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Abstract

we study numerically and asymptotically dimension reduction of three-dimensional (3D)
Gross-Pitaevskii equation (GPE) for Bose-Einstein condensates (BEC) in certain limiting trapping
frequency regimes. As preparation steps, we take the 3D GPE, scale it to get a three
parameters model, and review how to reduce it to 2D GPE in disk-shaped condensation or 1D
GPE in cigar-shaped condensation. Then we compute the ground state of 3D GPE numerically
by a normalized gradient flow under backward Euler finite difference discretization and verify
numerically the formal dimension reduction for ground state. From our numerical results, for
relative errors of the interaction parameter, we observe numerically the convergence rate of 3/4
with respect to Yz for dimension reduction from 3D to 2D, and respectively, of 1/3 with respect
to yr for reduction from 3D to 1D, when the ratio between trapping frequencies goes to infinity.
Furthermore, we obtain Thomas-Fermi and first order approximations for energy and chemical
potential of the ground state for d-dimension GPE with =1; 2; 3. Then we classify
approximations of the ground state of 3D GPE in three cases based on the ratios between the
trapping frequencies: i). isotropic condensation; ii). disk-shaped condensation; iii). cigar-
shaped condensation. Approximate ground states as well as their energy and chemical
potential are provided explicitly in weakly, intermediate repulsive and strongly repulsive
interaction regimes. These results are fully confirmed by our 3D numerical results. Also,
convergence rates in relative error for all interacting quantities are observed and reported.

Finally, we study dimension reduction of time-dependent GPE from 3D to 2D numerically
by a fourth-order time-splitting sine-spectral method. Our numerical results confirm the formal
dimension reduction for time-dependent GPE and also suggest convergence rates in limiting

trapping frequency ratios.
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7=yr

28



29

3.6 3.10 3.6 310 P>0Yra-Yy=>2» 1
Pyrl = 0(1)
Asn e (PBUTIM Pi- PEL= 0 (pIBLT
P V Yrs
\\<foafy,z) - $&{y,z.)\\leo=0 ("~ 713 T7)?
lI<My,*) - fftjg(y )ik 0 / RU3lirTr\
lIfc3 (" z)\i = )’
ihiy.z) - )2{y,2)[|L| o (PUBTLBINTY),
[1023(y7*)- (033)My.aQILL =0 //21/3InTr
~m A s\ /i F = )
(3.11) P
023(y>2) 023(y>z) 0 Yr-*+00
33 GPE
3D GPE ( 2.5), 2D GPE ( 3.5) ID GPE (
3.11)
*— = ~2A0(x™) +Vri(x)OCM) + rd|*(x, )|V (x, f)> 1

Ax,0) = 00x), " xe ldl_“d= 123,

pl
X2, d=l,
M) - < (224 1Ay, d=2,
(* 4+ Ty2+ 72%), O3

(- 3 ~>OMadx = N(ipo) = | s Mo2dx = 1, £> 0,

(375)



[iv<H2+ vic)j62+ [n(>r 0% = Ego, >0

............... (3.16)
w(xt) =eV(X), @
0 (317)
(3.13) (3.15) 0(x)
W) 77 A SRRUIBEIR0, NE * 519
NG 4 M12= £ I<elidkix=1.
(3.19)
| nonlinear eigenvalueproblem eigenvalue
eigenfunction 0
= 14) = JE[H[W {x)]2+ V>)Wx)[2+ &<i<X)r dx
¥ ) (3.20)
Eint(0) )
14 )= TN
(3.21)
(weakly interacting condensate) , Pd = o (1)
(3.18) harmonic

oscillator approximation



3l

= -JANM(x) +va(x)#>(x), XeRa

(3.22)
(3.22)
1, d=1,
1+ lyi =2,
L+ 7y + Tz (TyTz)Me " 2+vieT2  d=3.
(3.23)
(3.13)
error 0(f)
(strong  repulsive
interactions) , p » 1 diffusion term (3.13)

Thomas-Fermi (TF)

oY &y (x)= Kr(x)#F(x)+Ai*rwivrw . x€Rd

(3.24)
(3.24) TF
vd{x) <
otherwise. 325)
(3.25) (319) 0= 0gF [7]
(3.26)
0FF(x) (differentiable) ~ Vd(x)=nY [2]

FOgF = 0 3.16)



TF

(3.25) (3:20)

