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number br(G,,G,,G,) is defined to be the least positive integer p such that any
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Chapter 1

Introduction

Ramsey Theory is the branch of mathematics that deals with the basic
guestion of the minimum number of elements of a particular structure that must be
present so that a particular property holds. Ramsey Theorem states that in any
coloring of the edges of a sufficiently large complete graph, one will always find
monochromatic complete subgraph, for example the party’s problems. The party
problem asks: what is the minimum number of people attending a party for which
we are guaranteed to find 3 people none of whom know the other two or 3 people
each of whom know the other two? Consider one person for one vertex as well as
red line (indicated by dush line) for the know relation to each other and blue line

(indicated by dark line) for the unknown relation.

Figure 1.1 Shows this graph and it has no triangle.

As is illustrated by Figure 1.1, there is no triangle forming for red or blue lines.
Therefore, we could make a conclusion that a triangle is not always formed with red

or blue lines if number of vertices are less than 6.




Figure 1.2 The vertex v, joins with other 5 vertices.

The vertex v in Figure 1.2 must joins with other 5 vertices and at least 3
lines will be red or blue. Assume that wy,, wv, and vy, are red lines. Therefore, if at
least one of v, vy, and vy, are red, then there will be red triangle as shown in
Figure 1.3. But if none of them are red lines, there will be a blue triangle as shown

in Figure 1.4. Hence, six is the least number for this problem.

Figure 1.3 The graph shows that v,», is dash line.




Figure 1.4 The graph shows that v,v,, v, and v, are dark line.

There will be more formation of a triangle with red or blue lines if more
vertices are added. This problem is the beginning of the study about the definition
and properties of Ramsey numbers of a complete graph (X, ) and the development
of other forms of graph for example, cycles (C,), paths { £,} and wheels (7} as well

as increasing of 2-relation to the multi-relation (2-color to multi-color).

Further studies in Ramsey numbers have been done by studying different
forms. There are several definitions such as R(C,.C,), R(P,P)), R(P,P,C),
br(C,,C,), br(F,,B,), br(C)}, br(B), etc.

In 1975, Fauduree and Schelp [9] showed the values of b#(G,,G,) when both G, and
G, are two even paths. They obtained that &r(B,,,B,)=n+m-1 for nmeZ".

In 1991, Exco [8] showed that 5x(C,)=11.
In 1998, Hattingh and Henning [13] proved that

br(P K )<n+ (m=1) for integers n,m22.
m 1,n 2

In 2011, Rui and Yongei [15] showed that
br(C,,,K,,)=m+1 for integer m=>4

and br(C,,.C,)zm+n-1 for integers m=n.




This thesis is divided into four chapters. In Chapter 1, we provide the basic
idea of Ramsey numbers. In Chapter 2, more formal definitions related to Ramsey
numbers are discussed and deals with some preliminaries and some useful results
which will be used in the next chapter. In Chapter 3, we demonstrate our results on
some lower bounds of three-color bipartite Ramsey numbers. We conclude our

main results in Chapter 4.




Chapter 2

Basic Concepts and Preliminaries

In this chapter, we begin by introduce some important concepts in graph
theory that will allow us to develop Ramsey theory later. First, we will establish

what a graph is and some important terminology used in graph theory.

2.1 Graphs

Definition 2.1.1 A graph G=(V(G),E(G)) consists of a non-empty set of all
elements, called vertices, and a set of unordered pairs of these elements, called
edges. The set of vertices of the graph G is called the vertex set of G, denoted by
V(G), and the set of edges is called the edge set of G, denoted by E(G).

Example 2.1.2 Let G=(V(G),E(G)) be a graph with ¥(G)={v,v,,,v,} and

EG)={v,vL{v.nLMou)vulh v invil.  The graph G is shown in
Figure 2.1.

Vy Vv,
Figure 2.1 Graph G=(V(G),E(G)) in Example 2.1.2.

