


=) o W d'd a A
ﬂ1‘§!’§ﬂﬁa1ﬂ‘u!!‘1J‘1J“llu1uﬂ31‘].l’§$ﬁﬂfﬁﬂ1wgﬂ

1'% Aacs a ' d‘ =S\
ﬂ'JE]'JﬁﬂTiﬂﬂﬂ’é)ﬁ’é)ﬁ’Tﬁ!!‘U‘Ul]ﬂun»lﬂ

HIGH PERFORMANCE PARALLEL MERGED SORT

USING DYNAMIC COMMUNICATION

51Un3 supadIma

TIPRAPORN THANAKULWARAPAS

a

InenfinuiidudmiisvesmsamnanmingasBaanUSsanquidudia
MVIINGIMIAONNANDS
AInenman3
aoiumalulagnszaemnaudInammsaansz
N.¢1. 2558

KMITL-2015-SC-D-002-043



HIGH PERFORMANCE PARALLEL MERGED SORT

USING DYNAMIC COMMUNICATION

TIPRAPORN THANAKULWARAPAS

A THESIS SUBMITTED IN PARTIAL FULFILLMENT
OF THE REQUIREMENT FOR THE DEGREE OF
DOCTOR OF PHILOSOPHY IN COMPUTER SCIENCE
FACULTY OF SCIENCE
2015

KMITL-2015-SC-D-002-043



COPYRIGHT 2015
FACULTY OF SCIENCE

KING MONGKUT’S INSTITUTE OF TECHNOLOGY LADKRABANK



ANLINYIAENS
dadumalulagwszaauindndrnunmsaianseds
Tuusesineninug

13

vadedneninug  “nadesdduuuuruuiiivssavinmaaineiinsinsedoans
wuulpunda”
“High Performance Parallel Merged Sort Using Dynamic
Communication”

FotnAnwn UNANMEUNT sunalsnna
SWaUEI672 50067102

ELTGTY Usrgnufiadin Gneinisrauiiames)
1A IMYINITABUNIADS

o a a & a o [y
215INUIneIneinus  s09rans1a758 a5 asws. Jseiiu
= a = '
219159NUSnw e dnus Ty -

2N,

ANZNISUNISERUINETINUS aeilade
NALAT.UIREIW ASyanad S
UsEsIUNTIUNIS
SA.NTITE YRYaIa % ¢ —

91913 0ndnUsed Quareiviineatas)

He.n.ASE Buningy W

¢ v oo ° a e Al Ty
2719138 UUNAYTER ('Lum’UTJ‘U’WlLﬂHTUEN)

A3.LRAUANA Laredlanys A% n—.-./

AVSIRNIlinINN U naa I %,\/
SA.AT.ATWS TG .

19158NUS N AINeNinus

Ju/ dow U fisou ws7l 15 wqwnIaa W.A.2556  (Ian 17.00-19.00 v,

v

dnunNgau o 304 oS uRnsvasiv




Y Aa a d =) o w A a A 9 as
JUVOINENUNUD ﬂﬁLiENEﬂﬂ‘ULL‘U‘UﬂluWuVliJﬂi%ﬁVI‘ﬁﬂ"IW’g’Nﬂ’JEJ ji]

msaaaedeaIuuL lauiia

HUnANEN U9aNsUAT sUNAITA
stiaiszann 50067102

Saan USsanauiinga
CALRRE D! Inemsaeuiaed
W.A. 2558

Y

¢y a a ¢ a = 4
219138HAIVANINYTIUHNUD . AT. ITNT ITSNUD

F4
v A

4
audveil Idiuauenagnsnisiiulgalse@nnmvesnisisssdinunuuvnIuae

] 9
35 luIniinTagldmidanoed dawalinsaadedoamsuuy lauriinfalse Tomigega dana

Y
o o A

BN TEANTMINAIUNATVUTZ U UUDVVUIULAZUBUNTZINY FAUTENIDNTE o819 U

a Jala

~ ° o A R Y =R A 1 Y a A 1 A
“Tolwa” dmiuIsmstyaiunns ldinasadnalunaiimngaune ldinamsannodoas
A a a Y = ) o Y A 1 o < o ]
niszansna wldnasswauseumsmhaudosiae Tuudazseuhaududnenin taza
' o 5 Aw A oy 9 A A a 9 A 9
gRaaNFE1939013 TuanIdeniuuiuadumsmulssansmmaumsuani/asudeya

1 1 Ao 1 3’_, Y 9 a A A Y
senINrUelszutana Tasadvemaniudinalsgluuunsfedededisuuunii dama 1
TUIUTOUMTINUNIND (log,P (log,P +1)/2) tai0 tile P Ao S1uruniaglszuiana Taems
~ o w ~ ~ ° A A ~ A A A A
FeadauuunTedoa 3o uMIMNUNANGANE 1 501 H30 2 1150 3 130,..., W30 log,P
(@miuseumamnuiinga) Tnouaasnmsffeudienlszaninnanisniauonaz 5@y
Y Y] a 4 v A 14 | Aan A Y o a o dy
aem s TlsunsuuuszuuaeunIaesuuuaanes wuIsnlainaue luauideil
Tinadn5msoun Adegluilagiiu od19ios 35-40% WeorheunumsiSesdwunuuadood

A = o = o w = A 9 Y
wag 51-54% WaguNUNsEeIdIauLULLealeY WO N = 10-100 a1uyAveYya tag P =8

Y118l uIaNa

o_o

Y =} o W a d‘d a A a J d' a d' E2A
A1angY : ﬂ1§LiEJ\1ﬁ1ﬂ‘]JLL‘]J1JVI,‘UT°Vluﬂ“I/]llﬂi%ﬁ‘l/]ﬁﬂ1wg\1, ﬂﬁﬁﬂﬁE]ﬁ’é)ﬁﬁl,mﬂklﬂu1llﬂ1/lﬁl“]5ﬂ1

a 4 o w (=Y 4
UANoaaN, m‘ifimmﬂmmumumﬁﬁ&mmwwaw



Thesis Title High Performance Parallel Merged Sort using Dynamic Communication

Student Tipraporn Thanakulwarapas

Student ID 50067102

Degree Doctor of philosophy

Program Computer Science

Year 2015

Thesis Advisor Assoc. Prof. Dr. Jeeraporn Werapun
ABSTRACT

This thesis proposes an optimized Bitonic sorting (OBS) strategy with midpoint-based
dynamic communication. Our OBS strategy uses the midpoint-weight parallel list ranking to
improve complexity and reduce time of sorting on parallel and distributed systems. Applying a
better key in the PE-list ranking can find the right place of (P, Pj) and improve communication
time significantly (i.e., fewer iterations, better synchronization in each iteration, and faster
convergence to the sorting result), while most of coarse-grain parallel sorting (P < N) approaches
improve only a large amount of data exchange (N/P) in each of static (log,P(log,P+1)/2) iterations.
Theoretically, the OBS method can reduce fixed (log,P(log,P+1)/2) iterations to /, 2, 3, ... , or
log,P iterations, which are improved over those (<log,P(log,P+1)/2 iterations) of the dynamic
DCES (Dynamic Communication Efficient Sort) method. In performance evaluation, sorting was
accomplished on a multicore machine. Experimental results showed that the optimized OBS
outperforms those of the dynamic DCES about 35% - 40% and those of the static LBM (Load-
Balance Merge Sort) about 51% - 54% (for N = 10 to 100 million elements on an 8-multicore

computer).
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Stage 1 Pivot key
Data set < Pivot key Data set > Pivot key
Stage 2 Pivot key
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Stage 3 Pivot key
Sorted D ﬁ:f Data set > Pivot key
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UUADUITN 1 YUADUITNITLIYIAAULV VLTI (Quick Sort)

Quicksort(A[i...j1) Partition(m, p)
IF (i <j) THEN t=A[m]

p=j+1 i=m

p = Partition(i, p) while (i = p)

Quicksort(i, p-1) doi =i+ 1 while (A[i] < t)

Quicksort(p+1, j) do p = p - 1 while (A[p] > t)

END IF if(i < p) Exchange (A[il, A[p])
else Exchange (A[m], A[p])

END while
RETURN p

#206199 2.1 HAAIFIDEINIHFEIE R VUV UG (Quick Sort)
ag Y9y o Y A A s J [
auudlvdeyaiiuiine 69, 81, 22, 48, 13, 38, 93, 14, 45, 58, 79, 72 lagiaenadnan

A0 69 @w3n) uazld L unuedumuanied o uag R unuduvuaniee luseun 1

A Ad o o Y Y Yy A Y ¥ Y ' A o 1 A
L‘lﬁﬂ‘]_l!,‘ﬂﬂllﬂﬂﬁﬁﬂﬂ‘].l"ll’f)%;ljaﬂ”m“]f"lﬂﬂ@ ﬂ"lﬂlﬂi;!ﬁlﬂ’)ﬂﬂﬂﬁ]&ﬁ@lﬂﬂ 1 AH UL gALNONY
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'
v A

= @ o 1 A Y 9 =4 A ddy
WINNNAYHANITLADUNAU 1 AUWUIUASHYALNDWUUDYAUBYNINTNANAD 58 (Ap) NIUU
9
= @ 1

i <p AUAdUA1 A = 81 AU A1A = 58 vive launudni > p leadum A, du A Tu

{ o 1 3 A J o {
soud 4 siuguilises lvudoyaiso ldgndesanysal awaaslugdi 2.8

Pivot key
69‘81‘22‘48‘13‘38‘93‘14‘45‘58‘79‘72‘
L R
Stage1‘69‘81‘22‘48‘13‘38‘93‘14‘45‘58‘79‘72‘
LL IR
Stage2‘69‘58‘22‘48‘13‘38‘93‘14‘45‘81‘79‘72‘
]

Original Data

Stage3‘69‘58‘22‘48‘13‘38‘45‘14‘93‘81‘79‘72‘
L J

Stage4‘14‘58 22 48‘13‘38‘45‘69‘93 81‘79 72\

Data set < Pivot key Data set > Pivot key
Stages‘ 14, 58, 22, 48, 13, 38, 45 \ \ 93, 81, 78, 72 \
StageG‘ 38, 45, 22, 14, 13, 48, 58 \ \ 79,72, 81,93 \

Stage 7 ‘38, 45,22, 14, 13\
Stages 13,14 | (38,45

p 1R . ‘13‘14‘22‘38‘45‘48‘58‘69‘72‘79‘81‘93‘

d' o ] = o < :
31]1’] 2.8 LIHAINIDYNNINTLTYIAAULUULTI (Quick Sort)

U

2.3 MFIFLIMAVUVVVIULAZ N HIDENINE IV

(Parallel Sort and Related Work)

Y
ﬂTi!ﬁENE?W@“U!,L“LI‘]J"UHWUQﬂlﬁﬂ@%ﬂﬁWﬂiUﬂWﬁﬁﬂ\‘]ﬁWﬂUGlgljf)iJanu1ﬂclﬂﬂlu IWITCHIN

U

9 a v Y A

doyativuialvauing mssesdnuteyanuuounsy dldwesriianiaolszuiana aan

9 ' Y 1 Y 9 =) o o 9 < Y Y KX A
hl@ﬂm’ghl’?ﬂml@ﬂau Gla\1Glﬁm’mﬂumiﬁmm@umﬁymﬂunmum ﬂ?ﬂﬁmﬁ’lﬂl’m@]uﬂﬂmﬂ’]i
= Aau a 1Y = o w 9 ' v I 9
'ﬁﬂH']'Ji]ElLﬂEJ'Jﬂ'Uﬂ15l5EJ\?ﬁ’lﬂ’ULLU‘]JGUH'IuIﬂEJGl%Wﬁ'IEJG] ﬂuaﬂﬂﬁxu’mNauazmﬁmmmmﬂga
o = N ' £ o Y < = o o 9 2 A
mu’;u‘nmm%ﬁmEl,ul,mazwu’wﬂimnaWa ﬂ\°|1/]'IGI,Wﬂ')’]iJﬁ'Jiuﬂ’]iLiﬂQﬁ’lﬂﬂﬂl@HﬁE’I:QGU'L! 139

9 v J s X < a A U 1
ul@WﬁaW‘ﬁiﬂﬂlﬁ?"uuiﬂﬂlﬂw'l$ﬂ'3']llli'ﬂ,uﬂ’lﬁ@]ﬂ@]ﬂﬁ@ﬁ’lﬁi%W'J1\1WH'JEI]J5$3J'J@Wﬁ

o

= I g a A o 9 !
NSITYIANAVUDUVUIU [3][22] L‘]_]Ll51]1!@@uﬂ‘ﬁﬂ"ﬁ‘ﬂuﬂ')ﬁJ“]ﬂJ“]f’f]Llﬂ'ﬂLL‘]J'lJi‘]‘lé!ﬂ'illiﬂﬂ
v Ay KR o Y =2 Y k) A o 9 A a A [ 1
N899 1Y UABIANHIAUAD LWi’J'VI1ﬂ"J”IllLGU11%11&13’E]\iéll’f]Qﬂ?i@ﬂﬁ@ﬁ@ﬁ?iigﬂQTQWU'ﬁﬂ
A o Y o g X g ax = o w
szunana U,ﬁgﬂ15‘]_]'§$3J'JﬁNEILLUUGIJH"IHVWI11Wﬂ157]1\3"|1!£53511u Iﬂﬂﬂ]u@ﬂuﬁ‘ﬁﬂTﬁliﬂﬁaTﬂﬂ

A Aa 9 Y] 1 ~ o W Y ag a . .
LL’]J‘]JGUHTHVIHEJNIGI)'Q],H‘]TI%@‘UH YU miwEmmﬂmmusumummﬂui‘nuﬂ (Bitonic  Sort)



14

[2][19][21][23] M35 89AUUDVYUIUAIITIIWHAIUNY (Parallel Merge Sort) [19][23] 1ag

M3IFEIMIALUUDYUIUAIGIDAA (Parallel Odd-Even Sort) [19][23] @28ANUFUFOUA LA

[

] 2 A o [l Vv 9 < Y 2
WMy O(log2 N) memmuwmﬂﬂizmawammummmawayja (P=N) WuaAu wonnil

v o =

) an o o ' A 2 o ' 9 ~ '
AUAUUTUDITNITLIYIAN ‘]JL!’U‘]JTW?J‘] LWiJﬂluGlUﬂ%ﬂUuTﬂﬂiNLUUﬂﬁm P<N L¥U N3

Y an A

FE9AAULVVVHIUAIYIT¥DLOE (Communication-Effilicent Bitonic Sort: CEBS) N1i11d1®
=) o U a <]
TasdAy (KIM) [14] %350 NMSE5e9a1aULUUIUIUA183T 11oatid) (Load-Balanced Parallel
d' [ 1 a A A é = 1 = o w [
Merge Sort: LBM) [12] NN@11A089A1n 580U 0a Fa510az0enarzna1ndeludiduca’ly

A A 22 v= an ~ o w ' Aa ) ~ A 9
114']‘1/]Eﬂuwu‘ﬁull@ﬁﬂy"l'l‘ﬁﬂ15LiﬂﬂaTﬂULLUUﬂJHTHLLUUQWQﬂ %uagiuﬂ%ﬂuuﬂim P<N L‘Wﬂclflf

] v
A A

I Y = o w 1
AhuuamelumswannmsBesdidusuuvuuiangeas 11

2.3.1  msieednusuuvinua 35 lulniia (Parallel Bitonic Sorting)

v X

msFesdaununluTnda  [2[151(19]23] HlAgnAnduduiiie a.a. 1968 Tag

(%

= d =\ o w -~ 9 a 1 A
Kenneth E. Batcher “INHJ‘L!ﬂ'ﬁlﬁﬂ\ia']ﬂﬂll‘]_lﬂsllu’]l‘!ﬂ]lﬂ UANUUHIUBDYNNUINIUDIINAITY

v Y ) =\ 2 W 1/ .a A A o A ~ o o

SFUHDUATULIAT LN O(lOg2 N) UU'J']LTJUL’JQ']VIQCWQQ Iﬂﬂﬂ']uﬂ']ilsll@flﬂ'ﬁlﬁﬂqa']ﬂ‘]_]l!fllll
9 axy a A

allu'luﬂ'lﬂj‘ﬁ]lﬂimuﬂ 9

a a = o w Y ax a g = o w 9 A
fenudl 1 m3BGesdaununynuaie3s i IndadumsSesdiaugauesdeyanizonn
9 ] ' '
oo llviwnn (s, <s, < ... <s,) waoisesnnun llndes (s,>s, > ... > ) Tagnounil
= 9 ES 9 o 9 9 1 Aa 1 . I =
MIeIveyaly dayatiniinetag lugiunuNiTend1 “Bitonic Sequence” a,, a,, a,,..., ay, B9
y_ v y { 1w 4 < ] ' { Y
Usznauadedoya 2 yadoyanizesnony 1o a ..., a iugavesdeyadesiizoanintiosll

3 9 T oAa D)
UINID LS a ay, Lﬂuslgﬂéllmﬁllm;!aﬂ’e)ﬂmimeﬂMﬂll‘ﬂﬁTu@EJ

i+ 00

fa06105U Yateua S, 6, 10, 15, 30, 28, 20, 12, 3, 1 1Hudeyauty Bitonic Sequence”

= o o

A Yy 9 =
L“L!El\‘lmﬂ‘]_lSZﬂEI‘]JﬂlfJéU@ll“ﬁ 2 G]qfﬂ NUAUTUUARN

a

A
9

=le

< ' =

9 = 9
5,6, 10, 15, 30 (Hlugavesveyateshizsanntiesliunuas

q QU

2 9

< ' A A 9
28, 20, 12, 3, 1 udnyavestoyadosniEesarnuin lniios

q

= 9 v

a d' ~ o w Y ax a = . .
HYINN 2 ﬂ1il’§ﬂ\1ﬁ1ﬂﬂuﬂﬂﬂlu1uﬂ’w’lﬁll“]JI‘VI‘L!ﬂ (ﬂimmmu”aagslugﬂgmumm “Bitonic

d' o Yo 9 T v o 1 A
Sequence”)mamwu@iwmu’mﬂmga (N) mnuNUIUNUglszutana (P) 150 P=N

gunsafmnamsuIuseulunmsiinuld dsaumsn 2.1 [15][31]
NUIUTOU = log, P 2.1

Tuusazseuynguesnielszuiana (P, P) vzilszunana ldwdeus Ay mssuiw
1 AAa A A A 9 1 v A [ 9
A1 P, ey P, NdadedomsiiouanilasuioyasznineiuiingannnmannImieaIums
p0nUUUA1IAeNTTN  (Architecture Design) U84N15IF0NADTE I UIwLTENIaNaN

1 4 1 Ia 4 T . a 1
MUETUITU ﬂ”lil%@ll@]mmﬂ"lﬁlﬂﬂiﬂﬁﬂ (Hypercube Network) nou c?a%zwmsmwm ilayj
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Y KX o

N . Jd o [ H A

Lﬂugamgmﬁm (Bmary Number) ummmmﬂizqmﬁm‘ium‘iaammumumuﬁ
X a 1 I a

(Algorithm Design) FINITUIAT i Y j Lﬂummgmau (Decimal Number) Tuszuu

YFIUTADIAT i 1AL | UAAIAI0AUTIUAVTIUIU m Tn Av i, uag j, 1o m=1log, PAD b__

4 1 1w 4 X
b, ... b, b, b, 10 b UAUMAUFUIHTONILS

A 1 A 1 1 @ a A A A G .
" luseudi 1 g (P, P) UAwananiuluian b TaeR P liA b =0u30i,= 0b,
1 A A .
,b,5 b, b, by uAZA P, A b, = 1430 j,,=1b,,b,..b,b,b,
A 1 a1 1 [ A A A A G .
" Tuseuii 2 q (p, P) Hawananduluaii b, Tagd P A1 b, ,=0¥30i,= b0

J S 1 G .
b_,..b,b, b, LA Pj uMmb, ,=1%30j,=b ,1b_...b,b b,

m-3 °
" lusouiis la g (P, P) Hawanarenuludan b, Taeh pliA1b, =0 w30i,=b,,

J S 1 G .
by 0b b AEA P AL, =1 %30j,=b, ...b . 1b  ..b

" Tuseudl m (seugatie) g (P, P) Haumnaenuludai b, lash P, 3iA1 b, = 0 ¥30 i,

=D, - b, b, 0UBLATP, U1 by = 1 W30 j,, = b b, b, 1
a 1 b Y. d‘ (% gd d‘

Tuszuvmagudua i uaz j AuduanSeu lvasiine Tusouf slaq s=1,2, ...,
m) dMFUNAMI0I P dio i =0, 1,2, .., P-1 (Tuauniaelssuana) 1¢lan j=ird dmsy
P, 1 (i mod 2d) < d Tagdi d = 2™
% T T d' =) o w 9y ax a 9 1
A206197u U0 2.9 paAIMIiEeIM A ULDUYUIUA283S 1o India T9wieilszuiana 16

9

MUY (P=16) AHUTIHIUTOVINNY log, 16=4 50U lundazsaUgvoIniIvilszuIana
(P, P) wilszunana lindouq AU daumsmuaaa (P, P) Tungazsevnaadldluaisian
2.1 1wu Tuseun 1 §(P,, Py, §(P,, P,), ..., A(P,, P,,), §(P., P,)) 3zM1MsaAaae AULUDYLIUAY

d' 1 ] [ 1 ~ 1 [ [
Tuseud 2 (P, P,), AP, P), ..., AP, P,), A(P,,, P,o) Tusou# 3 8P, P,), 4(P,,P,), ..., 9

1

1 d’ % ] ] [ I~ 9
(P, P, (P, P uagsoun 4 (P, P), A(P,, P,), ..., 9 (P,, P.,), AP ,, P,)) Wuau

13>

Processors Processors
0000 |________= e A 0000
1 1 1 1 l
0001 » T : 0001
0010 : N i : ] 0010
]
0011 i } : : : ] 0011
.
o100 1 : : H : ] 0100
I
o101 — T - ] 0101
1 1 1
0110 t b = ] l 0110
i
o111 : : : | ; o111
1000 — -l L . I 1000
1
1001 t 1 : :: ; 1001
' |
1010 : : ' | T 1010
1 1
1011 - = . 1011
1 | I ]
100 —+ : i T ; I 1100
]
1101 : x 3 . 1101
!
1110 I LA H ' l 1110
un o= et un
Step 1 2 3 4

\ila l udgansinsiadadsszuitg (P, P) iauanulfoudayalunisidasdaraimiayluinn
Tae processor P; Liudias min(a;, a)) uax processor P 1iudun max(a;, a)

Y o w a ' 5 . .
1 2.0 msBesdwuuuyluniia 16 nilszurawa (nsaideyailu Bitonic Sequence)
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= v

a ' o o o a A 9 o Y
AN 2.1 HLAAINITHIA (Pi, Pj) AINTUNITLIYIAN ']JLL‘]J‘]JIIUI‘WH?’] Lll’t’)ﬂl't]llﬂﬁ‘l!”lﬁl“ﬂﬂ

Bitonic Sequence $1UIU m = log, P 50U N3N Iunelszuanaminuyuadoya

(N=P=16)
5aU NTUIAT | UAZ j P, Pj) Lﬁa i=0,1,..,15

Step (s) \ila x Wintugudvidauila (0/1) WAz j = i+d 81 (i mod 2d) < d
d=2"" [ j Fuaag FRY
(0000, 1000) (Po, Ps)
(0001, 1001) (P1, Pg)

1 23=8 OXXX IXXX
(0111, 1111) (P7, P1s)
(0000, 0100) (Po, Ps)
(0001, 0101) (P1, Ps)

2 22=4 XOXX XXX
(1011, 1111) (P11, P1s)
(0000, 0010) (Po, P2)
(0001, 0011) (P1, P3)

3 =2 XX0X XX1X
(1101, 1111) (P13, P1s)
(0000, 0001) (Po, P1)
(0010, 0011) (P2, P3)

4 20=1 XXx0 Xxxx1
(1110, 1111) (P14, P1s)

a ~ ~ o w Y ax a A Ay o 9 o &
Henuil 3 MsiEesdaunuvIua035 JuTnda (nsdifdoyadududuununall) ¥

9 9 v
Usgnouaie 2 Tuaoufe TuUINIZA0INISIas (Transformation) Woyana 1y (Random

Y - o o ? & 3 a g
Sequence) 1ﬁ@§1ﬂ§ﬂ‘ﬂ@\‘] “Bitonic Sequence” L@yNOU Lm%ﬂ]uﬁ’ﬂu‘ﬂﬁ@ﬂlﬂuﬂﬁLﬁﬂﬂ*llf]iqua

9 as a A o dy o o =~ o W 9
LLUUGIJHWUW']EJ'J‘ﬁ]l‘]JIT]uﬂ Iﬂﬂﬂim‘ﬂﬁul,ﬂu ﬂ15ﬂ1u3mﬂ1ﬂ1u3uiﬂﬂ1uﬂ15liﬂﬂa1ﬂﬂﬂlﬁ]‘hﬁ

u

wuUVUA2835 10 Tnila enusamuiasenlumsihanld 14243+,...,+log, P (WATINVDY

sovdosluugazsonlnaiiuiu log, P 501) Fudlumnuaaaluaumsi 22 [15]31]

NUIUTOU = =B\ IP 2P)(Iogz P) (2.2)

[ Y T 1 b
o uauseulutuaoungod @uiemi 2) 1101 log, P A9tU 1uausonlu
9

VUADUUINNINY (1+Hog, P)(log, P)/2 - (log, P) = (I1+log, P)/2-1)(log, P)Iutsiazson 1)ngund
! 9 [ o 1 A A A
wiedszudana (P, P) vsilszmiana lnieus Au msdnue P uas P, fidadedons

511 2.10 (P=16) luusufeInUNNaIV U

U

A 9 ' o a Y o
uamﬂaauﬂlay’aizmwﬂu i]$‘WﬂT§i1H"l,@@\1

i
=

NN 2 99319 2.9 (P=16)

U

o v 9 Y

A208195u 31N 2.10 naaamsFesdriaudoyaunuyuiualeds lulnia Tasldniae

U

1 v

v
Uszunama 16 WUe (P=16) AIUUTIUIUTOUINING (1+4)(4)2 = 10 50U TuUAaLIOUNNG

U

=

voanaelsvuiana (P, P) vzl szunanalilndouq Aulagnisdiuiua (P, P)

a J d’ d’ d‘ 9 U [ [ d‘
G]ﬂ@]’t]ﬁ’é)ﬁ'ﬁl“l/\l@l,l,aﬂlﬂaﬁlu‘ﬂﬂyﬁizW’JNﬂuﬂdLlﬁﬂﬂ’ﬂuﬁTﬁNﬂ 2.2
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Processors  Bitonic-Sequence Transformation Bitonic Sort Processors
oo i Sttt == ==y 0 i s S ]
0000 l i T l i i J' T ‘ : l 0000
0001 —+t—1 : T | T i 0001
——————— { | L | i
0010 : t 0010
e el oy e e
0011 —==—1= o : i ! ; t 0011
——————— [ | i 1 5 !
0100 —+5— i t i 0100
[ !
0101 l L T i t l : I : ! 0101
,,,,,,, ! 1 1
0110 t i 1 1 0110
i 1 |
0111 T — T e 1 : ! ‘ ! 0111
1000 —FFE—F = s 1 1 1000
Pl ! !
1001 l L l : ! T i : ! l 1001
——————— : i 1 3 |
1010 : t : i i 1010
1
1011 T —t l : : T i i : l 1011
1100~ S : j 1 ) | 1100
l H T 1 ! T 1 fl ! l
1101 —=%= d i { ] I t 1101
——————— : | ! !
110 T i T | : T I : : ] 1110
R e e e e o R HRE ]
Step 1 2T 2.2 31 32 33 4.1 42 43 44

1iia l uamInisfnsiadadnsserning (P, P) tauanilasudayalunisizavdaranniasliuin

]

Tau processor P; ifiudnuiae min(a;, a) uas processor P; LAuA 1N max(a;, ;)

ay T udgmunsfindaiadrssuineg (P, Py iauanuldoudayalunisiGavdrainuinlihias
Tau processor P; 1iufnn max(a;, &) uat processor P; iiudmias min(a;, &)

i 2.10 msisosdwouuuloIndiald 16 misetszunana (nsaideyanalil)

=\

L38

o w a A g o Y &
ﬁ']ﬂ‘ULHJ‘]Jhl‘UI‘ﬂL!ﬂ mml’em“ammmﬂuuuu

TS uau (1+log, P)log, P)2 sou nitiisiuauminelszuianaminuyuiadoya

(N=P=16)
T8 T8 NITUIAT | WAZ | (P, P) e i= 0,47 .. W5
wan | #gas | uila x whﬁ'ugluéu?auﬁa (0/1) wag j = i+d 81 (i mod 2d) < d
Stage | (s) | d=2"" i j FIUADY 3uAY
1 1 20 =il xxx0 Xxx1 (0000, 0001), ..., (1110, 1111) (Po, P1), ..., (P14, P1s)
) 1 21=2 XX0X XX1x (0000, 0010), .., (1101, 1111) (Po, Py), ..., (P13, P1s)
2 20=1 XXX0 XxXx1 (0000, 0001), .., (1110, 1111) (Po, Pa), ..., (P14, P1s)
1 22=4 X0xx XXX (0000, 0100), ..., (1011, 1111) (Po, Pa4), ..., (P11, P1s)
3 2 21=2 XX0x Xx1x (0000, 0010), ..., (1101, 1111) (Po, P2), ..., (P13, P1s)
3 20=1 XXx0 XXXL (0000, 0001), ..., (1110, 1111) (Po, P), ..., (P14, P1s)
1 28=8 0XXX XXX (0000, 1000), ..., (0111, 1111) (Po, Pa), ..., (P7, P1s)
4 2 22=4 XOxx X1XX (0000, 0100), ..., (1011,1111) (Po, Pa), ..., (P11, P1s)
3 21=2 XX0X XXLX (0000, 0010), .., (1101,1111) (Po, P2), ..., (P13, P1s)
4 20=1 XXx0 XXx1 (0000, 0001), ..., (1110,1111) (Po, P1), ..., (P14, P1s)

HeLtin Nyl
- 9

~

A cu A A d'
mioununsainuaad 1 luaisngh 2.1

2 3 o A ~
Hm L‘}Jumu’msauuaﬂ Iﬂﬂ m=1,2,3, .., 10g2P Uaglu® m=4 Glumzm‘w 2.2

~ o @ 9 ax a a I A a A o 1
ﬂ'li!,iEJ\‘]a'I@‘UL!U‘U"U’H'IH@'JEI'J‘EII‘UIWH?] T@EnJﬂ@lﬁ]mﬂuﬂimwﬁnummmu’mwu’m

Uszurawa (P) wniiganadmsudoyaviia N (P=N) ualunnjianiensainag

9
ﬁ1u’3uﬁu’)ﬂﬂi%ll’)ﬁWaﬂﬂﬂ%ﬁ@ﬂﬂﬁﬁ]uWﬂﬂl@ﬂaﬁ}@y‘a (P<N) VUADUITUOILAALNTUILUTAY

9
luivedosne 11/l
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o

23.1.1 dunerdsuuuluniiansdifiswiurmnelszananamnusiudeya (P =N)

= o 9 an A o @ A A < 9 . .
mmmawmmJmummmﬁ”luT‘wuﬂmmumm‘n 1 Lﬂlﬂl@iﬂljﬂ “Bitonic Sequence”

v [}
A

{ 3 & S & & Y 0 '
uaznsai 2 Wudeyanali uszlvunouds 23] Taena Tdaadl iWesmauminelszuiana

(P) nuTuIudoya (N) W50 P=N

9
%

:’, Qdd' asy =) o v 9 Aax a o v 9 . .
VYHADUIBTN 2 VUADU ﬁmmmamummﬂﬂmuﬂ (P=N) @113 UUDYA “Bitonic Sequence”

Global d: Distance between elements being compare
Local a: One of the elements to be sorted
t: Element retrieved from adjacent processor
Begin
for J = m-1 downto 0 do
d=2
|/ For All Processor
for all Processor k where 0 <= k <= 2m-1 pardo
if k mod 2d < d then
t=[k+d]a
[k+d]a = max(t, a) //sort low to high
= min(t, a)
end if
end for all
end for J
end

2ee
=

. & o v ¥ a o v 9 )
AeUIBT 3 YUAoUITMIHeId1DA078 11 Iniia (P=N) dm5udeyand i

Global d: Distance between elements being compare
Local a: One of the elements to be sorted
t: Element retrieved from adjacent processor
Begin
forI=Ouptom-1do // m=logN
for J = I downto 0 do
d=2
for all Processor k where 0 <= k <= 2m-1 pardo
if k mod 2d < d then
t=[k +d]a
if kmod 2i+2 < 2i+1 then
[k+d]a = max(t, a) //sort low to high
a = min(t, a)
else
[k+d]a = min(t, a) //sort high to low
a = max(t, a)
end if
end if
end for all
end for J
end for I
end

H v
A A o 1 o Y D

Tunsansruiunuieilszulana (P) Lﬁwﬁuﬁwuau%’ay‘a (N) AUUITULTANUIY
1 1 < 1 ~ X 1 gl.; 1 o =)
szurananaz g (P) ﬂzmummm%ga‘l’j”mﬂwﬁam (a) Tuae lilazrimsnSeuien

] . [ 3 J A @ S o
arlunmizglszananad P v P, idugy (<)) Taean landinnnfSeuieniuesivuald
T Y 3 A ] [ < 9}4‘ [l 2 a (Z
Afosgninuiinidesdszudana P, uazamingniiy Himidsdszulana P, 3a5endn
Y
AUUUMIUVVHN “Compare-Exchange” [15][31] ¥ann13U83 Compare-Exchange 14190
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26

uuui 3) mswanldsudeyanuiamizaiu (Partial Pattern) Iaona ludrvuie
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P 11080191 Max, (Nsaiinsoudnlu P ilumias uagnsoummilu pilua1iy) U7 2.19

= 1 'cy [ 1 d' 1 < ] 1 <3 ]
() usufeumnsuvmnnuanied Tae P, azinuaios (min(A, A)) TP, WINUAWNN

(max(A,, Aj))

el ] w2 [ [T 5

(n) (2)

Max, Min; Max;

15”10‘20”10‘12‘13‘ Pi‘ 1‘6‘8‘10‘11”12‘13‘15‘

Min;
pi‘1‘6‘8|11|

Miny Max; Mini Max;
Pj|10|12|13|16‘20H 1 ‘15”11‘15‘ Pj‘12‘13‘15‘16‘20"11‘10‘
(?) (9)

Wla — uaavnIshiacaszuieduas P uat P thanisBustiayaniniasiduiann
Tau P 1AudTiag (min(A; A;)) Wag P;LAUAINNA (max(A; A;))

51N 2.19 vansdregaITMsuanasudeyaunumWIZaIY (Partial Pattern)
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? o Y Asa >~ 9 A
HRUBLHN Gluelju@]’f]uﬂ'lﬁWGJJH'IIﬂﬁLLﬂﬁiJ@'JEI FEOULOT (CEBS) ﬂ1§L!ﬁﬂ!ﬂﬁUuGU'ﬁlial’ﬂLlUUﬂ\1ﬂ

[ 9 1 a3 A [ 1 ~ v A
HNATIVADUNDOU m”lmﬂu"lﬂmmmu"leumﬂan msuanasuuyuaaun CYPNATINADY
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° Y 1 g A 4 dyd o ~ v
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Qdd‘ ~ o w Y aAaaA
mumamﬁﬂ 4 NMIITNANAVUUUVUIUAIIITEDUD T (CEBS sort)

P: the total number of processors (assume P = 2¥)
Pi : a processor with index 7
h : the number of active processors
Begin
1.forall0 =/ = P-1
P; sorts a list of N/Pkeys locally
2, for j = 0 to (log P)-1 do
forall0 </ =< h-1
if(i<h/2) then
2.1 P; receives N/h keys from Pi.n/>2
2.2 P; merges two lists of N/h keys into a sorted list of 2N/h
Else
2.3 P; sends its list to Pi.p/2

End

2.3.2.2 MSEEALIUDVINUABITHEa TSN (Load-Balanced Parallel Merge Sort:LBM)

) v A o w A 3

FMFVITMTHeIAULUDUUIUAI8TTUeaTiidN (Load-Balanced Parallel Merge

dy Y o =~ I =X o = o w Y
Sort:LBM) [12] H Iarinaueludl a.a. 2003 11ums3tuaeenna1nni1siiesdduuuuuuIua e
A AAa A ° = Ay A a ' A 9 ' Y
WBadtea Tagmimsfnyideuan luaiuvesnsuanilasudoyauuummzaiy 190

A a A 2 an A = & () A A Y YA ya
Uszansaimniunnsmsauaaluuien sz nyNdeyandeliving ldminu naiuiasa

# o 1w 4 o
mssadeyavesnitelszaranansaesdalddeyaminuauelofisunua1naie (median
Y v
value) Y8999 2 NN MIUUIUAUDITNSTINHEAIUTOYA (Merge Data) 184 aNN15 “Median
1 Y v

Computing” daralddszansnmlunssimgadoyamuiu dautuuai (Hold Pattern) 1Az
nuUad Ui (Swap Pattern) SanaI¥uuDReITUTE N TOTI0A i‘]J‘I/I 220 ugaamstanilaou