PF_J2E(t)=M )-8, «

(321)

kf-

3

.......... (327)



oscillator

412

4
3D GPE =3
V(X) = M(x2+ Yy2y 2+ Y2222) ', X = (x,y,1) n. Yy
isotropic shaped condensation
isotropic shaped condensation Yy—0(1)  Yz=0(1)
Qy« O (K « O)x
P=0(1) hamonic
M *) - XEHS )
Ea~ . ([T T1) ¢ ML 2
(LY T2 +0fp) 43
P» T
= 1M577,1 25 Mx)a | - V(™ P, V()< ",
otherwise, )

e«fl+  (ta3+ft)-\27+0 (), 0» 1



Yy = Yz — 1 (45) (46)
[1

4.2 disked-shaped condensation

disk-shapedcondensation vy = 0(1) Yz » 1{<=>
(x)y ~0JX 0J2 ~<JL>X)

fo~yt-f, <MY~ Mx,y3°0) with0s°(z) =" e 7~22

...................................................... (47)

Z 7 (—00,00)

1asxy) = -1 AD+ v, ot p2 24 (x,y) B2

K2(x,y) = 2(*2+ Kyy2) ~ r2= 2DGPE

421

72 = 0(1)
harmonic oscillator

o)~ 012 (hy)03°(2) = Xew 49



e+ o+ (B - e 1p+ o (IH i)

p.«y + +0 « =\ 4 00 ') %o «

............................ (4.0,

............................................................. (4.10)

422

172 >> 0

O»(x) ~  B(x):=02D0,y)03°(*), X6 R3,

B, * Ef =B (*f(xn)% )=/ +£Sa>Wh:= | +Ef

o« ME= MO0, A0 )=+ 0 =1k

Ef=jv [i|V(6fI2+ v2did 4
< =jkgVESTHVI(Y)TRE & *t o dnay.

0gD, lUp
2 2
(412), (413)  (4.14)
(4.13) BEFD (r,z) e [0IR] X [-a, ]
(2.22) R a 31 P Yz
3D GPE 2D GPE r £10,/7]

31 0g(xy, z)n  08D(x,y)

2.21)



03°(2)
08D(x,y) 05°(z)

/.1 error
disk-shaped trap
1 1
Yz 25
03=1 2.71165x10'3
rate
03 =10  9.9580xI0'3
rate
03 =100  1.8283X102
rate
03 = 1000  2.9793x10?2
rate
03 = 10000 3.8178x102

rate

tax

1

100
1.6256x10"3
0.37
4.4016x10°3
0.59
1.8510X10'3
0.61
1.3614x10'2
0.56
2.1891X10?2
0.40

S

1

400
8.6990x104
0.45
1.8771X10'3
0.61
3.3251x10"3
0.62
5.8602x1073
0.61
1.0138X10"2
0.56

Oglx.y.2)

1

1600
4.6582x10"4
0.45
1.8922x10'4
0.63
11.4279x10"3
061
2.5056x10"3
0.61
4.8558X10'3
0.53

0gS(x) n=

3D



Yd2
3D

1

Y7

03 =1
rate

03 =10

rate

03 = 100

rate

03 = 1000

rate

23 = 10000

rate

error

1
25
3.0733X10'3
1.7851x10'2
6.5043x10'2

0.19508

0.47323

1

100
1.3850x10"3
0.57
6.8785x10"3
0.69
2.3857x10"2
0.72
7.4657x10"2
0.69
0.21564
0.57

Mmax (05)2-(0f )2
disk-shaped trap

1

400
5.8874X10'4

0.62
2.5500X10'3

0.72
8.5544xI10'3

0.74
2.7047x10"2

0.73
8.3192xl0°2

0.69

1

1600
2.4139X10'4

0 64
8.4851x10"4

0.79
3.0379x10"3

0.75
9.6342x10"3

0.74
3.0162x10"2

0.73



43

43
disk-shaped trap

1

Yz

03 =1
rate
03 = 10
rate
03 = 100
rate
03 = 1000
rate
03 = 10000
rate

Convergence rate

error  |[Eg —EgSI
1 1
25 100
Z2.5SO0XI0'4 1.9100xI0"4
0.21
7.1493x103 3.9211X10'3
0.43
8.3553x10'2  4.3013xI0"2
0.48
0.79026 0.42380
0.45
6.3418 3.9073
0.35
IEg —EgSI

d

1

400
1.1598x10"4
0.36
1.9933x10'3
0.49
2.1584x102
0.50
0.21651
0.48
2.1104
0.46

Yl

3D

1
1600
4.6241x10°’5
0.66
9.2032x10"4
0.56
1.0604x10"2
0.51
0.10841
0.50
1.0662
0.49

