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ABSTRACT 
 

This paper presents a mathematical model of the air pressure tanks 
interaction  system  for  controller  design.  This  mathematical  model  was  developed  
from  the  mass  or  energy  balance  which  is  a  good  agent  for  analysis  of  process  
parameters. The mass balance conservation principle is represented by differential 
equations. This was the nonlinear equation. Linearization is done using Taylor Series 
expansion. Finally, was converted to S-domain by Laplace transform and 
consequently, transfer function is formalized. The respectable transfer function was 
confirmed by the simulation program (Simulink/MATLAB) that compared results with 
actual air pressure tanks interaction. Transfer function analysis of pressure tanks was 
contributed to synthesized controllers. The tuning parameters of both simulation and 
actual  made  control  loop  response  approach  the  specification  target.  The  
experiment results show that the mathematical model is useful for describing the 
plant operation and tuning parameter of the controller. 
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2.1.1   (Units and Dimensions) 
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(Dimension)  “ ” (Units) 
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2.1.1.1   SI (Système International d’Unités) 
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2.1.1.2   (English system)  (ft)  

(lbm)  (s) 
2.1.1.3   cgs  (cm)  (g)  (s) 

 

2.1.2   (Ideal gas law) 
 

 (Boyle)  (Charles)  (Guy-Lussac) 
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p T

V
 n

p R T
u V
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upV nR T                                           (2.2) 

 
p  ( Pa ), V   ( 3m ), T  ( K ), n   

 ( kg mol )  Ru   (Universal gas constant) 

 (2.3) 
 

8.314 /
38.314 /
30.08314 /

1.986 /
310.73 /

1545 /

u

kJ kgmol k

kPa m kgmol k

barm kgmol kR
Btu Ibmol R

psia ft Ibmol R
ft Ib Ibmol R

f

                                   (2.3) 

 
 

  
pV mRT                                            (2.4) 

 
 m   ( kg )  R   

 

uR
R

M
                                                   (2.5) 

 

 ( / kg KkJ )  ( 3
/ kg KKPa m )  M  

 2.1  
 

 2.1  

 R, kJ/kg K 

 0.2870 
 2.0769 
 0.2081 
 0.2968 
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1 1 2 2

1 2

p V p V

T T                                                
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2.1.3  (system) 
 

 (system)  
  3  

1).  (Close system)  (Control mass)  
 

2).  (Open system)  (Control volume) 
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 (properties)  2  
1).  (Intensive properties)  

 2).  (Extensive properties) 

 2.1  
(Specific properties) ( / )v V m  ( / )e E m  
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 (equilibrium state) 

 (heat 
transfer)  
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3).   (phase equilibrium) 
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4).   (chemical equilibrium) 
 

 
(process) 

 (Transfer processes)  

 (Transient state) 
 (Steady state) 
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( )E ( )e
( 0)E  

 

 (internal energy, U) 
 (state function) 

 2  ( )Q   (work : 
W )  (path 
function)  2.2  

 (Open system) -
 2.2 
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2.1.4   (Mass balance) 
 

2.1.4.1    (Law  of  Mass  Conservation)
 “

” 
 (reactants)  (products) 

 
 

 –  =      (2.7) 
 

    
1 1

pn sys

i e

dm
mi me

dt
                                          (2.8) 

 
 (steady state) 

 (2.9)  
 

   1 1

pn

i e
mi me

                                             
(2.9) 

 
 

(Open system)  (Close system) 

 
 

    0 sysdm
dt                                                (2.10) 

             
  

                                             sysm constant                                           (2.11) 

 
 

 

avm v A                                              (2.12) 

 
 m  /kg s , 3/kg m , av

v

/m s  A  2
m  
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 (Yields) 
 

(Total mass balance)  (Component balance) 
 1n   n

 (Tie component) 
 2 

 
1).  

 
2).  

 
3).    
4).   
5).   

2.1.4.2 

 
 
 –  +  -  

=    (2.13) 
 

 (Steady state)  

2.1.4.3  

 
 2 

 
 

2.1.5   (Energy Balances) 
 

2.1.5.1   (the conservation of energy)  
” 
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 10-15%  (friction) 
 

 
 –  =  

      (2.14) 
 

E E Ein out system    ( )kJ                                 (2.15) 

 
 

 
E E Ein out system       ( )kW                          (2.16) 

 
2.1.5.2    - 

 3  (Heat),  (Work)  
(Mass flow) 

 

 
Q W Esystem                                       (2.17) 

 
 Q  W

   E  E  
 

 
E U KE PE                                      (2.18) 

 
2 2

2 1 2 1 2 1
1( ) ( ) ( )
2

E m u u m v v mg z z                      (2.19) 

 
 (Stationary systems)  

0KE PE
 E U  

 
Q W U                                          (2.20) 

 

 
 

