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ABSTRACT

- Mathematical rough set theory has attracted both practical and theoretical
researchers. A significant extension of rough set theory is called flow graphs, invented
by Zdzislaw Pawlak (1980). It is a knowledge representation in the form of
information flow. Mathematical flow graphs are in soft computing area which provides
lesscbmplexity,ﬁmmdrmnm.ﬂns,ﬂowgnphisapmmisingapmoachw
analyze data flow, decision trees, decision rules, probability learning, etc.

In this research, we present their connections to pertinent techniques and
propose a new extension. We discuss some important properties of flow graphs.
Several coefficients: strength, certainty and coverage are analyzed to students’ score

successfully.
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I. INTRODUCTION

OUGH set theory was introduced by Zdzislaw Pawlak in the early 1980’s [1]. The crux of
Rrough set theory is the novel use of approximations to cope with uncertainty. A significant
extension of rough set theory is called flow graphs. Rough set theory formed the basis of flow
graphs later in the early 2000s.

Pawlak’s flow graphs are different to flow networks introduced by Ford et al. that do not
analyze optimal flow [2]. Flow graphs represent the model of information flow from the given
data set. The branches of a flow graph can be constructed as decision rules [3]. With every
decision rules, there are three associated coefficients: strength, certainty and coverage. These
coefficients satisfy Bayes’ theorem. We can also discover dependency and correlation within
a data set without reference to its probabilistic nature by using flow graphs [4]. Pawlak also
proposed a new approach to data mining and knowledge discovery based on information flow
distribution. In [5], Pawlak shown that a decision tree can be constructed as a flow graph.
The author concluded that such a flow graph provides better structure of data compared to a
decision tree. Pawlak revealed the relationship between flow graphs and probability. Pawlak
revealed the relationship between flow graphs and probability. Rough sets also closely related
with modus ponen (MP) and modus toliens (MT) inference rules [6], [7]. Preference analysis [8],
rule analysis [9], propositional calculus [6], [7], data mining [S], [10] and granular computing
[11] were analyzed by flow graphs efficiently. Essentially, Pawlak interpreted the union of all
inputs z of y as the upper approximation of y and the union of all inputs z of y such that
cer(z,y) = 1 as the lower approximation of y [8].

Fuzzy set theory was introduced by Lofti Zadeh in 1965 [12]. A fuzzy set is a class of objects
with a continuum of grader of membership. The characteristic of membership function of a
fuzzy set is permitted to have value in the interval [0,/]. If A is a classical set, its membership
function can take on only two values 0 and /. It can be understood as a vague boundary set
theory. Recently, fuzzy set theory and its applications were developed extensively and fascinated
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attention [12]. In real world data analysis, if collected data is in the form of fuzzy attributes, then
it can be represented in the decision table with fuzzy attributes. We can analyze this decision
table by applying concepts of fuzzy set. Alicja et al. introduced a concept of fuzzy flow graphs
in [13]. Their approach allowed computation not only for descriptive attributes but also for fuzzy
attributes in flow graphs.

Pawlak’s flow gmph is a useful tool for knowledge discovery and has been successfully
applied in many areas. Within the past decade, there has been much research about theoretical
aspects of flow graphs which explored the complementary nature of their properties and other
mathematical theories. At the same time, flow graphs applications became larger and more
complex. Nevertheless, an integration of flow graph and fuzzy set is still an open problem.
Thus, we introduce how to calculate certainty, coverage and strength coefficients of decision
rules from fuzzy attributes in a flow graph. Furthermore, we relax concept of mutual exclusion
and introduced four new propositions of certainty and coverage coefficients for decision rules.
These coefficients are extracted from flow graph with fuzzy and descriptive attributes.



II. ROUGH SET THEORY

The theory of rough sets, proposed by Pawlak, provides a formal tool to deal with impre-
cise or incomplete information. The following rough sets preliminary is taken from [1]. This
mathematical theory formed the basis of flow graphs later in the early 2000s [3], [5], [71, [8],
[14].

In rough set based data analysis, the equivalence relation in an approximation space is com-
monly interpreted via the notion of information system. Rough sets are based on an information
system (data table). More formally, it is a pair S = (U, A), where U is a nonempty finite set
of objects called the universe and A is a nonempty finite set of attributes such that a: U — V,
for every a € A. The set V, is called the domain of a. Any subset B of A determines a binary
relation I(B) on U called an indiscernibility relation. It is defined as (z,y) € I(B) if and only
if a(z) = a(y) for every a € A, where a(z) denotes the attribute value of element z. If (z,y)
belongs to I(B), z and y are called B-indiscernible. Equivalence classes of the relation I(B)
are referred to as B-elementary sets (or equivalently B-granules, for more granular computing
studies please refer to [8], [11]).