ToyauuUmWL a0 ATiDY

min;
UULAWIZAIY U
Partial Pattern @ ---

Data Exchanged

A Ay by Qi1 - - Do by

ﬂﬁ 2.20 uammmamﬂaaumaummumqmummammamau

o aa A ~ o Y ad A
VHADUIBTN 5 NITLIUNANAVLUUVVUIUAIYITLDAULDN (LBM Sort)

1. Each processor sorts a list of N/P keys locally.
2. Iterate /og Ptimes the followmg computation:
iiteration, there are P/2"! groups, each of which includes 2! PEs
2.1 Each group of processors finds its pair (partner group).
2.2 Exchange boundary values between paired groups.
2.3 Determine overlapped interval(s) and communication partner(s).
2.4 Determine the logical ids of processors that give a correct
sequence of keys in the merged list.
2.5 Perform the following with each communication partners.
2.5.1 Find a splitter in each overlapped interval by binary search
2.5.2 Exchange keys lying in overlapped intervals.
2.5.3 Merge keys, and make a sorted list which has about N/P
keys per processors
2.6 Broadcast logical ids of processors
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Aas

1 As) 1 A T o A o = o o Y o [ anAa
AMNUDYINIHNIDNINY Med’ (10, 12) NBNINISIENaIAUvoya (GRIEATRF I RFINTNE RG]

avoyandesdsfio (10, 12, 13) Fwana1) U 2.21 1) Wieuieuyadoyansunnuya
) A g0y [ ' 2
Yoyaniley Tae P,aznuA1ios (min(A, A)) 87U P, 12AUAINN (max(A, A)

U
sl
ofio]20] 310] 2

(1) )
Max; Min; Max; Med’
p|‘ 1 ‘ 6 ‘ 8 |11|15H10‘20“125”10‘12‘ Pi‘ 1 ‘ 6 ‘ 8 ‘10‘11‘
ax; Min Max; Med
P]|10|12|13|16‘20H1‘15“125‘ Pj
3) (4)

da —> udaInIshAGasTUINIG IR P UAz P; \ansBavdiayaainiiaalilviiann
Tagl P tiuAtiag (min(A; Aj)) Waz P lAUAINNA (max(A; A;))
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ﬂﬁ 221 uﬁmm@mqﬂmmﬂuJaﬂumauauuumamumammmamau
= o a d v A d
2.3.2.3 MIIPIANAUVBUUUYHIUUUISUUADNNIUAD IUVVNANAND I

~ o w a 4 v A = A (Y
NITLTYIAIAVLUUVUTIUHUUISUUADUNUADILUVUAANDT Niﬂiﬂﬁ%j1\11/]hlhcliﬂclgfj@u

4 4 a g o ' } [
11099101AT0INOUNUABTAIUYAAA (Personal Computer: PC) Tutlagiiudinlvasossums
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o a J o {

NMNTIUUUITUUADUNUADIUUVUVUAAANDT 1/1flﬁjlﬁ'ﬁﬁuﬁlmmﬁ}mmiﬂizmaNmmummu
= a o kY J Y av 9 = o w a J
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uuunamm"lmummrfu% ANHYIAUAIINUDYINNINNUYIN ﬂ\‘]GI’J’E]EJN\‘ﬂu’Jﬁ]ElG]’E]U],‘]JH

141l f.#. 2008 J. Chhuhani LazAME [6] tAUDITUN 9N @QUWﬂaQﬂ1iﬁ'ﬂQﬁ1ﬁULLUU

a, @ a 14 v Aa s o
"Uu"lllﬁ}ilﬂil%ﬁimﬂu (Parallel Merge Sort) UHILUUADUNUADIUUVNANADT ﬁ!,ﬁ'umimqm
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9

puurilmdsasalszuanadoyalanaisn gadeyaiiuea (Single Instruction Multiple
Y

[

Y
Data: SIMD) 4ena1niauide lainaneisnissiudoyauuunalonia (Multi-Way Merge)
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= a A A = = o o 9
Gluﬂ f.¢1. 2011 A. El-Nashar [7] t&H931U7 INDTVIIINTILTIIIAVVBY AUV UVYUIU

=

v Aa o Aa oA a 4 . o =
vuszuUNaanes luszuulian1sIulad (Windows) Fawaimsweu Tusunsuuuuyny
Y 3 A o 31.: as = o o 9 as A
ANIATFIUNBUOUT To (MPT) WarnnduasuIsmsisesdiaudoya 335 Ao 1) 03
o w < . o o o w
(589 1A LUV (Quick Sort) 2) NFITUIEIAUUVVIINAU (Merge Sort) 1A 3) N5I56981A
Y Y ¥
1AL (Bubble Sort) MINUUNITHLINBUMIITHINAUNIAWLDY TATMIINNTIUIUMNIA 1ag
A o 4 o 1 A o S 1 o 1
msuiiuunes lumsiheu ladeasdhmsiusiwiunes diwaaen13iiaumnnms

NDIUIUNT A
2.3.2.4  MIBEMAUHUVVINUUUIZUUM S IFHUILANINIITINNY

A1315 898 1A VUV BV UBUI VUM 1F U8 us15200Y Blasaadieans
a 1 4 1 1 <3 a
AANDARA1II¥ NI TzIIaNa (Interconnection Network) Wunvylauiia (Dynamic)

[ I v W ] aw 1 e
191 Omega, Baseline, Crossbar Switch 11a Butterfly 11ua1 daad0e 1991139850 121

A

113l A.71. 2000 Adler, M. Byers, J.W. Karp, RM [1] Iasineuonaiuidsnnesuay
Ysvilsalse@niamlunmsfanedodisszninnitelssunana Taglylmaaizonin “ER-
d‘ 1 d' Y a 1 .d' 1 ]

PRAM Model” Tagagitanilasu (Tradeof) 55119 141 UN1sAnnodoa1552 111191120

1 v Y 1 9 H H

Yszanana Newvziivvuiie 1¥viissyanana @) v dunail¥lumsyseaunanah

A 9 1 da! Y ax ) = o w @ o

anauloldvulelszuranauInUU A2875 “Lower Bound” #agii1nsiEo9a1a UL UADANY

(Column Sort) Mo 1Ay Leighton [17] 4111015914 (Matching) #2875115 “Upper Bound”
X < 3 1A U {

FeamnsolsggnailuluaalumiNizonan “Bridging Model”  Aiannsnldluanlaenssy

ouq 14

Y
113 f.¢1. 2000 Jac-Dong Lee #@® Kenneth E. Batcher [16] ta@u0d1uIveil lag
mmsanumsiseedisunuyluInida vuaoniaenssuuuulduilenus iy (Shared
' Y = Y ' o g Y1 o 2 B P v & =2 a
Memory) #aM 3D Ya luruleaNun g awnuiaeud a1y AsuIana

Y

a 4 a 2 a 1 4
HUINNNAAYDINAYNTLUUDNIIA (Parity Strategy) U Tasnisaanallunisanaodoals

Y = o

1 1 d‘ 1 o 9 =\ a A dﬂl
sEHINKHUIeYTENIa wamamaiwmmmmﬂmayauﬂixammwmwu
2.3.2.5 msﬁmﬁﬁl’mmumumumzuum{l“’ﬁmhﬂmmﬁnmuﬂsmm

Y
MIFEISAULV VLUV UTUUNST TFHUeaMNTmVUNTZ e 923 InTas 193

a 1 4 ' ] { 1 I a
@]ﬂ@]@ﬁ'@ﬁ'ﬁi%ﬁ’ﬂ\‘lﬁuﬁﬂﬂigﬂﬂaWﬁl!‘U‘UﬂQ‘ﬁ (Static) tBU LLUU’E]%!JD'EJL“HQL%%{}H (Linear Array)
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HUVAN (Star) HUDUNIN (Ring) suvas (Mesh) uuu'lanlosaa (HyperCube) 15ludn &l

v
v a0

Y
NuIveNaulaaall

'
Aav A

113l A.#1. 1997 M. F. Tonescu 118z K. E. Schauser [11] tauaa1n3den Idanyinis
~ o w a A o v R A (%% o Jdo 14
FoadriauuunluInia vuszuuniuals FaianuduWusIuuUVABSINTY (Coarse

. = Y o A 1 = a A v ¥ = Y

grained) B1)5znouAIeT LI Uz duuazunag InuallssANTA NG AIUUTIRBY
o o 9 o Y ' ' J . = S A
mmstmuadeyasivauun ldIdmitelssuianauaazaa (Mapping) wafinuuinfenal
H H Y
i lumsandesznianinelszuanaszgunldinauuinnuiaNizaniuaouyeants
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aagadodistazaaalnlglumsmuinliiosiga Tasauodunouisuuuiaines

(Faster Algorithm) #4'18¥1M3NAADIVUTZVUADUNAADS Meiko CS-2 64 Triua
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M3F oA unuUYUINA283T lu Infiauuszuuadames szuvileniieniiu
HUVATENEUN Y uazdl Insaadumsfanedea135e M98 EuIana (Interconnection

' 1 a I3 ad . v o i Aawv 1 2
Network) @u lnajiilunuy adadiiiaisn (Switch Network) aeaognaaiuisoae i

1143) a.7. 1997 Helman, D. R. and JaJa, J. [9] 1@vinauonasuisouussunundanes
D ASuTed (SMPs: Symmetric Multiprocessors) 414 ldRaAuTUARUITAIZoN 11 “SMP
Algorithm” Tasvuneudail 1 dndnms lumsHauAAL52131935 “Random Sampling” N5
“Deterministic Sampling” FI9MM3TIRINAINAUIZIONTH1F (C Language) TaeldTilsunsu
Indn (POSIX)

103 #1.71. 2000 J. Brest wazame [4] ¥1a1m3sesauiulasitaueisnisanaedens
F01aTZ1I191UGDY (Subtask) vosTusunsulszgnd uazudainan1snaaesvuneuisns
FE9EIWULUUVUIY (Parallel Sorting Algorithms) @283 FTEA@A VUV VIS (Quick Sort)
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2.4  malszansmwveamsilszauananuuviny

4
mstadszanimmvesnsizesdrinudoyanvuvuiulunuideiiazlsziiunann

~ Y = o o Y . o A da! <3
L?ﬁWﬂi‘UiuﬂWilﬁﬂﬂﬁ’]ﬂUﬂlﬂya (Response Time) 9913 1NTNNUUUDIAINLET Y (Speedup) LA

a A

a v A 4 [ 1
UseANT N (Efficiency) 1unisdszuanassevuszvuvananeiauisaiana1nlylalaeg
v v
MsTunan 15 lumsBeediay NINSEedIAUIUUOYNTY  (Sequential Sort) LAZA1T
=) o w o ] A 9 =) o w = ] A 9
Fe9E1AVUUVYUIU (Parallel Sort) TasvzyiimsiananlFlumsiFesdiay e lisaunainly
1 < ] o g’; 1 . . %
Tunmserdoyanunu1iluntiienusazn15aeA152UY (Initialization) Y99 MPI &9

Y Y
N3ZUIUMINIARIIZYNTIATURs lumsBosdaudoya

1. nail¥lumsdseaiana (Response Time)

o w

Y Aq ¥ ) 12 ~ =
ﬂ'li’]@L’Ja1ﬂcl,"])'cluﬂ15ﬂ§'$ll'3ﬂﬁlﬁ A1MIUNITLTYIAIAVUUVUVUIY Glu‘quyg]

v
=

(Theoretical Approach) nai g lumsdszuanauyuvuuil (Parallel Computation) @110

'l dasaunsn 2.5 [19]
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i/ X

S
b (2.5)

o T Ae nawmldlumsdszurananiuuinuaieg P vilelzaiana

A Aq Y Y & '
T e nam1511114miﬂszmaNmmmmumwumu3£J°JJ3$mawa

A ~q U 9 g
ﬁ’i’e)ﬂﬁW%MﬂﬁﬂizmaWaﬁll’e)u“a!,!,uuauﬂiuumm

o (] { v A 4
P Ao sudaunielszuiana (Processor) N1% 1uszuuiannos

= ddﬂl = 1 = a = aq Y ~Aq Y

cmﬂsmmmamnﬂuﬂsmqﬂmw (Ideal Case) sz nImMsauua il lums
a 1A ' ] L] J ' a oA ¢
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v Aa J [ {g Y @ @ H 1A
IeUVUIANADT ﬂ153ﬂl3ﬁ1ﬁ1%1Uﬂ15ﬂ5$M’JﬁWaLL‘]J“UﬂJu'Iu%%’JﬂIﬂEJﬂ'Iii]UL'JﬁW ANLALTY

A

&g Yo Ay = A o Y v '
ﬂﬁgll'gawa ﬂUﬂﬁgﬂ\iﬁuq@]ﬂ'ﬁﬂﬁgN?aWﬁ Wiflllﬂﬂ'lﬁaﬂﬂﬁﬂﬂﬂ'li G]fﬂl’)a’lﬂﬂ@i@@ﬂﬂa’]')ﬂg

~q Y a A Y o & = Y1 o l
‘i’JllLlﬁ1ﬂ1‘]ﬂiuﬂ1i@lﬂ@l@ﬁﬂﬁ'ﬁ@ﬁﬂ @QHUTNLLII’N%TH’JHGUENWU’JEJ“]J?J%?J’JQNﬁ (P) Glmz‘umz

v ¥
a2 a K

[ [ o
YUY uana1nnmsszuiarasuuvuue liasasoudn Indgud msizaungun
Aq v y ) ~q Y '
Pl lumsdszuananavuaiszneualenainlylunsissulranavuuvuiuluue

aznulelszunana taznan s lumsfadedoassennarielszunanasailndaz Tl

d o =

qud aanstigaund Tasazuaasldasannisn 2.6

Q

T =1

p computation * tcommunicaion (2.6)



32

A A o oK 4 Y '
$V13] Tp o l'Ja']‘Vlﬁlslfaluﬂ1iﬂ3$3J'JE1WQLL‘U°UEUU']UVN1’HJ@@'JEJPTTL!'JEJ

A Aq ¥ ! ~ o v 9 £
t o anTmiﬂfﬂjgujaNaHUUmu']u (1 ﬂTijfoﬂﬂ‘Um@y)aﬂ’)ﬂﬂ'ﬁgﬂ1u

computatio

= 1 A U a VA 1 [
w=N/P) “]NlliJ3’33JL’J€11711°]5111ﬂ13ﬂﬂﬂf]ﬁ6ﬁ13381’?’31@1’?1!’381J5$3J’mwa

t . a0 a1 lumsdeassernanielszanana i)
communicaion

ee

[

Aa wua A 1 9 X
auiulundidsawnsamuriiedszuanai1 1 lussuuuiniiu nagnaie

=

D

1 X 1 3‘.: A Y [ 1 A Y a A
AAa¥ 1M LMY msiznan ¥ lumsdszuaradinauinanainlslunsaaneasais

1 1 1 é d‘ A 1 9 ~ 1 1
sErINMedszana ua o ganiudeimuriielszuranarii 1090 nae: luaaasua

A 2 A Hq v A ! 1 2
@1§]§J$LW3JGIJUL1JE]Q§]"IﬂL3aTV]1‘51”ﬂ15ﬁ9ﬁ’]53$ﬁ'ﬂ\1ﬂu38ﬂ53113@Wa t WINUYU

communicaion
1 1 d' Y
taziimunn narnlylumsilszulana

2. 9T IMSINNVOINMNSI (Speedup)

o { @ [ A 3
u'ﬂﬂ‘ﬂ1ﬂﬂ133ﬂl3a1ﬁ1%}1Uﬂ1§ﬂﬁg3J’]aWﬁll'g?ﬂ\iﬁ"]iﬂﬁﬂ'Jﬂi’)@ﬁ’]ﬂ’]ﬁ!,wusll@ﬁﬂ’nulﬁj

9 v
(Speedup) mmmiﬂizmawmmmmu"lﬁ' 1/]\111!1/]1\1‘1/]'@]Halmgﬂﬁﬂaﬂﬂfﬂ"lﬂﬁllﬂﬁﬂ 2.7 [19]

I
Sl =W, TF 'l P 2.7
p T
p
4 ) A 3 a
1o Sp Ao onsimamuveannuEnlFlulszananauuuviny Iasly p
1 é = 1 =\ 1 -7
niglszuiana FalmgIgalugauaaininy p
A A I ] & '
Ty Ao nan s lumsdszuanauuuvinudlevilanielszuiana
TIo Ao nam 1 lumsiszuranauuuvuudie P wigllszauiana

3. szansaw (Efficiency)

o Ao Y o A X 3 Y o
uaﬂmﬂmi’mnamiﬂumaﬂnmawa HAaZaATINITINUUVYUHUBINIULTILRAD 8
o a a < A 1 A
ﬁ?lﬂiﬂ’)@ﬂigﬁﬂ‘ﬁﬂw\ﬂlﬁ]ﬂﬂ'l‘iﬂigll'gaNaLLUUﬂJ‘HTULﬂuﬂ'W]@QGlHGH’N 0-1 (1159 0-100%) nn

v 9y
mueantelszaiana Taeldaunsn 2.8 Aall

SP
E = — <1 (2.3)
Y P
A A a A A a1l o
¥\J3) Ep o ﬂi%ﬁﬂﬁﬂﬂ/‘l"ﬂ’ﬂ\?ﬂﬁﬂigﬁ\l’JﬁW’ﬁLl‘]J‘]J“lJuWuiJﬂ1Gll‘!Qﬂ3Jﬂmﬂ1ﬂ‘U 1
A @ A 4 Ao Y ~
Sp 19 m"mm‘wmmmmmmmmm”lﬂmﬂfmmﬁn 2.7

A o ' g o v Aa 4
P o ﬂ']u'JUﬁH'JEJTJﬁgN'JaWaﬂi%ﬂuﬁgﬂﬂﬂaﬁﬂﬂi



UNA 3

a T A c;d a A Y Ay a
ﬂﬁﬂﬂﬂi’)ﬁ@ﬁﬁ‘nuﬂﬁgﬁ‘nfﬁcﬂ11"]@&9]’38’35"!9]14134?1

a o tﬂy J = a ! tﬂ' ! 1 d‘d
NuIsluuninaemsaafedea1sTEHINUIel T NN (Processors: P) M

Usz@nnngIaae7s lauia (Dynamic Communication) 1 9@ M5 UOIUA UM T ogd 161

]
Aav A

9 Y 1 A 4 E4 1A o a A 1
Yoya %Wﬂﬂu'mﬂ‘ﬂulﬂﬂaTJll’ﬂuUﬂﬂWTL!?JTL!'L! @]\Tlmﬂﬂﬂ%uﬂﬁ]*ﬂqﬂuﬂWiﬂﬂﬂf’)ﬁﬂ’e’ﬂﬁi%ﬂ?%ﬁ

] < a . . . &£ as v 1 A o
nuelszuarnallunuuduana (Static Communication) FI5MIaInanliuIuseulums

#191UfAe (1+log,P)(log,P)2 50U 1193910 1TANADADE1TIE I U8 Tzuana

a o a 1 d‘ 9 1 % [ d' d' é
unuduaia Mvuagdununisdededods loddanuaizli 2.12(0) Tuuni 2 Fans

o v ' A A = o v 9 Yy 9 o A A 9 =
1/]’]\3’]‘14@\1ﬂﬁ’l')Lll'E]LﬁﬂJf‘ligll'ﬂuﬂ’]iliﬂ\‘lﬁ’lﬂﬂﬂlﬂgallﬁjﬁEN‘Vl'lﬂ5Unﬂ§@ULW®LLaﬂlﬂﬂﬂuﬂJ@Na‘ﬂ

u

1 ] J £ z £ o 1 2
lfVill']gﬁ'llclullﬁagﬂujﬂﬂighﬂawa %\ﬁ]gﬁ'ﬁ]'J’]ﬂfl’%ﬂ’luﬂ'ﬁuu&ﬁiﬁ]ﬁu’ﬁuuvﬁm LL@iu‘U’Nﬂi\i

1=} o w Y Y ~ A G A A
N13158901AVUDYYADIIADINITINGN 1 90U 190 2 H3d 3 1170,..., N30 (log,P (log,P+1))/2 701

addlalaw a

o o Y o a a rr’:gld A A a A
Glumi‘vmm ﬂ\?uu’J‘ﬁ‘ﬂN’Jﬁ]Elhlﬂuuﬁ'uﬂlu')‘ﬂﬂ'luwu‘ﬁuﬂ@ “ﬂ'lﬁ@ﬂﬂﬂﬁ@ﬁ?ﬁﬂﬂﬂi%ﬁ%‘ﬁﬂWW

u

Y an a = a o v 9 Y ~ AAaA A A A
’L:f\‘]@'gfl')‘ﬁ]lﬂu’]l]ﬂ” GN’LTWﬁmiENaMUGUE]HaGl%LWEN 139U (ﬂi NANGN) 1139 2 1159 3 1io,

Q

A AAY A ' o Y 9 = Y
..., N30 1Og2P 391 (ﬂiﬂ!ﬂ%’l%q@) T%Lmaziaummm%umi‘mﬂmllﬂmﬂﬁumglmiEN‘I@E)EJN

gnABUHINZ ANIAIANAIA YOI I sZUanE (List Ranking) 1A0I5 89A1MA190IALNY
1 ¢ y it ] - - =) ! . 2 4 . . = o
YAVDYA LFY A1DEYA (min)  TULAAZAQN HIDAWANDYN (midpoint)  NAIUINIIN
. I { o o o o
(mintmax)/2 11 udy 910357 1dvuauer s miusenlumsmauanas
Yy v Y o a A Aa a A 9 an a I A 1
Aave Idiuaue “nisfadedoasnilss@nsmnganieds launia” 1tunisifens
] d' d' Y d’ = o W 1 Aad o '
nirelsgurananiuz aylumsuannldsudeyaioFsad1ay TaguuiadsnsmuIumg
[ ~ £l Ad 1 (Y 1 g’; 1" & @ dy
nielszuanavIzay (M0IoRaNYUAIVIAWNUNQUNIKHNA) LTl 2 nDy Aall
{ Aa A . I a, {
1) msnszaedoyandysz@nsaIn (Efficient Broadcast Table: B-Table) 11u35N1nna
wileszuranadenvesnmnugadoya liuuielssuiananannealonniiag
=X q Y I, v A A ot .
FalHAnNUFUFOUAIUNIAIND OP) 11D P Ap 31uIUKLIesEuIana
2) mssu/asdeyalasaseiiilss@nTa Mg (More Efficient Point-to-Point Table: P-
Table) uAazHulolszuIANAdIAIvOIAINUgAToyaldnUMIIeszuIaNaR
a 1 4 @ g’/ 1L
Aanodoa1snie lasase lwdons nu (Parallel Point-to-Point) 1InUUsZgnA 19013
=} o o Y ax a 1 % 9 U Y a A
FoadauuuuyuIuaIe3s 1y Iniinamwaivesdunugadoya aanalilsz@nsam
Tumshaugeniuounsn Feiasan ldninannugudoudiunaifie Odog, PY’

d’ A o 1
1o P Ao 1UIUnUIedsEuana



34

g’/ ad o 1 A o @ dy 9 a 9
MidoaIsaInaNuuauewavivulaslsmaianis TdsunsuuuuvuIuag
[~<= A Y A A = Aa A A 1 o
wasgruneuonii le e ldiilwaseslio lumsnaaeutSouiovdseansnmnuanaienu
Y H 9
TagFamatuduainnarnlglunsdseuiana (Response Time) MAUUAINITDUAAIBATING

A <3 a A o w
IWNUBIAINIG T (Speedup) 1Az U5z ANTAIN (Efficiency) ¥0amsisesdinudoya

a Al A d‘d a A %4 Ay a k4 k4 d‘d
3.1 f’ﬂﬁﬂﬂﬂi’)ﬁ'i’)%ﬂi‘ﬂ&lﬂﬁgﬁﬂﬁﬂ1wgﬂﬂlﬂ'3ﬁ1ﬂu13~lﬂ Iﬂfﬂ‘lﬁﬂ1§ﬂi$‘iﬂﬂ"ll®3~lﬁ‘ﬂll

Y

szans,mn

a A A A a a Y an a A 9 9 A~
ﬂ13ﬁﬂ@l@ﬂ’€]?ﬂi‘ﬂMﬂi%ﬁﬂ‘ﬁﬂ?WQ’ﬁﬂ’Jﬂ’J‘ﬁllﬂ“LHEJﬂ ﬂi‘ﬁﬂ?iﬂi%ﬂWﬂ‘UﬂNaﬂN

U

Uszans i 9 miedszianadaunugadeyaldniiolszuanafinadediennd
%’@gaﬁdaﬁ@ A998 (Minimal Value: min), A0 (Maximal Value: max) HAZA¥UUYDINUIY
Uszananaudasniiie (Processor 1d: id) AsgUil 3.1 uaasmisfndedea1sdrsmsnizae
doyaunuilszaniaiw Idamanududoudiunaine oP) do P fe S1uauNLing

szurama

Step #1 F’O Pl Pz P3 P4 PS PS P7 Pp78PpJPprGPp75Ppr4Ppr3Pp—2Ppt"fem’ds
e (L TN I MR TR EI B e HE T

ol W BB E W W B W R R

#3
(P”P‘?zz) % % } 4:

#s=log,P [ mar]i]

AL i

-2 P-1 "3 per record
P2 (list ranking)

B.1 PperPE

=

N/p per PE
(workload)

ata
exgr:mge

517 3.1 uaaslnssad s insznedeyanuuiiilsz @nEa1m (Broadcast Table: B-Table)

Ayon/pe-A1anpP
Apingp-B12n/p.
Ap-ynp-+an-1

Step k
(Pivpj)

H 3snp -Aenp-1 [0

a J d' d'd a a 9 as a d' 9 9 =)
ﬂTNWWlE]’(?f’é]’cTTi‘V]lI‘]J‘i$ﬁﬂﬁﬂ1wq\1@’38’3ﬁ1ﬂu13\lﬂ ﬂiﬂfﬂWiﬂig%Wﬂﬂlﬂy’ﬁuﬂﬂh

9
a a ] ' ] I 1
152@aNTNIN (B-Table) ﬁmmmummiLﬁaﬂ@wmaﬂizmawawmu 2 3% AAMNAD

70 Y ~ o v v aaa . . .
1) UszgnalslunisFesarduvoyanuua®ded (DCES: Dynamic Communication

k)

A ' Y

Efficient Sort) [25] ﬁaﬂﬂmaaﬂ@mﬂﬁmaa (Min-based)
2q Y ~ o o 9 as A . . .
2) dszgnalalumsizesdiduvoyaunuaG o (DCPS: Dynamic Communication

Parallel Sort) [26] @28M51d0ngInAANDEY (Midpoint-based)



35

311 MsBaamaudeyanuuazdon

ABMIFTRA VUV VAT DO E (DCES: Dynamic Communication Efficient Sort) [25]
dy =3 o 3 9 9 9 A A a A
u%%LﬁfNa'lﬂ‘Uﬂ’JLWlu‘]g'ﬂ‘Uf’)iJ”aFﬂ']ﬂuﬂﬂllﬂNWﬂﬂWfJGlHQWi'Nﬂ?ﬁﬂigfﬂWﬂﬂl@HaWMﬂﬁ%ﬁﬂ‘ﬁﬂWW

v J Y A Yo o P ' ' v
ATUADAUUATIUDY ma"lmumtmwymayamnwmaﬂizmawaﬂiunﬂwmmma Iﬂﬂ

[

7 o w 34 o ' 1 1 4
Uszgnaldmsizeadiaunnuisidrsvdeyadoslunaaznitedszuiana 11ng1 3.2 (n)
1 9 1 9 1 v A 1 Y 1 1 d’
uerasmsaadoyan1ioy, AN tazdyHueamiiglszutana luaazvuielszulanarive
9 9 ~ Aa A ~ 9
a31ansmsnszagveyaunullszansam luziln 3.2 (v) uaaimsensnszaeveya

~ A a ~A 9 X ' ' = o o 9 9
LL‘LIUﬂﬂigﬁﬂ‘ﬁﬂ"lwcl/lﬁi"l\iellusluuﬁagﬁu:lﬂﬂﬁgll]aWaIﬂfJ!ﬁfNﬁ"lﬂUﬂl@y)aﬂ”lﬂu@ﬂllﬂll"lﬂgnll

v Jd1 Y
ADANUNTIUDY
Po Py P, Ps Ppy
doéri‘ltglnal [X0 XX+ Xt [ X Xogwd -+~ Xt RowXowet = XowetKaw Xowet - Xawt] + o [Xpapw - Xnat
a
< Ciyq Z; bi< by
gomocal Co 192 wJZonZz -y laga1az a:[dod dz w1] . 505152---6w-1
(n) t ming maxg m|n1 max1 m|n2 maxz m|n3 max3 mine.1 maxp.
FindP Pt e
records ming| maxo [ido | m|n1] max1||d1| | m|n2|max2||d2|[ m|n3] max3||d2| . | Min,{| Max, 1 [1d, ]
et aar .. AR b Y~ Nl Aulain el 1
I Efficient All-to-All Broadcast by using min-based order [O(P)] !
| y |
' Forstepj (=1, 2, 3..., log,P), all P, and P,,s-1 send / receive 2/ records !
1 pJ gZ i i+2 1
v and merge into 2(2/1) records '
I:)O Pl P2 PP—l
P-record Rank
0 ming | max | k ming | maxy | k ming | max, | k [} min | max | k
(“]_|) | ming| maxp [ 2 | [min, | maxy | 2 |- [ming | max, | 2} min, [ max, | 2
2 [ming| max; | 1 ming | max; | 1} [ming | max; | 1 ming | max; | 1
3| min; | max; | j min; | max; | j ming | max; | j min; | max; | |
p-p [ming | maxg | 0}, |ming | max | 0 ming | maxg | 0 ming | maxo | 0
p.1 | Min, | max, | n : min, | max, | n min, | max, | n min, | max, | n
setcomm.  (Pg,P,) (Pq, P-) (Po, Py) (P;, P-)

‘IJﬁ 3.2(n) uamnnuamﬂaaumam (V) 113149 B- TableTﬂfJLﬁENiﬂﬂﬂ?Mi’)fJ (Min)

A108197 3.1 naaINsizeIdIaUTeyauLLAT IR (DCES)

avualidoyatindt (N=20) 5, 21, 13, 37, 29, 14, 6, 30, 22, 40, 23, 7, 39, 15, 31, 8, 16,
24, 33, 32 FaudIunUelszutana (P=4) Tagdruruniieilszulana (P) Yoennd1uIu
Foya(N) uidoyalduaazminsdszuranamieg nu (N/P=5) uaziesdmudoyados Ao P,
{5, 13, 21, 29, 37}, P, {6, 14, 22, 30, 40}, P, {7, 15, 23, 31, 39} uaz P, {8, 16, 24, 32, 33}

g’/ [ 1 9 1 9 1 o A ] Y v
NNUNNY Hielszurarnaditoyanitos, AN tazA¥lvIntelsEuIanaliny
v A ' o A A g9 v 9

nielszuranadn NNUUe awaalugiln 3.3 (n) meldadnmsanmsnssaedeyanuy
= a A ~ 9 9 [ S 9 g’/ a v ]
Hlszansan TaeiFosdoyanindosluinaasaniiniios viniunnsanguesniag

UszwamanmunzaulumsBesdraudumugadoyane 1 3170 3.3(v) udasiredadmmu



36

9 H 1]
gadoyaluuaaziiiolszurana nieunuaasguesnidelszuananaadedoaisiuly

ueazsouMIY luseuusn P, 90U P, tag P,an1 P, (P,>P,, P,>P,) 501d04 P, AU P,
uaz P, 40U P, (P,>P,, P,>P,) dausouganie P, gnu P, (P,>P,)
min | max | id Po[5|13|21|29|37U

5 137] 0
‘ ] pl6[14]22]30] 4
sauf 1 6 | 40 1

S U le7|15|23|31|39
8 | 33 3] P3[8|16|24|32|33
min | max | id Pg‘ 5 [ 6 [13[14[21

5 121] 0
] P1‘22]29]30[37[4O
sauil 2 7 23 2

78 [15][16]2

2 |40 | 1
24 | 39 3] P3‘24I31[32133]39

Py—>P—> PP

min | max | id nls 678 ]13] ms[e]7]s8[13]

5 13 0

‘ Pl[zz[24[29[30131 P1‘23]24lzg]30|31‘
sauf 3 14 | 23 2
2 | 31 1] PZ‘14115]16!21!23 Pz|14[15i16[21]22‘

32|40 | 3 P23 ]33] %] P23 [37]39]]
(n) ()

ﬂﬁ 3.3 () Llﬁﬂ\‘]ﬂﬁﬁi"lx‘] B-Table ﬂ’)ﬂ?ﬂuﬂﬂ (v) GI’J’EJEJN“U?J?JﬁGlULLﬁﬁ zrinelszuana

A ~ o v Y aAaa 9 o v d 9 @ v
FHBNINNITLTINATIAUVDYALUU LA 2199 [25] ﬂ38ﬂ1§ﬂ1u3m%1ﬂﬂ’é)ﬁlluﬂTLlE]EJENVlll

9
(%

ATOUAGNIONAUNANH UL Falunasaddsuauseulumsiaumsy (+ log,4)(log,4)/2
=3 50U mesfmamum’ouaﬂmmﬂanm“hmmgmﬂmmm A (CEBS) nlanan3luuni
2 éfaﬁum%"lﬂmmua:Jﬁmmmmﬂmmuwwmﬁﬂﬂsumﬂdd%mﬁ Tagn1sar5199151903

nsznedeyauuuiilszandnmdrsafianeeti iesamssudesitanind1n Snneamnsa

' Y
Fesdrnudoya laedaiilszansammnin luiadeda il
ad =) o v Y AaAaA
312 Fasidssddudeyanvuddiea

R FTEL LR I I G EALIG s (DCPS: Dynamic Communication Parallel Sort)‘ﬁl

@ (%

Feadwuaunugadeyaninioes luinmeluaisiamsnszonedeyaunuiidszdnsam
o 1A ¢ o Yo o 9 S '
amunedndmlanesn wasnnlasudunugadeyansuilunnmizslszuranansuyn
] ] 2 o 1A S ¥ . Jq 9 ~ o w ]
WedY  Famuaualanesii 1910 (mintmax)2 Tavszgnd 14n13EesdraunnuE)
o [ 1 1 1 { 1 L= 4 1
dmSudoyadoslunaaziieilszutana 107 3.4 (n) naasmsaedeyamiianesi, A1
9 ' v A ] A 9 Aa
toy, AN tazArdvearilelszudana Tugdin 3.4 (v) vaawsemInIzaevoyany
1 Y
Uszanian Aadrnlunaazmitslszurana TasSeadinudoyavinitosliuinaiy

AoANUATANDN



37

Po Py P, P3 P, Ps Pg P,
[3e[3osp4p7| 313234papo| ozlerfetpo| [efigt7lrdfis] 13fizfrdhi1d] [11]8f1o[o]r1] |8]7]6]5]6| [5]1]3]0]4]

b4\|535|36|37|3[9‘ ]30\|\31|@2|33|314\ ]20\|\21|22|27|2/9\ ]15]\16|17|18|19\ ’11|1\2|12|13|1‘f‘ ’8|\E?|10|11|11,‘ ’5\|\6|6|7| 8\ ]0\|\1|3|4| 5\

|3G.534 39 Ol |32 30|34 1| |24.52029 2| |17 15119 3| |12.511 14 4| |9.5 8|11 5| |6.5 5|8 6| |2.5 0[5 7|

mid,min,max,id

Efficient All-to-All Broadcast with using midpoint-based order (O(P))j:

(P/2 communication pairs to send d records (d=1,2,4 ..., P/2) in log,P steps) 1

s -1 -1 1 a1 1 i It

mid Po id mid ! id mid P2 id mid Ps id mid Py id mid Ps id mid Ps id mid P id
0[25[05]7| [25]0]5]7] [25][0]5]7] [25]0]5]7] [25[0]5]7] [25[0]5]7] [25]0]5]7} [28[0 517},
116.5(5 |8 (6| [6.5]5 86| [6.5/5]8]6] [65/5] 86| [6.5/5]8[6| [6.5]5]8]6| [6:5[5]8]6} [6.5]5]8]6}
2195(8 1115 [9.5]8 [11]5] [9.5]8 [11]5] [9.5]8 [11]5] [9.5]8 |11]5}: [e:5]8 [11]5].[9.5]8 |11]5] [9.5] 8 [11]5
31125(1114(4| [25[11]14]4| [2s[11]14]4] [125[11]14]4| f2s[11[14[a} |125[11]14]4}: [12.5[11]14]4] [12.5]11]14]4
4117 [151913| [47[15[19[3| [47[15]19[3} [AT[15[19[3} [47 [15]19[3] [17[15[19[3] [17]15]19[3] [17[15[19]3
50245/2012912| [as[2029]2] [245[20[2902} [24.5]20[29] 2} [245]20[29]2] [24.5[20]29]2] [245]20[29]2] [24.520]29]2
6132 3034]1} [32]30[34]1}: [32]30[34[1] [32]30]34]1| [32]30]34]1| [32]30[34]1| ['32]30[34]1] [32[30[34]1
71365343910} [a6.5[34 ]39[0 [36.534[39]0] [36.5[34]39]0] [36.:5[34]39]0] [36.5[34[39]0] [36.5[34]39]0] [36.5[34]39]0