เอกสารนี้เป็นเอกสารที่สงวนไว้สำหรับการใช้งานเพื่อการศึกษาเท่านั้น ไม่อนุญาตให้นำไปใช้ประโยชน์ด้านการค้า 

ไม่ว่ากรณีใดๆ ทั้งสิ้น อีกทั้งห้ามมิให้ดัดแปลงเนื้อหา และต้องอ้างอิงถึงเจ้าของเอกสารทุกครั้งที่มีการนำไปใช้ 



11 
 

vU C T     v
V

dUC
dT

                                (2.21) 

 
 

(Boundary work)  
 (2.21)  

 

other bQ W U W h                               (2.22) 
 

 (
)  

 

ph C T     p
p

dhC
dT

                             (2.23) 

 
 vC   pC  

 vC   

pC

 - 
 (pe) 

 Flow work fW  

 

fW PV      ( )kJ                                      (2.24) 

 
 P  Pa  V  3m

 fW  ( )U  

 
 

 
2 2

( ) ( )
2 2 s system

in out

v vm h gz m h gz Q W E               (2.25) 

 
 h   ( / )kJ kg , v   /m s ,  z   m  g  

 9.806 / 2m s  Ws    Flow work  

 (Steady 
state)   ( )0systemE
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0sin outmh mh Q W       ( )kJ                        (2.26) 

 
 

 
0sin outmh mh Q W      ( )kW                       (2.27) 

 
2.2   (Linearization) 
 

  

f

x

(x )x

df
m

dx

( )x t

( )f t

A

B

x x

f

f

 
 2.3  

 
 2.3 

 A= Operating point  B= Typical point 
 A  B  

 
 

( )f f m x x f m x                              (2.28) 

 
 Input  ( )x t  Output  ( )y t  

 
( ) ( )y t f t                                          (2.29) 
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[ ] ( ) ( )
df

f x f x x x
dx x x

                             (2.30) 

 
 (taylor series) 

 (operating point)  ( )f x   

0
x  

 
22

0
0 0 2

00

( )
[ ] ( ) ( ) ...

2!

x xdf d f
f x f x x x

dx dxx x x x               

(2.31) 

 
 ( )y t  1 ( )x t   2

( )x t  

 

,1 2 1 1 2 21 2
[ ] ( ) [ ( ) ( )]

f f
x xf x f x x x x x x

 
    

2 21 2 2
1 1 2 22! 1 2

[ ( ) ( ) ]...
f f

x xx x x x                         (2.32) 

   

 

2.3   (Laplace Transform) 
 

 
 

2.3.1   
 

 2.4 
 

 

 
 

 2.4  
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 2.4 
 

 
F ma                                                (2.33) 

 
 

 
2

2
d x

F m
dt                                               (2.34) 

 
 F  ( )x t   (2.34) 

 
 

2.3.2   
 

 
 ( )f t

( )
0

t
f t e dt    ( )f t  

 

0
( ) ( ) tF s f t e dt                                         (2.35) 

 
 

( ) { ( )}F s f tL                                             (2.36) 

 
 L  S  S j  (2.36) 

 (one-sided Laplace transform) 
      ( )f t  0t

 0t

  (unit-step) 
 ( ) ( )

s
f t u t  0t  0t  

 

0
( ) [ ( )] ( ) stF s f t u t e dtsL[

                                     
(2.37) 
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0
1

( ) st
SF s e                                              (2.38) 

 
1

( )F s S                                                  (2.39) 

 
 

 

0 0
( ) s t s t

su t e dt e dt                                 (2.40) 

 
 S   

 
 2.2 

 
 2.2  

( )f t  ( )F s  

( )t  1 

( )u t  1

s
 

t  
2

1

s
 

1

, 1, 2,3, ...
( 1)!

n
t

n
n

 
1

n
s

 

, 1,2,3,...
n

t n  
1

!
n

n

s
 

at
e  1

s a
 

at
te  

2

1

( )s a
 

1
, 1,2,3,...

( 1)!

n at
t e n

n
 

1

( )
n

s a
 

, 1,2,3,...
n at

t e n  
1

!

( )
n

n

s a
 

sin t  
2 2

s
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 2.2 ) 
( )f t  ( )F s  

cos t  
2 2

s

s
 

sinh t  
2 2

s
 

cosh t  
2 2

s

s
 

1
(1 )

at
e

a
 

1

( )s s a
 

1
( )

at bt
e e

b a
 

1

( )( )s a s b
 

1
( )

bt at
be ae

b a
 

( )( )

s

s a s b
 

 
2.3.3   
 

 
2.3.3.1  

 k  ( )f t  k  ( )f t

 
 

{ ( )} ( )kf t kF sL                                 (2.41) 
 

 ( )F s  ( )f t  
2.3.3.2    ( ) 

 
 