If we distinguish an information system to two disjoint classes of attributes, called condition
and decision attributes, then the information system will be called a decision system, denoted
by S = (U, C, D), where C n D = 4.

Suppose we are given an information system S = (U, A), X C U, B C A and B(X) describes
X in the terms of attribute values from B. We can approxixnate X using the information in B
by constructing the B-lower and B-upper approximations of X, denoted by B,(X) and B*(X)
respectively. They are defined as

B.(X) = U,ev {B(X)| B(X) € X},

B*(X) = Usev {B(X)| B(X) N X # 0},



respectively.

In addition, the set
BNp(X) = B*(X) — B.(X)
will be referred to as B-boundary region of X.

As we can see from above definitions, they are expressed in terms of granules (small pieces) of
knowledge. The lower approximation is the union of all granules which are entirely included in
the set. The upper approximation is the union of all granules which have non-empty intersection
withthesetThebomdarymgionisthediﬁmmcebdwemupperapproﬁmaﬁmmdlowa
approximation.

If the boundary region of X is an empty set
BNg(z) =0,
then X is crisp.
In contrast, if
BNp(X) # 0,
then X is rough.

Pawlak also discussed two numerical characterizations of the imprecision of a subset X. More
studies involve rough sets are in [1], {3], [}, (6}, 7}, [8]. [10], [14].



III. Fuzzy SET THEORY

Lofti Zadeh proposed a new mathematical approach to handle vagueness called fuzzy set
theory in 1965. It provides a better mechanism to describe behavior of data which is too ill-
defined to admit precise mathematical analysis by classical approaches. The following fuzzy set
theory concept is taken from [12].

Let X be a space of objects and z be a generic element of X. A fuzzy set A in X is
characterized by a membership function, pa(z) — [0,1]. The nearer the value of p4(X) to /,
the higher the grade of membership of z in A. Thus, fuzzy sets provide a convenient tool for
representing vague concepts by employing the fuzzy membership function. A crucial issue for
fuzzy sets applications is to express real-word problem by fuzzy sets attributes in decision table
and perform data analysis. In further discussions, we consider decision table with fuzzy attributes
in the form introduced in [13], [15].

Let (U, C UD) be a decision table with fuzzy attributes, U = {z;,7,,...,zy} be a finite
non-empty set of universe with IV elements, C' = {c;,¢s, ..., ¢, } be a set of condition attributes
and D = {d,,d,,...,d,} bea set of decision attributes.

The domain of the family of linguistic values of condition attribute c; denoted by V; =
{Vii:Vars .., Vi,, }, where n; is the number of the linguistic values of i-th conditions, i = /, 2,
..., n. The domain of the family of linguistic values of decision attribute d; denoted by W; =
{le, Wiz, - s Wi, }, where m; is the number of the linguistic values of j-th conditions, j =
1, 2., m.

In order to describe an element z € U with fuzzy attribute, its membership degree should
be determined. This process is called fuzzification state. In this state, for any element z, fuzzy
value of condition attribute ¢; and decision attribute d; denoted by V;(z) and W;(z) are defined



as
By (m) Py, () Hog (2)
Vilz) =\~ e TV and
Bw; (z) HPw; () Pwi ()
Wi(z) = {=2=, =2=, ..., 2. !
Wi, Wi, WJm_.,-

Furthermore, for any z € U we assume that values of V;(z) and W;(z) satisfy the following
conditions:

power(Vi(z)) =iy v, () = 1 and

power(W;(z))= S, pw, () = 1,
wherei=1 2, ..,n3=1 2, .., m.

An example of fuzzy values V;(z) of ¢; and fuzzy values W;(z) of d; is demonstrated as
shown in Table 1.

TABLE 1

DECISION TABLE WITH FUZZY ATTRIBUTES

c1 e = PR 1 [ ¥ dy dy e din.
z1|Vi(za)|Va(z1)] .. [Valz)|Wa(z )| Walz,)]| oo [Win(z)
T2 V;(zz) Vz(:l:z) )+ V,;(.’Ez) Wi(z2) Wz(z:) + ol Wil

1(zn)Va(zn ---]Yu(zN Wz )Wal(zn) .. Wa(zn)

'If the values of all attributes are singletons or disjoint intervals on the original domain of aitributes, then we obtain a classical

crisp decision table.



