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Research Title: Studying the risk of Diphtheria in Thailand by mathematical model.
Researcher: Assoc.Prof.Dr.Puntani Pongsumpun
Faculty: Faculty of Science Department: Department of Mathematics

King Mongkut’s Institute of Technology Ladkrabang

ABSTRACT

Diphtheria is Contagious disease caused by a bacterial infection. This infection caused
inflammation of the lining of the nose, throat and bronchial. This infection caused obstructive airway
lining. The bacteria caused the infection is ealled Corynebacterium diphtheria. The symptoms of this
diseasc are sore throat, runny nose, fever, enlarged lymph nodes in the neck, difficulty breathing,
difficulty swallowing, a membrane of skin infections caused skin ulcers cause pain. Incubation period
is about 2-5 days or may be longer. Some cases may not show any symptom. Cases with no symptom
are usually found to be the transmission source of this disease. The symptoms begin .with sore throat,
fever, cold and loss of appetite. In older children may complain of symptoms like sore throat. Some
cases have common symptoms of enlarged lymph nodes in the neck. The membranes are found in
white and gray tight around the tonsils and uvula. This membrane is the growth of bacteria produced
toxins out of the tissues. In severe patients, the bacteria create toxins that can cause inflammation of
nerves. In this study, a mathematical model of diphtheria in Thailand is studied to find the risk of

diptheria.

Keywords : Risk, steady state, Mathematical model, Diphtheria
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Al. Theoretical Background

Many biological problems can be explained mathematically by a set of differential
equation, which may be nonlinear. In many situations, it is possible to replace the nonlinear
differential equation by a set of related linear differential equation that approximates the real
nonlinear equation close enough to give useful effects. The method of “linearization” may not
always be appropriated. Then the original nonlinear differential equation must be considered. The
study of nonlinear differential equation is usually confined to a variety of special cases and we
have to use various approximation methods. In this part, we shall give an introduction to the
method which we use in this research.

Definition A.1 A point X, € R" is an equilibrium point (or stationary point, singular

point, critical point or rest point) of

S51 (el (A1)
dt

if f(t, X,) = 0 forall £ >t
If X_ is an equilibrium point of (A.1) at p! , then it is an equilibrium point for all T = t
Definition A.2 The equilibrium point X = 0 of (A.1) is stable if for every O >0 and any t;
e Rt thereisa w(d,ty) > 0 such that
‘u(t,to,y)| L\ for every t = ty
whenever 1 ¥ | < 0(0,ty) where u(t,y) isthe solution of (A.1).
Definition A.3 The equilibrium point X = 0 of (A.1) is asymptotically stable if
1) itis stable and
2) foreveryt, > 0 thereis an €(t)) > 0 such that

lim u(t,tg,y) = 0 whenever |'y| < g [10] (A2)
t—o0

Definition A.4 The equilibrium point X = 0 of (A.1) is unstable if it is not stable. In this
case there is a t, = 0 and a sequence Y, — 0 of initial points and a sequence t, such that
‘u (to FbaatosYm) \ > vy foreverym,t, = 0.

For more general setting, consider a system of two autonomous first-order differential

equations :
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dX
= =K Y (A3)
dt
dy
—=8((XY) (A4)
dt
where gq and g, are nonlinear functions. We let (X, Y) is the equilibrium point, then
g (XY) = g2(XY) = o (A.5)
Setting the solution at any time in the form
X® = X+ x(t) (A.6)
and
YO =" Y + y(b). (A7)

This method is called perturbation of the equilibrium point. We substitute X(t) and Y(t) from
(A.6) and (A.7) into (A.3) and (A .4),

—C%O—H X) = g1 (X+x,Y+) (A8)

j—t(?w):gz(%x,?w) (49)