Definition 2.1.3 The edge e={u,v} is said to join the vertices u and v. If
e={u,v} is a edge of a graph G, then » and v are adjacent vertices, while u and
e are incident, as are v and e. Furthermore, if ¢ and e, are distinct edges of G

incident with a common vertex, then ¢ and e, are adjacent edges.

It is often convenient to denote an edge by uv or wu rather than by {u,v}.

Note that wv=11.




e 4 ¢

e, e4
@

v4 es v3

Figure 2.2 Graph illustrating adjacent vertices and incident.

Example 2.1.4 From Figure 2.2, v and v, are adjacent vertices, while v and

v, are not adjacent vertices, v, and e, are incident, white v, and e, are not incident.

Definition 2.1.5 The cardinality of the vertex set of a graph G is called the
order of G and commonly denoted by n(G), or more simply by » when the graph
under consideration is clear; while the cardinality of its edge set is the size of G and

is often denoted by m(G) or m. An (n,m)-graph has order » and size .

(5,5)-graph (5,7) -graph

Figure 2.3 The (n,m)-graphs.

Definition 2.1.6 Agraph H is a subgraph of a graph G if V()<= ¥(G) and
EH)c E(G). If H is asubgraph of G, then we write HcG.




Y @— Py Y v,
® ® ®
V4 v3 v4 V3
G G,

G,

Figure 2.4 The graphs show G, =G,, G =G, but G, £ G,.

Definition 2.1.7 The degree of a vertex v in a graph G is the number of edges

of G incident with v, and is denoted by deg(v).

Definition 2.1.8 A sequence d,,d,,...,d, of nonnegative integers is called a
degree sequence of a graph G if the vertices of G can be labeled v,v,...,v, s0

that deg(v,)=d, forall i. For example, a degree sequence of a graph of Figure 2.5 is

3.3,2,2,4,2.
v V, v3
@
v, Vs Vg

Figure 2.5 A degree sequence of a graph.




Definition 2.1.9 Let u and v be vertices of a graph G. A u—v walkof G is a

finite, alternating sequence
U=, €, U3y 5un0sly_13E 50l =V

of vertices and edges, beginning with a vertex «, called the initial vertex, and ending
with a vertex v, called the terminal vertex, in which e =u,_u, for i=12,...,k are

edges in G. The number &, the number of edges, is called length of walk.

Definition 2.1.10 Consider a walk from a vertex u to a vertex v in G. If u and
v are the same, then a u—v walk is called a closed walk. If u and v are different,

then a u—v walk is called an open walk.

Definition 2.1.11 A walk with no repeated edges is called a trail, and a walk

with no repeated vertices is called a path. A path with » vertices is denoted by P .

For example, the graphs in Figure 2.6 are B, B ,P, and P, respectively.

E.o——e
P e & »
F: e = o ®
F: @ -@ o o ®

Figure 2.6 The graphs B, B ,2 and B,

Definition 2.1.12 A walk, path, or trail is called trivial if it has only one vertex

and no edge. A walk, path, or trail that is not trivial is called nontrivial.




Definition 2.1.13 A nontrivial closed trail from a vertex u to itself is called a
circuit in a graph. A circuit v, w,%;,...,%,,%,%,v (n 2 3) whose n vertices with v, are
all distinct is called a cycle. The number of vertices in a cycle is called its length.

The cycle with » vertices is denoted by C,.

For example, the graphs in Figure 2.7 are C,, C, and C,, respectively.

C3 C4 CS
Figure 2.7 The graphs C,, C, and C,.

Exarmple 2.1.14 Consider the graph in Figure 2.8,

Figure 2.8 Graph illustrating walks, trails, paths and cycles.

In this graph, v;,e,,v.6,%,¢,,9,.6,v,6,,v,6,v; s a walk but not trail;
Vis€,Vy,6,v5,8,%,.6,1  is a closed walk Vi€, V3,65, V0,86, V5,6,V, IS a  trail;
Ve85 V156,258, 1S @ path and w,e,v,e,,v,,6,,v5,6,,1 15 a cycle. Also w,e,v,6,7,

is a path and v,e,v,,e,,v,,6, V5,6, V5,6, is a cycle of this graph.