IV. FLOwW GRAPHS

A flow graph was introduced by Pawlak. In this section we present basic definitions and some
properties of flow graphs from [3], [5], (7], [8], [10], [14].

A. Normalized Flow Graphs

A flow graph is an alternative representation of knowledge, more specifically the information
flow, in the given data. Several studies on traditional (rough set) flow graphs were in [3], [5],
[7], [8], [10], [14] and for fuzzy set theory {13], [15]. In order to demonstrate interesting
relationships between flow graphs and other disciplines, we consider normalized version of
flow graphs (consider o € [0,/] instead of R*). :

A normalized flow graph is a directed, acyclic, finite graph G = (N, B, o), where N is a set
of nodes, B C N x N is a set of directed branches and ¢: B — R* is a flow function, ¢(G)
is a throughflow of flow graph G and o B — [0,1] is a normalized flow of (z,y). The sirength
coefficient of (z,y) is given by

o(z,y) = L34,
where 0 < o(z,y) < .

The strength_of_branch x 100 can be understood as the percentage of a total flow through

the branch.

With every node z of a flow graph G, normalized inflow and outflow are defined as:
U+(I) = %%l = Zvel(z) O'(y, .’E), and

0—($) = t_—ic(,'%l = ZyGO(:) o(:z:, y)
Similarly, normalized inflow and outflow for the flow graph G are defined as:

0+(G) = 7—%5_')'1 = Ycer(c) 0+(z), and



0_(G) = 58 = Yeeo 7-(2)-
For any internal node z,
0+(z) = 0_(z) = o(z),

o(z) is a normalized throughflow of z.

With every branch (z,y) of a flow graph G, the certainty and coverage coefficients of (z, y)
are defined as:
cer(z,y) = %=Y and

o)
cov(z,y) = %ed

aly)

where o(z) # 0 and o(y) # 0.

Interestingly, properties:
Yyeo(z) cer(z,y) =1 and
Zyel(z) CO’U(.’E, y) y I,
are the form of total probability theorem, and
0(z) = Xyeo(s) cer(z, Y)o(z) = Lyeo() o(z,y) and
0(7) = Leera) cov(z,¥)0(y) = Loer) (2,9)
are Bayes’ rules [3], [5], [7], [8], [10], [14]. Moreover, cer(z,y) = <2E0W " and cov(z, y) =

o(z)
cer24)92) are holded.

Next, it is important to consider path and connection of flow graphs in some situations.

A (directed) path from z to y (z # y) in G, denoted by [z ...y}, is a sequence of nodes
Z1,...,%q Such that z; = ¢ and z,, = y and (z;,z;4,) € Bforevery i, 1 <i<n-— I.

The certainty, coverage and strength of the path [z, . . . x,] are defined as:

cer(z; ...z, = [175) cer(zi, Tiy)s

cov [z ...x,) = [} cov(z;i, Ti41) and

olz...y] = o(z)cer[z...y] = a(y)cov[z ...y

The set of all paths from z to y (z # y) in G, denoted by (z,y), is a connection of G
determined by z and y.

Its associated certainty, coverage and strength of the connection (x,y) are defined as:



cer (z, y)' = L. sle@ycerie- -yl
oV(z, Y)=Tpo. sjewmcovf- -yl and C o EE e
7 (2,9) = Tpo..sletea 92 - -9] = o(@)eer (2,9) = o@)eov (z,9).

\

&2 i Y o 1% v dl = AR VY 0oV & S o‘v v
wnanstluenasnanulidmiunisldnuimenis@nwivingu ldeugalmhlulddselerdsunisen

luinnsdilag Medu Snvwhudlyidaudauilen wazdesdnddudivesenaisynasiniinsialuly
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B. Decision Rules, Decision Algorithm and Flow Graph

In this section, basic concepts of decision rules and decision algorithms that can be used as
classifiers in logical form [4], [8] are provided .

Let S = (U, A) be an information system, for any subset B of A, there is an associated set of
formulas For(B). For(B) is built up from attribute value pairs (a,v) where a € B and v € V,.
For any ® € For(B), let || ®|| be the set of all objects from universe U satisfy ® in S. By means
of logical connectives AND (A), OR (V) and NOT (-), Pawlak [4] defined some inductively
properties as follows:

@V | = (2] U [P,

1@ A | =@ N [|¥]| and

-2l =U — [|2].