(P1,Po) (P1,Po) (P3,P3) (P3s,P3) (Ps,Ps) (Ps,Ps) (P7,Pg) (P7,Pg)
gﬂﬁ 3.4 (n) uammmamﬂﬁﬂu%}aya (¥) B-Table IagiSeqa1nmianasn (Midpoint)
Hanewe AaNosaluAe ﬁi%’iuﬁa%’aﬁsﬂuﬁwﬁﬂwaﬂﬁuumﬁ'nq fhanlesuayain
YoIYAT YA LA HHIY TEUIAHAINTINAUIAINITAOY (min+tmax)/2 fiannsosadidu
voenuIe1 570N (List Ranking) 1aanaims1dantes (min) udd Taemmizlunsdid

9 = 9 =\ AN 1 1 \ ) & d ~
m@gauaﬂymzmagau‘uuL@ummmmu@ﬂﬂqmmgg (Skew Data with Outliner) 9 Unsal

ndoya bidndldhurusounniiga

#20619% 3.2 UaAINISBEIAIN VIV VAN (DCPS)
aq Y9 ) 9y v W [ A

ﬁmmclwmayaummmnumamw 3.1 lag P, {5, 13,21, 29, 37}, P, {6, 14, 22, 30,
40}, P, {7, 15, 23, 31, 39} LAz P, {8, 16, 24, 32, 33} arumiianesimulalann (min +
max)2 108 P, (5+37)2 = 21, P, (6+40)2 = 23, P, (7+39)/2 = 23 uay P, (8+33)2 = 20.5

o w ~ [ Y1 a = o W W Y Y
Ay 11ngUN 3.5 (0) uasnn lasiianeeninds Fesdwuaamugadoyaniniosliuin
auneduimilanooy laguesmitodszuianalusenisn P, 4 P, uag P, g P, (P,>P,,
P,~>P,) uazluseugaiie P, 40U P, uaz P,Anu P, (P,5P,, P,>P,) (1INA10819188901 3.1
Y v 2 ~ Y a VA 1 [

Tdidiea 2 soumnn) 3U9 3.5 (v) uaasdeyatazmsaanadoas luuaazniielssuiana

A o 9 =\ a A 9 " A 4
mﬂﬂﬂﬂnm"lmi‘lﬁ"liﬁﬂi$’1]”IEJGUi’]y}aLL'].I']JiJ‘]JiSﬁTI‘ﬁﬂ"IWﬂ’JEJﬂHJﬂW@EJVI



38

mid | md | max | id P°l5|13|21|29|37

205 8 | 33| 3
‘ ]P1l6|14|22|30|40
sauil ) 21 | 5 | 37| 0

AKRBEEBEIEIE

2B |6 |4 2
23| 7|39 1] P3l8|16|24|32|33

Py—>Ps>P—5P;
mid | min | max | id P[5 [8[13]16] 2 mls[e[7]8]13]
S Bl I 0]P1l6|7|14|15|22 Pi[23]24[20[30[31]

14 6 22 1

=
305| 24 | 37| 3 F’Zl23|30|31|39|4° F’2[14|15|16|21|22]
315| 23 | 40 | 2 ] P[4 2932 [3]3

(n)

3233373 ]4]

. 1A 4 @ 1 1 ]
51 3.5 (n) ua@asnsa$19 B-Table Aesilanosi (v)ared1etoyalunaazitelszuiana

=

o [l = Y] o w A A Aq Y 9 =
INAI0E1UABINUNIHesdIauuVUAT e d NlTn1519n15nIzaedoyanyyll

a a T A 14 o o
Uszantnmdreariianesyt Hiuauseulumsisesdiaudoyane (log,P+1) = (log,4+1) = 3
A A A 9 9 ~ ° ) A '
50U (NsNLENga) mininsanngateyaldnes 2 seulunsmay daiumsaeng

] a [ 9 a ' Yo o
Wu’)ﬂﬂigllﬂaWﬁIﬂElWi]’]ﬁm’lﬁ’lllﬂﬂHmgmﬂﬂﬂlagaﬁli\iﬁ\?Na1“%7”31&5@“11&ﬂ’]5ﬂ’]\3’]ua@a\1

v
= =~

1 < = o o Y A aa Y 9
QEJN]‘],ST‘IG]TJJﬂﬁLifJ\‘lﬁ1ﬂ‘]J“U@§ﬁLL‘]J‘]JWb’@LEJﬁ TGRSR ATIRIG) ﬂwnnmgmﬂmaya

(%

a a Y1 o 9 Y ya Y o o o 9
spulidszansnn Tdmanugudeudiunal o@) d3de ldinauemsGesdinudoyanuy

U

v ' Y
Toflloa (OBS: Optimized Bitonic Sort) N1¥a131950/aadoua Tagasaniilszansame sy
P 'y 3

y o a A o v [ ! L
welSulgalszanimmlumsFosdidudumuyatoyanmelumssdainanlaolszgnd 14
= Y. 9 Aax a o [} 1 (% 9 1 9 a
M3EeIdIAUIU Y UIUA83T Tu Intdad s uaivesaunugatoya P A1 uazldmaiians
AAADAD AUV “Parallel Point-to-Point Communication” daaliAANuFUFoURUIAIAD

O(log, P)’ #atipanmsnszatedeyanuuilszansnim Ao OP)

]
A

a 1 tid a A Y ad a k% % ' v
3.2 msmﬂﬂaaamsanszt’mﬁmwgemmﬂﬂumﬂ ﬂ?lﬂﬂTii‘lJ/iNleﬂﬁgﬁiﬂﬂ

a ) o

::ica a v Y =
mwmﬂiz@mﬁmwgmazm'melmmmay_mmﬂamaﬁ

a l d' d‘d a a Y ag a dl 9 w 1 9 d‘d
msanaedods Nuszansnngal03s lauiiin nldnsiu/adoyalaoasand
UszaninmgauazmsiSesaiaudoyanu Totioa (More Efficient Point-to-Point Table: P-
R . . <3| A J ' Ao a A
Table and Optimized Bitonic Sort: OBS) [26] 1Wlumstasngruielszudananlilszansnn
, ) a A A & q 9 ) A 2 A
ganNMsnseaeveyanuutlssansnn Falvannugugeuaiunaine Oog, P) 1o P
A o [] o Aad =1 o Y asy a 9 Y
Ao Traumiielszuana TanihismsBesdaunuuvuaes o Tniaulszgna 1oy
NMseadaudInuyatoyadlen1ianeey nasesdnudnugateyandl ¥ins
a A A A g Y 1 1 79 Y a a VA
aadedeodisieiaeng Inuaazrudelszudana Tasllszgnalymailanisdanedodsuuy

. . .. Y ' o Y Y ~ A q v
“Parallel Point-to-Point Communication” A3¥AIANULEUEOUATUIAUNYS O(1) winleluns



Annododsao 1l Taedave 1ails

v
@

o

39

ElﬂGIGlG]SﬂWii“]J/ﬁ\i“Uf)iJﬁIﬂEJﬁ‘i\‘i“Vlllﬂ‘i ﬁ‘VI‘ﬁﬂTWﬁ\‘iﬂ“]JﬂWi

= o v 9
BessrudoyauvyTedion Faueaalugiii 3.6

Processors Bitonic Sort (midpoint-weight list ranking)  processors
0000 0000
0001 1 1 1 l 0001
0010 0010
0011 1 1 1 l 0011
0100 0100
0101 1 I 1 l 0101
0110 0110
0111 1 I l l 0111
1000 1000
1001 l 1 1 | 1001
1010 1010
1011 1 1 1 | 1011
1100 1100
1101 1 T 1 | 1101
1110 1110
1111 1 T 1 1 1111
Step 1 21 22 S\ 554 41 42 43 44 TF

Records0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 m
Pq-3]-[0] (6] [2] o] ] [7] o] L4} (Tstranking)
PEs o= Wl . n Jsf /6 Asd \'6 i 10990 2 T8 14 15

alf == <=1 = =z 2 E ) z]] e

sl sl gl sl gl gl 2Lzl 212121 2L =f N
1|91 el |11 |21 [l 1] |5 €] ||| €] e e P
4 5 2 - 3 - : LAl alls: . : (Workload)
a = a 3 [ [ a a E 4 a = o (= <
HIEIEHIEIEHIRIEIEIBIEHIBIEBIBIE

S| ||| |S) ||| |E] |2 ] |5 ] | | ] | ]| | [&

Step k ata
(PyP) el —— sy 1 l exgﬁange

PP DPg PSP DP P, DP s DPy>PSP;DP, PP, PSP,
LI LI L] Vi) N AN AL L] L2

‘I.lﬁ 3.6 Llﬁﬂ\iﬂ"liﬂiwﬂﬂ@ﬂ%’l‘ﬁﬂﬁ!ﬁﬂ\iﬁ'lﬂ“]JLUJ‘]_llliJT“l/lllﬂ Wﬁ@Nﬂ?ﬂﬂWNﬂW@ﬂ‘ﬂ

. v 1 1A d 1 1
lugdd 3.7 (n) uaasd@unugadoyauarmidsioyanmlanos, Atios, AN LAY

v A (] 1 1 9 [ d'
artveIriIglszulana ”lmmazwmaﬂs:mawawsam U Llﬁggﬂ‘ﬂ 3.7 (V) UAANINIT

= o w Y 9 Y ax a [ 1 9 d‘d
LiEN’dW]‘]J@]’JLL‘VIu%ﬂﬂlﬂgﬁl!ﬂﬂﬂluWHﬂ’JﬂTﬁ]‘lUTﬂ°Llﬂﬂ?ﬂclugﬂiﬁﬂ”liiﬂ/ﬁﬁmﬂlluaiﬂfmiﬁﬂu

YszAnTaings ¥asuausen lun1sFoq

o

Y
AAUVUAIUI

18910 (log,P(log,P+1))/2 50U

9 ]
mﬂuugﬁﬂﬂﬂ"lﬁlmazﬁumﬂizmawaﬁ’aﬂmﬂuﬂmsmmﬁaﬁmmu “Parallel Point-to-Point

. . = Y a 1 1 A ]
Communication” 910319 3.7 () MUVN P, P, ..., P | anneviellszuianady lnseuq

v g A ] = ' A o A A & ' ' '
NUAIYNTITLADNALLVURA Iﬂﬂﬁu?ﬂﬂi&iﬂ'}aWﬁ‘ﬂﬂmmﬂﬂfuﬂﬂ?ﬂlwuﬁuﬂﬁujﬂ AIUUY

QU

Uszunananinuasiinanasnilsniiolszunanasg 140 (<P, PP,

' ] Aa 1T o v Jdou A 1
ﬂ"ll@xiﬁl!’)ﬁlﬂ‘iZM’mWEWIG]@1Glf]ﬂuTﬂﬂﬁ‘i\ﬁﬂﬂﬂ@ﬁhuﬂ%uﬂlflﬂﬂu’)ﬂﬂigﬂ\l’)aWE‘]

L PP )



40

PO Pl P2 P3 PP—l
g)arltgamal | Xo Xq X+ Xy |xwxw+1 < Xowg |X2wx2w+1'--X3w-1|X3w x3w+1'--x4w-1| .. | X(p.ﬂw e XN |
2 <7, 3= Qg d;< dyg bi<b,,
(n) Sortlocal IE)_QCZ w1| 20212y 2y [80@182 .- Byq[ 0o 01y Gyy] .. [BoDyDy. By
data i maX, min; max, min, max, min, max, minp.; maxp.1
Compute Sy £ X v X v X v X
midpoint [ridamingnax] idy | pnid|min jmax] id, | fmidminjmax] ;| midmin max]ids| . . iy {min,.{nax, Jid,.|
1 Midpoint-weight List Ranking Pargllel PO'ﬂt't?'PO'm Rank &
P-record Bitonic Sort) - - — - ommupication _ _ _ _ Dynamic (P;,P)
PO midy | ming [maxo| 0 0 | midy | min,|max] k K : Pod f'e'dP ! IPO(Pran_kg(;P Pk| 0 (Px,P)
P |mid;|min, {max,| 1 1 [mid, | min, {max,] | P, P I|P 'P I P, Py
1 1 ks
(“J.I) P2 mid, | min, [max,| 2 2 | mid; [ min; {max;| i K |P2 — P3 1 |P2 — P 2 (Pi, PJ)
P3 midy [ming [maxs| 3 3 [mid, [ min;[max | j | 'P3 — Py | |P3 —_— P : 3 (P, Pj)
s(s+1)/2 25teps| . | | . |
. Steps C - . .
PP o idg oming nax; Jidy.» P-2midy min, max.| m |, I PP o PP 1| IPP T Pn1 P2 (P, P,)
PP 1m|d,,_1 inp.qMax,.fids.q P-1|mid, [min,|max,} n |- | EE1:EP IPj’_1_ — _p P-1 (me Pn)

51 3.7 n) uarasdoyamiianoon, Afes, AN A AYT 4) P-Table InsisesnInAriianoen
(2 1 = ) o I
A208191 3.3 sagaamsizaadiiuuuvlaiion (OBS)
awualideyaiudn (N=40) Ao 34, 35, 36, 37, 39, 30, 31, 32, 33, 34, 20, 21, 22, 27, 29,
15,16, 17,18, 19, 11, 12, 12, 13, 14, 8,9, 10, 11, 11, 5, 6, 6, 7, 8, 0, 1, 3, 4, 5 I 1IUNU®Y
Uszuaa (P=8) nsdoya liudasmiinellszuiana (NP=5) aaudasluzdi 3.8 (n) iFoadiay
1 ] 1 o w <3 3’; 1 1 1
doyadosluuaazrilelszulanasionisBesdiaunyuiia mniudeioyanios, A,
v A ] = J ] d'a 1 9 9 [ 1 d‘
artivielszuana tazmanos vulelszuiananaasonls lunieng nu drugln
~ o Y ax a ~ v A s R
3.8 (V) MAAIMIE SIS UMV DVUIUAI83S 11U Tnila TaelFeamuneaniiniianosn
£ 9
fnusonlumsihaiuae (log,P(log,P+1))2 501 ' ldaail 3(3+1))2 = 6 391U 3NUU
ongrulelszutanalundaz ninedemnalinnAAAB AOE 31U “Parallel Point-to-Point
9 v v v 9
Communication” 2 ATY 1ABATILIAIAY (P, P) 91N id-field Nogludumniiagh nazaiiaes
angie 1163 P, 1o 1¥in3 1A rank naze (P, P)

An example of a second best case (N=40, P=8)
P P, P Py P,
31323433[50 [ 20] fig 8[17[1[ g [13[12[14[12[11] (118 [8]7]e]
B ss ]

I36534390| |32 30341| |24520292| |17 15193' |12511 144| |95 8|11 5| |65 5(8 6| |25 0|5 7|

o

mid,min,max, id
M|dp0|nt welghtL|st Rankmg Parallel Point-to-Point Communication Rank &
Bitonic Sort S I----Ra—nk—&—(P—ﬁ)—--Dynamlc(P P)
Po [365[34]39)0 025057 LiPg —> Pyt Py o5t P7I 0 (Py,Pg)
Py |32 30[34[1 1]6.5]5]8]s :‘*P1—>P0::P1—>P6:1 (P, Py)
P, |245[20[202 [> 2|9.5/8 115} [> 1P —=P3g! ! P, — P5! 2 (P,,P,)
P 31z, 1 Lip P, ! P,!

@ P37 1519363teps 12.5(11(14]4 2steps SRR 211 Ps —— P41 3 (Ps,P,)
Py [125[11]14]4 4[17]15)19]3 i P4 —— P5} | P, —— P3! 4 (P3,P)
Ps 95[8]11]5 5[245[20[29]2 t Ps——=Pyi | Ps —— Py} 5 (P;,P)
Ps [65[5]8 |6 6[32 [30[34]1 11Pg —— P71 1 Pg —— Pii 6 (Py,Po)

A [}
P7 [25]o[5]7 7/ss.5]3439[o :___PZ_T;__Pg_I L_F:7__T_>__P9_: 7 (P1,P0)
B e sepnpepspupep e i &

1 1
1 1
: 34 5363739 30} 1323334 2021[22) 729 1516171819 111 121 14 (8|91 1111 5(6(6 7 8| |0]1]3 4 5 :
' (PyP) '
1 1

Lo Mataexchange e

AINGIVU (P-Table)

=AD

= St a
31]7] 3.8 LLﬁﬂxWIZI@EJNﬂ"lifTiNGniNﬂ]iiﬂ/ﬁﬁﬂl@ﬂaiﬂﬂﬁiﬁ‘ﬂuﬂi an



41

o ' o w g £ % g !
wmmﬂnﬂwuwﬂﬁzmaWaﬁﬁmamu%yaLﬁi%ﬁuﬁuyﬁmLLﬁa mu@j&nﬁ'mnamm

NIZUIUMIHEEIRIAUADMIATIIED DAL VoIl szuana T oed 1Al Ided1egndos

=

t g & o w
ﬂﬁ‘Uisll’Ju G?%uﬂumuﬁeuwm yLae %Hﬂufﬂﬁﬁ‘uﬂﬁﬂﬂﬁ@ﬁ’ﬂﬁﬁlmﬂl’lﬂu1uﬂ LWEJEJ‘L!EJ'LJ’J'I

v A ] Y

ﬂgljﬂwuaul@%}ﬂﬂ%ﬂlﬁﬂ\i@ﬂ'lﬂf]ﬂﬂf)ﬂlﬁhW%ﬁiJua’J %Wﬂg‘ﬂ‘ﬂ 3.9 HAAIAIDENNITATIVAOUADIUL

A =3 o v 9 [} v as a = A A a A Y ax a

evunszuINMsGesdrudoyadmivItmsaanededishiilsza@nsnmaieds lauiin
[ ' ' C4

Tagns 8 ninelszuranansvdoudnIuz mindoyaiiod laodgndesauyssianiuzyes

JULUIIN DA (pattern-STATUS=HOLD: 1) 11nAoai5ead1auas a0 Uz yeagluuuming

Tlainafi (pattern-STATUS=non-HOLD:0) 9ngiludasliifiuiinsfadedoa1sszyinemiig

o o IS @ { A 1A J
dszuranaluseumsioun ldiluanvazuunganGesmunilianosy vie (P,>P,,

U

v

P,>P,, P,>P,, P,>P) d115UN3A5 90 Uan N0 ugaNIzuIUNsiE09d1aUToyans
a A <3| A A A g £ 1
annp oI UNUUAY 38 (P,DP,, P,OP,, P.>P) lanT19d0 a0 UIa39qUNNY WY

£
ﬂizmawammﬁmumunﬂwmﬂﬁm B EPE>E P =SP>P >

Py P, Ps P, Py Pe P,
g M N I [1]
#1 AND AND AND AND
(Pi, Pis20) . . .
#2
(Pu P‘wzl)
#3
(Pi, Piz2) where ~ 1: hold pattern
Pattern-STATUS=HOLD 0: non-hold pattern
0 1 2 3 4 B 6 7

“even-odd” pairs
(in regulariteration)

“odd-even” pairs
Py Ps— Ps Ps;— Ps3 Po— Py Po (in termmatetes‘?lng)

P;—Ps ,Ps»P; Pz P, PPy

5111 3.9 uarAIn13ATIVARUADUZ VB Pattern Ua List @28W9nFU Parallel AND
ﬁ’Tﬂ%UQTu”jﬁlﬂﬁ]‘l °uﬁu’e)°lumnumusimﬂs fﬁ/l‘ﬁﬂ?Wﬂl@\‘lﬂWiﬁﬂﬁ@ﬁ@ﬁTilL‘U‘U
nl@]iﬂﬁﬂ A9 1N 3.1 LLﬁﬂ\‘iﬂWiLlﬁﬂ‘ULﬁfl“]JfﬁTLl’Juﬁ@ﬂﬂWiﬁNTuﬂlﬂﬂﬂWiaﬂﬁiﬂ%i’)ﬁTﬁLL‘U‘U
a g}/ A aaA aaA = = o w
h],ﬂ‘lv!'lllﬂ M3 VY A9 BUUAEDIOA, UUUALNID T lLaZLL‘U’UI@‘UL@ﬁ Iﬂﬂﬂ15l‘iﬁl\1ﬁ1@ﬂﬁ@ﬂllﬂﬂ

o Y o a .. Iq 9 ' o A ' 1 9
waa”lﬂmmﬂuﬂ “D1V1de-and-Conquer” MWﬂizﬂﬂGliﬂfﬂ’J‘]Jﬂﬂ‘ljﬂTilﬁﬁlﬂﬂWu’JEJﬂimJ’JaNﬁﬂ’m

M3GeININAINANDEN ﬂ\ﬁ‘]_] 3.10 uaaunAdANIINI9IUYOY “Divide-and- -Conquer” qINa

U
= 1

T¥nsaifisniian 3y Gluﬂﬁmﬁﬁm@iwﬁ’umm min (18 max l,whagrluﬂﬁjugaﬂaﬁ'ucluﬂ‘]’uuiﬂ)

Q

= o = A o 9 ! . ! oA
WUITOUMININIUNGN log, P 50U (LWONINITHIYAT min LALA max "lﬂ"lﬁuﬂqumgwmzﬁu)

5UM 3.10 aaunatiamsinued “Divide-and-Conquer”

Y



42

M3197 3.1 uaasmsTouieusiuiuseumsinauvesmsaaaedoasuuy lauiiin

(Dynamic) 19 3 1Y

1UAURINISTEEIRIAL nfiesiedeans g ueingem Update List
N"9FENUULATRLe4 (DCES) eh 1 S(S+1)/2 2(P-1),P=2°
AM3EENLULATNLRE (DCPS) Tauniia 1 S 2(P-1),P=2°
ngieuuuleiiiea (OBS) Taunn 1 S S(S+1)/2

o [ A = 1 o Y Y gl’ A .
dmsumsnin 3.2 uadasnmsnFeudisumanududoudiunaaziui (Time &
. ) o a A a ~ o o 9 A
Space Complexity) d115umsaaaadodrsuvylawiia TasmsBesdinudeyanuuadded
A A Y Y = e, [ = 1
saznuvasied 1dmsenisnsznedeyaunnllss@nEnIn (B-Table) 4HaANMDUNT
Y
n3z910T0YyauUUAUAN (All-to-All - Broadcast) Tudauueen15nsgn1onazn1siseadiay
o 9 v ~ o w ~ 9 = o v W 9
mwzdunugadeya daumsisesdmuuuy letiee lnsSesdnumunuyadoyauvule
H Y P H
widanag ldmssuasdoyalaonsiniilsz@nsanga¥u (P-Table) Feldwadnga Tae'la
Y =) 9 A )=} o o Y o 1 9 = 2
Aoalimansznedeyamieuaauusn Mikeadiaudeyaninainldnaniio Olog, P)
A 7 Y =) o 9 Aam a o v A LY d
ieanniszgnaldmsiseadiaununynuaieds lu InldadmsuBSesmidanos aauns

kY dy ~ 9 9 1 @
ﬂumua:‘;‘wum“lmma@mmm%uﬂu

a L LRSIy L oA .
15191 3.2 uaaamsfSeufounnuFUdeuaUNa AN UN (Time & Space Complexity)

dmsumsaaaeaeasuuy lauiiia (Dynamic Communication)

FUAARINIFLILIRIAU N9 AN SRR TV RItY!

n3eang (FENANAU AU

nInszadieyALLLAIAN
" O(Plog, P) O(Plog,P) Oflog, P) PxP
All-to-All Broadcast LasLIeAn

nsnszanadeyawuuiilssdnann
< O(P) O(P) O(log,P)  PxP
Efficient Broadcast #1978 B-Table [DCES, DCPS]

nsfu/dstayalnansantlss@ansningeaiy

- - O(log, P)’ o(1) P
Efficient Point-to-Point #1982 P-Table [OBS]




UN 4

d' k%4 Y d'd a A
mmamﬂaﬂumayauazmisamauaﬂuﬂizaﬂﬁmwga

U

MsEesd1audoyauuUYuIY (Parallel  Sorting) 1at1aau vl lunsuanalaou
) =

9 = Y 9 o o g’/ Aa v dy Y o A
Gllﬂll“allazﬂ'lﬁﬁjuﬂlﬂﬂaﬂl!aﬂlﬂaﬂumﬂﬂjﬂﬂu mummaﬁ]ﬂqluuwuulﬂmmu’amimu

U

a A @ [ 1
Uszansnmdumsdamsyadoyautaiu 2 aau Ao

1) msuandeudeyaniilsz@nsnnga (Efficient Data Exchanging)

U

a A

2) MsswRaIutoyaniilssAnsnIwg (Efficient Data Merging)

U

)

4.1 mswanilasudeyaniiUsz@nsnings (Efficient Data Exchanging)

U

1 9 Y
msuanifasugadoyaviia NP szninmielszuianaudazy (P, P) W 1AAvY
aaeanad M uMsiEeIdIAULDUYLIY 9n3UR 4.1 udasnnsanvesmsuanit/asudoya

v & 1 o av AY Yo o A Y
v luaianua (N) lunaagseumsianu Taslunuideh Idduauerzsagnmunganld

U

a e d o 1 { [ 4
(P, P) FremnAin PE-list ranking Fremianesn aana1nluunn 3 19y We P=8 3za 1150

ad Y

= 1 <3 R A e ~ 1 A 9 o (Y
Liﬂiﬂnﬁﬁ]ﬂmiu log2 P=3 50U GINM“JJis‘ﬁﬁ‘V]‘ﬁﬂTWﬂﬂ’ﬂﬂ]‘ﬁﬂﬂﬁ‘ﬂﬁ’ﬂxﬂ%ﬂiuﬂlui@UMWﬂU 10g2

P(log, P+1)/2 1130 log, 8(log, 8+1)/2=6 591

{ PE-ListRanking P, Po> P; > P, > P, > Pe> P, > Ps | ! Workload w = N/, per PE
i Dynamic (P, P) L1 L 4 Lt i Useful information = 1 record (mid, min, max, id) per PE

saui 1

%%‘Mﬂ_m@_

DDDIDDZ-DEE_DEED-DEIDE[-

{ PE-List Ranking P, > P, > P, > > P, > P>t > P,> P> Py | Workload w = V/p per PE
i Dynamic (P, P) L L ! Useful information = 1 record (mid, min, max, id) per PE

‘ ! PE-List Ranking P;> P> P7 > P> Po > Ps>P,> P5 Workload w = N/P per PE
i Dynamic (P, P) L] | Useful information = 1 record (mld min, max, id) per PE

sauil 3

mmmmmummwmummIL ——
Hmmm\mmummm\mmmmmﬂ——

Tjﬁ 4.1 uammwmmmmmaﬂLﬂaﬂuﬂj’amamumiwmiuuma%aumi‘vmm

4' 9 dld 1 1 ] 9 1 9 v A 9 %
maqi]mﬁuaua‘nnimma‘”ﬂmmwmaﬂswmawa (P P)hothl gna ﬂ!ﬁﬂ\i!ﬂﬂﬂ’wﬂu

DUNUHNIZ T muuﬁmsmma ﬂﬂJi’N‘HH’JEJ’IJi UIapNaIe mwmmumﬂ’f@uamwwwmuﬂu

o

fﬁmauuaﬂ'ﬂqﬂ (Partial Data) tieds1¥mietszuranaduiidugiuh 1S umssaumau

U



44

] =2 I [

. A 1 4 o & ! 2
Y03 (Merging Result) fioglug (P, P) TuduFesduilu 335 lumsdumdeyamaridide

v 9/

Y o A A A Aaaa
ulﬂ UFAUBDINUIAUIINITEOULD N [14] ﬂ\?ﬂllﬂﬂa'nll'ﬂuﬂﬂﬂ 2 (3 uuy) Lﬂu 4 11Jy ﬂ\iu

=

a =) d v
1 msuanasudeyaiiilszAnsamguuuasii (Hold Patern) iSlumsuanifaeu

U

ddd

4 ] 1o &
doyauvunanga [14] e ndoya laGesiedrumuzanuds 9lusuiludos

q

waniwasudoya FelAanusudeudiunan (Time Complexity) fio O(1)
= 9 A a A v A g A A
2) msuanlasuveyanidszansammgeuuuadunilunan (Swap-to-Hold Pattern) N
Y o ) = 9 v A ' 1
Idivaueiidumsuanlasudoyammeastivesniislszuiana 15uan PSP,

I 1) 9 A a a A
Wi PP, lumsnefw/aeteya lasasaniidse@nTaInga (P-Table) 130A1519A13
9 = po—— g = ~ 9 a 1
nsznedeyauuDilsz@nTaiw (B-Table) iy lulimsuani/asudoyasse dama
{ o { I { 1 a 4 1
Tmsuanudeuuuuaduiiiuaai uand1991n3TMIAN (CEBS) [14] finann 13y
H 1 ) a . [ {
0 2 Tagliamanusudoudiumal Ae O1) MEuAD OMN/P) ¥t uuung
A A an X
NgadnItnile
= 9 Ao a A ' . <
3) misuanideudeyafilUss@nEnINgeauuVDIIaIU-1 (Partial-1  Pattern) 11115
= 9 ~ ' Hq Y1 Y ' A A '
namildeudeyaiivannsgaui ldaissuazainin lunsasvasuionasmn
3| 1 [ . 1 @
Wumsuantlasunnuuiaain-1 dalvmanusudoumunal As 0(1)
= 9y A A a 1 k, <
4) msuanulasudeyanlalsz@nimugauuunIedan-2 (Partial-2  Pattern) 1Hun1s
A 9 ~ ' Aq Y W ) AR VY Ao d A
sanudsudoyaiissuedauildranmsaunuuy luuis Feaz ladeyansuiluie
v 9
THlumsuan/asumniu Wamnududoudiunal fie Oog, w) 1a8 w=(N/P)/2
A A o 9 A o !
1o N ApdIuteya 1ag P A S1uIunuellszuiana
mailszaniomlumsuanulasudeyaszrnamitelszutanaiiglianuaula
wazfinminualdnarudrluuni 2 ¥91dvwaue 13 3 vvvde 1) 1UUAINA (Hold Pattern) 2)
HUUASUT (Swap Pattern) 182 3) HUVIRWIZ AN (Partial Pattern) & e 3 nuniiteuandiaiy

[

axy = A a A = dyd
’J‘ﬁfﬂﬁl,l,ﬁﬂL‘]JﬁEJ‘L!"U@llaT]Nﬂi%ﬁ‘ﬂ‘ﬁﬂTV\I’q\‘]‘V]Ul@uHﬁuf]Eluﬂu gUND

U

a

411 msmanlasuteyaniitsz@nsaingwmuunsil (Hold Pattern)

U

a v R g Aad A ] Yo Y
mmaﬂnJaauﬂmgmmmmmﬂmmu aANga Lummﬂmayja"lmim"hamammsﬁu

g - Py 4, . @ - / , v Hq v
1A ﬂa']'Jﬂ@hhﬂJﬂ'ﬁllﬁﬂlﬂﬁﬂuﬂ]ﬂl]ualﬂﬂﬂluigﬁj'mﬁu’lﬂﬂﬁgll’laWﬂuu&@\i ﬁQWﬂGlﬁL'Jﬂ1VIGlG]5

[

=} o 9 A FY 9 =% o dy [
NI YYAvRYD uazLaamclﬂflumiﬂﬁzmaway@magaammmmagaaﬂymzuagﬂu

Q

gadoyanaoinsizosdny aegiil 4.2 waasgluuudeyanalilunsuanldeudeyand
Uszaniamgaununei Tashiana,, <b, Wsenadnierilsneauinvesriilszulana

P, (max,) HAntesnii Arfesvesriiseilszuiana P, (min)



45

. E—— )
wuuaed MmN : max; < min ! max;
Hold Pattern I] [I I] [I
Qa8 ag ... 8y bob,byb; ... bus

31 4.2 nansguvndeyasialdlumsuanuleudeyaiifilseans nmgauunash

U

a

412  mssanlasudeyaidiszansmwgauvadviiiunai (Swap-to-Hold Pattern)

UV

o

A Y A~ a A v A g A X a o dy
ﬂ'li!!,ﬁﬂL“]Jﬁ‘t’JL!‘llleJ"aVINﬂﬁ%ﬁﬂ“ﬁﬂ'l“l/‘l’g\i!!fﬂ‘ﬂﬁa‘ﬂﬂL“]Jl!ﬂ\‘l“ﬂ munﬁuaimmnau

v
ad A

1 Av Aa H 1 H 4 o yd
HANAINNUITEAY (CEBS) [14] 11dna1n 1 luuni 2 ties1n3sn Idinaueidlums

A 9 = ] I A 1 o 1
wanlasuveyammizdviveaniiglszulranan PSP, 13l PSP, Noglumsasu/as

a A

v
ﬂl@llﬁiﬂﬂ@]iﬂ%llﬂi%ﬁﬂ‘ﬁﬂ']?‘lﬁﬂ ﬁi@@ﬂiu%"li"lﬂﬂ'liﬂi %1EJGIJE]ME1LL‘]J°LI3J']J§ ANTHINWNIUU

9 (% Al wa
"],mmﬁuamﬂaﬂmmgaﬂﬂ 'ﬁ\?N'ﬁEL’HﬂWiLLaﬂlﬂﬁﬂuﬂl@ﬂgjaLLUUﬁﬁU%LﬂUﬂ\‘]‘ﬂH AUAUU

v { P { o { o & { P {
@ernumsuanilasudeyanuunii a3 4.3 waasdeyan llumsuandeudeyani

Usednimmguuuddun Taefinla,, < b, %5808120n18HHIABAININYDINUIY

Uszuiama P, (max) nanfesnin Andesueaniineszunana P, (min)

o o J k P R CETTTPPErY . P .

vuugdunitluasin  min; I max; min; | max, < min,
Swap-to-Hold [l l ] H l |
Pattern bobybybs o by TSRO VAT ool

a

s1ii 4.3 nanstoyarialumsuanffsudoyaiiilssanamgunuaduiidunsd

G

a

413 mmamﬂﬁﬂu%uaﬁﬁﬂsz?rmmwgmmumadm-l (Partial-1 Pattern)

U

Tagm liudrvnavesveyanlslunmsiesdinudoya luuna minelszuianassd

1 o y o 9 o ' v &
VUINNE ﬂua’ﬂ w=N/P Lﬁ@ N ﬁ’f] VIUIUUVRY A Llag P ﬁf] muauﬂuaﬂﬂiznmwa ANUUNIT

=K A Y] 1 o

uanulasudeyavelivinawiny w uadimiumsuanulasudoyaiissneaivazfuimm

o v 9 A

Y 1 Ao = 1 1%, 1 Ty
Gyﬂmau“aEJ?JEJLQWR‘VI%M‘]JHMmsu&mmﬂumamamﬂf’luﬂ (Pi, Pj) LMUU Iﬂﬂﬁjuclﬁﬂlullaju

U

9 1 = A Y A A a A ! o 19
VHIAUBDYNIT W ‘ﬂ)’ﬂﬂ”li!!,ﬁﬂl‘ﬂﬁEJ‘L!GU’E)?J“ﬁ‘ﬂlIﬂﬁgﬁﬂ‘ﬁQTWQQLLDUDNﬁUH-I ATUIUIINATUDY

' Y o Y Y 4 DY 9 ' Ao & A 1 g Yo
LAagAININANY “lumeuaﬂaumﬂnm o(l) LW@olﬁ]lﬂG]fﬂﬂJmJﬁfJi’)EJLﬂWW%VImLﬂuLW@ﬁQGlﬁﬂU

Q U

wihelszuranaiaaneals lusdn 44 uaasdeyani ldlunmsuanalasudoyadnil
UsganiamgauuuundgIu-1 lasasvaoudon lvanA1ved min <min <a, Uag b,,<max,
A 1 = v Lé A 1 [] S 1 Y 1 [
<max, H30nA120N1ENHIABAMINYEIMUIBUTENIANA P, (max) UAITIBENIN ANV
wiwszuana P, (max) uazAtiesvesniidelssurana P, (min) Haminnd1 mifesves
' . v A Yy 9 ) T Ao Y 9
wielszurana P, (min) 1dluldmutonlvdwdu gadeyadesiduinldlivuiaios

171 w=N/P



46

min; I:>i max; min; Pj max;
wuunea-1  ay... a5, ... Dy... b a...8y1...D1 .. JSW_I
Partial-1Pattern  min;< min;< a; by.2< max; <max;

Uit 44 uansgluvudeyasialylunsuandsudeyaifivssansnmgauuunsdau-1

] = as A 1 ~ a A dy 9y 9 a
HU8LTiR awmayaﬂeﬂuﬂ?mm > w/2 ’J‘ﬁuﬂﬂ‘ﬂi‘ﬂi‘ﬁuﬂi%ﬁ“l/l‘ﬁﬂ1Wﬁ\‘l“lluﬂ’JfJﬂ1ﬁGlsb'mﬂuﬂ

u u

9
£% o w

A 19 [ = I
Inverted Data 1@ @4U03AYUIA < w/2 AsHUAIAUYS (P, P) d1laouan PSP 1ilu PSP,

v
a a

4.1.4  mssanilasudeyaiidiszansnwgauuIaIU-2 (Partial-2 Pattern)

Y

A = 9 ' a3

NAMIATIvAoNeU lumsuandsudoyaunuuiediu-1 - viin T lday
A Y F A A Y 1 2 o 19
Roululdairndoudietou lymsuani)deudeyaununndiu-2 Femuiannaniooias