Definition 2.1.15 A vertex u is said to be connected to a vertex v in graph G if
there exists a u—v path in G. A graph G is connected if every two vertices are

connected.

Definition 2.1.16 For a connected graph G, we define the distance d(u,v)

between two vertices « and v as the minimum number of length of u—v path

of G.

2 1 2 4 4

Figure 2.9 Distances from the vertex v to vertices of .

Definition 2.1.17 A graph G, is isomorphic to a graph G, if there exists a one-to-
one mapping ¢, called an isomorphism from ¥V(G) into ¥V(G,) such that ¢
preserves adjacency; that is, wv eE(G) if and only if #u)d(v) eE(G,). If G, is

isomorphic to- G,, then we say G, and G,are isomorphic or equal and written by
G =G,.

Y V, )
Uy
Vs V3 i, u,
G, G,

Figure 2.10 Isomorphic graphs G =G, .
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Definition 2.1.18 A simple graph is a complete graph if every two distinct

vertices are adjacent. A complete graph of order # is denoted by X, .

The graphs X, for n=1,2,3,4,5, are displayed in Figure 2.11.

K, K,
Figure 2.11 The complete graphs K, ,1<n<5.

Definition 2.1,19 A simple graph G is called a bipartite graph, denoted by
G(V,,,), if its vertex set ¥ can be partitioned into two disjoint nonempty sets ¥ and
¥, such that each edge in the graph joins a vertex in ¥; and a vertex in ¥, (so that no

edge in G joins either two vertices in ¥, or two vertices in F,).

Definition 2.1.20 The complete bipartite graph, denoted by k, ., consists of
two disjoint vertex sets ¥, and ¥, where n(¥,)=n and n(¥,)=m and the edge set is

E={vu|vel, and ue¥,}.
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The complete bipartite graphs X, ,, X,,, X,, and K, ¢ are displayed in Figure
2.12.

K3 i

Figure 2.12 The complete bipartite graphs k,,, X,5, X, and k..

2.2 Edge Colorings

Definition 2.2.1 An edge coloring of graph G is an assignment of colors {(which
are actually consider as elements of some set) to the edges of G one color to each

edge, so that adjacent edges are assigned different colors.
Definition 2.2.2 A k—edge coloring of G is an edge coloring with & colors.

Definition 2.2.3 A graph G is k—edge colorable if there exists an /-edge
coloring of G for some /<k. The least positive integer k for which a graph G is
k—edge colorable is called the edge chromatic number or chromatic index and is

denoted by #'(G).
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Example 2.2.4 The graph G in Figure 2.13 shows a 3-edge colorable of its

edge set. Since G is not 2—edge colorable, its chromatic index is 3 .

Figure 2,13 A graph G with 2 (G)=3.

Definition 2.2.5 Given graphs H and G , we say that G is H -free if G has no
subgraph isomorphic to H .

Definition 2.2.6 Given graphs H,, H,, H, and G, we say that (H,,H,,H,)-free
if 3—edge coloring (red or blue or green) of G does not contain monochromatics

isomorphic to  H, (red), H, (blue) and H, (green).

2.3 Ramsey Number

The Ramsey number is named for Frank P. Ramsey who proved its first result.
He was born on February 22, 1903 in Cambridge and studied this concept in a set

theoretical framework and essentially verified the existence Ramsey numbers.

Definition 2.3.1 For integers s and ¢, the two-color classical Ramsey number
R(s,t) is defined as the least positive integer p such that if the edges of the
complete graph K, are arbitrarily colored using the colors red and blue, then either

ared K, orablue K, will be forced as a subgraph of X,. Ared K, (blue K,) is a

subgraph K, (K,) which all of whose edges are colored red.