A decision rule in S is an expression in the form ® — ¥, & and U are referred to as a
condition and decision of the rule, respectively. For every decision rules, there are three associated

coefficients:
0’(@, \I') — card(||®|IN]|¥])

card(U) °

rd(||®fjn|| ¥
cer(®, V) = %‘D—m and

cov(®, W) = %(g%q%w [3]:

A set of all decision rules Dec(®,¥) = {®; — ¥;}"; n > 2, will be called a decision
algorithm if all decision rules are satisfied conditions:

(1) Mutually exclusive: for every @; = W; and &; — U, {|®{| N [|®,]| = 0 and || T, N %]
= @ for i # j,

(2) Admissible: |® A ¥|| # 0,

(3) Covering: Ui, ||®:|| = U and U, ||¥;|| = U.

A flow graph can be interpreted as decision algorithms [3], [10] and will be described as



)
follows. Let us assume that set of nodes of a flow graph is interpreted as a set of formulas,
denoted by ®, ¥ 2. Then every branch (®, ¥) can be understood as a decision rule ® — ¥. ®
will be referred to as a condition, whereas V is decision. Such a rule is characterized by three

coefficients stregth, certainty and coverage,
0’(4), ‘I’) — card(||®[I0]1¥])

card(U) ’

cer(®, V) = %{%’,‘Dﬂm and

cov(®, ¥) = =UBCKHD (3],

Next, a path, [®; ... ®,], is a sequence of decision rules ®; — ®,, Dy — P3,..., P, ; — P,.
As shown in [3], this sequence of decision rules can be interpreted as a single decision rule &,
d,...0, , — P, in short * — P,, where &* = &; A Py A... A P, _;. It is characterized by
three coefficients: '

cer(®*,®,,) = cer[®y...®,],

cov(®*,®,,) = cov[®; ... D, and

o(®*,®,) = o(®;)cer[®y ... B, = 0(D,)cov[®; ... D),

2The formulas can be viewed as propositional functions in logic [3].
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C. New Certainty and Coverage Coefficients for Decision Rules from Relaxed Mutually Exclusive

In this section, we apply concept of mutually exclusive in decision algorithm introduced by
Pawlak [3], [4] to find new certainty and coverage coefficients.

Let ||®;]| and |[¥;]l, i = 1, 2, ...n be sets of all objects from universe / which satisfy these
condition and decision attributes. If we want to connect any set of conditions (set of decisions)
by logical connectives AND (V) or OR (V) and find certainty and coverage of these decision
rules.

Then by Pawlak’s definitions of certainty and co&erage, the following Remarks 1 and 2 are
holded.

Remark 1: Let ® and ;, i = 1, 2, ...n be the set of condition and decision attributes, then

— card(|®|N(| V1 ||u...Uf| T )
1) cer(®,¥, V.. vW,) == card([81) k)

= cordI®0( ¥y n.. ¥af))
2) cer(®,¥; A... AT,) card (&) g

- card(@ (¥ [U...U] Y[}
3) cov(®,¥; V...V T,) card(91 0. Ol Fall) >

— card(||®IN(| Y1 [|N...0} T,
4) cov(Q,¥; A AT,) card([ AN, ATl

Remark 2: Let ®; and ¥, i = 1, 2, ...n be the set of condition and decision aftributes, then

1) cov(®1 V...V &, ¥) = AllBilde N0
= card((| 1. 0@ Ol ¥])
2) cov(®r A .. A, T) S b,

car

3) cer(®1 V...V &, ¥) = erdl@lU-uj@ao|v])
) =

card(]|®1 JU...U[[®, )
4) cer(® A ... A D, T

card(([|@1|N...0[|P7)[|O]]¥]])
card([|@1[|N...0[|@al)) -

Remark 3 is the property obtained from set theory.
Remark 3: Let ®;,i =1, 2,...n be a set of attribute, then
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card([| @4 U | @] U ... U |4])
= S card(|@i])) — S84 Sy, 40 card(|, | 0 [0,
+ X0 T T card([9, | 0|84 0 184 ])
— et (1) eard ([0 O[B4 | 1. O [,

From mutual exclusive of decision algorithm, there are assumptions that for every decision
nﬂm@;—»‘l’;and@,-—»@,-,
[l N [|@;]] = 0 and || ]| N ||| =@

for 7 # ;.