1 2 1 2{ ( ) ( )} ( ) ( )f t f t F s F sL                                  (2.42) 

 
 

1
( )F s  

2
( )F s  

1
( )f t  

2
( )f t  

2.3.3.3  
( )f t  ( )f t  S  (limit)  t  0  
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0

( ) ( ) lim ( )
t

df t sF s f t
dt

L                                (2.43) 

 

( )
( ) (0 )

df t
sF s f

dt
L                                 (2.44) 

 
 

 

1 2 (1) ( )( )
( ) (0 ) (0 ) .... (0 )

n
n n n n

n

d f t
s F s s f s f f

dt
L           (2.45) 

 
2.3.3.4    ( )f t

 ( )f t  S  

 

0

( )
( )

t F s
f t dt

s
L                                         (2.46) 

 
 n  

 

1 2 10 0 0

( )
... ( ) ...

t t t

n

F s
f d dt dt dt ns

L                         (2.47) 

 
2.3.3.5   ( )f t  

T  ( )f t  st
e  

 

1{ ( ) ( )} ( )Ts
sf t T u t T e F sL                           (2.48) 

 
 ( )

s
u t T  T  

2.3.3.6   ( )f t  ( )F s

 ( )f t  ( )f t  0t  ( )sF s  

s  
 

0
lim ( ) lim ( )
t s

f t sF s                                   (2.49) 

 
2.3.3.7   ( )f t  ( )F s ( )sF s

 (Analytic function)  s  
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 ( )f t   ( )f t   t

 ( )sF s  0s  
 

0
lim ( ) lim ( )
t s

f t sF s                                (2.50) 

 
 2.3 

 
 2.3  

 ( )f t  ( )F s ( )F s  

 1 2
( ) ( )f t f t  

1 2
( ) ( )F s F s  

 ( )kf t  ( )kF s  

 

( )df t

dt
 ( ) (0 )sF s f  

2

2

( )df t

dt
 2

( ) (0 ) '(0 )s F s sf f  

3

3

( )df t

dt
 

 
3 2

( ) ( ) '(0 ) ''(0 )s F s s F s sf f

 

 
0

( )
t

f t dt  1
( )F s

s
 

( )
t

f t dt  0

0

1 1
( ) ( )F s F t dt

s S
 

 1 2
( )* ( )f t f t  

1 2
( ). ( )F s F s  

 ( ) ( ), 0f t a u t a a  ( )
as

e F s  
 ( )

at
f t e  ( )F s a  

 ( )tf t  
( )dF s

ds
 

 
( )f t

t
 ( )

s

F s ds  

 ( ), 0f at a  
1 s

F
a a

 

 (0 )f  lim ( )
s

sF s  

 ( )f  
0

lim ( )
s

sF s  

 ( ) ( ), 1,2,3,...f t f t nT n  1 1
0

1
( ), ( ) ( )

1

T

st

ts
F s F s f t e dt

e
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2.4   
 

 
 

1
1 0( ) ( ) ... ( )n n

n na s C s a s C s a C s ( )c t  

        
1

1 0( ) ( ) ... ( )m m
m mb s R s b s R s b R s ( )r t      (2.51) 

 
 (2.51)  

 
1 1

1 0 1 0( ... ) ( ) ( ... ) ( )n n m m
n n m ma s a s a C s b s b s b R s            (2.52) 

 
 ( )G s  ( )C s  ( )R s   

 
1

1 0
1

1 0

...( )
( )

( ) ...

m m
m m

n n
n n

b s b s bC s
G s

R s a s a s a
                         (2.53) 

 
 ( )G s  

 2.5 

 
 

( ) ( ) ( )C s G s R s                                   (2.54) 

 

1

1 0

1

1 0

...

...

m m

m m

n n

n n

b s b s b

a s a s a

( )R s

( )G s

( )C s

 
 

 2.5  
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 2.6 ( )  ( )  ( ) / ( )C s R s

 2.6 ( ) 
( ) / ( )C s R s  

 
( ) ( ) ( )

( ) ( ) ( )

C s C s U s

R s U s R s                                              
(2.55) 

 

1 2 1 2

( )
( ) ( ) ( )

( )

C s
G s G s G G s

R s
                                    (2.56) 

 
 2.6 ( )  

 

1 2( ) ( ) ( ) ( ) ( )C s G s R s G s R s                                      (2.57) 

 

1
( )G s( )R s

2
( )G s( )U s ( )C s

 
 

 2.6 ( )  (cascade)  (series) 
 

1
( )G s

2
( )G s

( )R s

1
( )C s

2
( )C s

( )C s

 
 2.6 ( )  (parallel) 

 

1
( )G s

( )C s( )R s

 
 2.6 ( )  

 

1
( )G s

( )C s( )R s

( )H s
 

 2.6 ( )  
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 (feedback system)  (unity 
feedback system)  (non-unity feedback system) 