Theorem 2.3.1 [5]

Ramsey number R(s,t) always exists; moreover,

Corollary 2.3.1 [5]

R(s,t) < (

s+t—=2

)

For all integers s>2 and 22,

s—1

R(s,)<R(s -1, + R(s,t~1).

14

(Ramsey Theorem) For every positive integers s and ¢ the

The problem of determining Rarmsey numbers is known to be very difficult.

The few known exact values and several bounds for different graphs are scattered

among many technical papers [14].

Ramsey number R(s,?), where 3<s<10 and 3<¢<15.

The Table 2.1 [14] shows exact values and bounds of two-color classical

7 8 9 10 11 12 13 14 15
{
40 47 52 59 66 73
3 9 14| 18 23 28 36
42 50 59 68 77 87
36 49 58 73 92 98 128 133 141 153
4 18 25

41 61 34 115 149 191 238 291 349 417
43 58 80 101 126 144 171 151 213 239 265

5
49 87 143 216 316 4472 633 348 1138 1461 1878
102 113 132 169 179 253 263 317 401

&
165 298 495 780 1171 1304 2566 3703 5033 6911

205 217 241 289 405 417 511
7
540 1031 1713 2826 4553 6954 10578 15263 22112

282 317 817 851

8

1870 3583 6090 10630 16944 27485 41525 63609
565 581
9
6588 12677 22325 38832 64864

798 1265

10

23556 45881 81123

Table 2.1 Known exact values and bounds of two-color classical Ramsey numbers.




15

Definition 2.3.2 For given graphs G, and G,, the two-color Ramsey number
R(G,,G,) is the least positive integer p such that when the edges of K, are colored
arbitrarily red or blue, there necessarily exists either a red G, or a blue G, as a
subgraph of K,. Ared G, (blue G,) s a subgraph G, (G,) which all of whose edges

are colored red (blue).
2.4 Bipartite Ramsey Number

Consider a complete bipartite graph K,, of order 2p. Let each edge of

K, , be colored by using either red or blue. We shall call such a X »p s 2-colored.

Consider a subgraph K|, of a two-colored X o+ ITall edges of K, have red
{blue) color, we shall say that the K »p CONtains ared (blue} X,,. The least positive
integer p of vertices such that K, , always contains red K, or blue K, is called

bipartite Ramsey number and denoted by br(x

LA

K.

Definition 2.4.1 For given bipartite graphs G, and G,, the bipartite Ramsey
number br(G,,G,) is the least positive integer p such that if the edges of K, are

colored with two colors {red or blue), then there always exists either a red G ora

blue G,.

Theorem 2.4.1 [5] For every positive integers s and ¢, the bipartite Ramsey
number br(K

5,

»K,,) exists; moreover,
s+t
br(K”,K,,)s( ] =h)
4 i Y

In [10], some exact values and some upper bounds of bipartite Ramsey

numbers br(K, ,K,,)=b(s,) are shown in Table 2.2.

5,

| br(s, 1)

2 3 4 5 6
2 5 9 14 <19 <25
P 3 17 =29 <41 <56
4 <48 | <72 | <101
5 <115 | 2168

Table 2.2 Some exact values and upper bounds of bipartite Ramsey numbers.
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Definition 2.4.2 For given bipartite graphs G, G, and G, the three-color
bipartite Ramsey number br(G,,G,,G,) is defined to be the least positive integer p
such that if the edges of K, | with 3 colors (red or blue or green), then there always
exists either a red G, or a blue G, or a green G,. We denote by G” (resp. G®and G¥)
a subgraph induced by red (resp. blue and green)

Theorem 2.4.2 [9] For all integers » and m,
br(B, . B, )=n+m—1
and br(P,

B.)=n+m-1.

m?
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Chapter 3

Some Lower Bounds of br(B,P,,C,)

In this chapter, we will find some lower bounds of three-color bipartite
Ramsey numbers for paths and cycles br(F,P,,C,) and the three-color bipartite
Ramsey number br(5,,E,,C,) .