38



44
disk-shaped trap

1

Yz

03=1
rate

03 =10
rate

03 = 100
rate

03 = 1000
rate

03 = 10000
rate

44 convergencerate  k

41

p> 0,yz> 1

error  IHg -

1
25
7.0581x10"4
1.5620X10'2
0.16745

1.5391

11.748

44

O0yz3/2 = 0(1)

ft-*1-0

HgSI
1 1
100 400
5.0744X10'4 3.0116X10'4
0.24 0.38
8.2793xI0'3 4.1715X10'3
0.46 0.49
8.6323x102 4.3446x10'2
0.48 0.50
0.84043 0.43244
0.44 0.48
7.5786 4.1793
0.32 0.44
)
41 44
23 =0 (-,

39

3D

1
1600
1.2072x10"4
0.66
2.4183x10"3
0.39
2.1534X10'2
0.51
0.21765
0.50
2.1416
0.48

I )2- <52 =0

Tl



423

2y 1

TF Xy
harmonic oscillator VA

Ax) ~ >FL(x) = 2D (x <>z’ (*)> X G M3,

(4.15
V(j*2D - oy, V2XY) <
0 otherwise, (4.16)
N I -5 5 A NCS N =N\ W
w148 (330 d=2 @1, @2 d=2
m = py .16
)
|
= 9+ o AR
Y 2 kR
A /13 o %
) 3§ Iry)\f2+ H2n *+GZ)+0("§
L& / éﬂ%fﬂ FHAE N oT e a4 o
1TFl 4 ¢ In(3272) 1 /3In 12
T (4.18)

mTFI 722 . 2347 ;élz\g}sf?,)lm 722 | §TJF
= + - = + ‘
! (4.29)



41

.o~ JTFL1Q | In(/3272) 31 72 1
A N\ N\ ’
+ ) + # (420

LTFL=T* |, ™»l2(/ )l =7 TF
A= 2+ 2VVIE = 2+ ' 1421)
(4.15), (4.18)  (4.20) (4.13)
BEFD d=3 0g(x,,2)
03 °(Z) (53) 0gF(x >y) (4.16)

Og(x,y,z)  07FL(x,y,z) = 0ZB(x,Y) 03°(2)



45

/73 = 100
rate

/23 = 1000
rate

/23 = 10000
rate

error

disk-shaped trap

1

25
0.58819

0.1639
9.2648 102
0.19484

0.47092

(05)2- (OjFl )2 L1

1
100
0.41360
0.25
0.10752
0.30
4.5162xI10'2
0.52
7.5742 X102
0.68
0.21356
0.57

1
400
0.27900
0.28
7.1278 XI0 2
0.30
2.3347x10°2
0.48
2.8252 XI0'2
0.71
8.1421 xI0'2
0.69

1
1600
0.18477
0.30
4.7097X10'2
0.30
1.2906X10'2
0.43
1.0454 XI0'2
0.72
2.8627 XIO'2
0.75



46

disk-shaped trap

1

03 =1
rate
03 = 10
rate
03 = 100
rate
03 = 1000
rate
03 = 10000
rate

convergence rale

error

1

25
0.61409

0.31540
7.9214 xIO’2
0.73168

6.3193

IEg —Eg"I

IEQ -

EgFL)

1

100
0.51950
0.12
0.24876
0.17
4.5162x10'2
0.41
0.38127
0.47
3.8930
0.35

1
400
0.41888
0.16
0.18610
0.21
2.3347x102
0.46
0.19196
0.50
2.1096
0.44

3D

1
1600
0.29887
0.24
0.10594
0.41
1.1733X10'2

0.51
0.11818
0.35
1.2518
0.38

43
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4.1 !
disk-shaped trap

Convergence rate

error lrig —HgF11
1 1
25 100
0.48380 0.38452
0.17
0.20034 0.15591
0.18
0.12140 8.0114X102
0.30
0.5039 0.81591
0.44
11.735 1.5715
0.32
\ng —HgF11 6)

1
400

0.69287
0.11214
0.24
4.1908x102
0.47
0.42166
0.48

4.1839
0.43

44

Kip)