In this research, we propose relaxation of this mutual exchusion property as follows.
There exist at least two decision rules ®; — ¥ and & — ¥, such that

.1 0 (195, [| # 0 or [0 | {1, | # 0

for im # jlc-

We can give a brief explanation of the usefulness of this relax mutual exclusion as follows.

For example, if we have decision rules,

IF score_of Algebra is high THEN total score is high and

IF score_of Number_Theory is high THEN total_score is high,
in a decision algorithm, then there may be some elements satisfy both conditions (|2l N
195,11 # ). |

Thus, our proposed certainty and coverage coefficients are more flexible with the relaxed
mutuzally exclusive.

If there exist at least two decisions ||¥|| and ||¥;]|| such that ||¥;]| N || ;]| # 0, we can relax

mutually exclusive for decisions (as in Propositions 1, 2).
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If there exist at least two conditions ||| and [|®;|| such that ||®;|| N [|®;]| # 0, we can relax
mutually exclusive for conditions (as in Propositions 3, 4).
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Proposition 1: If we are given a set of decision rules, {® i V;},, such that ¥; NV, #0,
for any 4, # ix. Then cer(®,¥; VU,V ...V v,)

=2€=1 ce'r(<I>, \I’t) = Z::::ll E?z=i1+l cer(@, ‘I,il A \I’iz)
+ n1—=21 t2=11+1 Zta—t2+1 cer(‘I) ‘Ilu A ‘I’tz A ‘I"a) =
st (1) eer(®, U AU AL AT,).

Proof: If we denote cer(®,¥; V¥, V...V ¥,) by cer(®, V;), then by Remark 1(1) we
have cer(®, ¥;) = “’dﬂ“’"”("‘I’Oﬂﬁ'q‘f’;"“"'”“‘l’""». Next, by lefi-distributive over union, we obtain

cer(®, U;) = Srd(IBInI¥ OR[N F2)]u...u(| @0 ¥a 1))

card(]|®[)
_ n  card(||®]|N||¥;
T &=l card(f[2))
n—1 card(||@jaf|w:, ||n|| s, |}
T Zap=1 2—11+1 card(|[®|))
" o card(||®||N{{ s, {{nl] ¥, 0] 1)
+ ?1=21 ";=1='1+1 izt “wx_y“gm_'zlul_gﬂ_
e e g (— 1)1 card(I B[O O[T I N... Y T )
e (=1)nl cord(I B (by Remark 3)
1 cer(q) v, ) ' —-l ?2=i1+1 cer(q)3 ‘I’il A ‘I’ia)

n—2 n
i1=1 t2—11+1 zi:s:*i'z+1 cer(q)v ‘I’ﬁ A ‘I’iz A ‘I’ia)

—- -t (=1)"eer(®,W; A Uy A-... AW, )by Remark 1(2)). -
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Proposition 2: 1f we are given a set of decision rules, {® — ¥,} , such that ¥; N v, #0,

for any 4, # ix. Then cov(®, ¥, V¥, V...VV¥,) <

?:1 CO’U(@, ‘I’i)

Proof: If we denote cov(®, ¥, V¥, V...V¥,) by cov(®, ¥;), then by Remark 1(3) we have
cov(®,¥;) = 2Bl Bl UI¥al)) Next, by left-distributive over union and inequality

card(|| ¥y [|U[[¥2]|U...U[|Ta])
property, we obtain

\ — card(([B[N %) IS ¥2 ). oSN ¥al)
cov(®, ¥;) card(| % Gl ¥al0--.0 T )

n card(||®(|N]|¥;]])
< Xis1 a9 Ul alu. OT%aT)

& En mrd("@"n"‘ll,“
=1 card(||¥;]) -

Then cov(®, ¥;) < Y-, cov(P, ¥;)  (by Remark 1(3)).



difnvemanant nszesuindaanszaly .
Proposition 3: 1f we are given a set of decision rules, {®; — U} , such that ®; N®; +# 0,
for any i, # ix. Then cov(®; VP, V... V &, ¥)
=3y, cou(®;, V) — . iy +1 COV(Di, A Dy, W)
+ P Z,F“H P tnmigs1€00( Py, A Dy, A D, U) —

st (1) eov(P ADy A . A D, T).