The following Theorem show some lower bounds of three-color bipartite
Ramsey numbers for paths and cycles br(F,F,,C,) when B isan even path and P,

is an even or odd path.

Theorem 3.1 If »=3 and m=1, then b’”(PszuCH )22EJ+2m~3.
2l — H+2m-2
4

Proof. &t o&'

(3 frme25fems

bipartite graph K which partition partite sets v (x ) into

n n n n
2| = [+2m—4.2| = |+2m-4 = +2m—-4.2 = |+2m—
lZJ i J 313 2\‘ J 2m ,2[ J 2m-4

KZ|:{§J+m—2

and K y be vertex partition of a complete
[ZJW_Z,L—Jm-z

) with [17!] =

V:l = V"l (Kz 2liom-a2l 2 +2m—4) 2 Vf = sz (Kz 2 lam=a2| L (12m-4a
[zJ ZJ 2 2J

for i €{1,2}.

+2m—42| = |+2m-4

V(K i

2

Lt
2

Figure 3.1 The partition of ¥ (x
2

EJ+2m-4,2EJ+2m~4

077723
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since br(E,_;2) >[§J+m —2 from Theorem 2.4.2, there is a 2—edge coloring

(red and blue) of k! . (resp. K7 . )whichnored B, and no blue
{—J+m—2,L—J+m—2 [—J+}n—2,{—J+m—2

2

P, as shown in Figure 3.2.

RAl

2 -E +2m-4,2 % +2m—4

é VZ(K2 —:- +2m-44%‘+2m-4

K & /il
[;J+n—2.l;-J+m—2 I%J-}m-l +

RS

A

+2m—#,2l%l+2m~4

BAI

fifandg]ans

=

Figure 3.3 All edges between &' .1 and K2 .1 _are colored with green.
shealgbes ™ etz
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Next, color edges between k! ., and K’ ., with green.
[5J+m—2,[EJ+m—2 [—J+m—2,LEJ+n=—2

2

Then this edge coloring contains maximal cycle of order 2EJ+2m—4. In other words,

it does not contain C n . Therefore, br(R,,,P,,C " )2 Z{EJ+2m =3. O
2[EJ+2m-z 2[5J+2m—2 2

The following corollary are straichtforward.
Corollary 3.1 If n>2, then br(R,,B,_,,C,)>2n—1.

Next, we will find some lower bounds of three-color bipartite Ramsey
numbers br(F,B,,C,) when both B and P, are odd paths.

Theorem 3.2 If n21, then br(B,,,, B, .»Cons) 230 +1.

2n+12 " 2n+l2
Proof. let G,, G, and G, be bipartite graphs with F(G)={f,f,....v'} and
VAG)={u u,...ul}, i,7e{1,2,3}. The vertex set of G, are obtained from the

vertex partition of X, . by removing all edges as shown in Figure 3.4.

V(G h(G) V(Gy)

‘ Vi(KBM,Sn)

V.IVZ(KBM,Sn)

Figure 3.4 A partition of vertex set of k, , into ¥(G)), ¥(G,) and ¥(G,).

Next, we define an edge coloring between ¥(G) and V,(G,) with 3 colors

(red, blue and green) as follows:
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1 The red edges join edges between ¥,(G,) and ¥,(G,) where i= .

V(K szn)

n
'] s - @ VZ(K

3n,3n)

Figure 3.5 Red subgraph of 3-edge coloring of Ry

2) The blue edges join edges between V(G and ¥;(G,) where
- [i+1 (mod3) if i=1,3
=% .4 if i=2.

Vi (Knn)

SF’Z (K3n,3n)

Figure 3.6 Blue subgraph of 3-edge coloring of k&,

n3n "
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54 The green edges join edges between ¥,(G) and V,(G;) where

. i+2 if i=1
T=1i+2 (mod3) o i=2,3.

V(G V(G

é Vl(Kan.3n)

E VZ (KSR,BM)

A R ()
G, G,

Figure 3.7 Green subgraph of 3-edge coloring of .