On the left hand side, we expand the derivatives and on the right hand side, we expand g;

and g, in a Taylor serics about the equilibrium point ( i, ?). Then we obtain

dX = dx = = = = - =
E"‘g i gl(X,Y)+g1x(X,Y)x+g1y(X,Y)y
(A.10)
+ terms of order X 2, y2 , xy and higher,
& ey W) Dt
— + 2 = HEAYE, X Vx+ey, (X Ny
dt dt b 4
(A.11)
+ terms of orderx 2, yz, Xy and higher,
where glx(}_(,?) is %81 calculated at (;(,_'}-’) and similarly for
gly(i Y. 8ae (X Y, 82y (X, Y) and other terms,
Y o . dX dy
By the definition of the equilibrium point, we have E =0, E = 0,

g1 (3(,?) = Qand g5 (;(,?) = 0. We consider only linear term. Thus from (A.10) and

(A.11), we obtain

o wo o d
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Gl ajpXx+apy
dt 11 127>
LU a9 X+ gy
dt 21 220
We denote J as the Jacobian matrix of equations (A.3) and (A.4) and is given by
og1 0g;
e 411 412 ox
JXY) = T
agy A B2 050
0% kG )
Letting a=ajy; +an
P=ajjazp ~apag
and vo= P 4B s called the discriminant.

¥ 4 e 5
Then the characteristic equationis A~ — oA + =0

The eigenvalues are obtained from:

o x \H
2ANY 5

A linear system can have at most one equilibrium point, (0,0) if B =det J # 0.

Theorem A.1 The equilibrium point X = 0 of (A.1) is stable if all eigenvalues of J have
negative real parts and every eigenvalues of J which has a zero real part is a simple zero of the
characteristic polynomial of J.

The behavior of the equilibrium points of the system of equations (A.3) and (A.4) can be
determined by considering the different kinds of eigenvalues of the Jacobian matrix.

The different behavior of equilibrium points are determined from the characteristics of
eigenvalues of J.

i) The eigenvalues of J are real and distinct.
ii) The eigenvalues of J are real and repeated.
iii) The eigenvalues of J are complex.
The behaviors of the equilibrium points for all three cases are described as follows.

Case I The eigenvalues of J are real and distinct. There are three possible behaviors.

SOIMATIVNE AT WUTT WIATUWUT
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a. If both cigenvalues of J are negative, the equilibrium point will be a stable-two tangent

node (Figure A.1).

—

!

.

Figure A.1 A stable two-tangent node.

“

b. If both cigenvalues of J are positive, the equilibrium point will be an unstable

two - tangent node(Figure A.2).

Figure A.2 An unstable two-tangent node.

c. If the eigenvalues of J have opposite signs, the critical point will be a saddle

point (Figure A.3).
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Figure A.3 A saddle point.

ii) The eigenvalues of ] are real and repeated. There are two possible behaviors.

A0
= , then the
0 A

critical point is called a stellar node which be stable if A < 0 and unstable if

a. If J isdiagonaland J issimilarto the matrix as J

A >0 (Figure A.4).

H
\\[//
s

(a) Stable

(b) Unstable

Figure A.4 A stellar node.
b. If ] is notdiagonal, then it is not similar to a diagonal matrix. The critical

point is called a stable one-tangent node if A < 0, and an unstable one-tangent

node if A > 0 (Figure A.5).

"/ {ﬁf

(a) Stable (b) Unstable

Figure A.5 The one-tangent node.

iii) The eigenvalues of J are complex.

It is necessary and sufficient that y = G = 43 is negative and then
o tiy—
Mo = W

There are six possible behaviors as follows.

@
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a.If OL>0 and B > 0, then the equilibrium point will be unstable node.
b.If O <0and B > (), then the equilibrium point will be stable node.

c.If Ol <0 then the equilibrium point will be a saddle point.

A1 o? < 43 and OL>0 , then the equilibrium point will be an unstable spiral
node (Figure A.6).
J
L
x
Figure A.6  An unstable spiral node.
e.1f o

< 4B and (X<0,then the equilibrium point will be a stable spiral node

Figure A.7 A stable spiral node.

