertia of the cross section aren of the beam about the neutral axis

which may be s function of .
From elementary caleulus the curvature of o plane eurve at a point (z,y) , where
y(z) is the deflection of the beam can be express os

In ecase of the elastic curve of » beam, the slope -3«:» is very small, therefore

1_dy
e
Here we get the second-order-differential equation
'y _ M=)
di  El(z)
If the beam bears only transverse londs, we get

) =2 (erten' @) = Vo),

or B (z)y"(z) = M{x).

and
d’M{z) _dV({z) d* (ET(z)y
dz’ dz dz’
By eombining the relations abeve, we have

") oy,
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u)(:ﬁ}m—é@: —agy(z} — aﬂ {EI( ) ]
Bz ar* as*

While the beam is vibrated the load per unit length on the beam consists of the
external load f(z) and the inertia load dne to the motion of the beam itself. Suppose
that the defection of the beam depends upon time & es well as npon position .
The mass of an infinitesimal segment of the beam of length Az is approximately

2

pAlz)sz , and the transverse acceleration of such a mass element is %;L .

“Thus, the inertia load per mnit length is

By
pA(D)rz g K pA&) g}i ’
Az ar

Therefore, the total lond per unit length is

wle) = pAD Y = 103).
Finally, we have the non-uniform beam equation

7l ] =@ 2V ¢ 1)
g 84 2 m)._-.] 1)

1f the beam hes constant cross section and there is no external load, that is 4 and
I are constants and f(z) =0, we get the simpler from

3‘2y +a* 823{ =0 g _‘E{

a8t pA
In this case, there is no transverse acceleration therefore we get the Euler-Bernoulli

equation

{x)-“——} ).
The beam of length I is secnred to the Z axis at 2=0 and =1 for all time

Py

with the slope at these two ends is zero and the moment Ef — 2 ) ab the free end is

zero, we interpret these by the condition
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won=o  a0h_o 20D,

i, 2
y(L,t) =0, &y( ot 0, %%’-fz:g_

Here we get the bmmdary value prob!em
3’;{ ;
Solve A(z) =2 + El{z T << Lt>0.
Subject to
w0, =0, 201 500 4
T, o _,
oLt a(lst)
B = =0 —
y(L,E) =0, 3 s il
Studies of beam equations have a long history from the 14™ Century by
Leonardo Da Vinai nnd developed by Leonard Buler and Deniel Bernoulli in the 18"
century. ‘The beamn equations are the important basis for engineering such os civil
engineering in the construction of high-rise building, bridges across the rivers,
mechanical enginecring in the design of any vehicles. (1}, [4]
In this work, we develop finite'difference method for the deflection of the beam
at any point of the non-uniform beam equation. Some numerical results are

>0,

campared to the exact solution.

2 The Governing Equation
We consider the non-uniform beam equotion with the length 1 by suppose
pA(z) =1 and ENz) =r{z).
Thus, the beam equation in this work is governed by the fourth order partial
differential equation
&y
at‘*‘ 8x*
Subject to the free end condition

¥0)=0, y0.9=aq

|«~< P A @

(22)
wLH=0, y"(LE)=0
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The externgl load is considered only o8 the fanction of 2.
‘We rewrite (2.1} into the system of equations
'y
S 2
o fz),

() f;:: =4 23)

&y
“f'a"ig"‘* Uz) =0,

3 Finite difference method

2
Using central differsnice with errar O(h') for j;; g”j and using central
T

difference with efror O(A") for g%’i o (2.3). 123, [3]