3n3n °

Vl (K 3n3n )

: VZ (K3n,3n )

Figure 3.8 The 3-edge coloring of K,

n3n "

From Figure 3.8, we see that k7

Tan @nd K?Z . contain maximal paths of

order 2n and K%, ,, contains a maximal cycle of order 2n. This implies that B e

K" and k=

3n,3n 3n.3n

contain no RB,,,, B,, and C,,,,, respectively. Therefore,

b"(Pz,,ﬂ 9}%,,4.1 5 C?_m.z) 23n+1. o
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Finally, we will find some lower bounds of three-color bipartite Ramsey
numbers br(R,P,,C,) whenboth B and P, are even paths and the three-color
bipartite Ramsey number br(B,,P,,C,) .

Theorem 3.3 If n21, then br(P,B,,C)2n+2.

Proof. Let G be a 3-edge coloring of k,,,, with ¥(G)={w,%,...,v,,,} and
Vi(G) = {u1y,...,u,,,} such that the vertex v, (v,) adjacent to all vertices of V,(G)
with red ( blue ).

n+l

ntl

Figure 3.10 The vertex v, adjacent to all vertices of ¥,(G) with blue.

Next, the remaining edges of G are colored with green, in other words K, ..

is colored with green.
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u, u, u, u

n+l
~
n

Figure 3.11 The remaining edges are colored with green.

u, u, U, u

n+l

Figure 3.12 The 3-edge coloring of K

n+l,n+l *

From Figure 3.12, it is easy to see that K, ,, and K}, ., contain maximal

paths of order 3 and K?

n+ln+l

contains maximal path of order 2n—3. Then for each

inn 1S @ (B,C,,P)— free. It implies that K’

n+l,n+1

monochromatic. copy of K

n

contains no P,, K*

n+ln+l

br(P,,P,,,C,)2n+2. o

contains no C, and K¥

n+ln+

; contains no P,,. Therefore,

In fact, this lower bound can slightly improve the three-color bipartite
Ramsey number br(B,,B,,C,) .

Theorem 3.4 br(P,P,C,)=5.

Proof. Firstly, we will show that br(F,,P,,C,)>4. Theorem 3.3 yields br(P,,B,,C,)> 4.
Consider subgraphs of k,, as illustrated in Figure 3.13, Figure 3.14 and Figure 3.15
which represent subgraphs of the 3-edge colored of K,, with red, blue and green,

respectively.
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v, 1% 1% v
| 2 3 4
®
®
u, u, Uy u,

Figure 3.13 Red subgraph of 3-edge coloring of X,,.

U, U, Uy u,

Figure 3.14 Blue subgraph of 3-edge coloring of X, ,.

@

u, u, U, u,

Figure 3.15 Green subgraph of 3-edge coloring of X,,.

Cosider the 3-edge coloring of X,,. It can be verified that X, contains no red

P, no blue P, and no green C,. Therefore, br(B,P,,C,)>4. Thatis, br(P,,P,,C,)>5,
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Secondly, we will show that br(B,,P,,C,)<5. Suppose to the contrary that
there exists a 3-edge coloring with color red, blue and green of K, such that the

K{; contains no B, K¢s contains no 7, and K, contains no C,. Since K, has 25

edges, the numbers of red, blue and green edges are 8, 8, 9, respectively.

let G be a Dbipartite graph with W(G)={,vm,v,v}  and
VG = {uuy,0,u,,uy . We illustrate patterns of subgraphs of G does not contain

P, as follows:

N N
AN\ NN
NS

Figure 3.17 Patterns of subgraphs of G with size 5.
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W2 NN

° . L]

Figure 3.18 Patterns of subgraphs of G with size 6.

N NS = N/

Figure 3.19 Patterns of subgraphs of G with size 7.

Figure 3.20 Patterns of subgraphs of G with size 8.