2

f.If a” < 4f and (= 0 mean that the eigenvalues of ] are purely imaginary, then the

critical point will be a center (Figure A.8).

o wod
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Figure A.8 A center.

In this section, we use the above ideas to apply for systems of n > 2 equations.

Consider
X = X X X)) wherej= 12,00k (A.12)
or in the form of vector notation
% - F(X) (A.13)

for X = (X}, X35 X ) and F=(f, £,..., ;) where each function f, depend on all or some
Y, Y,..., Y, The equilibrium point Y is obtained by solving F(Y) = 0. The next step is to
determine stability properties of this equilibrium point.

When we linearlize equation (A.13), the Jacobian is obtained by setting
J = £ F(Y) (A.14)
ax
where T is a kXk matrix. The eigenvalues A of the matrix satisfy det( J — AI) = 0. We obtain a
characteristic equation in the form
AE bk e eta b =00 (A.15)
The stability of the equilibrium point can be determined without solving the actual values of
eigenvalues by using the Routh-Hurwitz criteria.
Definition A.5 (Routh-Hurwitz criteria for local asymptotical stability)

o | v
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Take the characteristic equation (A.15), define k matrices as follows:

H1 [b|]s
byiod
H2 0 { 1 }’
by by
[t 0
H,=Ib3l:bs Bl
bs by b
[y 1 0 0 0
b by b 1 0
Hj= 0

bajo1 bajoo M3 by bj
B 0
by b, b 0
n=|"2 2 Y
L0 by
where the (I,m) term in the matrix Hj is
by ffar 97 <{ 2Ly ¥ 1K
1 for 2l = m
0 for 21, < ety (21T FT k+m:

Then all eigenvalues have negative real part. This means that the equilibrium point X is

stable if and only if the determination of all Hurwitz matrices are positive which is

DetH. > 0 ToNW = 2, 3,.. Rl
Next, we show conditions of Routh-Hurwitz criteria for case k=3 and 5 which are appeared

in the thesis.

Fork = 3;

We need to show that DetH, > 0 for j = 1,2and3.

B = b DetH, =b,
bi 4
H, = : DetH,=bb,- b,,
by by ;
Bl
Hy=|by by by | DetH= bjbyby —b3 —bby +bbs.
by By By

Qo

F09ANINE AT AUTH nadduuS



{ ° a s
msAnynNuEsveamstiuTsanefuludszme lnslasuuuiaeanundamans 45

Since coefficients b, and b, in 3" order characteristic polynomial equation equal to zero
then we have
DetH, = b,
DetH, = bb,- b, and
DetH, =  bybybs —b3 = bs(bjby —b3).

So the three conditions which correspond to DetH; > 0 for j = 1,2and3are b, >
0, =by - = 0 andsbby = b

Therefore the three conditions of Routh-Hurwitz criteria for local asymptotical stability in
3" order characteristic polynomial equation are

)by 0,
)by 2 200 ‘agl]

iii) bb, > by
Fork=5
We need to show that DetH, > 0 for j = 1,2,3,4and5.
H = [b]; DetH, =b,,
H, = E] bl } DetH, =bb, - b, ;
3 2
by 1 0
H,=|b3 by by | DetH,= bjbybs —b3 —bTb, +b;bs,
bs by 3\ b3
Bt R
e b3 by b N

Wiy by b
bl e b
DetH, = b,b,b;b, —blb, —b?b2 —b,b2b, +b,b;b, +2b,b,b, —b2 +bb,b, —b,b,b,

o d
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DetH,=b,b,b,b,b, — b§b4b5 —bfbib5 —b,b;b; +b,b,b? +2b1b4b§ mbz fblbzbgbé
+ b%b6 +b12b3b,1b6 +2bfb2b5b5 =3b,b;b.b, mbfbé +b]b§b3b7 ~b,blb,
—bjb,b,b, —b,b,b.b, +2b,b.b, +2b’bb, —b, bl —b’b,b,b, +b1b§bs
+bib,b, —bib,b, +b,b,b.b, —i:)ii::9 —b12b4b9 +b,bb,.