1

1600
0.18647
0.32
4.7083 x10"2
0.63
2.0630x102
0.51
0.23790
0.41
23312
0.42



45

45

4.6 @>01vz>1 pyr32=
1 ") =0
I"-0 = 0 te +£
(4.18) (4.20)

0[(x) Y2500 (>0



dynamics GPE

dynamics GPE four-order time splitting sin-

spectral method (TSSP) 3D GPE
2D GPE
5.1
ID GPE TSSP
2 tensor grid ID GPE
Dirichlet
LY ¥ xx+yV’+A|V’|V, a<X<b 150
(5.1)
A (an t) - 0(61 |) I 0) £> 0, (52)
t)(x,0) = "o(x), a» x~b. 53)
spatial mesh - size NP DT = M
timestepk = At> 0 (grid-point) time step
Xj—atih, tm—nk, j=01M = 01,20
’ 1 (p(xy, tn) On
t = tl=nk <"
t=1 t = tn+l GPE (41) idt(p = A(p + Bep



4

rasp 2

(55)

#(X,E) = an=KI(X)MX,1) + [ a™(X,%)[fy(X,1).
(.5) discretized 1 1SSP exactly
te[mtnl] ~ ODE (56)

= v{x)Ip{x.i) A F3\VVj(x, )\ 211(x, 1),

fourth-order time-spliting sine-spectral method (TSSP)

t=tl t=tntl splitting step TSSP fourth-order
time-spliting  sine-spectral method 13,69] GPE ~ (5.



2) — 6-i20M V (¢)+I30\2M)n 5

+2 = E sin(M(fe - «)) ,
1,(3) _ e~i2w3k(V(xj)+0lipj2"2) ¢ )

I>f=E ¢ "IW? ) Sq)). =12, 0IM - L,

$(5) _ 6-*2 3fc(Vqg)+3V>]4)2)  (4)

Nb) = sin®ife - a)) ,

$H+1 — 6-*2tuifc(V(xF)+/3]6)2)",(6)

r*8)

1= 033780 1797989914 40851, ~ ax = 0.67560 35959 79828 81702
<3=-0.08780 17979 89914 40851, = -0.85120 71979 59657 63405

5.2 GPE
GPE
dynamics GPE 52 P3D(X, ¥, 7, 1)
3D GPE  (2.5) YX=Yy=2/ =100 <Po(x.y,2)
(314)  d=3 (25  yx=Yy=1, =100
<2D(X,y 1) 2D GPE  (3.5) Yx=Yy=2,3=
<Po(x.y) (314)  d=2 (3.5)

Y- Yy=1

43
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AD(X, Y,z N2 dxay) ~4\{z) = () T e-Tiz2l2,

.................................... 59)
03D(x,t) « $DS(x£) := "D(x2/1)<$j°(z),  Xe R3, &~

condensate widths

s =] €0y, CB)=Jd a2"t (xi)2ck  a=ylz

................................................... fj./l
tp2D  (p3D TSSP k=0.001
[-RX,RX] X [-Ry,Ry] X [~RZRZ] Rx = Ry 3D GPE
[~RX,RX] X [=Rx,Rx] ply) [eRE
Rx %2 5.1 yz mesh
3D GPE 1283 2D GPE 1282
5.1 Rx % y1
v 8 16 LY o4

p:]_m Rx = 54, Rx = 54 Ry=56RZ=18 Rx=60,R2=13 Rx = 6.2,Rx =09



5.1 errors  \ax —ax 1= 10y —0y\,02—02 = 0z —~ 10X —
0X, (p3p(o.tyj2- |KPDS(0, t)2| maX  03- 03°100 Yz



5.1

convergence rate

* {)-<&° ()WL~ = 0 (

tp)

3D GPE

) o*® -

2D GPE Yz »

t("p)°

1

5l



52

6
3D GPE BEC
3D GPE 3
2D GPE disk-shaped
condensation ID GPE
cigar-shaped condensation 3D GPE

relative errors

ya
GPE

3D GPE
condensation

TSSP

backward Euler finite difference discretization [2]
(convergence rate)

yZ 3D GPE 2D
(convergence rate) 1/4 Yr
3D GPE ID GPE ratio been trapping frequencies
Thomas  Fermi
GPE 2 3
isotropic condensation, disk-shaped

cigar-shaped condensation

(-convergence rate) relative error

3D GPE 2D GPE
fourth-order time splitting sine-spectral method

(convergence rate) trapping frequency ratio
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