From Patterns of subgraphs of G, it has at most 8 edges. So K7, can be
represent by one pattern of degree with deg(v.)=4,1,1,1,1 and deg(u,)=1,1,1,1,4, as

shown in Figure 3.21.

V; v v v

u u, U, u, us

Figure 3.21 deg(v)=4,1,1,1,1 and deg(,)=1,1,1,1,4.
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In Figure 3.21, we consider the vertex v, which one edge with joint vertex set
of ,(G), thatis wu,. This implies that the blue edges can’t have 8 edges. So, we
reduce number of blue edges to 7 edges. It implies that Ké’ﬁ has pattern of degree

is deg(v,)=1,1,1,1,3 and deg(x,)=3,1,1,1,1 as shown in Figure 3.22.

Figure 3.22 deg(v,)=1,11,1,3 and deg(x,)=3,1,1,1,1.

Next, we consider K¥; which does not contain C,. It has a pattern of degree

is deg(v,)=0,3,3,3,1 and deg(;,)=1,3,3,3,0. We consider two cases:

CaseI. Vertices v, and u, are joined with deg(v,)=1 and deg(u;)=1. Then

we have green edges that contain C, as shown in Figure 3.23.

Figure 3.23 deg(v,)=0,3,3,3,1 and deg(x,)=1,3,3,3,0 in casel.
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Figure 3.24 deg(v,)=0,3,3,3,1 and deg(x,)=1,3,3,3,0 in casell.

Caselr. Vertices v, and u, are joined with deg(v,)=1 and deg(u;)=3 or
deg(v;,)=3 and deg(x;)=1. Then, the remaining green edges have exactly 8 edges
such that |V|=3=|V,| and a pattern of degree is deg(v)=3,3,2 and deg(u,)=3,3,2.
It is clearly that edge coloring of green edges contains C,, (see Figure 3.24),

a contradiction. This proof is completed. O




Chapter 4

Conclusion

From our study in Chapter 3, we obtained the three-color bipartite Ramsey
number br(F,F,,C,) and some lower bounds of three-color bipartite Ramsey

number br(B,FP,,C,}. We conclude the following results.
4.1 The three-color bipartite Ramsey number
(1 b{P,P,C,)=5.
4.2 Some lower bounds of three-color bipartite Ramsey numbers

(1 For integers n23 and m=>1,
br(B,,, P, C . )zzFJum—s.
2[5J+2m~2 2

(2)  Forinteger n22,
br(B,B, ,.C, )= 2n—1.
(3) For integer n>1,
(B> Boits Conia) 23041,

(9) For integer n>1,

bH(B,B,,C)=n+2.
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Abstract. For given graphs G,,G,,G, the three — color bipartite Ramsey number br(G,,G,,G,) is defined to be the
least positive p such that any coloring of edges of K »,p With 3-colors contains a monochromatic copy of G, colored
with 7, for some 1<i <3 In this paper, we give some lower bounds of br(B,P,,C,).

Keywords: Bipartite Ramsey number, Edge coloring, Graph.
INTRODUCTION

Throughout this paper, we s hall consider only finite undirected graphs without loops or multiple edges. For a
graph G with vertex set ¥'(G) and edge set £(G), we denote the order and the size of G by [V (G)] and |E(G)|,

respectively. A graph G is called a (G,,G,,G,) -graph if G does not contain monochromatics G,, G, and G,.

The bipartite Ramsey number br(G,,G,) is the least positive integer p such that if the edges of the complete
bipartite graph (X, ,) are colored with red and blue, then there always exists a blue G, orared G,. Forgiven
graphs G,,G,,...,G, , k 22, the multicolor bipartite Ramsey number br(G,,G,,...,G,) is the least positive integer
p such that if we arbitrarily color the edges of K o With k& colors, then it always contains a monochromatic copy
of G, colored with i, for some 1<i<k. When all graphs G, are identical, we usually abbreviate br(G,...,G) by
br,(G). We only consider 3-color bipartite Ramsey number br(G,,G,,G,) (in other words we color the ed ges of
K ».p With colors red, blue and green).