Since the coefficients b, b,, b, and b, in 5" order characteristic polynomial equation equal to
zero then we have

DetH, =b,

DetH,=bb, - b,,

DetH, = b,b,b, —b? fbfb4 3985,

= b,(b,b, =Wy b (bThpb )

DetH,= b ,b.,b,bf ~blb,=b’b? =b,bib, +b,b,b, +2b,b,b; -b!

=b,(bb;b, - bg - b]"b4) -bs(b,bi = b.b% 4 2b by Lib. ),

DetH,= b,b,b,b;b, —b3b,b, —-bibib, —b,bib: +b2b3b§ +2b,b,b2 =b]

LS 19405
= b,(b,(b,b,b; - bg - bfb4) —bs(b]bé OO LELLHGP) )
So the conditions which correspond to DetH, > 0 for j = 1,2,3,4and5.
are b, | 0,
bb,- bl b 0,
b,(b,bis:b7)—b(b:bi=b.) > 0,

b,(b,b,by - bg— bfb4)-b5(b|b§fb2b3#2b]b4+b5) > 0.

After we rearrange all above inequalitics, we get the conditions of Routh-Hurwitz criteria
for local asymptotical stability in 5 order characteristic polynomial equation
i) B > 0(i=1,23,45)

ii) bbb, > bj+bjb, and

iit), (bbb =bg)(b,b,b, —bi —bfb4) >b(b;b; —b3)2 +b|b§.
A2. Numerical Solutions of Differential Equations

In this research, we use Runge-Kutta-Fehlberg’s method which is one of the most widely
used methods, and is particularly suitable in cases when the computation of higher derivatives is
complicated. It can be used for equations of arbitrary order by means of a transformation to a

o d
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system of first-order equations. We shall discuss the solution of three first-order equations. Let

this system be

dx
i L e fX, ,Z,t
S (XY %)
dy
— = X, Yoz, t
" gx, ¥,z 1)
dz
— = h(x, v,z t
5 (X ¥>2, )

with initial point (X,,¥,,Z,,t,) and interval length h.

Runge-Kutta-Fehlberg’s method for finding approximate values of x,y and z at each step is

, (237K | + 11264k 5 110985k 4 — 4104k

X =
il _ 20520
(2375r ; +11264r 3 +10985r 4. — 4104k 5
Yasl = Yot
20520
(23758 |, +11264s , +10985s , — 4104s
z i I 1 3 4
n+l n 20520
where
k, = hi(xd & Y 5 Z O 85
k r S h
k, = hf(ll | #=L20)p + 1L B 7 AAAAAR)
2 ( n 4 yn 4 n 4 n 4)
T | +(3k1 +9k2)’yn +(3‘rl +9r2),Zn +(3s, +952)=tn +£),
32 32 32 3
s e N (1832k | 7200k, ¥\7296k)
. ; 2197 [
il (1922r -~ 7200r , + 72967 ;)
: 2197 %
I (1932s | - 7200s™5=+.72965_,.) - Izh)
i 2197 e
b iR, (8341k , — 32832k , + 29440k ; - 845k ,)
5 n )

4104

, (8341r | - 32832r , +29440 r, - 854r,)

; 4104 :
(B4 - 328325 , + 204405, -854s ) |y
4104

o o = da  wood
TONMIAATINIGY AT WUTU WIATUWUD



= = < = o a o
MITANEINNUITYS ‘U’t‘Nm‘jL'lJuT‘iﬂ ﬂﬂmﬂuﬂﬁ Slﬂﬁ"}ﬂﬂiﬂ YLULDDINNAUAN TR 48

(-6080k , + 41040k , — 28352 k, + 9295k , - 5643k )

k, = hf(x, +
20520

, (:6080r | + 41040r , — 28352 r, +9295¢ , - 5643r ;)

I 20520
: +(-6030s |+ 41040s , — 283525 , + 92955 , - 5643s ;) +;1)
v 20520 fde &

and the error for each step will be

k, 129 219TR~—ks

Error = + =,
360 4275 75240 50

,,ly,.., Iyand the error of y value can be evaluated from the above equations.