 2.6 ( )  ( ) 
 (positive feedback) 

 (negative feedback) 
 ( )G s

 (forward path)  ( )H s

 (feedback  path)  ( ) 1H s  
( ) / ( )C s R s  

 

 
( ) ( ) ( )

( )
( ) 1 ( ) ( )

C s G s N s
T s

R s GH s F s
                                 (2.58) 

 
 ( )T s  (closed-loop transfer function) ( )GH s

(open-loop transfer function) ( )N s  ( )F s

 ( )F s

 (characteristic polyninial) 
 

2.5   PID ( ) 
 

 PID 

 PID  
 PID , 

, 
, 

 PID  

 (overshoots)  (oscillation)  PID 

 PID 
 PI, PD, P  I  PID 

 (2.59) 
 

( )MV t P I Dout out out                               (2.59) 
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outP , outI  outD  PID 

 
 

2.5.1   Proportional control action (P - Action)  
 

 ( ) 
 pK

 (2.60) 
 

  ( )out pP K e t                                          (2.60)
 

 
   outP :   

pK
 
 :  ,  

( )e t  :  
 

 
 

2.5.2   Integral control action (I-Action)  
 

 (  reset) 
 (

) 
, iK

 (2.61) 
 

0 ( )  t e t dtI Kout i                                        (2.61) 

 
   outI :   

iK    :  ,  

( )e t  :   
 

 ( ) 

 (
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2.5.3   Derivative control action (D-Action) 
 

 ( ) 
 dK  (  ) 

 dK  (2.62) 

 

  ( )
d

D K e tout d dt
                                    (2.62) 

 
   outD :   

dK     :  ,  

( )e t    :   
 

  
 

                                 (2.63) 
 

 (2.63) 
 2.11 

 Conventional boundary layer 
technique (BL technique)  

 
( )pK e tP

0

( )
t

iK e t dtI

D
( )

d
de tK

dt

 
 

 2.7  
 

0 ( )( )   ( ) ( )t
p i pe t dtu t K e t K K e t
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 2.7 

 (Controller) 
 (PID 

Controller) 
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 2.8  
1).   (Rise Time, Tr) 
 10%  90 %  5%  95%  0%  100% 
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3).   (Maximum overshoot, Mp) 
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 Proportional-Integral-
Derivative (PID) 
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2.7.1 Nordin Saad and Mohd Syahrul Ridhwan Zailani. [3]

  
 2.12 
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 2.12 Process Reaction Curve [3] 
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 dead time ( ), time constant ( )  process gain (

Kp )   Dead Time 

 (2.93) 
 

(s)

(s) 1

SK eY p

X s
                                      (2.93) 

 
2.7.2 K. Anish  Mathew. [1]

 Process Reaction Curve  
PID  Cohen-Coon  Internal Model Control 

 

2.7.3 C. E. Long, J. D. Miles, C. E. Holland, and E. P. Gatzke [2]
 

 

 
 

 2.13  [2] 
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 (T-01) 
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 (T-02) 

 

3 2 2( ) ( )p t V n t RT                                    (3.5) 

 
 3.1    

Variables Volume Unit Variables Volume Unit 

 50 --- P2 26 psia 
Mi 70 % P3 17.64 psia 
T 520 °R P4 14.7 psia 
Gg 1 --- R 10.73 psia-

ft3/lbmoles-°R 
Cv (MV) 1.05 --- V1, V2 0.2473 ft3 

P1 50 psia  0.00263 lbmoles/scf 
 

 (3.1), (3.2), (3.3), (3.4)  (3.5) 
 

 
 Rate of moles into 

of tank
 

- 
Rate of moles out 

of tank = 
Rate of accumulation 

of moles in tank 
    (3.6) 
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 4.2  Process Reaction 
 Process Gain (Kp) : 27.755 psi/%opening, Time Constant (

)  : 88 seconds  Dead Time : 7 seconds 
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Abstract 

This paper presents a mathematical model of the air pressure tanks interaction system for 
controller design. This mathematical model was developed from the mass or energy balance which is 
a  good  agent  for  analysis  of  process  parameters.  The  mass  balance  conservation  principle  is  
represented by differential equations. Which was the nonlinear equations. Linearization is done using 
Taylor Series expansion. Finally, was converted to S-domain by Laplace transform and consequently, 
transfer function is formalized. The respectable transfer function was confirmed by the simulation 
program (Simulink/MATLAB) that compared results with actual air pressure tanks interaction. Transfer 
function analysis of pressure tanks was contributed to synthesized controllers. The tuning parameters 
of both simulation and actual made control loop response approach the specification target. The 
experiment results show that the mathematical model is useful for plants mechanism explanation 
and a better controller tuning reference. 
Keywords: Mathematical Model, Linearization, Mass Balance, Controller Synthesis 
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