9 ' i

Awn ndulenanmsnurmnuy s MmNy se anTan (Efficient Binary Search) @78
1181 O(log, w) NMI1T0AVDY Binary Search fM3UA1ATINATT O(log, w) HAZUDAVDY Sequence

o @ 1 o H % ' HE '
Search dm5umaseate 0(1) daaaslugzl 4.5 weld ldgadeyadesmmiznduiuive
@ [ (] { A 1 4 L]
Su/dedoyaliniiolszuiananannedis Taglitoulylunsasavdon vuuilu 2 nsdl

Y

) g ~ dd‘ v A
TIMTU P, DIULIN LAY Pj NIUNTDI AU

min; P max; min; Pj : max;
wULLYAIU-2 U " 5 J aU - b l_|
Partial-2 Pattern ig er)al;:(;(];md:].. --?“)'(I:sll ng;mldl)lllmld Y|:1vs-tl
‘;mini‘ Efficient Binary Search max-’i

a A

1 4.5 L!,ﬁmiﬂwumamm"lﬂ“lummamﬂaﬂumam s anTMNgaUUDREIU-2

U

p by NIy o 4 ;
51N 4.6n) ndasrannisuazalodedoyan ) lunsuanldsudoyand

U

UszanimmgauvuniaIu-2 dmsuuaazguesridelszudana (P, P)

{ ) o { L = . { ' : Y
n3fif 1§13 P, (U7 46(%)) vzl32gnd 19imatia Binary Search N1ADIATIVTOUAT min, AL

' Y A A A . A . A .
ANAW X, aroouly 3 Fouly Ae 1. min; = X, W39 2. min, < x_;, W0 3. min, > x

) o A ) A kY . Y . ) o A ~
dmsuSoulvlunsaiusniio t min, =X, 1214A1 min’ = dmsutoululunsaides

m|d+1
v ) A A ' 9 ] P Aa o 1% dy Y .
01 min; <X, 5]3L'W‘JJﬂ"li@]i’Jﬁ]ﬁﬂﬂlﬂﬂu"lmﬂﬂﬂﬂ?ﬂﬂ”ﬁﬂUW"lﬁ]"lﬂﬂ”lcﬂ@]ﬂﬂ‘ﬂ X g NUH D1 min; >

19y [~ A 1 o ' =KX o o 9
x_, 32181 min” = x_, uas ludul)ewideou lvgesaina Jehimsmuiangadoya

. ' 9 A = o A 1 . =<
ﬂﬂﬂﬁluiﬂﬂﬁﬂﬂ,ﬂﬂ?ﬂ Binary Search slumwmg,amaﬂmmwmﬂ@ 91071 min, 4 X Uag

'mid-1

Tudeulvnsdifenuiiio min > x,, Feziumsasaouton lvdesdremsduranaiiiaa

o [ dy Y . 91 . 19 [N~ A 1 qy =< o
M x,,, A0 9 min < x,,, 921481 min,” = x, uAd1 Lt ldamenlvdesi Tarhims



47

° 9 ' ' Y . ' 9 A = o A '
ﬂ1u3mﬁ1“§ﬂm@yaElf]ﬂﬁh«ﬁﬂ‘llﬁﬂllﬂﬂ')ﬂ Binary Search Gl,uelfj\jsllf]aal’aﬂaﬂa\?ﬂﬁ\ﬁ’iU\iﬂ@ 1NA1
=®
X g N max,

dzﬂ' o o/ o a o =) 4 3 3 t:' =
NIUN 2 dINTV Pj %xmmuma"lﬁ”lumummamuﬂu P, ﬂﬁllﬁﬂﬂﬁlugﬂﬂ 46(V) Tunsal Pj

Rdawludmsy P, M = i 2
’ ‘ Rawla 1
1 if (min; = Xyiq) then ming = Xpiga T .
i~ Amid+1
min; < Xmig
2 else if (min; < Xq) then ’ r 3 ‘ Wouly 2-1
A ) ; minj = Xmig-1 => mini' = Xmid
if (Min;= Xpig.1) then ming” = Xig min; < Xpig
else efficientBinarySearch(min; to Xig.1) ‘ ‘ Wauly 2-2
efficientBinarySearch
min; > Xmig
3 else (Min; > Xy;) then ‘ | ’ ‘ Rawly 3-1
£ 0 MM = Xige1=> MR = Xpig
if (Min; < Xpig.1) then miny = xpig min,> Xpg
else efficientBinarySearch(Xpiq.1 to max;) ’ ’ 1 Sauly 3-2
\—Y—)
efficientBinarySearch
(n)
Rawludwmiy P S )
’ ‘ Rowly 1
1 if (max; = Ymig) then maxy’ = yiig ’
max; = Ymid+1
max; < Ymig
2 else if (max; < ypiq) then ’ ‘ Reuly 2-1
_ Max; = Ymig.1 => Max;' = Ymig
if (MaX; > ymig-1) then max;’ = ymig max; < Ymig
else efficientBinarySearch(min; to 4 ,) ! ‘ Wauly 2-2
efﬁcientginarySearch
_ MaX; > Ymid
3 else (Max; > Yy,;g) then ‘ § l ‘ Waula 3-1
. s MaX; = Ymigr1 =>Max;" = Ymig
if (MaX; < Ymig+1) then max;” = ypig max;> Vg
else efficientBinarySearch(ypig.+1 to max;) ‘ ’ | Pau'ly 3-2
L—Y—)
efficientBinarySearch
()
d’ A 9 A a A 1 d‘ o v
qil‘ﬂ‘i’l 4.6 Ll,ﬁ'ﬂ\‘lﬂﬁlmﬂlfﬂa‘c’luellﬁ)yja‘ﬂllﬂiZﬁ%‘ﬁﬂWWQQLLUUUNﬁ’Ju-Z uam’au"lﬂl (n) Iy

P uaz (V) d 1150 P,

A108197 4.1 HaaIRIREINMsHANaEUTRRAUVVLINEIN-1 HAZLNNEIU-2
aq Y9 o Y A < J < 1
aundlvdeyatiuinfe P iiua1 {11, 13, 14, 25, 38, 40, 41} uaz P 1Ave {15, 16, 17,
26,28, 30, 32} TagaeA11i0 (min) = 11 UazAN (max) = 41 Tuniielszuana P 160 P,

wagvelsenana P, a9A1ios (min) = 15 1azA1N (max) = 32 TAAuMielssuana P,



48

Tugiii 47 winedszunawa P, asavaeudon lviduuunuediu-1 wie'ld Tag
A900UI1 max, (41) < max; (32) 4az min, (11) > min, (15) lidulawitenly asseaey

1 1 1 a [ 4
ao I uuuUUNEIU-2 ﬁ']ﬂ!.“ﬂﬂ“l«!ﬂ Efficient Binary Search a9l Tuseuusn minj(15) <x_.(25)

'mid

€€

[T

niuasdeviten lvdes min(15) > x,,,(14) 3392 141 min’, = x,, vz lidoshsevde 11

Y
v

wiugadeyadesnuuuaIu-2 luniedszuiana P, A {25, 38, 40, 41}
[ 1 4 13 1 ]
TuvaziRerdunmitedssuiana b, astaouen lvdndlunnuuediu-1 wie'l
@ L I 4 o 2
1839980 UAIN max, (41) > max, (32) 4182 min, (11) < min, (15) 1 lamRenlvdaiuya

Yeyadouiunuuuadiu-1 lumirelszuaana p,fie {15, 16, 17, 26, 28, 30, 32}

min;, max; min;, max; Pj

11]13]14]25 38 a0[41][1 1|4 | |15|32|[15[6|17|26|28[30|32|
min, == max,
1A T1a]14] 2538 40]a] [r[a "1'53'. .'4"1"| 15[32] 15 16] 17 26]28[ 30 32

Partial-1 Pattern

Partial-2 Pattern => Efficient Binary Search

llml ------------- Partial Data -+~ »WFW

51 4.7 Mvdrsmsian)asudoyauuuedIu-1 waguiveaIu-2

) ' s, A ~ v v Y 9 '
MBI INNUIYTEUIaNANIdRIAT IV A0V buiSeuToandn %"lwmagaﬂaﬂ
N I Aw A ax ~ 9 1% U i
(Partial Data) mmﬂmmafuwmuﬂ 11125 (CEBS) [14] uamﬂaﬂumayjammﬂan FEUIN
[ AAa U F) = 1 au g Y o 3}1 Y A 49!
WU sENIaNANAAABAIINUN uMmmnau"lﬂmmummmumsm’maamaymwmu
= 4 = A m v = Y 1 Ao & Y Aa i’ ax o :g}d '
aﬂmuwmmE]le"l@mcvwmamuaﬂeﬂﬂmmu%ﬁ]ﬂmmu 1ae3TN15AINITHITENIT “N1T
AUIUAIBANITEFIN” (Median Computing) NVAIMLUEFINDIAT (LBM) [12] Asudaglu
9

A o 1 . ) ¥ (% 1 9 1w .
517 4.8 Whgadeyades (Partial Data) 11 199 10@2081991981 WIMNIANTFIY(Median: med)

[ U Y o dy
Taonuslszmnnuesninai llﬂﬂ\‘]u

2

med,] 19 ANI5YFIUVOIYAYOYATOE (Median of Partial Data) Tuniiaeiszuawna P,

U

2

o

med2 flo AI5eg1UY09YATDY A1 1A (Median of Data Set) Tuniinelszuiana P,

U

2

med 1 fio ATT87 MV IYATOYALDY (Median of Partial Data) Tun1idelszadana P,

U

9 °

med? fio AiTEgIUVBIYATEYAI D (Median of Data Set) Tuniidglszudana P,
11AI58g 1 (med) Y04 med 1, med2, med 1, med2 7 ldndnnumyadoyadosi
o & A 4 o w 4
$18)u (Minimum Data Exchanged) tol#lumsiGesdinudoya Taedoululunsasivden
gas A Y o 1 9 ' S o Y 9 ' Ao & vy
1975 Reanumsihaniosaz AN WIATIITRUUURY HadIn lagadoyadesnsuilungds
' Y 1 Ao o Y o T Aa 1 9 A
devuavesgadoyadosnduilu Iinunielszuianaiannenie oATIIAOUIUIAUDY
y a "o oq Y 2 4 9 v v Y
doya minlvuaminuldmilelszuanansdewanasudoya lame drvuialuminu
] [ a v ¥ A X >~ Y '
uaazrulelszuranannsanamideuioldlumsuanilasudoyans 11 Tasvuraves

Glal}'é) da < w/2 (w=N/P) HINWINNIL Glﬂfl‘i/lﬂuﬂ Inverted Data G]NUI,ﬂﬂ’ﬁTJtNiﬁlﬁ L@ﬂﬂﬁﬁ)ulﬂ



49

Yy £y I ¥ 3 Y 1w o = o w aaa =~
E‘!D%ﬂulﬂ“IJ§'$Qﬂﬁcl“lfﬂTiﬂ']u’Jﬂ!ﬂ’JEJﬂnJ‘ﬁEJijuﬂ“]JﬂWiLﬁﬂﬁﬁ?ﬂﬂLLUUﬂ“KWL@ﬁLL@%LLUUIE)‘UL’E)ET

aaA

daumiesdauuuuazoed Tdnsmuiaanisogu (Median) 1o 2 71 A9 A1 med2 Ao

A58 UY0IYAT0Ya1 1T (Median of Data Set) Tundglszurana P, 11azA1 med2 Ao

[

ANisegIuvesyatoyatindl (Median of Data Set) Tuviaoiszudana P,

U

] 9

NN mﬂﬂgmﬁf’e‘)yjauwfﬁ (Data Set) ﬁmmummmaﬂu@ Wmm‘ﬁagmqﬂawmﬁmmm
o Y A W Y1 A ya A

U?ﬂﬂulla3W1§ﬁ@QLW@1WU1ﬂﬂ13J‘ﬁElﬁ'lu%glﬂmﬂflx‘i‘ﬂf;fﬂ

LX)

min; I:)i max; min PJ max;
Improved D::size size
Partial Pattern : !
with min size and = ”'fakﬂ 'bo . BB ?H S
median computing §mini’ Efficient Binary Search maxI :
i med;; med; med,l médjz

\‘\\\ ‘_/.—"m .
B T
min;" Efficient Binary Search max;”

maxJ >maxJ
min min
size size

Data Exchanged

N ..‘b =N |

If (msize; = msize;) min size = msize; (or msize;) ;
If (msize; # msize;) min size = min (min (size;, size;), max (msize;, msnzej))

51 4.8 neraansszgnd I9nsmuaideAi5eg 11U (Median Computing) 11 Partial Pattern

7 ] { [ Y 9 ] 9 o 9 1 [ 1 o
iﬂﬂGI’J’OfJNﬁ 4.1 Wﬁiﬂ1ﬂ1ﬂﬂfﬂﬂl@ﬂﬁﬁlﬁ]ﬂuﬁﬂ] HIYAUDYAYDYAINATINIATUIUN YA

Q U

) Ao o as o v W 2 WY a a Jy 9 v
GU’OlI“ﬁEJE]fJ‘V]mLﬂuﬂ1ﬂ3ﬁﬂ1iﬂ1u’3mﬂ’lﬁlﬂﬁh‘ﬁfjﬁTLlG]N]’lﬂ’O‘ﬁUWEJﬂEJazLE]EJ@Glu"IH\‘IGIHLm’J

v
U A o

ﬁ?@fh\i‘ﬁ 4.2 !!ﬁﬂ\‘iﬁ?ﬂdﬁﬂﬁﬁTM’JmijWilli)yﬁlﬂﬂﬂﬂ 1!1'14 ﬂ’JEI’JTiﬂ1‘I-!’Jmﬂ’JEIﬂ1NﬁEIﬁ1H
A 9

9 [ 1 a v o 1 A } =\
NNYAVOYANIDYIUAYINUAIBYWNN 4.1 Tusdn 4.9 nusedszulana P, NYAvaya

a 1 U

9

o8 {25, 38, 40, 41} uazvidelszuiama b, Nyaveyades {15, 16, 17, 26, 28, 30, 32}

a QU
Y

numaiseg luniaedszutana P l1AAH med ] (38+40)/2 = 39, med2 = 25 uaz
AnnumaAniseg i lumiselszuiana P Ao med 1 = 26 WAz med2 = 26 497158711 (med)
nfa ldldminelszinananaaded e duaaelugyl haniseg i ldlu @, p)
Y Y
niseadau 1AasTl (25,26, 26, 39} AIUANTFIFILIINYATOY AT (26+26)/2 = 26 111AITY
X A A ) : 1 Ay v
putimasndeumuitou lvuesmsuannfasudeyauuuiiediu-1 tagnuvuiediu-2 114
1 H [] { o Q) [] ]
na1 1idedu nanuldsugadoyadosnduilu luniteilszuiana P {38, 40, 41} nagwiiae

v 9
szunana P, {15, 16, 17} mﬂuuwmaﬂizmawa°v1qﬁmLefl’wqﬂizmumﬁ’msfl’au"am"lﬂ



50

‘ Pi med; med, Pj

1

|11|13|14I25|38[4o|41l [25]39] 26] 26 |15l16|17|26|28[30|32i
T —— ‘/\u:l

PamaIData125|38[4o|41l [25]39]26]26] [25]39]26]26] |15|16|17|26|28[30|32]

; edian=26  median =26
i Partial-1 Pattern Pa |aI2Patterr

minimum Data Exchanged
‘IJﬁ 4.9 Lm’ﬂﬂﬂ’mﬂﬁﬂﬁﬂiwﬂﬂ@ﬁl‘vﬂ1ﬁﬂ1u’3mﬂﬁﬂﬂ1u‘ﬁﬂmuslu Partial Pattern

[ U

A o ' ) v ' awv a o a o
uenmileanaed 1 Taen liudrgaauvesauivednyanileyailunafdnonisvag
(P, P) uulawiia fie awnsnld “gadeyanvunaudin” (Inverted Data) iodafoyaiios
=] 1 A A o 9 i Ao 3 a 9 Y J
nNAsIANBNAa AL WemIuIgatoyadosnduiuFeuiosnds asrvdouNvuIAve YA
9 t ! A o 9 A o 1
Foyall 1IN W2 Tag w=N/P (N fio T1uIudoya, P Ao siuauniitelszuiana) 9z

{ 3 ' ' S ) ' {a 1 o !
naswiludegadoyadosdnssinulinumitelszmananandodie awmaaslugli 4.10

min; Py max; min; P max;
Improved ‘ ‘ ‘ ) 1 ‘ ‘ ‘
Partial Pattern AT, & as awl — -~ T,
5.
min/  Efcent Binary Search  max;

med;, med;; med;j; med;

N

2AnADYAUULARLAIU
inverted data

median - median

| e

>w/f2 >w/2

4' A o 9 " W o Y
31J=n 4.10 LLfWNﬂﬁﬂ’i$Egﬂ@]’J‘ﬁﬂﬁﬂWU’Jﬂ!ﬂ?ﬂﬂ?ﬂ‘ﬁﬂj}WULLUUﬂﬂUﬂTH (Inverted Data)

A200197 4.3 HAAINIVHIIMIAIUIVIYAAIWANFAFIUIVDNAUAIY (Inverted Data)

aundlddoyasinirlumiielssunana P{1, 7, 8,9, 10, 12, 13} uaznig

A 1 [ g’/ dyd
Uszunana P, {2, 3, 4, 5, 6, 11, 14} astvaeuien L wundeyanidosyatiituuyy

' o Yy 9 ' Y o ! Ay v a Yy ¥ v 7

VNdIU-1 naen lagadoyadoonda duwarmmiainarawi laesuieudidisdu i
A A P} ' ' v 9 VoA
asdoutou lumsuanildsudoyanuuuiaiu-1 uaznuuunaIu-2 a ldgadoyagosi

o & [ ' v
il Tuniledszudana P8, 9, 10, 12, 13} uagniielszulana P, {2,3,4,5,6} Fatoya

g’/ ¥ [ o g’; o o { { I X [
NITOIYAUNINND w/2 (7/2=3.5) asiuriimnaudeyanaswaniasuiudasedm agil

U

11 4.11 Tumieiszanana P, dayadeyauvundudiume {1, 73 Tdwiedszudana p, Tu

k)

A

vz P, deyadeyauvundudiufe {11, 14} Winisedszunana P isuniy



51

Pi min;, max; min;, max; Pj
[1 |7 [8 ]9 10[12[13][113] [2T14][2 ]34 56 ]11]14]
B |8|9 [10]12]13][1 |13|"é"11_| I_{'{'s"lz [12][2]3]4]5]s [11 12]
- Parta-1Pattem Partial-1 Pattern
[7 18[9 [10]12]13)e--- Partial Data ----------- »[2]3]4]5]6 1
I:)i med, @ med, Pj
[1]78]a]t0[12[13] [e]o5 a5]5] [2]3]4]5]6]11]14]
mn e T~y max;
789 [10[12]13] [ofosles[5] [ofosfs]5] [2]3 |4|5|6|11
median = 7 median = 7

min

| 1 I 7 11 |14|
w— '
<min; inverted Data Exchanged > max;’

‘I.Iﬁ 4.11 Llﬂ'ﬂ\iﬂ?i’)fﬂ\‘lﬂﬁﬂiwfJﬂ@]’J‘ﬁi“b’ﬂﬁﬂﬂ!’lﬂﬂl@ﬂﬂﬂ’lﬂﬂ?h‘ﬁEJ%TL!LL‘U‘Uﬂﬁ‘UﬂTL!

v 1 Y 1 Y
dmSumsuanlasudeyaiilseza@nsamgans 4 uuu dldviuaus luanuideil Tae

@

[ [ < : 1 1 1% [
Tu 3 wopvas Ae unvaauidlunsh unuuedau-1 vazuuuuieaIu-2 gave lddiuls

9

an

Aa a A 2 P ] 9 o 1 AqY o = o
UszaAnmmmudnndiot ez Inedesany dauuuund ldvannisfernuisns
1A (CEBS) [14] nlifrinana 13udy

A Y A a A Y 9 A A A I
wennnmisuani)agudoeyaniisz@nsmuuds mssaugadeyaniilszansaiw n

I 4 o w o a3 : 1 { X 1 = .
WuFesdrdguazsuilu Snvaanainlslumsdszuanaas onnssaedudiulinainly

[

° P ) L 39 o v 9 A
Tumsizesdnudoyalassimanasdndie 9 ldesuies1eaziden 13 1uidon 4.2

a

4.2 MIsImvenaniise aﬂﬁﬂ‘lwg\‘l (Efficient Data Merging)

U

9 9y 9 (4 ' ! [ ] 9
f‘ﬂi5’31!511634“m"lﬂﬂ’JEJﬂuSZ‘H’JN‘HH’JEJ‘ﬂinDﬁNa‘VNﬁﬂQ ﬂ@LﬂuﬂizUﬁuﬂWiﬁjﬂﬂWﬂ

[

1 4 QSI o o o o
ﬂauﬂizmumimnﬁauﬁamzLﬁaﬁuqﬂmﬁvmmmmumiﬁ'mammay’mmmum

aw A A Yay 9 P a ' a0 X o
\1TL!’Ji]Elgl,‘LlEJ@WI‘1/]WTL!ZJﬂf]f’J‘ﬁf‘ﬂii’Jll%@ﬂlﬂgallﬂﬂllﬁﬂﬂlﬂﬂﬂﬂﬁgﬂW Glmmnﬂu UAUDNIT

a A

9 A ] 9 ] A
iﬁuﬂlﬂhﬂﬂuﬂigﬁﬂ‘ﬁﬂ'lwqx‘] IﬂUL!U\‘]ﬂ'Iiﬁ'J‘JJ"U@Ha’E]’E]ﬂLﬂu 2 11U 9

Y

9 < . & ) A F) '
1) N1333NVBYALVVVADN (Block Merglng) Lﬂuﬂﬁ@]i’)*ﬂﬁ@ﬂﬂl@y’aLW’E]TJ?JG];WUEH‘J,ﬁEJE]EJ

I}

Ao ) o Y Yo
nvniulugadoyarindr 1dnud
9 & & . < 9 ' 9
2) MITINVBYAUVUHUIABNHI (1-1  Merging) 11 Un1335ugaveyades I ugatoya
indhfazanuasus Iy

J ] [~ { o o
Tumssaudoyaszninaminedszuranadidrenuilunszuirunisnitand

=0 2

[

o o 19 1 1 da 1 Y R ga v 79 ¥ )
Wﬁ\ﬁl"lﬂﬁﬂ/ﬁﬂmf’)yjaSSW’JNWH’JEJ‘]J?%?J’JEINﬁ‘ﬂ@]ﬂ@]@ﬂ?ﬂ mm%%ﬂszmmhmssama a

] Y
= a A o ~ o w aaa = ' = o w A
3J‘]J'i$fT‘VI‘ﬁﬂ"I'WE;Nﬂ‘]Jﬂ”l'il'ifl\ia”lﬂ‘]Ju‘]J‘]Jﬂ“])’WLﬂﬁ LLﬁ%LL‘U‘UI@‘UL@ﬁ AIUNTLIYIANAULUUAKD

9 9 = = o A
o ‘lﬁlfﬂ”|si’mmayjmmmﬂ%nmﬂnm:m AU



52

4.2.1 msnu%’agmmuuﬁan (Block Merging)

)

o < 3 A Ay o 2 ' aw

mssamdeyavtuvvuasn Wudsmsi lainaueduluiluanitell demsasiaaeu

. o ' , H ' {o
Jeoulvdwaaslugui 4.12 wmitedszunana P, uag P, nani/asuyadoyadesisuiu Tag

1 & 1 d i
wiawlszuiana P asnadeuiden lvningadeyadesiio max” < min’ dutluluamiden’ly

v ! Y 9 ' 9 o 9 w A Y 9 = 1Y

awnanlisiuyadeyadosaslugavoyarininduaadlugdn 4.11 aude Tuvaz@oiny

1 4 v d i
wiawilszuiana P, asdadeuien lvningadoyadesio min” > max, dutluluamidenly

dinanlswyadeyadesasluyadoyarindidwanclugii 412 A winluiuly

A [ 1 Y 9 & 1 & & a v 9 o
awidon lvainanldasraeumssiudoyaununilsnenils Feesuneluiidena

min; ! jan Max; nsTINZayanLuLna

Block Merging

‘Merged results Merged results

a Fan ) < )
311 4.12 uanan1silszgnd I5MssInToyautyuaen (Block Merging)

A1081371 4.4 HAAIAIVENINITINTONANVVVARN

9 o l = v W T A @ 9 9 1 Ao Y
VINYAVDYAAIDYNIAYINTVAIDYININ 4.1 110 4.2 ’HENﬁ]’lﬂwlﬂ%ﬂell'i)ﬂaﬂ'ﬁ]ﬂ‘ﬂfﬂ'llﬂuua')

q U

[

\ = 9 o ¥y ¥ =
wielszuanananiasudoyany Miniudgnizuaumsrindoya awaalugiln 4.13
[l U Y 1 = @ [
wiedszudana P a4 {38, 40, 41} Tivieiseuiana P, Tuvaizifednu e {15, 16, 17}
[l ' @ { [ 4 <
Idminelszaunana P iunu ndoyai lasu P asadouiou lun1ssaunuuuaen fe
\ . IRl .
max” (17) < min? (25) Wuldawidenly yadeyadesnsuilunldvinnmielszuiana p,
samgadeyalusdimisnoudl min’ uwazTuvaziRenunielszuana P asvaouion 1y
<2 (] v A . ) A ° 1 9 A
MITIVUVVVADAFUANAD min” (38) = max’(32) Winidlulmuteu lvihyadosdoyah

Yo A

o 3 Ay Y ' o Y o 9
%wgﬂum"lﬂmﬂﬁuaaﬂszmawa Pi iafuﬂum%gaumﬂwuw

‘PI 777777777777 n'ﬁs’:u'ﬁagauuuunﬂm 777777777777 P]
|11|13|14|25|38[40|41| ] BlockMergig— [15]16]17]26[28]30[32]
mn, e S T max;’

25|38|40[41] |15|16|17| |38|40|41| |15|16|17|26|28|30|32]
T may " -

2 [28[30[32|38|40|41|

&
<




53

422  MININVONAVUHHIABHU (1-1 Merging)

9 & 1 & dy 9 ] 1 a A an
miiamayauﬁuuwumawmugﬂiﬂmmammwmmsﬂuaﬂwmum IINITNIT

v
=

[ ' ya o Y o o 1 Y 9 & [ 2 A a A a 49!
mﬂanm%ﬂ”lﬂummwumeﬂeﬂ“lwmimmmgaLmuwumewumﬂﬁxﬁmmwmwu

1 A o 1A 9 9 Y Y 2 o ] Y
NA1IND mlmuﬂljuﬂumﬁamlmganmmmﬂuaﬂulﬂum LTHATNAULHUILTNUBDIYAUDY A

U
b

o v ' P=y 9 2 ° ' 9 9 o 9 @
U1 (Data Set) ﬁ'JUﬂ'lﬁlﬁENﬂ'lﬂll'lﬂulﬂu@fJ!.ﬁ3J%Wﬂﬁ'lllﬂl‘l\‘lq@ﬂ']ﬂ“llﬂ\m‘fﬂﬁllﬂuau’]!fll'l 1MNMUU

= y ~ J o ' as A ya o Y o A o 1A 9
L“LI?fmmﬂumayawazﬂwuﬂﬁm1uau mm“ﬁmﬁmnﬂ%mmuaﬂa AR UUTUAUNITIIY

9

doyaununilineniiannitos lluin Sunndusinsnvesyadoyados uazn13iseean
Y A o ' Y 3 '
iﬂﬂulﬂu@‘(’JLiiJ*ﬂWﬂGIHLWuQEIﬂW']stll@QGIlel@iJ“afJﬂfJ
d' % 1 Jq Yad 9J & 1 é [
31N 4.14 naasdred1ansdszgnaleassdndoyauuuviadenis Tagniag

9 H 1 A o T . 3 a ) 2
Uszuawa P, nfFouiisuyadoyaiaza Taoisuondunua min” Winduismsna Iz

. @ A Y 9 = o 1 = 9 ~ 1
910 min, @Nqﬁlﬂ‘ﬂ 4.14 UK Glmjmzmmﬂuwuaﬂﬂizmawa PJ. uﬁ'ﬂumauwmamﬂazm

Y

2 o ] I ax o 2 @ Y
TaoiaunndmIe max,” 1ndlu35n3 11 G910 max, 4931 4.14 Aun

min; median_MaXi AsTutayauuuuideeaile MiN; median max

1-1 Merging

min; !

—_——— _—
Merged results Merged results

31 414 yaaamsilsy ﬂﬂmﬁmiiamammmuwumwm (1-1 Merging)

f106197 4.5 uamé’hamamssameymmuwmmwm (1-1 Merging)

aundlddoyatindnvesntelszunana P, (11, 14, 15, 17, 25, 38, 41} 1agniiag
Usguiana P, {13, 16, 26, 28, 30, 32, 40} Iaeliyadoyadeslu P, {38, 41} uazlu P, {13, 16}

d' £ [ 1 1 ] g’; 1 (] =

vani)asudayaninaseriINriilszylana Naduuaas el ssuananTeune
9 ~ ' ' 2 ° ' 5 I ax Y 2
doyaiiaza Tagriielsgurana P 5U9INA 1MUY min’(13) Windluismsna lezisw
NNAWNU min(11)  Tuvaz@eIfumitelszudana P i5uanA 1MUY max (40) 9

midlounuasmana i aagili 4.15

Pe PJ'
11 |14|15|17|25|3e|41| |13|16|26|28|30|32|40|
|14|15|17|25|38|41| |13|16| » |38|41|__|13|16|26|28|30|32|40I
. 14 15- 17]25] mssmsinyawuumiesaude  [26]28]30 32. 40.
'min;’ 1-1 Merging < maxj‘

a o 7q Yo ) L 1 &
31]7] 4.15 Llﬁﬂ\‘lﬁﬁf’)ﬂ"ﬁﬂﬁ‘]J5$Qﬂﬁclfb'?]‘ﬁﬂﬁﬁ’nﬂl’E]i;l‘au‘]J‘]J‘ViuW]’fJﬁLN



54

d' d' 9 1 ] = o as d'
Lummﬂmﬁuamﬂaaumayaﬁzmwwmaﬂizmaw’cmmﬁmmuawmﬁuamﬂaﬂu

9 H 9
AoyADUNAUAIU (Inverted Data Exchanging) #9uunssavdoyaniidszaninmgeiisoasy

9 o d’l 1 9 ] 9 v Y I A
mau“a“luaﬂymzuwuﬂu Tﬂmmqmiﬁamaymm‘uﬂa‘umugﬂu PAGINIRG]

o I
1) M3smdeyanauAUuUVUABN (Inverted Block Merging)

9 v Y = & X
2) MITWUVBYANAUMUUVUHUIADK UL (Inverted 1-1 Merging)

A ] v Y 3 ' o 9
iﬂ‘VI 4.16 HFAINITIINUVDUANAUAIULLU VDN Iﬂﬂﬂu38ﬂ§$uﬁﬂﬂﬂ Pi iﬂﬂgﬂﬂlﬂyﬁ

U u

= ’ Z A . & g
gosnduiluninmidelszudana P, minuuasvdeuion ]y max, < min” Fuiluldam
A 9 l @ 1 9 o 9 = @ 1 [
Joulvsaudeyadesyadanannlugadeyaindr luvazi@erduniisdszuana p, Suya

Yoyadeuisuiluanuitedszuiana P astvaouiionly max” < min fulamivenly

9 Il @ ' 9y o 9
53%61193&!'5'1ﬂ@ﬂﬁﬂﬂ\‘lﬂﬁ’ljiuﬂéﬂﬂlﬂuﬁuuﬂﬂ

U

minpmedian max; MsmuLayandual \ min; median max;
Inverted Block Merging
Ao .. A .. ;0 é, a . fa, ... O = B,

|Inversed
min size

~ (fomP)

Merged results Merged results

a ot ) Al S < .
gﬂﬂ 4.16 u,mmmiﬂizqﬂmﬁmii’smay’aﬂaumuuuuuaaﬂ (Inverted Block Merging)
o T ~ k4 v Y <
398191 4.6 HAANNITINVIYanaUMULLUVaan

awudlideyaudnlumidelseniana P, (1, 2, 8, 9, 10, 11, 12} uaznioy
[ H o .G [
Usznnama P {2, 3, 4,5, 6, 13, 14} gadoyadosnsuiluluniaelszuana P {1, 2} uaz P,
] Y ]
(13, 14} sanJdeudoyasgrninarialszuiana 9101U P, as19d0UReu 1v max, (12) <
I~ 4 o 1 { [ ] %

min” (13) (W lawiten luhgadeyadosi lasuainmiaedszusana P sauiugadeya
o @ ll y . I
1 nazluvaz@ernumizedssuiana P asadeuiien 1y max,*(2) < min, 3) 11l
A ° ) Ay Yo ' D) o Y w ~
Reuluihyadoyadosi lasuanuiedszurana P, saulugadoyating dwaasluzda
4.17 Tagrhan {13, 14} aomegadoyarininluniaedszudana P uazihan (1,2} souluya

Yoyariud dmsumitedszuana p,

P, P,
== - = =
112189 to[11]12] [2]3]4]5][6{13]14)
=== min;’ max;’ -=
max;
L1128 ]9 [10]r1]12] [13]14] Lif2][3]4]5[6]7[13[14]
T T Tymin
|8 |9 |10|11|12I13|14I ATTHINTRYANFUGIURLILLNYA |1 I2|3|4|5 |6|7|
€ Inverted Block Merging >

~ o ' I Ya 9 v 9 3
ETJVI 4.17 Llﬁﬂ\1@]'Jﬂﬂ?ﬁﬂ?iﬂigff!ﬂﬁislf?ﬁﬂ'ﬁﬁﬁlllmﬂy‘aﬂaﬂﬂ"luuﬂﬂﬂa'ﬂﬂ



55

9 v 9 &£ & ' = 9 =
NI35INVBYANAVATULVV U UIAD U wmﬂﬂizmawa P, Llﬁﬂﬂlﬂﬂﬂﬂgﬂﬂlﬂuﬂaﬂﬁg
1 A o ] = o Y 1 Ao & A . [ ~
ﬂ'lTﬂfJLﬁiJ%'lﬂﬁHLﬂu\i max;, L“LGEJ‘UW]ﬂUﬂU‘gﬂm@yjaﬂ@ﬂﬂ*ﬂuﬂulﬁﬂﬂ']ﬂ mmj” ﬂ\‘]g‘ﬂﬂ 4.18
Y 9 a o ' ~ 9 A ' 2 o '
ATUE1Y lellmxmmﬂuwmaﬂﬁxmawa Pj Llﬁﬂﬂ!ﬂﬂﬂ‘yﬂﬂlﬂﬂgaﬂﬁgﬂ"ﬁﬂmﬁNﬂWﬂGl']!H’ilN
. = o Y] [l Ao & A ) 9 g 1
min, l'lr%fJ‘IJL“I/IfJ‘Uﬂ’UGquﬂGUfJﬂJ‘.afJ@fJVI%'ll‘llulﬁﬂJﬂWﬂ max,” ﬂ\iqﬁlll 4.18 ATUUIT NUUHUIY

Y
Uszuananiaeafioufieudoyaiiaza

min; median max; MITMABHANLI min median may;

,: vtlvsiauilondusu

Ay ... Ay - Do ... D Inverted 1-1 Merging ...8y1... 0 . Dy
max;, min;’ max;” min;

__|Inversed Inversed
2 | min size min size

(fomP) | (fomP)

Merged results Merged results

ﬂﬁ 4.18 waraansyse EJﬂ@I’J‘ﬁﬂﬁi’)llall@llaﬂﬁﬂﬂTL!L!‘U‘U“H‘HWIfJ‘HuQ (Inverted 1-1 Merging)
@ ] d' 9 v Y d! ] 4!
AIDYNN 4.7 UAAINITTINVIYANAUMUUUUTIUINB U

aundlfdoyaruanluminedszunana P, {1, 7, 8, 9, 10, 12, 13} uazniig
] H oWV < 1
Uszunama P, {2,3,4,5, 6,11, 13} yadoyadosnsuilulumiielszuiana P, {1, 7} uag P
v v '
(11, 13} nanulfeudoyaszrinaniisdszuiana 901U P, as29doudou |y max, (13) <
1 3 4 o 2’; 1 (] [
min” (11) Tt ldawRenlvaniuSsuiisudoyaiiazaimelumitedssuiana P a
Y 9 a [ 1 A .
waaalugal 4.19 Swdne Tuvaz@eanumisedssuiana b, asivaeuiowu |y max (7) < min,
13 4 %] g’; =1 = 1 1 o
@ Tudwldewisenlvdniuneuiendeyaiiasinelunielszuaana P Asaaaly

3111 4.19

R max; min; P; r _
Fi77 [ e o213 _ 2]3]4]5]6 |11]14]
‘-——‘\mlnj” max;” -=

L j4‘ |1|7H2Is|4|5\6|11|14\

i m‘s‘numauanaumu

wuuvilesauils . 213[4]|5 6.