$,58,,., Sgand  the error of 'z value can be evaluated from ‘the above

equations.k .k, ,..., K, and error of x by replacing function f with function g and function h.
Runge-Kutta-Fehlberge’s method can be applied directly to a system of n first-

order differential equations

Definition A probability space (2, F,P) , a stochastic process (or random process) with state

space X is a collection of X-valued random variables indexed by a set T ("time"). That is,

a stochastic process F is a collection

{F; 2]

where each FL is an X-valued random variable.

< s @ o
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% Absiract

Diphtheria is an acufe. toxin-mediated disease caused by the bacterium
Corynebacterium diphtheriae. It can be transmitted from persen to person by close
physical and respiratory contacts. In Thailand, this disease can occur for adult and
children because some persons may not obtain the efficient vaccination. In this paper,
we formulate the mathematical model for describing the transmission of diphtheria
with vaccination in Thailand. Analysis of this model is given and the way for

reducing the outbreak of this disease is described.
Kevword: Diphtheria, Mathematical model, Simulation. Vaceination

1. Introduction
The infectious disease caused by the bacterium Corynebacterium diphtheriaem called
as Diphtheria.[1] The symptoms of this disease vary from mild to severe. After
exposure of this disease, they usually start two to five days. The symptoms starts from
a sore throat and fever. In severe cases, a grey or white patch develops in the throat.
This can create a barking cough as in croup. Diphtheria is an infection spread only
from people to people. The people are the only known reservoir for it. It is contagious
through direct physical contact of 4-6 droplets breathed out into the air. Secretions
from the nose and throat. Infected skin lesions. Sometimes it can be contacted via
intermediary objects such as bedding or clothes but can be rarely found.Previous
infection may not prevent against future infection.[2-3] Some persons have the
bacteria without showing symptoms, but he/she can spread the disease to the others.
Diphtheriae cause different severities of disease. The symptoms are due to a toxin
produced by the bacteria. The outbreak of diphtheria 1s usnally found in children who
have not been vaccinated or have not completed the vaccine group and in people who
have not been vaccinated or incompletely vaccinated children in adults. This can
make no immunity to prevent disease. The epidemic of this disease can be found in
the Northeast and in the south of Thailand. Although the infectious rate of this disease
is found only a few. but Diphtheria is a serious disease in children younger than 5

1255
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vears and in adults over age 40 vears. The nisk of death 1s higher than other groups.
This disease is found in both female and male and all age groups. But this disease 1s
not often found in infants under 6 months because children at this age have immune to
this disease from their mothers.

The immunity will disappear when the child is about six months. From fig.1, we will

see that this disease occur every year.

Incidence rate

1997 2002 2007 2012

Year

Fig. 1 Incidence rate of diphtheria cases in Thailand. [2]

Many research papers studied about the mathematical model of diseases [4-5]. In
1998, Shulgin et al [6] formulated the SIR (S = Susceptible, I = Infected, R =
Recovered) model deseribed an outbreak of measles by considering the volume of
vaceination. The result of this study was the volumes of vaccmation and age of people
who should get the vaccination. In 2001, Kolibo et al. [7] created a mathematical
model of diphtheria vaccine taking into account the amount of each person can
receive the vaccination. Parameters of their model are shown to reduce the outbreak
of diphtheria. In this study. we formulate and analyze model for the transmission of

diphtheria in Thailand by considering the vaccination.
2. Mathematical Model

Mathematical model of diphtheria with vaccination is considered in this study. The

diagram for describing our model equations is described in figure 1.

1256
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bN 4 PySy
—— o enip
Sk ry !h,‘, > Ry
a8y Puy Sh L, dR p,
A
al g
Fig. 2 Diagram of our equations.