Proof: 1f we denote cov(®; V @, V ... V &, ¥) by cov(®;, ¥), then by Remark 2(1) we
have cov(®;, ¥) = “"d(("q""U":Ltﬂal";l;ﬁ;"‘b")"”"wm . Next, by right-distributive over union, we obtain

_ cord((|@1 ¥ U@ N ¥I)... o Safiolieih)
cov(®;, ) = il card(TV]) :

— n card! "Q,"n"‘l’u )
=1 card(||¥]))

card("{’.‘l ”n"‘l’ig "n"‘l’")

tl—l Z:l—tﬂ-l card(||¥})
w3 n card(||®s{nfj@s [|0]]®: ||nlien
+ X520 Do yfofe=iitt card([¥]))

rd(|| @1 [[0f|@2]|N-..0f| P IO T
+ (1) 1 card(]|®; l[':‘il(luwmﬂ lod (by Remark 3)

"l =] CO,U(¢£’ ‘I’) Ztl——l 2—11+1 CO'U(Q,'I A Q‘f?’ ‘I’) +
. tz—t1+l Ets“zz+1 cou(®;; A D, Ny ‘I’)

11—'1

+ (—1)" tcou(®; ADy A ... A D, ) (by Remark 2(1)). L4

120215
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Proposition 4: If we are given a set of decision rules, {®; — ¥} , such that ®; N®; #0,
for any i,, # ix. Then cer(®, V&, V..V, U) < 37 | cer(d;, V).

Proof: 1f we denote cer(®, vV &, V...V ®,, ¥) by cer(®;, ¥), then by Remark 2(3) we

have cer(®;, ¥) = “’c‘iﬁ;ﬁ;‘:ﬁﬁg@w). Next, by right-distributive over union and inequality

property, we obtain

= card((121[IN[¥ U @20 ¥ |DU...u([| 2 [N]]¥]]))
CCT(‘I),-, ‘I’) - g anrd(“@l"Uﬁ¢2"U...U|l<l>,,") =

<3y card(||®;]|Ni|¥)})
i=1 card([|®1]|U]|®2]|U...Ul|®@x[|)

n card!"@,-”ﬁ"\lll!
< X1~ aard(i®)

Then cer(®;, ¥) < -7, cer(®;, W) (by Remark 2(1)). ]



D. Flow Graphs with Fuzzy Attributes

Flow graphs with fuzzy attributes have several advantages (e.g., represent data in form of
fuzzy attributes) [13]. In further discussions, we apply flow graphs to represent and analyze
decision table with fuzzy attributes in the form introduced in [13].

All possible decision rules with fuzzy attributes can be generated by using the Cartesian

product of the set of attribute values with r = [[*_, n; [T}~ m; as a possible number of rules.

Let R, be the k-th decision rule. It can be expressed by
Ri:IF ¢ is V¥, cp is Vi, ... and ¢, is V%,
THEN d, is WF, dy is WY, ... and d,, is Wk,
where k=12, ., r,and VF eV, i=12 ., nWieW;, j=12., m.
Thus, Cartesian products C* = Vif x Vif x.... x V¥ and D* = W x W§ x ... x Wk are the
k-th decision rules expressed in the form of fuzzy implication, C* — D*.

Let cda(z, k) and cdc(z, k) be the confirmation degrees of the antecedent and consequent of
decision rules and cd(z, k) be the confirmation degrees of the k-th decision rules by the element
z e U.

They are defined respectively as
cda(z, k) =Ty (=), pyp(2), ., (<)) ()
cde(z, k) = T(uwp(2), bwp(2), -, iy (2)) @

cd(z, k) = T(cda(z, k), cde(z, k)). 3)

By using (1), (2) and (3) in fuzzy set domain, the support (sup) of decision rule’s antecedent,
consequent and itself are defined respectively as
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sup(cda(z, k)) = {cda(z1,k) /1, ..., cda(zy, k) /2N ],
sup(cde(z, k) = {ede(z1, k) /21, . . ., cde(zn, k) /TN }
and Sup(Rk) = {cd(zl,k)/xl,..., (.'ZTN, )/.'L‘N}

Moreover, when consider the fuzzy universe, we can define the throughflow, p(z,y) of the
branch (z,y) in G to the cardinality of the product of fuzzy sets, X and Y. The strength of

(z,y) is thus given by

_ plz,y)

With every node z of a flow graph G, associated rnormalized inflow and outflow are defined

respectively as

p_(z)=powers= Y p(z,y)= Y power(ZNY) ®)
y€0(z) y€0(z)

0 (2) = poweri="y  @(z,y)= > power(ZNy) (6)
yel(z) yel(z)

where powerZ denotes fuzzy cardinality. For any internal node =, it holds that . (z) = cp; (z)
= p(z).