Inverted 1-1 Merging

EI

‘]Jﬁ 4.19 LLﬁﬂ\iﬁ’JflﬂNﬂ1iﬂi‘“ﬂﬂﬁ1%’)‘ﬁﬂﬁi’)llell’é)llaﬂa“lJﬂWuLl“lJ“lJ‘l’Tu\iﬁE]’Hu\i

o o & AW Yo 2 oy A = P B A~
mwﬁJm’e)°H1ﬂ"lﬂunﬁuaﬁluuwmuuwmmmamﬂaﬂumauauawmﬁ’m%uamJ

U
a'mull

Uszansamgaaiuauidive ihinaue 13 nanTaoagiiilse sifundneail

A 9 ~ a A a a A =
1) ﬂ'l‘i!lfﬁﬂlﬂﬁﬂum@yaﬂhﬂi%ﬁﬂ‘ﬁﬂTWﬁjﬂ Luuﬂ'liLWiJﬂi%ﬁVl‘ﬁﬂTWsluﬂ']illﬁﬂLﬂﬁElu
9 I o o 1 i o A I ¥ = 9 ' Ao & °
6U’li]iqll'ﬁ!f]J'IﬂFI’i i fﬂiu'lﬂ1ﬂﬁ'Nll1%’3811!ﬂ'liﬂ']u'Jﬂ,!LWf)sl‘Villﬂi]'l“]i\i%ﬂm’f]isl,ﬁﬁlﬂﬂﬂﬂﬂﬂu @1uUU

9 = 9

9 9 v
Uoenga) AIMIUMIGeId A UMY uaﬂmﬂﬁ”lﬁﬁwmu@mmamﬂﬁﬂueﬁ’mqj,mmmauﬁﬁu



56

=

' v ) Aq ¥ =~ ' v )
mwaﬁlwmmmayaﬂﬁlﬂvﬁlumwamﬂaﬂuaﬂawmwaﬂ 50% INIIZaAIUIATIDYA

{ 3
tanlasuan < w ity < w2

a A Y

9 A A A a 9 an A
2) ﬂﬁi%hﬂlﬂgﬁﬂhﬂizﬁﬂﬁﬂﬂﬂlﬁi Luuﬂ'lﬁlWiJ'IJﬁ%ﬁVI'ﬁﬂWWGluﬂWﬁ33”%@3&@1@83151’]

U

9 o X 1A 9y <3 v 9y & = @
"lﬂu1tﬁuemu1wuﬂe NITINVDYAUUVUADN AIUNITIINUDYALVUNUIADVIUI UNTTNWAIUN

1 YA a A A g ] (%
apeea 1NN szaninmmuyusunY
< ao & <1 < ' o
Tagdsziaunsisen 2 U agiiflumsraufSoufoumanududoudiunaivesns

Y ' 9 A ) o = 9/ ' @ A
AumrNveIteyainzaudmiunsuanasudeyaluuaazgduny dweaasluasei

aA A 9o

o = o v 9 = aAaa ~ Y o
4.1 IﬂﬂuTmﬁLSENa1@UT®Q6&LUUWH@L@E‘T, HUUAKWID & LLE]%LHJ‘]JI’E]‘ULE)@’ ‘V]N’Ji]flhlﬂunﬁuﬂ

Y

¥ lumsnfFeumey

d' =1 1 v Y 9 k) ) o A
19190 4.1 L!ﬁﬂ\‘]ﬂWiLlﬁﬂUmEJ‘iJﬂTﬂﬂnJ"If‘U“D’@HﬂTHL’Ja']‘U’f)\iﬂ'lﬁﬂi!‘l’i']ﬁ?‘l’iﬁﬂﬂ?ﬁlmﬂlﬂ’dEJLl

ﬂsj’au“a“lumiazg 11111 (Time Complexity of Searching Pattern)

N _ B ANTAN nNAUMN N19ALUN N19PAUN
FUAARINIFLFLIRIAL A NP~
LU AN ARUNLTIUAIN UNEIU-1 UNAIU-2
ngiEENuLUATaLea (DCES) o(1) o) O(log,N/P)  O(log, N/P)
NM3EENLLLATNLDA (DCPS) o(1) o(1) O(log, N/P) ~ O(log, N/P)

maeauuulailiea (OBS) o(1) o(1) o(1) O(log, N/P)




UNN 5

a d a d v
NMISNGIUANNGNADINATMIINTIZHANNFUFDUAIUIIA

o a o a I
MU UTUBNIUITENINIINT WA UTUMSHAUIAEBAINIUITEAY T BNIS

Y ax o v 9Y o A

A A ga N A v Ay & 3 A o
AN fni“l‘ﬂiJV] nIe Ujuﬂ15ﬁ1ﬂﬂl w?ﬁ]ﬂ@]@ﬂﬂ“uuﬂ'ﬁl‘wgi‘ﬂNa\ﬂujﬂﬂuulﬂucﬂﬂﬂﬂﬁﬁﬂﬂ

9

a 4 o
ﬂﬁ‘Wﬁ‘"ﬂuﬂ’J'ﬁJﬂﬂﬁﬁN (Proof of Correctness) [30] ¥ ﬂ’JEJ’J‘ﬁﬂWiWﬁﬁ]ulmﬂiﬂuuﬂluﬂﬂﬂﬂ

U U

o

Y
TumsuE e luauise uenvIniims A nuFUFeud AT (Time Complex1ty
Analysd) [29] fidluBnilasonissduaiuldnudseiiuaueiinnuiniedomuiy uay

@ [

aunsofoufouduasmsiteganlunuiieiinededld

Y
A A W [

o (% a v a a 4 ) a 4 ¥
A1 IUNUIVIN Ul@uwgﬁu®1u3%ﬂ1uwuﬁauuu mwaeﬁ}’éﬂumiwqwmmgﬂﬁ)’m \‘lﬁ
a o a v 4 a
1) msigaianugndesvesnsanaededisuuy lauilin (Correctness of Dynamic
. A L] A A a J Y A daA
Communication) TﬂﬂLLUQLﬂHZ NI AD 1) ﬂWiWQﬂuﬂ’JUJQﬂﬁi’Nﬂﬁﬂlﬂﬂﬂf,jﬂ
A o Y A A A

(Correctness of Best Case) LA 2) NIWFIUANUYNADINTUNLUINGA (Correctness

of Worst Case)

a 4 4
2) mswqwﬂamgﬂﬁ'@wmmmamﬂﬁﬂwﬁ’mg,a (Correctness of Data Exchanging)
] { y A J 3|
wiawgdunuvesmsuanlasudoyaiongaianugndedldiiu 6 suuuy
Aa 4 4 a o
Ao 1) miwq%ummgﬂﬁ’muuumﬁ (Correctness of Hold Pattern) 2) N1TWgIU
Y o A g A
mmgmmuuuaaumﬂumm (Correctness of Swap-to-Hold Pattern) 3) D19
a 4 1 a 4
Wi;ffﬂuﬂ’J"IJJQﬂgI}'ENLHJUUNﬁ’Ju-I (Correctness of Partial-1 Pattern) 4) ﬂ”lﬁWgﬂ‘Ll
1 a 4

mmgﬂﬁ’amuumamu-z (Correctness of Partial-2 Pattern) 5) MINGIUANY

ﬂﬁ’amuuﬁmammﬁﬁﬂﬁm (Correctness of Median Computing) (L8 6) N1

g
ﬁ’q% ﬂ’ﬂlli‘lﬂ@]@ﬂﬂl@ﬂﬂlﬂhﬁllﬂ‘ﬂﬂﬁﬂ@1u (Correctness of Inverted Data

Exchanging)

a SY Y [ a ol Y} Y 3 A =
u’aﬂmﬂﬂﬁwqwmmuummnmﬂ“wmmm%umaumunm mﬂuaﬂﬂmwum

[ 1 ~ Av A A o a ESl Y
Fregudsultnisetiaunimuiniy B35 1duanims e nanusudeudiuna

Q U

[ 1 A a 4 o Y Y d v a A .
LL'U\?HJH 3AWUAD 1) al,ﬂiwwsé]’mJG]mGlf’aumunaﬂuﬂﬂﬂ%ummﬂ@’aﬁami (Complex1ty of
r . 2 4 o 9 Y 7w A ]
Communication Time) 2) ’JmiWﬁﬂ’gmmuwﬂumunaﬂuﬂdﬂ%ummamﬂaﬂum@ga
a 4 o 2\//
(Complexity of Data Exchanging) iag 3) UAIITHAINY V¥euaIuaInIrvalunis

= o v 9 = . &R 3 an Ao AN Yo v dy
LiENﬁWﬂ‘U"U’EJy.aLL‘UUI@‘UL@ﬁ (Complexity of OBS) "’]NL’]JL!’J‘ﬁ‘ﬂ mqﬂﬂ"lﬂmmuaclmm 18U



58

a d
51 m‘mgwmmgnﬁm (Proof of Correctness)

Y
= 1

Ay Y v Yy 9 9 A ¢ Y ao < 7o o
mmn"lﬂﬂanmummNﬁumiwgﬂuﬂ3mgﬂmﬂmmnauumlﬂu 2 ﬁ\iﬂﬂfl&ﬁﬁﬂ“]

Jd EY

a 4 a 1 4 a a
ﬁ@ 1) ﬂ'lﬁWgﬂuﬂ'J'lﬂJgﬂﬁgll@\‘]‘llﬂﬂﬂTﬁﬁﬂﬂ@ﬁ@ﬁWﬁll‘U‘UqﬂuﬁJﬂ 2) MINGIUANVYNADIVDY

£l u
Y

A 9 =
mﬁuamﬂaﬂu%ya PANU

511 anugnhesvesmsaanedeaisuuylamniia
a 4 a 1 4 a
ms‘wqﬁmmmt;]ﬂﬁ’awmmimmﬁammuﬂ@mm (Correctness of Dynamic
. . dy A Y 1 o a A a dyds@} 1o
Communication) # tWendasliiiunsuusenlumsasnedodsuuy launiatiyvegny
ANBAIZY0ITOYAIMNADINGEE9EIAL 19U FoYaUUDFN (Random Data), VoyaiUUEUBE
& c % ' A I
(Skew Data), ¥oyan2 11 (Normal Data) iWludu Funiamsiigailldiddu 2 nidife 1) ms

a o Y AAa A a 4 9y A A = =} = [ zgll
NFIUANNYNADNNITUNANGA LIAS 2) NITNFIUANNYNADINTUNLING A UINYAIDIAAIU

5.1.1.1 mmgné’imnstﬁﬁﬁﬁqﬂ (Correctness of Best Case)

v
=) [ a AA

dimsumsiFesdranlunsdinanga uisdeyaldnusedszuranavuamig fu
9 ]
waanniusesdnutoyamelunaazniitelszuiana nazasvaeUNIIAAADTA1TAIY
[ 1 9 d‘d a A % 1 = o dd‘dd’ 1
Sv/atoya Tnansantszansninga (P-Table) A29819MIFeaIAUNTUNAN A 19U
9 o 9 A v A LWy Y
e <oyaiiudimsinizes I Ted 1z aund,
9 o il = v A 1 ' Y =~ 10 o 1 9
o Joyariungesimsdaiesluugazrullszulanatal eadd 1Al YeINguIBYa
1 9 1 1 d' U 1 1 d' (% [
lildeglununelszuramaiimunzeay deodruauluzdi 5.1 vasmnhaulusey
9
usnnuIMoyadosgniaisesFed1uningaundr lunaaz miseilszuiana vy
@ 9 @ 19 A a A g 9
BWANTOYA 1M TU/aUpYa IasnsanTalsz@nTa1ngs (P-Table) Vunouganiie
AOUIUNTZUIUMINNIUATIVARUTIIUEVBINUeLSZIana P, AU P, ... P4
Y v v a < A
nuP,...,°P, 90U P (P,>P,,P>P,. .., P>P) Nerouzveszlunuiluagi (pattern-
9
STATUS=HOLD) 1ntiuasnasuaniugvesniidelszniana P 9iu Py, P, AU
P, P, 90U P, ..., Uag P, §nU P, (P_>P, P.>P, P >P,....P >P) Tagn3dveaell
< ~ ) [ a 4 . v A (=}
aouzifluaindimiuan uzvedda (list-STATUS=HOLD)  na1ife 1iiin1g
A 9 1 [ @ 1 dy < Y o '
uanldsugadoyasznitenuielszutana  nadedilmiuldvanuiing
Aadedod1snuy laudaiianuiies 1500 dwnsnaunszuIumMshanla e

= [ a 1 :ﬂ' a 9y o = d‘
WisuMeunumMsanaeaeaIsHULAUANAADIN 1IN (log, P(log, P+1))/2 591 I1N®



59

1 A o 9 =~ a dy ]
Gluﬂu@ﬂﬂi%i]')ﬁﬂﬁﬂﬂ']ﬂl‘lﬂuh Taglunsalauanaiinuiedszuiana

fa)]
=
2
()
22
o))
—9
e
()
R

A 153 Y T Y I = I 9 J
NURVAFUUDUNUYAUDYANTUDY FIUQVAFUNINNUYAVDYANININ

q U
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Final step: pattern-STATUS=HOLD (assume:Po<P; <P, < ... <Pp,)
(even-odd (P;, P,))
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5.1.2.2 anugnavauuaduiiiunai (Correctness of Swap-to-Hold Pattern)
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171 5.9 uaasared 19 hldrusumsngaiaugnde i uuaIU-1
5.1.2.4 AINYNABIVVLINAIN-2 (Correctness of Partial-2 Pattern)
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UszgnanmsAuruylunds (Binary Search) Wou'lumsasavdoutiazaiodieg laninuni 4
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v 9 ' o W, - ¢ 9 2 & A DY
Tusiade 4.1.4 drudidgaesnisngatnnugnaedlugtduuuiife yadeyadesnnild

Q

~ A ] 1 Y a A
ﬂi@UﬂQNL‘WENWfJW‘i’E]UhJ um”lmﬂu 2 NTUAD
~ Y ' < . A Y < J Y 1 A
® NIUNTITINYAVDYAYDYLVVVADN (Block Merglng) memmlemmﬁgﬂmau”aﬂaﬂm
Y = ) [ =~ o v 9 A 9 ~ a [ Y
llﬂﬂiﬂﬂﬂqul‘wﬂﬁW@ﬁTﬁﬁUﬂTﬁliﬂ\iﬂTﬂUﬂlﬂM‘.ﬂ LN@ﬂluTﬂ‘U@ﬂﬂl@Hﬂﬂ!!ﬁﬂLﬂﬂﬂullllm']ﬂu
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1 [} A 1 . = 1 é = 9 [} 1 9
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P, yadoyadesiidosdeno mn 09 max* IngUudaseduFanuivuiavesdoya

o S = A A .. . . g 9 ' g o
%nﬂu@]@ﬂuaﬂlﬂaﬂulwaﬁjm 19 minimum (51zei, s1zej) ﬂ']ﬂuu53ﬂﬂ2ﬂm@uﬂaﬂ@ﬂﬂﬁﬁﬂﬁﬂﬂﬂéﬂ
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max; min; i max;  max

“lJﬁ 5.10 Lm’ﬂ\W]’JfJEJ'IQ‘l’l’)l’lﬂﬁTﬂiUﬂﬁWﬁ%uﬂ’NNﬂﬂ@l@\HLUUUNﬁ’JH 2 ﬂﬁﬂl‘l/l 1

= 9 ' &£ = . 1A v A 1
® NIUNITTIVYAVDYAYDIUV VN UIADWU (1-1 Merging) IFUIAGINUNTUN 1 LANA

9 ' @ 9 o 9 o Yy 1 7 1% A
G]j\iﬂwjiﬁuﬂjﬂm@yjaElflflﬂﬂﬂéﬂsll@ll”au']ﬂnﬂigvnllﬂ‘ﬂazﬂn‘ﬂ1uu ﬂ\ulﬁﬂ\iiugﬂ'ﬂ 5.11

min; max; min; i max; max

5.1.2.5 ﬂTINgﬂél’i’)\‘ﬂlmmimulmg‘l”mmﬁﬁﬂg114 (Correctness of Median Computing)
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QHHLW@iWﬂﬁﬂUﬂQﬂJﬂTVIQﬂﬂ@ﬂ%ﬂﬁﬁﬂl@uﬁﬁﬂluWﬂjﬂﬂJ L!.ﬂlli]!,ﬂuﬂ'l minimum (size, Slzej) Tu

1270 5.1.2.4 WiodedoyavnIAioNd1521 319 max(msize, msize) 1AL min(size, size))

5.1.2.6 ANNYNABINHSVYONANVUNAUA Y (Correctness of Inverted Data Exchanging)
) o A Y @ dy < Y 1 2 1 9 ~ A
dmsumsuanlasudeyaanyuztimu ldedndanunumnadoyanuanlasy
9 2 [ A Y o 9 9 9 = o
anad Mindoyativinalvaini w2 e w=N/P ldnduadeyandewanilasumsiznas
g o w B~ I = 2 a 4
1AUSIAYTY P-Table 3z11/@suan PP 111 PP, (lagiistsazidoaveamsiganiiy
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meanunsailnaluiadenoun) mansgrhludnvaziidina lasasanuvuiadeyananas #a
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X = minimum If (x &y) in this PE after PE-list-ranking (according to key-field)
y = maximum min min
key = min 3 — R | |
_— fistrank g
key = max 10 o | ] I —1]
"Tastrank
med —__med ___
key=medan [T [ & [CSO_L_T |
local canter bommmmm
mean - ___mean__
key=mean [ J [ o S0 1T
majorityweight T TTTTTT°7
md ] mid _
o I | [ e—1 ) N 1] S—
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a A d o A A ¥ ae, . . . .
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m3199 5.1 udassenlumahaudmsudeyailnd, Yoyauvueudes uazdeyanuugu

A A Yy v [ a
Wemen lFAgAIN UL ¥R

wawes  feyslnd  deyauuuieues Hayauuugu
TiauacAdilld NTANUIN LAPNHAANS  LAAINAANS UARSHARNS
Adfaunu  uuLiafign  wuufludige WULIBdE
ANTing (min key) [9] o(1) 1 log, P(log, P+1)/2 1 AN log, P(log, P+1)/2
ANN (Mmax key) o(1) 1 log, P(log, P+1)/2 1 AR log, P(log, P+1)/2
ﬁ’]ﬁﬁﬂgﬁu (median key) o(1) 1 log, P(log, P+1)/2 1 AR log, P(log, P+1)/2
mlﬁlﬁlﬁ (mean key) O(N/P) 1 log, P(log, P+1)/2 1 Ak log, P(log, P+1)/2
ANNANREN (midpointkey)  O(1) 1 log, P 1904 log, P

a d Y]
52 MIANNTHANUFUGOUA IO (Time Complexity Analysis)
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Av A

a 4 o 9 o o &
MINATITHANUFUFOUAINIAN (Time  Complexity) AH5VUITN Iarinanueil

Y

3 A v R A o v Ao o Y v P A2 o
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a 4 Y A 9 a L4 o 9 Y
2) 'Jlﬂﬁ"I‘éi‘I’i‘ﬂ'JTJJG]J”U“]f@uﬂ"lul'lﬁfluﬂ"lilmﬂlﬂaﬂu‘l]’f)ll“a 1Hag 3) IATITUANUFUEOUATU

v 9

= o = = = o X
L’Jﬁﬂuﬂ"IiLﬁENﬁWWU"Uf]iJmLU’UT@‘]Jmﬁ Iﬂﬂuﬁﬂﬁ&ﬂﬂﬂﬂﬂu

u

521 anugudendiunalumsnanedeans (Complexity of Communication Time)

a 4 a 1 4 a 1
MInmIngaianugndeslunsaeaedeaisuuulauingzying 1 89 log, P soulu

v 9

A ' a 7 ) Y] 3 A A
nIvon 5.1.1 LL‘]NﬂTi’Jlﬂ'iR‘I’iﬂ’JTJJ“]f“]J“])’le!ﬂTIJL?!ﬁ]L‘]JH 2 NI A

]
A A A

NIANANGA (Best Case) = O(1) x O(M3Uszuranalunaazsounsvinanu)
NIANUENGA (Worse Case) = O(log, P) x O(N131)3zaana luudazsounisninanu)

) [ J o (% 1 o @ A
’ﬁ’n’iillﬁ\?ﬂ“]fuwaﬂell’f]\‘lna’]ﬂ'liﬂigll'laWallﬁa&’ﬁaﬂﬂ’]iﬂ’l\ﬂu Llﬂﬂllﬂ\ihlﬁglj@\iﬁ']i'l\iﬂ 5.2
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v o Jd o [
A15199 5.2 LAAIANUFUFOUAIUNIAT (Time Complexity) Y94 sszuranafentunanlu

HARE IO

e o AHTUGDUAI AN
WINFUBANUaINTUTENIANG

Time Complexity

nednAnANINazNsRenguinel szaananUU N de O(log, P)
mm@ﬂLﬁaﬂuéﬁﬂgmwdﬁwmma‘:m@mm (£(N/P)/2) O(N/P)
nngendieyaszudneanelazioana (S(N/P)/2) O(N/P)

wanewa 1o N A S1uaudoya uaz P Av Siuauniielszuiana

522 anududeumunallumsuani/asudoya (Complexity of Data Exchanging)
H v 1 v
msuanfasudoyaszrInniiiedsEIaNaAAEuNTZUIUMTTNU IUTUGA

o 2’, 1 Y 9 9 T gl.: o {
ﬂizmumimqmﬁﬁuumuuazmmm%umeumunaﬂmmazmumeu ﬂ\i@ﬁN‘ﬁ 5.3

Y ' @ Jd o ]
M9 5.3 uaaimanudugoudunan (Time Complexity) VosenFudoss lums

d' 9 1 ]
vanlasudeyasennamiiellszuiana

- ANNT LG UANUIAN
AURBUNTUIEHIRKA
Time Complexity

AaARaNassl Antine ANKNN LasaTHuaslssaaNa (mid, min, max, id) o(1)
Benarrusunutgaioyaluniseiasrianasy Inedsuiniia O((log, P)*)
A9 AELADNULLABALNIZLIUNNTINN (pattern & list-STATUS) Ollog, P)
mm%@ugﬂLLuu“lumiLL@ﬂLﬂﬁlﬂu%gmmumﬁ' (hold pattern) o(1)
mm@ma‘ugﬁLmﬂumﬂmﬂLﬂﬁlﬁuﬁwmmmﬁuﬁ (swap pattern) o(1)
paaaeuguunlunsuanilasueyaunttnedau-1 (partial-1 pattern) o(1)
ﬁli’l@@’ﬂugﬂLLUﬁl‘uﬂ’]i‘LL@ﬂLﬂgﬂu?‘ﬁ’ﬂﬂgj@LLUUU’Nﬁ'}uQ (partial-2 pattern) O(log, N/P)
ANUITUAINATN (median computing) o(1)
LL@nLﬂﬁﬂumuwmm%H@ﬂ'@ﬂ (size, msize) Oo(1)
LL@ﬂLﬂgﬂuﬂ;m%'ﬁlg@ﬂﬂﬂ‘ﬁlﬁsﬂLﬂuLﬁ@?‘ﬁG‘mﬁﬂﬁu%@H@LL‘I_IUﬂ\‘i‘ﬁI (hold) o(1)
Md‘é‘ﬂLL@ﬂLﬂgﬂuﬁﬂ%@H@ﬂ"ﬂﬂﬁﬁﬁLﬂuLﬁﬂi%Gﬂd@nﬁﬁu?‘ﬂ@H@LL‘LI‘LIZQZS/LI?]I (swap) o(1)
‘vﬁﬂLL@ﬂLﬂ?}Iﬂwqm%@H@ﬂ@ﬂﬁﬁﬁLﬂuLﬁﬂ%G‘mﬁwﬁ“u%@H@Lm‘umqmu(partial) O(N/P)
nisngadeyatiaslugadeyatindiuuuuden (block merge) o)

nsmngedeyatiaslugadeyatindiuuumilsiontls (1-1 merge) O(N/P)
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v Y b4 =~ o v 9 =
5.2.3 mmmumeumunm1%migimmﬂumagmmﬂamea
o o = o w = Aq Y g‘/ Y
dmsumsisesarauuuy Tedeanainlslunsdssuranansvua Usenaudie ran

lumsizosdiau 2 aaulnaq Ao

msisesdnudoyados (N/P) lunsazniinelszuiana (Local Sort) +

= o % 3’, ady =~
msiEemnuuuvI uTuneu sy lotwa (OBS)

A o 9 Y as ~ ~ an A
ATNN 5.4 Llﬁﬂﬂﬂ’ﬂu‘ﬂm“ﬁﬁ]uﬂ1una1"‘IJEN’J‘HTBDL@E‘T (OBYS) LIGEJ‘LIL‘V]EJD VITDU

v v
I = = U

(Bitonic [2][9][15], DCES[25], DCPS) lunsainanga (Best Case) NitiNANGAGI1AUADY

ax o 1

(Second Best Case) nsanuenae (Worst Case) HaznNIaNaeY (Average Case) TaennIsaInaI
: g d
9

o w a3 . 4 @
l¥n13i3ead 1@ unuuG3 (Quick Sort) lunisdszuramaiiesdudlrsnnududeuaiuma

(AU O(N/P log, N/P)

d‘ =~ =5 o w = aAaA a
M1319N 5.4 LLZWNf‘lﬁllﬁﬁl‘l_lm8Uﬂ1iliﬂﬂa1ﬂﬂuﬂﬂiﬂﬂlﬁlﬁ, UUUAKDIDT LaslUUT AN

4 D) o v g A g ' ' 3 .
Lﬁahmiﬁ'ENawm611aymimuimmawmaﬂizmawauumia (Qu1ck Sort)

- - wuuladieag uuuTuiniia wuuATaLed WLILATA LA E
YUNDUIT
Dynamic (OBS) Static (Bitonic) Dynamic (DECS) Dynamic (DCPS)
LULTiATIAn  ON/P log,NIP) O(NIPIog,N/P)  O(N/P log,N/P) O(log, N/P)
+ O((log, PY’) + O((log, P)") +O(P) + O(P)
LLU‘LI‘?]I%‘}?]’Q@ O(N/P log, N/P) O(N/P log, N/P) O(N/P log, N/P) O(N/P log, N/P)
AU +0((log,P))  + O((log, P)* x N/P) +O(P) + O(P)
ufiugfign  o(N/P log, N/P).  O(N/P-log,N/P) -~ O(N/P log, N/P) O(N/P log, N/P)
+ 0O(log, P x N/P)  + O((log,P)* x N/P) + O((log, P)* x N/P).  + O((log, P)* x N/P)
wULiade O(N/P log,N/P)  O(N/Plog,N/P) O(N/P log, N/P) O(N/P log, N/P)

+ O(log, P x NIP)  + O((log,P)* x N/P) + O((log,P)” x N/P)  + O((log, P)* x N/P)
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1 ~ = o 9 9 an =) =
AIUNITNWNN 5.5 Llﬁﬂﬂﬂﬁ!‘lﬁ'ﬁmmEl‘iJﬂ’JﬁJ“])"]J“]S’E)UﬂWNL’JEﬂGIJfN’JﬁIE)‘UL’E)ET (OBS) mau

an A A an o ' 9 = o w a J . £ Y
VIDDU manm‘ﬁmﬂan“l%nwwmammmmww (Radix Sort) 1un13ﬂ33mawamamu

D¢ e

18ANVFUFOUMUNIAT O(N/P)

d’ = = o w = aAaA a
139N 5.5 Ll’ﬁﬂﬂﬂﬁllﬁﬂﬂmﬂﬂﬂﬁliﬂﬂﬂ'lﬂ‘i.llllllli@‘].l!@ﬁ, HUUAEDIDE LasHUUTUANA

A qu a o o 9 A g ' ' a o .
Lll@1"]5ﬂ15!5ENﬁ1ﬂ'1J5U’E]yjﬁliilﬂuiulmazﬂuﬁﬂﬂigﬂﬁaNaniJLiﬂﬂ“]f (Radix Sort)

- . wuplefiag wuuTutnila wuLATaLea WLLATALRE
AUABUIE

Dynamic (OBS) Static (Bitonic) Dynamic (DECS) Dynamic (DCPS)
me’ﬁ'ﬁﬁqm O(N/P) O(N/P) O(N/P) O(N/P)

+ O((log, P)’) + O((log, P)?) + O(P) + O(P)

LLuuﬁﬁ'ﬁlzgm O(N/P) O(N/P) O(N/P) O(N/P)
SALTiaes +0((log, P)’) -+ O((log, P)* x N/P) +O(P) + O(P)
Lmuﬁ'uﬂﬁ'qm O(N/P) O(N/P) O(N/P) O(N/P)

+ O(log, P x N/P) -+ O((log,P)* x N/P) + O((log,P)*x N/P)  + O((log, P)* x N/P)
LLuum'Eilﬂ O(N/P) O(N/P) O(N/P) O(N/P)

+ O(log, P x N/P) - + O((log,P)* x N/P) -+ O((log, P)* x N/P)  + O((log, P)* x N/P)

dzi' =i o 9 Y dti' P. (] =) o
NN NTUN P=N 3CUAANUFVEOUAIUNIANANTA O((log, N)) LFUAIINTNIT

= o v 9 = . .
LﬁﬂﬂﬁWﬂ‘]J“U’t’)lJ“mLUUul‘UIVIuﬂ (Bitonic Sort)
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Tnai Taeldate wiavdszunanaieaanarlumsdszunana Tasdnamstszuiananyy
mum%zﬁmmcﬁwﬁ’@uﬂimﬁﬂizmaNmmua‘qﬂm (Sequential Processing) e
Y 3’, 9 ~Aq Y a VoA 1 [
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= o w a 4 < 9
MIFEMAVUIDVVIY MIgaIUATNFUIVYUIY Hludu
a o g 9 d’ gJJ Aas = o o (% g’/ = 1 =2
USRI UG 0ITUABUITNIFTF DALV VUL AU HIUBNA1IDINITBOALLY
nagMsfSeumeulssansnInue 52Ul (System Performance) 1HNFI50981AULUVUUIU
é ) IR~ 1 [ A
Fagwnsatuun laidu 3 nguuang Ao
a J 4 [ o w
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duiumsialszansam awlvgzdannnarilslunsUseuranansa (Response Time)
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§A9NNNsL RN LTR9ANIFIULL “DCPS” 1.84 3.63 6.08
ARsIMsLiNTuIaIANNEILLL “OBS” 1.90 3.78 7.92

®mOBS = DCPS m DCES mLBM
9.0 -

Speedup

Number of Processors (P)
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5137 6.6 Use@nSn W (Efficiency) N9 4 LU gﬁa%’@gaﬁmmﬂ 100 é’m%yja LazvuaY

Y
Uszunananiug 2,410 8 AN

Aang/Aulungilszalana 2 4 8
sg@AnSAInuLL “LBM” 0.82 0.61 0.49
tsz@nsnwiuy “DCES” 0.87 0.88 0.65
sz@nnIwwLL “DCPS” 0.92 0.91 0.76
lsz@nsn1wuuy “OBS” 0.95 0.95 0.99

= OBS = DCPS m DCES mLBM
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> 08 -
]
g o6 1
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0.2 -
0.0 -

2 4 8

Number of Processors (P)
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6.3.4 wamsnaseufTaunaudnnusevlumsizasdidudoya

' 2 = o o = o v Y
Tudruvesmnaassiilumsmennlssusiuiusenvidan lumsisesaiauvoyay
lawiin TagihmsnSeuieumsSesdrnuuunTolod (1 99 log, P) 50U tazUUUATDIOMA

(194 (log, P(log, P+1))/2 501 10 P=8 Tasuaadvoyanin1ini 6.7

ma9ei 6.7 naasmslSeuiiousuauseulumsSesdnudoyaszrninumsBesdiaunuy

asa = 9 Y Y
axod uazuuy lodwa Tagldyatoyalunsnaass 10,000 yavoya

Problem Input data BEST Others WORST

sizes (N) (iteration) DCES OBS DCES OBS DCES OBS
(1) (1) (2-3) (2) (4-6) (3)

Random 453 847 2196 3604 6851 6049
10x10° L-Skew 363 1037 1391 2709 7846 6654
R-Skew 273 1227 953 2347 8174 7026
Random 587 913 2168 3632 6545 6155
20x10° L-Skew 440 1160 1375 3125 7335 6565
R-Skew 293 1107 1068 2532 7939 7061
Random 501 1099 1913 3387 6586 6514
30x10° L-Skew 310 1190 1450 3150 7390 6510
R-Skew 593 1107 1519 2681 7788 6312
Random 468 832 1733 3467 6899 6601
40 x10° L-Skew 262 838 1527 3473 7211 6689
R-Skew 140 560 1362 3538 7498 6902
Random 685 1015 1938 3762 6427 6173
50 x10° L-Skew 192 908 1774 3326 7234 6566
R-Skew 295 805 1820 2780 6985 6315
Random 313 987 2545 3255 6692 6208
60 x10° L-Skew 454 946 1606 3194 7240 6560
R-Skew 370 730 1905 3195 7525 6275
Random 259 641 2319 3481 7422 5878
70 x10° L-Skew 315 985 1375 2925 7110 7290
R-Skew 302 898 1629 3171 7369 6631
Random 284 516 1217 2683 8299 7001
80 x10° L-Skew 153 547 1492 3308 7255 7245
R-Skew 148 452 1553 3647 7399 6801
Random 237 463 1474 2726 7959 7141
90 x10° L-Skew 178 522 1800 3000 7822 6678
R-Skew 110 490 1605 3495 7385 6915
Random 174 326 1962 3238 7314 6986
100 x10° L-Skew 121 479 1755 3445 7474 6726
R-Skew 267 533 1674 3726 7159 6641
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WUUATRLA A [T 1 log,P(log,P +1)/2xN/P 2(P-1)
ad A a
WULATALEE Tawndln 1 log,PxN/P 2(P-1)

uwuuTafiiea laundm 1 log,PXN/P log,P (log,P +1)/2
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a = o 9 Y Y o o A
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Poyasznianiitelszuranalunaazgiuuy (Searching Pattern)

- ... NI9AUMN N9AUMN NI9AUMN N9AUIMN
AUAUABINIFTLTENRIAL 4 o
WLLIASY) daun UNEU-1 UNAIU-2
nsEeNLUuLeatliey (LBM) o(1) o(1) O(log, N/P) O(log, N/P)
NsEENuLUATELA (DCES) o) o(1) O(log,N/P) O(log, N/P)
NN3EENULUATALDA (DCPS) o(1) o(1) O(log, N/P) O(log, N/P)
NsEeauULBTNIea (OBS) o(1) o(1) o(1) O(log, N/P)
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Abstract— This paper proposes an optimized Bitonic sorting
(OBS) strategy with midpoint-based dynamic communication.
Our OBS strategy uses the midpoint-weight list ranking to
improve complexity and reduce time of sorting on parallel and
distributed systems. Applying a better key in the PE-list ranking
can find the right place of (P;, P;) and improve communication
time significantly (i.e., fewer iterations, better synchronization in
each iteration, faster convergence to the result), while most of
coarse-grain parallel sorting (P < N) approaches improve only a
large amount of data exchange (N/P) in each of static (s(s+1)/2)
iterations. Theoretically, the OBS method can reduce fixed
(s(s+1)/2) iterations to 1, 2, 3, ... , or s=log,P iterations, which are
improved over those (< s(s+1)/2 iterations) of the dynamic DCES
method. In performance evaluation, sorting was accomplished on
multicore machines. Experimental results showed that our
optimized OBS outperforms those of the dynamic DCES about
35% - 40% and those of the static LBM about 51% - 54% (for N
=10 to 100 million elements on an 8-multicore computer).

Keywords- Optimized Bitonic sorting; midpoint-based dynamic
communication; midpoint-weight list-ranking.

1 INTRODUCTION

Sorting is a crucial computation in many scientific and
engineering applications, across many business enterprises.
In online information retrieval (IR) on large databases and
data mining, many processes require data ordered before
operated efficiently in successive tasks. However,
sequential sorting (with large datasets of size N) may not be
sorted in a reasonable time. On multicores, sequential
sorting (e.g., the quick sort, etc.) can only be executed using
one core or PE (processing element). Thus, in order to
utilize all PEs properly we need a more efficient, parallel
sorting method to achieve a faster response time.

For P = N (fine-grain parallelism), there exist several
efficient, parallel-sorting approaches with time complexity
O((log2N)?) such as the Bitonic sort [1, 2], the parallel merged
sort [3, 4], and the network sort [5]. For P < N (coarse-grain
parallel sort), existing studies are Bitonic-communication
sort [6, 8], and parallel load-balance merged sort [7]. These
methods are focused on improving communication,
especially data exchange between (P, Pj) with a large
amount of workload w = N/P elements.

In 2001, Kim et al. [6] proposed the Communication
Efficient Bitonic Sort (CEBS) with local quick sort in O(w
lOgZW)IacaI sort + O(wsz)pamllel sort, Where w=N/P and S=log2P. That
parallel sorting focused on improving w-data exchange
between (P;, Pj) by introducing three data-exchange
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patterns: 1. hold pattern (without data exchange), 2. swap
pattern (exchange all w elements without merging), and 3.
partial pattern (exchange < w elements with result merging).
The CEBS algorithm showed improved results over those of
the original Bitonic sort (P < N) with full w-data exchange of
at least 20%.