Our model equations are explained in equations(1) to (4):
'S‘;'I = bNp =(pyv+ Puy)Sh —aSy (1)
!.h‘- o vah -@* d)If:\' (2)
Ty = PuySh @+ (3)
R;z = r(!h‘- i Ihm,) —dRy (4)
where .V,!, = Sh 1'-.:";1‘. TI}?;\' + K (S)

The variables and parameters are defined as follows:

5, is the number of susceptible human,

1, is the number of infected human who get vaccination,

8

1, is the number of infected human who do not get vaccination,
uv

R, is the number of recovered human,

b is the birth rate of human,
d is the death rate of human,
. 1s the probability of infection in the people who got vaccination,

1257
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Py 18 the probability of infection in the people who do not get vaccination,
r 1s the recovery rate of human.

We suppose that there is the constant number of population, then the rate of
change for human population equals to zero. The result is the birth rate is
equivalent to the death rate or b = d.

Introducing the new variables:

$p =8y Nyaip, = I dNp Ly omdipgd Ny @0d. 1y, = Ry, /Ny, then

the normalized equations become:

5‘#2 =b—(b+py +Pw)sh (6)
i',,‘ = PySh —(P‘-rd)ljk (7)
lj‘&n‘ = Pud - (r+ d)fhus' 3 (8)

3. Analysis of model
The known method applied to many mathematical models is standard dynamical
modeling method. We find equilibrium state and then determine its local stability.

3.1 Equilibrium point:

The equilibrium peint is obtained by setting (6)-(8) equal to zero. The equilibrium

point is (s}, i;‘_ ) i;w ), where

s, 10)

i i_s : (an
We consider the model equations:

S‘hjﬁ(sh"ih,-’i!zu-v) (12)
ih = Fa(sy, i, oty ) (13)
i = 5 (85 o ,ihm_) (14)
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£l = 5 W
—F ”‘.E"‘Fl B
s ai;,\, ﬁ},m_ i
The Jacobian matrix is defined by 1=| < F, —6—F2 ) ;
5 a8 55;,\_ e
.EF; LB e
cs ﬁhv Ay

Each equilibrium state is local stable when the real part of all eigenvalues are
negative[8-10]. The eigenvalues  (i;)  are found by solving the equation
det(T - »; D=0where I is the identity matrix.

The characteristic equation of our model is given by

(4 b+ 1) +(2b* Py + Py £+ b +b(py +Pw ) FF( Py Py ) =0 (15)
The eigenvalues of the above characteristic equation is
A =hy ==b=rFly =—b=Py=Puy (16)

It can be seen that all eigenvalues are negative. Therefore the equilibrium point is
local stable.

3.2 Numerical Solutions:

We simulate our model equations by using the following parameters: b=1/(365%65)
satisfy to the 65 vears life cycle of human. p, =02 is assumed to be equivalent to 0.2
(the probability of mfection in the people who got vaccination), p,, =04 (the

probability of infection in the people who do not get vaccination, r is the recovery rate
of human.

Sugceptible human proportioh
Q
w
(o]
|

1 \ F
Q 25 5C 75 100

Time {days)
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Fig. 3 Numerical solutions of our equations(6)-(8). It can be seen that the solution
converges to the equilibrium point (0.00007,0.000196368.0.000393137).

4. Conclusion
In this paper. mathematical model of diphtheria with vaccination is considered. We
will see that the vaccination effects to the people who can be diphtheria. If the person
gets vaccination then that person has less probability of being diphtheria case as

shown in fig.4. The numerical solutions are shown in fig 4.

0.500

Infected human who got vaccination proportion
***** Infected human who do ROL get VACC1nation proporcion

Infected hwean proportion

iirag e TP TR

Tine (days)
Fig. 4 Numerical solutions of our equations(6)-(8). The comparison of the infected
human who got vaccination and do not get vaccination.
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From the above figure. we will see that the proportion of human who got vaceiation
is less than the proportion of human who do not get vaccination. Therefore the

vaccination effects to the diphtheria infection of people.
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