Fauduree and Schelp [5] proved the values of br(G,,G,) when both G, and G, are two paths

br(P,.,P)=n+m-1 for n,meZ’.

Similarly, Rui and Yonggi [9] showed that

br(C,,,K,,)=m+1 forintegers m =4
and br(C,,.C,,)2m+n—1 forintegers m=n .
Hattingh and Henning [8] proved that

br(B,,K, )<n +vm2— DJ for integers n,m=>2.
Samana and Longani [10] showed that
br(C,, )z k(m-1)+2,
br(B,)2k(m-1)+1,
and br(P,,..) 2 k(m —l}+[%-| for k and m are positive integers.

Exoo [4] showed the value of br,(C,)=11.

In this paper, we det ermine the value of some lower bounds of three-color bipartite Ramsey numbers
br(G,,G,.G,) as follows: For n,m e1*, br(P, B, ,.C,). br(P,P,C,), br(P,,,P.C,.,,.,) and br(F,. B, ,,C,,) -

216
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SOME LOWER BOUNDS OF br(B,P,,C,)

Theorem 1.If #23, then br(P,, P, ,,C)=n+1.

Proof. Let G be a 3-coloring of edges of K, , with ¥,(G)= Mavapen, v} and ¥,(G) = {u,u,,...,u,} such that
the vertex v, (v,) adjacent to all vertices of ¥,(G) by red { blue ). The color of other edges of G is green, then for
each monochromatic subgraph of G isa (P, 8, _,,C,) -graph. It implies that br(F. P, ,,CY=n+l. 1]

But, in fact, this bound can be slightly improved.
Theorem 2. br(F,,P,,C,)25.

Proof. From Theorem I, we have br(F,,F,,C,)2 4. Next, we will show that br(f,,P,,C,) > 4. Consider the

subgraphs of a X, , illustrated in FIGURE 1. Hence, (a), (b) and (c) represent subgraphs of the 3-colored X, with
ted, blue and green, respectively.

A v v v, v, i v, v, ¥ v, v, v
" A 1y i, n, i, I, 'R 1 Iy 1y LA
(a) Red {b) Blue (c} Green

FIGURE 1. Subgraphs of the 3-colored X, ,.
It can be verified that the K, contains no red F,, no blue P, and no green C,. Therefore br(F,P,,C)>4.
Thatis br(B, F,,C,}>5. 0

Theorem 3.1f #2 3 and m=1, then br(B,,,, P,C, ... ,) > n+2m-3.

u?

Proof. Suppose that K, and K2 are separated by ac omplete bipartite graph order
= M=2 = —+m=-2, -2 p
-4 Ak R 2 "2

n+2m-4 which the vertices of P;(Kuum-d,mlm--l) into P:'l = K‘(Knum—-t.ndm—-#) and V;l Z P;z(Karum-d.an--i) with
iﬂ’|=|ﬂ2!='z—'+m—-2, i €{1,2}. From [5], we get b:-(}g,,,,ﬂ,)>"2i+m—2, there is a 2-coloring (red and blue) of
edges of K} oty (TESP. K; . Ysuchthat there is nored B, andnoblue P.

FHm-2zem- ?M-E.?m—z

Next, all edges between K, and K? are colored with green that contains green cycle order
+|
2

u
-t m-2 —+me2-s -2
" EaR

more than 5 +2m—4. Therefore br(B,,,B,,C, .n ) 2 n+2m -3, |

The following corollary is straightforward.

Corollary 1. If 22, then br(F,, P, ,,C, )>2n—1.
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Appendix B

Pattern of G which is contains no P4




Pattern of G contains no P,

Let

be a

bipartite

graph  with

I/]((;:) = {VI,VZ,V3,V4,V5}

38

and

VoG = {uy,u5,15,1,u5} . We illustrate that the pattern of G does not contains 2,

where G havesize 4 5 6, 7 and 8.
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