In 2003, Jeon and Kim [7] introduced a new parallel
merged-sort algorithm with workload balancing, called
“Load-Balanced Merge (LBM)”, by maintaining workload
(w) in each PE from the initial stage to the final stage. In
addition, the LBM parallel sort reduced the data exchange
between (P;, Pj) in “partial pattern” for merging, according
to the median of two data subsets in (P, Pj). In
experiments, total response time using the LBM sort was
improved over that of the CEBS strategy.

In 2008, the Communication-Space Efficient Bifonic
Sorting (CSEBS) method [8] with local quick sort was
presented to improve data exchange between (P;Pj) in
“partial pattern”. For that pattern, after partial data were
identified, the size of partial data in each of (P; Pj) were
sent before fewer data exchange (< w elements). As a result,
the CSEBS reduced the communication time over that of the
CEBS strategy.

However, the communication pattern (among PEs)
associated with parallel sorting approaches [6 - 8] are static,
and these have to repeat s(s+1)/2 iterations to meet all
possible pairs of (P, Pj). In each iteration, all PEs perform
data exchange between (P, Pj) and merge the results (with
w-workload). Thus, time complexity associated with the
parallel merge sort, after the initial local quick sort, is O(ws?)
or O(N/P x (log2P)?), which is not optimal.

In 2009, the Dynamic Communication-Efficient parallel
Sorting (DCES) algorithm [9], our previous study, was
proposed to reduce the number of static s(s+1)/2 iterations,
providing for communication among PEs, by using the
dynamic PE-list ranking. In practice, the DCES strategy can
dynamically reduce s(s+1)/2 iterations to 1, 2, 3, ... , or
s(s+1)/2 iterations, according to dynamic (P, P;) from the
ordered P-records, updated in each iteration in O(P) by the
efficient all-to-all broadcast. The time complexity of the
parallel merge sorted result of the DCES method is O(P) in
best case and O(ws?) in worst case. In experiments, results of
the DCES strategy were found to be improved over those of
the LBM sort. Practically, the DCES method is faster in
sorting random data. However, for irregular data, the
DCES strategy may process up to s(s+1)/2 iterations.



Recently, for the multi-core machines studied in 2011,
two efficient algorithms for sequential sorting (the quick
sort and the merge sort) [12] were developed using s(s+1)/2
iterations in communication and full w-data exchange.
However, for scalable systems, the communication among
PEs will decrease the sorting performance, and hence the
dynamic communication among PEs is an ideal solution.

In this paper, we propose an Optimized Bitonic Sorting
(OBS) strategy by wusing a midpoint-based dynamic
communication. Our contribution is a more ideal time
complexity of the OBS algorithm (in case P < N) by sorting
the good key in O(s?) in order to find the right place of (P;,
P;), before data exchange (< w elements), in fewer iterations
(1, 2, 3, ..., or s), while existing Bitonic sort (P<N) have to
exchange a large amount of data (< w) between (P;, P)) in
each of static s(s+1)/2 iterations. The time complexity of our
OBS algorithm is O(s?) in the best case scenario and O(ws) in
worst case, where w=N/P and s=l0g,P. The worst complexity
(O(ws)) is improved over that (O(ws?)) of the dynamic DCES
algorithm [9] by a factor of s. Practically, in order to
evaluate the system performance, we implemented the OBS
algorithm by using C language with MPI interface [10]. In
our experiments, the proposed OBS method yielded
improved results over the dynamic DCES 35% - 40% and
over the static LBM 51% - 54% (for N=10M to 100M on an 8-
multicore machine).

The remainder of this paper is organized as follows:
Section 2 presents related work, including communication
among PEs (in case P < N), data-exchange patterns (hold /
swap / partial) between (P, P;) for result merging. Section 3
introduces the optimized Bitonic sorting (OBS) algorithm to
reduce communication steps among PEs and better
synchronization in data-exchange step. Section 4 proves the
validity of the proposed OBS algorithm and provides a
complexity analysis. Section 5 presents the experimental
results of the sorting of a variety of data distributions.
Finally, Section 6 discusses the conclusions of our study.

2 RELATED WORK

Sorting is applied in many applications for ordering large
quantities of data (N elements). Especially for online
processing, data sorting should be returned in a reasonable
amount of time. Usually, time complexity of a well-known
sorting (i.e., the quick sort) is O(N log:N). For parallel sorting
(P=N), time complexity of the efficient Bitonic sort (Fig.1(a))
is O((log:N)?). For practical P < N, the time complexity of
parallel sorting methods consists of local sort and parallel
merge sort, which is O@ 108> W)k ot + Ot o, where w
(workload) = N/P and s (steps) = log;P. For the sequential
local sorting part, a number of efficient techniques (i.e., the
radix sort) [11] were introduced in 2002. For the parallel
sorting part (Fig.2), existing parallel sort methods [6 - 9]
have improved the response time of sorting with a variety
of data-exchange patterns between (P; P;). However, the
time complexity of the parallel merge sort (workload w) is
O(ws?). Recently, the second part of Algorithm 1 was
improved with fewer iterations of communication among
PEs [9] (see detail in Section 2.1), then fewer data exchange
for merging [6 - 8] between (P;, P;j) in Section 2.2.

Algorithm 1. Static-communication Parallel Sorting (P < N).

Parallel-SORT (N, P) Time
1. Local sort (with workload w=N/P) Complexity
Each PE makes Quick sort (N/P) in parallel W
2. Parallel merge sort among PEs with static +O(W522)
communication pattern (s(s+1)/2 iterations)
forI=1,2,. ,s(=logP) |7
for)J=1,2,..,1
2.1 Data Exchange between (P;, P;)
- Send/Receive (min,max) 0(1)
- Find data exchange from (min,max) O(w)
(Hold/Swap/Partial patterns)
- Send/Receive data (< w elements) O(w)
2.2 Merging Result in each PE ( < w steps ) O(w)
end for ]
end for I
End

2.1 Communication Patterns among PEs

In parallel communication among PEs (in case P = N), a
popular static communication pattern with efficient time
complexity O((log:N)?) or O(s?) is the Bitonic sort [1, 2].
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Parallel communication of the Bitonic sort (Fig.1(a)) is a
compare-exchange operation between (a;, ani+) in (Pi, Pniv)
with Bitonic sequence (| and 1), where i =0, 1, 2, ..., N/2-1,
| representing the increasing order (min(ai, an»+) in Pi and
max(ai, ane+) in Pnes), and 1 representing the decreasing
order (max(ai, ann+) in Pi and min(ai, ane+) in Pnias).

For P = N, time complexity of the static communication
is efficient, O(s?) or O((log2P)?) where s = log2P, since all steps
of communication among PEs are 1 +2 +3 +4 + ... + 5=
s(s+1)/2 steps.

For P < N, time complexity of the parallel sorting part to
merge sorted results among PEs is O(ws?), which is
processed after local sorting (O(w log-w)) with workload w =
N/P, since all s(s+1)/2 iterations of the major communication
among PEs, are performed to exchange data (w) between
(P;, Pj) for merging results.

In 2009, we introduced the Dynamic Communication-
Efficient parallel Sorting (DCES) algorithm [9] to improve
static (s(s+1)/2) iterations to 1, 2, 3, ..., or s(s+1)/2 iterations
dynamically. Unlike the Bifonic-communication  pattern
(Fig.1(b)), the flexible dynamic (Pi;, Pj) parameters are
formed, according to P sorted records of (minre, maxre, idrk)
fields, ordered by increasing min-field, which are
maintained in a “Broadcast-Checker” table (see Fig.3). That
table is updated before starting each iteration of the dynamic
communication by using the efficient all-fo-all broadcast
with sorted records in O(P), where P=2s. The construction of
the efficient broadcast table requires s steps, where in each
stepi (=0, 1, 2,..., s-1) a number of (send/receive) records
(29) are increased (ie, I -2 -4 — 8 — ... — P records).
The time complexity of parallel constructing that table is
O(P) since in each step i (=0, 1, 2, ... , s-1) of s steps, 2/
records are transferred in parallel and inserted in the sorted
table (of size 2x2' records). Therefore, total steps are
2(2042(21) +...+ 2(257) = 2(2=-1) = 2(P-1). Then, to set dynamic
(Pi, Pj), each PE searches in the P-record table (in O(s)) for
finding its rank and set appropriate communication
between (P;, P)).

2.2 Data-Exchange Patterns between (Pi, Pj)

In data exchange between (P, Pj), each PE sends its
workload (w) to merge with its co-worker. Kim et al. [6]
introduced three data-exchange patterns to improve
communication time between (P;, Pj), called hold, swap, and
partial patterns. Later, the partial pattern was improved
with fewer data exchange in 2003 [7] and 2008 [8].

Hold/Swap/Partial Patterns
In 2001, the CEBS strategy [6] introduced three data-
exchange patterns for communication between (P;, Pj): 1.
hold pattern (without data exchange), 2. swap pattern
(exchange all w elements without merging), and 3. partial
pattern (exchange < w elements with merging results). In
particular, before data exchange between (P;, Pj), each PE
sends its local (min, max) to the co-worker and finds one of
three patterns. Fig.4 illustrates communication patterns
between (P;, P;) and their corresponding examples.
= The hold pattern (Fig.4(a)), the best case scenario occurs
when two communicated PEs (P;, Pj) hold local workload
({ao, a1,..., awi} in Pi, {bo, b1, ... , bw1} in Pj, where aw1 < bo),
which satisfy the merging condition (maxi < minj) and
hence Piand P; do not need to exchange their workloads.
* The swap. pattern (Fig.4(b)) is the worst case and occurs
when (P;, Pj) have to exchange their (w) workload ({bs, b1,
ooy bwal in Py, {ao, @, ..., awi} in P, where bw1 < a0) without
merging (because of the condition max; < min).
® Otherwise, the partial pattern (Fig.4(c)) represents the
average case, where (Pi;, Pj) hold overlapping workload
(e.g. {ao, a1, ..., a1, ..., bi} in Pi and {ak,... , biy, ..., be1} in
Pj), and hence Pi and P;j need to exchange their partial
data (< w elements) for merging results. For this pattern,
in order to find the partial data (mini’ to maxi) in P, its
local data (w elements) are scanned with min; from maxi
until finding mini’.. At the same time, for those (min; to
max;’) in Pj, its local data are scanned with maxi from min;
until finding max;’.

min; Pi max; < min Pj max;
(a) Hold Pattern ‘ ‘ ’ ‘ ’ ‘ ‘ ‘
Qa; QA3 ... Ay boby by by ... by
Hol ot [o]3[s]eT13 [16[17[18[20[24]
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()  swappatiem ] 0 [ I
bobybybs .. by Qa3 . Aya
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Full data- [16[17[18]2024] (o315 013
exchange
example [0[3]5[9[13] (16]17[18]20]24]
max;
(c) Partial Pattern ‘ ‘
- By
! min;’ max;
Partial data- 0[3[5T16[17 9 [13[18[20[24
xampe” [0T3l5 M6y [BT@r Tl (e [13[18[2012)
example 17

0/3/5[9]13 16117118120124

Fig.4. Three data-exchange patterns [6]: a) Hold pattern, b) Swap pattern, and
c) Partial pattern.



Improved “Partial” Pattern

The CSEBS method [8] was introduced to improve the
partial pattern (Fig.5) in data exchange by applying a Binary
search to find min/” in P; and max;” in P;. Before data
exchange between (P;, P;), each PE sends the size of its
defined partial data to its co-worker. Thus, fewer partial
data or min(size;, sizej) < w elements are exchanged for
merging between received data and local workload (w).
Then, in the merging step the median merging [7], and
modified merging [8], were introduced efficiently.

! P . P
min, . max; i : max;
Partial Pa l I |
Partial Pattern
with min size = @il BB BB B B
min(size;, size)) MmN min;* Binary search max;'|
data exchange * ]
< ‘ size; ‘ [ size; ‘
3.8y iy am... by... by

Fig.5. The improved “Partial " pattern with fewer partial data exchange [8].

3 THE OPTIMIZED BITONIC SORTING

In this paper, we propose the optimized Bitonic sorting
(OBS) algorithm (in case P < N) by using midpoint-based
dynamic communication. Our contribution is the
optimized complexity, based on applying a better key in
PE-list ranking to find the right place of (P, P))
dynamically. This can improve communication time
significantly (i.e., fewer iterations, better synchronization
per iteration, faster convergence to the final result).
Time complexity of the list-ranking method is also
improved from O(P) to O(s?), where P = 2¢ (see Fig.6). In
our approach, dynamic iterations of w-data exchange are
reduced (1, 2, 3, ..., or s iterations). In contrast, existing
Bitonic sort (P < N) have to exchange data (w) between
(Pi, Pj) in each of static s(s+1)/2 iterations, see Fig.1.

PEs Bitonic Sort (midpoint-weight list ranking) PEs
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Fig.6. The optimized Bitonic sort (P=16) of the midpoint key-field.

Algorithm 2. The optimized Bitonic sorting (OBS) for P < N.

OBS SORT (N, P) //s = logsP Time

1. Local sort (with workload w=N/P) // Initial process _Complexity.
Each PE makes Quick sort (N/P) in parallel o(w log,w)
2. Parallel merge sort among PEs +0(ws)
while (pattern-STATUS # HOLD) | __.____..
2.0 All PEs compute minpoint = (min+max)/2 0(12
Update midpoint-list-ranking and (P;,P;) 0o(s%)

by Bitonic sort (of midpoint key-field) Sec.3.1
if (pattern-STATUS=HOLD) call Function in STEP3[  O(s)
2.1 Data Exchange between (P;,P;) Sec.3.2
- Find pattern of data from (min, max)
(Hold/Swap/Partial patterns)
- For Partial pattern, compute and 0o(1)
exchange local medians

O(logow)

- Find range of partial data from median O(logaw)
- Exchange size of partial data (before exchanged) 0o(1)
- Send/Receive data (< w/2 elements) O(w)

2.2 Merging Result in each PE(<w) Sec.3.3 O(w)
end while // at most log,P iterations

3. Test to terminate sorting Theorem 1 (Sec.4.1)
Apply “odd-even” pairs (P;,P;) to link the list O(s)+0O(w)
if (pattern-STATUS & list-STATUS = HOLD) then O(s)

terminate sorting

else return to STEP 2

End

Clearly, the existing Bitonic sort in case P < N has to transfer
a large amount of data (w) in every of s(s+1)/2 iterations in
O(ws?), whereas our optimized Bitonic sort can save major
iterations of data transfer with a time complexity of O(ws).

The proposed OBS (Algorithm 2) consists of two parts:
1. the local quick sort in O(w log2 w) [or O(w) when applying
the radix sort] and 2. the parallel merge sort in O(ws), where
s=log2P and w=N/P. Our focus is in the second part. In this
study, we firstly discuss the improvement in dynamic
communication among PEs (in Section 3.1) with the
midpoint-weight list-ranking. Second (in Section 3.2), we
improve the minor process of data exchange between (P;
Pj). In addition, the better synchronization of (P;, Pj) in each
iteration, according to the midpoint-based dynamic
communication, is discussed.

3.1  Efficient Dynamic Communication among PEs

In static communication (P < N) [6 — 8], all PEs communicate
in s(s+1)/2 steps (Fig.1(a)), but in each step data (< w)
between (P;, Pj) are exchanged (Fig.1(b)), where Pi (i < j)
stores the min-data set and P; stores the max-data set,
according to array-based PEs’ ids and indexing of the data.
In dynamic communication (P < N), the list-based PEs is
utilized with proper (P;, Pj) to reduce (data-exchange) steps
or iterations to 1, 2, 3, ..., or s (in our OBS) or s(s+1)/2 (in
DCES [9]). Table 1 shows improved major iterations
between static and dynamic communications among PEs. In
our optimized OBS, we focus on sorting the midpoint key to
find the right place of (P; Pj) before the data (< w/2) are
exchanged. This can reduce the communication iterations
for w-data exchange.

TABLE 1. ANUMBER OF ITERATIONS IN COMMUNICATION AMONG PES.

Methods Comm. Best Worst ~ Update
among PEs Case Case list ranking

LBM [7] Static s(s+1)/2 s(s+1)/2 xw -

DCES [9] Dynamic 1 s(s+1)/2 x w/2 2(P-1),P=2°

OBS Dynamic 1 sxw/2 s(s+1)/2




In the dynamic (PE-list-ranking) approach, to set dynamic
(P;, Pj) each PE must have information (minre, maxre, idre)
regarding other PEs. In DCES algorithm [9], the efficient
all-to-all broadcast with min-field ordering was introduced
in O(P), where P = 2¢, illustrated in Fig. 3. In that approach,
to find its rank and set (P;, Pj), each PE must search in the P-
record list in O(s). However, the PE-list ranking by using
min-field as a key for the irregular data may need to process
up to s(s+1)/2 iterations. For example, initially suppose a PE
holds both the maximum and the minimum in its w-workload
but the right place for the minimum is the first PE and that
of the maximum is the last PE in the list.

Thus, this paper proposes a more efficient Bitonic sort
with optimized dynamic communication among PEs (< s =
log:P iterations) for all types of data by using a midpoint-
weight list-ranking to set dynamic (Pi, Pj) in each iteration. In
particular, the PE-list ranking and dynamic (P;, Pj) are
maintained by sorting P records (4 fields per record: midre,
minee, maxee, idee) in non-decreasing order of the midpoint
key, where midpoint = (minre+ maxre) / 2. Using the midpoint-
weight in the list ranking can move the irregular data to the
proper order within s steps (see Fig.7). For example, if the
minimum and the maximum are initially in the same PE, that
PE will be ranked close to the center first. After data
exchange and list update (for next iteration), the minimum
will have moved to the first half and the maximum will have
moved to the second half. Within s iterations, the midpoint-
weight list ranking can find the right place for them
(proved in Section 4.1).

Fig.8 illustrates the process of midpoint-weight list-
ranking to set dynamic (P;, Pj) in Algorithm 2. After each PE
makes a local sort on the workload (w), in parallel all PEs
find their (midre, minre, maxre, idee) records in O(1) time
(Fig.8(a)), one record per PE, and then perform parallel list-
ranking of P records by the Bitonic sort (Fig.6) on increasing
mid-field and finally set appropriate (P;, Pj) in Fig.8(b).

In particular, in setting dynamic (P, Pj) in O(1), all Pa
taking care record a (= 0, 1, 2,..., P-1), performs parallel
point-to-point communication (with “even-odd” pairs) to
send id-filed of record a to P» (i.e., Po<>P1, P2>Ps, Ps>Ps, ...).
Then, another parallel point-to-point communication (P-P)
continues as follows: all P. (a =0, 1, 2,..., P-1) send rank a
and dynamic (Pi, Pj) to processor Pi, where i is an id-filed of
record a and j is a received id-field (from the previous
communication). The time complexity of the parallel
midpoint-weight list-ranking to set dynamic (P;, Pj) is O(s?),
since (P-record) Bitonic sort performs in s(s+1)/2 steps.
Clearly, setting the dynamic (P;, Pj) for data exchange needs
two steps of parallel P-P communications in a constant time
O(1). Table 2 illustrates the functions (along with time
complexity and space required) of the PE list-ranking for
assigning (P;, Pj) in our OBS and DCES methods [9].
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TABLE 2. FUNCTIONS AND TIME COMPLEXITY OF DYNAMIC (P,, P)).

List Dynamic Space

Methods Ranking (P, Py per PE
All-to-All Broadcast with Rank [9] O(P) O(s) P
Midpoint-weight list-ranking 0(s?) o(1) 1

Example 1: In Fig.8(c), given a data set (N = 40 elements) to
sort in parallel on P=8 PEs by using the midpoint-weight list-
ranking to set dynamic (P;, P)).

After the local sort (initial process) on workload w= 5 in
each PE, parallel midpoint-weight list-ranking are formed
(such as P7 — Ps — P5s — P+ — P3s — P> — P1 — Po) in s(s+1)/2
= 3(4)/2 = 6 steps. Then all dynamic (P;, Pj) pairs are set in
two steps, illustrated in Fig.8(c). For instance, after list-
ranking all “even-odd” pairs (Po<>P1, P2¢>P3, Ps«>Ps, Ps«>P7)
send/receive id-fields in their records, such as Po sends id=7
to P1; P1 sends id=6 to Po; P2 sends id=5 to Ps3; etc. Next, in
parallel Po sends rank 0 and (P7, Ps) to P7; P1 sends rank 1
and (P7, Ps) to Ps ; P> sends rank 2 and (Ps, P+) to P5; Ps sends
rank 3 and (Ps, Ps) to Ps; and so on. After evaluating the
status of communications (see Fig.8(d)), all (P7, Ps), (Ps, Ps),
(Ps, P2), and (P1, Po) have hold-patterns. Then the list status =



HOLD, and hence sorting is terminated. When sorting by
other algorithms [7, 9], the dynamic DCES [9] needs 2(P-1) =
14 steps (for broadcasting with P ordered records) before
status = HOLD is achieved, while the static LBM sort [7]
requires s(s+1)/2 = 6 iterations, each of which needs data
exchange (w=5) in swap-pattern (~30 steps).

Sorting such data shows that our dynamic approach can
convert worst case of static communication (or swap pattern
in O(ws?)) to the best case (or hold pattern in O(s?)), where s =
log:P and w = N/P, discussed in Section 3.2 and proved in
Section 4.2. Moreover, our optimized OBS can support
sorting on scalable parallel and distributed systems (for
large P) efficiently, as illustrated in case N = 2% (or IM) on P
= 256. In this example, our new OBS strategy can
completely sort in s(s+1)/2 ~36 steps (after updated PE-list
ranking without data exchange), whereas the dynamic DCES
[9] needs 2(P-1) ~510 steps (without data exchange), but the
static LBM [7] requires 36xw ~147,456 steps (since each of 36
iterations needs w=2%/256=4096 elements of data exchange).

Finally, in order to terminate sorting, all P PEs test
terminating statuses by applying parallel AND (1: hold and
0: not hold) in s steps, illustrated in Fig.8(d). If the result of
parallel AND in Po is 1 (all patterns of (Pi, Pj) are “hold”
patterns), then pattern-STATUS=HOLD; otherwise pattern-
STATUS=0 (or not HOLD since at least one PE have other
patterns). In case of pattern-STATUS=HOLD, the sorting is
terminated if the list-STATUS is also given as HOLD (by
testing “odd-even” pairs), proved in Theorem 1 (Section 4.1).

3.2 Efficient Data Exchange between (Pi, Py)

Our optimized Bitonic sort (OBS) has improved the

following data-exchange patterns (Fig.9): 1. hold (without

data exchange), 2. efficient swap (without data exchange
except the pointer), and 3. efficient partial-1 and partial-2 (<

w/2-data exchange), according to dynamic (P;, P)).

= In a hold pattern, the best case, there is no data exchange
because of the condition (max: < min;), identified in O(1).

* In an efficient swap pattern, another best case of our
optimized OBS, there is no data exchange rather there is
pointer exchange (after updated PE-list), where the
condition (max; < mini) is verified in O(1).

= In an efficient partial pattern, the average case, we split the
partial pattern into 2 groups for efficient testing. In the
partial-1 pattern (for boundary searching), the condition
in Piis (min=ao < min; < ai) or those in P; are either (w2 <
maxi £ max=bw-1) or (maxi > max=b.-1) identified in O(1). In
the partial-2 pattern (for internal Binary-searching), the
partial data in P:i are (mini’ to max:) and those in P; are
(minj to max;") by applying a Binary search to find the mini’
or maxj’ (in O(logzw)).

- For Pj, if minj= xmia then mini" = xmiss1. For (minj < xmia), if
minj > xmia1 then mini’ = xmia; otherwise call a Binary
search (mini to xmia-1). For (minj> xmia), if minj < xmies1 then
mini’ = xmis; otherwise call a Binary search (xmia1 to maxi).

- For Pj, if maxi = ymia then max;” = ymia1. For (maxi < ymia), if
maxi 2 Ymic-1 then max;’” = ymia; otherwise call a Binary
search (minj to ymic-1). For (maxi ymia), if maxi < ymiaz then
max;j’ = ymis; otherwise call a Binary search (ymia1 to max;).
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Fig.9. Three data-exchange patterns: a) Hold pattern, b) efficient Swap
pattern, c) Partial-1 | Partial-2 pattern.
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Fig.10. An example of consistency in data-exchange patterns in each iteration.

Like the dynamic DCES [9], the advantage of our optimized
OBS with dynamic (Pi, Pj) is that it can convert swap pattern
(worst case in static (Pi, Pj)) to hold pattern (best case in the
dynamic approach) after updated the PE-list. In addition,
our OBS strategy achieves another advantage in better
synchronization during data exchange in each iteration, see
Fig.10. Applying the better key such as the midpoint-weight
in PE-list-ranking to find the right place of (P;, Pj) before w-
data exchange yields more consistency of data-exchange
patterns in each iteration and hence improves the
synchronization time. In static communication [6 — 8] of
s(s+1)/2 iterations, in each iteration although some PEs of
(P;, Pi) achieve hold patterns in O(1), they must wait for
other processors that are busy in doing swap or partial
patterns in O(w), before starting the next process, because
of the synchronization requirement. For example, Fig.10
shows the sorting in s steps of a large amount of data (of
size N) on P=8, w-workload (N/8). Suppose after workload
partitioning and local sorting, the result of PE-list ranking is
P3—Po—P7—Pi+—P1—Ps—P>—Ps. In step 1, all (P;, Pj) do the
partial data-exchange pattern. In the next step, our approach
can find the right place of PEs for (P; Pj) data exchange,
which are Ps—P7—P1—P>—Po—Ps—Ps—Ps. Lastly in step 3,
after data exchange between (P; Pj) from the PE-list
Ps—P1—P7—P>—Po—Ps—Ps—DPs, the sorting is terminated.



Improved “Partial” Pattern of our OBS

The OBS technique improves the partial pattern for fewer
data exchange between (P, Pj) in efficient time, based on
min size and median computing (Fig.11(a)), as follows:
Before finding min:” (in Pi) and max;” (in Pj), each of (P;, Pj)
computes the median of four local medians (medi, meds,
medji, med;2), where (medi, medi) are in Pi and (medji, med;2)
are in Pj. Note: computing the median of two local medians
of partial data in Pi & Pj (medin, medj) is close to the
computed median of (P;, Pj)'s workloads (for random data).
But for skewed partial data, applying the median of local
medians from the local w-workload in Pi and P; (medi, med;2)
yields a more accurate median. Thus, to support arbitrary
data types, the combination of the four medians are
computed in our OBS strategy. After computing the median
of (medi, medi, medji, medp), fewer partial data are defined,
according to (sizei, msizei) of Pi and (sizej, msizej) of Pj, where
msize is the amount of partial data, according to the median.
If (msizei = msize)) we obtain the correct median and fewer
partial data (of minimum size = msize)) are exchanged.
Otherwise (msizei # msizej) the amount (or size) of the partial
data exchange is the minimum between min (sizeisizej) and
max (msizei, msize;).
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For example, Fig.11(b) illustrates the processes of partial-1 /
partial-2 patterns between (P;, Pj) with a workload w=7
elements. First, each of (P; P;) identifies one of the three
patterns (Hold / Swap / Partial-1 | Partial-2). For that data, P;
applies partial-1 pattern since the condition maxi(41) >
maxj(32) then maxj= 32. In parallel, Pi applies the partial-2

pattern with an efficient Binary search since the conditions
in Pi do not satisfy hold/swap/partial-1 patterns. First, P
computes xmi=25 that satisfies condition minj(15) < Xmia.
Before reapplying the Binary search (mini(11) to xmi-1(14)), P
tests minj(15) > xmit1(14) and hence mini’= xmia = 25 and the
partial data defined in P;, are {25, 38, 40, 41}.

After defining the partial data of (P;, Pj) from (min, max)
of the co-worker, the next step (Fig.11(c)) is to apply the
improved partial pattern. P: computes medi (from workload)
= 25 and medn (from the partial data {25, 38, 40, 41}) =
(38+40)/2 = 39, while Pjcomputes medp = 26 and also medj:
=26. After the exchange of local medians between (P;, P)),
each PE then computes the median of the local medians (25,
26, 26, 39) = 26. Then the efficient Binary search for fewer
partial data is applied according to median = 26, which are
{38, 40, 41} in Pi and {15, 16, 17} in P;. Finally, the (P;, Pj)
exchange (msize;, msizej) = (3, 3) and (size;, sizej) = (4, 7) to
compute the amount of partial data exchange (3 elements)
since msizei = msizej = 3. Clearly, the result of this example
shows that the median of the four local medians can be used
to estimate the computed median for skewed partial-data.

Inverted Data Exchange in “Partial” Pattern of our OBS

Like the dynamic DCES method [9], another advantage of
our optimized OBS strategy is that no more than half of
N/P-workload (or < w/2) are exchanged since for min size >
w/2, the inverted partial data are exchanged (illustrated in
Fig.12(a)). Then, (P; P;) will handle the opposite value of
data, which are max-data set in Pi and min-data set in P;.
However, after updating the PE-list ranking, only the
pointer is exchanged from (P: —Pj) to (P; —Pi).
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Fig.12. a) Improved partial pattern with inverted data exchange and b) an
example of inverted data exchange.



For example, Fig.12(b) illustrates the inverted data
exchange in (P, Pj) on w = N/P =7, where the partial data in
Piare {8, 9, 10, 12, 13} with mini"= 8 and in Pjare {2, 3, 4, 5, 6}
with max;”= 6 and msizei = msizej = 5 > w/2. Therefore, the
inverted partial data (of inverted min size = w-5 = 2) are
exchanged ({1, 7} in Pi and {11, 14} in P)).

3.3 Efficient Result Merging in each PE

Efficient merging of our OBS strategy (defined in Fig.13)

are 1) block merging and 2) 1-1 merging.

= In block merging (Fig.13(a)), if max;” < mini’ in Pi or min;” 2
max;’ in Pj, the block of partial data are replaced for Pi
from mini’ (left to right) & for Pj from max;” (right to left).

* In 1-1 merging (Fig.13(b)), if the merging is not block
merging then each element of the two partial data sets
are compared and merged one by one (in increasing
order) for Pi from mini’ (L to R) and compared one by one
(in decreasing order) for Pj from max;’ (R to L).

Similarly for the inverted data exchange, efficient merging

is also achieved through inversion.

* In inverted block merging (Fig.14(a)), a block of partial
data is replaced for P:i from max: (right to left) and for P;
from min; (left to right).

* In inverted 1-1 merging (Fig.14(b)), each element of two
partial data sets are compared one by one (with
decreasing order) for Pi from maxi (right to left) or
compared and merged one by one (with increasing order)
for P; from min; (left to right).
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4 PROOF OF CORRECTNESS AND COMPLEXITY ANALYSIS

This section provides the proof of correctness of our
optimized Bitonic sort (OBS) algorithm, which are; 1) the

correctness of the dynamic communication among PEs
(using efficient midpoint-weight list-ranking) as given in
Section 4.1 and 2) the correctness of the median-based data-
exchange pattern between (P;, Pj) as given in Section 4.2.
Finally, the time complexity of the proposed OBS algorithm
is analyzed in Section 4.3
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Fig.15. Effect of key-fields (i.e., midpoint, min, etc.) in PE-list ranking.

TABLE 3. EFFECTS OF FIVE KEYS IN PE-LIST RANKING.

key-field Time Sorted data Skewed data Random data
in ranking (best) (worst) (average)
min [9] O(1) 1 s(s+1)/2 1 to s(s+1)/2
max 0(1) 1 s(s+1)/2 1 tos(s+1)/2
median 0(1) 1 s(s+1)/2 1 tos(s+1)/2
mean O(N/P) 1 s(s+1)/2 1 tos(s+1)/2
midpoint 0O(1) 1 s=log,P 1tos

4.1 Correctness of Dynamic Communication

The dynamic communication in our OBS strategy is focused
on the efficient midpoint-weight list-ranking, which can
order the PE-list (with key=midpoint) efficiently.

Table 3 and Fig.15 present five key-fields (min, max,
median, mean, midpoint) and their effects on a variety of data,
where the good key must be computed in O(1) and can move
the irregular data to the right PE within s=log:P steps. Each
of the key-fields can be computed in O(1), except the mean
(O(w)). For special data (in best case), all key-fields offer one
iteration sorting. For irregular data (i.e., the minimum &
maximum are in the same PE), the PE-list ranking can rank
such a PE to the center of the list first (because of the
midpoint weight) before moving each of irregular data to the
proper order in < s steps, as shown in Fig.7 (Section 3.1),
while other key-fields cannot set that order efficiently. For
example, using the min-field [9] will rank that PE in the first
order (best for the minimum but worst for the maximum), and
hence moving the maximum to the last order in the PE-list
may take s(s+1)/2 iterations. When using the max-field,
sorting may return after s(s+1)/2 iterations as the sorting
result of using the min-field. Using the median-field
represents the local center but after PE-list ranking it is not
the global center, and hence sorting may take up to s(s+1)/2
iterations. The effect of using the mean-field is better than
using the median but the mean is computed with the
majority-weight, which is not better than the midpoint-
weight. Finally for random data, the midpoint-weight list-
ranking can set iterations between 1 and s, while others
require more iterations between 1 and s(s+1)/2.

Therefore, the better weight of the PE-list rank is the
midpoint or mid = (min + max)/2, where min is the minimum



value of local workload and max is the maximum value.
This parameter is the best key for the PE-list ranking since it
can find the right place of PEs at most s steps, according to
the best effective weight of the midpoint.

Correctness of the Best Case: There exist some best cases (one

iteration of communication among PEs) such as

* Input data are already ordered in non-decreasing order
(i.e., all PEs hold their data without data exchange), or

* Input data are ordered in decreasing order. After local
sort and PE-list ranking, the output data are properly
sorted (see this case in example 1 (Section 3.1)).

Correctness of the Worst Case: In practice, most of the input
data are random, and sorting on those data can finish in 1,
2,3, ... ,or s iterations but for the irregular data (worse case)
may need s iterations. In our OBS algorithm, since the P-
record is sorted by the weight of midpoint = (min + max) / 2,
in the input dataset if the minimum (x) and the maximum (y)
of the data set is in the same PE, first its rank is set close to
the center of the PE-list (see Fig.7 in Section 3) and for next
iteration x and y will be moved to appropriate PEs (i.e.,
move x to the first half and y to the second half). The same
process is repeated (for communication among P/2, P/4,
P/8,...,4, 2 PEs), until the data are sorted. This midpoint-
weight list-ranking may take up to s iterations to move x to
the first PE and y to the last PE (in the list).

Example 2: Given a data set (N = 40 elements) to be sorted
on P = 8 PEs with workload w=5. Assume input data
contain irregular data (i.e., minimum (1) and maximum (40)
are initially assigned to the processor Po).

After assigning workload (w=5 elements) to each PE, all
PEs perform local sort (see Fig.16(a)). Then each P: creates a
record of 4-field (mid, min, max, id), where mid =
(mint+max)/2. After finished PE-list ranking, Po (with min=1,
max=40, mid=(1+40)=20.5) will be ranked in the center. After
iteration 1 (data exchange and result merging) PE-list
ranking can move the minimum (1) from Po (in center) to the
1st order and move the maximum (y=40) from Po (in center)
to Ps (the 6 order).

Initial step: after assign workload (w=N/P) and perform local sort
F’o Py P, Ps Py Ps P Py
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pattern-STATUS = HOLD & list-STATUS = HOLD

Fig.16. a) An example of irregular-data processing: a) log,P iterations of
even-odd (Pi, Pj) and b) the final odd-even (P, Py) for termination.

Final step: pattern-STATUS=HOLD (assume:Po—P;—P,— ... - Pj.;)
(even-odd (P, P))
Po Py Py Ps Py Ps P
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Fig.17. The pattern-STATUS and list-STATUS in termination process: a)
Case 1 (without data exchange) and b) Case 2 (with data exchange).
After iteration 2, y=40 is removed to Ps (the 7" order). After
data has been exchanged in iteration 3, y=40 is moved to the
last order and all PEs have “hold” statuses. In the final step,
(Fig.16(b)) special “odd-even” pairs for testing (P, Pj)
between two pairs of the PE-list is performed (with data
exchange). Finally, the pattern-STATUS = HOLD and list-

STATUS = HOLD, then the sorting is correctly terminated.

Theorem 1: If pattern-STATUS = HOLD and list-STATUS =
HOLD, then intermediate results (of all PEs in the PE-list
ranking) are correctly sorted.

Proof. After pattern-STATUS = HOLD (< s=log:P iterations) in
all pairs (P;, Pj) is obtained, the last iteration is set with “odd-
even” pairs (for testing the linked-list order among PEs).

Case 1: pattern-STATUS=HOLD & list-STATUS=HOLD and
results are properly sorted (without data exchange).

See Fig.17(a), the hold-status of the “even-odd” pair
means that the partial data are sorted between (P;, Pj), such
as Po—P1, P>—Ps P+—Ps, etc., and the successive hold-status
of the “odd-even” pair means the data are sorted among PEs
(P1— P>, Ps— P4, P5s—Ps, etc.).

Case 2: pattern-STATUS=HOLD & list-STATUS=HOLD and
results with data exchange are properly sorted.

See Fig.17(b), after data exchange in the last iteration,
the list-ranking is stable with the same order while the
pattern-STATUS=HOLD and list-STATUS=HOLD, then the
proof of the next process is similar to that of case 1.