A (directed) path from z to y (z # y) in G, denoted by [z ...y}, is a sequence of nodes
Zi,...,T, such that z; =z and z, = y and (z;,%;41) € B, 4, I <i<n— L

We obtain the certainty, coverage and strength coefficients of the path [z, ...z,] [13], [15]
—

o 1 Nz2N...NzT.
cerlzy ... zn) = [T25 cer(@ .. %, Tip1); where cer(zy.. . z;, &) = %ﬁﬂ

COU[:L‘I s zﬂ] = i—l CO‘U(SL'I - Ti, xl+1)’ where CO’U(JI] - Zg, z1+1) = MapgzgzzT+lT'il and

o[z1...xn] = o(z1)cer|zy...z,] = o(z,)cov[zy...Ty).

The decision rule Ry, ® — ®,,, where ®* is condition and ®,, is decision can be characterized
by three coefficients:

o) mcor(ie) = —Deur e ) _ 7)

cer(®*, @ ~ power(sup(cda(z, k)))



o oot PEr () = 0
0@, 8,) = srengii(R) = T B, @

Ao AL AR
oo HIvo
), e i S
'l"l.lsﬂllll..'lllﬂ)lll'

IW/
+
>
S
(&> X 7

\

dy < ' dl ¥ 0. U L4 dl = 1 5 1 Y o v 5§ Y ¥
wnansiiluenansianulidmsunsldaunenisfinyving leydnabiirluldysslegisiunism

lidnsailag viedu BnvanudilvidauUailent wazneseddiniiveeiasaessniinisialuly
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V. EXPERIMENTAL RESULTS AND DISCUSSION

In this section, we describe experimental results from the scores of Olympiad mathematics’
students’ analysis. Data contains 75 records collected from POSN.

In this research, we study decision rules between condition attributes and decision attribute
as the following.

Condition Symbol Condition Symbol
score of Geometry score_.Geo|  preference of Algebra | Pref Alg
score of Number theory [score

ference of CombinatoricsPref-Com
score of Algebra score_Alg| preference of Inequality | Pref LE.
score of Combinatorics rcom.Conﬂ practiced of Geometry |Prac_-Geo
score of Inequality score_I E. |practiced of Number theory\Prac_Num|
preference of Geometry | Pref Geo| practiced of Algebra | Prac_Alg
preference of Number theory] Pref Num | practiced of Combinatorics frm.Coﬁ
practiced of Inequality | Prac_LE.
Decision Symbol
student total score Fotalscore

Next, in Cases 1-2, we consider attributes in POSN data set as descriptive attributes. Possible
values of first five condition attributes and decision attribute are low score and high score.

Several case studies are then presented according to the combination of these attributes. The
threshold for decision rule extraction is cer > 0.6.
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Case 1. Decision rules between score of any subject and total score. The selected decision rules

are:

IF Score_Num is low THEN .total score is
low, cer = 0.867, cov = 0.812,}

IF Score_Geo is low THEN total_score is low,
cer = 0.792, cov = 0.775,

IF Score_LE. is high THEN total _score is
high, cer = 0.956, cov = (0.814,

with average cer = 0.791 and average cov = 0.731.

*Due to round off errors in computations, the equation may be not satisfied exactly in our examples.
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Case 2. Decision rules between score of any two subjects and total score. Then the selected

decision rules are:

IF score_Geo and LF. are low

THEN total_score is low, cer = 0.633, cov =
0.581,

IF score_Geo and Alg are low

THEN ftotal _score is low, cer = 0.622, cov =
0.571,

IF score_Alg and LE. are low
THEN total_score -is high, cer = 0.625,
cov =0.523,

with average cer = 0.620 and average cov = 0.556.
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From Cases 1-2, we can summarize that,

if score of one or two subjects are low, then total score tends to be low too and

if score of one or two subjects are high, then total score tends to be high too.

We see that decision rules obtain from Cases 1-2 depend on only two possible values of
attributes (high and low). Thus, we next consider cases that scores are high and low with their
degrees which are fuzzy attributes.