We have
Ty =1ixh, h= 2
\ i rrs
Pu 4 & _ S Py _ 2
__-Aﬂi*i“ofh ) 5;_&”“ +O(h'}., E—Ayi‘f'o{h')

for = 1,2 a0 Here, we get the finite difference scheme
—U U 30 160

il

LUS S T
PO T 800, + 16y, ~v,,
i 12}!2

Y =ghfiit) when a0,
Il o o
Thus
v, =0y =a
1), + 160 = 80 - 16u] =

5 = flz.},  i=12...n,

Yort & by v, =0
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and

u,=0un =0
iy H 16, S0 H16U s
m}

T =1 uﬂzzﬁ

substitute ¥, 0,0, V., sud 4w 0 o wegek ot =0

From

w = ~16a + f(z,)

i=12..n

1287
—o 160" — 8047 + 164" .
e Ty AL PP
1207
—tfy + 160, — 30u] + 1607 — ;
¥ e =% = flz),  i=84..,n=2
1600 —300° + 167 ~a°
" ‘._-1,‘-’-’ =2 yxi-! P {H I(zﬂ_‘)
12h
—300) +160) | — o,
“‘{25;?"”““"= —16b+ f{z)
—ul +16u ~ 30u?
=TT SRR = ‘t.'l
128
—ul + 16! — 80 + 16u) _
12K
a
""ﬂ: + lsuﬁ-l ";;[::? +16’*ﬁ—1 -“’po-s =, i=34,..,1—2
16u) =30u], +16u,, —uy, 2
12h° oL
ﬂ , we have y‘_‘wl -23: = y:“ = kzi Ga m +u"‘l
7 at? Azt

""'i + R’{ﬂ + t:iJ—i— 21— R )u:‘
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when
R= kﬁ;k >0
AT

at =0, wehove y} =—37" + R’{u?ﬁ +ul )+ 2L~ Bl
from the central difference we get

s
pyva L

¥ =y, —20(z)

thus
R‘; 0 L 38 ¥ ’
Z,:,,..-—..‘ v ("m ks “M)"'(]'_R,’}ue +A¢g(6:‘)
R =y = 08, ) o)
‘yﬁ;'= _":H * “:ﬂ ¥ !‘Fl“wi;ﬂ >0
Hewrite v and #.in the mateix form

MV) = F(©)
M{U) = G(V)
where
~30 16 -1 0 .. 0 0 0
167, 30 18 -0 ol /%
el 167 80 ARTICTI0N D0\ O
. 0 (B 8 1823016
0 i g 0 .. -1 15§ -3
—164;-5-_{{.?.‘:} v,
o+ f(z,) a
roy=| T Lem=|"
b+}(¢.qx} Vs
—155+f{$,) )
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The following examples illustiate the finite difference method s we have been

shown.
Example 1. Consider the uniform besmn equation [5], [6]
'y

=2 =t sinww — 49 cos e, 0<z<l.

azt
‘With the banndary conditions
u0)=0, u'{0) = 2,

u(l)=0, w"() = 2.

"The exact sohition of this problem s y(2) = rsinme — 72” + dme® - Smx + 2™

By using finite difference miethod with MATLAB for solving the beam equation
with the number of interior mesh pointn = 9. We get the results and compare to

the exnct selution a5 shown in Table 1 and Figure 1 with the globel error

_globalError = %]ym{z‘]——ym{z;)l B

Taoble 1
x, a1 0.2 03 04 |05 06 |o7 |68 |09
Vol 0.0105 | 0.0693 | 0.1873 | 0.3442 | 0.5 0.6068 | 0.6217 | 85185 | £.2085
¥y 00121 | 0.0684 }0.1798 | 0.3270 | 0.4740 | 0.5724 | 0.5818 | 0.4780 | 0.2653
apyrox
error(g) | 0.0016 | 0.0009 | 0.0074 | 0.0163 | 0.0260 | 0.0344 | 0.0399 | 0.0405 | 0.0332

Figure 1: uniform beamy equation
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In case of the non-uniform it is difficnlt to find the relevant solution thus we use the
finite difference method as in the Example 2

Example 2. Find the solution of the beum equation

azy. & Fu
ETa 5?5"”;;
we define r(z) = z.

Subject to the condition

o) =0 y'05=0

= w*sinwz —47® coswz,

¥, 0,0)=0,
L) =10, ¥ =0,

by using MATLAB for solving the beam equation with the number of interfor mesh
‘point 1 =9, We get the results us shown in Figure 2.