4.2 Correctness of Data Exchange between (P, Pj)

In this section we will prove that the condition(s) in each of
the three data exchanged patterns (hold / swap / partial-1 |
partial-2) between (P;, Pj) are correctly defined (see Fig.18).
Correctness of the Hold pattern

Both (P;, Pj) have hold patterns (best case) if the condition is
(maxi < minj). Since (Pi, Pj) in dynamic pairs is set according
to the min-field (min: < min;) and the local workload (w=N/P
elements) in Pi and P; are locally sorted, clearly if (maxi <
minj) then the data are sorted between two PEs in the order
of Pi — Pj (without data exchange) in O(1) time.

Correctness of the efficient Swap pattern

Both (Pi, Pj) have swap patterns if the condition is (max; <
mini). Since local workload (w) in Pi and P; are locally sorted
and after the updated list ranking, the swap pattern is
converted to the hold pattern (best case), and hence the data
are sorted between two PEs in the order of P; — P: (without
data exchange but only pointer exchange) in O(1) time.
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Fig.18. Conditions of a) swap and partial-1 patterns and b) partial-2 pattern.
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J max’ max

Fig.19. a) Non-overlap merging and b) Overlap merging in partial-2 pattern.

Correctness of the Partial-1 pattern

In Pi or Pj, the partial-1 pattern is applied for “boundary
searching” if the condition is not hold or swap but (min=a1 <
minj < a2) in Pi or either (max; < maxi) or (bw1 < maxi < max=bw)
in Pj (see Fig.18(a)). In this case, the merging result in (P;
Pj) may need overlap data starting from the I% or 2
elements (of Pi and Pj), performed in P;, or similarly the last
or 2" last elements (of Pi and P)) that are carried in P;.

Correctness of the Partial-2 pattern

Pi or Pj apply the partial-2 pattern for “internal Binary
searching” if the condition is not hold / swap / partial-1. This
partial pattern applies the efficient Binary search (O(logzw))
for identifying partial data (mini’ to maxi) in Pi and (min;j to
max;’) in Pj, illustrated in Fig.18(b).

To find overlap data between (P;, Pj), P: uses min; to find
partial data (min:’ to max:), where min; < mini and P; uses
maxi to find partial data (min; to max;’), where maxi > max;".
Next is to prove that using the minimum amount of partial
data exchange min size = min (size; sizej) provides the
correct range for merging, illustrated as follows.

Case 1: Non-overlap Merging (Fig.19(a))

Assume the sizei < sizej and (P;,Pj) are assigned to the min-

data set and max-data set. The merging results are

= Pisends the partial data (sizei = |mini’ to maxil, where min:’
> min;) to Pj, and hence requires at most sizei elements
from P;. In non-overlap merging, after receiving (from Pj)
the min-value of the partial data (sizei= min; to max;*|,
where maxj* < min’), their blocks of partial data are
replaced (in Pi) from mini’. In some cases, the remaining
(larger) values in Pj (since sizej > sizei) are not needed in Pi
(for min-data set). Thus, Pi receives proper range of data
from Pj and min-data set merging in P is correct.

* Pj sends partial data (size: = |minj to maxi*|, where max;’
and max;* < maxi) to Pi. In non-overlap merging, after

receiving (from Pi) the max-value of the partial data (size: =
I mini’ to maxil, where mini’ > max;j’), their blocks of partial
data are replaced (in Pj) from max;’. Clearly, the remaining
(smaller) values in P: (since sizej > sizei) are not needed in
Pj (for max-data set). Thus, Pj receives proper range of
partial data from Pi and max-data set merging in P; is
correct.

Case 2: Querlap Merging (Fig.19(b))

Assume that the sizei < sizej and (P;, P)) are set for a min-data

set and a max-data set. The merging of results are

» Pisends partial data (size: = |mini’ to maxil, where mini’ >
min;) to Pj, and requires at least size-element partial data
from P;. In overlap merging, after receiving (from Pj) the
min-value of partial data (sizei = |minj to max;*!), they are
compared and merged 1-1 (in Pi) from mini’ to the right.
However, some (larger) values of (min; to max;*) are not
needed for merging in Pi (for min-data set). Thus, P
receives the proper range of partial data from P; and the
min-data set merging in Pi is correct.

* Pj sends partial data (size: = |min; to max/*|, where max;’
and max;* < maxi) to Pi. In overlap merging, after receiving
(from Pi) the max-value of the partial data (sizei = |mini’ to
maxil), they are compared and merged 1-1 (in Pj) from
max;’ to the left. Clearly, some (smaller) values of (mini’ to
maxi) are not needed for merging in P; (for max-data set).
Thus, Pj receives the proper range of partial data from Pi
and the max-data set merging in P; is correct.

Note that in the case of sizei > sizej, the proof is defined in a

similar way to the above cases (sizei < size;).

Thus in both cases, the data exchange between (P;, Pj) by
using min size = min(size;, sizej) provide an appropriate
range of the partial data for correct merging, since at most
the min size (received) elements are merged in each of (P
Pj), while the remaining non-merged elements must be
merged in its corresponding co-worker.

Next, in order to reduce the amount of data exchange,
the OBS strategy provides improved partial pattern with
fewer data exchange by min size and median computing.

Correctness of improved ”“Partial” pattern

To reduce the data exchange fewer than min(size;, sizej), we
need the median of the two data sets in (P;, Pj), where the
median of a sorted data set (a1, az, ..., aw, b1, bz, ..., bw) of (P,
Pj) is (awt b1)/2. However because of overlap data in (P;, Pj),
their median cannot be computed before the data (w = N/P
elements) in each of (Pi, Pj) are exchanged. For efficient
computation, our optimized OBS method computes the
estimated median from the four local medians of the local
data in each PE (to handle not only the random data but
also the skewed data). Before fewer data are exchanged,
four local medians between (P;, Pj) are exchanged.

medi is local median of partial data (< w) in P;,
medz is local median of local workload (= w) in P;,
medj1 is local median of partial data (< w) in P;,
medj> is local median of local workload (= w) in P;.

The median of the sorted (medi, medi, medp, medp) is the
correct median if the sizes of fewer partial data (msize;,
msizej), according to the median in Pi and P; are equal (msize:
= msizej). Note: our OBS strategy yields msizei = msizej for
most of data types but if msizemmsizej then Case 2 is applied.
Case 1: msizei = msize;

In this case, after the minimum data are exchanged and
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merged in each PE, clearly the estimated median is (awtb1)/2,
illustrated in Fig.20(a). In addition, the estimated median
can be either a. (last element in Pi) or b1 (first element in P).
See the corresponding examples in Section 3.2. Therefore,
the data exchange between (P;, Pj) by using the min size =
msizei (=msizej) provide the correct range of the partial data
(from the median), required for merging, (since exactly min
size (received) elements are merged in each of (P;, Pj)).

Case 2: msizei # msize;

If msizei < msizej then the estimated median is greater than
the computed median and hence the appropriate range of
the partial data is msize;j. If msizei > msize; then the estimated
median is lower than the computed median and then the
appropriate range of the partial data exchange is msizei.
Thus, for (msize: # msizej) the partial data exchange should
be max(msizei, msizej) to cover the correct range. However,
in some cases max(msizei, msizej) is greater than min(size: ,
sizej). As proved before in the correctness of partial-2
pattern, the data exchange is min(sizei, sizej). Therefore,
using min size = minimum of min(size:, sizej) and max(msize:,
msizej) provides an appropriate range of fewer partial data,
required for merging (where msize: #msizej).

Correctness of inverted Data exchange of “Partial” pattern

On the other hand, to maintain the proper partial data
exchange, if the min size > w/2 elements then the inverted
data exchange is processed with the inverted min size = w -
min size (< w/2 elements). The proof of the inverted case is
similar to that of the common data exchange, except all
processes are inverted (i.e., inverted min size, inverted data
exchange, and inverted merging, etc.), as illustrated in
Fig.20(b). After merging, P: stores max-data set and P; stores
min-data set, and then the pointer (Pi — Pj) is exchanged (P
— Pi) after the PE-list ranking is updated.

4.3 Time Complexity Analysis

For the time complexity analysis of our OBS algorithm (for
P < N), we perform the analysis of the best case, the worst
case, and the average case, as follows:.

Best Case Time Complexity: O(w) + O(s?)

The best case of sorting (P < N) occurs when the data are
already sorted in increasing order. Thus, after the local sort
of the w-workload in O(w logzw) by the quick sort (or O(w)
by the radix sort), the Bitonic sort of midpoint keys in the
midpoint-weight list ranking is applied in O(s?) before
terminating the sort.

min; Pi max min; Pj max;
SIZE, [ size
I:m i i :lan . m;l
(a) J ; y ‘ minsize = msize; = msize; L ‘ms\ze, J
merging « merging
min; med‘anpi max; min; Pj median M
o ming ' i A
/ ; msize; U minsize = | msize;
B DIy
* verted merging nverted merging >

Fig.20. a) Median-based data-exchange and merging and b) Inverted data-
exchange and merging.
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Fig.21. An example of the worst case with irregular data (s=log,P iterations).

Moreover, one of the worst cases in static sorting
approaches is the second best case in our dynamic sorting
approach. Such a case occurs when the data are already
sorted in the decreasing order. Like the best case of our
OBS algorithm, after the local sort of the w-workload, the
midpoint-weight list-ranking is applied (with only pointers
exchange) in O(s?) before finishing the sort.

Worst Case Time Complexity: O(w) + O(ws)
The worst case may occur with irregular data, as illustrated
in example 2 (Fig.16) in Section 4.1 and Fig.21 in this
section, which requires at most s iterations and data
exchange (£ (w/2) in each iteration in O(ws) and hence
O(w)radiz-sort + O(wS)oBs merge, including the initial local sort.
In particular, the time complexity of each function in
setting dynamic (P;, Pj) for result merging is illustrated as
follows:
= In parallel, all PEs compute their key-sorting records (mid,
min, max, id), one record per PE, in O(1) time.

= All PEs perform parallel list ranking (by Bitonic sort),
according to the mid-field of P records in s(s+1)/2 steps
(O(s?)) and then set two steps of the parallel point-to-point
communication to assign dynamic (P;, Pj) in O(1).

For example (P=8 and s=log2P=3) in Fig.21, iterations 1-3 of
computing these functions (i.e., (P;, Pj) for data exchange
and result merging) are repeated. Finally, the last iteration
is conducted to terminate sorting.

After data exchange (O(w)) in each iteration, the
midpoint-weight list-ranking is updated and then the
termination-status is verified (see Theorem 1). This example
shows the worst case that can complete sorting in s
iterations with time complexity O(ws). Theoretically, in the
total time complexity O(ws), only the dominate time (O(w))
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in each iteration (of s < log2P iterations) is presented, where
s=log:P and w=N/P. Note that all of other functions in each
iteration include 1. compute midpoint in O(1), 2. Bitonic sort
in O(s?), 3. Binary search in O(logw), and 4. data exchange in
O(w), In practice, response-time effects of these functions
will be investigated in the experiments (in Section 5).

Average Case Time Complexity: O(w) + O(ws)
The average of the best case and other cases including the
worst case is computed approximately from the average of
the best and worst cases, which is O(w)rdix sort + O(wS)0Bs merge.
Lastly, for the case P=N, our OBS method is equivalent
to the efficient Bitonic sort with a constant key exchange (to
update the list ranking) in O(s?) but the dynamic DCES [9] is
O(P), which is not optimal.

5 EXPERIMENTAL RESULTS

In the performance evaluation, we implemented the
optimized OBS strategy, the dynamic DCES method [9] and
the static LBM sort [7] on multicore machines. Our focus is
on the improvement of the parallel sorting part (especially
the communication among PEs). Therefore, we apply the
local radix sort (in the initial step) in three sorting methods.
In our environment, the system consists of 8 computing
nodes (or cores) with speeds of 3.1 GHz and 8 GB of RAM.
Programming code was written in the C language with the
MPI communication library. Experiments have been
performed by varying the number of cores (P =1, 2, 4, §)
and various problem sizes (N = 10, 20, 30, ..., 90, 100 million
(M) elements). The input data were synthetically generated
with three distributions: 1) Uniform distribution for
random datasets 2) Left-skew distribution (L-skew) for
irregular datasets and 3) Right-skew distribution (R-skew)
for other irregular datasets. In each case, a number of
sampling datasets were executed and repeated up to a
stable state (~ 10000 different datasets). The performance
results were computed in terms of the average response
time, the average speedup, and the average efficiency,
where the speedup S=T:/Tr and the efficiency E=S/P, T is
the time of running the sequential program on one core and
Ty is the time for running the parallel program on P cores
(or PEs). In each experiment, the results of the optimized
OBS have been investigated and compared to the best static
approach (LBM sort [7]) and the dynamic DCES method [9].
The average response time (T}) of the proposed OBS,
the DCES, and the LBM were investigated on P=1, 2, 4, and
8 cores (or PEs) using various problem sizes (N = 107 (or
10M) up to 10° (or 100M) elements). First, we investigated
the effect of problem sizes (N) by varying N on fixed PEs.
Table 4 shows the experimental results (average response
time (in secs.)) obtained by varying the problem sizes (N =
107 — 10%) across P = 8 PEs. Clearly, the response time of data
sorting by one PE did not return in a reasonable time,
where the larger sizes of input data (N), the longer response
time (T1) such as 10M needed 1.37 secs., 100M needed 15.44
secs. and so on. Using more PEs to process the problems in
parallel can reduce the response time of sorting. Among the
three parallel sorting approaches (optimized OBS, dynamic
DCES, and static LBM sort, our OBS strategy yielded the
fastest sorting time for all problem sizes (N = 107 — 10¢
elements). Because of the effect of dynamic communication

among PEs (between 1 and s iterations), the results of our
OBS method outperformed those of existing approaches,
where the static LBM sort was processed by using fixed
(s(s+1)/2) iterations and the dynamic DCES [9] executed
between 1 and s(s+1)/2) iterations.

Fig.22 presents the (average) response time of three
sorting methods for the problem sizes N = 10M - 100M (on
P=8 PEs) under the left-skew distribution. Our new OBS
method returned the minimum response time in all tests,
which improved over those of the DCES method 35% - 40%
and improved over those of the LBM sort by approximately
50% - 53%. Note that for other distributions (i.e., random
datasets, R-skew datasets), the performance results are also
improved similar to those of the left-skew distribution.

The next issue to investigate was the effect of
increasing processors (P). We set the problem size to N =
100 million (M) elements with three distributions (random,
left-skew (L), right-skew (R)) and varied P = 2, 4, 8 PEs.
Table 5 illustrates the response time (Tr) of those three
sorting approaches (OBS, DCES, and LBM), where the more
utilized processors, the faster response time.

Using P=2 PEs (or cores), the optimized OBS method
improved by 13% over the LBM sort and improved by 9%
over the dynamic DCES method since both dynamic and
static communication finished sorting in one iteration.
Using P=4, our optimized OBS method improved the
response time by 7% over the dynamic DCES and improved
by 35% over the static LBM since the dynamic
communication can finish sorting in 1 or 2 iterations, while
the static communication needed 3 iterations to complete.

TABLE 4. RESPONSE TIME (Tp) OF THREE SORTING METHODS WITH P=8.

Problem Input (3 LBM [7] DCES [9] OBS
sizes (N) Data (secs.) (static) (dynamic) (dynamic)

Random 0.37 0.27 0.18

10x10° L-Skew  1.37 0.39 0.28 0.18

R-Skew 0.40 0.29 0.18

Random 1.03 0.79 0.54

40 x10° L-Skew  4.08 1.09 0.85 0.51

R-Skew 1.12 0.86 0.52

Random 2.44 1.74 1.28

70 x10° L-Skew  9.42 2.48 1.83 1.19

R-Skew 2.50 1.84 1.20

Random 3.92 2.75 2.10

100 x10° L-Skew 15.44 3.96 2.99 1.95

R-Skew 3.98 3.04 1.96

TABLE 5. RESPONSE TIME (Tp) OF THREE SORTING METHODS WITH N=100M.

PEs Input LBM [7] DCES [9] OBS
(P) Data (static) (dynamic) (dynamic)

Random 9.22 8.79 7.97

2 L-Skew 9.36 8.85 8.11

R-Skew 9.43 8.91 8.15

Random 6.24 4.32 4.04

4 L-Skew 6.29 4.38 4.08

R-Skew 6.31 4.42 4.12

Random 3.92 2.75 2.10

8 L-Skew 3.96 2.99 1.95

R-Skew 3.98 3.04 1.96
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Finally, using P=8, our optimized OBS strategy
improved the response time by 24% (random), 35% (L-
skew and R-skew) over the dynamic DCES and improved
up to 46% (random), 51% (L-skew and R-skew) over the
static LBM, according to the dynamic (1 - 3) iterations
whereas the static approach required 6 iterations.

Clearly, when sorting with more PEs, our OBS can
handle the better synchronization (for data exchange) in
each iteration, and hence require fewer iterations than
those of the dynamic DCES due to the midpoint-weight
list ranking, especially for the skewed datasets.

Next, in the evaluation of speedup and efficiency when
increasing P cores or PEs, the performance results of three
sorting methods (optimized OBS, dynamic DCES, and static
LBM) were compared in Fig.23 and 24 on the datasets,
obtained from the left-skew distribution.

Fig.23 shows the (average) speedup of sorting (N =
100M), which our OBS method yielded the maximum
speedup in all the tests conducted. In particular, when
using P = 8 PEs, the speedup of our OBS is 7.92, while those
of the DCES and LBM are 5.16 and 3.90, respectively. When
increasing the number of PEs (P = 2, 4, 8), speedup (Sr) of
our OBS method increase (Sr = 1.90, 3.78, and 7.92), which
are close to the ideal case (P =2, 4, and 8), while those of the
dynamic DCES and static LBM also increase, but the lower
rate because of using 1 to s(s+1)/2 iterations (in the dynamic
DCES communication) and fixed s(s+1)/2 iterations in the
static LBM communication.

Fig.24 displays the (average) efficiency of sorting (N =
100M), which our OBS strategy provided the maximum
efficiency in all test cases (on P = 2 to 32 processors). The
efficiency of our OBS method are close to the ideal value = 1
(i.e.,0.95 (on P =4),0.99 (on P = 8), 0.97 (on P = 16), and 0.98
(on P = 32), while those of the DCES method are 0.88 (on P =
4) and 0.65 (on P = 8) and those of the LBM sort are 0.61 (on
P=4)and 0.49 (on P = 8), and so on.

Finally, in order to confirm the effect of dynamic
iterations in our optimized OBS strategy and the dynamic
DCES method, we collected a number of dynamic iterations
during the experiments by counting repeated frequency of
best, worse, and average cases in Table 6.

TABLE 6. FREQUENCY OF DYNAMIC ITERATIONS (FROM 10,000 SAMPLES) OF
TWO DYNAMIC SORTING METHODS WITH P=8.

BEST Others WORST

- DCES OBS DCES ©OBS DCES OBS
sizes (N) (iteration) (1) (1)  (23) © (2). (4-6)  (3)

Problem data

Random 453 847 2196 3604 6851 6049
10x10° L-Skew 363 1037 1391 2709 7846 6654
R-Skew 273 1227 953 2347 8174 7026
Random 468 832 1733 3467 6899 6601
40 x10°  L-Skew 262 838 1527 3473 7211 6689
R-Skew 140 560 1362 3538 7498 6902
Random 259 641 2319 3481 7422 5878
70 x10%  L-Skew 315 985 1375 2925 7110 7290
R-Skew 302 898 1629 3171 7369 6631
Random 174 326 1962 3238 7314 6986
100 x10°%  L-Skew 121 479 1755 3445 7474 6726
R-Skew 267 533 1674 3726 7159 6641

~&—LBM ~e—DCES —+—0BS

Response Time (Sec.)
N
w

om 4a0Mm 70M 100m

Number of Elements (N)

Fig.22. Response time of sorting with Left-skew distribution (P=8).
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Fig.23. Speedup of sorting with Left-skew distribution (N=100M).
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Fig.24. Efficiency of sorting with Left-skew distribution (N=100M).

For example, on P = 8 PEs, our OBS strategy can sort in 1
iteration (in the best case) and 3 iterations (in the worst case),
while the dynamic DCES method also can sort in 1 iteration
(in the best case), but 6 iterations (in the worst case) and
between 2 to 5 iterations (in other cases). In each iteration,
the data exchange is at most w/2 elements for both dynamic
sorting methods.

In Table 6 (for N = 10M), the number of iterations in
each case (best/worst/others) were accumulated from
executing ~10,000 different datasets. For the random data,
our OBS strategy finished sorting in 1 iteration (best case)
~8% (847 datasets), 3 iterations (worst case) ~60% (6049
datasets), and other cases with 2 iterations ~36% (3604
datasets). The DCES method finished sorting in 1 iteration
(best case) ~4%, 4-6 iterations (worst case) ~68%, and others
(in 2-3 iterations) ~22%. For irregular data (Left-skewed
distribution), our OBS strategy finished sorting in best case
(1 iteration) ~10%, worst case (3 iterations) ~66%, and others
(2 iterations) 27%. The DCES method finished sorting in
best case (1 iteration) ~3%, worst case (4-6 iterations) ~78%,
and others (2-3 iterations) ~14%. Note that the number of
static iterations in the LBM sort are fixed in 6 iterations on P
=8 PEs (< w=N/P data exchange per iterations).
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6 CONCLUSION

In this paper, the optimized Bitonic sort (OBS) for P < N is
presented which incorporates the midpoint-based dynamic
communication. We use the midpoint-weight list-ranking
and the 2-step parallel point-to-point communication to
handle the dynamic communication efficiently. The dynamic
iterations of our proposed OBS method are varied between
1 and s, while those of the dynamic DCES method can occur
between 1 and s(s+1)/2 and those of the static LBM are fixed
in s(s+1)/2 iterations. The response time of our new OBS
method was improved according to the optimized
communication among PEs with fewer dynamic iterations
and better synchronization with consistency in data
exchange between (P;, Pj). In experiments on multi-core
machines, the results of the proposed OBS strategy
outperformed those of the dynamic DCES method by
approximately 35% — 40% and those of the LBM sort (the
best of static approach) by approximately 51% — 54% (for N
=10M - 100M elements on an 8-multicore machine).
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Abstract

This paper proposes a dynamic communication-
efficient pattern and introduces a new efficient data-
exchange process in parallel sorting, called the DCES
(Dynamic Communication-Efficient parallel Sorting)
algorithm, to improve the communication time. In this
approach, we present the dynamic communication
pattern by using a “Broadcast-Checker” table, which
can reduce total iterations to one iteration (in best
case), or 2, 3, ..., or up to log,P(log,P+1)/2 (in worst
case), while total (static) iterations of the recently
study are fixed = log,P(log,P+1)/2. Finally to evaluate
the sorting performance, we implemented our DCES
algorithm on the SGI Origin2000. Our investigated
experimental results have been compared to those of
the best of existing algorithms (LBM: Load Balanced
Merge sort). In the experiments, the proposed DCES
algorithm yielded the improved results over those of
the LBM algorithm at least 24% on the system of size P
=4 and at least 34% on the system of size P = 8.

1. Introduction

Sorting is one of common, yet significant,
operations for many applications such as information
retrieval, which requires a sorted data list to operate
efficiently. In addition, those operations can be used to
solve problems in graph theory, computation geometry,
and image processing in optimal time. In the past,
several parallel sorting approaches were proposed such
as Bitonic sort [1, 9], parallel merge sort [2, 3], parallel
radix sort [2], and network sort [4, 10], to reduce total
execution time. Usually, computation time decreases
when processors (P) increases in fine-grained sorting
(P = N). However, in coarse-grained sorting (P < N),
the great impact on the total execution time are
balancing workload (N/P) in each processor as well as
inter-processor communication for data exchange.

978-0-7695-3738-2/09 $25.00 © 2009 IEEE
DOI 10.1109/HPCC.2009.50
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Recently studies have been focused on the later case
(P < N) by improving the total computing time,
especially the communication time for data exchange.
In 2001, the communication efficient Bitonic Sort
(CEBS) with local quick sort [8] was introduced. The
CEBS algorithm showed the improved results over
those of the original Bitonic Sort with local quick sort
at least 20%. In 2003, Jeon and Kim [7] introduced a
new parallel merge-sorting algorithm with balancing
workload, called “Load-Balanced Merge” (LBM).
That approach applied quick sort in local sorting of
N/P keys (in each processor) and parallel merge sort
with median computing to improve merging time. In
2008, the communication-space efficient Bitonic
sorting (CSEBS) method [11], was introduced with the
new efficient partial data exchange between (P, P)). In
that data exchange, either P; or P, identifying less
partial data to be exchanged, was a sender. Thus, that
approach reduced not only the communication time but
also the memory storage over those of the Odd-Even
sort [2], and the Bitonic sort [8].

In this paper, we propose a new efficient data
exchange method in parallel sorting in order to improve
the communication time. In particular, we introduce a
“dynamic” communication pattern to reduce total
iterations (1, 2, 3, ..., or log,P(log,P+1)/2) over those
(logsP(log,P+1)/2) of the “static” communication
pattern in the existing methods [7, 8, 11]. In addition,
for each iteration (if any) we introduce the “efficient
median computing” by modifying the “median
computing” strategy [7] to reduce the amount of data
exchange between processors (P;, P;). Our new sorting
is called the DCES (Dynamic Communication-Efficient
parallel Sorting) algorithm. Finally in order to evaluate
the performance, we implemented our new parallel
sorting approach on the SGI Origin2000, an SMP
(Symmetric Multiprocessor) [6], by using MPI [5]. In
the performance evaluation, results of our DCES
algorithm were compared to those of the LBM strategy
[7], the CEBS strategy [8], and the CSEBS strategy
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[11]. The experimental results showed that our DCES
algorithm yielded the improved results over those of
the CSEBS, LBM, and CEBS strategies at least 23%,
24% and 31% on the system with P = 4 processors and
at least 26%, 34% and 49% on the system with P = 8
processors respectively.

The remainder of this paper is organized as follows:
Section 2 presents related work, which are efficient
parallel sort (P = N) and communication-efficient
parallel sort (P < N). Section 3 introduces our DCES
(Dynamic Communication-Efficient parallel Sorting)
algorithm. Section 4 shows time complexity analysis
of our DCES algorithm. Section 5 presents the
investigated results in the performance evaluation.
Finally, Section 6 presents the conclusion of our study.

2. Related Work

Sorting is often applied in many applications for
ordering a large quantity of data (V). Time complexity
of the sequential sorting is O(Nlog,N). = When
parallelizing, time complexity of the efficient sorting
algorithm is O(log:N)’, where N is a number of
elements in the list and P is a number of processors in
the system (P = N). For P = N, the efficient sorting is
Bitonic sorting [1]. For P < N, most studies focus on
communication-efficient sorting with N/P balancing
workload [7, 8, 11].

A. Bitonic Sorting

For P N, the Bitonic sorting is an efficient
parallel sorting algorithm since its time complexity is
only O(log,N) for a Bitonic sequence and O(log,N)’ for
any sequence.

Definition 1: A Bitonic sequence is a sequence of a
data set (ag, ai, ay, ..., aj, ..., an.1), where ag, aj, ay, ..., &
is a monotonic increasing sub-sequence and a;;, i, @
i+35 -+, An.1 1S @ monotonic decreasing sub-sequence (0 <
i < N-1). An instance of a Bitonic sequence (N=16) is
4,5,6,8,10,15.20,30 28.25.20,15.12,9, 3. 1.

The Bitonic sorting for N elements (of any
sequence) on P processors consists of two steps (Figure
1): 1) Transformation (of any sequence into a Bitonic
sequence) and 2) Bitonic sorting. When P = N, there
are log,N steps. For each step i (i = 1,2,3,...,log,N),
there are i iteration(s), and hence total iterations are
1+2+3+...+log,N = log,N(log,N+1)/2 iterations.

The inter-process communication in the Bitonic
sorting is called a compare-exchange operation, which
is compared in parallel between (a;, an+;) in processors
(P;, Pyy+) for min (a;, anp+i) and max (a;, anjp+i), where
i=0,1,2, .N2—-1.
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Transform to Bitonic sequence Bitonic sort
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where | represent increasing order (min(ai, anz+i) in P; and
max(ai, @njz+i) in Prya+i).

7T represent decreasing order (max(ai, anz+) in P; and

min(ai, anz+i) in Pnj2+i).
Figure 1. Communication pattern in Bitonic sorting.
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Figure 2. Compare—Exchange Operatlon.

Figure 2 shows an example of the compare-
exchange operation between any two processors (P,
P;). Initially (Figure 2(a)), each processor (£;) has one
element (a;) in its local memory. Next (Figure 2(b)),
each processor in the communication pair (P; and P;)
sends its element to and receives another element from
its partner. Finally (Figure 2(c)), after the compare-
exchange process ({), P; stores min(a;, a;) and P; stores
max(a;, aj). Note: in case of operation (T) in the
communication pattern, P; stores max(a;, a;) and P;
stores min(aj, a;).

B. Balancing Workload Parallel Sorting

In practical usage (when P<N), each processor (P;)
holds a local workload (of N/P elements) and performs
local sorting. In the inter-process communication
between any two processors (P, P;), the compare-
exchange operation combined with sub-sequence
merge-sort pattern (Figure 3) is called the compare-
split operation, as shown in Figure 4.

Figure 4 illustrates an example of merge sorting (P
< N) between P; and P; with workload N/P=5 elements
in each PE, where P; and P; hold {6,1,11,15,8} and
{16,20,13,10,12} (Figure 4(a)). Each processor is
responsible for sorting 5 elements locally (Figure 4(b)).
Then (Figure 4(c)), processors P; and P; need to
communicate for data exchange and perform merge
sort (Figure 4(d)). In particular, each processor in the
communication pair (P; and P;) sends its workload to
and receives another workload from its partner.
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Figure 3. Communication pattern in merge sorting.
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where | represent increasing order (min(N/P) in P; & max(N/P) in P;).

Figure 4. Compare-Split Operation.

In Figure 4, after performing communication merge
sort, P; stores the minimum sub-sequence and P; stores
the maximum sub-sequence.

For P < N, that parallel sorting is performed with
N/P-workload in O(N/P(log:N/P) + N/P(log,P)?) time
since the local quick-sort requires O(N/P(log,N/P) and
the parallel merge-sort requires O(N/P(log.P)’) by
using the communication pattern with log,P steps or
log>P(log,P+1)/2 iterations for applying either Bitonic
sort (Figure 1) or parallel merge-sort (Figure 3).

However, the communication time of this simple
merge sort is not efficient because in some cases
processors P; and P; do not need to exchange their data.
In 2001, the communication-efficient Bitonic Sort
(CEBS) [8] was introduced to improve the
communication time (O(N/P(logzP)z)) by reducing the
amount of data exchange (< N/P) in each iteration. In
that study, there are three sub-patterns of the compare-
split operation: 1) “hold” pattern (no data sending/
receiving) in best case, 2) “swap” pattern (send/receive
all (N/P) data) in worst case, and 3) “partial” pattern
(send/receive partial (<N/P) data). In 2003, the Load-
Balanced Merge (LBM) approach [7] was introduced
to improve the execute time by computing “median” (to
reduce the merging time of the partial sorted (<N/P)
data between P; and P; in the “partial” pattern.) Later
in 2008, “the communication-space efficient Bitonic
sorting (CSEBS) method” [11], our previous study,
was introduced. The CSEBS method also consists of
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three sub-patterns for the merge-and-split operation: 1)
“hold” pattern, 2) “swap” pattern, and 3) new efficient
“partial” pattern. That approach presented the more
efficient partial data exchange between (P, P;). The
idea is that either P; or P;, identifying less partial data
to be exchanged, was a sender. Thus, that approach
reduced not only the communication time (~15%) but
also the memory storage over those of the Odd-Even
sort [2], and the Bitonic sort [8].

However, in those existing studies [7, 8, 11], the
communication pattern is “static” because total
iterations are always equal to log,P(log,P+1)/2.

3. Our Efficient Parallel Sorting

Our  efficient  sorting, called “Dynamic
Communication-Efficient parallel Sorting (DCES)
algorithm”, consists of two main parts: 1) “Local sort”
for N/P-key workload and “Parallel merge-sort” with P
processors. In the 1% part (local sorting), we apply the
quick sort in O(N/P log>N/P) time. For the 2™ part
(parallel merge-sort), we propose the efficient parallel
merge-sort algorithm to reduce total iterations
(log,P(log,P+1)/2) to one iteration (in best case) and
([log>P(log,P+1)/2]+1)/2 iterations (in average case)
by utilizing a “Broadcast-Checker” table for identifying
the “dynamic” communication pattern. In addition, in
each iteration we also improve the communication time
in the “partial” pattern by efficiently computing
“median” to reduce the amount of data exchange
(<(N/P)/2). Moreover in our “dynamic” approach, there
is no “swap” pattern since the “swap” pattern (the
worst case in [7, 8,11]) can be converted to the “hold”
pattern (the best case in our efficient DCES algorithm).

A. The “Broadcast-Checker’ Table

In traditional communication-merge pattern (Figure
3) of multiple sorted lists, any P; stores a smaller set of
data and P; stores a larger set of data for processor’s ID
1<j. For instance, P, stores a minimum set of data and
Pp.; stores a maximum set of data. That common
parallel merge-sort is the “array-based IDs”, which
consists of log,P steps. In each step i, the merging
process requires i iterations to meet all IDs in the group
(of 2' PEs), where i = 1, 2, ...., log,P. Therefore, total

(fixed) iterations to complete the sorting are
log,P(log,P+1)/2.
MIN MAX
Key key ID Pu‘1‘2‘3‘4‘5‘6‘7
1[1]7]o
P,[15]19]20[21[22]23]24
28142
3015024 1| PLB819[10[11]12]13]14
4|25(34| 3 | Ps[25]28]29]30[31[33[34
(b)

(a
Figure 5. A “Broadcast-Checker” table for P = 4.




Our “dynamic” communication-merge pattern is the
“linked-list-based IDs” and requires only one iteration
(in best case) and ([log,P(log,P+1)/2]+1)/2 iterations
(in average case). In the list of IDs, P, is not necessary
to store the minimum set of data and hence Pp_; is not
necessary to store the maximum set of data. In order to
maintain useful information in each processor (P;), the
“Broadcast-Checker” table is introduced. In such a
table, there are P records, each record contains 3 fields
(min key, max key, processor’s ID). The list of IDs is
linked, according to the sorted “min key” of P records.
The sorted list of P records is updated by using an
efficient merged-sort among P PEs, representing “all-
to-all broadcast and sort”, in log,P steps (P=2"). In each
step i, all (P, P))s exchange 2" sorted records, merge
and store 2! records in each PE, where j = i+2' and i
=0,1,2,..., k-1. For k steps, total merges are 220+22!
+2.2%+ .+ 225 =22 D/(2-1) = 2.251 = O(P).

For example, to sort a data set (N=28 keys) {1, 7, 5,
4,3,2,6,20, 19, 15, 23, 21, 24, 22, 9, 13, 12, 10, 8,
14, 11, 29, 28, 25, 34, 31, 33, 30} by using P = 4
processors, the 4-record table is depicted in Figure
5(a). After performing the local sorting, the result in
each processor (P;, i = 0,1,2,3) is shown in Figure 5(b).
Form this 4-record table, the adjacent processors (P,
Pj) in the list (or the 3" field) are communicated (e.g.,
(Py,Py) and (P;,P3)). This example is one of the best
cases in our “dynamic” communication pattern since
only one iteration is needed to complete the sorting,
stored in the list (Py—P,—>P;—P;). Note: a number of
iterations in the traditional communication [7, 8, 11]
for this example is log-4(log,4+1)/2 =3 iterations.

In the “static” communication pattern of parallel
merge-sort (P < N), the number of iterations are fixed
(log,P(log,P+1)/2) such as those of the Bitonic sorting
(Figure 1) and the Merge sorting (Figure 3). In our
“dynamic” communication pattern, the number of
iterations can vary from 1, 2, 3, 4, ..., up to
(log,P(log,P+1))/2 iterations, as shown in Table 1.

Table 1. The number of iteration(s) in communication
attern with the “static” vs. “dynamic” Merge sort.
Methods “Static” Merge Sort “Dynamic” Merge Sort
Best Case log2P(logzP+1)/2 1
logzP(log2P+1)/2 (llogoP(logsP+1)/2]+1)/2
log2P(logzP+1)/2 log2P(log2P+1)/2

Average Case

Worst Case

Moreover, in each iteration the communication time
of our DCES algorithm can be improved in both
“swap” pattern and “partial” pattern. Because of the
“dynamic: communication of processors’ IDs in the
list, consequently, there is no “swap” pattern in our
approach. In this case, it is automatically converted to
the “hold” pattern in the list with 100% improved.
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B. The Efficient “Median” Computing

In recently study [7], the “median” computing was
introduced in the “partial” pattern to improve the
merging time of partial data in P; and P; over that of
their previous study [8]. However, the amount of
partial data exchange (<N/P) was not improved since
the partial data of P; and P; are exchanged before
computing the “median”.

In our DCES algorithm, the efficient “median”
computing is introduced to reduce not only the amount
of data exchange in the “partial” pattern but also the
merging time. In this case, only the minimum partial
data (S(NV/P)/2) are exchanged between P; and P;.
First, each processor (P;) computes and sends the local
median (Med) to its partner (P;). Then, the “median” is
computed from the local median (Med) of P; and P;
directly. Finally, the minimum partial data set
(Z(NV/P)/2) in each processor (P;) is identified from the
“median” and sent to be merged in its partner ().