Next, in Cases 3-8, wehansformPOSNdatasettobeinﬁ:zzyattribmesform by triangular
membership function. Several case studies are then presented according to the combination of
these attributes. The threshold for decision rule extraction is cer > 0.6.
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Case 3. Decision rules between score of any subject and total score. Then the selected decision

rule is:

IF Score_Num is high THEN total score is high,
cer = 0.627, cov = 0.504

with cer = 0.627 and cov = 0.504.
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Case 4. Decision rules between score of any two subjects and total score. Then the selected

decision rules are:

IF score_Geo and LE. are low
THEN total_score is low, cer =
0.651, cov = 0.409,

IF score_Geo and LE. are high
THEN 1otal_score is high, cer =
0.68, cov = 0.301,

' IF score_Alg and LE. are high
THEN rotal_score is high, cer =
0.618, cov = 0.226,

with average cer = 0.656 and average cov = (.343.
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Case 5. Decision rules between scroe of any five subjects and total score. Then the selected

decision rules are:

IF score_Geo, Num, Alg, Com
and score_LE are low

THEN total score is low, cer =
0.782, cov = 0.139,

IF score_Geo, Num, Alg, and
Com are low, LE is high

THEN total score is low, cer =
0.645, eov = 0.09,

IF score_Geo, Num, Alg Comb
and IL.E. are high

THEN total score is high, cer =
0.81, cov = 0.024,

with average cer = 0.691 and average cov = 0.047.
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Case 6. Decision rules between practiced and preferred subjects, score of practiced and preferred

subject and total score. The selected decision rules are:

IF Pref and Prac.Geo and
score_Geo is low

THEN total score is low, cer =
0.638, cov = 0.719,

IF Pref and Prac Num and
score_Num is high

THEN toial _score is ligh, cer =
0.834, cov =0.6,

with average cer = 0.736 and average cov = 0.660.
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Case 7. Decision rules between practiced subjects, score of practiced subjects and total score.

The selected decision rules are:

IF Prac_Geo and score_Geo is
low

THEN total score is low, cer =
0.602, cov = 0.731,

IF Prac LE. and score_LE. is low
THEN total score is low, cer =
0.665, cov = 0.623,

with average cer = 0.634 and average cov = 0.677.
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Case 8. Decision rules between preferred subjects, score of preferred subjects and total score.

The selected decision rules are:

IF PrefGeo and score_Geo is

high

total_ score is high, cer = 0.671,
cov = (.541,

IF Pref_.Num and score_Num is
high

THEN total score is high, cer =
0.633, eov = 0.602,

IF Pref LE. and score_LE. is low
THEN total score is low, cer =
0.829, cov = 0.72,

IF Pref I.E. and score_LE. is high
THEN total score is low, cer =
0.831, cov = 0.28,

with average cer = 0.741 and average cov = 0.536.,
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From these selected decision rules, we can distil useful knowledge from this flow graph as
follows.

Number theory affects total score substantially. Because in Case 3, 62.7% of students with
high score of Number theory also have high total score. Moreover, 50.4% of students which have
high total score are from the group in which Number theory score is high. Obviously, students
who get high score from any two (or more) subjects will successively get high total score as
shown in Cases 4 and 5.
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L
2

D certainty
B coverage

&

Fig. 1. Comparison of cer, cov of POSN data.

Interestingly, the combinations of either preferred subject or practiced subject and high score
for such subject resulted n high total scores from Cases 6, 7 and 8. In Case 8, we obtain
maximum certainty of selected decision rules as one can see in Fig. 1. The results are desirable

values of cer and cov.
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VI. CONCLUSION AND SUGGESTION

Pawlak’s flow graph is a useful tool for knowledge discovery and has been successfully
applied in many areas. Within the past decade, there has been much research about theoretical
aspects of flow graphs which explored the complementary nature of their properties and other
mathematical theories. At the same time, flow graphs applications became larger and more
complex. Nevertheless, an integration of flow graph and fuzzy set is still an open problem. Thus,
in this research, an extension of mathematical fuzzy set theory and rough set theory, namely flow
graphs, is considered. We introduce how to calculate certainty, coverage and strength coefficients
of decision rules from fuzzy attributes in a flow graph. Furthermore, we relax concept of mutual
exclusion and introduced four new propositions of certainty and coverage coefficients for decision
rules. These coefficients are extracted from flow graph with fuzzy and descriptive attributes. New
certainty and coverage coefficients are introduced. They are successively applied to POSN data
set efficiency.

Our future work is to combine rough sets and fuzzy sets flow graphs for beiter suit specific
type of data set and invent new method to allow extensively computation for large data set.
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