Figaee 22 nov-uniforn beam equation
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4 Conclusion

We have proposed the finite difference method implemented by MATLARB to
the non-uniform beam equation with the transverse acceleration. The funection of
transverse displacement y{z;1) is ‘governed by the variation of the elastic modulus
and the moment of inertin o5 o function of = and the applied load is defined by
J{z) . Using the method in this paper we wonld like to consider the non-uniform
beam equation with the applied load is defined by f(z, ). This is the further step of
our reseprch.
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n = input('round of calculation : ')///3Ud1UUT0U
fpr'lntf('************************************************\n\n');

L = input(sze : )///svezvnsany Suldu 1mbheiaue
e 1800 ot RN SRR N
h=L/(n+1); ///step size

d=6*(hna);

GG = zeros(n,n); Ty

h1l =68+2%h;

Al = [h1, -39,12,-1,0,0;
-40, 56, -3 4121 0
12, -39, 5@, F3921244 K

An = [-1, 12, -38,56,-39, 12
0,-1, 12, -39, 56,~40;
0,0, -1, 12, -39\h 1§

fori=15
for =16
GG(,j) = AL(,);
end

end /173veglugUannisil (3.8)

i1=1;
=1
for i=n-2:n
for j =n-5:n
if (i1<=3) && (j1<=6)
GG(i,j) = An(i1,j1);

end
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jl=j1+1;

end
i1 =il+1;
j1=1
end
GG@4,1) = -1;
GG(4,2) =12,
GG(4,3) = -39;
GG(4,4) = 56,
GG(4,5) = -39,
GG(4,6) = 12;
GG(4,7) = -1;
fori=5:n-3
forj=2:n
GG(i,j) = GG(i-1,j-1);
end
end
G1 = GG/d;
fori=1:n
Z1)=1"h;

f1(,1) = ((pird)*x(@)*sin(pi*x())-4*(pir3)*cos(pi*(x(i)) ///uiianniuuen

end
v = GINfly// mdsmnaiaas

TT = zeros(n+2,1);
for i=1:n

TT(G+1)=w(i);
end
disp(TT);

hold on;

plot(TT),/// plot graph




m'smwaLaaﬂmaaauﬂﬁmuwﬁﬂﬁﬂuﬂﬂuﬁﬂuima'ssL‘ﬁ'aiﬁ“ﬁ’ﬂasiqaai"lﬁ'ﬂmaeaumm%ﬂauﬁué
AUAUE

n = input('round of calculation : ')///5U3TUIUTEY
fpr-in-tf(V****************—K*******************************\n\n‘);
L = input('szes : )/ seazvesausuidulmie
Tl assResasmataipacRin R RS IR
h=L/(n+1); ///step size
d=6%hA4);
GG = zeros(n,n); e
hl =68+2*h;
Al =[h1, -39,12,-1,0,0;
-40, 56, -39, 12,-1,0;
12, -39, 56, -39, 12, -1];

An = [-1, 12, -39, 56, -39, 12;
0,1, 12, -39, 56, -40;
0,0, -1, 12, -39, h1];

fori=1:3
forj =16
GG(i,j) = AL(,));
end
end
i1=1; [
=1
for i=n-2:n
for j =n-5:n
if (i1<=3) && (j1<=6) dnlviogluglaunis (3.8)
GG(i,j) = An(i1,j1);
end
1= j1+1;
end
il =il+1;
jlL.=1;

end
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GG(4,1) = -1,
GG(4,2) =12,
GG(4,3) = -39,
GG(4,4) = 56;
GG(4,5) = -39;
GG(4,6) = 12;
GG(4,7) = -1,
fori=5n-3
forj=2rn
GG(ij) = GG(i-1,j-1);
end
end
G1 = GG/d;
fori=1:n
forj=1:n
G2(i,j)= (*h)*G1(,));
end
end
foti=1hn
xli=h;

F1(,1) = (pInaPx()*sin(pitxM)-a*(piA 3V cos(p*mN) //usemnnisusniieg el

J//(0=x " #UNISATURTGALUTIE DL

£20i,1) =sin(pi*x1(0));///u3901n A" UenTIaENT2

end

v = G2\fl; }
v2=G2\f2;

TT = zeros(n+2,1);
for i=1:n

TT(+1)=v(i);

end

disp(TT);

TT2 = zeros(n+2,1);
fori=1:n

TT2(i+1)=v2(0);

end

WINalngay
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disp(TT2);

hold on;

plot(TT); plot graph
hold on;

plot(TT2);

nHalRagvesdunsauiinaliuusasulaesedeuTanad 193U dun 1S B9eYWUsS

duaudIuNULIAN

n = input(round of calculation : ');///3udTUIUTOU
fprint—f('*-K-**********************************************\n\n').