C. The DCES Algorithm
The Dynamic Communication-Efficient
Sorting (DCES) algorithm is

parallel

1. Each processor (PE) makes local quick-sort on a list
of N/P elements. O(N/P log,N/P)
2. For (at most) log,P steps (if any), each step i needs i
iterations (i = 1,2,...,l0g2P), each PE performs the
following computation:
(Note: one iteration (in best case) and
log>P(log,P+1)/2 iterations (in worst case).)
2.1 Send/Receive (Max, Min) to/from its partner. O(1)
2.2 Find a partial data set from (Max, Min) by applying
“Binary search” algorithm. O(logzN/P)
2.3 Find local median (Med) of the partial data set

(n elements) and send to its partner (n<N/P).
(Note: For more precision, |Med| is 1 element
(if n is odd) or 2 elements (if n is even) are
exchanged.) 0(1)

2.4 Compute the “median” from < 4 elements of its local

Med and its partner Med. 0(1)

2.5 Compute “minimum partial data exchange”. O(N/P)

- Find and exchange minimum partial data (A) from
the “median” with its partner (A<(N/P)/2).

- Merge results (A) received from its partner.
(Note: if |partial data| > (N/P)/2), then the
complement set of that partial data set are
exchanged to maintain the minimum A <n)

2.6 Update “Broadcast-Checker” table (T) by using

“efficient P-merged sort” for next iteration.  O(P)

For example, to sort a data set of N = 28 using P =
4, the “dynamic” communication and the efficient
“median” computing in our DCES algorithm is
explained in Figure 6. In Figure 6(a), initially each P;,
i=0,1,2,3holds 7 keys (N/P = 7), which are

(8,1,7,9,13,12,10}, {20,19,15,23,21,25,29},
{5,4,3,2, 6,14,11}, {28,24,22,34,31,33,30}.
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Figure 6. An example of the efficient “median”
computing in the DCES algorithm.

Figure 6(b) shows the “Broadcast-Checker” table
with the list of IDs (Py—P,—»P;—P;) and results of
local sorting in each PE. Before performing the
“minimum partial data exchange” between {P,, P,} and
{P;, P;} (Figure 6(c)), Py sends (Max,, Ming) = (1, 13)
to P, while P, sends (Max,, Min,) = (2, 14) to P, and
P; sends (Max;, Min;) = (15, 29) to P; while P; sends
(Maxs, Mins) = (22, 34) to P,.

Next, the partial data set is identified in each PE by
applying the “Binary search” in O(log,N/P) time and
then the local median (Med) of the partial data set (n) is
computed in O(1) time. In this case, P, finds its partial
data (n=6): {7,8,9,10,12,13} and sends its Med =
(9,10) to P, while P, finds its partial data
(n=6):{2,3,4,5,6,11} and sends back its Med = (4,5) to
P,. P, finds its partial data (n=3):{23,25,29} and sends
Med = (25) to P; while P; finds its partial data
(n=3):{22,24,28} and sends back its Med = (24) to P,.
Each P; and P; computes the “median” from the Med of
P; and P; and then finds the minimum partial data
exchange (A<(N/P)/2), to be merged in P; and P,
Finally, each processor performs merging the minimum
partial data A (Figure 6(d)).

Note: the complement set of partial data set to be
exchanged (in step 2.5) is allowed in our approach
(Figure 6(d) between P, and P,) to maintain the
minimum data exchange (A). In this case P, sends the
complement set of partial data set or the minimum
partial data A = {1, 7} to P, while P, sends the
complement set of partial data set A = {11, 14} to P,.
However, P, sends the regular minimum partial data set
A = {25, 29} to P; while P; sends the regular
minimum partial data set n =A = {22, 24} to P,.

4. Performance Analysis

Let N represent a number of elements in the data set.
P represent a number of processors in the system.
T, represent the computing time of sequential
(local) sort of N/P-key workload in each PE.
T,.- represent total computing time of parallel sort.
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Teomp represent time of parallel data merging.

T omm represent time of inter-process communication
to exchange data (A keys), where A < (N/P)/2,
and data (P-record) broadcasting.

In general, the response time (T) of the sorting process
using P processors consists of

T =Ty +T

par > Where

Tpar = Tcnmp + Tcomm

When applying the quick sort for local sorting with
N/P-workload in each PE,

Tyeg = O(N/P log:N/P)

When apply our efficient parallel sorting, called the
DCES algorithm, T,, = Teomp + Teomm 18

Tyur = O(1) + O(P)

= O((N/P log’P) + O((P log’P) = O(N/P log’P)
for < (log,P (log,P+1))/2 iterations (with N/P
workload) in average and worst cases.

Therefore, T = Ty, +T,,, is
T = O(N/P log,;N/P) + O(P) in best case,

or T = O(N/P log;N/P) + O(N/P log’P)
in average and worst cases.

for one iteration in best case,

Table 1 (in Section 3) illustrates the number of
iterations (in the communication pattern) in T, of our
“dynamic” approach (DCES) and that of the “static”
approach [7, 8, 11].

In our approach, the best case occurs when each PE
holds the required (sorted) N/P keys (Figure 5).
However, our worst case is similar to that of the
“static” approach since all communication pairs
(log,P(log,P+1)/2) are communicated to exchange
their partial data. In our “dynamic” approach, the
average iterations are derived from the best case (1
iteration) up to the worst case (log,P(log,P+1)/2
iterations), as shown in the following equation:

[1+2+3+...+log,P(log,P+1)/2] / log,P(log,P+1)/2
= ([log:P(log,P+1)/2]+1) /2

Compared to the LBM approach [7], the
communication of processors in the group is organized
to meet all possible pairs and hence the number of
iterations are fixed, which are log,P(log,P+1)/2
iterations in all (best, average, worst) cases.

Moreover, in each iteration we modify the “median”
computing of the LBM strategy to find the minimum
data exchange and hence reduce the merging time. In
addition, there is no “swap” pattern (the worst case in
[7, 8, 11]) in our DCES since it is automatically
converted to the “hold” pattern (the best case in our
study), according to the “dynamic” communication
pattern, as illustrated in Table 2.



Table 2. The amount of data exchange in each iteration
of the existing strategies [7,11] and our DCES strategy.

Table 3. Response time (seconds) of 1, 2,4, 8, 16
PE(s) and problem sizes 10’ — 10° elements.

Methods “Hold” Pattern “Swap” Pattern “Partial” Pattern
(Best Case) (Worst Case) (General Case)
LBM [7] No data exchange N/P <N/P
CSEBS[11] No data exchange N/P <N/P
Our DCES No data exchange No data exchange <(NIP)2

From Table 1 and 2, clearly time complexity of our
DCES algorithm is improved over that of the best
(LBM and CSEBS) of existing algorithms in all (best,
average, worst) cases.

5. Experimental Results

In performance evaluation, we implemented our
DCES (Dynamic Communication-Efficient parallel
Sorting), LBM (Load-Balanced Merge), CEBS
(Communication-Efficient Bitonic Sorting) and CSEBS
(Communication-Space Efficient Bitonic = Sorting)
algorithms by using MPI library on the SGI Origin2000
system, an SMP (Symmetric Multiprocessor). In our
environment, the system consists of 8 processors
(MIPS R10000 and R12000) with 2 GB RAM,
connected via a high speed 1.56 Gbps processor
connection and 780 Mbps memory connection.

A number of experiments were performed by
varying a number of processors (P =1, 2, 4, 8, 16) and
various problem sizes (N = 10, 20, 30, 40, ..., 100
million elements). In each tested case, a number of
sample-data in various iterations (up to stable state)
were executed in average. The performance results
were computed in terms of average response time,
average speedup, and average efficiency, where
speedup S=T7,/Tp and efficiency E=S/P, T; is the time
of running sequential program on one processor and 7,
is the time of running parallel program on P processors.

In each experiment, evaluated results of our
proposed algorithm (DCES: Dynamic Communication-
Efficient parallel Sorting) were investigated and
compared to those of existing approaches (LBM: Load-
Balanced Parallel Merge-sort [7] and CEBS:
Communication-Efficient Bitonic Sort [8], and CSEBS:
Communication-Space Efficient Bitonic Sort [11]).

Table 3 showed the average response time (7)) of
our DCES strategy and the recent strategies (CSEBS,
LBM and CEBS) for various problem sizes N = 10" up
to 10® elements and various processors P =1, 2, 4, §,
16 processors. When fixing the problem size (V) and
increasing a number of processors (P =2, 4, 8, 16), the
average response time of all methods decreased. When
fixing a number of processors (P) and increasing the
problem sizes (N = 107 - 10%), the average response
time of all methods increased.
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N T ol 1 | @ [ T | Te T o)
Million CEBS LBM CSEBS DCES
2 1.99 1.76 1.64 1.51
10 4 2.96 1.38 1.14 1.06 0.83
8 0.54 0.46 0.42 0.45
16 0.42 0.40 0.40 0.39
2 2.94 2.34 2.17 2.29
20 4 4.46 1.50 1.34 1.28 1.24
8 0.85 0.80 0.72 0.76
16 0.76 0.62 0.60 0.53
2 4.34 3.87 3.72 3.35
30 4 6.62 3.02 2.63 2.51 2.14
8 1.96 1.23 1.03 0.95
16 1.22 1.03 0.98 0.89
2 5.34 4.68 4.36 3.98
40 4 7.53 3.59 3.12 2.92 2.74
8 1.75 1.43 1.27 1.17
16 1.43 1.21 1.14 0.98
2 6.58 6.29 5.92 5.70
50 4 11.09 4.89 3.67 3.36 3.19
8 2.05 1.98 1.85 1.68
16 1.93 1.78 1.65 1.53
2 7.85 7.26 6.97 6.75
60 4 13.14 5.32 4.76 4.42 4.18
8 3.19 2.42 2.06 1.89
16 2.41 2.13 2.07 1.93
2 9.49 8.90 8.76 8.49
70 4 16.51 6.29 5.88 5.58 5.41
8 4.10 3.32 3.07 2.43
16 2.85 2.54 2.49 2.02
2 10.69 10.25 10.08 9.67
80 4 19.08 7.16 6.79 6.60 6.23
8 4.80 4.45 3.99 2.73
16 3.33 3.12 3.10 3.01
2 11.60 11.24 11.00 10.98
90 4 21.41 8.21 7.95 7.62 7.37
8 6.16 4.87 4.12 3.37
16 4.03 3.76 3.68 3.35
2 13.69 13.21 12.92 12.79
100 4 25.50 9.87 8.94 8.76 6.73
8 7.29 5.68 5.05 3.71
16 4.72 4.08 3.89 2.73

Among all four methods (DCES, LBM, CEBS,
CSEBS), our DCES strategy yielded the best result (or
minimum response time), which were improved over
those of the CSEBS, LBM and CEBS methods at least
23%, 24% and 31% respectively.

When fixing N = 100 million (M) elements and
varying P = 2, 4, 8, 16 processors, the response time,
speedup, and efficiency of our DCES and existing
methods (LBM, CEBS, and CSEBS) were illustrated in
Figure 7, 8, and 9 respectively.

Figure 7 presented the average response time of all
four methods (DCES, LBM, CEBS, CSEBS) and our
DCES performed the best (or minimum) response time,
which improved over those of the CSEBS, LBM and
CEBS 2%, 3% and 6% when using P = 2, 23%, 24%
and 31% when using P = 4, 26%, 34% and 49% when
using P = 8, and 30%, 33% and 42% when using P =16
respectively.

Figure 8 showed the average speedup of all four
methods (DCES, LBM, CEBS, CSEBS) and our DCES
yielded the best (or maximum) speedup in all test cases
(P=2,4, 8, and 16). In particular, when using P = 2,



the speedup of the DCES is 1.99 closed to 2 (ideal
case), while those of the CSEBS, LBM and CEBS
methods were 1.97, 1.93 and 1.86 respectively. When
increasing a number of processors (P = 4, 8, 16), the
speedup of all methods increased but in decreasing rate
because the more processors used, the more
communication time required.

Figure 9 showed the average efficiency of all four
methods (DCES, LBM, CEBS, CSEBS) and our DCES
yielded the best (or maximum) efficiency in all test
cases (P =2, 4, 8 and 16). Especially when using P =
2, the speedup of the DCES is 0.99 closed to 1 (ideal
case), while those of the CSEBS, LBM and CEBS
methods were 0.98, 0.97, 0.93 respectively. When
increasing a number of processors (P = 4, 8, 16), the
efficiency of all methods decreased because of the
more communication among processors.
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Figure 7. Response time of all methods (V= 100 M).
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Figure 8. Speedup of all methods (N =100 M).

|+~ CEBS = LBM - CSEBS -=-DCES
1.10 —
1.00 - ~
0.90 =N
g 0.80
5 0.70 1
£ 0.60 -
Y 050
0.40 -
0.30 ‘ ‘

Ideal Case 2 4 8
Number of Processor(s)

Figure 9. Efficiency of all methods (N =100 M).
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6. Conclusion

In this study, we introduce a “dynamic
communication-efficient sorting (DCES) algorithm”.
In our new approach, the number of iterations are
“dynamic” and improved over that ‘“static” in the
recently study. In addition, in each iteration the
efficient “median” computing is introduced to find the
minimum data-exchange and the minimum merging
time between P; and P;. In the performance evaluation,
a number of experiments were performed on the SGI
Origin2000. The experimental results showed that in
all tested cases, our proposed DCES algorithm yielded
the improved results over those of the best of existing
algorithms (LBM: Load-Balanced parallel merge- sort)
at least 24% (P = 4) and at least 34% (P = 8).

7. References

[1] K. Batcher, “Sorting networks and their applications,”
Proceedings of the AFIPS Spring Joint Computer
Conference 32, Reston, VA, 1968, pp.307-314.

[2] D. Bitton, D. DeWitt, D.K. Hsiao, and J. Menon, “A
Taxonomy of Parallel Sorting,” in ACM Computing
Surveys, 1984, pp. 287-318.

[3] R. Cole, “Parallel merge sort,” SIAM Journal of
Computing, Vol. 17, No. 4, 1998, pp.770-785.

[4] B. Gianfranco. “Merging and sorting Networks with the
Topology of the Omega Network,” I[EEE Transactions on
Computers, October 1989, pp.1396-1403.

[5] W. Gropp, E. Lusk, and A. Skjellum, Using MPI:
portable parallel programming with the massage passing
interface, Cambridge, MA: MIT Press, 1994.

[6] D. R. Helman, and J. JaJa, “Sorting on Cluster of SMPs,”
12th International Parallel Processing Symposium,
University of Maryland, College Park, MD, USA, 1997.

[7] M. Jeon, D. Kim, “Parallel Merge Sort with Load
Balancing,”  International ~ Journal  of  Parallel
Programming, Vol. 31, No. 1, 2003, pp.21-33.

[8] Y.Kim, M. Jeon, D. Kim, and A. Sohn, “Communication-
Efficient Bitonic Sort on a Distributed Memory Parallel
Computer, ” International Conference on Parallel and
Distributed Systems, June 2001, pp.165-170.

[9] J. D. Lee, K. E. and Batcher, “Minimizing
Communication in the Bitonic Sort,” /EEE Transactions
on Parallel and Distributed Systems, 2000, pp.459-473.

[10] J. Seiferas, “Networks for Sorting Multitonic
Sequences,” Journal of Parallel and Distributed
Computing, Vol. 65, 2005, pp.1601-1606.

[11] T. Thanakulwarapas, J. Werapun, “Communication-
Space Efficient Parallel Bitonic Sorting on Symmetric
Multiprocessors,” Advances in Computer Science and
Technology (ACST 2008), April 2008, pp.75-79.



Proceedings of the Fourth IASTED International Conference
Advances in Computer Science and Technology (ACST 2008)

April 2-4, 2008 Langkawi, Malaysia
ISBN CD: 978-0-88986-730-7

COMMUNICATION-SPACE EFFICIENT PARALLEL BITONIC SORTING
ON SYMMETRIC MULTIPROCESSORS

Tipraporn Thanakulwarapas and Jeeraporn Werapun
Department of Mathematics and Computer Science, Faculty of Science, King Mongkut’s Institute of Technology at
Ladkrabang (KMITL), Ladkrabang, Bangkok 10520, THAILAND
E-mail: S0067102@kmitl.ac.th, ksjeerap@kmitl.ac.th

ABSTRACT

This paper presents a new efficient data-exchange process
in parallel sorting, which improves both communication
time and memory space. In this communication-space
efficient strategy, we proposed two new parallel sorting
algorithms: 1) CSEBS (Communication-Space Efficient
Bitonic Sort) algorithm and 2) CSEOE (Communication-
Space Efficient Odd-Even MergeSort) algorithm. In
addition, to evaluate the performance, we have
implemented the CSEBS and the CSEOE algorithms on
the SGI Origin2000. Investigated experimental results
have been compared to those of the best of existing
algorithm (CEBS: Communication Efficient Bitonic
Sort). In the experiments, the proposed CSEBS algorithm
yielded the improved results over those of the best of
existing algorithm (CEBS) at least 11% on the system of
size P =4 and at least 31% on the system of size P = 8.
Moreover our approach can save memory space up to
50%.

KEY WORDS
Communication-space efficient parallel sorting, Parallel
Bitonic sorting, Parallel Odd-Even sorting, SMP

(Symmetric Multiprocessor).
1. Introduction

Sorting is one of common, yet significant, operations for
many applications such as information retrieval, which
requires sorted data lists to operate efficiently. Those
operations of data exchange can be used to solve
problems in graph theory, computation geometry and
image processing in optimal time. Sorting network for
odd-even mergesort and bitonic sort [5] has time
complexity only O(log® N), where N is a number of data
being sorted on P processors (P = N). In the last decade,
many studies were proposed in order to improve
communication overhead of parallel Bitonic sorting [4],
[6], [8] and were adapted to specific parallel machines.
There are two main theoretical and practical approaches
that propose the efficient-communication parallel Bitonic
sorting: 1) one (theoretical) approach (P = N) bases on
the shared-memory parallel systems [4], [6] and 2)
another (practical) approach (P < N) bases on the
distributed-memory parallel systems [3], [8].

In practical (P < N), the communication efficient
Bitonic Sort (CEBS) with local quick sort [8] was
introduced in 2001. The CEBS algorithm showed the
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improved results over those of Bitonic Sort with local
quick sort at least 20%. In 2007, Herruzo et al.[2]
introduced a new parallel sorting algorithm (P < N) called
“partition and concurrent merging” (PCM), with local
quick sort based on the odd-even mergesort algorithm.
The results of the PCM parallel sorting were compared to
the Bitonic sort (BS) with local Bitonic sort. However,
the PCM algorithm showed the improved results in some
cases when using two processors.

In this paper, we propose a new efficient data-
exchange method in parallel sorting to improve not only
communication time but also memory space. In addition,
we apply this new communication-space efficient strategy
to Bitonic Sort (BS) algorithm and Odd-Even mergesort
(OE) algorithm. Our new parallel sorting algorithms are
1) the CSEBS (Communication-Space Efficient Bitonic
Sort) algorithm and 2) the CSEOE (Communication-
Space Efficient Odd-Even mergesort) algorithm. Finally
in order to evaluate the performance, we have
implemented our new approach on the SGI Origin2000, a
SMP (Symmetric Multiprocessor) [1], by using MPI [7].
In the performance evaluation, CSEBS and CSEOE
algorithms were compared to the best of existing strategy
(CEBS: Communication Efficient Bitonic Sort [8]) and
the recent study (OE: Odd-Even mergesort or PCM [2]).
Our CSEBS algorithm show that its execution time is
minimum as well as its speedup is maximum in all test
cases. In particular, our CSEBS algorithm yields the
improved results over those of the CEBS algorithm and
the OE (or PCM) algorithm at least 11% on the system
with P = 4 processors and at least 31% on the system with
P = 8 processors. Moreover our approach can save more
memory space up to 50%.

The remainder of this paper is organized as follows:
Section 2 gives fundamental definitions of parallel
sorting. Section 3 presents our new communication-space
efficient method and two proposed parallel sorting
(CSEBS and CSEOE) algorithms. Section 4 shows the
investigated results in the system performance evaluation.
Finally, Section 5 presents the conclusion of this study.

2. Parallel Sorting and Related Work

The basic idea of the Bitonic merge sorting and the odd-
even merge sorting are illustrated in following sub-
sections.
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2.1 Parallel Bitonic Sorting

In theoretical (when P = N), the Bitonic sorting is an
efficient parallel sorting algorithm since its time
complexity is only O(log N) for a Bitonic sequence and
O(log” N) for any (random) sequence.

Definition 1: A Bitonic sequence is sequence of a data set
(ag, a1, az, ..., &, ..., an.1), where ag, aj, ..., a; 1is a
monotonic increasing sub-sequence and a;.;, a1, ..., .|
is a monotonic decreasing sub-sequence (0 < i < N-1).
An instance of a Bitonic sequence (N=16) is
456810152030 28252015129 3 1.

Definition 2: A Bitonic Sort is a sorting of N elements (of
any sequence) on P processors (O(log” N)) consists of two
steps: 1) Transformation (of any sequence into a Bitonic
sequence) and 2) Bitonic sorting (Figure 1). When P =N,
there are log, N main stages (or 1 +2 +3 + ... +log; N=
log, N(logoN+1)/2 sub-stages). For example, the Bitonic
sorting for N =P = 16) is shown in Figure 1.

Transform any sequence
Processors 'Noa BltoEE sequence Bltonlciortlng

~ - =
0000
0001
0010
0011
0100
0101
0110
0111
1000
1001
1010
1011
1100
1101
1110
1111

Stage 1 Stage 2 Stage 3 Stage 4
where | represents decreasing sub-sequence (min(a;, anz-+))
T represents increasing sub-sequence (max(ai, anz+j))

Figure 1. Bitonic sorting with 16 processors.

The inter-process communication in the Bitonic sorting
(Stage 4 in Figure 1) is called a compare-exchange
operation, which is compared in parallel between (aj,
anp+i) for min (a;, an+i) and max (a;, anpsi); 1= 0, 1,
N/2 — 1. Figure2 shows an example of the compare-
exchange operation between any two processors (P;, P;).
Initially (Figure 2(a)), each processor (P;) has one element
(a) in its local memory. Next (Figure 2(b)), each
processor in the communication pair (P; and P;) sends its
element to and receives another element from its partner.
Finally (Figure 2(c)), after the compare-exchange process,
P; stores min (a;, a;) and P; stores max (aj, ;).

s ;& mm{a., ajt max{a., aJ}

ll

Pi (a) Ps

Figure 2. Compare—Exchange Operatlon.

In practical usage (when P <N), each processor (P;) holds
a local workload (N/P elements) and performs local
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sorting. In the inter-process communication between any
two processors (P;, P;), the compare-exchange operation
combined with sub-sequence mergesort is called the
compare-split operation. Figure 3 illustrates an example
of merge sorting between P; and P; with workload N/P =5
elements in each processor, where P; and P; hold {6, 1, 11,
15, 8} and {16, 20, 13, 10, 12} respectively.

GRRED [i e u]#]

(a) (b)

p“1‘6‘8‘11‘15“10‘12‘13‘16‘20‘P“1‘6‘8‘10‘11”12‘13‘15‘16‘20‘

P;\lo‘u‘n‘m‘zo” 1]s]8 1] w[12[13]15[16]20] [1 6 [ 8 J10]11]
©) (d)

Figure 3. Compare-Split Operation.

Initially (Figure 3(a)), each processor (P;, P;) holds 5
elements. Therefore (Figure 3(b)), each processor (P;) is
responsible for sorting 5 elements locally. Then (Figure
3(c)), processors P; and Pj need to communicate in order
to perform Bitonic mergesort for the larger sorted sub-
sequences. In particular, each processor in the
communication pair (P; and P;) sends its workload (data)
to and receives another workload from its partner. Finally
(Figure 3 (d)), after performing communication Bitonic
merge sort, P; stores the minimum sub-sequence and P;
stores the maximum sub-sequence. However, the
communication time of this Bitonic mergesort is not
efficient because in some cases processors P; and P; do not
need to send/receive data. Hence in 2001, the
communication-efficient Bitonic Sort [8] was introduced
to improve the communication time. In that study, there
are three patterns of the compare-split communication: 1)
hold pattern (no data sending/receiving), 2) swap pattern
(sending/receiving all local data), and 3) partial pattern
(sending/receiving partial data).

2.2 Parallel Odd-Even MergeSort

Odd-Even mergesort is another parallel sorting, which is
simple for any sequence (of N elements). The network
odd-even merge sort for P processors (P = N) consists of
N/2-comparator stages. In each stage, there are two
parallel (odd/even) steps: 1) Odd index compared
neighbors and 2) Even index compared neighbors. Figure
4 shows the communication network of the Odd-Even
mergesort with 8 processors (P =N = 8).

Processors

et 0 0 0
wa 1 1 §
od 1 N
i

a1

47

100

e § I §
Pl il

1 S$1odd S 3o0dd S 5o0dd S 7 odd
S2Even S4Even S6Even S8Even

Figure 4. Odd-even merge sorting with 8 processors.



Definition 3: A comparator stage S is a composition of
comparators. Sequence ay, ..., ax.; of length N >1 whose
two halves ay, ..., anp. and axp, ..., ang are sorted.
Assume N is a power of 2. Apply odd-even merge (N/2)
recursively to the even subsequence ay, a,, ..., ay; and to
the odd subsequence a, a3, , ..., an.1.

In practical (when P < N), each processor (P;) is
responsible for local sorting with a workload (of N/P
elements.)  In 2007, a new parallel sorting algorithm
(P <N) was introduced, based on the odd-even mergesort
algorithm, called “partition and concurrent merging”
(PCM), with local quick sort [2]. However, the PCM
algorithm showed the improved results in some cases
when using two processors. Therefore, the efficient
communication introduced in [8] can be applied in that
PCM algorithm to improve the communication time.

3. New Communication-Space Efficient
Parallel Sorting

In this study, we focus on practical sorting (P < N), which
consists of two parts of sorting: 1) local sorting (for N/P
elements) and parallel merge-sorting (of P processors). In
the 1% part (local sorting), we apply the quick sort. For the
2" part (parallel merge-sorting), we propose the new
communication-space efficient (CSE) strategy and apply
in Bitonic mergeSort (BS) and Odd-Even mergesort (OE)
and hence our new parallel algorithms are 1) the CSEBS
(Communication-Space Efficient Bitonic Sort) algorithm
and 2) the CSEOE (Communication-Space Efficient Odd-
Even mergesort) algorithm. Our communication-space
efficient method consists of three communication patterns
for the merge-and-split operation: 1) hold pattern, 2) swap
pattern, and 3) new efficient partial pattern. Our new
efficient partial pattern, the last one, is proposed to reduce
not only communication time but also the amount of data
exchanged and memory storage. The first two patterns,
which hardly occur, are adopted from the previous study
[8]. Each of three patterns is illustrated as follows:

Hold Pattern

The hold pattern occurs when two communicated
processors P; and P; hold local data sub-sets that satisfy
the merging condition and hence processors P; and P; do
not need to exchange their local data.

Min, Max,  Min Max
a[3]s]o]s]o]nlo]3]s]s]s]nlo]3]5]9]2 164
Miny Max;  Min; Max;
A [20] 18] 6] 17]24] P[] 17 18] 20 a4 P [16]17] 18] 2[4 [0 ]3]
(@) (b} ©
Figure 5. Hold Pattern.

For example (Figure 5), if N/P = 5 then processors P; and
P; hold five elements {3, 5, 0,13,9} and {20,18,16,17,24}.
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Figure 5(a) and (b) show initial local data and local sorted
data in processors P; and P;. Before data exchange
between P; and P; (Figure 5(c)), processor P; sends (Min;,
Max;) = (0, 13) to P; and processor P; sends (Min;, Max;)
= (16, 24) to P;. Then, processor P; is compared Min; (16)
to Max; (13). In this case, the hold pattern is satisfied
since Min; is greater than Max; and hence no data
exchange.

Swap Pattern
The swap pattern occurs when two communicated

processors P; and P; hold dual local data that satisfy the
exchange condition with no overlapping and hence
processors P; and Pj need to exchange their local data.

o[ 7o ] o[e7 s W[
(a) (b)
Miny

Maxi - Min; Max;
P.‘19‘21‘22‘27‘29H6‘15“6‘7‘8‘14‘15‘ o678 14]15]
.
Max; Min, Max,
r 67 )8 1e1s|[19]20][1s ]2t [m]2z] 0] Pil1g|21]22]27]2]
(c) (d)

Figure 6. Swap Pattern.

For example (Figure 6), if N/P = 5 then processors P; and
P; hold five elements {21,22,19,29,27} and {14,7,6,15,8}.
Figure 6(a) and (b) show initial local data and sorted data
in processors P; and P;. Before data exchange between P;
and P; (Figure 6(c)), processor P; sends (Min;, Max;) =
(19, 29) to P; and processor P; sends (Min;, Max;) = (6,
15) to Pi. Then, processor P; compared Max; (15) to Min;
(19). In this case, the swap pattern is satisfied since Min;
is greater than Max; and hence total data exchange is
required.

Our New Efficient Partial Pattern

The new efficient partial pattern is activated when two
communicated processors P; and Pj hold local data that
satisfy the exchange condition with some overlapping
sub-sequences in the merged result and hence processors
P; and P; need to exchange their partial data.

Then, only one of two processors (P = P; or P;) that
has the minimum amount of partial (sent) data (of size ny),
satisfying the condition n, = min (ng, N/P - ny), is the
sender with at most “/op elements. After the
corresponding receiver performs the merged result, it also
sends the minimum amount of required data back.

But in the previous study [8], both P; and P; sent their
partial data to corresponding partners with at most ("/p)-1
elements in one processor (in worse case). That pattern
required twice extra space for receiving partial data in
both processors. Therefore, our new efficient partial
pattern can reduce both communication time (in sending
minimum amount of data) and save memory space (in
receiver only).  Clearly, this new pattern strategy
(compared to [8]) can save memory space up to 50%.

For example (Figure 7), if N/P = 5 then processors P;
and P; hold five elements {6, 1, 11, 15, 8} and {16, 20,




13, 10, 12}. Figure 7(a) and (b) show initial local data
and local sorted data in processors P; and P;. Before data
exchange between P; and P; (Figure 7(c)), processor P;
sends (Min;, Max;) = (1, 15) to P; and processor P; sends
(Min;, Max;) = (10, 20) to P;. If Max; (15) is more than
Min; (10) then in parallel processor P; and P; will find the
minimum amount of partial (sent) data, which are (11, 15)
and (10, 12, 13) respectively and hence only processor P;,
which has less amount of (sent) data, will be the sender to
corresponding receiver (P;). Finally (Figure 7(d)),
processor P; will perform the merge data and send the
minimum required result (10, 11) back to P;.

o[e ]t mln]e] Lo s m]]

(a) (b)

P ﬂﬂ
Min; Max;  Min; Max
PJ|10|12|13|16‘20H 1 ‘15‘ ‘11‘15‘ PJ‘12‘13‘15‘16‘20‘
© (d)
Figure 7. New Efficient Partial Pattern.
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4. Experimental Results

In performance evaluation, we have implemented our
communication-space efficient parallel sorting approach
(the CSEBS and CSEOE algorithms) by using MPI
(Massage Passing Interface) library on the SGI
Origin2000 system. In our environment, the system
consists of 8 processors (MIPS R10000 and R12000) with
2 GB RAM, connected via a high speed 1.56 Gbps
processor connection and 780 Mbps memory connection.

A number of experiments were performed by varying a
number of processors (P = 1, 2, 4, 8) and various problem
sizes (N = 10, 20, 30, 40, ..., 100 millions). In each
tested case, a number of iterations with different
(generated) data were executed and average performance
results were computed in terms of average response time,
average speedup, and average efficiency, where speedup
S = T,/Tp and efficiency E = S/P, T; is the executive time
of running sequential program on one processor and T, is
the executive time of running parallel program on P
processors.

In each experiment, evaluated results of our new
proposed algorithms (CSEBS: Communication-Space
Efficient Bitonic Sorting and CSEOE: Communication-
Space Efficient Odd-Even mergesort) were investigated
and hence were compared to those of existing approaches
(CEBS: Communication-Efficient Bitonic Sorting [8] and
OE: Odd-Even merge sorting or PCM (Partition and
Concurrent Merging) [2].)

Table 1 showed the average response time (T,) of our
CSEBS and CSEOE strategies and recently strategies (OE
and CEBS) for various problem sizes N = 10’ up to 10°
elements and various processor P = 1, 2, 4, 8 processors.
When fixing the problem size (N) and increasing a
number of processors (P = 2, 4, 8), the average response

time of all methods decreased. When fixing a number of
processors (Ps) and increasing the problem sizes (N = 10’
- 10%), the average response time of all methods increased.
Among all 4 methods (CSEBS, CSEOE, CEBS, OE), our
CSEBS strategy yielded the best results (or minimum
response time), which were improved over those of the
OE and CEBS methods at least 24% and 11%
respectively.

Table 1. Response Time (seconds) of 1, 2, 4, 8 Processor
(s) and 107 — 10® Elements

N ol i [P TR ToE) T o)
Million OE |CEBS|CSEOE|CSEBS
2 2.79 | 1.99 1.95 1.64
10 |(4] 2.96 | 2.54 | 1.38 1.57 1.06
8 1.88 | 0.54 0.94 0.42
2 3.73 | 2.94 2.98 2.17
20 |4] 446| 3.11| 1.50 1.85 1.28
8 1.92 1 0.85 1.02 0.72
2 5.64 | 4.34 4.25 3.72
30 (4] 6.62 | 4.86| 3.02 3.18 2.51
8 2.89 ] 1.96 1.76 1.03
2 7.00 | 5.34 5.18 4.36
40 |4] 7.53 | 4.70 | 3.59 3.22 2.92
8 3.68 | 1.75 1.75 1.27
2 8.80 | 6.58 6.76 5.92
50 |4]11.09| 5.96| 4.89 4.37 3.36
8 4.23 | 2.05 2.08 1.85
2 9.94 | 7.85 7.79 6.97
60 [(4]13.14( 7.17 | 5.32 5.48 4.42
8 4951 3.19 3.10 2.06
2 11.08| 9.49 9.95 8.76
70 |4]16.51| 8.17 | 6.29 6.32 5.58
8 6.27 1 4.10 4.11 3.07
2 12.20{ 10.69| 11.39 | 10.08
80 |4]19.08| 8.84 | 7.16 7.38 6.60
8 6.27 | 4.80 4.75 3.99
2 13.75| 11.60| 12.77 | 11.00
90 |4]21.41|10.50| 8.21 8.78 7.62
8 8.41 | 6.16 5.18 4.12
2 16.30| 13.69| 13.93 | 12.92
100 (4]25.50(11.46| 9.87 9.86 8.76
8 9.59 | 7.29 6.19 5.05

When fixing N = 100 million elements and varying P = 2,
4, 8 processors, the response time, speedup, and
efficiency of our and existing methods were illustrated in
Figure 7, 8, and 9 respectively.

‘+OE -+ CEBS —+ CSEOE —=—CSEBS

TN
15 \\
10 e
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Figure 8. Response time of all methods (N = 100 M)




Figure 8 presented the average response time of all
methods (CSEBS, CSEOE, CEBS, OE) and our CSEBS
performed the best (or minimum) response time, which
improved over those of the OE and CEBS 20% and 6%
when using P = 2, 24% and 11% when using P = 4, and
47% and 31% when using P = 8, respectively.

‘+OE —*— CEBS -+ CSEOE —=— CSEBS
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Figure 9. Speedup of all methods (N =100 M)

Figure 9 showed the average speedup of all methods
(CSEBS, CSEOE, CEBS, OE) and our CSEBS yielded
the best (or maximum) speedup in all test cases (P = 2, 4,
and 8). In particular, when using P = 2, the speedup of
the CSEBS is 1.97 closed to 2 (ideal case), while those of
the CSEOE, CEBS, and OE methods were 1.83, 1.86,
1.56 respectively. When increasing a number of
processors (P = 4, 8), the speedup of all methods
increased but in decreasing rate because the more
processors used, the more communication time required.
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Figure 10. Efficiency of all methods (N =100 M)

Figure 10 showed the average efficiency of all methods
(CSEBS, CSEOE, CEBS, OE) and our CSEBS yielded
the best (or maximum) efficiency in all test cases (P = 2,
4, and 8). Especially when using P = 2, the speedup of
the CSEBS is 0.99 closed to 1 (ideal case), while those of
the CSEOE, CEBS, and OE methods were 0.92, 0.93,
0.78 respectively. When increasing a number of
processors (P = 4, 8), the efficiency of all methods
decreased because of the more communication among
processors.
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5. Conclusion

In this study, we introduce a new efficient data-exchange
process and applied in two popular parallel sorting
algorithms (Bitonic sort (BS) and Odd-Even mergesort
(OE)). Our proposed algorithms are 1) the CSEBS
(Communication-Space Efficient Bitonic Sort) algorithm
and 2) the CSEOE (Communication-Space Efficient Odd-
Even MergeSort) algorithm.

A number of experiments were performed on the SGI
Origin2000. The experimental results showed that in all
tested cases, our proposed CSEBS algorithm yielded the
improved results over those of the best of existing
algorithm (CEBS: Communication-Efficient Bitonic
Sorting) at least 11% (P = 4) and at least 31% (P = 8) and
also can save memory space up to 50%.
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