L = input(szey : )///sveziuiluinie
fprintf('********************'K-***************************\n\n’).

h=L/(n+1); ///step size Svee

m = input(m : "),///3uTauig

fprintf('***************************-}(—********************\n\n');

k = L/Am+1);///step size 1@

deltaT = kN2;
deltaX=6*hA4);
lamda = 0.1*(deltaT/deltaX):///an A
GG = zeros(m,n);
fori=1:n
x1(i)=i*h;
f(1,1) =(sin(pi*x1()))/10; LSRN ABUDNEeE 9T 1Las2
f(1,1) =%((pird)*x1(i)*sin(pi*x 1(1))-a*(pir 3)*cos(pi*(x 1))/ 10;
end
disp(f)
fori=1:n
x1()=i*h;
GG(1,i) =0y//douluiSus
end
for j=2:m+1
for i=1:n
fifi==1)
GG(j,1) = 0.5%(deltaT*(1,i)-(((68*lamda)+(2*lamda*h)-2)*GG(j-1,)+((39*lamda)*GG(j-
1,2)-((12*lamda)*GG(j-1,3))+(lamda*GG(j-1,4));
end
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if(i==2)

GG(j,2) = 0.5%(deltaT*f(1,i)+((40*lamda)*GG(j-1,i-1))-((56*lamda)-2)*GG(j-
1,2)+((39*lamda)*GG(j-1,3))-(12*lamda)*GG(j-1,4)+(lamda*GG(j-1,5)));

end
if(i==3)

GG(j,3) = 0.5%(deltaT*f(1,)-((12*lamda)*GG(j-1,i-2)+(((39*lamda))*GG(j-1,2))-(56*lamda)-
2)*GG(j-1,3)+((39*lamda)*GG(j-1,4)-(12*lamda)*GG(j-1,5)+(lamda*GG(j-1,6)));

end
if(i>=048&&i<=(n-3))

GG(},i) = 0.5%(deltaT*f(1,)+(lamda*GG(j-1,i-3))-((12*lamda)*GG(j- 1,i-2))+((39*lamda)*GG(j-
Li-D)-(56*lamda)-2)*GG(j-1,)+((39*lamdal*GG(j- 1,i+ 1))-(12*lama)*GG(j-1,i+2)+(lamda*GG(j-
Li+3);

end
ifli==n-2)

GG(j,n-2) = 0.5*(deltaT*(1,)-((12*lamda)*GG(j-1,)+(39*Imda)*GG(j-1,n-1))-(56*lamda)-
2)*GG(j-1,n-2)+(39*lamda)*GG(j- 1,n-3))-(12*lamda)*GG(j-1,n-8)+(lamda*GG(j-1,n-5)));

end
ifli==n-1)

GG(j,n-1) = 0.5*(deltaT*{(1,)+{(40*lamda)*GG(j-1,i)-(56*lamda)-2)*GG(j-1,n-
D)+(39*lada)*GG(j-1,n-2))-(1 2¥lamda)*GG(j-1,n-3)+(lamda*GG(j-1,n-4));

end
if(i==n)
GG(j,n) = 0.5*(deltaT*f(1,)-(((68*lamda)+(2*lamda*h)-2)*GG(j-1,n)+((39*lamda)*GG(j-
1,n-1)-((12*lamda)*GG(j-1,n-2))+(lamda*GG(j-1,n-3)));
End//////1//////ARdnunaussaunas il
end
end
disp(GG),///wansnaLaag

hold on;
plot(GG); plot graph
mesh(GG)
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